Introduction

The theory of function spaces is a well established mathematical theory in its own right.
Its purpose is best described by the title of H. Triebel’s beautiful essay How to measure
smoothness, which forms Chapter I of his monograph [79]. The theory of function spaces
has, however, always had close relations to other mathematical fields such as the theory
of (partial) differential operators, potential theory, or approximation theory, to mention
just a few.

The function spaces we are interested in appeared in their generality for the first time
in the work of A. Beurling and J. Deny [8], [9] (see also [17]) on Dirichlet spaces. In
general, they are contained neither in the Besov By, or Triebel-Lizorkin F};, scales nor
in the classes of anisotropic spaces considered so far.

By definition a Dirichlet space (on R™ for simplicity) is a pair (F, &) consisting of a
space F C Lo(R"™) of real-valued functions and a symmetric quadratic form £ : FxF — R
which is closed, densely defined, non-negative, and satisfies the following contraction
condition:

ifue Fthenv:=(0Vu)AleF and E(v,v) < E(u,u).

All translation invariant (symmetric) Dirichlet forms (on R™) are given by
£ (uv) = | (QuE)v€)d¢,  u,veSRY),
]Rn
where ¢ : R — R is a continuous negative definite function, i.e. ¥(0) > 0 and for all

t > 0 the function ¢ — e~ *¥(&) is positive definite in the usual sense. The domain F¥ of
EY is then given by

FU = HP R = {u e LR § (1 -+ 0()]a(€) 2 dg < oo},

R’n
It is well known that we can associate with ¢ (or with (F¥,£%)) the operator semigroup
(T®)150 on Ly(R™) defined by
(1) T u(w) = (2m) 72§ eV ORE) de = § ule —y) p(dy),
n on
where ()¢>0 is a vaguely continuous convolution semigroup of sub-probability measures
on R™ with Fourier transform fz;(£) = (21)~™/2 e=1¥(8),
The generator (A®), D(A®)) of the semigroup (T}*)¢> is given by

APu(z) = —p(D)u(z) = —(2m) " | ™S (&)a(e) d¢

R™
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with domain
HY*(R") = {u € L") : § (1+(€)?a(6) de < oo}.
RTL
Let us mention that the measures p; are also the transition probabilities for a Lévy
process (X¢)i>0 and therefore we have

(2) BE(eX€) = e t(&)
Thus % is also a characteristic exponent of a Lévy process.

Since Lévy processes are infinitely divisible, the function i has a Lévy-Khinchin
representation

im ir & \1+|z|?
_c—i—sz §]+qul§]£l ‘ (1—6 5_1—|—|x2> PE u(dx)
J,l=1 R \{0}

which in the case of a real-valued function reduces to

PR . 1+ |af?
(3) 1/’(5) =c+ Z q;1 é-jgl + S (1 - COS(Z ! 5)) |.’IJ|2 lu’(dx)

ji=1 R\ {0}

From (3) we may derive a further representation of £¥, namely its Beurling—Deny repre-
sentation

E¥(u,v) = S x)dx + Z ‘ 311( )dac

ox
Rn JI=1R" !

+ | | (@ +y) = u@) (v +y) - v(y)) J(dz, dy)

R» R™

where J(dz, dy) is a suitable symmetric measure on R™ x R™ which does not charge the
diagonal.

Let us assume in what follows that ¢ = 0 and ¢;; = 0 for j,l = 1,...,n. Then we have
(on a suitable subspace of F¥) the following equivalent descriptions of the scalar product
in the Hilbert (function) space (F¥, V), &Y = €Y + (-, )1,

&' (wyu) = | L+ 0@ a@)de = | ju@)Pde+ | | (u(@+y) - (@) J(de, dy).
R® R® R" R®
Of course, we also have some abstract characterizations of this scalar product, for example
we find

EF (u,u) = [lu| La(R™)|* + [[(=AP)2u| Ly(R™)||2.

One can also use the carré du champ operator which is a bilinear operator and can be
defined for u,v € D(A®) such that u-v € D(A®) by

I'u,v) = AP (4 v) —ud®v — APy,
The scalar product is then given by
&Y' (u,u) = [lu| Lo(R™)|* + | T (u, u) | Ly (R™)].

The carré du champ operator was introduced by J.-P. Roth [66] (see also P.-A. Meyer [60]),
and has been thoroughly explored in the monograph [13] of N. Bouleau and F. Hirsch.
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The main reason for introducing Dirichlet forms was to give an axiomatic approach to
potential theory starting with the notion of energy. Having this fact in mind one should
not be surprised that within the framework of Dirichlet spaces many potential-theoretical
considerations can be done. Notions like capacities, energy, (equilibrium) potentials, re-
duced functions, and balayage are best studied. We refer to the classical monograph by
M. Fukushima [25] and mention also the books [13], [29], [57] and [71].

Once the function space Hg’ ’1(R”) is understood to be a “good” space for potential-
theoretic questions it is natural to extend H;/’ = (R™) to a scale of spaces in order to handle
operators derived from (D) in an Ly-context.

Just as in the theory of Sobolev spaces, it is clear that different representations of Sfb
will, in general, lead to different and non-equivalent L,-norms. For a concrete problem
but quite general Dirichlet forms or Ls-sub-Markovian semigroups, such extensions are
discussed in the paper [34] of F. Hirsch. Some related considerations, mainly in infinite
dimensions, can be found in the papers by D. Feyel and A. de la Pradelle [21], [23] (see
also [20]).

Although we feel that from the mathematical point of view investigating L,-variants
of the spaces Hg ’I(R") does not need any justification—it is interesting and non-trivial
mathematics in itself—let us point out some important arguments for a systematic ap-
proach to these spaces.

Our starting point is formula (2) telling us that continuous negative definite functions
are closely related to Lévy processes. As a matter of fact, every reasonable Feller process
with state space R™ is characterized by a family (parametrized by R™) of continuous
negative definite functions. More precisely, following [47] (see also [70]), we find for the
Feller process ((X;)1>0, P¥)zern that

B (eXema)€) _ 1
_ -1
q(z,€) = lim "
is the symbol of the generator of the semigroup

Tiu(x) = E¥(u(Xy))
associated with ((X¢)¢>0, P¥)zern, i.e. on C§°(R™) we have

(4) Au(z) = —q(w, Dyu(x) = —(2m)~"/* | e q(x, €)a(€) de.

R”

Moreover, & — q(z,£) is for each € R™ a continuous negative definite function. Note
that this result complements a theorem of P. Courrége [14] which states that on C§°(R™)
the generator of a Feller semigroup has necessarily the structure (4).

Now, assuming for example that ¢(z,£) ~ ¥(€) where ¢ : R™ — R is a fixed continuous
negative definite function, one should expect that the operator g(z, D) behaves like a
perturbation of ¢(D). Hence the scales of spaces associated with ¢ should play for ¢(z, D)
the same role as Sobolev or Besov and Triebel-Lizorkin spaces do for elliptic operators
in the classical situation, i.e. for operators with symbol g(z, &) ~ |¢|*™. We can, however,
also ask the converse question: when does an operator given by (4) (defined on C§°(R™))
admit an extension to a generator of a Markov process? It is a cornerstone of the modern
theory of stochastic processes that with each (regular) Dirichlet form one can associate
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a stochastic process. This result is originally due to M. Fukushima [24]. Constructions
of stochastic processes starting with —g(z, D) either in the Hilbert space situation (i.e.,
Dirichlet space case) or in the Feller situation (i.e. in C(R™), the space of continuous
functions vanishing at infinity) were first obtained by one of the present authors and
subsequently extended in a series of papers by W. Hoh [35]-[38]; see also [39]. We refer as
well to more recent (and special) considerations due to F. Baldus [5] and V. Kolokoltsov
[56]. In fact, even operators of variable order of differentiability were handled, notably in
the papers [37] of W. Hoh, [55] of K. Kikuchi and A. Negoro, [62] of A. Negoro and [51]
of H. G. Leopold and one of the present authors. In some of these cases spaces of variable
order of differentiation are needed. The interested reader should also consult the survey
[52] by G. A. Kaljabin and P. I. Lizorkin on function spaces of generalized smoothness.

From the probabilistic point of view, working with processes associated with Dirichlet
spaces has a disadvantage. The process is only defined up to an exceptional set, i.e. a
set of capacity zero. It seems that H. Kaneko [53] was the first who proposed to use an
L,-setting to overcome this difficulty. He considered certain L,-Bessel potential spaces
associated with a sub-Markovian semigroup. With such an L,-Bessel potential space there
is always associated a capacity, but for p sufficiently large it might happen that the only
exceptional set, i.e. the only set of capacity zero, is the empty set.

In this case no problems occur when constructing the associated Markov process.
Thus it is clear that L,-variants of Dirichlet spaces are of greater interest for probabilistic
reasons.

This paper is devoted to the study of Bessel potential spaces associated with a given
real-valued continuous negative definite function 1 : R™ — R. It can be regarded as the
second paper in a series of papers “Function spaces associated with continuous negative
definite functions”. As a first part one should consider Section 4.10 in [49] where analogues
to the Hérmander spaces By, ,(R™) (see L. Hormander [42]) are discussed. Further work on
different scales of function spaces associated with a continuous negative definite function
is in preparation.

Before briefly describing the content of this paper let us make a remark about the
style. There are at least four groups of colleagues we want to reach with our investigations:
specialists in the theory of function spaces, colleagues working on pseudo-differential
operators, potential theorists, and probabilists working in stochastic processes. Since this
paper is intended to be readily accessible to all of them, we have taken the liberty to
include more background material than usual and to give detailed proofs also in situations
where we could have referred to an analogue in the literature.

In Sections 1.1 to 1.3 only known background material is collected. We recall basic
properties of continuous negative definite functions and convolution semigroups, intro-
duce Bernstein functions, and collect basic facts on one-parameter semigroups. Section 1.4
is devoted to subordination in the sense of S. Bochner and includes some new material
related to norm estimates for the perturbed subordinate generator. In Section 1.5 we
introduce abstract Bessel potential spaces. They are obtained as the image of L,-spaces
under the I'-transform of a given L,-sub-Markovian semigroup (Tt(p ))tz()~ This construc-
tion is well known, but it seems that in [19] for the first time systematic use is made



1)-Bessel potential spaces 9

of the fact that the I'-transform is a special case of subordination. Again we take this
point of view. This allows us to identify the introduced abstract Bessel potential spaces
as domains of certain operators, namely (id — A(p))r/g, r > 0, AP being the generator
of (Tt(p ))tZOa and we show in the general case the equivalence of norms associated with
Riesz and Bessel potentials. Our proofs rely mainly on a functional calculus of generators
of semigroups related to subordination.

Chapter 2 deals with 1-Bessel potential spaces, i.e. Bessel potential spaces associated
with a fixed continuous negative definite function ¥ : R®™ — R. Of course, we could
introduce these spaces in an abstract way along the lines of Section 1.5, but our aim is
to identify these spaces with concrete function spaces.

The first and obvious attempt to define these spaces would be to take all tempered
distributions u € §’(R™) such that

IFH (L + ()20 | Ly(R™)]| < o0

is finite. The problem is, however, that in general v is a continuous but not differentiable
function, hence (1 4 4(-))"/21 is a priori not well defined. We overcome this difficulty in
Section 2.1 where we introduce the space H;f’ 2(R™) by making use of the Lévy-Khinchin
formula to decompose . This makes it possible to identify
HP2(R") := {u € Ly(R™) : [|F (1 + ()] | Ly(R™)|| < oo}

with the domain of definition of the operator —1(D) as generator of the L,-sub-Markovian
semigroup (Tt(p ))tZO given by (1). This enables us in Section 2.2 to introduce the scale
H;f“S(R"), 1 < p < oo and s € R, first by using the functional calculus for the operator
—1(D) and then by identifying this space with the closure of S(R™) with respect to the
norm [|F1[(1 4+ ()*/2 @] | Ly(R")]|.

We prove elementary properties of these spaces and give a characterization of the dual
space. Note that these scales contain both the classical Bessel potential spaces (we just
have to take 1(£) = |£|?) and the classical anisotropic Bessel potential spaces associated
with the anisotropic distance function /% where ¥ (&) = €|/ +. . .4 |&, |2/ for ay, > 1,
k=1,...,n.

However, we want to emphasize that due to our examples of continuous negative
definite functions (see Section 1.1, in particular Examples 1.1.15 and 1.1.16), the class
under consideration is much larger (even than the classes studied in [52] and in [61]) and
contains function spaces not considered so far.

Section 2.3 collects the embedding results and in Section 2.4 we calculate complex
interpolation spaces. In Section 2.5 we make use of the fact that the semigroup (Tt(p ))tZO
and the operators (id—A(p))_r/ 2. r > 0, are positivity preserving. Therefore we can
associate a capacity cap}ﬁp with each of the spaces H;W'(R"), r > 0. This capacity en-
ables us to consider (r, p)-quasi-continuous modifications of elements u € H Z‘f’ T (R™), and
we show that each u € Hl‘f’r(R”) has a unique quasi-continuous modification (up to
(r, p)-quasi-everywhere equality). Further, we obtain comparison results for caupﬁ’ll)p1 and
cap??,,, based on embedding theorems.

Following H. Triebel [78], [79], for a normed space X we denote by |z | X|| the norm
of the vector z € X. The rest of the notation is standard.
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1. Auxiliary results

In this chapter we collect auxiliary material for later purposes. Section 1.1 presents re-
sults related to continuous negative definite functions and convolution semigroups, while
Section 1.2 gives results on Bernstein functions and convolution semigroups supported
n [0,00). In Section 1.3 we collect basic facts on one-parameter semigroups. In these
sections no new results are contained.

Section 1.4 treats subordination in the sense of Bochner and related functional calculi
for generators of semigroups. Starting from Proposition 1.4.9 our results seem to be new.

In Section 1.5 we introduce abstract Bessel potential spaces. The main results in this
section are essentially all new.

1.1. Negative definite functions and convolution semigroups. The concept and
definition of negative definite functions is due to I. J. Schoenberg [72], who introduced it
in connection with isometric embeddings of metric spaces into Hilbert spaces. For R™ his
result may be stated as follows:

Let d be a metric on R™. In order that the metric space (R™,d) is isometric to a
Hilbert space (R™, (-, -)) it is necessary and sufficient that for all m € N, all points £°, &1,

., &M eR” and all ¢; € R, 1 < j < 'm, the inequality
m
(d2<§° &) +d*(§%,€") — d*(§",§N))ewer 2 0

k.l
is satisfied. Setting ¥(¢ —n) := d?(&,n) we find

S (€0 — &) + (€0 — €) — (" — €"))eper = 0.

k=1

In particular, using the symmetry of d and replacing £° — £* by &*, we have
(1.1.1) D (W) + (€ — (g = EM))erar > 0.
k=1

Hence, given an even function ¢ : R” — R satisfying for all m € Ny, ¥ e R*, 1 < k < m,
and ¢, € R, 1 < k < m, the inequality (1.1.1), one can expect that (&,7) — ¥/2(€ —n)
behaves like a metric.

The following presentation is based on the monograph [7] by C. Berg and G. Forst
(see also [49]).

Recall that a function g : R™ — C is called positive definite if for any k € N and any

vectors £1,..., &% € R™ the matrix (g(&7 — £1));j,=1,...k is positive Hermitian, that is,
k
Z g(& zjzl >0
gi=1
for any numbers z1,...,z2; € C.

It is not hard to see that the Fourier transform ji of a bounded Borel measure y on
R™ is a positive definite function.
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Bochner’s theorem states the converse: given a continuous positive definite function g
on R™ there exists a bounded Borel measure p with Fourier transform i = g. Note that
for a fixed z € R™ the function & — e~*¢ is a continuous positive definite function.

We are now able to give the definition of a negative definite function.

DEFINITION 1.1.1. A function ¢ : R™ — C is called negative definite if for any k € N

and all vectors €1, ..., €% € R™ the matrix (¢(&7) + (€ — (€9 — €Y)) =1, .k is positive
Hermitian.

The following result is known as Schoenberg’s theorem.

THEOREM 1.1.2. A continuous function ¥ : R™ — C is negative definite if , and only if
¥(0) > 0 and for all t > 0 the function & — e (&) is continuous and positive definite.

Let us first state elementary properties of continuous negative definite functions.
Clearly, the set of all continuous negative definite functions is a convex cone which is
closed under locally uniform convergence.

LEMMA 1.1.3. (i) If ¢ : R™ — C is a continuous negative definite function then for all
§&neR",

VISE+n] < Vvl + VIvm)
and

(&) + () — (€ £ )| < 2(Rep(€))? - (Rep(n)) /2.

(ii) If ¥ : R™ — C is a continuous negative definite function then

[Vl < ep(L+1€[*)  forall £€RT,
where ¢y = 2supy, <1 [P(n)]-

The next results indicate the closeness of continuous negative definite functions to
metrics, in fact to slowly varying metrics in the sense of L. Hérmander [43].

LEMMA 1.1.4. Let ¥ : R™ — C be a continuous negative definite function. Then

LHIEN < 514 e —ml)  for any &n e R

(1.12) T oG]

Moreover, we have

(1.1.3) L+ [pE£n)] < 1+ [wEONA+VIwm))?®  for any & neR™

The validity of (1.1.2) was first noted by W. Hoh [35], whereas the inequality (1.1.3)
is due to R. L. Schilling (see also [49]).
Every continuous negative definite function admits a Lévy—Khinchin representation:

THEOREM 1.1.5. If ¢ : R™ — C is a continuous negative definite function then there
exist: a constant ¢ > 0, a vector d € R™, a symmetric positive semidefinite quadratic form
g on R™ and a finite measure p on R™ \ {0} such that

(14)  w@=crid-9ra@+ | (1-c ().
Rm\{0}

The quadruple (c,d, q, ) is uniquely determined by 1.

iz & \ 1+ |z|?
Lt zl?) faf?
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Conversely, given (c,d,q, ) as above, the function ¢ defined by (1.1.4) is continuous
and negative definite.

Let us state the Lévy—Khinchin formula for real-valued continuous negative definite
functions explicitly.

COROLLARY 1.1.6. Let 1) : R™ — R be a real-valued continuous negative definite function.
Then we have the representation

(1.1.5) V@ =c+a@+ | (1—cosz-)
R\ {0}
with ¢, q, and p as in Theorem 1.1.5. In addition, p is a symmetric measure.

1+ |z|?
|z[?

p(dz)

Instead of the measure p it is often convenient to use the Lévy measure associated

with %, i.e. the measure

v(dx) = Mu(dnc).

Thus v is a Radon measure on R™ \ {0} satisfying the integrability condition
V(2 A1)v(de) < oo.
R\ {0}
The following result is due to W. Hoh [36, Proposition 2.1] and it relates the smoothness
of ¥ to integrability properties of v.

]2

THEOREM 1.1.7. Let ¢ : R™ — R be a continuous negative definite function with Lévy—
Khinchin representation (1.1.5). Suppose that for 2 <1 < m all absolute moments of the
Lévy measure v exist, i.e.

M = S |z v(dr) < oo, 2<1<m.
R7\{0}
Then ¢ is of class C™(R™) and for a € N, |a| < m, we have the estimate
1/)(5), a=0,
(1.1.6) 0Y(E)| < €l - § W2, lal =1,
1, la| > 2,

with cg = 1, ¢1 = (2M2)1/2 +2\Y2 ¢y = My 42X and ¢; = M; for 3 <1 < m, where A
is the maximal eigenvalue of the quadratic form q in (1.1.5).

For our purposes it is more convenient to restrict ourselves to continuous negative
definite functions 9 : R™ — R of the form

(1.17) v = | (1-cos(a &) w(da),
R\{0}
where v is a Lévy measure on R™ \ {0}.

COROLLARY 1.1.8. Suppose that the Lévy measure v associated with the continuous nega-
tive definite function v from (1.1.7) has its support in a bounded set, i.e. suppv C B(0, R)
for some R > 0. Then the function i is infinitely differentiable and the function itself,

as well as all its partial derivatives, are of at most quadratic growth.
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Moreover, we have the obvious

LEMMA 1.1.9. Let 9 be a continuous negative definite function given by (1.1.7). If the
support of the Lévy measure v satisfies suppv C B°(0, R) for some R > 0, then v is a
bounded continuous function.

From Corollary 1.1.8 and Lemma 1.1.9 we find that every continuous negative definite
function ¢ : R™ — R with representation (1.1.7) has a decomposition ¢ = 1/1R+{/;R, R >0,
into continuous negative definite functions ¥ g and QZR such that g is infinitely often
differentiable and g as well as its partial derivatives are at most of quadratic growth,
and {/;R is bounded and continuous. In fact, we just have to define

(1.1.8) vr(€) = | (1-cos(z-&)xp,n(x)v(dr),
Rm\{0}

(1.1.9) Ur(E) = | (1= cos(z - €)xpe(o,m) (@) v(da).
R™\{0}

For the following it is important to note that there is a one-to-one correspondence be-
tween convolution semigroups of sub-probability measures on R™ and continuous negative
definite functions.

DEFINITION 1.1.10. A family (u)¢>0 of sub-probability measures on R™ is called a
convolution semigroup if the following conditions are satisfied:

(1) e * ps = pets for any s, ¢ > 0 and pg = &¢ (Dirac measure);
(i) pe — €0 vaguely for t — 0.
Note that some authors do not require the normalization py = &¢.

THEOREM 1.1.11. For every convolution semigroup (ps)i>0 of sub-probability measures
on R™ there exists a unique continuous negative definite function ¥ : R™ — C such that
(1.1.10) (&) = 2m)™2e YO >0 and € € R™.

Conversely, given a continuous negative definite function ¢ : R™ — C there exists a

unique convolution semigroup (ut)i>o0 on R™ such that (1.1.10) holds.

ExXAMPLE 1.1.12. For any «,f3 € (0,1] the functions ¢ +— |£]?* and ¢ — [¢]?® + |¢]?7,
£ € R™, are continuous and negative definite.

ExaMmPLE 1.1.13. Let aq,...,a, be real numbers such that ap > 1 for kK =1,...,n. The
function ¢ : R®™ — R defined by
(1.1.11) P(&) = & 4 (G

is continuous and negative definite. This is a simple consequence of the previous example
and elementary properties of continuous negative functions.

The function /1, where ¢ is given by (1.1.11), is a so-called anisotropic distance
function; see for example H.-J. Schmeisser and H. Triebel [73, Subsection 4.2.1] and
M. Yamazaki [83]. We will return to this example in Remark 2.2.12.

EXAMPLE 1.1.14. From the Lévy-Khinchin formula we deduce immediately that

(i) any symmetric positive semidefinite quadratic form ¢ on R™,
(ii) any function of the form £ — il - &, £ € R™,
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(iii) the functions & + 1 — e~¢ and ¢ + 1 — cos(h - £) with h € R",
(iv) any combination of (i)—(iii)

are continuous and negative definite functions.

ExaMPLE 1.1.15. Fix any A € (0,2) and choose M = M (\) € Nsuch that M > 2/(2—\).
Then the measure

)= > M e (de)
j=1

is easily seen to be a Lévy measure. Therefore the function ¢ : R — R,

(1.112) (€)= | (1 cos(z€)) Zzw’—f — cos(27M¢)),
Rm\{0}
is continuous and negative definite. It enjoys the following properties:
(1.1.13) 1‘1r‘11iifw(§)
: Y(E

(1.1.14) Hé?jgop |€E\_)g =o0 for o> 0;

P(&)
(1.1.15) \§|linoo e =0 for p>0.

Proof. We will need the following elementary inequalities:

(1.1.16) ﬁ l—ﬁ +<1—cos(t)<ﬁ
o 2 12 - -2

and

(1.1.17) 1 — cos(t) < 2172t

Consider the sequence {27T2Mk}k€N. Clearly, limy,_, o 27m9M* _ 0 and 2M* oM £ N
for j < k. Thus, using (1.1.16) and the fact that A < 2, we get

p(En2M) = 3 PN (1 — con(2n2 2 M)

=1
= Z 2)\M]Fj(1 _ COS(QWQMkTMJ’)) < o2 Z 9(A=2)M7 —jo2M*
i>k >k
< o2 Z 2(,\—2)M"‘+1—j 22M’“ — ox2 2(M)\—2M+2)Mk Z 9—J
Ji>k i>k

By the choice of M = M()\) we have MA — 2M + 2 < 0, thus limy_..o ¥(272M") = 0,
and (1.1.13) follows.
Using (1.1.17) we find for any £ € R™ that

oo

Y€)= S PM I (1 —cos(2 M €)) < 21 YT M mip AT e A = 91X g

Jj=1 Jj=1
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which proves (1.1.15). For ¢ > 0, £ € R" and any k € N we have, by (1.1.16),

P(&)
[§]re

= [¢g|7Me Z M =i(1 — cos(27M¢))
=1
2
2 e o2 g) 2 glef a0 I (1 S
Setting & := oM* yields
’lr/)(gk) > 12‘91\4’€,]C <1 _ 1

— | 200 ask— oo,
|€xr—e ~ 2 )

12
and (1.1.14) follows. m

EXAMPLE 1.1.16. Pick 0 < k < A < 2 and denote by 1, (€) the function constructed in
Example 1.1.15. Then

(1.1.18) P(€) = Pa(§) + €]

is a continuous negative function that oscillates for || — oo between the curves & — €]
and & — 2[¢*. Moreover, (&) = O(J€]*) as [£] — .

ExaMPLE 1.1.17. Further examples of continuous negative definite functions with pre-
scribed asymptotic behaviour can be constructed along the lines of Lemma 3.4 in [40].

1.2. Bernstein functions and convolution semigroups supported in [0, 00). Con-
volution semigroups of measures (1;)¢>o supported in [0, 00), i.e. with suppn: C [0, c0),
are of particular interest. It turns out that they are better described by their (one-sided)
Laplace transforms £(n;) than by their Fourier transforms.

We need some preparation. Again we refer to the monograph [7] of C. Berg and
G. Forst as a standard reference; see also again [49].

DEFINITION 1.2.1. (i) An infinitely often differentiable function f : (0,00) — R is said
to be completely monotone if

(=) f® >0 forall k € N.

(ii) An infinitely often differentiable function f : (0,00) — R with continuous exten-
sion to [0, 00) is called a Bernstein function if

f>0 and (-1)ff® <0 forall keN.
These two classes of functions are closely related.

THEOREM 1.2.2. For a function f : (0,00) — R the following assertions are equivalent:

(i) f is a Bernstein function;
(ii) f > 0 and for all t > 0 the function x — e t7(@) s completely monotone.

Bernstein functions have a representation formula which is analogous to the Lévy—
Khinchin formula.
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THEOREM 1.2.3. Let f be a Bernstein function. Then there exist constants a,b > 0 and
a measure p on (0,00) satisfying

S
(1.2.1) ‘ 153 p(ds) < oo
0+
such that
(1.2.2) f@)=a+bz+ | (1—e ) pu(ds), x>0
0+

The triple (a,b, 1) is uniquely determined by f.
Conversely, if a,b > 0 and p is a measure satisfying (1.2.1), then (1.2.2) defines a
Bernstein function.

There is a one-to-one correspondence between Bernstein functions and convolution
semigroups on [0, 00).

THEOREM 1.2.4. Let f: (0,00) — R be a Bernstein function. Then there exists a unique
convolution semigroup (n:)i>o0 supported in [0,00) such that
(1.2.3) L) (x) = S e (ds) = e @ x>0 and t>0.
0—
Conversely, for any convolution semigroup (n)i>0 supported in [0,00) there exists a
unique Bernstein function f such that (1.2.3) holds.

It is not difficult to see that every Bernstein function f extends to the half-plane
Rez > 0. From this we may deduce one of the most important properties of Bernstein
functions: they operate on negative definite functions.

PRrOPOSITION 1.2.5. For any Bernstein function f and any continuous negative definite
function ¢ : R™ — C the function f o is again continuous and negative definite.

Now let ¥ and f be as in Proposition 1.2.5. Since fo1 is a continuous negative definite
function on R™, there exists a convolution semigroup (s )i>0 associated with f o .

THEOREM 1.2.6. Let ¢ : R™ — C be a continuous negative definite function with associ-
ated convolution semigroup (f)i>0 on R™. Let f be a Bernstein function with associated
semigroup (n;)i>0 supported in [0,00). The convolution semigroup (H{)tZO on R™ associ-
ated with the continuous negative definite function f o is given by

a24) (e aln) = § | e nldnnids), ¢ e CE).
R~ 0— Rn
REMARK 1.2.7. Instead of (1.2.4) we will sometimes write
(o)
(1.2.5) ,u{ = S s Me(ds)  vaguely.
0—
DEFINITION 1.2.8. In the situation of Theorem 1.2.6 we call the convolution semigroup
(#{)tzo the semigroup subordinate (in the sense of Bochner) to (ut)i>0 (with respect
to (m¢)¢>0). The convolution semigroup ()0 is sometimes called a subordinator.
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ExXAMPLE 1.2.9. The function = — a, a > 0, is a Bernstein function, as is the function
x + bz, b> 0. The associated semigroups are (e~ eg)i>o and (ept)1>0, respectively.

EXAMPLE 1.2.10. If s > 0 the function f(z) = 1 — e~ *® is a Bernstein function. It
corresponds to the Poisson semigroup with jumps of size s, i.e.

[e%s) B tk
m=y e qEsk 120,
k=0
EXAMPLE 1.2.11. The function f(z) = log(1l + z) is a Bernstein function. Note that

log(1+ ) = S (1—e s e %ds, x>0.
0
The semigroup associated with this Bernstein function is called the I'-semigroup; it is
given by 7; = g:(-)A1) where

1 1 -
ge(x) = X(o,oo)(x)mmt te®
Clearly, z — %log(l + z) is also a Bernstein function with corresponding convolution

semigroup
1

I'(t/2)

We call this semigroup the modified I'-semigroup. It will become of great importance

7e(dS) = X(0,00) (8) e s/ 2 =AM (ds).

later on.

EXAMPLE 1.2.12. For o € [0,1] the function f,(x) = x“ is a Bernstein function. For
a =0 or a =1 this is obvious, for « € (0,1) we note

e
a7 (1 —e#s)gmo!L >0.
x F(l—a)s( e "%)s ds, x>0

The corresponding semigroup is called the one-sided stable semigroup of order o and is
denoted by (0f);>0. Only for & = 1/2 a closed expression for of* is known:

0172 (ds) = X(0,00)(8) —=ts~ /2 /29NN (),

1
V2%
Often we will work with a subclass of Bernstein functions.

DEFINITION 1.2.13. A function f : (0,00) — R is called a complete Bernstein function
if there exists a Bernstein function g such that

f(z) = 2°L(g)(x).
THEOREM 1.2.14. A complete Bernstein function is itself a Bernstein function. More-
over, the following assertions are equivalent:

(i) f is a complete Bernstein function.
(ii) f is a Bernstein function having the representation

oo

flz)=a+bx+ S (1—-e*")pu(ds), x>0,
0+
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where a and b are non-negative constants and the measure p is given by
w(ds) = m(s)A\D(ds), m(s) = S e " r(dt), s>0,
0+

where T is a measure on (0,00) satisfying

T
—— 7(dt) < 0.
OSth(t—i-l) (at)

(iii) f has the representation

flz)=a+bx+ ‘ ﬁg(d)\)

0+
with a measure ¢ satisfying
T
S —— o(d)\) < 0.
o L+ A
(iv) f has the representation
= b n(dt
f@)=a+be+ | o= fi(dt)
0+
with a measure @ on (0,00) satisfying
OSO ! p(dt) <
— 00.
0+ 1+1

REMARK 1.2.15. There are several additional characterizations for complete Bernstein
functions (see [67], [69] or [49]). The fourth assertion in Theorem 1.2.14 is taken from
F. Hirsch [33].

ExAMPLE 1.2.16. The following functions are complete Bernstein functions:

sin(a) OSO s

§¥ = r*ldr, 0<a<l;
™ S+
0
S T s
= d A>0;
S+ A '§)S+T€>\(T)7 > U3
T s dr
log(1+s) = S SJFTX[LOO)(T)?.
0

1.3. One-parameter operator semigroups. Let (u:):>0 be a convolution semigroup
of sub-probability measures on R™. For ¢t > 0 we define the operator

Tu(x) = | ule - y) jeldy) = e % (o).
]Rn

Obviously, T; is defined for all u € S(R™). We find, using the convolution theorem,
(13.1) (Tu)(€) = (2m)"2()(E) = A,
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where ¢ : R — C is the continuous negative definite function associated with (g)¢>0. It
is easy to prove that T; extends from S(R™) to L,(R™), 1 < p < 00, as well as to Co (R™).
These extensions will also be denoted by T;. For the moment we will write (X, || - | X]||)
for any of the above Banach spaces.

The (extended) operators T, ¢ > 0, have the following properties on (X, | - | X||):

(l) Tt+s = Tt o TS and TO = ld7
(ii) im0 || 3w — u | X|| = O;
(iif) (| Tow [ X < [l [ X[

Furthermore, we have in the case of the spaces L,(R"),

(1.3.2) 0<u<1 ae impliess 0<Tiu<1 a.e.,
and in the context of Cy, (R™),
(1.3.3) 0<u<1 implies 0<Tu<1.

DEFINITION 1.3.1. A family of linear operators (7});>0 on a Banach space (X, |- | X||) is
called a strongly continuous contraction semigroup if the conditions (i)—(iii) are satisfied.

Since we are only considering either convolution semigroups of sub-probability mea-
sures or strongly continuous contraction semigroups we will sometimes write just “semi-
groups” for short.

DEFINITION 1.3.2. (i) A strongly continuous contraction semigroup on L,(R™), 1 < p
< 00, is called an Ly-sub-Markovian semigroup if (1.3.2) is satisfied.

(ii) A strongly continuous contraction semigroup on Co (R™) satisfying (1.3.3) is called
a Feller semigroup.

From our introductory considerations we conclude that a family (7});>¢ of operators
defined on a small space can be extended to different Banach spaces as a strongly contin-
uous contraction semigroup. In particular, extensions to the spaces L,(R™), 1 < p < oo,
will be denoted by (Tt(p))tzo and the extension to Co (R™) will be denoted by (Tt(oo))tzo.

Most important is the definition of the generator of a semigroup.

DEFINITION 1.3.3. Let (7}):>0 be strongly continuous contraction semigroup on a Banach

space (X, || - | X||). Its (infinitesimal) generator is the operator
Tou —
Au = }ir% tt (strong limit)

with domain

Tou —
D(A) := {u €X: }iné tut Y exists strongly in X}.

The generator is always a densely defined closed operator which is dissipative, i.e. the
inequality
Mlul X[ < [|(A = A)u| X||

is satisfied for all A > 0 and all u € D(A).
A major problem is to determine the domain D(A) of A. In particular, for L,-sub-
Markovian semigroups it is interesting to characterize D(A) in terms of function spaces.
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It is also possible to define the weak generator of (T}):>0 by

Ttu -

Ayu = w-lim

lim (weak limit)

with domain

T —
D(Ay) = {u €X:w tlin(l) tut 4 exists}.

However, this does not lead to a new object as the following theorem shows (see
A. Pazy [64, Theorem 1.3, p. 43]).

THEOREM 1.3.4. Let (T})¢>0 be a strongly continuous contraction semigroup on a Banach
space (X, || - | X||). Then its weak generator coincides with its strong generator.

A strongly continuous semigroup (7}):>0 on La(R™) is called symmetric if
(Tyu,v) p,mny = (w0, Tiv) pymny  for all u,v € Lo(R™).

THEOREM 1.3.5. Let (Tt(z))tzo be a symmetric sub-Markovian semigroup on Lo(R™).
Then it extends from La(R™) N L,(R™) to a sub-Markovian semigroup (Tt(p))tzo on
Ly(R™), p € [1, 00).

For a proof of this result see for example E. B. Davies [16].

A semigroup is called analytic if ¢t — Tyu admits an analytic extension z — T,u to
some sector Sg g4, := {z € C: arg(z — dp) < 0}. A result of E. M. Stein [75] says that in
the case of a symmetric sub-Markovian semigroup (Tt@))@o on Lo(R™) this semigroup as
well as its extensions to L,(R™), 1 < p < oo, are analytic. For every analytic semigroup
(T})+>0 on a Banach space the following regularization result holds:

Twe (| D(AY), weX.
k>0
Here D(AF) is the domain of the kth power of the generator of (A, D(A)).
We want to characterize the generators of Feller semigroups and L,-sub-Markovian
semigroups.

First we recall a version of the classical Hille-Yosida theorem (see S. Ethier and
T. Kurtz [18, p. 16]).

THEOREM 1.3.6. A linear operator on a Banach space (X, | - | X||) is closable and its
closure A is the generator of a strongly continuous contraction semigroup on X if, and
only if , the following three conditions are satisfied:
(i) D(A) C X is dense;
(ii) A is dissipative;
(iii) for some A > 0 the range R(A — A) of A — A is dense in X.

For Feller semigroups we have the following characterization (see [18, p. 165]).

THEOREM 1.3.7. A linear operator (A, D(A(>))) on O (R™) is closable and its clo-
sure is the generator of a Feller semigroup if , and only if , the following three conditions
are satisfied:

(i) D(A)) C Coo(R™) is dense;



1)-Bessel potential spaces 21

(ii) A satisfies the positive mazimum principle, i.e.

u(zo) = sup u(z) >0 implies A u(xg) < 0;
TER™

(iil) for some X > 0 the range R(\ — A®)) of X\ — A(>®) is dense in Co (R™).
REMARK 1.3.8. Theorem 1.3.7 is often called the Hille-Yosida—Ray theorem.

DEFINITION 1.3.9. A closed linear operator (A, D(A®)) on L,(R"), 1 < p < oo, is
called an L, -Dirichlet operator if

| AP ((u—1)")Ptde <0
Rn

for all u € D(A®)).

REMARK 1.3.10. In the case of a self-adjoint operator on L(R™) the notion of Dirich-
let operator was introduced by N. Bouleau and F. Hirsch [12] and for non-symmetric
operators in Ly(R™) it is due to Z.-M. Ma and M. Rockner [57]. The Ly,-analogue was
introduced by the second named author in [48] (see also [49]).

THEOREM 1.3.11. Let (A®) D(A®))) be an L,-Dirichlet operator which is the generator
of a strongly continuous contraction semigroup (Tt(p))tzo on L,(R™). Then (Tt(p))

sub-Markovian.

t>0 8

Conversely, if (AP, D(AWP))) is the generator of a sub-Markovian semigroup (Tt(p))tzo
on L,(R™) then (A®) D(A®))) is an L,-Dirichlet operator.

The resolvent (R$)x>0 of a generator (A, D(A)) of a strongly continuous contraction
semigroup (7});>0 on a Banach space (X, || - | X||) is defined by

Riu=(\—A)"u,

and we have the representation

oo

Riu = S e MTyudt.

0
1.4. Subordination in the sense of Bochner and a functional calculus for gen-
erators. We have already used in Section 1.2, Proposition 1.2.5-Remark 1.2.7, Bernstein
functions in order to obtain new negative definite functions, and thus new convolution
semigroups, from a given one.

Let us now take formula (1.2.5) as our starting point in order to treat subordination
of contraction semigroups.

Denote by (X, |- | X||) some Banach space of functions, which will be in later sections
L,(R"), 1 < p < 00, or Coo(R™), and let (T3);>0 be a strongly continuous contraction
semigroup on X with generator (A4, D(A)). We denote by (1;):>0 a convolution semigroup
of sub-probability measures supported in [0, 00) which is associated with the Bernstein
function f of the form (1.2.2) (see Section 1.2). Define

(o)
(1.4.1) thu = S Teuni(ds), t>0, ueX,
0
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where the right-hand side is given by a Bochner integral. Since | Tiu | X|| < |ju| X]|| and
since 7; is a sub-probability measure, (1.4.1) is well defined. Moreover, it is not hard to
see that (th )t>0 is a strongly continuous contraction semigroup and that th is again a
sub-Markovian or Feller operator whenever (T3);>¢ is.

DEFINITION 1.4.1. Let (T});>0 be a strongly continuous contraction semigroup on the
Banach space (X, || - |, X]|) and let (n:)¢>0 be a subordinator with associated Bernstein
function f. Then the semigroup (th)tZO given by (1.4.1) is called subordinate to (1})¢>0
(with respect to the Bernstein function f). Its generator will be denoted by (A, D(AY)).

The notion of subordination essentially goes back to S. Bochner (see [10] and [11]).
The next theorem describes the structure of A/. It is due to R. S. Phillips [65].

THEOREM 1.4.2. Let (T})¢>0 be a strongly continuous contraction semigroup on X and
(th)tzo be the semigroup obtained by subordination with respect to the Bernstein function

fl@)=a+bx+ S (1 —e ) u(ds).
0+
Then oo
(1.4.2) ATy = —au + bAu + S (Tsu —u) p(ds), we D(A),
0+

and, for each k € N, the set D(A¥) is an operator core for (Af, D(AT)), i.e., AT | D(A¥)
= A' in the sense of closed operators.

Little is known, in general, about D(Af). Clearly, D(Af) = X if either A or f is
bounded (in this case A/ is bounded). Apart from this trivial case,
D(AT) = D(A) if, and only if, b= lim @) #0
r— 00 €T
(cf. [68] and [69]). More information is available if we restrict ourselves to the class of
complete Bernstein functions (see Definition 1.2.13).

THEOREM 1.4.3. Let (T3)i>0 be a strongly continuous contraction semigroup on X and
(th )t>0 be the semigroup obtained by subordination with respect to the complete Bernstein
Sfunction

i X
flz) =a+bx+ 0§+ P WAGAYS
Then o
(1.4.3) Alu=—au+bAu+ | AR{uo(d)), e D(A).
0+

Moreover, if b# 0 then D(Af) = D(A), and if b= 0 then

——

D(Af) — {u cX: kli_}rg(} ARfu o(d\) exists (weakly) in X}

= {u € X: klim (Tyu — u)my(t) dt exists (weakly) in X}

c—Qg @

where my(t) = S’g e st 7(ds) in the notation of Theorem 1.2.14(ii).
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REMARK 1.4.4. Variants of Theorem 1.4.3 are due to F. Hirsch [32], C. Berg, K. Boya-
dzhiev and R. deLaubenfels [6] (see also [69]).

Formula (1.4.3) is a generalization of Balakrishnan’s formula for fractional powers of
order a € (0,1) (see A. V. Balakrishnan [4] or K. Yosida [84, Section IX.11]). Indeed, we

have -
(1.4.4) Afoy = —(— Ay = S0 | A tARuan,

™
0

fa(z) = x%, and it is known that in this case the Bernstein functional calculus is in
accordance with the classical Dunford—Taylor integral. This carries over in the following
sense (see [68]).

THEOREM 1.4.5. Let f be a complete Bernstein function and (A, D(A)) be the generator
of some strongly continuous contraction semigroup on X. Then

A= f(- )
in the sense that for A > 0 and ¢ > 0,
(1.4.5) RA—D (0~ (A —cid)f)™ = (A + fleid — A))~?

where the two left-hand side members are the resolvent of (A —eid)/, whereas the right-
hand side is defined as the Dunford-Taylor integral for g(x) = 1/(A + f(—z)) of the
unbounded operator A — eid. Both sides in (1.4.5) converge as e — 0.

The representation for (Af, D(A7)) obtained in Theorem 1.4.3 allows us to derive a
functional calculus for complete Bernstein functions. From now on we will write Af or
—f(—A) whichever notation seems to be more appropriate.

THEOREM 1.4.6. Let (T})¢>0 be a strongly continuous contraction semigroup on X and
let f,g be two complete Bernstein functions. Then the following identities are true in the
sense of closed operators:

(1) (cf)(=A4) =cf(=4), c > 0;
(i) (f +9)(—A) = f(—4) + g(—A);
(iii) (fog)(—=A) = f(9(—A));
(iv) (fg)(—A) = f(—A) og(—A) = g(—A) o f(—A) whenever the product fg is a
complete Bernstein function;
(v) o(x) :=x/f(x) is a complete Bernstein function, hence A = —f(—A)op(—A) =
(=AY o f(-A).

If f1,..., fx are complete Bernstein functions, so is fY/N = fll/N S ]{,/N, and we
can define
(1.4.6) F=A)y = (R (A - Y (=AY

in the sense of integer powers of closed operators. This definition is independent of N
and extends (1)—(iv) to the algebra generated by the complete Bernstein functions.

REMARK 1.4.7. Theorem 1.4.6 is due to F. Hirsch [32] and to [69].

For later purposes we need to have a closer look at fractional powers (—A)7, v > 0,
for generators of strongly continuous contraction semigroups. Many important results in
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this field are due to U. Westphal [81], [82]. In particular, it should be noted that for
a,7y > 0 we have (as an identity for closed operators)

(~A)" 0 (=A) = (=)

(compare also with (1.4.6)), and this equality has an appropriate extension to «,~
€ R. Moreover, there is a generalization of A. V. Balakrishnan’s formula (1.4.4): see
A. V. Balakrishnan [4] or U. Westphal [81], [82].

THEOREM 1.4.8. Let (A, D(A)) be the generator of a strongly continuous contraction
semigroup (Ty)i>0 with resolvent (R{) x>0 on the Banach space X. Form <y <m+1,
m €N, and u € D(A™H) we have

. (oo}
sinw(y —m
(—Ayry = ST =m) | xR AT LA,
g 0
We close this section with some perturbation results related to the functional calculus
discussed above. One should note that a variant of the following proposition was obtained

by T. Ando [3] for certain matrices A instead of generators of semigroups.

PROPOSITION 1.4.9. Let A, B be two generators of strongly continuous contraction semi-
groups on X such that their difference A— B is a bounded operator (extended to the whole
of X). Then for any complete Bernstein function f we have

If(=A) = f(=B)I < 3f([lA - BJ|)
where || - || denotes the operator norm for bounded operators acting on the Banach space
& 11D
Proof. We have, for A > 0 and u € X,
(~A)R{u — (~B)REu = u — ARu — u + ARBu
= AR%u — AR{u
= AR{{(B — A)RBu.
From the last two lines we get for the operator norms ||(—A)Ry — (—B)R%|| < 2, and
for A > 0,
|A— B
(-4 — (-B)RE| < AL
We will need the following elementary inequalities:
|A— B |A— B
2<3———— for A< ——
SUNHJA-B] T2
and
|A— B |A— B |A— B
<3 for A > ——.
X SO+ A-B] T2
Using the definition of f(—A) and f(—B) we find
1F(=4) = F(=B)Il < bllA = B[ + | [[(=A)R{ = (=B)RY|| o(dN)
0+
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lA-BJ|/2 o0

A—-B
<ofa-Bl+ | 20+ | By
o+ lA—BIl/2
|A-B]/2
jA- B
< bl|A—-B 3 —— o(d\
<oA-Blvs | e
+
*  ja-B|
+3 —  —  o(d)\
| )\+||A—B||Q()
[|[A-B]/2

<3f([A-B]). =

Let us apply Proposition 1.4.9 in two important special cases.

COROLLARY 1.4.10. Let (A, D(A)) be the generator of a strongly continuous contraction
semigroup. Then B = A —1id also generates a strongly continuous contraction semigroup
and for the fractional powers we have

I(~4)" - (id—A)° <3, 0<a<l.

REMARK 1.4.11. Note that the constant 3 is not optimal. A direct calculation along the
lines of the proof of Proposition 1.4.9 yields the optimal constant 1, i.e.

(1.4.7) [(—4)* —(id—A)*| <1, 0<a<l

Our next corollary already uses the fact that for a continuous negative definite function
¥ the associated pseudo-differential operator — (D) generates a strongly continuous
contraction semigroup on L,(R"), 1 < p < 0o, and on Co(R™). If 4 is characterized by
the Lévy—Khinchin formula (1.1.4) it follows that on C§°(R™) the operator (D) has the
following representation as an integro-differential operator:

Y(D)u(x) = cu(z) + Zdj 8;9(5) B Z ¢ au—(x)

jk
J axjﬁxk

7

1 " du(z)\ 1+ |y|?
R\ {0} Cl j Y

COROLLARY 1.4.12. Let ¥1 and vy be two continuous real-valued negative definite func-

tions with representations

i) = | (1—cos(y-€)v;(dy)
R™\ {0}

Assume that the bounded variation norm of the signed measure w := v1 — o is finite, i.e.,
|7||Bv < co. Then

[91(D) = ¥2(D)]| < 2||7[|Bv,

and for 0 < a < 1,

[[(id 491 (D))* — (id +¢2(D))*|| < 3(2[|7||lzv)*.
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Proof. From the integro-differential representation of ¢;(D), j = 1,2, and the fact that
1; is real-valued, we deduce that for u € C§°(R"™),

($1(D) = a(D))u(x) = | (u(x) —u(x —y)) 7(dy).
R\ {0}
Using now the Minkowski inequality for double integrals we get, for 1 < p < oo,

|a(D) = va(D))ul LR = || § () = u(- = y)) w(dy) | Ly(R")

Rm\{0}
<| T O =ut =yl i) | L, @)
R™\{0}
< § ) =t = o) | LR - [l(dy)
R™\{0}

< 2fu| Ly(R™)| - [IxllBv,

and the obvious modification for the Feller case (Coo(R™), || - | Lool])-
The second part of the assertion now follows directly from Proposition 1.4.9 and the
usual density argument for test functions. m

1.5. Sub-Markovian semigroups and abstract Bessel potential spaces. Let
(X,]] - | X||) be a Banach space of real-valued functions defined on some topological
space G. Further, we assume that there exists a natural notion of pointwise inequalities
for elements of X. By this we mean that u© < v has the natural meaning. In the case of
L,-spaces, i.e. the spaces L,(G, i) with a suitable measure p on B(G), u < v will always
mean that u(z) < v(z) for p-almost all z € G.

In accordance with Definition 1.3.2 we call a strongly continuous contraction semi-
group (T})i>0 on X a sub-Markovian semigroup if 0<u <1 implies 0<Tiu<1 for ue X.

DEFINITION 1.5.1. Let (X, | - | X||) be a Banach space. The I'-transform (V;),>o of a
sub-Markovian semigroup (73);>0 on X is defined by

1 o0
Viu:i= ——— S t 2 et T dt
/2 )
for r > 0 and V; = id.
REMARK 1.5.2. Note that
1 1 -
nT(ds) = X[0,00) (S>F(T./2) 87"/2 le s)\(l) (dS)

yields a convolution semigroup with support [0, 00), the so-called modified I’-semigroup
(see Example 1.2.11). It is associated with the Bernstein function f(s) = 3log(1+s).
Therefore the I'-transform (V;.),>¢ of a sub-Markovian semigroup is again a sub-Markov-
ian semigroup on X, namely the semigroup obtained from (7});>o by subordination in
the sense of Bochner with respect to (1,),>0 (or f, respectively); see Section 1.4.

In particular, we have V;., oV, =V, 4,, and

(1.5.1) Ve | X < [lu] X1,

i.e. each of the operators V., r > 0, is a contraction.
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The following result is taken from [19, Theorem 4.1].

THEOREM 1.5.3. Let (X, ||- | X||) be a Banach space and let (T})1>0 be a sub-Markovian
semigroup on X having generator (A, D(A)). Then for all r > 0 and all u € X,

Viu = (id — A) 7"/ 2.
In particular, each of the operators V,. is injective and contractive.

Using the injectivity of the operators V., » > 0, we may define abstract Bessel potential
spaces (see also F. Hirsch [34]) by

Frax =Vo(X) and |lu|Frax|:=|v|X| foru=Vw.
Clearly, (F 4,x, || - | Fr,a,x]||) is a Banach space which is separable whenever X is.

REMARK 1.5.4. Note that often the general theory requires the regularity of the space
Fr.a x, 1.e. the density of Coo(G) N F 4 x in both

(Frax: - | Fraxl) and (Co(G), |- | Cocl@)I))-

In introducing the spaces F;. a,x we are, of course, motivated by the considerations of
P. Malliavin [58] and, in particular, by those of M. Fukushima (and co-workers) [26]-[28]
(see also [53]), and the work of I. Shigekawa [54] and [74].

COROLLARY 1.5.5. In the situation of Theorem 1.5.3 we have Fy. 4 x = D((id — A)"/?).
A proof of this corollary is given in [19, Corollary 4.2].

LEMMA 1.5.6. Let (A, D(A)) be the generator of a sub-Markovian semigroup (T¢)i>o0 on
the Banach space (X, ||- | X|)). For all ¥ > 0 and all u € D((id — A)"/?) = F, 4 x we
have

(1.5.2) ] X[ < [|(id = A)"2u] X|].

Moreover, if s,r > 0 then the following continuous embedding holds:
(153) fr-{-s,A,X — ffr‘,A,X'
Proof. Since id = (id — A)~"/2(id — A)"/? = V,.(id — A)"/? it follows from (1.5.1) that on
Fr,a,x one has
lu| X[ = [V (id = A)2u | X|| < [[(id = 4)?u | X]|
and this proves (1.5.2).

Assertion (1.5.3) follows from the semigroup property of (V,),>0 (see [19, Lemma
5.1.A] for a proof). m

Let u€ F, a x. Then (id — A)"/?u € X, which yields ||u | Fr a x| = ||(id — A)"/?u | X||.
Our aim is to prove the equivalence of the norms

I+ 1 Fraxl and [[(=A4)"2u] X + [lu] X].
A first result follows from Corollary 1.4.10.

THEOREM 1.5.7. Let (A, D(A)) be the generator of a strongly continuous contraction
semigroup on the Banach space (X, |- | X||). Let 0 < r < 1. Then for all uw € D(A) we
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have
(154)  (I=A)"u] X[+ llu] X]) < |Gd = A)"w | X[ < (= A4)"w| X]| + [Ju| X].
In particular, D((—A)") = D((id — A)").
Proof. Using (1.4.7) we find

[(=A)"u| X[ = [|(id = A)" | X < [[(=A)"u — (id = A)"u | X[| < [lu] X,
which gives, by (1.5.2),

[(=A) w | XI| + [Ju| X]| < [|(id = A)"u [ X|[ 4 2[[u | X < 3| (id — A)"u | X].

On the other hand, we have

[(id = A)"u | X[ = [[(=A)"u | X[ < [|(id = A)"u = (=A)"u| X|| < [lu| X]|
or

1(id = A)"u | X || < [[(=A)"w | X[ + [lu] X]],
and (1.5.4) follows. Since D(A) = D(id — A) and since D((—A)") and D((id — A)") are
obtained by completion of D(A) with respect to the equivalent norms
[(=A)"u| X[ + [lu| X|| and ||(id = A)"u[ X[,

respectively, we have proved the theorem by noting that, according to Theorem 1.4.2,
D(A) = D(id — A) is an operator core for both (—A)" and (id— A)". =

To extend Theorem 1.5.7 to k+7r, k € Ny, 0 < r < 1, we need some preparations. First
we recall from Section 1.4 the following results on the functional calculus for generators
of strongly continuous contraction semigroups (see Theorem 1.4.6).

For r,s > 0 we have

D((=A)"") ={u € D((-A)") : (-A)"u € D((-A)")}
={ue D((=4)°) : (=4)*u € D((=A)")},

and on D((—A)*T") one has (—A)"(—A)* = (—A)"+s = (—A)5(—A)".
From the proof of Theorem V.1.2.4, p. 259, in H. Amann [2] we deduce that for any
0 <7 < s one has the estimate

1Gd = A)"u | X|| < 7l (id = A)*u| X7 u] X777
for all u € D((—A)®) and some constant v > 0. Using the inequality

1
a’b' ™A < ea + ——— b,

E)\/(l—)\)
which holds for a,b >0, e >0 and A € (0,1), we arrive at
s/(s )
(1.5.5) IGd — A)"u | X[ < el (id — A)*u| X || + 2 pye=od CIP Y

for any u € D((id — A)®).

LEMMA 1.5.8. Let (A, D(A)), (T})i>0 and (X, |- | X||) be as in Theorem 1.5.7. Further,
let k € Ng and 0 < r < 1. Then for all u € D((—A)**1) we have

(1.5.6) [(—A)*+7u| X < 3-2%]|(id — A)*Fu| X||.



1)-Bessel potential spaces 29

Proof. We prove (1.5.6) by induction. For k& = 0 this estimate was proved in Theo-
rem 1.5.7. Assuming (1.5.6) for k € Ny fixed we prove that

(A7 u] X[ < 8- 254 (id — ) | X
is valid for all u € D((—A)**2). Using the fact that (id — A)~! is a contraction we find
(=) u | X = [[(=A)* " (= A)u| X|| < 3-27|/(id — A" (~A)u| X|
<328 ||(id — A)F 0 | X[+ 3 28 || (id — A)F | X
<2-3-2"||(id — A X,
which proves the lemma. m

LEMMA 1.5.9. In the situation of Lemma 1.5.8 we have for all u € D((—A)**1) the
estimate
(1.5.7) 1(id = A)** " | X < enr ([ (=A)Tu] X + u] X))
Proof. Again we use induction and note that the case k = 0 was proved in Theorem 1.5.7.
Now assuming (1.5.7) we will prove
1id = A7 | X < e ([(A) 70 | X+ flu | X))
For u € D((—A)**2) it follows that
[(id — A7 | X|| = || (id — A)*F7(id — A)u | X ||
< [IGd = AT (= A)u | X[ + )| (d = ) | X
< el (=AU X| 4 el — Au| X
+3llGd = AU X+ | X,

where in the last step we used inequality (1.5.5) with ¢ = 1/4 noting that D((—A)**+?)
= D((id — A)**2) ¢ D((id — A)**1).

Thus we obtain

G = A | X < e[ (AT X[ 4 el = Au| X+ flu | X

< | (AU X+ e[| (1d = A)u | X+ flu | X
and a further application of (1.5.5) yields
3lld = A | X < g [[(=A) T u | X+ e ] X,

which finally proves the lemma. m

Combining Lemmas 1.5.8 and 1.5.9 we get

THEOREM 1.5.10. Let (A, D(A)), (Ty)t>0 and (X, ||- | X||) be as in Theorem 1.5.7. Let
k € Ny and 0 < r < 1. Then there exist constants i, such that for any u € D((—A)**1),
1 T
ey (e X0+ A+ X))
< [ = A | X < Fpr (| X[+ ([ (=AM | X))

Furthermore, D((—A)**™) = D((id — A)*+7).

REMARK 1.5.11. We want to indicate an alternative proof of Theorem 1.5.10 using the
following result due to L. Hérmander (cf. K. Yosida [84, p. 79]).
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Let A;, j = 1,2, be two linear operators defined on D(A;) C X into the Banach space
(X, ]| - | X]])- If Ay is closed, Asg is closable, and if D(A;) C D(Asg), then there exists a
constant ¢ > 0 such that

(1.5.8) [Azu [ X|| < el Avu | X[ + [lu [ X))

for all u € D(Ay).
In order to apply this result one first extends Theorem 1.5.7 to

(1.5.9) D((—A)")=D((id— A)")
for all » > 0, which can be done by induction with respect to k € N, r € (0, k].

Once (1.5.9) is proved, noting that the operators ((—A)", D((—A)")) and ((id — A)",
D((id— A)")) are closed, from (1.5.8) we obtain

I(=A) u ] X < er(|(id =A) w | X[ + [lu] X))

and
[(id = A)"u | X|| <e-(|(=A) u| X + [Ju] XI]),

which implies the assertion of Theorem 1.5.10.

2. Bessel potential spaces
associated with continuous negative definite functions

This chapter is devoted to a systematic study of Bessel potential spaces associated with
a real-valued continuous negative definite function ¢ : R®™ — R. First we identify with a
function space H;,/”Q(R") the L,-domain of the generator A®) of the L,-sub-Markovian
semigroup associated with a Lévy process with characteristic exponent 1. In the next
section we extend H;Z”Q(R") to the scale H;f”s(]R”), s € R. In particular, we prove density
results, mapping properties of the operators (ide(p))Tﬂ, r € R, within this scale,
and we characterize the dual spaces. In Section 2.3 embedding theorems are discussed.
We consider continuous embeddings j : Hg’l’s(R") < HY>"(R") and the embedding of
H;“%R") into the space Coo (R™).

This yields a characterization of the complex interpolation spaces [H;%“SO (R™),
HY»51(R™)]p. In the final section we make use of the fact that the semigroup (Tt(p))tzo and
the operators (id — A(”))’T/ 2 r > 0, are positivity preserving. This enables us to associate
a capacity cap;/jp with each of the spaces H;f’ T(R™). Using this capacity we may introduce
the notion of an (r, p)-quasi-continuous modification of an element u € HY""(R™) and we
show that each u € H;,/’ T(R™) has (up to (r, p)-quasi-everywhere equality) a unique quasi-
continuous modification. Further, we show a comparison result for cap;% and capﬁ’j) based
on embedding theorems.

2.1. The space H?(R") as a domain of A®). Let S(R”,R) be the Schwartz space of
all real-valued rapidly decreasing C'*°-functions on R™ equipped with the usual topology.
We denote by &’(R™ R) the space of all real-valued tempered distributions on R™. If
o € S(R™,R) then § = Fyp and F Ly are, respectively, the Fourier and inverse Fourier
transform of ¢. One extends F and F~! in the usual way from S(R™,R) to &'(R™, R).
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If there is no danger of confusion, we will omit R™ and/or R in S(R™,R) and in the
other function spaces below.

Let 1 : R® — R be a fixed continuous negative definite function with corresponding
convolution semigroup (u)¢>0. We assume that the function ¢ has the Lévy-Khinchin
representation

(2.1.1) WO = | (1 cos(@-€) v(da)
R\ {0}
where the Lévy measure v integrates the function y — |y|? A 1.
The sub-Markovian semigroup on L,(R™), 1 < p < oo, associated with (iu¢)¢>0 is
denoted by (Tt(p))tzo, its generator by (A®), D(A®)), D(A®)) C L,(R",R).

The Feller semigroup associated with (g¢):>0 is denoted by (Tt(oo))tzo and its gener-
ator by (A D(A(>®)) D(A()) c O (R™,R).
Note that if 1 < p,q < oo then

(2.1.2) Tt(p)u = Tt(q)u for all u € S(R™).

Since 1 is real-valued, the operator (A, D(A®))) is self-adjoint, and (Tt(p))tzo is an
analytic semigroup by a result of E. M. Stein (cf. Section 1.3).

PROPOSITION 2.1.1. For 1 < p < oo the space S(R") is contained in D(A®) and
on S(R™) one has

(2.1.3) APu(z) = —p(D)ulz) = —(2m) /2 | e Sp(€)u(€) dé.
Rn
Proof. First note that from (1.3.1) for u € S(R™) we get
(p) —
(2.1.4) @ +1/)(D)u:]-"_1[<eti_1+w>ﬂ].

Now the inequality

—at 1
e oital L us0 >0
t 2
and Plancherel’s theorem yield
TPy — et —1 N
H% +¢Y(D)u| Lo|| = <f+¢)u Lo
< §tllp?a| Lol < etl|(1+ |- *)* @] Lall.
Thus,
@y
(2.1.5) lim i " P(D)u | Ly|| =0,

since for u € S(R™) the term ||(1+|-[?)%@| L2 is finite. This proves (2.1.3) and S(R") C
D(A®),
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which for u € S(R™) leads to

Next observe that (2.1.4) also implies

) —t()
| o0 (S @ Jate e |
R"l

Tt(oo)u —u

Lt gD

L H = (27‘-)7”/2

<at | (1+ e face) d,

R

Tt(oo)u —u
t

and this in turn gives S(R™) € D(A()).

Combining (2.1.5), (2.1.6), and (2.1.2) we find for 2 < p < oo and u € S(R™) that

(2.1.6) lim

t—0

+¢(D)u

o

(),
‘wan(D)u L,
(), (p—2)/p T(p) . 2/p
<[P v | P v |

from which we conclude that S(R™) C D(A®) for 2 < p < .
For 1/p+1/p' =1, 1 < p <2, the equality

(p) (")

S (w + dJ(D)u) cvdr = S u- <w + w(D)v>dx
R" Rn

holds for u,v € S(R™) and implies that S(R™) is in the domain of the weak generator

of (Tt(p ))t20~ But the weak generator coincides with the (strong) generator (see Theo-

rem 1.3.4), and it follows that S(R™") € D(A®) for all 1 < p < co. m

REMARK 2.1.2. (i) Let 1 < p < co. From the considerations in Section 1.5 we have
217)  Jul LyR™)] < 1 (d = AP)u| Ly (R™)|| = | (id +¢(D))u| Ly(R™)|

for any u € S(R™).
(ii) Let us point out that the case 1 < p < 2 often requires other techniques and
assumptions than the case p > 2.

In order to introduce a Bessel potential space which will characterize D(A®)) as a
function space we need some preparatory considerations.

Suppose that the continuous negative definite function @ has the representation
(2.1.1). As already pointed out in Section 1.1 for R > 0 we may decompose ¢ into
the sum of two continuous negative definite functions by setting

(2.1.8) vr(€) = | (1—cos(z-&))xpo,.r)(r)v(dz)
R\ {0}
and N
(219 Yr( =v(E) —vr©) = | (1-cos(@&)xpe(o,r)(z)v(dr);
R\ {0}

see (1.1.8) and (1.1.9).
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Note that both functions ¥z and {/;R are again continuous and negative definite.
We know that g is infinitely often differentiable and haﬁ, together with its partial
derivatives, at most quadratic growth. We also know that i is a bounded continuous
negative definite function.

For u € S(R™) we define the operators

vr(D)u(x) = (2m) "2 | e Syp(€)u(€) dé
R’n
and
Vr(D)u(x) = (2m) "2 | e (€) u(€) d.
Rn
Thus on S(R™) we have ¢(D) = ¢r(D) + ¢r(D). Moreover, using (2.1.9), we find that
on S(R™),

(2.1.10) V(D)= | (ulz) = ulz - y)) v(dy).
B<(0,R)
Now, whenever || - || is a norm having the property that there exists v > 0 with

lu(-+ )l <Allul)]l forally € R", u e S(R"),
we deduce from (2.1.10) that
(2111)  [drD)ull < | llu) = ul- =)l v(dy) < (1+3)v(BO, R))|ful,
B<(0,R)
i.e., the operator ¢z(D) extends to a continuous operator from the closure of S(R™)

under the norm || - || into itself.

COROLLARY 2.1.3. Let 1 < p < oo. For any R > 0 the operator JR(D) extends to a
continuous operator from L,(R™) into itself.

Since ¥ € C°(R™) is of at most quadratic growth, it is a multiplier for S’'(R™).
Consequently, we can extend the operator ¥ (D) from S(R™) to S’(R™) by

Yr(D)u=F  (¢Yru), ueS'(R"),

where U is considered as a tempered distribution.

Thus we may extend ¢(D) to L,(R™) by the identity

Y(Du:=F wr)+ | (u(-+y) —u()v(dy), ue LR,
B<(0,R)

and so ¥(D)u € S'(R™).

It is, therefore, possible to look for all u € L,(R™) such that ¢/(D)u € L,(R™).

Let us define the family of norms

(2.1.12) [ully,rp := [(id+Yr(D))u| Ly(R™)]]
for those u € L,(R™) for which (2.1.12) is finite. This is, in particular, the case for
u e S(R™).

Moreover, since 1 is a continuous negative definite function we may associate an
operator semigroup (Tt(p’R))tZO on Ly,(R™), 1 < p < oo, with ¢g.
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Proposition 2.1.1 implies that S(R™) C D(A(”’R)) and applying the results from
Section 1.5 we conclude that for all u € S(R™),

(2.1.13) l[u] Lp(R™")[| < [lully,r.p-

The next lemma is an immediate consequence of Corollary 1.4.12 with ¥, = ¥r and

o = 1Ps.

LEMMA 2.1.4. If 0 < R < S then the norms || - ||g,rp and || - ||ly,sp are equivalent
on S(R™).

Lemma 2.1.4, (2.1.11), (2.1.13), and (2.1.7) prove that for any R > 0 and any u €
S(R™) we have the estimates

I(id + ¥ (D))u | Ly(R™)|| = ||(id + ¥r(D))u + r(D)u| Ly(R™)|
c(llully,rp + llu] Ly(R)]) < 2¢|ully,rp

and

lllg,rp < [1Gd+9r(D))u + Yr(D)u| Ly(R™)| + [dr(D)u| Ly(R")]
< [(d+¢(D))u| Lpy(R™)[| + ¢[lu] Lp(R™)]| < ¢"[|(id +¢(D))u| Ly(R™)]-

This motivates the next definition.

DEFINITION 2.1.5. Let ¥ : R® — R be a real-valued continuous negative definite function.
The 1-Bessel potential space of order 2 with respect to L,(R™) (1 < p < 00) is the space

Hy?(R") = {u € Ly(R") : [lu] Hy*(R")]| < oo}

where
l[w| HY?(R™)| == [|(id + 9(D))u | Lp(R™)|.

REMARK 2.1.6. (i) By definition for every u € HY*?(R™) there exists a unique f € L,(R"™)
such that u 4 ¢(D)u = f and |lu| HY2(R")|| = || f| Ly(R™)]|.

(ii) If ¢ is of the form (2.1.1), then it is clear that for any R > 0 the norms || - ||y &,p
and | - [HY2(R")| are equivalent. Note that || - [ly,rp, = || - |HY#?(R™)|| and that
HY2(R") = HY*2(R") for all R > 0.

Moreover, for u € S(R™) it follows that u € HJ*(R"), and also

lu | HE 2R = |71+ ())a] | Lp(R™)]].

REMARK 2.1.7. (i) Note that if ¥(&) = |€]? or ¥(£) = q(€) is a non-degenerate, pos-
itive definite, symmetric quadratic form, then HY-?(R™) is the classical Sobolev space
W2 (R"™) = HZ(R™).

Moreover, for the continuous negative definite function & — (14 |-[?)/2, 0 < r < 2,
we obtain the classical Bessel potential space H,(R").

(ii) Let ¢ be a continuous negative definite function of the form (2.1.1) and let ¢(§)
be a non-degenerate, positive definite, symmetric quadratic form. Then ¥ := ¢ + ¢ is
again continuous negative definite, and we have HPW’Q(R") = HZ(R") = W2(R™).
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Indeed, using the integro-differential representation (1.4.8) for ¥ (D), ¥ asin (2.1.8),
and Taylor’s theorem, we find

0114) ROl LE) < ([ P ridn) H Z AL
L;O0Tk
B(0,R)\{0}
The continuous injection W7 (R™) < H}*? follows directly from (2.1.14) and the fact that
Yr(D) is a bounded operator in L,(R™).
For the converse inclusion we fix some ¢ > 0 with SB(O O\{0} |z|? v(dz) < 1/2. Then

0%u

Ly (R™)]].

S o | L@ < || X g + el Ly(®)| + (D LB
J,k=1 j,k=1
" 9%
< n
<|| X grgm + Ve | LR
J,k=1
1| <~ 0%u n
+2H Z Oz ;01 p(R™)][,
J,k=1
so that
n 82
n < n
H g |5 ®) 2] X g+ w0 ne

< co([F(D)u] Ly(R™)[| + [Ju | Lp(R™)])).
Choosing r = 1 and A = —¥(D) in Theorem 1.5.7 shows that H}*?(R™) — W2(R").
Because of this remark we can without loss of generality restrict ourselves to negative

definite functions without quadratic part. We will do so if this helps to avoid cumbersome
notation.

(iii) For p = 2 the spaces HY?(R") are Hilbert spaces and are denoted by H*»2(R™).
The spaces H¥"2(R") coincide with the analogue of the Hormander- By, ,-spaces; these
are denoted by Bi,Q(R") and are discussed in detail in [49, Section 4.10].

EXAMPLE 2.1.8. If 4(&) = [&]>/% + ... + |£,]*/% where a,...,a, > 1 (cf. Ex-
ample 1.1.13), then HY*? is the (classical) anisotropic Bessel potential space (of order
2); see [63] and [73, Section 4.2.2].

As usual, for t € R we denote by H!(R™) the classical Bessel potential space, i.e. the
collection of all u € §'(R™) such that

lu] BYR™)| = [FHA+ |- 1%)"%0] | Lo(RY)]| < oo
LEMMA 2.1.9. The operator id + (D) maps S(R") into ;5o H'(R") C CL(R") and
for any R > 0 the operator id + ¥ r(D) maps S(R™) into itself.
Proof. Let u € S(R™) and a € N§. Then
1D (id + (D))u| La(R™) > = | 621+ (&) Pa)) d¢
R"L

<o § (L [EP) L+ (€12 (@) de = cllu| HIM @)
Rn
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implying D*(id + ¢ (D))u € La(R™). Since o € Njj was arbitrary, this leads to the first
part of the conclusion.
Next let us remark that for o, 8 € Nj we find
(2m)"22 D2 p(D)u(w) = 2° DY | e epr(€)u(€) de
RTI,
= | £°(=i0e) (e )pr(€)ul€) d
R?L
=il | et e 0 [Yr(£)u(g)] d,
R’V‘L
which yields
~ dg

] B e a 2\(n+1)/2 9B ”
sup |z”D Du(z)|<¢\ ————————~ - su 1+ 0 U .
sup [o°D3pr(D)u()] S A oz S It (L [0 o (m)a(n)]]
Using the fact that 7 € S(R™) and that g is an infinitely often differentiable function

which has, together will all its partial derivatives, at most quadratic growth, we get by
standard arguments the second conclusion of the lemma. =

REMARK 2.1.10. Note that for a general continuous negative definite function we cannot
expect id + (D) to map S(R™) into S(R™).

LEMMA 2.1.11. Let ¢ : R® — R be a continuous negative definite function and define
the function ¥g, R > 0, as in (2.1.8). In addition, we define for A > 0 on S(R™) the
operator (A\id +r (D))~ by

: 71u — (97 —n/2 eiz{#
(Aid+4¢r(D)) (2m) Rsn A+ vr(E)

Then the operator (A id+ (D))~ maps S(R™) continuously into itself and is the in-
verse of Aid+yr(D) on S(R™).

u(g) de.

Proof. We may argue as in the second part of the proof of Lemma 2.1.9 to get

sup |x5D§f()\ id + (D)) ul
zeR™

1
—d - su
(1 epyenre ©

)

o 2\ (n+1)/293 u(n) >
<] (1 Py

which implies that (Aid +¢g(D))~! maps S(R™) continuously into itself. Moreover, for
u € S(R") we find

(Aid+ ¥r(D)) " (Aid + $p(D))u = F* [A ijf((AidwR(D))u)]
L1 1
= ] =

and an analogous calculation shows (Aid + ¥ r(D))(Nid+ ¥r(D)) 'u = u on S(R"). =

REMARK 2.1.12. (i) Recall that the operator (id+ (D))" is also an L,-contraction
by our considerations in Section 1.5 and by Remark 2.1.2.
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(ii) From Lemma 2.1.11 it is clear that S(R™) C D(Ag)) where

1
A s@n) = —Ur(D)|s@n)
and Yg(D) is defined as above. _

By Corollary 2.1.3 we also know that 1r(D) is a bounded operator in L;(R"). In
addition, since (—9r(D),S(R™)) is a pre-generator of a strongly continuous contraction
semigroup on L,(R™), 1 < p <2, we have

INw +r(D)u| Ly(R™)|| = Allu| Ly(R™)|| for 1 <p <2
leading to B
[Au+ r(D)u| Li(R™)[| = Allu| L (R)]|
for all u,v € S(R™); note that [v|P < |v| + |[v]? for 1 < p < 2. Now it follows by
standard perturbation arguments for the Ly (R™)-generator (A1), D(AM)) of (T\M);=0
(see S. N. Ethier and T. G. Kurtz [18], p. 37) that
D(AW) = D(AR)) N D(~ir(D)) = D(AR)) O S(R"),
i.e., we have proved that also for p = 1 the space S(R™) is contained in D(AM).
THEOREM 2.1.13. For 1 < p < oo the space S(R™) is dense in HY"?(R™).
Proof. By Remark 2.1.12 we know for u € HY?(R™) and R > 0 that (id +¢r(D))u =
f € Ly(R™), ie. u= (id+1r(D))"*f.

Let (p;)jen be a sequence in S(R™) such that lim;_. ||¢; — f| Lp(R™)|| = 0. Then

from Lemma 2.1.11 it follows
vj = F A+ ¥r() 78] = ([d+vr(D))"'p; € S(R™),
and ||u — vjlly.rp = |If — ¢j | Lp(R™)||, which implies that lim;_, ||u — vy, rp = 0.

From (2.1.13) we also have lim;_, [|u—v; | L,(R™)|| = 0. By the L,-continuity of the
operator Yr(D) we obtain lim; o | ¥r(D)u — ’(ZR(D)’UJ‘ | L,(R™)|| = 0.

Consequently, by Remark 2.1.6(ii),

Jim = oy | 2R < lim vyl + T [9r(D)u = Fr(D)o; | Ly(ED)] =0
and the theorem is proved. m

We want to strengthen Theorem 2.1.13, namely to prove that S(R™) is an operator
core for A®) and that D(A®) = HY2(R™). For this we need the following auxiliary
result. A semigroup version of this result can be found in E. B. Davies [16, Theorem 1.9].

LEMMA 2.1.14. Let (A, D(A)) be the generator of a strongly continuous contraction
semigroup (Ty)¢>0 on a Banach space (X, | - | X||) and denote by (R{)x>o the resolvent
of (A,D(A)), i.e. RY = (A\id—A)~L. If D C D(A) is a cone such that D is a dense
subset and R{(D) C D for all A > 0, then D is an operator core for (A, D(A)).

Proof. Write ||ul|a = ||u| X|| + ||Au | X|| for the graph norm of the operator (A, D(A)).

We have to prove that pllla — D(A).
Since D C X is dense, we find for every f € D(A) a sequence (fi)ren such that

T £~ fi| X]| =0.
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Since Rf preserves D we have Rf fr € D, so
1B fi = BXflla = 1B3 fu = BYS | X | + | ARS fi — ARSF | X |
1
< Sl F1X0+ 20— £1%]

since ||AR3|| < 2. It follows that (R fx)ren is a sequence in D which converges in
the graph norm || - [|a to Ryf and R{f € D' Since D is a cone, we also have
)\Rff € 5”“ 4 and we find

IARSS = fllla = IARSS — [ X[+ [AARLf — Af | X]|

o0

< VA MTif — £ X dt+ | Ae M TLAf — Af| X dt
0

0
=\ e (ITo)nf = FIX| + | TopnAf — Af| X)) ds.
0

Using the dominated convergence theorem, and recalling that f € D(A) and T/, is a
contraction, for A — co we get

where the convergence is with respect to the norm ||| - ||| 4. Hence D(A) C DI and the
lemma follows. m

THEOREM 2.1.15. Let 1 < p < oo. For any continuous negative definite function 1 :
R™ — R of the form (2.1.1) we have D(A®P)) = HY2(R™), and S(R™) is an operator core
for (A®) D(A®)).

Proof. Consider the operator ¢)g(D) where g is given by (2.1.8). We already know that
—r(D) extends to a generator of a strongly continuous L,-semigroup which we will
denote by (Ag), D(A%’))). Lemma 2.1.11 shows that its resolvent has the property that

R - (A D))~
2 ls@ny = (A +Yr(D))

A(P) . .
and that each of the operators R, * preserves S(R™). Now Lemma 2.1.14 is applicable,

showing that S(R™) is a core for (Agf), D(A%D)))7 and because of Theorem 2.1.13 we get

-
AR

D(AP) = S®™) F = Hym2(R") = HY*(R"),
where the last equality is essentially Remark 2.1.6(ii). Since S(R™) C L,(R™) is dense
and since
(AP — AD)| sy = (WR(D) — ¥(D))|srn)

is (uniformly) bounded for R > 1, we also see that D(A®)) = HY2(R™).

It remains to show that S(R") is also a core for A®). This, however, is clear since
AP = A%’) + (AP — Ag)) and the second summand is a lower order perturbation, in
fact it is an Ly-bounded operator. m

We want to return to Remark 2.1.10 and to Lemma 2.1.9 and investigate the operator
¥(D) on the space (5o H (R") N Ly(R").



1)-Bessel potential spaces 39

LEMMA 2.1.16. Let f € (V5o H'(R™), let A >0 and define
uwi=F1 { 7 }
ESTORAY

Then u € (V5o H' (R™) and (A +(D))u = f.
If, in addition, f € L,(R"), 1 < p < oo, then u € (5o H'(R™) N HY*(R™).

Proof. For o € Nj we find

1

“u(z) = (2m)~" P ——
Du(z) = (2m) "/ | 5/\+w(£)

Rn

(D*f)™(€) de,

and by Plancherel’s theorem we have

[D%u| Ly(R")]|

2 1/2
|<D“u>A|L2<R">||:(§ L (popne) ds)

on [ AH(E)

1 1
< 1D N L) = 51D | L2(R")])

which implies u € (5, H*(R").
Further, we have

R R R e L =i

Thus f € Ly(R") yields (A + ¢(D))u € Ly(R"), i.e. u € ;50 H' (R") N HY2(R™), and
this proves the lemma. m

PROPOSITION 2.1.17. For 1 < p < oo the space (), H (R") N HY2(R™) is contained
in D(A®).

Proof. For u € ;50 H'(R™) N HY?(R™) the norm [|(1 4 - [)?a(-) | Lo(R™)| is finite and
(1/t)(Tt(2)u —u) + (D)u belongs to La(R™), hence we may argue as in the proof of
Proposition 2.1.1.

In fact, all arguments remain true for u € HY:2(R") since then 9 (-)u € La(R").

On the other hand, for u € ;5o H'(R™) C CZ(R") it follows that ¢)(D)u € Loo(R")
and therefore we find

"

=+ 9(D)u

=Hf”[( )il
- [(EFE s w)asipras e

Applying elementary properties of the inverse Fourier transform and using Plancherel’s

Lo (R™)

oo (R")

Loo(®™)|.
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formula we get

(o)
| =t w0y £t
—n/2 e -1 L 12y—n—2 N\ IGAa n+2 n
< (2m) T T A+ ) Ly(R™)|| - [[(id = A)" u | Lo (R™)

< (27r)’"/2%||1/)2(1 + )T La(RY)] - [1(d — 4)" P | Ly(R™)|

et (+ - PP+ )T Lo @] - flu | H* R,

which implies

+¥(D)u | Loo(R™)

=0 forue (|H (R

t>0
For p > 2 and u € ;5 H'(R™) N HY?(R™) the expression (1/t)(Tt(p)u —u) + ¢(D)u
belongs to L,(R™), and we may argue again as in Proposition 2.1.1 to see that

T;(P),u —u

t
and this means that (1,5, H"(R") N HY2(R™) € D(A®) for p > 2.

Let now 1 < p < 2, u € HY*(R") and v € S(R"). First we observe that in this
situation {p,, Y(D)u - vdr = §, u-¢(D)vder, and for 1/p+1/p" =1 this leads to

(#),, _ Py —
S <Tt?u + w(D)u> ~vdx = S u- (Tt:v + ¢(D)v>dm.
R™ Rn

lim

= 0’
t—0

+¢¥(D)u

Ly(R™)

But now we may argue as in the proof of Proposition 2.1.1 to see that (,~, H*(R™) N

H Z‘f 2(R™) belongs to the domain of the weak generator of (Tt(p ))@07 hence it is a subspace
of the domain of the generator. m

REMARK 2.1.18. Lemma 2.1.16 and Proposition 2.1.17 give an alternative proof for
D(AW) = HY*(R"™), 1<p< oo.

We may consider the operator —¢(D) on L,(R") with domain (5, HY(R™) N
H;”Q(R") or S(R™) and prove that it extends to a generator of an L,-sub-Markovian

semigroup having domain H;WQ(R"). Then it is possible to identify this extension with
(AP D(AP)Y)).

2.2. The spaces H;,/”S(R"). Let ¥ : R — R be a fixed continuous negative definite
function. We denote again by A®)| 1 < p < oo, the generator of the L,-sub-Markovian
semigroup (Tt(p))tzo associated with 1. From Theorem 2.1.15 we know that D(A®)) =
H;,/’vz(R").

Let s > 0. Using the considerations from Section 1.5 we define the abstract Bessel
potential space associated with A®) by

HYS(R™) i= Fy a0 1, (mny = (id = AP)T2(L,(R™)), >0, 1<p<oo.
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For s = 0 we set H{"°(R") = L,(R™). The norm on Fs,a®) L, (rn) IS given by

1| Fy o 1, @l = I1F 1 Lp@®™)] - for u = (id — AP)=*/2f,

From Section 1.5 we know that HY»***(R") < HY»*(R") for s,t > 0.
In what follows we will use the fact that (id — A®))~%/2 is the operator V; introduced
in Section 1.5 by
1

(s/2)
(compare Theorem 1.5.3). In particular, we use the fact that (id — A®))
tion on L,(R™), and that we have the semigroup property
(id—A(P))‘S/Z ° (id—A(P))—t/Q = (id— A(p))—(s+t)/27
which holds on L, (R™) for any s,t > 0.
The aim of this section is to identify F, 4 1, ®») With a function space. More pre-

Vou = i S ts/zfleftTt(p)udt
0

—$/2 {3 a contrac-

cisely, we want to show that F, 4 1, () coincides with the closure of S (R™) with respect
to the norm

(22.1) lu | Hy*(R™)|| = [ F~HA+4)*2a] | LR
A first result is obtained by using Corollary 1.5.5.

COROLLARY 2.2.1. For s > 0,1 < p < o0, and a fired continuous negative definite
Junction ¢ : R™ — R we have HY*(R™) = D((id — AP))s/2),

In particular, HY*(R") — L,(R") — S'(R").
Another immediate consequence is that for u € HY»*(R™) we find (id — AWP))s/2y, €
L,(R™) implying that

lu | > (R™)|| = [|(id — AP))* 20 | Ly (R")]|.

Now we may apply the calculus for fractional powers of generators of contraction semi-
groups to the family of operators (id — A®)s/2 s > 0.
Let s, > 0. As an identity of (closed) operators we have

(id — A(p))8/2 o (id — A(p)>r/2 = (id — A(p))(8+r)/2
and the equality
U,s+T1 n _ : r/2 ,S n ,S+r n
lu| HY=+(R™)]| = [|([d = AP)Pu | HY* (R, we Hy T (R"),
holds. Moreover, we have
(id — A(p))—8/2 o (id — AWPH/2 — (id — A(@))(T—S)/2
and also the estimate
I(id = AP) Pu| LyR™)| < [[(id = AP)F7/20 | LR
In this concrete setting the abstract Lemma 1.5.6 reads as follows:

COROLLARY 2.2.2. (i) For all s,t > 0 we have HY*T'(R") — HY*(R"), 1 < p < occ.
(ii) For all s > 0 the operator (id — A®))s/2 HP»# 7 (R™) — H;"W(R”), 1<p< oo,
1S continuous.
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For k € N and u € S(R™) we have the representation
(id = AP)*u(z) = (2m) /2 | (1 +9(€) u(€) de,
R™
which implies S(R™) C 5 Hy"'(R™).
By Corollary 2.2.2(ii) we conclude that

(id — AP/, € m Hg”t(R") for s >0, ue S(R").

>0

Further, we find that for all r,s,¢ > 0 such that s — r > 0 the operators
(2.2.2) (id— A®)*/2 o (id — AP =/2 . gYHR") — HY T (R™)
and

(2.2.3) (id— AW)~/2 0 (id — AP)¥/2 . HYHR™) — HY 7 (R™)

are continuous. From (2.2.2) and (2.2.3) we conclude that the operator (id — A®))*/2
HYsTHR™) — HY'(R™) is injective for s > 0. For g € HY"'(R™) there exists f € L,(R")
such that g = (id — A®)~t/2f. Setting

wi= (id— AP)"/2g = (id — AP ~EF/2 5 ¢ grsti(Rr)
we find (id — A®)*/2y, = g, i.e., we have proved

COROLLARY 2.2.3. Fors,t >0 and 1 < p < co the operator (id — AP)*/2 H;)/”S”(R”)
— H;f’t(R") 15 a bijective continuous operator with continuous inverse.

PROPOSITION 2.2.4. For any s > 0 the space S(R™) is dense in HY*(R™), 1 < p < oo.

Proof. Let u € HY*(R") and set f := (id — AP))*/2y 50 ||u| HY#(R™)|| = |If | Lp(R™)]].
For ¢ > 0 there exists v. € S(R™) such that ||f —v. | L,(R")|| < e.
Defining w, := (id — A®)~%/2y_ we deduce that w. € H;“(R"), and

lu—we | HY*(R™)| = || f —ve [ Lp(R")| <& m

As an immediate consequence of Proposition 2.2.4 we deduce that H;,/”SH(R”) is dense
in HY*(R") for any t,s > 0.

THEOREM 2.2.5. Let s > 0,1 <p < oo, and ¢ : R™ — R be a fixed continuous negative
definite function. Then for all u € S(R™) we have

(2.2.4) (id — APy = F7L(1 4+ ¢)* ).

Proof. Let u € S(R*), s=k+ o0,k € Ng and 0 < o < 1. Using Theorem 1.4.8 we have
the representation

(id — A®))su(x)

. o0
S wo S

AT LRAY T (1q — A®)) Ry () dA

™
0

— (2)n/2 01O V1 e =20 (1 + () 711 +9(€)) () de dr

™
0 R~
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where we used the fact that for [ € Ny and v € S(R"™) the formulae
(2.2.5) (id — APy = F1(1 + ) 4

(A(p)fid) o1 1 ~
"= (s )

hold. Taking into account that & € S(R™) and that for a > 0,

and

T Aot _ F(J)F(l — U) o—1 _ 7'(' o—1
(S) /\+ad)\_ (1) T sinme ©
we further find
s1 A\ . 7n/2Si1’17T0' o k+loo Ao ~
(id — AP u(z) = (2m) —Rsf (1+9(€)) § BT AT PO %

_pj2Sinmow

= (2m) | e @+ w()Hoace) de

T sinwo B
= (2m) ™2 | (1 + 4(€))*u(¢) d.
Rn

Since for s = k € Ny formula (2.2.4) is already known, the theorem is proved. m
From (2.2.4) we deduce that for u € S(R™),
lu] HY*(R™)|| = |(id = AP 2u| Ly(R™)| = |F 7 [(1 +¢)*/*@] | L,(R™)]],

which means that (2.2.1) is proved.

Moreover, since S(R™) is dense in Hg’ S(R™) it follows that H}»*(R™) is the closure
of S(R™) with respect to the norm || F~1[(1 + v)*/2a] | L,(R™)]|.

From the proof of Theorem 2.2.5 we get the following

COROLLARY 2.2.6. Let s > 0,1 < p < 00, and ¥ : R — R be a continuous negative
definite function. On S(R™) the operator (—A®)* has the representation

(AP *u(e) = (2m) 7 | e ($(€)) a(¢) dé.
R
Now we may apply Theorem 1.5.10.
THEOREM 2.2.7. For u € S(R") and 1 < p < oo the following estimates hold:
(22.6)  o(IF 2] | Lp(R™)| + u | Ly (R™)]))
< lul HY* (R < v (IF 7 *2a] | LyR™)|| + fJu | Ly (R™)])).-
By a density argument, (2.2.6) extends to all u € HI”;”’S(R”) with an appropriate
interpretation of F~'[1)*/?4] and F~1[(1 + v)*/?1], respectively.
REMARK 2.2.8. Note that (2.2.6) says that for the classical Bessel potential spaces
H3(R™) (corresponding to ¥(£) = [¢]?),
%0(I(=2)*2 | Ly(R™)[| + [[u| Ly(R™)]))
<l Hy* (R < 7 ([(=2)72 | Ly(R™)|| + [|u | LR,
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i.e. it gives a comparison of the L,-norms of Riesz potentials and Bessel potentials (com-
pare E. M. Stein [76, Section V.3.2]).

In the previous considerations we have introduced the spaces H. g’ #(R™) for s > 0 and
we have seen in Proposition 2.2.4 that S(R™) is dense in Hg’s(R”).

In what follows we define the spaces H;f’ #(R™) for s < 0, and determine the dual of
H;Z”S(R") for the whole scale of parameters s € R.

DEFINITION 2.2.9. Let 9 : R® — R be a continuous negative definite function, let
1 <p < oo and s < 0. The space HY*(R") is the closure of S(R™) in the norm

(2.2.7) lu | H* (R™)|| = |5 (L +9)*/2a] | Ly (R™)].

Thus we have a scale of Bessel potential spaces HY*(R™), s € R, for which S(R") is
a dense subset with respect to the norm (2.2.7).

Consequently, a continuous linear functional on H;f’ *(R™) can be interpreted in the
usual way as an element of S’(R™).

More precisely, I € S’(R™) belongs to the topological dual space (H;,"’S(R"))’ of
H;f“S(R") if, and only if, there exists ¢ > 0 such that

(2.2.8) ()| < el | HY* (R for all p € S(R™).

The duality assertion must always be understood in this sense.
Recall that all function spaces which are considered here are real.

THEOREM 2.2.10. Let ¢ : R™ — R be a continuous negative definite function, let s € R,
let 1 <p<ooand 1l/p+1/p =1. The topological dual space of H;,"VS(R") is the space
H;/’,’_S(]R") in the sense that for any | € (HY*(R™))’ there exists v € H;ﬁ’_s(R") such
that for all p € S(R™),
(22.9) )= § FHA+0)%0)(2) - F (1 + )@ (2) da
Rn

The norm of 1 is given by ||v | H;ﬁ’_s(R")H.

Conversely, for any v € Hgi’fs(R") an element of (HY*(R™)) is defined by (2.2.9).

Proof. Step 1. We first prove that for any v € H;fi’fs(R") we can define a continuous
linear functional by (2.2.9).

Clearly, the integral in (2.2.9) converges, as a simple application of Holder’s inequality
shows:

)| < o | Hy ™ (R - llp | HY* (R™)])-
By standard arguments we immediately deduce that the functional ! defined by (2.2.9)
has norm ||1|| = |jv| H},~*(R™)].

Step 2. Conversely, assume that a linear functional [ on H ;f’ 5(R™) is given and assume
that (2.2.8) holds.
On S(R™) we introduce the norm

llolll = Il | Hy»* R = [F (L +4)* >3] | Lp(R™)].
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The continuous linear functional [ on (S(R™),||| - [|I) has a representation by a function
w € Ly (R"), ie.
(2.2.10) o) = | FUA+9)23)(@) - w(e) dz, € SER).

R’ll

Since w € L, (R™), there exists a sequence (wp)neny C S(R™) such that
|lwn —w| Ly (R™)|| =0 asn— oo.
We remark that v, = F~ (1 +)*/%®,] € H;/i’fs(R”). Moreover, for m # n,
IF M+ ) 2F (wn — win) [ Hy ™" (R = [[wn — wrn | Ly (R™))]

and this implies that (v,)nen is a Cauchy sequence in H;f,’_s(R"). Denote by v €
H;fi’fs(R") the limit of (v, )pen in H;ﬁ’fs(R"). Since w,, = F (1 4+ )"*/?3,] it fol-
lows that

(2.2.11) w=F (1 +)"*/?0] € Ly (R™).

But (2.2.11) says that (2.2.10) is in fact exactly the desired formula (2.2.9), and the
theorem is proved. m

REMARK 2.2.11. (i) Note that if ¢(&) = [£|* then HY»*(R™) is the classical Bessel
potential space H,(R").

(ii) For p = 2 the spaces HY"*(R™) are Hilbert spaces and will be denoted by H¥*(R™).
In particular, we write H*(R") if (&) = |¢]?.
REMARK 2.2.12. (i) If
(2.2.12) V(&) = |69 + .. &P
where ay,...,a, > 1 (cf. Example 1.1.13), then H;fvs is the (classical) anisotropic Bessel
potential space, denoted by H,*(R"); see [63] and [73, Section 4.2.2].

(ii) Recall that the classical anisotropic Bessel potential space Hj’a(R”) is defined via
an anisotropic distance function associated with a = (aq,...,an).

Given ay,...,a, > 1, a function g : R® — R is called an anisotropic distance function
associated with @ = (a1, ..., ay) if p(§) > 0 for any £ € R” and

Q(talgla cee >ta"€n) = tg(g)a t> Oa g = (513 e 7§n) S R"™.

It is well known that any two anisotropic distance functions ¢; and g associated with a
are equivalent in the sense that there exist two constants ¢, C' > 0 such that

co1(€) < 02(8) < Coi(§), EeR™

For every a = (aq, ..., ay) there exists an anisotropic distance function p € C*°(R™\ {0}).
For fixed s € R and 1 < p < 0o equivalent anisotropic distance functions generate the
same anisotropic Bessel potential space.
The function /1), where 1 is given in (2.2.12), is an anisotropic distance function.

REMARK 2.2.13. It is not hard to see that the scale H*(R™) covers as particular cases

all of the so-called generalized Liouville spaces L;,“ ) from [52, Definition 2.5] where con-
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tinuous negative definite functions 1 of the form

Y(©)? = mlal) + -+ palléal),

with appropriate one-variable functions p1, ..., t,, are considered.

2.3. Embeddings for the spaces H}*(R"). Some embeddings for the spaces HY"*(R"™)
were tacitly stated in the previous section. We will collect them now systematically.

THEOREM 2.3.1. Let 1) : R" — R be a continuous negative definite function, 1 < p < oo,
and t > 0. Then for any s € R,
,5+t n ,8 n
(2.3.1) HY ST (R™) — HP*(R™).
(If s >0, then (2.3.1) also holds for p=1.)

Proof. If s > 0 and 1 < p < oo, then the embedding (2.3.1) is just Corollary 2.2.2.
If s<0and 1< p< oo we distinguish two cases: —s —t > 0 and —s —t < 0.

Case 1. If —s —t > 0, then again by Corollary 2.2.2 we have the embedding
H;ﬁ’fs(R") — H;fi’fs*t(R") where 1/p+1/p' =1,
which leads, after applying the duality theorem (see Theorem 2.2.10), to (2.3.1).
Case 2. If —s —t <0, then HY*T*(R") — L,(R"). Since H!*(R") — Ly (R") we

obtain the embedding (2.3.1) again by applying the duality theorem, and this completes
the proof. m

Let 1 < p,q < oo and denote by M, , the collection of Fourier multipliers of type
(p, q). Recall a tempered distribution m € S’(R") is called a Fourier multiplier of type
(p.q) if
|F~ m@] | Le(R™)|

le | Lp(R™)]|

For standard properties of the space M, , we refer to L. Hérmander [41]. Let us only
mention that

| Mgl = s { 0 ¢ eSEY} <.

.7:(L1 (Rn>) C Mp,p C MQ’Q = Loo(Rn), 1< p <o,
and
(2.3.2) My C My oo =F(LyRY) forl<g<oo, 1/g+1/¢ =1.

Moreover, if ¢ < 2 the space M,, , contains locally integrable functions.
We are now in a position to state a general embedding theorem for the spaces H. ;f’ S (R™)
using the notion of Fourier multipliers.

THEOREM 2.3.2. Let 11,12 : R™ — R be two continuous negative definite functions, let
s,7r€R and 1 <p,q < oo. Then

(2.3.3) HYVS(R™) — HY*"(R")
if , and only if,
(2.3.4) mo= (1+ )" (14 ¢1) 7% € My,
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Proof. We first assume that (2.3.4) is satisfied. Let u € S(R") — HY**(R") and v :=
FH(1 4 41)%/24) € L,(R™). Consequently, we have

llu | H>" (R[] = 15 (L +42) 0] | Lo (R™)|| = |7~ [m0] | L (R™)]]
< Jlm | Mp,gll - lv| Lp(R™) | = ellu| Hy* (R,

which proves, by standard density arguments, the embedding (2.3.3).
Assume now the embedding (2.3.3) and let ¢ € S(R™). Then

1F = @] | Le®™) | = 17 (L +90) /2] | Hy>" (R™)|
< ellF L+ 90) 2R HY S (R = cllp | Ly (R™)]
and this is (2.3.4). =
One can easily obtain several embedding results from the above theorem.

COROLLARY 2.3.3. (i) Let 1 < p < oo and let 1 : R™ — R be a continuous negative
definite function which is unbounded. Then H;;/”S(R") — H;,Z”T (R™) if , and only if, s > r.

(i) Let 1 < p < 00, s > 0, and 11,9 : R™ — R be continuous negative definite func-
tions. Then the embedding HY'*(R™) — HY2*(R") implies that there exists a constant
¢ > 0 such that

L+ 92(8) < c(l+41(§), £eR™
If, in particular, HYV*(R™) = HY>*(R"), we have
1

Cc

(1 +41(8)) <1+ 12(8) < c(1+91()).
The converse assertions hold for p = 2.

Proof. (i) If s > r then the assertion was proved in Theorem 2.3.1 even for the case when
1 is bounded.
Assume now H?*(R") — HY"(R"). By Theorem 2.3.2,

m=(1+¢)""92 e M, , C Lo(R").

Since 1 is unbounded, s > 7.
(ii) We only have to use Theorem 2.3.2 and the fact that M, , C Loo(R"). =

We now present a Sobolev type embedding for the space H;,"VS(R").

THEOREM 2.3.4. Let v : R™ — R be a real-valued continuous negative definite function,
1<p<oo, and s € R. Then

(2.3.5) HY*(R") = Co (R™)
if , and only if,
(2.3.6) FHA+4)"*% € Ly(R™)

where 1/p+1/p’ = 1.

REMARK 2.3.5. Note that according to (2.3.2) condition (2.3.6) is equivalent to the fact
that the function (1 4+ )~%/2 is a Fourier multiplier of type (p, o).
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Proof of Theorem 2.3.4. First assume that (2.3.6) is satisfied.
Let M(-) := (1+(-))~*/2. Using the definition of a Fourier multiplier of type (p, c0),
for any u € S(R") C HY»*(R™) we have
| Loo R™)[| = | FH(L + )" 2F(F (L + ¢)*/*a])} | Lo (R")]]
<M | Myoc - IFHL 4 9)*/20] | Ly (R™)|| = cllu| Hy* (R™)].
Since S(R") is dense in HY»*(R") each element u € HY*(R") is a uniform limit of

continuous functions. Therefore, it has a continuous representative, and the embedding

(2.3.5) follows.
Conversely, if (2.3.5) is satisfied then

[w(0)] < cllu| Hy*(R™)],  ue SER").

This means that ¢y (Dirac’s distribution) is a continuous linear functional on H;f’s(R"),
hence by the duality theorem (Theorem 2.2.10),

o € HY 7 (R™).
By the definition of the space H;/’,’_S(R”), the last condition is equivalent to (2.3.6). =

REMARK 2.3.6. (i) Theorem 2.3.4 extends the result of L. P. Volevich and B. P. Paneyakh
[80, Theorem 13.2] to the the case of general negative definite functions.

(ii) The essential step in the first part of the proof of Theorem 2.3.4 has a nice
interpretation from the point of view of operator theory. For u € D((id +(D))*/?) =
HY#(R™) it follows that

u= ((id+9(D)**) "t o (id +4(D))*u,
and
| Loo (R™)]| < I((id +(D))*/%) 7 Ly (R™) — Loo(R™)]| - [lu | HY* (R™)].
Since ((id +1(D))*/?)~! = (id +(D))~/? = (R;w(D))s/2 (where R;MD) is the resol-

vent of —t(D) at 1) we are searching for a bound for ||((id+(D))*/?)~1| L,(R") —
Lo (R™)||. This operator, however, is defined on S(R™) by

(id+ (D))~ 2u = F (1 +4) /],
and therefore
11+ )"/ | Mool = [[(id +4(D))/? | Ly(R") — Loo(R™)]
= [(BT*)/2| Ly(R") — Lo (R
REMARK 2.3.7. Theorem 2.3.4 is the natural extension of the embedding result stated in

Theorem 2.3.2. In fact if we put ¢ = oo, 13 = 11 = ¥ and r = 0 then via the identification
HYO(R™) = Loo(R™) condition (2.3.4) becomes

m=(141¢)""? € Mp o = F(Ly(R"))
and this is exactly (2.3.6).

EXAMPLE 2.3.8. Let s € R and 1 < p < co. Recall that if ¢(¢) = [£]? then HY»*(R™) is
the classical Bessel potential space Hy(R™). Using the considerations from [63, Section
8.1], where the asymptotic behaviour of the Fourier transform of (14 |z|?)~%/2 is studied
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(see in particular formula (6) on p. 291), it is easy to see that (2.3.6) is equivalent to
s>n/p.

So we recover the classical result that for 1 < p < oo the space H,(R") is embedded
in Coo(R™) if, and only if, s > n/p.

ExXaMPLE 2.3.9. Let se R, 1 < p < ocandlet ay,...,a, > 1. If ¢ is a continuous nega-
tive definite function such that the metric /9 is equivalent to a smooth anisotropic dis-
tance function associated with @ = (ay, ..., ay), then Hl‘f’s(R") is the classical anisotropic
Bessel potential space H;*(R™).

Let us remark that in this case (2.3.6) is equivalent to s > n/p. Indeed, (2.3.6) means
then 9 € H,,”"(R"), implying —s < n(1/p’ — 1) (with a proof similar to that in the
isotropic case) and this is s > n/p.

Consequently, we recover the classical result stated for example in [63, Sections 6.3,
5.6.3] (see also [73, Section 4.2.3]).

Let us remark that in [15, formula (3.9)] it was already observed that s > n/p implies
(2.3.6) for smooth anisotropic distance functions associated with a = (a1, ..., an).

We take a closer look at condition (2.3.6). For simplicity write
Mz) = (14 9(@) "2

A useful criterion for testing (2.3.6) is the so-called Carison-Beurling inequality stated
below. A proof can be found for example in [15, Lemma 1.2] where also a more detailed
analysis is done.

LEMMA 2.3.10. Let 1 <p’ <2, let K =n(1/p' —1/2) and let N > Kk be an integer. If M
is measurable with distributional derivatives DM € Lo(R™), |o| < N, then

IF =M | Ly (R[] < el M| LaR™)[[*=/% Y7 | DTM | Lo(R™)||/.
lo|=N

REMARK 2.3.11. Let 0 < p’ <2 and let Ky = { € R" : [z] <1} and K; = {x € R™:
27-1 < |z| < 27} for j = 1,2,... According to Remark 1.5.2/1 and formula (1.5.2/11)
in [78], as a simple application of Holder’s inequality with exponents 2/(2 — p’) and 2/p’
we have

(23.7)  IF M| Ly (RY)] SC(i (e (1 |f*1M(“3)|2dx)m)pdl/pl'
§=0 K;

REMARK 2.3.12. Let 0 < p’ < 2 and k = n(1/p’ — 1/2). According to [78, Subsection
1.5.4] (see also [73, Subsection 1.7.5]), the right-hand side of (2.3.7) is an equivalent
quasi-norm (norm if p’ > 1) in the Besov space B5 ,(R™). Consequently,

(2:3.8) |F=M | Ly (R™)|| < el|M | BS, (R™)]].

COROLLARY 2.3.13. If M = (1 +1)~%/% ¢ B§ ,(R™) where 0 < p' <2, then F~'M €
L, (R™).

PROPOSITION 2.3.14. If 0 <p' <2, t> K, and if M € H'(R™), then F~'M € Ly (R").
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Proof. Due to our assumption on t there exists the following elementary embedding
between Besov spaces (see for example [78, Proposition 2.3.2/2]):

(2.3.9) BY o(R™) = HY(R™) < BS,(R"),
and the proposition is now a simple application of (2.3.8). m

REMARK 2.3.15. One can prove Proposition 2.3.14 directly, without using the elementary
embedding (2.3.9). For this one has to use the equivalence (of Littlewood—Paley type)

< 1/2
12 E @] ~ (32221 F M | Lo(K)IP)
=0

(if t > 0) and the inequality (2.3.7).

Let us, finally, give explicit conditions on a continuous negative definite function
1 : R™ — R of the form (2.1.1) that guarantee the validity of the continuous embedding
Hy*(R") — Coo (R™).

THEOREM 2.3.16. Suppose that ¢ : R® — R is a continuous negative definite function
with representation (2.1.1) and such that

(2.3.10) L+(&) > co(L+ €3, E€R”,

for some constant ¢y > 0 and some 0 < rg < 1. Fiz 0 <e <1, choose 1/(2—¢) < 6 < 1,

and set
1+ 0e

1+ (—-1)0
Then for this p and its conjugate p' = 1/6 + & we have the following continuous embed-
dings:

D =Deo =

. on/r
HYOMo (R o Coo(R™) and  HY™™™(R™) > Coo(R™).

Proof. Fix R > 0 and denote by 1r the continuous negative definite function (2.1.8)
whose Lévy measure is supported in the ball B(0, R). From the considerations of Section
2.1 we know that the norms || - \H;fs(R")H and || - | HY™5(R™)|| are equivalent for all
s > 0 and any R > 0. Therefore, it is enough to prove the continuous embeddings

H;bg,@n/ro(Rn) < Coo(Rn) and H;fﬁR’e”/”’ (Rn) AN Coo(Rn)-

The advantage is, of course, that 1 is a smooth function whereas 1 is, in general, only
continuous. Moreover, the derivatives of g can be estimated using (1.1.6).
It is not hard to see that (2.3.10) holds if and only if

(2.3.11) 1+ ¢r(€) > cr (L+ 7)™, €£eR,

is satisfied with the same 79 and some constant cg > 0.
In view of Theorem 2.3.4 we have to show that

FHQA +r)om/ o)) € L,(R™) N Ly (R™)
where
1+ 6¢

1
= 2 d p=- 1,2).
D 1+(571)9€(’oo) and p 9+EE(,)
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Recall that for two infinitely differentiable functions f: R — R and g : R” — R and
for any o € N{j one has

ol ol B0\ % @ g\ 2
(2312) 804(fog):Zf(J)(g())Z(SB'&Y"6w‘<ag‘()) <a(j7'()>

where the second sum extends over all pairwise different multi-indices 0 # 3,7,...,w €
Ng and all dg, 6, ...,d, € Nsuch that 6gB8+d,v+...+0,w =aand dg+6,+...+0, = J.
Since

0 1
—n2r0p’:0n ~+¢e| =n+06ne>n,
27‘0 0

we conclude from (2.3.11), (2.3.12), and (1.1.6) that

(2.3.13) 0% ((1+1pg)~"/20)) € L,y (R™)
for all & € N§. Since p’ < 2, we find using the Hausdorff-Young theorem that
(2.3.14) FHO(1+ vr) "/ 0))] € L,(R™)

for any o € Njj. This shows the embedding H;%R’en/m (R™) — Coo(R™).
For m € N we observe that
FHA A+ 9r) 7€) = (L4 [€7) 7™ (1 + €)™ F (1 +¢r) ="/ )](€)
= (L4 [¢*) ™ F M1 = A)™((1+ wr) =" )] (&),
An application of Holder’s inequality gives
|7 (1 4 o) O GO | Ly (R
= J 1) | F = )™ (14 r) " EOD] (€ de

Rn

( S (1+ ‘€|2)*mp’p/(pfp') d{)

Rn

1-p'/p

IN

’

(T IF - Ay (4w de)

Rn
(Observe that p’ < 2 < p.) Choosing m large enough we find
1F 7+ 9r) ] | Ly (R™)
< e(m,p, )| F (1 = A)™((1 + vr) "] Ly(R™)| < oo
because of (2.3.14). This means that F~1[(1 + )~/ ()] € L, (R"), and by Theo-
rem 2.3.4 we find H;bR,Qn/ro (R™) — Cx(R™). m
REMARK 2.3.17. Note that the limiting case of Theorem 2.3.16 as 8 — 1/(2 — ¢) gives
p=p =2 and
HYM O R < Ou(R™),  0<e<1,

and letting € — 0 we get

HYS(R™) = Coo(R™), 5> ——.
27‘0
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This, however, also follows from a direct calculation in Lo(R™) involving Plancherel’s
theorem.

2.4. Complex interpolation. We are now going to present some complex interpolation
results for the 1-Bessel potential spaces.

Let us recall some basic facts on complex interpolation of Banach spaces following the
presentation of [77, Section 1.9] where one can find further properties and references; see
also [79, Section 1.6.3].

Let {Xo, X1} be an interpolation couple, that is to say, there exists a linear complex
Hausdorff space H such that both Xy and X; are linearly and continuously embedded
in H. Assume that X, and X; are Banach spaces and set X = X + X;.

Let G={z € C:0< Rez < 1} be a strip in the complex plane.

Let W(G, X) be the collection of all functions w defined on G with the following
properties:

(a)  w is X-continuous in G and X-analytic in G with sup, & [|[w(z) | X|| < oo.

(B)  w(y) € Xo and w(l + iy) € Xy with y € R are continuous with respect to y in
the respective Banach spaces.

() [ W(G, X)|| = max(sup, e [[w(iy) | Xoll, supyer [[w(l +iy) | Xu]) < oo
By the maximum principle W(G, X) is a Banach space.

DEFINITION 2.4.1. Let {Xg, X1} be an interpolation couple of Banach spaces, let X =
Xo+ X1 and let 0 < 6 < 1. Then

[Xo, X1]p = {u € X : there exists w € W(G, X) such that w(f) = u}
and
(2.4.1) llu| [ Xo, X1lo|| = inf{||lw| W (G, X)|| : w € W(G, X),w(d) = u}.
An equivalent norm in [Xg, X1]p is given in the next lemma.

LEMMA 2.4.2. Let {Xo, X1} be an interpolation couple of Banach spaces and let 0 <
0 < 1. Then

(2.4.2)  fu|[Xo, X1]oll = inf{(sup [[w(iy) | Xol)' =" - (sup [[w(1 +iy) | X1[])},
W yeR yER

the infimum ranging over all w € W(G, X) such that w(0) = u.

Proof. Step 1. According to condition () from the definition of the space W (G, X) we
have

sup [|w(iy) [ Xoll, sup [[w(l +iy) | Xy ]| < [lw [W(G, X)],
yeR yeR

and consequently the right-hand side of (2.4.2) does not exceed the left-hand side.

Step 2. In order to prove the converse inequality we observe that z — a*~%w(z),
a > 0, is an admissible function for the infimum in (2.4.1). Using condition () again, we
have

(24.3) || [Xo, X1]o|| < max{a™® Sup [w(iy) | Xol|, a*~* sup [[w(1 +dy) | Xa|}-
ye ye
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If now [[w(1 +dy)|X1]] = 0, then a — oo in (2.4.3) yields the desired conclusion.
Otherwise we choose
supyeg [[w(iy) | Xoll
- supye w(l+iy) | X
in (2.4.3), and deduce that the left-hand side of (2.4.2) does not exceed the right-hand
side. m

REMARK 2.4.3. The above lemma is a general version of Lemma 2.4.6/3 in [78].

EXAMPLE 2.4.4. Let 1 < pg,p1 < 00, let 0 < 6 < 1, and let 1/p = (1 —0)/py + 0/p1.
Then it is well known (see for example [77, Theorem 1.18.4]) that

(2.4.4) [Lpo (R"), Ly, (R")]g = Lyp(R™).
Applying Lemma 2.4.2 to (2.4.4) we have
(24.5)  [lv| Lp(R"™)|| = inf{(sup ||g(iy) | Lp, (R™)I)*~7 - (suplg(L + iy) | L, (R™)[)’},
9  yeR yeR

the infimum being taken over all g € W(G, S'(R™)) such that g(6) = v.

Since —1(D) generates a sub-Markovian semigroup, the operator id + (D) is a pos-
itive operator, i.e., (—o00,0] is contained in the resolvent set and we have the estimate

(id + (D) — Aid) A€ (—o00,0].

<
14|
By standard techniques (cf. H. Amann [2, Example 4.7.3(c), p. 164,], or H. Triebel [77,

Theorem 1.15.3, p. 103]), we conclude that the imaginary powers of id + (D) are locally
bounded.

LEMMA 2.4.5. Let ¢ : R™ — R be a continuous negative definite function and 1 < p < oco.
Then there exist constants v > 0 and Cy > 1 such that

(2.4.6) i+ (D) ¥u| Ly(R™)|| < Cre"lflu] Ly (R")]|

for all y € R.

We return to our spaces H;f’ *(R™) and prove the main result of this section.
THEOREM 2.4.6. Let ¢ : R™ — R be a continuous negative definite function, let sg, s1 €
R, let 1 < pg,p1 <00, and 0 < 0 < 1. Set
1-6 0

Do b1

1
s=(1-60)sg+0s1, -—=
p
Then
[H;bg,so (Rn)’ H;bl,sl(Rn)]e _ H;b,s(Rn).
Proof. Let X = HY*(R") + HY**(R") — S§'(R") and G ={z € C: 0 <Rez < 1}. For
simplicity let us write Hy(R™) = [HY:*0 (R™), H¥*t (R™)].

Step 1. Let u € Hy(R™) and choose any w € W(G, X) with w(8) = u. We define on
G the function g, by

(2.4.7) gw(z) _ f_l[e(z_a)Q(l +d))((1—z)so+281)/2f~(w(z))].
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Let us check that g,, satisfies conditions (a)—(7y) for the interpolation couple L,, (R™),
k = 0,1. It is clear that g, is analytic in G, continuous in G, and the boundedness
condition of («) is readily verified. Moreover,

gu(iy) = W= (1 (D)) V=0 RET (1 4 )"0 2 F (wiy))],
guw(1 +iy) = eI (14 (D)) V=0 RET (1 4 ) 2F (w(1 + iy))).
By Lemma 2.4.5 we find for some v = y(sg,s1) > 0 and C, > 1 that
(2.4.8)  [lgu (i) | Lpo (R™)[| < [T+ (14 (D)) vl =002
X IF T+ ) 2 F (w(iy))] | Ly, (R™)]

< Che VT WL+ )P F (w(iy))] | Ly, ®)]
< M| F 7+ )2 F (w(iy))] | Ly, (R™)]|
= M, ||w(iy) | Hyy™ (R™)]),

where

202
M, =supCye™? 0% el < .
yEeR

In particular, g, (iy) € L,,(R™). A similar calculation shows g,,(1 + iy) € L,, (R") and
(2.4.9) 19w (L +iy) | Ly, (R™)|| < M, [lw(L +dy) | Hy™ (R™)]].
Finally, observe that

9w(0) = F (1 +9)*2F(w(6))] =: v.

Using the interpolation result between the spaces L,, (R™), k = 0,1 (cf. Example 2.4.4),
we find
] Hy* (R = | F (1 + ) 2F(w(0))] | Ly(R™)|| = [[v] Ly(R™)]|
= inf su iy) | Ly, (R™)||*79 - su 1+iy) | L, (R™)]°
s 2y (100 RO gl ) 2 R
g(0)=v

< sup | gu (i) | Ly R - sup lgu (1 + ) | Ly, (R™)]|,
yER yER
where g,, is the function (2.4.7)—mnotice that g,, is an admissible function for the “inf”.
By (2.4.8) and (2.4.9) we have
| H (R < My~ M sup [[ew(iy) | Hyy* (R™)[* - sup [[w(L + iy) | Hpy* (R™)]|°.
yeER yER
Since w € W(G, X) with w(f) = u was arbitrary, we can pass to the infimum over
these w, and conclude from Lemma 2.4.2 that
e | EE* (R[] < M~ M|l | Ho||
This proves [H}:* (R"), HY»*' (R")]g = Hp — H}*(R").

Step 2. For the converse inclusion we assume that u € H;“%R"). Observe that
(id+(D))*/2(HY*(R")) = Lp(R™), so v := F'[(1 + ¢)*/?Fu] € Ly(R"). Using Ex-
ample 2.4.4 we get [Lp, (R™), Ly, (R")]s = L,(R™), and we may choose an arbitrary
g € W(G,S'(R")) with g(#) = v and g(k + iy) € L, (R™), k = 0,1. In analogy to
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(2.4.7) we introduce a function w, by
wy(z) = F O (L) D2 R (g (2)))

Using calculations similar to those in Step 1, one checks that w,(8) = v and that w,
satisfies conditions (a)-(y) for the interpolation couple HY**(R"), k = 0,1. Invok-
ing again Lemmas 2.4.2 and 2.4.5 we find—just as in the first part of the proof—that
HP#(R") < Hg = [H:*(R™), H51 (R™)]p. m

2.5. Capacities and quasi-continuous modifications. So far we have not used
the fact that the L,-sub-Markovian semigroup (Tt(p ))tZO associated with a continuous
negative definite function v : R® — R is sub-Markovian and that therefore each of
the operators V,”) = (id — A®)="/2 is positivity preserving, i.c. u > 0 a.e. implies
Tt(p D >0 a.e. and %(p Ju > 0 a.e. This property will now be used to study elements of
the space HY""(R™) using capacities. We will associate with the semigroup (Tt(p ))tzo a
one-parameter family (cap,.,)r>o0 of (r, p)-capacities which should in fact be considered
as a two-parameter family (cap?’.’p)wo, p>1 associated with the real-valued continuous
negative definite function .

The concept of (r, p)-capacities was introduced by P. Malliavin in [58] for symmetric
sub-Markovian semigroups (see also [59]), and many investigations have been done in the
context of sub-Markovian semigroups by M. Fukushima and H. Kaneko (see [26]-[28] and
[53]). We will follow these papers to a certain extent and omit some proofs.

For an open set G C R™ we introduce the (r, p)-capacity (associated with a continuous
negative definite function ¢ : R® — R) by

Caplr/’)p(G) = inf{||u| H;,/”T(R”)Hp cu € H;f’r(R”) and u > 1 a.e. on G}.
For an arbitrary set £ C R™ we put
cap’f’p(E) = inf{cap;/”p(G) : E C G and G open},
which turns cap}f’,p into an outer capacity.
REMARK 2.5.1. (i) Note that (r,p)-capacities can be defined for the (abstract) Bessel
potential spaces F. 4,1, ®n) When A is the generator of an L,-sub-Markovian semigroup;
see [28] and [34].
(ii) Whenever it is clear which ¢ is meant, we will write cap,.,, instead of capﬁp.

For a proof of the next result one should consult [28] or the very detailed discussion
in the second chapter of [50].

THEOREM 2.5.2. Let 1) : R" — R be a continuous negative definite function, 1 < p < oo,
and r > 0.

(i) For any measurable set E C R™ we have A" (E) < cap,.,(E), i.e. any measurable
set of (r,p)-capacity zero is necessarily of Lebesgue measure zero.

(ii) If E C F CR", then cap, ,(E) < cap, ,(F).
(iii) If r <" and p <, then cap, ,(E) < cap,. , (E) for all E C R".
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(iv) For any sequence (E;) en of subsets of R™ we have

cap,. , < U Ej) < anpr’p(Ej).
j=1 j=1

(v) For any decreasing sequence (K;);>1 of compact sets K; C R™ we have

o0
cap,. , < ﬂ Kj) = lim cap, ,(K;) = inf cap, ,(Kj).
i j—o0 i>1
DEFINITION 2.5.3. Let ¢ : R™ — R be a continuous negative definite function, 1 < p
<00, 7 >0, and let cap,. , be its (7, p)-capacity.

(i) A set N C R™ with cap, ,(N) = 0 is called an (r, p)-exceptional set (with respect
to ).

(ii) A statement is said to hold (r,p)-quasi-everywhere (with respect to 1) if there
exists an (r, p)-exceptional set N such that the statement holds on R™ \ N. We will use
the abbreviation (r, p)-q.e. for (r, p)-quasi-everywhere.

(iii) A real-valued function u defined (r,p)-quasi-everywhere on R™ is called (r,p)-
quasi-continuous (with respect to 1) if for every e > 0 there exists an open set G C R"
such that cap, ,(G) < ¢ and u|ge is continuous.

(iv) A function u € HY"(R") is called an (r,p)-quasi-continuous modification of
u € H;;”’T(R") if u is quasi-continuous and u = u almost everywhere.

The following results were proved for abstract Bessel potential spaces F;. 4 1, (&) in
[27]; detailed proofs are again given in [50]. We state these results for F,. 4 1, &n) =
H;W(]R"). Note that in [27] the regularity of F,. 4 1, ®n) is required; see Remark 1.5.4.

In the case considered here, i.e. Fp. 4 1 (rn) = H;,/”T(R"), the regularity is guaranteed
by Proposition 2.2.4.

PROPOSITION 2.5.4. Let u € HY"(R™) be (r,p)-quasi-continuous and u > 0 a.e. on an
open set G. Then u >0 (r,p)-q.e. on G.

THEOREM 2.5.5. (i) Each u € HY"(R™) admits an (r,p)-quasi-continuous modification
u which is unique up to (r,p)-quasi-everywhere equality.
Moreover, for any o > 0 we have the following Chebyshev-type inequality:

~ 2
capy, ({[u] > o}) < Ellulﬂﬁf’”(R”)Hp, 1 <p<oo.
(ii) Let (uk)ren be a sequence in HY"(R™) converging to w € HY"(R™). Then there
exists a subsequence (uk,)ien such that
lim ug, (z) =u(z) (r,p)-g.e.
l—o00
where again @ is the (r,p)-quasi-continuous modification of u.

An important result proved by S. Albeverio and Z. M. Ma in [1] in the abstract Bessel
potential situation gives the possibility to obtain @ from a kernel representation.
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THEOREM 2.5.6. There exists a kernel v (2,dy) such that for all w € HY"(R™) given

by u = (id— A®)Y="/2f where f € L,(R™), an (r,p)-quasi-continuous version of u is
given by x — o, f(y) P (z,dy).
REMARK 2.5.7. Note that from the formula

1

(ld — A(p))fr/zu = m X tr/271€7tTtU dt
0

it is clear that (id — A®)~7/2 has a kernel representation.
The importance of Theorem 2.5.6 is that we may use a single kernel to get for each
u € HY"(R™) an (r, p)-quasi-continuous representation.

We follow again the general line of [27] and [28].
THEOREM 2.5.8. For any A C R™ with finite (r,p)-capacity there exists a unique function

ug € {u € HY"(R™) : & > 1 (r,p)-q.e. on A} which minimizes the norm || - | HY" (R™)]].
The function ua is non-negative and satisfies

(2.5.1) cap, ,(A) = lua | HY"(R™)|P.

DEFINITION 2.5.9. The function u4 satisfying (2.5.1) is called the (r, p)-equilibrium po-
tential of the set A.

Using the existence of the equilibrium potential, one can prove that cap, , is in fact
a Choquet capacity.

THEOREM 2.5.10. (i) If a sequence (u,)ven of (r,p)-quasi-continuous functions u, €
H;“WR”) converges to u € HY"(R™) in the norm || - | HY"(R™)||, then a subsequence
of (uy)ven converges (r,p)-quasi-everywhere to an (r, p)-quasi-continuous modification u

of u.

(i1) If (A,)ven 48 an increasing family of sets we have
o0
cap,., ( U A,,) = sup cap,. ,(A,).
v=1 veN

Clearly a corollary to this theorem is that cap;ﬁp is a Choquet capacity.
Let u € HY"(R") and & be an (r, p)-quasi-continuous modification of u. Further, let

E C R™ be any set and consider the space
HYJ(R) = {u € HY"(R™) : i = 0 (r,p)-q.e. on E}.

From Theorem 2.5.5(ii) we deduce that H;bg(R”) is a closed subspace of H¥""(R™). It is
of great interest whether the following (v, r, p)-spectral synthesis problem (in the sense of
L. Hedberg [31]) is solvable:

PROBLEM 2.5.11. Let F' C R™ be a closed set, let 0 < r <1 and let u € H;Z’FT(R") Does
there exist a sequence (ug)gen,

T, T C ) ”‘HZ)T(R")”
u, € HY"(F€) := Cg°(F°) :

with the interpretation C§°(F¢) C C§°(R™), such that limy o [Jup — u| HY"(R™)| = 07
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Since in this paper we are mainly interested in properties of the spaces H;”’T(R") as
function spaces, we will not discuss the balayage problem in these spaces here.

Let us, finally, consider the question of comparability of (r,p)-capacities associated
with different continuous negative definite functions ; : R® — R, j = 1, 2. For the case
p=2and r =1, i.e. the symmetric Dirichlet space situation, such a comparison result is
due to J. Hawkes [30]. Stated in our context, his theorem reads as follows:

THEOREM 2.5.12. Let 9; : R — R, j = 1,2, be two continuous negative definite
functions such that for all £ € R™,

LIRS S

M A+11(§) = A+1h(8)
holds for some M > 0 and some A > 0. Then

M caplﬁg(A) < caplﬁé(A)

for all analytic sets A C R™.

A combination of Theorem 2.5.8, equality (2.5.1), and Theorem 2.5.10(ii) enables
us to obtain a comparison result for capacities from embedding results for the spaces
HY» ™ (R™) and HP2"(R™).

COROLLARY 2.5.13. Let 9; : R® — R, j = 1,2, be two continuous negative definite
functions and 0 < r1,r9 < 00, 1 < p1,p2 < 00. If the space H;i”“? (R™) is continuously
embedded in the space H;fll”"l (R™) and the estimate

(25.2) l[u| HyE™ (R < ellu| Hyz"(R™)]|
holds, then for all analytic sets A C R™,
cap“f’f)pl (A4) < ccap?? (4).

T2,P2
Note that in Section 2.3 we give some conditions in order that (2.5.2) holds. Corol-
lary 2.3.3 in particular generalizes Hawkes’ result, i.e. if 1 + 1y < ¢(1 + 1) then
c Capﬁ”lz < (:ap;/j?2 for any r > 0.
An immediate consequence of Theorem 2.3.4 is

COROLLARY 2.5.14. If F='[(1+14)""/?] € Ly(R"), 1/p+1/p’ =1, then cap, ,(A) =0
implies A = ().
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