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Abstract

The paper contains a consistent presentation of the approach developed by the authors to anal-
ysis of nonlinear control systems, which exploits ideas and techniques of formal power series
of independent noncommuting variables and the corresponding free algebras. The main part
of the paper was conceived with a view of comparing our results with the results obtained by
use of the differential-geometric approach. We consider control-linear systems with m controls.
In a free associative algebra with m generators (which can be thought of as a free algebra of
iterated integrals), a control system uniquely defines two special objects: the core Lie subal-
gebra and the graded left ideal. It turns out that each of these two objects completely defines
a homogeneous approximation of the system. Our approach allows us to propose an algebraic
(coordinate-independent) definition of the homogeneous approximation. This definition provides
the uniqueness of the homogeneous approximation (up to a change of coordinates) and gives a
way to find it directly, without preliminary finding privileged coordinates. The presented tech-
nique yields an effective description of all privileged coordinates and an explicit way of construct-
ing an approximating system. In addition, we discuss the connection between the homogeneous
approximation and an approximation in the sense of time optimality.
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1. Introduction

In this paper we give an analysis of small-time approximation for control-linear systems by
use of the approach based on formal power series of independent noncommuting variables
and the corresponding free algebras. In particular, we propose an algebraic interpretation
of concepts related to homogeneous approximation that are traditionally treated within
differential-geometric methods. The free algebras approach to these problems described
here was developed by the authors of the present paper during the last fifteen years.

More specifically, we consider the Cauchy problem for control-linear systems of the
form

i=Y wXi(x), x(0)=0, (1.1)
i=1

where X (z),. .., X,,(x) are real analytic vector fields. Our goal is to analyze, from an al-
gebraic viewpoint, the concept of homogeneous approximation that was one of the points
of interest in control theory during several decades [12], 23], 24 [6], [3] [8, [4]. The traditional
approach is based on differential-geometric methods; a fundamental presentation can be
found in [6].

Our interest in this field is connected with the study of time-optimal control problems.
However, for time optimality it is more natural to consider control-affine systems instead
of control-linear ones, and the end condition z(f) = 0 instead of the initial condition
2(0) = 0. In essence, our main results concerning the application of formal power series
and free algebras [49]-[55] are obtained just for such systems. In Subsection [1.1| we give
a brief description of the main ideas. This subsection is independent of the rest of the
paper; however, in the rest of the paper we mainly develop the approach described there.
A sketch of the main results of the paper can be found in Subsection |1.2

1.1. Series of nonlinear power moments and a nonlinear Markov moment
problem. In [49] we proposed to apply the series method to a time-optimal control
problem for nonlinear control-affine systems. As a first step, we suggested considering
the time-optimal control problem as a nonlinear Markov moment problem.

This idea is well known in linear time optimality [37]-[39]. Consider a linear time-
optimal control problem of the form

&= Ar +bu, x(0)=2" 2(0)=0, [ut)] <1, 6 — min, (1.2)

where x € R", u € R, and A and b are a matrix and a vector of appropriate dimensions.
Forget for a moment about the control constraints and optimal requirements, and consider
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6 G. M. Sklyar and S. Yu. Ignatovich

the steering problem
&= Az +bu, 2(0)=2° z2(0) =0, (1.3)

i.e., the problem of finding a control u(t), t € [0,6], that steers the given point z° to the
origin in the given time 6. Due to the Cauchy formula, all such controls are described by
the (vector) equality

0
2V = —/ e~ bu(t) dt.
0

Denoting g(t) = —e~*4b, we see that the steering problem (1.3)) is equivalent to the Markov
moment problem [43], Bl 39]

6
0 — (Hu 1=1,...,n. .
x; —/0 gi(t)u(t) dt, 1,..., (1.4)

k
Since g(t) = —e b =317, (71]3! = th A*b, equalities 1) can be rewritten as

z¥ = ivk/ thu(t) dt. (1.5)
k=0 0

Thus, the right hand side of (|1.5) is a series of power moments

0
Ee(0,u) = /O thu(t) dt (1.6)

of the function u(t) with constant vector coeflicients v, € R™. These coefficients can be
found by the formula vy = S A, k> 0,

The steering problem defines a (linear) operator S(6, -) that takes a control wu(t)
to the corresponding initial point z°, i.e., S(0,u) = x°. Therefore, the right hand side of
(1.5) gives a series expansion for this operator,

S(0,u) = vp&r(0,u). (1.7)
k=0

Let us apply a linear change of variables y = Qx in the initial system. Obviously, it
leads to the linear transformation of the corresponding series of power moments; namely,
the series with coefficients vy is mapped to the series with coefficients U, = Qu. Hence,
the new coefficients can be found directly from the old ones, without finding the form of
the system in the new variables.

Now suppose 6 is sufficiently small. The power moments have the following homo-
geneity property:

&e(0,u) = 0FT1ep(1,@), where a(t) =wu(6t), t € [0,1].

This means that locally, for a small time @, the order of smallness of the power moment
&k equals k+ 1. In particular, this order allows comparing terms of the series on the right
hand side of .

This observation suggests the following idea: a small-time approximation of the control
system can be described in terms of the series representation , as is common in
calculus, when using Taylor series to approximate finite-dimensional mappings. Suppose
the initial system is controllable. Then the vectors vy, ...,v,_1 are linearly independent.
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Denote Q = (vg, - ..,v,—1) . Then the change of variables y = Qx reduces the series
in 1) to the form S(6,u) = QS(0,u) whose componentwise representation is

(S(0,u)); = &1 (8,u) + pi(0,u), i=1,...,n,
where p;(0,u) = > 72 . (Qug)ix(f,u) contains terms of order greater than the order
of &_1. (The order of terms of p;(0,u) can be made greater than the order of &, 1,
however this is not of importance further.) Thus, one may take the “series”

5;4:@,1(9,1;), i:l,...,n,

as a small-time approximation of the initial series S. Notice that S corresponds to the
chained system

1 = u, $i=l‘i_1,i=2,...,n.

Hence, all controllable linear autonomous systems with a one-dimensional control are
approximated by the chained system (up to a change of variables) in the sense mentioned
above.

Now let us return to time optimality and, along with , consider the time-optimal
control problem

Pr=u, di=x1,i=2,...,n, x(0)=2° z(0) =0, [u(t)| <1, 60— min. (1.8)

It can be shown [38] 48] that solutions of these problems are equivalent in the following
sense:

1 0
000 /0540 — 1, 5/ |ugo(t) — ud,o(t)| dt =0 asz® — 0, (1.9)
0

where (6,0,u,0(t)) is a solution of (1.2)), (Hfo,ufo (t)) is a solution of (1.8), and 6 =
min{f,o, 9310 }.

The class of nonautonomous linear control systems gives a variety of possible approx-
imations. Namely, consider a steering problem of the form

&= A(t)z +b(t)u, 2(0)=2z" 2(0) =0, (1.10)

where A(t) and b(t) are a matrix and a vector of appropriate dimensions with real analytic
entries. This problem can also be rewritten in the form , where constant vector
coefficients can be found from the formula v, = % (—A(t) + d/dt)*b(t)|;=0, k > 0.

Conversely, any set of vector coefficients vy, satisfying a natural convergence require-
ment |lv| < k!CLCY, C1,Cy > 0, defines the series corresponding to a system of
the form . However, the system is not defined uniquely; for example, one can choose
A(t) =0 and b(t) = > oo, vkt

Suppose the system is controllable. Then rank {vj}32, = n. Let vy, ..., U, be the
first n linearly independent vectors from the sequence {vy }52 q, and Q= (vyny,- -+, U, )~
Then the change of variables y = Qx reduces the series for to the form S 0,u) =
QS(0,u),

(S(0,u)i = &m; (0,u) + pi(O,u), i=1,....n,

where p;(6,u) = 3272, 1 (Qur)ik(6,u) contains terms of order (of smallness) greater
than the order of &,,,. Notice that the order of terms of p;(6,u), in general, may not be
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greater than the order of &, . As an example, consider the system
T =u+tu, Io= t2u.

Then m; =0, mo = 2, and
(5(6,u)1 = &(0,0) + pr(0,0),  (S5(6,0)2 = &0, u),
where p1(6,u) = £1(0,u). Here the order of p;(0,u) is greater than the order of (8, u),
but less than the order of &2(0, u).
Hence, the series

(S40,0))i = Em,(O,0), i =1,..0m,

can be considered as an approximation of the initial series S. A system corresponding to
S4 is not defined uniquely; for example, it can be taken in the form

i = —t™u, i=1,...,n. (1.11)

This means that all controllable linear (real analytic) systems with a one-dimensional
control are approximated by systems of the form ([1.11). As above, this approximation
implies the approximation in the sense of time-optimality [38] [48], i.e., (1.9) holds with

(02, u2, () a solution of the time-optimal control problem

iy =—t™u, i=1,...,n, x(0)=2" 2(0)=0, [ut)] <1, 6 — min.

Thus, the main idea of the previous analysis is as follows: replace a control system by
a series of power moments, and approximate this series, taking into account the order of
smallness of power moments.

Let us now go over to a nonlinear case. Consider the class of control-affine systems of
the form

= a(t,z) + b(t, z)u, (1.12)

where a(t, z) and b(¢, z) are real analytic vector functions in a neighborhood of the origin.
Suppose the origin is an equilibrium, which means a(t,0) = 0. As before, consider the
steering problem to the origin, i.e.,

i =a(t,z) +b(t,z)u, a(t,0)0=0, z(0)=2° z(0) =0. (1.13)

The first step is to find an appropriate series representation for this problem. As
before, consider the operator S(6,-) that takes a control u(t) to the corresponding initial
point 2%, i.e., S(0,u) = x°. More specifically, let us fix § > 0 and u = u(t), t € [0,0].
Substitute the control u = u(t) into system and invert the time 7 = § —¢. Consider
the Cauchy problem

dz ~ ~ -
di” = —al0—7.%) — b0 — 1, F)u(@ — 1), (0) =0,

-
and set S(6,u) = Z(#). Obviously, if 2° = S(0,u) = 7(0) then z(t) = x(0 — 1) = Z(7)
satisfies (1.13) with u = u(t). This means that 2 is taken to the origin in time # by the
control u(t) with respect to system (1.12]).
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The operator S(6,-) admits the series expansion [49] [5T]

— Z Z ’Uml...mkgml...mk (O,u), (114)

k=1mq,....mp>0

where &, .. .m,. (0, u) are nonlinear power moments of the form

Emy..omy, (0,0) / / / Ty e (T )u(Te) - - u(Ty) ATy - - - dre dT
(1.15)
and Uy, ..m, € R™ are constant vectors that can be found from a(¢,z) and b(¢,z) by
certain formulas. (A similar expansion was used in [§] for the approximation along a
trajectory.)

We are going to consider the series of nonlinear power moments instead of the
initial control system. Suppose a (real analytic) change of variables y = Q(z) is applied
in the system, where Q(0) = 0. Let us find the series representation of the system in the
new coordinates.

As for the linear case, we do not use the form of the system in the new coordinates;
instead, we consider the transformation of the series itself. For brevity, let us write the
Taylor series expansion for Q(z) as Q(x) = Z;’il %Q(‘Z)(O)xq. Then

PN = 1
S(6,u) = QSO w) = > 1 O)(SO,w)". (1.16)
g=1
Therefore, we encounter the problem of finding powers of the series, i.e., products of
nonlinear power moments.
Returning to the change of variables in the system, let us consider a product of two

power moments (|1.15). For example,

0 0
Eun (0, 0)Ema (0,0) = /ﬁwmméé%mma

/ / T (T )u(Te) dre dmy

/ / T 2 u(T )u(Te) dmy dmo

= Emyms (0,4) + Emym, (0, 1)

§m1(9,u)§m2m3(0,u):/ 1 u(m dﬁ/ / To 273 2 u(Te)u(rs) dra drs

= €m1m2m3 (97 u) + Emzmlms (0’ ’LL) + £M2m3m1 (0’ u)?

and so on.

These relations can be described in the following terms. Instead of the linear space of
linear power moments , in the nonlinear case we introduce the algebra of nonlinear
power moments (L.15). Namely, consider the moments &, ...im, (0, u) as words generated
by the letters &;(6,u), i.e., assume that the word &, . m,(0,u) is a concatenation of
the letters &m, (0,u), ..., &m, (0, u). Then the linear space of nonlinear power moments
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becomes an associative noncommutative algebra. It can be shown that nonlinear moments
are linearly independent as functionals on wu, therefore the above-mentioned algebra is
free. Hence, this algebra is isomorphic to a (free) algebra of formal polynomials (with
coefficients in R) of noncommuting independent abstract variables {&;, ¢ > 0}. That is,
monomials are of the form &, . .m, = &m, - Em,.- We denote this algebra by A and call
it “the algebra of nonlinear power moments”.

The series on the right hand side of can therefore be described by the linear
map v : A — R” defined by v(&m;...ms.) = Um,...m,- Moreover, this series has its formal
analogue, namely the formal power series of &; with coefficients in R”, i.e.,

S = Z Z Um1~~mk£m1~~-mk'

k=1my,...,my>0

Then the above-mentioned “usual” product of nonlinear power moments corresponds
to the shuffle product operation in A [14] [46, [10, [2]; it is defined recurrently as

Ema U—'&h = gmlth + £Q1m17
Eml LUgth-nqr = §Q1~--QT LIJ£m1 = §m1q1-~~QT + flh (§m1 ‘-'-'ffnn-(h)v r>2,
gml‘..mk LquL..qT. = gml (gmg...mk Lqul‘..q,.) + £q1 (gml...mk LU§q2...q7,)7 k» r> 2.

As a result, the nonlinear power moments series for can actually be found directly
from the series . Recall that this allows us to find the series representation of the
system after a change of variables directly via the initial series, without finding the form
of the system in the new variables. Therefore, manipulations over the system can be
reduced to purely algebraic procedures.

A number of questions concerning control-affine systems can be analyzed within the
well developed “combinatorics on words” [42] [47, [32] [33]. As an example, let us mention
a realizability problem. Namely, in contrast to the linear case, a set of vector coefficients
Um,...m,, defining a series of a system of the form cannot be arbitrary. Let us give
an algebraic description of realizability conditions.

Consider the Lie algebra L freely generated by the same elements {&;, ¢ > 0}, with
the Lie bracket

[01,03] = £1ls — o4,

In these terms, the realizability theorem takes the following form [50]. Suppose a linear
map v : A — R" satisfies the condition
v(L) =R"™ (1.17)

Recall that this is an accessibility condition, i.e., it guarantees that the set of those x°
for which the steering problem ([1.13]) is solvable has a nonempty interior, and the origin

belongs to the closure of this interior. Then the series (|1.14)) corresponds to a system of
the form ((1.13)) if and only if

1V, i | < leng“-i_m-i_mk—*—ka Ch,Cy >0,
and the following condition holds

if v(f)=0forle L then wv(lz)=0 forany z € A. (1.18)
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In other words, (1.18) means that the right ideal generated by Ker(v) N £ is contained
in Ker(v).
Now let us pass to the approximation problem. Due to the homogeneity property
Emomy (0, 1) = @I, (L@),  where a(t) = u(6t), ¢ € [0,1],
it is natural to introduce the definition of the order of smallness as
ord(&my..my) =M1+ - +my + k.

This order generates the natural grading in A, defined as
A= A", where A™ =Lin{&m,.m, 1M1+ +mp+k=m}.
m=1

Consider a system of the form (1.13]), and its series (1.14]) (or, what is the same, the map
v: A — R™); suppose (1.17) holds. Set L™ = LN A™, and denote

Pr={eLlL™:v(l)ev(l® DL}, m>1

For convenience, denote A¢ = A® R, assuming 1-a = a-1 = a for any a € A°. Introduce
the right ideal generated by the sets P™, i.e.,

J = Lin{zz e PP ze AE}.
m=1
Due to (1.17), the set @,°_, P™ is of codimension n in £. Choose any ¢1,...,{, € L
such that

L =Lin{ty,....0;} + P P™
m=1

without loss of generality suppose ¢; € L%, i =1,...,n, and w; < --- < w,. Finally,
introduce the inner product in A assuming that {&,,.. m, } form an orthonormal basis.

The main “approximation theorem” can be formulated as follows [5I]. There exists
a (real analytic) change of variables y = Q(x) such that in the new variables the series
of the system S(0,u) = Q(S(6,u)) is of the form

(5(0,u)); = 6:(0,u) + pi(0,0), i=1,...,n,

where E denotes the orthogonal projection of ¢; on the subspace J*, and p; contains
terms of order greater than the order of ¢;, i.e., p; € @f::wﬁl A™. Hence, the series
SA of the form

(S4(0,u)); = L0,u), i=1,...,n,

can be considered as an approzimation of the initial series S. Moreover, the series S*
is realizable, i.e., it corresponds to some system of the form ; this system can be
considered as an approximation of the initial control system.

It can be shown that the linear subspace @,°_, P™ is a Lie subalgebra of £ and,
moreover, can be an arbitrary Lie subalgebra of codimension n. Hence, the cited result
gives a complete description of all possible approximations of systems .

Notice also that, under some additional conditions, this approximation implies the
approximation in the sense of time optimality [51].



12 G. M. Sklyar and S. Yu. Ignatovich

1.2. Sketch of the main results. With reference to our approach and results men-
tioned in the previous subsection, the question arose about a connection of our appro-
ximation and the concept of a homogeneous approximation [12] 23] 24 [6l, 3, [8, [4]. This
list of references is far from complete; during the last three decades several different
approaches to the above-mentioned problem were proposed and developed. The present
paper is conceived as an attempt to give an algebraic interpretation of the problem of
homogeneous approximation, and to clarify the relationship between the algebraic and
differential-geometric approaches. When comparing two approaches, it is natural to ap-
ply them to the same object. So, here we consider the Cauchy problem for control-linear
systems of the form , as it was done in [6]. In this case we also deal with a free
Lie algebra and a free associative algebra; however, unlike the algebras considered in
Subsection [I-1] they are generated by a finite number of generating elements.

Namely, along with a control-linear system of the form , we consider its endpoint
map, i.e., the operator Ex,, . x, (,-) taking a control u = u(t) to the end point of the
trajectory of (L), so that Ex, ... x,, (0,u) = x(#) (Subsection 2.1). By a homogeneous
approximation of system we mean a system of the same form whose endpoint map
is homogeneous and approximates the endpoint map of the initial system as 8 — 0; for
the precise definition see Subsection (Definition . A substantial part of the results
of the present paper is connected with the algebraic description of this concept.

In Subsection we discuss the series representation of the endpoint map. Series of
iterated integrals first proposed in [I0] were adopted to the control theory context in
[17, 19, 20]. We start with the following representation of the map Ex, ... x,, (0, u), which
can be considered as a partial case of the result of M. Fliess [19],

Exy o x, (0, u) = Z Z Ciy.oigMin.in (0, 0),

k=11<i1,...,ig<m

where

0,71 Th—1
iy ...i (0, 1) :/ / / Wi, (T1)Uiy (T2) - - - Wiy (Th) ATy, - - - dTo2 dTy
0 0 0

are “iterated integrals” and c¢;,. ;, are constant vector coeflicients. In Subsection
we study iterated integrals and, in particular, show that for any 6 > 0 the linear
span of iterated integrals forms a free algebra of functionals defined on the unit ball
of Loo([0,0];R™). This observation motivates introducing an abstract free associative
graded algebra F (over R) generated by m elements (letters) 71, ..., 7, as the algebra of
words 7,4, = iy - * M, With the natural gradation F = EBZO:1 F¥ where

]:k:Lin{ml_“i,c 1 <dy,...,ig<m}, k>1

By attaching the unity element 1 (the empty word), we get the algebra ¢ = F+R. Then
the series for £x, .. x, (0,u) has its formal analogue, namely, the formal power series of
independent noncommutating variables ny, ..., Ny, with coefficients in R™.

We also introduce the graded Lie algebra £ = ;- L* generated by the same m
elements 11, ..., N, with Lie bracket [¢1, lo] = €102 — £2¢1. Since we are going to consider
series instead of systems, we describe transformations over series that correspond to
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changes of variables. In particular, this justifies the consideration of the shuffle product
operation w in F¢ (Subsection [2.4)), defined as 1lwa = awl = a for any a € F¢, and
recursively,

Miy i Wy g = (ni1~~ik—1 '-'-'77j1~~j7-)77ik + (ni1~~~ik Lunjl‘“jrfl)njr’ k,r > 1.

This operation corresponds to the “usual product” of iterated integrals as functionals.
Discussions on properties of iterated integrals, the shuffle product, and their usage for
control systems can be found, for example, in [19], [2], [32], [21].

A concrete system of the form is characterized by the linear map ¢ : F — R"
defined as ¢(n;,..4,) = Ciy..ip; 1t, in turn, defines the core Lie subalgebra Lx, . x, C L
(Subsection in the following way:

o0

k

£X1)~~7X7n = @P )
k=1

where P* = {f e LF:c(l) ec(Lt @ - - @ LN}, k> 1.

The main achievements of the paper are based on the following observation: The core
Lie subalgebra Lx, .. x, (or, equivalently, the left ideal Jx, .. x,, = Lin{FLx, . x,.},
see Subsection contains all the information about a homogeneous approximation of
the system. For some additional discussion on core Lie subalgebras, see [25], [20].

In Section [3| we turn to studying homogeneous approximation. We restrict ourselves
to considering bracket generating systems, i.e., satisfying the Rashevsky—Chow condition
¢(L) = R™. First, we discuss differential-geometric concepts of [6], such as nonholonomic
derivatives, the order of a function, privileged coordinates, etc., interpreting them in terms
of the properties of the linear map c. In particular, the definition of privileged coordinates
requires using properties of the shuffle product. Here the central role is played by R. Ree’s
theorem [46] on a connection between the Lie algebra and the shuffle product. Namely,
we introduce the inner product in F so that {n;,. s, } forms an orthonormal basis. Then
R. Ree’s Theorem says that

L=(FuwF)",

where + denotes orthogonal complement. This theorem allows us to clarify the algebraic
sense of privileged coordinates and to propose a way for constructing them (Subsec-
tion .

In Section [4] we give an algebraic interpretation for the concepts mentioned in Sec-
tion [3| First, generalizing R. Ree’s theorem, we study the properties of the left ideal
TIx1, X = Lin{FLx, . x, } [61, 55, 54]. It is shown that this ideal gives a description
of a principal part of the series representation. Namely, we obtain the “approximation
theorem” (Theorems and [£.22)), which can be briefly formulated as follows: The
endpoint map of a system of the form can be reduced (by a polynomial change of
coordinates) to the form

(5)’51’_”’2m)i:£7;+ﬁ7;, Z'Zl,...,n7
where elements ¢; € L% are such that

L= Lin{él, ... ,En} + l:Xl’__me,
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2 denotAes the oithogonal projection of ¢; onto the subspace J)%l,..‘,Xm’ pi € @;’iwiﬂ Fi.
(Here Xi,...,X,, denote vector fields on the right hand side of the system in the new
coordinates.) Another way of constructing the principal part is to use the basis which is
dual to the Poincaré-Birkhoff-Witt basis of F (Subsection. We also give a description
of all privileged coordinates [53], i.e., the coordinates in which such a representation holds
(Subsection [4.7).

The “series” £ with coordinates & = Zl can be considered as a principal part of the
endpoint map &£ Ry R If this series is realized as a control-linear system then such a
system can be considered as an approximation of the initial system. In Section [5] we con-
sider the realizability problem [I8] 28] 29] B0] and show that the above-mentioned series
can be realized as a control-linear system. Therefore, the core Lie subalgebra Lx, . x,,
(or, what is the same, the left ideal Jx, ... x,,) really defines a homogeneous approxima-
tion of the system. We propose an algebraic definition for a homogeneous approximation
(Subsection Deﬁnition and Remark. Namely, the “approximation” property
means that two systems have the same core Lie subalgebra whereas the “homogeneous”
property means that ¢(Lx, ... x,,) = 0. In particular, this implies that the homogeneous
approximation is unique, up to a (polynomial homogeneous) change of variables. More-
over, we show that a core Lie subalgebra can be an arbitrary graded Lie subalgebra of
codimension n, which gives a complete algebraic classification of possible homogeneous
approximations (Remark .

Section [6] is devoted to the important particular cases, namely, regular systems and
homogeneous systems. Recall that v = (vy,...,vp) is called the growth vector of the
system (at the origin) if vy = dim ¢(L' @& --- @ L¥), k = 1,...,p, and v, = n. We
consider the growth vectors at all points of a certain neighborhood U(0) of the origin.
A system is called regular if its growth vector is constant in U(0). We show that the
core Lie subalgebra Lx, . x, of a regular system is a Lie ideal (Lemma or, what
is the same, its left ideal Jx, . . x,, is two-sided (Lemma . The converse is true for
homogeneous systems: if a system is homogeneous and its core Lie subalgebra is a Lie
ideal then this system is regular (Theorem . As is shown in Subsection for a
homogeneous system one can find its series representation at any point using only the
information on its core Lie subalgebra Ly, . x, (Lemma .

Finally, in Section [7] we study the connection between the homogeneous approxima-
tion, the sub-Riemannian metrics [0, 41l [7, BI], and the time optimality. Namely, we
consider the time-optimal control problem for a control-linear system of the form

m

= Zui(t)Xi(x), z(0) =0, z(9) = s, Zuf(t) <1, 6 — min.

First, we prove that time-optimal controls u*(¢) satisfy the equality > .-, uf?(t) = 1
a.e. (see Theorem . (This property is commonly accepted, but we could not find a
complete and rigorous proof in the literature.) This theorem allows us to give a partial
answer to the question analogous to the open problem proposed in [52] (see Remark.
Since the time-optimal control also minimizes the length functional (Corollary , the
optimal time coincides with the sub-Riemannian distance from the origin to the point s.
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In Subsection we introduce the concept of approximation in the sense of time op-
timality (Definition ; one of the requirements of this definition, in essence, implies
approximation in the sense of sub-Riemannian metrics. The main result of Section [7] is
Theorem describing conditions under which the homogeneous approximation of a
control-linear system approximates it in the sense of time optimality.

Finally, we mention that the results of Sections and [5] that belong to the authors
of the present paper are based on the original approach proposed in [49] and [51] for the
case of control-affine systems; they can be found in [50], [53], [54], [25]. The results of
Sections |§| and [7| (except Subsection are mainly new.

2. Series method in a local analysis of control-linear systems

2.1. Endpoint map. In this paper we consider the class of control-linear systems of the

form
m
&= wXi(x), €U0 CR", u,...,um€R, (2.1)
i=1
where X (z),...,Xm(z) are real analytic vector fields in a neighborhood of the origin

U(0) C R™. Below we are mainly interested in the behavior of trajectories of system (2.1)
starting at the origin,

2(0) = 0. (2.2)

For any 6 > 0, by Lo ([0,6];R™) we denote the space of measurable and almost

everywhere bounded vector functions u(t) = (uq(t),...,um(t)), t € [0,6], with the norm

m
||lu|| = esssup Zuf(t)

te[0,6] i—1

By B? we denote the unit ball of the space Lo ([0,0]; R™),
B — {u(t) = (ua()s- - (1) € Loo (0,0 R™) = Y wud(t) < L ae., t € [o,e]}.
i=1

Throughout the paper we consider systems of the form (2.1 with controls u € B?, 6 > 0.
If the vector fields X (z), ..., Xm(x) are fixed then there exists Ty > 0 such that for any
0 € (0,Tp) trajectories of (2.1)—(2.2) corresponding to such controls are well defined.

Now we introduce one of the central concepts of this section.

DEFINITION 2.1. For any 6 € (0,7p) and u € BY, denote by x(t;u) the solution of the

Cauchy problem ([2.1)—(2.2). Suppose the mapping Ex, .. x, takes a pair (6,u) to the
end point of the trajectory, i.e.,

Exy. o x,,(0,u) = z(0;u).
We call £x,.... x,, the endpoint map (at the origin) of system (2.1

In the present paper we study local (for small 8) properties of this map.
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2.2. Series representation. We begin with a representation of £x,, . x,, (6, u) depend-
ing on # and w, and not including a trajectory x(¢;u). Such representations, which gen-
eralize the well-known Cauchy formula for linear differential equations, were proposed
by V. Volterra and developed by N. Wiener who used series of multidimensional inte-
grals to describe the response of nonlinear systems. Discussion of different approaches
can be found in [9] 22} 40, [1I, 56, 27, 13, 57, [35] 21]. For control-affine systems, M. Fliess
[1°7, 19, 20] proposed to apply the Chen series [I0]. This leads to the following theorem
which is a partial case of the result of M. Fliess [19].

THEOREM 2.2 (M. Fliess [19]). Consider a system of the form (2.1) and suppose that
the vector fields Xy, ..., X, are real analytic in a neighborhood of the origin. Then there
exists T € (0,Tp] such that the endpoint map is represented in the form of a series

gXlwnsXm(a’u) = Z Z Ci1.~ik77i1mik(97u)7 (2'3)

k=11<i1,....ix<m

which is absolutely convergent for any 0 € (0,T) and any u € BY, where

st Th—1
Miy . (0,0) = / / / Uiy (T1) iy (T2) -+ g, () dTge - - - do dy (2.4)
o Jo 0
are “iterated integrals” and c;, . ;. are constant vector coefficients that can be found by
Ci1..‘ik = sz e XilE(O), (25)
where E(x) = x is the identity map.

REMARK 2.3. On the right hand side of , we regard the vector fields X; as the
differential operators of the first order defined as X;¢ = v/, X;. Then a composition of k
such operators X;, ---X;, is the differential operator of order k. Throughout this paper
we consider such operators as acting on vector functions, assuming that this action is
componentwise. We defer the detailed discussion to Subsection [2.5

REMARK 2.4. Equality (2.4]) says that iterated integrals depend on 6 and w. To be more
precise, below we consider them as functionals of u for any fixed . We discuss the exact
sense of the iterated integrals in Subsection [2.3

REMARK 2.5. Let us clarify the convergence of the series more specifically. Since the
vector fields X7, ..., X, are real analytic, there exist positive constants C; and Cy such
that the estimates |¢;,.., || < C1C5k! hold. Since |n;,.. 4, (0, u)| < £6% for any u € B,
for any k£ > 1 we get

| X cam @) < imen®. (2.
1Si1,...,ikgm

Hence, the series in (2.3) is absolutely convergent if mC20 < 1. This gives the condition
for T', namely, T' < ﬁ@ Below, without loss of generality, we assume 1" = Tj.

For the sake of completeness, we give a sketch of the proof of Theorem [2.2] The main
goal here is to show that the proof does not require any special methods and additional
concepts. For brevity, we write X;, - -- X;, (z) instead of X;, --- X;, E(x).
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Suppose 6 > 0 is sufficiently small a control u(t) is ﬁxed, and z(t) = x(t;u) is the

solution of the Cauchy problem (2.1 . Integrating ([2.1)) with respect to ¢ from 0 to
0 and taking into account (| -, we get

m 4
:Z/O X, (2 (t))us(t) dt. (2.7)
i=1

Note that
<;lt i(@(t) = (Xi(x(t))za(t) = i(Xz(l”(t)));Xy ((t))u;(t) = f:XJXl(x(t))uj(t)
and "~ "~
u;(t) = —% eui(T) dr.

Then, integrating by parts the right hand side of | n7 we get

m 6
z(0) = Z(—Xz(:z:( ))/ ui (T dT / ZX i Xi(x(m) uj(ﬁ)/ u;i(72) dro d7'1>
i=1 t

m 4
cini(0,u) / Xi, Xy, (x(71))ug, (11) / g, (12) dro dry.

=1 1<iy,ia<m T1
We can repeat the described procedure, integrating by parts the second term on the right
hand side of the last equality, and so on. After ¢ such steps we obtain

0) = Z Z Ciy.igMiy.ix (0, 1) + R (6, u),

k=11<i1,....i<m

where

R,(0,u)

- Z //T1 /qu+1" i (@ (1)) iy (T1) - - - g, (Tgy1) dTgqn - - - dTo dry.

1<iy,..., igr1<m

By use of the analyticity of the vector fields X1,..., X,,, it is not hard to prove that
Ry(0,u) — 0 as ¢ — oo for any sufficiently small § > 0 and any u € BY. This completes
the proof of Theorem

Let us briefly discuss representation . The right hand side of includes “ob-
jects” of two kinds. The objects of the first kind are the constant coefficients—vectors
in R™—of the form . They are determined by the vector fields X,..., X,, (more
precisely, by the values of these vector fields and their derivatives at the origin) and,
moreover, they depend on local coordinates. The objects of the second kind are the it-
erated integrals . They are “completely independent” in the sense that they are the
same for all systems of the form . It turns out that the set of iterated integrals can
be regarded as a free associative algebra; we introduce it in the next subsection.

2.3. Iterated integrals and free associative algebras. Let us now introduce the
exact definition of iterated integrals.



18 G. M. Sklyar and S. Yu. Ignatovich

DEFINITION 2.6. For & > 0, k > 1, and 1 < iq,...,i; < m, consider the functional
iy i (0,-) : B — R that takes each control u € B? to the number 7;, ;, (,u) defined
by (2.4). This functional is called an iterated integral [19].

Note that the linear span (over R) of all iterated integrals equipped with the concate-
nation product operation

Miveire (05 )V i (05 ) = iy ingn g (050
forms an associative algebra. Moreover, one-dimensional integrals 7;(6,-), i = 1,...,m,
can be considered as the generators of this algebra, so one can write

Miy..ig (97 ) = My (97 ) Voo Vg, (97 )
Here we use V to avoid confusing concatenation with multiplication of integrals as real
numbers (when u € B? is substituted).
In this subsection we give the exact definition of this algebra and discuss some of its
properties.
Below we often deal with controls defined on different intervals. For the sake of con-
venience, let us adopt the following notation.

NOTATION 2.7. By definition, for any o > 0 and any u(¢), t € [0, 5], set u®(t) = u(at),
€ [0,8/a].
In particular, for any € > 0 one has u(t) = u®(¢/6). Taking this into account, let us
rewrite an iterated integral of the form in the following way:

0 pm1 Th—1
Ny (0,0) = / / / Uiy (T1) Wiy (T2) + - -y, () d7ge - - - dT2 dy
o Jo 0

0 pm1 Th—1
:/ / / ufl(ﬁ>uf2<?)ufk<7g:) dry - - - dry dry
[ / L (raJul () () - dy
z Us,

= 0%, (1, uf
This equality holds for any u € 39 or, what is the same, for any u’ € B'. In other words,
for any 6 > 0 and any v € B' we have
Miy...ig (9’ ul/G) = eknil-uik (1’ u)

Hence, k equals the asymptotic order of the iterated integral n;, . ;, (0, ul/e) with respect
to # as 8 — 0 for any fixed control v € B! such that Miy...ip (1, ) 7# 0. This justifies the
following

DEFINITION 2.8. We say that k is the order of the iterated integral n;,. ;. (6,-).

Notice that this notion of order corresponds to the order in which the terms of the
series ([2.3)) are added.

DEFINITION 2.9. Suppose 6 > 0 is fixed. Consider the associative algebra Fy of function-
als (over R)
Fo=Lin{n;,. i, (0,)) : k>1,1<dy,...,ip <m},
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with the product operation

MNiq.. i (07 ) V Ny ..js (07 ) = Mi1..igj1-.-ds (07 )

We call Fy the Fliess algebra or the algebra of iterated integrals. One-dimensional integrals
n:(0,:), ¢ = 1,...,m, are the generators of Fy. The natural filtration is given by the
sequence of subspaces ZZ=1 }"é“, q > 1, where

Fi=Lin{n, 5, (0,):1<i1,...,ix <m}, k>1.

The main observation here is that this associative algebra is free [I9]. Before proving
this claim, let us give some preliminary remarks. Suppose the control u'(t), t € [0,6%],
steers the origin to the point z, and the control u?(t), t € [0, 6?], steers the point z to the
point z. More precisely, the solution x!(¢) of the Cauchy problem

m

P=> ui(t)Xi@),  @(0)=0,

satisfies the condition x'(#') = 2, and the solution x2(¢) of the Cauchy problem

i= Zuf(t)Xi(x), z(0) = z,

satisfies 2%(0?) = z. Let us denote by u' o u? the concatenation of controls u'(t) and
u?(t) defined by

1 o _[dr () for t € [0,01],
("o w’)(t) = {u2(t91) for t € (61,0 + 62). (28)

Then, obviously, the control u! ou? steers the origin to the point x, i.e., the solution 3 (t)
of the Cauchy problem

m

= Z(ul ou?);(t)Xi(x), x(0)=0,

i=1
satisfies the condition x3(0* + 6?) = .

LEMMA 2.10. For any controls u' € B? and u® € Bez, and any iterated integral, the
following identity holds:

nil...ik(el + 927U1 ou? Znn 7711+1 k(‘gl’ul)’

where for any 6 and w it is assumed that n;,. ;,(0,u) =1 if s > q.

Proof. Denote u = u' o u?. Consider the integration domain for n;, ;, (0* + 62, u); it is a

simplex in R¥. Note that it can be represented as the union of k£ + 1 polyhedrons

{(r1,...,7):0< T <--- <71y <O+ 67}

k
U Ty Th) 1 0< T <o <7 <O < < <y <0 467
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with pairwise nonintersecting interiors. Moreover, each polyhedron equals the Cartesian
product of two simplices. Hence, 1, ;, (0> + 02, u) equals the sum (over j = 0,...,k)
of the integrals

01462
/ / / / u“ 7'1 ulk(Tk) di d
o1
o' +62 Tji—1
= (/ / wgy (1) - u,j(TJ)de~-~d7'1>

o1 o1

191 Tk—1
X (/ / uij+1(7j+1)"'Uik(Tk)di“'de+1>.

Taking into account , we rewrite this expression as n;,._i, (6%, u®)n;,,,..i, (0", u'). =
Now we are ready to prove the following result.

LEMMA 2.11 ([I9]). Let 8 > 0 be fized. Suppose
> i i, Wi iy, (0, 1) = (2.9)
k>1,1<4y,...,ix<m
for all uw € BY, where a;,. ;, € R and only a finite number of terms on the left hand side
are nonzero. Then all coefficients o, .. s, on the left hand side vanish.

As a consequence, for any 6 > 0 the algebra Fy is free, and the representation Fy =
S e, Fi defines a graded structure.

Proof. Below we use the equality n;,. ., (T,u) = T’“nilu_ik(l,uT), which holds for any
T > 0. Notice that here u ranges over the set B iff u” ranges over B'.

First, for any 7 € [0,6] consider an arbitrary control u € BY such that u(t) = 0
for t € [1,0]. Then n;, 4, (0,u) = ni,.i, (T,u) = 7Fn;, 4, (1,u”) for arbitrary u™ € B!
Hence, implies

Z * Z iy i (Lu) =0,  ue B
k21 1<iq,...ip<m

For any fixed u € B!, the left hand side is a polynomial in 7 € [0, 6], hence for any k > 1,

S i (Lu) =0, ue B (2.10)

1<it,eyig<m
Thus, the statement of the lemma is reduced to the following claim: if holds
for all w € B! then iy, =0forall 1 <iq,...,0 <m.
We prove this claim by induction on k. For k£ = 1, the proof is clear. For any k > 2,
suppose that the equality

- _ 1
E aibnik—lnibnik—l(l?u) =0, u€B )
1<iy, .. ig—1<m

yields &;, . 4, , =0forall 1 <iy,...,9,_1 < m. Take an arbitrary ¢ > 0 and two controls
u! € B! and u? € B. It follows from (2.10)) that

Z Ay i Mg i (Tv u) =0, u < BT,

1§i1 ..... ikgm
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for any T' > 0. Hence, setting 7 = 1+t and u = u! o w2, and applying Lemma m
we get

Z iy i i (1+t U ouz)
1<i1,...,is<m
Z Ay A Znh nlJ‘H (1 v )

1<iy, ., i <m

Z Q). iy, Zt Niy...i; ) )nZJH p(Lu ) 0.

1<iy,...,ik<m

Denote u® = (u?)! € B!. Then the last equahty can be rewritten as

k
th Z O‘il.“iknil...i]’(lvug) nij+1...ik(17u1) = 07 ’LL17U3 S Bl'

Jj=0  1<ii,...,ix<m
For any fixed u',u? € B! the left hand side is a polynomial in ¢, hence, in particular,
Z ai1~~~ikni1~~~ik—1(17u3)77ik(17u1) =0, u17u3 € B
1<iy,..rig<m

For any fixed u' € B! we can rewrite this equality as

Z ( Z O‘il-uikmk(laUl))ml...ik,l(l,u?’)

1<iy,ig—1<m 1<ipg<m
_ E ~ 3y —
— ail...ikflnil...ikfl(:l’u ) - O'

1<iy, . ig—1<m
Hence, by the induction assumption,
§ : 1 1
a’Ll all anlk 1 u ) 07 u € B I
1<ip<m
and therefore a;, . ;, =0. m

COROLLARY 2.12. Let 8 > 0 be fized. Suppose

Z Z Qiy g iy iy, (0, 1) = (2.11)

k=11<i1,...,ix<m
for all w € BY, where oy, .0, € R satisfy the estimate |oy,. 4| < C,CkEk!, C1,Cy > 0,
mC20 < 1. Then all coefficients o, . ;, on the left hand side vanish.
As a consequence, the representation of the endpoint map Ex, .. x,, (0,u) in the form
of a series of iterated integrals is unique.

Proof. As in the proof of the previous lemma, for any 7 € [0, ] consider arbitrary controls
u € BY such that u(t) = 0 for t € [1,60]. Then (2.11)) implies that for any fixed u € B!,

ZTk Z Qi i Thiy . ( ) - 0

k=1 1<ii,...,;x<m
i.e., the convergent power series in 7 vanishes. Hence, for any k > 1,
Z ai1~--ikni1---ik(17u) = 07 u € Bl7
1<iy, ., ig<m
where the sum on the left hand side is finite. Now the statement follows from Lem-

ma2I]l =
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Thus, due to Lemma the algebra of functionals Fy is free (for any 6 > 0).
This motivates introducing an abstract free associative graded algebra generated by m
elements. Namely, let us consider the set of m abstract free elements called letters; we
denote them by 71, . .., nm. Strings of letters are called words; we denote them by n;,.. ., =
Miy -+ - Nip,- In the set of words, the natural concatenation operation is introduced:

Miv.oiigg " Mj1.gs = Mivoiggi...js-

Below we usually omit the sign of this operation.

All finite linear combinations of words (over R) form a free associative algebra with
the natural gradation F = @2021 F*. where the homogeneous subspace F* is defined as
the linear span of products of k generators,

FE=Lin{ni, i =iy i 2 1 <ii1,...,ip <m}, k>1. (2.12)
Then F is naturally isomorphic to Fy for any 6 > 0.

NoOTATION 2.13. By F we denote a free associative algebra (over R) with m (abstract)
generators 71, ..., N, and the natural gradation F = @,- | F kwhere the homogeneous

subspaces F* are given by (2.12)).

In other words, F is the associative R-algebra of formal noncommuting polynomi-
als of m independent variables. Lemma implies that the algebras Fy and F are
isomorphic.

Sometimes it is convenient to supplement the algebra F with the unity element 1
(which can be thought of as the empty word) and consider the algebra

Fe=F+R

assuming 1-a = a-1 = a for any a € F°. Throughout the paper we assume 7;,. ;, = 1 if
p>q.

Taking into account the graded structure, we introduce the following convenient def-
inition.

DEFINITION 2.14. We say that an element a € F is of order k and write ord(a) = k iff
a € FF. If an element is of some order, we say that it is homogeneous.

We also introduce the free Lie algebra £ which is generated by the same set of gen-
erators 7y, ...,n, with bracket [¢1,0s] = €14y — €3¢1. (Notice that F is the universal
enveloping for £.) It inherits the gradation £ = @, LF, where LF = LN F* k> 1.
The Lie algebra £ will play an important role in our further constructions.

REMARK 2.15. Below we systematically consider formal power series of elements of F
over R or R™. Namely, if the sum in @ = > o, .., M,..4, (Where the coefficients oy, 4,
are from R or R") is taken over an infinite set of indices, we mean that a is a formal
power series.

Thus, along with the endpoint map and its series representation ([2.3]), we can consider
its “abstract analog”, the formal power series (with coefficients in R™) of elements of F
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of the form
oo
EX1y X = Z Z Ciy iy, iy i, (2.13)
k=1 lgil,...,ikgm
REMARK 2.16. Corollary [2.12] implies that there exists a unique formal power series

2.13) corresponding to the endpoint map £x,, . x,,(0,u), i.e., to the Cauchy problem
@7. A description of all such formal power series is given in Section

2.4. Changes of variables and shuffles. Notice that a change of variables in sys-
tem (12.1)) leads to some transformation of the series representation of the endpoint map.
Namely, suppose we know the series representation

gXl,..‘,Xm(au) = Z Z Ciy. g Tl (9 ’LL)

k=11<i1,...,ix<m
where cZl .4, are constant vector coefficients. Clearly, this representation (due to Corol-
lary 2.12) coincides with (2.3)), however, here we “forget” that the coefficients ¢;, 4, can
be found via the vector fields X3, ..., X,, by formula .
Suppose y = Q(x) is a real analytic change of Variables defined in a neighborhood of
the origin and such that Q(0) = 0. Then in the new coordinates the initial system takes
the form

y=Y uXi(y), yeUO) CR", (2.14)

where Xl(y) = Q'(2)X;i()|g=0-1(y), © = 1,...,m. For any sufficiently small § > 0 and
any u € BY, we get

..... %, (0,u) = Q(€x,... x,,(0,u)).

Let us find the series representation for the endpoint map €¢ R (0,u) of the system in
the new Varlables - We are going to do this without usmg ‘the expllclt form of the vec-
tor fields X;(y). Instead, let us expand Q into a Taylor series, Q(z) = Py q,Q(q)( )4
where, for brevity, we use the notation

! 1 ) A
QD (0)27 = Z ¢ 9 Q(0) a i,

. . : )
gl gl O]t - Ol

Jit+in=q
Then we get the representation

=1
5 )?m(evu):Q(gXl,...,X qu 0)(Exy,...x,. (0,u))?
= DOl iy (i, O (g (0,w), (215)
where

. 1 8j1+"'+j"Q 0 . .
A TR RN
ooty ot ey, J1t It 655711 81;3{' 17Tk n
(v); denotes the ith component of the vector v € R™, and the last sum in (2.15) is taken
over all ji,...,jn >0, all ky,...,k, > 1, and all 1 < dj,...,i} < m. (Here we do not

care about convergence, because we are only interested in formal transformations; the
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convergence of the resulting series is guaranteed by the analyticity of the vector fields
X1,...,Xm and the map Q.)

Now we are going to represent E)?hm,)?m (0,u) as a series of iterated integrals with
constant vector coeflicients. To this end, we need to express products of iterated integrals
as linear combinations of such integrals.

Let us calculate the product of two iterated integrals. Notice that

q
Np1...pq (07 u) = /0 H Up; (Tj) dry - qu-

<7 << <0 j=1

So, we have

Miy..ig (97 u)karl»--ikJrr (07 u)

k T
:/ Huij(Tj)dTl"'di/ H Uiy (75) A1 - ATgegr.
0<7p <--- <71 <0 j=1 0< Ty r<--- <73 41<0 j=k+1

(2.16)

In order to multiply two integrals over the domains 0 < 7, < --- <73 <fand 0 < 74, <
<+ < 741 < 0, we should “shuffle” two sets of variables {r1,..., 7} and {Tg41,..., Thtr}
in all possible ways, preserving the “interior order” in each set. The following definition
is useful.

DEFINITION 2.17. The sequence (j1,. .., jr+r) is called a shuffle permutation of the se-
quences (1,...,k) and (k+1,...,k+r) if it is a permutation of the sequence (1,...,k+7)
and possesses the following property:

if 1<jp<jo<k or k+1<j,<jo,<k+r, then p<yq.
We denote by S » the set of all such shuffle permutations.

Taking into account this definition, we obtain

k
/ Huij(Tj)dﬁ--di
0

.
/ H Wi, (75) dThy1 - - dTpgr
ST < ST i 0< T r <+ <Tp41<6

j=k+1
k+r

- Z /0 H Wiy, (qu) dek+r T del .

. X <T; < <1 <
(J1sesdbtr)ESkyr 7 =TI kr = <7150 g=1

Hence, (2.16) gives

Niy.ooi (O, W)y iy, (O,u) = Z Migy iy, (6,u). (2.17)

(jl:"‘vjk+7‘)esk,r
In an associative algebra, the corresponding operation is called the shuffle product [14]
46, 10, 2].
DEFINITION 2.18. The shuffle product w in F is defined by the rule
Miveoigg W igg1 iy — Z Mijy iy,
(.jlv"':jk+r)esk,r

This operation is commutative and associative.
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Note that commutativity and associativity follow immediately from ([2.17)).
Thus, the “usual product” of iterated integrals as functionals corresponds to the shuffle
product in the abstract algebra. One can express this statement as follows:

Miy..ig (97 u>7751...sr,~ (9, u) = (niln'ik LU7781~~~8r)(97 u)’
where on the right hand side we mean that first, one finds the shuffle product of abstract
elements n;,. ;, and 7, .. in F, and then replaces the resulting element of F by the
corresponding element of Fy.

From the practical point of view, it is more convenient to use another way of finding the
shuffle product. It is convenient to extend the shuffle product to the algebra F¢ assuming
lwa = awl = a for any a € F°. Then it can be easily proved that Definition [2.18] is
equivalent to the following

DEFINITION 2.19. The shuffle product in F is defined by the recurrent formula
Wi e Wi = (i iy W Wi + (Miyeci W g ) kr 21, (2.18)

or, which gives the same,

My WGy 5 = iy (%zk Uﬂ?jl...jr) + Uin (nlllk ‘-'-'an..-jr)7 kv r> 1. (219)

These formulas admit the following generalization, which can also be easily obtained
from Definition [2.18]

LEMMA 2.20. For any 0 < s <k+r,

Niy..ip WGy g = E (7711 WM. t)(niq+l-~»ik ‘-'-'77jt+1---jr)‘ (220)
0<q<k, 0<t<r
q+t=s

With this concept in hand, let us return to transformations of the endpoint map.
Recall that the representation of the endpoint map in the form of a series of iterated
integrals is unique due to Corollary- 2.12| Hence, Remarkmand give the following
description of the formal power series E o

. i'ml
2z = QEx,,x Z Q 0)(Exy.....x )™
i 1 8]1+"'+Jn 0 )
= Z Z ; ) i Q( ) Exyrxn )i w(Exy Xm)mj”, (2.21)

gl gt ozt -+ Ozl

g=1j1++in=¢q
where the shuffle product of series is calculated termwise and a*? denotes the shuffle
g-power of a, that is, ¢ = aw --- wa (q times) for ¢ > 1, a*® = 1. We will return to
this representation later.
Here and further, when applying a real analytic transformation to a series of elements
of F, we mean that all polynomials are regarded as shuffle polynomials.

ExampPLE 2.21. Consider the system with two controls

(tl = U1,

jL‘Q = T1U3, (222)
> 1,.3

T3 = 6{];'11@.
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First, let us find the series representation for the endpoint map £x, x,. Since the
system is feedforward (i.e., the kth component of X; depends only on z1,...,Zk_1), we
can find this representation immediately, by integrating all these equations one by one.
Taking into account that z(0) = 0, we get

x1(t) = /Ot uq (1) dr,

xa(t) = /Otxl(ﬁ)ug(ﬁ)dﬁ = /Ot /0T1 uy(12)u(m) dre dm,

25(t) = l/t 23 (11 )ug (1) dry = é/ot (/O ul(Tg)dTg)SuQ(ﬁ)dﬁ

6 Jo
t orm T2 T3
:/ / / / w1 (T2)ur (73)u1 (T4)ua (1) dry dr3 dro d7y .
0 JO 0 0

Taking into account the definition (2.4]) of iterated integrals, we get

m
5X17X2 = 121
2111
Equivalently, it can be easily checked that all vectors vanish except ¢ = e, co1 = €3,
and co111 = e3.
Now, let us demonstrate how the series representation transforms under a change of
variables. For example, consider
Z1
y=Q(z) = | zo — 23
T3
Then the series representation of the system in the new variables can be found directly,
without finding the vector fields X 1 and )?2,

m m
€32, = QEx1,x2) = | M1 —merwman | = | n21 — 2n2121 — 42211
M2111 T2111

Let us write the system in the new variables. Obviously, 1 = y; and =3 = y3. Let us
find x5 from the equation y = z2—23. Since the change of variables maps a neighborhood
of the origin to a neighborhood of the origin, we get zo = 3(1 — /T — 4y3). Hence,

yl = Uy,
g2 = yruz — 2y1uz (5 (1 — VT = 4y2)) = y1v/T — Ay us,
Us = $Y3ug,
that is,
1 0
Xiy)=(0], Xo(v)=|wnvlI—4y
1,3
0 s Y1
Then the form of £ ¢ can be found by use of the vector fields X1(y) and Xs(y);

however, this way is much more complicated even for such a simple example.
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Let us consider another change of variables:

3z — 2573 + 607,
y=Q(x) = Ty + T2
1T — X3

Since the equation y; = 325 — 2523 + 60z, is not solvable by radicals, X;(y) and Xs(y)
cannot be expressed explicitly (by radicals). Hence, we encounter some difficulties finding
the series representation of 5)?1 %, via X, and Xs. However, using the direct formula
£z, %, = Q(€x,,x,) we easily find that

30t — 25n¢% 4 60m 360711111 — 1507111 + 60m,
Ez,.%, = Q€x, x2) = M+ 721 = M+ 721
w21 — 72111 M21 + 27211 — 72111

2.5. An associative algebra of differential operators and a Lie algebra of vec-
tor fields. It is well known that any fixed set of m vector fields Xi,...,X,, gener-
ates a (filtered) associative algebra of differential operators F' = > 7, F*, where F*
is the linear span (over R) of differential operators of order k of the form X;, --- X,
1 < 41,...,0 < m, with composition being the algebraic product operation. Usually,
such differential operators are supposed to act on (smooth or, in our case, real analytic)
functions, that is, mappings from U(0) C R™ to R. However, we prefer to define them as
acting componentwise on vector functions, that is, mappings from U(0) C R™ to R"™. In
particular, the series coefficient equals the value (at the origin) of the image of the
identity map E(z) = = under the corresponding differential operator from F.

Let us also consider the (filtered) Lie algebra of vector fields generated by the set
Xi,..., X It can be introduced as L = Y ;- | L*, where

L' =Lin{Xy,..., X}
(the linear span is taken over R) and L* are defined recurrently by
LA =LYV LY, k>1,

where [-, -] denotes the Lie bracket of vector fields, [X;, X;] = X;X; — X, X;.

Let us now discuss the connections between the algebras F' and L and the free algebras
F and L. Denote by ¢ the natural anti-homomorphism ¢ : 7 — F defined by the rule

Oy i) = Xip - Xiy,  E>1,1<dq,...,0 < m.
Then
p(araz) = p(az)p(ar)  for any ay,az € F.
Obviously, ¢ maps the free Lie algebra £ to the Lie algebra L, and satisfies
ol 6a]) = [p(62), p(61)]  for any b1,z € L.

Hence, the restriction of ¢ to £ is an anti-homomorphism ¢ : £ — L.
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Let us also consider the linear map ¢ : F — R"™ defined as
c(a) = (a)E(0), acF.
In other words, c¢ is defined on basis elements by the formula
c(Miy..ip,) = Xiy -+ Xiy E(0) = ¢4y iy

where ¢;, . ;, are the vector coefficients of n;,. ;, in (2.13)), and is extended to the whole
algebra F by linearity. Then (2.13)) can be rewritten in the form

EXppon X = Z Z C(Wuu)’hlu (223)
k=11<iy,....i<m
The subspace >_po; ¢(L¥) C R™ determines the dimension of the orbit of the system
through the origin. In particular, the orbit is of full dimension iff the Rashevsky—Chow
condition [45] 1]

oo

> e(k) =R" (2.24)

k=1
holds. For control-linear systems like (2.1)) this condition also implies local controllability;
this means that any point from a certain neighborhood of the origin can be reached from
any other point of this neighborhood.

DEFINITION 2.22. A system of the form ({2.1)) that satisfies the Rashevsky—Chow condi-
tion (2.24) is called bracket generating (or completely nonholonomic).

Throughout the paper, we consider only bracket generating systems.

DEFINITION 2.23. The minimal number p that guarantees the equality Y v_, ¢(£¥) = R
is called the degree of nonholonomy. Set

vp=dime(L' @@ LY), k=1,....p (v, =n). (2.25)
The sequence v = (v1, ..., Vp) is called the (small) growth vector of the system.

Both concepts, the degree of nonholonomy and the growth vector, are invariant under
changes of variables and nonsingular feedbacks, and, in some way, describe the behavior
of the system in a neighborhood of the origin. However, the precise description of the
local behavior of the system is a more delicate question. Below we develop a technique
which allows us to carry out such local analysis.

The anti-homomorphism ¢ (more specifically, the linear map c¢) induces special struc-
tures in the free Lie algebra £. The simplest property is given by the following lemma.

LEMMA 2.24. Ker(c) N L is a Lie subalgebra in L.

Proof. The proof is clear: Consider ¢1,¢s € Ker(c) N L, and denote Y; = p(¢;), i = 1,2.
Then ¢(¢;) = Y;(0) =0, ¢ = 1,2. This implies that
c([lr, £2]) = [p(l2), o(£1)]E(0) = Y2 Y1 E(0) — Y1Y2 E(0)
=Y/ (2)Y2(2)|s=0 — Y3(2)Y1(2)|z=0 = 0. m
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LEMMA 2.25. If ¢ € Ker(c) N L then (af) € Ker(c) for any a € F.

Proof. 1t is sufficient to prove the statement for any element a of the form a = n;, . 4,,
where k > 1,1 <'iy,...,ir < m. Denote Y = ¢(¢). Then Y (0) = 0, and therefore

iy i) =YX - X;, E(0) = (X;, - Xi, E(x))LY (2)]|4=0 = 0. =
Lemma means that Ker(c) contains the left ideal generated by Ker(c) N L, i.e.,
Lin(F*(Ker(c) N £)) C Ker(c).

Below we obtain more precise properties using the filtered structures in £ and L. Our
main concept is introduced in the next subsection.
2.6. Core Lie subalgebra. Consider subspaces of £ of the form

Pr={teLr:.cl)ccL LN}, k>1, (2.26)

where for k=1, Pt = {£ € L : ¢(¢) = 0}, and set

Lx,. x, =P (2.27)
k=1

LEMMA 2.26. Lx, . x,, i a (graded) Lie subalgebra of L.

Proof. Let us show that Lx, . x, isa Lie subalgebra. Obviously, it is sufficient to show
that the Lie bracket of two homogeneous elements from Lx, . x, belongsto Lx, . x

Suppose ¢; € P¥i, i =1,2. Then c({;) € c(L' @ --- @ LF~1). This means that there
exist two elements £, € L1@---@LF 1 i = 1,2, such that c(¢;) = c(£}), i.e., c(f;—L}) =0
Due to Lemma 2.24, ¢([¢; — ¢}, €2 — £5]) = 0. Hence,

c([l1, £2]) = c([0r — 01,02 — 05]) + ([0}, L2] + [€1, £5] — [€, 45])
= C([EIDEZ] + [£17€/2} - [fll,f;]) S c(£1 PP £k1+k2—1)7

m*

i.e., [(1, 2] € P¥1*2 This implies that Lx,  x,, is a Lie subalgebra. It remains to note
that Lx, .. x,, is graded by definition. m

»rm

So, to each control-linear system of the form (2.1)) we assign the Lie subalgebra
EX17'~~;X"L'

LEMMA 2.27. The Lie subalgebra Lx, . x
changes of variables in system (2.1]).

18 invariant with respect to nonsingular

m

Proof. Suppose that a change of variables y = Q(x) is applied so that @Q(0) = 0 and
det Q'(0) # 0. Then the vector fields Xi,...,X,, in the new variables take the form
)A(Z(y) = Q'(2)Xi(x)|z=0-1(y), = 1,...,m. Let us denote by ¢: £ — R™ the linear map
defined by @(n;, i) = X, --- Xi, E(0). Then, as is well known, for any ¢ € £ one has
a(l) = Q'(0)e(f).

Due to the definition of PF = Lx,, .. x.,N ck,

(€ Ly, x, NL"iff there exists ¢/ € L' @ --- @ L! such that c({ —¢') = 0.
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Since ¢({—¢") = Q' (0)e(¢—¢') and det Q' (0) # 0, we get c({—¢') = 0iff c(/—¢') = 0. Hence,
telx, x,N Lkiff ¢ e ‘Cfl &, N L£*. k> 1. This implies Lx, . . .x,= [:)?1 X,

Now we introduce one of the main concepts of the present paper.

DEFINITION 2.28. We call the Lie subalgebra Lx, .. x,, defined by (2.26)-(2.27) the core
Lie subalgebra corresponding to system ([2.1)).

The core Lie subalgebra Lx, .. x, is intrinsic coordinate-independent object. Below
we show that just this subalgebra is responsible for the homogeneous approximation of
the system.

Let us explain the term “core Lie subalgebra”. First, notice that the map ¢: £ — R™
induces the filtration in R™ defined by R" = (J!_, ¢(£? & --- & L). Let us introduce the
associated graded linear space. Namely, consider the factor subspaces [¢(£')] = ¢(£1)
and [c(LY)] = e(LY)/c(LP @ ---® LY, i =2,...,p. Then the direct sum V" = [c¢(L!)] &
-+ @ [e(LP)] is a graded linear space isomorphic to the initial filtered space R™. Now
consider the induced graded linear map g : £ — V" defined for ¢ € L' by g(¢) = [e(£)]
ifi=1,...,p, and by g(¢) = 0if ¢ > p+ 1. Then Lx, . x,,
ie., Lx,, . x, = Ker(g). This implies that Im(g) = V" is isomorphic to £/Ker(g). In
particular, this yields the following lemma.

equals the core of g,

LEMMA 2.29. The subspace Lx, ... x,, s of codimension n in the space L.

Proof. We give a proof that is independent of the discussion above.

For any k > 1, let us decompose £ into a direct sum as £¥ = P¥ @ MF¥, where M*
is a complement subspace for P*. Notice that M* = {0} for all k¥ > p+ 1, where p is the
degree of nonholonomy of the system. Hence,

L=Lx, x,dWM @ oM.
Recall that by definition ¢(P*) C e(L*@---@ LF71). Tt is easy to prove by induction that
c(re--ofH=cMa  .oM), k>1
Hence, c(M! @ -+ @ MP) = ¢(L£) = R". It follows from the definition of M¥ that
(M@ M) =cMHYD - @c(MF), k>2

and
dime¢(M*) = dimM*, k> 1.
Hence,
dimeM @ --- & MF) =dim(M @ ---a MF),  k>1.
Therefore,
codimLx, . x, = dim(M' @ - o MP) =dime(M' @ - o MP)=n. m
COROLLARY 2.30. If homogeneous elements {1, ...,0, € L are such that
L=Lin{ly,..., 0.} + Lx,,. . x,,
then the vectors c({1),...,c(¢,) are linearly independent.

Proof. Due to Lemma @ codimLx, . x, = n. Hence, the assumption of the lemma
implies £ = Lin{¢,...,¢,} & Lx,,... x,, and dimLin{¢y,...,¢,} = n. For any k > 1,

m
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set M*¥ = Lin{fy,...,¢,} N LF. Since ¢y,...,¢, are homogeneous, Lin{/;,...,¢,} =
D, MP¥_ therefore £F = P* @ M* for any k > 1. Moreover, there exists p such that
MFE = {0} for all k > p + 1. Hence, Lin{¢y,...,0,} = M @ ---® MP. Similarly to the
proof of Lemma we have
dim Lin{c(f1), ..., c(lp)} = dime(Lin{¢y, ..., £,}) = dimc(M* @ - - - & MP)
— dim(./\/ll D --- @MZD) = dimLin{El, o ,fn} =n.n
EXAMPLE 2.31. Let us return to system (2.22)) from Example We have

cm)=ci=e1#0, c(n2) =ca=0, c([n2,m])=ca —ci2=ez¢Lin{er},
c([[n2,m],m]) = co11 — 2c121 + 112 = 0, ([[n2,m], m2]) = 2¢212 — €122 — 201 = 0,
c([[[n2, m]sm], m]) = ca111 — 3m1211 + 3c1121 — c1112 = e3 € Lin{eq, ea},
and all other brackets vanish. Hence, the degree of nonholonomy equals p = 4, and the
growth vector equals v = (1,2,2,3).
Now, let us find the core Lie subalgebra Lx, x,. Since

P! =Lin{np}, P?={0}, P*=_Lin{([ln2,m].m].([ln2, m],m2]} = L2,
. (2.28)
P* = Lin{{[[n2, m], m), ), [[[n2, m], n2, ma2] },
and P* = LF for k > 5, we have Lx, x, = > o, P¥. Obviously, Lx, x, is a subalgebra
and codim Lx, x, = 3. Let us find three homogeneous elements that define a complement
of Lx, x,. For example, we may choose

bo=m, Llo==2[m2,ml], L3 =3[[[n2,m],ml],m] — [[[n2, m], m2], n2]- (2.29)

Then £ = Lin{{1, 2,43} + Lx, x,. Notice that the vectors c(¢1) = e1, ¢(f2) = —2e3, and
c(l3) = 3eg are linearly independent.

3. Homogeneous approximation, nonholonomic derivatives,
weights, and privileged coordinates from the algebraic viewpoint

3.1. Definition of a homogeneous approximation. The concept of homogeneous
approximation plays an important role in nonlinear control theory [12 23] 24} [6] [3] [8] [4].
Though it can be introduced in a coordinate-free manner, the most clear definitions
include some special “privileged” coordinates, in which the two systems—the initial and
approximating ones—can be effectively compared.

Let us introduce homogeneous approximations in terms of the endpoint map.

DEeFINITION 3.1. Consider a bracket generating control-linear system of the form (2.1)).
A bracket generating control-linear system

é:ZuiZi(z), z€U(0) CR" uy,...,um €R, (3.1)
i=1
with real analytic vector fields Z;(2),. .., Z,(2) is called a homogeneous approximation

for the initial system if
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(i) its endpoint map £z, . z,, is homogeneous,

Egvoz, (0,0 = Hy(Ez, .2, (1,u)) forany 6 >0, u e B,

where Hy is a dilation defined by Hy(2) = (6“1 21,...,0%z,),and 1 <w; < -+ < wy,
are some integers;

(ii) there is a real analytic change of variables y = Q(x) in the initial system (Q(0) = 0,
det Q'(0) # 0) such that €z, .z, approximates the endpoint map of the initial
system in the new coordinates; namely, for any u € B!,

Hy (QEx, . x,, (0,u?) — €7, 2, (0,u?) =0 as @ — 0.

In this section we examine some concepts that are encountered when studying ho-
mogeneous approximations [6]. Our analysis is based on the series approach and the free
algebras introduced above.

3.2. Nonholonomic derivatives and the order of functions. Suppose a bracket
generating control-linear system of the form is fixed. Following [6], let us say that
the differential operators of the first order X, ..., X,, are nonholonomic derivatives of
the first order. Then any operator X;, ---X;, is naturally considered as a nonholonomic
derivative of the kth order, 1 <iy,...,9x < m, k > 1. Nonholonomic derivatives are used
in the following definition.

Suppose a real analytic function f = f(z) : U(0) — R is given. The number s is called
the order of the function f = f(z) at the point = 0 if

(i) X - X5, f(O)=0forall k<s—1landall1<iy,...,ip <m
(i) Xj, - - X;,f(0) #0 for a certain set 1 < jy,...,j, < m.

In the case of the coordinate functions f;(z) = x;, i = 1,...,n, this definition can
be reformulated by use of the set of the vectors . Namely, the order of the function
fi(z) = x; coincides with the minimal k& such that (¢j,. ;. ); # 0 for a certain set 1 <
Jisee s <M

This can also be expressed in terms of the series representation of £x, . x,,. Namely,
the order of the coordinate function f;(z) = z; coincides with the minimal order of an
iterated integral entering the ith component of the right hand side of with a
nonzero coefficient.

3.3. Weight of coordinates. Recall that we consider the bracket generating system.
Let v be its growth vector ; for convenience, set vy = 0.

Suppose the coordinates are chosen so that ¢(L' @ -+ @ £Y) = Lin{es,..., ey},
i = 1,...,p. This can be achieved by a certain linear nonsingular change of variables
in the initial system; such coordinates are called linearly adapted [6].

Let us recall the following definition, which is suitable for linearly adapted coordinates.
The minimal number w; such that e; € c(L* & --- & L) is called the weight of the
coordinate x;, i = 1,...,n. In other words, the weight of x; coincides with the minimal
order w; of a homogeneous Lie element ¢ € L% such that (¢(¢)); #0,i=1,...,n.
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It is worth noting that the sequence of the weights {w1,...,w,} is the same for all
linearly adapted coordinates.

3.4. Privileged coordinates and R. Ree’s theorem. Following [6], we say that lin-
early adapted coordinates x1, ..., x, are privileged if the order of any coordinate function
fi(x) = z;, i = 1,...,n, coincides with the weight of this coordinate. It is proved in [6]
that one can construct privileged coordinates by a certain polynomial change of variables.
Moreover, in such coordinates a homogeneous approximation of the initial system can be
easily constructed.

Our next goal is to express the definition of privileged coordinates in terms of the
map c. To this end, we use the result of the remarkable paper of R. Ree [40], namely the
theorem on a connection of the Lie algebra and the shuffle product.

DEFINITION 3.2. Define the inner product operation (-,-) in F, assuming the basis
{nil...ik : k Z ]., 1 S il,...,ik S m}
is orthonormal, i.e.,

1 ifk=sig=jgqa=1,...,k
Wiy s M nia) = { q = Jg 4

0 otherwise.

Notice that the subspaces F* are orthogonal to each other, hence the sums of sub-
spaces like are orthogonal. Below we also use the symbol @+, which denotes the
orthogonal sum. However, to avoid cumbersome notation, for direct sums of homogeneous
subspaces we keep the symbol &.

THEOREM 3.3 (R. Ree [46]). An element of F belongs to the Lie algebra L if and only if
it is orthogonal to the shuffle product of any two elements of F,

Le L iff (¢,a;wag) =0 for any a1,as € F.
In other words, Ree’s theorem says that
L= (FuF)*,
where the symbol - denotes the orthogonal complement. Hence,
F = L& Lin{FwF},

where the symbol @+ denotes the orthogonal sum. Since the subspaces F* are orthogonal
to each other, for any homogeneous subspace we get the decomposition

Fr=rFk ot Lin{FuFi=1,...k—1}, k>1
It is easy to prove by induction that
Fh =Lk ot Lin{Lhw - wliniq>2, 0 4+ 4ig =k, iy, ... ,0g > 1), k> 1
It is convenient to write this decomposition in the form
Fk=rkat (hnFr), k>1, (3.2)
where
LM =Tin{zyw - wzy:q>2, 21,...,2 € L},
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or briefly,
F=LeatLh (3.3)
Now, for any k > 1 consider an orthonormal basis By, of the subspace £,
Br={br;:j=1,...,d}, di=dim”LF,
and an orthonormal basis Ek of £ N FF,
By={br,;:j=1,....dc}, dy =dim(L"NF*) = dim(F*) — dim(LF) = m* — di.

Then the set |J Ich(Bk U Ek) is an orthonormal basis of F. Hence, the series on the right
hand side of (2.23]) can be re-expanded in this orthonormal basis, which gives

oo dy dy,
Exrx), = Z(Z c(brj)br.s + ZC(Ek,j)Ek,j). (3.4)
k=1 j=1 j=1

This representation leads to the following reformulation of the definitions of the order
and weight of coordinates.

The order of the coordinate function f;(x) = x; equals the minimal order k; of a basis
element by, ; or g;ghj entering the ¢th component of the right hand side of with a
nonzero coefficient, i.e., such that (¢(b, ;)); # 0 or (c(/b\k”)), £ 0.

Suppose the coordinates are linearly adapted. The weight of the coordinate z; equals
the minimal order w; of a basis element b, ; entering the ith component of the right
hand side of (3.4]) with a nonzero coefficient, i.e., such that (¢(by, ;)): # 0.

In particular, it is clear that the order of a coordinate function is less than or equal
to the weight of this coordinate. Moreover, the order of f;(x) = x; is strictly less than
the weight of z; if and only if there exists a basis element /l;ki,j such that (c(by, )i #0
and k; < w;. Thus, linearly adapted coordinates are privileged if for any i = 1,...,n,

~

(C(bk’j))i =0 forall k <w; and j=1,... ,gl\k.

Therefore, one can try to construct privileged coordinates excluding all ij such that
1<k <w,j= 1,...,@, from the ith component of . However, the bases By
and Ek are inconvenient for the practical implementation of this idea, since they do not
involve any information about the concrete system of the form . In the next section
we give another basis which is suitable in this situation.

4. The left ideal and dual basis in the associative algebra

4.1. The left ideal generated by a system. In this subsection we introduce the con-
cept that, along with the core Lie subalgebra, plays the central role in our constructions.

DEFINITION 4.1. We call the subspace
lea--<7X7n = Lin{‘Fe‘th“-ern} = Lin{af ‘a 6 Fe’ g 6 Lle--~7X7n}
the left ideal corresponding to system (2.1)).
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Notice that, due to its definition, the left ideal Jx, ... x,, is graded, i.e.,

o0

TIx1, X = @(jth)xm ﬂ]:k). (4.1)

k=1
Moreover, it is invariant with respect to nonsingular changes of variables in the system,
which follows directly from Lemma [2.27

LEMMA 4.2. Ifa € Jx, .. x,, NF" then c(a) € c(Fr & --- @ FF1).

Proof. Without loss of generality assume a = n;, .. ¢, where £ € P*, q+s =k, ¢ > 0,
and s > 1 (if ¢ = 0 then a = /). Since £ € P°, there exists ' € L1 @ --- & L5771
such that ¢(¢ — ¢') = 0. Hence, due to Lemma@7 c(nj,...5,(€ = ")) = 0, which implies
c(a) = c(nj,..5,0) = c(njy..j,0") € (Fr @ - @ F 1)

Notice that for a € Jx,,.. x,, N F! the lemma means c(a)=0. m

m

Due to Lemma the core Lie subalgebra Lx, . x, is of codimension n in L. Let
us fix an arbitrary set {¢1,...,£,} of homogeneous elements of £ such that

L=Lin{l1,....0n} +Lx, ... x,- (4.2)
Due to Lemma this sum is direct. Without loss of generality assume
ord(¢;) <ord(¢;) ifl1<i<j<n. (4.3)

It is worth noting that the orders of elements {1,...,¥¢, satisfying are defined
uniquely, since the number of such elements of order k > 1 equals dim(£¥) — dim(P¥).
Denote by {/;}22, ., a homogeneous basis of Lx, . x,,. Then {£;}52, is a (homoge-
neous) basis of L.
Now we are going to use the well-known Poincaré-Birkhoff-Witt theorem [47], which
says that the set
{4y, 1<j <---<jp,r>1} (4.4)

forms a basis of F.
LEMMA 4.3. The set
{Gy -ty in+1<j1 < <jp, 7> 1} (4.5)
forms a basis of the subalgebra
M =Lin{l;, -+ ¥;, ti1,...,ip >n+1,k>1}. (4.6)
Proof. Let us prove that any element of the form
x=Lg Ay, q,...,qs>n+1,

equals a linear combination of elements .

For s = 1, there is nothing to prove. Suppose s > 2 and introduce the following
definition. We say that £;, and ¢, form an inversion in x if p; < p and gp, > gp,. Let
d be the number of inversions in the element z. Then d < s(s — 1)/2. We say that the
pair (s,d) is the disorder of the element x.
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If the disorder of x equals (s,0) then x belongs to the set (4.5). Suppose the disorder
of = equals (s,d) with d > 0. Then for a certain 1 <¢ < s — 1 one has ¢; > ¢;+1. Thus,
€QiZQi+1 = [gqiaequ] + Eqi+1€qi~
By definition, ¢; > n + 1 and ¢;41 > n + 1. Hence, the elements ¢, and ¢, , belong to
the Lie subalgebra Ly, ... x,,, which gives [(,,0,.,] € Lx, ... x,,. Therefore, [¢,,, 0y, ]

sAm )

can be represented as a linear combination of elements ¢; with j > n +1, i.e.,

éQiéqi+1 = Z Bit; +€qi+1€qi’ Bj € R.
j>n+1

Denoting

yj =ALg, Ly, L L clgy, 2=y lg g Lyt Ay,

Qit2 " qit1 qit2 "

we get
r= Y Biyi+z
jzn+1
where y; and z belong to , and moreover y; are of disorder (s — 1,d;) and z is of
disorder (s,d’) with d’ < d. Thus, x is represented as a sum of terms from each
of which has the disorder smaller (in the lexicographic sense) than the disorder of x.
Obviously, after a finite number of such steps the element x is reduced to a sum of
elements from whose disorders equal (k;,0), k; > 1. It was noticed above that all
such terms are of the form . Hence, x equals a linear combination of elements (4.5|).
Thus, any element from is a linear combination of elements . On the other
hand, elements are linearly independent, since they belong to the Poincaré—Birkhoff—
Witt basis . Therefore, they form a basis of M. =

COROLLARY 4.4. The set

{0, 1< i < <jryr 21,4, 2041} (4.7)
forms a basis of the left ideal Jx, ... x,,-
Proof. Obviously, it is sufficient to prove that any element of the form af;, where a € F
and i > n + 1, can be represented uniquely as a linear combination of elements .

Since a can be expressed via the Poincaré-Birkhoff-Witt basis (4.4)), it is sufficient to
prove this fact for any element of the form

2=y, ) Gy ),
where j1 < <jp <n<jpp1 << g, i >2n+ 1.
For s = h, there is nothing to prove. Consider the case s > h+ 1. Due to Lemma@
the element (¢, ., ---£;,)¢; is a linear combination of elements . Hence, z is a linear
combination of elements of the form

(ej o 'Ejh)(gh o .gik)7
where j; <. <jp<n,n+1<i <o <, and k> 1.
Thus, any element of Jx,, .. x, is a linear combination of elements . On the
other hand, elements are linearly independent, since they belong to the Poincaré—
Birkhoff-Witt basis . Therefore, they form a basis of the left ideal Jx,, . x, . =
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COROLLARY 4.5. For any k > 1,
Ix, . x, N LF=PF

and therefore
jX17~~;X'/n m ‘C = £X1)“'7X7YL.

Proof. The inclusion P* C J. X1, X N LF follows from the definition. Let us show that
le,-»-,Xm NnLk c pk.

Due to Corollary any element a € Jx, .. x,, can be expressed as a linear com-
bination of elements of . On the other hand, a basis of L is given by the elements
{¢;}32, that belong to the Poincaré-Birkhoff-Witt basis .

If a € Jx,,....x,, N L then it is a linear combination of elements from the intersection
of the sets and {£;}32,, which equals {¢;}52, . Obviously, a € Jx,.... x,, N LF is
a linear combination of elements {£;}52, ., NL" C P*. m

As a consequence, two structures induced by the control system, namely Lx, . x
and Jx, ... x,,, define each other uniquely.

m

4.2. Orthogonal complement to the left ideal and a generalization of R. Ree’s
theorem. It turns out that, in the homogeneous approximation problem, an important
role is played by the orthogonal complement of the left ideal Jx,, . x,,, i.e.,

j)J(‘l’__me ={zeF:(r,a)=0forany a € Jx,,. x,.}
Note that (4.1) implies

o

T, xm =PI x, NFF). (4.8)

k=1
In this subsection we study properties of J. )é X,
LEMMA 4.6. Suppose x = Z“Zk Yiy.oiinMi...in» Where v;, . 4, € R. Then x € j)%l,...,Xm

iff Z“A% Vit i Misyr.ni L PE=5 for any s =0,...,k — 1 and any fized set of indices
Tlyeneyls

Proof. The proof follows immediately from the definitions. In fact, z € J )%1 x,, iff z is
orthogonal to any element of the form 7;0 o ¢, where 0 < s <k —1and £ € PE=s e,

<x777i‘1).“i(5’€> :< Z ’7i1~-ik77i1~~is77is+1~~ik,7ni‘f‘..i2€>

81y nsik
= < § ’Yi?.."igis+1H.’L'knis+1---ik7€> =0,
Tst1ynslk

which proves the lemma. m

LEMMA 4.7. Suppose a,b € J)J(],...,Xm' Then awb € J)ng’m x

Proof. Due to (4.8)), it is sufficient to prove the lemma for a € F* and b € F" for arbitrary
k,r>1. Let a = thk Qi iy gy, and b = Zjh,“’_jr Biv.cie M
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It is sufficient to prove that awb is orthogonal to any element of the form x¢, where
x € FSand £ € PF7=5 0 < s < k+r— 1. Using Lemma [2.20, we get

awb = E ai1~-~ik6j1--~j7»77i1mikU—'77J1~-~j7»

[ARTRRN ™
J1se-5dr

= Z Z ail...ikﬂjlmjr(77i1.“iqLunjl‘..jt)(niqﬂ...ikLU’?thu.jr)

1,006 0<g<k, 0<t<r
J1seenndr qtt=s

= Z Z (nllzqu'lnjljt) Z ailu-ikﬁjluv‘jr(niq+1~~~’ikLunjﬁ,l‘..jr)'

0<q<k, 0<t<ri1,...,0q Qg1seensik
q+t=s G1seensdt Jt41seeesdr
Hence,
(xl, awb)
= > > <x€, (Min g 7 32) D Oéil..iz'kﬁjlmjr(Uiq+1...z'kmnjt+1..<jr)>
0<q<k,0<t<rii,...,iq Tg41semsih
q+t=s J1y--5Jt Jt41seesdr
= § E <x777iq+1~-ikLunjt+1--~jr><€7 E ail---ikﬁjl---jr(niq+1~~»ikLunjt+1---jr)>'
0<q<k, 0<t<ri1,...,0q lgt1yeenslh
q+t=s G1yeensdt Jt41seesdr

(4.9)
Consider each term of .
If ¢ < k and t < r, then Nigyr.in € F and 7;,,,..j. € F. Hence, due to R. Ree’s
theorem, (¢,7;,,..i, Wjor...5.) = 0.
If t = r then n;,,,..;, = 1. Since ¢+t = 5, we get ¢ = s —r < k — 1. Hence in this

case,

<£’ Z ai1--~ikﬂj1--~jr (T]iq+1~--ikmnjt+l-~jr)>

g1k
Jt4+1y5]r
= lemjr <£’ E : ail-"iknis—rr+1~~ik> =0

Gs—rd1yeenylk

due to Lemma since a € j)Jf_l,...,Xm'
Analogously, if ¢ = k then n; ., .4, =1and t =s—k <r — 1. Hence,

<£a Z O‘il--.ikﬂjl-ujr (niq+1~--ikmnjt+1-~jr)>

g1yl
Jt+1y--e50r
= Qijy..iy <f, > ﬁjl.ujmjmﬂ...j» =0
js—k«#lrnvjr

due to Lemma since b € jjghm X

<A m

Thus, all terms of (4.9)) vanish, i.e., (x ¢, awb) = 0, which proves the lemma. =
The following notation will be used below.

NoOTATION 4.8. For any a € F, denote by a the orthoprojection of a on the subspace
J )é x,, - Analogously, for any subspace M C F, denote by M the orthoprojection of M

L
on jX17---;X7n'
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LEMMA 4.9. Let homogeneous elements £y, ..., 0, € L be such that (4.2) holds. Denote
by {£;}32,,41 a homogeneous basis of the core Lie subalgebra Lx, . x,,. Then the set

(G- wlwlyy - wly, cs+t>1,1<i; <---<ig<n<jy<---<j} (4.10)
forms a basis of F.

Proof. Without loss of generality assume that holds. Set p = ord(¢,) and v, =
dim(L' @ - @ LF) —dim(P' @ --- @& P¥), k=1,...,p (then v is a growth vector of the
corresponding system and p is its degree of nonholonomy). Then ord(¢;) = k iff
’Uk71+1§i§7)k, k:].,...,p.

Taking into account decomposition , it is sufficient to prove that any homogeneous
element ¢ € £ can be uniquely represented as a linear combination of elements of ([4.10)).
Notice that for any element ¢ € Lx, .. x,, this is obvious.

We argue by induction on the order. For the elements ¢4,...,¢,, of order 1 we obvi-
ously have E =/¢;,i=1,...,v;. Hence, £' is contained in the linear span of .

Suppose L' @ --- @ LF~1 is contained in the linear span of . Consider the sub-
space LF. It was mentioned above that Lx, . x, N L* is contained in the linear span
of ([4.10). Consider any element ¢; with v;_; + 1 < i < vg. Then ord((;) = k. We get

l; = E +x;, where z; € Jx,, . x,. nF*. (4.11)
Due to (3.2)),
x; =0 +y;, where 0f €Lk yeLhnFr (4.12)
Thus,

The condition y; € £ means that y; equals a linear combination of elements of the
form ¢;, wi--- w¥;,, where ¢;,,....0;, € L, s > 2. Hence, ¢;,,...,¢;, € Lo @Lr .
Therefore, due to the induction supposition, the right hand side of can be repre-
sented as a linear combination of elements of the form .

On the other hand, for any i = vg_1 + 1,..., v, the element ¢; — ¢} € £¥ is uniquely
defined by formulas and G) Notice that ¢; € j)Jgh__’Xm C ﬁ)lﬁ,..-,Xm and
yi € LN =L C Lx, .. x,,- Hence, (4.13) implies £; — (; € Lk, x, -

Denote {j,,...,4;,} = {¢;}32,,,1 N LF, and consider the set

(s G YUl — € v + 1< i <y} C LR (4.14)

Let us prove that its elements are linearly independent. Taking into account that ¢; — ¢ €

Lé_(l,---,Xm and l;,,..., 0, € Lx,, .. x,,, it is sufficient to prove that the elements £; — (7,
i=wvg_1+1,...,v, are linearly independent. Assume the converse. Then
Vg
St —£)=0
i =vp—1+1
for some numbers y; such that >77% p? > 0. Due to , this implies

Vi

Z ,uizz':* Uzk Miyi€£8h:£L~

i=vE_1+1 i=vE_1+1
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In particular, 2%~ 11;0; is orthogonal to > it 41 Mili. Since by definition ¢; is
the orthoprojection of ¢; on the subspace J )%1 x,,» we see that

Vg

vk
Z wil; € lew-,Xm NL= £X1,...,Xma where Z M? >0,
1=vg—1+1 i=vp_1+1
which contradicts the definition of the elements ¢;, i = vp_1 + 1,..., vg.

Thus, the elements of the set are linearly independent. Note that the number
of these elements equals dim £*. Hence, the set is a basis of £¥, and any element of
this basis can be represented as a linear combination of elements of 7 due to (4.13))
and the induction supposition.

The induction arguments show that any homogeneous element ¢ € £ can be rep-
resented as a linear combination of elements of . As was mentioned above, the
decomposition implies that this is true for any element from JF, that is, the linear
span of coincides with F.

However, for any k > 1, the number of elements of of order k equals dim(F¥),
since it is the same as the number of elements of the Poincaré-Birkhoff-Witt basis of
order k. This means that elements of are linearly independent, which completes
the proof. m

THEOREM 4.10 (generalization of R. Ree’s theorem). Let elements ¢1,...,4, € L be
homogeneous and satisfy (4.2). Then the set
o wls, s>1,1<iy <---<i,<n} (4.15)

is a basis of JX, . x, -

1

Notice that £ = Lin{f1,...,¢,}, where £ is the orthoprojection of £ on Tk X
Hence, Theorem [£.10] says that

T%..x, = Lot (L),

m

and therefore
F=Tx X0 & L&t (L),
which generalizes R. Ree’s decomposition (|3.3)).

Proof. Let {¢; }?‘;nﬂ be a homogeneous basis of the core Lie subalgebra Lx,, . x,,. For
any k > 1, consider the set

{Zilu_l"'u_lz;‘su_lgjlu_l"'ufjtE.Fk18+t2171§i1§---§isgn<j1§...§

Due to the Poincaré-Birkhoff-Witt theorem, the number of elements in the set
equals dim F*. Corollary implies that the number of elements in (4.16) with ¢ > 1
equals dim(Jx, ... x,, N F¥). Hence, the number of elements in with ¢ = 0 equals
dim(Jg, . x,, NF*). The latter elements are of the form

(G wly, € F¥Fis>1,1<iy <--- <iy <n}. (4.17)

Due to Lemma [4.9] these elements are linearly independent, and due to Lemma [4.7] they
belong to J, . x, - Hence, the set (4.17) forms a basis of Ty,  x N F".

m
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Thus, the set
(G wly s>1,1<ip < <i,<n}

is a basis of J. )ng x,,» Which implies the direct sum decomposition
«7)%1,..‘7)(7" =La (L)™
It remains to prove that L is orthogonal toN(Z)Sh. For any 1 < i < n we have {; =
£; + x;, where x; € Jx, ... x,,- Since £;, w -+~ wl;_ € jf(_l,u.,xm for any 1 <iy,...,is <n
due to Lemma [£.7] we see that if s > 2 then
(G- wl) = (6 by wl,) = 0,
due to R. Ree’s theorem. Hence, L is orthogonal to (E)Sh, which completes the proof. m

Notice that (4.15)) can be rewritten as
{ghlulhm”'mgﬁqn q1,---54n >O7 G+t e > 1}

REMARK 4.11. Theorem implies that the subspace Jy, equipped with the
shuffle product operation is isomorphic to the algebra of polynomials of n variables with-
out constant term (with coefficients from R).

4.3. Construction of privileged coordinates. Let us explain how Theorem [£.10] can
be used to construct privileged coordinates.
For any k > 1, consider an orthonormal basis B,‘g of the subspace Jx,,.. x,, N F k.

Bl={bg,:j=1,....m} r)=dim(Jx, . x, NF"),
an orthonormal basis B,ﬁ of the subspace LN Fk,

Bi={bh;:j=1,....r}}, rt=dim(LNF),

and an orthonormal basis B? of the subspace (£)*} N F*,

Bi:{bi,j cj=1,...,r), 2 =dim((£)*" nFF).
Then the set (J;~,(Bj, UB}, U B}) is an orthonormal basis of 7. Hence, the series on the
right hand side of (2.23) can be re-expanded in this basis, which gives

0
e’} Tk

Tk i
EXrrXm = 3 (Z B B0+ > ek bk + c(b;j)bz,j). (4.18)
k=1 j=1 j=1 j=1

Notice that the definition of B} gives Uy~ Bi = {01, ..,0n}. Without loss of gen-
erality we may assume ¢(f;) = e;, i = 1,...,n; then, due to , the coordinates are
linearly adapted and B} = {kafﬁlv . ,Z)k}, k=1,...,p, where v is the growth vector
of the system. Moreover, w; = ord(¢;) equals the weight of the coordinate z;, i =1,...,n.

Let us show the way of constructing privileged coordinates. Obviously, w; = 1. We
have ¢(b) ;) = 0 for k = 1, and ord(b3 ;) > 2 for any k, j. Moreover, (, = (1. Hence,
c(f1) = c(f1) = e1. Therefore,

L)
" 1
(6Xla~~~»Xm)l = El + § : QG iy i
k=wi+1
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Suppose that after some change of variables for some ¢ > 1 we have

(EX@ Xm 0 + Z ah i M, i=1,...,q,
k=w;+1
where X fq)a ..., X5 are the initial vector fields expressed in the new variables (for ¢ = 1

they coincide with the initial vector fields). Let us consider the (¢ + 1)th coordinate,

(5X<q> X(Q))qul
o0 d;,
- Z(Z bk j)) +1bk] +Z C(q bk j))lﬁ-lbk] + Z C(q) bk j))q+1bk ])
k=1 j=1 j=1 Jj=1

where the map ¢(9 corresponds to the system in the new coordinates.

Notice that the elements b,167 ; with k <wgq41 are linear combinations of ZZ with i <wgy;.
Hence, they can be killed by a linear change of variables.

Since the elements b7 ; are shuffles of elements of the form b, , with ¢ < k, one kills
all elements bi, j with £ < wg41 by a polynomial change of variables.

Suppose that this has been done. Then we get

a9
)
E E q+1) (30 0
(5X£q+1) X(q+1) g+l ( ) b q+1bk7]
k=1 j=1
+1 +1) (22 2
+ E (cla ) q+1g+ § E’ (a )b )ar1bi
w; qu_H k=wg41+1j5=1

where the map ¢4t corresponds to the system in the new coordinates. Since the left
ideal is invariant with respect to changes of variables, we get (¢ (q“‘l)(bo Ng+1 = 0 for
k< wgy1, and (T () g1 = (T (€;)) g1 = 6ig41 for i such that w; = wyy1. Thus,

(5X£q+1) X(q+1)) €q+1 + Z 0‘3+1zk7711
k=wg41+1
Notice that the described polynomial change of variables is of the form yq11 = xq41 +
Pgt+1(T1, ..., 24) and y; = x;, © # g + 1. Hence, it is nonsingular.
By induction, there exists a polynomial nonsingular change of variables that reduces
the endpoint map to the form 5)?17“_75% such that

oo
_7 % s
(5)?1"“’)?7”)1. =/, + E QG Mgy E=1,0.,m.

This means that these new coordinates are privileged. As will be shown below, the ele-
ments Zl, . ,Zn describe a homogeneous approximation of the system.

In the next subsection we obtain this result in another way that allows us to describe
explicitly all privileged coordinates.

4.4. Dual basis. Now we are going to give another way for re-expansion of the series

from (2.23), which is more convenient than the representation (|4.18)).
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Suppose {¢;}$2, is an arbitrary homogeneous basis of £. For our further purposes, it
is convenient to rewrite the Poincaré-Birkhoff-Witt basis (4.4) in the form

{0 s> 1,1 <1 <o <, pryo.ops 2 1, (4.19)

where 2 = {---{ (p times), p > 1. Since all elements ¢;, i > 1, are homogeneous, all basis
elements are homogeneous as well, and for any k > 1 the set

{Eiléié E]:kZSZL 1§.71 <"'<js7p1a---ap521}
is a basis of F*. Since dim F* < 0o, there exists a dual basis in F*. Taking into account

that the subspaces F* with different k are orthogonal to each other, we see that there
exists a dual basis of F. Denote this basis by

{dgllf: . r 2 17 1 S Z'1 << iT7 qi,---,4r Z 1}7 (420)
where

Js? U1ty

- 1 ifs=randj=14,t=1,...,s,
" 10 otherwise.

Now we are going to use the following description of the dual basis.

THEOREM 4.12 (G. Melangon and C. Reutenauer [44]). Elements of the dual basis (4.20)
can be found by

d(_h---qr — 1 d\_mh W Ludt_ufh

D1l ql'qu i1 i )

where for brevity we set dg = dé, q>1.

Below and throughout the paper we choose a basis {¢;}72; so that (4.2) and (4.3)
hold, and {¢;}32, ., is a homogeneous basis of Ly, . x,,. Then the dual basis (4.20) can

.....

be used to describe a basis of the subspace j)ng,__.’Xm.

LEMMA 4.13. Elements dy" w -+ wd=% (where ¢ + -+ + q, > 1) are orthogonal to
lea'~-7X7n'

Proof. By Corollary@, any element of Jx, ... x,, equals a linear combination of elements
of the form Eé)ll i ~€§-’:, where j; < -+ < js and js > n+ 1. Hence, it is orthogonal to any
element dy'?* w -+ - wd»9 | by definition and due to the Melangon—Reutenauer theorem. m

LEMMA 4.14. The set
{d;ﬂh‘—u "'U—'d;:qn “q1,---5,4n 207 q1++QYL 2 1}

forms a basis of j)é,...,x

m

Proof. For any k > 1, let us consider the set
{dyTw - wdr ™ e F¥iqryo0 g0 >0, g0+ +gn > 1) (4.22)

This set is contained in J )%1 x,,» due to Lemma Moreover, all elements of
belong to the dual basis (up to multipliers), hence they are linearly independent.
The number of elements coincides with dim (73 x, NF k), since it coincides with the
number of elements in the set EI) Hence, || is a basis of J. )ng x,, NF *. Finally,
the union of sets 1} for all £ > 1 forms a basis of j§17___7x ..

m
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COROLLARY 4.15. For any i = 1,...,n, the element 57, equals a homogeneous shuf-
fle polynomial of dy,...,d,. C’onversNely, fOI any 1 = 1,...,n, the eleme@t d; equals a

homogeneous shuffle polynomial of £y,...,£,. Moreover, ord(d;) = ord(¢;) = ord(¥;),
1=1,...,n.

EXAMPLE 4.16. Let us again consider system from Example In Examplem
we have found Ly, x, and chosen three complement elements ¢;, {3, {3. Let us find the
left ideal Jx, x, and the orthoprojections of the complement elements.
We use . Obviously, Jx, x, NF! = Lx, x, N F = Lin{ny}. Hence, all elements
of the form 7;, ;2 also belong to Jx, x,, which gives Jx, x, N F? = Lin{nia, n22}.
Since [[n2, m],m] = 211 — 2ma21 + Mmaz, [M2,m]m2] = —ne21 + 2m212 — 7122, and
M22, 212, M12 € Ix,,Xx,, We get

Jx,.x, NF> = Lin{ni12, M22, D212, 222, Ma11 — 27121, 221 }

and

4 .
TIx1,x, NF" = Lln{mnz’ M1122, 12125 1222, 11211 — 211121, 71221,

12112, 72122, 72212, 72222, 72211 — 272121, 772221}. (4.23)

Now let us find the orthoprojections of the elements 1) on the subspace J )J(-h Xo-
Since 12 € Jx,,x,, We get {1 =1n. Analogoilsly, since 112 € TIx1,X5, We get fo = —21m9;.

Notice that the elements 4% = 24myy11, 042wl = —12m9111 — 81211 — 4n1121, and
052 = 8n9121 + 1612211 are orthogonal to all elements from ||

Finally, notice that [[[n2,m1], 2], 2] € Tx,,x, and

2, m]sm],m] = n2111 — 3mi211 + 301121 — Maie,

where 11112 € Jx,,x,. Obviously, the element 12111 — 311211 + 311121 is orthogonal to all
elements from 1D except 1211 — 211121 Hence, its orthoprojection on J. )%1’ x, equals
N2111 — 3M211 + 3M1121 + a(ni211 — 2n1121) where a is such that

(n2111 — 3211 + 3ni121 + (211 — 201121), M211 — 2121) = 0,

which gives a = %. Finally, we get Z3 = 3n2111 — 15*8771211 - %771121.

Now let us find the elements of the dual basis. For definiteness, choose ¢4 = 12. Then
dy is found from the equalities (di,¢1) = 1 and (dy,£4) = 0, which gives d; = m = lz.
Analogously, dy is found from the equalities (da, lo) = 1 and (da,€161) = (do,l14s) =
(da, £4€s) = 0, which gives do = —1np; = 1fs.

Also, choose l5 = [[n2,m],ml, b6 = [[n2,ml,n2l, bz = [[[n2,m],m],m2], and by =
[[[n2, m], m2], n2)- The element ds satisfies the equality (ds,f3) = 1 and is orthogonal to

001010y, 0llily,  C010aly, 0104040y, L4l4l4ly,
0l by, Uilaly, Lloly, Colaly, Uils, Uils, Luls, Lals, {7, L.

These conditions give dz = %772111. Notice that 1 wnwne = 6m2111 + 4n1211 + 211121,
hence

_ 57 1 w2 7
d3_1726€3_%€1 LI_IEQ.
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4.5. Expansion of the endpoint map in the dual basis. Let us apply properties of
a dual basis to the series representation of the endpoint map.
First, for any k£ > 1 consider any element a € F*. Definition of the inner product
implies that
a = Z <a/7"7i1"'7;k>777;1-~ik:' (4'24)
1Si1,...,i)€Sm
Re-expanding this element with respect to the dual basis (4.20) and taking into account
Theorem we get the representation
/ 1
— q qr g gy
0= 3 el ) A i (4.25)
where the sum Z' is taken over all indices 1 <4y < --- <4, and ¢q,...,q- > 1 such that
S < FF.

Now let us turn to the series €x,,.. x,, and consider such a representation for its

components (€x,.. x.,.)j, J = 1,...,n. More specifically, let us fix £ > 1 and consider
any basis element Egll ~~~€§: € F*. Set a = Z"(c(nilmik))jnilmik, where the sum Z" is
taken over all indices 1 < iy,...,4; < m. Since c is a linear map, using (4.24) we get

1 1

<a7€;111 o é;]:> = Z (C(ni1-~ik))j<ni1-~'ik’Egll o 63:> = Z (C(<ni1<~~ik’€gll o €3:>’rhllk))J
"
= (C(Z <77¢1...ik75311 "'£3:>7711...ik)>j = (C(égll é?:))]
Hence, implies

’ 1 i wqqr
a= Z m(c(@f ) AT e wdy
Applying these arguments for all £k > 1 and all j = 1,...,n, we get the following

result.

THEOREM 4.17. Suppose {l1,...,0,} is a set of homogeneous elements of L such that
Gi holds, and {¢; };";nH is a homogeneous basis of Lx, . x, . Then the series on the
right hand side of (2.23)) can be represented in the form

1 w [NEY
ExiXn = D, el ) A wd T (4.26)
1<iy <y, 17
q1,--,qr21
where d; = dj are elements of the dual basis (4.20)).
Now we separate terms containing only ¢1,...,¢,. So, we get
Exyy X =S+ T, (4.27)
where
1
S= ) el ) T wdyn, (4.28)
Gimgnz0 1R
q1ttgn>1
1
T = >y el ) e wdi (4.29)

...
1<iy <oy i o1 P70

q1,--,qr2>1
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where we set 0 = 1. If i, > n+ 1 then (' --- /! € Jx, . x,,, which means that all
coefficients in the series 7 belong to ¢(Jx;, ... x,, ). This implies the following lemma.

LEMMA 4.18. Suppose i =1,...,n is fized and (S); contains only terms of order no less
than k. Then (T); contains only terms of order greater than k.

Proof. 1t is sufficient to prove that (c(Jx,,.. x,, NF?)); =0 for any j =1,...,k.
The proof is by induction on j. For j = 1, there is nothing to prove, since ¢(Jx,
F1) =0 due to Lemma
Suppose that for some 1 < j < k one has (¢(Jx,. . x, N(FL@® - & F9))); = 0.
Consider any a € Jx, ... x,, N F/T1. Due to Lemma c(a) € c(F'®---®F7). We have
o(Fr@- @ FI) = c(M?) + ¢(NY),
where we denote temporarily
M7 =Lin{¢l* -l iy < <ip, <n}n(Fla-- o F),
NI =Lin{€Z 00 iy < <y iy 2n+ 13N (F @ o F).

However, (¢c(M7)); = 0 since, due to the condition of the lemma, (S); contains only
terms of order no less than & (recall that j < k), and (c¢(N7)); = 0 due to the induction
supposition. Thus, (¢(F* @ -+ @ F7)); = 0, which gives (c(a)); = 0. The induction
arguments complete the proof. m

4.6. Weight, order, and privileged coordinates again. Now let us return to the
concepts of the weight, the order, and privileged coordinates, and reformulate them taking
into account the representation 74.29.

As before, suppose that and hold. Due to Corollary the vectors

c(l1),...,c(€y,) are linearly independent. Without loss of generality assume c(¢;) = e,
i=1,...,n. Then the coordinates are linearly adapted.
The weight of the coordinate x; equals w; = ord(¢;), i =1,...,n.

The order of the coordinate function f;(x) = x; equals the minimal order of an element
that enters (S); or (7); with a nonzero coefficient.

Lemma says that if (S); contains terms of order w; or more, then (7); contains
terms of order greater than w;. Hence, we are led to the following reformulation.

The order of the coordinate function f;(z) = x; equals the minimal order of an element
that enters (S); with a nonzero coefficient.

Therefore, we get a new “definition” of privileged coordinates.

Privileged coordinates are those for which

if ord(¢f---4i") <ord(¢;) then (c((*---48));=0,i=1,...,n.

Hence, to construct privileged coordinates, we should reduce S to a “triangular form”,
i.e., to the form

(8); = d; + “elements of order > ord(¢;)”, i=1,...,n. (4.30)
In other words, we should exclude the elements

{dy ™ W wdy®™ cord(dy™ w - wdyn) < ord(f)}
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from the ith component of S. Suppose a change of variables y = Q(z) in the system is
applied. Then the endpoint map €5 =~ ¢ = Q(&x, ... x,,) takes the form lj Taking

into account (4.27)—(4.29)), we get
6)21,...7)?7” = Q(£X11-~7X7n)

e 1 §irt+in (0 , ‘
=Y QE,)(5+T);“ﬂu...m(s+7):ﬁn
d=1 j1+tin=q 1 In- 6371 ...8‘11:71”
=Q(S)+ T, (4.31)
where
T=> > S abnspUT LT L SR Tk
q=1j1++jn=q 0<k;<j;
kit Ak, >1
and _ '
kyokn dirt+in Q(0) 1

Joedn gt gl (1 — k)l (n — )V
In particular, each term of the series 7”7 necessarily includes a multiplier 7; for some
7=1...,n.
On the other hand, a representation of the form gives

1 o r w wqy, o P
6)?17”")’5’”1 - Z ﬁc(égll "'égr)dilql\_u u_ldirq :S+T7 (432)
1<ir<nci, W74
q1y--,qr>1
where ¢ denotes the linear operator ¢ : F — R"™ defined as ¢(n;,. ;) = )A(ik )A(“E@)
and
~ 1 R
T LA
> (I1! e qn!
q1,--,9n >0
~ 1 N . y
T = Z T |C(€?11'”€?:)di1mm"'U—'dz‘TqT'
q1’ qr:

1<i1 < <@p, i >n+1
q1,--,qr>1

Let us compare the expressions (4.31)) and (4.32). We see that all terms of the form
dy w - wdp are included in Q(S), while all terms of the form dii" w - - wdy ™ with
i1 < -+ <1, and 7, > n + 1 are included in 7. Hence,

S=Q(S) and T=T".

Thus, the conclusion is: The change of variables y = Q(x) that gives privileged co-
ordinates is such that the series Q(S) is of triangular form. Hence, in practice, when
constructing privileged coordinates, we operate only with the series S.

4.7. Description of all privileged coordinates. Along with S, let us consider the
vector function @ : R" — R"™ of the form

1
_ q n q n
)= q'..-qlc(ﬂll"'ZZ)le"'ZgL> z € R™.
Qooengn>0 1V "

q1++gn>1
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Notice that ¢(0) = 0. Since the vector fields Xi,..., X,, are real analytic in a neighbor-

hood of the origin, &(z) is also real analytic in a neighborhood of the origin. Moreover,
9b(0)

0z;
origin.

=c(¢;) =e;,i=1,...,n. Hence, §(z) is locally invertible in a neighborhood of the

Recall that w; = ord(¢;), i = 1,...,n (weights of coordinates), and wy < -+ < wy,.

THEOREM 4.19. A nonsingular real analytic change of variables y = Q(z) gives privileged
coordinates if and only if it reduces the vector function ®(z) to a triangular form, i.e.,

(Q(P(2))): = Z ajttrgtezin =1,

WiT1+ W T 2W;

where o™ € R.

Proof. The proof is clear: Since the map @ acts on @(z) and on S similarly, we get

(Q(S))i = Z aittrdP Mt e wdt™, i=1,...,n,

WiT1+ W T 2W;

which coincides with (4.30) up to a linear map. =

In particular, the map Q(z) = &~ !(z) defines privileged coordinates; the correspond-
ing approximation was described in [24]. However, it is not easy to find the explicit form
of this transformation. On the other hand, in order to reduce &(z) to a triangular form, we
need to transform only terms of order no greater than w,. Hence, any map that reduces
&(z) to a triangular form, also reduces the polynomial vector function

~ 1
P(2) = Z ————c(lf" L)t 2l 2 R, (4.33)
w1q1 -+ Wn gn <wp Qe dn
to a triangular form, and vice versa. As a consequence, we obtain the following “finite”

description of all privileged coordinates.

THEOREM 4.20. A nonsingular real analytic change of variables y = Q(z) gives privileged
coordinates if and only if it reduces the polynomial vector function (4.33)) to a triangular
form.

Thus, Q(x) can be chosen in a polynomial form; in essence, such a way is described
in [6]. Notice that in Subsection we describe a close polynomial transformation. For
practical purposes, it is convenient to construct a change of variables componentwise, so
that at the ith step we transform the ith component excluding all terms of order less
than w;.

4.8. Representation theorem and a principal part of the series. Let us summarize
the obtained results. In this section we have proved that, for any bracket generating
system of the form , there exists a nonsingular polynomial change of variables that
reduces the endpoint map to the form

(5;(1 % )i = a; + “elements of order > w;”,
where w; = ord(a;) is the weight of the coordinate x;, ¢ = 1,...,n. In this sense the set

of elements (ay, ..., a,) is the principal part of the series for the endpoint map & R R
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As we have proved, a; can be chosen as elements of the dual basis described above,
aizdi,i: 1,...,7’7,.

THEOREM 4.21. For any bracket generating (real analytic) system of the form (2.1)), there
exists a nonsingular polynomial change of variables y = Q(x) such that the endpoint map
of the system in the new coordinates is represented as a series of the form

(g, g)i=ditpi, i=1..,n, (4.34)

where p; € @;’iwiﬂ Fi, w; = ord(d;), i = 1,...,n. Here dy,...,d, are elements of
the basis dual to the Poincaré—Birkhoff-Witt basis , where the homogeneous
elements t1, ...,¢, € L are such that and hold, and {£;}52,,,1is a homogeneous
basis of Lx, ... x,,-

However, the principal part of the series (and therefore privileged coordinates) is
not uniquely defined; for example, it can be chosen also as a; = d; + P;(dy,...,d;—1),
where P;(dy,...,d;—1) € F¥i are homogeneous polynomials without linear terms. Using
Corollary we get another convenient form for the principal part.

THEOREM 4.22. For any bracket generating (real analytic) system of the form (2.1)), there
exists a nonsingular polynomial change of variables y = ¥(x) such that the endpoint map
of the system in the new coordinates is represented as a series of the form

(Ex,..%.)i =i+ P, i=1,...,m, (4.35)

where p; € @;’iwiﬂ FI, w; = ord(4;), i = 1,...,n. Here the homogeneous elements
l; € L are such that 1) and 1] hold, and 0; denotes the orthogonal projection of ¢;
on the subspace j)J(_l,...,Xm'

Proof. Suppose a change of variables y = Q(z) reduces the series for the endpoint map
i i

Ex,,... x,, to the form (4.34)). Due to Corollary 4.15} any lZ—, i =1,...,n, can be expressed

as a shuffle polynomial of dy,...,d,, and vice versa. More specifically,

U =Py(dy,....d,) = Y aldj+ > ab o dPT e wds T, i=1,.,n,
wj;=w; q1+-+qn>2

Qwittgnwp=w;

where the matrix {ozé—} is nonsingular. Since P;(dy + p1,...,dn + pn) = lz + pi, where p;
contains terms of order greater than w;, ¢ = 1,...,n, the nonsingular change of variables
y = ¥(z) = P(Q(z)) reduces the series to the form ([4.35). Obviously, the coordinates y
are privileged. m

Thus, the principal part of the series for the endpoint map can be constructed in a
purely algebraic way, by the “standard” procedure of finding the orthogonal projection

of elements £y, ..., ¢, satisfying (4.2)) and (4.3) on the subspace Jx,  x, -
ExXaMPLE 4.23. Consider the system

i.l = Uz,

i’g = Uz + T1Uag, (436)
. 1

T3 = ToU1 + T1Us + x%ug + gx‘;’ug.
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Analogously to Example we find the series representation of the endpoint map

U
5X17X2 = T2 + 721
M2 + M21 + N121 + 27211 + Mo111

Therefore,

cm)=c=e1, c(n)=ca=e2, c([n2,m])=ca —ci2=ez € Lin{ey, ez},
c([[n2; m),m]) = ca11 — 2c121 + c112 = 0, c([[m2,m],m2]) = 2212 — c122 — 221 = 0,
c([lln2, m],m),m]) = ea111 — 3ci211 + 3c1121 — cin12 = e3 € Lin{e, e2},

and all other brackets vanish. Hence,

Pt ={0}, P*={meml} =2, P*=Lin{(ln,m],ml[[n2,ml],m]} = L%,
P = Lin{[[[na,nﬂ,m],nz], [[[12, 771],772]7772]}7

and P¥ = LF for k > 5. Then Lx, x, = > 1o P*¥. We may choose

bo=m, Lla=m2, L3=[[n2,ml,ml,ml
Then £ = Lin{¢1, 43,03} + Lx, x,. Thus, for any choice of a basis of Lx, x,,

d1:771, d2:772, d3:772111-

For definiteness, set ¢4 = [n2,71]. Then ds = 191. Rewriting £x, x, in the form ,
we get
dy
Ex, x, = do + dy
dywdy + dywdy + ds

Since ¢(¢;) = e;, i = 1,2,3, the initial coordinates are linearly adapted. It is explained
in Subsection [£.6] that for the first and second coordinates, the order equals the weight
(ord(dy) = ord(ds) = 1). However, the weight of the third coordinate equals ord(ds) = 4
while its order equals ord(d; wds) = 2. Hence, these coordinates are not privileged.

Let us find privileged coordinates, following the way proposed in Subsection .7} Let
us rewrite £x, x, in the form f. We get Ex, x, =S + T, where

dy 0
S == d2 5 T: d4
diwdy + ds diwdy

Though ord(d; wds) < ord(ds), we ignore the term containing d4 in the third line of
Ex, x, and find privileged coordinates only by use of the form of S, which includes only
dy, do, and d3. Namely, any change of variables that reduces the vector function

2122 + 23
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to a triangular form gives privileged coordinates. For example, we may choose

Z1
y=Q(x) = To
XT3 — T1T2
Then
dy
3,5, = Q€x,x,) = | da+ds
ds

In this case the principal part is defined by the elements dy, ds, ds.
The map
X1 + T3
y=Q(z)= Ty + 13
r3 — T1To + :43‘1l
also reduces the vector function @ to a triangular form. It also defines privileged coordi-
nates; in this case we get

dy +dywds 4+ dywdy + dg
E)Afl,)?z = Q(EX17X2) = do +dy + (dQ + d4)“2 ,
d3 + dy

and the principal part is defined by the elements dy, da, d3 + di*.

5. Realization problem and algebraic definition of homogeneous
approximation

5.1. Approximating system and realizability conditions. In the previous section
we obtained the descriptions and of a principal part of the series repre-
senting the endpoint map £x, ... x,,. Let us consider the “series” £ containing only the
principal part, i.e., (£); = d; (or (£); = Z), i =1,...,n. The question is whether there
exists a system such that £ = &z, 7., that is, £ is realizable as the endpoint map
of some control-linear system. If so, then such a system can be considered as a homo-
geneous approximation of the initial system (see Definition . More specifically,
we are interested in the following version of the realization problem: Given a linear map
c: F — R", determine whether there exists a system of the form such that the
equalities

hold for any £ > 1 and any 1 <iy,...,%; < m. If this is the case, the series

&= Z Z C(Miy.o.i )iy i

k=11<iy,...,ix<m
is realized as the endpoint map of this system.
The realization problem in a more general formulation was carefully studied [I8] 28], [29]
30], and realizability conditions are well known. Following [50] we formulate a particular
case suitable for our purpose.
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THEOREM b5.1. Suppose a linear map ¢ : F — R™ is such that dimc(L) = R™. The
realization problem is solvable (i.e., there exists a system of the form (2.1) such that

equalities are satisfied) if and only if
(a) there exist positive constants Cy and Cs such that
le(i_i)ll < KIC1C3

forany k>1 and any 1 < iq,...,0 < m;
(b) for any € € L such that c(f) =0, one has c(al) =0 for all a € F.
Moreover, in this case such a system is unique.

Let us return to our realization problem and consider the series £ such that (£); = d;,
1=1,...,n.

LEMMA 5.2. Suppose Lx, .. x, C L is a Lie subalgebra corresponding to system .
Then the series £ such that (£); = d;, i =1,...,n, is realizable, i.e., there exists a system
such that £ =&z, 7, . Hered,, ..., d, are the elements of the basis dual to
the Poincaré-Birkhoff-Witt basis , where the homogeneous elements £1,..., 0, € L

are such that 1| and 1) hold, and {fj}j?‘;n+1is a homogeneous basis of Lx, . x,. .

Proof. Taking into account the representation (4.26)), we see that the series £ defines a
map c¢: F = R" by

c(l;) = ey, 1=1,...,n,
c(f;) =0, j=n+1, (5.2)
C(€j1“'£jr):07 << g, 22

Condition (a) of Theorem is obviously satisfied. Let us prove that condition (b) also
holds.

Suppose ¢ € L is such that ¢(¢) = 0. Taking into account , we conclude that
(= ZZ=1 aglp,, where p1,...,pg > n+ 1. Now let us choose any a € F; since (4.4)) is a
basis of F, it is sufficient to consider a = ¢;, -- - £;_, where iy < --- < 4.

Thus, consider the element al,, = (¢;, ---¥£;,) {p, with pr > n + 1. Obviously, al,,
is in Jx,,... x,,- Due to Corollary it equals a linear combination of elements 7
i.e., elements ¢;, ---¢; with r > 2 and elements ¢;, with j; > n + 1. Then implies
c(alp,) = 0, therefore c(al) = 0.

Hence, the map is realizable, which means that the series (£); =d;,i=1,...,n,
is realizable as an endpoint map for a certain system. m

Lemmas and imply the following corollary.

COROLLARY 5.3. Suppose Lx,, . x, € L is a Lie subalgebra corresponding to system
. Then the series € such that (£); = E, i=1,...,n, is realizable, i.e., there exists
a system such that £ = £z, ... 7, . Here the homogeneous elements {1,...,4, € L
are such that and hold, and Z denotes the orthogonal projection of ¢; on the
subspace j)%l,..‘,Xm'
Now we are ready to describe homogeneous approximations in the sense of Defini-

tion B.11
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LEMMA 5.4. Let system 1) be such that (Ez,... 2, )i = lz-, i=1,...,n. This system is
a homogeneous approximation for (2.1)) in the sense of Definition .

Proof. Let us check properties (i) and (ii) of Definition [3.1]

(i) The property (4.1) implies F* = (Jx, ... x,, N fk) &t (Jx,...x,, NF*) for any
k> 1. Set w; = ord(ﬁi), i =1,...,n. Then ¢; € F"i gives Ez € F¥i,¢=1,...,n. Thus,
the elements 571, . ,Zn are homogeneous. Hence, the endpoint map (£z,.... 2, (0,u)); =
E(G, u), i =1,...,n, satisfies property (i).

(ii) Suppose y = Q(x) defines privileged coordinates such that holds. Then,
due to ,

(QExy,..xm) —E21y2)i = Pis i=1,...,n,

where p; € EB;;U_H FI w; =ord(¢;), i =1,...,n. Hence,

9 u1/9 Z Z (/C\iln-ik)inh---ik (95 ul/a)v 1= la ceey

k=w;+11<41,...,ig<m

where ¢, 4, = X e )A(ilE(O) and X1,...,X,, are vector fields in the new coordinates.
Taking into account analyticity of X;(y) and the requirement u € B!, analogously to
(2.6) we get the estimates

[P0, uM?)| < CuCpign =1,
for some positive 51, 62 and sufficiently small 6, which implies condition (ii). m
COROLLARY 5.5. System (3.1)) is a homogeneous approximation for system (2.1)) in the
sense of Deﬁnition if and only if its series is of the form (z,.... 2z, )i = Pi(€1,..., L),

i =1,...,n, where P is a polynomial vector function with nonsingular linear part and
Pi(ly,...,4,) € FYi (where w; = ord(¢;)).

Proof. Suppose (521 )i =P (ly,... 0y, i=1,....n, where P has nonsingular linear
part and P; (61, by ) € F¥i. As follows from Lemma there exists a nonsmgular
change of variables Q(x) such that (Q(Ex,....x,.))i — i = pi, where p; € D, L F
Then

Pi(Q(Exy,..x)) = Pilly + prv-e o b+ pu) = Pilry o 00) + pi = (Ezu,20)i + D
where p; € EB;”;w aF J, which proves that system |i is a homogeneous approximation

for .

Let now a system 2 = Z:n 1 u; Z;(z) with the series £ = &3, .z, be another homo-
geneous approximation of (2.1). Then condition (i) of Deﬁmtlon 1rnphes that (5 ); are
homogeneous; set w; = ord((é’)z), 1=1,....n, w0 < - < Wy

Now consider condition (ii). It implies that there exists a nonsingular change of vari-
ables Q(z) such that (@(5)(1,...,)(,"))1‘ = (€);+ Py, where p; contains terms of order greater
than @;. On the other hand, Lemma implies that there exists a nonsingular change
of variables Q(z) such that (Q(EX“,,)X"L)) —0; = p;, where p; € Dz Fi.

Denote &(z) = Q(Q~*(z)). Then &(z) is a nonsingular change of variables and
¢2(21+p1aazn+pn):é\z+ﬁu i:17"'7n
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Thus,

- 1 gitting,(0) ~ ' N o
B 3 . LA\ Y/ + Wi gn + pn win gi +Ai-

r=1j1+-4jn=r
Hence, the smallest order of elements on both sides of this equality equals @w;. Separating

elements of this order, we get
Z 1 aj1+---+jn¢i(0)

T Ji ... 9.dn
w1j1+FWn jn=W; Ju: I’ 61'1 On

é;“ﬂu_l---mé;”":&- 1=1,...,n.

Thus, & is a shuffle polynomial of El, . ,Zn of order w;. However, ®(z) is nonsingular,
i.e., the matrix &g%qf) is nonsingular. Hence, the sets of orders of fj‘z and ZZ coincide.
Taking into account, that w; < - < w, and Wy < -0 < Wy, we see that w; = W,
i1 =1,...,n, which completes the proof. m

COROLLARY 5.6. System is a homogeneous approximation for in the sense
of Definition if and only if its series is of the form (£z,...z.)i = Pi(di,...,dy),
i=1,...,n, where P is a polynomial vector function with nonsingular linear part and P;
are such that P;(dy,...,d,) € F¥i (where w; = ord(d;)).

REMARK 5.7. Corollaries directly imply that if (3.1) is a homogeneous approxi-
mation for (2.1) in the sense of Definition then Lx,, . x, =Lz, . 2,-

Thus, the series of a system which is a homogeneous approximation is defined, in
essence, uniquely, up to a homogeneous polynomial change of variables. Since the series
satisfies conditions (a) and (b) of Theorem the approximating system is also defined
uniquely. We get the following corollary.

COROLLARY 5.8. For a system of the form (2.1), the homogeneous approzimation ezists
and is unique, up to a polynomial homogeneous change of variables.

Finally, let us discuss a connection between two definitions of homogeneous approxi-
mation, namely Definition [3.1 and the definition from [6]. Recall that in [6] the concept
of homogeneous approximation is introduced in the following way. Suppose system
is written in privileged coordinates. Then X;(z) = Xi(fl)(x) +Y;(x),i=1,...,m, where
the vector fields Xi(_l)(x) are of order —1, and Y; consist of terms of order greater than
—1. It turns out that in privileged coordinates this is the same as

1 kj_ .
(X (@), = > By @ g =L,
kiwi+-+kjqwj_1=w;—1
(Yi(z)); = Z vl ek j=1,...,n.

kiwi+-+kpwn >w;

Then the system 2 =", uiXi(_l)(z) is called a homogeneous approzimation of 1)
It can be shown that this system satisfies Deﬁnition Let us consider £ = E£x,,... x

and £ =Exn | xi-

m

Since
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E0.w)), Z/ us(r) (XD (2(r); dr

(E(6,u)); Z / w(r) (XD @) + Vil (r);) dr,

we have

&)= m( ) By B @),
1=1

kiwi+-+kj1wj_1=w;—1

&)= > m( > iy, P (O

i=1 kiwi+-+kj 1w 1=w;—1

+ Y AL @M w@i),

kiwi+-+kpwn >w;

Using induction on j, it is easy to show that (5 ); is homogeneous and contains elements
of order w; only while (£); contains elements of order no less than w;, and, moreover,
elements of order w; in (EA)J and (&), coincide. This implies Definition As follows
from Corollary[5.8] a homogeneous approximation in the sense of Definition [3.1]is unique
(up to a polynomial homogeneous change of variables). Hence, Definition and the
definition of homogeneous approximation in [6] define the same concept.

5.2. Algebraic definition of homogeneous approximation. The definition of ho-
mogeneous approximation used above (see Definition is coordinate dependent. Now
we are ready to reformulate it in a coordinate—free manner.

As was noticed in Remark [5 . if system is a homogeneous approximation for
(2.1) then Lx, .. =Ly, .z, Inturn, thls property provides condition (ii) of Defi-
nition In fact suppose Lx,, .., =Lz, ...z, and elements él, ... ,En are chosen as
in Lemma .4l Arguing as in the proof of Lemmal[5.4] for both systems we see that there
exist Q1 and Q2 (privileged coordinates for these systems) such that

(Q1(Exy,...xm) = Q2(E2y,...2,,))i = piy,  P=1,...,m,
where p; € @;‘;MH FI, w; = ord(¢4;), and moreover p; satisfies the estimate |p; (6, u'/?)]
< G Cyitlgwitl i =1,... n. Hence,

Q21 (Q1(Exy..x.) = E24v2,); = Pis

where p; € @2, F/ also satisfies the estimate [p;(6), u1/9)| < 0,0,
1,...,n. This obviously gives condition (ii) of Definition

Now let us turn to condition (i) of Definition It can be interpreted in the follow-
ing way. Denote by ¢z, ..z, : F — R™ the linear map defined as ¢z, z, (i,..i,) =

—w;+1 X .
guitl § =

Zi, -+ Z;, E(0). Suppose &z, ...z, = S+ T is a decomposition considered in Subsec-
tion If 7 is nontrivial then €z, . 7, is not homogeneous due to Lemma On
the other hand, 7 is trivial if and only if ¢z, .z, (Jz,....z,) = 0 or, what is the same,
czy,... 2Lz, .z,) =0.1If this is the case, then £z, 7 =S, and therefore £z, . 7,
can be reduced to the form (Q(€z,,...,z,,))i = d;i, i = 1, ..., n, which satisfies condition (i).
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Hence, ¢z, ...z, (Lz,,.. 2z, ) = 0 if and only if after some change of variables system (3.1
satisfies condition (i) of Definition

Thus, we get the following coordinate-free definition, which is equivalent to Defini-
tion [B.11
DEFINITION 5.9. Consider a bracket generating control-linear system of the form (2.1)).
Let (3.1) be a (bracket generating) system; denote by cz, . z, : F — R" the linear
map defined as cz, ...z, (Miy...ix) = Zip - - - Zi, E(0). System (3.1) is called a homogeneous
approzimation for (2.1)) if
(i) ch:--<7Z7n (£Z17---7Z7n) = 0;
(ii) ‘Cle---aXm = LZ17---;Z7n'
REMARK 5.10. Conditions (i) and (ii) of Definition 5.9 can be replaced by the equivalent
conditions

(i) ezy,z(T24,.2) = 05
(i) Tx1p X = T 21,00 Zon -

5.3. Construction of approximating systems. In this subsection we give a conve-
nient method for constructing an approximating system. For example, let us construct

system 1) so that (€z,,...2,)i=4;,i=1,...,n.
We act by induction on i = 1,...,n. For i = 1, consider the element £; = > | ajn;.
Define the first component of the vector fields Z1,..., Z,, as follows:
(Zih(z)=aj, j=1,...,m.
Then the function

m m t
zl(t)—ﬁl(t,u)—z:a]n](t, ):Za}/ uj(7)dr
j=1 j=1 0
satisfies . .
at) =Y ajuy(t) = > u;(O)(Zh.
j=1 j=1
Suppose 2 < ¢ < n. Then after ¢ —1 steps all components (Z;)1, ..., (Z;);—1 are chosen

so that the functions
zg(t) = Lg(t,w), ¢=1,...,i—1,

satisfy the differential equalities
2() =) _ui(t)(Zj)g(21(t), ..., 2g1(1)), q=1,...,i—L
j=1

At the ith step we consider the element £;. Since £; € F**, we get
l; = Z afl.i.ikml“.ik, aﬁlmik ER, k= w;.

If k =1 then {; = Z;”:l aénj. Then we define the ith component of the vector fields
Z1y. .., Ly as follows:
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Thus the function

m m t
zi(t) = 4;i(t,u) = Za]nj(t,u) = Za;/ uj(7)dr
j=1 j=1 0
satisfies
Za i (t) = u()(Z)ie
j=1

Suppose k > 2. Then rewrite ¢; as
m
_ i R i .
4 = Z Qi iy = Z Qi iy M Z na;,
1<in,yig<m 1<in,..ig<m j=1

where
= i o k—1
aj B Z ajiz...iknlz...zk S ]: .

1§i2,...,ik§m
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Let us show that a; € Jx, . x, - In fact, if (a;,a) # 0 for some a € Jx, .. x,, then

(aj,a) = (nja;,mja) = (G, mia) # 0,

e 7. L L
where nja € Jx, .. x,,, while {; € T5, . Hence, a; € J5,  x, -

Notice that ord(a;) < ord(Z;). Then taking into account Theorem we express a;

as a (homogeneous) shuffle polynomial of ¢1,...,¢;_1
g p y b b b
_ 7 7 _ E q1.--qi—1 g Juqi—1
aj—Pj(fl,...,&,l)— ’}/j ngLu"'u_l(i_l .
w1q1+-twi—1gi1=k—1

Then we define the ith component of the vector fields 71, ..., Z,, as follows:

(Z;)i(z) = Pj(21,..,2i-1) = Z it g, =1,

w1q1+twi—1gi—1=k—1

Therefore, we get

, M.

m m t
Zi(t 77] 51,... & 1)) t u :Z/ U,] )Pj(ﬁl,...,&_l)(ﬂu)dr

j:l :

Recall that, due to the definition of shuffle product,

Pi(br,...  lioa)(myu) = Py ((T,w), .. b1 (7, u)),

where on the left hand side we consider P; as a shuffle polynomial, while on the right

hand side we consider P; as a usual polynomial of ¢ — 1 variables. Hence,

zi(t) = 4;(t, ) Z/ u;i (7 él (1,u),. ,Zi_l(T,u)) dr.
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Therefore, due to the induction supposition,

u;(t)P; (E(t, w)y ..., i1 (t,u) Zuj )y zim(t))

Zi(t)

<.
Il
A

M-

Uj(t)Zj (Zl (t), ey Zifl(t)).

<.
Il
s

By induction, after n steps we construct the polynomial vector fields 71, ..., Z,, such
that the trajectory z(t) satisfying the Cauchy problem 2z = Z;”:l ui(t)Z;(z), z(0) = 0
(for arbitrary fixed controls ui(£), ..., um(t)), is such that z(¢) = 6i(t,u), i =1,...,n
Recall that we denote z(t) = £z, ...z, (t,u). Thus, the vector fields Z1,..., Z,, are such
that £z, .z, =l i=1,...,n

Analogously, the polynomial vector fields can be found such that £z, . 7 = d;,
1=1,...,n
REMARK 5.11. Suppose £ C L is an arbitrary graded Lie subalgebra of codimen-
sion n. Set J' = Lin{F°L’}, choose any homogeneous elements ¢1,...,¢, such that
L =Lin{¢,...,4,}+ L', and denote by {; the orthoprojection of ¢; on the subspace J'*.
Then all the results of Subsections and (naturally, except Lemma can be
repeated for £’ and J’; in particular, the analog of Theorem holds. Hence, following
the arguments of the present subsection, we can construct a (homogeneous) system of
the form such that Lx, . x, = £’. This means that a core Lie subalgebra can be
an arbitrary graded Lie subalgebra of codimension n. Along with Lemma [2.29] this gives
a complete algebraic classification of possible homogeneous approximations.

EXAMPLE 5.12. Suppose L is a free Lie algebra generated by the elements 7; and 7,. Set
L=, P*, where
P = Lin{"h}’ P? = {O}a P? = Lin{[[n27 771]7"72“)
Pt = Lin{[[[n2, m], 2], 121}
and P¥ = LF for k > 5. Then £’ is a Lie subalgebra of codimension n = 5. Choose
bo=m, Lo=[n2,ml], €= In2,mlml
by = —[[[n2sml,mlm2)s € = [[[n2, m], m],m].

Then £ = Lin{¢,..., 05} + L. Now, set J' = Lin{F°L'}, and find G, i=1,...,5.
Obviously, ¢1 = 1. Since
jl N ]:2 = Lin{n1277722}7

we get 5 = 121. The subspace J' N F? is defined by all elements of the form 7;,;,2 and
[[72,m],m2], hence
JNF = Lin{ni12, 122, 212, N222, N221 };

this implies ZB = 1211 — 21m121. Finally,
J' ' NF* = Lin{ni112, M122, Mi212, M1222, N12215 121125 12122, 12212, 112222, 12221 }+

which gives ly = M2211 — 272121 and s = M2111 — 31211 + 3N1121-
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Now let us construct a system
z = U1Z1(Z) + UQZQ(Z)
such that (€7, z,)i = Zi, 1=1,...,5, ie,

m
721
21,2, = 211 — 21121 ; (5.3)
M2211 — 272121
M2111 — 3M1211 + 31121

as is explained in Subsection [5.3
Since 571 =, we set (Z1); =1 and (Z3); = 0.
Rewrite Zg as EQ =191 = Ton1 = 772(71. Hence, (Z1)2 = 0 and (Z2)2 = #1.
Rewrite Zg as 23 = To11 — 21121 = 7M2M1 — 211721 Since 11 = %n{‘z = %Z{JZ and
1,2

No1 = Ly, we set (Z1)3 = —225 and (Z)3 = 241

Analogously, 0y = M2211 — 2M2121 = N2(N211 — 21121) = 772273. Hence, (Z1)4 = 0 and
(Z2)4 = Z3.
Finally, /5 = 92111 —3m1211+301121 = N27111 — 371 (1211 —1121). Notice n111 = §04° and

M211 —M21 = %(7721u-'771)+ %(77211 —2ma1) = %51 u_|€2+%€3. Hence, (Z1)5 = —gzle — %,33
and (Z2)5 = 23.
Thus, we get
1 0
0 Z1
Zl(z) = —222 5 ZQ(Z) = %Z% 5
0 z3
7%2’12’2 — %Zg %Zf

i.e., the system is of the form

21 = U1,

Zy = Z1U2,

23 = —22’2’&1 + %Z%UZ,

Z4 = Z3Ug,

25 = —%,212211,1 — %Zgul + %Z%Ug

This system seems to be rather complicated. Let us try to find a simplifying change
of variables. Again, consider the endpoint map (5.3). By the change of variables

21
z2
y=Q(z2) = é(zz), +22122)
5 (20 + 23)

1 2.2 18,
19 (Z5 + {57122 + 102123)
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the series representation is reduced to the form

m
721
Q(Ez,,2,) = | M1
72211
72111
The system corresponding to this endpoint map can be easily found by use of the described
procedure; it is of the form

Y1 = u,

Y2 = Y1uz,
s = $yius,
U4 = Y3uz,
Us = gyius.

6. Homogeneous approximation in a neighborhood

6.1. Coproduct operation and concatenation of trajectories. In this section we
deal with the algebra F¢ = F+R. As before, assume 1-a = a-1 =aand lwa =awl = a,
for any a € F¢. Let us extend the inner product to F¢ assuming (1,1) = 1 and (1,a) = 0,
for any a € F.

Introduce the tensor product F¢ ® F¢ with the basis

{T]il...ik (87731_7g : k75 2 07 1 S 7;17" '7ik7j1a"'7js S ’/TL}

(as before, we assume 1g, 4. = 1 if r = 0). Introduce the inner product in F° ® F°
assuming this basis is orthonormal. Hence, if {b}72; and {b]}72; are dual bases in F*
then {b} ® b.}55_, and {b] ® b7}¢5_, are dual bases in F¢ @ F*. Therefore, for any
a € F¢® F° one has

a= Z (a, b @ V)b @b (6.1)
i,j=1

Moreover, this identity can be extended to any formal power series a of elements of
F° ® F¢ with vector coeflicients.
Now let us introduce the following helpful definition.

DEFINITION 6.1. We say that the linear map A : F¢ — F¢ ® F¢ defined on the basis
elements by the rule

k
A(nlllk) = anlzJ ® nij+1...ik (62)
7=0

is the coproduct in F*.

In fact, A can be interpreted as a coproduct in the Hopf algebra (see [34], where this
operation is denoted by A’). By linearity, A is naturally extended to formal power series
of elements of F°.
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One can easily get the following property of A: for any a,ay,as € F€,
(Aa),a1 ® az) = (a,a1a2). (6.3)
Consequently, if {0} }02; and {b;}72; are dual bases in F¢, then for any a € F¢,

(oo}
Ala) = > {a, )b @b, (6.4)
ij=1
and this property can be extended to any formal power series a of elements of F*€.
In the following lemma we use the notation of concatenation of controls (2.8]).

LEMMA 6.2. Suppose {by o2y and {b}o2 are dual bases in F¢. Then for any pair of
controls u' € BY' ,u? € Be and any a € F° one has

o0
a(0' + 0%, ut o) = (a, BB (07, u?) b (01, ul), (6.5)
ij=1
and this property can be extended to any formal power series a of elements of F¢.
Proof. Let us consider any pair of controls ul € B, u2 € B?; below for the sake of
brevity we denote it as P. For a pair P, let us introduce the linear map mp : F*QF°¢ — R
defined on basis elements 7;,..5, ® n5,...5. by
mP(niLnik ® 77j1~~js) = Ty ...ix (927 UQ)TIjl.‘.js (91’ ul)-

Due to Lemma for any 7;,..4, € F the following identity holds

k

Mir.i (00 + 0%, ut o u®) = iy i (07, 0P, (67, uh), (6.6)
3=0

where we assume 7; .. ;,(0,u) = 1 for any 6 and u if p > ¢q. The definitions of A and mp

allow us to rewrite as
Nir..in (01 + 02,0 0 u?) = mp(An,..0,)),
which, by linearity, implies
a(0' + 62, u' o u?) = mp(A(a))
for any a € F¢. Then gives

a(0' + 0%, ut o) = > (a, B )ymp(df @) = > (a, b)) (6%, u?)b (0", u'),
i,j=1 1,5=1

which proves the lemma. =

Let us outline the next step of analysis. Consider a system of the form (2.1]). As above,
let ¢ be the natural anti-homomorphism ¢ : 7 — F' defined by

@(nil.‘.ik):Xik"'Xi17 k2171§11,7lkgm
For any z € U(0), introduce a linear map ¢* : F — R™ defined as

(a) =p(a)E(2), aé€F;
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in particular, ¢*(n;, .4,.) = Xi, - Xi; F(2). Analogously to Theorem the end point
x(0) of the solution of the Cauchy problem

&= w(t)Xi(z), (0)=z,
i=1

can be written as
z(0) =z + €%, x., (0,u),

where the endpoint map from z is expressed as a series of the form

gf(l,...,Xm(gvu) = Z Z cz(nh---ik)nil---ik(e,U)'

k=11<i1,...,ix<mn

Below we mainly deal with the corresponding formal power series

oo
EX X = Z Z EMiy.ig My iy,

k=11<i1,...,ix<m
Suppose the Rashevsky—Chow condition (2.24)) holds at the origin. Then without loss of
generality it holds at any z € U(0). This means that

(o]
> Lk =R",  zeU(0). (6.7)

k=1
Let us find a connection between coefficients of the series £% and &x, . x,,-
Consider an arbitrary point = € U(0) and a trajectory of system going from the
1 ¢ BY steers the origin to z and u? € B
steers z to z. Then u' o u? steers the origin to = (at the time 0! + #?). This means that

=CEx,.x, (0" + 0% ut ou?) =2+ E,  x, (0% u?), (6.8)

origin to x through z. Namely, suppose u

where
z = 8X17~-~,X7y1,(917u1)' (69)

Below we assume z is fixed whereas x is arbitrary.
The question arises whether coeflicients of &5 (i.e., ¢
X],.4.7X7n 7 ...
directly via coefficients of €x, . x,. (i.e., ¢, ,). The answer is “yes” for a class of
systems described in Subsection below.

In the rest of this section we study core Lie subalgebras and left ideals for z € U(0).

;) can be expressed
k

Namely, consider the subspaces
Pry={telr:f()ecf(Lta---aLk ), k>1,
and set
ZX1,...,Xm, = @Pk(z)
k=1
Set also
j)z(h...,xm = Lin{}"eﬁj(hmxm}.

For z = 0 we, as a rule, omit the reference to the point, i.e., write Lx, . x, instead of
0 . 0
L% x,. Jxi...x,, instead of T3« ete.
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6.2. Regular systems. The simplest approximate characteristic of a system in a neigh-
borhood is the behavior of its growth vector. Namely, let p* be the degree of nonholonomy
of the system at the point z. Set

vi=dim (L' - LF), k=1,...p%

Then the sequence v* = (vf,..., v;z) is the growth vector of the system at z. Denote by
p and v = (vy,...,v,) the degree of nonholonomy and the growth vector at the origin.

Obviously, there exists a neighborhood U(0) such that for any z € U(0),

p*<p and vi>wu, k=1,...,p"
DEFINITION 6.3. System (2.1)) is called regular at the origin if its growth vector is con-
stant in a certain neighborhood U(0), i.e., p* = p and vi = v, k = 1,...,p, for any
z € U(0). In the opposite case the system is called nonregular at the origin.

LEMMA 6.4. Suppose system (2.1)) is reqular at the origin. Then its core Lie subalgebra
Lx,. . x, 15 a Lie ideal in L, i.c., for any a € L and any { € Lx, . x, one has
[a,ﬁ] S £X17~»-~,Xm'

Proof. Suppose elements ¢1,..., /¢, are such that
L=Lin{l1,...,0,}+Lx,,. . . x,.; (6.10)
and without loss of generality assume /¢4, ..., ¢, are homogeneous and
ord(¢;) < ord(¢;) fori < j. (6.11)

As follows from Corollary[2.30] the vectors c(¢1), . .., ¢(,) are linearly independent, there-
fore vectors ¢*(¢y), ..., c"(€,) are linearly independent for any z from a certain neighbor-
hood U(0). Without loss of generality assume that the growth vector is constant in U (0),
ie., p® =pand vf = v, k=1,...,p. Then for any z € U(0),

AL - L) =Lin{c®(6),...,c*(0y,)}, 1<k<np.

Let us consider any k =1,...,pand any £ € Lx, .. x,, NLE. The vector ¢*(¢) depends
linearly on ¢*(¢1),...,c%(£y, ), i.e., there exist scalar functions «;(x), i = 1,..., v, such
that

Vg
(0 =" ai(w)c" (L),
i=1
However, £ € Lx, . x, N LF which implies ¢(¢) € Lin{c(¢1),...,c(fy,_,)}. Therefore,
ai(0) =0, i=ve1+1,... 0 (6.12)

Since the vectors ¢®(¢y),...,c" (L, ) are linearly independent, the functions «;(z), i =
1,..., vk, are smooth.
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Now let us consider an arbitrary a € £4, ¢ > 1. We have

c(la, ) = (" (0)),c" (a) = (c"(a))5c" ()

= (i@)e"(6)) ¢ (a) — Z(CI(G));%(I)CI(&)
= Z (ai(z)e™(a))e™(6:) + Z ai(z) ((c"(6))ze" (a) = (c"(a))5e” (i)
= Zaz + Zaz s )

where &;(z) = o (z)c®(a), i =1,...,v;. Taking into account (6.12)), at © = 0 we get

Vg—1

_ Zai(o)c(&) + Z a;(0)c([a, £

However, ¢; € L' @ - @ LF for i = 1,... vy, and [a, 4] € L' @ --- @ L7 for
i=1,...,v5_1. Hence, c([a,f]) € c(L* @ --- @ LETI71) whereas [a, {] € LFT9. Therefore,
[a,] e P**1C Lx,  x,. =

m

If a system is regular at the origin, then it is obviously regular at any point from a
certain neighborhood of the origin. Hence, we get the following corollary.

COROLLARY 6.5. Suppose system (2.1)) is reqular at the origin. Then there exists a neigh-
borhood U(0) such that for any z € U(0) the core Lie subalgebra L% y,  is a Lie ideal
in L.

The condition on Lx, . x, to be a Lie ideal can be expressed in terms of the left
ideal le,H.,Xm

LEMMA 6.6. The core Lie subalgebra Lx, ... x,, of system (2.1) is a Lie ideal in L if and
only if the left ideal Jx, ... x,, is two-sided, i.e., for any a € F and any b € Jx, .. x.,
one has ba € Jx,, . x

Proof. Suppose Jx, ..., is two-sided. Choose any ¢ € Lx, .. x, C Jx,,.. x, and any
a € L. Then af € JXl and la € Jx, .. x,, . Hence, using Corollary we get
[a,f] = al —la € Tx, ..., x,,- Therefore, Lx, . x, is a Lie ideal.

Now, let Lx,,... x,, be a Lie ideal. Let us prove that the left ideal Jx,, . x,, is two-

sided. Obviously, it is sufficient to prove that fa € Jx, .. x,, forany £ € Lx, . x, and
any a € F. Moreover, denote

Mk—{M“-~ ik feﬁxl’ Xm,gil,...7£ik€£}, ]€21

Due to the Poincaré-Birkhoff-Witt theorem, it is sufficient to prove that M;, C Jx,, . x,,
for all k£ > 1.

We argue by induction on k. For k = 1 one has £¢;, = [¢,4;,]4+¢;, £. Since Lx, ...
Lieideal, [¢,4;,] € Lx,.... x,, C Jx,,... x.,; since Jx, ... x,, is aleft ideal, ¢; ¢ € JXl,,.., X,
Hence, ¢¢;, € Jx, ... x,,, and therefore My C Ixy,.. X0

Suppose M, C Jx,... x,, for some k > 1. Choose any element a € My, 1. Then
a=>bl{; where /; € L and b € My. Hence, b € Jx,,... x,,, and therefore it can be

Tk4+1? Tk4+1

----- Xom

.....
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written as b = ) b,l; , where by € F¢ and ¢;, € Lx, ... x,,. Then, analogously to the
case k =1, we get

a=bl,, =Y beliliy, = bglljy liv )]+ > (bgliv, ), € Txy ..o Xon-
Hence, My41 C Ix,,...X,,- ®
COROLLARY 6.7. Suppose system (2.1) is reqular at the origin. Then there exists a neigh-

borhood U(0) such that for any z € U(0) the left ideal J%, . is two-sided, i.e., for
any a € F and any b € Jg,  x onehasba € T,  x -

The following example shows that the Lie ideal L% = of a regular system can
depend on the point z.

ExaMPLE 6.8. Consider the system in a neighborhood of the origin
jjl = Ui,
(tg = Uy + .’E%’LLQ,
T3 = iU,

. 2
T4 = T{U2 + T1T2U2.

We have
1 0
0 1+ a2
Xi@) =, Xalo)= T XX
T1
0 22 + 2170 2331—|-332
0 0
2 0
[Xla[XlaXQ]](x) = 0 5 [X27[X17X2H( ) 0
2 1—a?

Hence, the growth vector equals v = (2,3,4) in a neighborhood of the origin, i.e., the
system is regular. It is easy to check that

(1—a?)?

(X2, [X1, Xo]|(z) — (X1, [X1, Xo](2) = —(1 — 27) (Xa(z) — 21[X1, Xao](2)).

Thus,

Pl(x) = P*(x) = {0}, P°(x) = Lin{[ln2, m], 1] — a(@)[lnz, m], m]}

(where a(z) = (1 — 22)?/2 depends on the point z), and P*(z) = L*, k > 4. Hence, the
system is regular (and obviously L%, «, is a Lie ideal) but L% y, depends on z.
Thus, a core Lie subalgebra of a regular system is not necessarily constant in a neigh-

borhood of the origin.

In the next example we consider a nonregular system whose core Lie subalgebra is a
Lie ideal.
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EXAMPLE 6.9. Consider the system in a neighborhood of the origin

S.UI = U1,
Ty = ug,
:t3 = T1u2,
i34 = ZE%UQ,

. 3 2
Ts = iU + T3T ] US.

‘We have
1 0 0
0 1 0
Xl(.’ﬂ) = 0 5 XQ(iL’) = X1 s [Xl,Xg](x) = 1 5
0 x% 21,
0 3 + x3w? 322 + 2x173
0 0
0 0
[X17 [X17X2]](x) = 0 ’ [X27 [leXQH(x) = 01,
2 0
6x1 + 223 ;v%
0 0
0 0
(X1, [ X0, [ X0, Xo]l(z) = [ O ], [X0, [Xo, [X1, Xo]l](x) = | O |,
0 0
6 211

and [Xg, [X2, [X1, X2]]](z) = 0. At x = 0, we have

Xl(O) = €1, Xl(O) = €2, [X1,X2](0) = €3, [Xl, [Xl,XQH(O) = 2647
(X2, [X1, Xo]](0) =0, [Xq,[X3, [ X3, Xo]]](0) = es.

Hence, the growth vector at the origin equals v° = (2, 3,4,5). However, [Xo, [ X1, X2]]()
= z%e5. Hence, for x1 # 0 the growth vector equals v® = (2,3,5). Thus, the system is
not regular at the origin.

Let us find its core Lie subalgebra L% y,. Since the system is not regular, £% v,
cannot be constant.

If 21 = 0 (including z = 0) then P'(z) = P?(z) = {0}, P3(z) = Lin{[[n2, m],n2]},
P4(I) = Lin{[[[UQ’nl]aUQL’r]l]?[[[772’771]’772]77’2}}7 and Pk(x) = Ekv k > 5. Obviously,
L%, x, 1s a Lie ideal.

If 21 # 0 then P'(z) = P?(z) = P*(x) = {0} and P*(x) = L¥, k > 4. Hence, L% «,
is also a Lie ideal.

Hence, L%, , is a Lie ideal at any point from a neighborhood of the origin. Thus, even
if a core Lie subalgebra is a Lie ideal in a neighborhood, the system can be nonregular.

In the next subsection we show that for homogeneous systems the property of the
core Lie subalgebra Lx, . x, to be a Lie ideal is sufficient for regularity, and moreover
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implies that the core Lie subalgebra is the same for all points from a neighborhood of
the origin.

6.3. Re-expanding the series and regular homogeneous systems. In this subsec-
tion we consider homogeneous systems from the point of view of properties of their core
Lie subalgebras and series £x,,... x,, -

Following Definition we adopt the following definition of a homogeneous system.

DEFINITION 6.10. A (bracket generating) system of the form (2.1)) is called homogeneous
at the origin if ¢(Lx, ... x,,) =0.

As follows from the discussion in Subsection a system is homogeneous at the origin
in the sense of Definition [6.10]iff there exists a nonsingular mapping Q(z) (Q(0) = 0) such
that (Q(€x,,... x,,))k is homogeneous for any k = 1,...,n, ie, (Q(€x,,. . x,.))k € F“F,
k =1,...,n. Suppose the change of variables y = Q(x) is already applied. It follows from
Theorem that for a homogeneous system without loss of generality we may assume

(EXl,...,Xm)k :dk, k': 1,...,n, (613)

where dy, are elements of the dual basis (4.20)). Below we have in mind that a homogeneous
system can be considered in the whole R™ rather than in a neighborhood of the origin.

LEMMA 6.11. Let system (2.1)) be homogeneous at the origin. Then % = can be
found directly, without evaluating nonholonomic derivatives X;, - -+ X;, E(z).

Proof. For brevity, let us denote £ = 5X1 ,,,,, X, and &% = &%y . Suppose {{;}{2; is a
homogeneous basis of L satisfying (6 and ( - Let dj be elements of the dual basis

(4.20). Then (4.21]) holds. Moreover,

(di, 6, £;) =0 ifr>2and j, > k. (6.14)
In fact, if j, > n+1 then ¢, ---¢; € Jx,,.. x,, . Hence, (6.14) holds due to Lemma
If £ < j, < n then (6.11)) implies ord(¢;,) > ord(¢;) = ord(dy). Since r > 2, we get

ord(¢;, - --£;.) > ord(dy), which gives (6.14]).
Now let us apply Lemmal6.2] Without 1oss of generality assume (6.13)) holds. Taking

into account - ., . , and , we get

EZ(0%,u?) = (0" + 6% ut ou?) — £(01,u) = dp(0* + 6% ut ou?) — di (0%, ut)

J k-1
11 di* (6°,u?) H g (0, ut)
d gfh c QB L TR S=L s=1
Z k’ 7‘_7')( 1 k-1 )> Q1!"'q]‘!7'1-"'7"k—1! ’
where the sum is taken over all j > 1,41 < -+ <45, q1,...,¢ =1, m 4+ +rp_1 > 1
such that

J k—1
Zord(&s)qs + Z ord(¢s)rs = ord(fg).
s=1 s=1
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Due to (6.9), d;(6%,u') = &(0',ut) = z;,i =1,...,n, hence

EL(0°u?) = di(0*,0®) + ) ndit H d¥ (0 (6.15)

>, i< <y
q1,---,q; 21

where P,gl"'qjil"'ij (z) are polynomials of the form

q1 ., p9 T . "'kl
P]gl...qjil...ij (Z) _ Z <dk7 (Eil Ezj)(ell 6

H P (6.16)

al-qlr!
and the sum is taken over all r1,...,7,_1 > 0 such that
k—1
ri4+---4+7re_1>1 and Zord(és = ord({) — Zord i )ds- (6.17)
s=1

In particular, if ord(¢;) — 327 _, ord(¢;,)gs < 0 then P,Zl"'qul"'lj (2) = 0. The polynomials
(6.16) can be explicitly found in the following way. Let us consider any element of the
form

= (- 60T)
such that (6.17)) holds, and expand it with respect to the Poincaré-Birkhoff-Witt basis.
Then (di, a) equals the coefficient of ¢ in this expansion.

Finally, notice that 1) holds for all u? € B92, which gives the explicit representa-
tion of the formal power series £,

5}5 =dj + Z P]gl...qjil...ij (Z) d;—llm W L_ud%‘qj, k=1,...,n, (618)

15
21,0 <<y
q1,--,q; 21

where Pgl"'qﬂl'”ij(z) are defined by lj{i n

Below we describe the case when the right hand side of (6.18) includes only the
elements dy,...,dg forany k=1,...,n

LEMMA 6.12. Let system (2.1]) be homogeneous at the origin and Lx, ... x,, be a Lie ideal.
Then the right hand side of (6.18)) includes only shuffle polynomials of dy,...,d (with
coefficients depending on z).

Proof. As before, without loss of generality assume & = di, k = 1,...,n. Due to
Lemma [6.6} the ideal Jx, . is two-sided, hence

(dk,a&b> =0 foranya,beF¢ ifi>n+1.
In particular,
(di, (€ - €)Y (0 - 5)) =0 if iy >n+ 1
Moreover, implies
(i, (6 - 600 - ) =0 if i+ > 1and k <dj <.
Hence, o
Pttty =0 ifi; > k.
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Taking into account (6.16]) and (6.17)), we rewrite (6.18) in the form

E=de+ Y. BMUT(R)dTwwd, k=1,...n, (6.19)
q1t+tqe_1>1

where
- di, (4" G (- 61
Pt (z) = (i (6 55, 27 6.20
» ) Z @l ge—alrl ! H ( )
and the sum is taken over all r1,...,7,_1 > 0 such that
k—1
i +---+r,_1>1 and Zord(ﬁs = ord(¥;) — Zord (6.21)
s=1
Hence, £ equals a shuffle polynomial of di,...,dy. =

The following result was suggested by Igor Zelenko.

THEOREM 6.13. Let system be homogeneous at the origin. This system is reqular
if and only if Lx, .. x,, s a Lie ideal. Moreover, in this case the core Lie subalgebra of
the system is constant, that is, L x = Lx, . x, for anyz € R" (hence, the system
has the same homogeneous approzimation at any point). Moreover, for any z € R™ there
exists a polynomial change of variables (depending on z) that transforms the system to a
homogeneous form at z.

Proof. Due to Lemma if a system is regular then its core Lie subalgebra is a Lie
ideal. Let us prove the converse statement for a homogeneous system.

Consider a homogeneous system of the form and suppose Lx,, .. x,, is a Lie
ideal. Then, due to Lemma we get the representation (6.19)(6.21). Introduce the
polynomial mapping @ : R® — R"™ (depending on the parameter z) of the form ¢ =
(P4,...,P,), where

Dp(r1,. .., xn) = x) + Z ke qus

g1t t+qr—12>1

Obviously, it is of triangular form, namely @5 = ), + (1, ..., z,_1). Therefore, ¢!
is also a nontrivial polynomial mapping. Therefore, the change of variables z = &~1(y)
(depending on z) satisfies (@~1(£7))x = dj, for k = 1,...,n. This means that the system
in the new variables is homogeneous at z and L%,y = Lx,,. x,,,i.e, (L%,  x )=
CZ(‘CX17---1Xm) =0. =

REMARK 6.14. Regular homogeneous systems can be thought of as homogeneous ap-
proximations of regular systems. Notice that the representation is, in essence,
constructed in [6]. It is used there to obtain distance estimates in a neighborhood of a
regular point for the original system and for a homogeneous approximation of the system
[0, Section 7]. We emphasize, however, that algebraic methods allow us to obtain the
precise formula for the polynomial coefficients ﬁ,gl"'q"’l(z).

Recall (see Subsection that L = > ;2 L* denotes a (filtered) Lie algebra of
vector fields generated by the set Xi,..., X;,. As a consequence of Theorem [6.13] we get
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the well-known property of the Lie algebra L for the case of a regular and homogeneous
system.

COROLLARY 6.15. Let system (2.1) be regular and homogeneous at the origin. Then the
Lie algebra of vector fields L generated by the set X1, ..., X, is n-dimensional.

Proof. Suppose elements £, ..., ¢, satisfy (6.10)) and (6.11]). Then, in particular,
(L' @@ LF) =Lin{c(tr),...,c(ly,)}, k=1,...,p,

where p is the degree of nonholonomy and v = (vl, ...,0p) is the growth vector; by the
supposition, they are the same for all z. Introduce the vector fields Y; = ¢(¢;),i =1,...,n
Let us show that Y7,...,Y,, form a basis for L.

It is sufficient to prove that any vector field Y = ¢(f), where £ € L* k > 1, equals a
linear combination of Y7,...,Y,, with constant coefficients.

First, suppose k < p. Since Y (0) = ¢(f) € ¢(L¥), we get

0) =Y a;Y;(0)
i=1

where «; are constants. Denote

Vg Vi
L=10— Z al; € £LF and Y=p{)=Y — Z ;Y.
i=vgp_1+1 i=vp_1+1

Then

Vk—1 Ve—1

AO):Zai i( Zal eEc(Lt @@L,
i=1

that is, v c pk C Lx,.. . x, . Since the system is regular and homogeneous at the
origin, Theorem implies Lx,... x,, ﬁxl, X and, moreover, ¢*(L%, ¢ ) =
*(Lx,,.. x,,) =0, for any z € R". Hence, ¢ (f) =Y (z) =0 for any z € R", i.e.,
vk
P =Y - 3 avi(z)=o.
1=vi_1+1
This means that

vk
Y(z)= Y aYi(z), zeR"
1=vi_1+1

If k > p+ 1 then automatically £ € L%y , and hence ¢*({) = Y (z) = 0, for any
z € R™.

Since L = p(@j-, L), an arbitrary vector field Y (z) € L equals a linear combination
of vector fields Y3(2),...Y,(z) with constant coefficients. In other words, Y7,...,Y, isa
basis for the Lie algebra of vector fields L (over R). Thus, L is n-dimensional. m

7. Time optimality

7.1. Time-optimal controls. In this section we return to general control-linear systems
of the form (2.1)), where the vector fields X, ..., X,,, are real analytic in a neighborhood of
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the origin. Moreover, we assume they satisfy the Rashevsky—Chow condition . Then
there exists a neighborhood U (0) of the origin such that any point from this neighborhood
can be reached from any other point from this neighborhood.

In this subsection we consider the time-optimal control problem for system of
the form

b= wt)Xi(x), wx(0)=s" x(0) =5 ui(t)<lae, tc[0,0, 06— min,
i=1 i=1
(7.1)
where we assume s', s> € U(0) and s' # s2.
Our first observation concerns the character of the optimal control.

THEOREM 7.1. Suppose 0* is the optimal time and u*(t) € B is an optimal control in
the problem (7.1)). Then

Zqu(t) =1 ae, te[0,0"]. (7.2)

Proof. Notice that the existence of the time-optimal control follows from the Filippov
theorem [I5], [16]; however, it is not necessarily unique. Denote by z*(¢) the optimal
trajectory corresponding to the control u*(t).

For any € > 0, consider a reparameterization of the curve z*(¢) of the form

r=vi= [

In other words, 7 = 1(t) is a change of time in (7.1)); it is well defined since )(t) > 0.
With respect to this new time, the optimal trajectory (1) = x*(1)~1(7)) satisfies the
differential equality

m

dz da* dyp~1 UL, .
= T S NN, re )
t=gp= (7 i=1
where
L w ut () |
() = _ . i=1,...,m,
T Z00 o T VSR PO+ b "

2(0) = 2*(0) = s,  Z(Y(0*)) = 2*(0%) = 5%

<1, Te0,9(07)]
t=y=1()

m m *2
e i w; (T
>t = =l
i=1 (VXiZ ui?(t) +¢)
Thus, the control @(7) € B¥(®") steers the origin to the point s in time 1)(6*) via system

(7.1). Hence, the time of movement 1 (6*) is greater than or equal to the optimal time 6*,
that is,
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Y(6) :/ > up(t)dt + 0 > 0%
0 i=1

Since this inequality holds for any € > 0, we get

> u(t)dt > 6"

i=1

Taking into account the constraint u* € B?", we obtain (7.2). w

COROLLARY 7.2. Suppose 0* is the optimal time and u*(t) € B is an optimal control
in the problem (7.1). Denote u(t) = 0*u*(t0*), ¢t € [0,1]. Then

(i) the control u(t) minimizes the “length functional”, i.e., solves the optimal control
problem

i = Zuixi(x), 2(0) =s" z(l) =5 L(u) :/O Zug(t) dt — min, (7.3)

and min f(u) = £(u) = 6*;
(ii) the control u(t) minimizes the “energy functional”, i.e., solves the optimal control
problem

i = Zuixi(x), 2(0)=s" z(l) =5  J(u) :/0 Zuf(t) dt — min, (7.4)

and min J(u) = J(u) = 0*2.

Proof. (i) Let us consider an arbitrary control u(t), t € [0, 1], steering s! to s, and use
the arguments analogous to those applied in the proof of Theorem Considering the
reparameterization

t m
T:’l/J(t):/O > ud(o)do+et, te0,1],
=1

we see that the control
~ w; (T
ui(l ) Z( )

VI u ) +e by

steers s! to s2 in time = (1) via system 1) and satisfies the constraints. Hence,

t=1,...,m,

5=¢(1)=/01 iuf(t)dt—kezf(u)—&—sze*.

Since € > 0 is arbitrary, we have £(u) > 6*.
On the other hand, due to condition (7.2]) we get

At =07 u(t0r) = 07, (7.5)
=1

i=1
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and hence

This means that %(¢) minimizes the length functional and, moreover, min #(u) = 6*.

(ii) The Cauchy—Bunyakovsky inequality gives £(u) < /J(u). Hence, taking into
account (i), we see that if u steers s! to s? then 0* = ((7) < £(u) < \/J(u).

On the other hand, due to , we have /J (@) = 6*. This means that @(¢) minimizes
the energy functional and min J(u) = 6*2. m

Recall that the length functional is closely connected with a concept of sub-Rieman-
nian metrics [6]. Namely, the sub-Riemannian metric is defined as

1 m
p(s',s%) =infl(u), where £(u)= / Zuf(t) dt,
0\ i=1
and infimum is taken over all u;(t) € L2[0, 1] satisfying
i =Y wi(t)Xi(z), x(0)=s" 2(1) =5
i=1

Thus, the solution u(t) of (7.3]), which exists due to Corollary gives p(st, s%) = {(a).
For the sake of completeness, we prove the analogous property for the energy mini-
mization problem.

PROPOSITION 7.3. Suppose a control u(t) minimizes the energy functional, i.e., solves

(7.4). Then
Z u2(t) = const,
i=1

where the constant obviously coincides with min J(u) = J(u). As a consequence,

(i) a(t) minimizes the length functional, i.e., solves (7.3), and min £(u) = (7)) = \/J(q);
(ii) 6* = +/J(1) is the optimal time and w*(t) = (1/0*)u(t/0*) is an optimal control for
the time-optimal control problem (7.1]).

Proof. Let Z(t) be the optimal trajectory corresponding to the control u(t). Consider
any invertible smooth reparameterization 7 = (t) such that (0) = 0, ¥(1) = 1. Then,
analogously to the proof of Theorem the curve (1) = Z(»~1(7)) is a trajectory of
the system from s' to s corresponding to the control

S — u;(t)
i(7) )

, 1=1,...,m.
t=y~1(1)

Then
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By supposition, @(t) minimizes the energy functional. Hence, 1(t) =t is a solution of
the variational problem

1 m @2(
/ dt — min, (0) =0, ¢(1) =1.
Thus, v (t) = t satisfies the Euler equation, i.e.,
m /\2 t
Z u;( ) = const.
i=1 '(/) (t)

Substituting () = ¢, we get Y .-, u?(t) = const. More specifically, we obviously get
YLy up(t) = J(@).

(i) Let us prove that ¥ minimizes the length functional. Assume the converse. Then
there exists a control @(t) such that £(a) < £(u).

Denote £ = £(%) > 0 and consider a reparameterization of the form

(/ Zu d0+5t> oo

where £ > 0. Then t(t) > 0, ¢(0) = 0, and (1) = 1. Set
~ . ﬂi(t)
w05

1=1

S, M

t=y1(7)

/1 3 dT_/ Z“((:) / (t)()+€(l7+s)dt

Then

By supposition, u minimizes the functional J. Also recall that due to the Cauchy—
Bunyakovsky inequality, £(u) < v/J(u). Hence,

t=L(a F VI@) < VP + L.

Passing to the limit as ¢ — 0, we obtain a contradiction. This proves that @ minimizes
the length functional, and min ¢(u) = \/J(4).
(ii) Set

e Lot
0* =4(u) and u (t)_ﬂ*u(ﬂ*)
Since Y"1, uZ(t) = (*(u) = 0%, we get
G 1 & t
*2 _ ~2 —
> i) = gy D7 (9) =

ie., u* € B? . Moreover, u* steers s' to s? in time 6*. Denote by 6 the optimal time
for (7.1). Then 6y < 6*. However, as proved in Corollary 6o = min¢(u). Hence,
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min ¢(u) = 0y < 6* = £(u) = min £(u), which implies that 6* is the optimal time for (7.1)).
Therefore, u* is an optimal control. m

Theorem and Proposition mean that the optimal control problems and
(7.4) are equivalent. Namely, 6* is the optimal time and w*(¢) is an optimal control
for iff 0*u*(t6*) is an optimal control for . It is commonly accepted that the
problem is equivalent to both of them [41], but we could not find a complete and
rigorous proof in the literature. We emphasize that Corollary and Proposition [7.3
give only a one-way implication.

7.2. Weak continuity property of iterated integrals and weak convergence of
optimal controls. Let 7 > 0 be such that the series converges absolutely for
any 0 < # < Ty and any u € BY. Since the origin is an equilibrium of , we have
SX“__,XM(@,B@) C SXl,___,Xm(TO,BTU) if 0 < 6 < Tj. Notice that the accessibility set
Exy.... x,, (To, BT0) is a neighborhood of the origin, due to .

From now on, we consider the time-optimal control problem for system (2.1)) of the
form

b= wit)Xi(x), x(0)=0 2(0)=s Y ui(t)<lae,tc[0,0], 60— min. (7.6)
i=1 i=1
DEFINITION 7.4. Let s € Ex,. . x,, (To, BT). We say that a pair (6%, u?) is a solution of
(7.6) if 6% is the optimal time and uk(t), ¢ € [0,6%], is an optimal control for problem
(7.6)). The set of all optimal controls is denoted by U .

REMARK 7.5. It follows from [36] that 6% is continuous with respect to s.

In this subsection we consider controls as elements of the Hilbert space Lo ([0, 1], R™).
Below we say that a sequence uq) weakly converges to u (in Ly ([0, 1], R™)), written

w
Uq) — U &S q — 00,

if for any f € Lo([0,1],R™),

/0 ;fi(t)u(q)i(t)dt%/o ;fi(t)ui(t)dt.

This is the same as saying that (), 2wy in Ly[0,1] for any i = 1,...,m.
Also, we denote by || - ||z, the norm in L0, 1], i.e., ||v||L, = fol v2(t) dt.

REMARK 7.6. Suppose z(t) € L]0, 1] satisfies the condition |z(¢)] < C a.e. Then, as is
well known, (A(v))(t) = fot z(T)v(7)dr : L2]0,1] — L30, 1] is a compact linear operator.
This implies the following property: If a sequence v,y € L0, 1] is weakly convergent,
v(g) — v, then the sequence A(v(,)) strongly converges to A(v) in L»[0,1], i.e.,
2

dt -0 asq— oo.

—U2:1tZTUT—UTT
|A@) — AW)[3, // (r) (v () — (7)) d
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LEMMA 7.7. Let ug) 2 wu. Then Niy.oiy (5 U(q)) = Niy.oi (5 u) in Lo[0,1] for all k > 1
and all 1 <iy,...,i < m, i.e.,

1
2
||77i1-~-ik('7u(q)) = Ny (5 u)”%z = /0 |77i1~--ik (t,U(q)) = iy (t, u)‘ dt =0 asq— oo.

Proof. We argue by induction on k. For k = 1, the proof follows from Remark|[7.6} Suppose
j > 1 and the statement of the lemma holds for all ¥ < j. Fix any 1 < 4q,...,¢j41 <m
and denote

Z(q) (t) = Mig...ijqa (t7 u(q))= Z<t) = Nig...iji1 (t7 u)

Then the induction supposition implies that z(,) — 2, i.e.,

1
) — 212, = / o) (8) — 2O dt =0 as g — oo.

Notice that |z(t)| < C a.e. In fact,

()] < / / / 1y (72) [t (73)] - [t 2 (730 g -y i

Jj+1 Jj+1

< H(/ . (7 |d7> < [ el = €

Hence,

t t
Miyciign (& U(g)) = Wiy (B 0) Z/O U(qyiy (T1)2(q) (T1) AT —/0 g, (11)2(m1) dmy
t

:/ “(q)il(ﬁ)(z(q)(ﬁ)*Z(Tl))dTlJr/(U(q)il(ﬁ)*Un(ﬁ))z(ﬁ)dﬁ (7.7)
0 0

Then Remark implies that the second term (strongly) converges to zero. Let us
estimate the first term:

/

2

/0 U(q)iy (71)(z(q) (1) — Z(Tl)) dr| dt

1 1 1
g// |u(q>i1(71)|2dﬁ/ 20y (72) — 2(r2)? dr
0 0 0

2 2 2
= llu(gi 2. 12(0) = 2112, < Cllzg) — 2llz, = 0,

due to the induction supposition and the fact that the weakly convergent sequence w4y,

is bounded. Thus, 7;,...4,,, (-, U(q)) — Mi,...i;4, (-, u) strongly converges to zero. m

COROLLARY 7.8. Any functional n;, i, (1,u) : L2([0,1],R™) — R is weakly continuous,
i.e., if u(g) X w then Niy i (L, U(q)) = Wiy, (1, u) as ¢ — oo.
Proof. For k = 1 the statement is clear. Suppose k > 2. Analogously to (7.7]), we get
1 1
(L) = (L) = [ w0z () dn = [ (m)etn) dn

1

= / (gyir (1) (2(g) (1) — 2(11)) dr1 + / (uqyir (11) — i, (1)) 2(m1) dr,
0 0
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where z(g)(t) = 0.0, (£, u(g)) and 2(t) = 1i,..5, (t,u). The second term tends to zero
since (g, % u;,, and the first term tends to zero since U(g)i, 18 bounded and z(4) — 2
strongly converges to zero due to Lemma[7.7] m

Below we use Notation In particular, for any # > 0 and any u(t) € B? we
denote u?(t) = u(td) € B!, as well as for any § > 0 and any u(t) € B' we denote
u/?(t) = u(t/0) € BY.

COROLLARY 7.9. For system (2.1), set
Sk(e,u) = Z Ciy..ipyMiv . ip (H,u), k Z 1. (78)

1<iy, . ig<m

Suppose 0, — O, where Oy < T, 0, < Ty, and ug) € BY%, ug € B% are such that

u?;’) (t) 5 ulo(t) as ¢ — oo. Then for any N >0,

Z Ek(Hq,u(q))—> Z E¥(B,u0)  as q¢ — oo.
k=N+1 k=N-+1

Proof. Recall that |c;, ;.|| < k!C1C¥ for some C1,Cy > 0 such that mCyTy < 1 (see
Remark [2.5). Hence, if u € BY then ||EF(6,u)| < C1(mC20)F < Cy(mCoTp)F.

Now, for any € > 0 let us find » > N such that m(mCQTO)TJrl < le. Then

- 1
Z [EICEN < for any 0 < 0 < Ty, u € B,
k=r+1

Using the supposition of this corollary and Corollary forany k= N+1,...,7 we get
EX (0, 1)) — EF (B0, 10) = OXER(1,u)) — 05X (1, uf?)
=0k (M1, u o) = EF(Lug®)) + (0 — 06)EF(1,ug’) = 0 as g = oo.

Hence, there exists gg such that

T

1
Z HEk(Hq,u(q)) — (8o, u)|| < € for all ¢ > qo.

k=N+1
As a result,
H Z £ (B, 1) — Z £ (8o, uo) H
k=N+1 k=N+1
< Z 1€ (84, u(q)) — E¥ (B0, uo) || + Z 1€ Ogs ui) + D 1€ (B0, o) < &
k=N+1 k=r+1 k=r+1

for all ¢ > qg, which completes the proof. m
LEMMA 7.10. Suppose u(y) — u as ¢ — oo, and u(g) € B'. Then u € B.

Proof. The lemma states that the unit ball of L [0, 1] is a weakly closed subset of Lo[0, 1].
For the sake of completeness, we prove this fact.
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Suppose this is not true. Then there exists E C [0,1] such that u(E) > 0 and
S u(t) > 1,t € E. Set v(t) = u(t) if t € E and v(t) = 0 otherwise. Then

1 m m
/ Zui(t)u(q)i(t)dtz / Zvi(t)U(q)Z t) dt — sz ui(t) dt = / > ui(t)dt
Ei=1 0 =1 i=1 Ei=1

On the other hand,

]Z i (t)u(q)i(t)‘ < Z 2 Z w2 (1) < (| S ud)
i=1 i=1

and hence
u?tdtg/ u2(t)dt
/EZ ar< [ |3 w0

However, by supposition, Y .=, uZ(t) > 1, hence Y i~ u?(t) > /> i, uZ(t), t € E. Since
w(E) > 0, we get

- 2 - 2
/E;ui(t)dt>/E ;ui(t)dt

This contradiction proves the lemma. =

LEMMA 7.11. Let s € Exy, Xom (93(4),B05(q>) be such that S(q) — S as ¢ — 09, where
0 <5, <Toandbs, — 6. Then s € EX“__?XM(@O,BGO), i.e., s can be achieved from
the origin in time 8y by a control from B%.

Moreover, assume s,y = Ele__me(Hs(q),us(q)). Then s = Ex,.... x,, (0o, ug 1/6 %), where
uo(t) s an arbitrary weak partial limit of the sequence us, (t0s,,)-

Proof. Denote vy(t) = us, (105, ), t € [0,1]. Then v, € B!, and hence v, are elements
of the unit ball of the space Ly([0,1]; R™). Since the unit ball of Ly ([0, 1];R™) is weakly
compact, the set of partial weak limits of the sequence v, is nonempty. Let vy be an
arbitrary partial weak limit of v, i.e., vq, 2 v as r — o0o. Due to Lemma vo € B

By assumption, s(g) = €x,,....x,, (05, Us.,) and 05, — 0o as ¢ — oo. Hence, due to
Corollary

1
gXl,...,Xm(OS(q ,)7u5(q ,)) — gXl ,,,,, Xm(o()’vo

S(a)

/90) as r — oo. (7.9)

By assumption, s,y — s. Hence,

1/6
S(qr) = th -Xm(ewq)’uS@ J _>5Xi77XﬁX90’ /(W =

that is, the control 00/60( t) € B% steers the origin to s in time 6. =
COROLLARY 7.12. The set Ex, ... x,, (1o, BT0) s closed.
Proof. Apply Lemma with 05, =Tp. m

Now, let us return to the time-optimal control problem (7.6]). Recall that we denote
by (6%, u¥) a solution of problem (7.6), i.e., #* is the optimal time and u* € B% is an
optimal control steering the origin to s.
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COROLLARY 7.13. Suppose s(q) = 5X1,..‘,Xm<05(q),US(q)); where 0 < 05, < Ty and s,

is in B*@ . Assume S(q) = s# 0 and 05, — 07 as ¢ — oo (where 07 is the optimal time
for (7.6)). Let v(t) be a partial weak limit of the sequence us, (t0s,), t € [0,1]. Then
v/ € Ug, ie., v1/0: (t) =v(t/0%), t €]0,0%], is an optimal control for 1)

Proof. Applying Lemma with 6y = 6%, we get s = Ex,.. x,, (0:703/9:‘), i.e., the
control vé/es (t) € B steers the origin to s in time #*. Since 6% is the optimal time,
v(l)/ % (t) is an optimal control. m

COROLLARY 7.14. Assume that, in addition to the suppositions of Corollary[T.13] problem
(7.6) has a unique solution (0%, uk). Then

Us(q) (ws(q)) = uy(t6;). (7.10)
Finally, we apply Theorem

COROLLARY 7.15. Assume that, in addition to the suppositions of Corollary([7.13], problem
(7.6) has a unique solution (6%,uk). Then componentwise

1
/ [Usy; (t0s,)) — usg; (t05)[dt =0, i=1,...,m, asq— oo. (7.11)
0

Proof. Since the optimal control u} satisfies (7.2), uZ(t6%) belongs to the unit sphere of
the Hilbert space L ([0, 1]; R™), while the sequence us, (t05, ) belongs to the unit ball of
L2([0,1]; R™). Hence, the weak convergence of this sequence implies strong convergence.
This means that

s, (t0s.,,) = ug(tds) in La([0, 1;R™),

i.e.,

1 m
/ Z |u5(q)i(t05(q)) - UZZ(tG:)F dt -0 asq— oo,
0 =1

which implies (7.11)). =

7.3. Approximation in the sense of time optimality. In nonlinear approximation
theory, different approximation concepts may be adopted. One possible approach leads to
the homogeneous approximation discussed above, which is connected with the properties
of the endpoint map Ex, . x,, (see Definition . In this section we introduce the
concept of approximation in the sense of time optimality, following the ideas of [49] [51].

DEFINITION 7.16. Consider the time-optimal control problems:

i = Zui(t))?i(m), 2(0) =0, 2(0) = s, Zuf(t) <1, 6 — min, (7.12)
i = Zui(t)Xi(CL'), 2(0) =0, z(0) = s, Zuf(t) <1, 6 - min, (7.13)

where the vector fields X (z), ..., Xm(z) and X;(z),...,Xm(z) are real analytic in
a neighborhood of the origin. Suppose there exists an open domain 2 C R™ \ {0},
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0 € £2, such that problem has a unique solution (é\:, uk) for any s € (2. Denote by
{(0z,u}) : uz € U} the set of solutions of (7.13).

We say that the time-optimal control problem approrimates the time-optimal
control problem (in the domain {?2) if there exists a nonsingular transformation @
of a neighborhood of the origin of R™, ¢(0) = 0, such that

Op0)/0: =1 ass—0, (7.14)
and

1 0
5/ [Ws(t) — (D] dt 0, i=1,...,m, ass—0, (7.15)
0

for s € 2 and any ug ) € Ug,), where 0 = min{@\;, 93(5)}'

In other words, after a certain change of variables in system , the optimal times
and optimal controls of problems and become asymptotically equivalent as
functions of the end point.

Our nearest goal is to prove that if system is a homogeneous approximation
of then the time-optimal control problem for approximates the time-optimal
control problem for .

The main result of this section is the following approximation theorem; its proof
complements [38], [48], [49] and [51]. (The above-mentioned papers deal with the steering
problem for affine control systems with one-dimensional control, so the results obtained
there are slightly different. In particular, for affine systems the analogue of Theorem [7.]]
does not hold.)

THEOREM 7.17. Let a system
2:ZuiZ,-(z), z€R™ uy,...,um €R, (7.16)
i=1

be a homogeneous approximation for (2.1). Suppose that there exists an open domain
2 C R™\ {0} such that 2 C Ex,... x,,(To, BT), 0 € 2, and for any s € 2 the solution
(0%,u%) of the time-optimal control problem

m

Z= Zuz(t)Zl(z), 2(0) =0, 2(0) = s, Zuf(t) <1ae, 06— min, (7.17)

i=1
is unique. Then there exists a set of embedded domains £2(5), 6 > 0, such that £2(51) C
2(62) if 61 > 62 > 0 and 2 = Uy £2(9), in each of which the time-optimal control
problem (7.17)) approzimates the time-optimal control problem (|7.6)).

Proof. Denote by (6%,7*) the solution of (7.17), and by {(6%,u?) : u* € U’} the set of
solutions of ([7.6]).

Suppose system ([7.16]) is written in privileged coordinates and wy < --- < w, are
weights of the coordinates. Let H. denote the dilation H.(y) = (¢**y1,...,€“"y,). Then,
due to homogeneity,

Oy oy = 05, Ty, (te) = WD), £ € [0,07). (7.18)
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Hence, if some properties concerning the optimal time and control for problem
(such as existence, uniqueness, etc.) are satisfied in some domain 2, then they are also
true in any domain H.(§2), € > 0. Thus, without loss of generality we assume that the
domain {2 satisfies the condition

if yef2 then H.(y) e forany0<e<1.
Introduce the pseudonorm |||y||| = max;<j<,{|y;|'/*’} in R™ and denote
Ve={yeR": |l <a}, a>o0.
Notice that

H (V) =V g a>0. (7.19)
Set
w@)={yeav':y+V°c 2}, 20)= |J H(w(d)), forany0<s<1/2
0<e<1
and set 2(0) = 2(1/2) for § > 1/2. Then 2(61) C 2(52) if 61 > d > 0 and PNV =
Usso £209).

Suppose system ([2.1]) is also written in privileged coordinates. Fix any 0 < § < 1/2
and prove that (7.17) approximates ([7.6) in £2(5). Without loss of generality, we assume
Exyyxm)i =Pi+pi, (Ez,.2.);=PF;, j=1,...,n,

where P; = P;(6,u) contains terms of order w;, and p; contains terms of order greater
than w;. Moreover, for any 0 < 6 < T, and any u € BY,

lpj(0,u)] < CLC37 ot =1, n, (7.20)

for some Cy,Cs > 0.
Set
C=2sup{f;:yc V' N} >0

Below, choose 0 < ¢ < min{1,Ty/C}. Then, due to (7.18)—(7.19), we have

Sup{é\; Yy eVENN} < Ce/2 <Ty. (7.21)
Fix any s € 2(6) N 9V*. Hence,
H'(s) ew(d), ie, HI'(s)eV'and HZ'(s)+V° C 0. (7.22)

Following [51], consider the operator G4(y) : £2(§) — R™ defined as
Gs(y) = s — p(by, uy).
Let us prove that, for sufficiently small e, this operator has a fixed point in the set
M =s+ V%,

First, we prove that G,(y) maps M to itself.

Choose any y € M. Then y = s + 3, where § € V. Hence, |g;| < (de)% < %7, and
therefore |y;| < |s;| + &% < 2e%i < (22)¥3, ie., y € V.

Since HZ'(y) € V°, we have H:'(y) = H-'(s) + H:'(y) € HZ'(s) + V°. Hence,
(7.22) implies H'(y) € £2, and therefore y € (2.
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Thus,
M=s+V®cv*nn.

Then there exists a unique solution (5;, uy ) of problem 1) Hence, the operator G is
defined at any y € M.

Analogously to 1} we have 5* < Ce < Ty. Hence, 1} implies
11065, ;)||| = R {Ip; (O, @)/} < CoCe max {(C1CaCe) ™} < 6e (7.23)

if € is sufficiently small, namely if

O0<e<

1 , 5\
—01020121&{(020> }

Gs(y) =s—p(0, W) € s+ V5 =M

0 <e<ep=mi 1TO L 0"
£ S0 T ML G G a0 1958 \ G0

then for any fixed point s € £2(0) NOV® the operator G maps the set M to itself. Notice
that M is convex and closed (and 0 ¢ M).
Now, we prove that G, is continuous in M. Suppose a sequence {y(q)}§i1 Cc M is

convergent Yg — YA g0 (then y € M and y 75 0). Due to Remark we

In this case,

Thus, if

have 9;( , = 19* Hence, Corollary 7.14 implies uy ) u- Thus, Corollary 7.9 yields
p(ﬁym, y(q)) (0* uy ), which means that G is contlnuoub
As a result, the continuous operator GG, maps the convex and closed set M C R™ to
itself. Hence, due to the Fixed Point Theorem, G has a fixed point in M. Let us denote
it by s!, i.e., G4(s') = s'. Since s € OV, we get € = |||s||| and M C V2. Hence, if s — 0
then € — 0, and therefore s! — 0.
For the point s, we have s! = G4(s') = s — p(égl,a;). Hence,

s=3s +p(9§1,u 1).
¥ ). Thus,
szp(é\:l,a*1)+p(981,u 1)

However, s! = P(6*

s

This means that the control u¥, € Bt steers the origin to the point s in time 0*1 with
respect to system Hence o *, is greater than or equal to the optimal time, i.e.,
0r < @\:1 Since s € M C V%, we get the estimate

0* <60 < Ce. (7.24)

Moreover, consider the point s = s — p(8%,u*). Then
s ="+ p(07,u}) = P(0;,u;) + p(03,u3),

what implies s = P(0%,u?). Hence, the control u* € B% steers the origin to the point s°
in time 0* With rebpect to bystem , which gives the estimate 5;‘0 < 0%. In addition,

using (7.20), (7.23), and (7.21), we get [|p(0,u?)||| < de. Hence, s° € s + V% = M.
Thercforc, if s — O then s — 0.
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Thus, for any sufficiently small € > 0 and any s € £2(0) N9V we get the inequalities
0% < 6% <6, (7.25)
where s°,s! — 0 as s — 0.

Now consider any sequence {s(,}o; C £2(0) such that s — 0. Set g, = |[|s(¢)]ll

— 0. For each point s(g), find the points S?q) and s%q) as it is explained above. Then

q)>

*

S(q) = S%q) + p(az%q)va:%q))v S(q) = s((Jq) + P(ez(q), s(q>)‘
Consider the sequences
~ - 1 1 —1/.1 ~0 —1/.0
S = He (s) €0V, 3y = He(s(g), 3y = He,' (5g))-
Due to (7.20), we get
(sty = 5(a))il < C1(C2Ceg)™ ™, [(s0y) — 595 < C1(CaCg)™ ™,
and therefore there exists C’ > 0 such that
3lg) = 3)il £ C'eqs 1By — 8(g))sl < C'eq. (7.26)
Since OV is a compact set, there exists a subsequence S(g,) such that 5, y — s € ov'!
as r — 0o. Then 6f) implies s s( s sand s s( o s. Due to Remarkﬁ this yields

0* = 9* /‘SQT — 037 i1 = 0* )/qu — Qg, 9;0 = 0* )/€qr — 93

S(ar) S(ar) Siar) Slar (ar) (ar

Hence,

A* A*
<q )/QSm) -1, 98‘(’47,)/9%7» -1

Then (|7.25) yields

O )/95< S
Since any subsequence of s(,) has a subsequence satisfying this relation, we finally get
05, )/95( ) as s — 0,  s(q) € £2(9), (7.27)
which coincides with (7.14) (for ® s) =3).
Now let us prove ([7.15]). Recall that, due to homogeneity,
~0 _ * * * _* * %
Stan) = P05, U5y ) 50y = Osiey /0 s, () =05, (teg,),
S(ar) = P05, U5,y ) O3, =05, /00 Us,,, () =g, (teq,),
for t € (0,07 ] Recall that 30, ) — 5, 6% — 87 and 5,,) — 3, 62— 6. Hence,
Corollary [7.15| implies that
/ us,. (05, ) — Uk (t02)| dt — 0, / s, (05 ) — Uz (t63)[dt — 0. (7.28)

Therefore,

1 1
* * Sk
/0 u5<q7.>i(t95<qr>) u'SYqT)Z S( ) ’dt /0

Since any subsequence of s(,) has a subsequence satisfying this relation, we get

wl o (t0r a8 )|dt—o.

S(qp)t S(qT))_ 8(ar) i\ 8(ap)

/|u$<q)lt9* —ur t9* |dt%0 i=1,...,m, asq— 00,

S(a) S(q )z S(q)
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which can be rewritten as

1%
o / ( )‘u:(q)i(t)— Ug i (tpg)|dt — 0, i=1,...,m, asq— oo, (7.29)

S(a)

where p1y = s<)/es<)
It remains to prove that

9/ |us(q)1 tg) — s( )z t)|dt -0, where 6, _rmn{(t()7 s(q)}

Write §q =0,/¢q. Then ,uqeq < é\:(q)/sq = é\%(q)- Introduce the sequences

5/ N ook ~n N
S(q) = P(Qq,ug(q)), Sg) = P(quqau‘s”(q>)~
Then
|5 = 3w)sl < C1l(62)" = (05,)" |, 1{G) = S@)s| < CF[(1ab0)™ = (65,)" |
Due to 1) 5(]7‘ — §§ and /,Lqrgqr — 5; Since s(,4,) — 5 and (?;w — 5;, we have

~/ ~ o~ ~
S(QT) — S, S(qr) — S, as r — oQ.

1
J
which gives

1 1
/0 a5, (#0,) (b, B0, dt = / @5, (t00,) — T, (tiiq,00,)| dt = 0.

Since any subsequence of s(,) has a subsequence satisfying this relation, we get

Hence, Corollary implies

/

@i (t0,,) — k(%)

S(ar)?

ag(qy,)’i(tuq-r'eqr') - a%’b (teg)

dt — 0,

1
/0 |a;q)i(tuq9q) Uy, i(t0q )| dt =0, i=1,...,m, asq— oo.
Rewriting, we obtain
% / |us<q)l tig) ﬂ:(q)i(t)’ dt—0, i=1,...,m, asq— oc. (7.30)
Combining (|7 and (|7.30) m, we finally get
eq
0*/0 |u:(q>i( s( )1 |dt—>0 1=1,...,m, as S(q) — 0, S(q) € 9(5),

which coincides with (7.15) (for &(s) = s). =

REMARK 7.18. The asymptotic relation for a system and its homogeneous approx-
imation was obtained in [6]; this relation means that the sub-Riemannian distances to
the origin defined by a system and by its homogeneous approximation are asymptotically
equivalent. However, our definition of the approximation in the sense of time optimality
also includes the asymptotic relation concerning optimal controls , which was not
considered in [6].
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REMARK 7.19. Also notice that Theorem allows us to give a partial answer to the
question analogous to the open problem of [52]. Namely, in the case of the time-optimal
control problem for a control-affine system of the form , the following condition
is important for the approximation theorem analogous to Theorem For the set
K = {ﬂ:(té\;‘) :s € 2,t €[0,1]} considered as a set in L]0, 1], the weak convergence
of a sequence of elements from K implies the strong convergence. The open question is
whether this condition follows from the other conditions of the theorem [52]. For the
case of control-linear systems, Theorem implies that the set K is contained in the
unit sphere of the Hilbert space Lo([0, 1]; R™), therefore it satisfies the above-mentioned
condition.

8. Conclusion

In this paper we give a self-contained survey of the main ideas and techniques of the
approach that is based on applying free algebras to the study of nonlinear control systems.
Namely, a class of control-linear systems with m controls satisfying the Rashevsky—-Chow
condition is considered. The appropriate algebraic object is an m-generated free Lie
algebra £ with a natural grading and the corresponding m-generated free associative
algebra F. A control system can be replaced by a formal power series of elements of F
with constant coefficients from R”, which corresponds to a series representation of the
endpoint map Ex, ... x,, for the initial system.

In this way the analysis of properties of a control system is reduced to the study
of corresponding properties of some structures in the free algebra. More specifically,
the coefficients of the series define the so-called core Lie subalgebra Lx, .. x, , which

is responsible for the homogeneous approximation of the system; an equivalent role is
played by the left ideal Jx,,.. x,,-

This leads to an algebraic definition of a homogeneous approximation; in particular,
this shows that the homogeneous approximation is unique (up to a polynomial change of
coordinates). Moreover, any graded Lie subalgebra of £ of codimension n is a core Lie
subalgebra for some system, which gives a complete classification of all possible homoge-
neous approximations.

The algebraic technique allows us to find the homogeneous approximation and an
approximating system explicitly, by use of an “elementary” operation of orthogonal pro-
jection in F, without finding any special (privileged) coordinates; on the other hand, all
privileged coordinates are effectively described.

We also give an algebraic characteristic of systems that are regular and homogeneous
at the origin. For such systems, we give an explicit formula that expresses a series represen-
tation of the endpoint map €%,y from an arbitrary point z via a series representation
of the endpoint map €x, ... x,, from the origin.

Finally, we show that the homogeneous approximation of a system of a given class is
closely related to the approximation in the sense of time optimality.
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