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SIMPLE MIXING ACTIONS
WITH UNCOUNTABLY MANY PRIME FACTORS

BY

ALEXANDRE I. DANILENKO and ANTON V. SOLOMKO (Kharkiv)

Abstract. Via the (C, F)-construction we produce a 2-fold simple mixing transfor-
mation which has uncountably many non-trivial proper factors and all of them are prime.

0. Introduction. This paper is about prime factors of simple probabil-
ity preserving actions. We first recall the related definitions from the theory
of joinings.

Let T' = (T,)4er be an ergodic action of a locally compact second count-
able group I on a standard probability space (X, B, ;). Our main interest
is in Z- and R-actions. A measure A on X x X is called a 2-fold self-joining
of Tif it is (T, x Ty)ger-invariant and it projects onto p on both coordi-
nates. Denote by JS(T') the set of all ergodic 2-fold self-joinings of T'. Let
C(T) stand for the centralizer of T, i.e. the set of all u-preserving invertible
transformations of X commuting with T}, for each g € I'. Given a transfor-
mation S € C(T), we denote by ug the corresponding off-diagonal measure
on X x X defined by us(A x B) := u(AN S~'B) for all A,B € B. In
other words, pg is the image of p under the map = — (z, Sz). Of course,
us € JS(T) for every S € C(T). If T is weakly mixing, u x p is also an
ergodic self-joining. If JS(T') C {us | S € C(T)} U {u x p} then T' is called
2-fold simple [Ve|, [dJR]. By a factor of T we mean a non-trivial proper
T-invariant sub-c-algebra of 8. If T' has no non-trivial proper factors then
it is called prime. In [Ve] it was shown that if 7" is 2-fold simple then for
each non-trivial factor § of T" there exists a compact (in the strong operator
topology) subgroup Kz C C(T') such that § = ., where

Sk ={A€eB|ukAAN A)=0forall ke K}

is the fixed algebra of K. In particular, § (or, more precisely, the restriction
of T to §) is prime if and only if K3 is a maximal compact subgroup of

o(T).
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One of the natural questions arising after the general theory of simple
actions was developed in [dJR] is: are there simple maps with non-unique
prime factors? The first example of such maps was constructed by Glasner
and Weiss [GIW] as an inverse limit of certain horocycle flows. For that
they used some subtle facts from Ratner’s theory of joinings for horocycle
flows and properties of lattices in SLa(R). Danilenko and del Junco [DdJ]
later utilized a more elementary cutting-and-stacking technique to construct
a weakly mixing 2-fold simple transformation which has countably many
factors, all of which are prime.

Our purpose in the present paper is to use a similar cutting-and-stacking
technique to produce a mizing transformation which has uncountably many
factors, all of which are prime.

Via the (C, F')-construction we produce a measure preserving action T’
of an auxiliary group G' = Z x (R x Zz) such that the transformation T{; o o)
is mixing 2-fold simple and C(T(10,)) = {7y | g € G}. Since all non-trivial
compact subgroups of G are Gy = {(0,0,0), (0,b,1)}, b € R, and all of them
are maximal, this gives an example of a 2-fold simple transformation with
uncountably many prime factors. All these factors are 2-to-1 and pairwise
isomorphic.

We also correct a gap in the proof of [DdJ, Lemma 2.3(ii)] (see Re-
mark .

The skeleton of the proof of the main result is basically the same as in
[DAJ], where the “discrete case” (i.e. when the auxiliary group is discrete)
was under consideration. To work with the (C, F)-construction for actions of
continuous (i.e. non-discrete) groups we use the approximation techniques
from [Da2].

1. (C, F)-construction. We now briefly outline the (C, F')-construction
of measure preserving actions for locally compact groups. For details see
[Dal] and references therein.

Let G be a unimodular locally compact second countable (l.c.s.c.) amena-
ble group. Fix a (o-finite) Haar measure A on it. Given E, F' C G, we denote
by EF their algebraic product, i.e. EF = {ef | e € E, f € F}. The set
{e7! | e € E} is denoted by E~L. If E is a singleton, say F = {e}, then we
write eF’ for FF. For abelian groups we use additive notation. Given a finite
set A, |A| will denote the cardinality of A. Given a subset F' C G of finite Haar
measure, Ar will denote the probability on F given by Ap(A) := A(A)/A(F)
for each measurable A C F. If D is finite, then xp is the equidistributed
probability on D, that is, kp(A) := |AN D|/|D| for each A. The notation
a # b e A will refer to two distinct elements a, b of a set A.

To define a (C, F)-action of G we need two sequences (F,)>°, and
(Cn)o; of subsets in G such that the following are satisfied:
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(Fn)pep is a Fglner sequence in G,
C,, is finite and |C},| > 1,

F,Cp41 C Foya,

FoenF,d =0 forall c#c € Cpy.

I O
— N N

(1.
(1.
(1.
(1.

This means that F,C),41 consists of |Cp11| mutually disjoint ‘copies’ F,c,
¢ € Cp41, of F,, and all these copies are contained in Fj, 1.

First, we define a probability space (X, u) in the following way. We equip
F,, with the measure (|Cy|---|Cy|) "I A[F, and endow C,, with the equidis-
tributed probability measure. Let X, := F,, x[] w>n Ck stand for the product
of measure spaces. Define an embedding X,, — X, 1 by setting

(fna Cn+1,Cn+2; - - ) = (fncn+1a Cn+2; - - )

It is easy to see that this embedding is measure preserving. Then X; C
Xy C ---. Let X = [U,2, X denote the inductive limit of the sequence
of measure spaces X, and let % and p denote the corresponding Borel
o-algebra and measure on X respectively. Then X is a standard Borel space
and p is o-finite. It is easy to check that p is finite if and only if

(1.5) lim A(Fn)

e <00,
oo |Cy] - - [Ch

If (1.5) is satisfied then we choose (i.e., normalize) A in such a way that
u(X) =1

Now we define a p-preserving action of G on X. Suppose that
(1.6) for any g € G, there is m > 0 with gF,Cp4+1 C F41 for all n > m.

For such n, take x € X,, C X and write the expansion = (fn, ¢nt1,Cnt2,--.)
with f, € F,, and ¢; € C;, i > n. Then we let

Tox := (g fnCnt1, Cnt2,-..) € Xpnt1 C X.

It follows from (1.6) that T, is a well defined p-preserving transformation
of X. Moreover, T,T}, = Typ, i.e. T := (Ty)g4ec is a p-preserving Borel action
of G on X; it is called the (C, F')-action of G associated with (Cp1, F)5 -

We now recall some basic properties of (X, B, u, T'). Given a Borel subset
A C F,, we set

[A]l, :={z € X |z = (fn, Cnt1, Cnt2,...) € X, and f,, € A}

and call it an n-cylinder. 1t is clear that the o-algebra 8 is generated by
the family of all cylinders. Given Borel subsets A, B C F;,, we have
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(1'7) [A N B]n = [A]n N [B]m [A U B]n = [A]n ) [B]m
(1.8) [A]p = [ACh41]n41 = I_I [Acn+1,

c€Chni1
(1.9) u([Aln) = |Crpr|p([Aclnyr)  for every ¢ € Gy,
(1.10) u([Aln) = w(Xn)AR, (A),
(111)  Ty[Al, = [gA], ifgAC F,
(1.12) TylAl, = Typ[h tgAl,  if hlgA C F,.

Each (C, F)-action is of funny rank one (for the definition see [Fe] for the
case of Z-actions and [So] for the general case) and hence ergodic. It also
follows from (|1.2)) that 7" is conservative.

2. Main result. We denote by Z, a cyclic group of order n: Z, =
Z/nZ =1{0,1,...,n—1}. Let G :=Z x (R x Z3) with multiplication law
(x,a,n)(y,b,m) = (x +y,a+ (=1)"b,n +m).

Then the center C'(G) of G is Z x {0} x {0}. Each compact subgroup of G
coincides with G = {(0,0,0),(0,b,1)} for some b € R. Notice that G} is a
maximal compact subgroup of G for each b € R.

To construct the required (C, F')-action of G we will determine a sequence
(Cnt1, Frn)o2 - Let ()52, be an increasing sequence of positive integers
such that

(2.1) lim n/r, = 0.

n—oo

Below—just after Lemma one more restriction on the growth of ()22,
will be imposed: we will assume that r, is so large that (2.7) is satisfied.
We recurrently define three other sequences (a,)5 ), (an)o, and (b,)02
of positive integers by setting

apg:=1, ap:=1,

ap, = (2rp—1 + l)a,—; forn >1,

by :=(2n —1)ay,—1 forn >1,

ap = ap +b,+n forn>1.
For each n € N, we let

I, :={

H, :={

F, = (—an,anlz X (—an, aplr X Zo,

Sp = (

E, = (

3
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We also consider the homomorphism ¢,,: Z% — G given by

Cbn(%]) = (2ian7 2jan, 0)-
We then have

(2.2) Sp C Fy,  F,S, =5,F, Cﬁ c G,

(2'3) Sn+1 n@bn n |_| Fnan |_| ¢n
hEI heln

(2~4) Fn+1 n(ﬁn n |_| anbn |_| ¢n
heH,, heH,,

We also equip F;, with a finite partition &, such that:

(i) the diameter of each atom of , is less than 1/n,
(ii) for each atom A € &,—; and each ¢ € C), the subset Ac C F,, is
&n-measurable, and
(iii) &, is symmetric, that is, A™' € &, whenever A € &,.

For instance, we can define such partitions inductively in the following way.
Each ¢, will consist of ‘rectangles’ of the form {a} x A x {m} C G, where
a € (—ap,aplz, m € Zo and A C (—ap,an]r is a subinterval of length
less than 1/n. Let & := {Fp}. Now suppose we have already defined &,_1.
Denote by E,_1 C R the finite set of endpoints of the intervals A for all
the atoms {a} x A x {m} € &,—1. Let m3: G — R stand for the natural
projection on the second coordinate. Set

El :=E, 1+m(C,) and E,:=-E,UE,U{k/n|keZ,|kl <na,}.

The finite set E,, C R defines a partition &(LQ) of [—ay,an)r into intervals
with endpoints in F,. Denote by [,, the length of the shortest interval from
fﬁl Finally, set &, := 5(1) X 5,(12) X 5,(13), where 5( ) and 5%3) are partitions
of (—an, ay)z and Zg respectively into single points. Properties (i)—(iii) are
clearly satisfied for &,.

It follows that for each measurable subset A C F,, any ¢ > 0 and
for all k large enough, there is a ;-measurable subset B C Fj such that
w([Aln A [Blk) < €. We will denote by o(§,) the o-algebra on F), generated
by &n.

For a finite subset D in S,,, we denote by xp the corresponding nor-
malized Dirac comb, i.e. the measure on S,, given by kp(A) :=|AN D|/|D|
for each subset A C S,,. Given two subsets A, B C F,, define a function
fap: Sp xSy, — R by setting fa g(z,y) := A(AzNBy)/A(Fy) for z,y € S,
We now define a finite subset D,, in .S, by

D,, :={(a,k/(nly),m) | a € (=bn,bnlz, k € (—nlpby, nlybylz, m € Zs}.
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It is an easy exercise to check that for such &, and D,

1 1
2.5 Ag) — ——\(A :
for each &,-measurable subset A C F), and g € F,,, and
1 1
(2.6) S ng,Bh, d:‘iDn dHDn — W S ng,Bh dA d)\’ < ﬁ
SnXSn SnXSn

for any &,-measurable subsets A,B C F,, and any ¢g,h € F, such that
AgS,, BhS, C F,. We also notice that |DY| = |D}|.

Given a finite (signed) measure v on a finite set D, we let |v|; =
Sgep V(@)]. If m: D — E then clearly ||v o7 ||y < |lv[j;. Given a finite
set Y and a mapping s: Y — D, let dist,cy s(y) denote the image of the
equidistribution on Y under s:

. 1 -
distyey s(y) == m Z ds(y) =KD OS L
yey
The following lemma easily follows from [dJ, Lemma 2.1] (cf. [Da2l
Lemma 3.2]).

LEMMA 2.1. Let D be a finite set. Then given €,6 > 0, there is R € N
such that for each v > R, there exists a map s: {—r,...,7}> = D such that

|disto<t<n (sn(h + (£,0)), spn(h' + (t,0))) — kp X kp||, <€
for each N > 6r and h #h' € {—r,...,7}? withhi+ N <r and b} + N < r.

Applying this lemma with e = 1/n and 6 = 1/n? we get the following. If
rn, is large enough then there is a mapping s, : H, — D, such that for any
N >r,/n?and h # K € H, N (H, — (N —1,0)) we have

(2.7) HdistoSKN(sn(h + (£,0)), sp(h + (¢,0))) — kp,, X HDnHl < 1/n.

From now on we assume that r, is so large that this condition is satisfied,
and for each n we fix s,,: H,, — D,, satisfying .

Now we define a map ¢+1: H, — G by setting c¢,11(h) := sp(h)dn(h).
We set Cp41 := cnp1(Hy).

The reader should have the following picture in mind. The set F, 1 is
exactly tiled with the sets F,¢,(h), h € H,, which may be thought of as
‘windows’. Each F,, has a ‘natural’ translate F,¢,(h) in ﬁn(bn(h) but the
translate we actually choose is the natural translate perturbed by a further
translation s,(h) which is chosen in a ‘random’ way and does not move
F,¢n(h) out of its window.

It is easy to derive that properties f are satisfied for the se-
quence (Fy, Cpy1)22,. Hence the associated (C, F)-action T = (Ty)geq of
G is well defined on a standard probability space (X, B, u).
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We now state the main result.

THEOREM 2.2. The transformation T(y o o) is mizing and 2-fold simple.
All non-trivial proper factors of T(1 9,0 are of the form §g,, b € R. All these
factors are 2-to-1, prime and pairwise isomorphic.

We first prove some technical lemmata. After that in Proposition
we show mixing for 71 o), and in Proposition we prove simplicity and
describe the centralizer of T(; o o). The structure of factors then follows from
Veech’s theorem.

Denote by G° the subgroup Z x R x {0} of index 2 in G. Given any
subset A in G we set A := AN G and A! := A\ A°. We will refer to
AY and A! as levels of A. We will say that a subset A C G is e-balanced
if

INA%) — A(AD)] < eX(A).
Denote by 73: G — Zso the natural projection on the third coordinate. Since
KD, © T3 = Kz,, it follows from (2.7) that

(2.8) HdiStheHn T3 O Sn(h) — I€22H1 < 1/n.
In particular, for any A* C F), the set A = A*C),41 is 1/n-balanced:
1

(2.9) |)\(A0) — )\(Al)] < E)\(A).
Indeed, since

A= || A%.(mu || Aea(n),

hesy 1 (GO) hesy H(GY)

we have

A(A%) = A A™)[s,1(G)] + A(A™)]s, (G,
and similarly

MAY) = MAD[s 1 (GO + MA™) s (G-

Hence
IA(A%) = A(AD)[ = [MA*) = XA s, (G| = |s, (G|
1 —1/0 e tes
< s, (G s, (G-
Al (@) =L@
It remains to notice that
—1 0 —1/1
~1/0 —1 1 (GY)] 1 |Sn (G)|_}
I (@01 @l < [P g [P

= ||disthem, T3 0 Sn(h) — Kz, |1 < 1/n
by (2.9)). It follows that A = A*C), 41 is 1/n-balanced for each A*C F,.
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Given h = (hy, hy) € Z2, we let h* := (hy, —ha).
LEMMA 2.3. Let f = f'¢n_1(h) with f' € Fy_y and h € Z2.
(i) Suppose f € Ga and let §:=1— «. Let
L_ =y 1¢n 1( n— 2+h)|—|Fﬁ 1¢n 1( n— 2+h*)
LY = By yduoa (T + B) U $ua (T + ).
Then L;, C fS,, C L;. Hence
AMfS, AL,
AP 2 ) 501).

(ii) If, in addition, fS, C F, then for any subset A = A*C,_1 with
A* C F,_o we have
AMAC, N fSy)
A(Sn)
Here 0(1) means a sequence that goes to 0 as n — oo and does not
depend on the choice of A* in Fj,_o.

= A, (A) +0(1).

Proof. (i) Suppose f € GV (the case f € G' is considered in a similar
way). We have

fS :f/¢n—l( ) n— 1¢n 1( n— 1)
= f/FO 1¢n 1(h + In— 1) U f Fﬁq%—l(h* + In—l)-

Since F F 1 C |—|u€h @ ¢n—1(u), there exists a partition of ]57?‘_1 into
subsets AS, u € I, such that f'AS C FO‘ 1¢n—1(u) for any v and o = 0, 1.
Therefore
fSn =
|| (FAS b1 (1) ™ b (ut bt Iy ) U ALy (w) b (ut-h* +T1)).
uely
It remains to notice that | |, flAY, 1(u)~t = ﬁ’,‘j‘fl

(i) Since fS, C F, and F, = Fyy_1¢p_1(Hp_1), it follows from (i) that
the subsets K := I,,_1 + h and K* := I,,_1 + h* are contained in H,,_1.
Therefore

MAC, N fSp) MAcyn (k) N fSn) MAcn (k)N L,)
A(Sn) B Z A(Sn) Z A(Sn)
_ A(; | 3 A(Asn_l(k)qsn_l(k)nﬁg,lqan_l(f()uﬁf,lqan_l(ff*)) +o(1)
" keH,_
Z)\ ASn 1 ﬁFa Z A ASn 1 ﬁﬁnﬁ_l)-i-a(l).
kGK kEK*

+0(1)

kEanl keH’nfl
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Notice that
AAY) if s, 1 (k) € G°,
/\(A'B) if s,—1(k) € G

In any case, since A = A'C),_; is —15-balanced, we conclude from 1) that

n—2

Adsoa(i) N F ) =

A Asn_1(k) N FS ) = (1/2 +0(1))A(A).
In a similar way
MAsp-1(k) V) = (1/248(1)A(A).

Hence

MAC, 01 15) _ MAIKI(+0) )y
_ A AMEDIET o s
= T (1+0o(1)) +o(1)
B A(Fno1)(2n - 1)2
= A (4) (2n 4+ 1)2A(Fp_1)

= >‘Fn,—1(A) —|—5(1). =

-(14+9(1))+0o(1)

REMARK 2.4. We note that there is a gap in [DdJ, Lemma 2.3(ii)]. It
was stated there that the claim (ii) is true for each subset A C F,,_;. This
is not true. However—as shown in Lemma [2.3ii) above—the claim is true
if A = A*C,_; for an arbitrary subset A* C F,_5. This corrected version
of the claim suffices to apply it in the proof of [DdJ, Theorem 2.5] which is
the only place in that paper where [DdJ, Lemma 2.3(ii)] was used.

We will also use the following simple lemma.

LEMMA 2.5. Let A, B and S be subsets of finite Haar measure in G.
Then

| MAznBy)dr(x)dA(y) = | AaSNbS)dA(a)dA(b).
SxS AxB

Proof. Notice that G is unimodular. Consider two subsets in G*:
2 ={(a,z,y) |z €S, ye S ac AN Byz '}
={(a,z,y) |a€ A, y€ S,z €a"'Byn S},
2 :={(a,b,y) |ac A, be B,yecb laSNS}
={(a,b,y) |a€ A,y S, bc BnaSy '}
It is clear that the maping (2 3 (a,z,y) — (a,axy~ ', y) € 25 is 1-to-1 and
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A\3-preserving. Applying the Fubini theorem we obtain

| A4z n By) dA\(z) dA(y) = N (1) = N ()
SxS
= | MaSNbS)dr(a)dA(b). =
AxB

The following lemma is the first step to prove mixing for T{; ). Let
ho := (1,0) € Z2. Then ¢, (ho) = (1,0,0)%.

LEMMA 2.6. Given a sequence of subsets H C H, such that |H}|/|Hy|
— 0 for some § >0, let C := ¢, (H}_). Then

sup [T, (ho) [A*Crln N [B7 1) — p([ACrln) p([B*]n-1)| = 0.
A*,B*Ea(gn—l)

Proof. Let A,B € o(&,). We set FS = {f € F, | fSuS,;! C F,},
A° = ANF;, B° := BNFY, H, := H,N (H, — hpy). It is clear that
w(Fp \ FY) — 0 and |H]|/|Hn| — 1 as n — oo. Since ¢y, (ho) € C(G) for all
n € N, we have

On(ho)Acni1(h) = Asn(h)pn(ho + h) = Asp(h)sn(ho + h) " ens1(ho + h)
whenever h € H/,. In particular, ¢, (ho)A°cp4+1(h) C F,41 for all h € H),.
Then

(T g, (ho) [Aln O [Bln) = (T, (no)[A”]n N [B"]n) +0(1)

= > 1(Ts,00) [ A% i1 (W)]ns1 N [B°Ta) +0(1)

- :Zj (T () [ A Cng (B)]na1 N [B°]n) +0(1)

- hzf; 11([A%sn(h)sn(ho + h) " eng1(ho + h)]ng1 N [B%]n) +0(1)
- h:; 1([(A°3n(R) s (ho + h) ™ N B®)eny1(ho + h)]ps1) +0(1)
- II;nI heE p([A%sn(B)sn(ho + 1)~ N Bln) +75(1)

_ |}}n| > A, (A5 (R) 0 B sy (ho + B)) (Xon) + 5(1)

= g 3 400 Bt s 1) ot

_ II;’! A, (Asn(h) 0 Bsn(ho + 1)) +5(1).
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Let v, := distpenr (sn(h), sn(h + ho)). Set fap(z,y) = Ag,(Az N By) =
A(Az N By)/A(Fy). Notice that

1
2r, — 1

Tn
Up = > distoy, <tcr, (Sa(t 1), sn(t + 1,4)).

I=—7n

It follows from ([2.7)) that ||v, — kp, X kp, |1 < 1/n. Then by (2.6),

Ty, h)[Aln OV [Bln) = | fapdvn +3(1)
Sn X Sh

= | fapdep,dsp, +3(1) = > | fasdrdx+3(1),
) )\(Sn) )
SnXSn SnXSn
Now let A := A*C,, and B := B*C, for some §,_i-measurable subsets
A* B* C F,_1. We say that elements c and ¢’ of C,, are partners if F,,_1¢S,N
F,_1c S, # 0. We then write ¢ < /. Since A*cx N B*c'y = () for c 4 ¢, it
follows that

| fapdrxdi= | g, (A*Chzn B*Cry) dA(z) dA(y)

Sn X Sn Sn X STL

_ ! S Z M A*cx N B*cy) d\(z) d\(y).

AFn) SpxSn Ci3ec! €C
Applying Lemma we now obtain

1 /
| fapdrdr= ED > | AaeS, nbc'S,) dA(a) dA(D).
Sn X Snh Craaxc eCy A* xB*

Next, we note that

IA(acS, Nbe'Sp) — A(eSy N d'Sy)| < 8nA(Fn_1) = 6(1)A(Sh).
Each ¢ € C,, has no more than 2(4n + 1) partners. Therefore
#(T, (1) [A"Crln N [B7]n-1)

1 A(eSn, NdSy) + A(Sp)a(1) _
= 35 C*ECZ;E% A*iB* ) dX(a) dA(b) + o(1)

* 2
_ A(;(” B ))\():ngg;\l()Fn) 3 (M@ N ¢Sn) + A(Sa)a(1)) +o(1)

Croexc’eCp
— Ap (A% g (B0, & ATn=t)” \szz(;m? );A( o)
A (A (870, & A RO A0 5

MFn_1)2(2n — 1)2|H,,|
= Ap,_ (AAp,_ (B0, +0(1),
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where

_ /\(Fn—1)2 /
0, = 5PN > AeSandSy).
Craaxic'eCp

Substituting A* = B* = F},_; and passing to the limit we find that 6,, — J
as n — oo. Hence

(T, (ho) [A"Crln N [B|n-1) = w([A"Coln) u([B]n-1) +0(1).
Since 9(1) does not depend on the choice of A* and B* inside F,_1, the
claim is proven. m
COROLLARY 2.7. The transformation T ) s weakly mizing.
Proof. Substituting H' := H,, in Lemma [2.6] we obtain
sup [T, (ho)[A o1 N [B"]n-1) = p([A]n-1)p([B"]n-1)| = 0.
A*,B*GO’(&L,l)

Since each measurable subset of X can be approximated by [A*],,—; for large
n and some &,,_1-measurable subset A* C F;,_1, it follows that the sequence
(#n(ho))pey is mixing for T', that is, (T, () AN B) — p(A)u(B) for every
pair of measurable subsets A, B C X.

PROPOSITION 2.8. The transformation T o) i mizing.
Proof. We have to show that

lim (T, AN B) = pu(A)u(B)

n—roo

for any sequence (g,,)72; that goes to infinity in C(G) and every pair of
measurable subsets A, B C X. Let g, € Fyq1 \ Fy. It suffices to show
that a subsequence of (g,)5 ; is mixing for 7. We write g, = fn¢n(hy) for
some f, € F, N C(G) and h, € H,. Denote by z: Z — C(G) the natural
embedding z(x) := (z,0,0). We may assume that f,, € 2(Z) for all n (the
case f € z(Z_) is considered in a similar way). Let H}, := H, N (H, — hy)
and F! := F, N (f,'F,). Passing to a subsequence if necessary, we may also
assume without loss of generality that

| H,,| A(F)

— 61 and n
| H,| AMFn)

for some 61,99 > 0. Partition H,, into
Hy, == {h € Hy | gnFncnt1(h) C Fry16nt1(ho)},
H? = {h € Hy | gnFncns1(h) C Fopa},
H? = H,\ (H:U H?).

As before, hg = (1,0) € Z*. Let C}, 1 = ¢p41(Hy). It is clear that |H;| <
4(n+1)(2ry + 1) and |H2 A H})| < 2r, + 1. Since |Hy,| = (2r, + 1)2, it

—>52
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follows that
1, 12 sl
| Ha| | Ha| ©|Ha|
Take two &,-measurable subsets A, B C F},. Since

1_(517

Crial 1) < —— o,

([AC +1]n+1) ’Cn—&—l‘ = 27471 + 1
we have
(2.10) 1Ty, [AC, 1 ]n41 0 [Bln) = w([ACH 41]ns1)([Bla)| — 0,

so [F,C3 +1]n+1 is negligible. It suffices to show mixing separately on each
of the remaining subsets [F,C} +1]n+1 and [F,C2 | ]n+1.

First, we note that ¢, 1(ho) g, F,C} a1 C Fry1. Thus, by (1 ,
[AC +1]n+1 T¢n+1 ho) [¢n+1<h0) AC +1]n+1

By Lemma . with Cy 1 = ¢ny1(ho)” L (hy)Ck i1 and A* = fr, A) we
obtain
(2.11) |1(Tg, [AC) 1)1 N [Bla) — p([AC) 1]t ) p([Bln)| = 0.

It remains to consider the second case involving C2_ . If §; = 0, then
obviously

(2.12) ([AC t1)nt1) — 0.
Suppose now that §; > 0. Partition A into Ay := AN f,'F,, Ay :== AN
i Eudn(ho) and Az := A\ (A1 U Ag). In other words, f,A1 C F,, fnAs C
Fn¢n(h0)7 fnAzN (Fn U Fn¢n(h0)) = 0.
Note that
2n+1

(2.13) #([AsChialne) < p([As]n) < o 1

For A; and Ay we argue as in the proof of Lemma Set Fy :=={f € F, |
fSnS,;t Cc F,}, A := Ay N FS and B° := BN F2. We have
u(Ty W[AC) 11l N[Bln) = Z M(Wn(hn)anicn—i-l(h)]n-&-l N [Bo]n)+5(1)
heH),

= Z M([(ancl)sn(h)sn(hn + h)_l N Bo)Cn+1(h)]n+1)+5(1)

hEH’

— 0.

> w([faASsn(R)sn(ha + h) 1 0 B%,) +0(1)

heH!,
S Ar, (FaASsa(h) 1 By (hy 4+ b)) + (1)
heH!,

=01 | fag.pdum+0(1),
Sn X Sn

n\

\H’\
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where v;, :=distpe (sn(h), sn(hn+h)) and fa, s, B(x,y) =AF, (A1 fnzNBy).
Write hy, = (tn,0). Since

2ry —tp +1 |H] |

= — 01 >0
2rn + 1 |H,| !
and
1 n
Yn = 27'” — ]_ Z diSt_"'RStSTn—tn (Sn(t7 2)7 Sn(t + t?’w Z))a

i=—Tp

it follows from and ( . ) that

(Ty, [A1C5 1 lng1 N [Bln) = 01

A(Sn)?

| favp.BdXdr+0(1).
Sn XSn

Now take A := A*C} and B := B*C), for some &,_;-measurable subsets
A*B* C F,_1. Let C], := C,, N F). It follows that |C}|/|Cy,| — &2 and
([ Arln B [A*Culy) = 6(1). Hence pi([Ar]n) = bapu([A%}_1) +(1). Arguing
as in the proof of Lemma [2.6] we obtain

1Ty, [A*CLCE i lngr N [BY)n1) = Sapu([A* 1) p([B*]n—1) +0(1).
Therefore
(2.14) (T, [A1Co i Jng1 N [Bla) — p([A1Co iy lng1)l([Bln) | = 0.

Since Ty, [Aaln = Ty, (hytho)[Pn(h0) ' frAs] with ¢n(ho) ™' fnda C Fp,
a similar reasoning yields

(2.15) | 1T, [A2C7 1 ]nr1 N [Bln) = n([A2C5 1 lns1)u([Bln) | — 0.

Since
(A%t = [A*CoCpya)nta U |_| Cralnr U [A*CCy i )nsn,

it follows from 7- ) that

lim sup (T, [ATn1 N [B*]n1) = p([A* 1) p([B*]n-1)| = 0.
00 A B*€o(€n—1)

Since £,-measurable cylinders generate the entire o-algebra %6 as n — oo,
we conclude that (g,,)72 is a mixing sequence for T', as desired. =

PROPOSITION 2.9. The transformation (1) is 2-fold simple and
C(T00) =1{Ty | g € G}.

Proof. Take an ergodic joining v € J5(T(1,0,0)). Let
K, = [—an/nQ,an/nQ]Z, Jp 1= [—rn/n2,rn/n2}z, b, = K, + 2a,J,.
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We claim that v-a.e. point (z,y) € X x X is generic for Ty 9,0) X T(1,0,0),
i.e. for all cylinders A, B C |2, 0(&,) we have

. 1
(2.16) V(A x B) = lim @] Z XA (Ti0,007) X8 (T(5,0,0)Y)-

n—00
1€EPy

To see this, we first note that (€,)52, is a Fglner sequence in Z. Since

an | 2apTy - an(2r, +1) 2an41

n? n? n? (n+1)2’
it follows that &,, C Ky41+Kp41 and hence ) @y, C Kpy1+ Kpq1. This
implies that @11 + U, <, Pm| < 3|Pny1]| for every n € N, i.e. Shulman’s
condition [Li] is satisfied for (€,)5° ;. By [Li], the pointwise ergodic theorem
holds along (9,,)72; for any ergodic transformation. Since 7' x T is v-ergodic,
holds for v-a.a. (z,y) € X xX and for every pair of cylinders A, B C X
from U, 0(6,).

Fix a generic point (z,y) € X x X. Since z,y € X,, for all sufficiently

large n, we have the expansions

T = (fn cnt1(hn), ens2(bns), .- .),
y = (frrcnt1(hy), Cn+2(h/n+1)’ )
with f,, fI, € F,, hi,h, € H;, i > n. We let
H, :=[-1-=1/n)r,, (1 —1/n})r,)3 C H,.
Since the marginals of v are both equal to y, we may assume without loss
of generality that hy,, h], € H, . Indeed,
,u({a? = (fn, cn1(hn), eng2(hnyr), .- ) € X | hn & Hz_}) <2/i?,

and by the Borel-Cantelli lemma for p-a.e. x € X,, we have h; € H; for all
but finitely many i. So we may replace x = (fpn, cnt1(hn), cnt2(hnt1), .- .)
€ X, with z = (facnt1(hn) - em(hm=1), cm+1(hm),...) € X, for some
m > n if necessary. Similarly, h], € H,, .

This implies, in turn, that

(217) fn—i-l = fncn+1(hn) S ﬁn(ﬁn(Hyj) C [_Cn7 cn]Z X [_C’VM Cn]R X L3,

where ¢, = @n(1 + 2rp(1 — 1/n?)), and, similarly, f, | € [—cn,cnlz X
[—cn, cnr X Zo.

Given g € @, there are some uniquely determined k € K,, and j € J,
such that g = k + 2a,j, i.e. (g,0,0) = (k,0,0)¢,,(j,0). Moreover, we have
(4,0) + hy, € H, since hy, € H,, . It also follows from (2.17) that

(2.18) (k,0,0)f,S, STt C F,.
Take g € &, and calculate T{, o o)z. We have
z = (fr,eni1(bn), .. .) = (fani1(hn), .. .) = (fasn(hn)on(hn), . ..)
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and

(9,0,0) frsn(hn)pn(h ) (k,0,0)$n(5,0) frsn(hn)Pn(hn)

(K, 0,0) frsn(hn)pn((4,0) + hn)

= (k,0,0) fusn(h ) n((3:0) + hn) " ten1 (5, 0)+hn)
= dcnt1((7,0) + ha),

where d := (k,0,0)f50(hn)sn((5,0) + hy)~t € F, by (2.18)). This means
that Ty 007 = (d,...) € X;,. Similarly,

(9,0,0) frs sn(hy)n(hy,) = d'cnia((5,0) + hy,)
with d' := (b,0,0)f"sn(h})sn((t,0) + hl)~t € F,.
Now take any &,_o-measurable subsets A*, B* C F,,_o and set A :=
A*C,_1Cy, B := B*C,,_1C,. Then

V([A%]—2 x [B*]n—2) = v([A], x [Bln)
Hg € D | Tg0,0)% € [Aln, Tig00)y € [Bln}]

oy {gedn|de A, d/eB}\
~ nooo @]
. 1 [{jeJn|de A, de B}
= lim
n—oo | Ky k;\; | ]
= lim > (AT (K,0,0) frsn(hn) x B~ (k,0,0) f15n(hy,)),
n=oo | K| keKny,

where ¢, = distjez,(5n((7,0) + hn),sn((4,0) + h;,)). We distinguish two
cases.

First case. Suppose first that h,, # h] for infinitely many, say bad, n.
Since |J,,| > rn/n? it follows from (2.7) that ||(, — kp, X kp, || < 1/n.
Moreover, it follows from (2.5) and the properties (ii) and (iii) of &, that

kD, (A7 (K,0,0) frsn(h)) = s, (A1 (k,0,0) frsn(h)) +0(1).

Hence

Z Cn k 0 O)fnSn( ) X Bil(kﬂovo)fr/LSn(hIn))

| keK,

B rfi 2, (A7 (8, 0,0) fusa(ha) i, (B (0,0,0) fsn (b)) +0(1)
™ ek,
]K | > Ag, (A7H(K,0,0) frsn(hn))As, (B (%, 0,0) f5n(Ry,)) +0(1).

keK,
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Now we derive from Lemma [2.3(ii) that
MATYH(K,0,0) frsn(hn) N Sy)
A(Sn)
AMAN (K, 0,0) frsn(hn)Sn)
A(Sn)
=Ap,_,(A") +0(1)
and, in a similar way, Ag, (B~1(b,0,0)f"sn(h%)) = Ar,_,(B*) +0(1). Hence
V([ATn—2 X [B']n-2) = Ap,_,(A") AR, _,(B%) +0(1)
= ([A]n—2)p([B*|n—2) +0(1)

for all bad n and all &, o-measurable subsets A*, B* C F,,_5. Since any
measurable set can be approximated by [A*],,—2, it follows that in this case

v=p X .

Second case. Now we consider the case where h,, = h), for all n greater
than some N. Then it is easy to see that y = Tz, where k = f]’\,f];l e G,
and then it follows immediately that (x,y) is generic for the off-diagonal
joining p, :

) 1
v([Aln x [B]n) = lim @ > X Ti0.02)x 181, (Ti0,0) Te)
n

n—00
1€Dy

AS,, (A_l(k7 0, O)fnsn(hn)) =

. 1

n—00
1€Pp

= IUJ([A]n N Tlgl[B]n) = MTk([A]n X [B]n)

for all A, B € 0(&,), since v projects onto p. Since each measurable set can
be approximated by cylinder sets, we deduce that in this case v = 7, with
keG. u

Proof of Theorem[2.3. The conclusion follows now from Veech’s theorem,
Propositions and the fact that §g, and §¢, are isomorphic if and
only if G, and G} are conjugate in G [dJR) Corollary 3.3]. It is clear that
Gy = hG,h~! with h = (0, (a +b)/2,1). =

3. Concluding remarks. Notice that with some additional conditions
on s, in Lemma (cf. [Da3, Lemma 2.3]) one can show that T, ¢ o) is actu-
ally mixing of all orders, as well as simple of all orders (cf. [Dad, Section 6]).
For the definitions of higher order simplicity we refer to [dJR].

If we replace G = Z x (RxZg) with I := Rx (R xZsg) and apply the same
construction (with obvious minor changes), we obtain a probability preserv-
ing I'-action R such that the flow (R 0))ier is 2-fold simple mixing and
its centralizer coincides with the entire I'-action. This gives an example of
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a 2-fold simple mixing flow with uncountably many prime factors. By [Ry],
each 2-fold simple flow is simple. Moreover, since Z C R is a closed co-
compact subgroup, the corresponding Z-subaction is also 2-fold simple and
C(R(1,0,0) = {Ry | g € I'} by [dJR] Theorem 6.1]. Thus we get examples of
two non-isomorphic 2-fold simple transformations with uncountably many
prime factors: R ) is embeddable into a flow while T(; ¢ o) is not.
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