0. Introduction

The aim of the work presented here is to connect two fields of functional analysis, on
one hand the theory of sequence spaces and on the other hand the nonlinear theory
of algebras of generalized functions, with the emphasis on the description of the latter.
Associative differential algebras of generalized functions, containing the (embedded) delta
distribution, with the ordinary product of continuous functions do not exist, as was proved
by Schwartz [73]. But with the ordinary multiplication of smooth functions, such algebras
do exist. One of the first and today most widely studied and used constructions has been
introduced by Colombeau [8]. Nowadays, the theory of these so-called Colombeau type
algebras is well-established and it is affirmed through many applications especially in
nonlinear problems with strong singularities. Here we refer to the books [5, 8, 9, 59, 60, 63]
and to the numerous papers given in the references, while we apologize for all undue
omissions. We also want to point out the progress made in the direction of PDE and
differential geometry with applications in general relativity done by the DIANA group
[24-27, 33, 34, 37, 38, 43, 45-47].

On the other hand, sequence spaces of various type are a basic notion in investigations
of various branches of functional analysis [48, 49, 50, 51, 52, 53]. In this paper we show
that Colombeau type algebras can be reconsidered as a class of sequence space algebras.
We hope that our investigations in the field of generalized function algebras can serve
as a motivation for those who are more interested in the functional analysis of sequence
spaces.

At the time when we started our work, the results of [24, 25, 26, 27] related to the
topology, and in general to functional analysis in the framework of Colombeau type
generalized function algebras, were not known. Even now (five years later) they are not
known properly. We would like to point out that this work significantly extends the well
known theory relating to sharp topology. We will not give details about this work but
advice the reader to consult the cited papers.

The present paper extends our previous publications [13-15], where we elaborated
separately on the general construction, on the issue of embeddings of distributions, ul-
tradistributions and generalized hyperfunctions, and on functoriality and the different
notions of association which we cast into a unified scheme, with new examples and de-
velopments relating to Maddox’ sequence spaces, and sheaf theory.

Colombeau constructed his well-known algebras by algebraic methods. No topology
appeared in his construction. As we already mentioned, the different topologies and
convergence structures defined on G appeared afterwards. Our first task in this paper
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is to give a purely topological description of Colombeau type spaces. Let us mention
that these types of sequence spaces appear frequently in describing the structure of (ex-
panded) periodic distributions, ultradistributions and hyperfunctions. Our formulation
of Colombeau-like algebras should convince by its conceptual simplicity: In fact, all these
classes of algebras are simply determined by a (locally convex) space E, and a sequence
of weights r : N — R (or sequence of sequences) which serves to construct an ultra-
metric on the sequence space EV. As a first, motivating example, note that r = 1/log
just gives Colombeau’s algebra: Indeed, the ring of Colombeau generalized numbers is
C = {z € CV : limsup |z,['/°8" < co}/{x € CY : limsup |z, |'/1°¢™ = 0} and idem for
the space G(Q) (see Subsection 1.1.2 for details).

The sequence r = (r,), is assumed to be decreasing to zero. This implies that
sequence spaces under consideration (C EV) contain as a subspace E ~ diag E" and that
they induce the discrete topology on E. This is well-known for the sharp topology for
Colombeau type algebras. But our analysis implies that if one has a Colombeau type
algebra containing the Dirac delta distribution ¢ as an embedded Colombeau generalized
function, then the topology induced on the basic space must be discrete. This result is
analogous to Schwartz’ “impossibility result” concerning the product of distributions (cf.
Remark 43 and Subsection 3.1). It shows, through topology, the importance and the
validity of the Colombeau idea for the construction of Colombeau type algebras.

An important and in a sense a leading motivation for the analysis of the class of
sequence spaces is the fact that distribution, ultradistribution and hyperfunction type
spaces can be embedded in corresponding sequence spaces of this class. An important part
of the paper is devoted to embeddings since this justifies the joint interest for sequence
spaces and for generalized function algebras. The embeddings of Schwartz’ spaces into the
Colombeau algebra G are very well known, but for ultradistribution and hyperfunction
type spaces new results are given. The problem of multiplication of regular enough
functions (smooth, ultradifferentiable or quasianalytic), embedded into corresponding
algebras, is also analysed.

To complete the analysis of the relation between this approach and previous results,
we introduce in Section 4 an important generalization which is to consider sequences of
sequences of weights. This way, we can describe other Colombeau type algebras, not
based on polynomial scales, as for example asymptotic algebras [16] and Egorov type
algebras.

This justifies turning then, in Section 5, to nowadays classical questions like functorial
aspects of Colombeau type algebras [70, 71], in order to apply the following scheme in
standard applications: if a classical differential problem for regular data has a unique
solution such that the map associating the solution to the initial data satisfies convenient
growth conditions (with respect to the chosen scale of weights), then this same problem
can be transferred to corresponding sequence spaces, where it also allows for a unique
solution. That way, differential problems with singular data can be solved ad hoc in such
spaces.

Finally, it occurs frequently that exact solutions are not required, and in spaces of
generalized functions the notion of weak solutions has often been used, in the sense of
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different types of association. These concepts can be nicely described in our sequential
approach, which is done in Section 6. Indeed, we give a generalized and unified scheme of
a large number of tools of this kind, which can be found in various places in the existing
literature.

1. The basic construction

Let us now present the construction in detail for the simplest possible case. The situation
here is included in the more general constructions of the next section, but the underlying
principle and the proofs will be more evident here. This is also the setting pertaining to
the definition of rings of generalized constants.

We follow the convention that 0 € N, Ry = [0,00) and denote by N*, R
respective sets without 0.

£y, C* the

1.1. Seminormed algebras and rings of generalized numbers. Consider a se-
quence r € RT_ decreasing to zero, and a seminormed algebra (E,p) over K = R or C,
such that 3C > 0,Va,b € E : p(ab) < Cp(a)p(b).

1.1.1. Ultranorms and associated ultrametric sequence spaces. Now define (1) for f € EN,
I fllp.- := Tim sup p(fn)"".
n—oo
This is well defined for any f € EN, with values in R, = R, U {oo}. In the particular
case (E,p) = (K, |- ), we will sometimes write | - |, for || - |||,
LEMMA 1. For any f,g € EN and A € K*, | M fllpr = || fllp.r and

I+ gllp,r < max(Ufllprs Ngllp.r)s 1S - gllp.r < WFllpr Nglp.r- (1.1)

If there is M > 0 such that M > p(f,) > 1/M for n large enough, in particular if f is a
constant sequence (of elements with nonzero seminorm), then || f|lp» = 1.

We will sometimes summarize these properties by referring to || - ||, as an ultra(pseu-
do)(semi)norm (which is not a seminorm, by lack of C-homogeneity).

The last statement also implies that if a sequence (f™)men of elements f™ € EN
converges (componentwise) to f € EN, then ||f™ — f],» does not in general converge
to 0, even if f™ — f uniformly in E. For example, if f, f™ are elements of E, embedded
as constant sequences in EV, such that p(f — f™) # 0, then || f™ — f|l,» = 1 for all m.

Proof. The property limr,, = 0 entails VM > 0: lim M™ = 1 and thus the last state-
ment. With p(Af) < [A[p(fn), this gives [[Afllpr = [fllp,r- Together with p(fngn) <
Cp(fn)p(gn), we obtain the inequality for the product. Finally, using p(fn + gn) <
p(fn) + p(gn) < 2max{p(f,),p(gn)} this also gives the ultrametric triangular inequal-
ity. m

PROPOSITION-DEFINITION 2. With the above definitions, consider the sets
Fpr =A{f € BV [[Ifllpr <00} and Kpr={f € E"|Iflpr = 0}.

(*) For r, = 0, we use in this formula the (unusual) convention 0° = 0.
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(1) Fpr is a subalgebra of EN, and K, is an ideal of F, ,; thus
Gpr = Fpr/Kpir

is an algebra. Instead of Fpr, Ky, and Gy, we also use the notations F,(E,p),
K.(E,p) and especially G.(E,p).
(ii) The function
dpr s Fpr X Fpr = Ry (f,9) = I =4l

is an ultrapseudometric on Fy ., inducing on Fp . the structure of a topological

p,T>

ring such that the intersection of neighborhoods of zero equals ICp, .. Multiplication

lp.r = I£]
as A — 0 in K. Thus, F,, is not a topological K-algebra, but it is a topological
algebra over the ring F|.|, C KN endowed with the topology given by ||, = ||-]l|.1.»-

(ili) Gpr = Fpr/Kpr is a Hausdorff topological ring and topological algebra over the
generalized numbers (?) C, = Gl.|,r» the quotient topology being the same as the
topology induced by the ultrametric

dpr s Gpr X Gpr = Ry (1, [0]) = dpr(£9),
where [f1, 9] € Gpr are the classes of f,g € Fp .

by scalars A € K is not continuous, because |Af p.r does not go to zero

Proof. (i) This is an immediate consequence of the preceding lemma.

(ii) Well-definedness (values < 00), reflexivity and symmetry of dp, . (-,-) are obvious.
The ultrametric property Vf,g,h € Fpr : d(f,g) = max(d(f, h),d(h,g)) follows by ap-
plying the lemma to x = f — h, y = h — g in place of f,g. Continuity of addition and
multiplication is also a consequence of (1.1). Thus, d, , makes F,, a topological ring.

(iii) Let us first show that d,, is well defined, i.c. dp,(f +j,9) = dp,(f,g) for
j € Kp,. This is equivalent to ||z + j|| = [|z| with z = f — g, which is again an
immediate consequence of (1.1) and the definition of /C, . Thus, me does not depend
on the choice of representatives.

To show that the quotient topology is the same as the one induced by the ultrametric
(’ivp’h it is sufficient to consider the base of neighborhoods of 0. The assertion follows from
the fact that @7T(O,F) =0« F € K. Since (Z,’T(O,F -G) = c’ivp,r(O,F)cﬂivpy,«(O,G), Gp.r
is a topological ring, and as a metric space, it is Hausdorff. m

Summarizing, such Colombeau type spaces are nothing else than the usual construc-
tion of associated Hausdorff spaces for the topological subspaces of EN on which the
ultrapseudometric d,, is defined. This will remain true for the more involved construc-
tions given in the following subsections.

It is also immediate to see that in the definition of the space F,, (resp. K, ), one
could “simplify” lim sup to sup (resp. lim). This is usually done in the theory of sequence
spaces (see Subsection 1.1.5). We prefer, however, to insist on the ultrametric structure,
and therefore express both spaces using always the same ultra-seminorm || - ||,

(?) See also the next subsection 1.1.2.
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REMARK 3 (on notation). The notations F ., Ky, Gpr introduced in our previous
papers [13-15] are handy in proofs; however, the notation G,.(E,p) reflects better the
functorial character of the construction (see also Section 5).

1.1.2. Colombeau generalized numbers. The setting considered here is used to define
rings of generalized numbers. For this, E is the underlying field R or C, and p = | - | the
absolute value. The resulting factor algebra G, ., with topology given by |- [, = || - |||.|.»,
will be denoted by R,. or C,.. As already explained in the introduction, for r = 1/log, we
get the ring C of Colombeau numbers. More precisely, let

1

- logn’

(1.2) VneN+2: 7,

This gives back Colombeau’s algebras of elements with polynomial growth modulo ele-
ments of more than polynomial decrease, because

limsup |2,|Y/18" < 00 < 3C € Ry : limsup |z, [/1°¢" = C

n— 00 n—oo
< 3B, 3ng, Yn > ng : |z, < Blogn — plog B
& Iy eR: |z, =o(n?).

On the other hand, limsup = 0 (for the ideal) corresponds to taking C' = 0 and thus
VB > 0 and Vv in the last lines.

1.1.3. Generalized Sobolev algebras. Another interesting application of this rather simple
setting can be obtained by considering Sobolev spaces E = W*P(Q), s € N, p € [1,00],
which are Hilbert spaces for the norm psp = [ - [[s,p = >2j0)<s [|10% - [| - (Elements of
this space are distributions with all derivatives of order |a| < s in LP(f2).)

In order to have an algebra, we can take any s € N and p = co. Then we can apply the
construction given previously, with the norm p = || - |5, The corresponding Colombeau
type algebra is defined by Gy s..o = F /K where, according to the general definition,

F={ue W)V | limsup ||u,||"/5" < oo},

K ={ue W>>(Q)" | limsup Hunuifggg" =0}.

Note that also for n < 3, W2?2(R") is an algebra, since we have an inclusion W2?2(R") —
L>°(R™) (which is continuous). Thus, with

Flloznr = {f € W22(R™)N | limsup ||u,

n—oo

Tn

o'y < 00}

and
K s = {f € W22(R™N | limsup [|u, |57 = 0}

we obtain the Colombeau algebra Gyy2.2gny (for 7, ~ 1/logn).

By use of the Sobolev lemma, we can construct various Sobolev type algebras [60, 58].
We refer to [79], for example, for an analysis of different domains Q@ C R"™ for which
Sobolev type lemmas hold for W*P(Q), s € N, p € [1,00], and that the corresponding
space F.|, ,.~(2) can again lead to Sobolev type algebras of generalized functions.

1.1.4. Comparison results for sequences of weights. A question arising naturally at this
point is whether equivalent sequences of weights (in the classical asymptotic sense) will
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give rise to identical factor algebras. The answer is affirmative, and we can state the
result in the following precise form:

PROPOSITION 4 (equivalent scales). Let r = (1)n, s = (Sn)n be two real sequences de-
creasing to zero. Then

. Sn
lim = =C>0 = VzeE": |aflps = (ol )°.

n—00 Ty

Whenever this holds, it follows as an immediate consequence that Fp s = Fp .y Kps = Kpr
and therefore also G, s = Gp. .

This proposition is a direct consequence of the following

LEMMA 5. Assume that r = (Tp)n, S = (Sp)n € 1@_ decrease to zero and satisfy 0 <
liminf, o $p/rn < lmsup,, . $n/rm < 0. Then

Vo € BN: o lzllps € [(lallpr) ™ ™0/, (allp, ) 5P on /],
where the interval has reversed bounds if ||z| ., < 1.

Proof. Let us first prove the inequality ||z],.s < (|2]p.)¢ for |z
limsup,, o $n/Tn. We have

por > 1, where C =

Iy« = limsup p(z,)*" = lim sup e E7() = climauw oo ogp(en),
n—oo n—oo

Let us now write s,, = ¢, 7y, so that limsup,,_, . ¢, = C > 0. For logp(z,) > 0,

lim sup s, log p(z,,) = limsup ¢, 1y, log p(zy,) < Climsup ry, log p(zy,). (%)

n—oo n—oo n—oo

Thus, for ||z||p,» > 1,
Clims n 1 n) c _ lims n/Tn
lel o < oo 085e) = (e, )€ = ([l )5/

The other bound of the interval in the lemma is obtained by exchanging r and s. Indeed,
this yields

Izllp,r < (lllp,s)" ™52/ (for allp,s > 1),
and taking this inequality to the power 1/limsupr, /s, = liminf s, /r, yields

ps 2 (lllp,) 1o/ (for s > 1),

For ||z|,,» < 1, i.e. logp(z,) < 0, the direction of the inequality (x) is preserved when

ll]

limsup ¢, is replaced by liminfc,. This is most easily checked by first reasoning on
the absolute value, |limsup(...)| = liminf]|...|, and then changing the direction of the
inequality, when going to the real negative values. Thus we have instead

Izllp.s < (fllp,r) ™= n /™ (for flafly, < 1).
and the converse for limsup s, /r,, i.e. the claimed lemma. m

COROLLARY 6. The previous inequality for the semi-ultranorm in the case of finite upper
limit of s/r also implies inclusion relations for the spaces of moderate nets, and the
converse inclusion for the ideals, whenever one of the sequences of weights is dominated
by the other one:

r=0() = Fps CFpr &Kpr CKps.
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These relations will be used in Section 4, where algebras defined by a whole family of
sequences of weights will be considered.

It is also clear that when limsups/r = oo or liminfs/r = 0, we cannot have a
nontrivial relation between || - ||, and || - ||p,s of a quantitative type similar to what
precedes.

1.1.5. Relation to Maddoz’ sequence spaces. The spaces F.|, and K|.|, defined above
are identical to Maddox’ sequence spaces £, (1) and co(r),

cor) = (Y {w € C| Jim |aalk!/™ =0} (=Ki0),

keN
loo(r) = | J{z € C [ sup |2, k"™ < 00} (= Fly),s
keN neN

introduced by Nakano [57], Simons [74] and studied extensively by Maddox and his
students [48]-[53]. Indeed,
Jk e N:sup e, |k~ <00 & FkeN:|z,|=0Kk/™)
neN
< Jk:limsup|z,|™ <k & |z|, < oo,

n—oo

VE: lim |z, kY™ =0 & Ve >0: |z,| = o(e¥/™)

S Ve>0,n>ng: |z,

' <e & |z|,=0.

In particular, these two types of sequence spaces belong to the well-known classes of
echelon and coechelon spaces, for ¢o(r) and o () respectively [30].

The same characterization can be used for generalized Sobolev spaces as defined in
Subsection 1.1.3.

In our case, we shall always require limr,, = 0 (see also Remark 43). By [23, p. 111]
and the fact that for any &k there is p > 0 such that ZHGN(k/p)l/T" < 00, we see that
both F, , and ICp, ; constructed in Subsection 1.1.1 are Montel and Schwartz spaces.

On the other hand, this implies that we never have AD spaces, i.e. the subset of finite
sequences will never be dense in F,, (but will always be in I, ).

While the cited and other traditional work on sequence spaces is restricted to the case
(C,|-1]), our main work applies to factor algebras constructed from more complicated
base spaces (F,p). Nevertheless, all spaces that follow can be described as intersection
or union of such echelon (resp. coechelon) spaces. The additional properties we require
in our construction of Colombeau type algebras will however simplify the situation with
respect to the general abstract theory.

1.2. Locally convex vector spaces and algebras

1.2.1. Definition. Consider now a topological algebra E over C, with locally convex
structure determined by a family P of seminorms. We shall assume that

VpeP,IpeP,IC Ry, Ve, y e E:  play) < Cp(z)p(y),
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which implies continuity of multiplication. Now let

Fpr={f € EN|VpeP:|fllpr < oo},
Kpr={f¢ EN |Vp € P || fllp, =0}

PROPOSITION 7.
(1) Fp. is a (sub-)algebra of EN, and Kp . is an ideal of Fp ., thus
g’P,r = f?,r/’C'P,r

is an algebra. As before, we also use the notation G,.(E,P) instead of Gp ., and
similarly for F and K.
(ii) For every p € P,

dp,r : EN X EN - R+v (fa g) = |||f - 9|||p77’v

is an ultrapseudometric on Fp ,, and the family (dp ,)pep makes Fp . a topolog-
ical algebra over (F|.|,,d|.|r)-
(ii) For everyp € P,

dpr:Gpr X Gpr =Ry, ([f],19]) = dpr(f,9),

is an ultrametric on Gp ., where [f], [g] are the classes of f,g € Fp . The family
of ultrametrics {dp }pep defines a topology, identical to the quotient topology,
for which Gp . = Fp . /Kp . is a topological algebra over C, = G|, ..

Proof. (i) If f,g € F and A € C, we have ¥p € P : |Af + gllpr < max(|fllp.r, lglp.r),
thus Fp , and Kp , are C-linear (sub)spaces. Using continuity of multiplication in (E, P),
we have Vp e P, Ip € P |If - gllpr < Ifllp.r]
view of C"™ — 1). Thus Fp , is a C-subalgebra of EN, and Kp, is an ideal of Fp ,, as
claimed.

lgll5,~ (while the constant C' disappears in

(ii) The first part of (ii) is for a fixed seminorm and thus a direct consequence of
Proposition-Definition 2. Continuity of addition and multiplication in Fp , are implied
by the previous two inequalities. Thus, 7./, is a topological ring, and Fp ,- a topological
Fi1,-algebra, because Yp € P, YA € Fip : [\l < N 1l

(iii) The first inequality above also implies the independence of the ultrametric from

the representatives of [f],[g] € Gp ,. Finally, by definition, Cp , is here again the in-
tersection of all neighborhoods of zero, so that Gp , is nothing else than the associated
Hausdorff space. m

1.2.2. Examples

EXAMPLE 8 (simplified Colombeau algebra). Take Q C R™, E = C>(Q), P = {p, }ven,
with p, = p},, and

p) = sw [ (),

lo|<v,zeK,

where r = 1/log and (K,),en is an increasing sequence of compact sets exhausting €.
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Then gp’r = .7:7377‘/1(:73’“ where
Fpr={(fu)n € Ce(N | Vv eN: supp,,(fn)l/log” < o0},
n>1

Kpr={(fn)n €C(N | Vv e N: lim p,(f,)1°8" =0},

is just the simplified Colombeau algebra G (£2).
In the framework of echelon and coechelon spaces, we put for k,v € N*|

Frovk ={f € ce(Q)N | 51;1; k=oenp (fn) < oo},

which is a coechelon type space, and then

fp,r,u = U f'P,T,l/,k; -7:77,7" = ﬂ f'P,T,lﬁ
keN veN

On the other hand,
Kprwr ={f€C®(QN| lim £°8"p,(f,) =0}
is a sequence of echelon type spaces, and we let

KP,T,V = ﬂ ’CP,T,V,/C; KP,T = m KP,T,V'
keN veN

It is easily seen that these spaces are identical to those above, thus their quotient is again
the classical simplified Colombeau algebra G,().
Consider the space

B> = {¢ € S(R®)

vaeN: |20 = 5&,0} (1.3)
and fix ¢ € B>®. We realize the embedding of T' € D’'(2) into G4(Q?) as
i : D'(Q) = Gs(Q), T —ip(T)=1[(knT)* ¢nl,

where [f,] = (fn)n + Kp, denotes the class of the representative (fy,), in G5(£2), and
where (k,,), € D(Q)Y is a sequence of functions such that x,|x, = 1, supp kn| C K11,
where (K,), is an increasing sequence of compact sets exhausting €.

EXAMPLE 9 (temperate Colombeau algebra [31, 69]). We can also describe G.(R?®) in
this setting. To do so, define

o (@) = sup{(1+ [z*) V! (@)| | 2 € R®, |a] < v}

and
Frp,N = {fe COO(RS)N | Mfmpu,zv,r < eN}’

’CT,V,N = {f € COO(RS)N | ”|f|||pu,NyT = 0}-

fT,’r‘ = ﬂ U fr,u,Na ICT,T = ﬂ U ]CT,V,N

veN NeN rveNNeN

Now, for

the quotient space G, , = F, /K., is once again a topological algebra over C,., and equal
to the classical space G, (R?) for r,, ~ 1/logn.
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ExAMPLE 10 (full Colombeau algebra [8, 31]). Let us now introduce the “full” Colom-
beau algebra, based on the same (E,P) as above. Following Colombeau, for all ¢ € N let

Ay = {¢ €EDR’)|VaeN* i |a| <¢g= Sxaqj = 5a’0}_
Then, for fixed v, N € N and ¢ € Ay let
Fomvo = {(f)e € B | 1o )allpo.r < N},

where ¢, = n°¢(n-). (Here (fy,)n are “extracted sequences” of the elements (f,), €
ED(RS)).

As in [8], denote by I C Rli the set of increasing positive sequences going to infinity.
Now define, for each v € T,

Kvyq = {(fw)sa € B | Vo € Aq : |||(f¢n)n”|pu,r < 'Y(Q)_l}v

and
F=F, F=UFn~ Fun=/) Frve
veN NeN PEAN
K=K K=Ky Kin=[)Kira
vEN ~yel qeN
Then F is an algebra and K an ideal of F, and G = F/K is the original full Colombeau
algebra.

The original construction of Colombeau for the ideal has been slightly modified in
[31], by taking an ideal which can in our notations be written as

K= (] K Kov=UKung Kinve= ) Formve
v,NEeN geN pEA,
If one wants to consider the full Colombeau type algebra which is invariant under
the composition with C*°-diffeomorphisms [31], one has to consider instead of the above
definition of A, the following one:

A, = {(qb")n € ()N | (¢™),, is bounded in D(R™),

Vn € N: S(;S” =1, S:Ua(,b” = o(nfq)}.
and the corresponding mollifiers ¢,, = n¢™(n-).

ExAMPLE 11. Replacing the spaces A, with the space B> introduced in (1.3), we can
avoid the ¢ index in the definition of K. We take

Fonvg ={(Fe)o € BZ [ I(Fo)nllp,.r < N3,

and

F=NF. F=UF~y Fn=/) Fune
veN NeN peB>

K= ﬂ ]Cllv ]CV,N = m fu,l/N,ap'
v,NeN pEB™
Then F is again an algebra and K an ideal of F. The algebra G = F/K is studied in [69,
71, 72).
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2. Projective and inductive limits

2.1. Projective limit. Let (E¥,p!), ,en be a family of seminormed spaces over C such
that

Vu,veN: EN | — El  ELTT— B (2.1)
where — means continuously embedded. This implies that there exist constants C¥,
CH € R, such that (3)

Vu,v €Nt pht < Chph,,,  ph < Clphth (2.2)

In addition, we assume that the spaces En= proj lim E¥ are algebras such that

Vu,veN, ' eN,C>0,Yf,ge El,: fge El and pi(fg) < Cp,, (f)p,(9). (2.3)

Then let
E= proj lim Er = proj lim proj lim E¥,

—00 H—00 v—00

and define
Fpo=1f € BY |V, €N: fly < oo},
Kpr={f € E"|Vp,v € N: | flp, = 0}.
(Here p = (p4),,,, stands (on the Lh.s.) for the whole family of seminorms.) Then Propo-

sition 7 holds, with the slight changes of notations introduced above (see Proposition 13
at the end of the next section).

REMARK 12. The representation

E= proj lim Er= proj lim proj lim E¥
p— 00 H—00 v—00
can of course be diagonalized to be given in the form E= proj lim E?. But we prefer
the former construction because of the following simple motivation: Consider

— SN .
Fpr=1fe E7|3C, WweN:|fl, <C}
where E¥ = C*(R?), equipped with the seminorm
pi(f) = sup  |fD ().

o] <, 2] <pe
Then fg‘; = yen fg,T = E37(R®) in the sense of Oberguggenberger [60], and G (R?)
= F5./Kp . is the algebra of regular generalized functions, used for the analysis of local

and microlocal properties of Colombeau generalized functions. (This algebra plays for
Colombeau’s simplified algebra the role of C* for D’; see Section 2.5 below.)

V—00

2.2. Inductive limit. Consider now a family (E¥, p#),, ,en of seminormed spaces over C
such that

2.4 Yu,veN: E# < EV Ertl < 1
K,y v v+1» v v

(*) The following inequalities should be considered to hold on the domain of the right hand
side seminorm, seen as a subset of the domain of the left hand side seminorm, through the given
embeddings.
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This implies that there exist constants C¥, é,’j € R, such that
Vv €Nt ph <Chpl, ol < CUplth

Now let
VueN: E*=indlimE"

V—00

Assume that the spaces E* are algebras such that for every u, v € N there exist v/ € N,
v > v, and C > 0 such that for all f,g € E),

fge EY and pi(fg) < Cp,(f)p,(9)-
We assume furthermore that for every p € N this inductive limit is regular, i.e. a set
A C E* is bounded iff it is contained in some E¥ and bounded there.
Note that (2.4) implies that Vu € N : Eftl — E#. Now let
E = proj lim Er = projlimind lim EY,
J1—00 J—00 V—00

and define
For={f € E"|VueN, v eN: f € (BH Al < 00},
Kpr={f€ EV|VueN, 3w eN: f e (BO NSl =0}
Then Proposition 7 holds again with the appropriate change of notations:

PROPOSITION 13.

(i) Writing < for both = and =, we have that F,, is an algebra and I, is an
ideal thereof, thus §p7r = fp,r/ﬁp,r is an algebra. Instead of E’»p,m we also
suggest the notation QT(E), and idem for F and K.

(ii) For every u,v € N,

dpu + (BE) < (B =Ry, (£,9) = If = gllpge -

is an ultrapseudometric on (E*)N.

(iii) The above family of ultrapseudometrics makes G_W« = fpyr/igpm a topological
algebra over C,., with quotient topology equivalent to the topology defined by the
family of ultrametrics (dpg)uﬁy, where d~p5([f], l9]) = dpe(f,9), [f] standing for
the class of f.

(iv) If 7, denotes the inductive limit topology on FF, = U,cn((B4)N,dy,), p € N,
then fp,r is a topological algebra for the projective limit topology of the family
(f;,NTM)N'

Proof. The proof goes again along the same lines, where the above assumption on the
regularity of the inductive limits helps to use the same reasoning as before. m

ExampPLE 14. For Q) C R®, an exhausting sequence of compacts K, € 2, 4 € N, and an
increasing sequence (M,,),, € Rﬁ, define the seminorms

M, .
py " g sup A
a€EN,zeK, =]
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(clearly increasing in g and v), and ¢+ =
used to define Beurling (resp. Roumieu) type ultradifferentiable functions, which will be
studied in some detail in the next chapter.

M, - .
py ! (decreasing in v). These seminorms are
1/v

2.3. Completeness. Without assuming completeness of E , we have
PropoOSITION 15.

(i) Fpr is complete.
(ii) If for all p € N, a subset of Fi s bounded iff it is a bounded subset of (EmN

pr
for some v € N, then F ;. is sequentially complete.

REMARK 16. In the projective limit case, we have a metrisable space, therefore sequential

completeness implies completeness. This is not the case for the inductive limit case.

Proof. If (f™)men is a Cauchy sequence in F p.r, there exists a strictly increasing se-
quence (m,,),en of integers such that
1
VueN, Vi, 0 >m,, : limsuppfb(f:f — < —.
Thus, there exists a strictly increasing sequence (n,),en of integers such that
1
k L\Tn

Vu e N, VE, L€ [my,myqa], Vn > ny 0 ph(fy — f,)™ < T
(Restricting k, ¢ to [m,, m,+1] allows us to take n, independent of k,¢.) Let pu(n) =
sup{p | n, < n}, and consider the diagonalized sequence

fmoif n € [ng,n1),

f=(fwm),, ie fo=

[ i n € [y, ),

Now let us show that f™ — f in F p,r @8 m — o0. Indeed, for € and p!° given, choose
i > po, v such that 1/2* < %E. As p# is increasing in both indices, we have for m > m,,

(say m € [Myts; My s41])
PLO (R = Fu)™ S L (i — frrme)T

u(n)—1
SPU(ST = freese ) > pl (fe — fe)
w=p+s+1

and for n > n,4 s, we have of course n > n,,), thus finally

n(n) 1 9

Lo (f£m _ £ \Tn —

P =P < Y G < gn <
W=p+s

and therefore f™ — f in F.
For a Cauchy net (f™),, in F, ., the proof requires some additional considerations.
We know that for every p there is v(u) such that

p’:(u)(f;n - fﬁ)rn < Epu,
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+1
v(ut1)
Now by the same arguments as above, we prove the completeness in the case of 7, ,. m

where (g,,), decreases to zero. For every p we can choose v(u) so that p’;(m <p

2.4. Sheaf theory aspects. Let us now apply concepts of sheaf theory to local and
microlocal analysis in generalized function spaces, through the sequence space presenta-
tion.

We will investigate under what conditions a generalized algebra G p.r 18 a (pre-)sheaf,
provided that Eisa (pre-)sheaf. Here, E stands for the functor associating to each open
set ) the space E () constructed according to the preceding sections for a given family
(EL(Q),p), o). More details will be given below.

Some definitions are necessary to formulate such statements more precisely and to
prove them.

2.4.1. Preliminary considerations. Recall that a presheaf F' (of objects in a concrete
category) on a topological space X is given by

— the association of a set F'(2) to each open set Q of X, and
— for every inclusion of open sets ' C Q, a restriction map po o : F(Q2) — F(),
f v+ fla, such that

* for each open set 2 of X, pq o is the identity map on F(Q2), and
* for any three open sets Q" C ' C Q, we have pqor o~ © pa.o = pa.ar-

A presheaf F' is a sheaf iff the following conditions hold:

(i) Let (£2;); be a family of open sets and (f;); a compatible family of sections f; €
F(Q;), i.e. such that
v@,] : fl
Then there exists a section f € F(|J, Q;) such that Vi : flo, = f;.
(i) Let Q = U,;c; Qs f,9 € F(Q) and flg, = glo, for all i. Then f = g.

QiﬂQj = fj QiﬂQj'

To speak of a sheaf of objects in a given category, one requires that the sets F(2)
be objects of this category, and the restrictions be morphisms of the category. We re-
strict ourselves here to (pre-)sheaves of topological algebras over topological rings, on a
paracompact topological space X. Accordingly, the restriction maps must be continuous
algebra morphisms.

(Recall that Colombeau type generalized functions are never topological vector spaces,
because scalar multiplication with elements of R or C is not continuous, as seen in
Proposition—Definition 2; they are only topological modules (and algebras, if E is S0)
over the ring of generalized numbers.)

2.4.2. The presheaf E. Let X be a paracompact Hausdorff space. Let us assume that
for each (fixed) open set Q@ C X, the space E () is constructed as described in the
previous sections from a sequence (EX(2),pl ) satisfying the given inclusion relations.
Thus, for every fixed €2,

E(Q) = projlim E*(Q) = proj lim proj lim ER(Q),

p— 00 p— 00 v—00
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resp.
E (Q) = projlim E*(€) = projlim ind lim E*(Q).

H—00 H—00 V—00

Moreover, we now assume that the spaces E¥(Q) are spaces of (at least continuous)
functions, defined on €2, for which we have the (pointwise) restrictions of functions in the
usual sense, f € EX(Q) C C°(Q) — flo € C°(Q). (In what follows, we will study more
precisely the question to which El’f,'(Q’ ) this restricted function will belong, in order to
find that Q — E (Q) are indeed sheaves.)

PROPOSITION 17. Under the above assumptions, E : Q@ — E(Q) (with the pointwise
restriction) is a presheaf of vector spaces, if for any open sets Q1 C Qs in X, we have

— in the projective limit case:
Vv €N, 3/, €N, 3C > 0, Vf € EX () :
flo, € B (1) and plq (fla,) < CPy o, (f),  (25)

—in the inductive limit case:
VpeN, 3/ eN,V/ €N, v e N, 3C >0, Vf € B () :
fla, € EL(Q) and  pl g (fla,) < Cp g, (). (2:6)

Proof. Since the proof for the projective limit case is analogous but much simpler, we
only consider the inductive limit case.

Let f € E(s). Fix p. Determine 1/ according to condition (2.6). We know that
fe Eﬁ;(QQ) for some v/. Then, by (2.6), there is v such that f|o, belongs to E¥(£;),
thus f|o, € E (). Now, without fixing f from the beginning, one seces that the second
condition implies that the (set categorical) restriction is indeed continuous. m

2.4.3. The (pre)sheaf G.(E). Now we will consider, for each €, the algebras F, (E (Q)),
K.(E(Q)) (ideal of F,(E())) and G,(E (£2)). We keep the hypotheses of the beginning
of this subsection.

PROPOSITION 18. Assume that we have (2.5) in the projective limit case (resp. (2.6) in
the inductive limit case). Then:

(i) F(E): Q— F.(E(Q)) is a presheaf of topological F|.| r-algebras;
(i) Ko (E) : Q@ — K.(E(Q)) is a presheaf of ideals of F,(E), i.e., a presheaf of
topological algebras such that for each Q, K.(E)(Q) is an ideal of F,.(E)(Q);
(ii) G (E) = F(E)/K(E): Q— F.(E)Q)/K(E)(K), is a presheaf of topological
Gl (= K,)-algebras, for the restriction mapping

GH(E)Q) 3 [ = flo = (falo)n + Kn (E)Q) € G (E)(),
where (fn)n is any representative of f.

Proof. Let us start by defining what the restriction mappings are in ]—'T(E ). For given
Q O Q, elements f of F,(E)(Q) are sequences of functions of E (). They can, by
assumption, be componentwise restricted to 24, i.e. we have a function pg o, which maps
any f = (fn)n € fT(ﬁ(Q)) c ﬁN(Q) into the sequence flao, = (fulo,)n € ﬁ(Ql)N.
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But more precisely, the respective assumptions (2.5) and (2.6) imply that the sequence
fla, is an element of F,.(E (Q,)) for f € F.(E(Q)). We will explain this in the inductive
limit case; a similar and even simpler explanation holds for the projective limit case.

Let (fo)n € Fr(E (). We know that for every y/ there exists v/ such that Vn € N :
fn € Eﬁ,/(Q) Fix p and determine p' according to (2.6), and v’ as above. Now, again
by (2.6) and v from this condition, we have (f,|a,)n € E#(Q21)Y. Again by (2.6), we find
that (fn)n € Fr(E(€1)). The same reasoning can be applied to K instead of F.

The condition pn o = id and the one on composition of restrictions are immediately
checked to hold. Finally, conditions (2.6) (resp. (2.5)) also imply continuity of the
restriction rnapping

Thus, F.(E ) and KC,.(E ) are presheaves of topological 7., r—algebras Now, again by
(2.6), one can prove that for each Q, K,(E)(Q) is an ideal of F,.(E)(), as claimed.

With this, it is immediate to see that the given restriction on QT(E ) is well defined
(independent of the chosen representative), and the general theory implies that

G-(E): Q= G, (E(Q)) = F(E()/K(E(Q))
indeed defines a presheaf. m

ExAMPLE 19. Take S, the presheaf of rapidly decreasing smooth functions on X = R*®.
We define, for any open subset 2 C R®,
Vv €Nt g o(f) = sup (14 |2])' [/ ()]

zeQ, t<pu, |a|<v
and set SE(Q) = {f € C*(Q) | ¢, o(f) < o0}. Then
S(Q) = proj lim proj lim S¥(Q).

H—00 V—00
As property (2.5) clearly holds for the family (q,‘ig)m 1,0, the corresponding functor Gs , =
Gr(S) : Q — G.(S5(2)) defines a presheaf of rapidly decreasing generalized functions.

PROPOSITION 20. Assume that for every open Q C X and every locally finite open cover-
ing (Q)x of Q, we have a partition of unity (n;); € E(Q)N (that is, there exists a subcover
()ien of (x)x such that suppn; C Q; and Y, n; =1 on Q). Moreover, assume:

— in the projective limit case, (2.5) and that for all p,v € N*| there exists a finite
subfamily (%)) jeq1,..ep and (15);, (v;); € (N*) such that

14
Ve ENQ), Vi i f € BY(Qy) and  plof Py o, (i, f), - (27)

VJ,

— in the inductive limit case, (2.6) and that for any p € N*, there exists a finite
subfamily (%,)jeq1,...0y and (p;); € (N*) such that for all (v;); € (N*)* there is
v € N* such that

¢

VfeEL(Q), Vi mif € EY(Q;) and plo(f Z 77@ (2.8)

where = J; ;.
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Then fr(ﬁ) is a fine sheaf, and IC,,(E) 1s a fine subsheaf thereof. In addition, for every
open  in X,
0— K. (E)Q) = F(E)(Q) = G.(E)(©Q) =0

—

is an exact sequence, and G.(E) is a fine sheaf.

Proof. Consider the inductive limit case and the presheaf Q — F,(E)() (resp. Q —
K (E)(S). Let @ = U, Qi (fu)n € Fr(E)(Q) (resp. K (E)(R)), and (fulo,)n = 0.
Then clearly (f,), = 0 in the respective sequence spaces over 2. Since we have assumed
that the spaces E¥(2) consist of functions which are at least continuous, their glueing for

the second sheaf property leads to a proof showing that the second condition holds for
Q — F.(E)(Q) and for Q — K,(E)(). Both sheaves are fine since we have partitions
of unity, as usual.

Let (fn)n € Fp(E)(Q), and Q = Uicr . Assume that (fnlo,)n € K,(E)(€). Then,
by taking powers 1/r, on both sides of (2.8), we find that (f,), € K.(E)(€). This
implies that the short sequence is exact and by the well-known result of sheaf theory, it
follows that  — G,(E)(f) is a fine sheaf.

EXAMPLE 21 (generalization of Example 8). Take C*, the sheaf of smooth functions
on X = R* and denote by O the set of all open subsets of R°. We can find a family
(KS)/LEN, aco of compact subsets of R® such that for each Q € O, the sequence (K;SZ)HEN
exhausts §). We set
Vv ENVFECUQ): po(f)=  sup  [f¥(a).
’ zeKL, la|<v
Then
C*°(Q) = projlim proj lim EX(Q)
H—00 v—00

where E/(Q2) = C”(Q) is equipped with the seminorm pj, ,. Moreover, we can choose
the family (K{}),en, aeo such that properties (2.5) and (2.7) hold. Thus, G,(C*) : Q —
G- (C>(9)) defines a fine sheaf. We simply denote it by G, : Q — G.(Q2).

For r,, ~ 1/logn, we recover the well known result for the sheaf of Colombeau sim-
plified algebras.

EXAMPLE 22 (continuation of Example 19). The functor Gs, : @ — G.(S(Q2)) is not a
sheaf. The associated sheaf is G, : 2 — G, (), as in distribution theory, the associated
sheaf to §" is D'.

REMARK 23. By the given theory, it follows that algebras of generalized ultradistribu-
tions for non-quasianalytic sequences (M) (in our case for M, = p!*, s > 1) constitute
fine sheaves. Let us just note that we do not have partitions of unity in spaces of analytic
functions. In this case one can use other techniques (theory of holomorphic functions) in
order to prove the sheaf properties of the space of holomorphic generalized functions [62].

2.5. Introduction to regularity theory. Our aim is to show how the concept of
regular generalized functions introduced in [31, 60] and slightly generalized in [12] fits
into our settings. We restrict ourselves here to the case of projective limits, since we want
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to illustrate the concepts with the example of G, (see Example 21), which corresponds
to the C*°-analysis in the framework of Schwartz’s distributions.

2.5.1. Subspaces of QT(E_) and singular supports
DEFINITION 24. We say that a subset R of ]le ={(CY)pven | CF € Ry} is regular iff

(2.9) VO eER,Vu,veN: Ch<CHT, Ch<Cl,
(2.10) VO eR,Vke€R,,ID € R, Vu,v € N*:  kCH < DM,
(2.11) VC01,Co € R,AD € R, Ypu,v € N1 max(C},,C4,) < D,
(2.12) VCy,Co € R, 3D € R, Vu,v € N*:  CY ,CY, < DI

EXAMPLE 25.

(i) The set B of bounded sequences, increasing in both indices, is a regular subset
of the subset of le of all sequences increasing in both indices, which is itself
regular.

(ii) The set By (resp. Bs) of increasing sequences depending only on p (resp. v) is
regular.

With the notations and the background of the previous subsection, we set, for any
Q € O and any regular subset R,

FRE@Q) ={fe ENQ)|3C e R, Yu,v e N: [ f[%} , < CL}.

PROPOSITION 26. Assume that property (2.5) holds (resp. that E allows for partitions of
unity and that properties (2.5) and (2.7) hold). Then FR(E):Q — FR(E(Q)) defines
a subpresheaf (resp. subsheaf) of subalgebras of fT(E).

The algebraic properties of ]—',:R(E(Q)) come directly from properties (2.10-2.12) in
Definition 24, whereas the proof of presheaf (resp. sheaf) properties follows the same
lines as in Proposition 18 (resp. Propositions 18 and 20).

Under the assumptions of Proposition 26, the presheaf (resp. sheaf)

GM(E) = FF(E)/K,(E)
is called the sheaf of (r, R)-type generalized functions.

EXAMPLE 27. We consider the sheaf G, based on C*°, introduced in Example 21, and
the regular set B; of increasing sequences depending only on p. Then the subsheaf
GB1 = G is the sheaf of G generalized functions, introduced in [60], and used in local
and microlocal study of generalized functions.

ExXAMPLE 28. We consider the presheaf Gs, based on S, introduced in Example 19,
and the regular set B of bounded sequences, increasing in both indices. The subpresheaf
g3, = ggr is used for the characterization of compactly supported G generalized func-
tions: A compactly supported generalized function is G regular iff its Fourier transform
belongs to G°,.(R?*). (See below and [12, 33-35] for more details and applications.)

We assume now that E is a sheaf of algebras and that properties (2.5) and (2.7)
hold. Our framework gives the tools for the local study of Colombeau type generalized
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functions. First, as gr(E ) is a presheaf, the notion of restriction makes sense. Thus, for
any regular set R and f € GF(E(Q)) (Q an open subset of X), we can define

Or(f)={zeQ|IVeV,: flvecGR(EV))}

From sheaf properties, it follows that f|o, belongs to GR(E(Og)) and that Og (f) is the
largest open set of X having this property. We call Oz (f) the (open) set of R-regularity
of f and we define

suppsing(f) = X\ Or(f).
R

EXAMPLE 29. Returning to Example 27, we define, in particular, the G* singular support
of a generalized function, by choosing R = B;.

2.5.2. Elements of microlocal analysis. We shall do this study for the case of the sheaf G,.,
introduced in Example 21.

Some embedding results. One can show that, for any open subset Q0 of R®, the space
Ge.r () of compactly supported elements of G,.(€) is naturally embedded in Go - (R?),
and that Gc,(R®) is embedded in Qg:"T(RS). (Recall that By is the set of sequences
(1, v) — CH = C,, that is, the set of sequences depending only on v.)

Indeed, for any f € G (R®), there exists a representative (f,), € f such that
each f, is supported in the same compact set, which can be included in one of the K,,.
(We refer to Example 21 for the notation, with the simplification K, = K}fs.) Such
a representative is constructed by multiplying any (g,), € f by a function 8 € D(R?®)
satisfying § = 1 on a neighborhood of supp(f) and 0 < § < 1 elsewhere. Furthermore,
for any (gn)n, the class of (0gy), in Gs ,(R®) does not depend on the choices of (g, )n
and . We have, with the notations of Examples 19 and 21,

Vp,v €N, 3C, > 0, Vf € D(R®) with supp(f) C K, :
Py (f) < @i (f) < Cupp®(f). (2.13)
From the previous remarks and these inequalities, it is straightforward that the mapping
tos 1 Gor(R%) = Gsn(R%),  f = [(fu)nls:

(where (fn)n € f is such that each f, is supported in the same compact set K,,) is an
injective morphism of algebras.
Furthermore, inequalities (2.13) imply that tc s(f) = [(fn)n]s satisfies

lec.s (Dl < Wfllpzo -
Thus, tc.s(Gc,r(R%)) C ggfr(]Rs) as stated above.

Fourier transform. Since the Fourier transform (*) F7 : S(R®) — S(R®) is a linear

continuous mapping, there exists a canonical extension (still denoted by F7) defined by

FT : Gsr(R®) = Gs»(R®),  f—=[(FT(fn))nls,

(*) We denote the Fourier transform by F7 to avoid confusion with the spaces F, . and
related functorial notation.
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where (f,)n is a representative of f. Moreover, F7T is a linear isomorphism, continuous
for the topology given by the family of ultranorms (|| - ||, ). (See Section 5 for a more
general approach to the problem of extension of maps.)

From now on, we call a subset R of Rﬁz regular if it satisfies (2.9-2.12) and
VC € R, Yo, vo € N?>, 3D € R, VY, v € N? Cﬁiﬁo‘) < D~. (2.14)
For R C RIf, define

R={CeRY |3D € R, Vu,veN?:Cl = D"},

One can check that a set R is regular if and only if R is regular.
With this, we can formulate the following exchange proposition:

PRrROPOSITION 30. Let R be a regular set. Then
FT(G5,(R) = G5, (R?). (2.15)

The proof of Proposition 30 is based on properties of regular sets and on the following
classical lemma:

LEMMA 31. For all p,v in N, there exists C,,,, > 0 such that
Vue S(R®):  ¢"(FT(u)) < ql'frs“(u).
Note that the equality (2.15) also holds for the inverse Fourier transform.

ExAMPLE 32. Choosing R = B gives, in particular, 77 (G3°.(R%)) = G°,.(R?), since
B=B.

The following proposition gives a characterization of regular compactly supported
generalized functions by a regularity property of their Fourier transform. This is an
analogue in the framework of generalized functions of the similar result asserting that a
compactly supported distribution is a smooth function if and only if its Fourier transform
(which is a priori a slowly increasing function) is rapidly decreasing.

PROPOSITION 33. Let Ro be a regular set, formed by sequences depending only on v. For
I € Gor(R®), the following two statements are equivalent:

(i) f belongs to GR2(R®),

(if) FT(f) belongs to g?j(Rs).
Proof. Let f € GR2(R®). A closer inspection of the previous embedding results shows
that G2 (R?) is embedded in g]ji (R®). Using Proposition 30, we see that F7 (f) belongs

to g?i(Rs). Conversely, if FT(f) € g‘?i(Rs), then f € ggi(Rs). Since f is compactly
supported, we can find K, such that supp(f) C K,,,. From the left inequality of (2.13),
it follows that f € GR2(R?). m

REMARK 34. Taking sequences depending only on v in Proposition 33 is not a loss of
generality, since we consider compactly supported generalized functions.

Indeed, take f € GF (R*) with supp(f) C K, and, for all u,v € N, || f[l,x, < C¥,
(CH) v € R. Then, for all k > pg, we have

It = W f o o < CE°
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Thus, G5, (R*) = G52 (R®) with Ry = {(CL), | po €N, (C), € R}. (The inclusion
D comes from the monotonicity in p of the sequence (C¥),...)

ExampLE 35. Take Ry = B, the set of increasing bounded sequences, defining the sheaf of
algebras G°. Then Ry = B, thus G52 (R®) = G3,.(R?). We recover the characterization
of G regular compactly supported mentioned in Example 28.

Microlocalization. Proposition 33 is a basis of local analysis in this approach to Colom-
beau generalized functions and justifies the following notions.

Notations. Let © be an open subset of R*. For (z,£) € Q x R*\ {0}, we denote by

(i) Vi (resp. VL) the set of all open neighborhoods (resp. open convex conic neigh-
borhoods) of x (resp. §),
(ii) D,(92) the set of elements of D(£2) not vanishing at x.

From now on, we fix a regular set R. As we are going to investigate the local behavior of
generalized functions, we may assume that sequences in R only depend on v, according
to Remark 34. For f € G, (£2), we set

Or(f) ={£ e R*\ {0} | AL € V; : FT(f)|r € G5, (D)}
LEMMA 36. For f € Go,(R®) and ¢ € D(R?®), we have OL (f) C OL (pf).

The proof follows the same lines as the one of Lemma 27 in [12].
Let R be a regular set and ) a subset of R*.

DEFINITION 37. A function f in G,(2) is said to be R-microregular at (z,£) € QxR*\{0}
if there exist ¢ € D, () and ' € V] such that F7 (¢f)|r € G&,(I).
We set, for f in G,(Q),
Oko(f)= | Ok(pf)={¢€R\{0}| [ is R microregular at (2, )},

PED, ()
Sro(f)= [ Orlef) =R \{0})\ Ok (/).
»€D, ()
DEFINITION 38. For f in G.(£2), the set
WFR(f) = {(2,6) € @ x (R*\{0}) | £ € TR . ()}
is called the R wavefront of f.

The following proposition establishes the link between the R wavefront and the R
singular support of f.

PROPOSITION 39. For f in G.(2), the projection on the first component of W Fg(f) is
equal to suppsingg (f).
The proof follows the same lines as the one of Lemma 8.1.1 in [32] which concerns the

same result for the C* wavefront of a distribution. The key point is given by Lemma 36
or its analogue for the distributional case.

ExampLE 40. Taking R = B, the set of bounded sequences, we recover the G*° wavefront
of a Colombeau generalized function.
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3. Embeddings

We already showed through examples that various definitions of Colombeau algebras
C and G can be realized through sequence spaces corresponding to the sequence r, =
1/logn. The embedding of Schwartz distributions and of smooth functions into G is
well-known (see Example 8 and [31, 59]). It is also well-known that the multiplication of
smooth functions embedded into G is the usual multiplication, i.e. it commutes with the
(canonical “constant”) embedding.

In this section we deal with some classes of ultradistributions and periodic hyper-
functions. We will apply the general construction given in Section 2, and now study
embeddings and the multiplication of regular elements embedded into the corresponding
sequence space.

3.1. General remarks on embeddings of duals. Under mild assumptions on E , We
show that our algebras of classes of sequences contain embedded elements of strong dual
spaces E. First, we consider the embedding of the delta distribution. We show that
general assumptions on test spaces and on a delta sequence lead to the unboundedness
of this sequence in E.

We assume that E is dense and continuously embedded in one of the following spaces:
F = CY(R?), the space of continuous functions with the projective topology given by sup
norms on the balls B(0,n), n € N*, or F = K(R®) = ind lim,, o0 (K, || * ||oo), Where

Kn = { € C(R®) [ suppy) C B(0,n)}.
(Recall that K'(R®) is the space of Radon measures.)
In both cases we have § € F’ and therefore also § € E’.
PROPOSITION 41. Consider a sequence (8p)n € EN. converging weakly to § in E’, i.e.
for ally € E the integral SRS On(z)9(x) dx is defined and tends to ¥(0) as n — oco. Then
(0n)n cannot be bounded in E in any of the following cases:
(i) F =C°R®) and¥n € N:§, € F' and
IM >0,YneN:  sup |d,(z)] < M.
|z|>M
(ii) F = K(R®) and there exists a compact set K such that Vn € N* : supp d,, C K.
(iii) E is sequentially weakly dense in E’ and
1. every ¢ € E defines an element of F' by ¢ — SRS o(x)v(x) dz,
2. if (¢n)n is a bounded sequence in E, then SUP,en, zers |Pn ()] < 00,
Proof. We will give the proof for (i) and (iii).
(i) Let us show that (8,), is not bounded in E. First, consider E. Boundedness of
(0n)n in E would imply: Vu € N, Vv € N, 3C; > 0, Vn € N: p#(§,,) < C1. Continuity of
E — CO(R®) gives

VEEN, peN, veN, 30, >0,V € E:  sup |(x)| < Copl().
lz| <k

It follows that 3C' > 0, Vn € N : sup,cps [0n(2)| < C, which is impossible. To show this,
take ¢ € C°(R®) positive and such that ¢(0) = C'+ 1 and {¢ < 1. The assumption
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6n € F' implies that it acts on C°(R?®) by ¢ +— {8, (x)h(2) dz. This gives C+1 = 1(0) =
limp oo | {Ontp da| < C.

For E , simply exchange Vv < Jv in the above.

(iii) Assumption 2 and boundedness of (8,),, in £ would imply that 3C > 0, Vn € N :
SUp,eprs [0n ()] < C. Then, by assumption 1 we conclude the proof as in (i). m

REMARK 42. One can take for E one of Schwartz test function spaces or the Beurling or
Roumieau test function space of ultradifferentiable functions. Since the delta distribution
lives on all functions which are continuous at zero, one can also consider F and E to
consist of holomorphic functions with appropriate topologies. This was the reason for
considering C%, although there are many classes of test spaces which would imply the
necessary accommodation of conditions of the previous assertion.

Thus, the appropriate choice of a sequence r decreasing to 0 appears to be important
to have at least 0 embedded into the corresponding algebra. It can be chosen such that
for all 4 € N and all v € N (resp. some v € N in the E case), lim SUp,, 00 PH(0n)™ = AV
and g, vo : ALO # 0.

So the embedding of duals into corresponding algebras is realized on the basis of two
demands:

(1) Eis weakly sequentially dense in ol

(ii) There exists a sequence (r,), decreasing to zero such that for all f € E’ and
corresponding sequence (f,), in E , with f,, — f weakly in B , we have for all u
and all v (resp. some v), limsup,, . p4(fn)™ < oco.

REMARK 43. In the definition of our sequence spaces F pr (resp. F pr)s, We assumed
rn \, 0 as n — oco. (Later, we will have families of sequences decreasing to 0.)

In principle, one could consider more general sequences of weights. For example, if
rn € (o, 0), 0 < a < (3, then E can be embedded, in the set-theoretical sense, via the
canonical map f — (f), (fn=f). If r, — o0, E is no more included in fpyr.

In the case we are considering (r,, — 0), the induced topology on E is obviously a
discrete topology. But this is necessarily so, since we want to have “divergent” sequences
in F p.r- Thus, in order to have an appropiate topological algebra containing “¢”, it is
unavoidable that our generalized topological algebra induces a discrete topology on the
original algebra E.

In some sense, in our construction this is the price to pay, in analogy to Schwartz’
impossibility statement for multiplication of distributions [73].

3.2. Colombeau ultradistributions of Gevrey class. In [67], we constructed Co-
lombeau type algebras of ultradistributions with general sequences My, p € N, satisfy-
ing assumptions (M.1), (M.2) and (M.3)" (]40], [65]). Here, we will consider the case
M, = p!™, where m > 1. In some sense, we will simplify the situation considered in [67],
but at the same time improve significantly the assertions of [67]. To do so, we cast the
whole theory into the sequence space framework of this paper.

In the next example, we give the realisation of the ring of ultracomplex numbers
through the quotient of corresponding sequence spaces.
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EXAMPLE 44. Consider the sequence Vn € N* : 7, = 1/n'/™ with some fixed m > 0.
With this sequence and E (C p = || (absolute value), one obtains the ultracomplex
numbers .7-"| e/ Kpr = (C ; cf. [67) (m > 1), [77] (m < 1). We will use the notation
Fir =& K =M

Now we will apply our constructions of Section 2. For the function space E = C*°(R*®),
we define the following sequences of seminorms, for all p,v € Ry and m > 1:
plal

pH(f) = | \<SupeN al™ |f ( )E a" :pl/u7
z|<p, s

and let, for p,v € N, EFf = E m.r (resp. Elf = E m) be the subset of E' on which the
given seminorm is finite.

For the first case, we clearly have ELT! — El E!l | — EU for any p,v € N, and for
the second case, we have Eit! — EV, El — EY | for any p,v € N.

Denote by D,m.u (resp. D,m.») the subspace of E,m.n (resp. E, m.r) consisting of
smooth functions supported by the ball {|z| < v}.

Recall (cf. [41]) that

EM) = projlim £ = proj lim proj lim E,m.x,

1L—>00 —00 v—00
D™ = ind lim D" = ind lim proj lim Dok,
pH—00 H—00 v—00

resp.

1™} = projlim £4m# = proj lim ind im Em.»,

—00 —00 v—oo
DI} — ind lim DU#} = ind lim * ind lim Do
pH—00 p—00 v—00

These are spaces of ultradifferentiable functions of Beurling, respectively Roumieu
type; their duals are spaces of compactly supported Beurling ultradistributions and (gen-
eral) Beurling ultradistributions, respectively of compactly supported Roumieu ultradis-
tributions and (general) Roumieu ultradistributions.

Take m > 1, m’ > 0, 7, = n= /™ and let f = (fn)n be a sequence of smooth
functions on R®. Let

,1/m/

|||fmpm Pom! = hm bup[pm p(fn)] )

71/711,/

1/ gz e = lim sup[gy™* (f)]"

n—oo

DEFINITION 45. The sets of exponential growth order ultradistribution nets and null nets
of Beurling type are defined, respectively, by

Fpw = EBP™) = (= (f)n | Vits Y 2 | fllpgror s < 00},
f%p,r:f\ﬂp’”’p‘“):{f (fa)n | Yoty Y0 2 | s s = O}

The sets of exponential growth order ultradistribution nets and null nets of Roumieu
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type are defined, respectively, by
fq#“ = 5§£;M7p!m b= {f = (fn)n | Vi, v mfmq,’,"”“,m’ < OO}’
Ko = NF"P"Y = {f = (fu)n | Yut, I | fllggor e = O}

Recall [41] that an operator of the form P(D) = 3", . aiD¥ is called an ultradiffer-
ential operator of class (m) (resp. of class {m}) if there exist h > 0, B > 0 (resp. for
every h > 0 there exists B > 0) such that

VEeN: |ag| < BRIk, (3.1)
PROPOSITION 46.
(i) 5,§££"””m> and Séfl!)m’p!m} are algebras under pointwise multiplication, and
NEP) (resp. NP2 1Y gre ideals of these algebras.

(ii) The pseudodistances induced by ||

metrics on the respective domains.

Ny (resp. || - lgmow mr) are ultrapseudo-
(iii) Ec(le!;,m’p!m ) (resp. Eé{f;,m’p!m }) are closed under the action of any ultradifferential
operator of class (m) (resp. of class {m}).

The Colombeau ultradistribution algebras G@'"»"" ) and G{»'"-»'" } are defined by
G = GO g N,
jp .= g{p!’",p!m/} _ gc{)ﬁi’”,p!m/}/j\/{p!m,p!ml}.
These topological algebras are also invariant under the actions of ultradifferential opera-
tors of respective classes (m) and {m} [41].
PROPOSITION 47. Let m’ > m” > 0. Then
m prm’ m prm!! m pym!! m prm’
5c{£p ) gc{)fp P )’ NP = ATl
where we introduced the notation ) for either 1} or (). Moreover, the injection

’ 1"
1 pt™ oty . S
E(Q{fp P E(Q{fp P s continuous. However, we do not have injections of the factor

spaces, i.e. GUWP"P) oL GNP ) byt we do have natural embeddings of quotient
vector spaces,

, 1" ! ’ " ’
g{p!ﬂlvp!’nl ) — 5{pl’ﬁL7p!"L )/N{p!7n7p!7n ) (_} g{p!7rl7pI’VYL )/N{p!nva!?n )
exp exp

exp

and algebras

1 pm ym m i’ m o’y 1 prm’’
5é{fp P NPT );’Sifp P NPT P )_gé{gp pi™)

The left hand side of the last display is thus a subalgebra of gc{,ﬁim’p!m ), with the property

that association with respect to the subspace NP P'™) (see Section 6) is compatible with
multiplication.

Proof. The inclusion relation is easy to see. The given injection is continuous, since the
topology of the space on the left is stronger than the one on the right. We do not have
injections of the factor spaces, since the ideals satisfy the converse inclusion relations:
Necessarily, if the space of moderate sequences on the right hand side is bigger (such
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that it can contain sequences from the 1.h.s.), then the ideal on the r.h.s. is smaller than
the ideal on the Lh.s.. Thus, the image of the ideal on the left, under the canonical
injection, is not included in the ideal on the r.h.s., which means that the injection map
cannot be well-defined on the quotient algebras. The algebra embedding is possible since

/\[{P!mvl”m”) is also an ideal of the smaller Ee{fﬁ)m’p!m ). n

REMARK 48. Clearly, one can define spaces of Colombeau ultradistributions on an open
subset Q of R™. As in the case of conventional Colombeau generalized functions, one can
prove that © — G+)(Q) constitutes a sheaf which is fine but not flabby (cf. [21, 41] for
the definitions and proofs of these properties in ultradistribution spaces).

EXAMPLE 49. We just mention the interesting approach of [3] to ultradistribution gen-
eralized functions. Consider the seminorms p, : ¢ — SUP|4 <y, |2/<v (@) (z)| and let, for

s>1,r) = 1/n'/* and
Fypr (@) = {f € €=(Q)" | Y0 €N [l 0 < o0,
Kyprio (@) = {f € (C=(Q)" | ¥ €N |Ifll,, v = 0}.

With this construction and mollifiers from St*}, embeddings of D12—1} and £{25=1} into
the corresponding algebra G, ,.2:-1)(€2) are considered in [3].

3.2.1. Mollifiers. The problem of embeddings of various generalized function spaces into
corresponding Colombeau type algebras is closely related to the choice of sequences of
mollifiers, sequences of appropriately smooth functions converging to the delta distribu-
tion. For the embedding of Schwartz distributions and C*°, the problem is trivial, while
for ultradistributions and ultradifferentiable functions it is essential. The same holds for
periodic hyperfunctions of the next subsection.

In the theorems to follow, mollifiers will be constructed by elements of spaces Yger
and YPOV.

DEFINITION 50. XP°V comnsists of the smooth functions ¢ on R such that for some b > 0,

B

b |z p(2)]

o = sup ——— <00
(SD) BEN, zeR bﬁﬂ'

Yder consists of the smooth functions ¢ on R such that for some b > 0,

()
o\ (x
on(p) = GSNUPGR% <0

Both spaces are endowed with the respective inductive topologies.
Let m > 1. Let ¢™, n € N, be a bounded net in 3P°% (resp. in Yger) such that

wneN:{gn@ydat=1, (P @)yat=0, j=1,...,[p"/"+1.
R R
Then (¢y,)n is called a net of {m, pow}-mollifiers (resp. {m, der}-mollifiers), where

VneN*: ¢, =n¢"(n).

The essential novelty compared to the construction of ultradistribution algebras of
generalized functions in [67] is contained in the previous definition and the next lemma:
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LEMMA 51.

(i) Let Vn € N*, x € R : h,(x) = exp (n? — ¥/n2" + 227). Then, Vn € N* : h,(0)
=1,Vae{l,....2n—1}: ) (0) = 0, and

()
Fr>0,3C >0: supM

aneN Tl

<C. (3.2)

Moreover, for a given m > 1, there exists a function g : N* — N* so that (°)
n 1 *
" = %fT(hg(n)), n €N

defines a net of {m, pow}-mollifiers.
(i) Let
VneN* z €R: ky(x) = exp(—2®").
Then

VneN*:k,(0)=1, VYae{l,...,2n—1}:k(0) =0,
and there exist r > 0 and C > 0 such that
2P ke ()|
su — < C. 3.3
BeN, feN* B! (3:3)

Moreover, for a given m > 1 there exists a function g : N* — N* so that
1 *
¢"= %fT(kg(n)), neN s
defines a net of {m,der}-mollifiers.

Proof. (i) Clearly, Bn = FT (h,) satisfies S/ﬁn =1 and Smmﬁn = (0 whenever 1 < m <
2n — 1, for all n € N*.

The function C 5 z — /n2" + 22" has singularities at z = ne!™(2k+1)/(2n)  The
nearest one to the real axis x has the imaginary part nsin 5, greater than 1 for all
n > 1. So for every z € R, the circle z = x + ¢, § € [0,27), lies in the domain of
analyticity of h, (n > 1). Applying Cauchy’s integral formula, we have
0‘_! S hn(C) ¢

2mi —g)otl
—sim1sy & D)

Ve eR, Vn>ng:  |hY ()| =

n

< 2%l I 0 /9)].
< aeg[loa}gﬂl ( +€/2)]

We will prove that there exists a constant C' > 0 such that

i0 2n
YneN zeR: Re(nz—n2§/1+<Le/2> ><C, (3.4)

n

such that |h,(...)] < e,

CASE 1: |m+8n$| > %. Let = + €% /2 = p(cos ¢ + isin ¢). For n large enough, since

|z| > (3n —2)/4, we have sin¢ < 2/(3n), and 2nsin¢ < 4/3, so that for some ny and
i0 n

n > ng we obtain 2n¢ < 4/3+ ¢ < 7/2. This implies Re(1 + (5104*27/2)2 ) >1and (3.4).

(%) We recall that F7 denotes the Fourier transform.
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i0
CASE 2: |m+8n—/2| < %. We use

N §/1+ (5) = %‘ (1) =1 - L o

(for n large enough). Again, this implies (3.4) and we have proved that

VreRneN: max |h,(z+e?/2)] <1
0€[0,27]

This proves (3.2). If g(n) = 3[nY/(m=D]+1 (n > ng), then one can easily prove that
" = %f’]’(hg(n)), n > ng, defines a net of {m, pow }-mollifiers.

(ii) Again, we have S%n =1, Sxm@n =0Vm < 2n—1, n € N*. Estimating 2%k, ()
separately for |2| < 2 and |z| > 2 one can easily prove (3.3). Taking the same function g
as in (i), we finish the proof of (ii). m

3.2.2. Embeddings of ultradifferentiable functions and ultradistributions
PROPOSITION 52. Assume m > 1.

(i) Let p > 0 be such that m — p > 1. Let 1» € D™ (resp. 1 € D"=PH). Let (¢p)n
be a net of {m,pow}-mollifiers. Then

(d} * Pn — 'l/})n € N(plm’plm) (¢n = n¢n(n))’
(resp. (¢ % dp — ), € NPT,
(ii) Let f € &™) (resp. f € ™) and (¢n)n a net of {m,der}-mollifiers. Then

(F % 6n) € ELT ™) (resp. (f + dn) € EL Py,
(iil) If (¢n)n and (¢l,)n are nets of {m, pow}-mollifiers, then

Vi € D ((f 5 b 6 ))n € NG
(resp. Vi € DUPY  ((f % 6 — 8l ) € AB).

’

REMARK 53. If ¢y € D) m > 1, then (1), € EP" P ) for every m’ > 0. Fix a net

/

(én)n of {m, pow }-mollifiers. The embedding D™ «— @™ 2™ ) can be realized through
P — (Y * ¢pn)pn as well as through 1 — (¢),. This is a consequence of assertion (i).
A similar conclusion follows for Dim—r},

Assertion (i) characterizes the embedding of elements in £"™) (resp. £4™}) into the
corresponding algebra by regularizations by {m, der }-mollifiers.

The present situation shows again the complexity of the problem of finding suitable
mollifiers for a given algebra of generalized functions.

Proof of Proposition 52. (i) Assume suppt C [—u, u|. Since ¥ * ¢, — 1 = 0 for |z| > pu,
n > ng, we assume in this proof x € [—p, u], n > ng.

First, we prove the assertion for the Beurling case; the Roumieu case is treated in a
similar way. Let s € N. We have

(@ % dn — ) (@) = [ (@ + t/n) — ) (2))g (1) dt

R

N1 o N
— S(Z t_ w(:ﬂ-‘rs)(x) + t ¢(N+S) (f) B w(s)(x)>¢n(t) dt,

A\ nPp! nNN!
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where z < ¢ < x4 1t/n. Let N = [n'/™] + 1 as in the definition of {m, pow}-mollifiers.

We have N
(0% 6 =) @) = | e 9V (€6 (1) de

R
Let d > 1 be such that 0%(¢") < co. Then

e bn— ) () SSWWWH)(OI
R

v¥(N + s)I™

TANSINT t™[" (1)) dt.

We will use N!I™ < (NNV)™ (N + s)! < eN+sNlsl and 1/n™ < 2V /NN™, This gives

e(v N+s m N
< D O G gy 1970

R

(6 — ) ()

Let I > 1. Inserting e~ "Ve!™N | with vy = 2le(v + d), we have

o (% 6 = ) ()| < 27 VP ()0 (9).

Now we use e~ !N ~ e="""™ as n — co. This implies that for every v > 0 and [ > 0,

there exists C' > 0 such that

v’ (s) —lnl/m
S,—m(lﬁ*%—lﬁ) ()| < Ce
Taking the supremum over all s and =, we obtain
|||w >k ¢n — p:/mu’m = 0

Now, we prove the assertion for the Roumieu case.
Let d > 1 be such that 6%(¢") < oo and h > 0 such that p”,, % (1)) < co. We have,
as above,

(b — ) (2)

[T @] v + )™ P
o (N + s)lm=r  nNglmNI

s'm

IA

t¥]6" ()] dt

[ (her )NV E)) NI (h)t o(a)® o

= S A E e Ty s R
R
Let [ > 1. Note that
(hy)ssim=r (dh
SHP{T seNj <oco, sup N'P N eN; <oo.
As above we have, with suitable C' > 0 (inserting e ~'Ve!™),

(W% 60— 1) a)

Again as above we finish the proof.

< Ce_lean ppg(l/z)od(qb”).

(ii) We will give the proof in the Beurling case. The proof in the Roumieu case is
similar.



34 A. Delcroix et al.

Recall [40] that if f € £'0™), then there exists an ultradifferential operator of class (m),
P(D) =12, apD¥, po > 0 and continuous functions Fy, supp Fj, C [—uo, po], k € N,
with the property supyey ,ep [Fr(z)| < M such that f =77 apr D" Fy.

This implies

VreR:  frgu(w) =D (~1)apn® | Fe(w +t/n)D*¢" (t) dt,
k=0 R
where (¢n)n is a net of {m,der}-mollifiers such that o,(¢") < oo and ag, k € N, sat-
isfy (3.1). For the same reason as in part (i), we take x € [—u, ], p > po and n > ng.
Let v > 1 be given and s € N. We have

o0

Z(—l)kaknkﬂ’ py’_p S Fy(x +t/n) DM Pon(t) dt

k=0 R
o0
vPhFnktr

SO 6, (2] =

<> B g VBl + /)| D76 ()] di
k=0 R
e yh p+knk+p .
<25 (<k)+>'m V1w + t/n)] | D"+ gn (1) dt
k=0 p): 2
o L (2ebvh)Ptrnk e R+ t/n)] |y
= 9k +p n
B kZ:o 2k B (k + p)tm—1 é BF+7 (% + p)! | D TPH" ()| dt
< 06(26byhn)1/(m_1)O’b(d)n),

!m—l)

This proves that f x ¢, € &Efii!”’p
Let us prove (for the Beurling case) that

(F,(n— 1) xw) € NG,
where ¢(t) = ¢(—t). By continuity, we know that there exist 4 € N, v > 0 and C > 0
such that
[(fs (bn = &7,) x )| < Cpl™ ((fn — &7,) * )
< COPL™(dn ¢ — ) + D™ (G, 9 — ). (3.5)
By the first part of the proposition, we have

Yk pn = 9 G, —p € NETT,
This implies that for every k& > 0, there exists C' > 0 such that for every n € N, both

summands in (3.5) are less than or equal to Ce=kn''™.

3.3. Generalized hyperfunctions on the circle. In this subsection, we will analyze
the sequence space realization of the algebra of Colombeau generalized periodic hyper-
functions [77]. As in the previous subsection, we use the construction from Section 2
(through a “proj ind” type space). Here, Fourier expansions will be the main tool for the
analysis.

3.3.1. Basic spaces of functions on the circle. First, we recall and specify the relevant
material related to hyperfunctions on the unit circle T = {z € C | |z] = 1}. More details
can be found in [4], [39] and mainly in [56]. Let Q\ = {z € C | 1/\ < |z| < A} where
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A > 1. We denote by O, the Banach space of bounded holomorphic functions in 2, with
the sup norm on Q. The space of analytic functions on T is A(T) = ind limy_,; O,.

The space £'(T) of Schwartz distributions on T is the strong dual of the space £(T)
of smooth functions on T. To each function f € £(T) is associated in a canonical way a
function f defined on R by f(t) = f(e*). We set || f]loo = sup;er | F(t)]-

For f € A(T), the coefficient f(k) of z¥ in the Laurent expansion of f is its kth
Fourier coefficient. Complex numbers (¢ )recz are the Fourier coefficients of some analytic
function if and only if ||| %),1 < 1, with

l(cw)illy - = fin sup (max(|exl, le—x]))* ",

equal to the maximum of ||(cx),enllr and [[(c—k)penllr With r = (rx) = (k71).
Let m € [0,1) and v > 0. We set

AT = { £ € ACT)

If v/ > v then ¢ (f) < ¢7»>°(f). Hence we define
Ap(T) =indlim A4,, ,(T) and A;(T)=ind li{n A (T).
V—00 m—

When m # 0, in contrast to A, (T), A, (T) is a subalgebra of A(T). Clearly, A (T) is
also a subalgebra of A(T).

For k € Z we set ex(z) = 2*. It is immediate to see that e; belongs to any space
Ay o (T). The kth Fourier coefficient of T € £'(T) is given by T(k) = T(ey) and T =
> okez T(k)z* in the topology of E'(T). For a sequence (Ay)x of complex numbers to be
the sequence of Fourier coefficients of a distribution, it is necessary and sufficient that
H\A|||1/log < 00. Moreover, T acts on f € E(T) by T(f) = >, T(k) f(k).

The space B(T) of hyperfunctions on the circle is the topological dual A’(T) of A(T).
For k € Z and H € B(T), the kth Fourier coefficient of H is H(k) = H(eg), and
H=% H(k)z* holds in the topology of B(T). A sequence (Bj) of complex numbers
is the sequence of Fourier coefficients of some hyperfunction if and only if || B|| ??)_1 <1

If f € A(T), then H(f) = Y pcp H(K)G(k).
The convolution S x T' of two hyperfunctions S and T is given by

(S +T)( ZS

keZ
for z belonging to some neighborhood of T. It is seen that S x f € A(T) if S € B(T) and
f € A(T). In the same way S x f € £(T) if S € £'(T) and f € £(T).
3.3.2. Fourier expansion in Ay, ,(T). The following lemma will be useful.
LEMMA 54. Let m € (0,1) and p > e/2. The function
it pfttm(tJrl/Q) 7mt (0 oo)

teR, veN VO™

fla)
= s L0 )

reaches its minimum at a unique point t, such that 1/2 <t, < pt/m — 1/2, and we have

\/ﬁe—m(l/2+p1/m) <p(tp) < elp m 1/2) < /pe™™
Moreover, @(p*/™ +1/2) < \/@e_mpl/'m'

1/,”
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Proof. The derivative of ) = Inp is given by ¢'(t) = —lnp 4+ m(lnt + %)7 and satisfies
P'(t)=0& tel/2t = pl/™_Since te'/?t > e/2, it follows that there exists a unique point
t, € (1/2,00) such that t,e'/?%» = p!/™ | because p > e/2. This yields p*/™ —¢t, =
tp(el/%ﬁ — 1), and, using ¢ < e — 1 < ze” for x # 0, the claimed inequalities on t,.
Writing In(p'/™ +1/2) = (1/m) Inp+1In(1+1/2p'/™) gives

1 1 1
1/m - 1/m _ 1/m -
¢<p +2> lnp+m( —|—1)1n<1—|—2 1/m> m(p +2>.
We find

1 1 1
sD(tp) _ \/‘Be—m(tp+1/2+1/4tp) and t + = +E <p1/m+ 57

showing that \/ﬁe’m(l/2+pl/m) < @(t,). SinceIn(1+1/2p"/™) < 1/2p'/™ it follows that

1y 1 1 .

Using p > ¢/2 and m € (0,1), we find m/2p*/™ < 1/2 and thus @(p*/™ + 1/2) <
Jepe e
We show in the same way that p(p'/™ —1/2) < \/,Be*mpl/m. .
We give growth conditions on the Fourier coefficients of elements of A, ,(T) for
m € [0,1).
PROPOSITION 55. Let f € A(T) and m € (0,1).
(i) If f € A (T) then

1/m

VD, 1y < 0
Conversely, if the above condition holds, then f € Ay, . (T) for all v/ > v.
(i) f € An(T) if and only if
VFEDE, 1 < 1.

(iti) f € Ao, (T) if and only if f(k) =0 for |k| > v.

(iv) f € Ao(T) if and only if (f(k))kez has finite support.

(v) For all f € A1(T) there exists g € O(C*) such that gt = f
Proof. Let f € Ay, (T) with 0 < m < 1. For all @ € N, f(®(t) = Zpez(ip)af(p)e”’t.
It follows that S:T F@ )=kt = 27 (ik)“ f(k), thus there is a positive constant Cy such
that |k|*|f(k)| < Civeal™.

Using Stirling’s formula, a! = a®t1/2e=/21(1 + ¢,), o \, 0, we find a positive
constant Cy such that

Vo e N*, Vk e Z: |k|*f(k)| < Cov®a™@tt/Deme,
It follows that
Vo e N*, Vk e Z*:  |f(k)] < Co(v/|k]) oot/ e=ma,

Using the notations of Lemma 54 and taking p = |k|/v with |k| > ev/2 yields |f(k)| <
Cap(t) for all t € N* and we have @(p'/™ + 1/2) < \/pe e=m?"™  Since © increases
on [p'/™ —1/2,p'/™ + 1/2] which contains a positive integer «,, we obtain |f(k)| <
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Cop(a,) < C’g\/,c)_e.e_”“’l/m for |k| > ev/2. Hence, there exists a positive constant C
such that Vk € Z* : |f(k)| < C\/\k|e_7|k‘l/m. As ||[Vk| = 1, we have the inequality of
().

Conversely, assume that f satisfies the condition of (i). For all @« € N, we have
FOt) = Spep(ik)* f(k)er . Let v/ > v. Choose v/ such that v/ > v > v and set
B =m/()/™, 3" =m/(")/™. It follows that for a # 0,

VkeZ :  |f(k)| < C/kle# IR
This last inequality gives

17 o0 < C( Z e—(ﬁ”—ﬁ/)\k\l/’”) sup |k‘a+1/2€—6/\k|1/’".
ke? kEZ
Let ¢(t) = ta“/Qe*’Btl/m, t > 0. A simple study of ¢ shows that
sup ¢(t) = ¢(v/ (o + 1/2)™) = (V' (v + 1/2)) "o F/2 g mmlatl/2),
>0

Since (%I/Q)m(aﬂ/ ? s bounded, using Stirling’s formula, we get a positive constant

Cy such that for all & € N, ||[f(®) ., < C1(/)*a!™, showing that f € A,,,/(T) and
proving (i).

Let f € A, (T). Then f € A, ,(T) for some v > 0 and the inequality follows from (i)
and e=™/v™ < 1. Conversely, if ||( A(k))k|||(i_)71/m < 1, then there exists v > 0 such that

\H(f(k:))kﬂk_),l/m < e/ From i), it follows that f € A,, . (T) for v > v. Hence
f € A (T), proving (ii).

Let f € Ao, (T). The above shows that there exists C; > 0 such that |k|*|f(k)| <
C1v™. Keeping the same notations, we find | f(k)| < C1(1/p)v®a!™ for all k € Z* and all
e N. If |k| > v, then 1/p < 1, and letting a — oo yields f(k) = 0.

Conversely, assume that f(k) = 0 for |[k| > v. Then f(z) = 2kl <v f(k)2F for all
z € C*. Tt follows that for all @ € N, [|f(®)[lse < (3 4<, |F(R))v, that is, f € Ao, (T),
proving (iii).

Claim (iv) follows from (iii) straightforwardly.

Claims (ii) and (iv) show that for f € A;(T) the series >, ., f(k)z* converges abso-
lutely for any z € C*, proving (v). =

3.3.3. Duality and embeddings. This section is devoted to the study of the algebras
Amn(T) and A;(T) together with the associated dual spaces A/ (T) and Aj(T) for
m € (0,1).

Let f € A, (T). There exists v > 0 such that f € A,, ,(T). By Proposition 55, there
exists C7 > 0 such that for all k € Z*, |f(k)| < C4 \/We_w“'l/m with v = 1/p1/™,
PROPOSITION 56. For m € (0,1), Ao(T) is a dense subset of A, (T).

Proof. Let f € A, (T). There exists v > 0 such that f € A,, ,(T). From the proof of
Proposition 55, there exists C; > 0 such that for all k € Z*, |f(k)| < Cy \/We_wc'l/m
with v = 1/vY/™. Forn € N, let f,(2) = 2 lkl<n f(k)z*. Clearly, for each n, f, € Ao(T).
We prove that lim,, .o f,, = f in A, (T). Let v/ > v and set p = |k|/v, v/ = m/(/)/™
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<~y and e=(0=7/2 = ¢, Tt follows that fof = fn€ Ap(T) C Ay, (T), and
|3 ko (8 f (R)e™r

teR, aeN (v)xalm

QZ’L,OO(f - fn) =

By the growth condition on |f(k)| we get

/m
S ||t 1/2e=Ikl!
g (f — fo) < Cysup =T
aEN (vealm
Writing e K™ 20k o=y KT yields

1/m A k‘l/m
. 3 clkl ‘k|a+1/2e vl
qU"ll’OO(f fn) < Clgnl/ sup |k|>n

@EN (y/)aa!m

Let p’ = |k|/v/. From Stirling’s formula, we find a positive constant Cs such that
G = fa) £ Com ST T T sup (e gmae = M
[k|>n a€eN
Substituting p’ for p in Lemma 54 leads to

sup p/aa—m(a+1/2)ema = sup 1 < 1
aeN aeN p(a) T o(ty)

Since t,» < (p')V/™ and m(p')Y/™ = +/|k|*/™, it follows that

< (p/)—l/Qe—m/2emtp/ )

sup (p/)aa—m(a+1/2)emoz < (p/)_1/26_m/2e'7/‘k|1/m.
a€eN

Hence, there exists a positive constant C3 such that ¢, (f — f,) < Cg&"l/m, showing
that lim, . ¢, (f — fn) = 0, whence lim, . f, = f in A, (T). =

For T € A/, (T) and k € Z, we define the kth Fourier coefficient of T' by T'(k) = T (ex).
Obviously, any sequence (ay ) of complex numbers is the sequence of Fourier coefficients

of T € AY(T) such that T(f) = 3, T(k) f(k) for f € Ao(T). We have the following
PROPOSITION 57. Let T € Ay(T) and m € (0,1).
(i) T € A, (T) if and only if

IR -1 < 1. (3.6)

Moreover, for all f € An(T), T(f) = 1ez T (k) f (k).
(ii) T e A (T) if and only if

S T (AN et (37)

(ii) Let T*(Z) = {k € Z | T(k) # 0}. Then T € A, (T)\ Ao(T) if and only if

In[In(1 4 |T'(k)|)]
ne <1. (3.8)

lim sup
keT™(Z), [k|—oo

Proof. Let T € A}, (T). Then T € A;, ,(T) for all v > 0. Tt follows that there is C1 > 0
such that for all k € Z, |T(k)| < C1¢7»>(ex). Since ¢ (ex) = sup,ey k| /v*al™, by
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use of Stirling’s formula there is C'; > 0 such that

[T (k)| < Casup ([k]/v)a et 1/Deme,
aeN

From the end of the proof of Proposition 56, there exists C > 0 such that
|T(k)| S Cemlk‘l/rn/yl/'m.

It follows that
m Vl/m
(T (K)),, |||i) o S €™

and letting v — oo yields ||(T(k)), |\|( y-1/m S

Let f € A, (T). With the notations of the proof of Proposition 56, f, — f in A,,(T)
as n — 00. Therefore 1ihe continuity of 1" gives T'(f) = limn—o0 >4 <,, T(k) f (k). E[‘he
growth conditions on f(k) and T'(k) show that the series with general term T'(k)f(k)
converges absolutely; hence T'(f) = >, o5 T(k) f(k).

Conversely, assume that T € A[(T) satisfies the given inequality and let p > 0. Since
\H(T(k))k”ﬁ)_l/m < et it follows that there is D > 0 such that for all k € Z, |T'(k)| <

DetlEI"™ - This last growth condition enables us to define T(f) = > penT ( ) f(k) for
f € An(T). Clearly, T is a linear form on A,,(T). We show the continuity of T on each
Ao (T).

Let f € Apm.,(T). For all @ € N, we have |k|*|f(k)| < ||/« for all k € Z. From
the definition of ¢ it follows that || (]| < v®a!™q">°(f), whence

a,|m

N val
VkEZ: |f(h) < inf o e g (f).

From Lemma 54, there exists a positive constant C7 such that

(63 m

val 1/2, —v\k\l/m _ 1/m *
C1¥r€1fN e < C4k| y=1/v'" kelZ.

Let D > 0 be such that |T'(k)| < De*™ /2 for all k € Z. We then have, for some

constant C' > 0,
IT(f)| < (CZ |k|1/2e—v\k|1/"ﬂ/2)an,OO(f),
kEZ
proving the continuity of T' on A, ., (T) for all v > 0. Hence, T € A} (T).

From (i), T' € A} (T) if and only if \H(T(k))k”%),l/m < 1 for all m € (0,1); writing
1/m = v gives (ii).

Let T € A} (T)\ Ao(T) and v > 1. From (i), there exists ng € N such that |T'(k)| <
el"/2 for |k| > ng. Tt follows that 1 + |T'(k)| < el*” for |k| > ng. If k € T*(Z) and
|E| > no, then

tnfin(1 + [F(0)))]

In |k|
This being true for all v > 1, it follows that the inequality of (iii) is true. Conversely,
assume that (3.8) holds. Then T*(Z) is not finite and consequently 7' # Ao(T). Let
v > 1. From (3.8), we have In(In(1 + |T'(k)|)) < vIn|k| for k € T*(Z) and |k| large

< V.
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enough. This means that |7*/*" < 1 for |k| large enough and k € T*(Z). It follows
that T satisfies (3.7), proving (iii). m

PROPOSITION 58. For allm € [0,1), A,,(T) — A(T). Consequently, A;(T) — A(T) —
E(T) and &'(T) — B(T) — A, (T).

Proof. We claim that for all m € [0,1) and v > 0, there exists A > 1 such that A, ., (T)
< Oy. Let f € Apy(T),0 € N and k € Z. We have |k|*|f(k)] < v*a!™pm.(f). Tt
follows that

1 ‘kl “ m—1

() 1w < et

al\ v

Due to m — 1 < 0, summing over a € N yields

P Fa < (30 e g ().
a=0
Hence | f(k)| < Cyp~Flgmoo(f) with C; = Saen @™ Land p = e'/¥ > 1. Consequently,
if 1 <A< p,then f € Oy and

1l ey < SOUFERINH < (€1 30w ) gmee(f),
kez keZ

proving our claim.

Let V denote a convex neighborhood of zero in A(T). Then for all A > 1, VN O, is
a neighborhood of zero in Oy. Let v > 0 and choose A such that 1 < A < /¥, From
Ao (T) — Oy, it follows that there exists a neighborhood U of zero in A, »(T) such
that U C V N Oy C Oy, showing that A,,(T) — A(T) and then A;(T) — A(T).

Since A1 (T) — A(T) — &(T), these embeddings being with dense image, it follows
straightforwardly that £'(T) < B(T) «— A} (T). m

3.3.4. The algebra Gu (T) of generalized hyperfunctions. Throughout the rest of this
subsection, let r = (r,), be an arbitrary sequence of positive numbers such that r, \, 0.
For n € N, we set @1/, (2) = X2 p<1/m, zF. We have ¢y, * ©1/r, = @1/, and
lim,, o 91/p, = 6 in E'(T). 1f H € B(T), then H x 1y, = > 5 <1/p, H(k)2* and
consequently lim, ..o H * ¢/, = H in B(T).
It is easily seen that lim, .o [[1/s,[/zoe(r) = 00. More generally, in analogy to
Proposition 41, we have:

PROPOSITION 59. Let (1,), denote a sequence of elements of A(T) such that lim, . ¥y,
=6 in B(T). Then (¢n)n cannot be bounded in A(T).

Proof. Assume that, contrary to the assertion, (¢,,), is bounded in A(T). Consequently,
3C >0, Vn € Nt ||[¢n] oo (p) < C. Since limy .o ¢ = 6 in B(T), for all ¢ € A(T) we

have
27

lim = | Bl (e dt = (1),
0
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By Cauchy—Schwarz’s inequality,
2
57 § B @ ote) ] < o elco
0
It follows that Vo € A(T) : |¢(1)] < Cll¢l|2(r). Let m and s denote respectively an

integer such that m > (C? — 1)/2 and a positive constant. Define ¢ € A(T) by $(k) =0
for |k| > m, and $(k) = s if |k| < m. Then we have

p)= > @) =v2m+1( Y o(h)?)

|k|<m |k[<m

1/2

This means that
e(1) = v2m + 1@l 2y > Clloll 2.
which is a contradiction. =

Let X(T) = A;(T)Y be the set of sequences of functions (f,), with f,, € A;(T). Let
A> 1. For f € A;(T), we set

Q’\(f) = Hf”L‘X’(QXy
If f=(fn)n € X(T), we define
171l = lim sup ()™
We define the subsets X,.(T) and N,.(T) of X(T) as follows:
For=X(T) = {f = (fa)n € X(T) | IA > 1: | fllr,» < 00},
Kor =No(T) = {f = (fu)n € X(T) [ IA > 1: || »,, = O}.

As shown in the general case, X,.(T) is an algebra for usual termwise operations and
N.(T) is an ideal of X,.(T). For f € A;(T) and A > 1 we set

() = sup N F ().
keZ
The above two spaces have the following Fourier characterization:

PROPOSITION 60. Let f = (fn)n € X(T). Then:
(i) f € X(T) if and only if

IN>1: | fllgr . < oo
(i) f € N(T) if and only if
IA>1: | fllgrr=0.

Proof. Let f = (fn)n € &(T). Take A > 1 such that || f[|,», < co. By the hypothesis,
there exist a > 0 and 77 € N such that ¢*(f,,)™ < a for n > 7. From Cauchy’s inequalities
in Q2 we obtain |f, (k)| < ¢*(f,)A"I¥, whence |f, (k)| < aA~*I™ for all k € Z and
n > . It follows that || f[lz . < oc.

Conversely, let f = (fn)n € X(T) and suppose that for some XA > 1, || f[|;» , < co. It
follows that there exists a > 0 such that ¢*(f,)™ < a for n large enough. Then we have
|fu(k)| < @/ A~1Fl for all k € Z and n > no for some 79. Consequently, if s = /7, we
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may find C(s) > 0 such that ¢*(f,) < C(s)a'/™ for n > g, showing that || f[,» . < oo
and proving (i).
Part (ii) can be proved in a similar way. m

We now give a version of the algebra of generalized hyperfunctions on the circle which
is an improvement of the ones given in [76, 77, 78].

DEFINITION 61. The algebra of generalized hyperfunctions on T, associated to the se-
quence r, is the factor algebra

G gr = Gp(T) = X, (T) [NW(T).
If f e A(T), then f(2) =,z f(k)zk in some ). We define

(Ba.f)(2) = Y (k) F(k)2".
kez
We also consider the usual derivative of a holomorphic function defined by

3—2(,2) =f(2) =Y (k+1)f(k+1)z"

keZ
It is seen that d/dz and 9y are connected by (9 f)(z) =iz f'(2).

These two differential operators being defined componentwise on (fy,), € X.(T), by
the above proposition it is seen that X;.(T) and N,.(T) are invariant under these operators.
Consequently, this enables us to equip Gp,(T) with two differential structures in an
obvious way.

3.3.5. Embedding of B(T) and A(T) in Gu,(T). The space B(T) can be embedded in
Gu,r(T) in such a way that the usual multiplication of A;(T) is preserved:

PROPOSITION 62. Let
i:B(T) = H(T), Hw—[Hxpy;,], do:AT)—H(T), [ I[f].

Then i is a linear embedding and iy is an injective morphism of differential algebras such
that

T|.A1 (T) = iO~
Moreover, for any H € B(T),

;<%) - dilz(T(H)) and 1(0pH) = 0p(i(H)).

Proof. The claims on iy and the last part of the proposition are easy to prove. Let us
focus on the properties of the first part relating to i. The linearity of i is quite obvious.
Let H € B(T) and set h = (hy,)n with h, = H * ¢y, . From Proposition 55(iv), we have
hyn, € Ap(T), and so h € X(T).

Now take A > 1. From the property of the Fourier coefficients of H, there exists C' > 0
such that |[H (k)| < CA*| for all k € Z. It follows that A*l|h, (k)] < CX2/™ showing
that [|h]l;» - < A%. By Proposition 60, h € X, (T). It is sufficient to consider restrictions

to the spaces A,,(T) with 0 < m < 1. Let f € A, (T) with 0 <m < 1. There is A > 1
such that f(z) = Y, o5 f(k)z* for 1/X < |z| < A. Then we have io(f) —i(f) = [f,] where

fn = f - f * P1/rn> that iS, fn(z) = Z|k\>1/7‘n f(k)zk Thus (.fn)n S O/\-
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We claim that (f,)n € N,.(T ( ) From Proposition 55, there is C' > 0 such that for all
k ez, |f(k)| < Cy/kle="™"™ where v = m/hY/™. For |k| > 1/r,, writing

e BT = FIRY ™ = ()

it follows that
A £ ()| < (CAR/Tle= 3R ™ e = 3GOY™  for (k] > 1/r,.

Since C' |k|e_%“"‘1/m is bounded with respect to k, we obtain

7%(%)1/1}1—1

[ fllg>, = lim e =0,
n—oo
proving our claim. m

An element of i(B(T)) is called a Gg,.(T) hyperfunction.

4. Sequences of scales and asymptotic algebras

4.1. Sequences of scales

DEFINITION 63. Consider a sequence r = (r™),, of positive sequences (r7"),, decreasing
to zero, i.e. such that

Vm,n e N: r7, <r}, lim " =0,

n—oo

which satisfy in addition one of the following conditions:

(4.1) Vm,n e N: pmtl>pm
or
(4.2) Vm,neN: pmtl<,ym
Then let
in case (4.1), Fpp= ) Fpom, Kpr=J Kprm,
meN meN
in case (4.2), F,,= U Fprm, Kpr= ﬂ K prm
meN meN

where p = (p})v.u

PROPOSITION 64. In both cases of the above definition, jfpm is an algebra and ﬁw an
ideal of ?1’)77"' Thus, G pr = ]-"pﬂ«/ﬁw is an algebra.

Proof. Let us start with (4.1). For r™*1 > r™ we have || f|,m+1 < ||f[l-m if p(fn) < 1,
hence K}, ;m+1 D Kprm. Conversely, F, m+1 C Fpprm. Thus, intersection for F and
union for K make sense, and F,, , is obviously a subalgebra. To see that /C, ;. is an ideal,
take (k, f) € Ky, x Fp . Then for some m we have k € K, ,m, but also f € F,,m, in
which ICp, ,m is an ideal. Thus, k- f € ICppm C ICp .

Now we turn to (4.2). The same reasoning gives now /C,, .m+1 C Kp pm and F, m+1 D
Fp,rm, justifying the definitions of F,, and K, ,. Moreover, because of this inclusion
property, F,, is indeed a subalgebra. To prove that K, is an ideal, take (k, f) €
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Kpr X Fpryie. k €K, . for all m”, and f € F, me for some m’ . We have to show
that k- f € ICp ,m for all m. So let m be given.

If m < m/, then K, s C Kppm, thus k- f € K

If m’ < m, we use F oy pm
;

T
p,’r‘m/ . ]:p,’l"m/ C ’Cp’,,,m’ - ’Cp,'rm-
r C fpﬂn'm to get k- f S ]Cp,r"” . fp,’,‘m/ C ICp,r"” . fp,’r’"" C

Kprm. m

EXAMPLE 65.

n

m {1 ifn<m
T =
0 ifn>m

(with the convention that 0° = 0) gives Egorov-type algebras, where the “subalgebra”
contains everything and the ideal contains only stationary null sequences.

EXAMPLE 66. r" = 1/|log a,(n)|, where (a,, : N — Ry ),ez is an asymptotic scale,
ie. Ym € N: apme1 = o(am), a—m = 1/am, IM : apr = o(a2,). This gives back the

asymptotic algebras of [16], cf. Section 4.3.

4.2. (C,&,P)-algebras. Let us now show how a quite large class of (C, &, P)-algebras
[55] fits well into the above setting. First, let us recall that (C, &, P)-algebras are based
on a vector space £ with a filtering family P of seminorms, and a ring C = A/I of
generalized numbers. Here, I is an ideal of A, which is a subring of K, where K = R
or C, and A is some indexing set. Both A and I must be solid as rings, i.e. Vs € KM :
(Fr e A, VA € A:sy| < |ral) = s € A, and idem for I. Then the (C,&,P)-algebra is
defined as gc7g7'p = 5A/51; with

Ex={fe&N|VpeP:pofeX}

(where po f = (A = p(f)) = (p(f1)x € (RN € KA). In other words, the function
spaces £4 and & are determined by C = A/I, by selecting the functions with the same
respective growth properties as the “constants”.

It is clear that this is too general to be written in the above setting of sequence
spaces, mainly because there is no relation between A and I: one could in principle take
I = A, and thus & = &4 independent of (£,P), but this is impossible in the present
construction.

4.3. Asymptotic algebras. However, in many known applications one can restrict
oneself to some subclass of these algebras. As the first example and most important case,
let us consider asymptotic algebras [16]. Here, A and I are defined by an asymptotic
scale (°) a = (am : A — Ry )mez:
Aa={sc K" |Im e Z:s=o(am)},
L={scK"|VmecZ:s=o(anm)}
Recall that a must satisfy: Vm € Z : apmi1 = 0(am), a—m = 1/am, IM € Z : apr = o(a?)).
Some examples that have proved to be useful are:

(5) The set A is supposed to have a base of filters B, which the o(-) notation refers to. In
Section 4.2, VA € A could also be replaced by JAg € B, VA € Ao.
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(i) A =Nand a,,(A) = 1/A™: This leads to Colombeau’s generalized numbers and
algebras.
(ii) A = N and a,,(A) = 1/exp™(A) for m € N*, where exp™ is the m-fold iterated
exp function: This gives the so-called exponential algebras [16].
(iii) r™ = 1/n™/(m=1): This is related to ultradistribution spaces, and will be dis-

cussed in detail in a separate publication.

PROPOSITION 67. Suppose that the family P of seminorms can be chosen in the form
P = (pl)uven fitting into our scheme of inductive or projective limit (Section 2.1 or 2.2).
Then asymptotic algebras can be described in our formulation by choosing the sequence
of weights r™ = 1/|log an,| (i.e. r{* = 1/[logam(N)]).

Proof. We will show that & = Kp , and €4 = Fp , for v = 1/|log a,,|. In view of the

definitions, this amounts to showing the equivalences

Vp, ¥ am ipo f=o(am) & Yp, V" || fllpm =0
) €)

(<o)
Ea C Fp,: Let f €&y Thus, Vp € P, Im :po f = o(am). We can assume a,, > 1 is

such that ™ = 1/10g @y, < ap = €'/™". Thus po f = o(e’/™™"). But pof < /™" =
(po f)7" < e, thus limsup (po f)"" < oo and f € Fp,.

Fpr CEa: If f € Fp,, then Vp € P, I : limsup (po f)Y/lesanl < o0, With
(po fY/NEeml <C & pof<(am)®  (am,C>1)

we have: 3C > 0, FAg, VA € Ag : p(fr) < (am(M\)M°8Cl. Thus, using the third
property of scales, Im : po f = o(an,).

Er CKp,: For f € &, we have po f = o(ay) for all m. Take m € N. Now, for any
g €N, I :ap =o(al) and po f = o(ay). Using am = e V""", ap = o(an?) =
o((e=t/rm)1) = o((e=)Y/™™), ie., (po f)™" < e~9 on some Ag. As ¢ was arbitrary,
we have (po f)™" — 0 and thus f € Kp,,..

Kp. C&r: For f € Kp, we have, for all m, lim supp(f/\)l/\logam\ =0, ie.,
vC > O,HAo,V/\ S AO . p(f/\)l/\logam\ <C.

With a,,, C' < 1, this gives p(fy) < Cl°genl = q,,1°6€1 Now, to show that f € &,
take any m. Let m =m + 1 and C = 1/e. Then 3Ag, VA € Ag : p(fa) < am(A). But
A = 1 = 0(ap,), thus po f = o(ay,).
REMARK 68. We presented our construction only for the case where A = N. But the
same can be done for an arbitrary set A of indices equipped with a base of filters, which
is all we need to define the ultranorms and associated spaces. In applications, it may
be more convenient to take A = (0,1] or more complicated indices, with two or more
parameters which can be numbers but also functions (mollifiers) or similar.

4.4. Algebras with infra-exponential growth. A second interesting subclass is the
(C,E&,P)-algebras of the form
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A={scK" Vo <0:5=0(a,)},
I={scK" |36 >0:5=0(as)},

where a = (aq)oscr is again a scale (i.e. Yo > p: a, = o(a,), etc.), but indexed by a real
number. (Note that here A is given as intersection and I as union of sets: that is why
this case is not covered by the previous one.)

For example (again with A = N),

ay := A — 1/exp(oA)
gives the so-called algebras with infra-exponential growth [17], pertaining to the embed-
ding of periodic hyperfunctions in (C, £, P)-algebras.

These algebras can be obtained by taking F = {f | | f]l- < 1} and K = {f | | fll- < 1},
with r,, = 1/n. (As the norm is compared to 1, all scales r, = 1/[loga,| (i.e. r5(A) =
1/|oA|) are equivalent. More details on this “dual” construction where (< oo, = 0) is
replaced by (< 1,< 1) are left to a separate publication.)

5. Functorial properties

In this section, we want to investigate conditions sufficient to extend mappings on the
topological factor algebras constructed as before. Consider for example ¢ : E' — F where
(E,P) and (F,Q) are spaces equipped with families P and @ of seminorms. In this
section we shall denote by Fip,(+), Km,»(-) and Gy -(+) the spaces defined as above, where
- stands for E or F and II stands for P or Q.

Suppose that ¢ satisfies the following hypotheses:
(F1) : [ €Fp(E) = o(f) € Fq. (F),
(F2): f € Fpr(E), heKp,(E) = o(f +h)—o(f) € Kor(F),

where we write ¢(f) := (¢(fn))n. Then we can consider the following

DEFINITION 69. Under the above hypothesis, we define the r-extension of ¢ by

— _ (GPr(E) = Gor(F)
Q=G (p) = ( [f] H@(f)+KQ,r(F))’

where f is any representative of [f] = f + Kp,(E).
The above are of course very general conditions for a map to be well defined on a
factor space. In fact, they do not depend on how the spaces Fp,(E) and Kp,(FE) are

defined. In particular, here r can also be a family of sequences (r™),,, and E can be of
proj-proj or ind-proj type.

ExXAMPLE 70. Consider a linear mapping u € L(E, F'), continuous for (P, Q). Fix ¢ € Q.
As u is continuous, there exists p = p(,) such that

Je,Vz € E: qu(z)) < ep(y ().
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Thus, for all f,h € EN,

limsup (p(g)(fn))"™ <00 = limsup (q(u(fn)))™ < oo,
lim sup (p(q)(hn))” =0 = limsup(g(u(h,)))™ =0.

This example shows how we can define moderate or compatible maps with respect to
the “scale” r. In fact, the concrete definitions will depend on the monotonicity properties
of the family (™) of sequences of weights, according to which F,, = |JFp,m and K, , =
NKprm (for rm+tL <rm) or F,, = Fprm and Ky, = JKppm (for rmTt > pm).

For example, recall that asymptotic algebras correspond to the first case: the property
i1 = 0(am) gives 10g a1 < 10g @y, or equivalently [log ap, 11| > [l0g apyl, ie. 7™t <
™ for r’™ = 1/[log G-

The analysis of continuity (in the sense of || - ||,.») shows that the following definitions
are convenient:

DEeFINITION 71. The map ¢g : Ry — Ry is said to be r-moderate iff it is increasing and

VmeN,IM eN, Ve € R, :  sup (g(z"/™" )" < oo (rmFl < pm),
neN

VM eN,3meN, Ve e R . sup(g(z'/™ )™ <oo (rm+l>pm).
neN

The map h: Ry — Ry is said to be r-compatible iff it is increasing and
VM eN,ImeN: (h(ml/ﬂ?))rﬁd = 0 uniformly in n (r™+tt <pm),
vmeN,IM e N: (h(xl/’“?))r% - 0 uniformly in n (r™+t > rm).
PROPOSITION 72. The above definition of an r-moderate map g is equivalent to
vm,3M :  g(Fh)C Fh (™t <em),

increasing, and
J g {VM, Im: g(Fh)C f:‘M (rmtl > pm),

where Fh, = RI_\:_ N F|.|rm are “moderate” sequences of nonnegative numbers.

The definition of an r-compatible map h can be written as
- VM, 3m i JB(C)lar — 0 as [Cllm — 0 (1741 < pm),

h increasing and
Vm,3IM : W(C)lly — 0 as [Cllm — 0 (r™ 1 = 1™),

or equivalently,

‘ . ‘ VM, 3Im: WKL) cKh, (rmtl <em),
h continuous at 0, increasing, and "
Vm,3IM :  h(Kh.) C IC:'M (rmHl > pm),
Proof. We have
9(Fl) CFhi & VO eRYL: (IC]lm < 00 = g(C)llar < o0)

& VO eRY ([(Fr>0,Vn:C, < 2ty = supg(Cn)TﬁI < 00).

. . m )
As g is increasing, one can replace C, by z'/™, and since the sequence C, was

arbitrary, we finally have
M

9(Fiw) C -7::;»4 & Ve eRy rsupg(z!/™) ™ < co.
n
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For h, again take C,, = x'/™ such that x — 0 < ||C||,, — 0. Clearly, the first form
implies that h is continuous at 0, so both instances of ||...| — 0 can equivalently be
replaced by || ... || = 0. Thus we have VM, Im (resp. Vm, IM) : C € K, = h(C) € Ky,
which means h(K,,) C Kps. m
LEMMA 73. If g is r-moderate, then g(F,;") C F,;; if h is r-compatible, then h(K;)
c Kt
Proof. Consider first the case r™*! < r™ where F.I = |JFl. and KF = K.
have Vm, 3IM: g(Fm) C Fly, thus Vm : g(Fn) € Uy Fr = F;F, which is equivalent
to U,, 9(F) = g(FF) c FF. Similarly, VM, 3Im : h(ICTm) C K, implies VM :
N B(Km) = h(KF) € Ky, whence h(KF) € Ny, IC:M =K.

In the second case, r™*! > r™ where FF = N F5 and K = |JK;", the proofs for
g(FF), h(K}) are identical to the proofs for h(K,}), (]—"“) in the first case. m

Now we give the definition, valid for both the above cases, characterizing maps that
extend canonically to G,:

DEFINITION 74. The map ¢ : (E, P) — (F,Q) is said to be continuously r-temperate iff

(a) Fr-moderate g, Vg € Q, Ip € P,Vf € E: q(o(f)) < g(p(f)),
(8) Ir-moderate g, Ir-compatible h, Vg € Q, Ip € P,Vf € E,Vk € E :

q(p(f + k) —(f)) < glp(f)h(p(k)).

PROPOSITION 75. Any continuously r-temperate map ¢ extends canonically to
® =G (¢) : Gpr(E) = Go.r(F).

Furthermore, this extension is continuous for the topologies (Gp,(E), (|| -

(QQ,,«(F), (\H ’ "lq,r)qEQ)-

Proof. The proof has two parts: first, the well-definedness of the extension; secondly,
the continuity of ®. As a preliminary remark, observe that Fp,» = {f | Vp € P :
p(f) € F1}, and idem for K. This, and the fact that K,m is an ideal in F,m (and
Fhw - Kl € Kf), help us to write the proof using the preceding two characterizations
of moderate and compatible maps.

pr)pep) and

First part of the proof: We will show that («) implies (F}), and (3) gives (F»). Using
the respective definitions of moderateness and compatibility, the proof will be different
for the two cases r™*t1 < ™ and rm*l > pm

Let us start with the case r™*! <™ where Fp, =) Fp,m and Kp, = (Kpym.

Concerning (F}), we have f € Fp,.(E) < 3Im, Vp : p(f) € Fl.. By (), there is g
such that 3M : g(FL.) € Fhy, and Vg : q(e(f)) < g(p(f)) € g(Fn), thus IM, Vq :
q(p(f)) € Flu, that is, o(f) € Fo.r(F).

Concerning (Fy), take f € F and k € K, i.e. Im, Vp : p(f) € Fl and ¥m', Vp :
p(k) € IC - Now fix M and ¢. With (5), there exists g such that Vm, IM’ : (fjm)
]—":;W, and there is h such that YM", Im’ : (IC+ ) C IC:M/,. We use this for M =
max (M, M'), such that IC+ nw C IC"'M, and IC+ nw C IC .- Finally, there exists p such that

a(o(f + ) = o() < g(F)hp(EK)) € g(f:wh(/c:m,) C Fhu Kb
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If M < M, thisis in F7,, - K, C© Flhy-Kh € Khy M < M, thisis in 1, -KY,,, C
IC:FM, C K, because the K form a decreasing sequence. Thus, o(f + k) — (f) €
ICQ,T(F)’

Now we turn to the case r™*1 > r™ where F = N F, et K = [JKm. Let us
show (Fy). We have f € Fp,.(E) < ¥Ym,Vp : p(f) € Fl.. By (a), there exists g
such that VM, 3m : g(F.) € Fh,, and Vg, Ip : q(e(f)) < g(p(f)) € g(Fl), thus
VM, Vg : q(p(f)) € Flu, ie. o(f) € For(F).

Finally, (Fy): Take f € F and k € K, i.e. Vm, Vp: p(f) € Ff and Im’, Vp : p(k) €
lC:rm,. Now fix g. With (8), there exists h such that Vm’, IM : h(lC:rm,) C Kfy; there is
g such that YM, 3Im : g(Ft.) C ij, and there exists p such that

a((f + k) = o(f) < gp(f)h(p(k) € g(FEIRKS,) € Fh - Khi € Kl
thus o(f + k) — ¢(f) € Ko (F).
Second part of the proof: continuity of ®. We must show that

Vg e Q:lle(f +k) —e(f)llgrre — 0 when Vpe P:[k]prm — 0

and this for all M (resp. for some M), in respective cases. The proof is analogous to
the above proof of (Fy), up to replacing p(f) € Fn by |fllpm < K, p(k) € Kt by
I&llp,m < e, and consequent changes. m

6. Association in G

We will introduce different types of association, according to what has already been
considered in the literature on generalized function spaces. Generally speaking, we will
adopt the following terminology: strong association is expressed directly on the level of
the factor algebra, while weak association will be defined in terms of a duality product,
and thus with respect to a certain test function space.

Association in Colombeau type generalized numbers. To start with, recall that Colombeau
generalized numbers [z] and [y] are said to be associated, [z] ~ [y], iff

Zn—Yyn — 0 (in C).

This can also be expressed by considering the subset of null sequences, N = {x € CV |
limz,, = 0}, and by defining [x] = [y] © x —y € N.

As any element j of the ideal satisfies j, — 0, this is clearly independent of the
representative. In other words, it is well defined because I C N.

6.1. The general concept of 7, X-association. The following general concept of
association allows us to recover all known notions of association, and encompass some
new constructions we shall consider below. The definitions of this subsection can be
formulated in a general way for any kind of quotient space of type G = F/K, where
K is an ideal of any subalgebra F of any sequence space of E type, for example. The
independence from the specific choice under consideration justifies dropping the indices
of G, F and K. When it becomes necessary to distinguish between spaces of numbers and
spaces of functions, we append the indices specifying the seminorm, e.g. K, , denotes
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the ideal in the space of functions (p being the net of seminorms defining the topology
on the base space), whereas IC,|.| is the ideal in the space of numbers.

DEFINITION 76 (7, X-association). Let J be an additive subgroup of F containing the
ideal KC of F, and X a set of generalized numbers. Then two elements F,G € G = F/K
are called J, X-associated,

F :UXG iff veeX:z-(F-G)eJ/K.

For X = {1}, we simply write
F?G s F-GeJ/K.
REMARK 77. As [J is not an ideal, association is not compatible with multiplication in

F (not even by generalized numbers, only by elements of E). However, in the case of
differential algebras, J is usually chosen such that = is stable under differentiation.

ExampLE 78. Usual association of generalized numbers, as recalled above, is obtained
for J = N, the set of null sequences:
al~ ] & [ fo)

As already mentioned, all elements of the ideal I tend to zero, i.e. K C N, as needed for
well-definedness at the level of the factor algebra.

6.2. Strong association. As mentioned, strong association is defined directly in terms
of the ultranorm (or ultrametric) of elements of the factor space.

DEFINITION 79. For s € Ry, strong s-association is defined by
FXG & F ~ G
Tpo

with ’

TE) =Af € FI¥p P fllpr < e}, (6.1)
which is equivalent to

FAG & YpeP:dy, (F,G)<e .

For s = 0, we write F' ~ GG and simply call them strongly associated.

REMARK 80. If one has F = G for all s > 0, then F' = (. Indeed, this means that FF — G
is in the intersection of all balls of positive radius, which is equal to K = 0Og.

6.3. Weak association in G p.r- In contrast to the above, weak association is defined
by comparing sequences of numbers (not functions), obtained by means of a duality
product

(): ExD—=C,
where D is a test function space such that E < D’ (for example D = D for E = C*).
The subset J defining the association will then be of the form

T=Jdu={fe B |VbeD:((fo,d))n € M}, (6.2)

where M is some C-linear subspace of CV, like e.g. M = N, the sequences of zero limit.
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ExaMPLE 81. For the choices given above, D =D, E =(C* and M = N, in the case of
Colombeau’s algebra, we get the usual, so-called weak association [f] ~ [g] & fn—gn — 0
inD'.

Again, this is independent of the representatives, because J D K,,. To see this,
consider j € K, . Then for any € > 0 there is ng such that for n > ny,

Gy )] < £/ §19] — 0.

Thus, (fn, 1) 0 (fr + Jn, ) 2.0

This example is a special case of the definition given below.

ExAMPLE 82. Taking M = Oc, = Kj.|,, we obtain the weak equality in G(€2) considered
for example in [59]:

V£9EG(Q):f = g & Vo EDQ): [(f(@) - g(x)u(r) dz =0 € C,.

As already mentioned, all elements of the ideal I tend to zero, i.e. K C N, as needed for
well-definedness at the level of the factor algebra.

DEFINITION 83. s-D'-association is defined by
FRG & F ~ G
D

N, Xs
with X, = {[(e®/""),]} for s € R.

Note that this generalized number is always of the same form, but depends in each
case on the sequence (r,,), defining the topology.

ExXAMPLE 84. In Colombeau’s case, r = 1/log, we have X; = {[(n®),]}. For s =0
(Xo = {1}), we get the already mentioned weak association.
For s # 0, [f] % [9] © n®(fn — gn) — 0 in D’. This also has already been considered

(with D = D), for example in [55] (where it was denoted by ~). This association is

of course stronger than the simple weak association (again because association is not
compatible with multiplication even only by generalized numbers).
As an extension of this example, consider J as above, and X = {[(n®),]}sen. This
means that
[fl~[g] & VseN:limn*(f, —gn) =0in D"

While for generalized numbers, this equation amounts to strict equality, this is not the
case for generalized functions. Indeed, consider ¢1,¢2 € S(R) such that Vo € N :
{22¢; = a0 (the space of such functions is also denoted B>), but ¢1(0) # ¢2(0).
Let fin = nei(n:). Then fi = [(fin)] # fo = [(fam)], but fi & fo. Indeed, for any
¢ € D(R), { (fin — fon)¥ = {(¢1 — ¢2)¥(-/n), and expanding ¢ in a Maclaurin series
gives the expected result.

The same constructions can be applied to generalized Sobolev space (Subsection 1.1.3)
and to the full Colombeau algebra (Example 10).

In the case of ultradistributions, we take D = D™ and e*/™ = exp[sn'/™] for the
Beurling case, and analogously in the Roumieu case.

For periodic hyperfunctions (with D = A(T)) this is also a new construction.
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DEFINITION 85. Weak s-association is defined for any s € R by

F¢ o F ~ G
T(s)

where

Ty ={f € BN | V¢ € D : limsup |(fn, ¥)

n—oo

™ < e

It is obtained from the general setting (6.2) by observing that J(,) = Ju; with

M =g ={ceC el <e™}.

.|77-
For s = 0, we write F %~ G and call F and G strong-weak associated.
REMARK 86. Let us consider some details concerning the structure of strong-weak asso-

ciation. In the following we will write |- [, = - |||, i.e.

Tn

|c| = limsup |ey,

n—oo

First, let us remark that Z.., = {¢c € CV | |¢|, < 1} is an ideal in the subalgebra
Hypr = {c e CV | |c|, <1} of CM.
Let us now consider the topology on CY induced by the | - |,-norm. We have

lelr <a & Vb > a, Ing, ¥n > ng : |ea] < bV

For b >1,b=1 and b < 1, the limit of the r.h.s. is respectively oo, 1 and 0. This means
that:

(i) If |e|, < 1, then lim ¢, = 0. Thus, all elements of the open unit ball are associated
to zero. This is very similar to classical results relating to ultrametric spaces and
weak topology.

(ii) If lime¢, = 0, then Vb > 1, Ing, Vn > ng : |cu| < b/ — oo, and thus |c|, < 1:
All elements associated to zero are in the closed unit ball. (Recall in this context
that in ultrametric spaces, open balls and closed balls are open-and-closed sets.)

(iii) When |c|, = 1, the sequence (¢,,) can have any limit in Ry U {oo}, or none at all.
Indeed, for any null sequence (r,), the sequences ¢, = r,, (resp. ¢, = 1/r,) have
limits O (resp. oo), while |¢|, = 1, since

len|™ = exp(£ry, logry,) — 1 (because zlogxz — 0).

x—0

PROPOSITION 87. Weak s-association implies s-D'-association, but conversely s-D'-as-
sociation only implies weak s'-association for all ' < s.

Proof. This follows from |c|, < 1 = lime, = 0 = |¢|, < 1, with ¢, = (f,,)e?/™. As
discussed in point (iii) of the above remark, for |c|,, = 1, nothing can be concluded about
the limit of (¢,).
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