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Abstract. In this expository paper, some recent developments in majorization theory are re-
viewed. Selected topics on group majorizations, group-induced cone orderings, Eaton triples,
normal decomposition systems and similarly separable vectors are discussed. Special attention
is devoted to majorization inequalities. A unified approach is presented for proving majorization
relations for eigenvalues and singular values of matrices. Some methods based on the Chebyshev
functional and similarly separable vectors are described. Generalizations of Hardy-Littlewood—
Pélya Theorem and Schur—Ostrowski Theorem are presented. Generalized Schur-convex func-
tions are investigated. Extensions of Ky Fan inequalities are provided. Applications to Griiss
and Ostrowski type inequalities are given.

1. Introduction and summary. The theory of majorization has many various ap-
plications in a number of fields, including matrix theory, convex analysis, probability,
statistics, geometry, Lie theory, numerical analysis, optimization, etc. (see [2] [3, [4] [15]
16l 17, 18, 35, 44, 45l 511 52) [70, [71]). The interested reader may consult the book In-
equalities: Theory of Majorization and its Applications by W. A. Marshall, I. Olkin and
B. C. Arnold [39] for the richness of applications in diverse disciplines (see also [5 6], 27]).

In the literature, special attention is paid to majorization inequalities for linear op-
erators (see [2, B, 4, [45] 51 52, 42] [69]). The importance of such results lies in the fact
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that they are related to eigenvalues and singular values of the operators. On the other
hand, many existing results depend on the positivity of certain functionals. The aim of
this survey article is to demonstrate two general methods for generalizing some classical
majorization results. The first is based on the theory of Eaton triples and the second
relies on the generalized Chebyshev functional and similarly separable vectors.

In this expository paper, we review some recent developments in the majorization
theory. We focus on group majorizations, group-induced cone orderings, normal decom-
position systems (ND systems), Eaton triples (E-systems) and similarly separable vectors.
We quote the relevant material mainly from [48] [0, (1 (4, (5, 57, (6] (8], (5I) 60].

The outline of the paper is as follows. In Section [2] we collect some basic facts from
group majorization theory (see [15], 16l 18, 24) 34} [35] (42} [45], 46, [68], [70, [71]). The results
are presented in Sections

In Section 3 we offer a unified approach to the problem of establishing majorization
inequalities concerning eigenvalues and singular values of matrices [45] [47, [51] 52 53].
In particular, we show a relationship between such inequalities and decomposition state-
ments for matrices as Spectral Decomposition, Singular Value Decomposition Theorem,
Autonne Decomposition and Takagi Decomposition [45] [51].

Section [ contains a discussion of morphisms of E-systems. Firstly, the motivation
for this notion is provided. Namely, morphisms are characterized by a G-majorization in-
equality of the mentioned type. Secondly, a method for constructing morphisms is pointed
out via simple morphisms. Lastly, homomorphisms are employed to give a technique of
construction of Eaton triples.

Section [5|is devoted to the Chebyshev functional [50] [61]. By making use of similarly
separable vectors, some sufficient and necessary conditions are provided for the functional
to be nonnegative [48, 50, 57, [60]. The class of separable vectors on R™ includes many
important subclasses such as monotone, monotone in mean, star-shaped, convex n-tuples,
etc.

In Section [6] the similarity method is utilized to show some generalizations of Hardy—
Littlewood—Pdlya Theorem and of Schur—Ostrowski Theorem [57), 59]. Additionally, ex-
tended group majorization is studied.

Further applications are given in Section[7] Here Shi type inequalities are investigated
[58]. As corollaries, some G-majorization extensions of Ky Fan inequality are presented.

Finally, in Section[§] a new approach to Griiss and Ostrowski type inequalities is shown
[67]. By replacing the standard bounding constants by some corresponding bounding
functions, some tighter estimates can be provided.

2. Preliminaries

2.1. Majorization and Schur-convex functions. We begin with some notation and
terminology.

The decreasing rearrangement of a vector z = (21, 22, ..., 2,) € R™ is defined by
Z = (Z[l], 2[2], ey Z[n]),
where z[;) denotes the ith largest entry of z, ¢ = 1,2,...,n. Thus z;;] > 2[9) > ... 2> 2y

are the entries of z in decreasing order.
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DEFINITION 2.1 (Weak majorization). A vector z = (x1,...,2,) € R™ is said to be
weakly majorized by a vector y = (y1,...,yn) € R™, in symbols z <, y, if

k k
ji:ifm SZjEZg”ﬂ fork=1,2,...,n. (1)
i=1 =1

The preorder <,, on R" is called weak majorization [39, p. 12].

DEFINITION 2.2 (Majorization). A vector x = (z1,...,z,) € R™ is said to be majorized
by a vector y = (y1,...,yn) € R™, in symbols z < y, if holds and, in addition,

n

me = Z Y-
i=1

i=1
The preorder < on R™ is called majorization [39] p. 8].
Below we review some basic properties of the majorization preorder <. Thus we give

motivation for the notion of group-induced cone ordering defined and described in the
next subsection.

A geometric interpretation of majorization is as follows.
THEOREM 2.3 ([64]). Let z,y € R™. Then
x <y iff x€&convlP,y,

where P, is the permutation group acting on R™, and conv P,y stands for the convex
hull of the set P,y = {py : p € P, }.

It is easily seen that the set D = (R™); = {2, : z € R"} is a convex cone in R™. The
following two properties (A1)—(A2) are met:

(A1) DNP,z is not empty for each z € R", i.e., R" =
(A2) the rearrangement inequality holds:

peEP, pD’

(x,py) < (z,y) for x,y € D and p € P,
where (-, -) means the standard inner product on R".
Condition (A1) means that each z € R™ has the decomposition
z=1pz| for some p € P,,.

On the other hand, by employing the standard norm |z|| = (z,2)!/2 for z € R™,
condition (A2) can be restated as

or, equivalently,
|z —yll = min |z —py|  for 2,y € D.
p€EP,

Properties of majorization < depend on the geometry of the cone D and its dual cone

dual D = {w € R" : {(w,z) >0 for z € D}.
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For example, for z € D one has z| = z and 2[; = z;, i = 1,2,...,n. Therefore, if x,y € D
then Definition simplifies to

k k n n
r <y iff inSZyi fork=1,2,...,n, and in:Zyi.
i=1 i=1 i=1 i=1
In other words, for z,y € D,
x=<y iff (z,5s1) <{y,sk) fork=1,2,...,n,n+1,

where

sp=1(1,...,1,0,...,0) for k=1,2,...,n, and Sn41 = —8n = (—1,...,-1)
—— — ——
k times n—k times n times

are the vectors spanning the convex cone D, i.e.,
D=cone{s;:k=1,2,...,n,n+1}.

Therefore the majorization preorder <, restricted to the convex cone D, is a cone preorder
induced by the dual cone of D, that is, for x,y € D,

x<y iff y—axedualD.
Here
dual D =cone{ry : k=1,2,...,n— 1},
rr=1(0,...,0,1,-1, 0,...,0 ) fork=12,...,n—1.
—— ——
k—1 times n—k—1 times

The above symbol cone A denotes the convex cone of all nonnegative finite linear
combinations of vectors in subset A of a linear space.

DEFINITION 2.4 (Schur-convexity, Schur-concavity). Let A C R™ be a (nonempty) sym-
metric set (i.e., px € A whenever z € A and p € P,,).

A function f : A — R is said to be Schur-convez (resp. Schur-concave) on A, if for
x,y € A,

z<y implies  f(z) < (2)f(y).

Schur-convex (resp. Schur-concave) functions on A = R™ are simply called Schur-
convex (resp. Schur-concave). For abbreviation, Schur-convex (resp. Schur-concave) func-
tions are called S-convez (resp. S-concave).

It is well-known that a Schur-convex function f : A — R is necessarily symmetric,
ie.,

f(px) = f(x) forzc AandpeP,.

2.2. G-majorization and group-induced cone orderings. Throughout (V,(-,-)) is
a finite-dimensional real inner product space. The symbol O (V') stands for the orthogonal
group acting on V.

DEFINITION 2.5 (Group majorization). Let G be a subgroup of O(V). Given vectors
x,y € V, we write x < y if « lies in the convex hull conv Gy of the G-orbit Gy = {gy :
g € G}, ie.,

x<¢gy iff x€&convGy.
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The preorder < is called group majorization with respect to G, in short, G-majorization
(see [15], [39] p. 589)).

For instance, if G = P, is the group of n X n permutation matrices acting on V' = R",
then < is the majorization preorder < on R™ [39, p. 10, p. 34, p. 162].

If x <¢ y and y <G = then we write x =¢ y.

The G-majorization < is G-invariant on V in the sense that for any =,y € V,

r<gy iff gz <¢ gy forgi,g €G.

DEFINITION 2.6 (GIC ordering). G-majorization <¢ induced by a compact group G C
O(V) is said to be a group-induced cone ordering (in short, GIC ordering) if there exists
a closed convex cone D C V such that

(A1) DN Gz is not empty for each z € V|
(A2) (z,gy) < (z,y) for z,y € D and g € G.

Any GIC ordering <, restricted to its convex cone D, is the cone ordering on D
induced by C = dual D. That is, for z,y € D, the following statements are equivalent:

(i) = <y,
(ii) (y —z,s) > 0 for s € D,
(i) (y —x,s;) > 0fori=1,...,k, provided D = cone {sy, $2, ..., Sk}
DEFINITION 2.7 (G-increasing function). Let A C V be a G-invariant set, i.e., gr € A

whenever z € A and g € G.
A function f: A — R is said to be G-increasing on A, if for x,y € A,

r<gy  implies  f(z) < f(y).
G-increasing functions f : V — R on A =V are simply called G-increasing.

DEFINITION 2.8 (G-invariant function). A function f: A — R is said to be G-invariant,
if A is G-invariant and

flgz) = f(x) for g € G and z € A.

Each G-increasing function is necessarily G-invariant.

2.3. Normal decomposition systems and Eaton triples. Let (V,(-,)) be a finite-
dimensional real inner product space and let G C O(V') be a closed group acting on V.

If < is a GIC ordering then for each z € V the intersection D N Gz is a singleton
set consisting of the unique vector denoted by z; [45], p. 14].

DEFINITION 2.9 (Normal map). If axioms (A1)—(A2) hold for some closed convex cone
D C V, then the map
()1:Voax—a €D,

where {x,} = D N Gz, is called normal map.

The map (-); is G-invariant and idempotent. Its range is the convex cone D. The
restriction of ()} to D is the identity. For each x € V, the vectors x| and x are equivalent
in the sense that x| <g = and z <g z|.
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Under axioms (A1)—(A2), for z,y € V we have
y=<gez iff y <gx iff (z,y)) <(z,z,) for zeD, @)
y=<gx iff (z,9y) <(z,z)) for z€D and gedG.
In light of (A1)-(A2), each vector = in V has its canonical (normal) decomposition:
r =gz, forsome geGaG.

DEFINITION 2.10 (Normal decomposition system). If axioms (A1)-(A2) hold for closed
convex cone D C V then the triple (V, G, (-),) is called a normal decomposition system
(in short, ND system) [34 [35].
DEFINITION 2.11 (Eaton triple). If axioms (A1)—(A2) hold for closed convex cone D C V
then the triple (V, G, D) is called an Eaton triple (in short, E-system) [15] 16 [70].

The above-mentioned notions play a unifying role in statistics, matrix theory, Lie
theory, etc. (see [15] [18] 34 35l [42, [47, [70]).
2.4. Examples of Eaton triples. An important class of examples is provided by finite

reflection groups according to the following definition and theorem.

DEFINITION 2.12 (Reflection group). A group G C O(V) is said to be a reflection group
if G is the closure of a subgroup of O(V') generated by some set of the reflections
(z,r)

(r,r)

Srx=x—2 r forx eV,

where 0 # r € V [18, [30].

THEOREM 2.13 ([I8] Lemma 4.1], [68, Theorem 4.1]). Let G C O(V) be a finite group.
Then the following three statements are equivalent:

(i) G is a finite reflection group.
(ii) The G-majorization < is a GIC ordering for some closed convexr cone D C V.
(iii) The triple (V,G, D) is an Eaton triple for some closed convex cone D C V.

We need some notation (see [51]).
R’ = the convex cone of nonnegative vectors in R",
R’ = the convex cone of nonincreasing vectors in R,

R’} | = the convex cone of nonnegative nonincreasing vectors in R",
0,, = the group of n x n real orthogonal matrices,

DQO,, = the group of n x n diagonal orthogonal matrices,
P,, = the group of n X n permutation matrices,

GP,,(R) = the group of n x n generalized permutation matrices, i.e., real matrices with
exactly one nonzero entry with absolute value 1 in each row and column.

EXAMPLE 2.14 ([I5] p. 16]). It is easily seen that (V, G, D) is an Eaton triple for V = R",
G = DO,, and D = R’}. Moreover, G is a finite reflection group, and y <g = means
ly| < |z| for z,y € R, where z| = |z| = (|z1], ..., |z.|)T.

ExampLE 2.15 ([I5, p. 16]). It is known that if V = R", G = P, and D = ]RT, then
(V,G, D) is an Eaton triple, G is a finite reflection group, and y <g = means y < x for

z,y € R". Furthermore, x| = (2y,.. ., z[n])T.
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EXAMPLE 2.16 ([15, p. 16]). Replacing V, G, and D with R", GP,,(R) and R’} |, respec-
tively, one obtains Eaton triple (V, G, D) with finite reflection group G. Here y <¢
reduces to |y| <. |z| for z,y € R", and, in addition, x| = (|z;, ..., |x|[n])T.

In forthcoming matrix examples, we need further notation (for the field F = C or R).
M, (F) = the vector space of n X n matrices over F,
H,, = the (real) vector space of n x n Hermitian matrices,
S, (IF) = the vector space of n x n symmetric matrices over F,
K, (F) = the vector space of n X n skew-symmetric matrices over F,
D, (F) = the vector space of n x n diagonal matrices over F,
GP,(F) = the group of n x n generalized permutation matrices over F, i.e., matrices
with exactly one nonzero entry with magnitude 1 in each row and column,
U,, = the group of n X n unitary matrices,
DU,, = the group of n x n diagonal unitary matrices,
X* = the conjugate transpose of matrix X,
AX) = (M(X), A2(X), ..., (X)) = the vector of eigenvalues of Hermitian matrix
X stated in nonincreasing order: A1 (X) > A2(X) > ... > A\, (X)),
s$(X) = (s1(X), s2(X), ..., sn(X)) = the vector of singular values of matrix X, i.e.,
s(X) = MX*X)V2 with s1(X) > s52(X) > ... > 5,(X),
d(X) = the vector of diagonal entries of matrix X,
diag z = the diagonal matrix with the entries of a vector z € R™ on the main diagonal,
Re X = the real part of matrix X = (z; ), i.e., Re X = (Rez; ;),
Ui (-)Uy = the matrix operator of the form X — U; XUs, where X, U; and U, are
matrices.
We now present two important examples of Eaton triples related to the eigenvalues
of an Hermitian matrix and to the singular values of a complex matrix, respectively.

EXAMPLE 2.17 (see [I5, p. 17], [35, pp. 943-944], [55, p. 619]). Consider V' = H],, with
the inner product defined by

(X,Y) =Retr XY for X,Y € H,.
Let G be the group of all linear operators of the form
X -UXU" for X € H,, with U € U,,.
Then (V,G, D) is an E-system for
D ={diag(z1,...,2n) EDp:21 > ... > 2z, }.
Indeed, axiom (A1) reduces to the Spectral Theorem, and axiom (A2) becomes the Fan—
Theobald’s trace inequality [19, [72]. Furthermore, we have
X, = diag \(X) for X € H,,,
Y =g X iff A(Y) < A(X) for X,Y € H,
(see (2)) and [I5] p. 17]). In consequence, < on D, (R) may be identified with the classical

majorization < on R".
Schur’s inequality ([66], [39, p. 300]) for an n x n Hermitian matrix X says that

d(X) < A(X). (3)
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EXAMPLE 2.18 (see [15, pp. 17-18], [35, pp. 944-945], [55 p. 619]). Take V = M,,(C)
with real inner product given by

(X,)Y) =Retr XY* for X, Y € M, (C),
and let G be the group of all linear operators of the form
X — U, XU, for X € M,,(C), where Uy,Us € U,.

Put
D ={diag (z1,...,2n) €Dy 121 > ... > 2, > 0}.
Here (A1) is the Singular Values Decomposition Theorem [39] p. 771], and (A2) is the

trace inequality of von Neumann [39, p. 789]. So, (V, G, D) is an E-system. In addition,
we have

X, = diag s(X) for X € M, (C),
Y <¢ X iff s(Y) <y s(X) for X,Y € M,(C)

(see and [I5, pp. 17-18]).
It is well-known by Ky Fan’s inequality [20] that for an n x n complex matrix X,

d(X) <w s(X). (4)

3. G-majorization inequalities for linear operators. In this section we aim to
show some majorization inequalities generated by certain linear operators. To this end
we employ Eaton triples and normal maps. Such an approach gives a better understanding
of many results on eigenvalues and singular values of certain classes of matrices.

As previously, it is assumed that (V,(-,-)) is an inner product space, G is a closed
subgroup of the orthogonal group O(V), and D C V is a closed convex cone.

3.1. G-majorization and orthoprojectors. We begin our discussion with G-ma-
jorization inequality @ which generalizes, among others, Schur’s inequality and Ky
Fan’s inequality .

THEOREM 3.1 ([51], Theorem 2.1]). Let (V,G, D) be an Eaton triple. Assume W is a lin-
ear subspace of V', H is a subset of G, and E is a subset of D. Let P be the orthoprojector
from V onto W and @ be the orthoprojector from span D onto span E.

If QD = F and

W= |J hrE, (5)

heH
then
Pz < Qx) for zeV. (6)

ExXAMPLE 3.2. Let V, G and D be defined as in Example Setting
W =S, (R), H={UU":U€0,} and E=D

(cf. [34, Example 7.4]), we obtain PX = ReX for X € H,, and @ is the identity on
span D.
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Condition (5] is fulfilled by Spectral Decomposition for matrices in S, (R). From (6)

we deduce that (cf. [2] p. 111])
ARe X) < A(X) for X € H,.
EXAMPLE 3.3. Assume V, G and D are defined as in Example For k € {1,2,...,n},
let
W =My(C) ® 0, g,  H={U1()s:Us,Us € Up @ Ly},
and E:{ZEDk(R)@On_kZZHZ...ZZkaO}.
Condition amounts to Singular Value Decomposition for matrices in My (C). The
orthoprojector P is given by
PX =X11®0,_% for X EMTL(C),
where X1 is the k& x k principal submatrix of X. Additionally, ) is the restriction of P
to D, (R). Consequently, inequality (@ gives
8<X11) <w (Sl(X),,Sk(X)) for XGMn((C)

EXAMPLE 3.4. Let V = M, (R),

G:{U]_(')U2 U, Us E@n}, D:{ZE]D)naR) d(Z) ERilL W:KH(R),
H={UU,(-)\UT :U € 0,} and E={s1L®...0sply:s1>...> s, >0},
where n = 2k is even, Iy = (} V), Up is the n x n block-diagonal matrix B&...® B with
B = (" §). Condition () is satisfied by Autonne Decomposition (cf. [34, Example 7.5]).

It is clear that
X -XxT

PX =" for XeM,(R)

S1+ 82 Sp—1 1 Sn

X=—T0L6...
Q B 2 @ @ 3

By utilizing inequality @ we obtain

I for X =diag(si,...,sn) € Dy(R).

(X—XT) <31+52 S1+ so Sn—1 + Sn sn,1+sn>
S w b PR )
2 2 2 2 2
for X € M,,(R), where s; = s;(X), i =1,2,...,n, (cf. [2 p. 109]).
3.2. Reduced triple of an Eaton triple. We introduce the notion of a reduced triple.
DEFINITION 3.5 (Reduced triple). Given an Eaton triple (V, G, D), set
Vo=spanD and Go={gly,:9€ G and g¢gVy =V}

If (Vo, Go, D) is an Eaton triple (under the inherited inner product), then it is called the
reduced triple of (V,G, D) [10].

It is important that if (Vy, G, D) is the reduced triple of (V, G, D) then Gy is a finite
reflection group acting on Vj and the following reduction holds:

y=gz iff y <gz iff y <q, x| forz,yeV
(see [45] Theorem 3.2], [I8, Lemma 4.1, (35)], [68, Theorem 4.1]).
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ExXAMPLE 3.6. If V, G, D are as in Example then the reduced triple is (Vp, Go, D)
for Vo = D,(R), Go = {S(-)ST : S € P,} and D = {Z € D,(R) : d(Z) € R} In
consequence, (Vp, Go, D) can be identified with the E-system (R",P,, RT).

ExXAMPLE 3.7. In the case of Example the reduced triple (Vp, Go, D) of (V,G, D)
consists of Vo = D, (R),

Go={CS()S": 5 €P,, CeDO,} and D ={Z € D,(R) : d(Z) € R }.
Additionally, the reduced triple can be identified with the triple (R", GP,(R),R?} ).

THEOREM 3.8 ([5I, Theorem 2.7]). Let (V,G, D) and (W, H, E) be Eaton triples with
reduced systems (Vy, Go, D) and (Wy, Ho, E), respectively. Assume that W CV, H C G
and D C E. Let P stand for the orthoprojector from V onto W.

If Wy =V} then there exists a subset G C G such that W = Ugeé gD, and

Px <g x| for zeV.
EXAMPLE 3.9. Let V, G and D be as in Example [2.18 Setting
W=H, H={UOU:UecU,} and E={ZeD,(R):d(Z)<R}}

leads to X4
PX — % for X € M,(C).
Application of Theorem [3.8| gives Fan—Hoffman’s inequality (see [2 p. 109], [39, p. 327)):
X+ X*
s(%) <w 5(X) for X € M,(C).

ExXAMPLE 3.10. Letting (V,G, D) to be as in Example for k € {1,2,...,n} we

consider
W =Hg & H,, g, H={U\HU":UeU,®U,_i}
and E={ZeD,(R): 211> ... 2kk, Zkt1ktl = -+ > Znn}-

Then we obtain

_ (X1 X
PX =X11 Xo for X = (X21 X22> € H,,

where X717 and X9 are of sizes k x k and (n — k) x (n — k), respectively.
By making use of Theorem we get Ky Fan’s inequality (see [39) p. 308], cf. also
[2 p. 97]):
()\(Xll),)\(XQQ)) =< )\(X) for X € Hn

3.3. Subsystems of E-systems. We are interested in the notion of a subsystem of an
E-system and its role in deriving G-majorization inequalities.

DEFINITION 3.11 (Subsystem of E-system). Let (V,G, D) be an E-system. Assume H is
a closed subgroup of G, W is an H-invariant subspace of V', and FE is a closed convex
subcone of D. The triple (W, H, E) is called a subsystem of (V,G, D), if (W, H, E) is an
E-system (under the inherited inner product). For notation simplicity, we write (W, H, E)
in place of (W, H|w, E) (cf. [34, [35]).
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A special class of subsystems is formed by the reduced triples. In Theorem we
characterize arbitrary subsystems of an E-system (cf. [45, Theorem 3.2]).

THEOREM 3.12 ([51), Theorem 3.1]). Let (V,G, D) be an E-system. Suppose H is a closed
subgroup of G, W is an H-invariant subspace of V, and E C W is a closed convex
subcone of D. Let P be the orthoprojector from V onto W, and @Q be the orthoprojector
from span D onto span E. Assume QD = E.

Then the following statements are equivalent:

(a) (W, H, E) is a subsystem of (V,G, D).
(b) The following inequality holds

Pz <y Qx| forzeV. (7)

(¢) The following inclusion holds
W C U gF,

geG

and, in addition, the orderings <g and <g coincide on W, i.e.
y<gzr iff y<gx for x,yeW.
(d) The following decomposition holds

W =[] hE. (8)
heH
ExXAMPLE 3.13. We take V, G and D to be as in Example 2.18] and we set

W =D,(C), H={CS()S*:S¢€P,, CcDU,} and E=D.
Then holds by Polar Decomposition for diagonal matrices. Moreover,
PX = diag (211, ..., Tnn) for X = (x;5) € M,,(C).
Applying yields the following Ky Fan’s result [39, p. 314]:
(lz11l, - - o [an]) <w (81(X), ..., 8n(X)) for X e M, (C).

3.4. G-doubly stochastic operators. Here we show that G-doubly stochastic opera-
tors induce some subsystems of E-systems.

DEFINITION 3.14 (G-doubly stochastic operator). Let (V, G, D) be an E-system. A linear
operator L : V — V is called G-doubly stochastic if

Lz <gx for zeV. (9)
It can be proved that L is G-doubly stochastic iff so is its adjoint L* defined by
(Lz,y) = (z,L"y) forallz,yeV. (10)

ExaMPLE 3.15. If V=R", G=P, and D = R? as in Example andif Lisannxn
matrix, then @ amounts to Lx < x for z € R", which is equivalent to the conditions
L>0,Lv=uvand LTv = v, where v = (1,...,1)T € R" (see [3, p. 169, Theorem 3.1]). In
other words, L is a matrix with nonnegative entries and with row and column sums equal
to 1. Such matrices L are said to be doubly stochastic. Clearly, L is doubly stochastic if
and only if so is LT
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Given an E-system (V,G, D), a point « € V is said to be regular provided z € V,. =
Ugeg g1i D, where 1i(-) denotes “the relative interior of”.
The set V. is dense in V, i.e., clV, =V, where cl(-) means “the closure of”.

THEOREM 3.16 (|51l Theorem 4.1]). Suppose (V,G, D) is an E-system. Let W be a sub-
space of V' such that D C W, and let H = {h € G : hD C W}. Then the following
statements are equivalent:
(i) W= UheH hD.
(ii) There exists a G-doubly stochastic operator L : V. — V such that W = {x € V :
Lz =z}, and, in addition, the set V., N W is dense in W.

Under condition (1), the set H is a group if and only if H = {h € G: hWW = W}. In this
case, the triple (W, H, D) is a subsystem of (V,G, D).

In some situations, the set H in Theorem can be replaced by a set Hy C H.

EXAMPLE 3.17. Define V, G and D as in Example[2.18 Set W = S,,(C). Let H be defined
as in Theorem and let Hy = {hg = U()UT : U € U,}. Then W = U, cp, oD
by the Takagi Decomposition for complex symmetric matrices (see [28, Cor. 4.4.4], [33]
Theorem 2], cf. also [34, Example 3.5]). It can be established that

H={h=U()AU" :U € U,, A=diag(a,...,an), |a;| =1}.

It follows that condition (i) in Theorem [3.16]is fulfilled. Consequently, part (ii) of this
theorem holds. For instance, for the operator L : V — V given by LX = X7 one has
W ={X eV :LX =X} and L is G-doubly stochastic, since LX <g X for X € V by
s(XT) = s(X) 29, p. 154].

On the other hand, the orthoprojector from V onto W is given by

T
PX = % for X e M, (C).

By virtue of Theorems and via the Takagi Decomposition one obtains
(X + X7
s

5 ) <w $(X) for X € M, (C).

4. Morphisms of E-systems. In this section we study properties and applications of
morphisms of E-systems.

Unless otherwise stated, V' and W are finite-dimensional real inner product spaces,
and G and H are closed subgroups of the orthogonal groups O(V') and O(W), respectively.

4.1. Motivation. In [35] Lewis introduced the notion of isomorphic ND systems.

DEFINITION 4.1 (Isomorphic ND systems). Two ND systems (V, G, (+);) and (W, H, (-)|)
are said to be isomorphic if there exist an inner product space isomorphism K : V — W
and a group isomorphism ¢ : G — H such that (Kxz), = Kz| and Kgz = ¢(g)Kz for
x €V and g € G 35, p. 931].

In order to motivate our next definition, we give an example.
EXAMPLE 4.2. Let (V,G, D) be the E-system defined in Example It is known that
(Ao X) <y s(A4) o s(X) for A, X € M, (C), (11)
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where o denotes the Hadamard (entrywise) product of matrices in M, (C) and of vectors
in R™ (see [32], p. 168]).

Assume A is a diagonal matrix with decreasingly ordered positive diagonal entries.
Define the linear operator K 4 : M, (C) — M, (C) by

KyX =A0X for X € M,(C).
Let (W, H,E) = (V,G, D). Then K4D C E and inequality leads to
(Kax)| <pg Kaz) forzeV. (12)
Likewise, the following result holds for the conventional product:
$(AX) <y s(A) 0 s(X) for A, X € M, (C) (13)
(see [32], p. 168]). Taking
KaX = AX for X € M, (C)
with diagonal matrix A as above, we deduce from that is satisfied.
4.2. Morphisms and simple morphisms

DEFINITION 4.3 (Morphism). Given two E-systems £ = (V,G, D) and F = (W, H, E), a
linear operator K is said to be an &, F-morphism if

KDCE and (Kz), <g Kz, forzeV. (14)
The set of all morphisms of E-systems £ and F is denoted by Mor (&, F).
The second part of condition can be restated in the following equivalent form:
y <g x implies Ky <y Kz forze€ DandycV. (15)
An important class of £, F-morphisms are simple morphisms.
DEFINITION 4.4 (Simple morphism). Given two E-systems & = (V,G,D) and F =
(W, H, E), a linear operator K : V — W is said to be a simple morphism, if
KDCFE and Kx=pg Kz forz eV,
or equivalently,
KDCFE and Kgr=pyg Kzx forx € D and g € G.
The set of all simple morphisms of E-systems £ and F is denoted by SMor (€, F).

The set Mor (€, F) of &£, F-morphisms is a closed convex cone. The set Mor& =
Mor (€, €) is a selfadjoint semigroup.

Hereafter K* : W — V is the dual operator (adjoint) of K (see (10])).
THEOREM 4.5 ([55] Theorem 2.1]). Assume & = (V,G,D) and F = (W,H,E) are

E-systems, and K : V. — W is a linear operator. The following two conditions are
equivalent:

(i) KD CE, and Kgx <g Kz forx € D and g € G.
(il) K*E C D, and K*hz <¢ K*z for z € E and h € H.
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Theorem [4.5] asserts that K is a morphism if and only if K* is so. Furthermore,
K € Mor (€,F) implies K*K € Mor(£) and KK* € Mor (F).

The next result suggests that by employing some easily checkable classes of mor-
phisms K*, one can get other morphisms K.

THEOREM 4.6 (|55} Theorem 2.2]). Assume & = (V,G,D) and F = (W,H,E) are
E-systems, and K : V. — W is a linear operator. Suppose that Fo = (Wy, Ho, Ep) is
a subsystem of F such that KV C Wj.
If K* € Mor (Fo,€), i.e., K*Ey C D and
K*hoz <g K*2  for z € Ey and hg € Hy,

then K € Mor (€, Fy), i.e., KD C Ey and

Kgr <g, Kz forz e D and g € G. (16)
In particular, if K* € SMor (Fy, &), i.e., K*Ey C D and
for z € Ey and hg € Hy there exists g € G such that K*hgz = gK*z, (17)

then K € Mor (&, Fp).
For instance, if £ = F and the restriction of K* to Wy is the identity, then
holds.

4.3. Homomorphisms. Throughout this subsection, Wy is a finite-dimensional real
inner product space, Hy is a closed subgroup of the orthogonal group O(W)), and Ej is
a closed convex cone included in Wy. We define ||w|| = (w, w)'/? for w € Wp.

Our aim is to provide some sufficient conditions for triple Fy = (Wy, Ho, Ep) to be an
E-system. We begin with axiom (A1).

THEOREM 4.7 (|55, Theorem 3.1]). The following three statements are equivalent:

(i) Aziom (A1) is satisfied for Fo = (Wy, Ho, Ep).
(i1) For any w € Wy there exists u € Ey such that w <pg, u and ||w| = ||ul.
(iii) There exist a triple € = (V, G, D) (not necessarily an E-system) and a linear oper-
ator K : V. — Wy such that the following conditions are satisfied:

Wy =KV, Eo=KD and Hy is a closed subgroup of O(Wy). (18)
ForzeV andx € D, z <g x implies Kz <p, Kx. (19)

For w € Wy there exist z € V and x € D such that (20)
z<gx,w=Kz and ||w|| = |Kz|.

In the rest of this subsection, we investigate systems Fo = (Wy, Hy, Ep) of form 7
where K : V' — W) is a linear operator and £ = (V, G, D) is a triple (not necessarily an
E-system). In light of Theorem we must concentrate on operators satisfying 7.

According to and , we say that K is an &, Fo-morphism if is met. (Here
we do not assume that £ and Fy are E-systems.)

DEFINITION 4.8 (Radial morphism). An &, Fo-morphism K is said to be &, Fp-radial
morphism if holds.
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Note that each simple morphism is a radial morphism.
Now we focus on axiom (A2) for the triple Fo = (Wy, Hy, Ep).

THEOREM 4.9 ([55, Theorem 3.3]). Let € = (V,G, D) be an E-system and let K be an
&, Fo-radial morphism.
The following two conditions are equivalent:
(i) Aziom (A2) is satisfied for Fo = (Wy, Ho, Ep).
(ii) The operator K* : Wy — V is an Fo, E-morphism, i.e., K*Eq C D and

K*hou <¢ K*u  for hg € Hy and u € Ey.
For triples Fo = (Wy, Ho, Ey) and F = (W, H, E), we write Fy C F if
WycCcW, EyCFE and H()C{hEHZhWOCWOHWO.

COROLLARY 4.10 ([55, Corollary 3.4]). Let £ = (V,G, D) be an E-system and let K be
an &, Fo-radial morphism.

If there exists an E-system F = (W, H, E) such that Fy C F, then Fo = (Wy, Ho, Ey)
is an FE-system.

DEFINITION 4.11 (Homomorphism). An &, Fo-morphism K is called an &, Fy-homo-
morphism if for v € Ey and w € Wy, w =g, v implies that there exist x € D and
z € V such that z <g =, u = Kz and w = Kz.

Theorem m provides further sufficient conditions for Fo = (Wy, Hy, Fy) to be an
E-system (cf. [49, Theorems 3.4 and 3.9]).

THEOREM 4.12 ([55, Theorem 3.5]). Let £ = (V, G, D) be an E-system and let K be an
&, Fo-radial homomorphism.
If K*KD C D, then Fy = (Wy, Ho, Ep) is an E-system.

Now we consider partial isometries.

DEFINITION 4.13 (Partial isometry). A linear operator K : V' — W is said to be a partial
isometry if KK*K = K.

In the event that K is a partial isometry, the operator KK* : W — W is the ortho-
projector from W onto the subspace K K*W = KV = W,.

THEOREM 4.14 ([55, Theorem 3.6]). Let K : V — W be a partial isometry with finite-

dimensional real inner product spaces V- and W, and let D C 'V be a closed convex cone.

Let Fo = (Wy, Ho, Ey), where Wy = KV, Ey = KD and Hy is a closed subgroup of

O(Wy). Suppose that F = (W, H, E) is an E-system such that Fo C F and KK*E = Ey.
Then the following statements are equivalent:

(i) Fo = (Wo, Ho, Ep) is an E-system.
(il) KK*w <pg, KK*w| for w € W, where (-), stands for the normal map of F.
(iii) Wo C Upey hEo, and, in addition, the operator K K* is an F, Fo-radial homomor-
phism.
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4.4. Applications to matrices. We illustrate Theorem for the matrix E-system
&€ = (V,G, D) defined in Example and their subsystems. Let F = (W, H, E) with
W=V, H=G and F = D.
Some subsystems Fy = (Wy, Hy, Eg) of F are collected below (see [15] 16}, 35} [70]).
(I) Wy =M, (R) = the space of n x n real matrices,
Hy = the group of orthogonal equivalences U (-)Us with Uy, Uy € Oy,
Ey = {diag (s1,...,8n) : 81 > ... > s, > 0}.
(I1) Wy = S,,(C) = the space of n x n complex symmetric matrices,
Hy = the group of unitary congruences U(-)U”T with U € U,,,
Ey = {diag (s1,...,8n) : 81 > ... > s, > 0}.
(IIT) Wy = the space of n x n matrices of the form (¥ §) with k x k matrix X € My(C)
and 1 <k <mn,
Hy = the group of unitary similarities Uy (-)Us with Uy and Us being the matrix
of the form ([é In(lk) for some k X k unitary matrix U,
Ey = {diag (s1,...,8k,0,...,0) : 51 > ... > s > 0}.
(IV) Wy =D, (C) = the space of n x n complex diagonal matrices,
Hy = the group of equivalences U; (-)Us with Uy, Us € GP,(C),
Ey = {diag (s1,...,8,) 181 > ... > s, > 0}.
(V) Wy =D, (R) = the space of n x n real diagonal matrices,
Hjy = the group of equivalences U, (-)Us with Uy, Us € GP,(R),
Eo = {diag (s1,...,8n) : 81 > ... > s, > 0}

COROLLARY 4.15 ([55, Corollary 4.1]). For any of the above subsystems Fy, let K :
M,,(C) — M, (C) be a linear operator such that KM, (C) C W.

(i) If the restriction K*|w, is a simple morphism of Fo and &, i.e., if is satisfied
and K*Ey C D, then K is a morphism of & and Fy, i.e., KD C Ey and
s(Kz) <y s(Kz)) for z € M, (C), (21)
where x| = diag s(z).
(ii) If the restriction K*|w, is the identity on Wy, then inequality holds.
(iii) If K is symmetric (K* = K) and D C Wy, and if the restriction Klw, is the
identity, then inequality holds in the form
S(Kx) <4y s(x) for z € M, (C). (22)
For the subsystem defined in (IV), generalizes the classical Ky Fan’s inequal-

ity .
The next result is a consequence of Theorem

COROLLARY 4.16 ([55], Corollary 4.2]). Let K : M, (C) — M, (C) be a partial isome-
try. Let Wo = KV, Eg = KD and Hy be a closed subgroup of O(Wy). Suppose that
KK*D = Ey. Then

Fo = (W, Ho, Ep) is an E-system  iff KK*w <y, KK*w| for w € M,(C),

where w) = diag s(w).
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5. Chebyshev functional and its applications

5.1. Motivation

DEFINITION 5.1 (Synchronous functions). Two functions f,g : [a,b] — R are said to be
synchronous if

[F(#) = fW)]lg(t) = g(w)] =0 for t,u & [a,b].
The celebrated Chebyshev integral inequality says that if real functions f,g € L[Qa’b]
are synchronous then

b b b
(b—a) / F(t)gt) dt - / F(t)dt - / g(t) dt > 0. (23)

Note that the coefficient b — a in satisfies f: v3(t)dt = b — a with v(t) = 1,
t € la,b].

It is obvious that each two nonincreasing functions f, g : [a,b] — R are synchronous.
Thus Chebyshev inequality is true for two nonincreasing functions.

There are many inequalities similar to , e.g., Andersson’s result [I] asserts that if
f,9:[0,1] = R and f(0) = ¢g(0) = 0 and both f and g are increasing and convex then

1 1 1
1] foawa= [ rwae [Cawao.

0
Fink [22] proved that

o tdo®)® [*
/0 F(®)g(t) do(t) / £(t) do(t) / o do() >0 (24)

[ 12 do(t)

for functions
frge{he 0[1071] :h(0) =0 and h(t)/t is increasing on (0,1]}

and measures o such that

s 1 1
/ tdo(t) >0 and / tdo(t) >0 forsel0,1], and / tdo(t) > 0.
0 s 0

A discrete counterpart of . ) is the following Toader’s weighted inequality [73]:

n
= 121}; szyzvz Zm‘zvl ZyzszO (25)
=1

i=1
provided that v; > 0, ¢ = 1,2,...,n, and x and Yy are star—shaped, i.e., the sequences
i — x;/i and i — y; /i are nondecreasing (see |51}, p. 239]).

DEFINITION 5.2 (Synchronous n-tuples). Two n-tuples = (x1,...,2,) € R™ and
y=(y1,...,yn) € R™ are said to be synchronous if

A discrete version of is as follows. If z,y € R™ are synchronous then

nixiyi—ixioiyiz& (26)
i=1 i=1 i=1

This is the Chebyshev sum inequality.
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The coefficient n in satisfies >, v? = n, where v; = 1 for i = 1,2,...,n, and
the unital vector v = (17 ..., 1) € R™ is a common fixed point for all operators in the
group P, of n X n-permutation matrices, i.e., v € {a € R® : pa = a for p € P,}.

In Subsections [5.2H5.3] we show methods for establishing inequalities similar to
7 with the help of the Chebyshev functional, Eaton triples and the notion of
similarly separable vectors.

Throughout this section, unless otherwise stated, V is a finite-dimensional real linear

space with an inner product (-,-), and O(V) denotes the orthogonal group acting on V.

5.2. Chebyshev functional and E-systems. Here we present Chebyshev type in-
equalities in the framework of E-systems.

DEFINITION 5.3 (Chebyshev functional). The Chebyshev functional is defined by
Ty(z,y) = (v,v){z,y) — (z,0)(y,v) forz,yeV, (27)
where 0 # v € V [50, p. 535].

DEFINITION 5.4 (G-synchronous vectors). Given an Eaton triple (V, G, D), two vectors
x,y € V are said to be G-synchronous if there exists g € G such that z,y € gD.

We define
Mg(V)={a€eV:ga=a forgeG}.
THEOREM 5.5 ([50, Theorem 3.1]). Let (V, G, D) be an Eaton triple with one-dimensional

subspace Ma(V') = spanv, where 0 £ v € V.
If x,y € V are G-synchronous then the following Chebyshev type inequality holds:

(v, v){z,y) — (2, 0)(y,v) > 0. (28)
In the forthcoming examples we give some interpretations of inequality .
EXAMPLE 5.6. Let (V,G,D) = (R",P,, D), where D = {a = (a1,...,a,) € R" : a1 >
ag > ... > ap}. Then Mg(V) =spanv for v = (1,...,1) € R™.
Let ((z1,41),-- -, (Zn,yn)) be a sample of size n from distribution of a two-dimensional

random vector. If x = (x1,...,2,) and y = (y1,...,yn) are synchronous then x and y
are positively correlated, i.e.,

1 — 1 &
S DI D) SRt
i=1 i=1
(see 7).

ExAMPLE 5.7 ([B0, pp. 540-541]). Let (V, G, D) be the Eaton triple defined in Exam-
ple Then Mg(V) = spanl,, where I,, denotes the n-by-n identity matrix. The
G-synchronicity of Hermitian matrices X and Y means that X and Y are simultaneously
diagonalizable. Additionally, X| = diag \(X), where A(X) = (M (X),..., A (X)) is the
vector of the eigenvalues of a Hermitian matrix X with A\ (X) > ... > A\, (X).

In light of Theorem |5;5| the following Chebyshev type inequality holds:

nZ)\ )>trXtrY for X,Y € H,.
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5.3. Generalized Chebyshev functional. Motivated by Theorem [5.5] we study a
generalization of Chebyshev functional .

DEFINITION 5.8 (Generalized Chebyshev functional). Assume (V/ (-, -)) is an inner prod-
uct space. The generalized Chebyshev functional is defined by

Tv,w(x7y) = <v,w><x,y> - <x,v><va> for €,y € V7 (29)
where 0 # v,w € V.

We are interested in sufficient and necessary conditions for the functional to
be nonnegative. As will be seen below, the key property is the separability of some
vectors. Separable vectors are natural generalizations of monotone, monotone in mean,
star-shaped and convex sequences, etc.

DEFINITION 5.9 (Separable vector). Let (V,(:,-)) be an inner product space and e =
(e1,...,en) € V', v € V and p € R. Let J; and Jy be index sets with J; U Jy =
{1,2,...,n}.
A vector z € V is said to be u,v-separable on J; and Jo with respect to e, if
(z —pv,e;) >0 forieJy, and (z—pv,e;) <0 forjeJs (30)
(see |51 p. 235]).

Note that if (v,e;) > 0 for ¢ = 1,2,...,n then the u,v-separability of vector z is
equivalent to
(z,€:) (z,¢5)
<U7 ei) <U7 €j>
The three examples below include interpretations of the notion of separability in
V' = R"™ with the standard inner product

> >

for i € J; and j € Js. (31)

(a, b) :Zakbk for a = (ay,aa,...,a,) and b = (by,ba, ..., by). (32)
k=1

EXAMPLE 5.10. If z = (21,...,2,) € R", v = (1,1,...,1) € R" and e = (ey,...,e,) is
p=(0,...,0,1

the standard basis of R™, i.e., e ,0,1,0,...,0) € R™ for k = 1,2,...,n, then
——

k—1 times
condition (31)) means that
Zi > >z fori € J; and j € Js.

ExAaMPLE 5.11 ([59] p. 937]). Remind that a vector z = (21, 22,...,2,) € R™ is said to
be star-shaped if

< ELC 33
1 -2~ —n (33)
Choose v = (1,2,...,n). Then can be rewritten as
<Z,61> < <Z,€2> <Z,6n>
<U761> B <Ua€2> - <U,8n> .
For arbitrary m € {0,1,...,n}, take u to be any number between éizmi and Eizmiii

(with the convention that {220 = —oo and {2+ = ). Then is fulfilled for

(v,e0) (v,ent1)
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J={m+1,m+2,...,n} and Jo = {1,2,...,m}. In other words, z is u,v-separable on
Jy and Jy with respect to e for each m € {0,1,...,n}.
ExXAMPLE 5.12 ([59, p. 937]). We show that the majorization relation x < y corresponds
to the p-separability of the vector y — x for p =0 and J; = {1,2,...,n} and Jo = {n}.
Let ¢ = (z1,29,...,2,) € R and y = (y1,¥2,-.-,Yn) E R? with 1 > 20> ... > 2,
and y; >y > ... > y,. Suppose that = is majorized by y. That is,
k n

Z(yi—mi) > OZZ(yi—mi) for k=1,2,...,n. (34)

i=1 i=1
Put v=(1,...,1) € R® and ¢, = (1,...,1,0,...,0) € R" for k = 1,2,...,n. Then
——

k times

reads
(y—x,ex) >0=(y—x,e,) fork=1,2,...,n.

With p =0 and J; and J; defined above, one has
(y—az—pv,e) >0=(y—x — pv, ej) for i € J; and j € Js.
Therefore the difference z = y — = is 0, v-separable on J; and Jp w.r.t. e (see )
We define
Se(v; J1,J2) ={z € V: zis v-separable on J; and Jo w.r.t. e for some p € R}.

The role of the separability in determining the sign of the generalized Chebyshev
functional is shown in the following result.

THEOREM 5.13 ([48] Theorem 3.5)). Let (V,{-,-)) be a finite-dimensional real inner prod-
uct space with two dual bases e = (e1,...,e,) andd = (di,...,d,) inV, i.e., {(e;,d;) = d;;
(Kronecker delta), i,5 € J ={1,2,...,n}.
Let y,w,v € V with (w,v) > 0. Suppose that J; and Jo are index sets with JyUJy = J.
Then the following two statements are equivalent:

(i) The generalized Chebyshev inequality

(w,v)(z,y) = (z,w){y,v) = 0 (35)
holds for all z € Se(v; J1, J2).
(ii) The vector y is n,w-separable on Jy and Jo w.r.t. d, where n = (y,v)/{w,v).
The next definition is inspired by Theorem [5.13]

DEFINITION 5.14 (Similar separability). Let e = (eq,...,e,) and d = (dy, ..., d,) be two
sequences of vectors in V. Assume v,w € V and u,n € R.

Two vectors a,b € V are said to be similarly separable w.r.t. (u,v,e;n,w,d) if there
exist index sets Jy and Jy with Jy U J; = {1,2,...,n} such that

(i) a is p,v-separable on J; and Jy w.r.t. e, and
(ii) bis n, w-separable on J; and Jo w.r.t. d

(see [B9, p. 937]).
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COROLLARY 5.15 (|54, Lemma 2.1]). Let (V, (-,-)) be a finite-dimensional real inner prod-
uct space with two dual bases e = (eq,...,e,) andd = (dy,...,d,) in V. Let z,y,w,v € V
with (w,v) > 0. Define n = (y,v)/(w,v).

If the vectors z,y € V are similarly separable w.r.t. (u,v,e;n,w,d) for some p € R,
then the generalized Chebyshev inequality holds.

It is interesting that the generalized Chebyshev inequality contains Cauchy—
Schwarz inequality. Namely, if y = z, w = v and d = e, then the similar separability of
z,y holds automatically for 1 = 7. In this case (35 reduces to the C—S inequality

IzPP[o]* > (2,0)*  for z,ve V.

6. Applications of similar separability. In this section we apply Theorem to
give some generalizations of the classical Hardy—Littlewood—Pdlya (H-L-P) Theorem
for convex functions and of Schur—Ostrowski Theorem for differentiable Schur-convex
functions. In addition, we deal with extended G-majorization.

6.1. Generalized H-L-P theorems. We begin with a result of H-L-P giving rela-
tionship between majorization and convexity.

THEOREM 6.1 ([27]). Let z,y € R™ with x;,y; € I, where I C R is an interval.
The following two statements are equivalent:

(i) y <z
(ii) The following inequality holds for all continuous convex functions f : I — R:

> Flk) £ flaw).
k=1 k=1

Some extensions of Theorem can be found in [IT], 44].

For a given positive vector (p1,...,pn) € R’}, we introduce inner product on R™ by
n
(a,0) =Y arbepe  fora=(a,...,an), b= (b1,...,by) € R". (36)
k=1

THEOREM 6.2 (|54, Theorem 2.2]). Assume f : I — R is a convex function on the
open interval I C R. Let ¢ = (x1,...,2n), ¥y = (Y1,-.-,Yn) and p = (p1,...,pn), where
x,yi €1, p; >0 forie J={1,...,n}.

Let Of : I — R be the subdifferential of f, and let ¢ € Of. Define

D(2) = (p(z1), -, 0(2zn)) forz=(z1,...,2,) € I™.

Let e and d be dual bases for R™ with inner product given by , and w,v € R™ with
(w,v) > 0. Let n = (x — y,v)/{w,v).
Suppose that there exist index sets J; and Jo with Jy U Js = J such that

(i) y is v-separable on Jy and Jy w.r.t. e,
(ii) x —y is n,w-separable on J; and Jo w.r.t. d, and
(iii) @ preserves v-separability on Jy and J w.r.t. e.

Under the above assumptions, the following assertions hold.
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(A) If (x —y,v) =0, then
Zpkf(yk) < Zpkf(xk). (37)
k=1 k=1

(B) If (x —y,v) >0 and (P(y), w) >0, then holds.

6.2. Generalization of Schur—Ostrowski Theorem. Characterizations of differen-
tiable S-convex and G-increasing functions are provided below in Schur—Ostrowski’s The-
orem [6.3] and in Eaton—Perlman’s Theorem respectively.

THEOREM 6.3 ([66,[62]). Assume that F is a symmetric real function having a differential
on R™. Then a necessary and sufficient condition that F' be a Schur-convex function on
R™ is
F F
(2 — zj)(%(z) - gzj(z)) >0 forzeR"andi,j=1,2,....n.  (38)

Statement is called Schur-Ostrowski’s condition (in short, S-O condition).

THEOREM 6.4 ([I8]). Let G be a reflection group acting on R™. Assume that F is a G-
invariant real function possessing a differential on R™. Then a necessary and sufficient
condition that F' be G-increasing on R™ is

(z,7) - (VF(2),r) >0 for z € R™ and r € R™ such that S, € G,
where VF(z) denotes the gradient of F' at z.

Let (V,(-,-)) be a real Hilbert space with norm || - || = (-,-)}/2.

For a function F' : A — R with convex A C V, the symbol V},F(z) stands for the
directional derivative of F' in the direction h € V' at the point z, and VF(z) stands for
the gradient of F at z.

DEFINITION 6.5 (Generalized Schur—Ostrowski’s condition). Given a convex set A C V
and z,y € A and v € V, a differentiable function F': A — R is said to satisfy generalized
Schur-Ostrowski condition (GSOC) if for each p € R and z € [z, y] there exists 1 € R
such that

(z — pw, ;) - (VF(2) — v, e;) > 0 fori=1,2,...,n

(see [59]).

DEFINITION 6.6 (Function class S(A, z,y) satisfying GSOC). Given a convex set A C V
and z,y € Aand v,w € V, by S(A, z,y) we denote the class of all differentiable functions
F : A — R satisfying the generalized Schur-Ostrowski condition (GSOC) and such that
the maps [0,1] 3t — Vy_F(x +t(y — z)) and [0,1] > t — V,F(z +t(y — z)) are
integrable on [0, 1] (see [59, p. 939]).

Members of the class S(A, z,y) are called generalized Schur-convez functions.

In the forthcoming results we generalize the sufficiency part of Theorems[6.3| and

THEOREM 6.7 ([59, Theorem 4]). Let W be a finite-dimensional subspace of V and e =
(e1,.-.,en) and d = (dy,...,d,) be dual bases in W. Let A C V be a convex set and let
x,y € A and w,v € V with (w,v) > 0.
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Suppose that for some index sets Jy and Jo with JyU Jy ={1,2,...,n} and for some
p1,p2 € R and n = (y — z,v) /(w,v),

(x —pv,e;) >0 forie i and (x—pv,e;) <0 forje s, (39)
(y— pov,ye;) >0 forieJi and (y— pav,ej) <0 forj e Jy, (40)
(y—xz—nw,d;) >0 forieJi and (y—x—nw,d;) <0 forjeJs. (41)

Let F € S(A,z,y). Assumey —x —nw € W and VF(z) — v € W for z € [z,y].
Under the above assumptions, the following three assertions hold.
_ 1
(A) Fly) — F(z) > 2=Y / (VF(z + th), w) dt.
<w7 U> 0
(B) If (y — x,v) =0 then F(z) < F(y).
(C) If (y — x,v) > 0 and (VF(z),w) > 0 for z € [z,y], then F(z) < F(y).
Theorem [6.7] can be simplified as follows.

COROLLARY 6.8 ([59, Corollaries 9-10]). The assertions (A), (B) and (C) of Theorem[6.7]
are still true if the conditions , and are replaced by

(z,e1) _ (z,e2) (x,en)
(v,e1) ~ (v,ea) = T {v,en) ] (42)
(y,e1) _ {y,e2) (y, en)
(v,e1) > (v, e3) ZZ (v,en)’ (43)
(y—x,di) _ (y—z,da) (y —x,dy)
(w, dq) = (w, da) = T (w,dn) (44)

(provided v is e-positive and w is d-positive).
An application of Theorem to GIC orderings is included in the next result.

THEOREM 6.9 ([59, Theorem 13]). Let <g be a GIC ordering on V induced by compact
group G C O(V') and closed convex cone D C V.

Let Vi be a subspace of V and (e1,...,e,) and (s1,...,8n) be dual bases in Vi such
that C = cone{ey,...,en, } and D = cone{s1,...,8n,} are dual cones in Vo with ny <
n < ng, Where Spt1,...,850, € V.

Assume w,v € V with (w,v) > 0. Let xo,y0 € V satisfy xo,y0 € 11 D, 29 <¢ Yo, and
<$0>’U> = <y0’ U)'

Putz =z9+u+ aw and y = yo + u + fw, where u € V and o, 8 € R are such that
U+ aw € spanv and u + Sw € spanv.

Let F € S(A, z,y), where A =riD + spanv.

Under the above assumptions, the following three assertions hold.

(A) F(y) = F(z) > (8- ) [y (VF(z + th), w) dt.
(B) If a = (3 then F(z) < F(y).
(C) If a < B and (VF(z),w) >0 for z € [z,y], then F(z) < F(y).

6.3. Extended G-majorization. For classical majorization < on R™ the following
criterions are well-known.
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THEOREM 6.10 ([39, Theorem B.1, p. 186], [(5, Lemma 4]). Let z,y € R™, y; > y2 >
2 Yy Do T = Y yi. If there exists m (1 < m < n, m € N) such that

yi <y fori=1,2,...,mandy; > x; forj=m+1,m+2,...,n,

then
Y=<

THEOREM 6.11 ([40, Theorem 2.4)). If x = (z1,22,..., %) and y = (Y1,Y2, - - -, Yn) with
z; >0,1<i<n,andy; >y >...>yp, >0 and

-

U1 Yn
then

Y T

=< )
Z?:l Yj Z;‘Lﬂ Ty
We extend Theorems and from the classical majorization < to group-induced
cone orderings.

THEOREM 6.12 ([60, Theorem 3.1]). Assume that <g is a GIC ordering on V induced
by finite group G and convex cone Dy = cone{s1, Sa,..., 84} with s1,82,...,84 € V. Set
D = cone {s1, S2,...,8n}, where s1,82,...,S, form a basis of V, n <gq.

Let z,y,v € V with (z,v)y € Dy (e.g., {x,v) > 0 and y € Dy). Suppose that for
k =1,2,...,n there exist dual bases e = (e1,...,e,) and d = (dy,...,d,) of V, and
index sets Jy and Jy with J; U Jy = {1,2,...,n} such that

(i) = is m,y-separable on Jy and Jo w.r.t. e with n = (z,v)/{y,v) and (y,v) >0,
(ii) sy is v-separable on Jy and Jo w.r.t. d.

If n < q, assume additionally that

((z,v)y,sk) < ((y,v),s,) fork=n+1,...,4q. (45)
Then the following G-majorization inequality holds:
<'T7 U):g =a <y? ’U>$. (46)
If (x,v) (y,v) > 0 then becomes
y . @
QG ——~ -
(y,v) 7 (z,v)
THEOREM 6.13 ([60, Theorem 3.4]). Assume that < is a GIC ordering on V induced
by finite group G and convex cone Dy = cone{s1, Sa,...,Sq} with s1,82,...,8, € V. Set
D = cone{s1,89,...,8n}, where $1,382,...,8, form a basis of V, n < q.
Let z,y,v € V be such that (xz,v) >0, (y,v) >0 and y € Dy.
Suppose that there exist a basis e = (e, ea,...,e,) and an index m € {0,1,2,...,n}

such that

(i) x is n,y-separable on J; and Jy w.r.t. e, where n = gz; and J1 = {1,2,...,m},

Jo={m+1,m+2,...,n},
(ii) the vectors s1,82,...,8n, €1,€2,...,e, and v satisfy conditions

s; € cone{er,...,ent and v—s; € cone{emt1,...,en} forie Jy andj € Jo.
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If n < q, assume additionally that holds. Then

(47)

If in addition (x,v) = (y,v) then
Yy =g T (48)
COROLLARY 6.14 ([60, Corollary 3.5]). Under the hypotheses of Theorem let con-

ditions (i1)—(ii) of Theorem be replaced by the following statement:
There ezists a basis e = (e1,€a,...,e,) of V such that

(i (2 e1) > (z, e2) > ... > (2, n) (with positive denominators),
<y,€]_> <y,62> <y,en>
(ii) the vectors s1,82,...,5n, €1,€2,...,e, and v satisfy conditions
si=er+te+...+e for i=1,2,...,n, and V= Sp,.

Then inequality holds.

By comparing and we can call the relation extended G-majorization of
y and = with respect to v.

7. Shi and Ky Fan type inequalities. H.-N. Shi [67] proved the following majoriza-
tion result (see also [26, Lemmas 2.2-2.3], [39] p. 9], [74, Lemma 2]).

THEOREM 7.1 ([67, pp. 81-83]). If x = (x1,...,2,) € R", n > 2, 3" 2, = s > 0,

c> s, then
cv+x x [ x
< — and < -,
nc—+s S nc—s S

where v =(1,1,...,1) € R™.

We denote by A(z1,22,...,2n) and G(z1,22,...,2,) the arithmetic and geometric
means, respectively, of positive numbers z1, 29, ..., 2.

The following Ky Fan’s result is of interest.
THEOREM 7.2 ([5l p. 5]). Let x; € (0,1/2] (i =1,2,...,n). Then the following Ky Fan’s
inequality holds:

G(x1,Z2,. .., Tn) A(zy,x2,...,Tn)
Gl—xz1,1—29,...,1—x,) — Al —xy, 1 —20,...,1 —2y)

Our purpose in this section is to give an extension of Theorems and from
the classical majorization preorder < to a class of group-induced cone orderings <. As
applications, some Ky Fan type inequalities are established.

7.1. G-majorization inequalities of Shi type. In the forthcoming theorems we pro-
vide extensions of the above result of Shi (see also [39, p. 9]).

THEOREM 7.3 (|58, Theorem 7]). Let (V,G, D) be an Eaton triple and let Mg (V) =
spanv for some nonzero v € V. Then
cv+2x T
(cv + z,v) ~¢ (

We need some notation.

for x € V with {(xz,v) >0, ¢ > 0.
z,v)
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DEFINITION 7.4. A sequence a = (a1, az,...,a,) € R™ is said to be relatively convex
(resp., relatively concave) with respect to sequence b = (b, ba,...,b,) € R™ if
1 by ag

L b a|=(5)0,

1 b, an
whenever k,I,m € {1,2,...,n} and by < b; < by, (cf. [44, p. 2]).

THEOREM 7.5 (|68, Theorem 11]). Let (V,G, D) be an Eaton triple with Mg (V) = spanv
for some nonzero v € V, ||v|| > 1. Let D = cone{t1,...,tn,tnt1} with to = 0, t, = v,
thy1 = —tn and 1 < (t;,v) < (tn,v) fori = 1,...,n, and let go € G be such that
goD = —D and t,,_; :v—galtj forj=1,2 ... n.

Assume that x € V and ¢ € R are such that ¢ > (z,v) > 0.

Let a = (ag,a1,...,an) and b = (bo,b1,...,by), where a; = (t;,x|) and b; = (t;,v)
fori=0,1,2,...,n. Suppose that a is relatively concave with respect to b. Then

CU— X

(cv — z,v) ~a (z,v) "

7.2. Generalization of Ky Fan inequality. An application of Theorems [7.3] and [7.5]
leads to the following corollaries.

COROLLARY 7.6 (|58, Corollary 12]). Under the assumptions of Theorem let ¢ :
A — (0,400) be a positively homogeneous G-increasing (resp. G-decreasing) function on
G-invariant set A C V.
If x € A and ¢ > 0 with (z,v) > 0, then
(z,v) o(x)
T < (2) - (49)
(cv + z,v) o(cv + x)
COROLLARY 7.7 (|58, Corollary 13]). Under the assumptions of Theorem let ¢ :
A — (0,400) be a positively homogeneous G-increasing (resp. G-decreasing) function on
G-invariant set A C V.
If v € A and c € R with 0 < (x,v) < ¢, then
@) oy _0le)
(cv — z,v) o(cv — x)
See [20], [36], [67, [76] and references therein for a number of results of type f
for S-convex or S-concave functions .

(50)

EXAMPLE 7.8. Let V=R", G=P,, D=R", v=(1,1,...,1),c=1and

n 1/n
o(z) = <H zl> for z = (z1,22,...,2n) € (0,400)".
i=1

Then inequality of Corollary leads to the following Xia-Chu’s inequality:
Az, ..., zp) S G(x1,.. ., x)

Al + 21, .., 14+ x,) — G+ 21,...,1 +,)

where A(-) and G(-) denote the arithmetic and geometric means of (-) [76], Corollary 4.3].

forO0<z;,,i=1,...,n,
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Using of Corollary yields the following variant of Ky Fan’s inequality:
A(z1,...,2p) G(z1,...,%n)
Al=—z1,...,1—x,) — Gl —21,...,1 —x,)
Whenever 0 < > ;< 1,i=1,...,n.

>

8. Applications to Griiss and Ostrowski type inequalities. We denote by Lfa,b]

(1 < p < o) the space of p-power integrable functions on interval [a,b] equipped with

the norm "
b P
||f|p</ If(t)pdt> .

The symbol L‘[’(f b stands for the space of all essentially bounded functions on [a, b] with

the norm

[flloc = esssup[f(x)].

z€la,b]

For two real functions f,g : [a,b] — R such that f,g,fg € L[la,b]7 the Chebyshev
functional is defined by

b b b
T(f9) = = [ fgydt - [ jode = [ g

Chebyshev [8] proved that if f/, ¢’ € L7y, then

T(£,0)] < 75 (= [l 1l -
Griiss [25] showed that
1T(7,9)| < 7 (B0 — o) (30 — ) (51)
provided two bounded integrable functions f, g : [a,b] — R satisfy
ao < f(t) < By and 7o < g(t) <o fort € [a,b].
See [10, 21, BT] B7] for generalizations and extensions of .

8.1. Griiss type inequalities. Let (V,{(-,-)) be an inner product space over F = R or C
endowed with the corresponding norm || - || = (-,-)/2. A Griiss type inequality estimates
from above the quantity |(z,y) — (z,v){v,y)| with z,y,v € V, ||lv|| = 1 (cf. [11}, 10} 65]).
Remind that if K C V is a convex cone, then <y is cone preorder on V defined by
y<gzxz iff x—yekK.
THEOREM 8.1 ([56, Theorem 4.2]). Let (V,(-,-)) be an inner product space over F = R
or C, and let v € V with ||v|| = 1. Assume that x,y,«, 3,7,6 € V are vectors such that

(a) a+ B € spanv and v+ § € spanwv,
(b) a <k,  <duark; B and v <k, ¥ <dual k, 0 for some convex cones K1, Ko, C V.

Then we have the inequality

(2, y) — (@, 0)(v,9)| < < 18—l 16 =7l

| =
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If the vectors «, 3,, § are proportional to v, Theoremreduces to [II, Theorem 1].
Remind that a function ¢ : [a,b] — R is said to be a constant function, if there exists
a constant ¢ € R such that ¢(t) = ¢ for t € [a, b].

COROLLARY 8.2 ([56, Corollary 4.5]). Let f,g,,3,7,0 € L[2a,b] be functions such that

(a) a+ B and v+ § are constant functions,
(b) a(t) < f(t) < () and y(t) < g(t) < 6(t) fort € [a,b],
or, more generally,

b b
[ 60 - 1100 - a@)de =0 and [ (6(6) - g0)(o(0) - 2(0)) de 2 0.

Then we have the inequality

() < 5w ( B0 - a(t))?dt)w (/ "6 - v(t»?dt)w. (52)

For many functions f and g with appropriate choice of functions «(-), 8(+), v(-) and
5(-), inequality provides a tighter estimate than (see [56, Example 4.6)).

8.2. Ostrowski—Griiss type inequalities. A related result to is the following
Ostrowski’s inequality [43, p. 468].

THEOREM 8.3 ([43, p. 468]). If f:[a,b] — R is a differentiable function with bounded
derivative, then

- 0= 1+ 5

Dragomir and Wang [I4] showed Ostrowski—Griiss type inequality as follows.

b—=a)llf'lle  forz€la,b]. (53)

THEOREM 8.4 ([14]). If f : [a,b] — R is a differentiable function with bounded derivative
such that

a < f'(t) < By fortela,b],
then

‘f@)bfa/:m)dtf(b;:i:(a)(l’a;b)'

< O-a)(Fo-an) forzefnt] (34

Some improvements of can be found in [9] 41].
Griiss and Ostrowski type inequalities have many applications (see [10, [13], T4} [38] [63] ).

Here we present an extension of Griiss’ inequality in LP-spaces (cf. [7, Theorems 2
and 3], [12 p. 2]).

THEOREM 8.5 ([57, Theorem 2.1]). Let f,a, 0 € Lfmb] and g € LT . (2 +

. [a,b] \p =1
1 < p < o0) be functions such that

1
a ’

(a) a+ B is a constant function, and

(b) alt) < f(t) < B(t) for t € [a,b].
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Then we have the inequality

b
T < gy 18-l o= 52 [ aterar

THEOREM 8.6 ([57, Theorem 2.4]). Let f : I — R, where I C R is an interval, be a
function differentiable in the interior I of I, and let [a,b] C I. Suppose that f', o, 3 € Lfa 0]
(1 <p < o0) are functions such that

(55)

(a) a+ B is a constant function, and
(b) a(t) < f'(t) < B(t) fort € [a,b].
Then for x € [a, b]

/bf(t)dt_ (x_ a+b>f(b) — f(a)

2 b—a
b—a)l/a .
<{ﬂw—mu@3w if 1< q < oo,

1118 - all if g =00

‘ S —

where % + % =1.
COROLLARY 8.7 (|57, Corollary 2.5]). Let f : I — R, where I C R is an interval, be a
function differentiable in the interior I of I, and let [a,b] C I. Suppose that ag, By € R
are numbers such that ag < f'(t) < o fort € [a,b].

Then for x € [a,b] and 1 < ¢ < o0

/bf(t)dt (xf a+b> f(b) — f(a)

‘ Vv —a

2 b—a
< W(ﬁo—ao)(b—a) if 1 <q< oo, (56)
380 —a0)(b—a) if ¢ =00

The case ¢ = 1 of Corollary yields a result of Cheng [9 Theorem 1.5] with the
factor % on the right-hand side of (cf. [38, Theorem 3]). If ¢ = 2 then Corollary
becomes a result of Matié¢ et al. [41l Theorem 6] with the factor ﬁ on the right-hand
side of . Finally, the case ¢ = oo leads to inequality of Dragomir and Wang [14]
Theorem 2.1].
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