1. Introduction

In this paper we consider the problem

vy — divD(v) + Vp = f in 27 =02 x(0,7),
dive =0 in 27,

(1.1) v-Tm=0 on ST =8 x (0,T),
7-DW) To=0, a=1,2, onS7,
V|i=0 = Vo in £2,

where {2 is a domain with a distinguished axis, v is the velocity of the fluid, p the pressure,
f the external force field, v the constant viscosity coefficient, 7 the unit outward vector
normal to the boundary S, and 71, T2 unit tangent vectors to S.

By D(v) we denote the dilatation tensor of the form

(12) D(U) = I/{arivj -+ 8957.1114}1-7]—:17273.

Finally by dot we denote the scalar product in R3.

The aim of this paper is to prove the existence of regular solutions to problem (1.1)
for the r.h.s. (right-hand side) functions from weighted Sobolev spaces, where the weight
is a power of the distance from the distinguished axis. We are mainly interested in the
case where the power of the distance is negative. The result is necessary in [10], where the
existence of a global solution to the Navier—Stokes equations (which is close to the axially
symmetric solution) in a bounded cylindrical domain and with boundary slip conditions
is proved. Since the behaviour of the axially symmetric solution near the axis of symmetry
is described by weighted Sobolev spaces with the weight equal to a negative power of the
distance to the axis we have the same property for our global situation. Therefore in this
paper we consider problem (1.1) in the spaces described by Theorem 5.3, where the most
important case is p = 1.

To prove the existence of solutions to problem (1.1) we use the existence of weak
solutions and the technique of regularizers. Therefore to show regularity of weak solutions
we have to consider problem (1.1) locally. Let ¢ = {(z) be a function from a partition of
unity. Let v = v(, p = pC, f: ¢, g = vo¢. Then instead of (1.1) we have

o — divD(v) + Vp = f — divB(v, () — D(v) - V( + pVC,
divo =v-V(,
(1.3) v-m=0,
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where
B(v, () = {vi0x,¢ + v;0z,C}i j=1,2,3-
We assume that 2 = supp C.

Since we are looking for a solution which has some special properties in a neighbour-
hood of the axis we distinguish the following neighbourhoods of the partition of unity:
near an internal point of {distinguished axis} N 2, near the point where the axis meets
the boundary S, near a point of S and near an internal point which does not belong to
the axis.

Now we examine (1.3) in any of these neighbourhoods. First we consider (1.3) in
a neighbourhood of a point from the axis. Since we want to prove existence of solutions
to (1.1) in weighted spaces we use the Kondrat’ev theory [2]. Therefore we introduce
artificially an angle. Since SN 2 = () we write (1.3) in the form

up —divT(u,q) =g in DI =Dy, x (0,7),
divu =h in DI,
(1.4) ulr, = uln,, on Iy =Tt =Ty x (0,7),
7-T(u,q)|r, = —7-T(u,q)|r, on Iy =TIy,
ult=o = uo in Do,
u=0 on S} = Sk x (0,7T),

where u = v, ¢ = p, Bpg is a ball with radius R, Sg = 9Bg, T(u, q) is the stress tensor of
the form

(L5) T(u,q) = D(u) — gl

where I is the unit matrix, 7|, = —7|r,,, so the normal vectors in (1.4)4 are different
and the remaining notation is described in Section 2.

Since Da, = R3 the boundary conditions (1.4)3 4 are artificial. They are introduced
for the purpose of applying the Kondrat’ev method. Since the plane Iy = I, is chosen
arbitrarily we have to show that the solution is continuous with all derivatives when
crossing Iy = I5;. Such a proof will always be given.

In the next step we consider (1.3) in a neighbourhood of the point where the dis-
tinguished axis meets S. In this case under the same notation as in (1.4) and after
straightening the boundary locally to the plane 23 = 0, the problem (1.3) takes the form

ug — divT(u,q) =g in DI NR3 x (0,7),

divu = h in D3 NRY x (0,T),

U T gm0 = K1 on DL N{zx:x3 =0} x(0,7),
(1.6) 7-D(u) - Talesmo = koo, a=1,2, on DL N{x:x3=0}x(0,T),

ulr, = ulry, on Iy NR3 x (0,7),

n-T(u,q)|r, =7 T(u,q)|ry,, on Iy NR% x (0,7),

Ulp=0 = ug in Doy N Ri,

where R3 = {z € R®: z3 > 0}.
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In a neighbourhood of any point of S, problem (1.3) takes the following form after
straightening S N Q:

up — divT(u,q) =g in R3 x (0,7),
divu=h in R x (0,7),

(1.7) U T pa=0 = k1 on R? x (0,7T),
7 D(u) - Toles=o0 = kaa, a=1,2, onR?x (0,T),
ult=0 = Vo in Ri.

Finally at an internal point we obtain the Cauchy problem
u; — divT(u,q) =g in R* x (0,7),
(1.8) divu=h in R x (0,7),

u|t=0 = U in RB.

We are interested in two cases: f € Lo _,(27), vy € HlH(Q), uw € (0,1) and f €
Ly 1(027), vo € HL,(£2). The second case must be distinguished because it needs addi-
tional considerations. All considerations in this paper base on the Lo-approach.

The main result of this paper is formulated in Theorem 5.3. In the theorem we have
to distinguish two cases: p € (0,1) and p = 1. In the second case the parameter A in
(3.73) is an eigenvalue so problem (3.73) cannot be solved directly. This needs extra
considerations (see the proof of Lemma 3.8).

Finally we introduce some additional properties of any solution of problem (1.1).
Let us introduce the cylindrical coordinates (see Section 2) such that the z-axis is the
distinguished axis. Then we assume

27

(1.9) ‘ u(r, @, 2)r dp =0,
0

for any r < min dist{z-axis, S}, z € {distinguished axis}.

2. Notation and auxiliary results

To simplify considerations we introduce the notation:

‘U|P7Q = HUHLP(Q)a Q € {Qa Sa QTaST}a pE [1300},
[ulle.qr = lullyrrrzgry:  lullve = lullwsg), Q@€{25}, kel
1/p
ulp =l @) = (§lulredz) ™, Qe {28y, pello)
Q

i € R and r is the distance from the distinguished axis expressed in the cylindrical
coordinates (r, ¢, 2), where the axis is the z-axis. If 2 C R? then r is the distance to the
origin of coordinates.
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Since we consider problem (1.1) in weighted Sobolev spaces we use the following
spaces: V;fjﬁ(()), keN, pel,o00), p €R, with the norm

h—lo 1/p
lallvg, oy = (2§ IDZuPre= G120 o) = Yully .,
|| <k $2

and %,lfpk/2(QT), kEeN,pel,oc0), p € R, with the norm

) 1/p
lllygprngmy = (D0 § 10FDZuPr e E1oD) d @) ™ = fuly p o 0r,

2i+|a|<k QT
where Dy = 091092098, a = (1, o, 3), |a] = ag + g + as.

For these spaces we introduce the spaces of traces V;f;wp((?), Vplf,jl/p’kﬂ_lﬂp(ST),

Voo 17(9).
For p = 2 we have the spaces introduced by Kondrat’ev [2]

k.k
HE(Q) =V, (2),  HPY0QT) = v 20T,

N2
Moreover, we set

lullag o) = lullepwes Mol grre gry = el e

To prove existence of solutions to problem (1.1) which do not vanish near the axis of
symmetry we introduce the spaces W' ,(£2) and W k2 (0QT) with the norms

1/p
lllw, oy = (3 §1Dgulr de) ™ = llullkpo:
la|<k 2

and

) 1/p
lullirrzgry = (2 1 10iDguPr™ dwdt) ™ = Jullg por-
2i+|a|<k 2T

For the spaces W;#(Q) and W,ﬁ’;’fm(QT) we have the spaces of traces W;;l/p(S),
W;;l/p’k/Qfl/Qp(ST), Wﬁ;z/p(QL respectively, and the corresponding trace theorems.
Let 7, be the polar coordinates in the plane; dy C R? the infinite angle {r > 0,
0 < ¢ < ¥} with magnitude ¥J; 1,72 the sides of dy described by ¢ = 0 and ¢ = ¥,
respectively; Dy = dy x R! the dihedral angle in R? with sides I} = v; x R!, i = 1,2, and
edge L =171 N7T,.
To examine problem (3.2) we introduce some spaces. Let k¥ > 0 be an integer and

i €R. By L5/

functions equal to zero for ¢ < 0 in the norm
T
lullgrery = (3 1§ IDz0Ru(a,0Pla’ P de
°© |a|+2a=k 0 Dy

(DT) we denote the closure of the set of compactly supported smooth

T T
D2ofu(z,t) — DXO%u(z,t')|? 1/2
+ Z S|:E/|2Md$ S dt S |Dg 0fu(z |1_t/|a; tu(x )l dt/) ,

|a|+2a=k—1 Dy —00 —o0

where 2’/ = (21, 2), |2'| = /2? + 23 = r. Boundedness of the norm implies diu|;—g = 0
for i <[(k—1)/2].
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kk/2

If T'= oo we can express the norm of L by the Fourier transform of u(z,t) with

respect to the variables ¢,z (x = («/, 2 )), Which for an integrable function is given by

the formula
o0

ﬂ(f,&fo) — (271_)—(n—1)/2 S dz"" S u(%t)e_i(r”'f'*‘tfﬂ) dt,

Rn—2 —00
where z € R”, 2’ € R?, 2" - ¢ = 236, + ... + 2,&,_2. Then the norm of LIc k/2(DT) i

equivalent to the norm
o0

lullggernmp, =] § de | dfoZHUHLk P+ Rl ]

Rn—2 — 00

We introduce a partition of unity. Let us define two collections of open subsets {w(k }
and {2®} k€ MUWN, such that ® ¢ QW (J, w® =, 2% =02, 20 NS =0
for k € M and 20 NS # () for k € N. We assume that M = M; U Ms, N =
N1 UN, and %) k € My, is a neighbourhood of an internal point of {z-axis} N £2,
QW) k€ My, is a neighbourhood of an internal point which does not belong to the axis,
W)k e N, is a neighbourhood of the point where the axis meets the boundary S.
We know that N consists of two points pi,pa, so N7 = {p1,p2}. Finally 2") k € Ny,
is a neighbourhood of a point of S. Next we assume that at most Ny of the 2(*) have
nonempty intersection, and sup,, diam (k) < 2\ for some A > 0. Let C(k)(ac) be a smooth
function such that 0 < ¢®(z) < 1, ¢(W(z) = 1 for € w®, (®(z) = 0 for z €
Q\Q® and |DY¢® (2)| < ¢/|A]Y. Then 1 < 37, (¢®(2))? < Np. Introducing the function
n®) (x) = ¢®)(2)/3,(¢D(x))2, we have n®) (z) = 0 for z € 2\ F 32, n®F) (2)¢*) (2) =
1 and |DXn™ (z)| < ¢/|A|*. By £€*) we denote a fixed internal point of w®) and 2®*) for
k € M, and a point of w®) N S and 2+ N S for k € N. For k € Ny, £€®) is either p;
or pa.

Since we consider a problem invariant with respect to translations and rotations we
can introduce a local coordinate system y = (y1, Y2, y3) with center at £ (k) such that for
k € N the part S®) = §n Q%) of the boundary is described by ys = F(y1,y2). Then we
introduce new coordinates by

zi =Y, 1=1,2, z3=y3—F(y1,v2)
We will denote this transformation by 2%*) 3 z = &, (y), where y € Q%) and @® >
z = ®p(y) where y € w®). We assume that the sets @*), 2%*) are described in local
coordinates at £*) by the inequalities
ly:l <A, =12, 0<uys— F(y1,y2) <A,
lysl <27, i=1,2, 0<ys— F(y1,y2) < 2},
respectively.

Let y = Yi(x) be a transformation from the x coordinates to local coordinates y which
is the composition of a translation and a rotation. Then we set

0 (2, ) = w(@ o VN (2), 1), aM(z,t) =W (2, )W (2,t), K EN.

Now we recall some auxiliary results. From [11], Lemma 5.1, we have
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LEMMA 2.1. Let £2 C R? be a bounded domain. There exists a constant c such that for
all v € Ly(02) with

(21) EQ(U) = S(’Uiawj + Ujﬂ-i)Q dr < 00
n

we have

(2.2) [0]|3 o < c(Eq(v) + [|v]f.0)-

3. Existence of solutions to problem (1.4)

To prove existence of solutions to problem (1.4) we introduce a function ¢ which is the
solution to the problem

Ap = ho,

SD‘FO = 90|F27r7
(3.1) %%:%M,

¢ls, =0,

Sp‘t:O =0,

where R’ < R and we use the fact that supp ho C Bg'.

If hg is continuous when crossing Iy = Ia,, then from (3.1) we see that all first and
second order derivatives of ¢ are also continuous when crossing I'y = I5.

Let us extend the initial data in (1.4) for ¢ > 0. Let us denote the extension by .
Introducing a new function v = u — @y — Vg, where ¢ is the solution of (3.1) with
ho = h — div ug, we obtain the problem

Ut — leT(va) = f7

dive =0,
(32) S
n- T(vap)hb =-n- T(U’p)|F2w7
UltZO = 07
'U|SR =0.

The transmission conditions (3.2)3 4 are artificial and by Lemma 3.7 no solution of (3.2)
loses regularity when crossing the plane Iy = Is,. Hence in considerations concerning
solutions in the whole domain B we can omit these conditions. Therefore we also consider
the problem

vy —divT(v,p) = f in Bg x (0,7,
dive =0 in Bg x (0,7,
'U|SR:0 on SRX (O,T),

’U|t:0 =0 in BR.

(3.21)
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In view of the boundary condition (3.2')3 we can extend solutions of problem (3.21)
to R? and treat (3.2!) as the Cauchy problem only.

To examine problem (3.2') we have to introduce weak solutions. To obtain an integral
identity we multiply (3.2!) by a function n and integrate over B;"; to obtain

(3.3) S v - ndr — X divT(v,p) - ndx = X f-ndz.
Bk Bk Bk

Let 1 be such that

divn =0,
(3.4) Nle=r =0,
77|sg =0.
Then integrating by parts in (3.3) we obtain the integral identity
(3.5) - ‘ v-ntdxdt—i—% ‘ Vv - Vndxdt = S f-ndzdt.
Bf Bf BR

DEFINITION 3.1. By a weak solution to problem (3.2') we mean a pair of functions (v, p)
satisfying the integral identity (3.5) for any function n € H(B%) satisfying (3.4) and for
f € La(BR).

Now we obtain some estimates for the weak solution. Inserting n = v in (3.3), inte-
grating by parts, using the Korn inequality (2.2), the Poincaré and Gronwall inequalities
we obtain

t t
(3.6) V) de+{at" | (Jo]? + [ve]?) da < | | [f*dzat’,

Br 0 Br 0Br
where ¢t < T'. Extending v and f by 0 for ¢t < 0, we obtain
t t
(3.7) V v?yde+ | at’ { (WP + vl de<c | | [fPdadt.
Bgr —00 Bpr —oo Bgr

Extending v and f with respect to ¢ up to t = oo, we rewrite (3.7) in the form

¢ t
(3.8) 802(75)07:5—1— S dt’ S(|U|2—|—|vz|2)dx§c S dt’ S |f|?dx, t<oo.

Br —o00 Br —o0 Br
Besides the energy estimate (3.8) we also need an estimate for v;. For this purpose
inserting nn = v, in (3.3) we obtain
(3.9) S v dx — X divT(v,p) - vy dz = S f v dz.
Br Br Br
Integrating by parts in the second term and using the boundary conditions we obtain

- ‘ divT(v,p) - vy dox = ‘ T(v,p) - Voydx = v S Vv - Vv dx
B.R BR Br

1d 9
=53 S Vol dz.
Br
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Using it in (3.9), integrating the result with respect to time and using the vanishing of
the initial conditions we arrive at

(3.10) \oat | (jul? + Vo)) de <c | dt | |f|*de,

— 00 BR — 00 BR
where we used the extension with respect to time. In view of the definition of the space
L1 /2 (Dy N Bgr), (3.7), (3.10) and after extending with respect to « we obtain

oo

(3.11) IIvlliéjém(DmBR)écS dfoS(HﬁHi;,O(dﬁ +1P1%g 4y (€1 + [0])) d
o — 00 R1
<c | dt | de(jo+ul*+|Vo]*)<e | dt | |f]*dw.
— 00 DQ.’\- — 00 Dgﬂ

Next using the definition of the space L ’ / (D2xNBRrx(—00,00)) we obtain the inequality

T T T
t) — t 2

(3.12) [ e | oa | ar M i :(f Woejar | deifp.
DopnBr  —oo  —oo [t =] 0  DyNBr

Since v(x,t) = 0 for ¢t < 0 the expression on the Lh.s. of (3.12) is equal to
T 2 T T |2

t t 4

(3.13) far | do 4@(2 W | | ae | ar 1 tl(f’ )

0  D2xNBr DyMBg 0 0 | |

Summarizing we obtain

LEMMA 3.2. Assume that f € Lo(Bgr x (0,T)). Then there exists a weak solution of
problem (3.21) which satisfies the inequality

T
(3.14) | 2@+ 1vumPyde+{dt | (0 + o + [vef?) da
DorNBRr 0 Do.NBRr
T 2 T T N2
t t) — t
+ Lxé W grar + | dafatf prALICE i Z(f )
0 D2rNBr D2rNBr 0 0 |t =]

T
<clat | da|fzt)?
0  DyNBg
Ezistence follows from the Galerkin method.

To show higher regularity of solutions to problem (3.2) in a neighbourhood of the
distinguished axis we apply the Kondrat’ev theory (see [2]). For this purpose we write
(3.2) in the shortened form

- leT(va) = fa
dive =0,
(3.15)
U|Fo = U‘sza

ﬁ'T(va”Fo = —ﬁ-’]r(’l)7p)|p2",



Nonstationary Stokes system 13

where Iy = Iy, = {z € R® : 25 = 0}, 0|, = (0,—1,0), 7|, = (0,1,0). To express the
boundary conditions (3.15)4 more explicitly, we calculate

V(Ulﬂﬂz + U27I1) V(ULIQ + 1)2’11)
- T(v,p)|r, = — 200,45, — D , n-T(v,p)ln, = 20vg 4, — D
V(U3,$2 + /02,303) l/(’l)3’12 + ’U27£I/’3)

Hence (3.15)4 takes the form

v(V1,2, + V2,0, ) V(01,25 + V2,0)
(3.16) 2009 4, — D = 20022, — P
V(v3,z2 + 1)2,13) I, V(U3,m2 + 02@3) Ton

In the above considerations the x3-axis is the distinguished axis.
Applying the Laplace transform with respect to ¢ and the Fourier transform with
respect to x3 to problem (3.15) (see (3.17%)) yields

sv; — V(AT — £2;) + Py = fj7 j=1,2,
853 — U(Alﬂg, — 5253> —+ zfﬁ: J‘A‘é’

V1,2, + V2,25 + ’I;ng = Oa

(3.17) 5'70 = EHW
V(Fﬁl,Ig + 52,&21) I/(:[}il,{l}Q + 52,&21)
20025, — P = 20025, — P ;

V(53’932 + Zfﬁg) o l/(/’ljg)wZ + Zfﬁg)

where v, p are the Laplace-Fourier transforms of v, p defined by

Y2m

(3.171) u(z,t) = S ds S de e el €, 5),
0 —oo

where s = i€y + 79, 70 > 0, A’ = 8%1 + 832, Y0, Yor are the “sides” of dy, = R? given by
To = 0.
To examine regularity of solutions to (3.17) we divide it into two problems:

VAT + By, = [ —qU;,  =1,2, in R?,
51,:61 + 52,:1:2 = _26537 in R27
(318) 717] Yo = fﬁj|,}/2ﬂ7 j = 1’2, To = 0,

) T2 = Oa
Y2

Ul,a:g + U2,11
20024, — P

where ¢ = v€? + s and

_ (Ul,:m + V2,0,
T\ 0y, — D
Yo 2,112 p

— VA3 = f3 — qus —i€p  in R2,
(3.19) Uslyo = U3y z =0,
53@2 ‘70 = 53’12 ‘Wzn x2 =0,
where we used (3.18)3 to obtain the second boundary condition (3.19)s.
To show regularity of weak solutions described by Lemma 3.2 in a neighbourhood of

the axis we apply the Kondrat’ev technique (see [2]) because f € Ls ,,, where the weight
is a power of the distance from the axis. Since the solution from Lemma 3.2 is examined
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we use the fact that it has a compact support. Therefore the functions from the r.h.s.
of problems (3.18) and (3.19) have compact supports with respect to ' = (z1,x2). To
simplify the notation we write problems (3.18) and (3.19) in the form

—vAv+Vp=f in R?,
diviv = h in R?,
(3.20) VUlyy = Vlyans r2 =0,

(V1,25 + V2,21 )70 = (V1,2 + V2,00 ) oy T2 =0,
(2vv2,25 = P)lyo = (20022, = P)lyans z2 =0,
where all operators are two-dimensional and
Au=f in R?,
(3.21) Ulyy = Ulygrs 9 =0,
Ugslvo = Uomslyan, T2 =0.
To obtain an estimate describing the behaviour of solutions of (3.21) in a neighbour-

hood of the origin we need

LEMMA 3.3. Assume that f € Lo _1(R?) and supp f C Br, R < co. Then there exists
a solution of (3.21) such that u € H?{(R?) and

(3.22) lull2,—1,r2 < el fllo,—1,r2-

Proof. First we obtain solutions to the homogeneous problem (3.21). Expressing the
homogeneous problem (3.21) in polar coordinates we have

%&(ru,r) + T%u)%p =0,
(3.23) Ul p—o = Ul p—2r
Uplp=0 = Up|p=2n
A general solution of (3.23); has the form
(3.24) u = 1%(a; sin ap + as cos ap),

where a1, as are arbitrary constants.

Using (3.24) in (3.23)23 we obtain sin27a = 0, cos2ma = 1, s0 a = k, k =
0,F1,F2,...

To obtain an estimate we consider the problem

1 1
;8,»(1%7,«) + 2lep = f,
(3.25)

u|p=0 = Ulp=2n,

Uplp=0 = U |p=2n-

—T

Introducing the new variable 7 = —logr and the new quantity v(r,¢) = u(e 7, ¢)
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instead of (3.25) we have
Vrr +V,p0p = fe " =F,
(3.26) V]p=0 = V|p=2r,
Vplp=0 = V,plp=2r-
Applying the Fourier transform (3.49) to (3.26) and putting ¢ = —i\ we obtain
V4V pp = F,

(327) 'U|<p:0 = ,U‘L,DZQTH

Volp=0 = Vplp=2r

Solving the homogeneous problem (3.27) we write its solutions in the form
(3.28) U = a1 sinop + az cosop,
where a1, as are arbitrary parameters.
Since f € Lo, —1(R?), as in the proof of Lemma 3.6, ¢ = 2 is an eigenvalue of problem

(3.27). Therefore to obtain an estimate we have to find an operator M which annihilates
eigenfunctions coresponding to o = 2,

(3.29) vy =7r?sin2p, vy = r?cos 2.
The operator has the form
M =ro, — 2.
As in the case of estimate (3.92) we have to use equation (3.26); to obtain estimates for
all derivatives. Finally we have
(330)  NuaallLy i ®2) + luallz, —o@2) < el flly —y@2) + luallis @2y + lull, —o@2))-

The above considerations were necessary to obtain only the estimate (3.30). Since
problem (3.21) follows from localizing the original problem we know that f and « have
compact supports, so we can add without any restrictions the homogeneous Dirichlet
boundary condition
(3.31) uls, = 0.

Moreover the conditions (3.21)2 3 are also artificial because there is no loss of regu-
larity when crossing the line zo = 0. The conditions were introduced only to apply the
Kondrat’ev technique and to obtain the inequality (3.30). Therefore we can also consider
the problem

Au=f in BRNR?
(3.32) )
u=0 on S NR-.

From (3.32) we have existence of a unique solution and that nontrivial solutions to the
homogeneous problem (3.21) do not exist. Therefore for a sufficiently small r and after
applying the Hardy inequality the last two terms from the r.h.s. of (3.30) are absorbed
by the terms from the Lh.s. of (3.30). Moreover from (3.32) we obtain the estimate

llull1,Brrrz < |l fllo,Brrz

so finally we have (3.22). This concludes the proof.
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Next we have

LEMMA 3.4. Assume that f € Lo _,(R?), u € (0,1). Then there exists a solution of
(3.21) such that v € H? (R?) and

(3.33) l[ull2,—p,r2 < cll Fllo,~pur2-

Proof. The proof is similar to the proof of Lemma 3.3 with the difference that in this case
we do not encounter any eigenvalue of problem (3.21) when applying the inverse Fourier
transform to the inequality analogous to (3.80). This concludes the proof.

Similarly to Lemma 3.4 we obtain

LEMMA 3.5. Assume that f € Lo ,(R?), u € (0,1). Then there exists a solution of (3.21)
such that u € HZ(R?) and

(3.34) ll2,up2 < ell fllo,ure-
Now we consider the homogeneous problem (3.20):
—vA'v+V'p=0,
diviv = 0,
(3.35) Vlyy = Vlyans

(V1,25 +V2.01) |70 = (V125 + V2,01 |72rs
(2VU2,912 - p)"Yo = (2VU2,912 - p>|’727r'

For the homogeneous system (3.35) we have

LEMMA 3.6. The spectrum of the homogeneous problem (3.35) contains only integer num-
bers. Then the solutions of (3.35) have the form

uy oo (k—1)y (k—1)8
(3.36) [ue | = > (k+1)5 | cos(k— g+ | —(k+1)y |sin(k — 1)
q k=—00 4k~ 4ké
@ B
+ | B | cos(k+ 1)+ | —a |sin(k+1)e| r*,
0 0

where «, B,,0 are arbitrary parameters.
For k = 0 we have the solution
U1 = acosy + bsin g,
(3.37) ug = bcosp — asin g,
q=0,
where a = a — v, b = 8+ 4. The solution (3.37) is a rigid motion.

Proof. In the polar coordinates x1 = r cos ¢, 2 = rsin ¢, the radial and angular compo-
nents of the velocity have the form

(3.38) U=1v]COSQP+ vasing, w = —wvpsinp + vs cos .
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Then equations (3.35) take the form

1 1 1 2
—v ;ar(rur) + Blpp 3t 5 W +pr =0,

1 1 1 2 1
(3.39) —v [;Br(rwr) + 2Wep — gW + T—2u¢] + Py = 0,
1
Up + —u + —w, = 0.
r r
From (3.38) we have
(3.40) V1 =ucosp —wsing, ve = using + wcos p,

so the boundary conditions (3.35)3 take the form

Ulp=0 = U|p=
(3.41) lp=0 = tlp=2r,
W|p=0 = W|p=2r-

Finally the boundary conditions (3.35)45 take the form

(3 42) PH“4P"”|<P:0 = Tgpr‘@:Qﬂ—’

Tep ‘50:0 =Ty ‘50:277’

because the normal vector @ to yg and 72, has the direction of the ¢ coordinate line.

Writing (3.42) more explicitly we obtain

1 n 1 1 n 1
—Uyp + Wy — —W = | —up +w, — —w
r ¥ r =0 r 7 r

(Zrosrw—p)| = (Fwrn-r)

If we introduce the new variable

rp
3.44 qd ==
(3.44) .

then problem (3.39), (3.41), (3.43) takes the form

1 1 1 2 d
— {_87,(7’1”) + Slpp — U T_QM@] + 5r<—) =0,

T r
1

1 1 2 1,
— {;ar(rw,.) + T—Q’LU@@ — T—zw + T—2w¢:| + fr_2q‘P = 0,

b

p=27

(3.43)

=27

Up + —u + —w, =0,
(3.45) r r
ulp=0 = ulp=2n,

W[p=0 = W|p=2r,

1 . 1 1 n 1
~Up + Wy — —W = | ~u, +w, — —w
r "oy =0 r ¥ r

(2(wy +u) — q/)|¢:o = (2(wy +u) — q/>|90:27r-
Let us introduce the new variable

(3.46) T=—logr

)
p=27

17
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and the quantities

(3.47) u(r, ) =u(e ", p), w(r,p)=wle "), are)=4q(e", ).
Then problem (3.45) assumes the form
Utrr + Utpp — U1 — 2Uzp + G+ ¢r =0 in R' x (0, 27),
Ugrr + Ugpp — Uz + 2U1p, — ¢ =0 in R! x (0,2m),
—U1r + U2y + U1 =0 in R x (0,271'),
(348) ’I,L1|<p=0 = U1|Lp:2ﬂ— on Rl,
Uz|p—0 = Uz|p=2r on R!,
(—u2r + Uty — U2)|pmo = (—Usr + Uy — U2)|pm2x on R,
(2(u2p + u1) — @)|p=0 = (2(u2p + u1) — )| p=2r on R,
Applying the Fourier transform
(3.49) u(r, o) = | €N, p)dr
to (3.48) and putting ¢ = —i\ we obtain
d*u du
- d:; (- o®)a +2di;+(a—1)zj:0 in (0,2n),
>, o\~ duy  dq .
778024‘(1*0')”&2*27@4’%:0 IH(O,QT),
du ~
di; +(o+ 1) =0 in (0,27),

(3.50)

:Jl |<p:0 = a1 |<p:27ra

ﬂZ |<p=0 = 172 |Lp=27T)

= (%1 + (o — 1)a2>

(2<@+al)—6) :(2(%7%1)—67
dSD ©=0 d(p o=2m
A general solution to (3.50)1 2 3 has the form
Uy (c — 1)y (c—1)6
(3.51) Uy | = | (0+1)d |cos(c —1)p+ | —(oc+1)y | sin(c—1)p
q 4oy 406
o B
+ | B |cos(c+ 1)+ | —a |sin(o+ 1),
0 0

where «, 3,7,0 are arbitrary parameters which should be determined by the boundary
conditions (3.50)4 7.
The boundary condition (3.50)4 implies
(3.52) (0 —1)y(1 —cos2m(o — 1)) + a1l — cos 2w (o + 1))
— (0 —1)dsin2n(c — 1) — Bsin27(oc + 1) = 0.
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Condition (3.50)5 gives
(3.53) (04 1)0(1 —cos2m(o — 1)) + B(1 — cos 2w (o + 1))
+ (0 + 1)ysin2n(o — 1) + asin 2n(c + 1) = 0.

Next (3.50)¢ yields
(3.564)  20(c—1)d(1 —cos2n(o — 1)) + 203(1 — cos 2w (o + 1))

+20(0c — 1)ysin2n(o — 1) 4+ 20asin 2nw(o 4+ 1) = 0.
Finally (5.50)7 implies
(3.55) —20(c+1)y(1 —cos2n(c — 1)) — 2ca(1 — cos2n(o + 1))

+20(0 + 1)dsin 2w (0 — 1) + 208 sin 2w (o + 1) = 0.

Consider the case o = 0. Then (3.54) and (3.55) disappear. Inserting ¢ = 0 into (3.52)

and (3.53) we see that they are satisfied identically. Then the solution (3.51) takes the
form

= (a—7)cosp+ (B+0)sinp = acosp + bsin g,
(3.56) Uy = (04 B)cosp+ (v —a)sinp = bcosp — asin p,
=0,
so this solution describes a rigid rotation.
Consider the case o # 0. Then equations (3.52)—(3.55) imply
(3.57) ol —cos2m(oc+1)) — Bsin2w(oc+ 1)
+ (0 —1D)y(1 —cos2n(oc — 1)) — (6 — 1)dsin27(c — 1) = 0,
(3.58) asin2w(c+ 1)+ (1 —cos2m(o + 1))
+ (0 + 1D)ysin2n(o — 1) 4+ (6 4+ 1)6(1 — cos2w(0 — 1)) = 0,
(3.59) asin2w(c+ 1)+ (1 —cos2n(c + 1))
+ (0 — 1D)ysin2n(o — 1) 4+ (¢ — 1)6(1 — cos 2w (0 — 1)) = 0,
(3.60) —a(l—cos2n(o+1))+ Fsin2r(c+1)
—(04+1)y(1 —cos2n(0c — 1)) + (0 + 1)dsin2n(c — 1) = 0.
Adding (3.57) and (3.60) gives

(3.61) —v(1 — cos2m(0c — 1)) + dsin27(oc — 1) = 0.

Subtracting (3.59) from (3.58) yields

(3.62) vsin2n(o — 1) 4+ 6(1 — cos2w(c — 1)) = 0.

From (3.61) and (3.62) we have the condition for the existence of nontrivial solutions
(3.63) (1 —cos2m(o —1))® +sin®27(c — 1) = 0.

Hence

(3.64) cos2m(0c—1)=1 and sin27(c—1)=0.

The first condition gives

(3.65) oc=k+1, k=0,F1,7F2,...,
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and the second implies
(3.66) o=14+k/2, k=0,F1,F2,...
Using (3.64) in (3.57)—(3.60) yields

a(l —cos2m(oc + 1)) — Bsin2nw(c + 1) =0,
(3.67) a(1 — cos2m(o + 1)) + Bsin2n (o + 1) = 0.
Hence we also obtain
(3.68) cos2m(c+1)=1 and sin2n(c+1)=0.
The first condition implies
(3.69) c=k—-1, k=0,F1,F2,...,
and the second gives
(3.70) c=k/2—-1, k=0,F1,7F2,...

Conditions (3.65), (3.66), (3.69), (3.70) must be satisfied simultaneously, so ¢ is an
arbitrary integer.
Applying now the considerations from [3] we obtain (3.36). This concludes the proof.

Now we want to explain why we consider such boundary conditions in the problem
(3.20). In reality we consider problem (3.20) in the whole space R?, so the boundary
conditions are artificial. But we introduced them because the r.h.s. functions of (3.20)
are such that f € Ly _,(R?), g € H' (R?), u € [-1,1], where the weight is a power
of the distance from the origin. Therefore we expect that solutions of (3.20) should also
belong to the same kind of spaces, so v € H? ,(R?) and p € H' ,(R?). These kind of
spaces suggest that to prove existence of solutions to problem (3.20) we should apply the
Kondrat’ev theory (see [2, 3]). Therefore we need a cone, but our cone is da, = R2, so the
boundary conditions (3.20)3 4,5 are chosen on the same line g = 2. Since the boundary
conditions are artificial for the problem considered in the cylinder they should be chosen
in such a way that there would be no loss of regularity on the line 79 = 72,. Therefore
we need

LEMMA 3.7. Assume that f and h are continuous with all derivatives when crossing the
line v = ~yar. Then there is no loss of regularity of solutions to problem (3.20) on the

line 0 = Y2

Proof. We have to show that solutions of (3.20) are such that v,, and p, are continuous
when crossing the line vy = 72,. To be specific, we choose

Y0 = Yor = {x € R? : 25 = 0}.
From (3.20)3 we see that v is continuous on 79 = vor. From (3.20)2 we have vg,, =
h — v14,, so it is continuous on vy = 72,. From (3.20)4 we see that vy,, is continuous
on v9 = 2. Next we see from (3.20)5 that p is continuous when crossing vo = vor.
Since p, V1g,, U2z, are continuous when crossing vy = y2x, S0 also are Py, Vizyz, > V2asm, -
Differentiating (3.20)2 with respect to zo gives

V2goze = th — Vizyzoy

so we see that vaz,4, is also continuous.
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Now we write (3.20); more explicitly:

(371) _V(lelxl + legxg) + Pz = f17 _V('U2x1x1 + 'U2x2$2) + Puy = f2-

Since vag,4, is continuous we deduce from (3.71)2 that so is py,. Finally (3.71); implies
that v14,4, is continuous. Therefore all v,,, and p, are continuous.

To show that higher derivatives of v and p are continuous we differentiate appropri-
ately the equations of (3.20) and repeat the above considerations. This concludes the
proof.

Next we have

LEMMA 3.8. Let f € Lo _1(R?), h € HL,(R?). Then there exists a solution of (3.20)
such that v € H2,(R?), p € H'|(R?) and

(3.72) vll2,~1,dsr + [1Pl11,~1,dor < (Il f

where we recall that doy = R2.

lo,~1.dsr + [Pl ~1,d2, )

Proof. We apply the Kondrat’ev technique [2]. Repeating all calculations leading to (3.50)
for problem (3.20) we obtain

anl 2\~ daZ ~ I
A0y o\~ duy dqg =
i + (1 — o%)uz 7 + iy 2,
du ~
di; + (o + ay = H,
(3'73> ﬂ1|¢:0 = a1|<p:27r;
a2|ng:0 = a2|g0:27r;
du . du -
<% + (o — 1)u2> = (% + (0 — l)uQ) ,
2 ©=0 P p=2T
du _ ~ du - -
() )~ 5) )
¥ ©=0 2 e=27
where
(3.74) Fi=fie®, i=1,2 H=he .
In view of (3.74) the condition f € La _1(R?) means
oo 27
S S ‘F‘Q e2hoT g- dp < C||f||2L?,,1(1R2),
—o0 0

where in the notation of Kondrat’ev (see [2]) we have hy = 2.
Therefore for the Fourier transform F we have
+oo+21 .
(3.75) S IFI17, 0,20y @A < C||f\|%2,,1(R2),

—o00+21

where 0 = —i\.
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The condition h € H!,(R?) means

oo 2w

ooV VerozH? e dr dp < cl|h]| g | (ge).

i1+i2<1 —occ 0

Hence for the Fourier transform H we obtain

1 4oo+2¢
(3.76) Z ‘ ‘)‘|25||H||§—11*3((0,27r))d)‘SCHhH§1£1(R2)'

s=0 —oco+21
We write problem (3.73) in the short form
Li(p, i), 8,)0 = F,
(3.77) La(, i), 0,)0 = H,
B(p,iX,0,)v =0,
where v = (4, q), L1, Lo are the differential operators (3.73)1,2,3 and B are the boundary
conditions (3.73)4 7.
From [1] it follows that there exists an operator R(\),
R(\) : Ly(0,27) x H'(0,27) — H?(0,27) x H'(0,27),
which is a meromorphic function of A such that

(3.78) (Ly, Ly, B)R = E,

where F is the unit matrix.

Using the operator R we can write a solution of (3.77) in the form
(3.79) T\ ) = RO)(F, H).

In [1] it is shown that for any layer |im A| < ¢; there exists a number ¢y = ca(c1) such
that for |re A| > co the function R(\) does not have any singular point and we have

(3:80) AR N E, H) 12 y0,2m) + IBA OV E, H) I Fr2(0,2m
+ MR (F, H)1Z 0,20 + |1 R2E H) 30,20
< CHiH%z(o,%) + C|>\|2Hﬁ||2LQ(0,27r) + C”ﬁ”%{l(o,%y
where @ = Ry(F, H), § = Ry(F, H).
In view of the results of Kondrat’ev (see [2], Th. 1.1), if the operator R(\) did not

have singular points on the line im A\ = hy = 2, then we would integrate (3.80) along the
line im \ = hg to obtain the estimate

(3.81) lala ey + 191 oy < Ul qany + Nl o)

But unfortunately this is not the case, because 0 = —iA = 2 belongs to the spectrum of
problem (3.50).
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Moreover, the eigenfunctions of the operator (3.50) corresponding to the eigenvalue
o = 2 have the form

Uy cos ¢ sin ¢ cos 3¢ sin 3¢
(3.82) Uy | =~ | —3sinp | +6 | 3cosyp | +a | —sin3p | + B | cos3yp |,
q 8cosp 8 sin ¢ 0 0

where a, 3,7, 0 are arbitrary parameters.

To apply Remark 1.1 from [2] we have to find an operator of the lowest possible
order which annihilates the eigenfunctions (3.82). Let us denote such an operator by
M(ro,,0,) = M(—0;,0,). On the Fourier transforms (3.49) the operator acts as
M(—iX,0,). Continuing we see that M(—iA,&@R(ix\)(ﬁ,fI) does not have singular
points on the line im A = 2, so Theorem 1.1 from [2] can be applied.

Now we find the operator M. Since 0 = 2 we have the following eigenfunctions:

cos sin ¢
e =72 —3sing |, @=r*[3cosp |,
8cos 8sinp
cos 3 sin 3¢
s =12 —sin3p |, e =r%[ cos3p
0 0

Hence we are looking for the operator M such that
(3.83) M(e;)=0, i=1,2,34,

are satisfied identically.
Therefore we can look for the operator M in the form

(384) Mj = ajr&n + bj&p + Cj, j = 1, 2,3,

where a;,b;,¢;, j =1,2,3, are constants and (3.83) has the form
3
(3.85) M(g;) = Mg, i=1,2.34.
j=1

The equation M (€;) = 0 implies
(386) —(6a2 + b1 + 8b3 + 302) sintp + (2(11 + 16&3 — 3b2 +c + 863) COs Y = 0,
so we obtain two equations for the coefficients of M,

6as + by + 8b3 + 3¢ = 0,

(3.87)
2a1 + 16a3 — 3bs + ¢ + 8¢z = 0.
The equation M (e3) = 0 gives
(3.88) (2a1 4 16a3 — 3by + ¢1 + 8¢3) sinp + (6as + by + 8b3 + 3c2) cosp = 0,

so the same equations as in (3.87) follow.
The condition M (e3) = 0 yields

(3.89) —(2a + 3b1 + ¢2) sin3p + (2a1 — 3by + ¢1) cos3p = 0,
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so we have two equations
2a9 + 3by + co = 0,
(3.90) o
2a; — 3by +c¢1 = 0.
Finally the equation M (&4) = 0 implies
(3.91) (2a1 — 3ba + ¢1) sin 3p + (2a2 + 3by + ¢2) cos3p = 0,
so we also have equations (3.90).
Therefore the operator M is defined by the four equations (3.87) and (3.90).
Using the operator M we apply Remark 1.1 from [2] to obtain

+oo+21
(3.92) VIAPIM Ry N (F )17 0,20) + 1M RN E, H) 11 0,2m)) 4
—oo0+21
+oo+27 o
+ | IMTRy (N (F H)I7, 0,0, dA
—oo+21

< (£, ey + Il gge),
where M* = M(—i),0,).

Generally we need to obtain an estimate for solutions u and ¢ involving all second
derivatives of u and all first derivatives of q. However inequality (3.92) contains the second
derivatives of u and the first derivatives of ¢ but in the form of some combinations which
in general do not involve the seminorms ||ugy ||z, and ||gz||L,. Therefore to obtain all
the second derivatives of u and all the first derivatives of ¢ from (3.92) we have to use
different operators M. This is possible because the operator M contains 9 parameters
determined by 4 equations only.

Since the operator R; gives u and the operator R, determines g we can take different
operators in different integrals from the Lh.s. of (3.92).

Let us consider the first term on the Lh.s. of (3.92). Since the term contains the first
derivatives we have to choose operators M which do not contain any derivative of gq.
Therefore we choose M such that az = 0, b3 = 0, ¢35 = 0. Then equations (3.87) and
(3.90) imply

6ag + b1 + 3c2 =0,
(393) 2&1 - 3b2 +c = 0,
20,2 + 3b1 +cp = 0.
Solving (3.93) we obtain
(394) b1 = 07 a9 = —%CQ, a; = ng — %Cl.
Hence we can choose 3 independent operators because we have 3 arbitrary parameters
C1,Co, bg.

Choosing ¢; = 1, ¢; = 0, bs = 0 we obtain the operator M; = —%&ul + u1. Choosing
c1 =0,c=0, b =1 we have My = %&ul + J,us2, and finally selecting ¢; = 0, co = 1,
bs =0, we get M3 = —%&uz + usg.
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Taking the first derivatives with respect to 7 and ¢ we see that the operators M,
Ms, M3 generate the following derivatives:

1 1 3
—Eazul + Oruq, —587—8@’&1 + 8¢U1, 5872_’&1 + 87—890’11,2,
(3.95)
1 1
587—890’&1 + 83,’&2, _5872_’1,62 + Orusz, —587—8@’&2 + 8¢UQ.

Hence we have the following second derivatives:

UlrT,s UlTp, U277, U7, U2

so the missing derivative uq,,, is calculated from (3.48); with nonvanishing r.h.s. in terms
of ¢ and q.

To find derivatives of ¢ we have to choose the operator M in the second term on the
Lh.s. of (3.92). For this purpose we consider a general operator M. From (3.90) we have

3 1
(3.96) ay = 552 — 3%

and from (3.90); we get

(3.97) ag =—-by — -c1.
Using (3.96) in (3.87)2 yields

(3.98) as = ——cs.
Finally from (3.87); we obtain

(3.99) bs = by.
Therefore our operator M takes the form

(3100) M = a10;u1 + as0;us + agaTq + blapul

+ ba0,uz + b30,q + crur + couz + c3q

3 1 3 1
= (§b2 - 561)87—’&1 — <§b1 + Cg>(97—’u,2 — EC38—,—Q + bl(i‘)@ul + b20¢u2

+ b10,q + cruy + coug + caq.
Choosing ¢; = c; = ¢3 = by =0, by = 1 we obtain M, = 7%87-1142 + 0, u1 + 0,q. Choosing
cg=c=0b =by=0,c3=1we get M5 = 7%87.(1 + q. Therefore the operators My, M
give us all derivatives of q.

Summarizing the above considerations we obtain from (3.84) the estimate

(3.101) ||Um||%2,_1(1R2) + ||Um|\2L2,_2(R2) + ||%H2L2,_1(R2)
< c(lfIL, @) + 19l ey + lually, ey + lallZ, ey + lullZ, @),
where the last three terms on the r.h.s. are of lower order because they can be estimated
by suitable terms on the Lh.s.
The estimate (3.101) has a local character so it is obtained for some neighbourhood

of the distinguished axis. We assume that the neighbourhood is such that » < R and R
is sufficiently small. Then by the Hardy inequality we are able to estimate the last three
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terms on the r.h.s. of (3.101) by the terms from the Lh.s. First we consider

2 R 27 R 2 R

S daps lq)?r~2rdr < R* S dgpS q|?r~2 " rdr < cRM S dcps |0-q|2r " dr
0 0 0 0 0 0
27 R
< cR? S dyp S |Vq|*r—2rdr = cRZHqIH%z_l(Rz),
0 0

where p > 0. Similar considerations can be applied to the other terms on the r.h.s. of
(3.101). The trick with the weight u has to be used because otherwise the Hardy inequality
does not work.

Finally we obtain (3.64). This concludes the proof.

To apply Lemmas 3.6 and 3.7 for problems (3.18) and (3.19) we have to increase
regularity of the weak solution determined by Lemma 3.2.

Since we have to increase regularity with respect to x we have to differentiate problem
(3.21) with respect to x. But in (3.2!) we have the boundary condition (3.2!)3 which
could imply difficulties. But problem (3.21) follows from the local problem (1.4) hence
the boundary condition (3.2%)3 is chosen artificially because the solution could vanish
on Sg/, R < R. Therefore the solution of problem (3.2!) can be extended by zero over
R3. Hence differentiating (3.2%); with respect to x, multiplying the result by v, and
integrating over R? x (0,7 we obtain

T T
(3.102) lo@)IIF s + Y I10ll3 s dr < € Y1115 2o dr
0 0

where we used the fact that T' < oo.

Next we introduce a function ¢ which is a solution of the problem, where p, €
Ly(R3 x (0,T)),
div o = p,,
L)0|SR =0.

We know (see [4]) that there exists a solution of (3.103) such that ¢ € Lo(0,T; H*(R?))
and we have the estimate

(3.103)

(3.104) el Lo 0,751 (R3)) < cllpellors x0,1)-

Differentiating (3.2'); with respect to 2, multiplying the result by ¢ and integrating over
R3 yields

(3.105) \pﬂ;m < C(|Ut|§,R3 + |U:c|§,]R3 + |f‘§,R3)'

Integrating (3.105) with respect to t, using (3.8), (3.10) and (3.102) we obtain

T T
(3.106) Sup 1013 5, + §(0el3. 5, + 10155, + 195 5,) d7 < Y IF 5, dr-
0 0

Summarizing the above considerations we have proved
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LEMMA 3.9. Assume that f € Lo(0,T; HY(Bg)). Then the weak solution to problem
(3.21) is such that

v € Loo(0,T; HY(Br)) N H (B x (0,T)) N Ly (0,T; H*(Bg)), p € Ly(0,T; H*(Bgr))
and the estimate (3.106) holds.
Next we have

LEMMA 3.10. Let f € Ly ,(R?), h e H' ,(R?), p € (0,1), have compact supports. Then
there exists a solution of problem (3.20) such that v € H? ,(R?), p € H! ,(R?) and

(3.107) [0ll2,—pur2 + [Ipll1,—pur2 < c(Ilf

lo.~ k2 + [1All1,—pup2)-

Proof. We repeat the proof of Lemma 3.8 up to inequality (3.80). Taking the inverse
Fourier transform of (3.80) along the line im A = 14y, u € (0,1) we obtain (3.107). This
concludes the proof.

Similarly to Lemma 3.10 we prove

LEMMA 3.11. Let f € Ly ,(R?), h € H/(R?), u € (0,1), have compact supports. Then
there exists a solution to problem (3.20) such that v € H.(R?), p € H\(R?) and

(3.108) [0ll2,n2 + Pl re < c(llf

lo,u2 + (17

1,;¢7]R2)'

4. Existence of solutions to problem (1.4). Continuation

In this section we prove the estimates necessary to apply the Kondrat’ev theory used in
Section 3.

To show regularity of solutions to problem (1.1) in a neighbourhood of the distin-
guished axis we consider problem (3.2) and Lemmas 3.3-3.11 must be used. Hence we
have to consider problem (3.15) in the cylindrical domain P = BpN{z € R3 : 23 = 0} xR
with the x3-axis as the distinguished axis. To generalize considerations instead of (3.15)
we consider the problem

vy —divT(v,p) = f in Pr xRy,

divv =h in Pp x R4,
(4.1)

v=20 on OPr x Ry,

’U|t:0 =0 in PR.

For (4.1) we have

LEMMA 4.1. Assume that vy, f € Ly, (PrXRy), h € Ly (Ry; Hy(Pr)), pu € (0,1). Then
there eists a solution of (4.1) such that v € H2(Pr x Ry), p € Ly(Ry; H),(Pr)) and

(42)  |vllzpaxry) + IPllLs a2 (Pr))

< e(Ifllzs,, (Prxryy + ||hHL2(R+;H;(PR)) + [vtl L, (PR xRL))-
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Proof. Applying the Laplace-Fourier transform (3.17%) to (4.1) yields

~ - op ~ -~
V(_Avi+£2vi)+ a{f = fi_svi = Yi, 1= 1527 in d27r7
(4.3) V(—ATs + £203) +ilp = f3 — sU3 = §s in dog,
ov,  Ovy | ... =~ .
it S s =h donr,
P + 02y + 1€vs in do

where v and p vanish outside Bg.

Applying the proof of inequality (3.13) from the proof of Theorem 3.1 in [6] to problem
(4.3) we obtain the estimate
(4.4) [Vzg ‘l%Q(R+;H‘{(D2WxR+)) < C(||9||%2,H(D2qu§+) + ||hHL2(R+;H;(D2W)))~

We have to recall that instead of the problem considered in Theorem 2.7 in [6] we consider
the problem

—Au+Vqg=0 in Bg,
(4.5) divu =p in Bpg,
u =0 on 0BR.

Then the same estimate as in (2.6) of [6] follows. Morever, we have to underline that
to construct the function ¢ from (3.12) in [6] we have to assume that 1|,=¢ = 0. This
concludes the proof.

Now we estimate the last norm on the r.h.s. of (4.2)

LEMMA 4.2. Assume that h =0, f € Ly, (Pr x Ry), p € (0,1). Then for solutions of
(4.1) we have

(4.6) Vel Ly . (Prxry) < CllfllLy . (PrxRy)-
Proof. Applying the Laplace transform to (4.1) with A = 0 we obtain
s —vAT+Vp=f in Pp,

(4.7) divi =0 in Pg,
v=0 on OPg.
To obtain (4.6) we examine the expression
(4.8) VIs|?ds | []?|2'|> da.
A ks

We examine (4.8) in two cases: [s||z'|> < a and |s||2|> > a, where a will be chosen

sufficiently large. In the first case we have
(4.9)  {ls|*ds | 022’ |* dw < a|s]>~* ds | 19)? da.
Prn{la’|><als|~'} Pr0{la’><als| =1}

Multiplying (4.7); by v and integrating over Pr implies

~ ~ _ - _ c(e) ~
(410) | @W|VE)* + [s|[0]?) dx < els]' 7 | [0)[af| 7 dx + W= V11212 da.
Pr Pr Pr
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Using the Hardy inequality and |s||z’|? < a we obtain
(4.11) | WIVo)? + Is|[91) do < ea’ ™ | VO] da + c(f_)u V1712122 do.
Pr Pr |S| Pr

Hence for € sufficiently small (4.11) implies

(4.12) [s|" 7§ VO + |s|[0?) da < e | [ f]2]2)* da.
Pr Pr
From (4.8), (4.9) and (4.12) we have (see [9])
(4.13) {Is[? ds | 2|2 [ dw < e\ ds | |f*]2/|*" da.
Prn{|z’[?<als|~1} Pr

Now we consider the case |s||2’|?

solution to the problem

> a. Let us introduce a function @ which is the

Ap = div(D]2’|**)  in Pg,

(4.14) N

Multiplying (4.7); by v]a’|?* — V@ and integrating the result over Pr gives
(4.15) | (57— v A0 @22 = V@) da = | f@]2' 2 = VE) da,
Pr Pr
where we used the fact that div(vd]z’|?* — V@) = 0, the fact that ¢ vanishes identically
outside the ball Bg because v vanishes outside Bg and ¢ = 0 on Sg = 0Bg and also on

OPr and w is the complex conjugate to u.
From (4.15) we have

(4.16) | (s + v|VD]*) |2/ da
Pr
S’ S Vﬂ-%-V|x’|2“dx’—|—‘ ‘ f-§|x’|2“dx’+‘ S fV_@daz‘
Pr Pr Pr
<e S |Vo|2 |2’ |** dx + c(e) S [0« |** 2 dx + &1s] S |02 |*# da
Pr Pr Pr

c(e ~ - _ c(e ~
+ (|Sl) X |f|2|x’|2udl‘+€2‘5‘ S |V§0|2|£L'/| 2Md$+ (| 2) X ‘f|2|$/|2“dl‘.
Pr Pr s Pr
Assuming that €, e1 and &4 are sufficiently small we obtain from (4.16) the inequality
@17)  { (slof? + v|VE?) |2/ da
Pr
< | [BP1 P2 da +els| | [VEPl| 2 de + = | 17222 da
Pr Pr |S| Pr
The problem (4.14) can be written in the form
AZ=7-V|z'|** in Pg,

p= on JPg.

(4.18)

o
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The second term on the r.h.s. of (4.17) suggests that ¢ € Hf ,(Pg). Therefore for
solutions of (4.18) we have the estimate
(4.19) 1PNz, oy < ellvla P (pry < ellvllaucpr)-
Then the second term from the r.h.s. of (4.17) is estimated by

elsle | [9]2[2']* da

Pr

so using it in (4.17) and assuming that e is sufficiently small we obtain
(4.20) \ (sl[o? + v|Va) 2’| do < e | [0 [P~ 2 do + < V17222 do.
Pr Pr |S| Pr

Since we consider the case |s||z|? > a the first term on the Lh.s. of (4.20) is estimated
from below by

| Isll5?[2')* ds > a | [~ da.
PR PR
Using this in (4.20) and assuming that a is sufficiently large we obtain from (4.20) the
inequality
(4.21)  {ds | (Is215]* + s |VO) |2’ [* do < | ds | |F]?|2'[* da.
Pr0{|z’|72<a"|s|} Pr
From (4.13) and (4.21) we obtain (4.6). This concludes the proof.

Next we have (see also [9])

LEMMA 4.3. Assume that h =0, g € Ly _,,(Pr x Ry), p1 € (0,1). Then for solutions
of (4.1) we have
(4.22) [0l arysmz, (Pry) 1PN o@sit, (Pry) < €llglLe, (PrxRy)s
where g = f — vy.
Proof. We consider problem (4.1) with h = 0. Take a function 7 such that
divn = p,
(4.23) 7
nory = 0.
Then multiplying (4.1); by 7 and integrating over Pg yields
(4.24) v S Vv - Vndz = S g-ndr+ S podx.
Taking n = v|a’| 2%t implies
(4.25) v S |Vo|?|2| 2 do = S g-v|| M de — v S Vv -v - V]z'|72# dz
Pr Pr Pr

+ S pv - V2|72 da.
Pr

Passing to the Fourier transform with respect to x3 yields
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(4.26) V (V0P + )|~ da’
Br(0)

<e | el a + ) | el
Br(0) <l Br(0)
+er | VPR de +eler) | BP0 da!
Br(0) Br(0)
b | BRI A deler) | PR,
Br(0) Br(0)
where Bg(0) = BN {z : 23 = 0}.
Assuming e and ¢; in (4.26) sufficiently small implies
@27) [ | (VTP + PR da!
Br(0)

<c | [P da +elg? P dal 4 ee) e | [Pl da
Br(0) Br(0) Br(0)

Now we consider three sets
(4.28) ar > 2| €], |2|1€] = az,  ar < 2| [€] < ao,

where a1, as will be chosen later.

Considering the problem
VAT 4 0, p = Gi — vET;, i=1,2,
(4.29) V1,3, + V2,2, = —1€0s,
V| sr(0) = 0,
with the transmission conditions we obtain the estimate
(4.30) ||5/||§13M(BR(0)) + ||Z7||§11M(BR(0))
<clalz,_,. oy + €10, . (Bao) + C§2||5||311M(BR(0))7

where v = (v1,72) and Sg(0) = 0Bg(0).
Moreover from the problem
—V A3 = g3 — vE2T3 — i€p,
(4.31) —vAs g3 — v€ vz — i&p
U3|s5(0) = 0,
with the transmission conditions we get the estimate
(4.32) ||53||§13“1(BR(0)) < C||§||%2,_M(BR(0)) + 054”5‘&2,_“1(33(0)) + C€2H27||2L2,_M(BR(0))-
Therefore (4.30) and (4.32) imply
~12 ~12
(433)  Wollzz, (aoy + I1PIE: (800

< cllgl,, ., Bro) + € N0, . (Bry) + €0, .. By + NP, ., (Br(o):
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where we used (4.27) in the form
P § (VTP |72 4 [ 2|72 %) da’
Br(0)
<o | @RI e bl | Pl e e | o
Br(0) Br(0) Br(0)

and the last inequality is obtained from (4.27) after applying the Hardy inequality.
Now we consider the case (4.28);. Hence |¢| < aq|2’|~!. Therefore instead of (4.27)
and (4.33) we have

(434) & | (VP +&P)’| > da

Br(0)
<c | [Pl detcar | PP 2 de tear | (BP0 da,
Br(0) Br(0) Bn(0)

and

(4.35) ||5||§13M(BR(0)) + Hﬁ”%{iM(BR(O))
< CHEH%Z_M(BR(O)) + Ca1||5\|%2,_“1_2(313(o)) + Cal||5||%2,_,L1_1(BR(0))a
respectively.
From (4.34) and (4.35) we obtain the following estimate for sufficiently small a;:

oo

(436) | a¢ 1132, (B + 1015, (Bro) +E I, ., (a0

o0

+ ||5\|§{1“1(BR(0)) +§2||{5”2L27,M(BR(0))] <c X ||§H%2,,,L1(BR(0)) dg.

Now we consider the case (4.28)y. First we have to obtain an estimate for
& | Bl ar
Br(0)

For this purpose we consider the problem

—Ap' +Vn =0,
(4.37) divy' = pla’|7H,

P'lsy =0, @lo=0=0.
We have existence of weak solutions to (4.37) and the estimate
(4.38) 19" 121 gy + 10117 < cllple’ |17, (8-
From the condition ¢’|,—¢ = 0 we also have the inequality
(4.39) \ 1¢'Pla’ |2 de < e | V'] da.

BR BR

Introducing ¢ = |2'|"1¢’ we see that div(|a’|"#1¢) = pla’|~#1, Y|o=0 = 0, ¢|s, = 0.
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From (4.38) and (4.39) we obtain
(4.40) § (VP72 4 [P | 722 do < e | |pf|a’| =2 da.

BR BR
Passing to the Fourier transform with respect to x3 we get
441)  § (VPR Pl 4 [P ?) da

Br(0)
<c | PPl da
Br(0)

Multiplying (4.3); 2 by 1Z|x'\*2“1g“(\§| |z'|) and integrating the result over Bg(0) we obtain

(4.42) | G-l de’ = v | (— AT+ €2) - Pla’ |21 ¢ de’
Br(0) Br(0)

O T L BT T V|2 da
T S <3m1¢1 + 8x2¢2+lﬁp¢3>|x| Cda’,
Br(0)

where ¢ = ((¢) is a smooth function such that ((¢t) = 0 for ¢ < as/2 and ((t) = 1 for
t > ay. Continuing calculations in (4.42) gives

443) | B2/ 0y + B2 |77) y + Pi€dala’| || 3¢ da
Br(0)

+ S L A (e TPy T Pl e (P ey W
Br(0)
—v | VB V@) + T fla 2 da = | G- ol Cda.
Br(0) Br(0)
From (4.43) we have
(4.44)  \e2ag | [pPla/|* ¢ da’
Br(0)

<clerde | [l + a2 g da

Br(0)

+efe2dg | [IVOVY|l [T+ (VB[] 2
Br(0)

+ [Vl [~ Je] + 2ol glla’ |72 ] da’ + e[ 2 de | [GlIlla’| 72 G da'.
Br(0)
Continuing we have
(4.45)  [&2de | (PP’ Cda’
Br(0)

<eletde | PPl Cda +cle) 2 de | [WPla! |7 2 do!
Br(0) Br(0)
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te(e)\e2de | PP 72 ¢l de’ + e \etde | 1011’72 (| da’

Br(0) Bgr(0)
teale2de | (VPP 72 + 922|272+ 2[)]2 || 72 )¢ da
Br(0)
+e(e)|€2de | (VB + &[0 |2'| 72 ¢ da’
Br(0)

tes\etde | [P | da’ + e(es) (€2de | VPRl |72 (] da’

Br(0) Br(0)
tes\etde | [P |7 Cde’ +e(ea) \do | [gPlaf |7 da
Br(0) Br(0)

Assuming that e1,€e2,¢4 are sufficiently small we obtain from (4.45) and (4.41) the in-
equality

(4.46)  \e2dg | [pPla’|72 ¢ da’

Br(0)
<clerde | [Pl 2 da’ +c(en) (€2 de | [P’ || da’
Br(0) BRr(0)
+e\etde | [0P |72l da
Br(0)
+efezde | (VP + o)l da
Br(0)
+es\etde | [P da’ +e(es) (€2dg | VP72 (] da
Br(0) Br(0)
+efde | 9P| cde.
BRr(0)

Adding the term
Jedg | PPl (1 - ¢ da’
Br(0)
to both sides of (4.46) and using the fact that |2/|7! < $|£\ we obtain
(4.47)  \e2ag | [pPla’|72 do’

Br(0)

<ferde | e - O+ C) e | i an

Br(0) 2 Br(0)

]_ ~
+C(—+E1+83)§§4d§ S |@[1|2|x/|72“1 dx’

@2 BRr(0)

+eferde | (VP +ERP) | da +efde | (g7 d.
Br(0) Br(0)
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Using the fact that |2||¢] < ag holds in the first term on the r.h.s. of (4.47) and exploiting
(4.41) yields

(4.48)  \e2ag | [pPla’|7" do’
BRr(0)
C

<clde | (PPl e+ —fe A dg || da
BR(0) ? BR(0)
1 ~
+c<a— +e1 +€3)S£2 d¢ S 1P|z’ |72 da’
2 Br(0)
referde | (VIR + ERP)| P d el dg | Rl d
Br(0) Br(0)

Assuming that e1,e3 are sufficiently small and as is sufficiently large we obtain from
(4.48) the inequality

(4.49)  \&2ag | |pPla’|7" da’

Br(0)
<clde | P2 da + (et mag | pPIC da
Ba(0) a2 Br(0)
+eferde | (VP + &) da’ +{de | (g1l da.
Br(0) Br(0)

Now we estimate the second term from the r.h.s. of (4.49). The integral is considered
in the set where ¢ # 0 so for a2/2 < |2’||¢| < az. Multiplying (4.1); by v, integrating
over Pg, using divv = 0 and passing to the Fourier transforms yields
(4.50) \ (VP +&pP)dd = | §-vda,

Br(0) Br(0)
SO
@51) | (V0P +[EP) da’
Br(0)
~ c(e) - _
el | R e s | R
Br(0) Br(0)

Using |2'||¢] < a2 and choosing e sufficiently small we obtain from (4.51) the estimate

(4.52) Vler2mds | (V3P + o)) da’ <cfds | [gPla| 7 da'.
Br(0) Br(0)

Next we have to obtain a similar estimate for p. Consider problem (4.5). We have
existence of weak solutions to (4.5) and the estimate

(4.53) S |Vu|? da + X q|? dz < ¢ S Ip|? dzz.
Pr Pr Pr
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Passing to the Fourier transforms yields
(4.54) Vag | (VP + &) da’ <clag | [pdo’.
Br(0) Br(0)
Since we consider the cylindrical domain Pr we can differentiate problem (4.5) with
respect to x3. Therefore using a fractional derivative with respect to x3 we can obtain
instead of (4.54) the estimate
(4.55) JaglePr2m § (VP + ) do’ < cfdgfen | |p da.
B, (0) Br(0)

Multiplying (4.3) by u&2*2#1 and integrating over Br(0) and & imply
(4.56)  {daglglPt | |pPda’ < {delg*™ | (V- Va+E7u)da’

Br(0) Br(0)

—\agigprom | gou do.
Br(0)

Using (4.52) and (4.55) we have
(457) gl | | da’

Br(0)

<eldglel™hm § Pl P de +e(e) g (gl .

Br(0) Br(0)
Using |2'||¢] < ag in the first term on the r.h.s. of (4.57) we estimate it by
eay [ dgle[* § (Al da' < eaz el dgle*T | B da.
Br(0) Br(0)
Therefore for sufficiently small € we get from (4.57) the estimate
(4.58) delelP2 | plPda’ <clde | (g’ da
Br(0) Br(0)

In view of (4.58) the inequality (4.49) assumes the form
(459)  \&2ag | |pPla/|7? da’

Br(0)
<clde | PP de’ +efetds | (VP + o)l da
Br(0) Br(0)
+efde | (g7 da,

BRr(0)
Now using (4.59) in (4.27) yields
(4.60)  Ydclel | (V'O + [€P[o]*) [’ da
Br(0)
<efde | [pPl|7H 2 da!
Br(0)
+ee)fdeg® | [Pl 2 dal + el dg | [gPlal| T da.
Bgr(0) Br(0)
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Since |2/|7! < (1/az)|€] the second term on the r.h.s. of (4.60) is estimated by

Clfaees | a2 ao
@2 Br(0)
Assuming that

(4.61) ( ) <

l\D\’—‘

where ¢(e) ~ 7%, a > 0, we obtain from (4 60) the inequality
(462)  fdglel | (VO + €)' 7 daf
Br(0)
efde | PR dn fefdg | [glPfa’| P da.
Br(0) Br(0)
Now using (4.62) in (4.30) yields
(4.63) | as (HE/H%IEM(BR(O)) + ||15||§11“1(BR(0))) <\ delgll, . (r)-
Finally from (4.62), (4.63) and (4.32) we obtain (4.36) for (4.28),.
Finally we consider the case (4.28)3. In this case we have

(4.64) [ [V + )’ da’ + §dee® [ (PP’ da’

Br(0)
<{dejgrt2m | (Vo] + &pP) da’ + | dg g™ | |pl*da’
Br(0) Br(0)
c\dg | [gPla’| "> da’.
Br(0)

From this estimate we obtain (4.36) for (4.28)3. This concludes the proof.
Finally we prove

LEMMA 4.4. Assume that h =0, f € Ly _,(Pa x Ry), p € (0,1). Then for solutions of
(4.1) we have
(4.65) vl Lo (Prxry) < CllfllLs _, (PrxRL)-
Proof. Multiplying (4.7); by v|2’|~2* and integrating over Pp we obtain
(4.66) | (s[o]* + v |VO?)|2'| 72 da
Pr
= S [0 de — v S VooV |2 |72 da + S po - V|| 72" du.
Pr Pr Pr
Estimating the r.h.s. of (4.66) we get

(4.67) | (|0 + v|VD?) |2/ da

Pr
1
<e | Is|lo)?l2’| 7" da + () S |12’ 72 dae
Pr 51 Pr
+eé1 S |Vo|? 2|2 da + c(e1) S [o]|2’| 72+ 2 da
Pr Pr

+e(ea) | PP de + 2y | 072|722 da.
PR PR
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By the Hardy inequality the last term is estimated by
e | [VO?[2'| 72 da.
Pr
Then assuming that €, 1 and &5 are sufficiently small we obtain from (4.67) the inequality
(4.68) | (Is|[0? + v|Vo?)|2'| "2 da
Pr
Cc Y _ ~ o ~ _
< ] VP 2 de e § [P do + ¢ | [pP[a’] 2 da.
Pr Pr Pr

Multiplying (4.68) by |s| and integrating with respect to s yields
(4.69)  \dsls| | (Isl[0]* + v|VD]*)|2'| 7 da

Pr
CS ds S |f~‘|2|x/|—2“daj+cx d8|s| S |’5|2|x/|—2u—2 d-'1?+CS dS‘S‘ S ‘]7|2|.’1?/|_2’ud$.
Pr Pr .

We restrict our considerations to the set
(4.70) |s]|2|? < aq,
where a; will be chosen later. Then |s| < a1|2/|~2 and (4.69) takes the form

(4.71) S ds |s| S (|s|[2] + v|VD|?)|2’|~2* dx
Pr

< cS ds S |F2]2’| 72" da + CCL1S ds ‘ 0?22 da + Ca1§ ds ‘ p)%|2"| =2+ 2 du.
Pr Pr Pr

Let us consider the elliptic problem
—vAU+ Vp = —sv + f in Pg,
(4.72) divy = 0 in Pg,
Ulop, = 0.
In view of the Kondrat’ev theory and (4.71) we obtain
(4.73) ”:JH%IE#(PR) + ||5\|§{1“(PR)
< C|S|2||F5||2L2,_“(PR) +elflz, L opn
< C||f||2LQ,,#(PR) + Ca1\|5||2L2,,“,2(PR) + Cal”]f'@vH%Q,,u,l(PRy
For sufficiently small a; we get from (4.73) the inequality
(4.74) 5052y + 15132y < €T, oy

Using (4.74) in (4.71) we obtain (4.65) for (4.70) with a; sufficiently small.
Now we consider the set

(4.75) slle’|? > as,

where ae will be chosen sufficiently large.
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Let us consider the problem
Ap = div(v]2’|"**) in Pp,

(4.76) N
p=0 on 0Pg.

Multiplying (4.7); by v]a’|~2* — V& and integrating over Pr we obtain
(4.77) | (57— vAD) - @[ 2 = V@) dw = | [ @]2'["2 = V) da,
Pr Pr
where we used the fact that v]a’| 72 — V{ is divergence free.
Integrating by parts in (4.77) yields
(4.78) S (s|o]? + v|VD|?)|2!| "2 dx
Pr
=v S V7 - oV |2 |7 da + S [0 | 7 de — S f-Vad.
Pr Pr Pr
Continuing we have
479 (sI[0? +v|Vo]?) |2/ |72 da
Pr
<e S |V |2 |2 da + c(e) S 022|722 dx + €1 S [9)%|2"| 2" dx
Pr Pr Pr
1

+ C(El) ‘S‘

| 17P 1|72 do +-eals| | VI’ da.
PR PR
We write problem (4.76) in the form
Ap=7-V|2'| 7%,
(4.80) v =
QO|6PR = Oa
and the corresponding transmission conditions are satisfied.
The last term on the r.h.s. of (4.79) suggests that ¢ € Ht, ,(Pr). Therefore from

(4.80) we have the estimate
(4.81) 181l 2

2 ) S T VI Ty ) S €l pp)-

Using (4.81) in (4.79) and assuming that €, are sufficiently small we obtain
@82) | (sl + vIVoP)e'| " de < ¢ | [07le’|" % 2 de + = | [FPle) % da.
Pr Pr |S| Pr
From (4.75) we have |s| > aa|2’|72 so (4.82) implies
(4.83) a\|slds | [9)%2’|72 2 da + (s[> ds | [0]?|2'| 72 da
Pr Pr
+vls|ds | [VO]?|2'| 7 da
Pr

§C§|S|d5 S |6‘2‘x/‘72u72dx+cs ds S |f"v|2|1,/|—2udx'
Pr Pr
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For sufficiently large as we obtain from (4.83) the inequality
(4.84) (Is|?ds | [022’| "2 da + v |s|ds | [VE2|2'| "2 do < | ds | |2/~ da.
- f;R - Pr f;R
From (4.84) we have (4.65) in the case (4.75).
Finally we consider the case
(4.85) ay < |s||2’|? < as.
Multiplying (4.7); by © and integrating over Pg yields
(4.86) | IVaP +|sllo)de < | | f- %dx‘

Pr Pr

< eloft 0 | Pl P o+ SEL ] IR
Pr Pr

In view of (4.85) the first term on the r.h.s. of (4.86) is estimated by

easls| S 9 da.
Pr
Therefore for sufficiently small € we obtain from (4.86) the inequality
(4.87) VIs|* e ds | |V + [s|[0]?) do < e{ ds | |f[*]a/| 72" da.
In view of (4.85) we see that the Lh.s. of (4.87) is estimated from below by
Vsl ds | vV + [sl[0) dz > a1 {|s|ds | (v[VO]* + [s][0]) ||~ da,
Pr Pr
so we see that (4.65) also holds for (4.85). This concludes the proof.
COROLLARY 4.5. Lemmas 4.3 and 4.4 also hold for p1 = 1.

Now we want to summarize the above results. Let us consider the problem

vy —divD(v,p) = ¢ in Pg x R4,

divo =0 in Pp x Ry,
(4.88)

vlg =0 on OPp x Ry,

U|t:0 =0 in PR.

From Lemmas 3.11, 4.1 and 4.2 we have

LEMMA 4.6. Assume that g € Ly ,(Pr x Ry), u € (0,1). Then there exists a solution to
(4.88) such that v e HY'(Pr x Ry), p € Ly(Ry; H)(PR)) and

(4.89) ol 21 (paxmyy + 1PN Loy (pry) < Cllgllzs . Prxry)-
Lemmas 3.10, 4.3 and 4.4 imply

LEMMA 4.7. Assume that g € Lo _,(Pr x Ry), p € (0,1). Then there exists a solution
to (4.88) such that v € H?)(Pr x Ry), p € Lay(Ry; HY ,(Pg)) and

(4.90) ||”||Hi»;(prR+) + Pl Loy mr, (Pryy < CllgllLa _, (Prxry)-

Finally from Lemma 3.8 and Corollary 4.5 we obtain
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LEMMA 4.8. Assume that g € Ly _1(Pr x Ry). Then there exists a solution to (4.88)
such that v € H*] (Pr x Ry), p € Ly(Ry; H | (PR)) and

(4-91> ||U‘|H§11(prR+) + Hp||L2(R+;H11(PR)) < C||9||L2,_1(PRx1R+)-
Finally we consider the problem

ug —divD(u,q) = f  in Pr x Ry,

divu=h in Pp x Ry,
(4.92)

uls =b on OPp x Ry,

Ult=0 = uo in Pg.

Using [8] we have

LEMMA 4.9. Assume that

(1) f € Lo—u(Pr x Ry), h € Ly(Ry; HL (Pg)), b € HY>*(Pp x Ry), ug €
Hiu(PR)v ®e (07 1]
(2) The following compatibility conditions hold:
hli—o = div ug,
(4.93) o ’
blt=o = uols-
(3) The following equality holds:
(4.94) Oth —div f =divé + 7.
Then there exists a unique solution to problem (4.92) such that u € HE’i(PR x Ry),
g € Ly(Ry; HY (PRr)) and
(4.95) Nl gzt (ppsmyy + Mallasmr, Py

< e fllzs_(Prxry) + HUOHHE“(PR) + ||h||L2(R+;H£u(PR))
1Bl 972570 5y 10020 (P + B2 17l 2 (Prx)

Proof. Denoting by fand ug extensions of f and ug outside Br we consider the Cauchy
problem

oM — pAu = F in R? x Ry,

(4.96) P f LT
’LL( )|t=0:u0 in R”.

Using the fundamental solutions for the heat equation we solve (4.96) in the form

t

(4.97) uD (@) =\ | L@ —y.t —7)f(y,7)dydr + | T(x —y)iio(y) dy.
0 R3 R3

Next we define u(® = Vi, where ¢ is the solution of the Dirichlet problem
Ap=h—divuV =¢  in Bg,

(4.98)
¢|ls, =0 on Sg.
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Let G(z,y) be the Green function for the Dirichlet problem (4.98). Then solving (4.98)
we obtain

(4.99) pla,t)= | Gla.y)oly,t)dy.
Br
Writing (4.99) more explicitly implies
(4.100) u® (2,t) =V, | Gla,yh(y,t)dy+ V. | V,G(z,y)uM (y,1) dy,
Br Br
where we used G|g,, = 0.
Finally we define u(®, ¢ as the solution of the problem

0 — pAu® +v¢® =0 in Bp x Ry,
dival =0 in By x Ry,
(4.101) I(Z)“ . o in Bp +
g, =b—u|g, —u'|s, =d on Sy xRy,
ulP|i=g =0 in Bg,

where the compatibility condition (4.93); was used.
Therefore any solution of (4.92) can be written in the form

(4.102) SN (B C SN C R B O}
where
(4.103) @ = p(h — diva™®) — 9,0.

Compatibility conditions (4.93) imply
(4.104) dlt=0 = 0.
Next we consider the problem (see [4])
divw =0 in Br xRy,
(4.105) wlg, =d on Sgp xRy,
wli=0 =0 in Bg.

Let d € H3/2’3/4(SR x R, ). Then we can construct a function w € H>!

— —p

satisfies (4.105) and the estimate
(4.106)

(Bg x R.) which

||w||Hi';(BR><]R+) < c||dHHi/H2’3/4(BR><R+)'

Let us introduce the functions

(4.107) v=u® —w, p=¢¥,

which are the solutions of the problem
v — pAv + Vp = —(w — pdw) = g,
dive =0,

(4.108)

’U|S = 0,

’U|t:0 =0.
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In view of assumptions (1) any solution of (4.96) belongs to H> (PR x Ry ) and

(4.109) 1 g2t gy < €Uz - (Prxiy) + clluolla, pr)-

In view of Lemmas 4.7 and 4.8 we have existence of solutions of (4.108) such that v €
H>.(Pr xRy), p € Ly(Ry; HY ,(Pg)) and

(4.110) ||”U||H21(PRXR+) + 1Pl Ly st . (PR))

< C”gHLQ —u(PrXR4) < CHw”H2 1(PR><]R+) CHd||H3/2 B/ PrxRL)”

Now we estimate u(?). From (4.100) we have
IV2u® (@, )17, _,5n) < UV, _, mn) + IV @), (8r))s

where V2 contains all second derivatives with respect to z. Integrating the above inequal-
ity with respect to t yields

(4111)  IVEu (@, )0, Brxrs) < cIVahlli, Baxes) + IVEuD 1, Baxe))-
Differentiating (4.100) with respect to ¢ and using (4.94) implies
(4112) 0P 1, (Brxy)

< |V, § Glepant.
Br

Lgy_,L(BRXR_'_)

+chr V,G(z, y)du® (y, t dy’
Br

Lo — BRXR+)

< CHVI S G(z,y)(div f +divd +7) dy‘
Br

L2,—,LL(BRXR+)

+CHVI VG(xy)@tu (y,t dy’
Br

Lo j—" BRXR+)

= cHVI | G, )y, 1) dy‘
B

R

L2,—,LL(BRXR+)

+e| Ve § VLG (£, 1) = 65, 0) + 0V (y, 1))

Br

= C(A1 + Ag)

L2 —n BRXR+)

To estimate A, we have to apply estimates in Lo _,(Bpg) for the integral with the
singular kernel K (x —y) = V,V.G(z,y). For this purpose we can use either Theorem 3.1
from [7] or Theorem 8.1 from [12]. However to apply the theorems the following condition
must be satisfied:

(4.113) Q™! S wdz|Q|™! S wldr <e,
Q Q

which should hold for any cube @ C R3, where ¢ is a constant and w = |2/| 72 is the
weight function. We see that (4.113) does not hold for p = 1. Therefore to obtain an
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estimate for As we consider the following Dirichlet problem:
Aw=—f—6+0uY) =F in Bpg,

(4.114) w=-f o R
wlg, =0 on Sg.

To obtain the estimate in weighted spaces we add the following transmission conditions
to problem (4.114)

w|r, = w|n,,,
(4.115) o = wlr.

n- Vw|p0 =-Nn- Vw|p27r,
where 7|, = —7i|,,. Repeating the considerations from Sections 3 and 4 to problem
(4.114), (4.115) we obtain
(4.116) ”wHLz(RJr;Hﬁ“(BR))

< CHF”Lz(RJr;Lz,—u(BR))
1
< Ul + 100y + 108 a5

where the last norm is estimated by (4.109).
Next we obtain an estimate for A;. To do it we write

A = Hvz S 8ryG(:c,y) 7nSdery dy’
0

R

i 1/2
< 2=2p g )
BIEC L ) R RO

< CR3/27MHT”L2(BR) < CR3/2HT||L2,7H(BR)7

where 7, = \/y? + y3 and the same considerations as above have been used.
Next we estimate

(4.117) ||q(2)||L2(R+;HL“(BR))
< C(Hh”LQ(RJr;Hl“(BR)) + ||U(1)||Hi-;(BRxR+) + ||f||L2,,H(BRxR+)
A 101l s (Baxky) + B 21T s (Brxry))-
Summarizing the above estimates we obtain
(4.118) ||U||H3ﬁ(BRxR+) + ||q||L2(]R+;H£u(BR))
< C(||u(1)||Hiﬁ(BR><R+) + ||U(2)||Hi=,{(BRxR+) + ||U(3)||Hiv;(BRxR+)
+ Hq(2)”L2(R+;H£“(BR)) + ||q(3)HL2(R+;H£“(BR)))
< c(lflles, . (Brxry) + HUOHHiu(BR) + ||h||L2(R+;H£u(BR))
00l ey + Ry + Wl )
where

(4.119) ||d||Hi/fv3/4(SRxR+)

< C(Hb”Hi/lf,S/‘l(stRJr) + ||U(2)||Hiﬁ(BRxR+) + ||“(1)||Hiv;(BRxR+))~

From (4.118) and (4.119) we obtain (4.95). Uniqueness follows from standard considera-
tions. This concludes the proof.
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5. Existence of solutions to (1.1)

Extending the solutions of problem (1.6) for z3 < 0 we obtain a problem similar to (1.4).
Therefore we obtain an analogue of Lemma 4.9. Let us denote it by Lemma 4.9’

Problems (1.7) and (1.8) describe solutions at a positive distance from the axis of
symmetry. Therefore to examine them we do not need weighted Sobolev spaces.

First we have
LEMMA 5.1. Assume

(1) g € La(R3 x (0,7)), h € Lo(0,T; HY(R2)), k1 € L2(0,T; H?*(R?)), ko €
Ly(0,T; HY2(R?)), ug € H'(RY),

(2) the compatibility conditions

divug = hlt=o, U0 - Ules—0 = k1,

(3) Oph = divg + divd + 7, where 7,6 € Lo(RY x (0,T)).
Then there ezists a solution to problem (1.7) such that v € H*>'(R3 x (0,7)), q €
Ly(0,T; HY(R%)) and
(5.1)  Nullgza@s o, + lall. 0,70 ®2))

< clllgllz,®2 x0,1)) + Il Ly 0,051 ®3)) + k1l mar20/am2 < 0,1
+ &2l 1721782 x (0,7)) + HU0||H1(R3+) + R3/2HT||L2(R§_><(O7T))

+ H5||L2(R«1x(o,T)))-
Similarly we obtain
LEMMA 5.2. Assume
(1) g € Lo(R3 x (0,T)), h € Lo(0,T; H*(R?)), up € H*(R?),
(2) the compatibility condition
div ug = h—o,
(3) Oth =divg +divd + 7, 7,0 € Lo(R? x (0,7)).
Then there exists a solution to (1.8) such thatu € H*>*(R3x (0,T)), ¢ € L2(0,T; H'(R?))
and
(5:2)  lullmza@sx(o.r)) + g/l L.0,7:01 o))
< c(llgll a®s x0,7)) + 1Pl La0, 7511 (®3)) + |[wol| 71 (r3)
+ 1161l Lo@3 x 0.1 + BTl oo x01)));
where R is the diameter of supp (, where { is any function from the relevant partition of
unity.

Considering problems (1.4), (1.6), (1.7), (1.8) with vanishing initial data we prove the
existence of solutions to problem (1.1) with vanishing initial data using the technique of
regularizers (see e.g. [5]) and Lemmas 4.9, 4.9’, 5.1, 5.2. Next by extending the initial
data we obtain
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THEOREM 5.3. Assume that f € Ly _,(27), vo € H' ,(2), pn € (0,1]. Then there exists
a solution to problem (1.1) such that v € HEi((ZTL p € Ly(,T; HL ,(2)) and

(53)  lollyzs o) + 1Pl aoiriart, @) < Ul fllza_qam + Il (o)

We have to underline that the pressure is not determined up to an arbitrary constant.
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