1. Introduction

Stability and sensitivity of optimization problems are understood here, respectively, as
local Lipschitz continuity and differentiability of solutions of such problems with respect
to parameters. Due to the presence of inequality type constraints, optimization problems
are nonsmooth even for arbitrarily smooth data. That is the reason why there are funda-
mental difficulties in application of the classical implicit function theorem in sensitivity
analysis.

The systematic studies of stability and sensitivity of solutions to optimization prob-
lems were initiated in mid-seventies with two important papers by S. M. Robinson [43] and
A. V. Fiacco [18], which concerned parametric mathematical programs in finite dimen-
sions. A fundamental break-through was made in the paper “Strongly regular generalized
equations” by S. M. Robinson [44], in which the author developed an implicit function
theorem for generalized equations (inclusions). The theorem is formulated and proved in
Banach spaces and it provides an adequate mathematical tool for studying stability for
a broad class of parametric optimization problems. In mid-nineties an important gen-
eralization of Robinson’s theorem was developed by A. L. Dontchev [10], who extended
the original result to nonlinear topological spaces. The original application of Robinson
himself, as well as of some other authors, concerned mathematical programs in finite
dimensions. However, cone-constrained optimization problems in abstract Banach spaces
(see, e.g., [6, 8, 33, 34, 49]), as well as semi-infinite programs [5, 28, 29] and optimal
control problems [1, 2, 13, 15, 33, 34, 35] were also investigated. For more references cf.
the bibliography in [7, 8].

The approach based on Robinson’s implicit function theorem does not provide any
information on differentiability of solutions with respect to parameters. In sensitivity
analysis, the first investigations concerned again finite-dimensional mathematical pro-
grams. In [43] and [18], the classical implicit function theorem was used, which required,
among other things, the assumption of strict complementarity. Later, this last assumption
was dropped and conditions of directional [25, 26] and Bouligand [44, 48] differentiability
were obtained.

In infinite-dimensional optimization problems, the concept of polyhedric sets was in-
troduced and applied to get directional differentiability of solutions to problems with
linear constraints [21, 41]. For applications to optimal control cf. [34, 50, 51].

Robinson further developed his implicit function theorem in [46], where the concept of
strong approzimation was introduced and exploited. In particular, the theorem allows in-
vestigating Bouligand differentiability of solutions to constrained optimization problems.
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Important extensions of this theorem are due to A. L. Dontchev [9], who, among other
things, proved that various types of differentiability of solutions to nonlinear optimiza-
tion problems are equivalent to the same type of differentiability of solutions to linear-
quadratic accessory problems. Actually, the theorems due to Robinson and Dontchev
allow reducing stability and sensitivity analysis for nonlinear parametric problems to the
same analysis for linear-quadratic accessory problems subject to additive perturbations.
These last problems are usually much easier to investigate than the original ones.

In parametric optimal control Robinson’s theorem was first applied by Ito and Kunisch
[25]. Further development can be found in [33, 13, 35, 15, 14]. In [15] the most refined
sufficient conditions of Lipschitz stability for control constrained optimal control problems
were derived.

The above approach allows one to obtain sufficient conditions of stability and sensi-
tivity, but it does not provide any information on how close these conditions are to being
necessary. Recent results show that for mathematical programs [17, 12] and control con-
strained optimal control problems [16], sufficient optimality conditions are also necessary,
provided that the dependence of data on the parameter is sufficiently strong. Thus, we
get a full characterization of stability and sensitivity properties.

The purpose of this paper is to present systematically the stability and sensitivity
analysis for nonlinear optimal control problems subject to mixed control-state constraints.
For this class of problems the analysis is more or less complete. The presented sufficient
conditions of Lipschitz stability are mostly based on material known in the literature.
The main elements of novelty concern differentiability of the solutions and necessary
conditions of stability and sensitivity.

The organization of the paper is the following. In Sections 2 and 3 the problem is
stated and the basic assumptions are introduced. The abstract theorems which are the
main mathematical tools of the further analysis are recalled in Section 4. Sections 5 and 6
are devoted to stability and sensitivity analysis for the accessory linear-quadratic problem.
The basic stability and sensitivity results for the original nonlinear problem are derived
in Sections 7 and 8. In Section 9 the necessity of the assumptions applied is discussed.
The principal result is stated in Section 10, where also some concluding remarks and
open questions are formulated. The main sections end with short bibliographical notes.

We use the following notations: Capital letters XY, Z, ..., sometimes with super-
scripts, denote Banach or Hilbert spaces. The norms are denoted by || - || with a subscript
referring to the space.

By (x0) :={z € X | |2 — x0l|x < o}

is the closed ball in X of radius o, centered at xg. Asterisks denote dual spaces, as well
as dual operators. (y,x), with x € X and y € X*, is the duality pairing between X and
X*. The inner product in a Hilbert space X is denoted by (-,-)x.

For f : X xY — Z let D,f(z,y),Dyf(z,y),D2,f(2,y),... denote the respective
Fréchet derivatives in the corresponding arguments.

R™ is the n-dimensional Euclidean space with inner product (z,y) and norm |z| =
(x, x>1/2. A superscript i denotes the ith component of a vector or the ith row of a matrix,
while a superscript ij refers to the appropriate element of a matrix. Transposition is
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denoted by .
For a given subset I C R, L*(I;R™) is the Banach space of measurable functions
f: I — R™ supplied with the norm

i, = { O o ),
* " lesssup, |f(t)| for s = oo.

WLs(I;R™) denotes the Sobolev space of functions f absolutely continuous on I with
the norm

1l = { 1FOF + 715 for s € [1,00),

max{|f(0)], [|fll} for s = cc.
¢, k and [ denote generic constants, not necessarily the same in different places.

2. Problem formulation and constraint qualifications

Let us introduce the space H = R" x L*°(0, 1;R") of parameters. Let G C R" be an open
bounded set of feasible values of parameters and let
G={he H|h0) € Gand h(t) € G for a.a. t € [0,1]}
denote the open set of feasible parameters. Consider the family of the following optimal
control problems depending on h € G:
(O)n Find (xp,up) € X such that

1
(1) Flan,un, h) = min{ F(,u,h) = {o(a(t), u(t), h(t)) dt + ((0),2(1), h(0)) }

0
subject to
(2.2) 2(t) — f(x(t),u(t),h(t)) =0 for a.a.te€[0,1],
(2.3) £((0),z(1), h(0)) =0,
(2.4) O(x(t),u(t),h(t)) <0 for a.a.te0,1],

where X* = WH5(0,1;R") x L*(0,1;R™), s € [1, 0],
P R"XR"xR" >R, ¢:R"xR"xR"— R,
R XR™"xR"—=R" ¢:R"xR"xR" — R",
0:R" xR™ xR" — R.
The following standing assumptions are supposed to be satisfied throughout the paper.
I There exist open sets R™ C R™ and R™ C R™ such that the functions ¢(-,-,-),
fl, -, 0(,-,-) and ¥(-, -, ), &(-,-, ), are twice Fréchet differentiable in (z,u) on
R™ x R™ x G and on R™ x R™ x G, respectively. All these functions, together
with their first derivatives in (x,u), are Fréchet differentiable in h. All first and
second order derivatives are uniformly Lipschitz continuous in (x,u, h).

(IT)  For a given reference value hy € G of the parameter there exists a reference solution
(o, u0) 1= (Thy, Un,) Of (O)p, and (zo(t),ue(t)) € R™ x R™ for a.a. t € [0, 1].
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To simplify notation, we will denote by subscript “0” the functions evaluated at the
reference point, e.g., wo = (o, uo, ho), Yo = P(x0(0),zo(1), ho(0)). Moreover, we
define

A(t) = Do f(wo(t), uo(t), ho(t)),  B(t) = Duf(xo(t), uo(t), ho(t)),
(2.5) Z0 = Dy(0)§(20(0), 20(1), ho(0)), =1 = Dy1)§(20(0),20(1), ho(0)),
T'(t) = Dz6(2o(t), uo(t), ho(1)), O(t) = Dub(o(t), uo(t), ho(t)).
Our last standing assumption is:
(IIT)  rank[=y + =1¢(1)] = n,
where @ is the fundamental matrix solution of § — Ay = 0:
(2.6) B(t) — At)P(t) =0, &(0) = 1.

We will need some constraint qualifications. To this end, let us denote by I = {1,...,{}
the set of the indices of inequality constraints and for o > 0 and ¢ € [0, 1], introduce the
subsets of a-active constraints:

(2.7) I.(t) ={i € T|0j(t) > —a}, 14(t) = card I,(t).
Define the functions

(2.8) 6" (t) = min{0}(t) + «,0},

as well as the [ x [ and I x (m + [)-matrices

(2.9) T, (t) = diag 0" (t), Va(t) = [O(t), Ta(t)].
We assume

(A1)  (Linear Independence) There exist constants a, § > 0 such that
(2.10) Vo (t)Va(t)*n| > Bln|  for all n € R" and a.a. t € [0, 1].

(A2)  (Controllability) There exists o > 0 such that, for each e € R"™, there exist
v e L>®0,1;R™), ¥ € L>=(0,1;R!)) and y € WH>°(0,1;R™) which satisfy the
following equations:

(2.11) y—Ay— Bv =0,
(2.12) Zoy(0) + Z1y(1) =,
(2.13) Ty + Ov + Tyt = 0.

Clearly, if (2.10) is satisfied for an @ > 0, then it is also satisfied for any « € [0,a].
Define

Ou(t) = [DubiWicroys  Talt) = Db (®icr. 1)
T.(t) = [diag 0, (Dicry, A = ' (O]icr. @)

The following lemma relates condition (A1) to the usual constraint qualification in the

(2.14)

form of linear independence of gradients of active constraints.
LEMMA 2.1. Condition (A1) holds if and only if there exist constants @, B > 0 such that
(2.15) Ox(t) 71| > Bl for all fi € R® and a.a. t € [0,1],
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i.e., pointwise, the gradients of Q-active constraints are linearly independent, uniformly
on [0,1].

Proof. Suppose that (2.15) holds. Since by (2.8),

; <a forieI4t),
(2.16) 16o(2)] { >a forid I4(t),

in view of (2.9), we have
6(t), Ta(®)]"u| > min{B3,a}|u| for all u € R,

i.e., (2.10) is satisfied with 3 = (min{3,a})
Suppose now that (2.10) holds. Choose @ = v/3/2 and put u* = 0 for i & I5(t). In
view of (2.16) we obtain

16a ()il = 1[@a(t), Ta(®)]*Al - |Ta(t)* Al = V/BIAl - Iu\ f

i.e., (2.15) holds with 3 = v/3/2. m

It will be convenient to express the controllability condition (A2) in an equivalent
form.

LEMMA 2.2. If (A1) holds, then (A2) is equivalent to the condition that for any e € R™
there exists a solution (y,¢) € WH*°(0,1;R™) x L>(0,1;R™*!) of the equation

(2.17) J—Aay —BaC =0, Zoy(0) + Z1y(1) =e,

where

(2.18) Ao =A— B, O\VI(VoVH)TY, B, =B, 0|(I - VXV, V) V,).
Proof. In view of (A1) any solution (v, %) of (2.13) can be expressed in the form
(219) KRR R AR A1

where ¢ € R™*! is arbitrary. Substituting (2.19) into (2.11) we obtain (2.17). m

Define the spaces
Z* =Wh(0,1;R") x L*(0,1;R™) x L*(0,1; RY),
Y® = L*(0,1;R") x R™ x L*(0,1; RY), s € [1,00],
yhe = WhH(0,1;R") x R™ x L*(0, ;RY),
and the mapping C, : Z° — Y® given by the left-hand side of (2.11)—(2.13):

y y— Ay — Bv
(2.20) Co | v | = Z0y(0) + Z1y(1)
W Ty + Qv+ Tod

LEMMA 2.3. Assumptions (A1) and (A2) imply that Cy : Z° — Y'*® is surjective for any
€ [1,00]. If Cyo : Z° — Y* is surjective for any s € [1,00) then (Al) and (A2) hold.
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Proof. First, let us prove that (Al) and (A2) imply surjectivity of C,. We have to show
that for any (p,q,r) € Y the equation

y - Ay — Bv = D,
(2.21) Zoy(0) + Z1y(1) = ¢,
Ty+Ov+T,9=r,
has a solution (y,u,d) € Z°. As in (2.19), from the last equation in (2.21) we obtain

(222 H R SR RN (R AVA T AN
and (2.21) yields

(2.23) § = Aoy —BaC=p, Zoy(0) + Z1y(1) =g,
where A, and B, are given in (2.18) and

(2.24) p=p+[B, OV VV* lr

Let @,(t) denote the solution of the homogeneous equation for symmetric matrix func-
tions

t—Aqxr—p=0, z(0)=0,

is given by

t
(2.25) a(t) = | o (t) " ®o(7)p(7) dr.

0
Let us introduce the new variable
(2.26) z(t) = y(t) — z(t).
Then from (2.23) we obtain
(2.27) 2—Anz—Bo.(=0, Zpz(0)+ Z12(1) =q,

where, in view of (2.24) and (2.25),
1
§=q— 51| 8a(1)'Ba(r){p(7) + [B(r), O]V (r)*[V(r)V(r)*]'r(7)} dr.
0
By (A1), (A2) and Lemma 2.2, equation (2.27) has a solution (z,¢) € W1°°(0,1;R™) x
L>(0,1; R™*), which, by (2.25), (2.26) and (2.22), corresponds to a solution (y,u,9) €
Z* of (2.21). This completes the proof of surjectivity of C,,.

Let us now show the opposite implication. Assume that, for some s € [1, 00), equation
(2.21) has a solution for any (p,q,r) € Y*. Setting p = 0 and r = 0, we obtain (A2).
To show (A1), assume that (2.10) is violated, i.e., there exists a subset M C [0,1] with
meas M > 0 such that range V,,(t) < [ for all t € M. Let N C M with meas N > 0 be
any subset. Set p =0, ¢ = 0 and
(1) { e {rekerV,(t)||r| =1} forte N,

(2.28) =0 fort € N,
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where 7(t) is chosen in such a way that 7 is a measurable function. We have

(2.29) y— Ay — Bv =0,
(2.30) Zoy(0) + Z1y(1) =0,
(2.31) Ty+ Ov+ Tpd =7

By surjectivity, there exists a constant k, > 0 and a solution (g,,9) of (2.29)—(2.31)
such that

1,7, 9)]

zs < k|7
Hence, in view of (2.28),
(2.32) [7]]s < ks(meas N)Y/s.

On the other hand, in view of (2.28), equation (2.31) yields |Y'(¢)y(t)| = 1 for t € N, i.e.,
there exists ¢ > 0 such that

(2.33) [g(t)] >¢ forte N.

Note that, for any v € L*(0,1;R™), there is a unique solution to (2.29)—(2.30). Indeed,
using the definition (2.6), we obtain from (2.29)

(2.34) y(t) = d(t)y(0) + | &(t)D(7) ' B(r)v(r) dr.
By (2.30) and (2.34), we get

[Z0 + Z19(1)]y(0) = — 5, i@(t)@(r)_lB(T)v(T) dr,
i.e., in view of (IIT), we have O
(2.35) y(0) = — [E0 + Z10(1)] ' 5 i@(t)@(T)_lB(T)U(T) dr.
Substituting (2.35) into (2.34) we obtain 0

(2.36) y(t) = — ()50 + Z10(1)] 15y S@(t)@(T)*lB(T)v(T) dr

+{ot)@(r) "' B(r)v(r) dr.
0
Hence, there exists ¢s < oo such that

(2.37) [Ylloo < [lyllr,s < esllvlls-
Therefore, in view of (2.32), we have ||7||oo < csks(meas N)'/. Choosing N such that

E S
N <
meas N < (QCSkS)

we contradict (2.33) and complete the proof of the lemma. m

For a given a > 0 introduce the sets

(2.38) ML ={tc0,1]|i €I (t)} foriecT
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and the spaces
(2.39) LY(MJ;R), Ly =[[L°(MLR), Yi=L(0,LR") x R" x L.
i€l

Define the mapping

R R R y— Ay — Bv
(2.40) Co:X°=Y2 Ca (Z) = | Soy(0) + Z1y(1)
Yoy + Oqv

Using Lemma 2.1 and the same argument as in the proof of Lemma 2.3 we obtain:

COROLLARY 2.4. Assumptions (A1) and (A2) imply that Cy : Z° — Y5 is surjective for
any s € [1,00]. If Co, : Z° — Y7 is surjective for any s € [1,00) then (Al) and (A2) hold.

Bibliographical note. Constraint qualifications of the form (A1) with o = 0 can be found
n [22]. In stability analysis, they were used in [1, 2]. For a > 0 these conditions were
introduced in [34]. Conditions of the form (2.15) were used by W. W. Hager [19] in
regularity analysis of solutions to optimal control problems subject to control and state
constraints. For mixed constraints, they were exploited by V. Zeidan [54]. Controllability
condition (A2) and its characterization by (2.17) were given in [34] and [39]. A very
similar characterization is also given in [54]. Lemma 2.3 is based on a similar result in
[39]. Lemma 2.1 was first proved by U. Felgenhauer (unpublished).

3. Optimality condition and coercivity

Let us introduce the following Lagrangian and Hamiltonian associated with (O)p:

L:X®°x(Y®)*xG—R, H:R"xR™xR"xR'xG,

(31) E(:c,u,p, o,V, h) - F(:c,u, h) - (pvi - f(xaua h))
+ (0,&(2(0), z(1), h(0)) + (v, 0(z, u, h)),
(32) H(:c,u,p, v, h) = ‘P(xaua h) + <pa f(:C,’U,, h)> + <V7 G(QZ,U, h)>

LEMMA 3.1. If conditions (Al) and (A2) are satisfied, then there exists a unique La-
grange multiplier (po, 00,v0) € Y'1'°° such that the following first order optimality condi-
tions in the Karush—-Kuhn—Tucker (KKT) form are satisfied:

Dy L(z0,u0, po, 00; Vo, ho) = 0,
(3:3) D, L(xo, uo, po, 00, Y, ho) = 0,
(vo, 0(zo,up, ho)) =0, vo€ Ky,
where K, C (L>=(0,1;RY))* denotes the cone of linear functionals nonnegative on K =

{y € L>=(0,1;RY) | y(t) > 0 for a.a. t € [0,1]}.

Proof. First we show that there is a normal Lagrange multiplier in (Y°°)*; then we
will prove that it is more regular. The known constraint reqularity condition (see, e.g.,
Theorem 1, Section 9.4 in [31]) implies that a normal Lagrange multiplier exists if there
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is a positive constant a > 0 and a pair (y,v) € X such that

y(t) — At)y(t) — B(t)v(t) =0 for a.a. t € [0,1],
(3.4) Soy(o) + sly(l) =0,

04 (t) + (T (t), y(t)) + (O (t),v(t)) < —a for all i € I and for a.a. t € [0, 1].
Note that, by the Banach open mapping theorem (see, e.g., [47]), surjectivity of the

mapping C, : Z*° — Y implies that there exists a constant £ > 0 such that for any
(p,q,7) € Y° there exists a solution (y,v,d) of (2.21) such that

(3.5) 1y, v, 9) [z < Kl g, ) lye~-

Choose p =0, ¢ = 0, () = —r1, where 7 = La|k||f]|c — 1| and 1 = (1,...,1)* € R".
Let (y,v,9) be a solution of (2.21) such that (3.5) holds. Since 6y(t) < 0, in view of (2.9),
we find from the last line in (2.21) that

05 (t) + (T (1), y(t)) + (O(t),v(t)) < —r for i € I(t).

On the other hand, if i & I,(t), then 6y(t) < —a. Hence, if we choose r = 2a[k(||T||o +
1©1loc)] ™, we get

Oy (t) + (T (t), y(t) +(6'(1),v(t)) < —5a fori & Ln(t).
Thus (3.4) is satisfied with = amin{1, [k(||7|| + ||©]|)] '} and a Lagrange multi-
plier (po, go, v0) € (Y>°)* exists.
Let us rewrite the first two equations in (3.3) in an explicit form:

(3.6)  Dzp(xo,u0, ho) + po + A*po + DO (0, uo, ho)ro
= po + DoH(x0,uo, o, V0, ho) = 0,

{po(o) + H*Qo + D0y (20(0), 20(1), h (0)) =0,
—po(1) + Ef00 + Dy1)¥(20(0), z9(1), ho(0)) = 0,
(3.8) Duy(x0,uo, ho) + B*po + DO (0, u0, ho)vo = Dy H(xo, uo, po, Vo, ho) = 0.

(3.7)

In view of definition (2.9), the last equation in (3.3) implies
(3.9) T*vp = 0.
Using definition (2.20), we can rewrite (3.6)—(3.9) in the following compact form:

Po
(3.10) Ca | 00 | = Ko,
Yo
where CX : (Y?®)* — (Z°)*, s € [2,00], is the operator adjoint to C,, and
_DQJSDO
—po(0) — Dz (0)%o
(311) Ro = po(].) — Dx(l)ﬂ)o

_Du@O
0

Clearly, by (I), ko € (Z?)*. Since Z? is a Hilbert space, there exists a canonical isomor-
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phism J : (Z?)* — Z2, and from (3.10) we get

Po
(3.12) JC | oo | = Tko,

Vo
where Jko € Z2. In view of Lemma 2.3, JC: : (Y?)* = Y? — Z? is injective and
CoJCL : Y2 — Y2 is invertible. So, (3.12) yields

Po
(313) 00 - (Cajcz)71 Caj"@07

20

which shows that (po, 0o, v0) is unique and belongs to Y2. In particular vq € L?(0, 1;R™).

We show that actually (po, 00, v0) € Y'1:°°. To this end, note that, since vy is a function,
(3.9) implies

To(t)*vo(t) =0 for a.a. t € [0,1].
Combining this equation with (3.8) and using definition (2.9), we obtain
Va(trm(t) = | (Pl BT OmO) ]

and, by (A1),

wo(®)] < 87" [Va(®) [<Dwo<t> +OB*<t>po<t>>] ’ |

Hence, in view of (I), vy € L>(0, 1;R!) and by (3.6), po € WH*°(0,1;R"). m

Note that since vy € L*°(0,1;R), the last condition in (3.3) yields the following
pointwise complementarity:

(3.14) (vo(t), B(xo(t),uo(t), ho(t))) =0, wo(t) >0 fora.a.tel0,1].

We still need a coercivity condition. To this end, for o > 0 we introduce the sets
(3.15) Ju(t) = {i € To(t) | vh(1) > a},
and, as in (2.38), (2.39), define

={te0,1]|i€ Jo(t)} foriel,
L*(NGR), L% =Tle; L8(NsR), Y3 =L°(0,1;R") x R" x L.

(3.16)

We assume

(A3)  (Coercivity) There exist constants «,y > 0 such that
1 *
— (ly@®) Qn Qu2(t y(t)
(3.17) ((yav)aD2£0(yav)) = § l:,v(t):| l:Q21 Qaolt ] |:1)(t):| dt
y(0) | [Roo Ror| [¥(0)
L] | J[30]
> lvll3
for all (y,v) € X? such that
(3.18) (y,v) € ker Cq,

Rio Ru y(
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where

Qu = D3, Ho, Qi2=D; /Ho, Qu=DjHo, Q2 =D, Ho,
(3.19) Rij = D2 ya(j)(€(20(0), 20(1), h0(0))* 00 + 1 (20(0), 20(1), ho(0))),

i,j=0,1,
B y— Ay — Bv
320 Co|Y| = | Z0)+ 20 |
Tay+9av

(321)  Ba(t) = [Duby(Dicsu)y Talt) = [Dably(t)ics.v)-
Note that, since (y,v) is a solution to (2.29) and (2.30), the estimate (2.37) holds and
(3.17) implies
(322)  ((5,v), D*Lo(y,0) = 7' (lyl25 + lol}2) for all (y,v) € ker Co.
where v/ = v(1+ ¢3)7L.
Define the following continuous mappings:
S:L%0,1;R") — Wh*(0,1;R™) x R" x R",
(3.23) So : L*(0,1;R™) — Wh*(0,1;R™),
Sk = (yay(o),y(l))a Sok =y,
where s € [1,00] and y is the solution to
y(t) — Ay (t) — k(1) =0, Zoy(0) + Z1y(1) = 0,

i.e., as in (2.36), we have

y(t) = —d(t)[Z0 + Z10(1)] 15, S@(t)@(r)_lk(r) dr + S@(t)@(r)_lk(r) dr.

Using the mappings (3.23), we can eliminate y from (3.17) and express Coercivity (A3)
as

(3.24) (u, (M + Qaz)u) > v|jul|3 for all u € U2,
where
Qu 0 0
(3.25) M=DB*S"| 0 Rop Ro1 | SB+ B*S;Q12 + Q2150 B,
0 Rio Rn
and
(3.26) U ={v e L0, 1;R™) | To(t)(Sov)(t) + O (t)u(t) = 0}
is a closed subspace of L*(0,1;R™). If we denote by
(3.27) I, :L*0,1;R™) — 4> the orthogonal projection onto U2,

then (A3) can be expressed in the form

(3.28) { (v, Qav) > || Tav||2  for all v € L?(0,1;R™) or
(v, Qav) > 7|v||3 for all v € U2,

where

(3.29) Qo = I'a(M + Qa2) 1.
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REMARK 3.2. The coercivity condition (3.17) holds in the weaker norm of the space X?2,
rather than in X°°, in which problem (O)y, is well defined and the Lagrangian is twice dif-
ferentiable. In X2 this differentiability property is not satisfied. This phenomenon is called
two-norm discrepancy and it is typical of nonlinear optimal control problems [23, 39].

LEMMA 3.3. If (A1) and (A2) hold, then (A3) implies the following Legendre—Clebsch
condition:
(3.30) (v, Qu2(t)v) = 7lul®

for all v € {R™ | (©%(t),v) = 0 for alli € Jo(t)} and for a.a. t € [0,1].
Proof. Suppose that (3.30) is violated, i.e., there exist a set M C [0, 1] with meas M > 0,
a constant € > 0 and a vector ¥(t) € R™, |9(t)| = 1, satisfying the conditions (©%(t), 1(t))
=0 for i € J,(t), such that
(3.31) (0(t), Q22(t)0(t)) <v—¢e forallte M.

We can choose 9(t) in such a way that the function () is measurable on M. For an
arbitrary subset N C M define the function

3 w0=15" Grrgn

Let § be the corresponding solution to (2.29), (2.30). By (2.36) and (3.32) there exists a
constant ¢ such that

(3.33) 17]lco < cmeas N.

Let us put 7 = 7y in (2.31). By Lemma 2.3 and by the Banach open mapping theorem,
there exists a solution (7,7, ) of (2.29)(2.31) and a constant k > 0 such that

1.7, 9) ||z < E[[(0,0,7)[|y.
Hence, in view of (3.33), there exists ¢; > 0 such that
(3.34) |(@,9,0)|| z < c; meas N.
Clearly, (y,v) := (y — Y, v — v) satisfies (2.29)—(2.30). Note that, for ¢ € J,(t) C Io(t) we
have T/ (t) = 0. Hence, it follows from the construction that
(T (), 5(1)) + (0'(1),(t)) = 0 for i € Ja(t),

i.e., (y,v) satisfies (3.18). We are going to show that (3.17) is violated by (g, v), provided
that meas N is sufficiently small. This will contradict (3.31) and complete the proof of
the lemma. Indeed, by (3.32) and (3.34) we have

(3.35) |7]|% = ||o — 7]|3 > meas N (1 — ¢; meas N)? > meas N — 2¢; (meas N)?.
On the other hand, (3.31)—(3.34) imply that
(3.36) ((5,7), D*Lo(7,0)) < (y — &) meas N + co(meas N)?,

where ¢ > 0 is independent of the choice of N C M. It follows from (3.35) and (3.36)
that, if we choose N such that

meas N < %[02 +2¢1(y —¢/2)] 7t
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then
((?jv 5)7 D2£0(?77 5)) < (’V - 5/2)”5"% < (7 - E':/2)( y + (HEHg)a

which violates (3.17) and completes the proof of the lemma. m

Bibliographical note. Necessary and sufficient optimality conditions for problems with
mixed control-state constraints were derived and thoroughly discussed in [54]. Sufficient
optimality conditions for such problems were also obtained in [41]. Coercivity condition
(A3) with @ > 0 was used in [15], where also Lemma 3.3 was proved. The important
phenomenon of two-norm discrepancy in optimal control was first described in [23] and
[40].

4. Application of abstract theorems

Combining (2.2)—(2.4) with (3.6)—(3.8) and (3.14), evaluated at h rather than at hg, we
obtain the following optimality system for (O)p:

&(t) — f(z(t),u(t), h(t)) = 0,
§ .%‘(0),5!1‘(1)7h(0)) =0,

(
) PUE) + DH(a(0) u(t), p(0), v(2), (0) =D,
P(0) + Dao[§(2(0), (1), h(0))" 0 + (a(0), (1), h(0))] = O,
P(1) + D [£(2(0),2(1), h(0)) "0 + (a(0), (1), h(0))] = 0,
D, H(a(t), u(t), p(t), v(t), h(®) = 0.
ay (OO0 k) =0
0(x(t), u(t), h(t)) <0, v(t) > 0.

It will be convenient to express (4.2) in the form of an inclusion. To this end, we define
the normal cone to the positive orthant Rl C R! by

N (V):{{yERlHy i —v) <0VueRL} ?fveRl ,
0 ifvreg R{F.
In terms of (4.3), we can express (4.2) in the following equivalent form:
(4.4) O(x(t), u(t), h(t)) € Ngi, (v(t)) fora.a.te|0,1].
Using the definitions (2.39) and (3.16), we introduce the spaces
W= X5xYhs,
U® = L(0, 1;R™) x R™ x L*(0, 1;RY) x L*(0, 1;R™) x R™ x R™ x L*(0,1;R™),
Us = L°(0,1;R") x R" x L% x L*(0,1;R™) x R" x R x L(0,1;R™),
Us = L°(0,1;R™) x R™ x L% x L*(0,1;R™) x R™ x R™ x L*(0,1;R™),

(4.3)

for s € [1,00]. The optimality system (4.1), (4.4) can be rewritten in the form of the
following generalized equation:

(4.5) 0e€ F( h)+T(),
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where ¢ = (z,u,p, 0,v) € W, F: W>® x G — U is the function
z— f(x,u,h)
§(x(0), (1), h(0))

O(x,u, h)
(46) F(Cah) = p+D:H (:I" u,p, v, h)
p(0)+Dz(0)[5( (0)’55(17 0 ) Q+¢( (0)7.%‘(1
—p(1) + Dy [€(z (O)aﬂf( ), h(0)) 0 + ¥ ((0), z(

H(x,u,p,v,h)

) 1(0))]
1), h(0))]

and 7 : W™ — 2V is the multivalued mapping with closed graph given by

with (M (v))(¢) := N]RQ_(V(t))'

We are going to investigate conditions under which there are neighborhoods Gy C G
and By C W™ of hg and (p, respectively, such that for each h € Gy there exists a
unique solution to (4.1), (4.2) (or equivalently to (4.1), (4.4)) in By and it is a Lipschitz
continuous and differentiable (in some sense) function of h. To this end, we will recall
some results concerning abstract generalized equations. Along with (4.5), let us introduce
the following generalized equation obtained by linearization and perturbation of (4.5) at
the reference point (p:

(4.8) 6 € F(Cos ho) + DeF(Gos ho)(n = Go) + T (n),
where § € U is a perturbation. Clearly, for 6 =0,
(4.9) no = Co

is a solution to (4.8).

In the analysis of Lipschitz stability of solutions to (4.5), a crucial role is played by
Robinson’s implicit function theorem for generalized equations (see Theorem 2.1 and
Corollary 2.2 in [44]), which for our purpose can be formulated as follows.

THEOREM 4.1. Suppose that F(-,-) is Fréchet differentiable in a neighborhood of (o, ho)
and D¢F(-,-) is Lipschitz continuous in both variables. If there exists a constant | such
that

(i)  for any e > 0 there exist ¢1,62 > 0 such that for each § € Bgm (0) there is a unique

solution ns in ng (Co) to the linearized general equation (4.8), and it is Lipschitz
continuous in & with modulus | + ¢,

then

(ii)  for any € > O there exist 01,092 > 0 such that for each h € BE (hg) there is a
unique solution Cp in BZZOO(CO) to the nonlinear generalized equation (4.5), and it

is Lipschitz continuous in h with modulus T+e.
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Note that in Robinson’s theorem condition (i) plays the role analogous to regularity
of the Jacobian in the classical implicit function theorem.

In sensitivity analysis we will use several notions of differentiability. Let us recall some
of them.

DEFINITION 4.2. Let H and X be Banach spaces. A function ¢ : H — X is called
directionally differentiable at hg if for every g € H there exists Dp¢(ho; g) € X with the
property that for every € > 0 there exists 7 > 0 such that

(4.10) lo(ho 4+ tg) — @(ho) — tDro(ho; )| x < te for every t € (0, 7].

If (4.10) holds for every ¢ € [—7, 7], then ¢ is called Gateauz differentiable at hy.
If there exists a positively homogeneous mapping Dy ¢(ho) : H — X with the property
that for every € > 0 there exists 6 > 0 such that

(4.11)  |l¢(h) = ¢(ho) — (Dro(ho), h — ho)llx < ellh —hollm  for [[h —hollm <4,

then ¢ is called Bouligand differentiable (or B-differentiable) at hg and Dy d(hg) is called
the B-derivative. If Dpé(ho) : H — X is linear and bounded, the function ¢ is Fréchet
differentiable. A Fréchet differentiable function is strictly Fréchet differentiable at hq if
for every € there exists § > 0 such that

(412) H(,ZS(hl)*gﬁ(hQ)*(Dhgﬁ(ho), hlfhg)HH S €Hh17h2||H whenever hl, hQ S B?(ho)

We will need the Lyusternik—Graves theorem, which is formulated below as in [11]
and [24].

THEOREM 4.3. Let H and X be Banach spaces and let ¢ : H — X be a function strictly
Fréchet differentiable at hg and ¢(ho) = xo. Let the derivative Dpo(ho) : H — X be
surjective. Then there exist constants o,k > 0 such that for every x € BX (), the
equation ¢(h) = x has a solution h € B (hgy). Moreover, there exist o,k > 0 such that,
for any h € Bf(ho), there is h € H with the property that

¢(h) = ¢(ho) and ||h— Rz < kl|o(h) — d(ho)l x.

In our sensitivity analysis for solutions to (4.5), we will use the differentiability part of
Dontchev’s implicit function theorem (see Theorem 2.4, Remark 2.6 and Corollary 2.10
in [9]), which can be formulated as follows.

THEOREM 4.4. Suppose that the assumptions of Theorem 4.1 hold. In addition, assume
that the solution ns to the linearized equation (4.8) is a directionally (respectively, Gat-
eaux, Bouligand, Fréchet) differentiable function of § in a neighborhood of 0, with the
differential at 0 in a direction § € U™ denoted by (Dsno;0). Then the solution ( to (4.5)
is a directionally (respectively, Gateauz, Bouligand, Fréchet) differentiable function of h
i a neighborhood of hg and the differential at hqg is given by

(4.13) (D1Co; 9) = (Dsno; —DpF(Co, ho)g)  for all g € H.

REMARK 4.5. In Theorem 4.1, Lipschitz continuity of n and ( is understood in the sense
of the same norm of the space W in which F (-, h) is differentiable. On the other hand,
Theorem 4.4 remains true if the differentiability is satisfied in a norm in the image space
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weaker than that in which Lipschitz continuity in Theorem 4.1 holds (see Remark 2.11
in [9]); e.g., in W* (s < 00), rather than in W*°. This property will be used in Section 6.

Theorems 4.1 and 4.4 allow one to deduce existence, local uniqueness, Lipschitz con-
tinuity and differentiability of solutions to (4.5) from the same properties of the solutions
to the linearized generalized equation (4.8). Usually this last equation is much easier to
analyze than the original one.

In order to apply these theorems to our problem (O)p, we have to find the form of
the linearized equation (4.8) for F and 7 given by (4.6) and (4.7), respectively. Let us
set n = (y,v,q,0, 1) € W™, § = (d',d? d3,el,e?,e3,et) € U®. By a direct computation
we obtain

(4.14) {%Ayézﬁraldlo,
Zoy(0) + Z1y(1) + a* — d* = 0,
(4.15) Ty +6v+a®—d® e N(u),
d+ A%+ Quy+ Quu+ T u+b —el =0,
(4.16) 2(0) + Rooy(0) + Rory(1) + S50+ b — 2 =0,
—q(1) + R10y(0) + R11y(1) + Zfo + b3 — e = 0,
(4.17) Q12y + Qaov + B*q+ 0"+ b* — et =0,
where
a' = —(ig — Awg — Buy),
a* = —(Z020(0) + Z120(1)),
a3 = 90 — (T + Ouy),
(4.18) Po + A*po + Quizo + Qrauo + T 1p),

po(1) + R1oz0(0) + Ri1z0(1) + =5 00),
Q1270 + Q22up + B*po + O*1yp).

—(p
—(po(0) + Rooxo(0) + Ro1xo(1) + =5 00),
—(=
—(

Clearly, as in (4.9),

(4~19) Mo ‘= ('yo,"Uo,qO, 90#0) = (xo,uo,po, 00, Vo)

is a solution of (4.14)—(4.17) for § = 0.

An inspection shows that (4.14)—(4.17) can be interpreted as the stationarity condition
(optimality system) for the following linear-quadratic accessory problem depending on
the parameter 0:

(LO)s Find (ys,vs) € X°° such that
Z(ys,vs,0) = minZ(y,v,9)

subject to

(4.20) §(t) = A()y(t)) — B(t)o(t) +a'(t) — d'(t) = 0,
(4.21) Zo0y(0) + Z1y(1) + a* — d* =0,

(4.22) T()y(t) + Ot)o(t) + a*(t) — (1) < 0,
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where

(4'23> I(y,v,é) = %((y,v),D2,Co(y7v))
+ 1) = €' (), y(0) + (B*(8) — €*(1), v(1))] dt

+ (0% — e, y(0)) + (¥ — e, y(1)).

In view of Theorems 4.1 and 4.4, stability and sensitivity of the stationary points of the
accessory problem (LO)s, with respect to perturbations §, are crucial to get the same
properties for the original problem (O). In the next two sections, we will concentrate on
the analysis of the accessory problem.

Bibliographical note. Robinson’s Theorem 4.1 was proved in [44]. Another implicit func-
tion theorem of Robinson, based on the concept of strong approximation, is given in [46].
An important generalization of this theorem due to A. L. Dontchev can be found in [9].
The concept of Bouligand differentiability, sometimes called directional Fréchet differen-
tiability, was first used in sensitivity analysis by A. Shapiro [48] and S. M. Robinson [45].
Theorem 4.4 is due to A. L. Dontchev [9]. The abstract Theorem 4.1 was used for the
first time in the stability analysis of optimal control problems in [25]. Numerous further
applications can be found e.g., in [1, 2, 8, 13, 15, 14, 32, 33, 34, 35].

5. Stability analysis for the accessory problem

In this section we show that, for ¢ sufficiently small, (LO); has a locally unique stationary
point, which is a Lipschitz continuous function of §. It will be convenient to introduce
slack variables m € L?(0,1;R!) and to define the following problem (I_Té)g, which is a
modification of (LO)s:

(LO)s Find (§s,75,7s) € Z% such that

(5.1) Z(ys, Vs, s, 0) = min {f(y,v,ﬂ,é) i=I(y,v,8) + 5 (m,m)}
subject to

(5.2) §(t) — A(t)y(t)) — B(t)o(t) + a' (t) — d'(t) =0,

(5.3)

0y(0) + Z1y(1) + a* — d* = 0,
(t

(5.4) (T (), y(t) +(O"(1), v(t)) + (To(t), 7(1)) + (a®)'(t) — (d°)'(2)
=0 ifie Ju(t),
<0 ifi€ La(t)\ Jalt),
free if i & I,(t).

Note that problem (1765) is defined on the Hilbert space Z2, rather than on Z*°. The con-
straints are modified in such a way that their linear part is given by C,, so by Lemma 2.3
it is a surjective mapping from Z2 into Z2. Finally by (A3), the modified cost functional
7 is coercive on the linear hull of the feasible set. Thanks to the above properties, the
stability analysis for (LA(/)(s) becomes simple. Later on, we will show that, for ¢ sufficiently
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small, the solutions (ys,vs) to (]:65) coincide with the solutions (ys,vs) of (LOs) and
thus we will obtain the required properties of the latter.
The optimality system for (LOg) is given by the following modification of (4.14)—
(4.17):
y(t) — At)y(t) — B(t)o(t) +a' (t) — d'(t) =0,
Zoy(0) + Z1y(1) +a® — d* =0,
(5:6)  (THE),y(H) + (01, o(t)) + (i), m() + (@) (1) — (@) (t)
=0 ifie Ju(t),
<0 ifie La(t)\ Jalt),
free if i & I,(t)

(u(t), T()y(t) + O)o(t) + Tu(t)n(t) + a®(t) — d*(t)) =0,
G720 ifie L(t)\ Jald),

() { —0 ifid I(b),

G(t) + A*(H)g + Qu(t)y(t) + Qua(t)o(t) + T (t)ult) + b* (t) — €' (t) = 0,
(5.8)  q(0) + Rooy(0) + Rory(1) + S50+ b — e* =0,

—q(1) + Rioy(0) + Ru1y(1l) + Ejo+b° — ® =0,

(5.9 Qu()y(t) + Qaa(t)v(t) + B*(t)q(t) + ©*(t)u(t) + b*(t) — e*(t) =0,
(5.10)  m(t) + T (t)u(t) = 0.

Set x = (y,v,m), A = (¢, ¢, ) and
1 /D>y, 0
. 72 2\ * _ - 0
(5.11) P22 - (2%, Pg( 0 I),
where I is the identity in L?(0,1;R!). Using definitions (2.20), (3.1) and (5.11) we can
write the stationarity conditions (5.8)—(5.10) in the form

(5.12) PXs + (b—e) +Cixs = 0.

LEMMA 5.1. If (A1)-(A3) hold, then for any 6 € U™ there exists a unique solution
Xo = (Ys,Vs,75) € Z°° of (LO)s and a unique associated Lagrange multiplier \s =
(g5, 05, 115) € Y. The pair (Xs,\s) is the only stationary point of (LO)s.

Proof. Note that in view of (2.10), (3.17) and (5.11) the following coercivity condition
holds:

(5.13) (6 Px) 2 AllxllZ2  where ¥ = min{y, 1},

for all x = (y, v, ) such that (y,v) satisfies (3.18).

Hence the existence of a unique solution follows in a standard way. If we use (Al),
(A2) and (5.13), then regularity of the solution, as well as existence, uniqueness and
regularity of Lagrange multipliers can be easily deduced from the results of Hager and
Mitter (see [20, 19]), where a more general problem including pure state constraints is
considered. So we confine ourselves to proving uniqueness of the stationary points. To
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this end, it is enough to show that each stationary point corresponds to the minimum.
Using definitions (5.1) and (5.11) we obtain

(5.14) Z(x,8) = Z(Xs,8) = (PXs + (b—€),x = X5) + 3(x — X5, P(x — Xo))-
Note that, if x = (y,v,m) is feasible for (176)5, then
(515) (C:uf)‘véax_its) = (X(Saca(x_gé)) SO?

and moreover, the pair (y — ys, v — U5) satisfies (3.18). Hence using (5.12)—(5.15), we
obtain

Z(x,8) — Z(X5,8) = (PXs + (b—€),x — Xs) + 3(x — x5, P(x — X5))
(PXs+ (b—e) +Cixs, X — Xs) + 2(x — X5, P(x — X5))
13(Ix — Xsll 22)

for any feasible y, which shows that Xs is a unique minimizer of (LNO)(; and completes
the proof of the lemma. m

I\/ Y

LEMMA 5.2. If (A1)-(A3) hold, then there exists a constant | > 0 such that
(5.16)  [IXs = Xl zo, 1Xs, = Ao, [lys < 1|61 — d2flu-
for all 61,02 € U and all s € [2, ).

Proof. First we show that (5.16Lh01ds for s = 2. In view of Lemma 2.3, we can introduce
the following new variable in (LO);:

(5.17) ¢=x+JTCCTCE)  a—d),
where J : (Z%)* — Z? is the canonical isomorphism, and in view of Lemma 2.3,
(CoTCE)™1: Y2 — Y2 exists, as in (3.13). Note that, as functions of the new variables,

the constraints (5.2)-(5.4) become independent of 6, and for any feasible ¢ conditions
(3.18) are satisfied. In terms of ¢ the cost functional 7 takes the form

(5.18) 3(6,P9) + (Lo, ¢) + M,
where M is a constant independent of ¢ and Ld € (Z%)* is a linear bounded function

of 0. Let ¢s, be the solution of (LO)s,, ¢ = 1,2, for §; € U*. In view of (5.18), a well
known optimality condition for convex optimization problems yields

(Pos, + Lo;, ¢ — ¢s,) > 0 for all feasible ¢.

Since the feasible set is independent of 4, we can substitute ¢ = ¢ and ¢ = ¢, for i = 1
and i = 2, respectively. So, we get

(Pgs, + Lov, s, — ¢s,) >0, (Ps, + Loz, s, — bs,) >0
Adding these inequalities and using (5.13) we obtain
s, — ds, %2 < (95, — b5, P(d5, — bs,))
< (L(61 — 02), 06, — 95,) < cl|61 — 022l Ps, — Ps, || 225

ie.,

||¢52 — ¢51 HZ2 < CH(SI — 52||U2 for all 41,9, € U
This estimate together with (5.17) yields
(5.19) H)?[;Z — )?51 HZ2 < C||(51 - 52||U2 for all 01,09 € U.
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Finally, from (5.12) we get
Xsy = A5, = —(CaCl) ™ Ca {P (X5, — Xo5,) — (e2 — 1)},
which, in view of (5.19), yields
(5.20) A6, — Aoy llz2 < cl|d1 — Gallpz for all 81,85 € U™,
and completes the proof of (5.16) for s = 2.
Note that (5.19) and (5.20) mean, in particular, that

195, = Usi 1,2, 1G5, — s, 1,2 < €lld1 — b2l for all 61,62 € U™,
which implies
(5.21) 195, — i loos (|95, — Go. [loo < €ll61 = b2l[y> for all 61,62 € U,

To show (5.16) for s € (2, 0], notice that, pointwise for almost all ¢ € [0, 1], equations
(5.9) and (5.10), together with (5.6) and (5.7), can be viewed as the optimality system
for the following parametric quadratic program:

(QP) %) Minimize

1 * * ,l) *
507100 | 1] + (Q@a0wte) + BOrat) +540) ~ (0.0
subject to
‘ ‘ ‘ ‘ (=0 ifie (),
(O (1), v) + (T3 (1), m) + (T (£), (1)) + (a®)' () — (@) (£) § <O ifi € La(t)\ Ja(t),
free if i & I,(t),

where
Q=% 9.

Here (v,m) € R™* is the argument and w(t) = (y(t),q(t),e*(t),d?(t)) € R+l g
treated as the parameter, while (b%(t),a(t)) € R™*! is a fixed element. The vector
u(t) € RY given in (5.7), is the associated Lagrange multiplier. Hence (vs(t), 7s(t)) and
fis(t) can be treated, respectively, as the solution and Lagrange multiplier of (QP) )
for ws(t) = (ys(t),qs(t),e*(t),d>(t)), where e* and d® are the appropriate components
of . Note that, in view of (3.30), we have

(522 0, 790(0) | ©] 2 minfr, 130 + 7P

for all v € {R™ | (O%(t),v) = 0 Vi € J,(t)} and all 7 € R'. The Lipschitz stability
property of parametric quadratic programs was analyzed in [19]. By linear independence
condition (2.10) and by (5.22), the assumptions of Theorem 3.1 in [19] are satisfied, and
by that theorem, there exists a constant k£ > 0, depending only on 3 and -, such that
(5.23) [0, (t) = s, (1), [, (1) — Frs, ()]

< k(195 (8) = F5, (O] + 185, (1) — @5, (8)] + |e3(t) — ei (8)] + |d3(t) — di(t)])
for all 1,9, € U>. Note that || - [|g= < || - |
(5.23) we obtain

16, (t) — U5, (t)], |16, (1) — Fis, ()] < K([82(2) — 01(t)llw= + [ez(t) — €1 (8)] + |3 () — A (2)]),

ys for s € (2,00]. Hence, from (5.21) and
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and simple calculations show
(5.24) 105, = Vs, [[s: s, — 11, [l < Kll02(2) = 61(¢)[lu=  for s € (2,00].

Estimates (5.24), together with the state and adjoint equations (5.5) and (5.8), show that
(5.16) holds. m

The following lemma establishes the relation between the stationary points of (ITO),;
and those of (LO)s.

LEMMA 5.3. If (A1)-(A3) hold, then there exist constants 1,52 > 0 such that for each
6 € BU™(0) we have

(5.25) (Ys, Vs, T5) = (Ys,v5,0),  (ds, 05, fis) = (s, 05, o)

where (ys, Vs, qs, 05, [ts) 1S the unique stationary point in ng(no) of (LO)s.

Proof. Denote by (LO)s another modification of (LO)s, where inequality constraints
(4.22) are changed as follows:

i i 3vig (3 =0 ifie Ju(t),
6520 IO +E 000 + @0 - @0 {Z) Higr

Clearly, by (4.19), for § = 0 we have

(5.27) (Y0, Vo, T0, o, 00, fio) = (%o, uo, 0, Po, 00, Vo).
By Lemma 5.2 we can choose ¢; > 0 so small that
(5.28) (T(1),5(t) — Jo) + (O°(1), 0s(t) — o) — (d*)'(t) < @

for all 6 € BY™(0), where a > 0 is given in (Al). In view of (2.7), (4.18) and (5.27),
inequality (5.28) implies that
(5.29) (Y1), Gs()) + (0"(1), 05 (1)) + (a®)' (1) — (d°)'(t) <0,
for all i & I,,(t) and for a.a. t € [0, 1].

On the other hand, by definition (2.9), T,,(t) = 0 for t € I,(t). So (5.4) together with
(5.29) shows that (s, vs) is feasible for (LO)s. We now prove that (s, 0s) is the minimizer
of (LO)s. Suppose the contrary, i.e., that there exists a pair (7;,7s) feasible for (LO);s
such that Z(ys,Us,d) < Z(Ys, us,d). Then we would have

(95, 15,0,6) = Z(5, 5. 0) < L(Gs. U5, 6) < L(Gs. s, 7. )-

Since (ys,us,0) is feasible for (LAO)(;, the above inequality contradicts optimality of
(U5, Us, Ts) and shows that (¥s,us) is the minimizer of (LO)s. Clearly, (s, 05, fis) is the
associated Lagrange multiplier. In view of (3.15) and (5.16), we can shrink ¢ > 0 so that

To show local uniqueness of the stationary points of (LO)s, choose <1, > 0 so small
that

(5.30)  (T'(t).y) +(O'(1),v) + () (1) — (d°)" <O
for all i & 1,(t), [(d®)Y] <1, |y < <2, Jv| << and for a.a. t € [0,1].

Let 6 € ng (0) and let ns := (ys,vs, qs, 05, 1) € B!gw (o) be a stationary point of
(LO)s. In view of (5.30), the complementarity condition implies p%(¢) = 0 for i & I, (t).
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Hence it is easy to see that (ys, vs, 0, gs, 05, pts) satisfies (5.5)-(5.10), i.e., it is a stationary
point of (LO)s, which is unique. This implies uniqueness of 75 and completes the proof
of the lemma. =

Lemmas 5.1-5.3 yield

PROPOSITION 5.4. If (A1)—(A3) hold, then there exist constants ¢1,s2,1 > 0 such that
for each 6 € Bgm (0) there is a unique stationary point (Ys, Vs, ds, 05, lts) € Bfgm(no) of
(LO)s and

(5'31> ||y52 — Y, ||1,S7 ||’U52 — Vs, HS’ Hq52 — 45, ||1,S7 |952 — 04, ‘7 ||:u52 — Hé, HS
<1||62 = 81[|=  for all 61,85 € BY™(0) and all s € [2,00].
Bibliographical note. A proof of the stability result based on the analysis of the modified

problem (LO)s was first given in [35]. Proposition 5.4, for s = 2, was proved in [34] and
for s = o0 in [13].

6. Differentiability of solutions to accessory problems

We are now going to investigate differentiability properties of the solutions to (O). Since
we will use Theorem 4.3, in this section we concentrate on differentiability of solutions
of the linearized generalized equation (4.14)—(4.17), i.e., of the stationary points of the
accessory problem (LO)s. We show that the stationary points of (LO)s are Bouligand
differentiable functions of . The proof is in two steps. First we show directional differen-
tiability and characterize the directional differentials. Then we prove that the differential
is uniform with respect to the direction, so it is the B-differential.

LEMMA 6.1. Let (A1)-(A3) hold and let 1,62 > 0 be as in Proposition 5.4. Then the
mapping

Ns := (Ys, Vs, s, 05, 45) Bgm (0) - X2 xY?
given by the stationary points in ng(no) of (LO)s is directionally differentiable. The
directional differential at § = 0 in a direction 7 = (7t 7% 73 74, 75 76, 77) € U is
given by the stationary point of the following linear-quadratic optimal control problem:

(LQ)x Find (zr,wr) € X such that
T (2w, ) = min { T (2,0, 7) = §((z,w), Lo(z,w))

1

+ L (1), 2(8)) + (a7 (1), w(t))] dt + (x°,y(0)) + <7r67y(1)>}7

subject to
&(t) — A(t)=(t)) — B(tyw(t) — = () = 0,
Z02(0) + Z12(1) — 7 =0,
(T'(), (1)) + (O (1), w(t)) = 7°(t) § <O if i € Lo(t)\ Jo(t),
free if i &€ Io(t).
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Proof. Choose m € U™ and let {73} | 0 be an arbitrary sequence of positive numbers
tending to zero. Define d; = 1,7 and let n, = (yk, vk, gk, Ok, i) be the stationary point
of (LO)s, . By Proposition 5.4 we have

(6.1) llyr — yo lak — qoll1,00 < UlTwm||ee s
(6.2) lve = volloos Lok — ol; Itk — prolloe < Ulmrm|[Tros -
By (6.1),
Y — Yo dr — 4o
‘ ’ S l||7T||U°°a
Tk 1,2 Tk 1,2

whereas, by (6.2),

Ok — O

S8 < mflgee-

Tk

Hence, there exists a subsequence, still denoted by {71}, and elements z,7 € W12(0, 1;R™)
as well as w € R™ such that
L N z, D _,, weakly in W2(0,1; R™)
Tk Tk
(6.3) o — 2 as 1, — 0.
gk — 80, o
Tk
It is well known that the embedding W12(0,1;R") C L?(0,1;R™) is compact. So (6.3)
implies
Ye % z, % — % _,, strongly in L*(0,1;R™).

Tk Tk

Hence, in particular,
t) — t t) — t

) =m0l = ()

6.4
(64) Tk Tk

—r(t) for a.a.te|0,1].

For §;, = 77, equations (4.17) and (4.15) can be rewritten in the form

Qa2(t)ur(t) + Q21 ()yx(t) + B()* (t)qn(t) + O(8)* i (t) + b*(t ) — e (t) =0,
((9(t), vk (t)) + (X' (1), yr () + (@®)' () — (ma7®)" (1) i, () =
(O(1), vk (1)) + (T (1), yr (1)) + (a®)'(t) — (mem®)'(t) <0,
pi(t) >0,
for all ¢ € I and a.a. t € [0,1], where the inclusion (4.15) is substituted by the equivalent
pointwise (KKT)-conditions.

Note that by (6.2) we have

v (t) — vo(t)
Tk

(6.5)

<o

)

pk(t) — po(t) ’
Tk

So, for a subsequence

Vg (t) — Vo (t) N w(t) M (t) — Mo (t)

6.6
(6.6) Tk Tk

— k(t) as T, — 0.

Let us take the difference of (6.5) evaluated at 7,7 and at 0, and divide by 7. Passing
to the limit as 7, — 0 and using (6.4) and (6.6) as well as definitions (2.7) and (3.15),
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we get the following system:

Qualt)ut) + @ur(1)2(1) + BU)* (D)r(t) + O1) w(1) — (1) = 0,
(O4(1) w(t)) + (Y1), 1)) — (=) (1) (1) = 0,
67 (OB + 00 - @0 {20 e

; >0 foriely(t)\ Jo(t),
“(t){zo fori%]ﬁ(t). "

An inspection of (6.7) shows that the pair (w(t), x(t)) € R™*! can be treated as a station-

ary point of the following quadratic program (M)¢(t) depending on the vector parameter
o(t) = (2(t),7(t), T3(t), 77 (t)) € R2nH+m,

(M) () Minimize &(w, Qa2(t)w) + (Q21(£)z(t) + B(t)*r(t) — " (t), w) subject to
' ' ' =0 forie Jy(t),
(OU(t),w) + (T(t), 2(t)) — (73)(t) <0 fori e Io(t)\ Jo(t),
free for i & Ip(t).

In view of (2.15) and (3.30), problem (M), has a unique stationary point (w(t), x(t)),
where w(t) is the solution and x(t) the associated Lagrange multiplier. This shows that
convergence in (6.6) takes place for the whole sequence.

By the Lebesgue dominated convergence theorem, the pointwise convergence (6.6),
together with the estimate (6.2), implies

(6.8) Uk "% ., HeTHo
Tk Tk
strongly in L2(0,1; R™) and L?(0, 1;R!), respectively.
Using (6.3) and (6.8) in the state and adjoint equations (4.14) and (4.16), we find
that

6.9) {z’—Az—Bw—wl:O,

502(0) + 512(1) - 7T2 = 0,
7+ A+ Quiz + Qraw + Tk — 7t =0,
(6.10) 7(0) + Ro0z(0) + Ro12(1) + Zgw — 7° = 0,

—7“(1) + Rloz(()) + Rllz(l) + Ziw — w6 =0.
Equations (6.9) and (6.10) together with (6.7) constitute an optimality system for (LQ).
Note that, as in the case of (LO)s, conditions (A1)—(A3) ensure that, for any 7 € U,
(LQ), has a unique stationary point, which corresponds to the solution and Lagrange

multiplier. Hence the element (z,w,r,w, k) is defined uniquely, i.e., the convergence in
(6.3) and (6.6) holds for the whole sequence {7 }. =

Note that, using the same argument as in the proof of Lemma 5.2, we find that there
exists a constant [ > 0 such that

H(ZTI'1 — Zmyy Wry _wﬂz)HXS < lHﬂ-l

H(Tﬂ'l = Trys Wry — Wagy Ky — K/'ITQ)HYS < Z||7T1 - 7-‘-QHU‘S



Stability and sensitivity analysis 29

for all my,m € U and all s € [2, o0]. Since (29, wo, o, @o, ko) = (0,0,0,0,0), we have in
particular

(6.11) 1oy wa) |l xcss || (Ps @y ) | xs < | 7||ps for all m € U,

PROPOSITION 6.2. Let (A1)—(A3) be satisfied and let 51,52 > 0 be as in Proposition 5.3.
Then the mapping

N5 = (Ys, Vs, Gs» 06 pis) : BY — X5 x Y*
given by the stationary point in Bg/m(no) of (LO)s is Bouligand differentiable for any
s € [2,00). The B-differential at § = 0 in a direction 1 = (7!, 7%, 7%, 74, 7%, 76, 77) € U

is given by the stationary point of the linear-quadratic optimal control problem (LQ).

Clearly, the stationary point (zr,ws, 7, @nr, kr), characterized by (6.9), (6.10) and
(6.7), is a positively homogeneous function of the perturbation 7. Hence, in view of
Definition 4.2, to prove the proposition, it is enough to show that, for any s € [2, 00) and
any € > 0 there exists ¢ > 0 such that

612 {lr) )~ sl <l
(@ 05 i) = (d0, 00, o) — (T2, @, i) Iy < elmluee
for any 7 € BY™(0). Let us subtract (4.14), (4.16), (4.17) evaluated at § = 7 and at
0 = 0. We obtain
(6.13) { (9 = 90) = A(yr — o) — B(vx —vo) — 7' =0,
Z0(yx(0) = 0(0)) + Z1(yx (1) — yo(1)) — 7 =0,

(dr = do) + A*(gr — q0) + Q11(Yx — yo) + Q12(vx — vo)

+ T (ptr — pio) — 7t =0,
(47(0) = 40(0)) + Roo (¥ (0) = 40(0)) + Ro1 (¥ (0) — %0(0))

+ Zo(or — 00) — 7 =0,
—(gx(1) = g0 (1)) + Rao(y=(1) = 50(0)) + Ru1(yx(0) — 0(0))

+ Z1(er — 00) =7 =0,
(6.15)  Qa1(yx — yo) + Q22(vx — v0) + B (¢ — qo0) + O (st — p1o) — 7" = 0.
To analyze (4.15), for a fixed 8 > 0 define the sets

b =1{t€[0,1] | 0(zo(t), uo(t), ho(t))
= (T'(1),50(t)) + (O (1), v0 (1)) + (a®)'(t) € (0, 8)},
5=1{te0,1] [ 15(t) = pb(t) € (0,8)},

Mg = User (M UN).-
It follows from (5.30) and (6.16) that, for any 3 > 0, there exists ¢(8) > 0 such that, for
any m € Bg(;)(O) and for almost all ¢ € [0,1] \ Mg we have

(6.14)

(6.16)

JE() > 0 = (70,5 (8) + (O, vn(0) + (@) — () (1) =0 Tor i € Jo(t),
(0,5 (1)) + (O 0 (B) + (a®)5(8) — () ()t (1) = 0 and| .
(L5 (1)) + (O (1), 0a (1)) + (a®)¥(8) — () (1) < 0, k() > 0 } for i € (&) \ Jo(t),
(L), yn (1)) + (O (1), 0a(1)) + (a®)i() — (F) (1) < 0 = pi()=0 for i & Io(t).
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Hence, in view of (2.7) and (3.15), for ¢ € [0, 1] \ Mgz, we obtain

(Y1), y=(t) = yo (1)) + (O(t), v (t) — vo(t))
—(m)i(t) =0 for i € Jo(t),

(50, 3(0) — 1o0) + (€8, 02(0) o)

- )0~ (1) =0, and

<T1(t)vy7r(t) - yO(t» + <@z(t)7fv7r(t) - UO(t» for i € IO(t) \ JO(t)a
()6 < 0

11k (t) = po(t) > 0,

11 (t) — po(t) = 0 for i & Io(t).

For t € Mg we introduce the following new variables:
(71)'(t) = 7*(t) + (An?)'(t), where (Ax?)'(t) = =T ()" (kx(t) — po(1)),
(x7)'(t) = 7" (1) + (A7) (t), where (Arn")'(t) = =O(t)" (x(t) — po(t))-
Then the adjoint equation in (6.14) and equation (6.15) become
(dx = Go) + A*(¢r — q0) + Q11(¥x — o)
+ Q2(vr —vo) — (7) =0,
Q21(t) (Y (t) — yo(t)) + Q22(t) (vr(t) — vo(t))
+ B(t)*(4x(t) — qo(t)) — (77)'(t) =0

Let us introduce the following modification (LQ)? of (LQ),, where the control constraints
are void on the set Mg:

(6.18)

(6.19) for t € Mg.

(LQ)Z Minimize J(z,w, ) subject to

(1) — At)z(t) — B(tyw(t) = = (1),
Z02(0) + Z12(1) = 72,
);

(T'(t), (1) + (0 (1), v(t)) — (7°)"(¢)

free if i & Ip(t),

=0 ifie Jy(t),
{<0 if i € In(t) \ Jo(t), for t € [0,1] \ Mg,
free for t € Mg.

An inspection of (6.13)—(6.15), (6.17) and (6.19) shows that (y. — yo,vr — V0, ¢r — Qo,
Or — 00, bx — [40) 1S a stationary point of (m)f,, where

7' =7+ Ar’  with A’ = (0,0,0, (Ar?)’,0,0, (A77)) and

av _ JO for t € [0,1] \ Mg,

(6.20) (Ar)'(8) = { T () — po(t) fort e Mg,
, 0 for t € [0,1] \ Mg,

(AnTY(t) = { O (in(t) — pot) forte My,

Similarly, in view of (6.7), (6.9) and (6.10), (zx, Wx, 'r, @x, kx) can be interpreted as a
stationary point of (LQ)B where
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7 =7+ A" with A7” = (0,0,0, (A7*)",0,0, (Ax7)") and
0 for ¢ € [0,1) \ Mg
4N _ ’ )
(6.21) (Ar5)"() = {—T(t)*mﬂ(t) for t € Mg.
0 for t € [0,1]\ M
e _ ) B
(Ar)"(t) = {—@(t)*nﬁ(t) for £ € M.
Note that, if 3 < «, where « is given in (A3), then (A3) implies that the quadratic
term of the cost functional in (LQ)? is coercive on the feasible set. Hence, as in (LQ)s,
there exists a unique stationary point (Z, Wy, T, W, Frr) Of (m)ﬁ and a constant [ > 0,
independent of 7 and [, such that

|Gy, W) = (Frys Ty o < Ly — o,

(6.22) T o -

[(Frys @rys Bory) = (P @rg s Fomy M| xs < |01 — m2|urs,

for all m,m2 € U™ and for all s € [2,00]. Putting m; = 7/, m3 = #” and using (6.22)

together with (6.20) and (6.21) as well as (5.30) and (6.11), we obtain

(6.23)  [I(yx — 0 — 22, vx = v0 — W) | x2 = | Fr = G Wy = Wr)||x+ < |7 — 7"
7 * s * S l/s

<T[ § 10@)" () = p0(t) = k()] + )" (0 (1) = pro(t) = i (£))]*) ]
Mg

<Ulatr — molloe + Insllo)] § (OO + 70 at]
M,H

<o~ [ § (O + T d]
Mg

Similarly
(624) ||(q7r_q0_7"7r7Q7r — 00 — Wnx, b — MO _ﬁw)HYs
1/s
<dlnlu=| § (OO + @) d] .
Mg
Choose any ¢ > 0; since meas Mg — 0 as § — 0, for any s € [2,00), we can find 5(e, s)

> 0 and the corresponding < := ¢(B(e, s)) such that (6.12) holds for any 7 € BY™ (0). m

Bibliographical note. The proofs of Lemma 6.1 and of Proposition 6.2 can be found in
[32] and in [37], respectively.

7. Lipschitz stability of solutions to nonlinear problems

Now we return to our nonlinear optimal control problem (O),. In this section the main
stability result for this problem will be derived. In view of (5.30), for s = co, the abstract
Theorem 4.1 implies:

PROPOSITION 7.1. If (A1)—(A3) hold, then there exist constants o1,02 > 0 and | > 0
such that for each h € Bfl (ho) there is a unique stationary point Cp = (xp, Up, Ph, Ohs Vh)
in BZ" ((o) of (O) and
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(71) ”xhz — Thy

|1,007 ||uh2 — Up, ”007 ||ph2 — Phy ”1’007 |Qh2 — Ohy |7 ||Vh2 —Vny ”00
<lhs — 1|l for all hy,ho € B (ho).

We will show that, for o1 > 0 sufficiently small, (zp,up) is a solution of (O); and
(ph, on, vn) the associated Lagrange multiplier.

Let (zp, un, ph, On,Vr) be the stationary point of (O), which exists for h € Bfl(ho)
by Proposition 7.1. In the same way as in (2.20), introduce the mapping C" : Z*% — Y'*
defined by

(v y— Ay — By
(7.2) Calv|=1{ =090 +Zty(1) |,
9 Thy + Ohv + T

where the superscript “h” denotes that the respective elements are evaluated at (xp, up, h),
rather than at (zg, ug, hg). Moreover, set

(7.3) Lp, == L(Tn, un, Ph; O, Vi, ).
We will need the following auxiliary result.

LEMMA 7.2. If the assumptions of Proposition 7.1 hold, then for o1 > 0 sufficiently
small, the mapping

(7.4) Ch:Z° —Y*, se[l,o0], is surjective for all h € BY (ko).
Proof. In view of (7.1), it follows from (2.20) and (7.2) that
(7.5) IC" —Collzs~ys — 0 as oy — 0.

Since C, : Z° — Y® is surjective by Lemma 2.3, surjectivity of C* follows from (7.5) and
from the Banach open mapping theorem, as in the proof of Lemma 9.3 below. =

LEMMA 7.3. If the assumptions of Proposition 7.1 hold, then for o1 > 0 sufficiently small
we have

(75 ((w.0). D*a(w.0) 2 T (lolia + o]

for all h € BE (hg) and all (y,v) € X? such that

(7.7) (y,v) € ker 52,
where
g — Ay — B
73) ¢t () = [ Zbu0) + 2w
Thy+6hv

Proof. In the same way as in (3.29) define
(7.9) Qh = I (M" + Q)T

where the mappings M” and I'" as well as the subspace (U")* are defined as in (3.25)—
(3.27), but evaluated at ({3, h), rather than at the reference point (o, ho). By the same
construction as in (3.22) and (3.28) we find that (7.6) is equivalent to

(7.10) (v, Qv) > gnrguug for all v € L2(0, 1;R™).
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By (7.1) we have
||QZ — Qa||L2~>L2 — 07 ||F£ — FaHL2~>L2 — 0 as ||h - hOHH — 0.
Hence, in view of (3.28), we can find oy > 0 such that (7.10) holds for all b € BE (ho). =

The following lemma shows that conditions (7.4) and (7.6) imply that (zp,up) is an
isolated local minimizer of order two for (O)p,.

LEMMA 7.4. Let (A1)—(A3) hold. Then there exist 01,02 > 0 such that for each h €
BE (ho) and for each (z,u) € Bém (Th,un),
(7.11) F(z,u,h) = F(an,un,h) 2 c(|lz = pllf o + v — unl3),
where ¢ > 0 is independent of h.
Note that (7.11) holds for all feasible (z, u) in a X *°-neighborhood of (z,, uy), whereas

the quadratic term on the right-hand side of (7.11) is the square of the X?-norm. These
different norms reflect the phenomenon of two-norm discrepancy.

Proof of Lemma 7.4. Choose o1 < a/(2l) such that the conclusions of Lemmas 7.2 and
7.3 hold. In view of (3.15) and (7.1), we have

(7.12) vi >a/2 fori€ Ju(t),

Let (xz,u) € X be feasible for (O);. By equality constraints and complementary slack-
ness we have

(7 13) E(xh’uh’ph’gh’yh’h) :F($h7uh,h),
| L@, pns 0, v, h) = Flaw,h) + (vn, 0, u, ).

Expanding L(-, -, pn, On, Y, h) into Taylor series at (xp,up) and using (7.13), as well as
the stationarity condition (3.3) we obtain
(7.14) F(z,u,h) — F(xp,up,h) = — (vp,0(x,u,h))
+ (2, u) = (2, un), D*Lu((2,u) = (2n,un)))
+r1((x,u), h)

where
1

ri((w,w),h) = ((@,0) = (enwn), § DL, = D2L4] ds (2, 0) = (wn,un)))
0
and
D?Ly = D?L(xp, + s(x — xp),up + s(uw — up), ph, 00, v, h), s €[0,1].
In view of (I) we have
r((z, w), b))
(2, u) = (@n, un) x2
uniformly with respect to h € B (hy).
The first order expansion of the constraint functions
(@ —ip) — AM(x —2p) — B (u —up,) =13 (:c u), h)

(7.16) Z§(@(0) = 2(0)) + ZP(2(1) — 2 (1)) =7
Th(x —zp) + O"(u —up) = 0(z,u,h) — 0(x

(7.15) — 0 as | (z,u) — (zh,un)||x~ — 0,



34 K. Malanowski

where r2((z,u), k) = (ri((x,u), h),r3((x,u), k), r3((x,u), h)) € Y satisfies
[r2((, u), )|y
(2, w) = (zn, un)| x>

Define the function 0(z(t),u(t), k) as follows:

(7.17) =0 as|(z,u) — (zh,un)||x= — 0.

(7.18) 7 (2(t), ult), h(t)) = {gi(w(t),U(t),h(t)) o y §Z§3
Since 6 (x(t),u(t),h) <0 and v} (t) > 0, (7.12) implies
(7.19) — (v, 0(z,u, h)) > —(vp,, 0(z,u, b)) > —H?(x,u, h)1.
Consider the following equation:

|- [ Lo
(7.20) ch v | = | r3((x,u),h) 0 .

9 r3((x,u), h) O(x,u,h)

By Lemma 7.2 there exists a solution (y,v,9) € Z? of (7.20) such that
(7.21) 1y, v, )22 < k(llr2(z,u, B)lly= + 10z, u, h)]l2),
where k > 0 is independent of h € B (hg). Note that, since in view of (7.12),
(7.22) 0 (xp,(t), un(t), h(t)) =0 foric Ju(t),
equations (7.16) and (7.20) imply that the pair
(7.23) (z,w) == (x — zp,u —up) — (y,v)

satisfies condition (7.7). By (7.19) and (7.23), we obtain from (7.14)
F(z,u,h) — F(xp,up, h) > %H@(m,u, R)|l1 + ((z,w), D*Ly(2,w))

+2((z,w), D*Li(y, v)) + ((y,v), D*Li(y, v)) + r1((z,u), h).
Using Young’s inequality as well as (7.6) and (7.21) we get

Q

o v
F(x,u,h) — F(xp,up, h) > §Il9(w,u,h)\ll + 5ll(sz)||§(z - zll(sz)llggz

- 7||D2Eh||§¢2_>x2ll(y,v)ll?gz
- I\Dzﬁhllx2—>xz\|(y, )% + r1((z,u), h)
—IIH(I u, M)l + II(Z w)llx> = cllf(@, u, )3

= c|r2((@,u), )||Y2 +r1((z,u), h).
We have

while, in view of (7.18) and (7.22), ||0(z,u, h)||ec — 0 as ||(z,u) — (x4, un)||ec — 0. Hence
we can choose o9 > 0 so small that

o 04
F(x7ua h)_F(xhvuhah) Z”H(‘rau7h)||1+z||(zvw)H?X?_CHTQ((xau>7h)‘|%2+r1(($7u)’h>'
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Using again (7.21) as well as (7.15) and (7.17), we find that, for o > 0 sufficiently small,
F(,u,h) = F(wn,un, h) > c([(y, )5 + (2, w) %),
where ¢ > 0 is independent of b, i.e., in view of (7.23), (7.11) holds. =

Proposition 7.1 together with Lemma 7.4 yields the following principal stability result
for solutions to (O)p.

THEOREM 7.5. If conditions (I)~(III) and (A1)-(A3) hold, then there exist constants
01,09,0 > 0 such that for each h € Bfl(ho) there is a unique solution (xp,up) in
Bf;o (zo,up) of (O)p, and a unique associated Lagrange multiplier (pp, on,vn). Moreover,

1,005 ||uh2 - uthOO’ ||ph2 — Phy |1,007 |Qh2 - th') ||I/h2 - I/h1||<>0
<Il|hy — b1l for all hy,ha € BE (hy).

||mh2 — Thy |

Bibliographical note. The proof of Lemma 7.4 is based on that in [13].

8. Differentiability of solutions to nonlinear problems

By Theorem 4.4, Proposition 6.2 and Theorem 7.5 we obtain the following basic sensitivity
result for (O)p.

THEOREM 8.1. If (I)-(III) and (A1)—(A3) hold, then there exist 01,02 > 0 such that the
mappings

(8.1) (zh,un) : BE (ho) = X5, (pn, onvn) : B (ho) = Y*, s €[2,00),

given by the solutions in Bf;o ((zo,up)) and Lagrange multipliers of (O), are Bouligand
differentiable functions of h and the B-differentials, in a given direction g € H, evaluated
at hg, are given by the solution and Lagrange multiplier of the following linear-quadratic
optimal control problem:

(L)ho,g Find (Yng,gs Vne,g) Such that
K(Yho,g: Vho,g»9) = min {K(y, v, g) := 2((y,v), D*Lo(y,v)) + (y, D2, Log) + (v, D%, Log) }
subject to

Y(t) = Dy fo(t)y(t) — Dufo(t)v(t) — Drfo(t)g(t) = 0,
D40)&0y(0) + Dy1yéoy(1) + Dréog(0) =0,
i i i =0 forie Jo(t),
As noticed in Section 4, a Bouligand differential becomes Fréchet if it is linear and
continuous. Hence, from the form of (L), 4, we obtain immediately

COROLLARY 8.2. If, in addition to the assumptions of Theorem 8.1, Iy(t) = Jo(t) for
almost all t € [0, 1], i.e., if the pointwise strict complementarity holds, then the mappings
(8.1) are Fréchet differentiable.
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The following simple example shows that, in general, the solutions to parametric
optimal control problems are not differentiable in X, so the result of Theorem 8.1
cannot be strengthened in this direction.

Let H = R. In a neighborhood of the reference value hy = 0, consider the following
parametric problem:

(E),, Find (xp,us) € X* := Wh>(0,1;R) x L>(0,1;R) such that

1 1
V (@n(t) — un(t))? dt = min | (2(t) — u(t))® dt
0 0

DN | =
N —

subject to
z(t)—(2—h)=0, z(0)=0, u(t)—1<0.
It is easy to see that the solution to (E); is given by

B _[(2—=h)t forte(0,1/(2—h)),
op(t) = (2—-h)t, un(t) = { 1 fort € (1/(2—h),1).

So we have

duo(t) [ —t forte (0,1/2),
dh |0 forte(1/2,1),

and a simple calculation yields

dUO(t)
dh

1
= _|h|7

€SS su
P 2

telo,1]

up(t) —ug(t) — h

s 1/s
1
up(t) —uo(t) — hdudo}ft) ‘ dt) = 5(2 — h) M3 (s 1)V,

<s

Thus, uy, is Fréchet differentiable at hg in X® for any s € [2,00), but not in X>°.
In sensitivity analysis of optimization problems an important role is played by the
so-called optimal value function, which on BZ (hg) is defined as follows:

(8.2) FO(h) :== F(xn,un, h),

i.e., to each h € BH (hg), F° assigns the (local) optimal value of the cost functional. It
has been known (see, e.g., [33]) that directional differentiability of the solutions implies
the second order directional expansion of the value function. The following corollary of
Theorem 8.1 shows that Bouligand differentiability of the solutions implies the second
order expansion of F9, uniform on a neighborhood of hg.

COROLLARY 8.3. If the assumptions of Theorem 8.1 hold, then for each h = ho + g €
BOI},l (h‘O)a
(8.3)  F°(h) = F°(ho) + (DnLo. 9)
, D2,Lo D2.Lo D2Lo
+ 5 (yho,gvvho,g7g)7 Dzmz‘co Déuﬁo D§h£0 (yho,g7vho,g7g)
D;.Lo D;. Lo Dj,Lo
+o(llgll%),
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where (Yng,gs Vho,g) 15 the B-differential of (xn,un) at hy in direction g, i.e., it is given
by the solution to (L), ..

Proof. In view of (7.13) and (8.2), we have
FO(h) = L(zh, un, P Oh, Vhs h).

Using this equality and Theorem 8.1, for h € Bfl (ho), we get the following form of the
B-differential of F©:

DhFO(h)g = Drﬁhyh,g + Duﬁhfvh,g + Dpﬁhqh,g + DQ‘Cth,g + -Du»ch,u/h,g + Dhﬁhgv

where (Yn,g, Vnh,gs Qh,gs Oh,g, h,g) are given by the solution and Lagrange multipliers of
(L)n,g- By optimality conditions we have D,L;, = 0, D, L;, = 0. The partial derivatives
of L, with respect to the Lagrange multipliers give the corresponding constraints. So,
for equality constraints we have D,L; = 0, D,L;, = 0. For inequality constraints, p,4
is the corresponding multiplier in (L) 4, 50 pn,g(t) = 0 if 0,(t) < 0, ie., DyLppin,g =
(O, tth,g) = 0. Thus finally, we obtain

(8.4) Dy F°(h) = DLy,

Certainly, we have

1
(8.5) FO(h) = F°(ho) + | D F°(ha)g da,
0

where hq = ho + aAh. Using (8.4) and Theorem 8.1 we obtain
(8.6) DpF°(ha) = DypLo + (D7, Loyhe.g + DiuLloVhg.g + DipLodho,g
+ D yL0no,g + Diy Lottne,g + DinLog) + olallgl)-
Substituting (8.6) to (8.5) and integrating, we get
(8.7)  F°(h) = F°(ho) + DpLog + 3(Dj oy LoYno.g + Diulovhg.g
+ D3 Lotno,g + DigLo0ha,g + Dy Lottng,g + DinLog, g) + olllgllF)-
Stationarity conditions for (L), 4 have the form

D2, Loyng.g + D2, LoVhe.g + D2, LoGng.g + D2,L00h, g
(8.8) + D2, Loping.g + D2, Log = 0,
D2, Loyny,g + D2y LoVhe.g + D2y LoGhg.g + D2y Loping,g + D2, Log = 0.
Moreover, equality constraints and complementarity condition for (L)s, 4 yield
D7 LoYng.g + D3y Lovhg.g + D2y Log =0,
(8.9) D3 LoYny,g + D2y Log = 0,
(Bho.gs D22 LoYng.g + D2y LoVhy.g + D%, Log) = 0.
A combination of (8.7)-(8.9) gives (8.3). m

Bibliographical note. This section is based on [37]. Fréchet differentiability of solutions to
(O)r, was investigated in [39] using the so-called shooting method. Since this method is



38 K. Malanowski

based on the classical implicit function theorem, it requires strong regularity assumptions
on the reference solution, which are not needed in Corollary 8.2.

9. Necessary conditions of stability and sensitivity

In this section we show that if the standing assumptions (I)—(III) hold, and if in addition
the dependence of the data of problem (O); on the parameter h is strong in some sense,
then (A1)—(A3) are necessary conditions of local Lipschitz continuity and directional
differentiability of the solutions and Lagrange multipliers. Thus, in this case, we get a
full characterization of stability and sensitivity properties of (O)p.

Let us formulate the needed condition of strong dependence of data on the parameter
for the abstract generalized equation.

DEFINITION 9.1. We say that the parametric generalized equation (4.5) depends strongly
on the parameter h at the reference point (hg, (o) if the linear mapping

(9.1) Dy F(Co,ho) : H— U™
is surjective.

REMARK 9.2. The strong dependence condition is clearly satisfied in the special situation
where

H=H x H", with H” = U, H' an arbitrary Banach space,
(9.2) h=(n,n"), with b’ € H', h" € H",

F(Cv h) = }—/(Cv h/) + h//’
where F’ satisfies the same assumptions as F in Theorem 4.1. This special situation was
considered in [16].

In the case where F is given by (4.6), we have

—Dy, f (0, uo, ho)
Dhﬁ(fﬂo(o)a C50(1)7 hO(O))
Dp0(xo,uo, ho)

(9.3)  DpF(Co ho) = D2, H(xo, uo, po, Vo, ho)
D2 0y [€(20(0), 20(1), ho(0))* 00 + 9(0(0), zo(1), ho(0)]
D2 1y, [6(20(0), 20(1), ho(0))* 00 + 9(0(0), 20 (1), ho(0)]
D2, H(zo, uo, po, Vo, ho)
We assume
(A4)  The mapping DpF (o, ho) : H — U™ given in (9.3) is surjective, i.e., by the
Banach open mapping theorem, there exists a constant k > 0 such that for each
6 € U there is g € H such that

(9.4) DpF(Cosho)g =6 and |gllmg < k[[6]|pe.

Note that the special case (9.2), where (A4) holds automatically, corresponds to the
situation where H = H' x H" with

H" = L*(0,1;R™) x R™ x L=(0,1;R!) x L*(0,1;R™) x R™ x R™ x L>(0,1;R™),
h=(W1") with h" = (h{,hY, by, 0y b hg hY) € H'.
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In this case problem (O);, takes the form: Minimize
1

F(x,u,h) = {[p(@,u, 1) + (b, z) + (b, u)] dt

+ ¢(2(0), (1), h(0)) + (b5, 2(0)) + (hg, z(1))

subject to

j:_f(x7uah/)+ Ill =Y

§(x(0), 2(1), 1'(0)) + hy = 0,

O(z,u,h') +hs <0.
In what follows we assume that
(H)  Conditions (I)—(IIT), (A4) hold and there exist constants al,ag,l > 0 such that

for any h € B (ho) there is a unique solution ¢, in BY "~ (() to (4.5) which

corresponds to a solution and Lagrange multiplier of (O) . Moreover, (; is a
Lipschitz continuous (with modulus ) and B-differentiable function of h.

We will show that if (H) is satisfied then (A1)-(A3) hold with some o > 0. To this end,
we introduce some variations of the reference value hy of the parameter. Namely, we
consider the equation

(9.5) F(Co, h) = F(Co, ho) + 6,

where h, (y and § are treated as the unknown, parameter and perturbation, respectively.
Certainly, for 6 = 0, hq satisfies (9.5). Hence, in view of (A4), the Lyusternik—Graves
theorem 4.3 implies that, for any ¢ sufficiently small, there exists a solution hs of (9.5)
such that

(9.6) |hs = holla < k|6]lu=,

where k > 0 is given in (9.4). Therefore, for [|§]|y~ < k™ oy, we have hs € BE (hg) and,
by (H), there exists a locally unique solution (p, of the generalized equation

(9.7) 0 € F(C hs) +T(C).
In the proof of constramt qualifications, we choose a small perturbation 5 and a cor-
responding parameter b= = hj in such a way that, in a small neighborhood of (h G

the inclusion (4.5) reduces to an equation. Analyzmg this equatlon we prove that con-
straint qualifications (Al) and (A2) hold at (h ;). Making 1 sufficiently close to ho,
we show that these constraint qualifications are satisfied also at the reference solution.
Using a similar approach, with a different choice of the perturbation, we prove coercivity
condition (A3).

We will need the following well known stability result for surjectivity. A proof is given
for the sake of completeness.

LEMMA 9.3. If (H) holds, then there exist 01,02 > 0 such that for any h € B (ho),
¢ e BZZOQ(CO) and any § € U there is g € H such that

(9.8) DnF(Ch)g =6 and |gllm < 2k[|5]|v=,

where k is given in (9.4).
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Proof. Choose 01,09 > 0 so small that
(9.9)  [[DrF(C,h) — DpF(Cosho)|| < (2k)™1 for all h € BE (ko) and ¢ € BY ™ (¢o).

Using (9.4), for any 6 € U™, we can construct successively a sequence {Zg:o gs}, where

DpF(Co,ho)go =6, lgollr < Ell0]lu=,
(9.10) DpF(Gos ho)gj+1 = [DnF (Go: ho) — DuF (¢, h)lg;,
Igj+1llm < KII[DRF (Co, ho) — DaF (¢, h)]gj v
From (9.10) and (9.9) we get

g1l < kI DnF (Cosho) — DaF ()| - [lgiller < 5llgslla-

So
(9.11) lgsllr — 0 as j — oo
and {Zizo gs} is a Cauchy sequence. Hence there exists g € H such that
J
(9.12) ng —g asj—oo and |9y < 2k|d]|yee.
s=0

On the other hand, it follows by induction that

J
DaF(& ) (D 95) = 6 = =D (Cos ho)gj-

s=0
In view of (9.11) and (9.12), this shows that g satisfies (9.8). m

Let us now analyze constraint qualifications. To this end, we choose small constants
a,e > 0 and introduce the following variation 7 of vy:

i JUst)+e ifte M,
(9.13) ”(t)_{yg(t)o if ¢ ¢ M,

where M is defined in (2.38). Set Z = (xo, uo, Po, 00, V). Moreover, define the following
vector § € U:
g:(0,0,53,g4,0,0,g7), where

i —0i(t) ifi € I,(1),
@ro=1%0 ek

(O (1) =~ Xjer, i T (1),
(O (1) =~ Xjer, ) €7 ().
It follows from the construction that
(9.15) 0€ F(C ho) +3+T(C)
and (see Fig. 1)

{Hi(xo(t),uo(t), ho(t)) + (83)i(t) =0  and Di(t) > for t € M,
0% (xo(t), uo(t), ho(t)) + (63)'(t) < —a and i (t) =0 for t &€ M..
Clearly, by (9.13) and (9.14), we have

(9.17) IC—Collw= <& 18%lloc < @ [18%loc < €V lloos 1167 lloo < €[|Oloc

(9.14)

(9.16)
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So, in view of Lemma 9.3 and Theorem 4.3, for a > 0 and € > 0 sufficiently small the
equation

(9.18) F(¢, h)=F(C ho) +6

has a solution & such that

(9.19) I = holl < 2K[13]ju~,

where k > 0 is independent of a and e. By (9.15) and (9.18) we get

(9.20) 0€ F(Ch) +T(0).

Therefore, by (H), (= ¢, is a unique solution in BZ” ((o) of (9.20). By (9.16) and (9.18)

we have

(9.21) {ei(xo(t),uo(t),ﬁ(t)) =0 and D'(t) >efort € M,
' 01 (xo(t), uo(t), h(t)) < —a and D' (t) =0 for t ¢ M.
Conditions (9.21), together with the assumption of Lipschitz continuity of ¢, imply
that there exists a small constant & > 0 such that, for all h € BZ (h) C BE (hg) and all
(e Bf:o (Co), the generalized equation (4.5) can be treated as the following equation:

(9.22) F(¢h) =0,
where F : X* — 17; is defined as in (4.6) except for the third term:
T — f(xv u, h’)

C (@(0),2(1),h(0)
0" (x(t),u(t),h(t)) forte M., iel
P(0) + Dao)[€(2(0), 2(1), h(0))"0 + ¢ (2(0), z(1
=p(1) + Do) [€((0), (1), h(0))" 0 + ¢ (2(0), (
‘D’LLH(:I'7 u’ p’ I/7 h)

(9.23)  F(¢h) =
), h(0))]
1), 1(0))]

By (H), the solution ¢}, of (9.22) is B-differentiable on Bg(ﬁ) Let ¢ € H be any
direction in the space of parameters. Differentiating (9.22) at h = h along the direction
g we obtain

(9.24) DcF (G, 1) (DiGirg) = —DnF (G, h)g-
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For any g € H this equation must have a unique solution (Dx(j,g), and, by Lipschitz
continuity,

(9.25) [(DnGG, 9)llwe < Uglla-

By Lemma 9.3, for @ > 0 and € > 0 sufficiently small, Dh]:((ﬁ,ﬁ) : H — U is surjective
and condition (9.8) is satisfied. Hence, it follows from definition (9.23) that the mapping
Dh]?(cﬁ,ﬁ) :H — ﬁgo is surjective. Therefore, the range of the right-hand side of (9.24)
is the whole space ﬁg" This implies that DC}/: (Cﬁﬁ) 12— [750 is invertible and

(9.26) (DnGs9) = =[DF (G W™ DuF (G B,

For any ¢ > 0, we can choose an element 6, € U2, HésHﬁgg =1, such that
9.27)  NDF G W) o llwee > IDF (G ) lgoe oo 0l e — €
In view of (9.8), there exists g. € H such that

(9.28) DnF(Goh)ge =0 and |lge|la < 2[5 o

By (9.26)—(9.28), )

(9.29) 1(PnG 92) lw= = D (G I~ DaF (G ) ge s

1 =~
> S DF (G M) g wosllgellr = .

Since € > 0 can be arbitrarily small, (9.29) together with (9.25) implies

(9.30) NDCF (G gy < 26
In view of (H), (9.17) and (9.19), for & > 0 and € > 0 sufficiently small, we obtain
(9.31) IDF (Chos h0)) g e < 4L

PRrOPOSITION 9.4. If (H) is satisfied, then there exists o > 0 such that (Al) and (A2)
hold.

Proof. By (9.23), the equation D4.7-'(C07 ho)n = x has the form
§(t) — A®)y(t) — Bt)v(t) = x' (1),

0y(0) + 51y(1) =X

Yo (t)y(t) + Ba(t)v(t) = X3(t), ~
(9.32) q(t) + A(t)*q(t) + Quu(t)y(t) + Qua(t)v(t) + Y (t)*u(t) = x* (1),
q(0) + Rooy(0) + Rory(1) + S50 = x°,
—q(1) + R10y(0) + Ruay(1) + =50 = x5,

=10
Qa1 (t)y(t) + Qaa(t)u(t) + B(t)*q(t) + Oa(t)* u(t) = X" (¢),
where O, (t) and Y, (t) are defined in (2.14).

By (9.31), equation (9.32) has a unique solution for any x € US°. Choosing x =
(0,%%,0,0,0,0,0) we immediately obtain (A2). We are going to show that
(9.33) B4 () 1] > (4k1)"Hp| for all p e R® and a.a. t € [0,1].
In view of Lemma 2.1, (9.33) is equivalent to (A1). Suppose that (9.33) is violated, i.e.,
there exist a set M C [0, 1] with meas M > 0, a constant € > 0 and (), |@(t)| =1, such
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that
(9.34) |Oa () i1(t)] < (4kl)™* — & for all t € M.
Let N C M with meas N > 0 be any subset. We set
~n __ Jp(t) forteN,
(9:35) Al) = { 0 fortgN.

We can assume that g is a measurable function. Choose

= (9,4,q,0,0), X=0,0,0,0,"0,X),

where y =0, u =0, g = 0, ¢ is the solution of the equation

(9.36) g(t) + A(t)"q(t) + Ta(®)H(t) =0, (1) =0,
and
(9.37) X =4(0), X'(t)=B)q(t) + Bult) Alt).

By construction, 77 is the solution to (9.32) corresponding to X. By (9.35) and (9.36)
we have ||g|loc — 0 as meas N — 0. Hence, in view of (9.34) and (9.37), for meas N
sufficiently small, we get

Xl g = X7 lloe < [18al®) F(t)loo + IBE)*T1)]l0o
< (k)T —e/2 = [(4k) T — e/2[|llo0 = [(4RD) ™" — /2] 17l lw.
This contradicts (9.31) and completes the proof of (9.33). m
In proving (A3), we will use the same idea as above. Namely, we introduce a variation

of hg such that, for the corresponding problem, locally, the constraints can be treated as
equalities. As in (9.13) we introduce the following variation 7 of vy:

—q _ I/(Z)(t) iftGNé,

”(t)_{o iftd N
where N! is defined in (3.16), and set ¢ = (z0, uo, Po, 00, 7). Moreover, as in (9.14), for
given a, e > 0, we define

§ = (0,0, 33, 34, 0,0, 37), where

3o [0 ifie Ju(b),
(5 ) (t){g ifi%Ja(t),
(6

Yt = D jeda(t) v ()T (t),
(B (1) = Xjes. 0 R HO (1),
By the same argument as in (9.15)—(9.20), we find that for a > 0 and ¢ > 0 sufficiently

small there exists h € Bfl (ho) such that ( = (; is a locally unique solution to the
generalized equation

(9.39) 0€ F(¢h)+T(Q).

Moreover (see Fig. 2), there exists & such that, for all h € BZ (h) and all ¢ € BZ™ ({o),
(4.5) can be treated as the equation

(9.40) F(Gh) =0,

(9.38)
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where F : X® — U?, is defined as in (9.23), with M{ replaced by N{. In exactly the same
way as in (9.30), we find that

(9.41) 1D (G )] g e < 2K
Hence, in particular, for each 7 € Ugf’, the equation

(9-42) DeF Gy h)C =1

has a unique solution and

(9.43) ICllwee < 2kl|nlige

Note that (9.42) has the form

(t) = AF(Oy(0) — B (0)u(t) = (1)

Z3y(0) + Ety(1) = X2,

Th(t)y(t) + OL(H)v(t) = X*(1),

(9.44) q(t) + AR (1)*q(t) + QT (1)y(
(0) + Rgoy( ) + Rmy( )

rather than at ({o, ko).
We are going to show that
(9.45) (v, Q") > (2k1) " o3 for all v € (U)?,

where Q" is defined in (7.9). To this end, note that Q" is a self-adjoint operator in (24)2.
By a well known property of the spectrum of self-adjoint operators in a Hilbert space
(see e.g. Theorem 2, p. 320 in [53]) we have

(9.46) min{A € R| A € o} = inf {(v, Q"v) | v e U")?, |v]|ls = 1},
where o is the spectrum of Qg. Hence, to prove (9.45), it is enough to show that
(9.47) o C [(2kD) ™, oq).

Let us start with the following result:
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LeMMA 9.5. If (H) is satisfied then there is oo > 0 such that
(9.48) (v, QZ)U) >0 forallve (UE)Q.
Proof. Locally, (O); can be treated as the following optimal control problem with equality
type constraints:
Minimize F(x,u,h) subject to ¢(x,u,h) = 0,

where
z— f(x,u,h)
c(z,uh) = | £(2(0), z(1),n(0))
0 (x(t),u(t),h(t)) forte N}, iel

Choose an arbitrary (y,v) € X°° NkerCl, where C" is defined in (7.8). Set (z7,u") =

(xo,u0) + 7(y,v), where 7 > 0. Expanding ¢(-, -, h) into Taylor series at (xq,ug) we get
(9.49) e(x,u", h) = ¢(xo, ug, k) + ng {z] + o(7) = o(7).

In view of Corollary 2.4, the mapping (ZX is surjective for any sufficiently small a > 0.
Therefore, it follows from the construction of 52 and from the same argument as in the
proof of Lemma 9.3 that Ez is surjective for a > 0 and € > 0 sufficiently small. Hence,
by the Lyusternik—Graves theorem, (9.49) implies that there exists (Z7,u") feasible for
(0);, such that

1(@7,a”) = (&7, u")|[ x> = (&7 — 20 — Ty, u” —up — Tv)|| x> = o(7).

For any feasible (z,u) we have F(z,u, h) = L(z,u,ps, 05, V5, h). Since (x5, uy) is a local
minimizer of (O);, expanding F(-,-,h) into Taylor series at (zj,u;) and performing
calculations analogous to those in the proof of Lemma 7.4, we obtain

0 < F(Z™,u",h) — F(zj,up, ) = 27%((y,v), D*L;,(y,v)) + o(72).
Letting 7 — 0 and using density of the embedding X>®° C X2, we get
(9.50) ((y,v), D*L; (y,v)) >0 for all (y,v) € ker CP.
In the same way as in (3.28), we can rewrite (9.50) in the form (9.48). m
We will need the following auxiliary lemma:

LEMMA 9.6. If (H) is satisfied then
v

9.51 o - > (2kl
031 b @ 1]z @07
for all (v, ) of the appropriate dimension and a.a. t € [0,1].

Proof. The idea of the proof is very similar to that of (9.33). Suppose that (9.51) is
violated, i.e., there exist a set M C [0, 1] with meas M > 0, a constant € > 0 and vectors

(@), (), [(0(2), ()| = 1, such that

o ][ st

¢

. for all t € M.
I
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Choose any N C M with meas N > 0 and set
N~ _J (@), m(t)) forte N,
(953) .o = { G ey

We can assume that (v, 1) is a measurable function. Define

7=3.7406r), x=0xx0x",x%X"),

where

y— A —B"5=0, §(0)=0,

G+ (AN g+ QNG+ Qv + (T =0, q(1) =0,
(9.54) 0=0,

X’ =251, X =74y +050, X°=4q(0) + R (1),

X = R’hﬂ(l), X' = Qb+ Qv+ (B") G+ (80) i
It is easy to see that 7 is the solution of (9.44) corresponding to x. It follows from (9.53)
and (9.54) that

17llc0s ld]lcc — 0 as meas N — 0.

Hence, in view of (9.52) and (9.54), for meas N sufficiently small, we obtain

Fl =13 @]

< [k) =] ||

IXllg= =

-

o~ i
QY + ( Mg
+e/2 < (2K —e/2 = [(2k1) 1 — /2] |17l we-

o0

oo

This contradicts (9.43) and completes the proof of the lemma. =
LEMMA 9.7. If (H) is satisfied, then there exists a > 0 such that
(9.55) 1Ok v]la > (2k1)H|vlla  for all v € (UM

Proof. Set x = (0,0,x3,0,0,0,x"). Using definitions (3.23) and (3.25) we obtain from
(9.44),

@Zv + TES{;LBBU = XS,

o Q0 0 -
Q5 SgB v+ (BM)*(S")* | 0 R, Rb | S"B"o+ (B")(85) Qlsv
0 Ri Rh

+ Qb + (B (S (Th) o+ (@)
= Qo+ (O1)* p+ MM+ (BMY(SE)* (TR ) = X7,

or

N e | S v e e | M R

Introduce the space V¥ = L2, x L*(0, 1;R™), where L?, is defined in (3.16). By (9.43), for
any (x3,x7) € V.>°, equation (9.56) has a unique solution and

v

(9.57) < 2kl

o0

o0
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We are going to show that the analogous estimate holds in V2. Define the operator

(9.58) D:VZ =V, D=Dy+0Dsy,
where ~ o
Dh A h ch Rh
o[BS
Q22 (Qa)

M (BM) (ST ()
Let Z denote the identity in V.. In view of (9.57), for any A\ € (—(2kl)~1, (2kl)~1), the
operator
(9.59) D-XL:VS Ve
is invertible for s = co. We are going to prove that (9.59) is also invertible for s = 2. To
this end, notice that by (9.51), for any A € (—(2kl)~1, (2kl)~1), the matrix

oh

[@f?(ﬂ _EO *:| — A

Q32(t)  Oq(t)
is invertible, uniformly for almost all ¢ € [0, 1]. Therefore, the operator D1 —AZ is invertible
in V2 for any s € [1,o0]. Define the operator

Ex:VE VS &= (D1 — M) 'Ds.

Observe that D— AT is invertible in V;J if and only if £, +Z is also invertible. In particular,
Ex + T is invertible in Vg for A € (—(2kl)~*, (2kl)~!). Note that, in view of (3.23)
and (3.25), the mappings S : L2(0,1;R™) — L%(0,1;R") and M" : L2(0,1;R™) —
L?(0,1;R™) are compact. Hence Dy and €, are compact in V2. Moreover,

(9.60) ENVZcC vz
Consider the homogeneous equation

(% (% 2
9.61 Ex+1 =0, e V.
(061 e (]) =0 (1)ew

By (9.60) we have

() =5 () e

Hence, by invertibility of & + Z in V., (Z) — 0 is the only solution of (9.61). By a
known property of compact operators (see e.g. Theorem 2, Chap. XIII, Sec. 1 in [28]), the
uniqueness of the solution to the homogeneous equation (9.61) implies that the operator
Ex + 7 is invertible in V2. In turn, this implies that the operator (9.59) is invertible in
V2 for any X\ € (—(2kl)~1, (2kl)~1). Hence equation (9.56) has a unique solution for any
(x*,x") € VZ and

(9.62) v

3
< 2kl H X
X

2 2
Choose now x® = 0. Using definition (3.29), from (9.56) we obtain

QZU = X7-
In view of (9.62), we obtain (9.55). m
PROPOSITION 9.8. If (H) holds, then there exist a,y > 0 such that (A3) is satisfied.
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Proof. By (9.55) we find that (—(2kl)~", (2kl)~') ¢ o, where o is the spectrum of Q.
On the other hand, by (9.48), o C [0, 00]. Hence (9.47) is satisfied. This implies (9.45),
which is equivalent to
(9.63) (v, Q"v) > (2k1) Y| |3 for all v € L2(0, 1;R™).
Since
|\Ih —ollpeez2 — 0 and  ||Q" — Qa2 — 0 asa — 0,

(9.63) implies that there exists & > 0 such that

(v, Qav) > (4kl) ™| Tyvllz  for all v € L?(0,1;R™),
i.e., (3.28) holds with v = (4kl)~!. m
Bibliographical note. The idea of the proof of necessity of the conditions of Lipschitz
stability, based on local equivalence to problems with equality constraints, was introduced
in [16]. In that paper the special form (9.2) of the space of parameters was considered.

Sensitivity of solutions was not discussed there. Instead, an abstract theorem due to
Dontchev [10] was used in the proof of necessity.

10. Conclusion

Combining Theorems 7.5 and 8.1 with Propositions 9.4 and 9.8, we obtain the following
theorem, which is the principal result of this paper.

THEOREM 10.1. Suppose that (I)-(11I) hold. If
(i) (A1)—(A3) are satisfied
then

(i) there exist constants o1,02,1 > 0 such that for each h € BE (ho) there is a unique
solution (zp,up) in BX™ ((zo,u0)) of (O)n and a unique associated Lagrange multiplier
(Phs 0nsvn) € Y. Moreover

1,005 ”uhz - Uthooa ”phz — Phy |1,007 |Qh2 - Qh1|a ”th - Vh1||00
<Il|ha — b1l for all hy,he € BE (hy).

||xh2 — Thy |

The mappings
(zh,un) : BE (ho) — X*,  (pn, on,vn) : B2 (ko) — Y*
are Bouligand differentiable functions for any s € [2,00). The B-differentials at ho in a

given direction g € H are given by the solution and Lagrange multiplier of the linear-
quadratic problem (L)p, g-

If in addition the strong dependence condition (A4) holds, then (ii) implies (i).

Theorem 10.1 provides a full characterization of Lipschitz stability and Bouligand
differentiability results for (O)p, in the sense formulated in Section 4. Example (E)p
shows that we cannot expect differentiability of the solutions in X°°. On the other hand,
some weakening of the assumptions could be possible, if strong dependence condition (A4)
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is not satisfied, or if we are interested in differentiability properties of the solutions (or
e-solutions) only in a given direction, as in [50]. Also, it seems that some weakening of the
constraint qualifications can be expected, if we are interested in stability and sensitivity
of the solutions, but not of Lagrange multipliers.

On the basis of the methodology presented here, convergence analysis for approxi-
mations to optimal control problems, subject to mixed control-state constraints, can be
performed. For Euler approximation, such an analysis is presented in [38]. Also the same
methodology can be used to obtain a local convergence rate for Lagrange-Newton type
optimization algorithms (see, e.g., [4]), including the mesh-independence principle for
discretized problems [3].

Thus, the stability and sensitivity analysis for smooth nonlinear optimal control prob-
lems with mixed control-state constraints is fairly complete. Such an analysis is much less
developed for optimal control problems if pure state constraints are present. In this case,
the difficulties connected with the two-norm discrepancy are much harder to overcome.
Moreover, pointwise variations of all constraints are no longer possible. For problems
with first-order state constraints, sufficient conditions of Lipschitz continuity in X? as
well as of directional differentiability have been obtained (see [35, 14]), but it is not
known if these conditions are also necessary. Similarly, the problem of B-differentiability
still remains open.

Acknowledgments. The author would like to express his gratitude to Maitine Bergou-
nioux and Helmut Maurer for careful reading of the manuscript, detecting numerous
mistakes and suggesting some improvements.
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