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ON THE GLOBAL EXISTENCE FOR A REGULARIZED MODEL
OF VISCOELASTIC NON-NEWTONIAN FLUID

BY

ONDREJ KREML, MILAN POKORNY and PAVEL SALOM (Praha)

Abstract. We study the generalized Oldroyd model with viscosity depending on the
shear stress behaving like u(D) ~ |D|P~2 (p > 6/5), regularized by a nonlinear stress
diffusion. Using the Lipschitz truncation method we prove global existence of a weak
solution to the corresponding system of partial differential equations.

1. Introduction. The well known Oldroyd model describing the flow
of incompressible viscoelastic fluid consists of the following system of partial
differential equations:

divv =0,
(1.1) v +div(vev) = —-Vr + puAv +div T,
T+ 8T+ v-VT = 240D + WT — TW + a(DT + TD).

Here the unknowns are the velocity vector v, the pressure 7 and the symmet-
ric extra stress tensor T. The tensor D is the symmetric part of the velocity
gradient, D = D(v) = 3(Vv + (Vv)T), and W denotes its skew-symmetric
part, W = W(v) = 2(Vv — (Vv)T); 1 and pq are positive constants and
a € [—1,1] is a real parameter. The special choices a = —1,0, 1 yield respec-
tively the lower convected (Oldroyd-A), corotational, and upper convected
(Oldroyd-B) models.

Apart from the work of Lions and Masmoudi [I0], where the authors
proved global existence of weak solutions for the corotational model, the
global existence theory for the Oldroyd models is still an open problem.
Existence of weak solutions to for general a is proved only under some
smallness assumptions, either on the time interval or on the initial data (see
e.g. 5, [8], [9], [11).

It is well known that some fluids, e.g. blood, exhibit both a viscoelastic
and shear-thinning behavior. Therefore it is important to consider models
which can describe these properties. In this paper we propose a generalized,
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and regularized, version of the Oldroyd system . Namely, instead of
a constant viscosity coefficient p in 2 we introduce a shear dependent
viscosity (D) with properties specified later. This enables the model to
better describe the shear thinning behavior of the fluid (or shear thicken-
ing, if needed). As even the model with constant viscosity is (except for
the special case discussed above) not known to possess a weak solution, it
cannot be expected for a more complex (and less regular) model. Hence we
regularize equation (|1.1))3 for the extra stress by introducing a (nonlinear)
stress diffusion. Denoting

(1.2) B(v,T):=WT - TW + (DT + TD)
the system we study is

divv =0,
(1.3) v +div(ve v) + Vr —div(u(D)D) = div T,

T+ v -VT —ediv(y(VT)VT) + T = 214D + B(v, T).

Here € is a positive constant and the properties of the functions p(D) and
v(VT) are stated later.

We consider our system on a space-time cylinder 2 x [0,7") where
2 C R? is a bounded domain with Lipschitz boundary, and we add the
initial conditions

(1.4) v(x,0) =vo(x) and T(x,0)=Ty(x) in 2
and the boundary conditions

oT
on
We assume that the function p : R3*3 — R satisfies the following condi-
tions. For some p > 1:

(1.5) v=0 and =0 ondR2x|[0,7T).

(i) u(D)D is p-coercive, i.e.
(1.6) Je>03p1 € LN(02 x (0,7)) VD eRZS : 11(D)DJ* > ¢|DPP — o1,
(ii) u(D)D has (p — 1)-growth, i.e.
) Fe>03pye LV (2 x (0,T)) VD eR33 . u(D)D| < c[DP ! + ¢y,

Sym

(1.7
(iii) uw(D)D is strictly monotone, i.e.

(1.8) VD, Dy e R3X3 Dy #Dy: (u(D1)Dy — u(D2)Dy) : (D —Dy) >0,

sym >
and similarly v : R3*3%3 — R™ satisfies, for some ¢ > 1,
(iv) v(VT)VT is g-coercive, i.e.
(1.9)  Fe>03p3 € LN(2x (0,T)) VT € RIS

Y(VI)|IVT > ¢|VT|? - s,
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(v) v(VT)VT has (¢ — 1)-growth, i.e.
(1.10) 3¢ >0 3pg € LY (2 % (0,T)) VT € R3X3

sym
(VT)|VT| < ¢|[VT|9™" + ¢4,
(vi) v(VT)VT is monotone, i.e. YVDIVE| < VT i

(1.11) VT, T2 e RYE: ((VT1)VT1—y(VT2)VTy) : (VI —VTy) >0.

Sym

This model was first introduced in [7] where existence of weak solutions
for p > 8/5 and ¢ sufficiently large was proven for either periodic boundary
conditions or complete slip boundary conditions for the velocity v. The proof
n [7] is based on the L test functions technique developed by Frehse, Malek
and Steinhauer [6]. The case of Dirichlet boundary conditions for prob-
lem was studied in [12], where existence of weak solutions is proved for
p > 6/5 and ¢ > 2p’. The proof is based on the Lipschitz truncation method
and the construction of local pressure from [4]. Moreover, in both cases, an
additional lower order nonlinear term was used in order to obtain suitable
a priori estimates. In this paper we further improve the condition on ¢, un-
der which the existence of weak solutions is proved, remove the additional
lower-order term, and based on the recent result for the Lipschitz truncation
to the solenoidal functions (see [I]) we also significantly shorten the proof.

A similar model was studied in [2] where the authors consider the clas-
sical Oldroyd-B model with constant viscosity p and linear stress diffusion,
and prove global regularity of solutions in 2D.

In the whole text we denote vectors by small bold letters and tensors by
capital bold letters. We introduce the following function spaces:

Cooiy(2) :={v : R® 5 R? | v € C°(2),div v = 0},

)={v R3S R3|ve el dw(g)}H'IIL?(m,

Odlv(
I,
Odlv( ) ={v:RI 5 R3[v e Cyy, ()} e,
2):={T:R3 - R>3 | T € C>(2), T symmetric MLQ(Q),
ym
W;yvzx )i= {T: R — B3 | T € ((2), T symmetric} """,

Moreover, we denote by X* the dual space to X, and by (T, p)j,» the duality
between W*T(£2) and (W (£2))*; similarly the duality between the Sobolev
space of solenoidal functions with zero trace (or symmetric tensors) and its
dual is denoted by (T, )k r.div (0r (T, ¥)k,rsym respectively). For ¢ > 0 we
denote by Q; = 2 x (0 t) the space-time cylinder. For s € [1, o0] we denote
by s its dual exponent, i.e. 1/s+1/s" = 1.

Before defining weak solutions of we denote

(1.12) A(T, %) = —Ty + (T9)" +a(Ty + (Ty)")
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and observe that integrating by parts and using the boundary condition
(1.5)1 we obtain

(1.13) | B(v,T): ¢pdxdt = — | v-divA(T,)dxdt
2 9]
for all 1» € C*°(§2). Note moreover that in our case ¥ and T are symmetric,
therefore
A(T,¢) =¢T — Ty + a(TY +¢T).

DEFINITION 1.1. Let v € L0 giv(82) and T € L2, (£2), and let €, pug, T
be posmve constants. Let p : R3%3 — R* be a continuous function satisfying
(1.6)— with some p > 6/5, and let v : R3*3*3 5 R* be a continuous
functlon satlsfymg - with some ¢ > 1. We say that a couple (v, T)
is a weak solution of System with initial conditions and boundary
conditions if

v e L>(0,T; Lo aiv(£2)) N LP(0, T Wo b (12)),

T € L>(0,T; LZ,,(£2)) N LI(0, T; W& (£2)),

sym

sym (

ov € L7(0, T (W0 dw( ))*) for some 1 <o < 2p,
AT € LY (0,T; (WhL (2))%),

sym

and for almost all ¢t € (0,7") we have

(1.14)  (Ov(t), @) 10maiv + | (WDB)D(t) = v @ V) : Vepdx

? = | divT(t)  pdx
for all ¢ € C55y;, (£2), 2
(115) <0tT( 1,q,sym + S ’l,bdX
Q
+e | V(VT(t)VT(t) : Vpdx + | T : pdx
Q Q
20 | D(t) 1 pdx — | v(t) - div A(T(t), %) dx
0 Q
for all symmetric 1 € C*°({2),
(1.16) Ve € Coaiy(£2) : tl_i)r(])a S v(t) - pdx = S Vo - p dx,
o 0
(1.17) Vip € C(02) + lim VT(t) s pdx = | Tp : pax,
o 0

and (1.5)); is fulfilled for almost all ¢t € (0,7) in the sense of traces.

We are now ready to state the main theorem of this paper.
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THEOREM 1.2. Let £2 C R? be a bounded domain with Lipschitz bound-
ary. Let vo € L§ 4,(2), To € LZ,,(£2) and let €, o, T be given positive
constants. Let pi : R3*3 — RY be a continuous function satisfying (1.6)—(1.8))
and let vy : R¥3*3 — RY be a continuous function satisfying (1.9)-(T.11)).
Moreover, let

6/5<p<2, q=>4,
1.18 2
(19 2 <, ‘> il
Then there exists a weak solution to system (|1.3|) with initial conditions (1.4
and boundary conditions (1.5]).

The rest of the paper is devoted to the proof of Theorem [1.2] The proof
is organized as follows. In Section [2] we present an approx1mate system,
show the existence of weak solutions to it and derive a priori estimates. In
Section [3]we perform the first limiting procedure, pass to the limit in most of
the terms in the equations, and identify the main problem which we have to
solve. In Section [4] we recall some recently proved properties of the Lipschitz
truncation operator which is a key tool in the final step of the proof. Then
we complete the proof.

2. Approximation and a priori estimates. Let £ € C*°(]0,00)) be
a nonincreasing function such that £ = 1 in [0,1], £ = 0 in [2,00) and
0> ¢ > —2. For m € N we define

§"(s) = &(s/m), s €[0,00).

We consider the approximate system (denoting D™ = D(v™), T (t) =
2|71 [ T™(t, ) dx)

divv™ =0,
(2.1) OV +div(v v (V™)) + Va™ —div(p(D™)D™) =div T,

BHT™ +v™ - VT™ — e div(y(VI™)VT™)

+ T2 T™ 4+ T™ = 240D™ + B(v™, T™)

with initial conditions and boundary conditions .

DEFINITION 2.1. By a weak solution to system (2.1)) we mean a couple
(v™, T™) such that

v € C([0,T]; LE 43, (£2)) 0 LP(0, T Wy % (£2)),
T™ € C([0,T]; Ln(£2)) N L9(0, T; WL, (92)),
ov'™ € Lp (O T ( OdIV( )) )
aT™ € L7(0,T; (Wi (£2))")
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satisfying
T T
(2.2) S(@tv L @) 1p.div dt — S S vt @ vTEM(|v™])) : Ve dxdt
0 00
T T
+{ [ u@™D™: Vpdxdt = | | divT™ - pdxdt
09 00

for all ¢ € LP(0,T; Wol,’fﬁv(g)), and

T T
23)  V@T™ p)rgdt+ | (v VI™) : 4 dxdt
0 00N

T
+e | | y(vI™)VT™ : Vo dx dt
0N
e
+ | S(mTTAq_QTW—i—Tm) L4 dx dt
0

= 240

O

T
\ D™ pdxdt— | | v div A(T™, ) dx dt
2 00N
for all ¢ € LI(0, T; Wayd (12)).

THEOREM 2.2. Let 2 C R? be a bounded domain with Lipschitz
boundary. Let vy € L% aiv($2), To € Lsym(Q), let ¢, po, T be positive con-
stants, and m € N. Let pu : R33 — RT be a continuous function satisfy-
ing (|L.6] . and let v : R3*3%3 5 RY be a continuous function satisfy-
mng . - Moreover, let - hold Then there exists a weak solution
of system with initial conditions and boundary conditions (|1.5).

Proof. The existence is proved using the standard Galerkin method. We
look for approximations in the form

X) = zn:c?(t)wl X
T™"(t,x) = Zd” W' (x

where {w'(x)}2; is an orthogonal system in I/V0 ’dlv(Q), orthonormal in
L%(£2) formed by smooth functions, and {W?*(z)}22, is an orthogonal sys-

tem in Wslyfn(Q), orthonormal in L?({2) formed by smooth functions such
that W'(x) = (3|2|)~1/?1(x)I, where 1(x) is the characteristic function



REGULARIZED MODEL OF VISCOELASTIC FLUID 155

of the domain {2 and I denotes the 3 x 3 identity matrix. The definition of
the Galerkin approximation is standard. Local in time existence of a solu-
tion to the Galerkin approximation is a direct consequence of the theory of
systems of ODEs. The solutions are global as soon as we are able to prove
certain a priori estimates. If we “test” the Galerkin approximation for v"»"
with 2ugv™"™ and the approximation for T"*" with T™" and add the for-
mulation for T™" “tested” with W' (i.e. integrated over £2) and multiplied
by TT/[’H, we get

1d |£2]
20 5 g (v rTme 4 )

+ 2p0c|| VV™TE + ec|| VT

C
3+ E|Tﬁn|q

< C() + ¢ | V) VT (T + [T d
2

Under the assumptions of the main theorem, it is easy to estimate the in-
tegral on the right-hand side, and thus we get control of norms coming
from the left-hand side. The procedure is similar to estimates in Theo-
rem only slightly easier. Note, however, that the control depends on
m; indeed, it is independent of n. Next, by a duality argument, we also esti-
mate the time derivatives of v™" and T""" as stated in Definition and
using the Aubin—Lions lemma we get strong convergence of v"™" and T"»"
in L2((0,T) x £2). The proof of Theorem is completed by the standard
monotonicity argument (the Minty trick, see also Section [3)) and the density
argument to extend the class of test functions. m

THEOREM 2.3. Under the assumptions of Theorem[2.2] for any m € N,

(2.5)  [Iv™Izeco,mn2()) + 1T oo 0,1522(2)) + IVV™ [ Lo (0,720 (2))
+ [IVT™[| Laco,r;0a(02)) < €
with ¢ independent of m.

Proof. For fixed m, we proceed in much the same way as above. However,
we cannot use the information from the term m=!|T7|972T™, hence the
estimates are slightly more complex. Unlike the Galerkin approximation, we
do not sum the estimates of v"™ and T™. We test equation 2 with v™
and get

S
V™[5 dt + | || Vv |5 dt
0

(2.6)

N | =
O t— »
SR

<

O e &

2 dxdt+§§ V™[ [VT™| dx dt.
n 08
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Next we test equation ([2.1)3 with T™ and obtain

S S
IT™ 3 dt + e | V™9 dt + | | T3 dt

0 0
s s

< g Vpsaxdt+ | v |vT™ dxdt+ | | [v™[|T™||[VT™| dx dt.
0n 00 00
The information about T"" on the left-hand side is not sufficient, as it is in
the second power. We therefore use the same trick as before; we integrate
3 over {2 and multiply the result by T’;. Hence

S:\&

(2.7) %g
0

1 S S S
(2.8) 55 IT7, ]2dt+S\T 2dt <\ |T7| | V™ [VT™| dx dt.
0 2
We first take p < 2. Then from we have

S
nTﬁmm@@sc(1+MwmmﬂgmvamqmdQ.
0
Hence, writing the last term in (2.7)) as

S

PV v (v dx dt

098 s s
<\ v T — TR [VT™ dxdt + { T3] | [v™][VT™ | dx dt,
08 0 02

we get, using Poincaré’s inequality,

K /2 /¢ /
IVT™ [ a0,5520(2) < C(l + (S V™ 720 dt>1 2(8 VT, 0 dt)l '
0 0

4 (Va0 f”(WVTmimnﬁf”
(§|mm; )(NVTW\ )",

Therefore
S

IV | zooirizacay < C(1+ (JIv 220y dt)
0
Finally, from (2.6)),

V™ (s, )220 <cxl+(Mwmﬁ%mdt
0

1/(!1—2))'

9

)1/2+1/(q*2)>

which leads to the estimate by virtue of the Gronwall lemma provided ¢ > 4.
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For p > 2 we use the LP-norm of the velocity gradient. Proceeding as above
we get

NV o010 (2)) < C(1+ (IVV™ | oo Lo()) T2 072),

which gives the required a priori estimates provided ¢ > 2p/(p —1). m

3. Limiting procedure I. In what follows, we consider only the more
interesting case p < 2. The other case can be proved similarly, we only need
to work with different spaces corresponding to the a priori estimates.

LEMMA 3.1. Let {(v™, T™)}°_, be a sequence of weak solutions of (2.1).
Then there erists a subsequence (not relabeled) such that

(3.1) vt v weakly in LP(0,T; W&ﬁiv(ﬁ)),

(3.2) v ~* v weakly® in L®(0,T; L*(2)),

(3.3) T" =T  weakly in LU(0,T; WL (£2)),

(3.4) T™ ~*T  weakly* in L>=(0,T; L*(12)),

(3.5) x(D™)D™ — S weakly in L (0,T; LV (£2)),

(3.6) YVT™VT™ =~ U weakly in LY (0,T; LY (2)),

(3.7) v —v weakly in L°P/3(0,T; L*/3(2)),

(3.8) OV =0  weakly in L°(0,T;( Odlv( ))*), 1 <o <5p/6,
(3.9)  &T™ — 0T weakly in LT (0, T; (Whi(2))%),

(3.10) v —>v strongly in LP(0,T;L"(£2)), 1 <r < ?)?)_pp,
(3.11) T"™—>T strongly in L1(0,T; L"(£2)), 1 <7 < o0,
(3.12) v —>v strongly in L*°(0,T; L* (1)), 1 < 20 < 5p/3,
(3.13) v" v (v™]) = v®v  strongly in L°(0,T; L7 (12)),

1 <0< 5p/6,
(3.14)  L|TW|9*T™ — 0 strongly in L'(0,T; L'(£2)).

Proof. Convergences (3.1)—(3.4) are direct consequences of the a priori
estimates ([2.5). Convergences (3.5) and (3.6)) are achieved by combining
the a priori estimate (2.5) with ((1.7) and ((1.10) respectively. Interpolating
between L>°(0,T; L2(£2)) and LP(0,T; Wy 'k (£2)) yields (3.7).

Next we prove (3.8)). To this end it is enough to prove an a priori bound
for the time derivative of v in L7(0, T} (WO dw)*) We denote

By = {p € L7 (0,T; W) | llel <1},

Lo’ OTW” V)
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and using (2.2)) we estimate

o™, ., o/ oy = SUp | |(Ov™, l,a’,divdt‘
fe2 iiL (0,T5( OdW)) oy §)< 3 )
= sup S (v @ vE™ (V) — p(D™)D™ — T™) : Ve dx dt)
weBl Q

< jup (V™22 () + e[ D™ ne(gpy T 1#2llze@r) + IT™ | o (@1))
€B
x HVSOHLJ’(QT)
2
C(l + HVm||L5p/3(O7T;L5p/3 2)) + ”Dm”L(p Do (0,T;LP~1o(2))

+ IT™ | 20,7 12(52)))

C(l + HVmH%oo(o,T;m(Q)) + vamii%p(o,T;er oyt HDmHLp (0,T;LP(£2))

+ 1T Lao,riLe(02)) < 6
we used 0 < 5p/6 < 2 when we estimated ||p2|| and || T™| in L7 (0,T; L7 (£2))
and |[D™| in L®=D7 (0, T; LP=1D7(£2)). Convergence (3.8)) now follows easily.
In the same way we also derive @D using . Once we have estimates for
time derivatives, convergences ([3.10) and (3.11)) are direct consequences of
the Aubin—Lions lemma. Convergence 3 12 follows from and ( -
with r = p, by interpolation. Further, (3.12)) implies that v (x t) = v(x,t)
a.e. in QQ7, which together with the uniform estimate

| v evmem(vm))7dsdt < | v dxdt < c
Qr Qr
and a combination of Lebesgue’s and Vitali’s theorems implies the strong

convergence . Finally, (3.14) is a direct consequence of the bound
m~| T < C and the estimates above. =

HL°° 0.1)

Now we pass to the limit in equation (2.3)) for the extra stress tensor T.
For this, fix a test function v € L9(0,T; Wslygl(ﬂ)) Using Lemma E
claim that we can pass to the limit in all terms in ({2.3]). For example in the
convective term

S v VT™  apdxdt

Qr
we use strong convergence (3.12) and weak convergence VIT™ — VT
in LY(Qr) keeping in mind that 1/(20) +2/q < 1 as ¢ > 4. Exactly the
same argument applies to the term

| v div A(T™, ) dx dt,
Qr
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and thus the limit equation is

T

(3.15)  \(OT, %) 1th+§

v-VT):¢dxdt

{:)L/ﬁ

T T
+e| U Vypdxdt+ | | T:epdxdt
0 £ 00N
T T
=2u0 | | D:gpdxdt — | | v div A(T, ) dxdt
0 £ 00N

for all ¢ € L9(0, T Wsly’ga(ﬂ)) Finally, we have to show that
(3.16) U =~(VT)VT.

To this end we use T™ as a test function in (2.3)) and T as a test function in
(3.15)). Note that these are both suitable test functions in these equations.
Comparing the results we get

limsup | y(VI™)VI™: VI™dxdt = | U: VT dxdt.
m—r0o0
Qr Qr
Using the monotonicity assumption (1.11]) for v we get

0< | (W(VI™VT™ —(VC)VC) : (VI™ — VC) dx dt,
Qr
and taking the lim sup also
0< | (U-~(VC)VC): (VT - VC)dxdt,
Qr
which holds for all C € L4(0, T; Wayd (£2)). Thus we can plug in C = T+ SE
for 8 € R and any E € L4(0,T; Wayd,(£2)). Then letting 5 — 04 and § — 0_
and using the continuity of the function v we finally arrive at
0= | (U-—y(VT)VT): Edxdt,

Qr
which yields (3.16)).

Next we pass to the limit in the momentum equation . Here we fix
a test function ¢ € L7 (0,T; W(}gllv(ﬂ)) with ¢ being a dual exponent to
o € (1,5p/6]. Using convergenceé stated in Lemma we can pass to the
limit in all terms of and arrive at
T

T
317§V, @ pavdt = | | (v
0 0

T
+\{8:Vpdxdt=| | divT-pdxadt
(0] 00
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for all ¢ € L7 (0, T; W(}é’ll\,(!))) It remains to show that
(3.18) S = u(D)D.

4. Lipschitz truncation and limiting procedure II. To prove ({3.18])
is not as easy as showing (13.16)). Recall that in this case v is not a suitable
test function in the limit equation (3.17). The rest of the paper is thus

devoted to the proof of (3.18)).
In order to show the convergence
p(D™MD™ — p(D)D ae. in Qp

(i.e. S = (D)D), we will use Theorem 2.2 and Corollary 2.4 from [I]. We
first introduce some notation. For a > 0 we say that Q = I x B C R x R? is
an a-parabolic cylinder if r; = 047“?3, where r; is the radius of the interval I
and rp the radius of the ball B. By Q% we denote the set of all a-parabolic
cylinders. For k > 0 we denote by k@ the scaled cylinder kQ = (kI) x (kB),
where kB is the scaled ball with the same center, and similarly for k1. Then

the a-parabolic maximal operators M® and M?, s € [1,00), are defined
by

(MEf)(t,x) == sup -
Q'eQ;(t,x)€Q! ’Q 1o

(MEF)(E,x) == (M F°)( 7X))1/S-
For A\, > 0 and o > 1 we define
O5(2) = {(t;x) | M3 (€10,|V?2]) > AN MG (€10, |0r2]) > A}

S |/ (s, y)|ds dy,

Note that z ~ V~lu; for a more precise definition of z see [I, proof of
Theorem 2.2].
We have (see [I, Theorem 2.2 and Corollary 2.4])

THEOREM 4.1. Let 1 <p < oo, p,p’ > 0. Let u,, and G,, satisfy
<8tuma 90> = <diV G, 90>

for all ¢ € C§%,(Qo), Qo = Inp x By C R x R3. Assume that w,, is a
weak null sequence in LP(Io; WYP(By)) and a strong null sequence in L (Qo)
and bounded in L>(ly; L7 (By)). Further assume that Gy, = Gim + Gom
where G1 p, 15 a weak null sequence in Lp/(Qo) and Ga m, converges strongly
to zero in L?(Qo). Then there exists a double sequence {\y,} C RT and
ko € N with
(a) 22" < Ay <22
such that the double sequence Wy, ), := u(j\[;”: € LY(Qo), Ak = /\fn_,f and

Om i = (’)i‘:: defined above satisfy for all k > ko,
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b) u,, i € LS( Io; WO dw(lBo)) for all s < oo and supp U, j, C %Qo,

)
c) Uk = Uy, G.€. 0N 8Q0 \ Om ke,
d) ”vum,k”Lm(i(Qo)) S C)\m,k;

Vu,, . —* 0 in LOO(%QD) for m — oo and k fixed,

g) limsup,, )\fmkl(’)m,u <27k,

h) limsup,, o | o, Gm © Vi dxdt] < eA7 (O il

i) Additionally, let ¢ € Cgo(%Qo) with X1q , SC< X1Qo- Let u,, be
uniformly bounded in L (Iy; L (By)). Then for every Ke LP ( Qo ),

(

(

(

() upmp —0in LOO(%QO) for m — oo and k fized,
(f)

(

(

(

lim sup ( S (Gim +K): Vum)CXoC dx dt‘ < 27k,
m—00 m,k
0

We apply this theorem to our problem ({2.1)) (cf. [I, Theorem 3.1]). We
denote u,, = v,, — v. Then

U, =0 in LP(0,T; Wy 'k (),
u, -0 in L*?(Qr),
u, —=*0 in L>(0,T; L*(£2))

(see (3.1)), and ) Further
0

for all p € G52, (Qr

m - Orpdxdt =

[Qe_’-.

O

| G : Vo dx dt
(0]

~—

, where G,,, = Gy, + Ga, with
Gim=pu(Dpy)Dy =8, Gom=-—Vn@vpl(lvm|) +vev+T" -T.

We have |Gyl OTL,, Q < C and Ga,, — 0 in L7Y(Qr) with 01 =

min{20,7} (see ., and (3-13)).

Take now @ ccC (0, T x {2. Due to the properties mentioned above,
the assumptions of Theorem () are fulfilled. Hence, plugging in K =
(

S — u(D)D we get, for ¢ € C5°(5Q0),
T
limsup | | § (Gim + S — (D)D) : Vunlxoc, dx dt’ < coh/p,
m—r0o0 on m,
Therefore

m—o0

T
lim Sup‘ [ § (4(Dm)Dsm — (D)D) : Vulxoc , dx dt’ < Co M,
00 ’
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Take 6 € (0,1). By Holder’s inequality and Theorem {.1{(g),
T

: 0

lim sup ‘ | | (((Dm)Ds — (D)D) : Vu) Cxo,., dx dt‘
00

< Climsup |Og |70 < o~ (1=0)k/p

m—r0o0

Thus, both estimates imply

T
limsup | | § ((4(Dyn)Dm — p(D)D) : Vu,,) ¢ dx dt‘ < 02~ (=00k/p,

As k — o0, the right-hand side tends to zero. Using now the standard ap-
proach from [3] (see also [6], or [7] with more details), due to the strict
monotonicity of p (see (1.8)), we get u(Dy,)Dy — p(D)D ae. in %QT,
which implies that S = u(D)D. The proof of the main theorem is finished.
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