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Abstract. Habiro gave principal ideals of Z[q, ¢~ '] in which certain linear combinations of the
colored Jones polynomials of algebraically-split links take values. The author proved that the
same linear combinations for ribbon links, boundary links and Brunnian links are contained in
smaller ideals of Z]g, qil} generated by several elements. In this paper, we prove that these ideals
also are principal, each generated by a product of cyclotomic polynomials.

1. Introduction. After the discovery of the Jones polynomial, Reshetikhin and Tu-
raev [7] defined an invariant of framed links whose components are colored by finite-
dimensional representations of a ribbon Hopf algebra. The colored Jones polynomial can
be defined as the Reshetikhin—Turaev invariant of links whose components are colored
by finite-dimensional representations of the quantized enveloping algebra Uy, (slz).

We are interested in the relationship between algebraic properties of the colored Jones
polynomial and topological properties of links.

In this paper, we consider the following three types of links.

A link is called a ribbon link if it bounds the image of an immersion from a disjoint
union of disks into S3 with only ribbon singularities.

An n-component link L = Ly U...UL, is called a boundary link if it bounds a disjoint

union of n Seifert surfaces Fi, ..., F, in S® such that L; bounds F; fori =1,...,n.
A link L is called a Brunnian link if every proper sublink of L is trivial.
In [], Habiro used certain linear combinations J;. Pl P l1,...,0, > 0, of the
PP

colored Jones polynomials of a link L to construct the unified Witten-Reshetikhin-Turaev
invariants for integral homology spheres. He proved that .J; Bl P for an algebraically-

n

split, O-framed link L is contained in a certain principal ideal of Z[qy, ¢~ 1] (Theorem [2.1]).
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This result was improved by the present author [8, 9] [10, 11] in the special case of ribbon
links, boundary links (Theorem and Brunnian links (Theorem by using ideals
I,,.... I, of Z|g,q~ '], where Theorem for boundary links had been conjectured by
Habiro [4]. Here, in [8], we gave an alternative proof of the fact that the Jones polynomial
of an n-component ribbon link is divisible by the Jones polynomial of the n-component
trivial link, which was proved first by Eisermann [I]. The results in [4, [8 [, 10} [II] are
proved by using the universal sly invariant of bottom tangles (cf. [3, [4]), which has the
universality property for the colored Jones polynomial of links.

In this paper, we prove that the ideal I;, [ > 0, is a principal ideal generated by a
product of cyclotomic polynomials (Theorem [3.1)), and rewrite Theorems and
by using these generators (Proposition .

2. Results for the colored Jones polynomial. In this section, we recall results in
[4, [9, [T0L [TT] for the colored Jones polynomial. In what follows, we assume that links are
0O-framed. For the definition of the quantized enveloping algebra Uy (slz) see, e.g., [6, 4] Q).
We set ¢ = exp h.
For m > 1, let V,,, denote the m-dimensional irreducible representation of Uy, (sl2). Let
R denote the representation ring of Uy, (sly) over Q(g'/?), i.e., R is the Q(q'/?)-algebra
R = Spangg1/2){ Vi |m > 1}

with the multiplication induced by the tensor product. It is well known that R =
Q(q'/?)[Va].
Set
{itq = ¢ -1, {itgn ={ite{li —1}q-{i—n+1}y, {n}y! ={n}en,
fori e Z, n > 0.
Habiro [4] studied the following elements in R

pl/ _ 4 H(V2 _q¢+1/2 _q—i—1/2)’

for [ > 0, which are used in an important technical step in his construction of the unified
Witten—Reshetikhin-Turaev invariants for integral homology spheres.

For the definition of the colored Jones polynomial Ji.x, ... x, of L with 7th component
L; colored by X; € R see, e.g., [5, 4, [Q].

Habiro [4] proved the following.
THEOREM 2.1 (Habiro [4]). Let L be an n-component algebraically-split link. We have

{2lmax + 1}Q7l1nax+1

J..5  p € Zlg,q '], (1)
L,Pll,...,Pln {1}q
forly, ..., ln >0, where lpax = max(ly,...,1,).
Set
fue = {1 = k}i{k}q!, (2)

for 0 <k <I. For I >0, let I; be the ideal of Z[q, ¢~!] generated by fi.o,. .-, fi.-
In [9, [10], we proved the following.
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THEOREM 2.2 ([0, [10]). Let L be an n-component ribbon or boundary link. Forly,... 1,
nonnegative, we have
2 max + 1
JL;I5’ ..... 5 € {2lmax } . limax+1 H I, (3)
i {1} 1<i<n, i
U, M
where lmax = max(ly,...,l,) and iy is an integer such that l;,, = lmax-

REMARK 2.3. Theorem [2.2] for boundary links had been conjectured by Habiro [4].
In [I1], we proved the following.

THEOREM 2.4 ([1I]). Let L be an n-component algebraically-split Brunnian link with
n > 2. We have

{2lmax + 1} max+1
JL;P1’1,<-~7PlIn {1} {l ‘q} ! H fi (4)
gl'min fq:* 1<i<n, i#in,im
for li,....l, > 0, where lnax = max(ly,...,l,), lmin = min(ly,...,l,) and iy, im,

iM # im, are integers such that l;,, = lmax, li,, = lmin, respectively.

m

Note that the condition “algebraically-split” in Theorem [2:4] is not necessary when
n > 3.

Let us compare Theorems . . and For l1,...,0l, >0, n > 2, let Z(ll’ ok )
Zf,lg ) and Zgr1 ) denote the ideals of Z[q,q 1 at the right hand sides of ,
and ( . respectively, i.e., we set

2lmax 1 -
Sty _ + }q,l,m+1Z[q,q 1,

@ {1}
Z(llv"»ln) B {2lmax + 1}q,lmax+1 H Ili?

r,b -
{1}‘1 1<i<n, i#iy

2lmax ]- 8
Z](Blr17~--7ln) — { 1 +l }q1lrﬂ¢'1x+1 H Ili~
Wholbinke! 0
For l1,...,1, > 0, we have
Z£Zg7..-7ln) C ch‘ll,‘..,ln)7 Z’,(‘lga-uvln) C Z](glrlv---aln),

since we have

Z(llyn-Jn) _ I . Z(ll,...,ln) _ l . 'I . Z(ll7"'yl‘n)

r,b - H l a - ({ mlH}Q' lmin) Br .
1<i<n,itin
On the other hand, there is no inclusion which satisfies for all Iy, ... 1, > 0 between
Z(gll"”’l") nd Z(ll’ o ). For example, we have Z(2222 04 Z(2222) nd Zy 2222) ¢
Z(2>272;2)
p3 since
ZC(LQ,2,2,2) { }q7 [ q ]
{1}
= (=D g+ (@ +q+ 1)@ +D(¢" + ¢’ +¢" +¢" +DZg,q7"],
5}4,3 _
Z(2r72;272) _ { q, {1}4Z[q,q 1]
P {1}q{2}¢!
= (- DU+ e+ D@+ D" + ¢ + ¢ +¢' + DZ[g, ¢ ).
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Thus we have the following refinement of Theorem

THEOREM 2.5. Let L be an n-component algebraically-split Brunnian link with n > 2.
We have

Jppr gy € Ztn) n zf{et),

e,

forly,....l, >0.

3. Main result for the ideal I;. In this section, we state the main result of this paper.
For [ > 0, recall from the generators f o, ..., fi,; of the ideal I;. Set

g =GCD(fio,--.,f11)-

It is clear that I; C g;Z[q, ¢~ !]. The opposite inclusion follows if and only if I; is principal.
Since Z[q, ¢~'] is not a principal ideal domain, there is a problem if I; is principal or not.
The main result in this paper (Theorem is that I; is principal, where we determine
g; explicitly. The proof is in Section

Form > 1,let @, = Hdlm(qd—l)“(’”/d) € Z|qg] denote the mth cyclotomic polynomial,
where [] dm denotes the product over all positive divisors d of m, and p is the Mobius
function. For r € Q, we denote by |r] the largest integer smaller than or equal to 7.

THEOREM 3.1. For l > 0, the ideal I; is the principal ideal generated by g;. Moreover,
we have

g1 = H (I)?”L’mﬁ (5)

m>1
where

oo L”le—l for1<m <I,
B V) forl <m.

Here is a table of ¢; ,, for 1 <m <4, 0 < <16.

m\ |01 ]2[3|4|5[6|7|8[9|10]11]12]13 |14 |15 |16
1 0123456789 |10|11 |12 |13 |14 | 15| 16
2 O(ofo1 (122|334 | 4| 5| 5| 6| 6| 7| 7
3 0/0(0|0O0O|1T |1 |1]2]2 31 3| 3| 4| 4] 4
4 0/0(0|O0Of(O|O|O]1|1]1 20 2 2 2| 3] 3

REMARK 3.2. In [II], Theorem is used in the proof of Theorem [2.4

Theorem implies that the ideals Zﬁlg"“’l") and Z](Blrl""’l”) are principal. Moreover,

. Lo iyeiln Iyl [P
we can write a generator of each principal ideal zlh ), Zﬁ b ) and Z]gﬁ ) as a

product of cyclotomic polynomials as follows.
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PRrROPOSITION 3.3. For ly,...,l, > 0, the ideals Z((lll""’l"), Zﬁf;""’l") and Z](glrl""’l") are
principal. Moreover, we have

Zél17~~-vlw,) — H (I)”Lrgzlmax“rl)/mj_leaX/mJ_Ll/mJZ[q7q_l]

9

m>1
2ttt B [ el =l Eacicn o oy oy
1<m<2lmax+1
Zft)
I e e e T ]
1<m<2lmax+1

Proof. The assertion for Z(gll""’l") follows from

{I}gi = T @p/mi-ta-omi, (6)

m>1

for 0 < ¢ < [. The assertion for Zﬁfé""’l”) and Z](Bli’”"l") follows from (@) and Theorem
BIl =

COROLLARY 3.4. Forly,...,l, >0, we have

-1 B L e N L ey
m>1

ExXAMPLE 3.5. Let L be an n-component algebraically-split link. By Theorem and
Proposition we have

Tp.py. by €219203Z0q,q7 '],
By EPTR20304D5Z]g,q 1],
P €EPIPFD3 D4 P5PsPrZlg, ¢ ]

JL;ISQ',...

)

JL;ISé,.

ey

Let L be an n-component algebraically-split Brunnian link with n > 2. By Theorem
[2:5 and Corollary [3:4] we have

On n—2 _
JL;IE’I/,.H,ISI’ € (Dl 2t ®2(I>3Z[Q7q 1]a

2(6p .2 -2 —
Jr.py,.. By € BT By By B3 Z]g, 07,

3(0n n—2) + 0, n—1 _
Jrpy,...By € @} On2 D gl 90, B30 D1 Z]g, g ).

Let L be an n-component ribbon or boundary link. By Theorem [2.2] and Proposition [3.3
we have

JL;IS{V---Js{ S ¢?®2¢32[q>q_1]7
% € @%”¢2<I)3¢4(I)52[q, q—l]’
€ BBy 3By PrZlg, ¢V

vl

JL;I:’é,...

)

)

J ~
L;Pj,...

Sl
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ExampPLE 3.6. For n > 3, let M,, be Milnor’s n-component Brunnian link depicted in
Figure[l] Note that M3 is the Borromean ring. We have

Tagypp,p = (1) O TR 050770,

which we will prove in a forthcoming paper [12]. This implies that Theorem [2.4]is best
possible for the divisibility by ®; and ®3 of J;, Pl P! with L Brunnian. By Theorem
[2:2] this also implies that each M,, is not ribbon or boundary.

ff\> ’\@

Tt
Fig. 1. Milnor’s link M,

4. Proof of Theorem (3.1} For ay,...,a,, € Z[q,q ], let (a1, ...,a,) denote the ideal
in Z[q,q™ '] generated by ai,...,am € Z[q,q1].

For 1 > 0, recall that I; = (fi,0, fi,1,- .., fig) with fi; = {l —i}4|{i}q! for 0 <i <L
For 0 < k <, we have
(fr,0: fr1s - fur) = {0 =k} (Mo, a1y -5 Pukek)
with
P = fri/{l =k} = {l = i}qn—ili}q
for 1 <i<k. Set
I = (hiko, Pigets - P i),
g1k = GCD(hy k0, P ge1s - higk)-

Note that I;; = I; and g;; = g;.
In what follows, for a € Z[q,¢q~ ']\ {0} and m > 1, let d,,(a) denote the largest integer
i such that a € ®¢ Z[q,q™']. For 0 < k <, we can write

glk_H(P Qlk)

m>1

since each h; 1 ; is a product of cyclotomic polynomials.
LEMMA 4.1. For 0 < k <1, we have

B —1— |EE] for1<m <k,

m

dn(gip) =4 -
(91.4) {0 for k < m.
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Proof. We have
din(g1,k) = min{dp, (R k) |0 < @ < k}
— min{dy ({1 — i}qui{i}a!) 0 < i < k)

minf - | o <)

onf |7 | <o) - |2E).

If & < m, then we have d,,,(g;,x) = 0 since d,, (hl,}c7k) =dm ({k}q!) =0.
Let 1 < m < k. Since we have

ey o |2ty )

for 0 <i <k and a € Z, we have

| =7] [ 0 <4} =mnf| 7] [ o <m 1)

Here, for 0 < i < m— 1, we have |- | = 0 and [=}] takes the minimum with i = m — 1.

Thus we have ‘ -
i[5 [0z} [0 12

This implies
ot =[] 1= |15E]

m

Hence we have the assertion. m
Note that we have the latter part (5)) of Theorem [3.1] as follows.

COROLLARY 4.2. Forl >0, we have
t m
g=gu =] @

m>1
From now, we prove the following generalization of Theorem [3.1]
PROPOSITION 4.3. For 0 < k <, the ideal I} i, is the principal ideal generated by g; 1.
For 1 <k <1, set
ik = 9ik/ 91 k—1-

We have
Gk = H @%Hl)/mkl*L(l*k)/mJ*(L(Hl)/mJ*l*L(l*k+1)/mJ)
1<m<k
— H cI)rLrgl—lc+1)/mJ—\_(l—k)/m] — H ®,,.
1<m<k m|l—k+1

1<m<k
We use the following technical lemma.

LEMMA 4.4. For 1 <k <1, we have

({z 41}, {k}q{kg;f“) — (Gun).

(Note that gi k-1 = GCD({l}q k—1,{l — 1}qr—2{1}q, ..., {k — 1}4!) divides {k —1},!.)
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Proof of Proposition [{.3 by assuming Lemma [{.]] . We use induction on k. For k = 0,
clearly we have

Lo = (910) = (1).
For k > 1, we have
Ik = (hikos ks hikk)
({l}q ks {l l}q,k 1{1}qv e v{ k + 1}q{k - l}q!v {k}q!)
({l k+ 1}q {l}q,k 1s {l 1}q’k72{1}q7 ) {k - 1}11!)7 {k}q!>
=({l = k+1}tegk—1,{k}q!)
{k —1}! )

= gi,k—1 ({l —k+1}g {ktg—
gi,k—1
= (g1.6—191.k) = (91%),
where the third equality is given by
hiei ={l =k +1}g - {l — i}qn—i-1{i}q!,
for 0 <14 <k —1, and the fourth equality is given by the assumption of the induction.
Hence we have the assertion. m

In what follows, we prove Lemma We use the following two lemmas, which are
well-known.

LEMMA 4.5 (cf. Habiro [2] Lemma 4.1]). For a,b > 0, the following conditions are equiv-
alent:

(l) (q)aaéb) = Z[Qaq_l];
(ii) ¢ #p" for any prime number p > 0 and i € Z.
LEMMA 4.6. Let ay,...,am,b1,...,by € Z[q,q~ '] such that (a;,b;) = Zlq,q" "] for all
1<i<m,1<j5<n. We have
(a1ag - am,biba -+ by) = Zlg,q7"].

Proof of Lemma[/.4 It is enough to prove the following two equalities.

k—1 .
GOD({l =k + 1}, {ky, = ! ) = G (7)
gi,k—1
. k—1},! . _
(01— b+ i 1,5 1,) = 2l 0
for 1 <k <I.
First, we prove @ Recall that
ge= [ ®m (9)
m|l—k+1
1<m<k

Since {l —k + 1}q = [[,,j_g41 ©m and dm({k}q%) = 0 for m > k, it is enough to
check that 7

dm({k}q{k 1},! ) >

gl k-1



RIBBON LINKS, BOUNDARY LINKS AND BRUNNIAN LINKS 221

for m|l — k+1, 1 <m < k. Indeed, we have

n({R)) = {; o (10
{k—1}1\ _ JO for mlk,
dm(m) B {1 for m/k. (1D

Here, is clear and follows from
k—1},! k-1
dm<{ i ) = { J — dpm(g1,k-1)

gi,k—1 m
k—1 l+1 l—k+1
R
m m m
_{um—kr—lJ {(u—ku’)m—er
o m
-1
=[5+
m
_J0 forr=0,
1 forl<r<m-1,
where we write k =um +randl —k+1=u'mwithu,v’ >1and 0 <r <m — 1.

We prove . By Lemmas and it is enough to prove that there is no pair of
integers m,n > 1 such that

u'm
+1+[ J
m m

e 2 — p' for a prime p and i € Z,
o dpy({l—k+1}4/G1x) > 1, and
k—1}g! )~
o du({k} e ) 2 1.
Note that
{l—k+1}/ae= [[ @m
m|l—k+1
m>k

Let mll —k+1, m >k, ie, dn({l —k+ 1}4/31.6) = 1. Recall that for n > k, we have
dp({k} 212ty = 0. Assume that 1 < n < k and n|m, which implies n|l — k + 1. The
conditions 1 < n < k and n|l — k + 1 imply d,,(§1.x) = 1 by @ By and (11)), we
have dn({k}qM) = 1. Thus we have dn({k}qw/ghk) = 0, which completes the

gi,k—1 gl k—1
proof. m
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