Contents

[ PreliIAITES - « - oo e vt e e e e e e e e e e 5
1.1. Background|........ .. i 5
|i .2. _Amenability for Banach algebras|....................o oo 7
.................................................................. 9
1.4, Intrinsic characterizations] .. .....co vttt 10
.5, Pomtwise variations] . . ..o oottt 12
1.6. Results concerning 1deals|.......... .. .. . .. 14
1.7. Banach function alge ras: ......................................................... 16
[T.8° Banach sequence algebras] .. .......o.ouiriir i 17
[1.9. On approximate identities|.................. ... 25
[L-10. SUBMNATY OF THEOITOTAEIONS] - -+ -+« -« e v v eeeeenee e e e e et e e e e eeeei, 26
27 Semigroup algebras]. . .. ..ot 27
2.1. Background| . ........... . e 27
|2.2. The case where F(S) ﬁnite| ....................................................... 28
[3.A weighted semigroup algebra] .. .......ovirininri i 30
[B.1_Basic definitions]. . . . ..o ovt et 31
8.2, _The Gel'fand transforml. ... ... 32
[3.3.  An approximate 1dentity] .. ... 34
[3.4. Weak amenability and amenability]..................... ... 34
3.5. Pointwise amenability| ....... ... 35
[3.6. Bounded approximate CONETACTIDIIEY]. .« « o« v v v ettt et et et 36
3.7. Pointwise approximate amenability|.......... .. ... . 38
3.8. Convergence of ‘talls’|. ... ... ... 39
[3°9. Approximate amenabIlity]. . .« .o «v vttt ettt e 40

|3 0. SUIIINATY] « « o v et ettt et et e e et e e e e e e e e e e e 42
|3.11. A subsidiary example]........... .o 43

......................................................................... 44
AT Tntroduction]: - v« v vee e 44
4.2. T'he approximate amenability of Segal algebras on T|.............................. 46
437 Segal algebras 01 ] . ... vu ittt ettt e e e e 50
|4.4. The pointwise approximate amenability of Segal algebrason T} .................... 54

5. POSESCIIPH - o v ettt 55

B Open questions]|. .. ....ovii 55

ReferenCes] . . . oot 55

(3]



Abstract

In recent years, there have been several studies of various ‘approximate’ versions of the key
notion of amenability, which is defined for all Banach algebras; these studies began with work of
Ghahramani and Loy in 2004. The present memoir continues such work: we shall define various
notions of approximate amenability, and we shall discuss and extend the known background,
which considers the relationships between different versions of approximate amenability. There
are a number of open questions on these relationships; these will be considered.

In Chapter 1, we shall give all the relevant definitions and a number of basic results, partly
surveying existing work; we shall concentrate on the case of Banach function algebras. In Chapter
2, we shall discuss these properties for the semigroup algebra £'(S) of a semigroup S. In the
case where S has only finitely many idempotents, £*(S) is approximately amenable if and only
if it is amenable.

In Chapter 3, we shall consider the class of weighted semigroup algebras of the form £ (N, w),
where w : Z — [1,00) is an arbitrary function. We shall determine necessary and sufficient
conditions on w for these Banach sequence algebras to have each of the various approximate
amenability properties that interest us. In this way we shall illuminate the implications between
these properties.

In Chapter 4, we shall discuss Segal algebras on T and on R. It is a conjecture that every
proper Segal algebra on T fails to be approximately amenable; we shall establish this conjecture
for a wide class of Segal algebras.
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1. Preliminaries

1.1. Background. In this memoir, we shall be concerned with Banach algebras and
derivations into bimodules over these algebras. In this first section, we shall recall some
basic properties of Banach algebras to which we shall refer. For full details, see [T1].

Let A be an algebra, always over the complex field, C. The algebra formed by adjoining
an identity to A (even when A already has an identity) is denoted by Af. A character
on A is a non-zero homomorphism from A to C; the collection of characters on A will
be denoted by ® 4, and called the character space of A. An algebra A factors if every
element of A is the product of two other elements, and A factors weakly if A = A?, that
is to say, every element of A is a finite sum of products. Of course, A factors whenever
A has a (one-sided) identity.

Let F and F be Banach spaces. Then we denote by B(E, F') the Banach space of all
bounded linear maps from E to F. We write B(E) for B(E, E), so that B(E) is a unital
Banach algebra with product the composition of operators. The dual of a Banach space
E is denoted by E’, and the duality is expressed by

(x,A) = (z,)\), ExE —C.
For T € B(E, F), the dual T" of T is defined by
(2, T'\) = (Tz,\) (v €FE,N€F),
so that T" € B(F', E"). For a subset S of a Banach space E, the annihilator of S is
S°={NeE :)\S=0}

A closed subspace S of E is weakly complemented in E if S° is a complemented subspace
in E’. The projective tensor product of E with itself is denoted by E ® E; the projective
norm is

lal| := inf{z il lleill :a = b @ ci} (ae ERE).
i=1 i=1
Now let A be an algebra and X an A-bimodule. A derivation from A into X is a
linear map D : A — X such that
D(ab) =a-Db+ Da-b (a,be A).

Derivations of the form
a—~a-v—x-a, A—X,

for some x € X are inner derivations. In this case, we say that = implements the inner
derivation. Let ¢ € ®4. Then a point derivation at ¢ is a linear functional d : A — C
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6 H. G. Dales and R. J. Loy

such that
d(ab) = ¢(a)d(b) + ¢(b)d(a) (a,be A);
that is, a derivation d : A — C, where C has the A-bimodule actions
a-z=z-a=¢(a)z (a€ A z€C).

Let A be a Banach algebra. Then A? is also a Banach algebra in a standard way which
gives the adjoined identity norm one. There is a continuous product map m: AQ A — A,
so that 7 is the continuous linear operator satisfying the constraint that

m(la®b)=ab (a,be A).

A Banach space X which is an A-bimodule is a Banach A-bimodule if the module oper-
ations are continuous; in fact, we shall suppose that

max{|la -z, |z -all} <llall <] (a € A,z € X).

For X a Banach A-bimodule, X’ is also a Banach A-bimodule for module maps defined
by
(x,A-a)={(a-x,\), (v,a-A)=(x-a,)) (a€AhzeX NeX).

The Banach algebra A is a dual Banach algebra if there is a || ||-closed submodule X of
A’ such that X’ = A as a Banach space; this is equivalent to the requirement that X be a
Banach space with X’ = A and that the product in A be separately o(A, X)-continuous.

A [bounded] left approximate identity for A is a [bounded] net (u,) such that
la — uqal| — O for each a € A; similarly for right and two-sided approximate identi-
ties. By Cohen’s factorization theorem [I1, Theorem 2.9.24], A factors whenever it has a
bounded left or right approximate identity. From a pointwise perspective, A has bounded
approximate units if there is a constant K > 0 such that, for each a € A and € > 0, there
is u € A such that ||ul]| < K and |la — au|| + ||a — ua|| < e. It is standard that this implies
that A has a bounded approximate identity [II} §2.9].

Let G be a locally compact group. We shall have occasion to refer to the group algebra
L(G) of G. This is the Banach space

{f : G — C, f measurable : ||f]| := /G [f(@)]du(t) < oo},

where p denotes left Haar measure on G and we equate functions that are equal almost
everywhere with respect to j; the product on L!(G) is defined by

(f*g)(t) = /G f($)a(s~ ) du(s) (€ G, f.g€ L1G)),

and now (L1(G), %, || - ||) is a Banach algebra. In the case where G is discrete, we write
(1(G) for L1(G). For details, see [11], §3.3], for example.

On purely notational matters, we write N = {1,2,...}, Z* = {0,1,2,...}, and we
set Ny = {1,2,...,k} (k € N). For an algebra A, we write M, (A) for the algebra of
n X n-matrices over A, so that M, (A) = M,, ® A. Let A be a Banach algebra. When
normed as the algebra of operators on the n-fold Cartesian product (A)(™), the algebra
M, (A) is a Banach algebra. We denote the cardinality of a set S by |S|.
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1.2. Amenability for Banach algebras. The notion of amenability for Banach alge-
bras was introduced by Johnson in 1972 [41], and has been extremely fruitful; after 35
years the consequences continue to be actively studied. There is an extended discussion
of this topic in [I1], §2.8]. About the same time as Johnson’s work appeared, Helemskii
and his school in Moscow independently developed the theory of ‘topological homology’
which gave a more categorical approach to many of the same ideas [3§].

Let A be a Banach algebra, and let X be a Banach A-bimodule. The space of contin-
uous derivations from A to X is denoted by Z1(A4, X), and the space of inner derivations
from A to X by N'1(A, X); the first (continuous) cohomology group of A with coefficients
in X is defined to be the quotient space

HYA, X) = ZY (A, X) /N (A, X).

We shall see below that A is amenable if and only if H'(A4, X’) = {0} for each Banach
A-bimodule X, and that A is contractible if and only if H'(A4, X) = {0} for each Ba-
nach A-bimodule X. It is a famous conjecture that every contractible Banach algebra is
finite-dimensional. This is true for commutative Banach algebras and for C*-algebras; see
[63] for a fuller discussion. The class of amenable Banach algebras is a far richer study
than that of contractible Banach algebras. For example, the determination of which C*-
algebras are amenable, namely the nuclear ones, has been a major strand of operator
theory in recent decades; see [111 [64].

One of the most famous results is the following theorem [41]; see also [11 Theorem
5.6.42]. Tt is the origin of the term ‘amenable’ for Banach algebras.

THEOREM 1.2.1 (Johnson). Let G be a locally compact group. Then the group algebra
(LY(G),*) is an amenable Banach algebra if and only if G is amenable as a locally
compact group. m

Let S be a semigroup with semigroup algebra £1(S); see Chapter below for more de-
tails of this algebra. The characterization of the semigroups S such that £1(S) is amenable
as a Banach algebra is somewhat complicated; such a characterization is given in [I3].

Let E be a Banach space. It is a deep and interesting question to determine when
the algebra B(E) of all bounded linear operators on E is amenable. The intuition is that
when FE is infinite-dimensional then B(E) is ‘too big’ to be amenable, but this intuition
has recently proved to be false. Let K(E) denote the closed ideal of compact operators in
B(E). A recent paper of Argyros and Haydon [I] produces an infinite-dimensional Banach
space E such that every operator on E has the form (Ig + T, where ( € C and T is a
compact operator. Thus K(E) has codimension 1 in B(E). This solves the famous ‘scalar-
plus-compact’ problem. It follows from [37] that K(E) is an amenable Banach algebra,
and so B(E) is also amenable. This is the first known example of an infinite-dimensional
Banach space E such that B(E) is amenable.

Consider the case where F is the standard sequence space P, where p > 1. In the
case where p = 2, £2 is a Hilbert space, and it was shown, effectively by Wassermann
[68], that the C*-algebra B(H) is amenable only if dim(H) < oo. A completely different
proof that B(¢!) is not amenable was given by Read [58], and a synthesis of these two
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results was given by Ozawa [55]. Finally, building on results in [16], Runde has recently
shown that B(¢?) is never amenable for 1 < p < oo [65].

An apparently easier question is to determine the amenability of IC(E). There are
infinite-dimensional spaces E where the result is known: for example K(¢2) is amenable,
but K(¢" @ £°) is not amenable whenever r,s € (1,2) U (2,00) are distinct [37]. Since
amenable algebras have a bounded approximate identity, this question is related to ap-
proximation properties for E and E’ [37]. Nevertheless we still await a full characterization
of the Banach spaces F such that K(E) is amenable.

The related notion of weak amenability was introduced in [3] for commutative al-
gebras, and more generally in [43]. Indeed, by definition, a Banach algebra is weakly
amenable if H(A, A’) = {0}. For a locally compact group G, the group algebra L(G)
is always weakly amenable [II, Theorem 5.6.48], and C*-algebras are always weakly
amenable [I1], Theorem 5.6.77]. The Banach function algebra lip,, (T) is not amenable for
0 < a < 1, but it is weakly amenable for 0 < o < 1/2 [3, Theorem 5.6.14].

For the sake of later comparisons, we recall the following properties of amenable
Banach algebras; see [11} §§2.8, 2.9] for the proofs of the statements.

THEOREM 1.2.2. Let A be a Banach algebra, and let I be a closed ideal of A.

(i) Suppose that A is amenable. Then A has a bounded approximate identity, and so
A= A2

(ii) Suppose that A is amenable. Then A/I is amenable.

(iil) Suppose that A is amenable and that I has a bounded approximate identity. Then I
18 amenable.

(iv) Suppose that A is amenable and that I is weakly complemented. Then I has a bounded
approzimate identity (and so is amenable).

(v) Suppose that I and A/I are amenable. Then A is amenable. m

DEFINITION 1.2.3. An approzimate diagonal for A is a net (mg) in A® A such that, for
each a € A,

la-mo —meg-a|| >0 and ||7(me)a—al — 0.
A bounded approzimate diagonal for A is a bounded net in A ® A with the above prop-
erties.

One of the most useful characterizations of amenability is the following result from [42];
see also [IIl Theorem 2.9.65]. Indeed, essentially all results that determine whether or
not Banach algebras in a particular class are amenable rely on this characterization.

THEOREM 1.2.4. A Banach algebra A is amenable if and only if it possesses a bounded
approrimate diagonal. m

There are two constants that are associated with an amenable Banach algebra that
are relevant for us.

DEFINITION 1.2.5. Let A be a Banach algebra.

(i) For A amenable, the amenability constant of A is the infimum of the numbers C' > 1
such that A has an approximate diagonal bounded by C.
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(ii) For a Banach A-bimodule X and an inner derivation D : A — X, the implementation
constant of D is the infimum of the norms of the elements x € FE such that z
implements the derivation.

For calculations involving the amenability constant of some semigroup algebras, see
[13] and [29].

For each k € N, there is a Banach algebra A, a Banach A-bimodule X, an inner
derivation D : A — X', and a € A with ||a|| = 1 such that ||| is at least k& whenever
¢ € X" and D(a) = a- ¢ — (- a. The existence of such A, X, D and a follows from the
construction in Example below; certainly the implementation constant of such a
derivation D is at least k.

1.3. Basic definitions. We shall be concerned with several variants of the above notion
of amenability. It is known that amenable Banach algebras have rather special proper-
ties. With this in mind, the authors of [25] introduced several wider classes of Banach
algebras by generalizing the notion of amenability to allow for ‘approximate versions’. In
this memoir we shall continue the investigation of these approximate notions of amenabil-
ity, in particular by considering when various Banach function algebras connected with
harmonic analysis have these properties.

We begin by recalling two standard definitions and by defining several variants, and
then we shall give some of the basic consequences of our definitions. Further results in
this area are given in the recent paper [9], which in particular contains interesting results
on bounded approximate contractibility, together with several illuminating examples.

DEFINITION 1.3.1. Let A be a Banach algebra. Then:

(i) A is amenable if, for each Banach A-bimodule X, every continuous derivation
D : A — X' is inner;
(ii) A is contractible if, for each Banach A-bimodule X, every continuous derivation
D: A— X is inner;
(iii) A is weakly amenable if every continuous derivation D : A — A’ is inner;
(iv) a continuous derivation D : A — X from A into a Banach A-bimodule X is
approzimately inner if there exists a net (§,) in X such that

D(a) = 1ilI/n(a &, =& -a) (a€A);

(v) Ais approzimately amenable if, for each Banach A-bimodule X, every continuous
derivation D : A — X’ is approximately inner;
(vi) Ais approzimately contractible if, for each Banach A-bimodule X, every continuous
derivation D : A — X is approximately inner;
(vii) A is approzimately weakly amenable if every continuous derivation D : A — A’ is
approximately inner;
(viii) A is boundedly approzimately amenable if, for each Banach A-bimodule X and each
continuous derivation D : A — X', there exist K > 0 and a net (§,) in X’ such
that ||b- & — &, - b|| < K||b|| for each b € A and each v, and such that

D(a) = lilgn(a &, =&, -a) (a€ A
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(ix) A is boundedly approximately contractible if, for each Banach A-bimodule X and
each continuous derivation D : A — X, there exist K > 0 and a net (,) in X such
that ||b- & — &, - b|| < K||b|| for each b € A and each v, and such that

D(a) =lim(a-& — &, -a) (a€ A);
(x) A is pseudo-amenable if it possesses a (possibly unbounded) approximate diagonal.

The qualifier sequentially will be used when the nets (£,) in the above definitions can in
fact be chosen to be sequences.

REMARKS. The notion of approximate amenability was introduced in [25].

The two notions of ‘approximate amenability’ and ‘approximate contractibility’ are
in fact equivalent [I4], [26].

We note that, in the bounded variants of the above definitions, it is the net (D,) of
approximating inner derivations, where

D,:b—b-§ & -b,
that is required to be uniformly bounded, not the implementing net (£,). It is not
known whether ‘boundedly approximately contractible’ and ‘boundedly approximately
amenable’ are equivalent for all Banach algebras. More surprisingly, it is not known
whether ‘boundedly approximately amenable’ and ‘approximately amenable’ are the
same—all the known examples of approximately amenable Banach algebras are, in fact,
boundedly approximately contractible.

Suppose that A is amenable. Then A is boundedly approximately contractible with
the implementing net bounded [32], [I1l Proposition 2.8.59].

Pseudo-amenability was introduced and studied in [2§].

Finally, note that, since every inner derivation is continuous, the uniform boundedness
principle shows that any sequentially approximately inner derivation is necessarily con-
tinuous; whether or not every approximately inner derivation is automatically continuous
seems to be a difficult question to answer.

A weakly amenable Banach algebra is not necessarily approximately amenable: as
noted above, a group algebra L!(G) is always weakly amenable, but it is approximately
amenable if and only if G is amenable [25] Theorem 3.2]. The Banach sequence algebras
¢P(N), where 1 < p < oo, are weakly amenable, but not approximately amenable [14]
Theorem 4.1]. Trivially a commutative, approximately amenable Banach algebra is weakly
amenable; an example of an approximately amenable Banach algebra which is not weakly
amenable is given in [25, Example 6.2].

1.4. Intrinsic characterizations. Analogous to Theorem [I.2.4] there are approximate-
diagonal characterization of the above variants of amenability, and we now give these.

THEOREM 1.4.1 (|14}, Proposition 2.1]). A Banach algebra A is approzimately amenable
if and only if, for each € > 0 and each finite subset S of A, there exist F € A® A and
u,v € A such that 7(F) = u+ v, and such that, for each a € S:

(i) la-F-—F-a+u®a—a®v| <e;
(ii) |la —au|l <e, [[a —val| <e. =
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To test for approximate amenability in the case where our Banach algebra is commu-
tative, we can use the following criterion.
Once and for all we set some notation. Let A be an algebra. For FF € A® A and a € A,
we define
AyF)=a-F-F-a+u®a—a®u, (1.4.1)

where u = 7w(F)/2.

PROPOSITION 1.4.2 ([14, Proposition 2.3]). Let A be a commutative Banach algebra.
Then A is approzimately amenable if and only if, for each € > 0 and each finite subset S
of A, there exist F € A® A and u € A with n(F) = 2u, and such that, for each a € S:

(i) [[Aa(F)I <e&;
(ii) [la —au|| <e. m

PROPOSITION 1.4.3. Let A be a commutative Banach algebra which is boundedly approx-
imately contractible. Then there exists K > 0 such that, for each € > 0 and each finite
subset S of A, there exist F € A® A and u € A with w(F') = 2u and such that, for each
a €S and each b € A:

(1) [[Aa(F)] <e;

(ii) [[Ap(F)[| < K][b]|;
(iil) [la —au| < e;
(iv) [[b = bu| < K][b]|.

Proof. By the contractible case of [25, Theorem 2.1], there are a constant K > 0 and
a net (M,) in A# & A# such that, for each a € A%, we have a- M, — M, - a — 0 and
la- M, — M, -a| < Kla||. As in [25, Corollary 2.2], this gives nets (IV,) in A® A and
(F,) and (G,) in A such that, for each b € A, we have:

(i) a-N,—N,-a+F,®a—-—a® G, — 0;
(i) |Ib- N, — N, - b+ F,b—-0b2G,|| < K|b|;
(i) a-F, —»aand Gy, -a— q;

(iv)" o —0b- F || < K|[jpl], [[b— G, - b]| < K|]b]|;
(v) n(N,)—F, -G, — 0.

As in [26], we may suppose that N, is symmetric and that F,, = G,. Finally, at the
cost of a slight increase in K, we may suppose that each N, lies in A ® A and that
m(N,) = 2F,. It is now standard how to obtain the desired F' and u. m

REMARK. A more explicit version of Proposition is given in [9, Theorem 2.5]. It
is an open question whether or not the converse of the above proposition holds (cf. [20]
Theorem 5.4]). A criterion for a Banach algebra to be boundedly approximately amenable
is given in [26] Theorem 5.10].

Note that Theorem and Propositions [1.4.2] and are all phrased in terms of
requiring, for any finite subset S of A, that there exist elements of A® A and A satisfying
certain inequalities for all elements of S. As shown in [I4], when the requirement fails,
it is often two-point sets S that suffice to negate these inequalities. We do not know if
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this is always the case. This also raises the question as to the status of singleton sets S.
Indeed, [14, Proposition 3.6], to be generalized below, broaches this problem.

1.5. Pointwise variations. The following pointwise variants of the above notions were
introduced formally by Fereidoun Ghahramani.

DEFINITION 1.5.1. Let A be a Banach algebra. Then:

(i) Ais pointwise amenable at a € A if, for each Banach A-bimodule X, every continuous
derivation D : A — X' is pointwise inner at a, that is, there exists £ € X’ such that
D(a)=a-£—-¢-a;

(ii) A is pointwise approximately amenable at a € A if, for each Banach A-bimodule X,
every continous derivation D : A — X' is pointwise approrimately inner at a, that
is, there exists a sequence (&,) in X’ such that D(a) = lim,_(a- & — &, - a).

(iii) A is pointwise [approzimately] amenable if A is pointwise [approximately] amenable
at a for each a € A.

REMARK. Trivially, a commutative, pointwise approximately amenable Banach algebra
is weakly amenable.

A small variation of standard arguments in [25] and [26] regarding approximately
amenable and approximate amenability shows that ‘pointwise approximately amenable’
is the same as ‘pointwise approximately contractible’, and gives the following character-
ization of pointwise approximate amenability analogous to Theorem [1.4.1

PROPOSITION 1.5.2. Let A be Banach algebra, and let a € A. Then A is pointwise approz-
imately amenable at a if and only if, for each € > 0, there exist F € A® A and u,v € A
with m(F) = u + v such that:

(i) la-F-—F-a+u®a—a®v| <e;
(i) la —au| <e, ||a—va| <e.

In the case where A is commutative, we may take u =v. m

COROLLARY 1.5.3. Let A be a pointwise approrimately amenable Banach algebra. Then
A has left and right approzimate units. In particular,

acaAnda (a€A) and A= A2 u
The following is an unpublished result of Fereidoun Ghahramani.

THEOREM 1.5.4. Let A be a pointwise amenable, commutative Banach algebra. Then A
is approximately amenable. m

It is not known whether or not this theorem holds for arbitrary (non-commutative)
Banach algebras. Indeed, we do not know of a pointwise amenable Banach algebra which
is not already amenable.

One simple way to get an approximately amenable Banach algebra 2 which is not
amenable is to take 2 = ¢g(A,,), where the A, are amenable algebras, each with identity
of norm one, whose amenability constants are unbounded in n; such examples are con-
structed in [25] §6] and also in [I3]. Then 2 is approximately amenable [25, Example 6.1].
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We now indicate how to extend [25, Example 6.2] to obtain an example of an approx-
imately amenable Banach algebra which is not even pointwise amenable.

EXAMPLE 1.5.5. Take n € N, and consider the algebra M~ of 2™ x 2"-matrices over C

with the norm
on

1/2
sl = (3 tau?) ™ (@) € M)
ij=1
Note that the identity in My» has norm v/2n. Take the matrix P, € My» as in [25]
Example 6.2]: P, is ‘anti-diagonal’ and has non-zero terms in the (7, j)-position only if
i+ j=2"+1, and then |p; ;| = 1 in this case. We see that ||P,| = 2"/2.
Define 2A,, = Mgn, so that the identity in 2,, has norm one, and set

D,:Bw~ P,B" - BTP,, A, A,

Then it is shown in [25, Example 6.2] that D,, is an inner derivation with || D, || = 2.
Now let A,, be the specific matrix
2" -1

1
Ap = (277, — 1)1/2 Z Er,r+1;
r=1

where the E;; are the matrix units in Man, so that A, € 2, with ||4,|| = 1. Suppose
that @, € My~ is such that 4,Q, = Q,A,. We first note that @Q,, is upper-triangular
and that @, is constant on diagonals. Thus (@5 );; = 0 at least when i = n—lyq,...,2n
and j =2"+1—1.

Now define 2 = ¢o(21,,), so that 2 = £1(2]), and A is approximately amenable by
[25, Example 6.2]. Set

1
D: (B,) — E(Panf -Br'p,), A—-A.

Then D is a continuous derivation that is not inner, and so 2 is not even weakly amenable.

We now claim that, in fact, 2 is not pointwise amenable. For consider the specific
element A = (AL /n), which belongs to 2l, and assume towards a contradiction that D is
pointwise inner at A. Then there exists a sequence R = (R,,) in 2’ such that, for each
n € N, we have D(4,) = R,A, — R,A,. For each n € N, we see that R, — P,/n>
commutes with A,,, and so is zero when 4 = 2"~1 +1,...,2% and j = 2" + 1 — 4. This
shows that R, takes the value 1/n? in at least 2"/2 places, and so

|R,| =24 /n? - 0  asn — .

This contradicts the claim that R = (R,,) is an element of ', and so 2 is not pointwise
amenable. ¢

Here are some specific questions about pointwise amenability that we cannot answer.
Let G be a (discrete) group, and consider the group algebra ¢1(G). For which G is
¢1(G) pointwise amenable? Maybe this is true for each group G? In particular, is £ (IFy)
pointwise amenable, where 5 is the free group on two generators?

We note that pseudo-amenability and approximate amenability agree in the presence
of a bounded approximate identity, and that an approximately amenable, commutative
Banach algebra is pseudo-amenable |28 Proposition 3.2, Corollary 3.4].
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1.6. Results concerning ideals. We shall require the following results.

PROPOSITION 1.6.1.

(i) A Banach algebra A is [pointwise] approzimately amenable if and only is A* is
[pointwise] approzimately amenable.

(ii) Let A be an approximately amenable Banach algebra, and let I be a weakly com-
plemented closed left ideal in A. Then I has a right approximate identity, and so
=1

(iii) Let A be a pointwise approzimately amenable Banach algebra, and let I be a weakly
complemented closed left ideal in A. Then I has right approxzimate units, and so
Z=1.

Proof. (i) This is the pointwise version of Proposition 2.4 of [25].
(ii) This is Corollary 2.4 of [25].
(iii) This is the pointwise version of (ii). m

COROLLARY 1.6.2. Fach finite-dimensional, pointwise approzimately amenable Banach
algebra is semisimple, and hence amenable.

Proof. Let A be a finite-dimensional Banach algebra with radical R. Since A is finite-
dimensional, R is nilpotent, and of course R and R? are closed ideals in A.

Supposing that A is pointwise approximately amenable, Proposition iii) shows
that R2 = R, and so R? = R. Thus R” = R for each n € N, and so R = {0}, showing
that A is semisimple, and thus amenable. m

PrOPOSITION 1.6.3. Let A be a pointwise amenable, commutative Banach algebra, and
let I be a weakly complemented, closed ideal in A. Then I has a bounded approximate
identity.

Proof. Let v : I — A be the natural embedding. We follow the proof of [II, Theorem
2.9.58(ii)] to see that, for each a € I, there exists @ € B(I’, A’) such that ¢/ o @Q is the
identity on I’ and also
Qla-A)=a-Q\) (Ael);

this step uses the pointwise version of [I1, Theorem 2.8.60]. The argument of Johnson [T}
Theorem 2.9.57] shows that there is ®, € A” with a = ®,-a, whence Q' (®,)-a = a. Now
a standard Mazur argument shows there is a bounded sequence (u,,) in I with u,a — a.
This holding for each a € I, [52, Lemma 12] or [I7, Theorem 9.7] shows that I has a
bounded approximate identity; it is this last step that needs the hypothesis that A is
commutative. m

It follows from Proposition that closed ideals of finite codimension in commuta-
tive, pointwise amenable Banach algebras have approximate units. In fact being pointwise
amenable is an unnecessarily strong hypothesis, as we shall show in Proposition be-
low. We do not know whether a (weakly) complemented, closed ideal in a pointwise
amenable Banach algebra necessarily has a bounded approximate identity.

REMARK. Let I be a complemented, closed ideal in a Banach algebra A. In the case
where A is amenable, so is I [I1], Corollary 2.9.59]. However it does not follow from the
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fact that A is approximately amenable that I is also approximately amenable; for this
see the discussion following [26, Corollary 4.5]. Indeed, we do not know the answer to the
following apparently innocuous question. Let I be a closed ideal of finite codimension in
a unital, approximately amenable Banach algebra A. Is I also approximately amenable?
This is open even when I has codimension two and A is commutative. Fereidoun Ghahra-
mani has pointed out that, if true, this would have far-reaching consequences. For suppose
that A is approximately amenable. Then by [26, Proposition 6.1], A*@ A is approximately
amenable. But A @ A is an ideal of codimension one in A% @ A, and so would be approx-
imately amenable. Whether in fact A @ A is approximately amenable, given that A is
approximately amenable, is an open question.

On a more positive note we have the following.

PROPOSITION 1.6.4. Let A be a Banach algebra, and let I be a closed ideal in A.

(i) Suppose that A is [pointwise]| approzimately amenable. Then A/I is [pointwise]
approximately amenable.
(ii) Suppose that A is [pointwise]| approximately amenable and that I has a bounded
approzimate identity. Then I is [pointwise] approzimately amenable.
(iil) Suppose that I is amenable and that A/I is approzimately amenable. Then A is
approximately amenable.

Proof. In the non-pointwise cases, clauses (i) and (iii) are contained in [25] Corollary
2.1], and (ii) is [25, Corollary 2.3]. The pointwise versions are similar. m

LEMMA 1.6.5. Let A be a commutative, unital Banach algebra, and suppose that each
mazimal ideal of A has approximate units. Let I be a closed ideal of finite codimension
in A. Then:

(i) I is the intersection of finitely many distinct mazimal ideals;
(ii) I has approzimate units.

Proof. We use an idea from [70, Theorem 2].

Let I be a closed ideal of finite codimension, and assume inductively that the result
holds for all proper ideals properly containing I. Let p : A — A/I be the quotient
map, and let R denote the radical of A/I. Since R is finite-dimensional and radical, it is
nilpotent, and so, in the case where R # {0}, it follows that R? is a closed and proper
ideal in R. But then p~!(R) is a closed ideal in A such that p~!(R) properly contains I
and satisfies

p~LH(R)2 C pH(R?) # p~ ! (R),
contrary to the hypothesis on I. Thus R = {0}, and so A/I = C" for some n € N.
It is immediate that I = My N --- N M,, for some distinct maximal ideals M, ..., M,,
giving (i).

Finally, by the hypothesis on I, we know that M;N---NM,_; has approximate units.
Take a € I and € > 0. Then there exists uy € M7 N--- N M,_1 with ||a — auq| < e.
Since au; € M, there exists ug € M,, with ||au; — aujus|| < €. Then u := ujus € I and
la — au| < 2e. Thus a € al, and so (ii) holds. =
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PROPOSITION 1.6.6. Let A be a commutative Banach algebra that is pointwise approz-
imately amenable. Then each closed modular ideal I of finite codimension n is the inter-
section of n distinct mazimal ideals and has approximate units. m

Proof. This is immediate from Lemma in the case where A is unital. Otherwise Af is
pointwise approximately amenable, and has the stated properties. But a closed modular
ideal in A has the form AN.J for some closed ideal J of A*, and A is of course a (modular)
maximal ideal in A%, =

We shall also need the following observation.

PROPOSITION 1.6.7. Let A be a Banach algebra. Then:

(i) M,,(A) is amenable if and only if A is amenable;
(ii) M, (A) is approximately amenable if and only if A is approzimately amenable.

Proof. (i) This is [13], Theorem 2.7(i)].

(ii) Suppose that M, (A) is approximately amenable. Then we follow the proof of
[13, Theorem 2.7(i)], replacing A by a suitable net (A,), to see that A is approximately
amenable.

Conversely, suppose that A is approximately amenable. We modify slightly the proof
of [I3, Theorem 2.7(ii)] by replacing the net (u,) by the net given by [25, Corollary 2.2
(and ignoring the bound estimates). =

Let A be a Banach algebra that is approximately weakly amenable. Then A? is also
approximately weakly amenable. However the converse may fail. The group algebra L 1(G)
is weakly amenable for any locally compact group G [11}, 44]. However for G = SL(2,R),
the augmentation ideal L} (G) is not weakly amenable, yet L (G)* is weakly amenable
[45]. That L} (G) is not approximately weakly amenable in this example is shown in [4].

1.7. Banach function algebras. By a Banach function algebra on a locally compact
space X we mean an algebra A of functions on X such that A separates the points of X,
such that A is a Banach algebra with respect to some norm, and such that the topology
on X is the weak topology induced by A.

Let A be a natural Banach function algebra, defined on its locally compact character
space ® 4. Denote by Ay the ideal of functions in A of compact support. For ¢ € ® 4, set
M, = ker ¢, and take J, to be the ideal of functions f € Agy such that ¢ & supp f. As
in [I1] Definition 4.1.31], A is strongly regular if Agg = A and J, = M, for each p € P 4;
A has bounded relative units if, for each ¢ € ®4, there is m, > 0 such that, for each
compact subset K of ® 4\ {¢}, there exists f € J, with f(K) = {1} and || f|]| < m,, and
for each compact subset K of ®4, there is f € A with with f(K) = {1} and || f|| < m,.
The Banach function algebra A is a Ditkin algebra if f € fAg for each f € Aand f € fJ,
for each f € My; and A is a strong Ditkin algebra if M, has a bounded approximate
identity contained in J, for each ¢ € ®4. We ask if various of these Banach function
algebras are necessarily approximately amenable.

It is not the case that a pointwise approximately amenable Banach algebra A nec-
essarily satisfies the condition that A = A2, but it may be that every approximately
amenable Banach algebra satisfies this condition.
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There exist strongly regular, commutative Banach algebras A such that A = A2, but
A is not a Ditkin algebra, so that the condition that A = A% does not necessitate that A is
pointwise approximately amenable. Such an example is given by A = £1(G) for a totally
ordered n;-group G, as in [11l Example 2.9.45]. This algebra A satisfies the condition that
A = A? because it has an identity, but it is not pointwise approximately amenable because
the augmentation ideal does not have approximate units. However, in this example the
Banach algebra A is not separable. We do not know of a commutative, separable Banach
algebra, nor even a separable Banach sequence algebra, such that A = A2, but A is
not a Ditkin algebra. Consider the example of the semigroup algebra B = £1(S) where
S = (QT*,+): certainly B is a commutative, separable Banach algebra which is not a
Ditkin algebra, but it is not known whether or not B = B2. An interesting example of a
proper, unital, uniform algebra which is a strong Ditkin algebra is given by Feinstein in
[20). We do not know whether this example is (pointwise) approximately amenable.

1.8. Banach sequence algebras. By a Banach sequence algebra we mean a (commu-
tative) algebra A on a subset S of Z such that cgp(S) C A C ¢p(S) and such that A
is a Banach algebra under some norm; see [II] for further details. In particular a Ba-
nach sequence algebra on S is a Banach function algebra on S. Here the underlying set
S will be either N or Z; generally results stated for N have an obvious analogue for Z.
For convenience we shall often write a € A as a sequence a = («(4)), and set d; for the
characteristic function of {i} when i € S; we shall eschew using formal sums such as
a =Y .2, a(i)d;, as there is no reason for this series to converge in (4, || - ||) in general.

For example, for each 1 < p < oo, the space ((P(N),| - |,) is a Banach sequence
algebra on N with respect to the coordinatewise product.

A Banach sequence algebra A on N is strongly regular if and only if ¢q is dense in
A, and is a Ditkin algebra if and only if f € fcg for each f € A. It is shown in [I4]
Corollary 3.5] that a Banach sequence algebra which is a strong Ditkin algebra is even
sequentially approximately amenable.

Now let (A, || - ||) be a Banach sequence algebra on S such that ¢gg is dense in A, so
that A is strongly regular. Suppose that A is pointwise approximately amenable. Then by
Proposition [1.5.2] for each a € A and € > 0, there exists u € cgg such that [a — aul| < e.
It follows that A is a Ditkin algebra. We ask if the converse to this holds: Is every Banach
sequence algebra which is a Ditkin algebra necessarily pointwise approximately amenable?
We do not have a counter-example to this possibility.

A strongly regular Banach sequence algebra is not necessarily a Ditkin algebra. An
example M to show this is given in [I1l Example 4.5.33]; the example is due to H. Mirkil.
It follows that M is a strongly regular Banach sequence algebra, but M is not pointwise
approximately amenable.

Let A be a Banach sequence algebra on N. For each n € N, we set

n
n

—
en=> & =(1,1...,1,0,0,...),
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and, for each subset D C N, we define Pp : A — ¢q by
Pp(a) = Za(i)éi (a = (a(i)) € A).
ieD
In the case where D is either finite or cofinite in N, Pp maps into A. Similar definitions
apply for subsets of Z.

DEFINITION 1.8.1. Let A be a Banach sequence algebra on S. For a = («a(i)) € A and
k € S, the set

{jeS:a(j)=alk)}
is a level set of a.

REMARK. Since A C ¢, the level sets are all finite except possibly for the zero set of a.

Let a = (a(i)) € A and F € cpo(S x S); set w(F) = 2u. Recalling (1.4.1)), we have the
fundamental identity

Aa(F)(i,5) = (ali) — a()F (i, j) + u(@a(y) —u(al)) (ijes).  (1L81)
This formula is used at several key points in the arguments to follow.
We are seeking to verify the conjecture that every Banach sequence algebra A that

is a Ditkin algebra is pointwise approximately amenable; the following theorem achieves
this provided that A satisfies an extra hypothesis.

THEOREM 1.8.2. Let A be a Banach sequence algebra on S such that A is a Ditkin algebra,
and let a € A. Suppose that, for each € > 0, there exists u € cgp such that ||a — au| < e
and u is constant on the level sets of a. Then A is pointwise approximately amenable
at a.

Proof. We may suppose that a # 0. Set a = (a(i)) € A. Fix € € (0, ||a]|), and choose
u € cgp such that ||a — aul| < e and u is constant on the level sets of a. Then u # 0. Set
U = suppu, and then set b = (8(i)) = a — Pya € A. Since A is a Ditkin algebra, we can
choose v € cgg such that

2[|ul[l]b = bull < &

set V = suppw.

We now define our element F € c¢oo(N x N). Firstly, for i € N, set F(4,4) = 2u(4); this
guarantees that =(F) = 2u.

Off the diagonal of N x N, we consider several cases.

(i) Suppose that i,j € U with # j and (i) = a(j). Then we choose F'(i, j) arbitrarily;
in this case Ay (F)(4,j) = 0 because we also have u(i) = u(j).
(ii) Suppose that 4,j € U with a(i) # a(j). Then, recalling equation (1.8.1)), we can
specify F'(4,j) so that Ay (F)(i,7) = 0.
(iii) Suppose that i € U and j € V\U. Then u(i) # 0 and u(j) = 0, and so u () # u(j).
Since u is constant on the level sets of a, it follows that «(i) # a(j). Thus we may
choose F(i, j) such that

Aa(F) (0 7) = w(@)a(f)(1 = v(5))-
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(iv) Suppose that i € U and j € S\ (UUV). Set F(i,;j) = 0, so that, since v(j) = 0, we
have
Aa(F) (i, 7) = u(t)a(j) = u(@da)(1 = v(j)).
(v) Suppose that i € V\U and j € U. Again (i) # «(j), and so we may choose F(i, j)
such that

Aa(F)(,4) = u(f)a(i)(1 = v()).
(vi) Suppose that j € U and i € S\ (UUV). Set F(i,5) =0, so that
Aa(F)(i, ) = u(j)a(i) = u(f)a(@)(1 = v()).
(vii) Suppose that ¢,j € S\ U. Set F(i,j) =0, so that A,(F)(i,5) = 0.
Note that certainly F' € cgo(S x S) because F(i,j) = 0 when i or j lie outside UU V.
Since u(i) = 0 for ¢ ¢ U, we see that

Aa(F)(i,4) = (u@ (b= bv))(i, ) = ((b = bv) @ u)(i, j) =0,
except possibly when ¢ € U and j € U or i ¢ U and j € U. But for j ¢ U, we have
a(j) = B(j), and so, for (i,7) € U x (V\U), we see that

Aa(F) (i, 7) = u(@)(a(f) — a(f)v(d)) = (u @ (b = bv))(i, j),
and similarly, for (i,7) € (V\U) x U, we have

Aa(F) (i, 7) = u(g)(a(i) — a(i)v(i) = ((b—bv) @ u)(i, j).
Further, for ¢ € U and j € S\ (U UV), so that u(j) = v(j) = 0 and a(j) = B(j), we also
have
Aa(F) (i, 7) = (u® (b= bv)) (i, 5),
and similarly for j € U and i € S\ (UUV).
By checking each case, we see that

Ay(F)=u®(b—bv)—(b—bv)®@u
in Coo(S X S) Thus
[Aa(E)| = llu® (b= bv) = (b= bv) @ul| < 2[jul [|b—bv] <e.

We conclude that F' and u together satisfy the conditions of Proposition [1.5.2] and
so A is pointwise approximately amenable at a. =

COROLLARY 1.8.3. Let A be a Banach sequence algebra on S such that A is a Ditkin
algebra. Then the set of elements a € A such that A is pointwise approximately amenable
at a is dense in A, and every element a € A is the sum of two elements b,c € A such
that A is pointwise approximately amenable at b and c.

Proof. Let a € A, and denote the (countable) range of a on S by R. Enumerate the
elements of the support of a as {ry,rs,...}, and fix € > 0.

We shall define inductively a sequence (&,). Indeed choose £; so that €16y, || < € and
a(ri1)+e1 ¢ R. Now suppose that €1, ..., &, have been chosen. Choose £,,11 ¢ {€1,...,en}
so that en41[|0y, .|| < /2" and a(rpq1) + e € RU{a(r1) +¢€1,...,a(rn) +en}. Set
b=> " e, and c=a+b. Then b € A and ||b|| < e.



20 H. G. Dales and R. J. Loy

Clearly all the non-zero level sets of both b and ¢ are singletons and so the ‘level
sets hypothesis’ of Theorem is trivially satisfied for the elements b and c. By the
theorem, A is pointwise approximately amenable at b and c. Since |ja — ¢|| < &, the result
follows. =m

REMARK 1.8.4. Suppose that the hypothesis of Theorem holds. For a = (a(7)) € A,
set Z(a) ={j € S:a(j) =0}. Fix e > 0, and choose ug € cgo(S) such that ||a —aug| < &
and ug is constant on the level sets of a. Define

. {uo@'), a(i) # 0,

u(i) =
0, ai) =0.
Set U = suppu. Then u satisfies the same conditions as ug, and in addition Z(a)NU = (.
Set b = (B8(i)) = a — Pya € A. Since A is a Ditkin algebra, we can choose v € ¢go(5)
such that
2[ull[]b = bu[| <&

set V = suppwv. As with u, we may suppose that Z(a) NV = (. Then in the construction
of F, a(i) = 0 or a(j) = 0 only occurs in cases (vi) and (vii), and then F(i,5) = 0.

The point of this modification is as follows. Since A is regular and Z is countable,
spectral synthesis holds in A. Thus for a closed ideal I C A, if the element a € A in fact
lies in I, then so do u and v, and F € I ® I. Thus we conclude that [ is also pointwise
approximately amenable at a.

COROLLARY 1.8.5 ([14], Proposition 3.6]). For 1 < p < oo, the Banach sequence algebra

0P s pointwise approzimately amenable.

Proof. The algebra ¢? is a Ditkin algebra. Take a € £P. For n € N, define (finite) subsets
B,, of N by
By ={j eN:la(j)| = 1/n},

and define u,, to be the characteristic function of B,,, so that u,, is certainly constant on
the level sets of a. Then

0 (m € By),

a(m) (m & By),

so that a — au,, — 0 pointwise, and each sequence a — au,, is dominated by |a|, so that

(a— au,)(m) = {

lla — auy,|l, — 0.
Thus the hypotheses of Theorem [I.8:2] are satisfied, and so ¢? is pointwise approx-
imately amenable at a. Hence £? is pointwise approximately amenable. m

Theorem is a substantial generalization of [I4, Proposition 3.6]. In that result, it
was required that ||(I — Pc)(a)|| — 0 as the finite subsets C expand to N; this shows that
the hypothesis of Theorem [1.8.2]holds with u a suitable characteristic function. This latter
condition is a stronger requirement than that in Theorem and, in particular, will be
shown to fail for the example A, to be discussed below, for certain weight functions w;
see in particular

Note also that the hypothesis of Theorem [I.8.2] implies that ¢ is dense in A, so that
A must be separable.
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Unfortunately, the ‘level set hypothesis’ of Theorem|1.8.2|is not necessary for pointwise
approximate amenability. For let A = A(Z), the algebra of Fourier transforms of elements
of (L1(T),x). Then A is a Banach sequence algebra on Z, and A is even amenable, and
hence pointwise approximately amenable. However the extra hypothesis is not always
satisfied. Indeed, take f € A to be either of the functions constructed in [46, §2] or in
[61, Example A]. The raison d’étre of these constructions will ensure that the hypothesis
of Theorem concerning level sets fails; see also §4.2]

However, for A = L(T) we note that by [22, Theorem 1.2] the construction in
Theorem shows that A is pointwise approximately amenable at elements a € A
whose (non-zero) level sets L have the following property: there is a constant K > 0 such
that, for each L, we have

m,n €L, |n|<|m| = |n—m|<K|n|'2 (1.8.2)

Indeed, [61] shows that A is pointwise approximately amenable at a for A = LP?(T),
where 1 < p < 2, for elements a whose (non-zero) level sets L satisfy the condition that
m,n € L,|n| < |m| necessitates |n — m| < K|n|®»=2)/27_ Note that [47] shows that no
restriction on the cardinality of the level sets will circumvent the barrier that these sets
create.

In fact we shall show that a result like the above holds for many Banach sequence
algebras. First we give an elementary estimate.

LEMMA 1.8.6. Let K1, K5, K3,0 > 0, and let 8 = (8,) be a sequence in C. Take p > 1
with conjugate index q. Let m € N, and take r1,...,7y > 0. Suppose that {ri,...,mm}

satisfies
m

Z ‘/Bn|p7nn é K37

n=1
and that N 1is so large that
m
max 71, < K1N5 and Zrn < Ks5N.

1<n<m
- n=1

Then

S 1602 < KK NS

n=1
Proof. We just rearrange the summands to show that the given bound follows from
Holder’s inequality. Thus

Z |6n|7" Z ‘ﬂn|7"1/p 7‘2 p < (zm: |ﬂn|p7‘n> (i T7(z2 Rl )l/q
n=1

n=1

< K3/P )
<K (3ora) " max v,

n=1

< ]{1](21/ql{é/l”]\/'ts-i-l/q7

as claimed. m
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For N € N, we set

K
= {1 7eT WS

0 (otherwise).
Note that these functions are just the Fourier transforms of the Fejér and Dirichlet kernels
on T, respectively.

DEFINITION 1.8.7. Let A be a Banach sequence algebra on Z, let a € A and take § > 0.
Then a has §-small level sets if there is a constant K > 0 such that

li —j| < Ki® whenever a(i) = a(j) # 0.

Note that no assumption is made about the structure of the possibly infinite zero set
of a.

The hypotheses of the next result are satisfied when A = LP(T) and p > 2.

THEOREM 1.8.8. Let (A, - ||) be a Banach sequence algebra on Z such that the set
{6n : n € Z} of idempotents is bounded, such that A C £P for some p > 1, and such that
lim ||b—bun||= lim ||b—bun| =0

N—o0 N—o0
for each b € A. Let a € A have §-small level sets for some 0 < 6 < (q — 1)/2q, where q
is the conjugate index to p. Then, for each € > 0, there exist N € N and F € coo(Z x Z)
such that w(F) = 2uny and ||AL(F)|| < e. In particular, A is pointwise approrimately
amenable at a.

Proof. Let {L,, : n € N} be an enumeration of the (non-zero) level sets of a, and, for
n € N, take 3, to be the constant value of a on L,,. Since a € £P, we have

K3 =Y |BulP|Ln| < cc. (1.8.3)
n=1

First, choose N € N so that ||a — aun|| < €. Set b = a — auy; certainly b € A. Now
choose M € N such that 2|jun||||b — bua|| < e. By increasing M if necessary, we may
suppose that (i) # a(j) whenever |i| < N, a(i) # 0, and |j| > M.

We now construct F' € coo(Z x Z) with the desired properties; the method follows
that of Theorem For convenience, and to parallel the notation of that theorem,
set u = un, U = suppuy = [-N, N], v = vy, and V = suppoy = [-M, M]. Also set
C = sup,, |6l

Next, as before, choose F' on the diagonal on Z x Z such that 7(F) = 2u. Then
proceed as in steps (i)—(vii) of Theorem where we found, with ', v’ denoting the
coo-elements that arose there, that

AF)=v @ (b-W)—(b-w)ed,

where b = a — au/. With this in mind, we examine how A, (F) differs from the present
value of

H:=u® (b—bv)—(b—bv) ®u. (1.8.4)
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First, in (i), where ¢,j € U with 7 # j and a(i) = «a(j), we obtain

Ao(F)(i,5) = (u'(d) — ' (§)) (i), (1.8.5)
whereas the expression ([1.8.4)) gives value 0 since v(j) = 1. Suppose that the level sets of
a that meet [—-N, N] are Ly, ..., L, (relabelling, if necessary), and, forn = 1,...,m, set

7y, = | Ly N [=N, N]|. Then Lemma is applicable, taking K7 = K from the §-small
level sets hypothesis, with Ko = 1, and with K3 as in @ above. In the case where
i,j € Ly, we have |i — j| < KN?, and so equation @ gives
.o 1/ 1/ ‘/6774|
8a(F)G )] = 100l () = /()] = 52
Noting that ||6; ® 6;|| < C?, we see that the contribution to the new ||A,(F)]| of all these
terms from L,, is at most

i — j| < K|B,|N°".

C?K|Bu|ra N~
Thus the total contribution to ||A,(F)|| over all the level sets meeting [V, N] is at most

C2 NS (Bl < O IRy PR N
n=1
by Lemma [T.8:6]

Second, in (iii), where i € U and j € V \ U, so that v(j) = 1, there are now two
possibilities. If a(i) # «(j), which was necessarily the case before, the same choice as
before gives 0, as does H, since v(j) = 1. But now we have the new possibility that
i,7 € Ly, for some n < m, in which case A,(F)(i,5) = v (¢)8, for any choice of F(i,7).
Set F(i,j) = 0. Now N + 1 — |i| < KN?, whence

AL(F) ()] = (1 - )w < B KNS,

All such terms contribute at most

1
N+1

C2K N1 Z |ﬁn‘ |Ln|2 < C2K1K21/QK§/ZDKN2§—1+1/q
n=1
to the sum ||A,(F)||. A similar estimate holds for the new possibility in (v).
All other cases considered in Theorem [1.8.2| are unchanged.
It follows that, in our new situation, we have the estimate

Ay(F)—u® (b—bv) — (b—bv) @u| < C2K, KYIKMP K N2-1+1/a
2 3

Since ||lu ® (b —bv) — (b — bv) @ u|| < 2¢ and § < (¢ — 1)/2q, we have ||Ay(F)| < 2e for
N sufficiently large, as required. m

REMARK 1.8.9. We do not know whether the constraint that 6 < (¢ —1)/2q is necessary.
However, the following example shows that the above method of proof does not show
that A is pointwise approximately amenable at a for each a € A.

EXAMPLE 1.8.10 (An element with two-point level sets). For j € N, set n; = 27, and
select j distinct points in the interval [27 + 1,29%1]; enumerate all the latter points in
order of increasing magnitude as {m; : i € N}. Put a mass of i~! at each m; and n;. For
the resulting sequence a we have a € ¢P for each p > 1, each non-zero level set of a has
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exactly two elements, and a fails to have §-small level sets for any § > 0 because, for each
6§ > 0, we have
|mi — nz| Qi —1

) —
7:5 i5 — OO as 1 Q.

Take N € N, say nj < N < n;41. Then the number of points m; less than n; is (j2+j)/2.
We see that m; < N < n; whenever j + 1 <i < (2 +j)/2, and we have

@42 s L @)/
Z a(mi)un(m;) = Z i(l_ N—lil> 23 Z -~ logj.

{i:m;<N<n;} i=j+1 i=j+1

Thus the estimates on ||A,(F)|| used in the above proof cannot work for this a. ¢

ExAMPLE 1.8.11. Let A(D) be the usual disc algebra with the uniform norm, and set
A= {f € AD): f(0) = 0}. Then, for f € A, we have

f(z) = (k)" (l2] < 1),

k=1

where
7 1 o 10\ .—iké
— 1 1 9
Fiy =5 [ fee a0 ke,

so that (f(k)) € £2 C cp. Recall that for f,g € A, their Hadamard product is

(f*9)(z Z k)" (2] < 1), (1.8.6)
and that this can be written as
27
(o)) = 5= [ feace™ a0 (1= < 1), (18.7)

where £¢ = z with [£],[¢| < 1 [67, p. 158]. By the uniform continuity of f and g on D, it
follows from equation that fxg € A and that ||f % g|| < || f]l llg]l-

Thus (A, %) is isomorphic to a Banach sequence algebra. Here cqg is certainly dense
in A. By equation , A? c AT (D), the algebra of absolutely convergent Taylor series
[T, Example 2.1.13(ii)], so that A? is properly dense in A, and hence A does not have a
bounded approximate identity. For k € Z, set ZF 2 2% (2 € T), and for f € C(T),
set S, (f) = > ro,, ( )Z*. Then it is well-known that there exists f € C(T) such that
lim sup,,_, o, Sn(f)(1) = oco; for example, see [49, §18]. A small modification of the proof
gives a function f € A with this property; such a modification is given explicitly in [72]
Theorem VIII.1.14]. Let (ny) be a strictly increasing sequence in N. Then we may further
slightly modify the proof to see that there exists f € A with limsup;_,. Sn, (f)(1) = cc.
It follows that, for each strictly increasing sequence (n) in N, there exists f € A such that
en,, f does not converge to f in A, and so no subsequence of (ej) can be an approximate
identity.

Of course,

o~

A={feC(T): f(-n)=0(neZ)},
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and it is standard that Cesaro means of continuous functions converge uniformly on T,
so by the maximum modulus principle the Fejér kernels define an approximate identity
for A. So, for f € A, we have f € fAgg, and so A is a Ditkin algebra.

Take a sequence S = (ny) in N such that ng11 > 2ny (k € N). Then, by [71], IILE.9],
we have {(f(nk)) : f € A} = ¢2 and so the map f — f\s is a continuous epimorphism
of A onto ¢2, whence, by Proposition A is not approximately amenable.

By Theorem it follows that A is not pointwise amenable. Is A pointwise approx-
imately amenable? ¢

1.9. On approximate identities. We have the following pointwise variant of [14]
Proposition 3.4]; see also [27, Proposition 3.13]. Note that it picks out the estimate which
underlies the argument of Theorem [1.8.2

ProOPOSITION 1.9.1. Let A be a Banach sequence algebra, and let a € A. Suppose that
there is n > 0 such that, for each € > 0, there exists u € cog with

lul| =n and |la— au| |jul| <e. (1.9.1)
Then A is pointwise approrimately amenable at a. m

Suppose that a Banach algebra A is approximately amenable. Then Corollary
shows that A has left and right approximate units; it is not known whether A must have
approximate units. Indeed, all known examples of approximately amenable algebras have
bounded approximate identities. It is known that a boundedly approximately contractible
Banach algebra has a bounded approximate identity [8, Corollary 3.4], and results in [0
§2] show certain classes of algebras without bounded approximate identities cannot be
approximately amenable.

Both Theorem and Proposition [1.9.1| posit approximate units with special prop-
erties to deduce approximate amenability consequences. In particular, the hypothesis of
Proposition [1.9.1] is certainly satisfied if A has bounded approximate units. But then A
has a bounded approximate identity [I1), §2.9], and so is approximately amenable [14]
Corollary 3.5]. In fact, no Banach algebras A are known for which A satisfies condi-
tion of Proposition without A having a bounded right approximate identity.
Regarding this latter, we offer the following observations.

PROPOSITION 1.9.2. Let A be a Banach algebra with a right approximate identity (uy).
Suppose that there is a net (e,) of positive numbers converging to 0 such that, for each
a€ A,
supe,!la — aug || < oo. (1.9.2)
o

Suppose further that A has an element which is not a left topological divisor of zero. Then
(uq) is bounded, and A has a right identity. In particular, this latter holds if A also has

a left approzimate identity satisfying the analogue of (1.9.2]).
Proof. For k € N, define

A ={a € A:supe;t|a— auq| < k}.
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Clearly |J Ax = A, and each Ay, is closed. Thus some A,, has a non-empty interior, and,
being convex and balanced, A,, must contain a neighbourhood of zero. Thus there is § > 0
such that ||la|| < § necessitates ||a — aun || < me, for all a. It follows that |ja — auy|| — 0
uniformly on the unit ball of A. Since A has an element which is not a left topological
divisor of zero, there is g such that (ug)a>a, is bounded. Now [53, Proposition 1] shows
that A has a right identity.

Finally, when there is a left approximate identity satisfying the analogue of ,
[53, Proposition 1] shows that A has an element which is not a left topological divisor of
zero. (It follows that in fact A is unital.) m

COROLLARY 1.9.3. Let A be a Banach algebra, and let (uy) and (vy,) be left and right
approzimate identities, respectively, such that the two sequences (|uy] - [la — auyl|) and
(lvnll - lla — vhall) are bounded for each a € A. Then (uy) and (v,) are bounded.

Proof. Assume towards a contradiction that (u}) is an unbounded subsequence of (u,).
Then (u},) satisfies the hypothesis of Proposition on the right with e, = [|u} |7}, a
contradiction of the theorem. m

This does not resolve the problem of whether the situation considered in [14, Propo-
sition 3.4] can actually arise in the absence of a bounded approximate identity. The

approximate identity (u(.,gy) built in the natural way from the elements u for each ¢ > 0
and each finite S C A satisfies the condition that

lim [lue,s)l - lla — au, sl =0 (1.9.3)
(s,9)
for each a € A. However, there is no apparent reason for this to give (1.9.2).
An approximate identity satisfying (1.9.3)) is called quasi-bounded in [27, §4].
COROLLARY 1.9.4. A sequential quasi-bounded approximate identity in a commutative

Banach algebra is in fact bounded. m

1.10. Summary of interrelations. The following diagram shows what is known relat-
ing these various notions of amenability @

Contractible « Bdd App Cont _ < App Cont
X 7?7 [14], [26]
v ‘ ‘ v
Amenable % Bdd App Amen 20 App Amen
'J? l
‘ commutative [Theorem [1.5.4] ‘
v v
Ptwise Amen _ ~ Ptwise App Amen

X

Here x indicates the fact that there is a counter-example to the relevant implication.
The unannotated implications all hold trivially. We are not able to decide whether or not

(*) Uses Paul Taylor’s diagrams.sty macros.
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any of the undecided (‘??’) implications in the diagram are valid or not. (We suspect the
latter.) However, in the remainder of this paper we shall study a variety of examples; in
each case, they will be seen to be consistent with the conjecture that Banach sequence
algebras which are Ditkin algebras are always pointwise approximately amenable, and
are approximately amenable if and only if they have a bounded approximate identity.

2. Semigroup algebras

2.1. Background. Let S be a semigroup. Thus S is a non-empty set with an associative
binary operation, denoted by

(s,t)—>st, SxS—S8.

An element p € S is an idempotent if p? = p; we write E(S) for the set of idempotents
of S. The semigroup is regular if, for each s € S, there exists ¢ € S such that sts = s; in
this case, st and ts belong to E(S), and J? = J for each left or right ideal .J in S.

The semigroup S is amenable if there exists a mean A on £°°(S) such that A is left
and right invariant under the natural action of S [40]; S is right cancellative if, for all
a,z,y € S, xra = ya implies that x = y; S is right weakly cancellative if, for all x,y € S,
the set {z € S : zz = y} is finite.

For a semigroup S, (£1(S), ) will denote the corresponding semigroup algebra. This
algebra is discussed at length in [I3]. In particular, it is determined in [I3, Theorem
10.12] exactly when £1(S) is amenable. However, it is not known when £1(S) is weakly
amenable; for some partial results, see [5] and [31]. It is also not known when ¢1(S) is
approximately amenable or pointwise approximately amenable; for some remarks on the
former issue, see [26], §9] and Theorem below.

The first result is well-known.

PROPOSITION 2.1.1. Let S be a semigroup such that S is reqular and amenable. Suppose
further that S is right cancellative. Then S is an amenable group.

Proof. Since S is regular, it follows that, for each s € S, there exists e5 € F(S) such that
ess = s. Since S is right cancellative, the element e, is uniquely defined by this equation.

Since S is amenable, it is left-reversible [50, Proposition (1.23)]; this means that, for
each pair {s,t} in S, there exists © € sSNtS, say x = sy = tz for some y, z € S. Clearly
exSsy = sy, and so e, s = s because S is right cancellative. Thus e,, = e5. Similarly e, = e,
and so e; = e;. Thus there is a unique element e € S such that es = s (s € 5).

Let s € S. Then se? = se, and so se = s, again by right cancellativity. Thus e is the
identity of S.

Take s € S. By the regularity of S, there exists t € S with sts = s, By replacing ¢ by
sts, we may suppose that also tst = t. We have st = ts = e by right cancellativity, and
sot=s"1€S. Thus S is a group. m

THEOREM 2.1.2. Let S be a semigroup such that the semigroup algebra £*(S) is approz-
imately amenable. Then S is regular and amenable.

Proof. This is [26, Theorem 9.2]. =
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ExXAMPLE 2.1.3. Let S be the bicyclic semigroup, so that S is the semigroup with identity
generated by two elements p and ¢ subject to the relation pg = e. By [I8], S is regular
and amenable. However ¢1(S) is not approximately amenable [30]. It is also not weakly
amenable [0]. ¢

The following result was suggested by [35, Theorem 2.3].

COROLLARY 2.1.4. Let S be a semigroup such that £1(S) is approzimately amenable.
Suppose further that S is right cancellative. Then S is an amenable group, and £*(S) is
amenable. =

Note that Ny, is weakly cancellative and ¢!(N,/) is approximately amenable (see be-
low), but N is certainly not a group. Thus we cannot replace ‘right cancellative’ by
‘weakly cancellative’ in the above corollary.

2.2. The case where E(S) finite. Let S be a semigroup, and suppose that £1(S) is an
amenable Banach algebra. Then it was shown in [I9] that E(S) is necessarily finite. In
this section, we shall consider semigroups S for which E(S) is finite, and ask when ¢1(.S)
is approximately amenable. Indeed, we shall show that this occurs if and only if £1(.9) is
already amenable.

PROPOSITION 2.2.1. Let S be a semigroup such that E(S) is finite and
S =J{pSq:p.q € E(9)}. (2.2.1)

Suppose that £1(S) has a left approzimate identity and a right approzimate identity. Then
(Y(S) has an identity.

Proof. This is [13, Proposition 4.3]. =

COROLLARY 2.2.2. Let S be a semigroup such that E(S) is finite and £1(S) is approz-
imately amenable. Then £1(S) has an identity.

Proof. Since £1(9) is approximately amenable, it follows from Corollary that £1(9)
has a left approximate identity and a right approximate identity. By Theorem S is
regular, and so equation (2.2.1)) is satisfied. Thus £1(S) has an identity by Proposition
221 =

For example, let S = (NU{o0}, +) with co an absorbent element. Then E(.S) is empty,
S fails to be regular, and so £1(S) is not approximately amenable by Theorem and
£1(S) has no identity.
PROPOSITION 2.2.3. Let S be a semigroup such that E(S) is finite, and let J be an

ideal in S. Suppose that £*(S) is approzimately amenable. Then £1(J) is approzimately
amenable.

Proof. Set I =(¢1(J). Then I is a complemented ideal in £1(S); in particular, I is a left
ideal. By Proposition ii), I has a right approximate identity.

Let T be the opposite semigroup to S, and set B = £1(T). Then B is also approx-
imately amenable. Since [ is a left ideal in B, it follows that I has a right approximate
identity as a subalgebra of B, and hence I has a left approximate identity as a subalgebra

of £1(S).
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Certainly E(.J) is finite, and J is regular, so that
J=J{pJa:p.a € E(I)}.

By Proposition I has an identity. By Proposition ii), I is approximately
amenable. m

We shall use the following structure theorem, which combines Theorems 3.12 and 3.13
n [I3], where details of the notation are given. (There are many other standard sources
for this result, for example [10] and [40].)

PROPOSITION 2.2.4. Let S be a reqular semigroup such that E(S) is finite. Then S has
a principal series
S=J,2- 2 Jy =K(9),

where Jy,...,Jx are ideals in S and K(S) is the minimum ideal in S, and the series is
such that each quotient J;/Jix1 fori=1,... .k —1 and Jy is isomorphic as a semigroup
to a reqular Rees matriz semigroup with a zero of the form M°(G, P,m,n) for a certain
group G, a sandwich matriz P, and some m,n € N. m

Recalling that J;/J;41 can be identified with (J; \ J;41) U {0}, we see that the map
U {0, + M) :se INJYU{NT)} — Ji/Jis1,
defined by

B(s) = s (seI\J),
0 (s=¢'(J)),

clearly extends to an isometric isomorphism £1(J;) /€ (Jix1) — €1 (J;/ Tiv1)-

COROLLARY 2.2.5. Let S be a semigroup such that E(S) is finite and €1(S) is approz-
imately amenable. Let S have the above principal series. Then the semigroup algebra of
each reqular Rees matriz semigroup with a zero that arises as above is unital and approx-
imately amenable.

Proof. We recall that S is regular because ¢!(S) is approximately amenable, and so
it does have a principal series as above. By Proposition each algebra £1(J;) is
approximately amenable; by Corollary each of these algebras has an identity. By
Proposition (i), each algebra ¢1(J;)/¢*(Ji11) is approximately amenable, whence so
is £1(J;/Jis1). Since E(J;/Jit1) is finite, £1(J;/J;11) is unital by Corollary "
The construction of the semigroup algebra for a regular Rees matrix semigroup with a

zero of the form M°(G, P,m,n) is explained in [I3, Chapter 4]. A quotient of this algebra
by a one-dimensional ideal C§, is isometrically isomorphic to a Munn algebra of the form

MUYG), P,m,n),

as explained in [I3] p. 62], and this algebra is unital. Take A = ¢1(G), so that A is a unital
algebra with a character (viz., the augmentation character); since M(¢1(G), P,m,n) is
also unital, it follows from [I3] Proposition 2.16] that our Munn algebra is isomorphic to

M, (£1(G)).
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PROPOSITION 2.2.6. Let G be a group, and let n € N. Then M,,(£1(G)) is approzimately
amenable if and only if it is amenable.

Proof. Suppose that M, (£1(G)) is approximately amenable. Proposition ii) shows
that £1(G) is approximately amenable. By [26, Theorem 3.2], the algebra £ '(G) is approx-
imately amenable if and only if the group G is amenable, and this holds if and only if
¢1(G) is amenable. Thus in our case £!(G) is amenable. But now, by Proposition i),
M., (£1(G)) is also amenable. u

COROLLARY 2.2.7. Let G be a group, and let S be the semigroup M°(G,P,n). Then
0Y(S) is approzimately amenable if and only if it is amenable.

Proof. Suppose that £1(S) is approximately amenable. Then £*(S)/CJ, is approximately
amenable by Proposition[1.6.4{i). Since ¢1(5)/C4, is isomorphic to M, (£1(G)), it follows
from Proposition that ¢1(S)/Cd, is amenable. By [I3, Theorem 2.12], £1(S) is
amenable. m

THEOREM 2.2.8. Let S be a semigroup such that E(S) is finite. Then £1(S) is approz-
imately amenable if and only if it is amenable.

Proof. Suppose that £1(S) is approximately amenable, so that S is regular. The set E(S)
is finite by hypothesis. Let S have a principal series as above. By Corollary 2.2.5] the
semigroup algebra of each regular Rees matrix semigroup with a zero that arises is approx-
imately amenable. By Corollary[2:2.7] each of these algebras is amenable, and so each alge-
bra ¢1(J;)/¢*(J;+1) and £1(J;) is amenable. By Theorem|[1.2.2} £1(S) is itself amenable. m

In view of [I3, Theorem 10.12], we now know exactly when ¢1(S) is approximately
amenable in the special case where E(S) is finite. However the finiteness of F(S) is not
necessary for approximate amenability; indeed, £*(N,), which is described below, is even
boundedly approximately contractible.

In specific situations, however, the finiteness of F(S) is necessary. Recall that the
Brandt semigroup S over a group G with index set I is the set of elementary I x [
matrices over G U {0}; it equals the Rees matrix semigroup with zero over G with index
set I and identity sandwich matrix. Clearly |E(S)| > |I|. The amenability of £1(S) was
first considered in [I8].

THEOREM 2.2.9 (Pourabbas and Maysami Sadr [57]). Let S be the Brandt semigroup
over the group G with index set I. Then the following are equivalent:
(i) £1(S) is amenable;
(ii) £*(S) is approwimately amenable;
(iii) I is finite and G is amenable. m

3. A weighted semigroup algebra
For our first serious ‘test case’ for the missing implications in the diagram of §1.9, we

study some weighted semigroup algebras. In this section, we shall consider a weighted
version of £1(S) for a specific semigroup S.
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3.1. Basic definitions. Let S be a non-empty set, and let w : S — [1,00). Then £1(S,w)
is the Banach space of all functions f : S — C such that
1fllo =D 1F(8)w(s) < oo,
ses
with || - || as the norm. As before, the characteristic function of {s} for s € S will be
denoted by &5, so that f = f(s)ds (f € £1(S,w)).

Similarly, we have

£(S.0) = {3+ 8 = € |l = sup | (5)hos) < o},

and so ((*°(S,w), | - llw,c0) is a Banach space. The closed subspace consisting of func-
tions A € £°° such that, for each ¢ > 0, there exists a finite subset F' of S such that
sup{|f(s)|w(s) : s € S\ F} < ¢ is denoted ¢((S,w).

Then £>°(S,1/w) is the dual of £1(S,w), with the duality

(F A =D F(5)Ms)  (f €L7(8,w), A € L2(S,w)).
ses

Similarly, ¢o(S, 1/w) is the predual of £1(S,w).

Now let S be a semigroup. A weight on S is a function w : S — [1,00) such that

w(st) <w(s)w(t) (s,t€S).

In this case £!(S,w) is a Banach algebra with respect to the product specified by the
requirement that
63*615:65,5 (s,tES)

For example, let N5 be the semigroup which is N with the semigroup operation A,

where
m An=min{m,n} (m,n €N).

Each element of N, is an idempotent. It is well known that £1(N,) is weakly amenable,
but not amenable. It is shown in [I3 Proposition 10.10] and [26, Example 4.6] that
¢1(N,) is boundedly approximately amenable. Here we shall consider weighted versions
of £1(N,).

Let w : N — [1,00) be any function. Then w is a weight on the semigroup N,.
Throughout this section, set

Av = (' (Np,w), || [lo),

so that A/, = ¢*°(N, 1/w) as a Banach space; set E, = ¢o(N,1/w), so that E/, = A, as a
Banach space.

Note that cgg C A, C ¢! and that cgg is dense in A, so that A, is separable.

Let a = (a(i)) € Ao, and take n € N. Then of course

[0nllo =w(n) (n€N),

and we see that
n o0

a*x 0, = Za(z’)éi + ( Z a(i))én.

i=1 i=n+1
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Throughout we shall set

T,a= Y a(i)s; (neN, a=(afi)) € Ay), (3.1.1)
1=n+1
for the ‘tail’ after the n-th entry of a.
The action in the dual module A/, is defined for n € N and A € A/, by

A(m)  (m < n),
On - N)(m) = m € N).
( )(m) {Mm (m > n). (m € N)

The projective tensor product A, ® A, is identified with the Banach space
(YN x N,w ® w), where

(W@ w)(i,j) =w(@)w(i) (i,j €N).
The projective tensor norm in A, ® A,, is also denoted by || - ||,; the canonical product
map is 1, : A, ® A, — A, and the dual of A, ® A, is (A, @Aw)’, identified with
{*(NxN/1/(w®w)).
PROPOSITION 3.1.1. Suppose that lim,,_,oo w(n) = co. Then E,, is a closed submodule
of AL, and so A, is a dual Banach algebra.

Further co(Nx N, 1/(w®w)) is a closed submodule of (A, ® A, and so A, ® A, is
a dual module.

Proof. This is easily verified (cf. [12, Example 9.13]). m
Let w be as above. Throughout we set
w(n) =inf{w(@):i>n} (neN).

We fix a strictly increasing subsequence (n;) of N as follows. In the case where
lim,,_,» w(n) = 0o, so that each infimum above is actually attained, first choose n; € N
so that w(ni) = @(1); having defined n;, choose n;411 € N with nj;1 > n; and so that
w(njt+1) = w(n; + 1). We note that, for each j € N, we have

w(n;) <w(n;) <w(i) (I >nj). (3.1.2)

Otherwise, lim inf,, .., w(n) < oo, and we take (n;) to be any strictly increasing sequence
in N such that w(n;) — liminf, . w(n).

3.2. The Gel’fand transform. We continue with the above notation. Take a = («(7))

in A,, and set
o0

B(n) = Za(z’) (neN), and b= (8(n)).
i=n
The characters on A, have the form a — G(n) for n € N, and so the character space
of A, is N; the Gel’fand transform of a is just b. In particular,
n

—~ —_—
on=e,=(1,...,1,0,0,...) (n€eN).

We write B,, for the algebra ;1; which is the Gel'fand transform of A, so that B,
is a strongly regular Banach sequence algebra on N. Given b € B, the corresponding
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a = (a(i)) € A, with Gel’fand transform equal to b is specified by
a(i) = p(i) - B +1) (i eN),

and so

B, = {b € ot Pllo = D218+ 1) = BE)wi) < oo}.

These are exactly the Feinstein algebras, first studied in [21]; see also [69]. The norm of
bin B, in these sources is taken to be [|b] o + [|b]|., but these norms are equivalent to
our norm whenever w > 1. Note that for a € A, we have ||a||, = ||@||., as just defined, so
the double usage of || - ||, should cause no confusion.

In the case where w(n) = 1 (n € N), B, is the algebra of sequences of bounded
variation, bv; see [11, Example 4.1.44].

PROPOSITION 3.2.1.

(i) Let b € B,,. Then ||b]|, = @(r)|B(r)| (r € N).
(ii) Let F € B, ® B,,. Then ||F ||, > &(r)&(s)|F(r,s)| (r,s € N).
(i) Let b € B,,. Then limyg_.o || Ty, ()]|w = 0.

Proof. (i) Let r € N. For each n > r, we have

Ibllo =Y 180 +1) = B(i)|w(s) = B(r) Z 6(i+1) = B(@)] = @(r)|B(n +1) = B(r)],

and so the result follows because lim,,_, ., 8(n) = 0.
(ii) Fix € > 0, and choose m € N and elements by, ..., by, c1,...,¢n € By, such that
F=3"b®c;and 370 [Ibjllollejllw < |1 Fllw + €. Let 7,5 € N. Then

F(r,s) = ij(T)Cj(S),
j=1
and so, using (i), we have

m
B(r)@(s)|F(r,s)] < lIbsllollello < [Fllo +e.
i=1
This holds for each € > 0, and so the result follows.
(iii) Take (n;) as above. In the case where lim,,_,o, w(n) = oo, we have

Bl + Dlw(n) < Y- ailw(ne) < Y Jailw(i) (ke N),
1=ni+1 it=nr+1

and so |B(ng + 1)|w(ng) — 0 as k — oo. On the other hand, if liminf,, ., w(n) < oo,
this limit is obvious because b € ¢g. Thus

o0

Jim |7, )]l = Jim (D7 186 +1) = B0) (@) + B + 1lw(m)) = 0.

i=nr+1
giving (iii). m

The following corollary is noted in [2I], Corollary 2.5].
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COROLLARY 3.2.2. The Banach sequence algebra (B,,, || - ||w) is a Ditkin algebra.

Proof. This is immediate from clause (iii) of Proposition n

3.3. An approximate identity. Conditions on w for A, to have a (bounded) approx-
imate identity were first given in [21]. Indeed, with (n;) as above, define

’U,j:(snj (jGN)

For each a = (a(i)) € A, and j € N, we have |la — a x uj|l, = ||a — dey, |, and so
la —a*uj|l, — 0 as k — oo by Proposition iii). Thus we have the following result.

PROPOSITION 3.3.1. For each w, the sequence (u;) is an approzimate identity for A, ;
the sequence is bounded whenever liminf,, . w(n) < co. m

Suppose that lim, . w(n) = oco. Then it is easily seen that A, does not have a
bounded approximate identity. In fact, a slightly stronger remark than this holds true;
we recall that each Banach algebra with a bounded approximate identity factors [111
Theorem 2.9.24].

PROPOSITION 3.3.2. Suppose that lim, .. w(n) = oco. Then the algebra A, does not
factor weakly.

Proof. Assume towards a contradiction that A, = A2. Since A, is separable, it follows
from a theorem of Loy [II, Proposition 2.2.6(i)] that there exist m € N and C > 2
such that each a € A, with [all, = 1 can be written as a = >7, a; x b; with
>oit llajllwllbslle < €. Choose n € N so that w(i) > C (i > n), and write d,, in the
above form. Then

<3 (1 Y180+ 1851 S oy ()],
j=1 i=n

and so
2 <37 (ley (o) Y218 (0lw(i) + 18;(n) Zm (@)
7j=1 i=n

Z llajlwllbs]le < 2€,

a contradiction. m

It is noted in [2I, Theorem 2.6] that B, has bounded relative units if and only if
liminf, . w(n) < oco. The question when closed ideals in B, have bounded approx-
imate identities is answered in [69]; sufficient conditions for closed ideals in B, to be
complemented as Banach spaces are also given therein.

3.4. Weak amenability and amenability. The Banach algebra A, is commutative
and is spanned by its idempotents. Thus A, is always weakly amenable [I1], Proposition
2.8.72(1)].
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In the case where w = 1, the algebra A is not amenable because it has infinitely many
idempotents [I3 Proposition 10.5]. It follows that A, is not amenable for any w [11]
Proposition 2.8.64].

In fact, [69] proves, with no supposition that w > 1, that B,, is amenable if and only
if Y07 w(n) < oo; [69] also gives conditions that are necessary and sufficient for an
arbitrary closed ideal I to be amenable—in our case, with w > 1, this happens only if I
is finite-dimensional.

It is proved in [I3, Example 11.4] that, in the case where w = 1, the second dual
algebra (A, O) is also weakly amenable.

3.5. Pointwise amenability. In this subsection we shall show that the algebras A, are
never pointwise amenable.

ProproSITION 3.5.1. Suppose that there is a constant C > 1 and a strictly increasing
sequence (m;) in N such that w(m; + 1) < Cw(m;) (j € N). Then A, is not pointwise
amenable.

Proof. By replacing (m;) by (msg;) and C by C?, if necessary, we may suppose that
mjt1 >m;+1 (meN). Set T'={m; +1:j €N} and
I={a€A,:a(n)=0 (neN\T)}

= {3 am) G, 1 = 8,) Y lamy)w(my) < oo,
j=1 j=1
so that I is a closed ideal in A,,. Then
I°={Xe€ A, : Xm;+1)=Xm;) (j € N)}.

We claim that I is weakly complemented in A,,. Indeed, define
1 - ! [¢]
P X 5 SO m) + A0+ 1) B, +Gyr)s AL = T
j=1
Clearly P is a linear map, and
AP 1 )|+ A+ 1)
p ==s
neN  w(n) 2 jeN w(m;)
1S [A(mj;)] C [A(mj; + 1) < C+1

<= + — sup < Alws
2 jen w(my) 2 jen w(my+1) 2 I

so that P is continuous with ||P| < (C + 1)/2. Since P is a projection onto I°, the
subspace [ is weakly complemented in A,,.

We next claim that I does not have bounded approximate units. Assume towards a
contradiction that I has bounded approximate units; take K such that, for each a € I,
there is u € I with ||ull, < K and ||a —axu|, < 1, say

w =Y u(m;)(m, 41— Om,)-

j=1
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Now choose k£ > K + 1, and set

k
a= Z((Smﬁl Sm,)
j=1
so that a € I. Then
k
a—axu= Z(l —u(m;))(Om;+1 — Om; )
j=1

and so 3¢, |1 — u(my)|w(m;) < 1. Thus
k k
Hu||w>2|um] lw(n;) ZZw )—1>k—-1>K,
Jj=1 Jj=1
a contradiction. Hence I does not have bounded approximate units. (This is also a con-
sequence of [69, Lemma 5.3].) By Proposition A, is not pointwise amenable. m

Now suppose that lim,,_,, w(n) = co. Then, by a remark above, A, itself does not
have a bounded approximate identity, and so, directly from Theorem [I.5.4] A, is not
pointwise amenable.

Thus we have proved the following result.

THEOREM 3.5.2. For each weight w, the Banach algebra A, is not pointwise amenable. m

3.6. Bounded approximate contractibility. In this subsection we shall determine
when A, is boundedly approximately contractible.

In the case where liminf, . w(n) < oo, it is easy to give an explicit construction
showing that A, is sequentially (and hence boundedly) approximately contractible, and
hence boundedly approximately amenable (cf. [I3, Example 10.10] and [26], Example 4.6]).
The result is also a consequence of Theorem below.

For n € N, set

Fp=3,®08,+ Z((sj —0;1) @ (8 —0j_1) € Ay ® A,

where 6p = 0. Then 7(F,) = 2d,. Let a € A,,. As in [I3] and [26], we have
Aa(Fp) =00 @ Toa — Tpa ® (3.6.1)
with T, a as in , and so
1Aa(Fn)llw < 2w(n)[|Thall.

Now let the sequence (n;) be as above, set C' = liminf,, . w(n) > 1, and again set
uj =0, (j €N). Let a € A,. By an earlier remark, lim; .o, a x u; = a. Further,

[Aa( nj)”w < C”Tnja”w —0 asj— oo

This shows that conditions (i) and (iii) of Proposition [I.4.3]are satisfied, and (ii) and (iv)
follow by the uniform boundedness principle.

The next result will be essentially superseded by Theorem below. However, we
give a proof here as it clarifies the use of boundedness, and also because, surprisingly,
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condition (i) of Proposition plays no role. Further the argument here is in terms
of A,,, whereas that of Theorem [3.9.1]is in terms of the algebra B,, of Gel’fand transforms.

THEOREM 3.6.1. Suppose that lim,, ., w(n) = oo. Then there is no constant K > 0 such
that, for each ¢ > 0 and a € A, there exist elements u € A, and F € A, ® A, with
w(F) = 2u and such that:

(1) 185 (F)]lw < Kllok]lo = Kw(k) (k € N);
(i) |le —a*ul, < e.

Proof. Assume towards a contradiction that there is such a constant K > 0. Take a € A
and ¢ > 0, and corresponding element F' € A, ® A,,.
Temporarily fix k € N and set G = A, (F) € A, ® A,,. Then

G= i{kleZ](s@(S +(ZFZ])6k®5]
j=1 =1 =
i[klezgdébé +(§: )5 ®5k}
=1 j=1 i=k
iu )6k ® 05 +Z (1)3; ® .
Jj=1

Evaluating the expression for G at the point (k,s) € N x N, we see that

G(k,s) = Y F(i,k) =Y F(k,j) (s=k), (3.6.2)

We also note that u(k) = G(k, k)/2.
Since £1(N,w) ® £'(N,w) = £*(N x N,w ® w) isometrically, we have

186 (F)lo = ZZ |G(i, s)|w(D)w(s) < K||0k]| = Kw(k),

i1 =1
and so
i |G(k, s)|w(s) < K. (3.6.3)
Also, -
i ik [F (i, s)|w(k)w(s) < il ic |F' (4, 8)lw()w(s) < || F ||,
whence
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Similarly,

li F(k,j < .
kgg(}];' (k, j)|w(k) < o(k)
It follows from (3.6.2)) and (|3.6.3|) that, for each k € N, we have

2||F||w

Thus ||u||, < K since &(k) — oo as k — 00.

We conclude that, for each a € A and € > 0, there exists u € A with |lul|, < K and
such that |la — a*ul|l, < e. So A, has bounded approximate units. By [I1} §2.9], A, has
a bounded approximate identity, a contradiction of Proposition [3.3.2] =

COROLLARY 3.6.2. The Banach algebra A, is boundedly approrimately contractible if
and only if iminf, . w(n) < co.

Proof. This follows from Proposition and Theorem (3.6.1} =

REMARK. The above result is also a consequence of [9, Theorem 3.3].

3.7. Pointwise approximate amenability

THEOREM 3.7.1. For each weight w, the Banach algebra A, is pointwise approximately
amenable.

Proof. We shall show that the hypotheses of Theorem [1.8.2] are satisfied.

By Proposition [3.2.2] A, is a Ditkin algebra, which confirms one hypothesis of The-
orem

Now take a € A, set b = (i) = a, and take € > 0. Choose n € N such that

D 1BG+1) = B)w () <e (3.7.1)

Jj=n

Next, choose n > 0 with
MY w(j) <e, (3.7.2)
j=1

and then set D = {i € N: |3(7)| > n}, a finite set. We define

> o JnB@)/1sG)] (i € D),
6(){6(1‘) (eN\D),
and then set b = (3(i)). We note that |3(i)| < min{|3(3)|,n} (i € N) and that
18(i) = B()| < min{|B(i) — B()], 20} (i,j €N). (3.7.3)

In particular, b is constant on the sets of constancy of b. Finally, we define u = (u(i)) € CN
by setting

(1—u(i))B(i) = B(i) (i €N),
taking u(i) = 0 in the case where 3(i) = 0. We see that u(i) = 0 (i € N\ D), and so
u € cgo. Also we see that u is constant on the level sets of b, and that b — bu = b.
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Further, we calculate that

b= bull =18 +1) = BU)w() + Y 18G+1) = B()w()
j=1 j=n+1
<2y wl@)+ Y 18G+1) = BU)w()
j=1 j=n+1

by , and so [[b]l., < 2¢ by and .

The result now follows from Theorem [1.8.2l m

3.8. Convergence of ‘tails’. Following Theorem above, we foreshadowed that the
requirement

(I — Pc)(a)|] — 0  as the finite subsets C expand to N, (3.8.1)

a condition which was used in [I4] Proposition 3.6], was not necessarily satisfied in A,
for certain weight functions w. We shall see that the two cases where w(n) = n® (n € N),
and where w(n) = n*" (n € N), for a > 0, give contrasting conclusions. We shall work
in B,,.

Take b € B,,. First consider the situation when (I — P¢)(b) has the form of zeros,
then an ‘alternating interval’, then an unchanged tail of b:

unchanged (k+2¢)-tail
—_—
(I — PC)(b) == (O, RN 7O, bk707 bk+2,07 P 7O7 bk+2€a bk+3,@, P )7

where k,¢ € N. (Some of the b; could be zero as well.) The corresponding element in A,
is given by

ft20—1 unchanged (k+2¢)-tail

k
a (07"°707 bk? a_bka"'7 bk+2[ y k4205 k4305 - - - )

So the original a (with @ = b) has been modified by setting the first & — 2 elements to 0,
then replacing 2¢ terms by sums of certain tails.

Then
4 o]
o/ llw =3 [brail (@(k + 20 — 1) + w(k + 20)) + |braelw(k +20) + > aslw(i)
1=0 i=k+2¢
>Z‘ Z a;| (w(k + 2i — 1) + w(k + 20)). (3.8.2)
=0 j=k+21

In particular, in the case where w(n) = n® for a > 0 and a,, = 1/nw(n) = n=2%, this
becomes
¢

£
S Ik + 26 = 1)+ (k +20)° Z] NZMJFQZ (k + 2i)~ 1@

=0 j=k+2i 1=0

4 1,
. k+2¢
lo
T 1+ a; +22 1+« g< k )7
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which is arbitrarily large as ¢ increases for each fixed k£ € N. In particular, by first
increasing k, and then increasing ¢ in terms of k, we see that ||(I — Po)b|l, - 0 as C
expands, and so fails to hold.

On the other hand, consider the case where w(n) = n®" for some a > 0. Choose
p > 2/a, so that i?w(i) < w(j) (j > i+ p). Then we have

Z‘ Z aj‘ (k+2i—1)+w(k+29)) ZZ Z la;|w(k + 21)

=0 j=k+2¢ =0 j=k+21
4 ) S
<2) k+2072 Y laslw()} 20— )Y lajlw()
=0 j=k+2i+p j=k

Now, given € > 0, choose kg € N so large that the k-th tails of @ have norm less than e
for each k > kg. Then, for each k > kg, we have
¢

Z’ Z aj] (k+2 — 1) +w(k+20) <263 (k+20) % +2(p— 1)e < 2(p + L)e.
i=0 j=k+42i =0

Thus, for k sufficiently large, we have ||a'||, < 2(p+3)e since the last two terms of
converge to zero as k — oo.

Now given any (I — P¢)(b), by setting alternate entries to zero, we have an element
of the above form. What change has this done to our estimates? If

(I—Pc)b)=(..,bg-1,bg,b441,...) is modified to (...,b4—1,0,bg+1,--.),
then a’ changes from
(en)s by — bg—1,bg41 — by, bgr2 — bgy1, .- .) to ( ey =bg—1,bg41,bg42 —bgga, - .. ).
In the norm calculation we are thus replacing
bg — bg—1|wg—1 + [bgt1 — bglwg = |ag—1|wg—1 + |aglwy (3.8.3)
by
bg—1]wg—1 + |bgt1]wg = ’ Z a]’wq 1+ ’ZaJ’

J=q—1
This latter need not be larger, but in our estimates we replace thls with

oo oo
D lajlwg1+ Y lajlw,,
Jj=q—1 Jj=q

which is clearly larger than (3.8.3)).

It follows that the ‘alternating form’ is the worst possible scenario, so that indeed

(3.8.1) holds when w(n) = n®™.

3.9. Approximate amenability. We continue with the above notation concerning A,,.

THEOREM 3.9.1. Suppose that lim,_,, w(n) = co. Then A, is not approximately amen-
able.

Proof. Let (ny) be the sequence defined at the end of §3.1 above, so that w(ny) — oo.
Take a subsequence s(j) of (ng) such that, for each j € N, we have:
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(1) 85> sj-1+2;
(ii) w(s;) > (G + 1)4.

Here we take sg = 0; set w(0) = 1 for convenience.
Define p,q > 0 by

— 1 - 1
— =1 ——— =1
p; w(s;)i? q; w(s; +1)i?

since w(s; + 1) > w(s;) (i € N), we have g > p.
Define sequences (3(j)) and (v(j)) by setting

— 1
D=pd gm0 —‘IZ ST
i=j

for j € N. Note that 3(1) = v(1) = 1 and that

)= Bli+1)=—L— yli)—y(i+1])=—L —  (ieN). 9.
Set r; = s; — s;—1 (1 € N), and define
b=(8(1),...,8(1), B(2),...,B(2),...),
r1+1 T2

c= (), ...,v(1), v(2), ...,v(2),...).
(It is only the first block in ¢ that is longer than the corresponding block of b.)
Clearly 8(n) — 0 and v(n) — 0 as n — 00, so that both the sequences b and ¢ belong
to the space cg. Further, by 7 we have b,c € B, .
For j € N, we have

w(sj)w(sj—1 +1)B(J) = w(sj)w(sj-1 pz w(s;— Vp/i* > 3%p (3.9.2)

and, similarly,
w(spw(s; + 1) = w(s;)a/i* = 2. (3.9.3)
Finally, take € > 0 such that
e < min{p/7?,1/2}. (3.9.4)
Assume towards a contradiction that A, is approximately amenable. Then, by Prop-
osition there exists F' € coo(N x N) such that w = 7(F')/2 and F satisfy
[b—bullw <&, lle—cullu <&, [A(F)]w <&, [JAc(F)]w <e.
In particular [b(1)(1 — u(1))| < ||b — bu|lw < 1/2, so that |u(1)] > 1/2.
Let j € N. Since b has constant value 3(j) on the block {s;_1+1,...,s;}, we see that
Ap(F)(s5585-1 +1) = (uls;) — u(sj—1 + 1))B(j)-
Similarly, v(s; + 1) = 7v(s;), and so
Ac(F)(sj +1,85) = (u(s; +1) —uls;))v()-
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It follows from Proposition ii) and (3.1.2) and (3.9.2) that we have
€ 2 [[Ap(F)llw = wlsj)wlsj—1 + Duls;) — ulsj—1 + 1)[B()

> jpluls;) — u(sj—1 +1)]. (3.9.5)
Similarly, using (3.9.3]) instead of (3.9.2)), we see that
e 2 [Ac(F)lw = j2qluls; +1) = uls;)]- (3.9.6)

Then (3.9.5)), (3.9.6), and (3.9.4]) together show that

21 1
|U(1)*u(8k)|§;;i—2<§
for each k € N, whence
11 1
>—-——-=—- (keN).
us)| 25 -3 =5 (ke

This contradicts the fact that u(s;) = 0 for all sufficiently large k € N.
Hence A, is not approximately amenable. m

3.10. Summary. Putting all the above results together yields a complete description of
the amenability (and some other) properties of the weighted semigroup algebras A,,.

THEOREM 3.10.1. Let w : N — [1,00) be a function, and set A, = (£} (Nx,w),*). Then
the following conditions on w are equivalent:

a) liminf, . w(n) < oo;

b) A, is boundedly approximately contractible;
c)
d)
)
)

A

A, is boundedly approximately amenable;
A, is approximately amenable;
A
A

)

(
(
(
(
( w has a bounded approximate identity;
(f) A, factors;

(g) Au factors weakly;

(h) A, has bounded relative units.

The Banach algebras A,, are always weakly amenable and pointwise approximately amen-
able, but they are never pointwise amenable. m

In particular, the algebras A, do not give counter-examples to any of the questioned
implications in the diagram at the end of §1.
Recall that for w: N — [1,00) and 1 < p < 0o, we have

W) ={f:N=C:If|” =Y IF()Fw(i) < oo},
under pointwise operations.

The following table gives a quick comparison of A, with other common sequence
algebras. The ¢P(w) results follow from the absence of a bounded approximate identity
and Corollary [T.875] and the properties of the James algebra follow from Proposition [I.6.1]
and [I1 Example 4.1.44].
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P (w) A James
Amenable never S wi < 00 no
Ptwise amenable never never no
Approx. amenable never liminfw < oo yes
Ptwise approx. amenable always always yes
Bounded ai never liminfw < oo yes

REMARK. A consequence of the above characterization is that, if A and B are both
pointwise approximately amenable, the same need not be true of AN B taken with the
maximum of the norms. For take w; and ws to be weights satisfying (a) above, but
such that wy V wy — oco. Then A, and A,, are pointwise approximately amenable, but
Apivws = Aw, N Ay, is not.

Note that an analogous remark holds for amenability. Indeed, take the continuous
weights ¢ +— e’ and t — e~ on (R,+). Then L'(e!) and L'(e~!) are amenable, yet the
algebra L' (e!) N L1 (e~*) = L'(el"!) is not [36, Theorem 0], [26, Theorem 8.6].

3.11. A subsidiary example. Changing the semigroup operation on N, we consider
the weighted semigroup algebra A = £1(Ny,w), where Ny, is the set N with the product

mVn=max{m,n} (m,n¢eN).

Here §; is the identity of A. Take ¢ € ®4, and suppose that ¢(d;) = 1 for some j € N.
For i > j, we have ¢; x §; = ¢;, and so ¢(d;) = 0. For i < j, we have §; x§; = J;, and so
©(0;) = 1. Thus, if there is a least j € N with ¢(d,11) = 0, then

pla) =) ai  (a=(ali)) € 4).
Otherwise ¢(0;) =1 for all j € N, and so
pla) = pus(a) =) i (a=(ali)) € A).
i=1
Thus ¢4 = NU {oo}, with Gel’fand map
J
a— (Zai:jeNU{oo}).
i=1
Setting 3(0) = 0, the element a with transform (5(7)) is given by

a(i) = p(i) - B(i—1) (i €N).
Consider B = ker ¢, so that

B={pec:8l=3186) ~Bli~ Dlw(i) < oo

= {8 e co: [BOIWW) + D] 18G +1) = Bl +1) < oo}.
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Noting that

Z 1B +1) — BG)|w( + 1) < [B8(1)|w(1) + Z 18( +1) — B()|w(j + 1)
< Z 1B +1) = BU)(w(i +1) +1)
< 2w(1) Y 1B +1) = B()w(i + 1),

j=1
we see that B ~ B,, where o(j) = w(j +1) (j € N). But the amenability properties
of B, have been characterized in Theorem [3.10.1] in terms of the finiteness or other-
wise of liminf, . o(n), which is exactly the same as the finiteness or otherwise of
lim inf,, .o, w(n). Finally, B and A = B* have the same amenability properties, so we are
done.

4. Segal algebras

4.1. Introduction. In this section, we shall consider the amenability properties of some
Segal algebras. For earlier discussions on this topic, see [23], [24], and [28]; for more recent
results see [9]. In particular, it is proved in [24, Theorem 2.1, Corollary 3.3] that each
symmetric Segal algebra on a SIN group and on an amenable group (this includes all
Segal algebras on locally compact abelian groups) is approximately weakly amenable.
Here we shall concentrate on Segal algebras on only the locally compact abelian groups
T and R, but for the convenience of the reader, we recall the following general definition
taken from [I1] Definition 4.5.26]; for a more detailed account, see [24, §1] and [60, §6.2].
For a function f on G, and a € G, we denote by f the function z — f(azx), G — C.

DEFINITION 4.1.1. Let G be a locally compact abelian group. A Banach algebra (S, ||-||s)
is a Segal algebra on G if:

(i) S is a dense subalgebra of (L(G),, | - ||1);
(i) £l < [Iflls (f € 5);

(iii) S is isometrically translation-invariant, and the map a — ,f, G — S, is continuous
for each f € S.
The Segal algebra S is proper if S # L(G).

For a locally compact abelian group G, we write I' for the dual group; for f € L1(G)
the Fourier transform of f on T is denoted by F(f) = f, and

AT)={f:fe LG},
so that A(T) is a self-adjoint, regular, natural Banach function algebra on T" [I1], §4.5].
The subalgebra of A(T") consisting of transforms with compact support is denoted by
Apo(T), and, for a Segal algebra S, we write

Soo :={f €5:f€ Ap(D)}.
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We shall require the following properties of Segal algebras; see [60, Propositions 6.2.5
and 6.2.8], [59], and [7].

LEMMA 4.1.2. Let S be a Segal algebra on a locally compact abelian group G. Then:

(i) the character space of S is T';
(ii) Soo = LY(G)oo is dense in S;
(iii) S is a Ditkin algebra. m

Let GG be a locally compact abelian group, and take ¢ with 1 < ¢ < co. Then we define
Sy(G)={f e LNG): fe LU},

with the norm

1fle = 111+ 1Fllg (€ So(@))-

Clearly (Sq(G),| - llq) is a Segal algebra on G. In particular, the algebra (Si(G),| - 1)
is often called the Lebesgue—Fourier algebra of G, and is denoted by LA(G); see, for
example, [24]. The algebras Sq(G) were first studied in [50], and more recently in [34],
where they are denoted Ai. For example it is shown in [34, Theorem 2| that we have
S (G) € Sy, (G) whenever 1 < g1 < g2 and G is non-compact.

Since the Fourier transform F : S,(G) — L4(T") is continuous, it induces a continuous
operator

FOF:8,(G) & S,(G) — LIT) & LUT);

we write F' for (F ® F)(F), and when convenient view it as an element of L?(T" x T').
For the remainder of this section, we define and fix

1
—— (j €Z\{0}),
y=d P YEEoD (111)
0 (j=0),
and set v = (7). Note that 7; \, 0 as j — oo and that
k< Y v (keN). (4.1.2)
j=k+1

This latter inequality is the key property of the sequence -, and dictates the definition of
v in (4.1.1); for example, we cannot replace 1/(52 + |5]) by 1/(|j|™ + |j]) for any m > 2.

We are interested in the possible approximate amenability of Segal algebras, and make
the following observation in the general abelian situation.

REMARK 4.1.3. Let G be a locally compact abelian group. By [60, Theorem 6.2.38], the
Fourier transform maps the Feichtinger algebra & 1(G) bicontinuously onto & !(T"). For
G compact, so that T" is discrete, [60, Proposition 6.2.9(ii)] shows that this latter algebra
is /1(T"), the two norms from & !(T") and £!(T") being equivalent. In particular the map

fef 8G) =MD,
is a Banach algebra isomorphism, where the pointwise product is taken on £1(I). It follows

that & }(G) fails to be approximately amenable whenever G is an infinite, compact abelian
group. This result is also shown in [, Proposition 5.1].
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4.2. The approximate amenability of Segal algebras on T. In this subsection, we
shall often write f(6) for f(el?), and regard f as a function on [0, 27]. Also we normalize
Lebesgue measure on T to have total mass 1, and so

2m 1/p
1= (57 [ 1reras)

for f € LP(T) and p > 1. For 1 < p < oo, p’ will always denote its conjugate index, and
we set

p = max{2,p'}.
We recall that L%(T) C L?(T) C L'(T) whenever 1 < p < g, and that || f|l1 < | f|, when
p>1and f € LP(T). For ¢ > 1 the algebras (L(T),*, || - ||q) are Segal algebras on T;
they are proper whenever g > 1.

It follows from Lemma [{.1.2]that each Segal algebra on T can be regarded as a Banach
sequence algebra on Z that is a Ditkin algebra. We have already asked whether or not
every such Ditkin algebra is necessarily pointwise approximately amenable. By a result
of Ghahramani and Zhang [28], all Segal algebras on T are pseudo-amenable.

Thus we have a conjecture, also stated in [28]:

Every proper Segal algebra on T fails to be approximately amenable. (4.2.1)

We shall establish the conjecture for a fairly wide class of such Segal algebras on T.
The most obvious Segal algebras on T are the algebras (L?(T),*), where p > 1, and
Sq(T) for ¢ > 1. We start by defining a common generalization of these algebras.

DEFINITION 4.2.1. Let (A, | -||4) be a Banach sequence algebra on Z. For p > 1, set
Spa={f € L7(T): f € A},
and define
1flp.a = 1F1lp + 11F 1La.
We shall write S, 4 for Sp ¢a.
LEMMA 4.2.2. Let (A,| -||a) be a Banach sequence algebra on Z. Suppose that A is such

that a function g on Z belongs to A if and only if |g| belongs to A, and that, in this case,
llgll = Il lg| |l Take p > 1. Then (Sp,a,| - llp,a) is a Segal algebra on T.

Proof. That (Sp 4, - [|p,4) is a Banach algebra is clear, and it is also immediate that
1fll1 < Ifllp,a for f € Sp a. Since S, 4 contains the trigonometric polynomials, S, 4 is

certainly dense in (L (T), ||-|]1). The space S, 4 is clearly translation-invariant, and each
g(n))nez belongs to A
whenever g € A and they have the same norm. Finally, if ¢ — 0, then

lef = fllp.a = llef = Fllp + (€ = 1)Flla — 0.
Thus (Sp. 4, || - lIp,a) satisfies the conditions of Definition u

REMARK 4.2.3. In fact, given a Segal algebra on T, S is a Banach sequence algebra on
Z with norm inherited from S, and S = S| g with equivalent norms.

translation is an isometry; this follows because the sequence (e™?

We shall make repeated use of the classical Hausdorff-Young inequality [72, Theorem
XI1.2.3], which we state here for future reference.
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THEOREM 4.2.4 (Hausdorff-Young). Let 1 < p < 2. Then, for each f € L?(T), fe o'
and

1f 1y < 1F -
Further, if (a,) € £, then there is f € L¥ (T) with f= (an) and

£l < 1 F1lp-

ExAMPLES 4.2.5. (i) Take p,q > 1. For 1 < p < 2, we have

1l < Ml (F € LP(T))
by Theorem |4.2.4] so we have S, ; = Sy v = L?(T) for ¢ > p’. If p > 2, we have

11l = lIfll2 < [lfll,  (f € LP(T)),
and so S, 4 = Sp2 = LP(T) for ¢ > 2. Thus every Segal algebra (L?(T), ) for p > 1 has
the form S, , for suitable g. Further, Sy , = S4(T), as defined earlier.
For 1 < ¢ <2and f € S,4, Theorem shows that ||f|lg < [|f]l¢; by Holder's
inequality, ||f|lp < [|f|l¢ when p < ¢'. Thus S, ; 2 £%(Z) when 1 < g <2andp <¢.
(ii) Partition N into infinite subsets (T}) (j € N), and define

a={(am) ceo: tim (53 latmp) " =0},
neT;

with norm the supremum of the sum terms. Clearly A ¢ £9 for any ¢ > 1, and /! ¢ A. o

We shall seek to determine when the algebras of the form S, , are approximately
amenable and when they are pointwise approximately amenable. As a guide, recall that
Si,q = £%(Z) in the case where 1 < ¢ < 2, and so, as in [14], S; 4 is pointwise approx-
imately amenable, but not approximately amenable. We shall show that no S, , is ap-
proximately amenable, so confirming the conjecture in some special cases. Recall that it
follows from Theorem that S, , fails to be pointwise amenable whenever it fails to
be approximately amenable.

We shall need the following (complex) version of [72] Lemma XII.6.6].

THEOREM 4.2.6. Take p > 1. Suppose that (a,) is a real-valued sequence with a, \, 0 as
n — oo. Then

anfzaﬁ < 00 (4.2.2)
n=1

is a necessary and sufficient condition for there to be a function f € LP(T) such that
f(n)=a, (neN).

Actually, [72] Lemma XII.6.6] shows that ensures that » ., a, cosnz and
> ansinnx define functions in LP(T), whence Y oo, a,e™ is in L?(T) (and con-
versely).

For an element H € ¢" ® £", we shall write || H ||, for its projective norm.

THEOREM 4.2.7. Let A be a Banach sequence algebra on Z. Take p > 1, and suppose
that £ C A for some r > p/2. Then Sy, 4 is not approzimately amenable, and hence not
pointwise amenable.
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Proof. We write S for Sy, 4, and || - || for || - ||, -
We shall again consider the argument of [14, Theorem 4.1].
As noted in Example [4.2.5(1), we have [|f]| > || F |7 (f € S). Tt follows that, for each
F € Sp0 ® Sop, we have
185 (F)lszs = [18a(F) 5,

where a = f
In the proof of the cited theorem, we found sequences a and b with certain properties.
The actual sequences are

a= (vf,o,ﬁ,o,...) and b= (0,715,07725,...);
here
B=1/p—96 (4.2.3)
for some appropriately small 6 > 0, and v = (v;) was specified in equation (4.1.1)). Since
7? ~ j728 as j — oo and 26p = 2 — 26p > 1 for ¢ sufficiently small, we have a,b € £P.
Since r > p/2, we also have
2r=2r/p—2r5 > 1

for § > 0 sufficiently small, because 2r > p. It follows immediately that we may suppose
that v# € £7 C A. Further our estimates imply that a,b € £™ C A.

As in the cited theorem there exists ¢ > 0 such that there is no element G in
(P(N) ® £7(N) for which all the following inequalities hold:

1Aa(G)llF <&, A(G)lI5 <e, (4.2.4)
la —an(G)/2|| <e, |b—0br(G)/2| <e. (4.2.5)
We shall show that a,b € §, say a = g and b = ﬁ, where g, h € S. Once we have

established this, it will follow that, whenever F € Sgo & So satisfies ||f — fn(F)/2|| < e
and ||lg — gn(F)/2|| < €, then

1Ag(F) + 1Ag(F)] = &,
and hence the condition for approximate amenability given in Proposition fails.

It remains to show that the specified elements a and b belong to S.
Suppose firstly that 1 < p < 2, and consider the sequence v7. We claim that

oo
Zj”_zﬁﬁ < oo0.
j=1

In fact jp_Q’yfﬁ ~ j7P as n — oo, where
p:=2pB+2—p=2p(1—1/p—0)+2—p=p(l—26),
and so p > 1 provided that § < (p —1)/2p.
In the second case, where p > 2, we need a slightly different argument. Here we note

that, for each f € LP(T), we have f € L*(T) and Hf”g < || fllp- Now apply the above
argument with § = (1 — 2J)/2. We have

A
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and 2 — pd > 1 provided that § < 1/p, so again we have
oo
S <o
j=1

for suitable § > 0.

Thus in both cases, provided that § > 0 is sufficiently small, Theorem applies
to show there exists a function f € LP(T) with f(]) = 'yf (j eN). Thus f € S.

Now define g, h € LP(T) by

9(2) = f(2%), h(z)=29(x) (2€T).
Then § = a and h = b, whence g,h € S = Sp A
Thus we have found elements g and h of S, 4 that demonstrate that the conditions
for approximate amenability given in Proposition [[.4.2] fail. It follows from Theorem
that S is not pointwise amenable. m

We note that [9 Example 3.7(e)] shows that L?(T) is not boundedly approximately
amenable for p > 1; we strengthen this in the next result which answers in the negative
Open Question 2 of [24].

COROLLARY 4.2.8. Let p > 1. Then the Segal algebra (LP(T),*) is not approximately
amenable, and hence it is not pointwise amenable.

Proof. We just note that S, ,, = LP(T) and that p’ > p/2 always holds. =

There remains the case where p = 1 in Theorem Note that Example ii)
shows that there are Banach sequence algebras A such that A ¢ ¢4 for any g > 1.

THEOREM 4.2.9. Let A be a Banach sequence algebra on Z. Suppose that £7 C A C 049
for some ¢ > 1 and r > q/2. Then Sy 4 is not approzimately amenable, and hence it is
not pointwise amenable.

Proof. Again we set S = 57 4, and argue as above. For each f € S, certainly we have
I£ > 11f llg, and so, for each F € Spp ® Spo, we have

125 (F)lsas = 1A7(F)lg-
We now take
pB=1/q—o0.
We first note that, since ’yjﬁ \. 0 as j — oo and 77 is a convex sequence, there exists
f € LY(T) with f=n [72, Theorem V.1.5]. Also, since r > ¢/2, we again have
20r =2r/q—2ro > 1
for § > 0 sufficiently small; for each such 6, we have v € £", and hence f € S 4.

The proof concludes as before. m

COROLLARY 4.2.10. Let g > 1. Then the Segal algebra S, is not approzimately amenable,
and hence it is not pointwise amenable.

Proof. The role of r in the above is to ensure that f € A for a certain element f € L (T).
Here A = 04, so to ensure that f € A, we just need 28q = 2 — 2¢6 > 1; this holds for
6 > 0 sufficiently small, and so the result follows. m
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We conclude that, for many proper Segal algebras S on T, it is indeed true that A
is not approximately amenable, so supporting the conjecture of Ghahramani and Zhang.
We do not know if the constraints imposed in the above theorems are really necessary.

4.3. Segal algebras on R. In this section we shall show that certain Segal algebras on
R are not approximately amenable.
Fix g with 1 < ¢ < 00, and consider the well-known Segal algebras

S;={feL'R): feL!R)}

on R; the general case was mentioned in Of course R = R, but we need to distinguish
between the two copies of the real line. Set
AR) ={f: feL'(R)}.
We need some preliminaries to show that the constructions to be given below are
well-defined.
Let S be a Segal algebra on R. For F' € Syp ® Spp, we have
F € Ag(R) @ Ago(R) C Coo(R x R).

Thus for a function w € L?(R), we can certainly define

~

Au(F)(.) = (w(z) — wu) F(z.y) + u(@w(y) —w@)uly) (z.y€R),
where u = 7(F) /2. Further it is clear that, for each f € S, we have

-

Aj(F) = Ax(F).

Now let 0 < £ <1 denote a (fixed) C OO(I@) function such that

(1 (] < 1/a),
aw—h (I = 1/2),

and, for j € Z, denote by &; the translate of £ centred on j. We continue to take «y as in

equation (4.1.1)), and write
1 «
p=--2,
q q
which is a slight modification to the previous version of 3. We take 8 = 1 in the case
where ¢ = 1. Take o > 0 sufficiently small so that ¢8 = 1 — aq/q’ > 1/2 (there is no

constraint on a > 0 when ¢ = 1), and then define

0= 761 b= 76,
j=1 j=1

Clearly a,b € L(R). Also, a,b € C®(R) and a,b,a’,b' € Cy(R) (where ' denotes the
derivative), and so a,b € A(ﬂi), say a = fand b =g, where f,g € L1(R). Indeed, clearly
fg €8,

Finally, take L, (R) to be the space of functions in L9(R) of compact support. For
an element H € L™(R) ® L"(R), we shall write ||H ||, for its projective norm, as before.

THEOREM 4.3.1. Let ¢ > 1. Then the Segal algebra S, is not approximately amenable,
and hence it is not pointwise amenable.
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Proof. We again follow the argument of [I4, Theorem 4.1]. Once again, to simplify nota-
tion we write S for S, and || - || for || - ||4; as usual, we write || - ||, for the norm in L?(R).
We shall show that, for a suitable choice of 8 and for a certain £ > 0, there is no element

F € Spg @ Spo such that both the following inequalities are true:
[A8a(G)llq + [A(G)llg <& (4.3.1)
la — aullq + [|b— bullq <e. (4.3.2)

Here, the specific functions a and b were defined above, and G = F and u = 7(G)/2.
Note this is not quite the same as in [I4], as here we cannot adjust on the diagonal, as
can be done in the case of sequence algebras.

We also note that

1A (F)llsgs = 1Aa(G)llq
and that
If = f*oll = lla — aullg,

so it is sufficient to work with the quantities a,b and u = 7(G)/2 = ¥ on R.

By construction, a¢ and b are sums of functions which are supported on pairwise
disjoint neighbourhoods of points of Z™, and a and b have disjoint supports. For i,j € N
and w € L(R), we write wj for the restriction of w to [j —1/4, j +1/4] and A, (i, ) for
the restriction of A,,(G) to the square [i — 1/4,i+ 1/4] x [j — 1/4,j + 1/4]. (Note that
the functions w; need not be continuous even when w is continuous.) As in , we
have

Ay (G) (i, 5) (@, y) = (wi(x) — w;(y)G(z,y) + ui(z)w;(y) — wi(z)u; (y)
for z,y € R.

We may suppose that the € > 0 to be chosen will satisfy ¢ < 1/2.
Now assume towards a contradiction that F' satisfies

1A (F)lsgs +18g(F)llsgs <& and [If = fxof <e, (4.3.3)
where 7(F') = 2v. Then (recalling that u = )
1

5/4
R _ q _ q _ q
i > = f ol 2o a2 [l

and so 1 > |lug]lq > 1/2.
Take 4,j € N, and consider the point (2i — 1,25) € N x N. For (z,y) in the rectangle
(20 —5/4,2i —3/4] x [2j —1/4,2j 4+ 1/4], we have &2;_1(z) = &2, (y) = 1, and we calculate
the values
Aa(2i = 1,2))(z,y) = 7 (G, y) = uz;(y),
Ay(2i — 1,2j)(x,y) =7} (uzi—1(2) — G(=,y)).
In the case where 7 < j, so that ; > ;, geometrical considerations show that
|G, y) — uz; (1) "9 + Jugi—1(x) = G2, )|V > 77 (Jugi 1 (x) — uz(y)|/2)7.
The points (2,27 — 1) taken with ¢ < j —1 and j > 2, so that ; > ~;, lead to a similar
estimate for (z,y) in the rectangle [2i — 1/4,2i + 1/4] x [25 — 5/4,25 — 3/4].
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For w € Lgo(]IA%) and A = (\; € ¢! with \; > 0 (j € N), we define

o0

@y (A w)(x,y) =Z Aj Z |wai—1 () — wy; (y)lq+z Aj Z |wai () —waj 1 (y)|*. (4.3.4)

Then, recalling that a and b have disjoint supports, we see that
21| A5 (@)IE+ 1126 (G)IE) = 1B (v, u)]1-

Set
0y = nf{||®g (v, w)[l1 : w € Liy(R), 1/2 < [lwr ]y < 1}

Note that the infimum is taken over a larger set than 3(5; this is because we shall
be truncating functions and need to stay within the relevant space when we do this. We
shall seek to show that 6, > 0, for then fails for each e > 0 sufficiently small, and
so S is not approximately amenable.

Suppose for the moment that ¢ = 1, so that 8 = 1. In this case, with A = ~, (4.3.4)
gives

o0

0o 7 7j—1
@1 (v, w)ll1 = Z%‘ Z [wai—1(7) —w2;(y)|1 +Z%‘ Z |wai () —wa2j—1(y)|l1- (4.3.5)

Consider the values of ||®1(y,w)|1 for suppw C [0,d + 1/2], for some d € N with
d > 2. Indeed, take such w not identically 0 on [d — 1/2,d + 1/2]. We claim that, by
setting w to zero on this interval, the value of ||®1(,w)||; is reduced.

To establish this claim, first suppose that d = 2k + 1 for some k£ € N. By the change
specified, we first increase each term in the summand

k
Y1 Y llwas(x) = wars1 (y)lh
i=1

by at most ||wak+1]/176+1/2, and so || ®1(y,w)]]1 increases by at most k||wak11]/175+1/2-
On the other hand, the term

oo oo o0

> villwaria(@) —wo; (W)l = Y vjllwaksa(z) —0lh = ( > ’Yj)||w2k+1||

j=k+1 j=k+1 j=k+1

becomes 0. The other terms are not affected. However, for each k € N, we have

o0
Bk <k < Y
j=k+1

by the key property , and so, in total, the value of ||®1(y,w)||1 has been decreased.
The case d = 2k is similar.
By continuing, we see that, subject to the constraints that we have imposed, and in
particular that w € Ld, and 1/2 < |Jwy||; < 1, we have

01 > [|P1 (v, wi)|lr = 7 llwillr > 1/4.

Hence we obtain the required contradiction in the case where ¢ = 1.



Approximate amenability 53

Now suppose that ¢ > 1. We have chosen a > 0 so small that ¢8 = 1 — qa/q’ > 1/2.

Then
oo
Snj e ma 3oy
j=1

and so, in particular, the element v%% is a sequence in ¢! which is positive and decreasing.
Note that (14 a)/¢' =1, so that y = 47 . y(1+2)/d" Set

5= (ZJ 1+a)1/q/ _ (iiWHa)l/q

j=11i=1

Fix u € Soo with 1/2 < ||lu1llq < 1. Applying Hélder’s inequality to each integral, we
have the estimate

1/4 < |[@1(y,u)lr

o) J o) 7j—1
=>4 > lugica (@) —ug; @)l + D> 5 > luai(@) — ug;—1 ()l
Jj=1 =1 j=2 =1

1\ V¢ ~ il
= <4> [ZWJ Z [ugi—1(z) — u2;(y)llq + 2% Zl [z (@) — uzj-1(y)llq

=

Now let (x,) be the sequence with generic term fy?||um 1 —ugj|q or ’Yf“UQi —uzj-1llg,

(1+e)/d

and (y,) the sequence with corresponding generic term ; . Applying Holder’s in-

equality to the sequence (z,y,), we find that

1 00 J 00 j—1
1< 0D i a(@) — w3 D ) — g 1 9.
Jj=1 =1 Jj=2 =1

Thus 1/4 < §9)|®,4(y, u)|)1. It follows that 6, > 1/(467), as required.
This concludes the proof of Theorem [4.3.1] =

There is another important family of Segal algebras on R, namely S, = L' (R)NL?(R),
where p > 1 [60, Example 1.5.2 and Proposition 1.5.6]. Here || f||s, = [/ fll1 + [|f]l, for
fes,.

THEOREM 4.3.2. Suppose that 3/2 < p < 2. Then L*(R) N LP(R) is not approximately
amenable, and hence it is not pointwise amenable.

Proof. Suppose that 1 < p < 2, so that S, C S,/. Assume for the moment that the
functions f,g of Theorem lie in LY(R) N L?(R), and that f,§ € L? (R). Then
the same argument as in Theorem applies to show that L(R) N LP(R) fails to be
approximately amenable.

Now, as before, f@ eL” (I@) provided that

pB=1—ap'/p>1/2,
and this latter is true if o > 0 is sufficiently small. Write h = £. Since & € C *°(R) and is
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of compact support, we certainly have h € L?(R). But for ¢ € R, we have

= (Yo @ h(e),  g(t) = ),
j=1

so that
I £llps llgllp < NIAllp 17" Ml ps

which is finite provided that

pB=p/p —a>1/2.
This holds for a > 0 sufficiently small exactly when p > 3/2. Thus f,g € L*(R) N LP(R)
for p > 3/2. So we have shown that L*(R)N LP(R) is not approximately amenable in the
case where 3/2 < p<2. m

The case where 1 < p < 3/2 remains unresolved.

4.4. The pointwise approximate amenability of Segal algebras on T. We have
seen that many, perhaps all, proper Segal algebras on T are not approximately amenable,
and hence not pointwise amenable. The only property in this area that they may have
is that they are pointwise approximately amenable. We now give some brief remarks
concerning when Segal algebras on T are pointwise approximately amenable.

First consider the algebras S, 4. For 1 < ¢ <2 and p < ¢/, we have S, ; = £, and so
Sp.q is pointwise approximately amenable by Corollary

What about the case where g > 27 Theorem [1.8.2| cannot be used for these algebras.
For take a specific f as given by Rider in [61, Example A]. Then, again by T heorem

fe () LT = Fe(t@ = fe()Sa
1<p<2 q>2 q>2
But, as noted in §I.8] the function f fails to satisfy the hypothesis of Theorem [I.8.2] By
[22, Corollary 3.5], the closed subalgebra generated by f in L!(T) is not itself a Ditkin
algebra, so it is not pointwise approximately amenable.

Now we consider whether or not the Segal algebra (L?(T),*) is pointwise approx-
imately amenable when p > 1. By our earlier theorem, this is immediate for the special
case where p = 2. Unfortunately, it is again the case that Theorem [1.8.2| cannot be used
for any value of p # 2: if p < 2, then the above example of Rider shows that the ‘level sets
problem’ closes the door to a solution along these lines, and, if p > 2, similar examples of
Oberlin [54] and of Bachelis and Gilbert [2] do the same. Thus we do not know whether
or not LP?(T) is pointwise approximately amenable for any p > 1, save for p = 2.

Note that there exist Banach sequence algebras with /! c A C ¢P which are not
pointwise approximate amenable. Indeed, take

Ay ={ (@) e 07 sup - Zm 1) - 2] < .

neN 1

with the obvious norm. This satisfies ¢! C A C /P, but

A,%c{( yelr: =~ Z\xz—i—l —x()|—>0}

and so A, fails to be pointwise approximately amenable by Corollarymsincc /TIQ) # A,
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4.5. Postscript. Since obtaining the above results, we have received the fine paper [§],

which contains interesting new results on approximate amenability, including the theorem

that no proper Segal algebra on R? or T¢, d € N, can be approximately amenable, thus
confirming conjecture (4.2.1)) in full generality.

‘We
1.

10.

11.

(1]
2l
8]

5. Open questions

list here some questions that we believe are open:

Are the notions of ‘boundedly approximately amenable’ and ‘approximately amen-
able’ the same? All the known examples of approximately amenable Banach algebras
are, in fact, boundedly approximately contractible.

Does every approximately amenable Banach algebra have a bounded approximate
identity? All known examples do.

Is every approximately inner derivation automatically continuous?

As shown in [T4], when the inequalities characterizing approximate amenability fail,
it is often a two-point set that suffices to negate these inequalities. Is this is always
the case?

Is there a pointwise amenable Banach algebra which is not already amenable?

For which groups G is £!(G) pointwise amenable? In particular, is £1(Fz) pointwise
amenable, where s is the free group on two generators?

Let I be a closed ideal of finite codimension in a unital, approximately amenable
Banach algebra A. Is I also approximately amenable? This is open even when I has
codimension two and A is commutative.

Is there a commutative, separable Banach algebra, or even a Banach sequence algebra,
such that A = A2, but A is not a Ditkin algebra?

An interesting example of a proper, unital, uniform algebra which is a strong Ditkin
algebra is given by Feinstein in [20]. Is this example (pointwise) approximately
amenable?

Characterize those semigroups S with ¢1(S) approximately amenable (and E(S)
infinite).

Is every Banach sequence algebra which is a Ditkin algebra necessarily pointwise
approximately amenable? In particular, what can be said about S, , for general p
and ¢?
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