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Abstract. In this paper, we prove strong convergence theorems of the hybrid projection algo-
rithms for finite family of two hemi-relatively nonexpansive mappings in a Banach space. Using
this result, we also discuss the resolvents of two maximal monotone operators in a Banach space.
Our results modify and improve the recently ones announced by Plubtieng and Ungchittrakool
[Strong convergence theorems for a common fized point of two relatively nonexpansive mappings
in a Banach space, J. Approx. Theory 149 (2007), 103-115], Matsushita and Takahashi [A strong
convergence theorem for relatively nonexpansive mappings in a Banach space, J. Approx. Theory
134 (2005), 257-266] and many others.

1. Introduction. Let F be a real Banach space, C' be a nonempty closed convex subset
of F, and T : C — C be a mapping. Recall that T is nonexpansive if

|Ta — Tyl < o —y|  foral z,yeC. (1)
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We denote by F(T') the set of fixed points of T', that is F(T) = {z € C : z = Tz}.
A mapping T is said to be quasi-nonexpansive if F(T') # () and

Tz —y|| < |z —y| forall x€C and ye F(T).

It is easy to see that if T is nonexpansive with F'(T') # @, then it is quasi-nonexpansive.
Some iteration processes are often used to approximate a fixed point of a nonexpansive
mapping. Mann’s iterative algorithm was introduced by Mann [7] in 1953. This iteration
process is now known as Mann’s iteration process, which is defined as

Tp+1 = QpTp + (1 - an>Txna n Z 07 (2)

where the initial guess x¢ is taken in C' arbitrarily and the sequence {a,}5%, is in the
interval [0, 1].
In 1967, Halpern [4] first introduced the following iteration scheme:

(3)

xo=xz€C chosen arbitrarily,
Tpa1 = apt+ (1 — ap) Ty,

see also Browder [2]. He pointed out that the conditions lim,, o o, = 0 and 22 a, = 00
are necessary in the sense that, if the iteration (3) converges to a fixed point of T, then
these conditions must be satisfied.
In 1974, Ishikawa [5] introduced a new iteration scheme, which is defined recursively
by
{yn Brnxn + (1= Bn)Txy, )

Tn+l = QnTp + (1 - O‘n)Tyna

where the initial guess z is taken in C' arbitrarily and the sequences {«,,} and {3, } are
in the interval [0, 1].

Many papers have appeared in the literature on Ishikawa’s iteration process; see, for
example [10, 11] and reference therein.

On the other hand, Matsushita and Takahashi [8] introduced the following iteration:
a sequence {x,} defined by

Tny1 = Hod Handz, + (1 — an)JT2,,), (5)

where the initial guess element zg € C is arbitrary, {a,} is a real sequence in [0,1], T
is a relatively nonexpansive mapping, J is the duality mapping on E and IIo denotes
the generalized projection from E onto a closed convex subset C' of E. They proved that
the sequence {z,} converges weakly to a fixed point of T. Moreover, Matsushita and
Takahashi [9] proposed the following modification of iteration (5):

xg € C chosen arbitrarily,
Yn = J‘l(aann +(1- an)JTxn),
Cn = {Z eC: ¢(Zayn) < ¢(van)}> (6)

Qn={2€C:(xn — 2,20 — zn) > 0},
Tn+1 :chan(x0)7 n= 071727""

and proved that the sequence {z,,} converges strongly to Ilp(7)(z0).
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In 2007, Plubtieng and Ungchittrakool [11] proved the following iteration for two
relatively nonexpansive mappings 7T in a Banach space E:

zg=x€C chosen arbitrarily,

Zn = J_l(@(ll)an + ﬁy(f)JTacn + ﬁy(lS)Jan),
Yn = J’l(aann +(1- ozn)JTzn),
Hy={veC:¢(v,yn) < d(v,20)},
Wo={vel:{x,—v,Jo— Jx,) >0},

Tnt+1 = P, nw, T,

and
zo=xz€C chosen arbitrarily,

20 = J (BN Ty + B I T, + B TS2,),

Yn = J Y anJzo + (1 — an)JT2,),

H, = {v € C:p(v,yn) < d(v,2,) + an(||xol® + 2(v, Jz,, — Jx>)},
W, = {U eC:{(xy,—v,Jor—Jx,) > 0},

Tnt1 = Pu,aw, 7,

the sequences {x,,} generated by (7) and (8) converge to Prx, F := F(T)N F(S), where
Pr is the generalized projection from C' onto F'.

In 2008, Takahashi et al. [13] proved the following theorem by a new hybrid method.
We call such a method the shrinking projection method.

(8)

THEOREM 1.1 (Takahashi et al. [13]). Let H be a Hilbert space and let C be a nonempty
closed conver subset of H. Let T be a nonexpansive mapping of C into H such that
F(T)# 0 and let xo € H. For C; = C and u1 = Pc,xg, define a sequence {u,} of C as
follows:

Yn = Qptn + (1 — ay)Tuy,
Cott = {2 € Cu : llyn — 21 < llun — [}, (9)
Unt1 = Pc, ., To, n €N,
where 0 < o, < a <1 for allm € N. Then, {u,} converges strongly to zo = Pp(r)To.
This paper considers the following explicit cyclic algorithm:
x1 = apzo + (1 — ap)Toxo,

e = ayzy + (1 — aq)Tha1,

(10)
Tp = Qp_1Tp—1 + (1 - anfl)Tnflxnfla
Tpt1 = Ty + (1 — ap)Toxy.
It can rewritten into compact form as follows
Tpi1 = Ay + (1 — an) Ty on, (11)

where Tj,) = T;, i = n (mod N).
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In this paper, motivated by Plubtieng and Ungchittrakool’s result [11], we use an
idea to modify (7) and (8) for finite family of two hemi-relatively nonexpansive map-
pings to have strong convergence theorems in a Banach space by using the shrinking
projection method. Our result extends and improves the recent results by Plubtieng and
Ungchittrakool [11] and many authors.

2. Preliminaries. Let E be a real Banach space with dual E*. Denote by (-,-) the
duality product. The normalized duality mapping J from E to E* is defined by

Jr={feE" :(z,f)=|z|* = | fII*}, (12)
forall x € F.

A Banach space E is said to have the Kadec-Klee property if for every sequence {x,, }
of E satisfying x,, — z € F and |z,|| — ||z|| we have x,, — . It is known that if F is
uniformly convex, then E has the Kadec-Klee property.

If C' is a nonempty closed convex subset of real Hilbert space H and Po : H — C
is the metric projection, then Py is nonexpansive. Alber [1] has recently introduced a
generalized projection operator Ilx in a Banach space E which is an analogue represen-
tation of the metric projection in Hilbert spaces. We denote by w,,({z,}) the set of all
weak subsequential limits of a bounded sequence {z,} in C.

Let E be a smooth Banach space. The function ¢ : E x E — R is defined by

d(x,y) = Hac||2 —2(x, Jy) + ||yH2 for all z,y € E. (13)

The generalized projection Il¢ : E — C is a map that assigns to an arbitrary point
2 € E the minimum point of the functional ¢(y,x), that is, [lcax = a*, where z* is the
solution to the minimization problem

P(z*,x) = Zgig oy, x),

existence and uniqueness of the operator Il follow from the properties of the functional
¢(y, ) and strict monotonicity of the mapping J. In Hilbert space, Il = Pe. It is obvious
from the definition of the function ¢ that

(lyll = ll=)* < ¢y, @) < (lyll + llz[)*  for all 2,y € E. (14)

REMARK 2.1 ([12]). If E is a strictly convex and smooth Banach space, then for all
x,y € E, ¢(y,z) =0 if and only if z = y. It is sufficient to show that if ¢(y,z) = 0 then
x = y. From (14), we have ||z|| = ||y||. This implies (y, Jz) = ||ly||?> = ||Jz||*>. From the
definition of J, we have Jx = Jy. Since J is one-to-one, we have z = y.

LEMMA 2.2 (Kamimura and Takahashi [6]). Let E be a smooth and uniformly convex
Banach space and let v > 0. Then there exists a strictly increasing, continuous, and
convex function g : [0,2r] — R such that g(0) = 0 and g(||lz — y||) < ¢(x,y) for all
x,y € B,.

LEMMA 2.3 (Kamimura and Takahashi [6]). Let E be a uniformly convex and smooth
real Banach space and let {x,},{yn} be two sequences of E. If ¢(xpn,yn) — 0 and either
{zn} or {yn} is bounded, then ||z, — yn| — O.
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LEMMA 2.4 (Alber [1]). Let E be a reflexive, strictly convez, and smooth real Banach
space, let C' be a nonempty closed convex subset of E and let x € E. Then

oy, lcx) + ¢z, x) < ¢(y,x),  Vyel. (15)
LEMMA 2.5 (Cho et al. [3]). Let X be a uniformly convex Banach space and B,(0) be
a closed ball of X. Then there exists a continuous strictly increasing convex function
g :[0,00) — [0,00) with g(0) =0 such that
1Az + py + vz I1” < Mlzll? + pllyll® + 1217 = Aug(llz = yl)
for all z,y,z € B-(0) and \, p,y € [0,1] with A+ p+~v=1.

3. Main results

THEOREM 3.1. Let E be a uniformly convex and uniformly smooth Banach space and
let C' be a nonempty closed convexr subset of E. Given an integer N > 1, let, for each
0<i< N-1,T; and S; be two hemi-relatively nonexpansive mappings from C into
itself with T = ﬂi]\i_ol F(Ty), S = ﬂi]\;}l F(S;) and F := T NS nonempty, and {a,},
{Bn}, {n}, {0n} be sequences of real numbers such that 0 < a, < 1 for allm € NU
{0}, limsup,,_,oc@n < 1, 0 < BnyYn,0n < 1, Bp + v + 6, = 1 for all n € NU {0},
liminf, oo Bnyn > 0 and liminf, o 5,0, > 0. Define a sequence {x,} by the following
algorithm:

z9 € C chosen arbitrarily,

20 = J (B Tn + Y d Ty @n + 00 J Sy @) s

Yn = J_l(ant]xn + (1 - an)JZn)a (16)
Cn-‘rl = {U eC: d)(vayn) S QS(Uamn)}a

Tnt+l = ch_*_ll’o, vn > 0,

where J is the duality mapping on E and Ty, = T;, Sy = Si, i = n(mod N). Then {x,}
converges strongly to llpxg, where g is the generalized projection from C onto F'.

Proof. We first show that C),41 is closed and convex for each n € NU {0}. From the
definition of C,; it is obvious that C,y; is closed for each n € N U {0}. For any
n € NU{0},

(v, yn) < 6(v,20) <= 2v, J2n = Jyn) + |lyn|* = [lza]|* <0,
and hence C),41 is convex. Next, we show that F' C C),41 for each n € NU{0}. Let p € F
and let n € NU {0}, we have

o(p, zn) = qb(p, J Y BTz, + Yo Tin)Zn + 5nJS[n]xn))
= |Ip|I* = 2(p, BuJzn + Y Ty Zn + 0 J Sy n)
+ |Bnd T + Yn I Tj) T + 8 I Spynl|?
< pll* = 26 {p, Jzn) = 29 (D, TTju) ) = 20n (P, J Sy n) (17)
+ 5n||$nH2 + 'YnHT[n]mn||2 + 6nHS[n]$nH2
< Bnd(p, x0) + 1nd(p, Tin)Tn) + 0nd(D, Sinjn)
< Bnd(p, xn) + 1 0P, Tn) + 0nd(p, T1) = G(p, Tn),
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and
Oy yn) = &(p, I~ Han Ty + (1 — ap)J2n))
= |IplI* = 2(p, anJxp + (1 — an)J2n) + |lan Tz, 4+ (1 — ) J 2,
< Ipl? = 20 (p, Jan) = 2(1 = an)(p, Jzn) + an[lzn]|* + (1 = an)|| 2]
< ang(p, zn) + (1 — an)p(p, 2n)
< ang(p,zn) + (1 — an)d(p, zn)
= ¢(p, xp).
So, p € C, for all n € NU {0}, and we have F C C,. This implies that {z,} is well
defined. Since 41 =g, 2o and z,41 € Cpy1 C C), we get
¢(Tn, o) < ¢(Tnt1,T0),

for all n > 0. Therefore, {¢(x,,zo)} is nondecreasing.
By the definition of z,, and Lemma 2.4, we have

¢((En7x0) - ¢(chx07x0) S (b(p? .’EQ) - ¢(p7 chifo) é ¢(p7 xO)v (19)

for all p € F C C,,. Thus, ¢(zn,x0) is bounded. Moreover, by (14), we have that {z,} is
bounded. So, lim, o ¢(x,,xo) exists. Again by Lemma 2.4, we have

(18)

n+1

H(Tpi1, n) = G(@nt1, e, z0)
< (;Zs(anrlv 1'0) - ¢(ch$0, .’Eo)
= O(Tn+1,20) — ¢(Tn, o),

for all n > 0. Thus, ¢(Tnt1,2n) — 0 as n — 0. Since zp41 = I, z9 € Cy, from the
definition of C), 11, we also have

P(Tnt1,Yn) < P(Tny1, o), (20)
for all n € NU{0}. So, we have lim, oo &(Zn41,¥yn) = 0. Using Lemma 2.3, we obtain
T [eas = gl = T [leas = @] = 0. 1)
Since J is uniformly norm-to-norm continuous on bounded sets, we have
i S = Jyall = T [Tz = Joa] = 0. (22)
For each n € NU {0}, we observe that
s = Tgall = 121~ (@ Tn + (1= @) T2)]
= ||lan(Jxnt1 — Jxn) + (1 — an)(Jzppr — Jz)||
=11 = an)(Jontr = Jzn) — an(Jon — Jzpp)||
> (1 —ap)|Jxns1 — Jznll — an||Jzn — Jpta]|-

It follows that

Han+1 - JZnH <

1 —o (||an+1 — Jynl + anl| Jzn — anJrlH)-

By (22) and limsup,, . o, < 1, we obtain

lim ||Jzp41 — Jzn| = 0.

n—oo
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Since J~1! is uniformly norm-to-norm continuous on bounded sets, we have

nlggo [Znt1 — 2nll = 0. (23)
It follows from (21) that

[n = znll < lZn = Zniall + 041 — znll = 0,

Since J is uniformly norm-to-norm continuous on bounded sets, we obtain

nlgr;o Tz — Jzp|| = 0.
Next, we show that ||z, — Tjyjzs| — 0 and ||y, — Sp,)@n|| — 0. Since {z,,} is bounded,
(0, Tinywn) < ¢(p,75) and ¢(p, Sinyn) < ¢(p,v,) where p € F. We also obtain that

{Jzn}, {JTjzn} and {JSp, 2, } are bounded, then there exists r > 0 such that {Jz,},
{JTzn}, {JSmzn} C B (0). From Lemma 2.5, we have

O(p, 2n) = ¢(p, J (Bndzn + VI Tjn)Tn + 60 Sy @)
= |Ip|I* = 28n (p, Jzp) — 27n <p, JT[n]mn> — 26, <p, JS[n]xn>
+11Bnd@n + Yo d Ti@n + 0 Spny |2
< Ipll* = 280 (P, Jn) = 230 (p; TTijn) = 200 (P, TSm0 ) (24)
+ Bulleal® + vl Tr@nl® + 60| S zall? = Bavng(| T2 — ITiaal)
= Bnd(p, Tn) + b0, Tin)Tn) + 00 (D, SimjTn) — BuYng(|Jzn — J Ty wnl)
< é(p, w0) = Buyng(|[J2n — J Ty znll))-
Therefore, we have
Brnmg(|Jzn = JTmjzall) < ¢(p,2n) — G(p) 20)-
On the other hand, we have
0, 20) — 0B, 20) = 2all? = 120ll? = 2 (p, T — T 22)
< lzn = znll([znll + [1z0l]) + 2llpll | Jz0 — T 20l
It follows from ||, — 2| — 0 and ||Jx, — Jz,| — 0 that
1 (9(p,24) — 0(p. 1)) = 0. (25)
Observing that the assumption liminf,, .., 8,7, > 0 and by Lemma 2.2, we also have
nlin;o gllJzn — JTmyzal| = 0.
It follows from the property of g that
nlLrI;O |Jzy — JTinwn| = 0.

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we see that

lim ||z, — Tz, = 0.
n—oo

Similarly, one can obtain
lim |z, — S[n]an =0.
n—oo

Next we show that w,({z,}) C F, w,({zn}) = {z : Jz,, — x}. Indeed, we assume
that Z € w,({z,}) and z,, — Z for some subsequence {x,,} of {x,}. We may further
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assume that n; = [ (mod N) for all i. We also have

[#n+5 = Tt il = l2n, 45 = Tt @i 51l = 0,
which implies # € F'(T};4;) for all j > 0. Similarly, we have € F(Sp4;)) for all j > 0.
Therefore, T € F.
Finally, we show that z,, — Ilpwzo. From z,11 = l¢,,, 7o if we take w € F' C Chy1,
we also have ¢(zp41,2) < ¢(w,x). On the other hand, from weak lower semicontinuity
of the norm, we have

$(@,20) = |Z|* — 2(z, Jwo) + [lol®
2 = 2(n,, Jwo) + [|zol*)

< lim inf(||z,,
1— 00
11— 00

< lim sup ¢(xn,, zo)

i—o0
< ¢(w, xo).
From the definition of IIpxg, we obtain & = w and hence lim;_, ¢(zy,, x0) = d(w, o).
So, we have lim;_, ||zn, || = ||[w||. Using the Kadec-Klee property of E, we obtain that
{zn,} converges strongly to IIpxg. Since {z,,} is an arbitrary weakly convergent subse-

quence of {z,}, we can conclude that {z,} converges strongly to IIpxg. This completes
the proof. m

COROLLARY 3.2. Let E be a uniformly convex and uniformly smooth Banach space and
let C' be a nonempty closed conver subset of E. Let T and S be two hemi-relatively
nonexpansive mappings from C into itself with F := F(T) N F(S) nonempty and {c,},
{Bn}, {7}, {0n} be a sequence of real numbers such that 0 < «, < 1 for all n €
N U {0}, limsup,, o an <1, 0< Bn,¥n,0n <1, B+ vn + 0, =1 for all n € NU{0},
liminf, e Bnyn > 0 and liminf,, o 8,0, > 0. Define a sequence {x,} by the following
algorithm:

xg € C chosen arbitrarily,

Zp = J’l(ﬂnJa:n + YnJ T, + 5nJan),

Yn = J HowJzn + (1 — ay)Jz), (26)
Crp1 ={v € C: d(v,yn) < (v, 20)},

Tny1 = e, To, Vn > 0,

where J is the duality mapping on E. Then {x,} converges strongly to lpxg, where Il
is the generalized projection from C onto F.

Proof. If in Theorem 3.1 we take T,, = T and S,, = S for all n € NU {0}, then (16)
reduces to (26). m

COROLLARY 3.3. Let E be a uniformly convex and uniformly smooth Banach space and
let C be a nonempty closed convex subset of E. Let T be a hemi-relatively nonerpansive
mapping from C into itself with F := F(T) nonempty and {an}, {Bn}, {1}, {on} be
sequences of real numbers such that 0 < o, <1 for all n € NU {0}, limsup,,_,, o, <1,
0 < BnsYn0n <1, B+ 90+ 0, =1 for allm € NU {0}, liminf,,— Bnvn > 0 and
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liminf, o Bndn > 0. Define a sequence {x,} by the following algorithm:

xg € C chosen arbitrarily,

Zp = J_l(ﬂnJa:n + YnJ T2, + dnJTxn),

Yn = J HanJzn + (1 — an)Jzn), (27)
Cni1={v € C: d(v,yn) < d(v,2,)},

Tny1 = e, o, Vn >0,

where J is the duality mapping on E. Then {x,} converges strongly to pxg, where Il
is the generalized projection from C onto F.

COROLLARY 3.4. Let E be a uniformly convex and uniformly smooth Banach space and
let C' be a nonempty closed convexr subset of E. Given an integer N > 1, let, for each
0 <i< N -1, T; be a hemi-relatively nonexpansive mapping from C into itself with
F = ﬂili_ol F(T;) nonempty and {ay} be a sequence of real numbers such that 0 < v, < 1
for allm € NU{0}, limsup,, . an < 1. Define a sequence {x,,} by the following algorithm:

xg € C chosen arbitrarily,
Yn = J HonJzn + (1 — o) J Ty an),

Chy1 = {v eC: ¢(U»yn) < ¢(U7xn)}v
Tny1 = e, ., o, Vn > 0,

(28)

where J is the duality mapping on E and Tj,) = T;, i = n (mod N). Then {x,} converges
strongly to llpxg, where g is the generalized projection from C onto F'.

Proof. If in Theorem 3.1 we put 3, = é, = 0 and ~,, = 1 for all n € NU {0}, then (16)
reduces to (28). m

COROLLARY 3.5. Let E be a uniformly convex and uniformly smooth Banach space and
let C be a nonempty closed convex subset of E. Let T be a hemi-relatively nonerpansive
mapping from C into itself with F := F(T) nonempty and {a,} be a sequence of real
numbers such that 0 < o, < 1 for alln € NU{0}, limsup,,_, . an < 1. Define a sequence
{z,} by the following algorithm:

xg € C chosen arbitrarily,
Yo = J Ny + (1 — ap) JT2y,),

Cry1={v € C:¢(v,yn) < 9(v,2n)},
Tny1 = e, o, Vn >0,

(29)

where J is the duality mapping on E. Then {x,} converges strongly to lpxg, where Il
is the generalized projection from C onto F.

THEOREM 3.6. Let E be a uniformly convex and uniformly smooth Banach space and C'
be a nonempty closed convex subset of E. Given an integer N > 1, let, for each 0 <1 <
N — 1, T; and S; be two hemi-relatively nonerpansive mappings from C' into itself with
T =5 F(T), 8 = N5 F(Si) and F := TS nonempty and {an}, {8}, {7}, {0n}
be sequences of real numbers such that 0 < a,, < 1 for all n € NU {0}, lim,,—o vy =0,
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0 < BnsYnsOn <1, Bp+ v+ 0, =1 for alln € NU {0}, liminf,, . Bpyn > 0 and
liminf, o Bndn > 0. Define a sequence {x,} by the following algorithm:

zg € C chosen arbitrarily,

Zn = J_l(ﬁnJmn + M Tn)Tn + 5nJS[n]xn),

Yn = J HanJzo + (1 — an)Jz), (30)
Cny1 = {U €C: 9(v,yn) < ang(v,m0) + (1 — Ozn)(b(v,xn)},

Tny1 = e, ., T, Vn >0,

where J is the duality mapping on E and Ty = T;, Sy = Si, i = n(mod N). Then {x,}
converges strongly to llpx, where Il is the generalized projection from C onto F.

Proof. We first show that C),41 is closed and convex for each n € NU {0}. From the
definition of C),41 it is obvious that C,y; is closed for each n € NU {0}. By Theorem
3.1, we can prove C, 41 is convex.
Next, we show that F' C C,4; for each n € NU{0}. Let p € F' and n € NU{0}, then
we have
O(p, 2n) = d(p, I (BnJzn + Y TjnyTn + 60 J Spnj )
= |Ip|I* = 2(p, BuJ 0 + Y Tin)Tn + 0nJ Sin)n)
+ 1Bnd Tn + Y T Tr + 5nJS[n]xn||2
< |Ipll* = 260 (p, J2n) — 290 (D, J T n) — 200 (p, J Spuj )
+ 6n||$n|‘2 + 'VnHT[n]anz + 6nHS[n]$nH2
< Bnd (s Tn) + 1 d(D; Tin)Tn) + 600(P, SnjTn)
< Bnd(p, Tn) + (P, Tn) + 6nd(p, Tn)
= o(p,zn),

(31)

and
$(0,yn) = d(p, I~ (@nJzo + (1 — an)J 2n))
= |IplI* = 2(p, anJxo + (1 — an) T 2,) + ||an o + (1 — ) J 2 ||
< llpll* = 200 (p, Jz0) — 2(1 = an){p, Jzn) + anllzol* + (1 — an)2al*  (32)
< an@(p,x0) + (1 = an)(p, 2n)
< ang(p, o) + (1 — an)o(p, ).
So, p € C, for all n € NU {0}, hence F' C C,,. This implies that {z,} is well defined.

From the proof of Theorem 3.1, we also obtain {z,} is bounded and ¢(zp41,,) — 0
as n — 00. Since xp4+1 = g, xp € Cp, from the definition of C,, 41, we also have

¢<xn+1ayn) < an(b(anrth) + (1 - an)¢(xn+1>xn)- (33)

Since lim,, oo @, = 0 and ¢(xp11, ) — 0, we deduce that ¢(zp41,y,) — 0. By using
Lemma 2.3 we obtain

lim [|#n1 =yl = lm [Jzn —2n]| = 0. (34)
n—oo n—oo
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Since J is uniformly norm-to-norm continuous on bounded sets, we have
N [T s — Jyall = i [T r — T =0, (35)
Similarly as in the proof of Theorem 3.1, we obtain
Jim | JZnt1 — Jznl| = 0.
Since J~! is uniformly norm-to-norm continuous on bounded sets, we have
Tim [[zn 41— 2] = 0. (36)
By (34) and (36), we have
20 =zl < llen = ngal| + [|2n41 — 20l = 0.
Again by Theorem 3.1, we obtain
nlingo zn — Tiznll =0 = nlLrI;o |Zn — Spyenll-
Next we show that w,({z,}) C F, w,({zn}) = {z : Jz,, — x}. Indeed, we assume

that Z € w,({z,}) and z,, — Z for some subsequence {x,,} of {x,}. We may further
assume that n; = [ (mod N) for all i. We also have

1Zn;+5 — Tig j1Tni+ill = %045 — Tings 1 Tni+41l = 0,

which implies Z € F(T}4;) for all j > 0. Similarly, we have € F(S};4;)) for all j > 0.
Therefore, T € F.

Finally, we show that z,, — llpxzg. From z,11 = l¢, ., 20 if we take w € F' C Chy1,

we also have ¢(z,41,2) < ¢(w,x). On the other hand, from weakly lower semicontinuity
of the norm, we have

¢(z,x) = ||Z|* — 2(z, Jz) + ||z|?
< li'rninf(Hasm.H2 —2(zp,, Jz) + ||:E||2)
11— 00

< liminf ¢(zy,, x)

< limsup ¢(zn,, )

< ¢(w, x).
From the definition of IIpz, we obtain & = w and hence lim;_, ¢(z,,,x) = ¢(w,x). So,
we have lim; . ||Zp, || = ||w]||. Using the Kadec-Klee property of E, we obtain that {z,, }

converges strongly to IIpz. Since {z,,} is an arbitrary weakly convergent sequence of
{z,}, we can conclude that {x, } converges strongly to IIpx. This completes the proof. =
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