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Abstract. Using the Nevanlinna representation of the reciprocal of the Cauchy transform of
probability measures, we introduce a two-parameter transformation UT of probability measures
on the real line R, which is another possible generalization of the ¢-transformation. Using that
deformation we define a new convolution by deformation of the free convolution.

The central limit measure with respect to the T-deformed free convolutions is still a Kesten
measure, but the Poisson limit depends on the two parameters and is different from the Poisson
measures for (a, b)-deformation.

We also show that the T-deformed free convolution is different from the convolution obtained
as the deformed conditionally free convolution of Bozejko, Leinert and Speicher. Thus the T does
not satisfy the Bozejko property.

1. Introduction. In this paper we are going to introduce a transformation of prob-
ability measures on the real line R, which is another possible generalization of the
t-transformation investigated in [BWI] (see also [BW2], [Woll). We will call it the T-
transformation.

The definition still bases on the reciprocals of the Cauchy transforms as for the ¢-trans-
formation, but we will use two parameters, the diagonal graph of which gives the original
t-transformation. To define this transformation we will use the Nevanlinna representation
of the reciprocal of the Cauchy transform of probability measures, in contrast to the
(a, b)-transformation, [KY2], where we have used the Maassen representation.

Using that deformation we define a new convolution by deformation of free convolution
in Section 4
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The central limit measure with respect to the T-deformed free convolution is the
same as the one for the original ¢-deformation and (a,b)-deformation. Because the T-
deformation does not commute with the dilation of measures, proof of the central limit
theorem in not as immediate as was for the (a, b)-deformation. We prove the central limit
theorem for the T-deformation of free convolution in Section [E

The Poisson limit depends on the two parameters and is different from the Poisson
measure for the (a, b)-deformation. In Section [6] we calculate the Poisson measure for the
T-deformed free convolution.

The subsequent sections are devoted to the study of the deformation of the condi-
tionally free convolution. In Section [7] we show that the T-deformed free convolution is
different from the convolution obtained as the deformed conditionally free convolution.

In the last section we prove the central limit theorem and Poisson limit theorem for
the N-fold T-deformed convolution arising from the conditionally free convolution and
show that the central limit measure is still the Kesten measure x;. An explicit formula
of the Poisson measure is also given.

2. Preliminaries

2.1. The Cauchy transform. Let p be a probability measure on the real line R, p €
Prob(R). We then denote by G,,(z) the Cauchy transform of the measure y, for z € C* =
{#z € C: Imz > 0}, defined as follows

() = / T dp()

oo 2— T
The Cauchy transform G,(z) is analytic in the open upper half plane C* = {z €
C: Imz > 0} and takes values in the open lower half plane C~ = {z € C: Imz < 0},
Gu(z):Ct - C.

REMARK 1. For compactly supported probability measures p the Cauchy transform
G,(z) and the generating function of moments of p for z in some neighbourhood of
7€ro

Mu(z) = Y myu(n)z"

are related by

1 1

M, (z2)=-G,| - ). 2.1

(9 =16,(1) 2.)

THEOREM 1 (Nevanlinna theorem). A function F is the reciprocal of the Cauchy trans-

form of some probability measure p, that is, F(z) = ﬁ, if and only if there exist a
"

unique real number o and a unique positive measure p such that for z € C*

I Dot s ®14+zz .
o =P =ar + [ T ). (2.2)

—00

We will call the representation (2.2)) the Nevanlinna representation.
For a proof of this fact see for instance [Do], [Bh].
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PROPOSITION 1. The constant o in the Nevanlinna representation of the reciprocal of the

Cauchy transform of the measure u is equal to Re(%). We will call it the Nevanlinna

constant of the measure p.

Proof. Using the Nevanlinna representation for z = ¢ we obtain

X 1+2i

Fui)=a+i+ | * (),

oo T — 1

and because

1+x1 7x—|—i—|—x21'—:c 7i+w2i -

i’]/,

x—1i 2 +1 o241
we have
1
F,(i) = ~ =a+i+ip[R).
: Gu(l)

Taking the real part we obtain Re(ﬁ) =q. n

We will also use the representation of the Cauchy transform coming from the following
lemma proved by Maassen ([Ma], see also [Ak], [AG]) which characterizes the reciprocals
of the Cauchy transforms of measures with finite variance:

LEMMA 1. A holomorphic function F': CT — C7 is the reciprocal of the Cauchy trans-
form of a probability measure p with finite second moment if and only if there exists a
positive finite Borel measure T on R and real constant o such that for z € CT

oo
d
F(z):z—ao+/ M7 z€CT. (2.3)
foo T — 2
REMARK 2. The representation (2.3|) of the reciprocal F'(z) of the Cauchy transform
of some probability measure p with finite second moment will be called the Maassen

representation. The constant aq is equal to the first moment of the measure p.

It is known, see Akhiezer [Ak] and Akhiezer and Glazman [AG], that we have the
following connection between measures in Nevanlinna and Maassen representations:

REMARK 3. Let the reciprocal of the Cauchy transform of a probability measure p be
represented in both Nevanlinna form (2.2) and in the Maassen form (2.3]). Then

dr(z) = /w (1 +u?) dp(u).

—0o0
REMARK 4. Assume that the measure p has the first moment equal to zero and the
Maassen representation

Fu(z):z+/oo L ar).

o X —Z

The Nevanlinna constant of the measure p is equal to

Re(Gul(i)> = Re/o:o xl_idT(x) = /O:o x?i - dr(a).
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LEMMA 2. Assume that the measure u is symmetric and determined by its moments and
has the Maassen representation

Fu.(z)= z+/

— 00

< 1

dr(z).

T—2z
Then the Maassen measure T is also symmetric and determinate. Moreover, the Nevan-
linna constant of the measure p is equal to zero.

Proof. For the Cauchy transform of a symmetric measure u we have
Gu(z) = —Gu(=2), z€C\R

which means that for the Maassen representation we also have

er/oo ! dT(a:):zf/oo L dr(x),

o0 T —Z o Ttz

which implies that

that is, for 2 € C*
Gr(z) = =G (—2),

so the measure 7 is symmetric. Using theorems from [ST| we obtain that the measure 7
is also determinate.
Moreover, by Remark [4] we have

Re(Gﬂl(Z_)> :/_o;ﬂildr(x) =0.

Recall that for a probability measure p and positive number A we denote by Dy u the
dilation by A, i.e.

Dau(A) = p(A1A).

Let us note that we have the following relation between moments of a measure p and
of its dilation Dy u

mp,u(n) = A"my(n). (2.4)
Moreover, we have the following

REMARK 5. The Cauchy transform of a probability measure p and the Cauchy transform
of its dilation are related by

Goun(2) = 36 ()

PROPOSITION 2. Assume that a probability measure p has its first moment equal to 0
and the following Maassen representation for z € CT:

F#(z):z+/oo L ar (@),

o T — 2




GENERALIZATION OF THE t-TRANSFORMATION 169

Then
1 s [T =z
— | = dD
Re( ) = [ @t

PROPOSITION 3. Assume that a probability measure j1 has mean zero and the following
Maassen representation

< 1
Fu.(z)= z+/oo P dr,(z)

with the measure 7, such that the absolute first moment exists (that is, [*_|x|dr,(z)
< 00). Then for A >0

‘RB<GDiAw>‘SA3/C:“”d“‘$)

Re<Gmlm) — o(32).

Proof. From Proposition [2f we obtain that

1 e [T
Re(GDw(i)) =\ [m Pl dDy7, ().

<
‘/ A2x2+1d7“(”) =4 /m

SA[mme(%

’Re(cﬁ;(i))‘ <\ /Z |z A7, (). =

2.2. Free convolution. We are going to recall some basic facts on the free convolution
[VDN], [HiP].

The free convolution uy H uo is linearized by the series of free cumulants Rf'i (n)
and Rf‘i (n). These series are related to the respective measures by the Speicher [Sp]
moment-cumulant formulae

In particular, for X — 0

Since

*
‘/ 22 +1 D7 (@

T
)\2 .’E2 + 1 ‘ dTM(x)

we have

k
my, (n) = /x dpi(x)= > Ri(m= > [[RZ(B (2.5)
TENC(n) Te€NC(n) j=1
W:{Bl,...,Bk}
where NC(n) is the set of noncrossing partitions of the set {1,...,n}. Solving the above

equation for Rﬁ (n) we obtain

k
Ri(n) =myu,(n)— Y Ri(m)=m,m)— Y [J[RI(BD, (2.6)
TENC(n) TENC(n) =1
n#£(1,...,n) w#£(1,...,n)

where (1,...,n) denotes the partition with one block containing all the points.
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REMARK 6. The first free cumulant of a probability measure p is equal to the mean
of p. The second free cumulant of a probability measure p is equal to the variance of p,
H
Ry (2) = 0’3.
The cumulants are associated to the respective RP-transform, which is a function

analytic in a neighbourhood of zero U through the relation

oo
= Z Ri‘f(n)z"‘l, zeU.
n=1

In terms of the R®-transform this relation corresponds to the following relation
1 —

Gulz)

where G,(z) is the Cauchy transform of the measure u. The fact, that R®-transform is
analytic in a neighbourhood of zero follows from Bercovici and Voiculescu’s result [BVI].

2= RJ(Gu(2)), (2.7)

2.3. Conditionally free convolution and product of states. In the papers [BLS],
[BS1] the authors present the construction of the conditionally free products and convo-
lutions. We recall their definitions and essential properties.

In analogy to the free convolution w1 g, which is linearized by the series of free cumu-
lants RBH (n) and REE (n), the conditionally free convolution of pairs of measures (1, 1)l
(12, 1/2) is hnearlzed by pairs of series (R(.” w(n); RZ(n)) and (Rz’yz)(n), RB (n)). We
call (Rui,w)( n) the conditionally free cumulants.

These series are related to the respective measures by the moment-cumulant formulae

m,,(n) = > HR (2.8)
TENC(n) =1
r=(m1,..., k)

mu ()= Y IT RE..o0mh II & (2.9)
7r€NC(n) 7 outer 7 inner
T=(T1,.e, k)

where a block m; is called inner when there exists another block 7; with a,b € 7; with
the property that a < p < b for all p € ;. All blocks which are not enveloped in such a
way are called outer. Equivalently one can say that outer blocks m; have depth d(m;) =0
and inner m; have d(m;) > 0.

The cumulants are associated to respective R-transforms through the relations

B z) = ZRIEE' (n)z""1, Ri;l’i)(z) = ZRiyVi)(n)Z"_l‘
n=t n=1

In terms of the R-transforms the relations (2.8) and (2.9)) correspond to the following
relations

=z — R(M“Vl)(G (2)), (2.10)

=z - RY(G,,(2)), (2.11)
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where G, (z) is the Cauchy transform of the measure p. The functions R(u vy (2); RE(z)

are analytic in some neighbourhood of zero.

The moments of the N-fold conditionally free convolution can be calculated from the

)]

formula

my,(n) = Z H [ZR(MM Im‘} H [ZR

TI'ENC(’I’L) m; outer =1 7 inner =1

= (1o 7)

The conditionally free convolution of pairs of probability measures (u;, ;) is a single
probability measure u, however, as noted in [BLS], if we associate to it the free convolution
v =wv; B--- By, we obtain an associative convolution of pairs of measures. The asso-
ciativity property allows us to reduce the N-fold convolution to the binary convolution,
thus

(ILL7I/) = ((/,Li,Vi),EVZ') = (lu'lvyl)(:u%y2)' : '(/j'NvVN)'

3. Definition and properties of T-transformation. By the Nevanlinna theorem,
(Theorem , a function F(z) is the reciprocal of the Cauchy transform of a probability
measure if and only if there exists a positive measure p and a real number a = Re(F' (7))
such for every z € C*

14z
T—z

F(z):a+z+/ dp(z).

— 00
PROPOSITION 4. Let p be a probability measure on the real line R. Let t be a real number
and s be a positive real number and let T = (t,s). The function G ,m) (2) defined for
2z € C*, a real number t and a non-negative number s by the formula

1 X 14zz 1+zz
GLo(2) a+z+s[m T —z pz) a+z+[m x—z (sp)()

is the reciprocal of the Cauchy transform of a unique probability measure which we will
denote by UTp or p(™.

REMARK 7. This construction generalizes the t-transformation of measures, where ¢t =
s > 0 we have Uy = UT i, see [BWI], [BW2], [Wol].

REMARK 8. Lemma [2] shows that for symmetric measures the Nevanlinna constant is
equal to zero. It implies that for symmetric measures the T-transformation is equal to
the ¢- and the (a, b)-transformation.

COROLLARY 1. We obtain the following expression for the Cauchy transform of the T-

transformation of a measure p
1 S

G Gy T T Faltms), ze

where a = Re(G 1(i)) 1s the so-called Nevanlinna constant of the measure p.
I
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Proof. For T = (¢, s) from the Nevanlinna theorem it follows that for z € C*

1 Cl+az
7:ta+z—|—s/ dp(x
GLm(2) oo T—Z p()
:s<a+z+/ 1+x2dp(x)>+a(t—s)+(l—s)z
oo T—Z

S
= Gu( 3 +z(1—s)+a(t—s) = NE) +(1- s)G(;_a(lt__:) (2). m
DEFINITION 1. For T = (¢,s) € Rx R, the measure u(™) will be called the T-transforma-
tion of the measure y and the transformation UT : ;1 — u(™ will be called the T-transfor-
mation. We have for z € C+
1 S

1
GUT(H)(Z) - GM(Z) + Z(l — 5) - Re(%) (S — t), (31)

REMARK 9. The Dirac measure dg is the only invariant measure of the T-transformation.

REMARK 10. For T = (¢, s) we have the following relation between the Nevanlinna con-
stant of a measure p and of its T-transformation

“(am) = (am)

Now we would like to describe the change of moments, which is done by our transfor-
mation. Let u be a compactly supported probability measure and

m() = [ due), () = [ o au (o).

LEMMA 3. For any positive integer n we have

(1) for the original measure

M) = < o () + ( - 1) Zmu My (n — k)

() () St

(2) for the deformed measure

m,m (n) =smy(n)+ (s —1) Z my (k) my,m(n — k)

n—1
Re<G ) Zmﬂ mM,(7) n,k,l).

Proof. We use the relation between the Cauchy transform of a measure p and the gen-
erating function of its moments (2.1)

M) =16, (1)

z
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for z in some neighbourhood of 0. From the definition of the T-transformation (3.1]) we
have

1 s )
o (D)~ TagLy Y _Re(Gu(i)>(8—t),

©w

My (2) = s My (2) + ((1 —5)— Re< G:(i)>(s - t)z) M (2) My, (2),

and using the Leibniz formula for differentiation we obtain the formula at z = 0:

" M,(0) _ =~ d" M, (0) +(1—s) “ dP M, (0) d"F M,m(0)
dzr n! ~ Tdzv onl k:Odzk k!l dzn=Fk (n—k)!

n—1 n—k—
—Re L (s —1) ikMN(O) drtt M, (0)
G, (3) dzF k! dzr Rl (n—k—1)

k=0
which implies that

my(n) = smym(n) + (1 —s) Z my, (k) m,m(n — k)
k=0
1 n—1
—Re( =—= )(s—1) my (k) m o (n—Fk—1)
(Gu(z)> b1 v
1

:;mum( <_1)T§m My (1 — k)
k=1
_Re<G:(>( )Zlmu M (n— k= 1).

It is obvious that the second formula is equivalent to the first one. m

PROPOSITION 5. Let T = (¢, s), T = (t,3). For a probability measure p, real numbers t,t
and real nonnegative numbers s, § the following properties are satisfied:

(1) U is a multiplicative semigroup:
UTU () = U™ ()
where To T = (t,5) o (£,5) = (t1,s5); A
(2) fort#0,5#0let T = (1/t,1/s). Then UT and U™ are inverses of each other;
(3) dilation of measures does not commute with the transformation UT
DAU"w # U Dap;

(4) UT((Sa) = dta-
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Proof. (1) For z € C* we have

1 S
= —‘,—z(l—s)—Re(‘)(S—t)
Guryin(?)  Guay () Gy (@)

_ s(Gi(z) +2(1—3) - Re(G:(Z,)>(§ - f)) b1 —s) — Re(GUﬁ(lu)(Z)>(s _ 1)
_ Gi(i) ba(s—sitl—s)—s Re(G:(i)>(§—t) —Re(GUT(l )6
By Lemma [I0] we have !
Re(Gm(lm )= (em)

hence we obtain
1 55
Grovign(®)  Gu(?)
so UT is a multiplicative semigroup.
(2) This is obvious.

(3) By Remark |5| showing the relation between the Cauchy transforms of a measure
w1 and its dilation we have

+z(1—s§)—Re<

1 z
Gouule) = 3G (3 ).

Re(GDL@')) -4 RQ(G:(b)’

hence

which implies

1 As 1
Goo® G T AP‘e(am‘))(s K
On the other hand
1 A s ; .
Gp, vru(2) B Gyru(%) = )\<Gu(§) + X(l —5) — Re<Gu(i)>(s _ t))
As
= Gu() +2z2(1—5)—A Re(G#(Z)>(S_t)

and because in general

Re(cml(;)) ? Re(G:@))

dilation and T-transformation do not commute. Instead we have the following relation

ERC (am))

Cormn?)  Goyorple) 7Y (R(G1<>>
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(4) We have
1 1
Grae) ° T G "
EXAMPLE 1. We calculated the T-transformation of a probability measure, which is
supported in dy and é;. We will use these results later on. Let

p=(1-p)oo+pd, p=>0.

Then
UMp) = Péa+(1— P)op
with
= (s=1)p>+(3—28)p> + (s +t—4)p+2
a 2(2—2p+p?)
V(=P + B =29 + (s +t—4p+2)2 —4p(s —t)(p— 1)(2—2p + p?)
2(2 - 2p+p?) ’
g (8= +B—2)p" 4 (s+1—-4)p+2
B 2(2 —2p + p?)
n Vs =1)pP+ (B —=28)p2 + (s +t —4)p+2)2 —4p(s — t)(p — 1)(2 — 2p + p?)
2(2-2p+p?) ’
p_l 2-p*(1+s)+p>(25+3)—(4+s+t)p

- §+2\/((8— NP3+ B =28+ (s+t—4)p+22—4dp(s—t)(p—1)2—2p+p?)

4. T-deformation of convolution. Consider two probability measures u, v on the real
line, a real number ¢ and a positive number s and a convolution @ (for instance classical
convolution, free or Boolean convolution). We define the T-deformation of the convolution
@ by the relation

porv= U U () @ U W) (4.1)
PROPOSITION 6. If a given convolution @ is associative, then for t € R, s > 0 the

T-deformation of the convolution & is also associative.

Proof. For measures pu, v, we have
(nerv)@rd=(U) (U (nerv) & U (9)
= UH) N UNU) TN U () @ UT(v) @ UT(9))
=0 U (e U (v)eU'(0)=por (verd).

Suppose that for a given convolution & we have a cumulant transformation, that is,
a map p+— {R,(n)} which satisfies the following linearization property

Rie,(n) = R,/ (n) + R} (n).

Then there exist cumulants for T-transformation. Indeed, we have
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REMARK 11. If the convolution @ has cumulant transformation R then for any ¢ € R,
s > 0 and any positive integer n define

Rf‘?“ (n) := R%(u) (n).
Then

Ri%.,(n) = Ry (n) + RY™ (n).

But as in the case of {-transformation cumulants are not uniquely defined, since for
any sequence 0 = (0,,) the new cumulant defined as R, (n) = 0, RY"(n) also has the
linearization property.

5. Central limit theorem for T-deformed free convolution. Now we will study
the limit of a sequence of measures of the form

]D))\(/L) E’ﬂ‘ e EE‘T ]D))\</1J).

LEMMA 4. Let p be a compactly supported probability measure on the real line with mean
zero and the following Maassen representation

1 1
= —d Cct
Gnl?) Z+/x—z Tu(x), z€
with the measure 7, such that its absolute first moment exists. Then
0(A2)a n= la
mUT(Dw) (n) = S )\2 m#(2) + 0()\4), n = 2, (51)

sA"my(n) +o(A"" 1), n>3.

Proof. Using the relation between moments of measure and of its dilation (2.4 and
Lemma [3] we obtain

n—1
Myt @y () = smpyu(n) + (s = 1) Y mp,u(B)myro, (0 — k)
k=1

1 n—1
— Re<w> (t—s) kz:;) mp, p(K)myr i, .y (n —k — 1)

n—1
= s A" my(n) + (s — 1) Y Nom,(k)ymyr @, . (n — k)
k=1

1
— Re<G]D>,\y,(Z)> (t - 8) Z )\k mu(kﬁ)mUT(DAN) (n _ k _ 1)

By Proposition [3] we have

R%M) — o(A2).

In particular for A — 0 and for n = 1 we have

My () (1) = s Amy, (1) — Re( ! ))(t —5) =o()\?).

GDAH(i
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For n = 2 we have
o (2) = 5mpn(2) + (5 — D (Do oy (1)
- R(Gl()) (t = 5) (O 03 (1) + M (Dm0 (0))
=S 2m e* ’ 78228 2m 0] 4.
= s+ (Re( G ) ) (09 = 0y 2) + o)

Hence by induction for A — 0 and n

myr oy (n+1) = s At my(n+1)+ (s —1) Z AP my(k)myrm, (n+1—k)

1 n
~Re( g )t ) SN (1~

=sA"Mm,(n+1)+(s—1) z": MNom, (B) (s A" Ry, (n+ 1 — k) + o(A"F))
k=1

\
>~
ol
Vo)
>
i
x>
—
S
\
N
—
>
3
=
o
~—
~—

sA" M m,(n+1) +o(A"). =

LEMMA 5. Let p be a compactly supported probability measure on the real line with mean
zero, variance equal to 1 and the Maassen measure T such that its first absolute moment
exists. Then

B3, (1) = Rizp, (1) = oX?),

RE»AM(Q) = RET(DAM)(Q) =s5A% +o(AY),

RE, (k) = Rip, (k) = o(N*)  fork = 3. (5.2)
Proof. Let us observe that for a measure p with mean zero and variance equal to 1 the

measure Dy has the first moment mp, ,(1) = 0 and the second moment mp, ,(2) = A2.
The measure UT(Dyu) has the first moment

My s (1) = — Re(GI%lM(Z,)> (t —s) = 0(\2)

and the second moment
mUT(DAM) (2) =S )\2 + 0()\4).

Because of the moment-cumulant formulae for the free convolution ({2.6]), for the T-
deformation of dilation of measures we have

Rrp,,n(1) =0(X%),  RErp ) (2) = s\ +o(A\).

Moreover, for k = 3 by the moment-cumulant formula

RUT(D)\H (3) = mUT(DA# ( ) 3RUT DAH)( )RET(DAH)(l) - Rﬁ'ﬂ'(ﬂ),\u)(]‘)ga
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hence by Lemma [4] we have

3
1 1
R 3) = N¥m,,(3)+o(\? —35)\2Re( _>t—s—<Re(_>) t—s)?
UT(DAN)( ) P«( ) ( ) GDAH(Z) ( ) GDA[}.(Z) ( )
= o(X?),
and by induction: if in 7 there exists a block B such that |B| > 3, then RgT(Dw)(W) =
o(\2). If not, there must be at least two blocks, | B | + |Ba| > 2, hence

&
H RUT(DW)(Bi) = O(AS)-
B;en

This fact ends the proof. m

THEOREM 2 (Central limit theorem for the T-deformed free convolution). Let T = (¢, s)
and p be a compactly supported probability measure on the real line with mean zero,
variance equal to 1 and the Maassen representation

1

e = z—l—/idm(m)7

where the first absolute moment of 7, exists. Then the sequence
Dl/\/ﬁuEEIT...EEITDl/\/Nu
is weak-x convergent to the Kesten measure kg with parameter s.
Proof. The sequence of N-fold T-convolution of the measure p is of the form
pn =Dy, xuBr.. . BrDy, yu=(U)UD,, guB...BUD,, xu).
Let us denote for simplicity

v =U'D,y, yuB---BUD,, ypu.

N times

Then py = (UT)~vy and because by definition for an arbitrary measure v

R(2) = Rf:,(2) = Y Rix,(n) 2",
n=1

we have

RE ()= R?THN () = REN (2).

VN

Because

28] B
RVN(’Z) = NRUTDUWN(Z) = NRH’H];I/WH(’Z)

by Lemma

RE (1) = —N.0<J1V> Noge

VN

1 1 N—oo
RIEFN(Z) =N- <SN+O(J\72>> — s,

RE (k) = N - o(}v) Noxe,
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and therefore
Ry, (2) = RG.(2) = 5,
and wy is the semicircular law with mean 0 and variance s. Hence the sequence
N :Dl/\/ﬁMEET~~~EETD1/\/NM

is convergent to £ = (UT)~!w,. Because the Cauchy transform of such a Wigner measure
is equal to

z2—V2%2—4s

Cule) ==

we have Re(ﬁ) = 0. Therefore

Gel=) = 1 - :

G_)j(z) + z (]. ) Re( ws( ))(1 %) Gos (Z) +Z( )

hence the measure £ is equal to the ¢-transformation of the measure wg, which means
that £ is equal to the Kesten measure ks with parameter s. m

6. Poisson type limit theorem for T-deformed free convolution. For a number
A > 0 consider the sequence of measures

A A
KN = (1 - N)50+ Nal.

We define the Poisson measure as the limit (if it exists)
P = lim ,LLNEH'E...HHTMN.
N —o0

Recall that from Example[]it follows that the Cauchy transform of the T-transformed
measure py is equal to

Guru(2)
_ P’ —2p+2)(z+p—1)
P*=2p+2)22+ (1 —-s)p* +p*(2s =3) + (4 —s—t)p—2)z+p(s —t)(p— 1)

for p = % The related cumulants and R-transform are defined as follows

Ri(n) := Rl (n),  Ry(z):=) Ru(n)2""" = Rge(2).

We can use cumulants RE(n) and calculate

a5
RENBH’H‘“-BHTMN (z) =N REN (z) =N RUT(MN) (Z)
By definition

Ry, (2) = Ry (2) = RBy6, s, (2):
where Py, An,Qn =1 — Py, By are defined in Examplefor p= % We have

1 H
> = G0t (2) = B (2); (6.1)
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-1
where GUT(uN)

To calculate it we have to solve a quadratic equation. A straightforward calculation gives

_ 2—2p4+p’+22—4pz+3p°2—pdz+psz—2p°sz+pisz+ptz

(2) is the inverse of Gyr(,,)(2) with respect to composition of functions.

G () = 222 2p+p?)
V/SQRT,
22(2-2p+p?)’
with

SQRT, = (—242p—p> —2244pz—3p*2+p°2—psz+2p°sz—pPsz—ptz)?
— 422 —=2pz+p*2)(2—4p+3p* —p® —psz+pisztptz—pitz).
It gives for the respective Voiculescu’s R®-transform

_ 2—2p4+p>+22—4pz+3p°2z—pPz+psz—2p*sz+pisz+ptz

2z(2—-2p+p?)
_ L VSQRL,
2z 2z(2-2p+p?)

=
RUT(MN)('Z)

For p = % it is equal to
RE () —2N3+2N324+2N2X—4N22X+ N2sz )\
Z) =
U () 2N z(2N2 —2N X+ )\2)
_l_Nztz/\—N/\2+3Nz/\2—2st)\2—z/\3—|—sz/\3
2N z(2N2 —2N X+ \?)

\/SQRT

2N zZ(2N2—2N A+ A2)

with
SQRTy =4(-1+2)’ NP +4(=2+62+s2+12— 42> +352° —12°)AN°
+(8-322—1252 —4t2+282% —32s52% + 5222 + 8t 22 + 25t 22 + 12 2%\ N*
—202-122—Tsz—tz+ 1422 —1952% +25% 2% + 31 2% + 25t 22)A3 N3
+(1—-102—852+172% —26522 + 65222 +2t 22 + 25t 22)A\IN?
—22(-1—8+32—-552+2822)A°N + (s — 1)2 22 \°.
For the measure
i = iy Br By = (UT) T U () B B U ()
we get
H B B
RUT(MN)(Z) = RUT(MN)E...BHUT(MN)(«Z) = NRUT(;LN)(Z)

_ —2N?+2N3242N2X—4N?2A+ N2szA+ N2tz )\ — N X2
B 22(2N2 - 2N X+ \?)

3Nz)\2—2st/\2—z)\3+sz)\3—,/SQRT%

22(2N2 —2N A+ \2)

_|_
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Taking the limit as N — oo we obtain

B T ==} _
Ryys ) (2) = Jim Ryen (2) = 2 11—z

which gives that

Ry (2) = Ry, (2) = (2(s =)+ (s+1) A

2 1—-2
(s =)+ (s+8) Sy (s+1) S

2

n=2

and because
Ry(z) =Y Rp(n)z"""!
n=1

we obtain

(s+1) )
—= X ifn=1,
REA (n) = 2
AS ifn>2.
Using the relation (6.1)) once again we can calculate the Cauchy transform of the
measure UT (py). Indeed, we have
1 ]
G 2 e Curen ()
hence
1 (GUT(pA)(Z)(S — t) + (S —+ t)) )\

= Z —

GUT(pA)(z) 2 1-— GUT(I]A)(Z')’
which implies that

2422—8A—tA—/(2—-2z+sA+tA)2— 165\
Cuem () = 222+ s\ —t\) '

Because

U1 U (pr) = pa
we can apply the definition of the T-transformation (3.1) and obtain

S S e
Gp,(2)  5Gurgp,(2) S Gurpay (i) )\ st '
Since

A:Re(l‘) zl_ﬂ_g
Gurpy) ()

1 \/)\(128 — 4t — (s +1)2N) + V162 + (s + N2+ XZ(4(=3s+t) + (s + )2 N\)2

4 2 ’
we obtain
G (2) st(4A(s — 1) —t(—=2+ (2 —48)z + sA + A+ /(2 — 22 + sA + tA)2 — 16s)))
pAl\%) = )

4(—1+ s)st?222 + bz + ¢
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where
b=2(A(=2+4s8)(s —t)t — 2N F 3N+ 51224+ N —tN)),
c=2(s—1)(2A%(s —t) + 12X — At(=2+ s A+t ))).

Using the Stieltjes inversion formula we can calculate the measure p) explicitly. The
limiting measure py has the following form

px = dpx(@) + dpx(z)(x) = w1d., + wad., + px(z) dw

where
t2/16sA — (2 —2 A+tA)2
dﬁ(m):ls V165 ( r+sA+ )dx,
T 4(=1+s)st222 +bx +c
1 sA tA
A== ——— —
2 4 4
+1\/)\(125—4t—(s+t)2)\)+\/16(2-1-(s+t))\)2+)\2(4(—38+t)+(s+t)2)\)2
2 )

b=2(A(-2+4s)(s —t)t —S2EEXNF BN+ st2(2+ N —t)N)),
c=2(s—1)(2A%(s —t) + 2N — At(=2+ s+ 1))
_ t(2A(1 —2s8)(s—t) —2st+ (=1 +s)t(s + 1))

21

4(—=1+s)st?
V161 = 5)s2 A+ 12(2(A(s — 1) + s1) + (1 + 8)t(s +1)A)?
4(—1+s)st?
o t(2A(1—-2s)(s—t)—2st+ (=1 +s)t(s+1)N)
> 4(—=1+s)st?
N V16(1 —8)s2tA N+ 12(2(A(s —t) + st) + (=1 + s)t(s + t)A)?
4(—1+s)st?
L AA(s—t) =24 (2—-48)z + A+ TIA+ /(222 +sA+EA)2 —165))
= A(—1+ 9)t(z — 22)
vy — 4A(s—t) —t(-24+(2—48)z21 +sA+EA+/(2—221 + sA+tA)2 — 165 \)

4(—=1+4 s)t(z — 1)

REMARK 12. The above Poisson measure is a distribution of the non-standardized (mean
is non-zero) free Meixner type, see [BB].

7. Another approach to defining deformed convolution. Let us use the notion of
conditionally free convolution to define another deformed convolution [T, which we will
call the T-conditional convolution of measures.
DEFINITION 2. Using the T-deformation of probability measures
1 s 1
= +Z(13)Re<,>(5t)
GUT(M)(Z) Gu(z) Gu(l)

for compactly supported probability measures p1, 2 we define the corresponding convo-
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lution
p @y = (pa, U pa) & (po, U o).

Similarly to the r-deformation V;., see [BKW], [KYT], the T-deformation does not
behave well in this application. Indeed, we have the following

LEMMA 6. In general, fort € R, s € Ry there exist probability measures p1, o such that
UM (1 @pz) # Uy BU py.
Proof. Let us take the following measure
1
p= 5% +01).
By Example [I] we have that the Cauchy transform of T-transformation of u is equal to

G (2) 10z -5
T z) = .
Uln 1022 — (5+s+4t)z—2(s— 1)

The Voiculescu RP-transform of Uy is equal to

_ 1
RE. () = Gyt (2) - -

and a simple calculation shows that

10+ (B5+s+4t)z—\/402(—5+2s2—2t2) + (10+ (5+ s+ 41) 2)?

Giu(2) 202 ’
hence

o —10+ (5+s+4t)z —\/402(-5+2sz —2t2) + (10+ (5 + s + 4t) 2)2

Ry (2) = 20 z '

Thus for v = UTpu B U™ we have

—10+ (5+s+4t)z —\/402(—=5+252 —2t2) + (10 + (5 + s+ 41) 2)2
10z ’

R¥(z) =

which implies that

G (2) ~54s+4t—/s2+s(-90 + 8t —20z) + (5 + 4t —102)2
v(2) = .
20522 — (b+s+4t)z—4(s—1t))

On the other hand, the conditionally free transform of pair (u, UT ) can be calculated
from (2.10)), that is defined by

=2~ R 1) (Gura(2)).

Gu(z)
Thus
1
—1
R (2) = Gy, (2) Gu(Gpr,(2)

which gives

B ()= 10+ (=5 — 9s + 4t)z + /402(—5 + 252 — 2tz) + (10 + (5 + s + 4t)2)?
(U ) 20s2 )
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Thus for n = pu@u we have

10+ (-5 —9s+4t) 2+ /402(—5+2s2z —2t2) + (10+ (5 + s+ 4t) 2)2
R (2) = =

v 10sz
hence

which gives
1 _
Gn(z)
25— 405 — 95 +40t —32st+ 161> — 1002 —70s2 4+ 10s* 2z — 80tz + 40 st z + 100 22

)

10s(=5+s+4t—+/s2+5(—90+8t—202) + (5 +4t—102)2)
(5—4t+s(9—102))y/s2+5(-90 +8t—20z) + (5 + 4t — 102)?
10s(=5+s+4t—+/s2+s(=90+8t—202) + (5 +4t—102)?)

2(5+s+4t—102)?
X (25—505+52+8st-+16t2 —(s+4t—5)/52+5(8t—202—90) +(5-+4t—102)2 —50z— 105z —40tz+5022)
((4t—52)(—1+42)+s(4+2))?

10s(=5 + s + 4t — /52 + (=90 + 8t — 202) + (5 + 4t — 102)?)
X (4t =52)(—1+2)+s(4+2)).
We will show that

UM (pEp) # U pBU p,

that is
n#(U") tw.
Because
1
Re
(aw)
5 s Af— \/75+90 s—52—-40 t—8st—16t2+\/400(:5/—ts+4t)2+(75+90 s—52—8(5+5)t—1612)2
_ 2
10 ’
we have
1

Gmy-1,(2)
_ —2t(s+4t—5)—20(s — 1)z —25/s> + 58t —202 — 90) + (5+ 4t — 10 2)?
N 20

+V2(s — t)x

\/75—s2+s(90—8t) —8t(5+2t) +1/400(5+5-+4t)2 +(75+905 — 52— 8(5+ 5)t — 16¢2)2
20 ’

hence

Gy(2) # Gury-1,(2). =
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8. The N-fold convolution. In this section we will only consider the [@-convolution of
N measures as

N
pi = Ex] (s, U ps).

i=1 i=1

RE

THEOREM 3 (Central limit theorem). Let T = (¢,s) and pu be a compactly supported
probability measure on the real line with mean zero and variance equal to 1 and the
Maassen representation

1 1
o =t e,

when the first absolute moment of 7, ewists. Then the sequence

N N
Dl/\/ﬁu = ] (Dy i, UTDy )

=
is weak-* convergent to the Kesten measure ks as N — c0.

Proof. The sequence of N-fold [f-convolutions of the measure p is of the form

N
pn = 20Dy h

and by Lemma [4 we know that

1 1
le/\/ﬁN(l) =0, le/mu(Q) = +o0 ~z )

1 s 1

mUTDl/\/N“(l) B O<N)’ mUTDl/m#(Q) s O(NQ>,
thus by a similar argument as in the case of the central limit theorem in [BLS]|, the se-
quence f, is weak-* convergent to the pair (ks,ws ), defined by the requirement RS o) (2)

= z, where w, denotes the Wigner measure with variance s. Using the relation between
the Cauchy transforms and the conditional cumulant transform (2.10]), (2.11) we obtain

1
G () O
1 1
G ) =2—-5G,, (2)= ;
5
s
5
s
5
P
hence
1 1
Gy, (2) B 1
5
s
5
s
P
5

and k4 is indeed the Kesten measure. m
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THEOREM 4 (Poisson type limit theorem). For A > 0 define for all N
A
MN:(1—>50+N6, N > 1.
Then for T = (t,s) we have
lim -,u

N—o0i=1

(um Utun) = (05, v)

1 .2

in the weak-x topology, where
V16sA— (222 + s\ +tA)?

d;(x) = 27T(2x oA t)\) X[2+s ;+t>\72m’2+5 é+t>\+2m] (x)dx
V= max(l — S )\7 0)5@75»
and
dpg (@)
\/4)\5 — ZEs)itdyd
= t s+t d ’
m2(s — D)a2 + (24 (2 — 3s + )A)z + (s — t)\2) [wﬁmem](‘”) ’
0 when g(x) has no real Toots,
—~ ED)
dpg\({l?) = max(O, 1 — MW)CSZJ whens = 1,
2
w1 Oy, + Wa Oy, when g(x) has two real rootsyy,ys,
1 A
w; = max<0, — — S|y — )\|)
\/(/\72+3/2\+t)\)274>\(571) lyi = Al

Proof. This is a similar argument as in the case of the Poisson limit theorem in [BLS|. =

REMARK 13. The above Poisson measure is also an example of a non-standardized (mean
is non-zero) free Meixner law, see [BB].
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