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DIFFERENTIAL SMOOTHNESS OF AFFINE HOPF ALGEBRAS OF
GELFAND-KIRILLOV DIMENSION TWO

BY

TOMASZ BRZEZINSKI (Swansea)

Abstract. Two-dimensional integrable differential calculi for classes of Ore exten-
sions of the polynomial ring and the Laurent polynomial ring in one variable are con-
structed. Thus it is concluded that all affine pointed Hopf domains of Gelfand—Kirillov
dimension two which are not polynomial identity rings are differentially smooth.

1. Introduction. An affine algebra A is said to be differentially smooth
if it admits an integrable differential calculus of dimension equal to the
Gelfand-Kirillov dimension of A (see Section [2| for definitions). The aim of
this paper is to prove

THEOREM 1.1. Ewvery affine pointed Hopf domain (over an algebraically
closed field of characteristic 0) of Gelfand—Kirillov dimension two that is
not a polynomial identity ring is differentially smooth.

Hopf algebras satisfying the assumptions of Theorem are classified
in [6] and are obtained by constructions described in [3]. The latter are
examples of skew polynomial algebras or Ore extensions of the polynomial
or Laurent polynomial ring in one variable. Therefore, along the way to
Theorem we prove more generally that members of a particular class
of skew polynomial rings of Gelfand—Kirillov dimension two are differen-
tially smooth. This is achieved by constructing explicitly two-dimensional
integrable differential calculi over such rings.

2. Preliminaries. All algebras considered in this paper are associative
and unital over an algebraically closed field K of characteristic 0.

Let A be an algebra. By an n-dimensional differential calculus over A
we mean a differential graded algebra (£2A,d) such that

(a) A=}, kA, with 2°4 = A and 2"A # 0;

(b) as an algebra, {24 is generated by A and d(A);

(c) kerd|s = K.1.
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Traditionally, the product of elements of 2A of positive degree is denoted
by A.

An n-dimensional differential calculus over A admits a volume form,
say w, if £2"A is freely generated by w as a right A-module. Associated to
a volume form w are the algebra automorphism v, : A — A and the right
A-module isomorphism 7, : 2"A — A, given by

(2.1) aw = wy,(a), 7y(wa)=a forallaec A.

We write I, A for the space of right A-module maps 24 — A. The direct
sum ZA := @} _, ZiA is a right 2A-module with multiplication

(p- )W) =W AW") forallw € Q%A " € QTA, ¢ € TiymA.

Note that 7, € Z,A. A volume form w € 2" A is said to be an integrating
form if the left multiplication maps by m,,

_QkA—>In_kA, W m,eW, k=1,...,n—1,

are bijective. A calculus admitting such a form is said to be integrable.
An integrable calculus can be equivalently characterized by the existence
of a bimodule complex (Z4A, V) (known as the complex of integral forms)
isomorphic to the de Rham complex (2A,d). The boundary map V : Z; A
— A is a divergence, i.e. it satisfies the (right connection) Leibniz rule

V(p-a)=V(p)a+p(da) forallac A, ¢chA.

The cokernel map A : A — coker V is called an integral associated to V.

An affine algebra of Gelfand—Kirillov dimension n is said to be differ-
entially smooth if it admits an n-dimensional integrable calculus. Thus in
contrast to other notions of smoothness of algebras [4], [5], which are more
of homological nature, differential smoothness requires existence of a par-
ticular differential structure of a specified dimension which admits a non-
commutative version of the Hodge star isomorphism. Examples of differen-
tially smooth algebras include the coordinate algebras of quantum groups
such as O(SL4(2)) or of quantum spaces such as the Podles standard two-
sphere or the Manin plane. More surprisingly perhaps, they also include
coordinate algebras of classically non-smooth manifolds such as the pillow
orbifold, cones or singular lens spaces [2]. It might be worth pointing out
that all these examples are also homologically smooth in the sense of [5].

A characterization of differentially smooth algebras which will be of main
usage in what follows is given in

LEMMA 2.1 ([2, Lemma 2.7]). Let 2A by an n-dimensional differen-
tial calculus over A admitting a volume form w. Assume that, for all k =
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1,...,n— 1, there exist a finite number of forms w ke QFA such that,
for all W' € QkA

(2.2) w —Zw T (@R A Zl/ (T (W' AWl F))oF,

where m,, and v, are defined by (2.1] . Then w is an integrating form.
In the case of Lemma the divergence is

(2.3) VA=A o (1) 1Z7rw pw)))ar ).

3. Integrable differential calculi over skew polynomial rings. Let
A be an algebra and o an automorphism of A. The linear map 6 : A — A is
called a o-derivation provided for all a,a’ € A,

§(aa’) = 6(a)a’ + a(a)d(a’).
An Ore extension of A or a skew polynomial ring over A associated to a

o-derivation ¢ is an extension of A obtained by adjoining a generator y that
is required to satisfy

ya=o(a)y+d(a) for all a € A.
Such an extension is denoted by Aly; o, d].

3.1. Differentially smooth Ore extensions of the polynomial
ring. All automorphisms o of the polynomial ring K[z] have the form

(3.1) ogr() =qx +,
where ¢, € K, ¢ # 0. Furthermore, any element p(z) € K[z] determines a
o4,r-derivation of K[z] by

flogr(z)) — f(z)

(32) 1)) = T T ()

where (3.2)) is to be understood as a suitable limit when ¢ = 1, r = 0,
i.e. when oy, is the identity map. The Ore extension k[x][y; o4, 0p] Will be
denoted by A[g,r; p(x)]. Thus Alg,r;p(z)] is generated by x,y subject to
the relation
(3.3) yr = qry + 1y + p().

LEMMA 3.1. Let
(34) wl2) =z, w(y)=aw+y(@) ad p)=o0,(), vy =y
where p'(z) is the x-derivative of p(x).

(1) The symbols defined by (3.4)) simultaneously extend to algebra auto-
morphisms vy, vy of Alg,m;p(z)] only in the following three cases:

(a) ¢ =1, r =0 with no restriction on p(x);
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(b) g=1,7#0 and p(z) =c, c € K;
(¢) ¢#1, p(z) =c(z+ qf—l), ¢ € K with no restriction on r.
(2) In any of the cases (a)—(c),
(3.5) Uy O Uy = Uy O Uy.
Proof. (1) Clearly (a)—(c) exhaust all possible choices of ¢ and r, hence

only restrictions on p(z) need be studied in each case. The map v, can be
extended to an algebra homomorphism if and only if the definitions of v, (x),

vz (y) respect relation (3.3)), i.e.

(3.6) Ve (y)Va(7) = va(qz + r)va(y) = p(ve()).
This yields a differential equation
(3.7) (g =)z +r)p'(z) = (¢ — p(x).

If g =1 and r = 0, both sides of (3.7)) are identically zero, hence there is no
restriction on p(z). If ¢ =1 and r # 0, then p/(z) = 0, so p(x) is a constant
polynomial. Finally, if ¢ # 1, by equating the coefficients of the polynomials
on both sides of (3.7]) one easily finds that p(x) = c(a: + q%l) for any ¢ € K.

Thus v, is an algebra map precisely in one of the cases (a)—(c).
Condition (3.6]) for v, leads to the constraint

(3.8) p(ogr (@) = 0o, (2)).

1

Since o, }(x) = ¢ *(z —r) and &, is a og,-derivation with 0,(x) = p(z),

equation (3.8)) is equivalent to

(3.9) plg~ (x = 1)) = ¢ 'p(x).

Obviously, if ¢ = 1 and r = 0, there are no restrictions on p. If ¢ = 1 and
r # 0, then p(z—7) = p(x), which implies that p(z) is a constant polynomial.
If ¢ # 1, one easily checks that p(z) = c(x + qi—l) solves equation (|3.9).
This completes the proof that both v, and v, can be extended to algebra

endomorphisms of Alg, r; p(x)] if and only if one of the conditions (a)—(c) is
satisfied. In all these cases, the inverses of v, and v, can be defined by

vy (x) ==z, v, (W) =q (-0 (), v (@) =04.(x), v, (y)=y,

thus completing the proof of the first assertion of the lemma.

(2) Since vy, vy are algebra maps, it suffices to check the equality (3.5)
on the generators z, y. In the case (a), v, is the identity map, hence is
automatically satisfied. In the case (b), v, is the identity map, hence again
is automatically satisfied. Finally, in the case (c¢) the equality (3.5)
follows by the fact that z is a fixed point of v, and y is a fixed point of v,
while the actions on the the other generators simply rescale and translate
them by a constant. m
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REMARK 3.2. Note that if ¢ 75 1 is a root of unity, then ) has a

richer space of solutions. Suppose ¢" = 1. Since the polynomial x—i— 1 satis-

fies , so does any linear combination of the polynomials (33 + 5 )MH

ZEN.

)

PRroOPOSITION 3.3. If Alq,r; p(x)] satisfies one of the conditions (a)—(c)
in Lemma then it is differentially smooth.

Proof. Since the algebras Alg, r; p(z)] have Gelfand—Kirillov dimension
two, a two-dimensional integrable calculus has to be constructed. Let
2 Alg,7;p(x)] be a free right Alg,r; p(z)]-module of rank two with gen-
erators dx, dy. Define a left A[g, r; p(x)]-module structure by

(3.10) adx = dxvg(a), ady = dyvy(a) for all a € Alg,r;p(2)],
where v, v, are the algebra automorphisms defined in Lemma Ex-
plicitly, in terms of generators, the relations in 2! A[g, r; p(x)] come out as
(3.11a) zdx = dzx, xdy = q ‘dyx —q lrdy,

(3.11b) ydx = qdzy + dxp'(x),  ydy = dyy.

We would like to extend x — dz, y — dy to a map d : Alq,r;p(x)] —
2! Alq, r; p()] satisfying the Leibniz rule. This is possible if the Leibniz rule
is compatible with the only non-trivial relation (3.3)), i.e. if

(3.12) dyx + ydz = qdzy + qxdy + rdy + dp(z).

Note that in view of the first of equations (3.11a)) which defines the usual
commutative calculus on the polynomial ring K[z], dp(z) = dzp’(x). One

easily checks using (3.11]) that the equality (3.12]) is true.

Define linear maps 0,0y : Alg, r; p(x)] — Alg, r;p(x)] by
(3.13) d(a) = dz0y(a) + dydy(a) for all a € Alg,r;p(x)].
These are well-defined since dxr and dy are free generators of the right
Alg,7;p(x)]-module 2! Alg,r;p(z)]. By the same token, d(a) = 0 if and
only if 9,(a) = Jy(a) = 0. Using relations (3.10) and the definitions of the
maps v, and v, one easily finds that

(3.14)  9(aFyl) = ka* Lyl 9,(aFyl) = log, (2F)y! ™t = U(gz + 7)Fy' L

In particular, 0,(3 cz®y') = 0 if and only if c¢g; = 0 whenever (k,1) #

(0,0). Thus d(a) = 0 if and only if @ is a scalar multiple of the identity.
The universal extension of d to higher forms compatible with (3.11]) gives

the following rules for £22A[q,7; p(z)]:

(3.15) dr Nde =dyANdy=0, dyAdx=—qdrAdy.

Note that the last of the necessary conditions (3.15) does not induce any



116 T. BRZEZINSKI

additional constraints since for all a € A,
a(dy A dx + qdx N\ dy) = dy A dxv, o vy(a) + qdx A dyvy o vy (a)
= qdx N dy(vy o vz(a) — vz ovy(a)) =0,
by (B.5). Thus w := dx A dy freely generates 22A[g,r;p(z)] as a right
Alg, r; p(x)]-module. Furthermore,
aw = wry(vy(a)) for all a € Alg, r;p(x)],

and since both v, and v, are automorphisms, w is a volume form and v, =
vy o vz. This completes the construction of a two-dimensional differential
calculus 2A[q, r; p(x)] with a volume form.
Define

(3.16) wi=dr @ =—q 'dy, and ws=dy, @ =dz.
Then, for all W’ = dxa + dyb,

W1 (@01 A W) + warmy (@ A W) = dam,(—q 'y A dza) + dym,(dz A dyb)

= dza + dyb = /.

Furthermore, using relations we can compute
Z v (mo (W Aw))o; = —¢ v (m, (dyb A dx))dy 4 v, (o, (dza A dy)de

¢ = zxy_l(b)dy-i-uy_l ov;tovy(a)dr

:dyb—i-dxl/xoyzjlougl

where the last equality follows by . By Lemma differential calculus

QA[q,r;p(x)] is integrable, and hence A[g,r; p(x)] is a differentially smooth
algebra as claimed. =

© Vy(a) = wla

REMARK 3.4. The maps ¢, ¢, : 21 Alg,r;p(z)] — Alg, r;p(z)] defined
by
og(dza+dyb) =a, ¢y(dra+dyb) =0
form a free basis for the module Z; A[g, ; p(x)]. An easy calculation yields

(3.17) V(gs) = Vipy) =0,
where V is the divergence defined by ([2.3]). Hence, for all a,b € Alq, r; p(z)],
V(s - a+ ¢y b) = 0x(a) + 9y(b),
where 0,, 0y are defined by (3.13)). It follows that V is surjective, and the
corresponding integral A is identically zero.
Directly by their construction, d, and 0, are skew derivations (with
corresponding automorphisms v, 1), and 2'Alg,7;p(x)] is the calculus

induced by them in the sense of [I]. Therefore, V is a unique divergence
that satisfies condition (3.17) by [I, Theorem 3.4].
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3.2. Differentially smooth Ore extensions of the Laurent poly-
nomial ring. Automorphisms of the Laurent polynomial ring K[z, z ]
have the form

og+(z) = qztt, ¢ eK\{0}.
As in the case of the polynomial ring, o4 +-derivations are determined by
their values at «, and we write J, for the derivation such that d,(z) = p(z).
An Ore extension K[z, 27 [y; 04+, 6, is denoted by Alg, &; p(x)]. Explicitly,
Alq, £+;p(x)] is generated by z, by its inverse ~! and by y such that

(3.18) yr = qu 'y + p(x).

LEMMA 3.5. Define
(3.19a) vp() =, vr(y) = —qz 2y + 9/ (2),
(3.19b) vy(x) =qe™!,  pyly) =y

Then both vy, simultaneously extend to automorphisms of the algebra
Alg, —; p(z)] if and only if

(3.20) p(z) =clz —qz™t), cek

Furthermore, the resulting automorphisms satisfy

(3.21)  pyov(a)a? =2*v,0py(a)  for all a € Alg, —;c(z — gz 1))

Proof. Arguing as in the proof of Lemma [3.1], 7, can be extended to an
algebra homomorphism provided

Ve (Y V() = qpr(m)_lﬂz(y) + p(Vz(2)).
This leads to the differential equation

(x — g™ 1)p'(x) = (1 + gz~ ?)p(2),
with the polynomials (3.20) as the only solutions. On the other hand, one
easily checks that

oy (y)7y () = qvy(2) "'y (y) + c(By (@) — qiy(2) 7).
Thus also 7, can be extended to an algebra endomorphism. Clearly, 7, is
then an automorphism. The inverse of 7, is determined from 7, '(y) =
g (e(a? + q) — 2°y).
Since 7, and 7, are algebra maps, the equality has to be checked
only for @ = x,y. The first case is trivial; in the second case

Uy o, (y)a® = —q '2?ya® +c(1+q '2%)2® = —qy+c(a® +q) = 2’0, 07y (y),

where the middle equality follows by repeated use of (3.18) with p(z) =
c(z —qrt). =

REMARK 3.6. More generally 7, alone extends to an algebra automor-
phism whenever p(z) = Y 1", a;(z* — ¢'=™").
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PROPOSITION 3.7. The algebras Alg, —; c(x — gz~ )], A[l,+;p(x)] and
Alg, +; c| are differentially smooth.

Proof. All these algebras have Gelfand—Kirillov dimension two, so two-
dimensional integrable calculi have to be constructed. The last two alge-
bras are localizations of A|q, 0; p(z)], and localizations of differential calculi
described in the proof of Proposition [3.3] yield integrable two-dimensio-
nal calculi, hence A[l,+;p(x)] and Alg, +;cx] are differentially smooth.
An integrable calculus QA[q, e(x — qr™h)] over Alg, —;c(x — qx™1)] is
defined as follows: 2'A[q, —; c(z — gz~1)] is a right Alg, —; c(x — qz™1)]-
module freely generated by dx and dy. The left module structure is de-
fined by

(3.22) adx = davy(a), ady=dyv,(a) forall a € Alg, —;c(z —qz )]

This bimodule extends to a graded algebra generated by x, y, dz, dy subject
to the relations

(3.23a) rdx = dzx, xdy = qdyz~!,

(3.23b) ydr = —qdzz %y + cdz(1 4 qz™2),  ydy = dyy,
3.23¢ deANdx =dyNdy =0, dxAdy=qdyAdez™?
( y A dy y = qdy

With these definitions the assignment = — dx, y — dy can be extended
to an exterior differential, thus yielding a differential graded algebra over
Alg, =5 e(z — gz 1)].

Linear endomorphisms 9;, 9, of A[g, —;c(z — gz™1)] can be defined by
a formula analogous to (| - In particular 9, will have exactly the form
(3.14)) with the only difference that k is an integer, and the same argu-
ment as in the proof of Proposition shows that d(a) = 0 only if a is a
scalar multiple of the identity. Thus £2A[q, —; c(z — gz ~1)] is a calculus over
Alg, = c(z — gz 1))

The last of equations does not induce any additional constraints
since, for all a € A,

a(dr A dy — qdy A dez™?) = dz A dyvy, o 17;,5( ) — qdy A dxvy, o Uy(a)x™

= —qdy N dx(z~ 0y 0 y(a) — 7y o Dx(a):v_Q) =0,
by (3.21). Thus the module 2?Alq, —; c(x — gz~!')] is freely generated by
w = dy A dz. This is a volume form with the corresponding automorphism
Vp = Vg o . Finally, setting

wi=dx, @ =dy and wy=dy, s =qdrz 2,

one can verify that the requirements of Lemma are fulfilled (in proving
the second of equalities (2.2)), the relation (3.21]) plays a crucial role). =
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3.3. Proof of Theorem By [6], if H is a pointed affine Hopf
domain of Gelfand—Kirillov dimension two that does not satisfy a polynomial
identity then it falls into the following three classes:

(a) H is the universal enveloping algebra of a two-dimensional solvable
Lie algebra, thus it is an algebra of type A[1,0;z] with both  and
y primitive elements.

(b) H is isomorphic to the algebra A[g, +;0], ¢ # 1, with = a grouplike
element and the coproduct A(y) =y® 1+ 2" ®y.

(c) H is isomorphic to the algebra A[l,+;2" — x|, with = a grouplike
element and the coproduct A(y) =y@2" ' +1®y

All these algebras satisfy the conditions in Lemmas and and hence
they are differentially smooth by Propositions [3.3] and [3.7] =
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