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Abstract. The aim of this note is to characterize the real coefficients p1,...,p, and qi1,...,qx
so that

n k
Zpiwi + Z q;y; € conv{z1,...,Tn}

i=1 =1

be valid whenever the vectors z1,...,Zn, y1,...,yr satisfy

{y1,...,yx} Cconv{z1,...,xn}.

Using this characterization, a class of generalized weighted quasi-arithmetic means is introduced
and several open problems are formulated.

1. Introduction. Given a nonempty convex subset D of a linear space X and n,k € N,
define the set D,, ;, C D"** by

D, = {(xl,...,xn,yl,...,yk) e D" | {y1,.-,yx} C conv{xl,...,xn}}.
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The aim of this paper is to characterize those real coefficients p1,...,p, and q1,...,qx
for which the inclusion

n k
Zpixi + quyj € conv{zy,...,Tn}

i=1 j=1
holds for all (x1,...,Zn,Y1,---,Yx) € Dp k.
After answering the above question, we introduce the notion of generalized weighted
quasi-arithmetic means and we give the results for some its subclasses. We also formulate
several open problems.

2. An elementary inclusion problem. We recall the notation for the positive and
negative parts of real numbers defined by

q if ¢>0 _ 0 if ¢g>0
q" = . ¢ = . (¢ €R).
0 if g<0, —q if ¢<0

It is obvious that ¢ = ¢* — ¢~ and |q| = ¢* + ¢~ for all ¢ € R.
For n =1, the description of the set D, j is trivial:
Dy ={(z,y1,--,y6) €D | yy = ... =y =2} = {(=,2,...,2) | x € D},

therefore, in the following theorem, which contains our main result, we consider only the
case n > 2.

THEOREM 2.1. Let X be a linear space, let D C X be a convex set containing at least two
distinct elements. Let n,k € N, n > 2 and p1,...,pn,q1,--.,qx € R. Then the following
statements are equivalent:

(i) The inclusion
n k
Zpixi +quyj € conv{zy,...,z,} (1)
i=1 j=1
holds for all (x1,...,%n,Y1,---,Yk) € D k-
(ii) The coefficients p1,...,Dn,q1,---,qx Satisfy the conditions

n k k
Zpi—Fqu:l and min{pl,...,pn}Zqu_. (2)
i=1 j=1 j=1

(iii) For all convex functions f: X — R, the inequality

n k n k
f(Zpﬂ?i + Z%‘Zh) < pif@)+> 4 f(y) (3)
i=1 j=1 i=1 j=1
holds for all (x1,...,Zn, Y1, Yk) € Dn k.

Proof. (i)=-(ii). Assume that (1) is satisfied for all (x1,...,Tn,y1,...,Yx) € Dy . By the
assumption, D contains two distinct elements, say a,b € D with a # b. We may also
assume that a # 0. Then, taking z; = ... =z, = y1 = ... = yr = a, we can see that
(1, s Zn, Y1, - .-, Yk) € Dy i is valid, hence, from , we obtain

n k n k
(Zpi + Z qj>a = Zpizi + Z q;y; € conv{z,...,x,} = {a},
i=1 j=1 i=1 j=1
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which yields the first equality in .

To prove the second inequality in , let £ € {1,...,n} be a fixed index, let z; := a
and z; := b for i € {1,...,n}\ {¢} and define, for j € {1,...,k}, y; :=a if ¢; < 0 and
y; :=bif g¢; > 0. Then

{y1,---,ux} C {a,b} C conv{a,b} = conv{zy,...,z,},
ie, (z1,.--,@Tn,Y1,---,Yk) € Dy is valid and hence holds. Observe that ¢;y; =
q}'b —gq;a, thus and the first equality in yield

k k k n k
(=37 Jo (1w o7 Jo= (o= 3007 Jae (o=t Do )
— i j=1 i=1 Jj=1

= szxz + quy] € conv{z1,...,z,} = conv{a,b} = {ta + (L —t)b | t € [0,1]}.

j=1
Therefore, using a # b, for £ € {1,...,n}, we get
k
0<pe— qu_ <1l
j=1

From the left hand side inequality here the second inequality of follows.

(ii)=-(i). Assume that the conditions in are satisfied. Let (z1,...,Zn,91,---,Yk)
be an element of D,, ;. Then, for (i,j) € {1,...,n} x {1,...,k}, there exist A;; € [0, 1]
such that, for j € {1,...,k}, we have

Z)\ij =1 and Z )\z]mz = yj' (4)
i=1 =1

Thus,

n k n k n
Yopiwi+ Y qyy =Y piwit Yy 4y Niwi = Z <Pz + Z qj 2]>$Cz (5)
i=1 =1 i=1 =1 =1

i=1
To prove the validity of , it suffices to show that the right hand 51de expression in
is a convex combination of z1,...,x,, i.e.,

n k k
Z(Pi+ij/\u> =1 and pi—i—qu)\ij >0 (ief{l,...,n}). (6)
i=1 j=1

j=1
Using the first equalities in and , we get

n k n k n n k
IR MENED WA WD MIED SIS
i=1 j=1 i=1 J=1 i=1 i=1 J=1

which proves the first equality in @ On the other hand, by A;; € [0, 1] and the second
inequality in (2f), we get
k
p’L+qu ZJ—pz+Z —QJ )\z]>pz qu >0
Jj=1
(if)=(iii). Assume that the condltlons in ([2) are satisfied. Let f : X — R be a convex
function and let (z1,...,Zn,y1,...,Yk) € Dmk. Then, for (i,j) € {1,...,n} x {1,...,k},
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there exist A;; € [0,1] such that, for j € {1,...,k}, we have . By the convexity of f,

we have
() <X s GE Lk,
=1 =1
Thus
k k n n k
Y oa flw) <> g Z Aij f(z3) Z(Z qj‘)‘ij)f(xi)' (7)
j=1 j=1 =1 i=1 Nj=1
On the other hand, (ii) and () yield that
k
( qu ”) Zq;r =1
i=1 j=1

k
=Y q; ;=0 (ief{l,...,n}), and g =0 (je{l,....k}),
=1

i.e., these numbers form a system of convex combination coefficients. Hence, by the con-
vexity of f,

n k n k k
f(me + Z%’%‘) = f(Zpixi +) iy - quyj>
i=1 j=1 i=1 j=1 j=1
n k k n k
= f(Z(pi = qu’)\ij)wi +qu+yj> < Z(pi - qu)\ij> z; +Zq f(y5)-
i=1 j=1 j=1 i=1 j=1

Adding inequality to this inequality, we get

n k k n k
F(Some+ Y am )+ o0 1) < S mifl) + X af )
i=1 j=1 j=1 i=1 j=1

which is equivalent to .
(iii)=>(i). Assume that there exists (z1,...,%n,y1,...,Yx) € Dy i such that (1) is not
valid, i.e.,

szxl—l—Zq]yj & conv{z1,...,xn}. (8)

Jj=1

Then, by the standard separation theorem, there exists a linear function ¢ : X — R such
that

n k
c:=sup{p(u) | u € conv{zy,...,z,}} < @(Zpil’i + quyj).
i=1 j=1

Define f : X — R by f(z) := max{p(x) — ¢,0} = (¢(z) — ¢)*. Then f is a convex
function, f(u) =0 for all u € conv{zy,...,x,}, and

n k n k
f(ZPixz‘ + Z%’%) = <P<Zpﬂ7i + Zqﬂﬁ) —c>0.
i=1 Jj=1 i=1 j=1
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On the other hand, by ,

n k n k
f(ZpiIi + Zijj) < Zpif(xi) + Z%‘f(yj) =0.
i=1 j=1 i=1 j=1

The contradiction obtained proves that cannot hold, i.e., must be valid.

The proof of the theorem is complete. m
REMARK 2.2. The implication (ii)=-(iii) is valid more generally: If (ii) holds then is
satisfied for all convex functions f : D — R and for all (z1,...,%n,¥1,---,Yk) € Dy k.
Indeed, as it follows from the implication (ii)=-(i), inclusion is valid, hence, by the
convexity of D,

n k
> piwi+ > gy, €D,
i=1 j=1

proving that the left hand side of is well defined. Now, the argument followed in the
proof of Theorem yields that is valid.

Based on Theorem the set of those (n + k)-tuples (p1,...,Pn,q1,--.,qr) that
satisfy the two conditions of will be denoted by K, j.

COROLLARY 2.3. Let I C R be an interval containing at least two distinct elements.
Let n,k e N, n > 2 and p1,...,0n,q1,---,qr € R. Then the following statements are
equivalent:

(i) The inequality

n k
min{xy,...,z,} < Zpimi + Z ¢;y; < max{zi,...,Tn} (9)
i=1 j=1

holds for all (x1,...,Tn, Y1, Yk) € In k-

(ii) The coefficients p1,...,Pn,q1,- - -,k Satisfy , i€, (D1ye s Dns Qs -5 k) € K .
(iii) For all convex functions f:R — R, the inequality

n k n k
f<Zpi$i + Z%‘%‘) < sz'f(xi) + Z%‘f(yj) (10)
i=1 j=1 i=1 j=1
holds for all (x1,...,Tn,Y1,---,Yk) € Lnk.
Proof. Apply Theorem [2.1]in the particular case X = R and D = I, and observe that, for

Z1,...,Zn,y € R, the inclusion y € conv{zy,...,z,} holds if and only if the inequalities
min{zy,...,2z,} <y <max{xi,...,zn}
are satisfied. m
Some of the consequences of the statement of Theorem are important of their
own. We consider the case when k = 1. Then the equality condition in implies that
q=1—p1—...—pn.
COROLLARY 2.4. Let X be a linear space, let D C X be a convex set containing at least

two distinct elements. Let n > 2 and p1,...,pn € R. Then the following statements are
equivalent:
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(i) The inclusion

i=1

n n
Zpixi + <1 — Zm)y € conv{zy,...,x,}
i=1

holds for all (x1,...,%n,y) € Dp1.
(ii) The coefficients p1,...,pn satisfy the conditions

min{p1,...,pn} >0 and min{p1,...,pn} +1 ZZpZ—. (11)
i=1

(iii) For all convex functions [ : X — R, the inequality

f(ZpifUi + (1 - Zpi)y> < Zpif(xi) + (1 - Zpi)f(y)
i—1 i=1 i=1 i=1
holds for all (x1,...,Tn,y) € Dp1.

Proof. Apply Theorem in the case k = 1 for the coefficients pi,...,p, and q; :=
1—p1—...—py. Then (2) holds, i.e., (p1,...,pn, 1 —p1 —...—pp) € K, 1 is valid if and

only if
min{py,...,pn} > (1 — Zpi)7 = max(O,Zpi — 1).
=1 i=1

This condition is trivially equivalent to (L1]). m
REMARK 2.5. In the particular case n = 2 the conditions of are easily seen to be

equivalent to p1,ps € [0,1]%. Thus, with p; := py := 1, we have that, for all 1,25 € D,
y € conv{z1,x2} and for all convex functions f: D — R,

1+ a9 —y € conv{zy,xo} and flxr + 22 —y) < flar) + fz2) — f(y).

3. Generalized weighted quasi-arithmetic means. Given a nonvoid open interval
I C R, a function M : I™ — R is said to be an n-variable mean on I if
min{zy,...,2,} < M(zq,...,2,) < max{xy,..., T}

holds for all (z1,...,z,) € I"™.

To recall the notion of n-variable weighted quasi-arithmetic means, denote by CM(I)
the class of continuous and strictly monotone real valued functions defined on the in-
terval I. For ¢ € CM(I) and (p1,...,pn) € [0,1] with p; + ... + p, = 1, define
A&pl’“'”’") : 1" — R by

Agfl’“"p")(xh ey Tp) 1= ot (plgo(acl) + ...+ pngo(asn)). (12)
The following result enables us to construct a more general class of means.

THEOREM 3.1. Let n > 2 and k > 1 be natural numbers, (p1,...,Pn,q1,---,qr) €
Knk, o € CM(I) and M,..., My : I™ — R be n-variable means. Then the function

A(wphlpﬁiq” : I™ — R defined by

n k
‘Afapj\’/f.;,y.l‘)jl’\q/lz ----- Qk)(;[;h ey ) = (p_l (Zpi<p(mi) + Z gie(M;(z1, ..., :En))> (13)
i=1 =1

is an n-variable mean on I.
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Proof. By the monotonicity of ¢ and by the mean value property of the means
My, ..., M,, for all (x1,...,2,) € I" and j € {1,...,k}, we have

min{p(z1),...,e(@n)} < o(M;(z1,...,2,)) < max{p(z1),...,p(T)} (14)
In other words,

((p(xl), oo po(@n), oMy (1, y20))y e o( My (21, - - 7xn))) € (o(I))n. k- (15)
Hence, by Corollary 2.3 we get

n k
minfe(@1), ., p(en)} < 3 pis(@) + 3 qe(M; (1,23, ., 20)
1=1 =1

< max{p(z1),...,0(xn)}

1

Using the monotonicity of ¢~ ", we obtain that

n k
o (me(wi) +> ae(Mj(ay, ... wn)))
i=1 =1
(P15 >Pnsq1 501 qk)

is between min{x1,...,z,} and max{z1,...,z,}, which proves that Ay "/ is
an n-variable mean. m

We call this mean the generalized weighted quasi-arithmetic mean generated by the
function ¢, the means My, ..., My, and the weights (p1,...,Pn, @1, ---,qk) € Ky k. In the
particular case ¢ = ... = qr = 0, the generalized weighted quasi-arithmetic mean in
reduces to the weighted quasi-arithmetic mean in .

Concerning these means, we may consider the following three basic problems:

(i) Equality problem;
(ii) Comparison problem;
(iii) Matkowski—-Suto type problem.

In the following subsections we briefly describe some basic results as well as some open
problems related to these questions.

(i) Equality Problem. Given the n variable means My, ..., My : I"™ — R, characterize
those weights (p1,. .., Dn,q1, -+ k), ("1, -+ -y ",y 81, - -+, Si) € Koy i and pairs of functions
v, € CM(I) such that, for all zq,...,z, € I,

Afﬁ};ﬂ’_’j;@i”"’q’“)(xl, ey Tp) = Afﬁ%’ﬁﬂk"“’s’“)(m, ey D). (16)

For this problem, we have the following sufficient condition.
THEOREM 3.2. Let n > 2 and k > 1 be natural numbers, (p1,-.-,Pnq1,---,qk) € Kn i,
©, 0 € CM(I) and let My, ..., My : I™ — I be n-variable means. Assume that there exist
a,b €R, a#0, such that

(z) =ap(z) +b (z €1). (17)
Then, for all x1,...,xy, € I,

ATV ™ @) = AR @), (18)

Proof. Tt follows from that ¢~ 1(t) = ¢! (£=2) for t € ¢(I). This, and the definition
of the means, immediately results . L]
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OPEN PROBLEM 3.3. Under the assumption of Theorem is the equality necessary
for the validity of ?

The answer to this question is affirmative in several particular cases.

— In the case when ¢; = ... = g, = 0, the equality problem reduces to the
equality problem of weighted quasi-arithmetic means when the necessity of is known
to be valid (cf. [14], [I7], [22], [24]).

— In the case n = 2, k = 1, the necessity of was obtained in [8], where the
following result was proved: Let M : I? — R be a strict and continuous two variable
mean, p,q €]0,1], p,v € CM(I). Then, in order that .Agj’]ej’lfpfq) = Afpp”;é[’l*pfq), that is,
the functional equation

¢ (pe(x) + ap(y) + (1= p — @)p(M(z,y)))
=y~ (pY(2) + ¥ (y) + (1 - p — (M (z,y)))
be satisfied for all x,y € I, it is necessary and sufficient that be walid for some
a,b € R with a # 0.
The more general equality problem has also been solved in other particular cases.

In 5] the case of the equality problem .Agjﬁl_p_q) = Ag”j/[_r’o), that is, the functional

equation

o (po(x) + qo(y) + (1 —p — (M (z,y))) = ¢~ (rip(x) + (1 = r)(y))

was investigated with the additional assumption that M is a (symmetric) quasi-arithmetic

mean on [.

(ii) Comparison Problem. Given the n variable means My,..., My : I — R, char-
acterize those weights (p1,...,Pn,q1,--->qk)s (T15---,Tn, S1,-..,8k) € K, 1 and pairs of
functions ¢, ¥ € CM(I) such that, for all zq,...,2, € I,

(P15--3Pn s G150+, Gk) (71, T y815 8k )
‘AQQJVIh---ka (@1, @) <‘A1/) My,...,My (T1,. .05 2n).

For this problem, we have the following sufficient condltlon.

THEOREM 3.4. Let n > 2 and k > 1 be natural numbers, (p1,...,Pnq1,---,qk) € Kn,
o, € CM(I) and let My, ..., My : I — I be n-variable means. Assume that 1 is increas-

1

ing [decreasing] on I and 1/Jog0 is convex [concave] on o(I). Then, for allxq,...,x, € I,

AL Pl @) (g ) < AP ) (gygy)., (19)

Proof. Assume that 1 is increasing define f := ¢ o ~!. To prove , let z1,...,2, € 1.
By the monotonicity of ¢ and by the mean value property of Mj,..., M,, for all
(x1,...,2n) € I™ and j € {1,...,k}, we deduce that holds, and hence is
also valid. Thus, by Theorem (iii) and the convexity of f, it follows that

(AL L)) = (ZW% +Z¢ fEaTe n>)>

n k k
< ZPif(‘P(mi)) + Zf(@(Mj(xl, o y))) = ZPW(%‘) + Zw(Mj(fUh ey ).
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By applying 1 ~! to both sides of this inequality, results. m

OPEN PROBLEM 3.5. Under the assumption of Theorem [3.4] and provided that i is

1

increasing [decreasing] on I, is the convexity [concavity] of 1) o ™+ on ¢(I) necessary for

the validity of inequality ?

The answer to this problem is also affirmative in several particular cases.

— In the case when ¢;1 = ... = ¢, = 0, the comparison problem reduces to
the comparison problem of weighted quasi-arithmetic means when the necessity of the
convexity [concavity] of 9o o~! on ¢(I) (provided that v is increasing [decreasing| on I)
is known to be valid (cf. [I7], [22], [24], [14]).

— In the case n = 2, k = 1, the necessity of the convexity [concavity| of 1) o ¢~! on
©(I) was obtained in [8], where the following result was proved: Let M : I? — R be a
strict and continuous two variable mean, p,q €]0,1], ¢,v € CM(I). Then, in order that

Afop’}&l*p*q) < Afﬁ’;\zjlipiq),
that is, the functional inequality
o Hpp(2) + ap(y) + (1 = p — @)p(M(z,y)))
<7 () + qv(y) + (1= p — Qv(M(z,y)))
be satisfied for all z,y € I, it is necessary and sufficient that 1o~ be convex [concave] on

o(I) provided that ) is increasing [decreasing] on I. A more general result was obtained
in [1].

(iii) Matkowski—Suté Problem. Given the two variable means My, ..., My : [ — R,
characterize those weights (p1,p2,q1,---,qk), (r1,72,51,...,5x) € Ko, t € [0,1], and
pairs of functions ¢, € CM(I) such that, for all z,y € I,
APV (@yy) + AL 5 () = 2t + (1= 1)y).

The particular case when ¢; = ... = g = 0, i.e., when the two means on the left hand
side of this equation are ordinary weighted quasi-arithmetic means, was considered by
several authors (see |2, 3, 4, 5 6] [7, ®, @) [T, 12} (13} (15} (16} 18, 19, 20, 211, 23] 25, 26]).

The special case k = 1, p1 = po, t = % and Mj is the arithmetic mean was investigated
in [10].
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