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Abstract. It was shown in [Colloq. Math. 135 (2014), 227-262] that the pure semisim-
plicity conjecture (briefly, pssC) can be split into two parts: first, a weak pssC that can
be seen as a purely linear algebra condition, related to an embedding of division rings and
properties of matrices over those rings; the second part is the assertion that the class of
left pure semisimple sporadic rings (ibid.) is empty. In the present article, we characterize
the class of left pure semisimple sporadic rings having finitely many Auslander—Reiten
components; the characterization is given through properties of the defining bimodules
and the sequences of dimensions associated to these bimodules.

1. Introduction. A ring R is left pure semisimple when every left
R-module is a direct sum of indecomposable submodules. The ring R is
of finite representation type if it is left artinian and there exist only finitely
many indecomposable finitely presented left R-modules, up to isomorphism.
A ring is of finite representation type if and only if it is left and right pure
semisimple. The pure semisimplicity conjecture (which we shall abbreviate
as pssC) states that every left pure semisimple ring is of finite representation
type. The conjecture was first discussed by Auslander [, 6], Gruson [16] and
Simson [19].

The conjecture has been proved under certain additional hypotheses
[6, 21, 22 18] but remains undecided. It is known [I§] that to prove the
conjecture it suffices to show that all left pure semisimple rings of the form

(1.1) Ry = g g]

where F, G are division rings and B is a G-F-bimodule, are rings of finite
representation type.

Suppose a ring Rp of the form is left pure semisimple. We recall
from [14, Theorem 3.8] that the indecomposable left Rp-modules (taken up
to isomorphism) form a chain {M, | 0 < a < § + 1} (for some ordinal
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0 > 0) with a < 8 precisely when Hompg, (M,, Mg) = 0. Let us write d,
(for a = 0,...,9) to denote the left dimension of Homp, (My11, M, ), and
also d* = d_; as the left dimension of B* = Homg(B, G). Following [15],
we say that the left pure semisimple ring Rp of the form is sporadic
in case d, > 1 for any a with —1 < a < §. If Rp is left pure semisimple
and sporadic, then it is a counterexample to the pssC. A weak form of the
pssC (the weak pure semisimplicity conjecture, wpssC) has been introduced
and studied in [I5]. It is shown therein that the pssC holds if and only if
the wpssC holds and there do not exist left pure semisimple rings Rp of the
form which are sporadic.

The present paper is devoted to the study of the class of left pure
semisimple sporadic rings. Specifically, we will show that each left pure
semisimple sporadic ring Rp such that Rp-ind has only finitely many Aus-
lander—Reiten components, determines a dimension sequence in the sense
of [9]. Dimension sequences were originally shown to be related to rings of
finite representation type, but in view of this result, they are also connected
to left pure semisimple sporadic rings. One of the main results of the paper
is Theorem [5.1] which characterizes left pure semisimple sporadic rings Rp
of the form and with a finite number of connected Auslander—Reiten
components, by means of their dimension sequences and the properties of
the bimodule B.

We end the paper by a discussion in Section 6 of the relations between
sporadic left pure semisimple rings Rp and the class of potential counterex-
amples constructed by Simson [26]. We show that if G C F' is a pair of
division rings and F', viewed as a G-F-bimodule, is left strictly sporadic
(i.e., its left G-dimension is 2, and the dimension of the successive left dual
spaces is constantly 2), then the ring Rp is a counterexample to the pssC
(Proposition 6.1).

This paper is a sequel to [I5]. For all basic notions and terminology
used (in particular, for the notations R-Mod, R-mod, R-ind or for the con-
cepts of preinjective or preprojective modules), we therefore refer to [15]
(see [I, 1] for the connections between tilting modules and pure semisim-
ple rings). Moreover, we recall that given a hereditary left artinian ring R,
the Auslander—Reiten quiver of R-mod has R-ind as its set of vertices, and
an arrow [X] — [Y] exists in case there is some irreducible homomorphism
X — Y (a homomorphism f : X — Y is irreducible if it is neither a split
monomorphism nor a split epimorphism, and any factorization f = hog
in R-mod is such that either g is a split monomorphism or A is a split epi-
morphism). The Auslander-Reiten components of R-ind are the connected
components of the Auslander-Reiten quiver of R (see [4} [7] for more infor-
mation on these topics).
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Conditions for a ring Rp of the form to have finitely many Auslan-
der—Reiten components (indeed just two components) were already investi-
gated in [25]; also the Auslander—Reiten components of left pure semisimple
hereditary rings were studied in [2].

2. Sporadic pure semisimple rings and dimension sequences.
We assume in this section that Rp = [g g] is a left pure semisimple spo-
radic ring. Under this hypothesis, all the indecomposable left Rp-modules
can be ordered in a chain {M, | 0 < a < § + 1} so that a < § if and only
if Homp, (Ma, Mg) = 0 ([14, Theorem 3.8]). By [13, Proposition 3.9], the
Auslander-Reiten components (from now on, AR-components) of Rp-ind
are the sets U = {My,1, | k=0,1,...} for each limit ordinal A < §. Thus
U is the set of preinjective modules, and each U” is infinite, except for
the preprojective component U” (if § = p + n for a limit ordinal p and an
integer n > 0). Moreover, it was shown in [I4] Theorem 3.8(d)] that each
pair of consecutive modules gives a basic tilting module Mg, © Mgypt1
whose endomorphism ring is again a left pure semisimple ring of the form
(1.1). We denote by d,, the left dimension of each module of homomorphisms
Homp(My41, My). Since My is the simple projective, ds is the left dimen-
sion of B, which we denote by d (when B is understood); in addition, we
set d_j as d* = L.dim(B"), i.e., the left dimension of B* = Homg (B, G).

We need the following two results from [I5].

PROPOSITION 2.1 ([15, Theorem 5.1]). Let R = Rg = [£ 2] be a left
pure semisimple sporadic ring. Suppose that U is any AR-component of

R-ind which is not the preprojective component. Then there exists n > 0
such that dyyr = 2 for all k > n.

PROPOSITION 2.2 (see [15, Proposition 2.11]). Let R = Rp = [§ 2] be
left artinian and W = M & N a rigid tilting module such that Hompg (N, M)
has the left finite dimension property. If (T, F) is the splitting torsion theory
of R-Mod determined by W, then there is a sequence Xo, X1, ... of finitely
presented indecomposable left R-modules such that:

(1) XOZM cdelzN.

(ii) For k > 1, if the set S of indecomposable finitely presented modules
of F which are not isomorphic to any of the modules Xa,..., X
is not empty, then Xyiq is the only element of S (up to isomor-
phism) such that A € S and A 2 X1 tmply Homp (X1, A) =0.
Moreover, Homp(A, Xg11) # 0 for any A € Sk.

If there is a smallest k > 0 such that Xy is projective, then X1 is the
stmple projective, Siy1 is empty and the sequence is finite. Otherwise, the
sequence is infinite.
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Proof. This is precisely [15, Proposition 2.11], except for the added con-
dition that Homp(A, X11) # 0. But this is exactly what was shown in the
second paragraph of the proof of [I5, Proposition 2.11] as a justification for
the uniqueness of Xy11. m

Assume that the matrix ring Rg = [§ 2] is left pure semisimple and
sporadic, with the chain {M, | 0 < a < p+n+ 1} of indecomposable left
Rp-modules as above, and let (¢4, so) denote the d-vector of each M,. Then
for a < B we have to/sq > tg/sg. Moreover, t /s, is the limit of the ratios
tr/sy for finite k; and similarly, for any limit ordinal A < p one sees that
ta+w/Srtw 1s the limit of the ratios tyyr/sx+k. See [15, Theorem 3.14] for
details.

Let A < p be a limit ordinal. From Proposition [2.1] we infer that there
is a smallest integer £ > 0 such that dy;, = 2 = dy4; for any j > k.
We denote this value as k(\). If u = X\ + w, then the left dimension of
Hompg (M., My () will be denoted by 7(u). By [2I, Proposition 2.4(d)],
r(p) > 1 is finite. We will write R instead of Rp when B is understood.

The following result is our first approach to the understanding of these
r-values.

ProPOSITION 2.3. Let R = Rp = [g g] be a left pure semisimple spo-
radic ring. Let X be a limit ordinal such that U is an AR-component which
is not the preprojective component, and let p = A+w. Let k = k(\). For any
natural number m > k, there exists a short evact sequence 0 — M, 1 —
M}y — Myipm — 0 where h = 1L.dim(Homp (M, Mx1m)).

Proof. Since M, & M,,11 is a rigid tilting module [14, Theorem 3.8], we
know that there is a short exact sequence 0 — M, ZL =M [} — Myym — 0
([15, Proposition 3.4]; that the exponent h is the dimension follows from the
proof of that proposition), so all we have to show is that [ = 1. Suppose to
the contrary that [ > 1, and let p be a prime factor of [. Let us write (¢, s),
(tu,su) and (tj,s;) respectively for the d-vectors of M, 1, M, and M)y,;.
By Proposition and [I5, Lemma 3.1], we know that for each m > k,
tmt1 — tm = tgr1 — tx and Spq1 — Sm = Sky1 — Sk Then [I5, Theorem
3.14(iii)] implies that

ti o tm+1 —tm

Sy Smt1— Sm
and since both fractions have coprime terms by [15, Lemma 3.8], it follows
that ¢, = t;41 — tm and s, = sy 41 — sp,. Thus the above short exact
sequence gives us the equations

tl = (tm+1 — tm)h — tm, sl = (Sm+1 — Sm)h — Sm-
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This shows that, modulo p,
(tm+1 —tm)h =tm,  (Sm+1 — Sm)h = Sm.

If h = 0 modulo p, then p is a divisor of both t,, and s,,, which contra-
dicts [15, Lemma 3.8]. Moreover, p is not a divisor of s, or of t,,, because
if we had, for instance, s,, = 0 over Zj,, then s;,41 = s, = 0, and we get
again a contradiction to [I5, Lemma 3.8]. Then by taking h~!, we obtain

the equation modulo p,

(tm+1 — tm)t;@l = (Sm+1— Sm)sr_nl7

and this entails (t;4+1 — tm)Sm = (Sm+1 — Sm)tm, always modulo p. Then
modulo p we have, by simplifying the above equation,

lm4+15m = Sm+1tm, Sm+1tm — tm418m = 0,
which is impossible, by [15, Lemma 3.8]. =

COROLLARY 2.4. With the hypotheses of Proposition[2.3], let p = A\ +w.
Assume k = k(\) and r =r(p). If m > k, then L.dim(Hompg(M,,, My irm,)) =
r+ (m — k).

Proof. We know l.dim(Hompg(M,,, Myx)) = r and this is the first step
in a proof by induction of the result. So, assume l.dim(Hompg (M, Mx1r,)) =
r 4+ m — k = hy,. We shall prove the property for My ,,+1, showing that if
h' = Ldim(Hompg (M, Mxtm+1)), then b’ = hy, + 1.

Using the notation of the proof of Proposition the d-vector of M), is
(tm+1 — tmy Sm+1 — Sm). Still with the same notation, and applying Propo-
sition twice, we get the equations

hm(tm—i-l - tm) =t+ tmy h/(tm-l—l - tm) =t+ tm+1a
and similarly for the s-values. But then h' = h,, + 1, as required. m

Now we recall from [9] the concept of a dimension sequence, and intro-
duce the notion of a partial dimension sequence.

DEFINITION 2.5. Let m > 1 and d_1,dy, . .., d,, be a sequence of positive
integers. This is called a partial dimension sequence if there is a sequence
of pairs of integers (t_1,5-1), (t0,50);- - (tm+2, Sm+2) with the following
properties:

(i) (t_1,8_1> - (07 _1)7 (t0750) = (170)'

(ii) tj,sj >1for j=1,...,m.

(iii) (tga2,Skr2) = dk(tgs1, Skr1) — (tg, sg) for k= —1,0,...,m.

The sequence d_1, dy, . ..,d, is called a dimension sequence if it is a partial
dimension sequence and (t;,41, Sm+1) = (0,1), (tm+2, Sm+2) = (—1,0).

In [9], dimension sequences are associated to bimodules of finite repre-
sentation type (see also [10] and [21]), and in [23], infinite dimension se-
quences are associated to hereditary artinian left pure semisimple rings Rp
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in connection with generalized Artin problems for division ring extensions
(see also [26]). We shall show that (finite) dimension sequences are also
connected with sporadic left pure semisimple rings. To this end, we will
associate a sequence to such a left pure semisimple ring.

Let R = Rp = [g 8] be a left pure semisimple sporadic ring. Suppose
that if we order the indecomposable left R-modules in the chain {M, | 0 <
a < p+n+1} as above, we get p = w-h with 1 < h < 0o, so that R-ind has
only h+1 AR-components. In this situation, we may define finite sequences
80, ..., Sy of natural numbers as follows.

The sequence s will be: d—y = d*,do, ..., dy) = 2. For any 0 < j < h,
the sequence s; will be: 1,7(w - j) +2,dw.j, - - -, dujik(wj) = 2- Finally, the
sequence sy is: 1,r(p) + 2,dp,...,dptn = d. We then have the following
result.

THEOREM 2.6. If Rp = [g g] is a left pure semisimple sporadic ring
with h + 1 AR-components, then the sequence obtained by concatenation of
the sequences sg, ..., Sy @S a dimension sequence.

Proof. We define the sequence of pairs (t;,s;) for ¢ = 1,...,m (where
m = Z?;é kE(w-j)+3h+mn), and check that they satisfy conditions (ii) and
(iii) of Definition These pairs (t;, s;) are the d-vectors of the following
sequence of indecomposable modules:

M17 RS Mk(0)+27 ML«H teey Mw+k(w)+27 Mw~27 SR Mw~j7 ceey
My, ....,Myip.
Condition (ii) is obviously satisfied, because the only indecomposable
modules with zero in some coordinate of their d-vector are the simple mod-

ules Mo, M, 4n41. In order to check (iii), the interesting equations to examine
will be those of the form

(ta-(j4+1)s Sw-(j+1))
=1 (tw~j+k(w-j)+27 5w~j+k(w-j)+2) - (tw~j+k(w-j)+1a 5w~j+k(w-j)+1)

and

(te-G1) 415 Sw(j41)+1)
=(r(w-(+1)+2)(tw(r1)s Sw-(+1) = Ewrjb(w i) +25 Swj+h(w-i)+2)-

Now, the first equation holds because in general, for the limit ordinal A and
k = k(\), one has txixir2 — taxtkt1 = txtktl — tatk = Ertw, and similarly
for s, since dyyx = 2. The second equation follows from Proposition and
Corollary Finally, the remaining cases follow by applying the equation
of [I5] Lemma 3.1]. m
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The dimension sequence determined by the left pure semisimple sporadic
ring Rp = [g g,] will be referred to as the dimension sequence of Rp.

Note that the number of terms equal to 1 in the dimension sequence
of Rp, increased by 1, is the number of AR-components of Rp-ind. On
the other hand, not every dimension sequence can appear as the dimension
sequence of such a ring Rp. Indeed, it follows by our construction of the
sequence that:

(i) if a term of the sequence is di11 = 1, then di = 2 and dj 2 > 3;
(ii) the first two terms of the dimension sequence of Rp (i.e., d*,dp) are
= 1, and so are the last two terms;
(iii) there are at least two terms # 1 between two terms with value 1;
(iv) the subsequence 2,2,1 cannot appear in the sequence except possi-
bly for the first three terms.

It turns out that none of the examples of dimension sequences of length
< 7 given in [9] satisfies these conditions. Indeed, the shortest dimension
sequence that could correspond to a left pure semisimple sporadic ring has
length 8. An example is (2,2,1,5,2,1, 3,2). Likewise, we look for other nec-
essary conditions on some of the terms of a dimension sequence of a left
pure semisimple sporadic ring Rp.

We may further restrict the dimension sequences of left pure semisimple
sporadic rings of the form Rp = [g g] upon substitution of the endo-
morphism ring of a tilting module M, & M, for the given ring Rp. If
we choose @ = X + k for some infinite limit ordinal A and k& = k()\), and
W = My ® Mg41, then Endg(W) is again a left pure semisimple [13, Propo-
sition 3.4] sporadic ring such that d = d* = 2 and k(0) = 0. Therefore its
dimension sequence, in addition to the properties stated above, must be of
the form 2,2,1,1,...,2, where [ > 5. This is because U“ is not the prepro-
jective component by [15, Proposition 5.3], hence the modules M,,, M1
(with respective d-vectors (1,1) and (I — 3,1 — 2)) cannot be projective, so
that [ — 3 > 2.

Let R = Rp be as above. Let A be a limit ordinal and U* be one of
the AR-components of R-ind which is not the preprojective component. We
set k = k(\) and simplify the notation by writing (¢, sp) for the d-vector
of M)y, when we refer only to elements in that component. We use now
the ordering of pairs (t,s) given in the proof of [I5, Proposition 5.3], i.e.,
(t,s) < (t',s") when (t,s) # (t',s') and t < t/, s < s’. Then we say that
the AR-component U is growing when 2(tg, ;) < (tps1, Ske1); and U is
supersporadic when k = 0. Observe that if (¢,,s,) < (ty4+1,Sr4+1) for some
r >0, then (ty41, Sr4+1) < (tr4+2, Sr4+2), because d, > 2. Note also that when
U is not supersporadic and (t_1, s,_1) < (t, sk), then U?* is growing. This
is clear from the equations for p,,, ¢, given before Lemma 3.2 in [I5] and the
fact that dy4x—1 > 2.
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PROPOSITION 2.7. Let Rp = [g 8} be a left pure semisimple sporadic
ring with only finitely many AR-components. Then there exists a non-zero
limit ordinal X such that either r(A) = 1 or else U is supersporadic with
r(A) = 2.

Proof. Suppose to the contrary that r(A) > 1 for all limit ordinals A,
and that r(\) > 2 for all supersporadic components 24*. As shown in the
preceding comments, we may also assume that the dimension sequence for
the ring Rp is of the form 2,2,1,1,...,2 with [ > 5 (this does not affect our
hypotheses since r(w) > 3 with this choice). We are going to check that each
component U* which is not the preinjective or the preprojective component
is a growing component.

By the choice of the dimension sequence, the d-vectors of M,,, M, 11 are,
respectively, (1,1) and (u,u+1) with w = —3 > 2. Then if 4* is superspo-
radic, we have k(w) = 0 and U¥ is growing because 2(t,,, Su) < (fw+t1, Sw+1)-
If U4 is not supersporadic, then the inequality (¢, Sw) < (twt+1, Sw+1) and
the comments just before this proposition show that, again, U is a growing
component.

We show next that for A > w a limit ordinal such that U* is not the
preprojective component, if 4 is a growing component and p = A + w,
then U* is growing. If U* is not supersporadic, then it is enough to show,
as in the case of U*, that (tu,s,) < (tut1,5u+1). Now, let k = Ek(X) so
that (tu,su) = (Exprs1 — Eaths Sxphr1 — Sagk) Let r = r(p) and thus
(tut1, Spt1) = (Foagrr = (P41, r$x k41— (r+1)sx4k). Then t 1 —t, =
(r — Dtasks1 — rtaek. But targrr > tagr and 7 > 1, and it follows that
tut1 —tu, > 0, and similarly for the s-value, which proves our claim in this
case.

Suppose now that U* is supersporadic. To show that it is growing, we
need to prove that 2(t,,s,) < (tu+1,Su+1). By computing as above we get

tug1 — 2t = (r — 2)tayng1 — (7 — Diagr.
Now since r > 2, again t,, 11 —2t, > 0, and similarly for s, which shows that
U" is a growing component in this case, too.

If U* is the preprojective component, then we deduce as above that
(tp,sp) < (tpg1,8p+1); but then (tptm,Sprm) < (tptm+1,Sp+m+1) for any
possible finite m > 0, which gives a contradiction because the d-vector of
the simple projective module is (0,1). =

We know from [I5, Proposition 5.3] that there is no left pure semi-
simple sporadic ring Rp such that Rp-ind has only two AR-components.
We may now deduce which are the potential sporadic rings Rp with three
AR-components.
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COROLLARY 2.8. If Rp = [g 8} s a left pure semisimple sporadic ring
with exactly three AR-components, then r(w-2) = 1.

Proof. The proof of Proposition shows that the component U%“ is
growing and that if p = w -2 and r(p) > 2, then (t,,s,) < (tut1,Sut1)-
But U* is the preprojective component, and this is a contradiction as in the
proof of Proposition .

This allows us to conclude that, upon substitution of the endomorphism
ring of a tilting module for Rp, the dimension sequence determined by
any of these rings with three AR-components is necessarily of the form
(2,2,1,5,...,2,1,3,...,2). In particular this holds for the dimension se-
quence (2,2,1,5,2,1,3,2) mentioned above. But this is not the only case,
because the sequence (2,2,1,5,3,4,2,1,3,2,3,3,2) is another example of
this type.

3. Acceptable bimodules. Throughout this section, G, F' will be di-
vision rings, and B a G-F-bimodule with left G-dimension 2. Then the ring
Rp = [g g} is left artinian and hereditary. In this section we are interested
in conditions on B implying that Rp is a sporadic left pure semisimple ring.

LEMMA 3.1. For G, F,B and Rp as above, the following three conditions
are equivalent:

(i) There is a non-zero b € B such that every element of B is of the
form gbf for some g € G and f € F.
(ii) All the left Rp-modules which are indecomposable and have d-vector
(1,1) are isomorphic.
(iii) For each non-zero b € B, every element of B is of the form gbf, for
some elements g € G and f € F.

Proof. (iii)=-(i) is obvious, and (i)=-(iii) is clear because if (i) holds for
a certain b, then given bi,bs € B we have b; = ¢;bf;, and hence by =
(9291 b1 (f1 ' fa)-

Let us assume (i), and choose a left G-basis {b1, ba} of B where by satisfies
the condition in (i). Let a : B~ B ®p F — G be the G-linear map given
by a(b1) =1 and a(by) = 0. This defines a left Rg-module M with d-vector
(1,1). It is indecomposable, because the only decomposable modules with
d-vector (1, 1) are the direct sum of two simple modules, and the associated
G-linear map is then zero.

Let L be any indecomposable left Rp-module with d-vector (1, 1). Thus,
L is given by a non-zero map : B® F — G and Ker(f) is Gb for some
b € B. Therefore Ker(5) = Gbaf for some f € F. Consider the left linear
map hy : F — F which sends 1 to f. This induces a left G-linear map
h:B®pF — B® F such that h(b2) € Gb = Ker(3). Since Gbs = Ker(a),
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we obtain a commutative diagram of left G-vector spaces and linear maps
BerF 5 G

+ +
i

BrF = G
which gives an isomorphism M 2 L. This proves (ii).

Suppose now that (ii) holds, choose any by € B, fix a G-basis {b1, b2}
of B, and construct the module M through the linear map « as above.
For any b # 0 € B we form the indecomposable left Rp-module L with
d-vector (1,1) constructed as above from the map 8 : B ®p F — G with
Ker(8) = Gb. By (ii), there is an isomorphism M = L, so we have an
F-linear map h; : F' — F such that (1 ® hy)(b2) € Gb. But then by f € Gb
for some non-zero f € F, and b = gbsf for some g € GG, as we wanted to
show. m

When the conditions of Lemma are satisfied and B = {b1,b2} is a
G-basis of B, the map av: B® F — G given by a(b1) = 1 and a(bz) = 0 de-
fines the left R-module M, which is uniquely determined by the bimodule B,
up to isomorphism. In spite of this uniqueness, we should keep in mind that
the concrete module M does depend on the basis B, and we shall sometimes
write M (B) when we need to emphasize this fact. We will consider now cer-
tain relations which, in principle, are dependent on the choice of the G-basis
of B.

Given the G-basis B = {b1, b2} of B, we associate to any f € F the 2 x 2
G-matrix (g(f)f) such that b;f = Z§:1 g(f)gbj. This association is a ring
homomorphism F — My(G) (where My(G) is the ring of 2 x 2 matrices
over (3), as is easily seen. Therefore, F' is identified with a division subring
of MQ(G) .

Using this identification, we may define now the following subring E(B)
of F. An element of F' (viewed as a matrix), say (gzj ), belongs to F if and
only if g3 = 0. It is clear that E(B) is a subring of F. Moreover, it is a
division subring: if 0 # f € E(B), then bof = gbs for some g € G, and
hence g~ lby = bof ! so that f~! € E(B). Note also that the mapping
E(B) — G which assigns to the element f € E(B) C F the element g € G
with the property that bo f = gbo, is again a ring homomorphism. The image
of this homomorphism is a division subring of G, which will be denoted as
Go(B). We observe next that, even though the construction of E(B) and
its embedding into F' depends on the choice of G-basis of B, the dimension
of F' as a left E(B)-vector space is an invariant.

LEMMA 3.2. Let G, F,B,Rp be as in Lemma[3.1], and suppose that the
equivalent conditions of Lemma hold. Choose a G-basis B={b1,b2} of B,
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and consider the left Rp-module M(B) = M and the subring E(B) of F as
above. Set R := Rp, and let Ey be the simple injective left R-module. Then:

(a) The ring E(B) is isomorphic to the endomorphism ring Endg(M),
and F and Hompg(M, Ey) are semilinearly isomorphic with respect
to that isomorphism.

(b) The isomorphism class of E(B) and the left E(B)-structure of F' do
not depend on the choice of the G-basis B of B.

(¢) The dimension of F' as a left E(B)-vector space is invariant under
change of the G-basis of B.

Proof. (a) For any h € Endgr(M), let hy : FF — F be the corresponding
left linear map and let hi(1) = f € F. Since 1 ® h must take by ® 1 to an
element in Ker(a) = G(b2 ® 1), we see that baf = gby for some element
g € G. Therefore f € E(B). Conversely, each f € E(B) defines a G-linear
map B ®p F' — B ®p F such that the image of by ® 1 belongs to Ker(«),
and hence is a module homomorphism. So, the association h +— hy(1) is a
ring isomorphism Endg (M) — E(B).

Now, the elements of Hompg(M, Ey) are uniquely determined by the cor-
responding left linear map F° — F, hence there is a group isomorphism
Homp(M, Ey) = F. It is clear that this isomorphism is semilinear with
respect to the above isomorphism Endgr (M) = E(B).

Since the isomorphism class of M is independent of B by Lemma [3.1]
(b) is an immediate consequence of (a), and (c) is a consequence of (b). =

In view of Lemma we can write E instead of E(B) when there is no
risk of confusion. Also, the independence from the choice of basis justifies
the next definition.

DEeFINITION 3.3. Let G, F be division rings and B be a G-F-bimodule
with left dimension 2. We say that B is left pre-acceptable in case the con-
ditions of Lemma hold and the left dimension of F' over the subring F
described above is finite.

When B is left pre-acceptable, then l.dim(gF') > 1, because otherwise
we would have by C Gbo, and hence every element of B would belong
to Gby, which contradicts the assumption on the left dimension of B. Thus
we will denote the left dimension of F' over £ by 7+ 1 with 7 > 1.

The number 7 = 7(B) = L.dim(gF) — 1 is called the characteristic value
of the left pre-acceptable bimodule B.

For the rest of this section, we assume that B is left pre-acceptable, and
we make some constructions which depend on the choice of the G-basis B
of B.

LEMMA 3.4. Let B be a left pre-acceptable G-F-bimodule, choose a
G-basis B of B, and consider the left R-module M = M (B) and the ring



66 J. L. GARCIA

E = E(B) constructed as above, so that 1.dim(gF) = 7+ 1. Let e, ..., er
be the canonical left basis of F™*1, and choose a basis {fo,..., fr} of BF.
Let Ey be the simple injective left R-module and h : M™!1 — Eqy the homo-
morphism defined by the F-linear map hy : FTT' — F where hy(e;) = fi for
i =0,...,7. Then the isomorphism class of Ker(h) is independent of the
chosen E-basis of F'.

Proof. Let h,g : M™' — Ey; be homomorphisms with associated
F-linear maps hi,g1 : FT*' — F with hy(e;) = f; and g1(e;) = f/ such
that both fy,..., fr and f{,..., f. are left E-bases of F. We will show that
there is an automorphism w of M™+! such that wg = h. This entails imme-
diately that Ker(h) = Ker(g), as stated.

Fori=0,...,7,let f; = Z]T':o aij f; for a;; € E. Define w; (Tl prtl
to be the F-linear map satisfying wi(e;) = ZJT‘:() a;jej, so that wigr = hy.
The fact that the elements x € E satisfy the condition byx € Gby implies
easily that w; extends to an R-homomorphism w : M7+ — M7+ More-
over, since {f; |1 =0,...,7}and {f/ |i=0,...,7} are bases, w; and w are
isomorphisms and wg =h. =

We now introduce another left Rp-module N(B), which depends on the
G-basis B of B. Recall the notation g(f)! for elements f € F introduced
before Lemma [3.21

LEMMA 3.5. Let G, F, B, Rp be as in Lemma[3.1], and suppose that B is
left pre-acceptable. Choose a G-basis B = {b1,bs2} of B, and consider the ring
E = E(B) as in Lemma[3.2} Let Bg = {1 = fo,..., f-} be a basis of gF.
Suppose {uy,...,ur;} is the canonical basis of F™ as a left F-vector space.
Consider the set K of the elements of BQr F™ of the form ZJT-ZI gj(ba®@u;),
where g1, ...,gr are elements of G such that 2;21 9;9(fj)s = 0. Then:

(a) K is a left G-subspace of B ®p F™ with dimension T — 1.

(b) Let N(B) be the left Rp-module determined by the cokernel j¢ of
the inclusion map j : K — B ®p F7. Then the isomorphism class
of N(B) is invariant under changing the elements f1,..., fr of the
basis Bg.

Proof. (a) It is clear that K is indeed a left G-subspace of B ®p F”.
Also, the vectors by ® u; generate a subspace of left dimension 7, and the
elements of K form a hyperplane of this subspace, and hence the dimension
of Kist—1.

(b) Let Ey be the simple injective left Rp-module determined by the zero
map B ®p F — 0. From the basis B and the canonical basis {eg,...,e,}
of F™*! (as a left F-vector space) we may construct the F-linear map
hy : F™tY — F with hi(e;) = f; as in Lemma and this gives an Rp-
homomorphism h : M7+ — E;. We are going to show that Ker(h) = N(B).
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It will then follow from Lemma [3.4] that the isomorphism class of N () does
not change by changing the basis Bg.

With this aim, we define the G-linear injective map ¢ : B ®p F7 —
B ®p F™! by setting o(b ® uj) = b® (fjeo — €;) for j =1,...,7 and any
b € B. This is indeed injective because the vectors fjeg — e; are linearly
independent in F™*1. Moreover, these vectors clearly belong to the kernel
of hi, by definition. Therefore, Im(p) = Ker(1 ® hy).

We next observe that ¢ defines an Rp-monomorphism N(B) — M7+,
by showing that there is a commutative square of left G-linear maps

B R FT J_C> GT+1
£l \J

Bop FrHl &0 g

such that the right-hand arrow is also injective. Since K = Ker(5¢), it will
be enough to show that p(K) = Ker(a™!) NIm(p).

By the definition of « (see the definition of M = M (B) after Lemma
, Ker(a7*!) is generated by the vectors by ®e; for i = 0, ..., 7. Now, any
element of Im(yp) is

CP(ZCj(bl ® Uj) + Zdj(bQ ® uj))
j=1 Jj=1

= Z cj(br @ (fieo — e;)) + Y d;(ba ® (fieo — €5))-

J=1

A necessary condition for this element to belong to Ker(a”*!) is that each
¢; = 0 (because of the summands of the form c;(b; ® e;)). Thus the element
may be written as

> di(bafj®eq) — Y di(ba ®e;)
j=1

j=1
= (X dig}) b @ eo) + (D dig(fi)3) (b2 @ o) = > ds(b @ ;).
j=1 j=1 J=1

So, finally, the necessary and sufficient condition for this element to belong
to Ker(a”*!) is that the coefficient > =1 djg(fj) be zero. That is, the
condition is that the element belongs to ¢(K), as was to be seen. =

LEMMA 3.6. Let G, F, B, Rp be as in Lemma[3.1]. If B is left pre-accept-
able and M, N (B) are as above, then Homp, (M, N(B)) = 0.

Proof. We keep the notation of the preceding proof. Suppose m is in
Homp, (M,N(B)) and m; : FF — F7 is the corresponding F-linear map.
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Let mi(1) = > %_; xju; # 0 with each z; in F. Since 1 ® my defines an
Rp-homomorphism, (1 ® m;)(bs ® 1) € K. Thus

T T T

Y baaj@uy =) gla)sb @uj+ Y gla;)3be @ uj € K.
j=1 j=1 j=1

This entails that all g(z;)3 = 0, hence x; € E = E(B). Moreover, we have

> 7-19(21)39(f;)5 = 0. But this means that Y27, g(z;f;)3 = 9(>j_; = f;)3

=0, and it follows that 37, z;f; € E. Thus }7_, z;f; = v € E and

-
—Zg + Z.Z‘jfj =0,
j=1
and thus all z; = 0 because 1, f1, ..., f; is an E-basis of F. This shows that
mi(l)=0and m=0. =

We will need a property of the subring Gy = Go(B) € G which was
introduced in the paragraph before Lemma Recall that g € Gg if and
only if there exists f € E(B) such that g(f)3 = g.

LEMMA 3.7. Let B be a left pre-acceptable G-F-bimodule with G-basis
B = {b1,b2} and 7+ 1 = 1.dim(gF), with E = E(B). Assume that for each
g € G there exists f € F such that g(f)} = g. Then the left dimension of G
over Gy = Go(B) equals 7.

Proof. Given g € G, let f € F with g(f)} = g. Choose {fo=1, f1,..., f+}
as F-basis of F. We have

-
f=xzo+ Z :L‘jfj
j=1

with xg,...,z; € E. By using the representation of the elements of F' as
G-matrices, we obtain

-
9(£)z=>_glx;)59(f)5.
j=1
Since g(z)3 € Go, the elements g(f;)3 form a generating system for G as a
left space over Gp.

It remains to show that these are linearly independent vectors. Assume
we had elements z1,...,2; € E such that >77_, g(x;)39(f;)3 = 0. Then
975 xifi)y = Y1 9(xifj)y = 0, and hence Y7 x;f; = x0 € E.
Therefore -

—zofo+ Y _xif; =0
j=1
so that each z; = 0, because the elements fo,..., f form an E-basis of F'.
This shows that the vectors are left Gy-linearly independent. m
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The following lemma is a key result of this section.

LEMMA 3.8. Let G,F,B,Rp be as in Lemma [3.1] Assume that B is
left pre-acceptable, set R := Rp, choose a G-basis B = {b1,b2} of B, and
construct the modules M = M(B), N = N(B) as above. Then the following
conditions are equivalent:

(i) B = boF 4 Gbs.
(ii) For each g € G, there is f € F such that g(f)} = g.
(iii) Extk(M,N) =0.

Proof. We start by showing (1)< (ii). First we assume (i). If g € G, then
we know that gby = bof + ¢'by for elements f € F, ¢ € G, and hence
bof = gb; — g'bg so that g = g(f)3i. Conversely, asume (ii). For any g € G we
have f € F, ¢ € G with gb;+¢'by = bs f by hypothesis. Thus gby = by f —¢'bo
and Gby C boF' + Gby. Since B = Gb; + Gby, we immediately obtain (i).

In order to prove the equivalence with (iii) we establish three consecutive
claims. As in Definition [3.3] 7+ 1 is the left dimension of F' over the subring
E = E(B); and following the notation in Lemma we fix a left E-basis
{1 = fo,...,fr} of F and define N := N(B) determined by the G-linear
surjective map j¢: B ®p F™ — GTT!, with uq,...,u,; being the canonical
left basis of F™ and with K (see Lemma being the kernel of the map j°¢
defining V. In these claims we also assume that X is a left R-module which
is defined by a surjective G-linear map v : B ®p F™! — G712, Finally, we
admit the existence of an injective F-linear map ¢; : F7 — F™+1 and write
gi(uj) =vjforj=1,...,7.

Cram 1. If g: N — X is a monomorphism of left R-modules such that
1®g1: Bp FT — B ®p F™ is the associated injective G-linear map,
then there exist vg € F™™', wg € B F™, 2 € Bp F™! and a,c € G
such that: (1) {vo,...,v,} is a left basis of F™+; (2) a,c are not both zero;
(3) z = (1®g1) (wo)+a (b1 @vo)+c(b2®@up); and (4) Ker(y) = (1®g1) (K)DGz.
Conversely, if there exist elements wy, z, a, ¢ as above satisfying (1)—(4), then
1 ® g1 induces a monomorphism g: N — X.

Proof. First, the injectivity of g; implies that v1,...,v, are linearly in-
dependent as vectors of the left F-module F™+!. Hence, we may choose
vo € F™! such that (1) holds. Then we know that 1 ® g; induces a left
R-monomorphism g if and only if (1 ® g1)~*(Ker(y)) = K. By Lemma
K has G-dimension 7 — 1, while Ker(y) has dimension 2(7 + 1) — (7 +2)
= 7. Thus if 1 ® g1 induces a R-monomorphism, then Ker(y) is the di-
rect sum of (1 ® ¢1)(K) plus a one-dimensional subspace Gz such that
z ¢ (1®¢1)(Bep F7). Since Im(1 ® ¢1) = B ® (v1,...,v,), this shows
that z has the form given in (3) and (2). The above shows also (4).
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Conversely, if the four conditions hold for elements vg, wo, a, ¢, then ob-
viously (1®¢g1) }(Ker(y)) = K and 1® g; induces a left R-monomorphism.
This finishes the proof of Claim 1.

CLAaM 2. If X and g1 are as above, then 1® g1 induces a monomorphism
N — X if and only if there exist vg € F™T! and wg € B ® F™ such that:
(1) {vo,...,v,} is a left F-basis of F™"1; (2) if we set z = (1 ® g1)(wo) +
by ® vg, then Ker(y) = (1® ¢1)(K) & Gz.

Proof. The sufficiency of the condition is obvious, since we obtain the
properties (1)—(4) of Claim 1 by taking a = 0 and ¢ = 1. To show the
necessity, suppose that (1)—(4) of Claim 1 are fulfilled with certain elements
V0, W, a, c. We observe that the d-vector of X (see [15]) is (7+1, 7+2) by the
construction of X. Since g : N — X is a monomorphism and the d-vector of
N is (7,7 + 1), the cokernel C = Coker(g) has d-vector equal to (1,1). If C
is not indecomposable, then one of its summands would have d-vector (0, 1),
and hence it would be simple projective. But in that case the short exact
sequence 0 - N — X — C' — 0 would be split and X would have a simple
projective direct summand. By the election of X, this does not happen, so
that C has to be indecomposable. Since B is left pre-acceptable, C' = M by
Lemma Therefore, the cokernel p: B® F™t! = B® F of 1 ® g; must
satisfy p(Ker(y)) C Ker(a) = G(by ® 1).

But 2’ = (1® g1)(wg) + a(by ® vo) + (b2 @ vg) belongs to Ker(vy) by (iv),
and hence p(z') € G(b2 ® 1). Since p((1 @ g1)(w()) = 0 and p(by ® vg) €
G(b2 ® 1), it follows that a(p(b1 ® vg)) € G(ba ® 1). But the image of vy by
the cokernel of g1 is not zero, because vy ¢ Im(g;). This implies that a = 0,
and 2’ = (1® g1)(w}) + c(ba ® vg) with ¢ # 0. By taking z = ¢~!2/, we have
z=(1® g1)(wo) + b2 ® vy for some wy € B®p F™ and Gz = GZ/, so that
(1) and (2) hold. This finishes the proof of Claim 2.

CLAM 3. Given the G-basis B = {b1,b2} of B, the module M = M(B)
and the subring E = E(B) of F, choose the E(B)-basis {1, f1,..., fr} of F
and construct N = N(B) (see Lemma . Then Exth(M,N) = 0 if and
only if for every wg = Z?Zl 25:1 w{bi ®u; € B®p FT with the wf € G,
there exist elements dj € F and ¢;j € G (for j =1,...,7T) so that:

(31)  (a) Y cg(f)h=0, () gld)i=wl, (c)g(dj)3=w)+c;.
j=1

Proof. Suppose first Ext}%(M ,N) = 0, and consider the element wy =
Z?Zl Z]T-Zl wgbi ® u;. We take the canonical basis {vo,...,v,} of FT1 as
a left F-vector space, define g1 : F7 — F7T! by setting g1(u;) = v; for
i=1,...,7, write z = (1 ® g1)(wp) + b2 ® vy, and take v as the cokernel of
the inclusion of (1®¢1)(K)® Gz into B® F™*!. By Claim 1, 1® g; induces



SPORADIC POTENTIAL COUNTEREXAMPLES TO THE PSSC 71

a monomorphism g : M — X, where X is the left R-module defined by the
linear map . Since 7y is surjective, X has no simple projective direct sum-
mand, and, as seen in the proof of Claim 2, there is a short exact sequence
0->NS5 XL M—o. By hypothesis, g¢ has to be a split epimorphism of
left R-modules. In particular, 1 ® gf : B ®p F™1 5 B®p F is a surjection
which has a right inverse 1® h; : BQr F —- B® Fr+l (here hy is a right
inverse to g1) that induces a homomorphism h : M — X of left R-modules.

Note now that gf(v;) = 0 for j = 1,...,7, and hence gf(vy) = y # 0.
Since we may take v} = y~ vy without affecting the definition of g; and the
above short exact sequence, we may assume that ¢f(vp) = 1. Thus h;(1) =
vo + > iy djvj for di,...,d; € F. Since 1 ® h; induces a homomorphism,
we have the commutative diagram

Gb®1l) - BQF
] e
Ker(y) — B®F™!
The left-hand map carries by ® 1 to

T T
r=(1@h)be1)=bo (v0+ Y dvy) =b @+ bd; @
j=1 j=1
and this element x must belong to Ker(y). Set w = (1 ® g1)(wp) so that
z = w + by ® vg. Then by the construction of Ker(y),  must be the sum
of ¢’z for some ¢’ € G, and an element in (1 ® g;)(K). By Lemma and
the definition of g1, this second summand will be

> cilb2 @ vy)
j=1

where the coefficients c1, ..., ¢; € G are subject to the condition Y ¢;jg(f;)3
= 0. Therefore

2 T T
= Zzglwzj'bi ® 7)]‘ + ch(bQ & Uj) + g/bg & Q-
=1 j=1 j=1

By equating the coefficients we conclude that ¢’ = 1, and consequently

Zg b1®v3+29 bz®v3—w+zcj ba ® vj;).
7j=1
This proves that there exist elements dj € Fandcj € G (these last elements
giving a row which is left orthogonal to (g(f;)3) so that (a) of (3.1] . holds)
satisfying ,
g(dj)y =w] and g(d;); = w]+c;.
This shows that these elements satisfy (b) and (c) of equation (3.1).
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To complete the proof of the claim, we must show the converse. Accord-
ingly, we consider an extension 0 — N 4 X - M — 0 and prove that,
under the hypotheses , it splits. First, the d-vector of X is (74 1,7+ 2)
and X has no simple projective direct summand because M has no simple
projective direct summand. We may assume that the injective map g1 :
F™ — F7™! corresponding to the monomorphism ¢ is defined as in the
beginning of this proof, and hence by Claim 2, we know that there exists
wp € B® F7 such that conditions (1) and (2) of that claim are fulfilled. Let
wy = Y wlb; ®uj and w = (1 ® g1)(wp). By our assumption, there exist
dj € Fandu = Z]T:l ciba®@u; € K € B&pFT such that the conditions (3.1J)
are satisfied. These conditions show that, if we set v = 25:1 djvj € FTT
then

by ® (vo +v) =b2 @vp +w + (1 ® g1)(u).

Define the F-linear map m : F — F7™t! that carries 1 to vy + v. The
G-linear map 1®m; : BopF — BopF™! carries Ker(a) to Ker(y) by (2) of

Claim 2. Therefore 1 ® m; induces a module homomorphism m : M — X;

1®4°
moreover, the composed map B @ F oM, pop Frtl 29 Bop F

is non-zero, since the image of v 4+ vg by gf is 0 + g{(vg) # 0, because
vo ¢ Im(g1). Thus the composed homomorphism M — X — M is a non-zero
homomorphism, hence an automorphism of M, because the endomorphism
ring of M is a division ring (Lemma . This proves that the given short
exact sequence splits, and finishes the proof of Claim 3.

To end the proof of Lemma 3.8, we show the equivalence of (ii) and (iii).

(iii)=-(ii). Suppose that Ext}(M, N) = 0 and take any g € G. Then we
may choose wyg = > w)b; ® u; so that w} = g. By Claim 3, there exists
dy € F such that g(d;)} = wi = g. Thus (ii) holds.

(ii)=-(iil). We show that, given wy = Y w]b; ® u;, there exist elements
dy,...,ds,c1,...,c; satisfying the equations (a)—(c) of . From Claim 3,
(iii) will follow. By hypothesis, there exist d; € F' such that g(d;)} = w{ for
each j = 1,...,7, and this proves (b).

We note that these elements d; are not unique, because if d satisfies the
condition g(d)3 = g € G, then so does d + u whenever u € E.

Recall that Gy = Go(B) was defined before Lemma and that the
left dimension of G over Gy is, under our current hypothesis, equal to 7 by
Lemma Consider two left Go-subspaces of G”. First, G is a Go-subspace
of G" with dimension 7. Then consider the subset S of G7 consisting of
elements (c;) such that 377_, c¢jg(fj)3 = 0. Since this is a left G-subspace
which is, as such, a hyperplane (given by a linear equation), its left dimension
over G will be (7 —1)7. Finally, the left dimension of G™ itself is 72. On the
other hand, the intersection of the subspaces Gy and S is zero, because the



SPORADIC POTENTIAL COUNTEREXAMPLES TO THE PSSC 73

elements g(f;)3 form a Go-basis of G (see the proof of Lemma . Since
72 = (r — 1)7 + 7, G7 is the direct sum of G, and S.

To complete our proof, we need to show that there exist ¢1,...,¢; € G
such that (c1,...,c;) € S while ¢; = g(d;)3 — wj, for each j = 1,...,7.
Let @ = (w}) and y = (g(d;)3). As shown above, d; may be replaced by
d;- = dj + u; with u; € E, and condition (b) still holds. This substitution
would replace g(d;)3 with g(d;)3 + t; for some t; € G, and would hence
replace y with y +¢ for some ¢t € G{. For the given w,y € G”, we know that
y—w e S+ Gj, and hence z = (y+t) —w € S for some t € G. If we take
(c1,...,¢;) =z and (d},...,d.), then (a)—(c) of are fulfilled, so that
(iii) holds by Claim 3. =

Let G,F,B,Rp be as in Lemma [3.I] and assume that B is left pre-
acceptable. Choose a G-basis B = {b1,b2} of B. We say that the basis B is
acceptable if the equivalent conditions of Lemma hold.

ProproOSITION 3.9. Let B be a left pre-acceptable bimodule with an ac-
ceptable G-basis B = {b1,ba}. If M, N = N(B) are as in Lemma 3.8 then
M & N is a tilting module.

Proof. Set R := Rp and let Ey be the simple injective left R-module.
By Lemmas and Homp (M, N) = 0 and Extk(M, N) = 0. Moreover,
by Lemma [3.5| we have a short exact sequence

0> N—> Mt 5 E)y—o0,

so for any module X we get an exact sequence Ext} (X, N) — ExthL (X, M)+
— 0. Thus, if ExtL(X, N) = 0, then we may infer that ExtL(X, M) = 0.
This implies immediately that Ext} (M, M) = 0.

Consider now h; : F7 — F as the left F-linear map taking the basis
vector u; to 1 and the other u; to 0. Let K € B ®p F7 as in Lemma
so that a basis of K is given by vectors of the form ) g;jbo ® u;. Thus
(1® h;)(K) € G(by ® 1), and hence h; induces a homomorphism N — M
which is an epimorphism. Then the family Aq,...,h; determines an epi-
morphism p : N — M7. The d-vector of Ker(p) is (0, 1), that is, Ker(p) is
isomorphic to the simple projective Fy. We thus have a short exact sequence

0—+Py—N—-M —0.

Now, if X is any module, we get an exact sequence Exth(M,X)T —
Exth(N, X) — 0, and this implies that if Ext} (M, X) = 0, then Exth(N, X)
= 0. Since Exth(M, N) = Exth(M, M) = 0, we deduce that Exth(N, N) =
Exth(N, M) = 0, and consequently ExtL(M & N, M @ N) = 0.

The previous sequence gives a coresolution for Py by means of modules
in add(M @ N). If 7 = 1, then N has d-vector (1,2) and K = 0 (see Lemma
, so that the G-linear map defining N is an isomorphism. Hence N is
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projective and isomorphic to the non-simple projective Pj. It follows that
also P has a coresolution by modules in add(M @ N).

Suppose now that 7 > 1 so that N is not projective, and let us use the
notation of Lemma for N. We consider the homomorphism p : N —
M™1 given through the F-linear maps hi,...,h,_1 as above. Then p is an
epimorphism whose kernel is defined by a map A : B F = B® (u,) — G2
Now, Ker()) consists of elements g1b1 @ ur + g2be @u,; whose image in B F'™
lies inside K. But this condition entails that g; = 0 and (0,0,...,g2) is
left orthogonal to (g(f1)i,...,9(fr)3), by Lemma Hence g2g(fr)s = 0,
which implies g = 0. Therefore A is an isomorphism, and so Ker(u) is
isomorphic to the projective module P;. This gives a short exact sequence
0— P, — N — Mt -0, so we have a coresolution for P; by modules in
add(M @ N). One shows that M @ N is tilting, by applying the definition
of tilting module (see, for instance, [§]). =

THEOREM 3.10. Let B be a left pre-acceptable G-F-bimodule. If there
exists an acceptable G-basis of B, then every G-basis B is acceptable, N(B)
is an indecomposable module, and the isomorphism class of N(B) is inde-

pendent of the choice of the G-basis B of B.

Proof. Let B = {b1,b2} be an acceptable G-basis of B, and consider the
module N = N(B) constructed in Lemma3.5 By Proposition[3.9, M&N is a
tilting module, and by [27, Theorem 1.5] it is a direct sum of indecomposable
modules belonging to only two isomorphism classes. Now, M cannot be
isomorphic to a direct summand of N by Lemma and therefore N has
to be a direct sum of isomorphic indecomposable direct summands. But
having d-vector (7,7 4+ 1) with these two values coprime, it cannot be a
direct sum of isomorphic different modules, so it is indecomposable. Since
¢ : N — M™! is a monomorphism (see the proof of Lemma [3.5), N is
isomorphic to an indecomposable maximal submodule of M7+,

Let L be any indecomposable maximal submodule of M7*! so that L
will be the kernel of an epimorphism h : M7t! — Ej, where Ej is the simple
injective left R-module. Let hy : F7t! — F be the F-linear map determined
by the homomorphism A, and consider the elements hj(eq),...,h1(e;) of F,
where e, . .., e, is the canonical basis of F7T!. Recall from Lemma that
E = E(B) is isomorphic to Endz(M). We claim that hi(eg),...,hi(e;) are
left E-linearly independent. Indeed, suppose that they are linearly depen-
dent. Then there is a non-zero homomorphism ¢ : M — M7*! such that
gh = 0. Bearing in mind that Endr(M) is a division ring, we deduce that
M™1 = X @Y such that Y 2 M and h(Y) = 0. Then Y is a proper direct
summand of Ker(h) = L and L is not indecomposable. This contradiction
proves that hi(eg),...,h1(e;) are left E-linearly independent elements of F,
and consequently they form an E-basis of F.
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By Lemma3.4] we infer that Ker(h) = L = N. Thus, we have shown that,
up to isomorphism, M = M (B) is such that all indecomposable maximal
submodules of M7T! are isomorphic. Since the isomorphism class of M does
not depend on the choice of the G-basis of B, this property holds for every
G-basis. Also, the module N(B) does not depend, up to isomorphism, on
the choice of the G-basis B.

Therefore, the isomorphism class of M (B) @ N(B) is independent of the
choice of G-basis of B, so that Extf(M, N) = 0 for any choice of G-basis
of B. By Lemma |3.8] any G-basis of B is acceptable, as required. =

DEFINITION 3.11. Let G, F, B, Rp be as in Lemma 3.1 M as in Lemma
and N as in Lemma [3.5] Then B is called left weakly acceptable if B
admits an acceptable G-basis. The bimodule B is called left acceptable when

B is left weakly acceptable and Homp(N, M) is left finite-dimensional over
Endg(N).

By Theorem [3.10] if the bimodule B is left weakly acceptable, then every
G-basis of B is acceptable. If B is left (weakly) acceptable, we say that M &N
is the tilting module determined by B. Recall from [I5, Definition 2.4] the
concept of a rigid tilting module.

LEMMA 3.12. Assume that B is a left weakly acceptable G-F-bimodule,
and let M & N be the tilting module determined by B. Then M @& N is a
rigid tilting module if and only if B is left acceptable.

Proof. Note that Endg(N) (as well as Endr(M)) is a division ring as
follows from the proof of [I7, Lemma 4.1] (see also [I4, Theorem 3.1(g)]).
Moreover, Homp (M, N) = 0 by Lemma [3.6)and Hompg(N, M) # 0 as shown
in the proof of Lemma Since B is left weakly acceptable, M @& N is a
basic tilting module. According to [I5], Definition 2.4], it is rigid if and only
if Homp(N, M) is left finite-dimensional. m

When B is left acceptable, the endomorphism ring of M & N is again
of the form (L.1), with the bimodule B’ = Hompg (N, M) which is an H-E-
bimodule, where H = Endgr(N) and E = E(B) = Endr(M) are division
rings. Though the proper construction of B’ and H depends on the choice
of the basis B of B, we have seen above that their isomorphism classes are
independent of that choice, as well as of the left H-dimension of B’, which
is finite by our hypothesis that B is left acceptable. In this situation, we
say that B’ is the acceptance bimodule of the left acceptable bimodule B.
Moreover, as shown before, the characteristic value 7(B) = L.dim(gF) — 1
is also independent of the choice of basis.

We have considered in Lemma the subring Go(B) of G, and we have
seen that the left dimension of G over this subring is 7 when the G-F-
bimodule B is left acceptable (see Lemma [3.8). Hence this dimension is
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invariant under the change of the G-basis B of B. We end this section by
introducing another division subring of G' isomorphic to Go(B).

Let the G-basis B = {b1,b2} of B be chosen, and consider the division
subring E = E(B) C F formed with the elements f € F such that g(f)} = 0,
as constructed before Lemma Consider the map E > f — g(f)} € G.
This is a ring homomorphism F — G whose image is a division subring of G
isomorphic to E. We shall denote this subring as G1 = G1(B).

PROPOSITION 3.13. Let B be a left acceptable bimodule, choose a G-basis
{b1,b2} of B, and let E,G1,T be as above. Let B* = Homg (B, G) viewed as
an F-G-bimodule, and let d* = L.dim(B*). If d is the left dimension of G
over Gy, then

T+d=(r+1)d".

In particular, d* = 2 if and only if d=T1+2.

Proof. The F-G-bimodule B* = Homg (B, G) has a left F-module struc-
ture coming from the right F-structure of B. There is a canonical isomor-
phism of right G-vector spaces B* = G2. On the other hand, we mentioned
after Lemma that F is isomorphic to a subring E of M (G), the ring
of 2 x 2 matrices over GG. Then it is easy to see that there is a semilinear
isomorphism pB* = »G?. Thus, 1.dim(B*) is the left dimension of G* over
the ring of matrices F corresponding to F'. Let E be the image of £ C F
under the isomorphism F 22 F'. Thus E consists of those matrices belonging
to I whose (2,1) entry is zero.

Let d* be the left dimension of B* (finite or infinite), and call m the left
dimension of G2 over E. Since the left dimension of F over E equals 7 + 1,
we have m = (7 + 1)d*.

Observe that L = G x0 C G? is an E—subspace of G?. Moreover, the iso-
morphism E 2 G4 described above results in an isomorphism E & Gy, given
by the map (x;;) — z11. It follows that there is a semilinear isomorphism
;L = ¢,G, and hence the left dimension of L equals d.

Let now ¢1,...,9, be a basis of G viewed as a left space over G (see
Lemma . Then (0,4g1),...,(0,g;) are elements of G? which are linearly
independent over E. Indeed, any dependence relation Z(mfj)(o, gr) = 0 gives

>~ 2k, g, = 0, whence each x4, € G is zero, and this implies that (arfj) =0.
The E—subspace generated by these elements has (as we have essentially just
shown) zero intersection with L, and their direct sum obviously equals G2.
Thus m = 7+ d, hence 7+ d = (7 + 1)d* as required. =

REMARK 3.14. By Proposition the left dimension of G over its

subring (1 is independent of the G-basis B of the bimodule B. This is a
consequence also of the following fact, which can be shown in a standard
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way: if E(B) is the subring of F' in Lemma and F1 is the non-simple in-
decomposable injective left R-module, then G; = E(B), and Homg(M, E)
is semilinearly isomorphic (with respect to the isomorphism E = G1) to the
left Gi-module G. Consequently, l.dim(Hompg (M, E1)) = Ldim(g, G).

4. Sporadic bimodules. Recall from [I5] that if F' and G are divi-
sion rings, then a G-F-bimodule B has the left finite dimension property
when B and all the successive left dual bimodules B* = Homg (B, G),
B*? = Homp(B*, F), ... are left finite-dimensional.

DEFINITION 4.1. Let F, G be division rings and B a G-F-bimodule that
has the left finite dimension property. We say that B is left strictly sporadic
when 1.dim(B*") = 2 for each n = 0,1,.... Here, B** = B, B*! = B* and
B*™ denotes the nth left dual bimodule of B for n > 1.

THEOREM 4.2. Let F,G be division rings, and let B be a G-F-bimodule
which s left strictly sporadic and left acceptable. Let R = Rp = [g g]
There is a well-ordered sequence

XOa s 7Xw+1
of elements of R-ind with the following properties:

(i) Fora <w+1, let Sy = R-ind\ {X3 | B < a}. Then X, is the only
element of S, satisfying Hompg(X,,Y) =0 for allY € S, such that
Y 2 X,. Moreover, Hompg(Y, X,) # 0 for each Y € S,.

(ii) The rigid tilting module determined by the left acceptable bimodule
B is W = X, ® Xyt1. If (T, F) is the torsion theory of R-Mod
defined by W, then a finitely presented indecomposable module Y
belongs to T if and only if Y = X, for some 0 < a < w+ 1.

(iii) If T is the characteristic value of the left acceptable bimodule B, set
d_, =d" =1Ldim(B*) and dj, = 1, d} = 7+ 2. Then the sequence

U U !
d—17 0> dl
1$ a partial dimension sequence.

Proof. We develop the proof of (i) and (ii) under a slightly weaker hy-
pothesis: we only assume that B is left acceptable and has the left finite
dimension property and Rp is not of finite representation type. By Propo-
sition there is an infinite sequence of finitely presented indecomposable
left R-modules

Xo, X1, ...
such that each X} on the list is unique satisfying Hompg(Xg,Y) = 0 for any
finitely presented indecomposable left R-module Y with ¥ 2 X, for i < k
(and moreover Homp(Y, Xi) # 0 for such Y'). This means that (i) of this
theorem holds for all a < w.
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Let us consider now the dimensions d_; = d*,dy,d1,... (where d =
lL.dim(Homp(Xk4+1, Xk)) for £ > 0) and construct the corresponding con-
tinued fractions [d*,do,...,d;] as in [15, Lemma 3.2]. We shall make the
additional assumption that the limit (as k — oo) of the sequence of the con-
vergents [d*,dy, ...,dy| equals 1. Note that this condition holds under the
hypothesis of the theorem, because the sequence of fractions [2,2,2,...,2]
has limit 1. By [15, Proposition 2.11], the infinite sequence of modules

Xo, X1,...

consists precisely of all the preinjective finitely presented indecomposable
left R-modules. On the other hand, by [15, Lemmas 3.2 and 3.3, the d-vector
(tx, sx) of each of the preinjective modules X}, satisfies the inequality 5 > sk,
because of the assumption that 1 is the limit of the convergents. Also, [15]
Proposition 3.11] shows that the preinjective modules are the only finitely
presented indecomposable left R-modules with a d-vector (¢, s) such that
t>s.

Let M @& N be the rigid tilting module determined by B (see Propo-
sition [3.9). Then M @ N defines a torsion theory (7, F) of R-Mod where
X € T if and only if Exth(M @ N, X) = 0 (see [§]). The endomorphism
ring S of M @ N is left artinian and hereditary [15, Proposition 2.5], and
thus (7, F) is splitting [3, Lemma 4.5]. We also have a pair of equivalences
H, H' from T, F to the corresponding categories of S-Mod.

We observe that every preinjective module X} belongs to the class 7.
Indeed, by the construction of the sequence, we have Hompg (X, M@®N) = 0.
Consider now any short exact sequence 0 — Xy - A — M — 0 for some
left R-module A. Since the d-vector (¢,s) of Xj has t > s, the d-vector
(t',s") of Ahast' > s as well. Therefore, some of the indecomposable direct
summands of A, say A1, has a d-vector (¢”,s”) such that " > s”. Thus A; is
preinjective, and hence Hompg (A, M) = 0. It follows that A; is isomorphic
to a direct summand of X, but this entails that X = A; and the sequence
splits. This shows that Extk (M, X;) = 0. Finally, we have seen in the proof
of Proposition that this implies Ext}%(M ® N, Xy) = 0, so that X, is
torsion.

Next we show that if YV is a finitely presented indecomposable torsion
module and Y 2 N, then Y is M-generated. To see this, suppose that
Y € 7. We know that the equivalence H carries the torsion module N to
the simple projective left S-module H(N), while H(M) is the non-simple
projective. Since H(Y) 2 H(N), there exists an epimorphism of left S-
modules H(M)* — H(Y), and the equivalence justifies the existence of
the corresponding non-zero homomorphism f : M* — Y. If this is not
an epimorphism, then there exists a non-zero epimorphism g : ¥ — C
such that the composition fg = 0. Since C' is torsion and non-zero, H(C')
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is non-zero, and there exists a non-zero homomorphism H(Y) — H(C)
which annihilates the epimorphism H(M)* — H(Y'), which is impossible.
Consequently, M*¥ — Y is an epimorphism.

Now we claim that every finitely presented indecomposable non-prein-
jective torsion module Z is either isomorphic to M or to N. If Z 22 N, there
is an epimorphism M* — Z. as we have just seen. This gives a short exact
sequence 0 — K — M¥ — Z — 0. Let (t,s) be the d-vector of Z, so that
t < s. Let us first assume that ¢ < s. Then K has an indecomposable direct
summand with a d-vector (¢,s’) such that ¢ > s, and this means that
K has a preinjective direct summand. But K is isomorphic to a submodule
of M* and preinjective modules have no non-zero homomorphisms to M,
which gives a contradiction.

It remains to consider the case when the d-vector of Z is (¢,t) for some
integer t > 1. Observe first that the non-simple indecomposable projective
left R-module has d-vector (1,2) because 2 = l.dim(B) and hence M is not
projective. According to Lemma and [I5, Proposition 2.5], the d-vector
of the indecomposable module D(Tr(M)) equals (67 — 1,57+ d — 1), where
7 > 1 and 0 is the left dimension of B = Hompg(N, M), which is left finite-
dimensional by the hypothesis that B is left acceptable. By [15, Proposition
3.9], the d-vector of the left S-module H(Z) is of the form

(t(T + 1) —t7, t07 + 10 — t — toT + t) = (t,19).

Since ¢ is the left dimension of B’ and S = Rp, the linear map defining
H(Z) would have to be an isomorphism and then the non-simple projective
left S-module would be isomorphic to a direct summand of H(Z), hence to
H(Z), so that t = 1 and Z = M, because B is left pre-acceptable. This
completes the proof of the claim.

Let S, be the set of all modules in R-ind which are not preinjective,
and let Y € S,. By the claim, Hompg(M,Y) = 0 whenever Y 2 M and
Homp(N,Y) = 0 whenever Y 2 M and Y 2 N. It then follows that in
the set of all modules of R-ind that are not preinjective and not isomorphic
to M, a module N has Homp(N,Y) = 0 whenever Y 2 N. Also, if Y
is torsionfree, then Exty(H'(Y), H(N)) # 0, because H(N) is the simple
projective left S-module and H'(Y") is not projective. By [I5, Lemma 2.2],
we have Hompg(Y, N) # 0 and the monomorphism N — M7+ of the proof
of Proposition shows also that Homp(Y, M) # 0. This means that by
taking X, = M and X,4+1 = N, we may extend the sequence above to a
sequence whose existence is claimed in item (i) of the statement. This proves
(i) and (ii).

Finally, under the hypothesis that B is left strictly sporadic, d’_; = 2. Let
us consider the d-vectors (¢}, s} ) to (t5, s5) of the sequence of indecomposable
left R-modules X1, X, X,,+1. These are, respectively, (2,1),(1,1), (7,7+1).
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Then one checks directly that the formulas (iii) of Definition hold for
these values, and hence the sequence of the d} is a partial dimension se-
quence. m

LEMMA 4.3. Let B be a left strictly sporadic and left acceptable bimodule.
Then B* is left strictly sporadic and left acceptable, the acceptance bimodules
of B, B* are (semilinearly) isomorphic, and if T is the characteristic value
of B, then T + 1 is the characteristic value of B*.

Proof. 1t is obvious that B* is left strictly sporadic. To see that it is left
acceptable, let wi,ws € B*. Each of these maps can be viewed in a natural
way as a G-linear map B®p F' — G. Thus each defines a left Rg-module M,
resp. Ma whose d-vector is (1,1). Since we may assume that both elements
are non-zero, Mi, M> are indecomposable, and by Lemma there is an
isomorphism M; — My because B is left pre-acceptable. The isomorphism
yields the commutative diagram

BerpF &% G
1®m2\l/ \l/ml

BepF 2 G

where m; is given by right multiplication by some g € G, while my is right
multiplication by some element f € F. Referring to the structure of B* as
an F-G-bimodule, the commutative diagram above shows that wig = fwo,
and hence w; = fwag~!. This shows that wy € B* satisfies condition (i) in
Lemma [3.1] whence B* is left pre-acceptable.

Choose now a left G-basis B = {b1,b2} of B, and let b* € B* be such
that b*(b1) = 1 and b*(b2) = 0. Using this basis, we consider the inclusion
F C My(G) as in the second paragraph after Lemma Then B* admits
a representation B* = G2, where the right G-structure of B* is natural and
the left F-structure is the restriction of the matrix product of elements of
M (G) and elements of G2.

Like this, b* is viewed as an element in G2, the element (1,0). Then Fb*
consists of all elements of G? which are left columns of some element of F C
M (G). Likewise b*G contains all elements of G2 of the form (g, 0) for g € G.
Let (g1, g2) be any element of G2. Since B is left acceptable, there exists an
element of F' C My(G) whose first column is (z, g2) by Theorem and
Lemma Thus (z,g92) € Fb*. Hence, (91,92) = (z,92) — (g1 — ,0) €
Fb* + b*G, and this shows that B* is left weakly acceptable.

Let now M & N be the rigid tilting left R-module determined by the
left acceptable bimodule B, and let R = Rp+ = [ Eg’l 2] The reflection
functor (see [23, Lemma 3.1]) H’ yields an equivalence between the cat-
egory of finitely presented left Rp-modules which have no simple injective
direct summand and the category of finitely presented left R'-modules which
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have no simple projective direct summand. If X is a finitely presented in-
decomposable left Rp-module with d-vector (¢,s) # (1,0) and (¢, s’) is the
d-vector of H'(X), then we know from [26, Lemma 2.3| that

=5 s =25s—1t

Thus H'(M) has d-vector (1,1) and H'(N) has d-vector (7 + 1,7 + 2).
It follows that H'(M) is the only indecomposable left R’-module (up to
isomorphism) with d-vector (1,1).

On the other hand, if F; is the non-simple injective left R-module, then
H'(E4) is the simple injective left R’-module, and hence the characteristic
value of B* is L.dim(Homp/ (H' (M), H' (E1))) — 1. By the equivalence H’,
this equals 1.dim(Hompg(M, E1)) — 1. By Proposition and Remark [3.14]
the characteristic value of B* is 7 4+ 1. Moreover, there is an epimorphism
M7™2 — E; whose kernel is isomorphic to N, in view of [15, Proposition
3.4]. Since H' preserves cokernels, there is an exact sequence of R'-Mod,
H'(N) — H'(M)™+? — H'(E;) — 0. The values of the d-vectors of these
three modules show that the first homomorphism H'(N) — H'(M)™? is a
monomorphism. Thus H'(N) is isomorphic to an indecomposable maximal
submodule of H'(M)7+2, and it follows by the characterization in Theo-
rem that H'(M) @ H'(N) is the tilting module determined by the left
weakly acceptable bimodule B*. This proves that B* is left acceptable and
its acceptance bimodule Hompg/ (H'(N), H'(M)) is (semilinearly) isomorphic
to the acceptance bimodule of B. =

Theorem may be extended to a more general setting. To this end, we
need the following definitions.

DEFINITION 4.4. Let F, G be division rings and B a G-F-bimodule that
has the left finite dimension property. We say that B is a (left) sporadic
bimodule if:

(i) There is n > 0 such that the bimodule B*" is left strictly sporadic.
(ii) Ldim(B*) >1fori=0,...,n— 1.

When B is left sporadic, then there is a smallest m > 0 such that B*™ is
left strictly sporadic. The bimodule B*™ will be called the initial bimodule
of the left sporadic bimodule B.

Let B be a left sporadic bimodule and B*™ its initial bimodule. The
sequence of the dimensions 1.dim(B),l.dim(B*),...,L.dim(B*™) = 2 will be
called the fundamental sequence of the sporadic bimodule B. When B is left
strictly sporadic, its fundamental sequence has only one term. Otherwise,
Ldim(B*(m=1) > 2,

We now combine the concepts about left sporadic bimodules and the left
acceptable bimodules of Section 3.
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DEFINITION 4.5. Let F, G be division rings and let B be a G-F-bimodule.
We say that B is a left acceptably sporadic bimodule when it is left sporadic
and its initial bimodule B*™ is left acceptable. In this case, the acceptance
bimodule B’ of B*™ is called the left derivated bimodule of B.

When the left derivated bimodule B’ of a left acceptably sporadic bi-
module B is again left acceptably sporadic, its left derivated bimodule will
be called left 2nd-derivated bimodule B of B, and so successively.

THEOREM 4.6. Let F,G be division rings, and let B be a G-F-bimodule
which is left acceptably sporadic such that By = B*™ is its initial bimodule
and m > 0. Let R= Rp = [g g] There is a well-ordered sequence

Xoy .- - >Xw+1
of elements of R-ind with the following properties:

(i) Fora <w+1, let Sy = R-ind\ {X3 | 8 < a}. Then X, is the only
element of Sy having the property that if Y 22 Xo andY € S, then
Homp(Xa,Y) = 0. Moreover, Hompg(Y, X,) # 0 for each Y € S,.

(i) Xy ® Xyt1 is a rigid tilting left R-module and the left derivated
bimodule of B is isomorphic to the bimodule Homp(X,4+1, Xy)-

(iii) Set d_; = d* = L.dim(B*) and d; = 1.dim(B*(*2)) for i = 0,1,....
If T is the characteristic value of the left acceptable bimodule By,
set d; = d; fori=—-1,0,....m—2, andd,_; =1,d, =7+ 2.

Then the sequence d_y,dj, ..., d,, is a partial dimension sequence.

Proof. Since B has the left finite dimension property and is not of finite
representation type, the preinjective left R-modules can be ordered in an
infinite chain

Xo, X1,...

which satisfies the equations of (i) for o < w, by Proposition

By hypothesis, By = B*™ is left acceptable and left strictly sporadic,
and hence B; = B*M*D ig again left acceptable and left strictly spo-
radic by Lemma By iterated application of [I5, Lemma 2.7], By =
Homp (X, Xim-1), and W = X,,,_1 & X, is a rigid tilting left R-module.

Let Ry = Rp,, which is a ring of the form isomorphic to Endg(W).
Since B is left acceptable and left strictly sporadic, Theorem shows that
there is a sequence

1/07 s an+1

of elements of R-ind satisfying conditions (i)—(iii) of Theorem Since W
is a rigid tilting left R-module, there is a splitting torsion theory (7 ,F) in
R-Mod induced by W, and an equivalence H' between F and a full subcat-
egory X of Rj-Mod, where (X,)) is a splitting torsion theory of Rj-Mod.
Since Hompg(W, X;) = 0 when j > m + 1 while Homgp(W, X;) # 0 when
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j < m, the left R-modules Xy,...,X,, are in 7, and all the remaining (up
to isomorphism) finitely presented indecomposable left R-modules belong
to F. By the defining properties of the sequence Yy, Y1, ..., it follows that
k>0=Y, > H(Xpnik+1), and hence Y, = H'(X,,) and Y11 = H (Xwt1)
for certain finitely presented indecomposable left R-modules X,,, X, 41 sat-
isfying condition (i) of the statement.

Notice that X,,, X,,+1 have non-zero homomorphisms to any of the mod-
ules X (kK < w). Now, each X generates X; if ¢ < k, by [15, Propo-
sition 2.5], and hence X, X, 41 generate each of the X (k < w). Also,
Exth(X, ® Xut1,Xk) = 0 for & < w, by [I5, Lemmas 2.1, 2.2]. Hence
X ® Xy41 is a tilting left R-module. Moreover, Hompg (X1, X,,) is iso-
morphic to Hompg, (Y41, Y.), and thus X, & X,4+1 is a rigid tilting module
and Homp(X,+1, X,,) is the acceptance bimodule of By, by Theorem
By Lemma [4.3] it is also the acceptance bimodule of By, hence it is the left
derivated bimodule of B, up to isomorphism. This shows (ii).

To prove (iii), we show that the d-vectors of the sequence of modules

X1, X, X, Xt
are the values (t},s};) which make d’ ,dj,...,d], a partial dimension se-
quence, according to Definition We check that the equations (iii) of
that definition are fulfilled with these values for the d-vectors (t,s)) and
the d.

Note first that the required equations do hold for £k = —1,0,...,m — 2.
This is because d, = 1.dim(B**+2)) = L.dim(Homp (Xg41, Xx)) for these k
by [15, Lemma 2.7], and the equations follow from [I5, Lemma 3.1]. So, we
have only to check that

(tw, sw) = (t;n+17 S;n+1) = (tm+1, Sm+1) — (tms Sm),
(tw+1, Swr1) = (t;n+27 S;n+2) = (7 +2)(tw, 8w) — (tm+1, Sm+1),
where we give in the form (tg,sg) the d-vector of the left R-module Xj.
By considering the left acceptable left strictly sporadic bimodule B; and
applying Theorem we find that the d-vectors of the left Rj-modules
Yo, Yo, Yuy1 are, respectively, (1,0),(1,1), (71,71 + 1) where 77 is the char-
acteristic value of By. By Lemma[{.3] 71 = 7+ 1. Now, we use the equations
of [15, Proposition 3.9] and compare the d-vectors of X, and Y, = H'(X,,):

1= sutm — twSm, 1 =sutmy1 — twSme1,
and for the d-vectors of X1 and Y,11 = H' (Xw41):
T+ 1= Sut1tm — twt+15m, T+ 2= Sut1tm+1 — tw+1Sm+1-

The first pair of equations is a linear system of two equations for the
unknowns t,, s, and the determinant of the system is s;+1tm — Smtms+1 = 1
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by [15, Lemma 3.8]. Thus it has a unique solution, and we just check that
(tm+1 — tm, Sm+1 — Sm) solves the system, which is straightforward.

The second pair is again a system with the same determinant, and thus
it is enough to check that ((7 + 2)t, — tm+1, (T + 2)Sw — Sm41) solves the
system. m

PROPOSITION 4.7. Let F, G be division rings and B a G-F-bimodule. If
the ring R = Rp = [g g] is a left pure semisimple sporadic ring, then B is
left acceptably sporadic. Moreover, if B’ is its derivated bimodule, then the
ring Rpr = [g, g] is left pure semisimple sporadic, and so B’ is also left

acceptably sporadic.

Proof. By [15, Proposition 2.10], the bimodule B has the left finite di-
mension property. Moreover, B is left sporadic by [15, Theorem 5.1 and
Lemma 2.7]. Now, let By = B** be the initial bimodule of the left sporadic
bimodule B, and, without loss of generality, suppose it is a G-F-bimodule.

It follows from [I5, Lemma 2.7] and [I4, Theorem 3.2] that the ring
Ry = Rp, = [ g(’) 8] is left pure semisimple and left sporadic. Hence, there is
only one indecomposable left Ryp-module, up to isomorphism, with d-vector
(1,1). This entails that By is left pre-acceptable, in view of Lemma

Order the finitely presented indecomposable left Ry-modules {X,, | —1 <
a < o} asin [14, Theorem 3.8]. Since By is left strictly sporadic, each of the
modules X,, (for n < w) has d-vector (n+ 1,n) and, by [15, Theorem 3.14],
the indecomposable left Ryp-module M with d-vector (1,1) is precisely X,,.
If r =r(w) =7+ 1, we conclude from Proposition that N = X,4+1 has
d-vector (7,7 + 1). By [14, Theorem 3.8], M & N is a rigid tilting module,
and thus By is left acceptable, by Lemma According to Definition
B is left acceptably sporadic, as asserted.

If W=M®& N, then B' = Hompg, (N, M) is the left derivated bimodule
of B. To prove the final sentence, note that Rp = Endpg, (W) and this ring
is again left pure semisimple (because W is tilting [14, Theorem 3.2]), and
left sporadic (because of the equivalences induced by the tilting module W,
and [I5] Lemmas 2.1 and 2.2]). Then B’ is left acceptably sporadic, by the
first part of the proof. »

5. Sporadic rings with finitely many AR-components. Our aim
in this section is to characterize the G-F-bimodules B such that Rp is
left pure semisimple sporadic with a finite number of AR-components. By
Proposition 4.7 if B is such a bimodule, then B is left sporadic and its initial
bimodule By = B*™ is left strictly sporadic with a corresponding ring Rp,
which is again left pure semisimple sporadic. In view of the close relationship
between the rings Rp and Rp, in this case, we study this problem for left
strictly sporadic bimodules, but the translation to the general situation is
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straightforward. Since there are no left pure semisimple sporadic rings with
just two AR-components [I5, Proposition 5.3], we consider from the start
that the number of AR-components is h + 1 with A > 1.

THEOREM 5.1. Let F,G be division rings and B a left strictly sporadic
G-F-bimodule. Let h > 1 be an integer. Then the ring Rp = [g g] is a left
pure semisimple sporadic ring with h + 1 AR-components if and only if the
following conditions are satisfied:

(i) B is left acceptably sporadic and has a sequence of left derivated
bimodules B', B@, ..., B which are left acceptably sporadic.

(ii) For each j = 0,...,h, let T; be the characteristic value of the ini-
tial bimodule of the left sporadic bimodule BY), and for j > 1, let
dj1y.. s djn;+1 with ng > 0 be the fundamental sequence of the left
sporadic bimodule BU), Also, let diz10=T1;+2 fori=0,...,h—1.
Then

2, 1, dl’o, ey dl,n1+1a 1, dg’o, ey dg,n2+1, 1, ey 1, dh70> . 7dh,nh+l
is a dimension sequence (for some !l > 1 and with each dp, p, +i = 2
if i >1).
Proof. The proof is in several steps.

STEP 1. If Rp is left pure semisimple sporadic with h+1 AR-components,
then (i) holds. By Proposition B is left acceptably sporadic and, since
it is its own initial bimodule, it is left acceptable. Proposition [4.7] shows also
that the derivated bimodule B’ is left acceptably sporadic and Ry = Rp
is left pure semisimple sporadic. By iterating the application of Proposi-
tion we see that all the successive left derivated bimodules BY) do exist
and are left acceptably sporadic, hence (i) holds.

STEP 2. Assume (i) and, moreover, assume that the ring R := Rp satis-
fies the following property (for a certain integer j > 1): There is a sequence

(5.1) Xoyo oy X ooy Xy Xuvjd
of modules of R-ind such that the following conditions (a)—(d) hold:

(a) Fora <w-j+1,let Sy = R-ind \ {X3 | < a}. Then X, is the
only element of S, having the property that if Y € S, and Y 2 X4,
then Homp(X,,Y) = 0 (and, moreover, Hompg(Y, X,) # 0).

(b) The sequence

(52) 27 17 d1,07 RN dl,n1+17 17 d2,07 cee 7d2,n2+17 17 ceey 17 dj,O

is a partial dimension sequence; and the pairs (¢;, s;) (for i > 1) of in-
tegers that correspond to this sequence in the sense of Definition [2.5
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are the d-vectors of the modules
X1, Xooy X1y -+ Xoopm+2, X2, - o X Xoojip1-

(c) W= X,;®X,. 41 is arigid tilting module with endomorphism ring
R; = Ry,

(d) Let (7,F) be the splitting torsion theory determined by the tilting
module W. For any Z € R-ind, Z belongs to 7 if and only if Z = X,
for some o« < w - j+ 1.

Then: (1) if the set of isomorphism classes of indecomposable finitely pre-
sented left R-modules that belong to F is empty or finite, then condition (ii)
of the statement holds for h = j; and (2) if the set of modules of R-ind that
belong to F is infinite, then the sequence of modules can be extended
to a sequence

XOa s 7X0J7 s 7XW-j+17 XOJ-jJr?a s 7Xw~(j+1)> Xw-(j+1)+1

which again satisfies the properties (a)—(d) with j + 1 substituted for j.

We first prove part (2). By Proposition [2.2| and assumptions (¢) and (d),
we obtain an extended sequence of modules of R-ind, by adjoining to the
sequence an infinite subsequence of modules of F, which we denote
thus

Xw'j+25 B an-j+i7 s

such that the whole sequence still satisfies condition (a).

Since BUY) is left acceptably sporadic by (i), we may apply Theorem
(or Theorem in case BU) is left strictly sporadic) and obtain a sequence
of indecomposable finitely presented left R;-modules

(53) }/07"‘7Yw+].

satisfying the statement in that theorem. Let (X', )) be the splitting torsion
theory of Rj-Mod provided by the tilting module W, and let H, H' be the
equivalence functors H : 7 — Y and H' : F — X. Since all X j1i42
belong to F, we see that the H'(X,.;+it+2) are torsion left Rj-modules, and
therefore they satisfy the defining properties for the sequence of the Y;,
hence Y; = H'(X,,.j+i+2) for i < w. Since the indecomposable projective left
R-modules belong to F and none of the Y; (for i < w) is isomorphic to H'(P)
for a projective P, it follows that Y,,, Y, +1 € X, by condition (i) of Theorem
for the chain of the Y,,. Hence, there exist indecomposable left R-modules
in F, which we call X,,.(j11), Xuw.(j41)41, such that H'(Xy.11)44) = Yiori
for ¢ = 0,1. Thus if we consider the sequence of indecomposable finitely
presented left R-modules

Kujt2y - oy Xawjtis - o5 X (j41)s K (j+1)+1
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then the sequence obtained by adjoining this one to the previous sequence
, being the translation by H' of the above sequence (5.3) of R;-modules,
still satisfies condition (a).

To prove (b), we have to add the subsequence

dj,la s 7dj,nj+17 17 dj+1,0

to the sequence (5.2), and show that this gives a partial dimension sequence
for the d-vectors of the modules in assumption (b) followed by the modules

Xw'jJrQ? s 7XW-j+nj+2a Xw-(j—l—l)a Xw~(j+1)+1'

Note first that, as seen in the first paragraph of the proof of [15, Propo-
sition 2.11], X, j42 is isomorphic to D(Tr(X..;)). On the other hand, d;;
is the left dimension of Homp(Xy.j+1, Xw.j) by assumption (c). Then [15)],
Proposition 2.5] shows that the d-vector of Xu.j+2 is obtained from d;; and
the d-vectors of the two modules preceding it in the sequence above.

Then Theorem implies that

dj2, .-y djn;+1,1,djt10

is also a partial dimension sequence corresponding through the equations of
Definition to the d-vectors of the left R;-modules
i, Y, Yo, Yo,
ie.,
H' (Xwji3)s - H' (Xewojynyr2), H (Xo(541)), H (X (j41)41)-

The linear relationship between the d-vectors of X, ;1. and the corre-
sponding Y3, given in [I5, Proposition 3.9], entails that the equations of
Definition which are satisfied for the d’s with the d-vectors of the Yp’s,
still hold for the same d’s and the d-vectors of the X, j4o. This proves the
inductive step for (b).

To show (c), let W' = X,.(j41) ® X,.(j41)+1- By the construction of the
sequence, we know that Hompg (W', X,) # 0 for each o < w-(j+1) + 1.
For the same ordinals «, Ext}%(W’ , Xq) = 0, again by the above construc-
tion. Indeed, if &« > w - j + 1, then X, € F by assumption (d), and hence
Extp(W', Xo) 2 Extp (Yo ® Yit1,Yg) = 0. Moreover, if @ <w - j + 1, then
X, € T and W' € F, hence Exth(W’, X,) = 0. On the other hand, if Z
is a finitely presented indecomposable left R-module which is not isomor-
phic to any of the X, (for a < w - (j + 1) + 1), then Homgr(W’, Z) = 0.
A standard argument shows now that W' generates all the modules X,
for « <w-(j+1)+1, and this is precisely the subset of R-ind generated
by W’. Finally, since Ext}zj (Y,®Y,11,7) # 0if Z € R-ind is not isomorphic
to any of the modules Yy, Y1,. .., we see that Exth(W’, Z) # 0 if Z is not
any of the modules X, (for « < w - (j+ 1)+ 1). It follows that W’ is also
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a tilting module; and it is a rigid tilting module, since Y, ® Y, 41 is a rigid
tilting left Rj-module. This proves (c).

Finally, the splitting torsion theory of R-Mod determined by W’ has
the property that a module X € R-ind belongs to the torsion class if and
only if it is W’'-generated, hence if and only if it is isomorphic to X, for
a<w-(j+1)+ 1. This shows (d) and completes part (2) of Step 2.

Consider now part (1). First, if 7 has no finitely presented left R-modules,
then X,,.;, Xo.j+1 are the indecomposable projective left R-modules. Thus
BU) =~ B and n; = 0. By assumptions (a), (b), the sequence obtained by
adding d;1 = 2 and the pair (—1,0) to the series of dimensions and d-vectors
of (b) is now a dimension sequence, and (ii) holds. In case F has only one
element X, ;42 in R-ind, assumption (a) holds for the extended sequence
and X, j41, Xy.j42 are the indecomposable projective left R-modules. Thus
(BY)* = B and n; < 1. By (a), (b), the sequence obtained by adding
dj1,dj2 = 2 and the pairs (0,1),(—1,0) to the series of dimensions and
d-vectors of (b) is now a dimension sequence, and (ii) holds.

Suppose now that F contains at least two non-isomorphic finitely pre-
sented indecomposable left R-modules. We follow the arguments of part (2).
By Proposition [2.2| and assumptions (c¢) and (d), we obtain an extended se-
quence of modules of R-ind, by adjoining to the sequence the sequence

X jt2s -+ Xuwjtr
for some r > 2, and X j4r—1,Xw.j+r are the projective indecomposable

modules. The whole sequence satisfies condition (a).

On the other hand, we apply Theorem for BY) and obtain a sequence
of indecomposable finitely presented left R;-modules

1/07"'71/&)4*1

that satisfies the statement of that theorem. Let H, H' be the equivalence
functors H : T — Y and H' : F — X provided by the tilting module W.
Again by comparing both sequences we deduce that Y; = H’ (Xw.jyiqo) for
i < r — 1. In particular, Homg,(Y;—2,Y,—3) = Homp(Xwjtr, Xwjtr—1),
which in turn is isomorphic to B. Thus B = (BW)*("=1), Since B is left
strictly sporadic, we see that the initial bimodule of BY) is (BY))** with
s < r, that is, n; < r and we may set » = n; + [ with [ > 1. Also,
djn;41="""=djn;+1 = 2.
As in the first part of the proof of Step 2, the sequence

2) 1) dl,O) B dl,n1+1) ]-7 d2,07 ) d2,n2+17 ]-7 B 17 dj707 v ’dj,nj—H

is a partial dimension sequence; and the pairs (¢, s) of integers that corre-
spond to this sequence in the sense of Definition [2.5| are the d-vectors of the
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modules
X17 va Xw+17 B 7Xw+n1+2a Xw~27 s 7Xw~j7 L) Xw~j+n]-+l

plus the pair (—1,0). Since the two final pairs are (0,1) and (—1,0), this is
a dimension sequence, and hence (ii) holds.

STEP 3. If property (i) of the statement holds, then the ring R = Rp
satisfies the property of Step 2 for j = 1. This follows from Theorem

STEP 4. If property (i) of the statement holds, then one and only one
of the following possibilities occurs: either conditions (a)—(d) hold for any
positive integer j, or else property (ii) holds for some index h, and then R is
left pure semisimple. Indeed, by Steps 2 and 3, just one of the following two
cases occurs: either for each j > 1 there is a sequence of finitely presented
indecomposable left R-modules as in (a), or else there is j = h > 2 such that
condition (ii) holds for this value of j. The resulting sequence of finitely pre-
sented indecomposable left R-modules has elements X,,.j1,_1, X,,.j1, which
are projective, hence the sequence contains all finitely presented indecom-
posable left R-modules. In the first case, conditions (a)-(d) hold for any
positive integer j; in the second case, all the finitely presented indecompos-
able left R-modules can be ordered by ordinals as X, and o < § implies
Hompg(Xq, X3) = 0. This entails that there are no infinite sequences of
non-isomorphic non-zero homomorphisms between finitely presented inde-
composable left R-modules

My — My — -+,

and then R is left pure semisimple by [20, Theorem 1.3]. In view of the
uniqueness of the sequence (5.1]), these two possibilities are incompatible.

STEP 5. Suppose that B is left strictly sporadic and R := Rp is left pure
semisimple with A + 1 AR-components. By Step 1, (i) holds. Moreover, we
know from [14, Theorem 3.8] that the finitely presented indecomposable left
R-modules may be well-ordered as

MOv R MOJa s 7Mw~h) Mw~h+15 L) Mw-h+r

with the property of this ordering as in condition (a) of Step 2. This forces
the ordering of the M, to coincide with the ordering of the X, of condi-
tion (a). Consequently, the second possibility in Step 4 occurs and (ii) holds.

Conversely, assume that (i) and (ii) hold. By (i), Steps 2 and 3 show that
there exist partial dimension sequences and sequences of finitely presented
indecomposable left R-modules as in (b), for successive values of the index j.
For j = h, the sequence obtained is a dimension sequence, and thus the
module X5 4n,+ is the simple projective. As above, this shows that the
first possibility of Step 4 does not occur, and consequently R is left pure
semisimple with A 4+ 1 AR-components. =
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6. A relation with Simson’s first potential counterexample. We
discuss in this section some similarities and differences between the first
potential counterexample to the pure semisimplicity conjecture given by
Simson [24] and sporadic rings. First we remark that Simson’s potential
counterexample is not sporadic. However, it is related to sporadic rings; in
fact, it belongs to a class of rings that was called almost sporadic in [15]. It
turns out that we can specialize our results to give another presentation of
this potential counterexample.

PROPOSITION 6.1. Let G C F be a pair of division rings such that F,
viewed as a G-F-bimodule, is left strictly sporadic. Then the ring

F 0

R=hr=\p 4

18 a counterexample to the pssC.

Proof. Set B := F and view it as a G-F-bimodule. It is clear that B
satisfies the condition in Lemma Following the notation of Lemma
and taking a G-basis B = { fo, 1} of B, the subring E of F'is the division ring
G and, by hypothesis, F' has left dimension 2 over £ = G. It follows that F'
is left pre-acceptable (see Definition [3.3)). Since condition (i) of Lemma
is also obviously satisfied, F' is left weakly acceptable.

Let now M @ N be the tilting module obtained in Proposition [3.9] Since
the left dimension of F' over E = G is 2, the d-vector of N is (1,2). But the
only finitely presented indecomposable left R-module with d-vector (1,2)
is the non-simple projective P;. This way, it is easy to see that Endg (V)
=~ F and, with the natural left F-structure, Homg(N, M) = F. Therefore
Homp (N, M) has left dimension 1, and hence B is left acceptable.

We now apply Theorem to get a sequence of finitely presented inde-
composable left R-modules

X0y oy X =M, X451 =N
containing all the finitely presented indecomposable modules, except the
simple projective Fy. Therefore, all the finitely presented indecomposable
left R-modules are well-ordered in that form. Hence R is left pure semi-
simple. Since there are an infinite number of isomorphism classes of finitely
presented indecomposable modules, R is not of finite representation type. =

With the notation of Section 3, the bimodule B’ = Hompg(N, M) is
isomorphic to F' and so is the endomorphism ring H = Endg(N). Hence
the bimodule B’ is an F-E-bimodule, with £ = G, as we saw in the proof
of Proposition We obtain the following noteworthy consequence.

COROLLARY 6.2. Let G C F be a pair of division rings such that F is,
as a G-F-bimodule, left strictly sporadic. Then the right dimension of F
over G is infinite.
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Proof. Following the notation above, the rigid tilting module M & N
is the key module for the left pure semisimple ring R (see [12]). By [12]
Theorem 3.6], the module M @ N is not endofinite and, in view of [14]
Proposition 3.7(b)], M is not endofinite. Therefore B’ = F is right infinite-
dimensional over the endomorphism ring E of M. Since £ = G, the corollary
follows. =

Simson’s potential counterexample belongs to a wider class of possible
counterexamples to the conjecture. In fact, it is easy to see that Proposition
may be generalized as follows.

PROPOSITION 6.3. Let G C F be a pair of division rings such that the
left G-dimension of F' is 2. Let R be the ring

F 0
F G

and suppose that as a G-F-bimodule, B := F has the left finite dimen-
sion property. Let d,d*,dy,dy,... be the sequence of the left dimensions of
B, B*, B**, ..., and consider the sequence of the convergents [d*,dy, ..., dj]
as defined in [15, Section 3|. If the sequence is defined for any k, and 1 is
its limit, then the ring R is left pure semisimple and is a counterexample to
the pure semisimplicity conjecture.

R=Rp =

)

Proof. As in the proof of Proposition [6.1], one shows that F', as a G-F-
bimodule, is left acceptable with characteristic value 7 = 1. Then the proof
of Theorem shows that the preinjective left R-modules form a chain

Xo, X1,. ..

such that Homp(X,,, X,,) = 0 if n < m. Also from the proof of Proposition
it follows that if M @ N is the rigid tilting module determined by the
left acceptable bimodule F', then the torsion class 7 defined by this tilting
module includes all preinjective modules X,, along with M, N, while the
remaining finitely presented indecomposable left R-modules are torsionfree.

If the ring R is of finite representation type, then the sequence of the di-
mensions d*, dy, dy, ... repeats cyclically [9, Proposition 1] and the sequence
of the convergents [d*, dy, ..., d] is not defined for all k, which contradicts
the hypothesis that its limit is 1. Thus R is not of finite representation type.
Then, according to [I5l Proposition 3.11], the finitely presented indecom-
posable left R-modules with d-vector (t,s) such that ¢ > s are precisely
the preinjective modules; and again as in the proof of Proposition [6.1] we
construct the well-ordered sequence

Xo, - - 7Xw+1
where X, = M, X,+1 = N, and Hompg(X,,Y) = 0 = Homp(X,4+1,Y) for
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any Y 2 X, (o <w+1). Since the d-vector of X, is (1,1) by construction,
and since 7 = 1, the d-vector of X1 is (1,2), which means that X,; is
the non-simple projective indecomposable left R-module. By the foregoing
observations, each of the remaining non-preinjective finitely presented inde-
composable modules is isomorphic to the simple projective Py, and hence
the above list completed by the module Py contains all the elements of
R-ind. Since R-ind has a well-ordering that satisfies the same property of
the sequence in Theorem the ring R is left pure semisimple. =

REMARK 6.4. The class of potential counterexamples presented in [26],
Theorem 4.16] which correspond to infinite dimension sequences v of the
first kind (in the sense of [26] Definition 4.4]) are essentially included in
the class of rings of Proposition [6.3] as long as the operations &,, for con-
structing the sequence v from the principal infinite dimension sequence w
=(...,2,2,...,2,1,00) do not change the last two terms 2,1 in w. In that
case, the limit of the convergents is equal to 1 and Proposition [6.3] applies.
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