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TURAN’S PROBLEM AND RAMSEY NUMBERS FOR TREES

ZHI-HONG SUN (Huaian), LIN-LIN WANG (Xuzhou) and YI-LI WU (Huaian)

Abstract. Let Ty = (V, E1) and T2 = (V, E2) be the trees on n vertices with V =
{1)0, Viy... ,Un_l}, E1 = {U(ﬂ)l, e s V0UNn—-3,Un—4Un—2, Un_3’Un_1} and E2 = {UOU1, ey
V0Un—3, Un—3Un—2, Un—3Un—1}. FOor p > n > 5 we obtain explicit formulas for ex(p; Tﬁ)
and ex(p; T22), where ex(p; L) denotes the maximal number of edges in a graph of order p
not containing L as a subgraph. Let 7(G1, G2) be the Ramsey number of the two graphs
G1 and G2. We also obtain some explicit formulas for r(T5,,T%), where i € {1,2} and T,
is a tree on m vertices with A(Ty,) <m — 3.

1. Introduction. In this paper, all graphs are simple graphs. For a
graph G = (V(G), E(Q)) let e(G) = |E(G)| be the number of edges in G
and let A(G) be the maximal degree of G. For a forbidden graph L, let
ex(p; L) denote the maximal number of edges in a graph of order p not
containing any copies of L. The corresponding Turén problem is to evaluate
ex(p; L). For a graph G of order p, if G does not contain any copies of L and
e(G) = ex(p; L), we say that G is an extremal graph. In this paper we also
use Ex(p; L) to denote the set of extremal graphs of order p not containing
L as a subgraph.

Let N be the set of positive integers. Let p,n € N with p > n > 2.
For a given tree T, on n vertices, it is difficult to determine the value of
ex(p; T,). The famous Erdés—Sos conjecture asserts that ex(p; T;,) < @.
For the progress on the Erd6s—Sos conjecture, see for example [8, 11]. Write
p=k(n—1)+r, where k € Nand r € {0,1,...,n —2}. Let P, be the path
on n vertices. In [4] Faudree and Schelp showed that

(1.1) ex(p; Po) :k(”_1> + <T> _n=2p-rln=-l-r)

2 2 2

Let K1 ,—1 denote the unique tree on n vertices with A(Ky,—1) =n—1, and
let T) denote the unique tree on n vertices with A(7T),) = n—2. For n > 4 let
T = (V, E) be the tree on n vertices with V' = {vg, v1,...,vp—1} and F =
{vov1, ..., 00Un—3, Un—3Up—2, Vn—2vp—1}. In [10] we determine ex(p; K1 n—1),
ex(p; T),) and ex(p; T}). For i = 1,2 let T = (V, E;) be the tree on n vertices
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with
V= {UOa U1y avn71}7
Ey = {UO'Ula -+ -5 V0Un—-3, Un—4Un—2, 'Un—3Un—1}>
Eo = {vov1, ..., 00Un—3, Un—3Un—2, Un_3Un_1}.

In this paper, for p > n > 5 we obtain explicit formulas for ex(p;T}}) and
ex(p; T2) (see Theorems 2.1 and 3.1).

For a graph G, as usual G denotes the complement of G. Let G1 and
G2 be two graphs. The Ramsey number r(G1,G2) is the smallest positive
integer p such that, for every graph G with p vertices, either G' contains a
copy of G or else G contains a copy of G5.

Let n € N, n > 6, and let T, be a tree on n vertices. As mentioned
in |7], recently Zhao proved the following conjecture of Burr and Erdé&s [2]:
r(Tn,Ty) < 2n—2. Let m,n € N. In 1973 Burr and Roberts [3] showed that
for m,n > 3,

(1.2) r(Kim—1,Kin1) = {
In 1995, Guo and Volkmann [5] proved that for n > m > 4,

m+n—3 if 2|m(n—1),
1.3 Kim1,T)) =
(1.3) r(Kim-1, Tn) {m—l—n—4 it 24 m(n - 1).
Recently the first author evaluated the Ramsey number r(T,,, 7)) for T, in
{Pn, K1m-1, T,,, Ty, }. In particular, he proved that (see [9]) for n > m > 7,

m+n—3 ifm—-—1|n-3,
) KT = o
m+n—4 ifm—1tn-—3.

m+n—3 if 24 mn,

m+n—2 if 2|mn.

Suppose m,n € N and 7,5 € {1,2}. In this paper, using the formula for
ex(p; Ty,) and the method in [9] we evaluate (T, Ty,) for Ty, € { K1 -1, Ty,
T T2 }. In particular, we have the following typical results:

(T, T =2n—6— (1 — (—=1)")/2, (P, T))=2n—-7 forn>17,
r(TL, T =r(T., Ti) =2n—5 forn > 8,
(K1 m— L TH=m+n—4 forn>m>7 2|mn,
r(T, T =m+n—-5 foom>7,n>m—-32+3, m—-1{n—4
m+n—4 ifm—1|n—4,
(T, T)) =< m+n—6 ifn=m+1=1 (mod2), forn>m>16.
m—+n —5 otherwise

In addition to the notation introduced above, throughout the paper we
also use the following symbols: [z] is the greatest integer not exceeding x,
d(v) is the degree of the vertex v in a graph, I'(v) is the set of vertices
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adjacent to the vertex v, d(u,v) is the distance between the two vertices
uw and v in a graph, K, is the complete graph on n vertices, G[V] is the
subgraph of G induced by vertices in the set V) (we write Glvy,...,vn]
instead of G[{v1,...,vm}]), G—V} is the subgraph of G obtained by deleting
the vertices in V) and all edges incident to them, and finally e(V1VY) is the
number of edges with one endpoint in V; and another endpoint in V7.

2. Evaluation of ex(p;T}})

LEMMA 2.1. Let p,n € N with p > n—1 > 1. Then ex(p; K1 p—1) =
[(n —2)p/2].

This is a known result. See for example [10, Theorem 2.1].

LEMMA 2.2. Let p,n € N, p>n > 7 and G € Ex(p;T}). Suppose that
G is connected. Then A(G) =n—4 and e(G) = [(n — 4)p/2].

Proof. Since a graph not containing Ki ,—3 as a subgraph implies that

the graph does not contain 7}! as a subgraph, by Lemma 2.1 we have
(2.1) e(G) = ex(p; Ty) = ex(p; Kin—3) = [(n — 4)p/2)].
If A(G) < n—5, using Euler’s theorem we see that e(G) = 1 2 vev(c) dv) <
(n — 5)p/2, which together with (2.1) yields ((n —4)p — 1)/2 < [(n — 4)p/2]
< e(G) < (n—5)p/2, which is impossible. Hence A(G) > n — 4. Now we
show that A(G) =n — 4.

Suppose ¢ > n and g = k(n—1)+r with k € Nand r € {0,1,...,n—2}.
Then clearly kK, _1 UK, does not contain any copies of 7\ and so ex(q; T}}) >
e(kKp—1UK,). For ¢ = n we see that e(kK,,—1 UK,) = e(K,_1 UK;) =
(n—1)(n—2)/2 > 2n—1. For ¢ > n+1 we have (n—6)q > (n—6)(n+1) >
("771)2 — 2 and so

k(n—1)(n—-2) r(r—1) (n—-2)¢q—r(n—1-r)

K — K == =
e(k n—1 U r) 9 + 5 5
—9)g — (n=1)?
> (n )q ( 2 ) > 92— 1
2

Hence
(2.2) ex(q;T)) > e(kK, 1 UK,) >2¢—1 forq>n.

Suppose vg € V(G),d(vg) = A(G) = m and I'(vg) = {v1,...,0m}. If
m = p — 1, then since G does not contain T,} as a subgraph, G[vy, ..., ]
does not contain 2K as a subgraph and hence e(Glvy,...,v,]) < m — 1.
Therefore

(2.3) e(G) = d(vo) + e(Glur, ..., vm]) <m+m—1=2p—3.

By (2.2), we have e¢(G) = ex(p;T}}) > 2p — 1 and we get a contradiction.
Hence m < p — 1. Suppose that uq,...,u; are all the vertices in G such
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that d(ui,vo) = -+ = d(ug,v9) = 2. Then ¢t > 1. Assume ujv; € E(G) with
no loss of generality. If m = p — 2, then V(G) = {vg,v1,...,Um,u1} and
viv; € E(G) for 2 < i < j < m. If viv; € E(G) for some i € {2,...,m},
then uyv; & E(G) for all j # 1,i. So ex(p; 1) = e(G) < max{2m,m + 3} <
2m = 2p — 4, which contradicts (2.2).

By the above, m < p — 2. We first assume m > n — 2. As G does not
contain any copies of T}, we see that {vs,...,v,} is an independent set,
uiv; € E(G) for any i € {2,...,t} and j € {2,...,m}, and w;v1 € E(G) for
any i = 1,...,t. Set V1 = {vg,v2,v3,...,0m}. Then e(G[V1]) =m — 1. If uy
is adjacent to at least two vertices in {v, ..., vy}, then viv; ¢ E(G) for any
Jj=2,...,m. If vy is adjacent to at least two vertices in {va,..., vy}, then
uivj ¢ E(Q) for any j = 2,...,m. Hence there are at most m edges with
one endpoint in V; and the other in G — V;. Therefore,

(2.4) e(G) <e(GVi])+m+e(G—-V1)=2m—1+e(G—- V).

For m € {n —2,n — 1} let G; = K,,. Then clearly e(G1) = m(m —1)/2 >
2m—1. Form=k(n—1)4+r>nwithkeNand 0 <r <n-2let G; =
kK, 1UK,. Then G does not contain any copies of T} and e(G1) > 2m—1
by (2.2). Thus, by (2.4) we have e(G) < 2m—1+e(G—V1) < e(G1U(G—-V1))
for m > n — 2. This contradicts the fact that G € Ex(p; T}}).

Suppose that m = n — 3 and d(v1) = n — 3. Then vvs € E(G) for
some s € {2,...,n — 3}. We claim that V(G) = {vo,v1,...,0m,u1,..., u}.
Otherwise, there exists w € V(G) such that d(vy,w) = 3. As d(v1) =n — 3,
we see that the subgraph induced by {v1, vs, w}UI’(v1) contains a copy of T}
This contradicts the assumption G € Ex(p; T.}). Hence the claim is true and
so [V(G)|=p=n—2+t. Since p > n we have t > 2. For i = 1,...,t and
Jj=2,...,n—3 we have uv; € E(G), u;v; € E(G) and so t + 1 < d(v1)
= n — 3. Therefore 2 < ¢t < n — 4 and hence

e(G) = e(Glvg, v2,v3, ..., vp—3]) + d(v1) + e(Glug, ..., uz])
(") e ()= (29 0)

Clearly K,,_1 U K;_1 does not contain Té and

()0
— <n;2>+<;>+n—1—t>e(g)_

This contradicts the assumption G € Ex(n — 2+ t; T)}).
Now suppose m = n — 3 and d(v1) < n —4. If t = 1, setting Vo =
{vo,v1,...,vp—3,u1} we see that



TURAN’S PROBLEM AND RAMSEY NUMBERS 277

e(G) = e(Glvg,v2,v3, ..., vp—3]) +d(v1) + d(u1) — 1+ e(G — Va)
n? —3n—4

5 +e(G — Vo)

< (n;3)+n—4+n—4+e(G—Vg):

< G(Kn_l U (G — VQ)).

This contradicts the assumption G € Ex(p; T}}). Hence t > 2. Fori = 1,... ¢

and j = 2,...,n — 3, we see that w;v; € E(G) and u;v1 € E(G). Let
Vs = {vg,v1,...,0p—3}. Then

e(@) = d(v1) + e(Glvg, v2, v3, . . ., vp—3]) + (G — V3)

n? —b5n+4

S (G- W)

gn—4+<n;3>+e(G—V3):

< e(Kp—2U (G —V3)).

Since G is an extremal graph, we get a contradiction.

Summarizing all the above we obtain A(G) = n — 4 and so e(G) =
Yvevic)dv) < (n—4)p/2. This together with (2.1) yields e(G) =
[(n —4)p/2], which completes the proof.

LEMMA 2.3. Let n,ni,ne € N withny <n—1 and no <n—1. Then

()« () o (727 (2 (7))

Proof. 1t is clear that

ny  (m2 7(n1+n2)(n1+n2—1)—2n1n2< ny + ng
2 2 ) 2 2

() (0)-6)
(n—1)(n—2)+ (n +na — n + 1)(ny +ng — n)
(n1 +ng2)(ny +ng — %) —2n1ngy
=(m—1-n1)(n— 12_ ny) > 0.

and

Thus the lemma is proved.

LEMMA 2.4. Suppose that p € N, p > 6, and G is a connected graph of
order p that does not contain any copies of T¢. Then e(G) < 2p — 3.

Proof. Clearly A(T¢) = 3. Suppose vy € V(G), d(vg) = A(G) = m and

I'(vg) = {v1,...,0m}. If A(G) =m < 3, using Euler’s theorem we see that
e(G) < 3p/2 < 2p — 3. From now on we assume A(G) =m > 4. If d(v) <2
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for all v € V(G ) —{vo}, then

—_

Z d(v) < =(m+2(p — 1))§3(p2_1><2p—3.

’UEV (@)

M

So the result is true. Now we assume d(v) > 3 for some v € V(G) — {vp}.
We may choose a vertex ug € V(G) so that ug # vo, d(ug) > 3 and d(ug, vo)
is as small as possible.

We first assume d(ug,v9) = 1 and ug = v; with no loss of generality.
That is, d(v1) > 3. Suppose I'(v1) C {vo,v1,...,Un}. Since d(v;) > 3 and
G does not contain any copies of Tg, we see that V(G) = {vo,v1,...,0m},
m=p—12>5and Gvy,...,v,] does not contain any copies of 2K5. Thus
e(G) <d(vg)+m—1=2m—1<2(m+1)—3 =2p—3. Now assume I'(v1) —
{vo,v1,...,um} = {wi,...,w}. Since d(vg) =m > 5, d(v1) > 3 and G does
not contain any copies of Tg, we see that V(G) = {vo, v1, .. ., Um, W1, .., Wi}
and {va,...,vn} is an independent set. For ¢t > 2, we have e(Glwy, ..., w])
<1, and vjw; ¢ E(G) for any i € {2,...,m} and j € {1,...,t}. Therefore
e(G) < d(v) +d(v1) —1+1<2m <2(m+1+1t)—3 = 2p—3. Now
assume t = 1. Then viv; € E(G) for some i € {2,...,m} and vw; ¢ E(G)
for j € {2,...,m} — {i}. Hence e¢(G) < d(vg) +d(v1) —1+1 < 2m <
2(m +2) —3=2p— 3.

Next we assume d(ug,vo) = 2. Then {vy,...,v,} is an independent set.
If I'(up) C {v1,...,m}, then V(G) = {vo,v1,...,0m,u} and so e(G) =
d(vo) +d(up) <m+m<2(m+2)—3=2p—3.If I'(ug) — {ve,...,0m} =
{v1,w1,...,w}, we see that V(G) = {vg,v1,...,0m,up, w1, ..., w;} and so
e(G) = d(vo)+d(up)+e(Glwr, . .., w]) < m+m+1 < 2(m+2+t)—3 = 2p—3.

Finally we assume d(ug,v9) > 3. Suppose that voviujus ... ugug is the
shortest path in G between vg and ug, and I'(ug) = {w1, ..., w, uk}. Since
G is connected and G does not contain any copies of Ty, it is easily seen that
V(G) = {vo, 01,y U, Uty ooy Uy U0y W, ..oy We ), d(V2) = -+ = d(v) = 1,
d(vi) = d(ur1) = -+ = d(ux) = 2 and e(Gwy,...,w]) < 1. Clearly, G is a
tree or a graph obtained by adding an edge to a tree. Hence e(G) <p<2p—3.

Summarizing all the above proves the lemma.

THEOREM 2.1. Suppose pn € N, p>n—1>4andp=k(n—1)+r
where k € N and r € {0,1,...,n—2}. Then

—2 —2)p— —1—
extr7) = max{ [ 522 -1, (1B 0
-2
[(nz)p] —(n=1+7r) ifn>16 and 3 <r <n—6, orif
N 13<n<15and4 <r<n-T1,
(n=2)p—r(n—1-r)
2

otherwise.
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Proof. Clearly, ex(n — 1;T}) = e(K,—1) = (n—2)(n —1)/2. Thus the
result is true for p = n—1. From now on we assume p > n. Since T51 = P, by
(1.1) we obtain the result in the case n = 5. Now we assume n > 6. Suppose
G € Ex(p;T}) and Gy, ...,Gy are all components of G with |V(G;)| = p;
and p; < --- < p;. Then clearly G; € Ex(py; T)}) fori =1,...,t.

We first consider the case n = 6. If p; < 5, then clearly G; = K, and
e(G;) = (pQ’) If p; > 6 and p; = 5k; +r; with k; € N and 0 < r; < 4, from
Lemma 2.4 we have e(G;) < 2p; —3 < 2p; —1i(5b —1i)/2 = e(ki K5 U K;,).
Since k; K5 U K., does not contain any copies of Tg, and G; € Ex(p; T3), we
see that e(G;) > e(k; KsUK,,) and so e(G;) = e(k; K5 UK,,). Therefore, there
is a graph G’ € Ex(p; T¢) such that G’ = a1 K1 Uas KaUazK3Uay Ky Uas K,
where aq,...,as are nonnegative integers. If a1 + as + ag + a4 < 1, then
ex(p;T3) = e(G') = e(as K5 U K,) = k(g) + (g) Ifay +as+asg+aq > 1,
then 2a; + 3ag + 3ag + 2a4 > 3 > r(5 —r)/2 and so

e(a1K1 UasKoUagKs U a4K4) = a9 + 3az + 6ay
rd-—r ) r
< 2(a1 + 2az + 3az + 4ayq) — (2> = (k —as) <2> + <2>

Thus, ex(p;Tg) = e(G') = e(a1K1 U aaKs U azK3 U asKy) + e(asKs) <
k(g) + (;) Since kK5 U K, does not contain any copies of T61, we get a
contradiction. Thus ex(p; T}) = e(kK; UK,) = k(g) +()=2p—r(-r)/2.
This proves the result for n = 6.

From now on we assume n > 7. If t = 1, then G is connected. Thus, by
Lemma 2.2 we have

(2.5) e(G) = {(”_4)1’] for t = 1.

Now we assume t > 2. We claim that p; > n — 1 for i > 2. Otherwise,
p1 <p2<n-—1andsoGiUGs = K, UK,,. If pi +ps <n, by Lemma 2.3
we have e(G1 U G2) = e(Kp, UKp,) = (B) + (%) < (P372) = e(Kp4ps)-
Since K, 4p, does not contain 7}, and G1 U G2 € Ex(p1 + p2; T)}), we get a
contradiction. Hence p; + p2 > n. Using Lemma 2.3 again we see that

e(G1UGa) = e(Kp, UKy,) = <p21> + (1722>

n—1 +p—n+1
< < 2 ) + <p1 p22 > = e(Kn-1U Kp, 1py—nt1)-

Since p1 < p2 < n — 1, we have p;1 + po —n + 1 < n — 1. Therefore
Ky -1 UKy, 4p,—n+1 does not contain T,%. As G1 U G is an extremal graph
without 7}, we also get a contradiction. Thus, the claim is true.
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Next we claim that p, <n—1foralle=1,...,t —1. If p,_1 > n, by
Lemma 2.2 we have
G(thl U Gt) = G(thl) + E(Gt)
[ —=4)p (n —4)p; (n —4)(pt—1 + pt)
— + < .
2 2 - 2
Let H € Ex(p—1+pt—n+1; K1 5-3). Aspr_1+pi—n+1 > p+1 > n+1, we
have e(H) = [(n — 4)(pt—1 + pt — n+ 1) /2] by Lemma 2.1. Clearly K, _1UH
does not contain any copies of T}, and
n— 1) [(n —4)(pt—1 +pt —n+ 1)]
2 + 2

e(Kn—1UH)=e(Kp_1)+e(H)= <

— (n _ 4)(pt_1 +Pt)] +n—1> 6(Gt_1 U Gt).

2

Since Gy_1 U Gy € Ex(pi_1 + pi; T), we get a contradiction. Hence p; <
<o < pio1 < n— 1. Combining this with the previous assertion that p; >
--- > pg >n — 1 we obtain

(2.6) p<n—1, py=---=p1=n—1 and p; >n-—1.
As G is an extremal graph, we must have
(2.7) Gi=2Ky, G=2K,1, ..., Gi1=Z2K,_1.

If pp =n—1, then Gy = K,,_1. By (2.7), G = K,, U (t — 1)K,—1 =
kK, 1 UK,. Thus,

(2.8) (@) :k<“;1> n (g) _ (n—2)p—;(n—1—r)

fort>2and py =n — 1.

Now we assume that p; > n. By Lemma 2.2, e(Gy) = [(n — 4)p:/2].
Since p1 < n — 1, we have G = K,, and so e(G1) = e(Kp,) = (). Let
Hy € Ex(p1 + ps; Kin—3). Then H; does not contain T! as a subgraph. By
Lemma 2.1, for p; < n — 4 we have

o(Hy) = :(n—4)(2p1 +pt)} > {(n —24)1%] N {(n —24)1?1]
> _(n 24)pt] N (n4)§p1 -
S (n —24)1%] +p1(P12— 1) _ e(GLUGY).

This contradicts G1 U Gy € Ex(py + pi; T}). Hence n —3 <p; <n — 1.

For p1 € {n —3,n — 2} and p; > n, we have p1(p1 — (n —3)) < 2n —4
and so
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e(GluGt):e(Gl)H(Gt):(1’21)+[(”—24)pt]
s =D+ =4 _ pilpr = (0= 3)) + (n = 4)(p1 + )
= 2 2
2n—d+n—4)(p1+p) (n—1\ nm—4)p1+p—n+1)—2
= 5 _< 2 >+ 5
n—1 (n—4)(p1 +pt —n+1)
(M) [

Let Hy € Ex(p1 +pt —n + 1; K3 5-3). Then K,,_; U Hy does not con-
tain any copies of T!. Since p; +ps —n+1 > p; + 1 > n — 2, applying
Lemma 2.1 we have e(Hz2) = [(n —4)(p1 + p+ —n+1)/2]. Thus, we have
e(Kn_1UHs) = ("}") + [(n—4)(p1 +pr —n+1)/2] > e(G1 U Gy). This
contradicts G7 U Gy € Ex(p1 + pi; T)}).

By the above, for ¢ > 2 and p; > n we have py = --- = p;_1 = n — 1.
If pr > 2n — 2, setting Hy € Ex(p — (n — 1); K1 ,,—3) and then applying
Lemmas 2.1 and 2.2 we find that

(G = |50 < (" 1)+ | =D v

2 2 2

This contradicts the fact that Gy € Ex(p;; T)). Hence n < p; < 2n — 2 and
sor > 1. Note that p = k(n—1)+r =(k—1)(n—1)+n—1+r and
n<n—1+4+r<2n—2. Hencet =k, py = n — 1+ r and therefore

(2.9)  e(G) = e((k — 1) Kn_1) + e(G)
_ (k_1)<n—l> . {(n—4)(n—1—|—r)]

2 2
:[(”_2)73

5 ]—(n—l—i—r) for t > 2 and p; > n.

Since G € Ex(p; T}}), by comparing (2.5), (2.8) and (2.9) we get

(@) = max{ [(n—;)p]’ (n—2)p —27“(”—1—7“)’ [(n—;)p] -1 +T)}'

Observe that p = k(n — 1) +r > n — 1+ r. We see that [(n —4)p/2] =
[(n—2)p/2] —p < [(n—2)p/2] — (n — 1+ ) and therefore
(2.10)  ex(p; 1)

:e(G):max{(n—2)p—;(n—1—r)7 [(n—22)p] _(n_1+r)}

_ (n—2)p—72°(n—1—7‘)+max{o’ [r(n—S—r;—Q(n—l)}}'
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For7<n<12wehaver(n—3—r)—2(n—1) < (n—-3)?/4-2(n—1) =
((n—"17)2-32)/4 < 0. For r € {0,1,2,n — 5,n —4,n — 3,n — 2} we see
that r(n —3 —7) —2(n — 1) < 0. Suppose n > 13 and 3 < r < n — 6. For
4 <r<n-—7wehave |r—(n—3)/2| <(n—11)/2 and so

2 14n+1 —-3)\?
r(n—S—r)—2(n—1)=n4n+7—<r—n23>

2 _ 2

Zn 14n+17_ n—11 —on 26> 0.
4 2

For r € {3,n—6} we have r(n—3—7r)—2(n—1) = 3(n—6)—2(n—1) = n—16.

Now combining the above with (2.10) we deduce the result.

COROLLARY 2.1. Suppose p,n € N, p>mn>5andn—11p. Then

(n—2)p (n—1)>2 1 (n—2)(p—1)
— < . [ S —
5 3 <ex(p;T,) < 5
Proof. Suppose p = k(n — 1) + r with k € N and r € {0,1,...,n — 2}.

Then r > 1. Clearly

—1)2 —1\? -1 2
(n4)_r(n—1—7“)—<n2 ) _<n2 —r>
n—1\2 n—1 2
> - —1) =n-2
() () =
and n —1+4r > (n —2)/2. Thus, from Theorem 2.1 we deduce that
(n—2)p—(n—2)

V

ex(p; T,y) < 5
and
eX(p; Té) > (TL — 2)p - ;‘(TL —1- T) > (n B 2)2? _Q(n — 1)2/4

This proves the corollary.

3. Evaluation of ex(p; T?)

LEMMA 3.1. Let p,n € N, p>n > 7 and G € Ex(p;T?). Suppose that
G is connected. Then A(G) < n — 3. Moreover, for p < 2n — 2 we have
A(G) <n—4.

Proof. Since a graph not containing K1 ,_3 implies that the graph does
not contain 7.2, by Lemma 2.1 we have

n—4

(3.1) () = ex(T2) = extp Kupea) = |5,
Suppose that vy € V(G), d(vg) = A(G) = m and I'(vg) = {v1,...,Um}.
If V(G) = {vo,v1,...,um}, then m = p—1 > n — 1. Since G does not
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contain T2, we see that G[vy,...,v,] does not contain K12 and hence
e(Glv1, ..., vm]) < m/2. Therefore e(G) = d(vo) + e(Glv1, ..., vn]) < m+
m/2=3(p—1)/2<((n—4)p—3)/2 < [(n—4)p/2]. This contradicts (3.1).
Thus p > m+1. Suppose that uq, ..., u; are all vertices such that d(uy,v9) =
-+« =d(ut,v9) = 2. Then t > 1. We may assume without loss of generality
that vi,...,vs are all vertices in I'(vy) adjacent to some vertex in the set
{ug,...,us}. Then 1 < s < m. Let Vi = {vp,v1,...,0n}, V] = V(G) = W
and let e(V1V]) be the number of edges with one endpoint in V; and the other
in V]. Since G does not contain Tg, for m > n — 3 each v; (1 <1i < s) has
one and only one adjacent vertex in the set {uy,...,u;}. Thus, for m >n—3
we must have e(V1V/) = s > t.

If m > n — 1, since G does not contain 7> as a subgraph, we see that
d(v;) < 2fori=1,...,m and so e(G[V1]) = d(vo) + e(Glvs+1,--.,Um]) <
m + (m — s)/2. Hence

e(G) = e(GV1]) + e(ViV) +e(G — V1)
3m—s

< +s5+e(G—V1) <2m+e(G—-W).
Suppose m+1 = k(n—1)+r with k € Nand 0 < r < n —2. Set G; =
kEK,_1UK,. Since m+1 > n, by (2.2) we have e(G1) > 2(m+1) —1 > 2m.
Thus, e(G1U (G — V1)) =e(G1) +e(G—V1) >2m+e(G— V1) > e(G). As
G does not contain any copies of 7> and G is an extremal graph, we get a
contradiction. Hence A(G) =m <n — 2.

Suppose m = n — 2. As G does not contain T2 as a subgraph, we see
that d(vy) = -+ = d(vs) = 2 and so e(G[V1]) < n —2+ (nfgfs). Since
1<s<m=n-—2<2n-—_8, we have

e(G) = e(G[V1]) + e(ViV]) + e(G — V1)

< (n_§_8>+n—2+s+e(G—Vl)

_ (n—2)(n—1)—s(2n—7—s)+6(G_Vl)
2

< (";1> +e(G—-WV1) =e(Kn_1U(G—=1)).

This is impossible since G is an extremal graph.

By the above, A(G) < n — 3. We first assume A(G) = n — 3. We claim
that d(v;) <n —4 fori =1,...,s. If i € {1,...,s} and d(v;) =n — 3,
let u; be the unique adjacent vertex of v; in {ui,...,w;} and let Vo =
{vo,v1,...,vn—3,u;}. Then there is at most one vertex adjacent to u; in
G — V. Hence e(G — V1) < 1+ ¢(G — V3). Since each v, (1 < r < s) is
adjacent to one and only one vertex in {ui,...,u;} and A(G[WV1]) < n — 3,
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we see that

n—3
1
=3 Z dapvy (vr)
r=0

< s(n—4)+(n—2—s)(n—3) _ (n—2)(n—3)—5.
Note that s < A(G) =n — 3. Fr20m the above we deduce th2at
e(G) = e(GVi]) +e(ViV]) +e(G=V1) = e(G[Vi]) +s+¢(G— V1)
(n_2)(g_3)_8+s+1+e(0—vg)
(n—2)(n—3)+n—-1
2

+6(G—Vg) = e(Kn_l U(G—Vz)).

<e(GV1])+s+14+e(G-Va) <

( 2)(n—3)+s+2
2
< (n—=1)(n—2)
2
Since K,,—1 U (G — V») does not contain 7.2 and G is an extremal graph, we
get a contradiction. Hence the claim is true. Thus, for A(G) = n —3 we have
dapy)(vi) <n—>5fori=1,...,sand so

+e(G-1) < +e(G—Va)

n—3
(32)  e(GIVi]) = 5 3 depy(v0)
=0

<s(n—5)+(n—2—s)(n—3)_(n—2)(n—3) .
= 2 a 2 e
Now assume p<2n —2and p=n—147r. Then 1 <r <n — 1. By the
above, A(G) < n—3. Assume A(G) = n—3. Then |V (G—V1)| —p (n 2) =
r+1 <n, A(G-V;) <n—3andsoe(G-V;) < mln{(rﬂ) (r+1)(n—3)/2}.

Since e(G[Vl]) < (n—2)(n—3)/2—s by (3.2), we deduce that
e(G) = e(GV1]) + e(ViVY) + e(G — V1)
< (n—2)(n—3)

_8+s+min{r(r;1)7(r+1)(n—3)}

< 5 2
(n-2)(n—3)  (r+1 -
) o (p) rsns
(n=2)n=3) (=31 4, _,
9 2

< <n ; 1) + <£) = e(Kp_1 UK,).

This is impossible since G is an extremal graph. Thus, A(G) < n — 4 for
p < 2n — 2. Now the proof is complete.

LEMMA 3.2. Let p,n € N, p>n > 7 and G € Ex(p;T?). Suppose that
G 1is connected. Then p < 2n — 2.
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n—3
Proof. By Lemma 3.1, we have A(G) < n — 3 and so e(G) < %.

Assume that p = k(n — 1) +r with £ € N and r € {0,1,...,n: 2}. Let
G1 € Ex(n — 14 7r; K 5,—3). Then e(Gy) = [(n —4)(n — 14 r)/2] by Lem-
ma 2.1. Hence, if (k —2)(n — 1) —r > 2, then

e((k—1)Kn1 UGy) = (k — 1)<”;1> n [(n—4)(2— 1 +1")}

(p—r—(n—l))(n—2)+ [(n—4)(n—1+7~)}

[(nS)pprrQ(nl)} :
2 2
B (CECNCEL R ESS I L

This is impossible since (k —1)K,,—1 UG does not contain T,f as a subgraph
and G € Ex(p;T2). Thus (k—2)(n—1) —7r < 1. If k = 3, then r = n — 2
and p=3(n—1)+n—2=4n—>5 and so

(G) < {(” 5 3””] _(=3)[n—=5) 4’170 +15

- 2 - 2 2

4n2 — 14n + 12 -1 -2
< n 2n+ :3(n2 >+<’I’L2 ):6(3Kn_1UKn_2).

Since 3K, 1 U K,_o does not contain 72 and G € Ex(p;T?), we get a
contradiction. Thus k£ < 2.

For p = 2(n — 1) + r with r € {0,1,2,n — 4,n — 3,n — 2} we see that
r(n—2—r)<2n—2 and so
2(n—1)(n—=2)+7r(r—1) - (n—=3)2n—2+r) > ¢(G).

2 2

This contradicts the assumption G € Ex(p; T2). Now suppose p = 2(n—1)+r
with 3 < r <n—5.If A(G) < n —4, then ¢(G) < (n —4)p/2. From the
previous argument we have

e(Kn_1UGH) = <”;1> n [(n—4)(7;—1+7‘)] _ {(n_?;)p_r}

:[(”—‘DP

e(2K,_1UK,) =

2

Since K,,_1 U Gp does not contain T? as a subgraph and G € Ex(p;T?),
we get a contradiction. Hence A(G) = n — 3. Suppose vy € V(G), d(vg) =
n—3, I'(vg) = {v1,...,0n—3}, Vi = {vg,v1,...,0n—3} and V] = V(G) — V.
Suppose also there are exactly s vertices in I'(vg) adjacent to some vertex
in V/. Then 1 < s < n—3. By (3.2), e(G[W1]) < (n—2)(n—3)/2 — s.

[+n-1>
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As G does not contain any copies of T2, we find that e(V;V]) = s. Since
V(G—-WV)|=|V{|=p—(n—2) =n+r and G — V; does not contain any
copies of T2, we see that e(G — V;) < ex(n +r;T2).

We claim that

ex(n 47 T2) < max{ (n—4)(n+r) (n—1)(n—2)+r(r+ 1)}

2 ’ 2

for3<r<n->=.
Let G’ € Ex(n+7r;T?). If G’ is connected, using Lemma 3.1 we have A(G’) <
n—4 and so e(G") < (n —4)(n + r)/2. Now suppose that G’ is not connected.
Ifny,ng € {1,...,n—2}, from Lemma 2.3 we have e(K,,, UK,,,) < e(Ky,+n,)
for n1+ng < n,and e(K,, UK,,) < e(Kp_1 UKn1+n2_(n_1)) for ny+ns > n.
Thus, G’ = G} UG, where G and G are components of G’ with |V (G})| =
py <n—1land |V(GY)| = ph > n—1. For ply > n we have p| <r <n—3and so
e(G)) =pi(p) —1)/2 < (n — 4)p} /2. For pl, > n we also have A(G%) < n—4
and so e(G5) < (n —4)p5/2 by Lemma 3.1. Hence for p), > n we find that
e(G) = e(Gh)e(GY) < (n — A)ph/2-+ (n — A)ph/2 = (n — 4)(n +1)/2. Now
assume ph =n — 1. Then pj =7+ 1 and
n—1)(n—-2)+r(r+1)

e(G) =e(Kp—1 UK,y1) = ( 5 .

Hence the claim is true and so
e(G = Vi) S ex(n+13T7)
< max{ (n—4)(n+r) (n—1)n—-2)+r(r+1) }

2 ’ 2
Thus,

(n—4)(n+r) (n—1)(n—2)+r(r+1) }
2 ’ 2

5 , 5 —(n—2—7")}
(n—4)(n—=1+r)] (n—=1)(n—2)+r(r—1)
{ | |

2
= max{e(Kn_l UGl), 6(2Kn_1 UK,«)}.

2
)

n—4)(n—14r)—n (n—1)(n—2)+r(r—
{( 4)(n—14r)—n (n—1)(n—2)+r(r—1)
) ;

This is impossible since G is an extremal graph.
By the above we must have k =1 and sop =Fk(n — 1) +r < 2n —2 as
asserted.
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LEMMA 3.3. Let p,n € N, p>n > 7 and G € Ex(p; T?). Suppose that
G is connected. Then A(G) =n—4 and e(G) = [(n —4)p/2].

Proof. By (3.1), e(G) > [( 4)p/2]. If A(G) < n—>5, using Euler’s theo-
rem we see that e(G)=3>_,cy(q) d(v) <(n —5)p/2. Hence ((n — 4)p — 1)/2
<[(n—4)p/2] <e(G) < (n— )p/2 This is impossible. Thus A(G) > n—4.
By Lemmas 3.1 and 3.2, A(G) < n — 4. Therefore A(G) = n — 4 and
so e(G) = %Zvev(a) d(v) < (n —4)p/2. Recall that e(G) > [(n —4)p/2].
Then e(G) = [(n — 4)p/2] as asserted.

LEMMA 3.4. Let p and k be nonnegative integers, p = 5k +r and r €
{0,1,2,3,4}. Suppose that G is a graph of order p without Tg. Then e(G) <
2p—r(5—r)/2.

Proof. Clearly A(T3) = 3. We prove the lemma by induction on p. For
p <5 we have e(G) < p(p—1)/2 =2p—r(5—r)/2. Now suppose that p > 6
and the lemma is true for all graphs of order py < p without T3. If A(G) < 3,
then e(G) = %ZUGV(G) dv) <3p/2<2p—-3<2p—r(5-—r)/2.

Suppose A(G) = m >4, vg € V(G), d(vg) = m, I'(vg) = {v1,...,Um},
Vi = {wvo,v1,...,0n} and V] = V(G) — V. If G[V1] is a component of G,
then e(G[V1]) = e(K5) = 10 for m = 4, and e(G[V1]) < m 4+ m/2 = 3m/2
for m > 5 since d(v;) < 2 for i = 1,...,m. By the inductive hypothesis,
e(GIV{]) <2(p—m —1) —r1(5—r1)/2, where r; € {0,1,2,3,4} is given by
p—m—1=r; (mod 5). Thus, for m = 4 we have
r(52— T) _op r(b—r)

)
1
2

<

e(G) = e(GVi]) + e(G[V{]) <10+ 2(p — 5) —

I

and for m > 5 we have

o(G) = e(GI]) + oGV < 2 4 2fp —m — 1) - 1O

r(5—7‘)'
2

<2p-2-T <2P-3<2p-

From now on we assume that G[V;] is not a component of G and m =
A(G) > 4. Hence there is a vertex uj such that d(ui,v9) = 2 and ujv, €
E(G) with no loss of generality. Then viv; ¢ E(G) for ¢ = 2,...,m. For
m = 4 we see that e(G[V1]) + e(V1V]) <444 = 8. For m > 5 we find that
d(v;) < 2fori=1,...,m and so e(G[Vi]) + e(ViV{) < > d(v;) < 2m.
Hence, for m > 4 we have e(G) = e¢(G[V1]) + e(ViV{) + e(G[V]]) < 2m +
e(G[V{]). By the inductive hypothesis, e(G[V{]) < 2(p—m—1)—r1(5 —r1)/2,
where 7 € {0,1,2,3,4} is given by p —m — 1 = r; (mod 5). Thus, e(G) <
2m+2p—m—-1)—ri(5—r1)/2 =2p -2 —r1(5—r1)/2. For 11 > 1 we
have e(G) <2p—-2-2<2p—r(5—7)/2. For r; =0 and r =0, 1,4 we have
e(G) < 2p—2 < 2p—r(5—r)/2. Therefore, we only need to consider the
case p=m+1=2,3 (mod 5).
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Now assume p = m + 1 = 2,3 (mod 5) and I'(u1) — {vi,...,um} =
{wy,...,wi}. As m > 4 we have m > 6. Set Vo = {vg,v1,...,Um,u1} and
Vy = V(G) — V. Since d(v;) <2 for i = 1,...,m, we see that

e(G) = e(G[Va]) + e(VaV3) + e(G[Vz])

< d(vi) +t+e(GV3]) < 2m+t+ e(G[V3)).

i=1
Note that p—m—2 =4 (mod 5) and e(G[V3]) < 2(p—m—2)—4(5 —4)/2 by
the inductive hypothesis. We then have e(G) < 2m+t+2(p—m—2)—2 =
2p+t—6. Fort <3 we get e(G) <2p+t—6<2p—-3=2p—r(5—r)/2.
For t > 4 set V3 = {vp, v1,...,0m,ur,wi,...,w} and V4 = V(G)— V3. Since
d(v;) <2fori=1,...,mand d(w;) <2for j=1,...,¢, using the inductive
hypothesis we see that

e(G) = e(G[V5]) + e(V3V3) + e(G[V5])
1

m t
2
i=

<2m

IN

d(vi) + Y d(w)) + e(G[V3))

j=1
+2t+e(GV3]) <2m+2t+2(p—m—2—1t)=2p—4
r(b—r)

5

< 2p—
By the above, the lemma has been proved by induction.

THEOREM 3.1. Letpn €N, p>n—1>4 andp=k(n—1)+r, where
keNandr € {0,1,...,n—2}. Then

eX(p;T,f):max{ [(11—22)1)] —(n—1+r), (n—Z)p—;(n—l—r)}
[(71_22)])] —(n=147r) fn>16and3 <r <n-—=6, orif

= 13<n<15and4<r<n-717,
m=2)p—r(n—1-r)
2

otherwise.

Proof. Clearly ex(n — 1;T2) = e(K,_1) = (n—2)(n —1)/2. Thus the
result is true for p = n—1. Now we assume p > n. Since T52 = T}, takingn =5
in [10, Theorem 3.1] we obtain the result in the case n = 5. For n = 6 we see
that ex(p; T2) > e(kKs U K,.) = 10k +r(r —1)/2 = 2p — r(5 — r)/2. This
together with Lemma 3.4 gives the result in this case. Applying Lemmas 3.3,
2.3 and replacing 7! with T2 in the proof of Theorem 2.1 we deduce the result
forn > 7.
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COROLLARY 3.1. Suppose pn € N, p>n>5 andn—11p. Then

(n —22)p B (n—gl)2 < ex(piT?) < (n— 2)2(19— 1

4. The Ramsey number (1%, T,,)

LEMMA 4.1 (|9, Lemma 2.1|). Let G; and Gy be two graphs. Suppose
p € N, p > max{|V(G1)|,|V(G2)|} and ex(p;G1) + ex(p; G2) < (72’) Then
r(G1,G2) <p.

Proof. Let G be a graph of order p. If e(G) < ex(p;G1) and e(G) <
ex(p; G2), then ex(p; G1) + ex(p; G2) > e(G) + e(G) = (5). This contradicts

the assumption. Hence, either e(G) > ex(p; G1) or e(G) > ex(p; G2). There-

fore, G contains a copy of (G1 or G contains a copy of G2. This shows that
r(G1,G2) < |V(G)| = p. So the lemma is proved.

LEMMA 4.2 (|9] Lemma 2.3|). Let Gy and G be two graphs with A(Gy) =
dy > 2 and A(Gg) = dy > 2. Then

(i) 7(G1,Go) > dy 4 dy — (1 — (—1)(=D(d=1)) /9.
(ii) Suppose that G1 is a connected graph of order m and d; < da < m.

Then T(Gl, Gg) >2dy —1>dy+ do.

(i) If Gy is a connected graph of order m, di # m — 1 and dy > m,
then T(Gl, Gg) > dy + do.

THEOREM 4.1. Letn € N and i,j € {1,2}.

(i) If n is odd with n > 17, then r(T%, T)) = 2n — 7.

(ii) If n is even with n > 12, then r(T:, T3) = 2n — 6.
Proof. Suppose n > 12. Since A(T}) = A(TS) =n — 3, from Lemma 4.2
we know that (T, T3) > 2n — 7 for n odd, and 7(T%,T}) > 2n — 6 for n

even. If n is odd with n > 17, using Theorems 2.1 and 3.1 (with £ = 1 and
r =n —6) we see that

ex(2n —T;Th) = (n = 2)(2; —D-1_ (2n—7)

(=420 -7) 1<2n—7>

2 o\ 2

and so ex(2n — 7;T%) + ex(2n — 7;T3) < (2n;7). Thus, by Lemma 4.1 we
have (1!, T3) < 2n — 7. Hence (i) is true. From Theorems 2.1 and 3.1 (with
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k=1 and r =n —5) we see that for n > 12,
(n—2)(2n —6) —4(n —5)

ex(2n — 6;T1) = 5 =n? —Tn+16
2 1321 1(m—6
n"——n+-—_—=—-
2 2 2\ 2

and so ex(2n — 6;T%) + ex(2n — 6; T) < (2”2_6). Thus, by Lemma 4.1 we
have (T, T3) < 2n — 6. Hence 7(T%,T;) = 2n — 6 for n even, proving (ii).
LEMMA 4.3. Letn € N, n > 5 and i € {1,2}. Let Gy, be a connected
graph of order n such that ex(2n — 5;Gy) < n® — 5n + 4. Then 7(T¢,G)
<2n — 5.
Proof. By Theorems 2.1 and 3.1,
(n—2)(2n —5) —3(n —4)

2
=n“—-6 11.
5 n n -+

ex(2n — 5; ) =

Thus,

) 2n —95
ex(2n — 5;Gy) +ex(2n — 5;T) <n? —5n+4+n? —6n+11 = < n2 )

Appealing to Lemma 4.1 we obtain r(7¢,G,,) < 2n — 5.

LEMMA 4.4 ([10, Theorem 3.1|). Let p,n € N with p > n > 5. Let
r€{0,1,...,n — 2} be given by p=r (mod n —1). Then
(n-2)(p—1)—r—1
2
(n—=2)p—r(n—1-r)
2
THEOREM 4.2. Let n € N, n > 8 and i € {1,2}. Then r(T%,T)) =
r(T},Tr) = 2n — 5.

fn>7Tand2 <r<n-—4,
ex(p; Ty,) =
otherwise.

n? n
Proof. Let Ty, € {T!,T}). As 2K,,_3 does not contain any copies of T:,
and 2K, 3 = K,_3,-3 does not contain any copies of T}, we see that

r(T:,T,) > 1+2(n—3) =2n—5. Takingp =2n—5and r = n—4 in
Lemma 4.4 we find that
(n—=2)2n—6)—(n—4) —1 <

2—£n+15
2 - 2 2

ex(2n —5;T)) =

<n?—5n+4.
By [10, Theorem 4.1],
(n—2)(2n —5) —3(n—4)
2
Thus, applying Lemma 4.3 we obtain r(T¢,T,,) < 2n — 5. Hence (T}, T,,) =
2n — 5 as asserted.

=n?—6n+11 <n’®—5n+4.

ex(2n — 5;T)) =
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REMARK 4.1. Let n € N, n > 5and i € {1,2}. From [, Theorem 3.1(ii)]
we know that r(Kj ,—1,7}) = 2n — 3.

THEOREM 4.3. Let n € N and i € {1,2}. Then 'r(Pn,TfL) =2n—17 for
n > 17, r(Py-1,Ty,) = 2n =7 for n > 13, r(Py—2,T},) = 2n — 7 for n > 11,
and r(Py—3,T}) = 2n — 7 for n > 8.

Proof. Suppose n > 8 and s € {0,1,2,3}. From Lemma 4.2(ii) we have
r(Po_s,Ti) > 2(n — 3) — 1 = 2n — 7. By (L.1),

ex(2n — 7; Pp_s)

'(n—2)(2n—7)—5(n—6):(n—4)(2n—7)+16—n s 0
2 2 ’
(n—3)(2n—7)—3(n—5):(n—4)(2n—7)+8—n e
_ 2 2 !
(n4)(2n27)(n4) ifs =2,
(n—5)(2n—7)—(n—5):(n—4)(2n—7)+12—3n fe3
2 2 '

By Theorems 2.1 and 3.1,

ex(2n — 7;T7)

Fn—an—U] it n > 16,
(n—2)(2n—7)—5(n—6):(n—4)(2n—7)+16—n i< 16,

2 2
For n > 17,13,11 or 8 according as s = 0,1,2 or 3, from thg above we
find ex(2n — 7; Ph—s) +ex(2n —7;T7) < (2"2_7) and so r(P,_s, 1)) <2n—7
by Lemma 4.1. This completes the proof.

5. The Ramsey number (7! ,T;,) for m <n

PROPOSITION 5.1 (Burr [1). Let m,n € N withm > 3 and m—1|n—2.
Let T}, be a tree on m vertices. Then r(Ty,, Kin—1) =m+mn —2.

PROPOSITION 5.2 (Guo and Volkmann [5, Theorem 3.1]). Let m,n € N,
m >3 andn =k(m—1)+b withk € Nand b € {0,1,...,m — 2} \ {2}.
Let Ty, # K1 m—1 be a tree on m vertices. Then r(Tp,, K1 p—1) < m+n—3.
Moreover, if k > m — b, then r(Ty,, K1 ,—1) =m+n— 3.

LEMMA 5.1 (|6, Theorem 8.3, pp. 11-12|). Let a,b,n € N. If a is coprime
tob andn > (a—1)(b—1), then there are two nonnegative integers x and y
such that n = ax + by.

THEOREM 5.1. Let m,n € N, n>m >5, m — 1{n—2andic{1,2}.
Then r(TE,, K1 n—1) = m-+n—3 or m~+n—4. Moreover, ifn > (m—3)2+1
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orm+n—4=(m—1)z+ (m—2)y for some nonnegative integers x and y,
then r(Tm, Kin—1) =m+n —3 for any tree T,, # K1 m—1 of order m.

Proof. Let T, # Kim—1 be a tree on m vertices. From Proposition 5.2
we know that 7(T;,, K1n,—1) < m+n—3. By Lemma 4.2(iii), r(T7,, K1n-1) >
m—3+n—1. Thus, r(T%,, K1-1) = m+n—3 or m+n—4.If n > (m—3)2+1,
then m+n—4 > (m—2)(m—3) and so m+n—4 = (m—1)x+(m—2)y for some
nonnegative integers x and y by Lemma 5.1. If m+n—4 = (m—1)z+(m—2)y
for z,y € {0,1,2, ...}, setting G = K, UyK,,_2 we see that G does not
contain any copies of T}, and G does not contain any copies of Ki ,,—1. Thus
(T, K1n—1) > 14|V (G)| = m+n—3. Now putting all the above together
we obtain the theorem.

THEOREM 5.2. Let myn € Ny n>m>6, m—1|n—3 andi € {1,2}.
Then r(TE,,T!) = m +n — 3.

Proof. By Theorems 2.1 and 3.1,

(m—2)(m+n—-3)—(m—2) (m—2)(m+n-—3)
< .
2 2
Thus applying |9, Theorem 5.1| we obtain the conclusion.

ex(m+4n—3;T) =

THEOREM 5.3. Suppose that i € '{1,2}, m,n € N, n >m > 7 and
m—1tn—3. Thenm+n—5<r(T),T))<m+n—4andm+n—6<

r(TL,TF) < m+n — 4. Moreover, if n = k(m — 1) +b = q(m — 2) + a,

k,qeN,ae{0,1,...,m—3}, be{0,1,...,m—2}, and one of the following
conditions holds:

(1) be{1,2,4},

(2) b=0 and k > 3,

(3) n>(m—3)"+2,

(4) n>m?—1—b(m—2),

(5) a>3 andn > (a—4)(m—1)+4,

then r(T.,,T7) = (T, T) = m +n — 4.

mr)—n mr)Tn

Proof. By Lemma 4.2 we have r(T%,, T!) > m—3+n—2 and r(T¢,, T) >
m —3+mn — 3. Since m — 1 { n — 3, we see that m — 1 { m + n — 4. From
Corollaries 2.1 and 3.1 we have ex(m +n —4;T%) < (m — 2)(m +n —5)/2.
Hence, by [9, Lemma 5.2] we find (7%, T,) < m+n — 4, and by [9, Lemma

m’—-n

4.2] we have r(T%,, T¥) < m+n—4. Now applying [9, Theorems 4.4 and 5.4]

m—n
we deduce the remaining assertion.

6. The Ramsey number 7(G,,,T3) for m < n
THEOREM 6.1. Let m,n € N, m > 5, n > 8, n>m and j € {1,2}.

Then r(Kim-1,T7) = m+n—4 or m +n — 5. Moreover, if 2| mn, then
r(Kim-1,T5) =m+n—4.
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Proof. From Lemma 4.2 we deduce that r(Kq m—1, TT]L) >m—1+n—-3—
(1—(=1)m=2(=4))/2 — 4 —4— (1 —(—1)"")/2. So, it suffices to prove
that r(K1m-1,T3) < m+n —4. By Lemma 2.1, ex(m +n — 4; K1 1) =
[(m —2)(m +n —4)/2]. By Theorems 2.1 and 3.1, we have

ex(m +n —4;TY)

:[(n—4)(m+n—4)_ or (n—2)(m—|—n—4)—(m—3)(n—m—|—2).
2 ] 2
Since
(m—=2)(m+n—4)] (n—4)(m+n—4)
e A
(m+n—6)(m+n—4) m+n—4
cmalpency (e
and
(m—2)(m+n—4)+(n—2)(m+n—4)—(m—3)(n—m—|—2)
2 2
(mtn—Dm+n—5—(m-Hn-m-=2) (min—d
- : S

we see that ex(m +n — 4; Ky m—1) + ex(m + n — 4; Tﬂl) < (m+§_4) and so
r(K1m—1,T3) <m+n—4 by Lemma 4.1. This completes the proof.
THEOREM 6.2. Letm,n €N, m>4,n>7, m—1|n—4 andj € {1,2}.
(i) If Gm is a connected graph of order m with ex(m +n — 4;Gp,) <
(m —2)(m +n —5)/2, then 7(Gp, Tn) = m +n — 4.
(it) (T, Tn) = r(Tn,Th) = r(T2,T0) = m+n —4 for m > 5,
r(Tk,Ta) =m+n—4 form > 6, and r(Pp,,Th) =m+n — 4.
Proof. Set t = (n —4)/(m — 1). Suppose that Gy, is a connected graph
of order m with ex(m +n —4;G,,) < (m —2)(m+n —>5)/2. Then clearly
A((t+1)Km-1) = t(m — 1) = n — 4. Thus, (t + 1)K;;,—1 does not contain
any copies of Gy, and (t + 1)K,,—1 does not contain any copies of T},. Hence
r(Gm,T3) > 1+ (t+1)(m —1) = m+n — 4. By Theorems 2.1 and 3.1,
ex(m+n —4;TY)
(n—4)(m+n—4) or n=2)(m+n—4)—(m—3)(n—m+2)

2 2
If ex(m+n—4;T%) = [(n — 4)(m +n — 4)/2], then
ex(m +n —4;Gp) +ex(m +n —4;T7)
m—2)(m+n—-5)+(n—4)(m+n—4) - <m+n4>.

<
= 2

2
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Ifex(m4+n—4T)) = ((n—2)(m+n—4) — (m—3)(n —m+2))/2, then
ex(m+n —4;Gp) +ex(m +n — 4;T7)

< (m—=2)(m+n—-5)+(n—-2)(m+n—4)—(m—3)(n —m+2)
- 2
m+n—4 (m—4)(n—m+1) m+n—4

Therefore, by Lemma 4.1 we always have r(Gy, T4) < m+n — 4 and hence
7(Gm,Ts) = m + n — 4. This proves (i).

Now consider (ii). Note that m +n —4 = 1 (mod m — 1). By (1.1),
we have ex(m +n — 4;P,) = (m—2)(m+n—25)/2. By Lemma 4.4,
ex(m+n—4;T)=(m—2)(m+n—1>5)/2 form > 5. By [10, Theorem 4.2],
ex(m +n —4Ty) = (m—2)(m+n—5)/2 for m > 6. By Theorems 2.1
and 3.1, ex(m+n—4;T%) = (m —2)(m+n —5)/2 fori € {1,2} and m > 5.
Thus from (i) and the above we deduce (ii). The proof is complete.

LEMMA 6.1. Letj € {1,2}, myn € N, m > 7 and m —1{n—4. Assume
n=m+12>12 orn > max{m+ 2,19 — m}.

(i) If Gm is a connected graph of order m with ex(m +n —5;Gp,) <
(m —2)(m +n —6)/2, then 7(Gp, Th) < m+n —5.
(ii) For T, € { P, T}, Ti, T, T2} we have v(Ty,, Tiy) < m +n — 5.

Proof. Since m+n—5=mn—14+m — 4, by Theorems 2.1 and 3.1 we
have
(n—4)(m+n—25)

2
mn=2)(m+n—-5—(m—4)(n—1—(m—4))

5 .
If n=m+1, then (m—4)(n —3 — (m 4)) =2(n—>5). If n > m+ 2, then
3<m—-4<n—6andso(m—4)(n—3 —4)) = (73) (m—4—T3)2 >
(%73)2 —(n—6-— %3)2 =3(n —6). Thu&,

(n—4)(m+n—>5)+m—2

ex(m+n —5TJ) =

or

2
~ (n=2)(m+n—=5)—(m—4)(n—1—(m—4))
2
_ (m—4)(n—3—(m—4))—2n+m
2
2(n—5)2—2n+m _ m;lO >0 = mal> 12,

>
— ] 3n—6)-2n+m n—-10+m-38
2 B 2

>0 if n>max{m+2,19—m}.
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Therefore, from the above we deduce that
(n—4)(m+n—5)+m—2
5 .

Hence, if G,, is a connected graph of order m with ex(m + n — 5;G,,) <
(m —2)(m+n —6)/2, then

(6.1) ex(m+n—57TI) <

ex(m +n — 5;Gp) 4 ex(m 4+ n — 5;T)
(m—=2)(m+n—-6) (n—4)(m+n—-5+m-—2 m+n-—>5
= 2 * 2 B 2 ‘

Applying Lemma 4.1 we obtain (i).

Now we consider (ii). Since m — 1 t m + n — 5, by Corollaries 2.1
and 3.1 we have ex(m +n — 5;T%) < (m — 2)(m +n —6)/2 for i € {1,2}.
By (1.1), ex(m +n — 5;P,) < (m—2)(m+n—6)/2. By Lemma 4.4,
ex(m+mn —57T)) < (m—2)(m+n—06)/2. By [10, Theorems 4.1-4.5],
ex(m+n—>5T7r) < (m—2)(m+n—6)/2. Thus, from the above and (i)
we deduce (ii). This proves the lemma.

THEOREM 6.3. Let m € N and j € {1,2}.
(i) We have

(T, T?

m

) = 2m—4 if 24m and m > 9,
T 2m =5 if 2|m and m > 16.
(i) Ifn € N, m > 7, n > max{m + 2,19 —m} and m — 1 {n — 4, then
r(T),Ta) =m+n—2>5.
Proof. We first assume 2 f m and m > 9. By Lemma 4.2(i), we have
(T, T ) >m—2+m—2=2m —4. By Lemma 4.4,

m’ = m+1
ex(2m — 4,7 ) = (M= 2)2m _24) —2m=3) _ 2 g
By Theorems 2.1 and 3.1,
ex(2m — 4;Tg1+1) = (m=1)2m = 4) = 4(m = 4) =m? — 5m + 10.

2
Thus,

ex(2m — 4;T),) + ex(2m — 4, T2, ) = m? — 5m + 7 +m? — 5m + 10

2m — 4
=o2m? —10m+17 < 2m? — 9m + 10 = ( m2 >

Hence, by Lemma 4.1 we obtain r(7), Tgl_H) <2m —4 and so r(T),, quz+1)
=2m — 4.



296 Z.-H. SUN ET AL.

Now we assume 2|m and m > 16. By Lemma 4.2(i), r(T,fngHl) >
m—24+m—2—1=2m — 5. By Lemma 4.4,

m—2)(2m — 6) — (m—3)} _ 2m2—11m—|—14.

ex(2m — 5 T!) = [( . :

By Theorems 2.1 and 3.1,
(m—1)(2m —5)
+1) =

2m2 —1lm + 14

ex(2m — 5; 17 ] —(2m—5) = 5

m

2
Thus,
ex(2m — 5;T),) + ex(2m — 5; T2, . |) = 2m? — 11m + 14

<2m?—1lm +15 = (2m2_ 5).
Hence, by Lemma 4.1 we obtain (7}, T%+1) < 2m—5and so (T}, Tnjwl) =
2m — 5. This proves (i).

Now we consider (ii). Suppose n € N, m > 7 and n > max{m+2,19—m}.
By Lemma 6.1(ii), #(T,,T3) < m~+n—5. By Lemma 4.2, we have (17, T})
>m —2+4n — 3. Thus, r(T),,T4) = m +n — 5. This proves (ii). The proof
is complete.

THEOREM 6.4. Let j € {1,2}, myn € N, m > 7 and m — 1t n —4.
Suppose that n = m +1 > 12 or n > max{m + 2,19 — m}. Assume that
G € {Pp, T}, TL T2} or Gy, is a connected graph of order m such that
ex(m+n—>5;Gy,) < (m —2)(m+n —6)/2. Ifn > (m—3)2+3 orm+n—6 =
(m—1)z+(m—2)y for some nonnegative integers z and y, then r(Gp,, Tp) =
m-+n— 9.

Proof. If n. > (m — 3)2 + 3, then m +n — 6 > (m — 2)(m — 3) and so
m+n—6=(m—1)z+ (m—2)y for some z,y € {0,1,2,...} by Lemma 5.1.
Now suppose m +n — 6 = (m — 1)z + (m — 2)y, where z,y € {0,1,2,...}.
Set G = xK,;—1 UyKpy_2. Then A(G) < n — 4. Thus, G does not con-
tain any copies of G,,, and G does not contain any copies of T). Hence
r(Gm,Th) > 1+ |V(G)] = m+n —5. On the other hand, by Lemma 6.1 we
have (G, T4) < m+n —5. Thus r(Gy, T3) = m +n — 5. This proves the
theorem.

COROLLARY 6.1. Let myn € N, m > 7, m —1|n—10, b € {2,3,5},
n > max{m+2,19—m} and j € {1,2}. Assume that Gy, € {P,,, T, T}, T2}
or G, 18 a connected graph of order m with
(m—2)(m+n—6)
5 .

ex(m +n— 5;Gm) <

Then (G, T3) = m +n — 5.
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Proof. Set k= (n—0b)/(m —1). Then k € N. For b = 2 we have k > 2.

)-
Since
k—2)(m—1)4+3(m—2) ifb=2,
(

(
m+n—6=¢ (k—1)(m—-1)+2(m—2) ifb=3,
(k+1)(m—1) ifb=>5,
the result follows from Theorem 6.4.

THEOREM 6.5. Let m € N, m > 12 and i,j € {1,2}. Then
P(TE T ) = (T, T, ) = 2m — 5.

m> - m—+1 my T m+1

Proof. Let T,, € {T¢,, T%}. By Theorems 2.1, 3.1 and [10, Theorem 4.1],
(m—2)(2m —5) —3(m — 4)

ex(2m — 5;T,,) =

2 ?
i\ (m—=1)2m —5) —5(m—5) (m—3)(2m—>5)
ex(2m — 5T, 1) = 5 or { 5 } .
Since
(m—2)(2m —5) — 3(m — 4) N (m —3)(2m —5)
2 2

_(2m—=5)(2m—-6)+7-m 2m —5

S (1))
and

(m—2)(2m —5) — 3(m — 4) N (m—1)(2m —5) — 5(m — 5)
2 2

o2m —5
=2m? —12m+ 26 < 2m? — 1lm + 15 = < m2 )

we see that ex(2m — 5;T),) + ex(2m — 5;T£H_1) < (2m 5) Hence, applying
Lemma 4.1 we deduce that r(Tm,TmH) < 2m—5. Since A(T},) = m—3 and
A(T,‘%H) m—2, by Lemma 4.2(i) we have r(Tm, T, 1) 2 m—3+m—2 =
2m — 5. Hence r(T,,, T2, ) = 2m — 5. This proves the theorem.
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