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Abstract. The inverse stability of functional equations is considered, i.e. when the function,
approximating a solution of the equation, is an approximate solution of this equation.

1. Introduction. The theory of stability of functional equations, initiated by Ulam
and Hyers (see [0]), is inspired by the problem: for the fized functional equation, is the
approximate solution of this equation the approximation of a solution of this equation? It
is known by the results of Forti (see [4]) that the answer is no for the functional equation
of homomorphism of the free group, generated by two elements, to the additive group of
reals.

It is possible to consider the inverse problem: for the fixed functional equation, is the
approximation of a solution of this equation the approximate solution of this equation?
More exactly:

— the functional equation L(f) = R(f) is said to be inversely stable if for every ¢ > 0
there exists a § > 0 such that for every function g if there exists a solution f of this
equation such that p(g, f) < § (p is a metric) for all arguments in the functions g
and f, then p(L(g), R(g)) < e for all variables in the equation.

This stability is called the inverse stability since the stability in the sense of Ulam—
Hyers is defined as follows:

— the functional equation L(f) = R(f) is stable (in the sense of Ulam-Hyers) if for every
€ > 0 there exists a ¢ > 0 such that for every function g for which p(L(g), R(g)) < o
for all variables in the equation there exists a solution f of the equation such that
p(g, f) < e for all arguments in the functions g and f.
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2. Inverse stability

ExaMPLE 2.1. The equation of homomorphism

fla-y) = f(x)- fy)
for f from a groupoid (G, ) to a groupoid (G, -) with a metric p invariant with respect
to the operation “-” in G5 is inversely stable. In fact, for f, g : G; — G2 we have

plg(z-y),9(x) - 9(y) < p(g(x- ) f@-y)+p(f ( ), fz) - f(y)
+o(f(2) - f(w),9(x) - F(y) +p(g(x)- fy), 9(x) - g(y))
=p(g(z-y), f(z- ))+p(f(w ), f(x)- () + p(f(x),9(x) + p(f(y), 9(v))

and if f is a solution of the equation and p(g(z), f(z)) < § for x € Gy, then
€

plg(w-y),g(z) - g(y)) < §+3+§ e, x,yeGi.

EXAMPLE 2.2. The functional equation of isometry

pQ(f(x)mf(y)) = pl(x,y)v

where f: X7 — Xo and X; is a space with the metric p; for ¢ = 1,2, is inversely stable.
Indeed, since the metric ps is the uniformly continuous function for arbitrary ¢ > 0
there exists a 0 > 0 (0 = §) such that |pz(u1,v1) — pa(ug,v2)| < € for pa(ur,uz) < 6
and po(vy,v2) < 0. If for g : X; — X5 there exists an isometric mapping f such that
p2(g(u), f(u)) <46 for u € X3, then

|p2(9(2), 9(y) — pr(z,y)| = |p2(g(2), 9()) — p2(f(2), f(y))| < e

ExaMpPLE 2.3. The equation

f@+y) = f(=) fy)
for f from the additive reals (R, +) to the multiplicative reals (R,-) with natural metric
is not inversely stable. Suppose that this equation is inversely stable. For the function
g(z) = expx + ¢ there exists the solution f(x) = expa such that |g(z) — f(z)| < 0 for
x € R. We have

l9(z +y) — 9(x) - g(y)| = lexp(z +y) + 6 — (expz + 0)(expy + J)|
:|575(expx+expy)f52|§5, :c,yG]R,
which yields a contradiction.

EXAMPLE 2.4. The equation
flzy) = f(z)f(y)

is not inversely stable in the class of the functions from (R,:) to (R,-). The proof is
analogous to the above. This equation is inversely stable in the class of the equi-bounded
functions (e.g. by M). In fact, we have

lg(zy) — )l = [(g(zy) — f(zy)) + (f(@)(f(¥) —9®)) + ((f(z) — g(=))g(y))|
<6+ Ms+Ms=(1+2M)5, z,yeR

for a solution f such that |g(z) — f(z)] < ¢ for z € R.
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The same situation is for the equation

(fx+y) = f(@) = @) (flz+y) + f(z) + f(y) =0
and for the equations in Examples 2.17] and [2:19]

ExAMPLE 2.5. The dilatation equation

flzy) =2 f(y) +yf(2)
for f: R — R is not inversely stable since
l9(zy) — zg(y) — yg(@)| = [6(1 — 2 —y)|
for g(x) = 0+ 6 and the function |6(1 — x — y)| is unbounded. This equation is inversely

stable in every class of functions with bounded common domain D (e.g. |z| < M for
x € D) since

lg(zy) — zg(y) — yg(z)| = |g(zy) — zg(y) — yg(x) — (f(zy) — zf(y) — yf(2))|
< (1 + 2M)

for |g(x) — f(z)| < 6 for x € D, where f is a solution of the equation.

EXAMPLE 2.6. The equation of the idempotent function

f(f(x) = f(x)
for f: R — R is not inversely stable. For the proof “ad absurdum” assume that for ¢ = 1

there exists a § > 0 such that for every function g : R — R for which there exists a
solution f with |g(x) — f(z)| < §, we have |g(g(x)) — g(z)| < 1. Therefore for

_ xz, xe@a
fe) = {0, z€R\Q,

g(z) = f(x) + 6*, where 6* < § and §* is irrational, we have f(f(x)) = f(z) and
l9(z) — f(x)] <6 and
l9(9(2)) —g(2)| = 6" = (¢ +67)| <1,  2€Q,
which gives a contradiction.
CONCLUSION 2.7. The translation equation
F(F(z,y),2) = Flz,y + 2),

for F: RxR — R, is not inversely stable. Assume that this equation is inversely stable and
let € and & be as in the definition of inverse stability of this equation. Then the equation
of the idempotent function has to be inversely stable, too. In fact, let |g(z) — f(z)| < 0
and f? = f. Putting G(z,y) = g(x) and F(z,y) = f(x) we have |G(x,y) — F(z,y)| <
and F is a solution of translation equation, thus |G(G(x,y), 2) — G(z,y + z)| < ¢, also
l9(9(z)) — g(z)| <e.

The problem of the Ulam—Hyers stability of translation equation is still open. This
equation is Ulam-Hyers stable in the class of functions continuous with respect to each
variable (see [I1]).
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EXAMPLE 2.8. The dynamical system is determined by the function F/ : I x R — [
(I is an interval) which satisfies the translation equation and the identity condition
F(x,0) = « for x € I. This identity condition is evidently inversely stable (the condition
|G(z,y) — F(x,y)| <9 for F(z,0) = x implies |G(x,0) — z| < ). It is also stable since
|G(z,0) — x| < § implies |G(x,y) — F*(z,y)| < ¢ for F*(z,y) = G(z,y) if y # 0 and
F*(z,0) = x.

The function F in the dynamical system is supposed to be continuous, thus it is
reasonable to consider the stability of this system in the class of continuous functions.
The function F* above may be discontinuous even if the function G is continuous (e.g.
for G(x,y) = x + d for I = [a,+00)). The identity condition is also stable in the class of
continuous functions; it is sufficient to put for the proof:

Fi(z,y) = G(x,y) = G(2,0) +z if I=R,
Fy(z,y) = |G(z,y) — G(z,0)+z —a|l|+a if I=]a,+00),
F3($7y) :Fg(amy)-i-a(y) if I= (a,—i—oo),

where @ : R — R is continuous, «(0) = 0, 0 < a(y) < § for y # 0 (e.g. ay) =
20 arctany]),

Fy(z,y) = —|G(z,y) — G(z,0) +x —b|+b if I=(—00,b,
Fs(,y) = Fa(z,y) +aly) if T =(-00,),
where a: R — R is continuous, a(0) =0, —§ < a(y) < 0 for y # 0,
Fs(z,y) = —||G(2,y) — G(2,0) + & —al +a—b|+b if I=]a,b],
Fr(x,y) = Fs(z,y) + B(z,y) if I=]la,b)orI= (a,b]orl=a,b),
where 3 : I x R — R is continuous, §(z,0) =0, |B(z,y)| < ¢ and
a— Fg(z,y) < B(z,y) <b— Fs(z,y) for y # 0.
We have |G(z,y) — Fi(z,y)| < k;d, where

1, i=1,
ki =<3, i=24,6,
4, i=3,51,

if |G(z,0) —z| < 4.

The function F» may be not good for I = (a,+00). In fact, e.g. for I = (0, +00) and
a continuous mapping G : I x R — [ satisfying G(z,0) = . + §, G(1,1) = 6 we have
F5(1,1) = 0 ¢ I. The function « is also essential in the definition of the function Fj.
Similar situation is for the functions Fy and F7.

Notice that in the class of continuous functions the translation equation and the
identity condition are Ulam—Hyers stable and the system (the dynamical system) is not
stable in this sense if I # R (see [I1]]). This system is not inversely stable, too. In fact, for
F(z,y) = (¥ +y)* and G(z,y) = F(x,y) + 6, F is a solution of translation equation,
F(z,0) =« for x € R and we have |G(x,y) — F(x,y)| < ¢ for 2,y € R and

IG(G(0,0), 2) — G(0,0 + 2)| = |G(8,2) — G(0,2)] = |6 + 32(V/8)? + 3223,  z€R,

which yields a contradiction.
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EXAMPLE 2.9. If the linear functional equation

fla(z)) = B(x) f(x) + (),
where f,a,3,7 : R — R, has a solution, then it is inversely stable if and only if the
function g is bounded. In fact, if |3(x)] < M foran M e Rand allz e Rand g: R — R

is such that |g(z) — f(z)| < 1557 for a solution f of the equation and all z € R, then

lg(a(z)) — B(a)g(z) —(z)]
= |g(a(2)) - B(x)g(x) — v(z) — (fla(z)) - B(z)f(x) —(z))|
< |g(al(@)) — fla(@))| + |B()[lg(x) — f(a)] < — Me

+
Suppose that 3 is unbounded and the equation is inversely stable. Then for 1 there exists

M " 1+M_°©

a § > 0 such that for every function g : R — R satisfying |g(x) — f(x)| < § for a solution
f of the equation and all z € R, we have |g(a(z)) — B(x)g(z) — v(z)] < 1. Putting
g(x) = f(x) + § we have |g(x) — f(z)| < ¢ and

[f(a(z)) +6 = B(x)(f(x) +6) —v(z)| =16 — B(x)d] < 1,
which gives a contradiction.
If the equation in consideration has no solutions, then it is inversely stable.

ExaMPLE 2.10. The functional equation of periodic function

flx+c)=f(z),
where f is a function from a groupoid (G, +) to a metric space (S, p), is inversely stable.
In fact, if p(g(x), f(z)) < £ for a g : G — S and a periodic function f: G — S, then

pl9@ +0).9(@)) < ply(a + ), f@+ ) + p(F(a + ), (@) + p(f (@), g() < 5 + 5 =,

This equation is not Ulam—Hyers stable for f : R — R and ¢ # 0 since, for the indirect
proof, it is sufficient to put g(z) = ‘%"" in the definition of Ulam—Hyers stability. We also
see that there exists a periodic function f such that |g(z) — f(x)| < e. Putting here = nc

we have |22¢ — f(0)| < e, which yields a contradiction.

EXAMPLE 2.11. The Gotab—Schinzel equation
fl@+yf(z) = f2)f(y),

where f : R — R, is not inversely stable. For the indirect proof, let f be an unbounded
solution of this equation (thus f(0) = 1), e.g. f(z) = 1+, € and J be as in the definition
of inverse stability of this equation and g(x) = f(x)+ J. Since we have |g(x) — f(z)| < 4,
thus

e > |g(x+yg(x) — g(2)g(y)| = |f (x +y(f(x) +6)) + 6 — (f(x) +6)(f(y) + 0)|
and for y =0
|f(z) + 06— (f(@) +6)(1 +0)[ = |-6(0 + f(x))| <e,

which gives a contradiction (f is unbounded).
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PROPOSITION 2.12. The stability and the inverse stability are independent.

Proof. The equation of homomorphism if G is a free group, generated by two elements
and Gs is the additive group of reals, is not stable (see [4]) and it is inversely stable (see
Example . Conversely, the equation of the idempotent function (see Example is
not inversely stable and it is stable (it is sufficient to put, for the function g : R — R such
that |g(g(z)) — g(z)| < e, f(z) =z for x € g(R) and f(z) = g(z) for x € R\ g(R)). m

PROPOSITION 2.13. It is possible that a functional equation is inversely stable and an
equivalent equation is not. If for two equivalent equations L;(f) = R;(f) (i = 1,2) there
ezists a sequence €, — 0, €, > 0 such that

{9:p(L1(9), Ri(9)) < en} C{g: p(L2(g), R2(g)) <en},  neN,
and the first equation is inversely stable, then the second equation is inversely stable, too.

Proof. The equations
flz+y) = flx)+ fy)
and
(f(z+9)* = (f(@) + f(y)

are equivalent (see [7], p. 380) and the first of them is inversely stable (see Example [2.1)),
while the second one is not. For the indirect proof it is sufficient to put g(x) = x + 6 and
proceed analogously as in Example 2.4]

Fix an ¢ > 0 and for an &, < ¢ let § be such as in the inverse stability of the first
equation. Assume also that p(g, f) < ¢ for a solution f of the second equation. Then
p(g, f) < & for f as the solution of the first equation, and therefore p(L1(g), R1(g)) < en
as well as p(La(g), R2(9)) <ep <e. m

An analogous result for the stability is the following proposition.

PROPOSITION 2.14. If for two equivalent equations L;(f) = R;(f) (i = 1,2) there exists
a sequence 0, — 0, 6, > 0, such that

{9:p(L2(9), Ra(g9)) < 6n} C{g: p(L1(g), Ralg)) <0n},  neN,
and the first equation is stable, then the second equation is stable, too.

REMARK 2.15. A system of two inversely stable functional equations is evidently inversely
stable. This statement is not true in the case of stability in Ulam—Hyers sense. On the
other hand, a system of two functional equations may be inversely stable although the
equations in this system are not. In fact, the equations in the system

flz+y) = f(2)f(y)
and

fle+y) =—f2)f(y),

for f: R — R, are not inversely stable (see Example for the first equation; similarly
one can deal with the second equation), while the system is. This system has only the

solution f = 0. If
VvV1+4e —1
lga) —0] <6 =



ON THE INVERSE STABILITY OF FUNCTIONAL EQUATIONS 117

then
lg(z+y) —gla)g(y)| <6+ 8 =¢

and
lg(z+y) +g(@)g(y)| <6+ 6% =e.

Let us next recall that the equation L(f) = R(f) is said to be superstable if for every
function g such that p(L(g), R(g)) is bounded, the function g is bounded or it is a solution
of the equation.

PROPOSITION 2.16. If the functional equation L(f) = R(f), where f : R — R, is super-
stable in some class of functions and it has an unbounded solution f in this class such
that for every d > 0 the function f+9 is not a solution of this equation, then this equation
is mot inversely stable.

Proof. Suppose that the equation is inversely stable, ¢ and § are as in the definition of
inverse stability of this equation and g = f + 6. Thus |g — f| < ¢ and |L(g) — R(g)| < e.
By the superstability of the equation, the function g has to be a solution of the equation
or it has to be bounded, which is impossible since g = f + . =

EXAMPLE 2.17. The equations

flz+y)f(z—y) = fl@)* = f(y)? (sine equation),
flxy) = f(x)f(y) (homomorphism equation),
f(%)z = f(@)f(y) (Lobacevski equation),
flx+y)+ flx—y) =2f(x)f(y) (cosine equation),
(f(@)+ () (f(x+y) — f(@) — f(y)) =0 (Dhombres equation),
fl@+y)(fle+y) — fl@)— f(y) =0 (Mikusinski equation),
where f : R — R, satisfy the assumptions of Proposition (see [3, O B 2, 10] for
the superstability of sine, homomorphism, Lobadevski, Dhombres, and Mikusirski equa-

tion, respectively, and [I, [5] for the superstability of cosine equation), thus they are not
inversely stable (see Example [2.4)).

ExaMPLE 2.18. The equation
f@)? = a,
where f : R — R and a € R, is inversely stable. If ¢ < 0, then the equation has no
solutions, thus it is inversely stable. If ¢ > 0, then every solution of this equation has the
form f(x) = B(x)\/a, where § is a function from R to the set {—1,1}. Let £,5 > 0 be
such that 6(d + 2y/a) < e and g : R — R satisfy |g(x) — B(x)\/a| < §. We have
l9(z)] < 0+ |B(x)Val =+ Va,

thus
9%(x) — a| = |(g9(x) — B(x)Va) (g(x) + B(x)Va)|
< 5(lg(@)] + |B(@)v/al) < (6 +2v/a) < <.

This example is interesting since the function f is in the square in the inversely stable
equation.
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By an analogous method it is possible to prove that the equation
f@)" =a,
for f: R — R, n €N and a € R, is inversely stable, too.

EXAMPLE 2.19. The equation

f(@)? = |zl,
for f : R — R, is not inversely stable. The indirect proof is analogous to the previous
one. It is enough to consider g(x) = +/|z| + J. The equation

fl@) =u
is inversely stable since it has no solutions.

ExaMPLE 2.20. The equations
f(f(x) =0
and
f(f(@) =2 (involution equation),

for f: R — R, are not inversely stable. For the indirect proof it is sufficient to take

0, </

flz) =

E(z), x€eR\Z

(E(x) denotes the entire part of x), g(z) = f(x) + 0 with an irrational § for the first

equation, and
T, TE Q7
flz) =
x, z € R\ Q,

g(z) = f(x) 4+ ¢ with an irrational § for the second equation. The involution equation is
also not stable (see [§]).

REMARK 2.21. The linear difference equation
QUi + Ag—10nik—1+ ... + Q1Any1 + apan =0,

where a, : N = R, g, ...,ar € R, is inversely stable (6 = m ifag+...+ar #0,

and § > 0 is arbitrary if ag + ... + a = 0). The difference equation
afwrl = QnQn+2
is not inversely stable (it is sufficient to put b, = 2™ + ¢ for the indirect proof).

REMARK 2.22. The inverse stability of differential equations is not interesting since the
boundedness of the function does not imply the boundedness of the derivative of this
function. For example, for the function g(z) = = + «(z) the inequality |g(z) — x| < ¢
gives |a(x)| < § and |¢'(x) — 1| < e gives |o/(z) — 1| < &, thus the differential equation

fl@)=1

is not inversely stable.
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REMARK 2.23. The Fredholm integral linear equation

b
f(a) = / Ko, 0)f(t) dt + a(x),

where f : R — R is an unknown function and functions @ : R - Rand K : Rx [a,b] — R
are given, is inversely stable if the function ff |K (z,t)| dt is bounded. If ff K(z,t)dt is
unbounded, then the equation is not inversely stable. The proof is analogous to the proof

in Example 2.6

3. Inverse b-stability. In the theory of the stability of functional equations we also

investigate the notion of the so-called b-stability, defined as follows:

— for every function g if p(L(g), R(g)) is bounded, then there exists a solution f of the
equation L(f) = R(f) such that p(g, f) is bounded, too.

This definition is not equivalent to the Ulam—Hyers stability.

One can also consider an analogous notion of the inverse b-stability:

— for every function g if there exists a solution f of the equation L(f) = R(f) such that

p(g, f) is bounded, then p(L(g), R(g)) is bounded, too.

All above-considered equations, which are (not) inversely stable, are (not) inversely
b-stable. The inverse stability and the inverse b-stability are not equivalent. For example,
the equation

F(@)? = FO)2,
where f : R — R with the natural metric, is inversely b-stable and it is not inversely
stable. Every solution of this equation is bounded, thus every function g : R — R for
which |g(x) — f(z)| is bounded for a solution f, is bounded, and so is |g(z)? — g(0)?|.
Suppose that this equation is inversely stable. Then, for € = 1 there exists a 6 > 0 such
that for every function g : R — R if there exists a solution f for which |g(z) — f(x)| < 0,
then |g(x)? — g(0)?| < 1. Putting

1-4°
_ 5 =0,
ole) = {1?2, z#0
1

we have for the solution f(z) = 3 of the equation: [g(z) — 1| < &. Therefore we have for

x # 0,

l9(2)? = 9(0)*] = |(g(z) — 9(0))(g(x) + g(0))] = 25% =4>1,

which yields a contradiction.
This equation is Ulam-Hyers stable. In fact, if |g(z)? — g(0)?| < €2 for z € R, then
l9(z) — g(0)] < € or [g(z) + g(0)] < e. Putting

_ J900),  lg(x) —g(0)| <e,
flz) =
—9(0), lg(x) = g(0)| > ¢,
we receive the solution of the equation in consideration for which |g(z) — f(x)| < e. This
equation is evidently b-stable, too.
The equation

fl@)~ =1,
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for f : R — R, is inversely stable and it is not inversely b-stable, thus the inverse stability
does not imply the inverse b-stability. For the proof let § > 0 be such that § < 1 and
2 <efore > 0and|g(z)—1| < for z € R. We have 1 —|g(z)| < 4, thus 1 -6 < |g(z)|
and [g(z)7] < (1 — &)L, We receive thus

—1 1—g(x) g
e e e R
On the other hand, the boundedness of the function g(z) — 1 does not imply the bound-
edness of the function g(z)~! — 1, thus the equation in consideration is not inversely
b-stable. This equation is Ulam—Hyers stable. In fact, let 6 > 0 be such that § < 1 and
1f5 < ¢ for e > 0 and assume that |g(z)~! — 1] < J. We have thus

()| =1 <g(z) — 1] < dlg()]

and we receive |g(z)| < 125 and

5
l9(2) =1 < 0lg(2)| < T—5 <=

This equation evidently is not b-stable.

4. Inverse uniform b-stability. We consider the uniform b-stability (see [9]):

— the equation L(f) = R(f) is said to be uniformly b-stable if for every ¢ > 0 there
exists a & > 0 such that for every function g if p(L(g), R(g)) < €, then there exists a
solution f of the equation such that p(g, f) < 4.

This b-stability is “uniform” since § does not depend on the function g.

Per analogiam it is possible to consider the inverse uniform b-stability:

— the equation L(f) = R(f) is said to be inversely uniformly b-stable if for every € > 0
there exists a § > 0 such that for every function g if there exists a solution f of the
equation for which p(g, f) < e, then p(L(g), R(g)) < 6.

This notion of stability is in reality the inverse of the stability in Ulam-Hyers stability
(the implication in the inverse uniform b-stability is the inverse of the implication in
the Ulam—Hyers stability). The inverse uniform stability implies evidently the inverse
b-stability but not inversely. For example, the equation

f@)? = £(0)%
for f : R — R, is inversely b-stable (see the remark above) and it is not inversely uniformly
b-stable. In fact, for the indirect proof, let £ = 1, the function

is a solution of the equation and for the function g(x) = f(z) + 1 we have
9(z) — f(z)[=1=¢
and for x # 0:
l9(2)? = 9(0)* = |(F(@) +1)" = (£(0) + 1) = |(=0 + 1)* = (5 +1)%| = |-43] > &,

which gives a contradiction.
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The equation in consideration is uniformly b-stable (see Section 3).
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