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Abstract. For a locally compact group G we consider the algebra CD(G) of convolution-
dominated operators on L?(G), where an operator A : L*(G) — L?*(G) is called convolution-
dominated if there exists a € L*(G) such that for all f € L*(G)

|Af(z)| <ax|f|(x), foralmost all x € G. (1)

The case of discrete groups was treated in previous publications [6l [7]. For non-discrete groups
we investigate a subalgebra of regular convolution-dominated operators generated by product
convolution operators, where the products are restricted to those given by multiplication with left
uniformly continuous functions. This algebra, CD,4(G), is canonically isomorphic to a twisted
L'-algebra.

For amenable G that is rigidly symmetric as a discrete group we show the following result:
An element of CDyey(G) is invertible in CD,¢4(G) if and only if it is invertible as a bounded
operator on L*(G).

This report is about work in progress. Complete details and further results will be given in
a paper still in preparation.
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1. Introduction. In these notes we shall consider the following questions:

(1) Is the off-diagonal decay of a matrix inherited by its inverse?
(2) Is the off-diagonal decay of an integral operator inherited by its inverse?

When one considers a convolution operator on the abelian group Z, then its matrix with
respect to the natural basis (d,)nez (0, denoting the point mass one in n € Z) is a
Toeplitz matrix, i.e., it is constant along the side diagonals. Conversely, a doubly infinite
matrix, which is constant along its side diagonals and satisfies certain off-diagonal decay
conditions defines a convolution operator, when it is considered as acting with respect to
the above basis. For this class of operators and a specific kind of decay (i.e. decay in the
sense of [!-summability) an answer to the first question is given by the following

THEOREM 1 (Wiener’s Lemma). If a two-sided infinite absolutely summable sequence
a = (a(n)), ¢y is invertible as a convolution operator on 1?(Z), then the inverse is given
by convolution with some b € I1(Z).

Based on work of de Leeuw [5] and of Bochner and Phillips [3] on operator—valued
Fourier transforms, several authors extended Wiener’s lemma to the case of matrices for
which each side diagonal is uniformly bounded and these bounds are summable. But the
index set always had to be a discrete abelian group [1], [I8], [19].

In [7] we used tools from abstract harmonic analysis to circumvent the restrictions of
abelian Fourier transforms.

THEOREM 2. Let G be a discrete finitely generated group of polynomial growth. If a
matriz A indexed by G satisfies the off-diagonal decay condition

Az, y)| < aley™), 2,y € G (2)
for some a € (*(G) and A is invertible on (*(G), then there exists b € £*(G) such that
A7 (@, )| < blay™), 2,y €G.

Now we recall the mainline of the proof of this theorem, since this will be a guideline
for us.

(i) The matrices satisfying (2)) form a Banach s-algebra. We denote it by CD(G).
(ii) Identify CD(G) with I*(G,1°°(G),T), a twisted [!-algebra in the sense of Leptin [12],
[13].
(iii) Based on work of Leptin and Poguntke, in particular [I5], and on the work of
others, we proved that a certain spectral condition for the algebra CD(G) holds
true. Namely, that CD(G) is a symmetric Banach *-algebra.

DEFINITION 3. A Banach *-algebra A is called symmetric if for all a € A
UA(a*a) - [0700)7

where 04(a*a) denotes the spectrum of a*a in A. Accordingly, a locally compact group
G is called symmetric, if L'(G) is a symmetric Banach x-algebra. A locally compact
(L.c.) group G is called rigidly symmetric if for any C*-algebra A the Banach *-algebra
L'(G)®A is symmetric, where the projective tensor product L!'(G)®A is endowed with
its natural x-algebra structure.
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(iv) Relate the symmetry of a Banach x-algebra to the invertibility of certain of its
elements. This is done with the help of a lemma of Hulanicki [10].

In these notes we generalize Theorem [2[ from matrices (indexed by a discrete group)
to integral operators on non—discrete locally compact groups. This extension follows the
ideas of the discrete case in [7], but requires non—trivial modifications. The special problem
to be addressed is the measurability and integrability of certain kernels.

2. Convolution-dominated operators. Let G be a locally compact group endowed
with a fixed left Haar measure and the corresponding modular function A. For a € L'(G)
we denote by A(a) the operator on L2 (G) deﬁned by convolution with a from the left,
ie. Ma)f =ax f, where (ax f)(y) = [ a(x)f(z"'y)dz, f e L*(G).

DEFINITION 4. A bounded operator A : LQ(G) — L%(G) is called a convolution-domi-
nated operator if there exists a € L'(G) such that for all f € L*(G)

|Af(2)] < (a*|f|)(z), for almost all z € G. (3)
We define a norm on the space of convolution-dominated operators by
lA|lecp =inf{]al : holds true} (4)

and denote by CD(G) the normed linear space of convolution-dominated operators.
Now we collect some properties of convolution-dominated operators.

PROPOSITION 5. The space of convolution-dominated operators CD(G) is a Banach *-
algebra with the involution of operators on L*(G) and composition of operators as product.

We shall say that a set is locally null if its intersection with any compact set is a
null set (see e.g. [0, Definition (11.26)]). Accordingly, a property holds true locally almost
everywhere if it holds true except for a locally null set.

PROPOSITION 6. If A € CD(G) then, there exists a locally integrable function Fga :
G x G — C such that for all continuous functions f with compact support we have locally
almost everywhere (l.a.e.)

Af@) = [ Fate.n) i)y
REMARK 1. In terms of the kernel F4, the inequality may be rewritten as
Fa(z,y) <a(zy™HA(y™), lae (5)
Conversely if F' : Gx G — C is a locally integrable function, such that for some a € L*(G)
|F(2,y)| < alzy™ A,

@=Lﬂmﬁ@@

defines a bounded operator on L?(G). This is implied by the Schur conditions:

esssup/ |F(z,y)| dy < oo, esssup/ |F(z,y)|dz < oo.
T Y

then

Clearly, A is dominated in the sense of by convolution with a.
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REMARK 2. The kernel of a convolution-dominated operator satisfies the Schur con-
ditions. Therefore it represents the operator, in the sense that for all f € L?(G) the
following integral converges l.a.e. and

Af@) = [ Falenfw)dy L

REMARK 3. The infimum in is attained.

3. Twisted L!'-algebra. In this section we shall define a twisted L'-algebra and clarify
its relation to the convolution-dominated operators.
For a function f on G and y € G define the left translation T}, by

T,f(2) = fly t'z), forzed.
Now denote by
Luc(G) :={f € LZ(G) : | Tyf — fllc = Oasy — e}

the algebra of left uniformly continuous functions (note that our notation differs from
that of some textbooks e.g. [9]). Then Luc(G) is a C*-algebra with respect to pointwise
multiplication on which G acts by left translations. If we endow Aut(Luc(G)), the group
of x-automorphisms of Luc(G), with the strong operator topology then the map

T:y—T,, T:G— Aut(Luc(G))

is continuous. The underlying Banach space of the twisted L'-algebra is the projective
tensor product
L= L"G,Luc(G),T) = L*(G) & Luc(G).

The twisted convolution of h, f € L is defined by

(s @) = [ (T pla) Sy, fora € G. (6)
and the twisted involution of h € £ by
h*(x) = Ty—1(h(z=1)), forz € G. (7)

Next, for m € L>®(G) let
D™ : L*(G) — L*(G), D™(f) =mf,
denote the multiplication operator and set
R: LYG,Luc(G),T) — B(L*(G)), R:a®@m+ X a)oD™.
A similar calculation as in the proof of [7}, Proposition 1] shows the following.

PROPOSITION 7. The map R : L*(G,Luc(G),T) — B(L*(G)) is an *-algebra homomor-
phism. It is isometric from L'(G,Luc(GQ),T) into CD(G).

Observe that R is not onto CD(G), because we restricted the range algebra to be
Luc(G) and since we use the space of functions Bochner integrable with respect to the
norm topology only.

This observation motivates the following definition.
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DEFINITION 8. Elements in the range of R are called regular convolution-dominated
operators. We denote the range R(L*(G,Luc(G),T)) by CD,ey(G).

The space Cy(G) of continuous functions vanishing at infinity is a closed two-sided
ideal in Luc(G), invariant under the operators {T,, g € G}. Hence L(G, Cy(G),T) is
a closed two-sided ideal in L'(G,Luc(G),T). It follows from [15, Theorem 4] that the
Banach *-algebra L'(G, Co(G), T) is simple and symmetric. The representation R maps
LYG,Cy(G),T) into K(L?*(G)), the compact operators on L*(G), see [15, Theorem 4].
Moreover

R(LT(G, Co(G), 1)) " = K(L2(G)).

4. Symmetry of the twisted L'-algebra. The concept of rigidly symmetric groups
was introduced in [I5], where it proved useful to show that discrete nilpotent groups are
symmetric. Using this concept it is natural to broaden our point of view a little and to
admit general C*-algebras as the range algebra of the twisted L'-algebra.

Let A be a C*-algebra and assume that G acts on A continuously by *-automorphisms.
Denote T : G — Aut(A) the corresponding homomorphism from G into the *-homomor-
phisms of A. Then we may consider L'(G,A,T) = L'(G) ® A as a twisted convolution
algebra. The formulas for the twisted convolution @ and the twisted involution
remain the same.

THEOREM 9. If G is rigidly symmetric as a discrete group then the twisted algebra
LY (G, A,T) is a symmetric Banach *-algebra.

The reader may wonder why the condition on the discretized group G4 appears in the
hypotheses of the theorem. Following the concept used in [7] one would like to define a
map

Q: LY(G,Luc(G),T) — LYG)&B(L*(Q))

by
Q(f) : x— Aa) o DI

But this does not work since, in general, z +— \(x) o Df (*) is not Bochner measurable,
because A : G — B(L?*(G)) is only strongly continuous but not norm continuous.

The problem can be overcome, completely analogously to [I6], by showing that alge-
braically irreducible representations of a twisted L'-algebra of G remain irreducible when
“restricted” to the discretized group. Then, as in [16], the characterization of symmetry
in terms of the unitarizability of irreducible representations of a Banach x-algebra proves
the theorem.

If we specialize T to left translation on Luc(G) then we obtain:

COROLLARY 10. If G is rigidly symmetric as a discrete group, then L*(G,Luc(G),T) is
a symmetric Banach x-algebra.

5. Invertibility in CD,.4. Finally we study the spectrum of integral operators in
CDyeg(G). Let
R: LY (G,Luc(G),T) — CD,ey(G) C B(L*(G))
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be the canonical representation, and let
AP LNG, Lue(G), T) — B(L*(G, L*(G)) = B(L*(G x G))
be the D-regular representation defined by

/\D(f)(é)(vaZ):/(Tyf(xy))(Z)(ﬁ)(y’l,Z)dy-
G

PROPOSITION 11. The representations AP and R of L*(G,Luc(G),T) are weakly equiv-
alent, i.e.,

IXP () Bz 2@y = | RO B2
As a representation on L*(G x G)

Re(f)E(r, 2) = /G F) ey 2) dy

is just a multiple of R. Comparing this to the formula for the D-regular representation it
is easy to find an intertwining operator between R* and AP namely S € B(L*(G x G))
given for ¢ € L?(G x G) by
COROLLARY 12. Let G be an amenable group that is rigidly symmetric as a discrete
group. Then for every f € LY(G,Luc(Q),T) the spectral radius of f* f is given by

@ Lue(@),r) () = | f I Bz2(a))-

We imposed the amenability on G in order to achieve that the largest C*-norm on
LY(G,Luc(GQ),T), denoted || . |+, is just given by the D-regular representation. Therefore

1f 1« = IAP(F) B2 @2y = 1 IlBerey  for all f e LNG, Luce(G),T).
Since L'(G,Luc(G), T) is symmetric, Ptdk’s theorem [17] asserts that
rrie @)y (1) = LIl =1 F I
THEOREM 13. Let G be an amenable group that is rigidly symmetric as a discrete group.
Then for any operator A € CD,.¢y(G)
ocp(A) = opr2(a))(4).

Since A = R(f) for some f € L'(G,Luc(G),T), this follows from the above corollary
by an application of Hulanicki’s Lemma.

LEMMA 1 (Hulanicki). Let A be a Banach *-algebra with identity e. Let T : A — B(H)
be a faithful x-representation on a Hilbert space with T(e) = idy. If

| T(x) By = ra(z), foralx=z"€c A,
then

oa(z) = opu)(T(x)), foralx=2a"¢c A

Finally let us recall some examples of amenable groups whose discretization is rigidly
symmetric: any abelian group and any nilpotent group is rigidly symmetric as a discrete

group.
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