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Abstract. The regularizing rate of solutions to the Keller-Segel equations in the whole space is
estimated just as for the heat equation. As an application of these rate estimates, it is proved
that the solution is analytic in spatial variables. Spatial analyticity implies that the propagation
speed is infinite, i.e., the support of the solution coincides with the whole space for any short
time, even if the support of the initial datum is compact.

1. Introduction and main results. Let us consider the following system of coupled
reaction-diffusion equations in R" for n € N:

us = Au — V- (uV) in R™ x (0,7),
(KS) vv=Av—v+u in R™ x (0,7),
u‘tzo = Ug, ’U|t=0 = Vo in Rn

In [10] E. F. Keller and L. A. Segel introduced (KS) as the mathematical model of the cell
movement of mycetozoan by chemotaxis. Here u := wu(t) := u(z,t) denotes the density
of cells, and v := v(t) := v(x,t) stands for the concentration of chemoattractant at time
t € (0,7) and location x € R™; the initial data uy := wuo(x) and vy := vo(z) are given
non-negative functions. We use conventional notations: u; := du/0t, A :==>""" | 02, 0; =
0/0x;, V = (D1,...,0,), V- F:=divF:=Y" | 0;F for a vector F = (F',..., F").

There are a lot of works dealing with (KS). For example, local or global in time
existence of smooth solutions in bounded domains with no-flux boundary conditions
were obtained by [1]. Other related works can be found in references of [1].
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Our aim is to derive the regularizing rate of solutions (u,v) in short time, when
ug € LP(R™) and Vv € (LP(R™))™. Throughout this note we often discuss Vv, instead
of v itself. Here LP(R™) is the Lebesgue space for p € [1, 00] with the norm denoted by
I|-1lp- We sometimes suppress the domain R™ in the notation, i.e., LP = L?(R"™). Also, we
often do not distinguish the function spaces of scalar valued and vector valued functions,
if no confusion is likely.

We state the main theorem in this note on the existence, uniqueness and analyticity
in = of solutions (u,v) to (KS) in LP-framework:

THEOREM 1.1. Let n € N and max(1,n/2) < p1 < ps < 00 satisfying 1/p1 +1/p2 < 2/n,
and let ps € [1,00]. Assume that ug € LP*(R™), Vug € (LP2(R™))™, and that vy €
LPs(R™). Then there exist Ty > 0 and a unique solution (u,v) in the class

(1) [t~ 12 G Du(t)] € (0, Tol; LUR™)  for q € [p1, 0],
and
(2) [t — t2E "D Vut)] € C(0, Tol; (LYR™)™)  for q € [pa, o).

Moreover, u,v € C*(R" x (0,Tp)). Furthermore, v and v are analytic in x.

REMARK 1.2. (i) One can get mild solutions (the solution of the integral equations, see
below) without the assumption vy € LP3. We, however, need to show that (u,v) solves
(KS) in the classical sense. It is not necessary to impose non-negativity of ug and vy in
Theorem 1.1.

(ii) For ug or Vug € L™ one can also get the similar results except the continuity in
time at ¢ = 0, since the heat semigroup e*® is not a Cy-semigroup in L>. To obtain the
continuity in time we restrict ourselves to ug or Vug in BUC(R"™) or BSOJ(R"), since
e!® is a bounded Cy-semigroup in these spaces, where BUC is the space of all bounded
and uniformly continuous functions, and ng1 is the homogeneous Besov space; see the
details in [2, 5, 13].

(iii) Propagation speed is infinite. As the corollary of analyticity in z, it is shown
that the propagation speed of solutions to (KS) is infinite. That is to say, the supports
of u(t) and v(t) coincide with R™ for any small ¢ > 0, even if the supports of ug and v
are compact.

(iv) Other equations. We may obtain the same results (in particular, analyticity in x)
on the Cauchy problem of the following three equations of parabolic type.

(a) The generalized Keller-Segel equations:

{ ug = Au—V - (u?Vv),

(GKS) T = Av—yw+4u

for ¢ € N, v € R and 7 = 0,1 with initial data ug € LP for p > n if 7 =0, and uy € LP?,
Vug € (LP2)™ if 7 = 1. For the case when 7 = 0 and ¢ = 1, (GKS) is the so-called Nagai
model, there exists a blow-up solution in finite time, see [11]. When v = 0 and ¢ = 1,
one can obtain the global in time smooth solution for sufficiently small data, which was
shown by H. Kozono and Y. Sugiyama, recently.
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(b) The Fujita equation (semilinear heat equation) with algebraic nonlinearity:
(F) ug = Au+ |u|? M

for ¢ € N with uy € BUC} it is not necessary to impose any positivity.
(¢) The Allen-Cahn equation:

(AC) u =eAu—ud+u
for € > 0 with suitable initial data, e.g. ugp € BUC(R™) and —1 < ug < 1.

In the proof of Theorem 1.1 we use integral equations, which will be explained later.
Existence is based on an iteration scheme, see e.g. [9], that is, we use successive approx-
imations. Uniqueness follows from the Gronwall inequality. Involving the higher order
derivatives, the iteration procedure works again to show that v and v are smooth. To
get the analyticity of v and v in x we establish the rate estimate for the higher order
derivatives.

Let us recall the heat equation:

(H) wy—Aw =0, wl==fecL"(R").

_ l=f?

Using the heat semigroup €' := Gy* and Gy(z) := (4wt)~% exp (— 5-), the solution w
is given in the form w = e f enjoying the following regularizing rate estimates:

3) 0P, < ColB'Ft T BG-D|f]l, for t>0 and 1<r<gq< o0

with some constant Cy depending only on n. Here 92 := 8151 - OPn and |B] == Brt+ -+ Bn
for multi-index 8 = (f1,...,0,) € N§, where Ng = N U {0}. Obviously, (3) implies that
w(t) is analytic in « for all ¢ > 0.

We are now in a position to introduce the notion of a mild solution. Historically, this
notion was introduced by F. E. Browder to study equations of parabolic type, and by
H. Fujita and T. Kato [3] for the nonstationary Navier-Stokes equations. By Duhamel’s
principle it is straightforward to solve (KS) in time to derive the integral equations:

u(t) = etPug — fot et=9)AY . (u(s)Vu(s))ds,

Vu(t) = etAVuy — fot Velt=9)2 (u(s) — v(s))ds.
Obviously, (INT) is equivalent to (KS). The pair of solutions (u,v) to (INT) is often
called a mild solution, we also use this terminology. In what follows we mainly deal with

(INT) rather than (KS).
In this note we derive estimates of higher order derivatives of v and v similar to (3):

(INT)

PROPOSITION 1.3. Letn € N, p > 1, p € [n,00), and let ug, Vvg € LP(R™). Assume that
(u(t),v(t)) is a mild solution on t € (0,T) such that u,Vv € C*(R" x (0,T)) and

u, Vo € C([0,T); LP(R™)) nC((0,T); L"(R™))

for some T € (0,1] and some r > max(p,2). Let M; for j = 1,...,4 be constants
satisfying

My > sup [[u(t)] My > sup t2G=9|ut)],,
0<t<T 0<t<T B

Mz > sup ||[Vo(t)|,, My > sup t2G= 2| Vo(t)],.
0<t<T 0<t<T
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Then there exist positive constants Dy and Dy depending only on n, p, v and M; such
that

(4) 10%u(t)]|q + 10°Vo(t)|l; < Dy(Ds|a])Plt= 7 ~2G—3)
for all g € [p, 0], t € (0,T) and 3 € Nj.

For simplicity we only deal with the solution when p; = ps in Theorem 1.1. From (4)
it is easy to see that u and v are analytic in x. Indeed, one can estimate the radius of
convergence of Taylor’s expansion of u (=: p(t)) from below:

k 1/kq -1
(5) p(t) = [hmsup <7”8’ uk(f)|oo> } >CVt
k—o0 .
for some constant C for any ¢ € (0,7) and ¢ = 1,...,n. The estimate (5) follows from
Cauchy-Hadamard’s criterion and Stirling’s formula, easily. It can be also shown that
v(t) € C¥(R™).

To prove Proposition 1.3 we use the technique developed by Y. Giga and the author
of this note [6]; see also [12]. We divide the time interval (0,¢) of integrals in (INT) into
two parts, to distribute the singularity. To integrate them we press every differentiation
against the heat kernel for s € (0, (1 — ¢)t), and against w and v for s € ((1 — e)t, t).
Finally, we use the Gronwall type inequality (Lemma 2.3) to get (4). Also, smoothness
of mild solutions can be shown by this technique.

This paper is organized as follows. In section 2 we recall several lemmata. Section 3
will be devoted to the proof of Theorem 1.1. In Proposition 3.1 we shall give a proof of
existence and uniqueness of mild solutions. In Proposition 3.2 we shall verify that the
mild solution is in the class C¥ in x.

Acknowledgments. The author would like to express his hearty gratitude to Professor
Yoshie Sugiyama for her encouragement and valuable suggestions. The author would
also like to thank Professor Takeshi Ohtsuka for his comments and suggestions on the
Allen-Cahn equation and other equations. The author also wishes to express his thanks
to the referee for her/his helpful pointing out mistakes in the first version of this paper,
and for letting him know the article [1]. The work of the author was partly supported by
the Japan Society for Promotion of Science.

2. Preliminaries. In this section we give some lemmata. Firstly, we verify (4).

LEMMA 2.1. Let n € N. Then there ezists a constant Cy > 0 depending only on n such
that (3) holds for allt >0,1<r <qg<oo, 3€ Ny and f € L"(R").

Proof. Although this lemma was proved by [6, Lemma 2.1], we give its proof for the
readers’ convenience. Since ||0;Gy¢|l; < 7~ /2t=/2 by Young’s inequality we have

ncl

i 1 _n(l_1
102 fllr < 7 272 fllrs [le™ fllg < (@) EETD| £,

forallt >0,1<r<o0,i=1,...,nand f € L"(R"™). Notice that the heat semigroup
and spatial differentiation commute. Using the semigroup property, for 1 < 6,6 < oo
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satisfying % + & =1 we have
n
tA _ .7 A
107e2 fllq = lle®
i=1

n
t LA B
le# e en { [T 10212 11y IS
=1

PN-EED o\ el
(‘”@) {w (M) } e

forallt > 0,1 <r <g<ooand f € L". Finally, we take § = 7 so that the constant
Co := (47 — 4)7"/2 does not depend on f3. =

IN

N

Next, we recall an estimate for multiplication of multi-sequences with binomial coeffi-
cient, which has been proved by C. Kahane [8, Lemma 2.1]. That will be used to compute
the nonlinear term.

LEMMA 2.2. Let§ > 1/2, and let n € N. Then there exists a positive constant \ depending
only on § and n such that

5 (2 ) nlit=215 o312 < a2
y<B K

for all B € Ni. Here v < 3 means v; < B for all i = 1,...,n for multi-indecies
6 = (Bla' 7ﬁn) and7 = (717"'7771); and (5) = H;L:l %

The dependence of A on ¢ is essentially A ~ E;‘;lj—lﬂ—é’ so we need ¢ > 1/2. The
proof of Lemma 2.2 is based on Stirling’s formula. We omit the proof for brevity.

At the end of this section, we refer to a Gronwall type inequality. Originally, the
following lemma has been proved by M.-H. Giga and Y. Giga [4], and its modification

(sequence version) is in [6].

LEMMA 2.3. Let T > 0, « € R, and let p € (0,1). Assume that ¢y is non-negative,
measurable and locally integrable in (0,T'), and that {1;}32, be a sequence of non-negative
measurable functions in (0,T). Assume that t~%g(t) is bounded in (0,T). Let b. be non-
increasing with respect to . Assume that there is a positive constant o such that

t

Yo(t) < bt™ + O’/ (t —s) " Hs™ 1o (s)ds

(1—e)t

and
t

Gal) bt w0 [ () s (5)ds

(1—e)t
for all j € Ng, t € (0,T) and € € (0,1). Let g9 be a unique positive number such that
1(260) = min{oL, I(1)} with I(e) == [} _(1—7) "7~ 1dr. Then

P (t) < 2bg,t*
forall j € Ng and t € (0,T).

We skip the proof, given in [6].



426 O. SAWADA

3. Proof of Theorem 1.1. We split the proof into three parts: (i) existence and unique-
ness (by Proposition 3.1), (ii) smoothness, and (iii) analyticity (by Proposition 3.2).

Firstly, the time-local existence and uniqueness of mild solutions in L™-framework.
Although the proof of existence is based on the semigroup approach that is standard
and explained in several books (e.g. [7]), for completeness we shall give the full proof.
Throughout this section we only discuss the case p; = ps = n, since the proof with other
exponents is essentially the same (or easier).

PROPOSITION 3.1. Letn € N, ug € L™(R"™), and let Vvy € (L™(R™))™. Then there exist
To > 0 and a unique solution (u,v) in the class (1) — (2) for all q € [n, o).

Proof. Firstly, we construct mild solutions by an iteration scheme. We define the succes-
sive approximations starting at

uy (t) == ey, Vo, (t) := >V,
and define {u;}; and {Vv;}; by
(6) wa(t) = n(®) — [ 9T uy(5) T (s))ds
0
and
(7) Vuji1(t) := Vo (t / Velt =98 (v;(s) — u;(s))ds

for all j € N. We shall verify that the pair {(u;, Vv;)}; is a Cauchy sequence in the class
(1)-(2), and has a unique limit (u, Vv) which satisfies (INT).
Let § € (0,1). Put

K; = K;(T) := sup t= Huj( e, Lj:=L;(T):= sup e HV’UJ( S

0<t<T 0<t<T
Remark that
(8) Ky —0, Li—0 as T—0,
since C§° is a dense subset of LP for p € [1,00).
We shall derive a priori estimate for u;. Taking || - ||z into (6), and multiplying 3,
we have
¢
1-46 1-6
7 luja(@))lz < K +tT/ =92V - (u;(s)Vy ()| 2 ds
0
¢
123 —s
<+ t5 [ ()T 0
¢
< K T [ (- s B (9590 0) s
0
¢
< Ki+ Ctz;&Kij/ (t— s)_%(z_j_%)_%s_l'“sds
0

< Ki+ ClKij,

where the constant C'; depends only on n and §. Here we have used Hélder’s inequality
and Lemma 2.1. Taking supy.;.7 on both sides, we thus have

(9) KjJrl §K1+01KJ‘LJ'.
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Similarly, for (7) we derive
t
1—3§ 1—6
EF IOl < Lot t'5 [Ty 6) ) s
1—46 t 1 1—§ t
<Lt 0T [ (-9 Hu@lpds + 085 [ [Tu0)]zds
0 0

¢ ¢
< L1+Ct%Kj/ (t—s)_%s_lT_éds—i-Ctl_;&Lj/ s~ ds
0 0

< Ly + CoVtK; + CstL;

with some positive constants Co and C3 which depend only on n and §. So, we take
Supg;< tO get
(10) L1 < Ly + CoVTK; + C3TL;.

Notice that {u;} and {Vv;} are uniformly bounded with values in L% on (0,7p) for
some small Ty from (9) and (10). Indeed, by (8) for any A > 0 there exists TA such that

Ki<Xand Ly < Xforall T <T)\. Set A = A\, := 6C and Ty := min(Ty,, = o3 303) We
therefore obtain
(11) sup K;(T) <2\ and supL,;(T) <3x for T <Ty.

JjeN JjEN
Using uniform boundedness (11), one can show that u; belongs to the class (1) as
well as Vv; belongs to (2) for all j € N and for all q € [n, 00| at least when T' < Ty. One
can also easily see that {t%(% a) uj(t)} and {t2 5 )ij( t)} are continuous in time with
values in L1 for all ¢ € [n, co]. Moreover, they are Cauchy sequences in C([0, Tp]; L9) if we
again choose Tp small enough. So, there exists limit (u, Vv) satisfying (INT). Uniqueness

follows from Gronwall’s inequality, see e.g. [5]. This completes the proof of Proposi-
tion 3.1. =m

Smoothness of a mild solution (u,v) is also obtained by a modification of the proof
above. In order to get the ¢-th derivative in x, we involve the quantities

KJ(-Z) = sup tlg_6+%|\vzuj(t)\|%, L;Z) = sup t%6+%||vz+1vj(t)|\ﬂ

0<t<T 0<t<T °

for £ € N in the iteration scheme. We use induction with respect to ¢, and divide the
time-interval of integrals into (0,¢/2) and (¢/2,t). For example, we derive the estimate of
the second derivative of u; by

3-6
£ [ VPujpa (b)) 2
328 12 tA 3-8 Ko ! 2 (t—s)A
<t T || Vieuglln 4172 / —I—// [[V<e V- (ui(s)Vv;(s))|| 2 ds
2
<KP + oML+ kL + KPP+ KV LW 4+ kL),

It is natural that we have to choose Ty small enough so that K j@) and Lg@) are uniformly
bounded in this way. Indeed, we may see Ty ~ £~* basically, if we use above arguments.
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However, it is not necessary to choose T; depending on £ for deriving uniform bounds of
K J@ and ng) on j actually, if we use a modification of the proof of the next proposition;
see the end of this section.

We may extend the time-interval when the mild solution exists up to T, since mild
solution does not blow-up and is unique at least until Ty. So, it is shown that our mild
solution (u(t),v(t)) belongs to C*°(R™) for all ¢ € (0,7;). The analyticity of the heat
semigroup implies that u,v € C°(R"™ x (0,Tp)).

Next we establish the estimates for higher order derivatives of u and Vv, which are
formally equivalent to (4). Again, we only discuss the case p = n in what follows.

PROPOSITION 3.2. Suppose that all assumptions of Proposition 1.8 hold with p = n and
n > 2. Let § € (1/2,1]. Then there exist positive constants Dy and Dy depending only on
n, r, 0 and M; such that

(12) 07u(®)llg + 1107 Vo(B)l < Di(Do|B)1=0¢ = 26w
for all g € [n,00], t € (0,T) and B € Nj.

Proof. Let n > 2, r > n and 0 € (1/2,1]. Assume that ug, Vg € L™(R™). Let T' <
min(1, Tp), where (0,7p) is the time-interval when the unique solution exists ensured by
Theorem 1.1. Using the above arguments, for my € N (fixed later) we choose D; large
enough such that

(13) 107 u(®)llq + 107V u(t)]lg < D1, t € (0,Tp)

hold for all 5 € N with || < my. Clearly, (13) implies (12) for |G| < mg. We shall derive
(12) by induction. Let m € N and m > mg. Assume that (12) holds for all |5 < m — 1.
We now proceed to show (12) when |5] = m.

Let ¢ € (0,1/2). By (INT) we estimate the L9-norm of 9%u:

(1—e)t t
108 e ugl|q + (/0 +/( ) 10792V - (u(s)Vo(s))||ods

1—e)t

107u(®)llq

IN

= Uy +Us + Us.

We derive the estimates for each term. For U; by Lemma 2.1 we have

U, < C‘ﬂm@f@*% T3
Here the constant C; := Collug||, < CoM; does not depend on 3 and t. We estimate
U2 by

(1—e)t
< [ IR gy ()T s

(1—e)t
18]4+1 _1Bl+1 _ne2_1
< Co(IBl+1)> /O (t—s) = 07D u(s)|n]| Vo(s) [lnds

3
\6\+16_|6I_%+21 W—%+l

< Co(|B|+1) 2
Here Cy := 2CyM; M. We divide Us into two parts:
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t
Us = [ 95T 02 uls) V() ods
(

1—e)t
! (t—s)A /6 ¥é3
IR VAR _ar_ E OTu)(0777V
/( ||e ||£(Lq+r L) 'y<6<7)( xu)( z U)

1—e)t
¢ 1_1
< C'o/( (t =) 27 (107 ull o [IV0ll + l[ullr|87 Volly)ds

1—e)t

t
wo [ ot 5 (0 )mulyloz e
(

1—e)t

ds

qr
+r

IN

=: Uzq + Usyp.

Here we used that v < 8 means v < § and ~; < ; for some ¢. By the definition of Ms
and M, we easily estimate Us, by

t
Use < Cy /( (=TT (02l + 102906 ) d
1—e)t

with Cs := Cy max(Ms, My). For Us, we use the assumptions of induction:

t
U?“’“O/ (t=s)7277" Y (ﬂ)Dﬂme-%—%—%%—%)
(1—e)t 0<~<8 Y
B=_n

X Dy(Da| — )05~ 7 -3 G- D

—26 Bl 14 ﬁ _ o
= CoDIDY " Tt R Y ( )IVI” 218 — |10

< CoM., s DYDY | g|IP1=0 = ~ 3435,

1Bl 14 n
Here we have used Lemma 2.2, and J, 5 := f1176(1 - T)*%*%T_%_H?(%“‘%)dr

Analogously, we now estimate 92 Vuv:

(1—e)t t
107" Vvl + (/0 +/( ) 10772 (u(s) — u(s))ll4ds

1—e)t

107Vu(®)llq

IN

= V+Ve+ Vs

Similarly to the case for Uy, we estimate V; by
181 1Bl _ n ( 11 )

Vi<Cyplzt T 2
for t € (0,T) with the constant Cy := Cp||Vvol|,. For Va we get
(1—e)t
Vo < /O (10772 | pn oy u(s)lln + 10742 | zn o) Vo(8)]ln)ds

1Bl+1 [Bl+1 1

(1_E)t L n
= CO/ (Mi(1B]+ )72 (t—s) = 27 +M3\ﬁ|%(t— )" "2t3)ds
0

~ 181 181 n 1Bl | n
< G|+ 1) T e Iy

for t € (0,T) with Cs := Co(M; + Ms), since e < 1 and t < T < 1. We easily estimate
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V3 by
t
v < /( (Cott =) Hjo2us)lo + 1029l )ds
—e)t
t
< /(1 )t(t—S)’T? 2 (|02u(s)llg + 1102 Vu(s)]lq)ds
since Cy < 1.
Set (t) := [|0%u(t)|l4 + |02 Vv(t)]| ;. Summing up, we see that
Iﬂl 1 _u__ _Bl_1,n
W(t) < (ColB)'= + Cr(|B] + 1) 72 e~ = 875 4 CoALDIDYI72 g 101-0)— 5 — 3+
t
FCorn) [ g B uGs)as
(1—e)t

for t € (0,7) with some constants Ces:=C1+Cyand Cq :=Cy + Cs independent of
and ¢.

Fix mg € N with mg > 2 large enough so that J,,, < 1/(2C5 + 2), where J,, =
J1/m,m- Note that lim,, .o Jr, — 0, since r > 2. Recall that ¢ may depend on |3, so
we take ¢ = 1/|8| for all § € N§ with m = |3] > m > 2. In this setting we can easily
show that J,, is uniformly bounded in m > 2, indeed, J,, < %. Also, for m > 2 we
see m™/2 < m™=?% and

(m+1) " m+37 % < 2(8m)m .
We now apply Lemma 2.3 to get
w() (ngm 6+CQD2D£n 25) m— ét—%—%-i-%
with ég = 266 + 407 and Cg = 800)\7“\/5/(7‘ - 2)

Finally, it should be shown
(14) Cs8™ % + CyDIDY % < D, Dy*°
by suitable choice of the constants D; and Ds. In fact, let D; > 2Cs satisfying (13)
for all 3 € N§ with |3| < mg. Also, let Dy > max(8, (202D;)/%), then (14) holds for
all m > mg. Now we obtain (12) for all 8 € Nj. This completes the proof of Proposi-
tion 3.2. m

To end this note we show that
(15) u(t), Vo(t) € C=(R™), ¢ € (0,T)

by the modification of arguments above. We recall that the mild solution (u,v) is the
limit function for successive approximations (6) —(7) by iteration. Take § € Nf arbitrary.
We now define for j € N

i (t) = 1107u; () g + 197V ()4,
and argue in the similar way to the proof of Proposition 3.2 to get 0%u and 9?Vv ¢
C(0,Tp; L9) by applying Lemma 2.3 (sequence version). Indeed, there exist constants D}
and D) such that

;(t) < Dy(Dy|B))AI 01T —EG D)



ANALYTICITY OF KELLER-SEGEL EQUATIONS 431

for all t € (0,T}), 8 € Nj and j € N. Since (3 is arbitrary, u;(t), Vv;(t) € C*°(R") for
t € (0,Tp) and j € N. Moreover, since u; converges to u, and Vv, converges to Vv in
(0,Tp), (15) holds true.

[10]
(11]
[12]

[13]
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