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A HYPERSURFACE DEFECT RELATION FOR
A FAMILY OF MEROMORPHIC MAPS
ON A GENERALIZED p-PARABOLIC MANIFOLD

BY

QI HAN (Worcester, MA)

Abstract. This paper establishes a hypersurface defect relation, that is, 23:1 0(Dj, 1)
< (n+1)/d, for a family of meromorphic maps from a generalized p-parabolic manifold M
to the projective space P", under some weak non-degeneracy assumptions.

1. Introduction. Let f : C™ — P" be a non-constant meromorphic
map, and let Dy,...,D, be ¢ (> n + 1) hypersurfaces of degree d (> 1)
in P" such that f(C™) € D; for each j = 1,...,q. In 1972, Carlson and

Griffiths [4] showed that
q

n+1
1.1 0(D; <
(1.1) Y050 <5
when m > n = rank f and Dy, ..., D, have normal crossings. This result was

extended by Griffiths and King [8] in 1973, and then by Shiffman [13] in 1975.
When f is assumed to be algebraically non-degenerate, it is a conjecture
that (1.1) is still true without the restriction m > n (see Griffiths [7] and
Shiffman [14]).

When d = 1, (1.1) is classical, first studied by R. Nevanlinna and then
furthered by Cartan, Ahlfors, the Weyls’, Stoll, Vitter, Wong and Ru, etc.
However, when d > 1, it is extremely difficult to prove this inequality, which
still remains open. We refer the reader to [9, [IT} 12] 17, 18] 20, 21] and the
references therein for more details.

When we use the weaker condition of being “in general position” on the
hypersurfaces and assume f is non-constant, then 2n is the best possible
upper bound for (1.1) by Shiffman [I5] or Eremenko and Sodin [6]. When f
is algebraically non-degenerate, then n + 1 is a nice upper bound to (1.1),
independent of the degree, by Ru [11], [12].

Employing a concept of weak non-degeneracy of degree d, Biancofiore
[2, B] proved that (1.1) holds for a class of meromorphic maps that are
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“projections of maximal linear deficiency”. Moreover, he provided examples
to show that his results are sharp.

The purpose of this paper is two-fold: we further weaken the assumptions
in [2, B] and then extend all these results to certain generalized p-parabolic
manifolds. The assumptions and notation will be detailed later as appropriate.

We remark that the essential ideas used here are due to Biancoﬁore [2 3].

Write y = (y0,y1,--.,Yn) € C*1 and let V7 := span{yzly P iy=0
be a linear subspace of C?Cgl, the space of all homogeneous polynomials of
degree d (> 1) in Clyo, y1, ..., yn]. Denote by D the collection of all hyper-
surfaces generated by elements in VY in P". In addition, let {eg,€1,..., €}
be the standard basis of C**1.

Our main result may be simply formulated as follows.

THEOREM 1.1. Let M be either an affine algebraic variety, or an alge-
braic vector bundle over an affine algebraic variety, or its projectivization,
let f: M — P"™ be a linearly non-degenerate, transcendental meromorphic
map such that f(M) ¢ D for every hypersurface D in D, and let Dy, ..., D,
be ¢ (> n+1) hypersurfaces of degree d (> 1) in P™ having normal crossings
at €y, €1,...,€,. Then (1.1) holds provided the n + 1 coordinate hyperplanes
H; :=P(y;1(0)) in P" are such that

ZN (Hisrys) = o(Ty(r,s)).

Note that the assumption on non-degeneracy of f is weaker than non-
degeneracy of degree d, and the one on linear deficiency of H; is weaker
than > ( Ny(Hj;r,s) = o(Ty(r,s)) (see [2, B]); as a matter of fact, the
latter condition is satisfied by the example provided in [3] to show that the
weak non-degeneracy condition of degree d is sharp.

The interested reader may also consult Aihara and Mori [I], or Hu and
Yang [10].

1.1. Generalized manifolds. Originally, the notion of parabolic man-
ifold (see Stoll [I7, [I8]) has an affine algebraic variety as a prototype, and
the concept of parabolicity is based on the existence of some non-negative
plurisubharmonic exhaustion 7 (> 0), defined on a Kahler manifold (M,w),
such that ¢ := log 7 satisfies the complex Monge-Ampere equation

(1.2) (dd°d)™ = 0

on M \ {7 = 0}, with m := dim M, subject to (dd“¢)™ ! # 0.

Instead, the concept of p-parabolicity depends on the existence of a non-
negative plurisubharmonic exhaustion 7 defined again on (M,w) such that
¢ satisfies a generalized complex Monge-Ampere equation, i.e., for some
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integer p € (1, m],
(1.3) (dd°@)P NW™ P =0

on M\ {r = 0}, yet (dd°¢)P~1 A w™ P £ 0. Note that m-parabolicity is
just parabolicity. One thing of interest is that (see [21, Theorem 2.10]), for
a parabolic Stein manifold M of dimension m having a strictly positive
plurisubharmonic exhaustion 7a; (> 0), any holomorphic vector bundle E
of rank r > 2 over M, its dual vector bundle E*, as well as the associated
projectivizations P(E) and P(E*) over M are not parabolic but they do
satisfy identities analogous to (1.3); for example, for P(E), we have

(1.4) (dd°P)™ P AW £0 and (dd°¢)™ AWl =0,

where ¢ is the pull-back of ¢,s := log 7ay on M and w is some Kéhler metric
on P(E) (see [21, Lemma 2.9]). We refer the interested reader to Chandler
and Wong [0, 19] and the references therein for more details on this subject.

In view of this, we follow the Wongs’ [21] in giving the following defini-
tion.

DEFINITION 1.2. Given p € (1, m], a Kéhler (complex) manifold (M, w)
of dimension m is said to be a generalized p-parabolic manifold when there
exists a plurisubharmonic function ¢ such that

(A1) {¢ = —o0} is a closed subset of M of strictly lower dimension;
(A2) ¢ is smooth on the open dense set M \ {¢ = —oo}, with dd°¢ > 0,
such that

(1.5) (dd°¢)P" P Aw™ P #£0 and (dd°¢)P Aw™ P =0.

We remark here that when M is the projectivization of an algebraic
vector bundle E over an affine algebraic variety or its dual bundle E*, we
shall assume rank(F) > 2 to guarantee the existence of a non-trivial Kéahler
metric on M.

1.2. Nevanlinna theory. We write, for d°:= ;(0 — 9),

(1.6) r:=¢* and o :=d°@ A (dd°¢)P"I AW P,
with 7 (> 0) called a p-parabolic exhaustion on M, and we have
(1.7) (dd°t)? = T9{(dd°p)? + jdp A d°¢ A (dd°p)T~1}

for j =1,...,p, such that

(1.8) (dd°TP Aw™ P20 and do = (dd°¢)? ANw™ P =0.

Naturally, set 2 := (dd°T)? A w™ P to be the volume form on M. Also,
for any r > 0, write M[r] := {x € M : 7(z) < r?} and M(r) := {x € M :
7(z) = r?}.
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Let v : M — Z* be a smooth divisor, with D, := supp v. Non-trivially,
dim(D,) = m—1 and the singular set ¥'p, of D,, is analytic with dim(Xp,) <
m — 2.

Given any integer k > 1, denote by
(1.9) v®) = min{k, v} : M — [0, k]

the kth truncated divisor associated with v. Then, for 1 < k1 < ks, one has

k
1.1 (k1) < (k2) « M2 (k1)
(1.10) i <V < 2Ry
Fix s > 0. When r > s, the counting functions of v and vy, are defined as
( dt c — m—
(1.11) N(vir,s) := §t2p_1 | v(dder)Pt Awme,
s MI[t)nD,
112 NO(ir, s) o= | 2 O (dd ) p o7
(1.12) (wirs) =\ | vWddry T AP,
s M[t)NnD,

respectively. Clearly, 0 < N (v;r, s) < N®) (v;r,5) < N(v;r, ).

Next, let f : M — P" be a meromorphic map defined on M, and let
f: M — C"*! be a reduced representation associated with f. That is, f is a
holomorphic vector function on M \ §71(0), with dim(f1(0)) < m — 2, such
that Pof = f on M\§~1(0). The map f is said to be non-degenerate of degree
d provided that, for any hypersurface D of degree d in P, f(M) ¢ D, and
f is said to be linearly non-degenerate if d = 1. When f is non-degenerate
of degree d for all d > 1, then f is said to be algebraically non-degenerate.

Finally, let wrg be the Fubini—Study metric on P”, and let D be a hyper-
surface of degree d in P". The characteristic function of f and the counting
and the kth truncated counting functions of f with respect to D are defined
as, respectively, for all r > s,

¢ dt
(113) = S R S wFS) (ddCT)pfl A wm7p7
s M[t}
( dt c —1 m—
(1.14) #(D;r,s) = St S vy, p(ddT)P AW,
s M[HNDy,
115 NODirs) = gtﬁfl [ v (dderyt nwme,
s M[f)NDy,

Here, on any local holomorphic coordinate chart (z,U,) of M, one has
f*(wrs)|y, = ddlog[>" o £7], with f = (fo,f1,...,£,) being a reduced
representation of f, v¢ ply, := dd®log[a o f]|y, the divisor generated by
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D o f through the Poincaré-Lelong formula, with D := P(a~1(0)) being

generated by a € C?dJ)rl, and I/J(clf)D = min{k,v¢ p}.

One has the following first main theorem on M.

FIrRST MAIN THEOREM. Let f : M — P" be a non-constant meromor-

phic map on a generalized p-parabolic manifold M, and let D be a hypersur-
face of degree d in P™ with f(M) ¢ D. Then, forr > s >0,

(1.16) dT¢(r,s) > Ne(Dsr,s) + O(1).
Accordingly, the defect of f with respect to D is defined to be
N¢(D;
(1.17) 5(D, f) = 1 — lim sup ~LDiT>)

rsoo  dTy(r,s)
REMARK. Henceforth, we shall assume that M is either an affine alge-
braic variety, or an algebraic vector bundle over an affine algebraic variety,
or its dual bundle or their projectivizations, and keep in mind the remark

after (1.5).
We have the following second main theorem on M.

SECOND MAIN THEOREM. Let f: M — P" be a linearly non-degenerate
meromorphic map on M, and let Hy, ..., Hy be ¢ (> n+1) hyperplanes in P"
in general position. Then, for r > s > 0,

q
(1L18)  (¢—n—1)Ty(r,s) <> N (Hjir,s) + O(log(rTy (r, 5))).
j=1
Proof. The first proof for this result of high dimensional value distribu-
tion theory was given by Smiley [16] in the curve case, and her method can

be extended to meromorphic maps on Stein manifolds, as detailed in Stoll
[18, Section 13]. m

For more details on the preceding subject, see the Wongs’ [21] or Han [9].

2. Normal crossings. Recall we write ¥ = (yo,y1,...,%n) € C*FL.
Let (C?d';l be the space of all homogeneous polynomials of degree d (> 1)

in Clyo,y1,--.,yn]- Then any member in (C?C;)rl is of the form ), K ary’.

Here, I = (ig,i1,...,1n) € (ZT)"*1, K7 is the family of all I’s satisfying
|I| :=ip + i1+ + i, = d, and y! = y'y}' - - - yin. Note that the Veronese
embedding theorem implies that dim((C?dJ)rl) =ng+1:= (n:l“d).

Let Di,...,D, be ¢ hypersurfaces of degree d (> 1) in P”, and let
ai,...,aq be elements in C’("”d';l that generate them. For y = P(y) € P",

write

(2.1) L=ty :=#{j€[l,q]: o(y) =0}
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Then 0 < ¢ < q. Call v = 1y, the crossings number of D1,..., Dy at y. When
¢ > 1, there is a unique injective map x = ry : [1,¢] = [1, ¢] with a,,(;)(y) =0
for each j € [1,:]. Call kK = ky the crossings selector of D1, ..., Dy at y, and

(22) 3(Y) = 3[D17 s >Dq§ Y] = [dan(l) ARSRNA da/i(b)](y)
the crossings Jacobian of Dy,...,Dg at y.

One says that Dy,..., D, have normal crossings at'y € P" if 1y, > 1
and J(y) # 0, and Dq,..., D, have normal crossings if they have normal
crossings at each y € Jj_,(supp D;) \ {0}. If D1, ..., Dy have normal cross-
ings at y, then ¢y, < n; if Dy,..., Dy have normal crossings, then they
are all smooth. We say that Dy,..., D, are in general position whenever
Ni—o(supp D;,) = {0} for each subset {jo, j1,...,jn} of distinct elements of
{1,...,q}. Hence, having normal crossings is stronger than being in general
position. In particular, when d = 1, these notions coincide.

We say a hypersurface D in P" is generated by an o € C?ﬁgl if D is
associated with P(a~1(0)). By convention, we set supp D := o~ (0) C C**!.
Thus, f(M) € D if and only if f(M)NP(C"\supp D) # 0, i.e., ao f # 0.

Fix N > n and a surjective linear map ¢ : CN*! — C"*!. Let D be a
hypersurface of degree d in P", generated by « € C?;)rl (denoted by Dla]),

and let D be the hypersurface of degree d in PN generated by := oy €
C (denoted by DIg]).

(d)
For w = (wo,ws,...,wy) € CN*l write the members in (Cé\;;“l as

ZLeKé\] brwl, with KY the set of all L = (lo,l1,...,In) € (ZT)N*! satisfy-

ing |L| = d, and w” = wlow!* - - w!y. Write B := [0, N]x [0, N]. When d > 3,
denote by By the subset of L € Kév with Iy > d — 1 for some ¢ € [0, N]. Then
define v4 : B — By by va(h,k)(t) =1, =0if t # h # k, va(t,k)(t) =1, = 1
if t £k, ya(h,t)(t) =1l =d—1if t # h, and y4(¢t,t)(t) = Iz = d for all
t € [0, N]. If d = 2, then By = K and we define 72 to be the identity map.

Take 8 =3, kY brwl e (Cé\cfl;'l. Write by, := by, (s, 1) and set

N
(2.3) n(B) = Z waL = Z bhkwhwgil.
LeBy h, k=0

When d = 2, we have y(8) = S and by, = br; moreover, we assume all
the homogeneous polynomials of degree 2 are symmetric. For each k =
0,1,..., N, set

N N
(2.4) pk(B) := thkwh so that y(B) = an(ﬁ)wg_l.

h=0 k=0

Next, let £, be the class of all injective maps p : [0,n] — [0, N] such

that {©(e,0)), e(eu))s - - - @(eum))} is a basis of C"*1. Since ¢ is surjective,
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%, # 0. Here, {eg,€1,...,en} denotes the standard basis of CN*+L. Fix
s € [0, N] and define £ to be the set of all maps A : [0, s] x [0,n] — [0, N]
such that

(B1) A == A(2,0) € £, for each v =0,1,...,s;

(B2) X\°:= X(0,0) : [0, s] — [0, N] is injective.

write

s

(2.5) U/\(ﬁ) = Z bhkwh’wg_l — Z Zb)\l(]))\l(o)w)\l(])wi:((l]),

(h,k)e Ty 1=0 3=0

associated with y(f) and A, and, for each + = 0,1,...,s, write

n

(2.6) Uil(o)(ﬁ) = by ()nWa() 50 that ny(8) = ZU?(O) (5)w§lf([1))-
7=0 1=0
Given ¢ € [0,s], one has B(ey, ) = 9(B)(ex,) = 1O (B)(ex0) =

A2 .
oa(B)(ex ) = 93 © (B)(ex,0)) = bx,(0)r,(0)- Also, when by, )r,(0) = 0, it
follows that

2an) (8 (ex0)), d=2,
27) A (B)(en) = | D, Pen)
dp\"(B)(ex, ),  d>2.
By condition (B1), {¢(ex, (), ¥(€x, (1)) - - - @(€x,(n))} is a basis of C™*1. Let
$o0  $o1 r PON
Y10 P11 0 PIN
$no ¥Pnl  PnN

(n+1)x (N+1)

be the matrix representation of ¢ in terms of the standard bases of CN*1 and
C"*!. Then the linear map ), : CN*! — C"*! with matrix representation

0 - Con() 0 0 o wona 0 Con(m) 0 O
0 - w0 - 0 “1n1) 0 0 P1a(n) - 0
0 - 0 --- : 0 - e e 0 ’
0 - @ -+ 0 Onr,(1) - 0 Pax(m) 00 v

associated with ¢ and A, is also surjective. Notice that ¢, is the composition

of an elementary map ey, with ¢, i.e., o), = poey,. When 8 =aop € Cé\;jl
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for an o € (C’("”(zgl, set SN := avopy, = B oey,. Then, for all 2 € [0, 5],

(2.8) 3 ©(8) = O (™).

As ey ) € CNF1\ ker for all 2 € [0,s], we can prove the following
result.

LEMMA 2.1. Dy, ..., Dy have normal crossings aty, = P(p(ey,0))) € P"
if and only if 151\1, . ,D;‘Z have normal crossings at w, = P(ey,()) € PN,
Moreover, they have the same crossings number ¢ and the same crossings
selector k.

Proof. Since Dj = Do, D])‘Z = D[ﬁ;‘l} for ﬁ])” = ajopy,, and p(ey, ) =
©x, (€x,(0)), the crossings number ¢ and the crossings selector x are the same.
In addition,

(2.9) DY, Dywl = @3 {3[D1, -, Dgs v}
follows from [2, Lemma 3.2]. As ), is surjective, ¢} is injective. So,
3D, ... ,D;‘l;w} # 0 if and only if J[D1,...,Dg;y] # 0. =

Thus, (2.7), (2.8) and [2, Lemma 3.3]—applied to B, U(ﬁi\l) and
t):\l(o)(ﬁ)")—imply that, for D* = D[y(8)], R* = D[p(8*)] and RM©) =
Dy ()], one has

COROLLARY 2.2. If{Dj};z:l have normal crossings at'y, = P(p(ey, ()

A A Py HA(0) —
€ P, then so do {D;*}j_y, {D;}Yio,, {R;"}j=y and {R;"}_, at w, =
P(ey ) € PN. Moreover, they have the same crossings number 1 and the

same crossings selector k.

Proof. This can be proved using the same discussion as in [2, Corollary
3.4]. =

Henceforth, we assume, without loss of generality, that Dy, ..., D, have
normal crossings at each y, = P(¢(ey,))) € P" for 1 =0,1,...,s.

A € £ is said to be effective for ¢ provided there is a p € Z, such
that, for every ¢ € [0, s], there is a permutation p, of {0,1,...,n} such that
A(2,7) = p(p,(g)) for all y € [0,n]. Then A is said to be generated by i, or u
is a generator of \.

Here, s < n follows from condition (B2) and the fact that A(]0,s] x
{0}) € wu([0,n]). Therefore, {p(exor,)) =g is a linearly independent subset
of {¢(eu(y))})=o- This in turn determines which A € £ can be effective
for ¢. Replace condition (B2) by

(B3) For some s < n, A° = \([J,0) : [0,s] — [0, N] can be extended to

an element in .Z,.

One finds that, in a sense, this is an optimal requirement for effectiveness.
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LEMMA 2.3. Let ¢ : CNTL — C" be a surjective linear map, and
let X° : [0,s] — [0, N] be injective, with {¢(exo())}i=o(s < n) linearly in-
dependent in C"T1. Then there exists a A € fj effective for ¢ such that
A°(2) = A(2,0) for each 1 =0,1,...,s.

Proof. This is similar to [3, Lemma 3.2]. Yet, it seems to me that Pro-
fessor Biancofiore might not have realized the above observation on the
necessary condition for effectiveness, and thereby, his original proof was not
quite compatible with what he really needed later. Therefore, we shall detail
a different (and somewhat easier) proof below.

First, a priori, in order to derive A°(z) = A(z,0), by definition, A\°(z) =
w(p,(0)) must hold for every ¢+ € [0,s]. To choose s + 1 permutations p,
of {0,1,...,n} for ¢+ € [0, 5], {po(0),p1(0),...,ps(0)} C u([0,n]) should be
pairwise distinct by assumption.

Without loss of generality, suppose s = n. (Otherwise, we can always
extend A\° to an element in .%,.) By hypothesis, pu := \° is in .Z,. Given
1 € [0,n], let p, be the permutation of {0,1,...,n} that switches {0,2} and
fixes the other elements in {0,1,...,n} \ {0,2} when 2 # 0, while set py to
be the identity map for {0,1,...,n}. Define

(2.10) A7) = plp(9) € Z5
for every (1,7) € [0,n] x [0,n]. In matrix form,

(A2 9)] (n+1)x (n+1

[ A°(0)  M(1) A(2) - A(n—1) A(n) |
A(1) A°(0) A°(2) -+ N(n—1) I(n)
@ X)) A0 - X(n—1) A(n)
AN(n—1) A°(1) A°(2) -  X°(0)  A°(n)
LX) X)) A@) e N=1) N0)

It can be easily verified that X is generated by u, i.e., A°, and is effective
for ¢, so that A\°(2) = A(2,0) for each : =0,1,...,n, as claimed. m

We remark here that, in the notation of [3, Lemma 3.2], w, should be a
permutation of {7(0),7(1),...,7(n)}, not of {0,1,..., N}, so that w, o7 is
again .

Henceforth, without loss of generality, let us take s < n and denote by
Zp" the subclass of £ of all maps such that conditions (B1) and (B3)
are satisfied.

Finally, define 79 : C — {0,1} by n9(b) = 1 if b # 0 while 79(0) = 0.
When g = ZLeKéV brw* € (Cé\(;;rl, write ng(f5) = ZLeKJdv ng(bL)}wL}. Then

we have
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PROPOSITION 2.4. Assume that ¢ : CN*t1 — C**! s linear and surjec-
tive, and X € £3" is effective for ¢ with a generator p € £,. If D1, ..., Dy
have normal crossings at {y, = P(¢(ex,(0))) }i=o, then there emsts a constant
Cy > 0 such that

q
(2.11) H (92(87)) > Callwy, %" 1H\w

7=0

Here, wy, = (W (0), Wx, (0)s - - - » Way(0)) and [lwy, || = /> 20— [wx, )

Proof. This can be proved by using the same discussions as in [2, Propo-
sition 3.5]. For completeness, we sketch a proof below.
Similar to estimate (3.3) in [2] from (2.6) and (2.8), one finds that

H Z m™?(87) hwx, )

7j=11:=0

S q
=Y { 11 Ul(UAZ(O)(ﬂj’-\Z))}|w,\l(0)|qd7q-

=0  j=1

(2.12) 1T na(or(85))
=1

Given 2 € [0, s, considering the surjective linear map ¢, : CN+1 — Cn+!
and taking y, = P(¢(ey,(0))), just like estimate (3.4) in [2], Claim 1 in [2]
says that

(2.13) Hm B3)) 2 we, )l ey - [we, (g, | Ton, )17

Here, ¢y, (S n) is the crossings number of 15{‘, e ,]_N?é‘ at y, in view of
Corollary 2.2, and ¢, : [1,ty,] = {A\(1),...,A(n)} is an injective map.

Finally, in view of the assumption that A € £2'" is generated by p € %,
together with the conclusion of Lemma 2.3, (2.12) and (2.13) may be com-
bined to yield

q S
(2.14) T 7ax(85)) =D lwuo)| lwueyl -« [wumy | Twx, )17,
j=1 =
which along with Claim 2 in [2] gives (2.11). =

3. Defect relation. In this section, we follow Section 4 of [2] and Sec-
tions 2, 4 and 5 of [3] to obtain a defect relation, under a slightly weaker
hypothesis.

DEFINITION 3.1. Suppose that f : M — P" is a transcendental mero-
morphic map. Then we write f € 2 provided that there is a meromorphic
map g : M — PV and a surjective linear map ¢ : CN*1 — C**! such that
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(C1) uf = pog, with f, g reduced representations of f,g, respectively,
and ua function holomorphic on M\ (§~1(0)Ug=1(0)) with N, (0;r,s)
= O(Tg(r 8))

(C2) Zl oV, (Hl,r s) = o(Ty(r,s)) for the N + 1 hyperplanes H; :=
P(w, 1(0)) in PV,

If conditions (C1) and (C2) are satisfied, then (g, ¢) is called a decompo-
sition of f € 2. In addition, this decomposition (g, ¢) is said to be reduced
when g is linearly non-degenerate and ¢(e;) # 0 for each [ =0,1,..., N.

Similar to [2, Proposition 4.3], we can prove the following result.

PROPOSITION 3.2. Let (g,¢) be a decomposition of f € 9. Then
(3.1) Ty(r,s) < Ty(r,s) + O(1).
In addition, when this decomposition (g, ) is reduced, then
(3.2) Ty(r,s) < Ty(r,s) + o(Ty(r,s)).

Proof. The proof of (3.1) depends entirely on the hypothesis that u is
holomorphic and ¢ is linear, as then Ny(0o;7,s) = O(1) and Tp(gog)(7,5) <
Ty(r,s) + O(1). In particular, as f is transcendental, this further implies
that g is also transcendental.

In fact, as uf = ¢ o g, noticing f*(wrs) + Yu,0 — V4,00 = (P 0 g9)*(wrs), we
immediately get

(3.3) Ty(r,s) + Nu(0;7,5) — Ny(00;7,8) = Tp(pog) (T, 5),

which then gives (3.1) in view of the above arguments.

On the other hand, as shown in [2, Proposition 4.3], there exists a lin-
ear function w : C"*! — C such that w(p(e;)) # 0, as p(e;) 75 0, for each
1 €[0,N]. Set x :=wog:CNTL = C, andwrlteH—P( ()) the hy-
perplane generated by y in PV. Then H, Hy, ..., Hy are in general position
and u(w o f) = x o g. Thus, we have

(3.4) Ty(r,s) < NN (H;r,s) + O(log(rTy(r, s)))

< N}N) (H;r, s) + NLEN)(O; r,8) + o(Ty(r,s))

< T(r,s) + Ny(0; 7, 5) + o(Ty(r, s)).

Here, the estimates (1.10), (1.16) and (1.18) were applied, and H :=
P(w=1(0)) is the hyperplane generated by w in P". So, (3.2) follows from
(3.1) and (3.4). m

Let g: M — PN be a meromorphic map, with g = (go, g1,...,8n) being

a reduced representation, and set Uo ={p € CN+1 : Bog =0}, a linear

subspace of Cé\] ;rl. Take A\ € £" effective for ¢, Wlth a generator u, and
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write V/\\/A = span{yr(8) : B € (Cé\;;rl}. Here, as in Section 1, “span” means
linear span.

DEFINITION 3.3. Given A,u, we call g weakly non-degenerate of de-
gree d for ¢ provided Uy N W, = {0}, and, for g, := P o g, with g, :=
(81(0): (1) -+ -+ Bu(s) )

(3.5) Ty(r,s) =Ty, (r,8) + o(Ty(r,s)).
Any X € £2" as above is said to be compatible for (g,¢).

DEFINITION 3.4. Suppose that f : M — P" is a transcendental mero-
morphic map. Then we write f € # provided f € & admits a reduced
decomposition (g, ) such that g is weakly non-degenerate of degree d for .

When s = n = N, Proposition 4.2 of [3] and the example there show
that Definition 4.3 does provide a weaker assumption than non-degeneracy
of degree d.

Finally, we shall require the following general assumptions.

(D1) f e #, with (g,¢) being a reduced decomposition;

(D2) X € £2™ is compatible for the decomposition (g, ) with s < n;

(D3) Dy, ..., Dy have normal crossings at {y, = P(¢(e,)))}i=g with
qg>n+1.

Like [2, Lemma 4.5] and [3| Section 4], we can prove the following result.

LEMMA 3.5. Suppose (D1) and (D2) hold, and D = Dlo] is a hypersur-
face of degree d associated with o € (C?;)rl in P™. Then
(3.6) | log(na(mr(ao @) o g)lo < Ny(Dsr,s) + o(Ty(r, ).

M (r)
Proof. For g = (go,&1,--.,8N), let
§:=viog=(grer gy | LEK)): M — Chotl,

Here, 1g : CNT1 — CNatl denotes the dth Veronese map, with Ny =
N+d
("d) - 1.

Identify (C?S’l and Cé\lf‘jﬂ to see that Sog = og for each 3 € (CN;FI

Let Ug := {z € CNatl : B(2) = 0 for all B € Uo} be the adjoint subspace
of Up. Choose 14(T») CK C KN such that UoﬂUl = {0} and UOEBUl (Cé\gl,
where

Uy = { Z brwl: g = Z brwl e C@Tl} = span{w’ : L € K}.

Lek Lexy

Then g is non-degenerate in Ul. Denote by (Cé\[l;rl — Ul the natural

projection, induced via (00, 01) Define g : M — Ug through g = Jo g, with
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J: Uy — CNatl the inclusion.

Then, as discussed in [3, Section 4], we have, for each § € (Cé\cfl)ﬂ,
(3.7) Bog=pog=pBoTog=mn(B)og,
and
(3.8) na(OA(B)) 0 8 < na(B) 0 8 = na(m(B)) ° .

Now, fix f:=aop € C@;’l and set D = 15[5] Then

(3.9) Ny(D;r,s) = N¢(D;r,s) +dNy(0;7, 5),

since the relation uf = ¢ o g immediately leads to u(aof) = Bog.
Write 8 og =3 cxn brg’ explicitly, with gF := glog!t ... g!¥. Then

N
(3.10) Ng(Nd)([)L;r, s) < deZNg(l)(ﬁl;r, s)
1=0
with Dy, := P((w’)~1(0)) generated by w’ for each L € K.
Next, consider m(8) = >, cx brw” € Uy, and, without loss of generality,
assume that by, # 0 for each L € K. Denote b := (/igéoglf gé{}’ | L € K):
M — CT+! with T + 1 the (linear) dimension of U; in CN¢T! (=2 CNat1),

(1)
Clearly, T < Ny. Let b be a reduced representation of the meromorphic map

h:=Pob: M — PT. Then there is a function v, holomorphic on M\ h~(0),
such that h = vbh.

Write z = (20,21,...,27) € CTH1. Let Hy := P(2;'(0)) be the Lth
coordinate hyperplane in P for each L € [0, 7], and let IV{T-H be that
associated with Y, ¢ brzr, = 0 in PT. Denote D* := D[n(53)]. Then

T+1
(3.11) Th(r,s) < Z N,(IT) (Hp;r, s) + O(log(rTh(r, s)))
L=0

T
< Z N;Nd)(bL; r,S) + Nh(vaTJrl; T, 8) + O(Tg(T, s)),
L=0

as h is linearly non-degenerate from the preceding discussions, and
(3.12) Th(r,s) < O(Ty(r,s)).

Moreover, from of (3.7) and b = vh, it is easily seen that
(3.13) Nh(ﬁT+1;r, s)+ Ny(0;7r,s) = Ng(D*;T, s) = Ng(D; T, S).

On the other hand, using the notion of “reduced representation section”
(see Stoll [18, Section 5] for a detailed description, or [9]), the Green—Jensen
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formula yields

(3.14) Th(r,s) + Ny(0;m,8) = | (log |[])o + O(1).
M (r)

As a consequence, together with (3.8)—(3.10) and the above estimates, we
have

| Hog(nama(8) o g)lo < | [log(na(m(8)) o )lo

M(r) M(r)

< | (log|hl)o +O(1) < Ti(r,s) + No(0;7, 5) + o(Ty(r, 5))
M (r)

N
< d(N? + Ng) ZN (Hy;7,s) + Np(D;r, ) +d Ny(0; 7, 8) + o(Ty(r, 5)),
1=0

as |[h|| = szzo |gl|?2 > Cny(m(B)) o §. By hypothesis, this finishes the

proof. m
Finally, we can derive the following main result of this paper.

THEOREM 3.6 (Second Main Theorem and Defect Relation). Suppose
that (D1)—(D3) hold. Then

(3.15) (gd —n —1)Ty(r,s) Z (Djyrys) 4+ o0(Ty(r,8)),

and

q
(3.16) Soa;n <
j=1

Proof. The proof is exactly the same as those of [2, Theorem 4.6] or [3]
Theorem 5.1].
As a matter of fact, using Propositions 2.4, 3.2 and Lemma 3.5, we have

q

ZNf(Dj; r,s) +o(Ty(r,s)) > S [log(ngqu_n_l ﬁ ’gu(])|):|0'
7=0

j=1 M(r)

> (qd—n—1) | (logllgul)o = (¢d —n —1)Ty, (r,s) + o(Ty(r, s))
M(r)

— (qd = n— DTy(r,5) + o(Ty(r,5)) = (ad — n.— VTy(r,5) + o(Ty(r, ),
which in turn yields the defect relation (3.16) in a standard manner. m

When N = n and ¢ is the identity map, Theorem 1.1 follows.
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Final remark. After the first version of this paper was finished, I was

able to get a hard copy of Biancofiore’s Ph.D. thesis, A hypersurface defect
relation for a class of meromorphic maps, University of Notre Dame, 1981;
as can be seen, the proofs presented here are simpler, though again the main
ideas are from his two original papers [2] [3].

2]

(10]
(11]
[12]
(13]
[14]
(15]

[16]

(17]

REFERENCES

Y. Aihara and S. Mori, Deficiencies of meromorphic mappings for hypersurfaces,
J. Math. Soc. Japan 57 (2005), 233-258.

A. Biancofiore, A hypersurface defect relation for a class of meromorphic maps,
Trans. Amer. Math. Soc. 270 (1982), 47-60.

A. Biancofiore, An extension of the class of meromorphic maps satisfying the small
Griffiths’ conjecture, Boll. Un. Mat. Ital. B 2 (1983), 867-877.

J. Carlson and Ph. Griffiths, A defect relation for equidimensional holomorphic
mappings between algebraic varieties, Ann. of Math. 95 (1972), 557-584.

K. Chandler and P.-M. Wong, Finsler geometry of holomorphic jet bundles, in:
A Sampler of Riemann—Finsler Geometry, Cambridge Univ. Press, Cambridge, 2004,
107-196.

A. BE. Eremenko and M. L. Sodin, Distribution of values of meromorphic functions
and meromorphic curves from the standpoint of potential theory, St. Petersburg
Math. J. 3 (1992), 109-136.

Ph. Griffiths, Holomorphic mappings: survey of some results and discussion of open
problems, Bull. Amer. Math. Soc. 78 (1972), 374-382.

Ph. Griffiths and J. King, Nevanlinna theory and holomorphic mappings between
algebraic varieties, Acta Math. 130 (1973), 145-220.

Q. Han, A defect relation for meromorphic maps on generalized p-parabolic mamni-
folds intersecting hypersurfaces in complex projective algebraic varieties, Proc. Ed-
inburgh Math. Soc. 56 (2013), 551-574.

P. Hu and C.-C. Yang, The second main theorem of holomorphic curves into pro-
jective spaces, Trans. Amer. Math. Soc. 363 (2011), 6465-6479.

M. Ru, A defect relation for holomorphic curves intersecting hypersurfaces, Amer.
J. Math. 126 (2004), 215-226.

M. Ru, Holomorphic curves into algebraic varieties, Ann. of Math. 169 (2009),
255-267.

B. Shiffman, Nevanlinna defect relations for singular divisors, Invent. Math. 31
(1975), 155-182.

B. Shiffman, Holomorphic curves in algebraic manifolds, Bull. Amer. Math. Soc. 83
(1977), 553-568.

B. Shiffman, On holomorphic curves and meromorphic maps in projective space,
Indiana Univ. Math. J. 28 (1979), 627-641.

L. Smiley, Geometric conditions for unicity of holomorphic curves, in: Value Distri-
bution Theory and its Applications, Contemp. Math. 25, Amer. Math. Soc., Provi-
dence, RI, 1983, 149-154.

W. Stoll, Value Distribution on Parabolic Spaces, Lecture Notes in Math. 600,
Springer, Berlin, 1977.


http://dx.doi.org/10.2969/jmsj/1160745824
http://dx.doi.org/10.1090/S0002-9947-1982-0642329-1
http://dx.doi.org/10.2307/1970871
http://dx.doi.org/10.1090/S0002-9904-1972-12905-7
http://dx.doi.org/10.1007/BF02392265
http://dx.doi.org/10.1017/S0013091512000284
http://dx.doi.org/10.1090/S0002-9947-2011-05394-8
http://dx.doi.org/10.1353/ajm.2004.0006
http://dx.doi.org/10.4007/annals.2009.169.255
http://dx.doi.org/10.1090/S0002-9904-1977-14323-1
http://dx.doi.org/10.1512/iumj.1979.28.28044

110 Q. HAN

[18] W. Stoll, The Ahlfors—Weyl theory of meromorphic maps on parabolic manifolds,
in: Value Distribution Theory, Lecture Notes in Math. 981, Springer, Berlin, 1983,
101-219.

[19] P.-M. Wong, Applications of Nevanlinna theory to geometric problems, in: Third
International Congress of Chinese Mathematicians, Part I-II, Amer. Math. Soc.,
Providence, RI, 2008, 523-594.

[20]] P.-M. Wong and W. Stoll, Second main theorem of Nevanlinna theory for nonequidi-
mensional meromorphic maps, Amer. J. Math. 116 (1994), 1031-1071.

[21] P.-M Wong and Ph. P.-M. Wong, The second main theorem on generalized parabolic
manifolds, in: Some Topics on Value Distribution and Differentiability in Complex
and p-adic Analysis, Science Press, Beijing, 2008, 3—41.

Qi Han

Department of Mathematical Sciences
Worcester Polytechnic Institute (WPI)
Worcester, MA 01609-2280, U.S.A.
E-mail: ghan@wpi.edu

Received 19 February 2013;
revised 29 November 201/ (5879)


http://dx.doi.org/10.2307/2374940

	1 Introduction
	1.1 Generalized manifolds
	1.2 Nevanlinna theory

	2 Normal crossings
	3 Defect relation
	REFERENCES

