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Abstract

We consider the motion of incompressible mhd in a domain bounded a free surface. In the external
domain there exists an electromagnetic field generated by some currents which keeps the mhd
flow in the bounded domain. On the free surface transmission conditions for the electromagnetic
fields are imposed. For sufficiently small initial velocity and vanishing external force the global
existence is proved. The La-approach is used. This helps us to treat the transmission conditions.
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1. Introduction

In this paper we show global in time existence of solutions to a free boundary problem for
incompressible magnetohydrodynamics. In a domain fllt C R? bounded by a free surface
S; we consider the motion of incompressible magnetohydrodymamics. A domain Sglt, which
is bounded by a fixed boundary B, is external to Sllt. In ét we have an electromagnetic
field generated by some currents on B. Hence the electromagnetic field in (22t acts on the
motion of rlnagnetohydrodynamics in fllt through the free boundary S;. Moreover, the

motion in €2 is generated by the initial velocity and the initial magnetic field and also
by the initial shape of the free surface S;. Our aim is to prove global existence assuming
that the initial data are sufficiently small. Our considerations base on [4], where local
existence of solutions of this problem is proved.

1
In Q; the motion is described by

1 ~
(L.1) vy +v - Vo —divT(v,p) — div(uT(H)) = f in QF,

dive =0 in OF,

1 11 1 1 -
wHy +v-VH—H-Vv)+ —rotrot H=0 in Q7

(1.2) X o1 )
divH =0 in Q7

- 1
where Q0T = Uo<ecr e X {t}, v = (vi(z,1), va(w, 1), v3(z, 1)) € R? is the velocity of the
fluid, p = p(x,t) € R is the pressure, x = (21,72, 23) the global cartesian coordinates.

H= Iil(x,t) = (é[l(ib,t),Ii[g(l’,t),ﬁgg(.’li,t)) € R3, i = 1,2, is the magnetic field, f =
f(x,t) = (fila,t), fa(2,t), fs(x,t)) € R? is the external force field, p is the constant

magnetic permeability and o; is the constant electric conductivity in Qt, 1 =1,2. We
denote by T(v,p) the stress tensor of the form

T(v,p) = vD(v) — pl,
where v is the constant viscosity coefficient, I is the unit matrix and
(1.3) D(v) = {via; + Vja, }ij=1,2,3

is the dilatation tensor. L
Moreover, we denote by T(H) the stress tensor of the magnetic field described by

1 11 H?
(1'4) T(H) = {Hz’Hj - 25¢j} .
i,5=1,2,3

(5]
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2
In ©; there is no fluid motion but there is a fluid under a constant pressure pg, where the
electromagnetic field is described by the problem
2 ] 2 e
uH, + —rotrot H =0 in Q;,
02

2 ~
(1.5) divH =0 in OF,

2
H =H, on B,

- 2 i i
where QF = (Jy<,;<7 Q¢ x {t}. As the initial conditions we assume Qy|i—g = €2, St|s=0 = 9,
T 1 12 2 2
1= 1,27 ’U|t:0 = o, Hlt:[) = HO n Q, H|t:0 = H() in Q.
It is difficult to examine problem (1.5) because the nonhomogeneous Dirichlet bound-

ary condition on B implies that integration by parts will not give any estimate. Therefore,
we construct an extension H, of H, satisfying

(1.6) H,|p =H,,

which is divergence free and vanishes in a neighborhood of S;. The divergence free ex-
tension is possible if

(1.7) 0=\ divA.de=\H. - 7dB,
é B

where 71 is the unit normal external vector to B. Using the extension H « we can introduce
the new function

(1.8) H=H -H,

which is a solution to the problem

2 1 2 - 1 - -
uH; + —rotrot H = —pH, + —rotrot H, =G in QQT,

g2 g9
2 ~
. _ . T
(1.9) (2211VH—0 in Q3,
H=0 on B,
2 2 ~ 2 2
H|t:0 :HI(O) —H*‘t:() EH(O) in Q.

2

To transform problem (1.9) to lagrangian coordinates we extend v on ;. The extension
is denoted by v’ and it is divergence free (see [II]). In this case we can express problem
(1.9) in the form

2 2 1 2 2 N
w(Hy +v' - VH) — —rotrot H= G+ v’ - VH in QF,

(o))
2 -
. . /T
(1.10) (121VH—0 in Q5
H=0 on B,

2 2 2
H|t:0 = H(O) in Q.
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2

Examining problem (1.10) we can introduce in €; the lagrangian coordinates £ as the

initial data to the problem
dr

2 2
i V(x,t), zlimo=E€Q, xEQ

(1.11)

1
Similarly, lagrangian coordinates in €2; are defined by the problem

dx 1 1
(1.12) i v(z,t), z=0=E€Q, z€.
To simplify the presentation of the results we introduce the notation
(1.13) (v,0') = (0, ).

Finally, we introduce the following boundary and transmission conditions on S;:

1
fi-T(v,p) + pa-T(H) = —pofi  on Sy,

(1.14) o
Vel
and
1 1 1 1 2
(1.15) [H] =0, (rotH — v X H> = —(rot H); on Sy,
01 s 02

where the subscript 7 means the tangent coordinates to Si, ¢(x,t) = 0 describes at
least locally S; and [4] = A A where A is the quantlty deﬁned in Qt, i = 1,2. The
transmission conditions (1.15) couple the magnetic fields H and H

To prove global existence we need the following local result (see [4]).
THEOREM 1. Assume that vo € H? (Q) IZ{() € HZ(KZZ), i = 1,2, Ofv)i—o € LQ(Sll),
8’“H|t 0 € LQ(Q), i=1,2, k<2, 0if LQ(QT), i<2, G,G € LQ(KQZT) and S € H5/2,

where QT = Q0 x [0,T], ¢ = 1,2. Assume the transmission conditions (1.15) hold on S;.
Then for T sufficiently small there exists a solution to problem (1.1), (1.2), (1.10), (1.15)
such that

_ 1 o
0iv € Loo(0,T; H*7H(Q)) N Ly(0, T; H37H(R)), i <2,
(1.16) OFH € Loo(0,T; H2*(Q)) N Lo (0, T; H () = X( x [0, T]),
k<2 i=1,2,
and
A11) ol gy + I, 0 + Z 11 g

2 .
k k : ) r
<e| Y (I9Fvleoll s, ) + Z 108 El=oll s )+ 11 o uarn

k=0

+Gell,

1ol g Wl +1GI, o r L) =D

where G is given by (1.9), o' = p — po and 4 = u(€,t) = u(z(,t),t) (see (1.11), (1.12)).

T Gl

Lz(QT Q
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MAIN THEOREM. Let the assumptions of Theorem hold. Assume that f =0, SQ vo dr =
S cpidr = 0,1 = 1,2,3, where @;, i = 1,2,3 are defined in (6.4). Assume that D
from (1.17) s sufficiently small Then there erists a global solution to the problem (1.1),

(1.2), (1.10), (1.15) in X(Q x Ry), i = 1,2, where X(Q x Ry) is defined in (1.16).

REMARK 1.1. For D small Theorem [1| holds with suitably large 7. Moreover, if D goes
to zero then the existence time T' converges to infinity.

2. Notation and auxiliary results

First we introduce the notation employed in this paper. We do not distinguish between
norms of scalar and vector-valued functions. Let w be a vector, w = (w1, ...,w,). Then

] = (Dw)

Let L,(€Q) = {u: {, [ul’ dz < oo}, p € [1,00]. The space of functions with the norm

1/2

lullvory = llullo0,75250)) + llull Lo 0,151 (2))
is denoted by Vi(Q7). We shall use the notation
[ullrt (@) = z 0full gri-i(y, LkEN,
i<l—k

where H'(Q) = {u : 2laj<t 1DZully0) < oo}, and

”u”FLT(QT) = Hu||LT(O,T;I‘§€(Q))'
Let
HUHL’;(Q) = Z ||D§U\|Lp(ﬂ)a ||U||L;(Qt) = Huw”Lz(Q‘) + ||ut||L2(Q‘)a
lor|=k

where o = (a1, ag, a3) is a multiindex, |a] = a3 +as +as, a; € Ng =NU{0},i=1,2,3,
Dg = 071032073

By ¢ we denote a generic constant which changes its value from formula to formula.
Similarly we denote by ¢ a generic function which is always positive and increasing.

To examine free boundary problems in hydrodynamics we use lagrangian coordinates
which are the initial data to the following Cauchy problem:

(2.1) % =v(z,t), z|=0=¢€ (12
Therefore,
(2:2) zo(6,) = €+ | 0(¢, ) ds

0
where 7(&,t) = v(xy (&, t),t).

2
To define lagrangian coordinates in €2; we need
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1 1
LEMMA 2.1 ([II]). Let X(€4) be some Sobolev space. Let v € X () be divergence free.
12

Then there exists an extension v’ of v on QU such that v’ is divergence free, v'\é =v
t

and there exists a constant ¢ such that
(23) I/l .

In view of the definition of lagrangian coordmates we have

(12t ={z eR®: 2 =u1,(1), feﬂll}, S ={rcR¥: 2 =u,((t), £ €S},

widnoiy Sl

KIZtUSIZt ={zeR:z=a,((t), € §1)US22}
To formulate our problem in lagrangian coordinates we need the notation
98 0
(2.4) T 0w 08
Ty(@, p) = Dy(a) — pl, divy ¥ = 0y, &r0g, 0 = Vi - 0,
where summation over repeated indices is assumed, £ = &(x,t) is the inverse transforma-
tion to x = x5(&,t). From [13] 12] we have

Dyt = Vi + (Vya) T,

LEMMA 2.2. Let Q C R? be a given bounded domain. Let v € La(€2) be such that

(2.5) Eq(v) = S(vjx,,, + Vi, )? da.
Q
Then there exists a constant ¢ such that
(2.6) HU”%F(Q) < c(Eq(v) + ||'U||%2(Q))-

LEMMA 2.3. Let (2.2) describe the relation between the eulerian x and lagrangian & co-
ordinates. Then

t
(2.7) jwe = 11 < | [ 7€, 5) ds,
’ t
(2.8) €| < exp [ [ (&, 5)| ds.
0

Proof. Expressing (2.2) in the form
t
(2.9) v=¢+\0(¢5)ds,
0
we see that (2.7) is obvious. To show (2.8) we obtain from (2.9) the relation

0
(2.10) Le, =t
' e~ e
From (2.10) it follows that
1d
. x| < gl
(211) Sl < o

o (2.8) follows. m
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3. Differential inequality for velocity

To prove the differential inequality we need a sufficiently regular local solution.

1 1 1
LEMMA 3.1. Assume that X; = ||v||2 + ||H||1212(512 : < o0, f € T§(Q) v(0) € La(Q),
|S S fdxdt'|<oo Then o

2 2 2
GO g2, g 0l o I,
<c[XP(1+ X+ XD) + X (1+ X1)||Utt||§{1(§12t) + X2l ) XU
t
2
+||fllrg(t+HS +‘ dxH,
06 Qyr )

where p' = p — py.

1
Proof. Multiplying (1.1); by v, integrating over §2; and using boundary conditions (1.14)
yields

(3.2) AT +Ep (v)= | f-vdr.

2dt L(Q) ;
Q4

In view of the Korn inequality (6.18) we have

o+

a0
(33) ol

N S Vi e | W WAERD

(£2¢) H(Q4) L2(824) 0

2
‘ S v(0) da:‘ .
Qt, 62

Differentiating (1.1); with respect to ¢, multiplying the result by v; and integrating over
Q, gives

1
(3.4) o — S div[T(v,p) + puT(H))t-ve dz = — S v Vo-vg do+ S fe v dm.
2 t 1 1 1
Qy Qy Qy

Integrating by parts, the second term on the l.h.s. equals

1
— S n- [T( ) + T( )]t ’UtdSt + El (Ut) + 12 S T(H)t . Vvt d$ = Il —|— Esllt (’Ut) —|— Ig,
St Sllt
where in view of the boundary conditions
no= | a(T(,p) + WT(H)) - v, dS,,
Sy
SO L
1] < e | l(IVo] + 0| + [HI?)Jve| dSy
St
< 2 2 2 2 4
<elul?, g + e/l o (ol 0 + e, o+ IEIE, 4 )

/12
el
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and

< 2 2 2
] < el g+ eUDIHIE, o IHE, g

Finally, the r.h.s. of (3.4) is bounded by

2 2 2 2
ellol?, g + e/l g V01, & + 52 o).

Employing the estimates in (3.4) yields

ld 2 2 112
. 1 < 1 1
(35) salvl? o + By @) <l o +I012, 4 )
2 2 2 4
<1/e><|\v||m)u 1,8y * 1012, o I,
2 2 2
FIHIE, g IH2, 0 + 1Ry )

In view of the Korn inequality (6.30) and ¢ sufficiently small we derive

2 2
o) Gl o el
< A 2 2 2 4
<y AV I, ol g I, o
2 2 2 2
FHIE, o IHR, o +IAIE o +1F2 0 ).

Differentiating (1.1); twice with respect to ¢, multiplying the result by vy and integrating
over () yields

d
(3.7) — S vft dx + S (2vg - Vo - vy + v - Vo - o) d

2 dt
1 1
Q4 Q

1
— S div(T(v,p) + puT(H))s - vee dx = S fit - v da.
a, o)
We bound the second term on the Lh.s. by

2 2 2 4
cllval, g, + e/ oul? o 02, 0+l o )

Integration by parts in the last term on the Lh.s. of (3.7) implies

1 1
N S div(T(v,p') + T(H))st - ve dz = — S - (T(v,p') + T(H))et - ver dSy
St
1
+ | T, p)e - Vowda +p | T(H)y - Vonde =1 + I + I,

1 1
Q¢ Q

1
Qq

Now we estimate the integrals I;, i = 1,2, 3. To employ the boundary conditions we have
1 1
L=~ S(?‘% (T(v,p") +T(H)))st - ver dSt + S fige - (T(v,p') + pT(H)) - vy dSy
St St

1
+2 \ A (T(o,0) + pT(H))1 - vy dSy = Ty + o + J.
S

t
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In view of the boundary conditions (1.14), J; vanishes. Next,

1
(o] < e | (jurl + o) (IVo] + [p'] + | HI?) o] S}

St
1
2 2 4 2 2 2
<ellvell, o e/l o+ Il I, o+ IHIZ, o IR, )
2 2 4 2
Fel I, e/, g 0L o el g

Finally

1 1
Js < e\ [ol([Vorl + |pil + |H [Ho]) o] dSs

St
1
< 2 ) 2 2 2 2 2 )
< cllvul?, g+ e/, o o tnm(ﬂ Il IR, o IR, )
+elpl?, g, + c<1/s>||vt||2 ol o

The term I» equals I = Eq, (v) and

11 1
5| < e { (|Hul [H| + | H )| Vo] de
o
1
< 2 2 2 4
<elVoul? o+l IR, g IH? o +IHL, o).
Using the above considerations and estimates in (3.7) yields

1d 9 9
1 < 1
sailonl? o+ By ) < ellval, o+ 1912, 5

2 2 2 4
+lpell?,, slzt)) + C(l/g)[HU”HLQ@)”UHHz(slzt) + ||Ut|\H1(Q

(3.8)

L 2 ! 2
AN, & 1 e 8,0

2 4 2
Ul g+ oL, g I, 8 2 )
2 4 2 2 2
ol g+ 00, g loal?, 0+ tnm ol
2 2 2 2
I, )||H|| ) IIHth A 7 A
2 2 4 2
FIHIE, g Bl g+, o+ 1ul? ]

Simplifying, (3.8) takes the form

d
||Utt||2 v+ By (Utt)<€(\|vtt\|2 1 +||le2

(3.9) 2 dt 2() 1(€2) ()
2 4 2
o, g, )+ /IR, <1+||v||F2(Q )
2 2 4 4
ol (L Tl o I, o+ I, o

+||vH2 TRt H2 )l veel|? @y Tl iz, o lledl? s el J

1(Q F2(Q ) H2(Q) La(S2)
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We recall the Korn inequality (6.44):

2 2 2 4
310) lonl?,, o < cBy )+ ellol?,, o ol o +IEIE, o

Using (3.10) in (3.9) we obtain, for sufficiently small ¢,

2
IR 4 )

d 2 2 2 2
B11)  Floul® o el o <RI, 0 +IBiI, 80)
4 2
et/ el SVl
2 2 4 4
o2, 0 (IR, o DI, o+ I, o
2 2 2 2
o2, 0 IR, o ol + ol el g
2 2
FUARIZ, g+ ISl
To simplify the above expressions we introduce the notation
2 2
(3.12) X0 = [l g+, o
Then (3.6) takes the form
d 2 2
(3.13) ||Ut|\L @) + v 1t||H1(Q )
< 2 3 2 2
<l g, + /DO + X342 o + ISR 5 )
and (3.11) can be expressed as
d 2 2 2 2
a0 Gleal? o lol?, g <eUP12, 0+ 02, 4 )
+e(1/e) [XT(1+ Xy + X7) + Xu (1 + X1)||vtt||21((12 :
2 2 2 2
F Xl o U2 o ISl T
Consider the following stationary Stokes problem:
1
—divT(v,p) = —vy —v- Vo + pdivT(H )+ f in Q,
1
(3.15) dive =0 in Q,
1
n-T(v,p") = —un-T(H) on Si,
where t is fixed. For solutions to problem (3.15) we have
RO
1
< ol g, + 1900 00y + 1 o g W 1, )

< el g, + X+ 1A, )

where we have used that

1
HHH”HU?(S <CHHHII Ly <l H|

() 1 g2 s,
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Using (3.16) in (3.13) and assuming that ¢ is sufficiently small we get

d 2 2 2 2
BI) A g el S cCOEHXEEIAR o IR 4 )
Adding (3.16) and (3.17) yields

d
(318) v} o Aol o H el o+ 1P

Lo(2) H2(Q,) H(Q) HY ()
< 2 2 :
<X+ XBHIAZ o ISR 4 )

Using the formula
d
(3.19) 7 18 v2de = 18 o2 dr + 1S v- Vol de
Q Q4 Q
2 2 2 2 2
<elloal? g +loal? g )+e/lul? o +I0l2, o 10l ),

n (3.18) implies

d 2 2 2 2 2
(3200 Zlll? y lwl? g )+l 0+l g DI, g
< 2 2 2 .
Scllual? o +elXE+XTHIA2 o+ 4 )

Adding (3.3) and (3.20) gives

d 2 2 2 2 2 2
(3.21) ﬁwhm+MMmﬁH%mgﬂwmmHM%@ﬁMMm)

¢
< 2 3 2 2 ‘ ’ ‘ _
<e(XP+ XTI o A2 o+ S | { o) da )
OQtl
Using (3.16) in (3.14) yields
d 2 2 2 2
B2 Sl o el g <eUD12, 0+l )
+C<1/€) [Xl (1 +X1 +X1) +X1(1 +X1)||Utt|| 1(Q )
20,112 21 £/12 2 2
Xl o+ XTI o AR o Sl g ]

Differentiating (3.15) with respect to time gives
1
—divT (v, pt) = —vgp — vy - Vo —v - Vg + pdivT(H), + fi,
(3.23) divoy = 0,
1 1
n- T(’Ut,pt) = —ﬁt . T(’U,p/) — ﬁtT(H) — /.Lﬁ . T(H)t
For solutions to problem (3.23) the following estimate is valid:

(3.24) vt + [lpel < cffloul all

HY(Q) =

1A

La( 3 PGRLLI I

#1104, + 154

H2(fllt)

+ HU . VUHHl/Q(St)

HL(,) La ()

1 11
+llvp | grrzgs,) + H'UHHHHU?(St) + 1HHe| g1r2(s,))-
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Continuing,
(325)  loulyugg + Wil
< cllall, g+ ol g ol + DAl o g T
2 2
Wl P PN B BN (3
1
U g W 0 ]
3/2
< cllloull, g, )+ X0+ X0 ol a1 g+ I )
Using (3.16) in (3.25) yields
(326) ol + Il
3/2
< ellmll, )+ X0+ X4 ol g I, 0+ I, 8 )
Adding (3.16), (3.22) and (3.26) yields
d 2 2 2 2 2
G2 Sl o Fleal?, g el g +I0l2, 0+, g
< C[HWHL?@) + XTI+ X+ X7) + X (1 + Xl)”Utt”Hl((th)
20,12 2 2 2
FXElR, o F XS o U2 o+ IR )
Hence, (3.21) and (3.27) yield
d 2 2 2 2
3:28) O g+l g+l o+l g )
2 2 2 2 2
ol g Il g el o #1012, 0+l g
< e[ XP+ X0+ X))+ X X el
20,112 2 2 2
FXEl, o F XA o ISR o AR
R 2
+H S fdxdt'| + Hv(O)dxH
06, 0
Next, we need
d
(3.29) pn S v, dx = S [(v2); +v - V(v2)]de =2 S (VgtVptt + VVpptUgt) dT
S b
< 2 2 2 2 2 _
<ellwal? g+l 4 )+ e/l g + 012, o Toeel? 4 )

Adding (3.17) and (3.29) yields
d 2 2 2 2
(3.30) %Hvt”Hl(ét + Hthm(ét) < ellvaell] oot [vzaell, o ))

2 2
+mmwm&+mhéﬂwuw
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Next, we examine

d
(3.31) 7 S vfm dx = S [(vfm)f +v- V(vix)] dx =2 S [VewVart + VVpezVpy] da

1 1 1
Q¢ Q¢ Q

< 2 2 2 2
vsstl? g+ Wossall? o )+ eV (osel® o + 0, 5 lowsl® o).

Adding (3.18) and (3.31) gives

d 2 2 2 2 2
(332 ol o +loasl? g )+ ol g+l o 12, 8
< 2 2 2 2
sl g+ ossl® g )+ 1/XE+XTHILI2 o +IAIE 5 )

For solutions to (3.15) we have

(3:33) ol o+ 1017

H3() H? ()
1
< 2 4 4 2 5T 2
an¢+m%@+wué+MMMWn<mWWQ
2 2
<cllul?, g+ X+, g )
Adding (3.17) and (3.33) yields
(334 4 it PPN o 1 AP o N o 4
L2(Q2:) H' () H3 () H2(%)
< 2 2
X7+ XE A2, g+ g )

From (3.28), (3.30), (3.32) and (3.34), for sufficiently small ¢ we derive

2
635) Gl

S e[ XP 4+ Xo 4+ X7) + Xa (L X)llowl, o)+ X3 M0l )+ XEIAIS o

+P'12, 4

+ ol 2

r4(0)

I, o IR o Al o+

+) daz‘ ]
+) L(Q) L(Q

01

Q, )

SH

This implies (3.1) and concludes the proof. m

4. Differential inequality for the magnetic field

In this section we derive a differential inequality for magnetic fields which is similar to
the inequality (3.1) from Section

102
THEOREM 4.1. Assume that the magnetic fields H, H satisfy equations (1.2), (1.9) and
the transmission conditions (1.15). Assume that the assumptions of Lemmas are
satisfied. Then
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2 3 2
d 2 Ak
(4.1) dt[;|H”pg(fzt) +21X2j} +2HH”F§(@)
i= Jj= =

2 .
< c||v)? 2 7z,
< C||U||F2(512t)(1 + ||v||F2(Slm) 2_4: ||H||F%(Qt)
+ c|v]|? H2 G|I? + |Gell? ,
[v]] (Q)ZH || + (]l le(é) [ tt||L6/5(5t))
where
2 i i i
42 XXX:[HQi .12 Haul? .
(4.2) 21+ Xoz + X3 z; L ””L oy I o
i,k
+ H 2 N H,ML 2 7: + INJ»L 2 i
k;/[ | || ) I || o) | t”m(m))
i,k i,k
FY (I, L L e L IS
EeN (%) La(S2) L2 ()

To describe XQJ, J =1,2,3, we need a partition of umty Ck €C>*,0< Ck:( ) <1,
supka = Qk - Qt, i = 1,2, such that Qt UkEMUNQk’ 1 =1,2. By Qk, ke M, we

denote an interior subdomain of Qt and by Qk, k € N, a boundary subdomain. In some
neighborhoods of S; and B we introduce a system of curvilinear coordinates (71,72, n),
where 77, 7o are tangent coordinates and n is the normal.

Z7k K

Moreover, T replaces either 7 or 7o. Flnally H = H(y.

2
LEMMA 4.2. Assume that ”UHH1(§2 ) + 2521 ||HHHl i <00, G € Lgs (%) and assume

(Q4)
the transmission conditions hold on S;. Then

2 . 2 .
d 7112 2 2 712 2
. i i 7, < 1 i 2
a9 G g, )+Z E, Aol gy SN ) O, e

t

2
where we have used that v' is an extension of v into Q; such that
/ !/
(4'4) ||/U ||L3(€21) S CHU HHl(éf) S cHU”Hl(sl)t).
1 1
Proof. We multiply (1.2) by H and integrate the result over ;. Next we multiply (1.9);
2 2
by H and integrate the result over ;. Adding, we get

(45) {2+ v VH da+ p () + o' Vi) do

1 2
Q Q
1 101 1 2 2
+ — S rotrot H - Hdx + — S rotrot H - Hdzx
Jll 022
Qy Q
2 1 1 2 2
= SG-Hda:+ugH-Vv-de+M§v'-VH-de.
2 1 2

Qy Q Q
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In view of (4.75) and the transmission conditions we get

d ¢ 1 d
(4.6) ho S szx+ud S H2dac+— S \rotH|2dx+— S |rotH|2dac

Sl)t Qt Q{ Qf
1 1
< 2 2 2
<ellH|2 g +eU/IHIE o VOl o
2
+ &0 H||? +c(1/e ( G2
AH2 o te/e) (612 o
1 1
V)R s HVHH2 : +‘ vaH%deSt).
Ls($3) ()
St
The last term is bounded by
1
2 2 2
(@) ll#2, o + Uz, o I, 5

Employing (4.7) in (4.6) and assuming that €1, €9, £5 are sufficiently small implies

d 2 d 2 2 2 2
(48) - S " de+ = SH de + | H| oy FIHIE, &
Q Qt,
1
(=2, o ol2 o+ ]2 IIHH2 2 +IIGH2 2 ).
Q)" "H(Q) H (&) 1(Qy) /5 ()

Hence (4.8) yields (4.3). m

i 2
LEMMA 4.3. Assume that ||11||F2(512 | + 25:1 | H]|| <00, Gy € Lg/5(92) and assume

the transmission conditions hold on S;. Then

2 . 2
d 7
49)  SSTIHE L+ 2 [ 2 |2 22},
(4.9) dtiﬂll tlle(Qt)Jri:lll tllHl(Q E ||v|| | ”r2(9) I tHL6/5(Qt)

i
I?(S2:)

t

where v = v2.

1
Proof. Differentiating (1.2); with respect to time, multiplying the result by H; and in-
1

tegrating over §2; we get

1 1 1 11
(4.10) p S [0:(H?) +v-V(H?)] dox + — S rotrot Hy - Hy dx

g1

1 1
Q4 Q
1 1 1 1 1
= —pu\ v VH-Hydw+p \ (H, - Vo+ H- Vo) - Hyda.

Using formula (4.75) implies

d ¢ 1, 1
(4.11) o 18 H; dz + e 1& rotroth Ht dz < 51||Ht|\
Q4 Q

1 1 1
2 2 2 2 2 2
(U0l o IVHIE o +IHAE o IVOIE o +IHIE o 1902 o )

Lo(S2)
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2
Differentiating (1.9); with respect to time, multiplying the result by H; and integrating
2

over (), gives

2 2
(4.12) S [BtHQ +0 V(HZ)] de + — S rotrot Hy - Hy da

2
Qt Qt

2 2 2
=L S v -VH, - H,dx + S Gy - Hydx.
&, &

In view of formula (4.75) we obtain

d 2 1
(4.13) u% S thx+a—2 S rotroth thx<52||VHt||

2 2
1 II? Hy|? Hy|)? 1 2 :
b1V g WEE o bl Hl2 o s cU/eGel? s
Adding (4.11) and (4.13) and employing the transmission conditions, we obtain for suffi-
ciently small €;—e3 the inequality

2(9)

d 12 d 22 L 2 2 2
(A1) ngy S Hyde+ug, S Hodo + [ Holly, g, + 18l g,
Q¢ Q
1 1
<’S(UXH)t"T_lXthSt

t

2 2 2 2
dellul? g IVEIZ o +1HI2 o 1902 o

1
HIHI? o (Vel? o ]2 ||HtH2 o +[|Ge? ]
L3(Q4) La(Q) L4(Q) L4(S2) Les5()

The first term on the r.h.s. of (4.14) is estimated by

1 1 1
(4.15) ellHill7, s, + /) vell 2y s 1 H I (s0) + 10174 s 1H 175 (5,))-
Then, for a sufficiently small €, we derive from (4.14) the inequality
1 2
2 2 2 2
@16 SII2 o+ S U gV,
< 2 2 2 2 2 2 2
< cllo ||H1(Q)||Ht|\Hl(5)+|| t\|H1(Q)HH||H1(;”+|| I Vg G2 o]
2 2 2 2 2
<clloll g 112, g+ 1015, 8 IHIE, 8 +1GE, o).

Now (4.16) yields (4.9). m
Next we obtain an estimate for second time derivatives.

LEMMA 4.4. Assume that

2 .
||v||p§(flzf,)+§(||H|| CHIEIR, o+ Wl g ) < o0,

H2(,) H1($,)
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2
Gyt € Lg5(S%) and assume the transmission conditions hold on Sy. Then

2 2

d 2 SIE

(4.17) dt(z |H ttnL o )) + §:j 1Hul?, 8
2

2 E : 2 : 2 : 2
H ||F2(Q) (” HHQ(Qt) || tHHz(ét) || tt”HlS?Z ) H tt”L 5(Qt)

where in the above mequalztzes we have used the extension

!/
(418) 10 s @) < ol

1
Proof. Differentiating (1.2); twice with respect to ¢, multiplying by H;; and integrating
1

over §2; we obtain

1 1 1 11
(4.19) pu S [0:(HZ,) +v - V(HE)] do + o S rotrot Hy - Hyp dx

1 1 1
Qy Q4
1 1 1 1 1
= U S(vtt VH+2Ut VHt *Htt 'VU*2Ht 'V’Ut) ‘Httd.’ﬂ.
Q2

In view of formula (4.75) we have

d 1 1 1 1
(420) o | H do + — | rotrot Hy, - Hyy da
1 1

1

Qq Q
1
< 2 2 2 2 2
S el 5, e/ (Q)IIVHIIL 4y H Il o IR .
2 2 2
HIH? g Vel o +\|Ht|| o IVul? o]
1
< H 2 1 2 2
<elHal? g VDI, o 1 ||F2(Q)

2

Differentiating (1.9); twice with respect to ¢, multiplying the result by H;; and integrating
2

over €); yields

2 2
(4.21) S 0, (F2) + o - V()] da + S rotrot Hy, - Hyy da

2
Qt Qt

2 2 2
= S (,U’U/ 'VHtt . Htt +Gtt 'Htt)dI.

Q¢
In view of (4.75) we get
d 2 1 2 2
(4.22) M% Z)S Hft dx + o, j rotrot Hy - Hyp dx
Q4 Q
2
< 2 2 2
<ol g + U R, 5 1Hul? 5 +1GuIE, o ).
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Adding (4.20) and (4.22), and integrating by parts, we derive the inequality

d 2 d 2 2 2 2
(4.23) pn IS Htf dr + — o S Htt dx + ||Htt|| L) + HH“HHl(ét)

Q Qt
1 i i i
*ZfSrOtht‘T_lXHttdSt

o
i=1 'g,

<cllol?, g WHIE, o + 100 1Hul? 5 +1Gal? o,
where we have used that ¢ is sufficiently small.
Now we examine the last two terms on the Lh.s. of (4.23). In view of the transmission
conditions they are equal to
2

1 i i1
I = Z* S I‘Otht x%-HttdSt
=10 g,
1 1 1
= S 7rOtht><’l’L Htt——rothtxn Htt dSt
3, 01 02
1 1 1 1 2 2 1
= S |:(I'OtH X T_L)tt — —(rotH X ﬁ)tt:| 'Htt dSt
o1 g2
St
1 1 1 2 1 1 1 2 2 2 2 2 1
+ S —rotHxntt—F—roth X Ny — 7I'OtHXTLtt—7I'Oth X Tt -HttdSt
01 o1 02 02
St
EIl+IQ.

Employing the transmission conditions we have

1 1 1 1 1
Il = S[L(U XH)tt'HttdSt :,LLS(”U“ XH+2’Ut XHt)'HttdSt.

St St
Hence
1 1
< 2 2 2 2 2
1] < elHul?, o+ e/ el g WHIZ, g+l o WHR, )
and
2 1 2 H2 2
<
] < ellHall?, g e/, g (I, 0+ IHIP, 5 )
2 2 2
+||vHHIQ)(HHtII a1 tum)]

Choosing ¢ sufficiently small 1nequahty (4.23) takes the form

2 2 2
(4.24) ||Htt||L & ) || tt||L @ + ”Htt”Hl((ll ) + || “HHl(Q )
< 2 2 2 2
< C(||UH HHHFZ(;2 + [Jv ttllHl(Q )H ||H1 &)
2
2 2 2 2 2
+ v ||H1(Q )|| t”HZ(Q ) + v ||HQ(Q )H “HHl(é ) + ”G”HLG/E,(&))'

From (4.24) we deduce (4.17). m
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Now we obtain estimates for the space derivatives. First we make

i

REMARK 4.5. Let us introduce a partition of unity (x(z), i = 1,2, k € MUN, where
i i 7

supp (g, k € M, is an interior subdomain of €; and supp(x, k € N, is a boundary

subdomam Then Ck, k € N, are equal to 1 in some nelghborhood of S;. Moreover
Ck( ) = (k( ),z €Sy, ke N. Let & € Sy, k € N, be in supp(kﬁSt7 i=1,2.

In the subdomain supp é ks k € N, we introduce curvilinear coordinates 7 (z), m2(z),
n(z) such that for z € Sy, 71 (), 72(x) are tangent coordinates to S; and n(z) the normal
coordinate. With these coordinates there is connected a system of orthonormal vectors
such that 7i(x), T2(x), © € St, are vectors tangent to S; and 7(x), z € S; is a normal
vector to Sy. Moreover, we assume that V7, = 7o, VR =7, |To| = 1, |7] = 1, a = 1,2,
and 7y, To, 1 are orthogonal.

ik
Finally, we introduce the notation H= Iilék, i=1,2, ke MUN.
Using the above notation we express problems (1.2); and (1.9); in the forms

1,k 1,k 1,k 1,k

w(Hi+v-VH - H - Vv)—i——rotrotH
o1

1 1 1 1
(4.25) = uHckt + qu : vck +— rot(V(k x H) + — V(i x 1ot H,
1 1
1k 1k
H =0 = H(0)
and
2,~k 2Lk 2Lk 292 2 2
w(H;+v" - VH)+ a—rotrot H = pHp + v’ -V H
2
(4.26) 1 22 %
: +—r0t(V§ka)+ VCerotH+/w VH, + G,
02
2,k 2,k 2,k

I?IB =0, ﬁ|t:0 = Er(()),
where k € MUN.

LEMMA 4.6. Assume that
2

Sl 3+ WAy + VL 5, ) Pl <
2
G € Ly(2) and assume the transmission conditions hold on Sy. Then

2

2 . .
d i
4.2 —_ 2 i <
X S, c§j||H||Flm §1j|| Hal? o

2 2 2
+elolf, HZH 12, + IG5
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where

2

X21:(2L-+ i+ HQL).

> (Ml g+ 3 I P LY
=1 keM

Proof. To prove the lemma we shall restrict ourselves to nelghborhoods located near S;

because calculations in neighborhoods at a positive distance from S; are similar but much

simpler. Hence we consider problems (4.25) and (4.26) for k € N. Differentiating (4.25)
with respect to 0, =7 -V, where 7| S is a vector tangent to S¢, next multiplying by H

and integrating the result over Qk = Qt N supp Ck, 1 =1,2, yields
1,k Lk 1k Lk 1k
(4.28) MS(H i+ VH) H. dw+—§rotrotHT~Hde
01
glk S}Zk

11 1 1 1 1 i
41\ O (HCpe + Ho -V + H - VoGy) - H, da

1

S,
1 1 1 1 1 Lk
+— | 0:(cot(V¢x x H) + V() x ot H) - H 1 dz
01
o,
1 1k Lk 1k
— — \ [0-(rotrot H) —rotrot 8, H] - H, dx.
o1
o
Similarly we obtain
2,k 2,k 1 2k 2k
(4.29) S(H +0 - VH) Hde+—SrotrotHT~Hde
ep
5k Sz)k
2,k 2,k 2k 2k

22 , 22 , 22 2k
+u | On(HC 40" VO H +0' - VHC) - Hy da

2

Q
1 ’ 9 9 9 9 2k ko 2k
+ — S 07 (rot(VC¢, x H) + V(i xrot H) - H dx + S G, - H,dx
02
5]‘, ék
1 2,k 2k 2k
+ — S [rotrot H, — &, (rotrot H)]- H , dz.
g2
We estimate the terms from the r.h.s. of (4.28). The first term is estimated by
1,k 1,k

el HAP o e(fe)lol® o 1HIP L
H(Q 2(Q)

k k ( k
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and the second by

1,k
el H-? 1 +el/e)llorl® HH [
H(Q) HY(Qy H(Qy)
Integrating by parts in the third term we can estimate it by
1,k 1
e Horl? 1+ +e(l/e)llH|? 1
L2 (Q) H* ()
Finally, the last term is bounded by
1,k 1,k
el Ho? 1 +efenlol® o JH[? 5o
H() H2(Q) H2(Cy)

All terms in (4.29) can be estimated in a similar way.
Adding (4.28), (4.29) and using the above estimates we obtain

2 ik 1 ik ik
(4.30) ( —|H? i +—= rotrotHT~Hde)
; L2 ($2%) gi zS
o .
<Z€||H H2 bt 0(1/5)||?11||2 & (HI? o +HA? o)

1(Q k H k H(Qp

+c<1/e>(||éf||2 : +Z||Hu2 )

HY(Qp

1 2
where v = v, v/ = v.

Next we examine the last two terms on the Lh.s. of (4.30). Integrating by parts they
are equal to
2 ik .
1 ” i,k
S |rotH \de:+— S |rotH Pde -3 — \rot H, -7 x H,dS, =1,
1 1 i X
Qk Qk =
where 7 is the exterior normal to S; and Sy, = supp ¢} N Sy.
Employing the transmission conditions we obtain

2 4 ik, ik 1k L Lk
4.31) |3 — \vot Hy-nx HedSy| < | [(vx H)r -7 x Ho|dSy
i1 7 Sk Sk,
Lk t 1,k
+ellHAP o +C(1/€1)S||v||2 e HP
H*(Q) o H2(Qp) H2(Qy)
Lk 1,k
<el|H-|* . +C(1/6)(HH H2 1 ||v||2 1
H'((4) 1(Qp H(Qp)
1,k t 1,k
FIAIE 3 ol o 4§l ).
H(Qy) H Q) H2(Qy,) H2(Qp)

From the form of the last two terms on the Lh.s. of (4.31) we see that we need to find an
ik
estimate for ||H || l(g , 1 = 1,2. For this purpose we express the Laplace operator in
H ()
the curvilinear coordinates 71, 72, n such that g;“ . g;‘* =0ap, o, 3 =1,2, g% gg =0,
gg . gg = 1, where summation over 7 is assumed. Then we have
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AU = Ur, 7, + Unn + ATaUr, + Anuy,,

where summation over a = 1, 2 is assumed.
Using the above formula in (4.25) and (4.26) yields

Lk 1k 1,k Lk 1,k 1k

(4.32) H,., = fHTGTafATa - —Aan+u01(Ht+’u~VH)
11 1,k
falHthfaw VC¢eH — pH - VerQVHVCkJrHACk
and
2,k 2,k 21’“ 2,k 99
(4.33) Hy,,=-H, . —At,H, —AnH, —02H(i
2,k 2 2 9 k

+ /LO'QH{; + 2VC]¢VH + ACkH

Taking the Lo-norm of (4.32) we have
1k
(4.34) [ Hanl? o

2()
1k 1,k

! ! 1
<c(lHnI> o+ +H* o+ +H|? o +||U||2 1 ||H||2 L)
L2(Qk) L2 (%) H(Qp H2(S) H Q)
Similarly, the Lo-norm of (4.33) yields
2,k 2,k 2,k
(4.35) [Hunll? 2 <c(lHolP 2 +[H? >
Lo (02 L2 () L2(Q%)
2 k
+HI? 2 G122 P, ||H||2 2 ).
H () L2(Q%) H (Q) HL(Qy)
Adding (4.30), (4.31), (4.34) and (4.35) gives
d 1l,k d 2,k llk 2,k
(4.36) @IIHTII2 2 ||H ||2 o +IHI? o +H|? -
(Qk) H2 () H2(Q)
<M lol? . ||H||2 i +||H ||2 i)
Z H2 () () H()

N X SR c(HG||2 s Z 2 ).
Lo () Lo () H (S, H ()
2
In interior subdomains similar estimates can be calculated separately in Qt and ;. There-

fore the transmission conditions are not needed. Moreover, under the time derivative
norms, all first derivatives appear.

However, in neighborhoods near S, the normal derivative to S; does not appear under
the time derivative (see (4.36)). To add such derivatives we consider the expression

2 2 .
_d 2 _ d fr2
(4.37) J= %;n M gﬁ S H2 do
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2 . 2 o

= Y 1) + (2] Z S (HoH ot + L H 1) do
i=1 i i=1 1

Q4 Q

2 . .
< DMl st Il )

(24) L2(Q)
2 i
o1/ SR, g WL, o+ I )
=1

1 2
where v = v, v =v’.

Summing the above estimates over all subdomains of the partition of unity (4.37) and
assuming that ¢ is sufficiently small we obtain

(4.38) X21 +ZH 1|2

H2(Q
< o2 . L2 2 2
_EZ;HHmHLZ(Qt)H[IIvII tIIHIIHQ(Q) IG1, 3,)]
2 2 i i
02 2 2 2
c(l/E);HUHHZ(ét ||H||H2(é | +ell/e) ; HH||H1(6 +IHAT )
where
2 ik
2 o2 2
@39 X =3 (L2 o+ 3 IR, FY 2 o)
i=1 keM keN St
Then inequality (4.38) yields (4.27). m
LEMMA 4.7. Assume that
2 .
;(HHMHL (Q)+||HHF2(Q)+||H||H2(glt))+|| [
pn

2
G € HY(Q) and assume the transmission conditions hold on S;. Then

2 2
d i i 9
. — i <
(4.40) thQQ + ;,1 | H ”HS(Qt) <e iil | H :cact“L @)

2 .
1 H|? . 1 2 H|? 2
FeU/ SR, o /I, Zn I i +eIGT
where
2
_ 2 2 2
X22—§< :mc”L (é)"‘kz H mzHL (é)+Z||HTT|‘ }2))
i= eM keN

Proof. Similarly to the proof of Lemma [4.6] we shall restrict ourselves to neighborhoods
of S;. First we differentiate (4.25) twice with respect to 7. To obtain an equation appro-
priate for derivation of an energy estimate we need
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Lk Lk Lk Lk L,k

7-V(#-VHy)=H.;7y —7-V(7)-VH—-7-V(7-VH)+7-V(7) - VH,
Lk 1,k 1,k
7-V(T-Vw-H)=7-V(T-V(v)-VH)+7-V(v;7-VV,H)

L,k I,k I,k
=0;(vj; - V;H)+7-V(v;)T-VV,;H +v,7-V(7-VV,H)
L,k L,k I,k L,k
=vU- VHTT + 6—,—(1}]‘7 . VJH) +T- V(vj)fVVjH — vjVj(Tm)VlViH,
I,k I,k I,k
V(7 V)AH = V(7-V(7-V)V;H) = Vi(7 - V(7 - V)V, H

_
(4.41) Lk Lk Lk
= A(F-V(7-V)H) = Vi(Vi(7-V(7- V) H) = Vi(7 - V(7 - V)V, H
I,k I,k
=AH,. + A,
1k 1,k 1k
F-V(7-V)VdivH = V(7 -V(7-V)VH;) - Vi(7 - V(7 - V))VH;

I,k Ik Ik

=VdivH,, - V(V,7-V(T-V)H,; —V,(7-V(7-V))VH;
I,k I,k

=VdivH..+ B, [=1,2.

In view of (4.41) we obtain from (4.25) the equations

1,k 1,k 1 1,k
(4.42) M(Hﬂ.tqtv VHTT)+—r0trot H.,
1k o1 1k
=u(7-V(7)-VH+7-V(7-VH)
1,k 1,k 1k
—7-V(Tt) - H - 0-(vjr - V; H) T V(vj)fVV'H
1,k L1 Lk

1 Lk 1k
+v;V; (1) ViV, H)——(A—i—B) o> (Hth—‘rU V(xH + H - Vv)

1
+—rot(V§k XH)—‘r VCk XI“OtH

g1
1k 1
Multiplying (4.42) by H ., and integrating over € we get
d . Lk 1 Lk 1k
(4.43) o 15 |H ;| dx + o 18 rotrot H ;- - H . dx
Qk fzk
1k 1k
= 7 V() -VH-7-V(7)-VH
o
1k Lk Lk
—7-V(vj)T-VV; H +v;V;(nm)ViViH] - H -7 dz
1,k Lk 1k | Lk Lk LF
+\ 0. VH -0, Vi) Hepdo— | —(A+ B)- Hyrds
1 g1
Qk Qk
L1 1k
+|a 2(Fers +v- VO H + H - Vo
o
1 1 1 1 1 Lk

+ —(rot(VCx x H) + V(i x rot H)) - H ., da.
01

27
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28
Now we estimate the terms from the r.h.s. of (4.43). The first term is estimated by
Lk 1Lk
el Hee|? o +e(/)lol? 1 IH]? s
HI(O H2() H2(Oy)

k

Integrating by parts in the second term we can bound it by
1,k

1,k J
e Herrl? o+ +e(/e)lol® o HIP o .
Lo (2 H2(Q) H2(Q)
We estimate the third term by
1k Lk
es|HI? + +e(/es)lH?
2(Q2) H2 ()
Integrating by parts in the last term we can bound it by
1,~k 1 1
el Heerl? o +e@/e)(lol® o (IHI? 1 + IIHH2 L)+ ).
2(Q H2(Qr) H () () H2(Qy)
Using (4.41), from (4.26) we obtain
2,k 2,k 1 2,k 2,k
(444)  p(H, e+ -VH,;)+ —rotrot H,, = p[7 - V(7)-VH
o
? 2,k 2,k 2,k
+7-V(7-VH)—7-V(7)-VH — 0 (v, -V, H)
V(})T - VV; H—i—v V() ViV; H] - —(A + B)
k
+ pd? (G + Hth + v’ vng +v VHg‘k)
1
+ —rot(VCk X H) + —VCk X rotH.
g9 g9
2,k 2
Multiplying (4.44) by H ., and integrating over {2 we obtain
d o 2k 2k 2k
(4.45) o S |HTT|2dx+— S rotrot H ;- - H - dx
2,k 2,k 2.k
= \[# V() -VH-7-V(7) - VH - 7(v})7- VV,; H
2k 2k
+ ) - Vi(nmi) Vi V; H]-H,, dzx
2,k 2k 2k
i S Or (7 - VH — v, . V;H) - H,,do
1 2,k 2,k 2K , B 22 2
~ —(A+B) Hopdo+ \ 02(G+ HCp + 0 V¢ H
1
ék 5k
22 22 1 2 2 2 2 2k
VHC, +v' - VHC, + — (1ot (V¢ x H) + V(i x 10t H)) - H 1, dz
o2

All terms of the r.h.s. in (4.45) can be estimated in a similar way to (4.43)
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Summing the above inequalities we obtain

2 ik 1 ik ik
(4.46) ( —\H.-|* i +— \ rotrot H,, - H,, dm)
Z LQ(Qk) gi IS
Qx

=1

2 i,k ) iLk ;
<D HHH2 cote/(lol> L (HIP o+ HP L)
i=1 2 H2 () H2(S0) H2(S)

k

; E
rN2 52
AN o I+ 1G] 2
Hz(Qk) 2 Qk)
Next we examine the last two terms on the Lh.s. of (4.46). Integrating by parts they are
equal to
2 1 ik ik i ik
[ 2
Z—( S [rot H . |° dx — S rot H., - 7 x HdSt).
i=1 i Sk
Qk
Employing the transmission conditions we get

ik ik .. ik

S (rotﬁ-?u?u—l—rotH-?%?%) 7 x H,,dS,
170 g,

(4.47)

-
-

-
Il

i,k . i,k
(rotH Tu)rr Ty - anTTdSt <

1l.k 1 1Lk
S (v X H)pry - X HoprdSy
Sk
ik i,k i ok .. . ik

11

S rot H - 7,) 7 7r + (vot H - n)TnT +rot H - il ] - i H..dS,

1
o

INgb
;ow

1

>

2 ik ik
< SEEAE v )

—1 H () H?(Q)

7

+

Q‘»—t

~.

i,k 1,k
+e(l/e)H|? +C(1/€)(IIUTTH ! IIHII

Lo ($2) 1(Qp Qk)
1,k 1,~k
ol o THAP o 4l s [ He ).
H(O Q

k k k k

From (4.32) and (4.33) we have

2 Gk 2 ik ik
(4.48) [Hunll> o <e) (1He P o +1H o
Z; " (o) ; HY(O) :

k H(Qy

+IHIZ o el s = P )+C||G||2 2
H2(Q) H2(Q) H2(Q) H(Q, )
To have all second derivatives under the time derivative we have to repeat the consider-

ations from (4.37).
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Therefore, we examine the expression

p d i 2 04 i
(4.49) dtZH ool o =2 g ) Hoede = 3 G WU (€, 1). 1) dg
Q Q
2 .
Zg w(€,1), )0 + (H2,)¢) de
=1

]

O
i i i 9 7 9
=14 i= 1 2(2) 2(%)

2

+c<1/a>z<||v|\2 Vol o+ [l . ).

L @) La($2) La($2)

Repeating the considerations for interior subdomains we obtain

2 d ik ik
as0) S (Fal? g 1R, )

= La () H3(Q )
2 ik ) i ik
o2 i 2 T2
<D, g+ ol g g+ I )
; ik ) i k
2 2 2 2 =12
IR, o g+ B0 (2, IR, o 1 +elGIR,

where k£ € M.

Summing (4.46)—(4.50) over all subdomains of the partition of unity and using (4.49)
we obtain

(151) o Xt +ZH 1|2

H3 (%)
; 2
< 2 2 2
—E;”H”t”Lz(Qt +c(1/e) z_; o HHZ,(Q) ||Hg(ﬂ)
ol o NHIP, +||H||22 i ) +elGl?
H3(S4) H2(Q4) I3 () H (Q)
where
2 i
452 X. ( m?i+ HT,2L+HM2 )
4 X = (X IR VAl ol
i=1 keM
Then inequality (4.51) implies (4.40). =
Adding (4.3), (4.9) and (4.27) we derive the inequality
2 .
d 7112 o2 2
(4.53) dt[;anLz(étﬁnHtL C )+ X +Z|| 12

2 2 2 2
cllvll, ZIIHH 2y TOUGI, 8 TG 8

2
2(24) /5(Qt)
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Adding (4.40) and (4.53) gives

2 .
454 { (H? H? . )+ Xo1 + X }
(4.54) ;U [ ||L(Q)+H tllLQ(Qt))+ 21 + Xoo
2 i 2 i
HIZ . H||2 , )< Houll?
AR, g Vg ) < oD el

2 2 2
e/, Z M2, g, + IG5 +IGHE

).

LEMMA 4.8. Assume that
2

S (anll )+ 1l + 111

i=1

+ vl + vl

H3(6t)) F2($2 ) H2(slz,,) < 00,

2
Gy € Ly() and assume the transmission conditions hold on Sy. Then

2 2
d K 2 2 2
. _ i < T g
45 Ly 1||Hm||L2(m_e;|| A ZH e
i= =

(1/€)||v||2 @yt [ ) ZII 1|2

r2(S2)

2 2 2
H i
el g, W, G,
i—

where
2

_ ) 2 )
Xag =Y (Il (éﬁZnHﬁn 6t+2||HTt|| o)

i=1 kEM La( kEN R
Lk

31

Proof. Differentiating (4.25) with respect to 7 and ¢, multiplying by H ,;, next integrating
1

the result over (U, yields

1,k 1,k 1,k Lk 1k

% ~ % 1
(4.56) p S (Hrpt+v-VHyp) Hppde + — S rotrot H 4 - H 4 dx
g1
glk gzIc
Lk 1k 1k Lk
=p\v-VH, Hydo+ | 0,7 VH -7-V(v)-VH
ék ék
Lk Lk 11 1 1 1 1 Lk

+0 V(7 V)H) - Hepdo+p \ 80 (HCp + H - Vol + Ho - VCy) - Hry do
1 1 1 1 1 Lk
+ = | 010-(x0t(V ¢k x H) + V), x ot H) - H 74 d.
g1 h
u
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Now we estimate the terms from the r.h.s. of (4.56). The first term is estimated by

1k Lk
all Hrel® o+ +ec(/e)lvl* o |HA? .
HY (O H2(O H2()
We estimate the second term by
1k 1k 1k
el Heel® o He(/e)(ol® « IHI? « +[H[> . ),
H (Q, I3 (Q 2(Q% k)
the third by
1k 1 1
el Hrel> o+ +c/ea)(lol? o [1HIP o+l o [JHIP .),
H (S 3 (Q r2(Qy r2() 3 ()
and the last one by
1k 1
ea| Heel® o +ec(l/e)|HIP o
Hl(Qk F} k)
Employing the above estimates in (4.56) yields
g Lk 1 Lk 1k
p—||HTtH2 1 +—SrotrotHTt H,,dx
dt Lo(Qx) 01 ;
Q
1,k 1 1 1k
SelHell? o He/lol » IHIP « ol o (HIP o +IH? )
H? Qk) ? k 1 t % k 1 k 1 k)
1 1,k
2 2
HIHIP o AP )
3 () H2(Oy)

After similar considerations in Qt we derive

g 2k 1 2k 2k
(457)  p | Hel? 2 +— | rotrot Hyy - Hoyypda
dt La(S) 02 5
Qu
2,k 9 2,k
<e|Holf” - +C(1/€)[Hv'H2 2 IIHH2 2 +ol? (HHII2 > +HIP 2 )
H(Q) 3 (Q) 2( k) % (Q) 2 ()
9 2,k
2 7112 2
+IHT 2 +[H|" - +||G|| J-
12 () H?(C) r0w)

Next adding (4.56), (4.57) we examine the term

2 ik ik
(4.58) Z — S rotrot H 4 - H 1 dx
o
i=1 2
28 2 1 ik ik
:;U—ZS \rotHTt|2dx+Z SSrOtH” n x H,¢ dSk.
1= x k

We estimate the last term on the r.h.s. of (4.58). Using the transmission conditions, we
obtain
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2 1 ik i . ik
E — S rot H TuTy + 1ot H- nn)rt - 7 % H ., dSy
g,

1,k 1,k
< ‘ v H)peTy -1t % Hope dSy
k
ZLk 7.,~k 7..,~k i i
S [(rot H - 7,)¢Tur + (xot H - 7,,) 7Tyt + (vot H - 1) 770y

Sh
1 i,k . i,k
- (rot H- Tu)rtTy - 7 % H,,dS

[z
|5

ik . . . i,k
o 7 -

+ (rot H - n)y - 7tr] - 1o x Hry dS),

Q‘H ;m,

2 ik ) i,k .
<Y ElHANP o He/od? o NHIP o ol s IIH [
i=1 Hl(Qk HQ(Q/C) H2(Qk) Hz(Q 2( k)
iLk
+ 1= )l
Lg(Qk)

In virtue of (4.56)—(4.59) we obtain the inequality

2 i,~k
(4.60) ( Va2 o 1P )
Z Q) H'(Qy)

i=1 L2 (S
i,k i i i,k
nd K3
<CZ |v||2 ' |H||2 AP s )+l o (HIP +||H\|22
1 ) 1ok 1k 18k (2
k
2 12 5112 2
+||H|| ; +||HH )G 2 = AR(®).
2(Q) k 6(Q
From (4.32) and (4.33) we have
2 ik 2
(4.61) 3 [ Hanl? (||Hm||2 :
; L2(Q%) Z:: L2(Q%)
1 11
+ ||1}tH—|—UHt + Ht’UI —‘rHtUItHZ 1
La(S2k)
i,k i,k i,k ‘1k i,k 4L,k
+||Um:H + Hy + Hy 4 0.H, +UmHt+Uth|| i
Lo(Q)
k
+Z||Ht+Hzt||2 CoHlIGE )
i—1 2(Q 2(Q
sz iLk ) iLk
_CZ<||HmH2 i +||HH221 +ol? o =
i1 k Qp 2(Q, k)

2
+vl|? H 2, H 2, —l— o||? H 2
612 m)” 12y * SOV o B

+C||@t||2 2
H(

k

33

)
)

)
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From (4.60), (4.61) we get
d 2 2 4.k
(4.62) HHﬂsH2 & +) HAP o < AR().
dt Z " 2 H2(S)
To have all space derivatives under the time derivative we consider the expression

d = 0 2 =~ d o
(4.63) J= £Z—H wtll} gy g d*S r=25

_ | 22, (o600 0) e

Qt )

Z

E:\&

i

2 ) ‘ .
g; LI Z 2
= ZZ S(HIJtth'U+H:vttcht)(l‘(f,t),t) d§

=1 i
Q
2 . . . .
; % iy i i
=2 B} S (H zat HtV + H o H ) da
i=1 "
2.
< 2
> 5;(||Hmt”L2(Qt) +[|H a:ttHL (Q ))
2 i
2 2 2
+c(1/e) Z(Hvllmm )HHth oy IS o)

For interior subdomains, so for k € M, we obtain instead of (4.62) the inequality

Lo () H2($)

d 2 ag;
(4.64) 7D 5|| xtHQ ; +§ H t||2 < cAL(1).
=1

i
To show (4.64) we do not need the transmission conditions because Q, k € M, are
separated from S;.

Summing (4.62), (4.64) over all subdomains of the partition of unity, using (4.63) and
assuming that e is sufficiently small we obtain

(4.65) —ng +ZH H oyt ?

La($)
2 .
< 2 2 H 2 i 202 ] 2 .
< Z( tllm(Q + v IIFS(Q [ H +||vHF%(Qt H || ()
||H||22 HH||22 )+ ||G||21 2
2(,) H2() ()
where
4.66 X 3 Ii{ 2 f{ 2 H
(4.66) 25 _z;( ol g+ 2 Wl g+ S A2 ).
i= keM keN

Then inequality (4.65) implies (4.55). m
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Proof of Theorem[4.1] Adding (4.54) and (4.55) implies

3 2 .
2 _ N2
(4.67) dt(ZH 2, 1t+gx2])+§anrm
i 2
< 2 s 2 2 2
—““‘Z”Hm”mt Fet/ll, 5 @+ 0l2, g;n 12 )
2 2
+e(1/2)lll, 5tZIIH\IH3(Q) eI, &,

Finally, adding (4.9) and (4.17), assuming that ¢ is sufficiently small we obtain

3 2 i
(4.68) dt(ZH ||2 2 ) +ZX2J')+ZHH”12“3(Q

2 j= i=1 A

<cfoll?, . A+ ||2
1

2

2 2 2 2
+¢|v|| (Q)ZH ||F3(Q)+C(||G|| B +||GttHL6/5(5t)

The above inequality implies (4.1). m

).
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REMARK 4.9. Let & be the lagrangian coordinate and z the eulerian one. They are

connected by the problem

dx
(4.69) - v(z,t), x|t=0 =E&.
Solving (4.69) we get
t t
1
(4.70) v=¢+ v t)at =+ o) dt = a1 (6,1), e
0 0
Hence, we have
1 1
(4.71) Q={z=x1(§1): £€Q}, Si={x=x1(&t) =a2(t): £ €S},
because v = v’ on S,
2 2
(4.72) O ={z=a2(&,t): £ €0}
In the case (4.72) instead of (4.70) we have
t
2
(4.73) r=¢+ |0 ) dt =2a(6,t), €€Q
0

By {z¢} we denote the Jacobi matrix of transformations (4.70) and (4.73). Let J =

det{z¢} be the Jacobian of the transformations. Then

(4.74) % = Jdivo.

For the divergence free vector v we have J(t) = 1.
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1 2
Let €; replace either 2; or ;. Then

(@7) o ftyde = jt§f< (€.),0)J de

Q
S( +v- Vf+fd1vv>Jd§— S(ft(x,t)+v-Vf+fdivv)dx
Q Q
5. Global existence

From Lemma [3.1] and Theorem [£.1] we get
12
LEMMA 5.1. For a sufficiently smooth solution (v,p, H,H) of (1.1)=(1.10) we have

d
. < 2 4 2
(1) getosc(e et o IR,
t
2 2
+\§)1§ fat)dndt| +| o de] +1GI2, 5 +IGul, s ).
Qp O
where
3
— 2 2 . — .
olt) = oI, 4+ Zn g T X0 X =2 X
(5.2) =
_ 2 2
o) = vl o+ Z 1E2, 5+ 11, g

To prove global existence we 1ntroduce the spaces
t
12 12
N(@®) = {(v,p, HH) () < 00}, M(8) = { (v, HH) 2 () + [ 6(7) dr < o0 .
0
From Theorem [I] we get

1 2
LEMMA 5.2. Assume that (v(0),p(0), H(0), H(0)) € N(0) and ¢(0) < &1. Then we have
1 2
(v(t),p(t), H(t), H(t)) € M(t), t < T, where T is the time of local existence and

(5.3) p(t) + | ¢(r) dr < D = c(e1 + B(1)),
0

where D is given by (1.17).
LEMMA 5.3. Assume that there exists a local solution to (1.1), (1.2), (1.10), (1.15) in
M(t), t < T, with initial data in N(0) sufficiently small and

. 2 2 < —},Lt
(5.4) o) = GI2, 5 +Cul? & <

t<T and u>1/2. Then

(5.5) o) < (50 + L ).

H= g
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Proof. From (5.1) and (5.4) we get

d
(5.6) t<ﬂ+¢<w(1+w+<p)¢+ce pt

d

From Lemma we have co(1 + ¢ + ¢?)¢ < %gi) if & and €; are sufficiently small. Then
from (5.4) we get

d

(5.7) dtso—i— ¢<ce Kt

We have ¢ < ¢. Then from (5.7),

d 1
(5.8) tgp—f— —p < ce M.

d
Inequality (5.8) implies (5.5). m
LEMMA 5.4. Let the assumptions of Lemma 5.3 be satisfied and p(0) < e1. Then o(kT)
< &1, where T is the time of local existence and k € N.

Proof. If T and p > 1/2 are sufficiently large, then from (5.5) we obtain

o(T) < ce 72 <¢<0> " /2) < (0).

Now we consider problem (1.1)—(1.10) for ¢ € [kT, (k + 1)T]. Then (5.1) implies

d 2 2
(6.9 o+ <clpll+o+e?)o+GI 5 +IGul? 2 ) teWT.(k+1T)
Let ¢(kT) < ¢(0). Then from (5.9) similarly to (5.5) we get, for ¢t € kT, (k + 1)T
(5.10) plt) < et T cp(RT)ed 0T

-
and then
o((k+1)T) < 701/26_T(%+uk) +ep(kT)e 2T < e—%T(ﬁCm —Tﬂk—i—c(p(())) ©(0)
if T, u are sufficiently large.
From (5.10) we also obtain
i c T(p—1/2)
B ) <o (S e 00, ke
From (5.11) we have
o0 47 (n=1/2)
. e 2 C € _

(5.12) > elil) < (u —5 T =1 #(0)) + p(0) = A

From (5.9) we get
t

o(t) + S pdt < CommkT 4 cp(kT)
kT #
and then
(k+1)T
(5.13) | oa< SR 4 e (KT).
kT H
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Finally (5.13) and (5.12) imply

k—1 k—1 (+1)T
(G14) Y I3, renrms @) < | owa
1=0 1=0 1T

< Z <Ce“iT+cp(iT)) < ;_ +A=1n
2.\ W~ )

Proof of Main Theorem. The theorem is proved step by step using local existence in a
fixed time interval. Under the assumption that

(5.15) (v(0),p(0), H(0)) € N(0),

Theorem [T and Lemma [5.1] yield local existence of solutions of (1.1), (1.2), (1.10), (1.15).
By (5.15) and Lemma [5.1] the local solution belongs to M(t), t < T For small £; and
B(t) the existence time T is suitably large, so we can assume it is a fixed positive large
number. To prove the Main Theorem we need the Korn inequalities (see Section 6) and
imbedding theorems over the domain §2;. The constants in those theorems depend on £,
the shape of S; and Sto Hv||§{3(gr) dr, so generally they are functions of ¢.
But in view of (5.3) with sufficiently small €;, 8 we obtain

(5.16) \ SvdT) <cler +B), teo,T.
0

Hence from the relation
t

(5.17) v=¢&+\v(a(g,r),)dr, €€S, t<T,

0
for sufficiently small e1, 8 and fixed T', the shape of S;, t < T, does not change too much,
so the constants from the imbedding theorems can be chosen independent of time. Now
we wish to extend the solution to the interval [T, 2T]. Using Lemma[5.4]and (5.9)—(5.13)
we can prove the existence of a local solution in M(t), T <t < 2T'. To prove

(5.18) 0(2T) < &

we need inequality (5.11), where the constants depend on the constants from the imbed-
ding theorems and Korn inequalities for ¢ € [T, 2T]. Therefore we show that the shape
of S; and Sg ||11H%[3(Q ydr, t < 2T, do not change more than for ¢ <T. Then for k = 2,

¢1 sufficiently small and p sufficiently large we see that Sg v(z(&,t),t)dt is small for any
t € [0,2T7], so (5.14) imply that the constants of the imbedding theorems do not change
more than in [0, 7], and then the differential inequality (5.1) can also be shown for this
interval with the same constants. Hence in view of Lemmal[5.1] the solution of (1.1), (1.2),
(1.10), (1.15) belongs to M(t), t € [T, 2T]. Continuing, we find that there exists a local
solution in the interval [0, kT7].

Showing that Sg v(z,7) dr is sufficiently small for all ¢ we have dist{S;, Sp} < | S(t) vdr|
< I, where I defined in (5.14) is small. Hence the domains §2; and Q are close to each
other and all the imbedding theorems can be applied and results for elliptic problems
(3.15), (3.23) are valid for all €, t > 0.
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Repeating the above discussion for the intervals [kT, (k + 1)T], k > 2, we prove the
existence for allt € Ry. m

6. Korn inequality

LEMMA 6.1. Let Q; be a bounded domain. Let (v,p) be a solution of (1.1) and

(6.1) Eq, = S (03, 0j + Oy, 0)% da < o0.
Q¢
Then there exists a constant ¢ such that

(6.2) 117 @, < c(Ba, (v) + [0][7,@,)-
Proof. Set
3
(6.3) u= Z bipi(z) + v,
i=1
where

i =(r—Z) x e, e = (0i1,002,0:3), i=1,2,3,

(6.4) 1
r=— ridx, \ xodx, \ x3dx).
o (J w1 [ § s )
Define b = (bl, bQ, b3) by
1
(6.5) b= 30| S rot v dz.
Qq

Since rot p; = —2e;, i = 1,2, 3, equations (6.3), (6.4) imply
(6.6) S rotudx = 0.

Qy
From (6.4) we have SQ, pider=0fori=1,2,3so

(6.7) S udr = S vdr and also Fq,(p;) =0, i=1,2,3,
Qs Q

so

(6.8) Eq,(u) = Eq, (v).

By Theorem |1 of [10] we have
(69) Oijwi = Eiktawk Sjk, 1=1,2,3, w =rotu, Sij = &Muj + 6%. Uj,
so (6.6) implies that

3
(6.10) [[rot UH%Q(Qt) <c Z ||Sij|\%2(m) = cEq,(u) = Eq, (v).
i,j=1

Employing the identity
(611) &cjui e %(&cjuz + 83;7’&]) + %(axjui - 8%’&])



40 P. Kacprzyk

and (6.10) we have

(6.12) 194l @) < c(Ea, () + lrot ull3, q,)) < cFa, (0).
Using (6.3) we obtain
(6.13) IVollZ, 0 < c(Ba, (v) + [b).
Using (6.3) we get
3
(6.14) Zbi S i pjdr = S(u—v)'goid:r.
=1 I

Since detI" # 0, where I' = {T';;}, IT';; = SQt @i - @; dz we can calculate b from (6.14), so

(6.15) b1 < ellull, o, + 10l17,@0))-
Now by the Poincaré inequality and (6.7), (6.8), we obtain
1 ? 1 ?
(6.16)  lull7, 0, <2[|u— o \ ude +2 ’ udz
Lo () 1] S e ] §§ L)

2

< c<||Vu||L2 @)t H o, | vdx ) < c¢(Eq,(v) + Hv||%2(9t)),

L2 (924)
where (6.12) is used. From (6.13), (6.15) and (6.16) we get (6.2). m

LEMMA 6.2. Let Q; C R? be bounded, v € H' () satisfy (1.1) and
(6.17) Eo,(v) = | (via, + vja,)? dz < 0.
Q¢

Then there exists a constant ¢ such that

t
0Q
Proof. From (1.1); we have
¢
(6.19) S vdr = S S fdzdt'—kgvod:c,
Q 00, Q
¢
(6.20) Sv-cpid$zg S fwidzdt’—kgvowpida:, i=1,2,3.
Q 00, Q
From (6.14) we have
3 ¢
(6.21) Zb’f S or - i dr = S u-widx—i—x S foidzdt + Sv0~gpidx.
k=1 @, Q 00, Q
Hence
¢
(6.22) bl < e(Jull oo + | | (0)da).

0Q,,
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Hence, by (6.13) we have

t
623) Vol < o(Ba,(0) + [ul ) + || £ dwat
0Q

From (6.3) and (6.22) we have

L 2 2
(6.21) [0l < e(lalB ey +|§ § Fwat] +] fo)aal).

09, Q
Employing (6.7) in (6.19) yields

2l 2 2
(6.25) ‘ Sudz‘ < H | rawat +Hv(0)dx‘
Q 09, Q
Hence
(6.26) sy < e~ §ude]” el §ude]
L2(Q4) = J La(9)
t t

t
Sc(HVuH%Q(Qt)—I—H | fdvar

&/

’ + }év(O) dac’z)

< C(EQ,,(U) +‘§ S fdxdt’

¢/

From (6.23), (6.24) and (6.26) we obtain (6.18). m

’ + ‘ ;lv(()) dxr).

From (1.1); we have

(6.27) Svtd:ﬂ:fSwVvderSfdx,
(o o Q
(6.28) Svt-goidajz Sv-Vv-gpidx—Fwapidm.
o Q Q

LEMMA 6.3. Let Q; C R® be a bounded domain. Let (6.27) and (6.28) hold. Let

(6.29) B, (v) = | Wizt + via,)? d < o0,
Qy

Then there exists a constant ¢ such that

(6.30) el @, < e(Ba, (ve) + vl () + I 1I2,0,)-
Proof. Set
3
(6.31) u= Zbiapi(x) + v,
i=1

where ¢;, i = 1,2, 3, are introduced in Lemma [6.1}

g ]év(()) dxf).

41
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Define b = (b, ba,b3) by

(6.32) S rot vy dx.

1
b =
2| o,
Since rot p; = —2¢;, i = 1,2,3, (6.31) implies

(6.33) S rotudx = 0.
Q

From the form of ¢; we have SQ, p; dr = 0. Hence

(6.34) S udr = S vedx and Eq,(;) =0, i=1,2,3.
(N o

Then

(635) EQt (u) = EQt (Ut).

As in Lemma [6.1] we have
(6.36) IVullZ, 0, < cBa, (ve)-
From (6.31) we have

(6.37) Zbngolwcpjdx:Suwojdxfxvt'cpjdx.
i=1  Q Q Q

Using (6.28) yields

(6.38) b1 < e(llullZ, ) + 1015 @) + 1 17a@0))-

By the Poincaré inequality we have

2 2
2
(6.39) lullz, @, < 2”“ o § “dx’ L2 () + 2” & de‘ Lo (Q)
Q o
) 2
< C(”VUHLz(Qt) + H S vt d:l," Ly (2 ))
Q0 '

< e(Ba, (vo) + [vll3 o,y + 11Z0c)-
Using
(6.40) loellZ, ) < ellullZ, @, + b1,
we obtain from (6.36), (6.38) and (6.39) inequality (6.30). =
From (1.1); we have
(6.41) S v dr = — S (vt - Vo +v - Vo) dx + S (Hy-VH+ H -VH;)dx
Qt Qt Qt

— S (HthHZ + HiVHit) dx + S ft dx
Q4 Q
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and
(6.42) S vy - pidr = — S(vt~Vv+v~Vvt)og0idx
Q Q
+ \ (H, - VH + H-VH,)g; dx
Qq
— \(Hji- VH; + H; - VHj)) - p;du+ | f, - i da.
Q¢ Q
LEMMA 6.4. Let Q; C R?® be bounded. Let (6.41) and (6.42) hold. Let
(6.43) Eo, (i) = | (itta, + vjuee, ) do < 00,
Q
Then

(6.44)  [lvetll 3 ) < e(Bay (vie) + lvel 1 ) 10117 00

+ 1 Hell 2 o 1 H 0,y + 1FelI7, 00)-

Proof. In this case we set

3
(6.45) U= Z bii(x) + vt
i=1

Repeating the considerations from Lemma [6.3] we conclude the proof. m
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