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Abstract

The theory of multi-norms was developed by H. G. Dales and M. E. Polyakov in a memoir that
was published in Dissertationes Mathematicae. In that memoir, the notion of ‘equivalence’ of
multi-norms was defined. In the present memoir, we make a systematic study of when various
pairs of multi-norms are mutually equivalent.

In particular, we study when (p,q)-multi-norms defined on spaces L"(Q2) are equivalent,
resolving most cases; we have stronger results in the case where » = 2. We also show that the
standard [t]-multi-norm defined on L"(2) is not equivalent to a (p, ¢)-multi-norm in most cases,
leaving some cases open. We discuss the equivalence of the Hilbert space multi-norm, the (p, q)-
multi-norm, and the maximum multi-norm based on a Hilbert space. We calculate the value of
some constants that arise.

Several results depend on the classical theory of (g, p)-summing operators.
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1. Introduction

The theory of multi-norms was developed by H. G. Dales and M. E. Polyakov in a
memoir [IT], which was published in Dissertationes Mathematicae. One motivation for
the development of this theory was to resolve a question on the injectivity of the Banach
left modules LP(G) over the group algebra L'(G) of a locally compact group G: indeed,
for p > 1, L(QG) is injective if and only if G is amenable [12].

However, the theory of multi-norms developed a life of its own: it is shown in [IT] that
the theory has connections with tensor norms on the spaces ¢y ® E, with the theory of
(¢, p)-summing operators, and with Banach algebras of operators, through the concept
of a ‘multi-bounded’ operator.

In [I1], there are many examples of multi-norms based on a normed space. For exam-
ple, this memoir introduced the maximum and minimum multi-norms, the (p, ¢)-multi-
norm based on a normed space (for 1 < p < ¢ < 00), the standard ¢t-multi-norm based on
a space L"(Q) (for 1 <r <t < 00), and the Hilbert multi-norm based on a Hilbert space.

There is a natural notion of ‘equivalence’ of two multi-norms based on the same
normed space, and we find it of interest to establish when various pairs of the known
examples are indeed mutually equivalent. This often leads to questions of the equality of
various classes of summing operators on certain Banach spaces. However, this relationship
to summing operators is not entirely straightforward: results on such operators in the
literature seem to give only partial indications. For example, in the case of (p, ¢)-multi-
norms on a Hilbert space H, we would like information about II, ,(H, ¢p), but classical
results determine II, ,(H).

Some easy results on the equivalences of pairs of multi-norms were given in [I1] and in
[12]. In the present paper, we shall present a more systematic study of these equivalences.

In Chapter 1, we shall recall some background in functional analysis, including the
theory of summing norms and tensor norms. In particular, we shall define the Banach
space (I1, ,(E, F),mq ) of (¢, p)-summing operators between Banach spaces E and F.

In Chapter 2, we shall give the definition of a multi-norm, and introduce the notions
of the rate of growth (p,(F)) of a multi-norm based on a space E and our notion of the
mutual equivalence of two multi-norms based on the same normed space. Two equivalent
multi-norms have similar rates of growth, but the converse is, in general, not true. We
shall recall the definitions of the maximum and minimum multi-norms, (|| - [|"** : n € N)
and (|| -||™ : n € N), based on a normed space.

We shall define the (p, ¢)-multi-norm (|| - ||£lp’q) : n € N) based on such a space F in the
case where 1 < p < ¢ < 00, and we shall related these multi-norms to certain cp-norms
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6 H. G. Dales et al.

on the algebraic tensor product ¢y ® E; for example, it is shown in Theorem 210 that
the (p, p)-multi-norm corresponds to the Chevet—Saphar norm on ¢y ® E. We shall show
in Corollary 29 that the multi-norms corresponding to points (p1,q1) and (p2,q2) are
mutually equivalent if and only if the Banach spaces I, ,, (E', co) and Il ., (E’, ¢o) are
the same.

We shall begin to study the relations between (p, ¢)-multi-norms in §2.5, giving first
indications in a diagram on page 20 this diagram follows from standard results on (g, p)-
summing operators given by Diestel, Jarchow, and Tonge in the fine text [14]. In Examples
and 2T7 we shall calculate some explicit (p, ¢)-multi-norms; these results will be
used later to show that certain (p,q)-multi-norms are not mutually equivalent. It was
already known that the (1,1)-multi-norm is the maximum multi-norm on each normed
space.

In §2.6, we shall describe the standard t-multi-norm on a Banach space L"(, pu),
where (2, ) is a measure space; these multi-norms played an important role in [11],
especially in connection with the theory of multi-bounded operators between Banach
lattices. In §2.7, we shall describe the Hilbert multi-norm based on a Hilbert space; in
fact, this is equal to the (2, 2)-multi-norm based on the same space.

Our first aim in Chapter 3 is to determine when two (p, ¢)-multi-norms based on a
space L"(Q, p) are mutually equivalent; here 1 < p < ¢ < oo and r > 1. In the case
where 7 = 1, complete results are given in §3.1. The case where r > 1 is more difficult,
and there is a clear distinction between the cases where r < 2 and r > 2. To discuss the
question, it is helpful to consider certain curves C. and D,, defined for for 0 < ¢ < 1; the
union of these curves fills out the ‘triangle’ T = {(p,q) : 1 < p < ¢}. A picture of these
curves in the case where r > 2 is given on page

We say that two points Py = (p1,q1) and Po = (p2,¢2) in T are equivalent if the
corresponding (p, ¢)-multi-norms are equivalent on L™ (). In Theorem BTl we shall show
that in the ‘upper-left’ of our diagram, P; and P, are mutually equivalent, and that the
corresponding multi-norms are equivalent to the minimum multi-norm. It is also shown
that, otherwise, P, and P, are not equivalent whenever they lie on distinct curves D,.
Thus we must turn to consideration of points on the same curve D, (for ¢ < 1/7, where
7 = min{2,r}). In §3.6, we shall use Khintchine’s inequalities to show that P, and P,
are not equivalent on the space ¢ whenever they are not equivalent on ¢2, and hence
whenever the spaces I, ,, (¢2) and I1,, ,, (¢?) are distinct; the latter question is classical,
and full results are given in [I4]. Thus we are able to resolve most questions of mutual
equivalence of (p,q)-multi-norms on L"(€2, x). Results in the case where r € (1,2) are
given in Theorem [3.16] and those in the case where » > 2 are given in Theorem [B.18
Some cases are left open in Theorems and 3.I8 but a full solution is given in the
case where r = 2. Some of the remaining cases will be resolved in [7].

Let Q be a measure space, and take r > 1. In §3.8, we shall consider the conjecture
that the multi-norms (|| |1) and (|| - |**?) are not mutually equivalent whenever r > 1
and L"(Q) is infinite-dimensional. (By Theorem [220] (| - Hf]) = (] ”S,q)) on L'(Q) for
g > 1.) We shall prove this conjecture for many, but not all, values of p, ¢, and r in
Theorem Further results will be given in [7].
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Let H be a complex Hilbert space. Then the Hilbert multi-norm, the (p,p)-multi-
norms for p € [1,2], and the maximum multi-norm based on H are all pairwise equivalent.
In Chapter 4, we shall discuss these norms in more detail. For example, we know that,
for each p € [1,2], there is a constant C), such that ||| = Hng’l) < Cp||w||5f’p) for
all z € H" and all n € N. In §4.1, we shall show that 2/,/7 is the best value of Cy; this
is a consequence of the ‘Little Grothendieck Theorem’.

In the remainder of Chapter 4, we shall consider the best constant c,,, defined for each
fixed n € N, such that |jz|m* < anngfz) for © € H™. We shall show that co = 1, but
that ¢z > 1 in the real case; however, a rather long calculation will show that ¢3 = 1 in
the complex case; finally, we shall show in §4.5 that ¢4 > 1 even in the complex case.

Two points left open in the present work will be resolved in [7]; see Remarks .17 and
0. 19

We first give some background to the material of this paper, and recall some definitions
from earlier works.

1.1. Basic notation. The natural numbers and the integers are N and Z, respectively.
For n € N, we set N,, = {1,...,n}. The complex field is C; the unit circle and open unit
disc in C are T and D, respectively.

Let 1 < p < oo. Then the conjugate to p is denoted by p’, so that 1 < p’ < oo and
satisfies 1/p+ 1/p' = 1.

Let (cv,) and (B,) be two sequences of complex numbers. Then («;,) and (f3,,) are
similar, written «, ~ f3,, if there are constants C7,Cy > 0 such that

Cilan| < 1Ba] < Colan|  (n€N).

An easy form of Holder’s inequality gives the following. Let p, g € [1, 00] be conjugate

indices. Then, for each n € N and each z1,...,z,,91,...,yn € C, we have
" n 1/p /& 1/q
>l < (X lsl?) (X hwal?) (1.1)
j=1 j=1 j=1
Now take aq,...,a, € R and r,s with 1 < r < s. Then (in the case where r < s) we

apply (LI) with z; = a and y; = 1 for j € N,, and with p = s/r and ¢ = s/(s — 1) to

see that
1

e (af + o+ a3) V", (12)

1
T gr )T
(a’l + +an) < nl/s

1.2. Linear and Banach spaces. Let F be a linear space (always taken to be over the
complex field, C, unless otherwise stated).

Let C be a convex set in E. An element « € C is an extreme point if C'\ {x} is also
convex; the set of extreme points of C is denoted by ex C. Let € C. Then, to show that
x € exC, it suffices to show that ©w = 0 whenever u € E and z £ u € C.

For a linear space E and n € N, we denote by E™ the linear space direct product of n
copies of E. g Let F' be another linear space. Then the linear space of all linear operators
from E to F' is denoted by L(E, F). The identity operator on E is I, or just I when the
space is obvious.
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Let E be a normed space. The closed unit ball and unit sphere of E are denoted by Efy;
and Sp, respectively, so that ex Ej;) C Sp. We denote the dual space of E by E’; the
action of A € E’ on an element z € E is written as (z, \), and the canonical embedding
of F into its bidual E” is kg : E — E".

Let E and F be normed spaces. Then B(F, F') is the normed space of all bounded
linear operators from E to F'; it is a Banach space whenever F' is complete. The ideal
of finite-rank operators in B(FE, F') is denoted by F(FE, F). We set B(E) = B(E, E), so
that B(E) is a unital normed algebra; it is a Banach algebra whenever F is complete.
The dual of T € B(E,F) is T' € B(F', E'), so that ||T"]| = ||T||. The closed ideal of B(E)
consisting of the compact operators is denoted by K(F).

A closed subspace F of a normed space F is A-complemented if there exists P € B(E)
with P2 = P, with P(E) = F, and with ||P|| < \.

We write F = F when two Banach spaces (E,||-||) and (F,| -||) are isometrically
isomorphic.

Let (£2, 1) be a measure space, and take p > 1. Then we denote by LP(Q) = LP(Q, u)
(or L? (1)) the Banach space of (equivalence classes of) complex-valued, p-integrable func-
tions on €, equipped with the norm || - ||, which is given by

151 = ([ 150 duta ) -(/ Iflpdu) (f € ().

We also define the related space L>(£2) = L>®(£, p). All these spaces are Dedekind
complete (complex) Banach lattices in the standard way. For some background on Banach
lattices that is sufficient for our purposes, see [11, §1.3].

Let ¢g and #P be the usual Banach spaces of sequences, where 1 < p < oco. We shall
write (0,)52 ; for the standard unit Schauder basis for ¢y and 7 (when p > 1). For n € N,
we write £5° and ¢P for the linear space C™ with the supremum and ¢? norms, respectively;
we regard each £2° as a subspace of ¢, and hence regard (0;)_; as a basis for £5°. The
space of all continuous functions on a compact Hausdorff space K is denoted by C(K).

We shall several times use the following two results.

PROPOSITION 1.1. Take p > 1, and let Q be a measure space such that LP(2) is infinite-
dimensional. Then there is an isometric lattice homomorphism J : £ — LP(Q) and a
positive contraction of LP(2) onto J(€P), so that J(¢P) is 1-complemented in LP(S).

Proof. This is [4, 4.1], for example. m

PRrROPOSITION 1.2. Let E be an infinite-dimensional Banach space, and take € > 0 and
n € N. Then there exist x1,...,x, € E such that

l—e<|lzp]| <1 (neN)

and
1/2

Hzn:aixi < (i|ai|2> (o1,...,a, €C).

Proof. By Dvoretzky’s theorem, E contains near-isometric copies of £2

and this gives
the result. Actually, our claim is somewhat weaker, and follows from more elementary

no

arguments, given in [I4] Lemma 1.3], for example. m



Equivalence of multi-norms 9

We shall refer to Lorentz sequence spaces. Suppose that 1 < p < ¢ < oco. Then the
Lorentz sequence space (P9 consists of the sequences x = (z,,) € ¢y such that

> 1/q
lollpg = (Do n"" " (a)?) " < o,
n=1

where z* is the decreasing re-arrangement of |x|; the version based on N,, is ¢£:9. For this
definition, see [I4, p. 207], for example. The spaces (€77, -], ) are Banach spaces. In
the case where ¢ = p, we obtain the usual spaces ¥ and /2.

We shall also refer to Schatten classes. Let H be a Hilbert space. For p > 1, the p-th
Schatten class Sp(H) consists of the compact operators T' € JIC(H ) such that the positive
operator (T*T)P/? has finite trace; the norm || - lls, on Sp(H) is given by

IT|ls, = (e((T*T)/2)" " (T € S,(H)).

Equivalently, T € S,(H) if and only if the operator |T| = (T*T)'/? is compact and
A = (A\n) € P, where (\,) is the (decreasing) sequence of non-zero eigenvalues of |17,
counted according to their multiplicities; now [|T|s, = [|A||,. The space (S,(H), |- ”S,,)
is a Banach operator ideal in B(H); the ideal So(H) coincides with the space of Hilbert—
Schmidt operators on H, and the corresponding norm is the Hilbert—Schmidt norm.

In the case where 2 < p < g < oo, the space Syq/,4(H) consists of the operators
T € B(H) such that the above sequence of eigenvalues belongs to the Lorentz sequence
space £24/P-4 and so satisfies the condition that

b 1/q
1llss,,,., = (S n?2708) ' < oo,

n=1

Suppose that H is an infinite-dimensional Hilbert space, and let (e,) be an ortho-
normal sequence in H. For a > 0, set Tpe,, = n~ %, (n € N), so that T, extends to
an operator in B(H) in an obvious way. Then T,, € S,(H) if and only if ap > 1. Thus
Sp(H) # S4(H) whenever p,q > 1 with p # ¢. Further, T,, € Syq/p, o(H) if and only if
a > p/2q, and so S,.(H) # Saq/p,q(H) whenever r # 2q/p.

Now suppose that r = 2¢/p. We take an infinite subset X of N, and define T' € B(H)
by setting Te, = n~ %, (n € X) and Te,, =0 (n € N\ X), where g = 1 — p/2, and
again extending T' to belong to B(H). Then T € S,.(H) if and only if

Z n2/P1 < 0,
neX

and so T € S,(H) for a suitably ‘sparse’ set X, noting that 2/p — 1 < 0. However,
T € Saq/pq(H)ifand only if
it is always true that the spaces S,.(H) and Saq/p 4(H) are distinct.

1 < oo, and this is never the case for infinite X. Thus

Similarly, the spaces Sy /p,q(H ) corresponding to pairs (p1, 1) and (p2, g2) are distinct
whenever (p1,q1) # (p2,q2).

1.3. Summing norms and summing operators. Let E be a normed space, and let
n € N. Following the notation of [I1], 12} 18], we define the weak p-summing norm (for
1 <p<o0)on E™ by
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pn (@) = sup{(fj ) e By ),
=1

where & = (z1,...,2,) € E". We set LP(E)Y = (E", ptp.n)- It follows from [I8] p. 26]
that, for each © = (z1,...,2,) € E™, we have

ppn(@) =sup{ [ Giai| GG e T D Ial < 1) (1:3)
i=1 i=1
We also have
pn (@) = | T 2 £, — E|, (1.4)

where Ty, : (B1,...,8n) = >ry Biz; belongs to B(¢2',E). Thus the map a — T}, is an
isometric isomorphism from (E”, p,,,) onto B(éﬁ’;,E). Also, let F' be another normed
space, and take T € B(E, F'). Then clearly

pn(Tz1,. ., Tay) < ||Tlppn(®1, ... 2n)  (21,...,2, € E, n € N).

We note that
(@) 2 fipan(@) (@€ ", n e N)

whenever 1 < p; < py < 0.
We also define the weak p-summing norm of a sequence & = (x;) of elements in E by

> /
pp () :sup{ (Z |(xi,)\>|p)1 e Ef1]} = T}eréoup’n(ml, e Tp);
i1

thus p,(x) takes values in [0, 00]. The sequences @ such that u,(x) < co are the weakly
p-summable sequences in E, and the space of these sequences is (P(E)"; see [14, p. 32]
and [24] p. 134], where u,(-) is denoted by || - H;Veak and |- ||, respectively. It follows
from [I8] p. 26] that, for each sequence & = (x;) in E, we have

pp(T) = SUP{Hi Gz
i=1

Suppose that 1 < p < ¢ < co. We recall from [I4, Chapter 10] that an operator T
from a normed space E into another normed space F' is (g, p)-summing if there exists a
constant C' such that

:(Gi) € (fp/)[u}. (1.5)

n 1/q
(Z ||Tmin) < Cppn(@,...,20)  (21,...,2, € B, n€N).
=1

The smallest such constant C' is denoted by m,,(T). The set of these (¢, p)-summing
operators, which is denoted by II, ,(E, F'), is a linear subspace of B(E, F') and a normed
space when equipped with the norm m, ,; (Il ,(E, F), 7, ) is a Banach space when E
and I’ are Banach spaces. In the case where p = ¢, we shall write II,, and 7, instead
of II,, , and 7, ,, respectively. The space (II,, m,) of all p-summing operators has been
studied by many authors; see [I3| 14} 17, [I8] [24], for example. In the case where E = F,
we shall write II, ,(E) instead of II, ,(E, E), 74, (E) instead of 7, ,(E, E), etc.
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A basic inclusion theorem [14, Theorem 2.8] shows that II,(E, F) C II,(E, F) when-
ever 1 < p < ¢ < co. A more complicated inclusion theorem [14, Theorem 10.4] will be
used in Theorem 211} given below.

Let us make some obvious remarks about summing operators. Let E, F, and G be
Banach spaces, and take T € B(E, F) and 1 < p < ¢ < co. Then:

e T €Il ,(E,F) if and only if S o T € II, ,(E, G), with equal norm, for any isometry
S:F—G;

o T'ell,,(E,F)ifand only if T' o P € 11, ,(G, F), with equal norm, for any contractive
projection P : G — E.

These remarks will be used implicitly at some future points.

The Pietsch domination theorem can be stated in the following way (cf. the discussion
after [24, Theorem 6.18]). Take p > 1. A map T € B(E, F) is p-summing if and only if
we can find a non-empty, compact Hausdorff space K and a probability measure y on
K, together with operators V € B(E,C(K)) and U € B(LP(u),¢>°(I)) such that the
following diagram commutes:

E FC—s (]

P

C(K) ————— L(n)

Here the map C(K) — LP(u) is the canonical inclusion map, I is a suitable index set,
and ¢°°(I) can be replaced by any injective Banach space G such that F' is isometric to
a subspace of G.

Let E and F be normed spaces. Take n € N, and suppose that 1 < p < ¢ < oco. Then
the (g, p)-summing constants of the operator T' € B(E, F') are the numbers

n 1/q
) (T) = sup{(z ||Txin) LT, B0 € B, ppn (@1, 1) < 1}.
=1

Further, m([lp) (E) = i )(IE) these are the (g, p)-summing constants of the normed
(B

space E. We write 71'1(9 )( T) for 771(,7,3 (T') and 7’ (E) for 771(,72 (E). Tt follows that

- 1/q
W,(JTLP)(E) = sup{(z ||x,\|q) CZ1, T € B pp (21, 2) < 1}. (1.6)
i=1

PROPOSITION 1.3. Suppose that 1 < p < q < oo and that n € N. Then:

W%Tlp) (E) < n'4 for each normed space E;
W%Tlp) (E) =n'4 for each infinite-dimensional normed space E whenever p > 2;
(ii) qnp)(E ) > nl/2=VPtYa for each infinite-dimensional normed space E whenever

<2;
(i ) )( ) = n'/ whenever s € [1,00] and p > min{s’,2}.
)

Proof. (i) This is immediate.
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(ii) Take € > 0, and choose z1,...,z, € E to be as specified in Proposition For
cach (1,...,¢, € C with 327 |G|P" < 1, we have

ISl < (C16l) = (X 1ar)
i=1 i=1 i=1
because p’ < 2. Thus, by equation (L3)), ppn(z1,...,2,) < 1, and so
7(E) > (1 —e)n*/4.
This holds true for each € > 0, and so 71'1(13)) (E) > nl'/1. By (i), 77((;'13) (E) =nl/a.

(iii) Take € > 0 and choose 1, ...,2, € E as in (ii). Now, since p’ > 2, the argument
in (i) shows that ., (21, ..., 2,) < n'/27V? and so

mM(E) > (1 —e)nt/271/ptl/a

for every € > 0. Hence w,(lnp)(E) > pl/2-1/ptt/a,

(iv) In the case where p > 2, this follows from (ii). Now suppose that p > s’. Take
xz; = 0; (j € N,). As in the proof of (ii), we see that ppn(21,...,2,) < 1, and so
TyP(05) > 09, m

We shall also need the following simple interpolation result.

PROPOSITION 1.4. Let E be a normed space. Suppose that 1 <p < q1 < g < g2 < 00, S0
that

q q1 q2

1 1-6 6
_|_

for some 6 € (0,1). Then

mM(E) < (xiD(B)'° - (=, (B)?  (neN).
Proof. Take x1,...,2, € E with ppn(z1,...,2,) < 1. Using a version of Hélder’s in-
equality, we see that

(z”: ||l‘i||q>1 (ZH ” (1-0)[q1/(1— 9)]) 0)/ a1 (Z Iz H0q2/9]) 0/q2
=1

(wé??pw» (w0, (B))°,

IA

which implies the result. m

1.4. Tensor norms. Let E and F be linear spaces. Then E ® F' denotes the algebraic
tensor product of E and F'.

Let FEy, Eq, F1, F> be linear spaces, and take S € L(E1, F3) and T € L(F, F). Then
S ® T denotes the unique linear operator from F; ® F; to Fs ® F5 such that

SeT)(z@y)=Sz@Ty (x<€E,ycF).

In particular, we have defined A® p whenever A and p are linear functionals on E; and Fy,
respectively.

Now suppose that E and F' are normed spaces. We shall discuss various norms on the
space E ® F. For the definitions and properties stated below, see [I13, Chapter I], [14],
and [24] Section 6.1], for example.
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We shall often regard E ® F' as a linear subspace of B(F’, E) by setting
(z@y)\)=(y, )z (r€E,yeF, A€ F),

in this way, we identify E® F with F(F’', E) C B(F’, E). Similarly, we can identify E® F
with F(E', F) C B(E', F).

The injective and projective tensor norms on F ® F are denoted by |- || and |-,

respectively; the completions of £ ® F' with respect to these norms are denoted by
(EQF,||]l.) and (E®F|-|,),

respectively.
For 1 € (E® F)', define T}, by

(y, Tyx) = (x @y, p) (ze B, yeck).
Then T,z € F' (x € E), T, € B(E,F’), and the map

p—T, (E®F) — B(E,F), (1.7)
is an isometric isomorphism, and so (E® F)' = B(E, F').
A norm ||-|| on EF ® F is a sub-cross-norm if

le @yl <llzl vl (z € E,yecF)

and a cross-norm if
lz@yll =Ilz|llyll (z€E,yeF).

Further, a sub-cross-norm || - || on E® F' is a reasonable cross-norm if the linear functional
A® p is bounded and [|A® p|| < [|A|| [|u]| for each A € E’ and p € F’. In fact, a sub-cross-
norm is reasonable if and only if

Izlle < llzllf <[zl (2 € E@ F).

Let « be a reasonable cross-norm on £® F. Then the completion of the normed space
(E® F,a) is denoted by F &, F. The map in (I7) identifies the dual of E &, F with a
linear subspace of B(E, F’).

A wuniform cross-norm is an assignment of a cross-norm to E ® F for all pairs of
Banach spaces (F,F), with the property that, for each operator S € B(E;, E3) and
T € B(Fy, F), the linear map S®T : E; ® F; — E> ® Fy is bounded, with norm at most
S| |T||, with respect to the assigned norms on E; ® Fy and Es ® Fy. The projective and
injective tensor norms are uniform cross-norms. For further details, see [I3, §12.1] and
[24, §6.1].

For Banach spaces E and F, the (right) Chevet-Saphar norm d, on E® F' is defined
as

n / n
dy(2) = irelg{up,,n(xl,...wn)(; ||yi||p)1 - ;x Ry € E@F};

see, for example, [I3, Chapter 12] and [24] p. 135]. This norm is a reasonable cross-norm;
in fact, it is a uniform cross-norm.

Given a tensor z € E® F, let 2! be the ‘flipped’ tensor in F ® E. We define the left
Chevet—Sapher norm g, by g,(z) = dp(z") [24, p. 135].
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Let « be a uniform cross-norm. Following [24, Chapter 7], we define the Schatten dual
tensor norm o by

a’(z) =sup{|{z, )| : Ae '@ F', a(\) <1} (€ E®F),

using the obvious dual pairing between £ ® F and E’ ® F’. In general, this does not lead
to a satisfactory duality theory, as it may happen that (a®)® # «. To correct this, we
define the dual tensor norm o' by first setting o/ = o® on £ ® F whenever E and F are
finite-dimensional spaces, and then extend o’ to all Banach spaces by finite generation.
The details are technical, and we refer the reader to [I3] Chapter II] and [24, Chapter 7]
for further information.

We say that a uniform cross-norm « is totally accessible if the embedding of F® F into
(E'® o F')" induces the norm o on E ® F for all Banach spaces E and F. That is, « is
totally accessible if (o) = «. In the case where this is true under the additional hypoth-
esis that at least one of the two spaces E or F has the metric approximation property,
« is said to be accessible. For us, it is important that ¢y has the metric approximation
property and that many norms « on spaces E ® F are accessible. For example, by [24]
Proposition 7.21], g, is an accessible norm for any p (and hence the same is true of dy,).

Let E and F be normed spaces. A bounded operator T' : E — F' is p-integral if it
gives a bounded linear functional on the space E & 9, F’, and the p-integral norm of T,
denoted by i,(T"), is defined to be the norm of this functional; see [24], §7.3]. Such maps
have a representation theory which is analogous to the Pietsch representation theorem
for p-summing operators; see [24, Theorem 7.22], for example. Indeed, we can factor such
an operator T as

E—L  p_fr_pw

| |

C(K) ———— Lp(p)

Comparing this to the factorisation result above for p-summing maps, we see that the
only difference is that here we embed F into its bidual F”, but for a p-summing map,
we embed F' into an injective space. Thus every p-integral map is p-summing. In the
special case where ' = ¢y, we know that F” = £*°, and so we conclude with the following
proposition.

PROPOSITION 1.5. Let E be a mormed space. Then the classes of p-summing and p-
integral maps from E to ¢y coincide, with equal norms. m

2. Basic facts on multi-normed spaces

2.1. Multi-normed spaces. The following definition is due to Dales and Polyakov.
For a full account of the theory of multi-normed spaces, see [I1], and, for further work,
see [12]. The main definition is taken from [I1, Definition 2.1].

DEFINITION 2.1. Let (E, || -||) be a normed space, and let (|| - ||,, : n € N) be a sequence
such that |- ||, is a norm on E™ for each n € N, with |- ||, = ||- || on E = E*. Then the
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sequence (|| -||,, : n € N) is a multi-norm if the following axioms hold (where in each case

the axiom is required to hold for all n € N and all z1,...,x, € E):

(A1) [[(zo(1)s-- s Zo@)lln = l[(x1,. .., 2n)||n for each permutation o of Ny;
(A2) |[(a121, .y @nZp)||n < maxien, || |(z1, - s 20)||ln (01, ..., an € C™);
(A3) I(@1, - 20, O)[ngr = [[(@1, - -y 2n) [In

(Ad) (@1, @p1, Ty ) g1 = [[(@1, -+ Zn—1, 20 [

The space E equipped with a multi-norm is a multi-normed space, written in full as
((E™ |- l,,) : n € N); we say that the multi-norm is based on E.

In the case where F is a Banach space, (E", || -||,,) is a Banach space for each n € N,
and we refer to a multi-Banach space.

Let (|- ||i :n € N) and (|| ||i : n € N) be two multi-norms based on a normed
space E. Then, following [I1, Definition 2.23|, we write

(-15 <Al 12)

if [|z]|} < ||z||2 for each z € E™ and n € N, and write

(RHEX(R:

if ||z||L = ||z||2 for each € E™ and n € N. The multi-norm (|| - Hi :n € N) dominates a
multi-norm (|| - H:L :n € N) if there is a constant C' > 0 such that
lll, < Cllzll;,  (z € E" neN), (2.1)

and, in this case, we write
1 2
(- 115) =< (- 15)-

The two multi-norms are equivalent, written

1y A 2
(- 1) = A1),
if each dominates the other; if the two multi-norms are not equivalent, we shall write

1 2
(-l 2 (- 115)-

We shall be interested in determining when one multi-norm dominates the other (and,
in this case, in the best value of the constant C' in equation (Z1))) and when two multi-
norms are equivalent.

Let ((E™,|-|,,) : » € N) be a multi-normed space. For n € N, define

on(E) =sup{||(z1,...,2n)|ln : 21, .., 20 € Epy}.

Then the sequence (p,(FE)) is the rate of growth corresponding to the multi-norm [I1]
Definition 3.1]. This sequence depends on both E and the specific multi-norm.

2.2. Multi-norms as tensor norms. In [I2], we explained how multi-norms correspond
to certain tensor norms. We recall this briefly; details are given in [12] §3].

DEFINITION 2.2. Let E be a normed space. Then a norm ||-|| on ¢ ® E is a c¢g-norm
if |61 ® z|| = ||z|| for each z € E and if the linear operator T ® Ig is bounded on
(co® E,| ), with norm at most ||T||, for each T' € K(cp).

Similarly, a norm || - || on £*° ® E is an £*°-norm if ||6; ® z|| = ||z|| for each z € FE and

if T ® Ig is bounded on (¢ ® E, || -||), with norm at most ||T||, for each T' € IC(£>°).
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By [12, Lemma 3.3], each co-norm on ¢y ® E and each ¢>°-norm on {* ® E is a
reasonable cross-norm.

Suppose that || - || is a co-norm on ¢y ® F, and set

(z1,- s zn)|ln = HZ& ® z; (1,...,2n € E, n € N).
i=1
Then (|| - [|,, : » € N) is a multi-norm based on E.

A more general and detailed version of the following theorem is given as [12] Theo-
rem 3.4].

THEOREM 2.3. Let E be a normed space. Then the above construction defines a bijection
from the family of co-norms on ¢y ® E to the family of multi-norms based on E. m

We shall be interested in uniform cross-norms, restricted to tensor products of the
form ¢y ® E. This motivates us to give the following definition.

DEFINITION 2.4. A wuniform co-norm is an assignment of a co-norm || - || to ¢o ® E for all
Banach spaces E such that the operator I T : ¢ @ E — ¢y ® F' is bounded with respect
to the two corresponding norms, with norm ||T||, for any normed spaces E and F and
each T € B(E, F).

Let E be a normed space. As in [11] and [12], there is a mazimum multi-norm based
on E; it is denoted by (|| -||* : n € N), and is defined by the property that

&l <[le];™  (zeE", neN)

for every multi-norm (|| -/, : » € N) based on E. This multi-norm corresponds to the
projective tensor norm |- || on ¢y ® E via the above correspondence. By [II, Theorem
3.33], for each n € N and = = (z1,...,z,) € E", we have

]| = sup{]Zm,m A € B (s d) 100 (22)
i=1
The rate of growth sequence corresponding to the maximum multi-norm based on F is
intrinsic to Ej it is denoted by (¢?*(E)). The value of this sequence for various examples
is calculated in [IT] §3.6]. For example, for n € N, we have @2 (¢7) = n'/? for p € [1,2]
and @2x(¢P) = nl/2 for p € [2, 00] [T1, Theorem 3.54]. Tt is shown in [IT, Theorem 3.58]
that v/n < pe*(E) < n (n € N) for each infinite-dimensional Banach space F.

Similarly, there is a minimum multi-norm (]| - ||Zlin : n € N) based on a normed
space E. As in [I1Il Definition 3.2], it is defined by
[(z1,. . zn) |2 = max [|a;||  (z1,...,2, € E).
IS
The minimum multi-norm based on E corresponds to the injective tensor norm || - || on

co ® E in the above correspondence, and so the minimum multi-norm on ¢y ® F is the
relative norm on F(FE’, ¢p) from (B(E’, cg), | -||). Of course, the rate of growth sequence
of the minimum multi-norm is the constant sequence 1.
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2.3. The (p, ¢)-multi-norm. We recall the definition of the (p, ¢)-multi-norm based on
a normed space F.

Let E be a normed space, and take p,q € [1,00). Following [I1], Definition 4.1.1] and
[12, §1], for each n € N and each © = (x1,...,2,) € E™, we define

a2 = sup{ (3w 2l7) " s a3y < 1)
i=1

where the supremum is taken over all A = (Aq,...,\,) € (E")". It is clear that || - ||5Lp’q)
is a norm on E™. As noted in [I1, Theorem 4.1], (|| - HS’Q) :n € N) is a multi-norm based
on FE whenever 1 <p < g < co.

DEFINITION 2.5. Let FE be a normed space, and suppose that 1 < p < ¢ < oo. Then
the multi-norm (|| - ||£f’q> : n € N) described above is the (p, q)-multi-norm over E. The
corresponding co-norm on ¢y ® E is | - | ©7.

The rate of growth sequence corresponding to the above (p, ¢)-multi-norm is denoted

by (goslp’q)(E)), as in [II], Definition 4.2].

We shall use the following remark, from [I1, Proposition 4.3]. Let F' be a 1-comp-

lemented subspace of a Banach space E, and take z1,...,z, € F. Then the value of
(x1, ... ,xn)||£f”q) is independent of whether it be calculated with respect to F or E.

Let E and F be normed spaces, and take T' € B(E, F'). Then clearly
(Tzy, ..., Tz,)||PD < |T||(x1, ..., 2)|P?D  (21,...,2, € E, n €N).

The following theorem refers to multi-bounded sets in and multi-bounded operators
on multi-normed spaces; for background information, see [12], and, in more detail, [11]
Chapter 6]. For example, the multi-bound of a multi-bounded set B is defined by

cg = sup{||(z1,. .-y 2n)||n : 21,..., 2, € B}
neN

THEOREM 2.6. Let E be a normed space, and suppose that 1 < p < q < oo. Then the
(p, q)-multi-norm induces the norm on ¢o®@E given by embedding co@ E into I, ,(E’, co).
This norm is a uniform cg-norm on cg @ F.

Proof. We start by observing that [I2, Theorem 4.2] shows that the /!-norm (that is, the
dual multi-norm) on ¢! ® E’ norms ¢y ® E. The converse is also true, so that we have
'@ E' C(cp® E)’, and the embedding is an isometry.

In [12] Definition 5.4], we defined B, ;(¢!, E) to be the set of those T € B(¢!, E) which
are multi-bounded when we take the minimum multi-norm based on ¢! and the (p, q)-
multi-norm based on E. The norm on the space B (¢!, E) is denoted by a4, so that
ap¢(T) is equal to the multi-bound cp of the set B := {T'(d;) : k € N}. Thus the natural
inclusion of ¢y ® E into B, ,(¢', E) (where we identify ¢y ® E with F(¢!, E)) induces
the (p, ¢)-multi-norm on ¢y ® E. It follows from [12] Proposition 5.5] that T belongs to
B, ,(¢', E) if and only if the dual operator 7" belongs to II, ,(E’, £>°), with equal norms.
The combination of these two results immediately gives the result.

It remains to show that the resulting norm is a uniform co-norm. Let T € B(E, F),
and consider the operator I @ T': ¢g ® E — ¢o ® F. It is easy to see that we have the
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following commutative diagram:

60®E£>CQ®F

l |

Hq,p(E/a co) s Hq,p(F/a co)

Here ¢ is the map S +— SoT”. Since the vertical arrows are isometries, it suffices to show
that ||¢|| < ||T|| = ||T”]|]- But this follows immediately from properties of (g, p)-summing
maps; see [14] Proposition 10.2]. m

REMARK 2.7. A refinement of the above argument shows that, for each normed space E,
the (p, ¢)-multi-norm based on E’ induces the norm on ¢y® E’ given by embedding ¢y ® E’
into I, ,(E, o).

It follows immediately from Theorem and the closed graph theorem that the
(p1,¢q1)- and (p2, g2)-multi-norms are equivalent on F whenever

H‘hxpl (El7 CO) = HQ27P2 (E/’ CO);

moreover, ¢y can be replaced by any infinite-dimensional C(K)-space. The converse is
also true; this is a special case of the following theorem.

THEOREM 2.8. Let E be a Banach space, and take p1,q1,p2, gz such that1l < p; < q; < 00
and 1 < ps < go < 00. Suppose that the (p1,q1)- and (p2, g2)-multi-norms are mutually
equivalent on E. Then

HQ1,P1 (Ela F) - qu,m (Elv F)
for every Banach space F.
Proof. Let F be a Banach space. It is standard that there is an isometry ¢ : F — £°°([)
for some index set I. For each finite subset A C I, let P4 : £>°(I) — ¢y be the projection

map

0°(I) = £2(A) C .

Assume towards a contradiction that we have Il,, ,,, (E', F) ¢ I, ,,(E’, F'), and take
T eIl »,(E',F)\1I, p, (E', F). From the definition of the (g, p)-summing norm, we see
that

Tgp(T) = Tgp(p o T) = Sjpwq,p(PA opoT)
here we take the supremum over all finite subsets A C I. Hence there exists a sequence
(A;,) of finite subsets of I such that
n gy py (Tn) < Tgopo (Tn) (R €N),

where T), := P4, o p o T: E' = {*(A,) C cp .
Take n € N. Since T, € F(F’, ¢p), the operator T}, is induced by a tensor 7, € ¢cc@E".
Remark 2.7 and the previous paragraph then show that

- all P28 = 0 gy (Tn) < e (Tn) = 17| 22220,



Equivalence of multi-norms 19

In fact, since A, is finite, the tensor 7,, can be identified with an element z,, € (E”)™(")
for some m(n) € N. Thus, this shows that the identity operator

(B0, - sy = (B |- )

has norm at least n. By [II], Corollary 4.14], it follows that the identity operator
(B, |- sy = (B, |- [Fes))

n)
has norm at least n. This is true for every n € N. But this contradicts the assumption
that the (p1,q1)- and the (p2, g2)-multi-norms are equivalent on F. m

COROLLARY 2.9. Let E be a Banach space, and suppose that 1 < p; < q1 < oo and
1 < py < g2 < 0. Then the following are equivalent:

(@) (|- 1% n e N) = (|| |#*%) :n e N) on E;
(b) Iy, p, (E', o) = Iy, ps (F',cp). m

2.4. The (p, p)-multi-norm. We now give another description of the (p, p)-multi-norm.

THEOREM 2.10. Let E be a normed space. Then the tensor norm on co®@ E induced from
the (p, p)-multi-norm is the Chevet-Saphar norm dy, on ¢y ® E.

Proof. By Theorem [2.0] the embedding of ¢y ® E into II,,(E’, ¢p) induces the (p, p)-multi-
norm. By Proposition[L5] IT,(E’, ¢o) agrees isometrically with the class of p-integral maps
from E’ to cp. By definition, the p-integral norm, i,(7"), of a map T : E' — ¢ is the
norm of the induced functional on E’ 659;[1 =0N® d;E’. Hence the natural map

(co@ B[ -|"7) = (' & g E'Y

is an isometry. Since ¢y has the metric approximation property and d, is an accessible

(p,p)

tensor norm, as explained in the introduction, it follows that the || - |***’-norm on ¢y ® E

is just the dj, norm, as claimed. m

Thus we have another description of the (p, p)-multi-norm based on a normed space E.
The value of this result is that it gives an excellent description of the dual space to
(co® B, ||-[|*""), namely as

(CO ®dpE)/ = Hp/(CO, E/),

the collection of p’-summing maps from ¢y to E’; see [24, Proposition 6.11]. The maps in
IT,/ (co, E') are usually rather well understood.

In the general case where ¢ > p, we can give an abstract description of the dual space
of (co @ E, || ||(p’Q)), as [11] §4.1.4], but we lack a good concrete description of this dual
space, and this means that we are unable to adapt the arguments of this section to the
more general case.

2.5. Relations between (p, ¢)-multi-norms. Let E be a normed space, and consider
the above (p,g)-multi-norms based on E, where 1 < p < ¢ < oo. It is clear that, for
each fixed p > 1 and ¢; > g2 > p, we have (|| ||£Lp’q1)) < (- ng"”)), and, for each fixed
g > 1and p; < p2 < ¢, we have (|- H;plm) < (- ||Ezp2’q)). Further, it is proved in [I1]
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Theorem 4.4] that (|| - [|*")) > (|| - |'*?) whenever 1 < p < ¢ < oo, and so (|| - [|) is
the maximum among these multi-norms; by (2.2)), it is the maximum multi-norm.

The following theorem, which follows immediately from Theorem and the analo-
gous result for (g, p)-summing operators that is given in [T4] Theorem 10.4], for example,
gives more information about the relations between (p, ¢)-multinorms.

To picture the theorem, consider the following. We write 7 for the extended ‘triangle’
given by

T={(p,q) eR*:1<p<gq},
and, for ¢ € [0,1), we consider the curve

Cc={(p,g) €T:1/p—1/qg=c};
we have

T = U{CC cc€ef0,1)}.

Then the multi-norm (|| -[|”?)) increases as we move down a fixed curve C., and it
increases when we move to a lower point on a curve to the right.
In the diagram, arrows indicate increasing multi-norms in the ordering <.

(1,1) P

THEOREM 2.11. Let E be a normed space, and take (p1,q1) and (p2,q2) in T. Then
(- 157 < (- 157>)) whenever both 1/py —1/g2 < 1/py = 1/q and g2 < g1 w

It is easy to see that p@? (E) = 7{") (E') for each normed space E and each n € N
[I1, Theorem 4.4], and so the following result is immediate from Proposition

PROPOSITION 2.12. Suppose that (p,q) s in T and that n € N. Then:

(i) goglp’Q)(E) < n'® for each normed space E;
(ii) gaglp’Q)(E) =n/? for each infinite-dimensional normed space E whenever p > 2;
(iii) ga%p’Q)(E) > nl/2=YPH1/9 for each infinite-dimensional normed space E whenever
P2

(iv) w;zw) (t7) = n'/9 whenever r > 1 and p > min{r,2}. m

In Theorem B0, we shall improve clause (iv) of the above proposition by giving
(asymptotic) values of @%p’q) (¢7) for all values of p and ¢ with 1 < p < ¢ < oo in the case
where 7 > 1.
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COROLLARY 2.13. Let E be an infinite-dimensional Banach space, and take (p1,q1) and
(p2,q2) in T. Then the (p1,q1)- and (pa2, q2)-multi-norms based on E are not equivalent
whenever py,p2 > 2 and q1 # g2. =

Combining the previous proposition with Theorem [2.11] we obtain the following.

COROLLARY 2.14. Let E be an infinite-dimensional Banach space. Suppose that (p,q) is
n T.

(i) The (p,q)- and the mazimum multi-norms based on E are not equivalent whenever
q> 2.
(ii) The (p,q)- and the minimum multi-norms based on E are not equivalent whenever
1/p—1/q < 1/2.
Proof. (i) Take p; € (2,q). Then
: , 2,2
(-IE22) < 1) < 122

However, (|| [|*#) 2 (|| -[|#?) on E by Proposition EZT(ii), and so this implies that

(I 1) 2 (- 17 on B
(ii) This follows from Proposition n

We shall compare the (p, ¢)-multi-norms on L"(2), and, when r > 1, we shall compute
gpff ) (") asymptotically for all other values of p and ¢ later. For these calculations,
we shall need to use the following proposition, which is an immediate consequence of
Proposition [[41

PRrOPOSITION 2.15. Let E be a normed space. Suppose that 1 < p < ¢1 < g < g2 < 00,

so that
1 1-6 0
i + =
q q1 qz

for some 6 € (0,1). Then
PPV (E) < (9P m(E)' 0 - (pP®=)(E)”  (neN).
The following calculations of some specific (p, ¢)-multi-norms will also be useful.

EXAMPLE 2.16. Let r > 1, set s =7/, and take (p,q) € T. Then

= Hi e; ® 0
i=1

for each n € N, where I,, is the formal identity map from ¢° to ¢°°. Here we are now
writing (4;) and (e;) for the standard bases in ¢" and ¢, respectively.

The value of ||(1,...,d5) ||£Lp’q) based on the Banach space ¢" is calculated for certain
values of p and ¢ in [IT, Example 4.8]. We now calculate this value for all (p,q) € T by

=1y Ip
T, (62, co) gp(In)

O1,...,0p (p,q):H e; ®0;
o 80 =[S e,

elementary means.
Fix n € N, and, for (p,q) € T, write

An(peq) = (|81, 6a) |77 (2:3)
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Set s =1’ and u = p’. Then
Bov) = sup{ (S Peal) " M A € 82 s M) < 1),
i=1
and so, using (L)), we see that
Auraa) = sun{ (S el " )y € BlEL B (2.4)
i=1

We now use [21 Proposition 1.c.8], which states the following: Suppose that a matrix
(Aij)ij=1 defines a contraction from £ to £7,. Then the ‘diagonal” operator obtained by
setting all the off-diagonal terms of our matrix to 0 also defines a contraction between
the same spaces. As the sum in ([2.4) involves only the terms \; ; with j = ¢, we see that
we can make this change without changing the value of A, (p,q), and thus we can say
that

An(p,q) = sup{|lally : Do € B(€y, )11}

where D,z = (o121, ..., a,x,) for each o,z € C™.
We claim that

nl/4 when u < s,
An(p,q) = { nt/at1/v=1/s when u > s and 1/¢+ 1/u > 1/s,
1 when 1/q+1/u < 1/s.

Indeed, suppose first that « > s. Then there exists ¢ > 1 such that 1/s = 1/u + 1/t.
Let @ = (a1,...,a,) € C". A version of Holder’s inequality implies that

(i \aix,;|5)1/s - (z": |Ozi|t>1/t (z": |xi|“)1/u
i=1 i=1 i=1

for every (x;) € £%. Moreover, equality is attained for a suitable choice of (z;), and so we
see that
Do : £y, = Gl = llelle (o€ C™).

Thus the problem now is to compute
An(p,q) = sup{lafly s a € ()}

If t > g, the supremum occurs when o = (a;) is the constant sequence (n~/*), in which
case we obtain

(Z |ai|q)1/q _ (n ] n—q/t)l/q _ nl/q—l/t — nl/q+1/u—1/s.
=1

If ¢ < g, the supremum occurs at a point mass, in which case we obtain |||, = 1.
Finally, suppose that u < s. Then we see that

n N\ 1/s n N1/ u n 1/u
(D lawit) < (P lawal®) < lalloe (X laal®)
i=1 i=1 i=1
and equality occurs when (z1,...,2,) is a point mass. Thus

Do £y = L) = llafle (@€ C).
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It follows that
An(p.q) =sup{llally : o € ()} = n'/9.
This establishes the claim.

We conclude as follows. Suppose that » > 1 and (p, q) € 7. Then the (p, ¢)-multi-norm
based on ¢" satisfies the following equation for each n € N:

nl/m+1/a=1/P  when p < rand 1/p —1/q¢ < 1/r,
[(81,...,8,)]|PD =<1 when 1/p —1/q > 1/r, (2.5)
nl/a when p > r.

We can also write the above formula more concisely as follows:

11, 6 [P =0 (n€N),

(G-

Here, 27 = max{z, 0} for each z € R. m

where

EXAMPLE 2.17. Suppose that 7 > 1 and (p,q) € T. Set s =’ and u = p/, as before.
Fix n € N. For 7 € N,,, take

1 <« iy 1 , , ,
P, —ijS. — _—  (F—t =2 —ni T
fl_nl/T;:lC 6] nl/r(c )C 7"'7( 70507"')€£a

where ¢ = exp(27i/n), so that ||filler =1 (¢ € N,,), and then set f = (f1,..., fn). Next
take A = (A1,...,A\,), where

Ai = Zcijéj = (Civgzia'“acmaovoa'") er.
j=1
Note that
n 1/
(1t rgp) " = mtivamyin (26)
i=1
We take (i, ..., ¢, € Cwith 3777, [G|* < 1, and set 2; = -7 (¢ (i € N,,), so that
n n n n 1/3
Solal=nd lGP and [Yoan|| = (Xlar)
i=1 i=1 i=1 i=1

Now suppose that r > 2, so that 1 < s < 2.
In the case where p > 2, so that u < 2, we have Y7, [ <> |G[* < 1, and so

HJZZCJ"\JHH = (21, .-, 2n)

Hence, by (L2)),
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It follows from (Z6]) that

n1+1/q
71 > 2o e

In the case where 1 < p < 2, so that u > 2, we have

/2 0 1/u
(k) s
i=1

(zn: )<
i=1

and so

1/s , M 1/2
,up,n(A) S nl—/Q( E |Z7,|2> S n1/2+1/871/u'
n
i=1

Hence, again by ([2.6]),

14+1/g+1/u
n — pl/2-1/p¥1/q,

I 2 e =

It is always true that Hngu,q) > 1.

We conclude that, in the case where r > 2, we have the following estimates, which
hold for each n € N:

nl/2=1/Pt1/4 when 1 <p<2and 1/p—1/¢<1/2,
||f||£lp7q) >{1 when 1/p—1/¢>1/2, (2.7)
nl/a when p > 2.

We shall see from Theorem [0, given below, that ||£]|%"? is always equal to the
term on the right-hand side of ([Z7]) to within a constant independent of n. m

2.6. The standard ¢-multi-norm on L"-spaces. Let (€, 1) be a measure space, take
r > 1, and suppose that r < ¢t < oco. In [I1], §4.2] and [12, §6], there is a definition
and discussion of the standard t-multi-norm on the Banach space L™(£2). We recall the
definition.

Take n € N. For each ordered partition X = (Xi,...,X,) of  into measurable
subsets and each f1,..., f, € L"(Q2), we define

(e ) = (sl
i=1

Here Px, : f — f|X; is the projection of L"(Q) onto L"(X;), and |- || is the L"-norm.
Then we define

1(frse s F) ) = suprx (f1,---5 fn)),

where the supremum is taken over all such measurable ordered partitions X.

As in [IT] §4.2.1], we see that (]| - ||£f] :n € N) is a multi-norm based on L"(Q); it is
the standard t-multi-norm on L"(Q).

Clearly the norms || - || Ef] decrease as a function of t € [r,00), and so the maximum

among these norms is || - ||£f]
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For example, by [I1} (4.9)], we have
s F)IR = QAN+ 1l (e N)

whenever fi,..., f, in L"(Q2) have pairwise disjoint supports, and, in particular,
||(617’5H)H%] :nl/t (HEN).

As remarked in [I1], it appears that the definition of the standard ¢-multi-norm de-
pends on the concrete representation of the space L"(Q2). However, in [I1], §4.2.8], there
is a definition of an ‘abstract t-multi-norm based on a o-Dedekind complete Banach lat-
tice E’, and it is shown in [II, Theorem 4.36] that the standard ¢-multi-norm based on
a Banach lattice L"(2) depends on only the norm and the lattice structure of the space.
For a related result, see [I1, Theorem 4.40].

The rate of growth of the standard t-multi-norm based on L"(€) is denoted by
@%}(LT(Q)), as in [IIl Definition 4.21]. In fact, it is easily seen that

PR (L () = n'/* (2.8)

for every infinite-dimensional L"({2)-space.
In the special case where ¢t = r, we have

Ve I = (/Q(Iﬁl\/“-vlfn)’“)l/r (2.9)

for n € N and elements f1,..., f, € L"(€); this is equation (4.12) in [1I].

For a Banach space E and r > 1, the space L"(Q, E) cousists of (equivalence classes
of) p-measurable functions F': Q@ — FE such that the function s — ||F(s)| on  belongs
to the space LP(Q); with respect to the norm || - || specified by

w1 () F<s>|rdu<s>)m (F e /(. B)),

the space L"(Q), E) is a Banach space. The tensor product L"(2) ® E can be identified
with a dense subspace of L"(Q, F). Indeed, f®x € L"(2) ® E corresponds to the function
s — f(s)z. See [13, Chapter 7] and [24] §2.3].

Now taken € Nand fi,..., f, € L"(R2). Then (f1,..., fn) corresponds to the element
Yo 6@ fi in ¢g ® L"(Q), and hence to the function

n
S Z fl(S)él S LT(Q, CQ),
i=1
and its norm in L"(Q, ¢g) is exactly ||(f1,- -, f,,L)HLf] by equation (2.9]).
Thus, in the case where ¢t = r, we can regard the standard r-multi-norm on L"()
simply as that given by the embedding of co ® L" () in L™ (£, co).
There seems to be no similarly useful representation of the standard t-multi-norm
on L"(€) in the case where t > r.

2.7. The Hilbert multi-norm. We now recall an alternative description of the (2, 2)-
multi-norm based on a Hilbert space. This involves the Hilbert multi-norm that was
introduced in [I1 §4.1.5].
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Let H be a Hilbert space, with inner-product denoted by [-, -]. For n € N, we write
H=H,®, --®1L Hy

when Hy,..., H, are pairwise-orthogonal (closed) subspaces of H.
Take n € N. For each family H = {H,,...,H,} such that H = H1 &, --- &, H,, we
set

ra((x, . mn) = (PP + -+ [Pz |2 = [[Pray + - + Poy|
for x1,...,x, € H, where P; : H — H; is the orthogonal projection for i € N,,. Then we
set

)l = suprer(z) (zeH"),
H

where the supremum is taken over all orthogonal decompositions H of H. As in [11]
Theorem 4.15], (|| - ||f : n € N) is a multi-norm based on H; it is called the Hilbert
multi-norm.

The following result is [I1I} Theorem 4.19].

THEOREM 2.18. Let H be a Hilbert space. Then (||-|I7) = (|- [|%?). =

2.8. Relations between multi-norms. In this subsection, we shall first summarize
some results about the relationships between multi-norms that were already established
in [I1].

THEOREM 2.19. Let E be a normed space. Then (|| - HS’I)) = (|| - |I"*).

n

Proof. This is [11, Theorem 4.6]. m

THEOREM 2.20. Take r,t with 1 <r <t < oo, and let ) be a measure space. Then
t r,t r
Ul < A7) on £(9).
Moreover, when v = 1, these two multi-norms are equal on L'(Q)) whenever t € [1,00).

Further, (||| = (|| - | %) on L*(52).

n

Proof. This combines [I1, Theorems 4.22, 4.23, and 4.26]. =

By (Z38), different standard ¢-multi-norms on an infinite-dimensional L"(£2) space are
not equivalent to each other, and they are never equivalent to the minimum multi-norm;
we shall see in Theorem [3.22]that they are never equivalent to the maximum multi-norm.

THEOREM 2.21. Take r > 1, and suppose that r <t < co. Suppose that either 2 <r <t
orthat 1 <r <2 andr <t <r/(2—r). Then the multi-norms (]| - ||£f] :n € N) and

(- Hg’t) :n € N) based on £ are not equivalent.
Proof. This is [11, Theorem 4.27]. m

We shall extend and complement the above results in the present memoir.
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3. Comparing (p,q)-multi-norms on L" spaces

In this section, we aspire to determine when two (p,q)-multi-norms based on a space
L"(Q2) are equivalent; we shall obtain a reasonably complete classification, but cannot
give a fully comprehensive account.

3.1. The case where r = 1. In this section, we investigate the equivalence of various
(p, ¢)-multi-norms on spaces of the form L!(Q).

By Example 216 (]| - ||£Lp1”“)) is not equivalent to (|| ||£lp2’q2)) on L'(Q) whenever
L'(Q) is infinite-dimensional and ¢; # g2 because A,(p,q) = n'/? (n € N) for each
(p,q) € T, in the notation of that example; it remains to investigate the case where
q1 = q2.

The following result is [I2, Theorem 5.6]. It is also a consequence of Theorem [2:6] and
the corresponding result in [23] Corollary 2.5] (see also [14, Theorem 10.9]).

THEOREM 3.1. Let Q be a measure space, and take p,q,s € R with 1 <p < g < s < 00.
Then
) ~ 1, 8,8
A1) = - I2) = -1 on LY(Q). m

The following result shows that the condition ‘p < ¢’ in the above theorem is sharp.
Note also that

161, 81D = (|81, 8a) P (=029 (n€N),

for ¢ > 1, and so the above equation is not sufficient to enforce the non-equivalence of
(- 1157y and (] - [157).

THEOREM 3.2. Let Q be a measure space such that L*(Q) is infinite-dimensional. Take
) 1, , 1,
g > 1 Then (|- [57) 2 (- ll;"). but (- 1577 (- 1) on ZH(9).

Proof. First, suppose that our multi-norms are based on ¢'.

Take n € N, and let I,, be the identity map from £° to the Lorentz space (1.
A calculation of Montgomery-Smith [22] (see [9] for a statement of this example) shows
that

Tgq(In) ~ 091 +logn) =Y 7,1 (I,) ~ n/2.

For each n € N, we can find m = m(n) € N, with m(n) > n, and an operator
R E;o(n) with

(1 =1/n)llzllgr < len(@)lloo < llzllgr  (z € €51,

Let py, : £°° — £5° be the natural projection, and define

1 o0 o0
T, = mgpn ol,op, : £ — Em(n) C ¢p-

From the definition of the (g, p)-summing norm, it follows that

1 1
(1- 1/”)m”q,p(1n) < g p(Th) < mﬂ'qm([n)

whenever 1 < p < ¢ < oo. In particular, 7,1(T},) ~ 1, but 7, (T,,) ~ (1 4 logn)*~1/2,
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Since T,, = T}, o pn, we see that T,, is the image of
n
T = Tole;) ®6;
i=1

via the natural inclusion ¢y ® ¢! < B(£>°, ¢). The previous paragraph and Theorem
imply that

Nt , 3
a0, ~ 1, but )90, ~ (1+logn)' =1/

) 1,
Hence (|- (1) % (I-I1*) on £".
For a general measure space (2, the result follows from Theorem [[L1l =

We summarize the situation for (p,q)-multi-norms based on L'(Q). In this special
case, we have a full solution to the question of equivalences.

THEOREM 3.3. Let Q be a measure space such that L'(Q) is infinite-dimensional, and
suppose that (p1,q1), (p2,q2) € T

(i) Suppose that gz > qr. Then (|- [*2) 3= (|- [P*%)), and these multi-norms are
not equivalent on L' ().

(ii) Suppose that go = q1 = q and pa > p1. Then (|| - ||£1p2’q)) > (II- Hflpl’q)); these multi-
norms are equivalent on L'(Q) when also pa < q, but they are not equivalent to

(- 149,

COROLLARY 3.4. Let Q be a measure space such that L*(2) is infinite-dimensional, and
suppose that (p,q) € T. Then the (p,q)-multi-norm on L*(Q) is not equivalent to the
minimum multi-norm, and it is equivalent to the maximum multi-norm if and only if
p=q =1, in which case, it is actually equal to the mazimum multi-norm. =

3.2. The case where r > 1. In this case, it is more difficult to determine when the
(p, g)-multi-norms are equivalent on L"(12).
Throughout we suppose that L"() is infinite-dimensional.
In this section, it is convenient to continue to use the earlier notation C. for the curve
Cc={p,9) €T :1/p=1/q=c},
whenever ¢ € [0, 1). This curve is contained in the triangle 7.

We shall consider points P; and P, in 7, and shall say P; and Py are equivalent (re-
spectively, not equivalent) on E to mean that the multi-norms (|| - [|**4")) and (|| - \|ff2’q2))
based on a Banach space E are equivalent (respectively, not equivalent).

The first result, which shows that various pairs of multi-norms are not equivalent,

follows directly from Proposition [Z.I2] and the calculation given in Example Indeed,
(i) follows from Proposition 2 I2(iv), and (ii)—(iv) follow from equation (Z.3I).

PROPOSITION 3.5. Let Q be a measure space, and take r > 1. Then two points Py € C,
and Py € C., are not equivalent on L" () in the following cases:

(i) p1,p2 > min{r,2}, and q1 # qo;
(i1) p1,p2 <r, min{cy,ca} < 1/r, and ¢; # ca;



Equivalence of multi-norms 29

(iii) p1 <7 < p2, and

(iv) p1 > 7 > po, and

rop2 @ @
We now concentrate on the (p,p)-multi-norms and the maximum multi-norm

on L"(Q).
Let E be a normed space. We recall that it follows from Theorem that the dual
space of (¢co® E, || - ||(p’p)) is Iy (¢co, E'); the dual of the maximum multi-norm, identified

with (co ® B, |- ||,.), is B(co, E").
PROPOSITION 3.6. Let ) be a measure space. Suppose that

either 1<p<2<r<oo or 1<p<r<2.
Then (|| - | 7)) is equivalent to (|| - ™) on L' ().

Proof. In the case where 1 < p < 2 < r < o0, so that ' € (1,2], we use [14, The-
orem 3.7], which tells us that every operator T : ¢y — L (Q) is 2-summing, with
mo(T) < Kg||T||, where K¢ is the Grothendieck constant. Since Ily(¢o, E) C ILy (co, E)
is a norm-decreasing inclusion (for any Banach space E), we conclude that

(co @ L7 (), ||| 7)) = Ty (co, L7 (€2)) = B(eo, L (2)) = (co @ L (), || - [,
which gives the result.
Similarly, in the case where 1 < p < r < 2, so that ' > 2, we appeal to [14]

Corollary 10.10], which shows in particular that we have T, (co, L" (2)) = B(co, L™ (Q)).
The result follows. m

PROPOSITION 3.7. Let Q be a measure space such that L"() is infinite-dimensional.
Suppose that 1 <1 < 2. Then (|| - |) 2 (|- |™™) on L7().

Proof. Here we appeal to [20, Theorem 7, clause 2|, which, using an example of Schwartz
[25], shows that II(co,£®) # B(co, £?) for s > 2. The required conclusion follows. m

Thus we have a complete classification of the (p, p)-multi-norms on L" () into equiv-
alence classes, summarized in the following theorem.

THEOREM 3.8. Let Q) be a measure space such that L™ () is infinite-dimensional, where
r > 1. Set T = min{2,r}. Then:

@ (- 1) 2 (|- 197) on LT () whenever p,q > T and p # q;
@) (|- 157) 2 (|- 1) on L7 (Q) whenever p > 7;
(i) (|- 1) = (|- [|™) on L' () whenever 1 < p < T;
@) (1 IS) = (- 12 on L7 (9);
(v) ifl<r<2, thenT=r and (|| -|| TT)) 2 (|- 117*) on L™(2);

(vi) if r>2, then 7 =2 and (|- [|>?) = (|| |™™) on L"(Q).

Proof. Notice that (ii) follows by applying (i) with ¢ = 7 and (iv) is just a special case
of Theorem 210 m
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3.3. The role of Orlicz’s theorem. We shall now determine when the (p, ¢)-multi-
norm based on L"(f2) is equivalent to the minimum multi-norm. For this, we shall need a
form of Orlicz’s theorem. Indeed, a generalization of Orlicz’s theorem given in [14, Theo-
rem 10.7] shows that, for each s € [1, 00), the identity operator on L*(2) is (8, 1)-summing,
where § := max{s,2}. In the case where s = 2, so that § = 2 also, the (2, 1)-summing
norm of the identity operator on L?(f2) is equal to 1.

Now suppose that r > 1, and again set ¥ = min{2,r}. Set s = r/, the conjugate of r,
so that

§ =max{s,2} =7".
Then, since the identity operator on L*(2) belongs to ITz 1 (L°(2)), we obtain
B(L*(Q), F) = 1151(L*(Q), F)

for each Banach space F'; in the case where r = 2, we have equality of the norms as well.

It follows from Theorem that the tensor norm on ¢y ® L"(2) induced from
the (1,7’)-multi-norm is equivalent to the injective tensor norm, which is induced by
B(L?(2), ¢p). That is, the (1,7')- and the minimum multi-norms on L" () are equiva-
lent. This and Theorem 2.I1] imply the following.

THEOREM 3.9. Let Q be a measure space, take r > 1, and set 7 := min{r, 2}. Suppose
that 1 < p < q < oo. Then (||-|P"?) 2= (|| - |™™) on L"(Q) whenever 1/p —1/q > 1/7.
Moreover (|| - ||5Lp’q)) = (|I-[I™™) on L*(QY) whenever 1/p—1/q>1/2. =

n

3.4. Asymptotic estimates. The next stage of our analysis is to give a complete

asymptotic estimate for <p£,,p ) (¢7) for all relevant values of p, ¢ when r > 1.

THEOREM 3.10. Let Q be a measure space such that L™(Q) is infinite-dimensional, where
r > 1. Set 7 = min{r, 2}, and suppose that 1 < p < q < co. Then:

(i) SDglzmq)([,r(g)) ~ 1 when 1/p—1/q > 1/F;
(ii) PP (L7()) = n'/e when p > 7
(i) P9 (L7 (Q)) ~ n/ TP when 1/p —1/q < 1/7 and p < .

In the case where r = 2, all three estimates are actual equalities.

Proof. Statements (i) and (ii) follow from Theorem B.9] and Proposition 2ZI2(iv), res-
pectively.

(iii) Suppose now that 1/p — 1/q < 1/7 and that p < 7. Again, we need to consider
only the space £". By Proposition [ZI2[(iii) (when r > 2) or by Example [Z.T6] (when r < 2),
we see that

s0;1741) ) > nt/T=1/p+1/q (n € N).
When ¢ = p, we know by Theorem [B.8(iii) that (]| - ||£Lp7p)) = (]| -|7), and so
PP~ () T
by [1I, Theorem 3.54]. Thus we need to consider only the case where ¢ > p.

Set ¢1 = p and g2 = p7/(F—p), so that 1/p—1/g2 = 1/7. We also see that ¢1 < ¢ < ¢a,
and so
1 1-60 0

= +

q ¢ 7’
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where 8 = 7(1/p — 1/q). Using Proposition T8 we deduce from (i) and the previous
paragraph that

QPO () < (PP ()10 (pPa2) (47))0 < €=/ = ¢, pt/T1 /P

for all n € N, where C,. is a constant depending only on r; when r = 2, this constant can
be taken to be 1.
This completes the proof. m

We now obtain the following asymptotic estimates, where f is as in Example 2.17]
and the multi-norm is calculated with respect to ¢", where r > 2:
nl/2=1/pt/4 when1<p<2and1/p—1/¢<1/2,
£ ~ 1 when 1/p —1/q > 1/2, 3.1)
nl/a when p > 2.

It is interesting to see where the maximum rate of growth is attained. Indeed, suppose
that (p,q) € T and we are considering the rate of growth of the (p, ¢)-multi-norm on ",
where r > 1. Then it follows from equation (Z3]) in Example 210l that

@PD Y ~ (01, ..., 0,) | PP when r < 2
and from equation (2.7)) in Example 217 that
PO) ~ | (froe s f) P9 when r > 2,

where, for i € N,,, we are setting
1 n
fi= v ZC_”(;J- with ¢ = exp(27i/n).
j=1
Thus the maximum rate of growth is attained at either (d1,...,d,) or at (f1,..., fn)-

3.5. Classification theorem. We now give our main classification result obtained in
the case where r > 1. For this, let us modify the curves C. to obtain curves D, for
0 <c¢ <1 as follows. Set 7 = min{2,r}.

(i) The case where ¢ € [1/7,1): Set D, = C..
(ii) The case where ¢ € [0,1/7): Set u. = r/(1 — cr), so that C. meets the vertical line
p=rat (r,u.). Set

D.={(p,q) €Cc:p € [L,r]} U{(p,uc): p € [r,ucl}.

Thus D, agrees with C. on the interval [1,7] and is the horizontal line ¢ = u, on the
interval [r,u.]. In the case where r < 2 and ¢ € (1/2,1/r), the point at which the
line ¢ = u. meets the curve Cy /5 is denoted by z., so that r <z, < 2.
Note that Dy is the diagonal line segment {(p,p): 1 <p <r}.

(iii) The case where ¢ € [1/r,1/2) (which only occurs when r > 2): Set v, = 2/(1 — 2¢),
so that C. meets the vertical line p = 2 at (2,v,.), and set w. := rv./(r — v.), so that
the horizontal line ¢ = v. meets the curve Cy/, at (we,vc). Set

D.={(p,q) €Cc:p € [1,2]} U{(p,vc): p € [2,wc]}.
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Thus D, agrees with the old curve C. on the interval [1,2], and then it becomes
the horizontal line ¢ = v, until this line meets the curve C;,,, at which point it
terminates. Note that D/, is the curve Cy,, restricted to the interval [1,2].

Note that [J{D.: 0 < ¢ < 1} = T. Note also that, unlike the curves C., the curves D,
depend on the value of r. The case where r > 2 is illustrated in the diagram, in which
we present in bold the curves D, when ¢ > 1/2, when ¢ € (1/r,1/2), when ¢ = 1/r, when
c € (0,1/r), and when ¢ = 0.

2

e e e e -

(1,1) 2 r P

THEOREM 3.11. Take r > 1, let 2 be a measure space such that L™ () is infinite-dimen-
sional, and set 7 = min{2,r}. Take c1,c2 € [0,1), and consider points P, € D., and
P, e DC2.

(i) Suppose that ci,co € [1/7,1). Then Py and P2 are equivalent (and the corresponding
(p, q)-multi-norms are equivalent to the minimum multi-norm) on L"(£2).
(ii) Suppose that c1 € [1/7,1) and ca € [0,1/7). Then Py and Py are not equivalent on
L (Q).
(iii) Suppose that c1,co € [0,1/7) and that ¢y # co. Then Py and Py are not equivalent
on L"(Q).
Proof. Clause (i) follows from Theorem [B.9] whereas (ii) follows from Theorem BI0
It remains to prove clause (iii). For this, we suppose that ¢1,¢o € [0,1/7) and that
¢ # ca.

Assume towards a contradiction that P; and P, are equivalent on L"(2).

Case 1: p1,p2 < 7. In this case, the desired contradiction follows from Theorem BI0(iii),
noting that P; € C., for both ¢ =1 and ¢ = 2 in this case.

Case 2: p1,p2 > 7. In this case, we must have ¢; = g2 by Theorem BI0(ii). From the
definition of the curves D,, this can happen (with ¢; # ¢3) only when min{p;, p2} < r, and
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sor > 2, and min{cy, ca} < 1/r. In particular, we must have 7 = 2. By Proposition B.5{i),
we must have max{p;,pa} > r. Thus, without loss of generality, we may suppose that
p1 > r > pa > 2. Proposition B5l(iv) then implies that

1 1 1 1

T P2 Qq q1
Since q; = g2, this implies that po = r, a contradiction.
It remains to consider the case where p; < 7 < py; the case where p; > 7 > p, is dealt
with similarly. We divide this case further into the following two cases.

Case 3: r < 2,s0that 7 = r, and p; < r < po. In this case, it follows from either Theorem
[BI0 or Proposition BAl(iii) that

r o p q1 q2 .

This implies first that (r,g2) € C., N D,,, and then that (ps2,q2) € D, by the definition
of D.,, a contradiction of the assumption that ¢; # cs.

Case 4: r > 2, so that 7 = 2, and p; < 2 < ps. In this case, it follows from Theorem [3.100
that

2 p1oa @

This implies that (2,g2) € C., N Dg,. So it follows from the definition of D, and the
assumption that (p2,q2) ¢ D, that co < 1/r. By Proposition BE(i), we deduce that
p2 > r. But then Proposition BE(iii) implies that

1 1 1 1
+

r P Q1 g’
and so r = 2, again a contradiction.

This concludes the proof of the theorem. m

3.6. The role of Khintchine’s inequalities. The previous theorem reduces our prob-
lem to that of determining the equivalence of two points P; and P, lying on the same
curve D,, where ¢ € [1,1/7). For further progress, we shall use Khintchine’s inequalities,
for which see [I7, Chapter 12], for example.

Let n € N. We shall consider (g; ;) to be a fixed n x 2™ matrix with entries in {—1,1}
such that its 2™ columns range over all possible choices of n-tuples of +1. The Khintchine
inequality tells us that, for each r > 1, there exist constants A,., B, > 0, depending only
on r (but not on n), such that

n 2" n r 1/r n
Ar(2|ai|2>l/2 < <2in Z‘Zf‘:i,jai ) < BT(Z|0‘i|2>1/2
i=1 j=1i=1 i=1

for every aq,...,a, € C and every n € N. These constants are those specified in the next

lemma.
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LEMMA 3.12. Let r > 1, and take n € N. Then there exists a linear monomorphism
i 02 — 07 such that

1
5 Iz, ) [ < (R, Ruwn) [P < Byl (@, [| P9
whenever 1 <p < q < oo and x1,...,2, € (2.

Proof. Set s =1’, the conjugate index to r, so that 1 < s < co. For each ¢ € N,,, set

1

W(Ei,la--~75i,2"a0,0,---)Egr and ©Y; =

gi = (€i71,...,€i72n70,0,...)EES.

1
on/s
The maps §; — g; and §; — ; extend linearly to linear operators R : 2 — (" and
S : 02 — %, respectively. Moreover, by the Khintchine inequality, we see that

Arllzllez < |Raller < Brllafle and  Agllzflee < [|Salles < Billalle (€ £7),

so that, in particular, both R and S are linear monomorphisms. It is also the case that
(Ra,Sy) = (x,y) (x,y € L),

where we identify (¢2)’ = ¢2 in an obvious manner.
Take p,q € T and take z1,...,x, € (2. We then see that

|(Rar, .. Ra) P9

sup (

zn: |<in,/\i>|q>l/q A An €8, (M) S 1)
=1
2

{
5up{( 3 |<£i,R’/\i>|q)1/q AL A €08 (A, ) < 1}
{

1/q
<Sup (Z' xﬂy’b ) Y-y Yn 6‘637,7 /’Lp,n(y17"'7yn) S Br

—

= By||(@1, . ) [P0

On the other hand, from the first equation above, we also see that

(Ray, ..., Ray)|| P

> sup{ (z”: |(Rx;, Syi>|‘1) Ha YLy Yn €L tpn (Y1, yn) < 1/35}

1=1
_ - AN Ve, 02 <1/B
= sup ‘<$27yz>‘ 'yla”'vyne no M;D,n(ylv"wyn)f / s
=1
1
= B_SH(J:M .. 71‘71)“5?7[1)'

Thus, setting R, := R, we obtain the desired operator. m

THEOREM 3.13. Suppose that (p1,q1), (p2, q2) € T. Assume that the (p1,q1)- and (p2,g2)-
multi-norms are not equivalent on €. Then, for every r > 1, the (p1,q1)- and (p2,q2)-
multi-norms are not equivalent on £".
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Proof. Take r > 1. Without loss of generality, by the assumption, we see that there exist
a sequence (ay,) in (0,00) with a, ,* 0o and a sequence (z,) where, for each n € N,
Ty = (Tp1,. ., Tnn) € (£3)", such that

[(Zn15- - 7xn,n)||;pl7ql) > anll(Tn1, - 7$n’n)||7(zp2’q2)~
It is obvious that we may consider zy, 1,. .., Zn, , as belonging to E%. Now set ypn,; = Rpn

for each i € N,,, where R,, is the map defined in the previous lemma. We then obtain, for
each n € N, a tuple (Yn.1,---,Yn.n) € (€)™ such that

!
. [ (Yn.1s-- 7yn,n)||7(zp2’Q2)'

B, B,

”(yn,l, . ,yn’n)H;Ph!h) N

Thus (|| - nghql)) and (|| - ||£Lp1’q1)) are not equivalent on ¢". This completes the proof. m

COROLLARY 3.14. Let (p1,q1), (p2,q2) € T. Suppose that 11y, ,, (€2, F) # g, p, (0%, F)
for some Banach space F. Then, for each r > 1, the (p1,q1)- and (p2, g2)-multi-norms
are not equivalent on €.

Proof. This follows from the previous theorem and Theorem 2.8 using the Riesz repre-
sentation theorem. m

3.7. Final classification. Theorem [B.13] suggests that we study more closely the spaces
11, ,(H), where H is a Hilbert space, and this we shall do to obtain the final classification
that we can achieve.

We first state some results that identify II, ,(H). Clause (i) of the following theo-
rem combines Corollaries 3.16 and 4.13 of [14], and the remaining clauses are stated on
page 207 of [14]. In fact, clauses (ii) and (iii) of the following theorem originate in [19]
Theorem 2] (where this result is attributed to Mityagin), and (iv) is from [5] and [6]
Theorem 3]. Recall that S,.(H) and Ssq/p o(H) were defined in §1.21

THEOREM 3.15. Let H be a Hilbert space, and take (p,q) € T.
(1) Suppose that p =q. Then II,(H) = IIy(H) = So(H).
(ii) Suppose that p <2 and 1/p—1/q < 1/2. Then 11, ,(H) = S,(H), where
1/r=1/q—1/p+1/2.
(ii) Suppose that 1/p —1/q > 1/2. Then 11, ,(H) = B(H).
(iv) Suppose that 2 < p < q < o0o. Then Iy ,(H) = Saq/p,q(H). =

In connection with clause (i), we note that the exact constants that determine the
relations between the m,-norm and the ma-norm on (real and complex) Hilbert spaces of
various dimensions are calculated in [15].

Recall that the point =, € (r, u.) was defined on page Bl

THEOREM 3.16. Take r € (1,2), and let Q be a measure space such that L™ (Q) is infinite-
dimensional. Suppose that two distinct points Py = (p1,q1) and Py = (p2,q2) in T are
equivalent on L™ (Q). Then one of the following cases must occur.

(i) The points Py and Py both lie in the region
{pg)eT:1/p-1/g>1/r};
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in this case, the (p,q)-multi-norms corresponding to points in this region are all
equivalent to the minimum multi-norm on L"(§2).

(ii) The points P1 and Py both lie on the same curve {(p,q) € D.: 1/p—1/q > 1/2} for
some ¢ € [1/2,1/r). Further, p1,ps € [1,x.].

(iil) The points Py and Py both lie on the same curve {(p,q) € C.: 1 < p < r} for some
ce (0,1/2).

(iv) The points Py and Py both lie on the line segment {(p,p): 1 < p < r}; in this case,
the (p,p)-multi-norms corresponding to points on this line segment are all equivalent
to the mazimum multi-norm on L ().

Proof. By Theorems and [B.17] all that remains to be considered is the case where P;
and P, both lie on the same curve D.., where 0 < ¢ < 1/r. Without loss of generality, we
may suppose that p; < pa, and so p; < ¢; and

1/p1 —1/q1 > 1/p2 — 1/qo.

Case 1: c € [1/2,1/r) and 1/p; —1/q; < 1/2 for both i = 1,2. Then, by Theorem B.I5(i),
(ii), or (iv), we have, for each i = 1,2,

Hl]i \Pi (62) = either SQQi/Phq'i (62) or Sn (62)7

where 1/r; = 1/2 — 1/p; + 1/q;. Note that, since ¢ > 1/2 and P, # P», we must have
1/p1 — 1/q1 # 1/p2 — 1/qa, and so r; # ro. Thus we see, by a remark on page [, that
g, p, (02) # 1y, p, (€2), and hence, by Corollary B4, P, and P, are not equivalent on £".
This contradicts the hypothesis, and so this case cannot occur.

Case 2: c € [1/2,1/r) and 1/p2 —1/g2 < 1/2 < 1/p1 —1/q1. Then, by Theorem BIH, we
have

Iy, ps (52) = either Sag, /ps,go (62) or S, (52),

where 1/ry = 1/2 — 1/ps + 1/g2. On the other hand, the same theorem implies that
Iy, 0 (€%) = B(£?). So again we see that I1,, ,, (¢2) # Iy, », (¢%), and hence, by Corollary
BI4, P; and P, are not equivalent on ¢". This contradicts the hypothesis, and so this
case cannot occur.

We have shown in the above two cases that we cannot have both 1/ps — 1/g2 < 1/2
and ¢ € [1/2,1/r), and so necessarily 1 < p; < py <z, when ¢ € [1/2,1/r).

Case 3: ¢ € (0,1/2). Now 1/p; — 1/¢q; < 1/2 for each i = 1,2, and so, by Theorem B.15]
we have
Iy, p, (67) = either Saq, /p; g, (€2) o1 Sy, (£7),
for each i = 1,2, where 1/r; = 1/2 — 1/p; + 1/q;. Note that r; and 7o cannot both be
equal to 2. Thus, since P; and P, are equivalent on ¢", by Corollary B.14] we must have
g, p, (02) =11y, p, (€%). The only way this can happen, by the remark on page[d is when
p; <2 (i =1,2)and 1/py —1/q1 = 1/p2 — 1/¢o. By the definition of the curve D., this
can happen only if p; <r (i =1,2).
The three cases above complete the proof. m
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REMARK 3.17. In [7], it will be shown that P; and P, are equivalent whenever 1 < r < 2
and both points lie on the same curve C. for some ¢ € (0,1/r). Thus we know in every
case whether P; and P» are equivalent, save for the case where both points lie on the same
horizontal line ¢ = u. and where 7 < p; < pa < z.. In this case, I, ,, ((?) = Il , p, (¢%), a
necessary condition for equivalence of the two multi-norms by Theorems and L]

THEOREM 3.18. Take r > 2, and let Q be a measure space such that L™ () is infinite-
dimensional. Suppose that two distinct points Py = (p1,q1) and Py = (p2,q2) in T are
equivalent on L™ (Q). Then one of the following cases must occur.

(i) The points Py and P both lie in the region
{(pa) eT:1/p=1/g=1/2};

in this case, the (p,q)-multi-norms corresponding to points in this region are all
equivalent to the minimum multi-norm on L™ ().

(ii) The points Py and Py both lie on the same curve {(p,q) € C.: 1 < p < 2} for some
c€(0,1/2).

(iii) The points Py and Py both lie on the line segment {(p,p): 1 < p < 2}; in this case,
the (p, p)-multi-norms corresponding to points on this line segment are all equivalent
to the mazimum multi-norm on L"(£2).

Proof. As in Theorem [3.I6] all that remains to be considered is the case where P; and P
both lie on the same curve D., where 0 < ¢ < 1/2. We again need to consider only
the space ¢". For this, suppose without loss of generality that p; < ps2, and so p1 < q1.
Assume towards a contradiction that pa > 2. Then, by Theorem BIE(i) or (iv), we have

M, »,(¢*) = either S24s /1.0 (€%) or Sy(?).
First, suppose that p; > 2. Then, by Theorem BI5(iv), we have
Uy (62) = SQQ1/P17Q1 :

But we know that Sag, /p, ¢ (F2) is never equal to either Sag, /p, 4, (£2) or S2(£2), and so
Py and P, are not equivalent on ¢" by Corollary B.14]

Second, suppose that p; < 2. Then I, ,, (2) = S,, (¢?) by Theorem B.I5(ii), where
1/r1 = 1/2—c¢, and so r1 > 2. Thus again we see that II,, ,, (¢?) # I, ,,, (¢*) by a remark
on page

In both cases, we arrive at a contradiction to the assumption that P; and P, are
equivalent on £". Therefore p, < 2, and the proof is completed. m

In the Hilbert spaces case, i.e. when r = 2, using Theorems 2.I8] we see that the
(p, p)-multi-norms corresponding to points in the clause (iii) above are all equivalent to
the Hilbert space multi-norm.

REMARK 3.19. There remains the case where P, P, both lie on a curve C. such that
0<c¢<1/2and p1,ps € [1,2]. Then again I, ,, (¢2) =1, ,, (¢*), a necessary condition
for equivalence by Theorems 2.8 and BI3l In [7], it will be shown that P; and P, are
indeed equivalent whenever r > 2 and both points lie on the same curve C. for some
¢ € (0,1/2). Thus we have a complete classification whenever r > 2. m
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3.8. The relation with standard {-multi-norms. Let ) be a measure space, and take
r > 1. Then we have defined the standard ¢-multi-norm (|| - ||Lt]) on L"(2) whenever t > r,
and we have defined the (p, ¢)-multi-norm (|| - |\£Lp’q)) on L"() whenever (p,q) € T. We
conjecture that (]| - ||£f]) 2 (] - ||EIP’Q)) whenever r > 1 and L"(Q) is infinite-dimensional.

The first result proves rather more than the conjecture, but only in the special case
in which ¢ = r. In the following theorem, we suppose that ¢y ® L"(2) C L"(, ¢g) has the
norm from L" (£, ¢) corresponding to the standard r-multi-norm based on L™(2) in the
manner explained above.

THEOREM 3.20. Let Q2 be a measure space, and take r > 1. Suppose that L"(Q) is an
infinite-dimensional space. Then the co-norm on ¢y & L"(Q) induced by the standard
r-multi-norm (|| - ||£:] :n € N) based on L™ () is not equivalent to any uniform co-norm.

Proof. The following theorem is proved in [I3, Section 7.3]. Suppose that S € B(L"(f2)).
Then the operator I ® S : ¢cg ® L"(Q) — ¢o @ L"(Q2) extends to a bounded operator on
L"(Q, ¢p) if and only if S is regular, in the sense that it is a linear combination of positive
operators on the Banach lattice L"(€2). However, since L"(2) is an infinite-dimensional
space, not all the operators S € B(L"(2)) are regular.

Indeed, for a concrete example of an operator in B(L"(£2)) which is not regular, we
follow [13], Section 7.6]. Set s = 7/, and let S : ¢*(Z) — ¢*(Z) be the discrete Hilbert
transform given by

1
S(6y) = %:k ——0m  (kEN).
Then S is bounded on £%(Z), but I ® S is not bounded on the space /1 @ ¢5(Z) C £5(Z, (*).
By duality, we see that I ® S’ is not bounded on the space ¢y ® ¢"(Z) C £"(Z, cp). In
the case where L"(Q) is infinite-dimensional, this latter space contains a 1-complemented
copy of £"(Z), and so we obtain an example of an operator on L"(2) that is not regular.

For a stronger example, it is shown by Arendt and Voigt [4] that the subalgebra of
regular operators on L"(2) is not even dense in B(L"(€2)) whenever r > 1 and L"(Q) is
infinite-dimensional.

We conclude that the standard r-multi-norm cannot be equivalent to any uniform
co-norm on ¢y ® L™(2). m

COROLLARY 3.21. Let Q be a measure space, and take v > 1. Suppose that L"(S) is
an infinite-dimensional space. Then the standard r-multi-norm is not equivalent to the
mazimum or minimum multi-norms or to any (p, q)-multi-norm on L"(Q2) for (p,q) € T.

Proof. This follows from the theorem because the projective, injective, and Chevet—
Saphar norms are uniform cg-norms. m

Again suppose that Q is a measure space. Since L'(Q2) is Dedekind complete as a
Banach lattice, it follows from a remark on page 13 of [2] that every order-bounded
operator on L!(Q) is regular. Since L!(Q) is an AL-space, and hence a K B-space (see [2]),
it follows from [2, Theorem 15.3] that every bounded operator on L!(2) is order-bounded.
Thus, in this case, every S € B(L'(Q)) is regular. Thus the argument of the above proof
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does not apply. Indeed, the conclusion of the preceding paragraph does not hold: by
Theorem 220 (| - ”Eﬂ) =(|l- \\S’q)) on L*() for every ¢ > 1 (cf. Theorem B.3)).
The following theorem subsumes Theorem [2.21] and part of Corollary [3.211

THEOREM 3.22. Let Q) be a measure space, and take r > 1, where L"(Q) is infinite-
dimensional. Suppose that t > r and that (p,q) € T, and assume that

(- 1Py 2= (- 1) on ().

Thenr < 2,t>2r/(2—r), and (p, q) lies on the same curve D, as (r,t) withp < 2t/(2+t),
so that 1/p —1/q > 1/2. Moreover, we must also have (]| - \|7[f]) >~ (] - ||£f’t)) on L"(§2).
Proof. We need to consider only the space £". Set 7 = min{r,2}, as before. By (2.5),
cp%] (¢") = n!t, and so it follows from Theorem [BI0 that one of the following must
happen:
(i) either p > 7 and ¢ = ¢;
(ii) orp<7Fand 1/t =1/F—1/p+1/q.

Let n € N, and take g = (g1,...,9,) € ({")" to be as in the proof of Lemma
Then we see that

t

1 - , .
”gHE]ZQn/T Sup{(ml/ +...+m§€/ )l/t:m1+"'+mk:2 I
t/r

Since t/r > 1, we have mi/r o my
Lemma [3.12] tells us that

< 27/7 and so ||g||g] < 1. On the other hand,

gl D ~ [|(61, ..., 8,)]|P9,

where (d3) is the standard basis sequence for ¢2. These and Example imply that

1/p—1/¢>1/2.
The previous two paragraphs now imply the claimed result. m

Thus (|| - [|¥?) is not equivalent to (|| - |[1) on L7(€2) in each of the following cases:

(i) r>2;
(i) I<r<2and t<2r/(2—r7);
(i) 1/p—1/q <1/2;
(iv) (p,q) and (r,t) lie on different curves D..

Moreover, our conjecture would be established if we could prove that || || Ef] 2 - Hg’t)

on ¢" for any ¢ > r; this is open only when 1 < r < 2 and ¢ > 2r/(2 — r). Some further
partial results will be given in [7]; in particular, it will be proved that, in certain special
cases, our conjecture on page 38 is false.

4. The Hilbert space multi-norm

4.1. Equivalent norms. Let H be a (complex) Hilbert space with inner product de-

noted by [-, -], and take p € [1,2]. We know from Propositions [3.0] 219 and 28] that
there is a constant C}, such that
)} = [lz[ > < [|lz] PP < |23 = 2| < Cpllaf|PP (ze H™)

for all n € N. Our first theorem gives the best value of Cs.
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THEOREM 4.1. Let H be an infinite-dimensional, complex Hilbert space. Then
max 2 n
2]l = 2] < ||y < ﬁHwH%Q’Q) (x € H", n € N);

the constant 2//7 is best-possible in this inequality.

Proof. By Theorem 210} the (2,2)-multi-norm on H is the Chevet—Saphar norm ds on
¢o® H. Thus the dual space of (co @ H, || - | is the space IT(co, H') = Hy(co, H), where
H is the conjugate of H. Thus, by duality, the claim is equivalent to showing that
2
IT|| < mo(T) < =TIl (T € B(co, H)).-
NZ3

The ‘Little Grothendieck Theorem’ says that every T' € B(£:°, H) is 2-summing, with
m2(T) < (2/+/7)||T|| for each n € N. See [I3, Theorem 11.11] for the estimate, and [13]
Section 20.19], where it is shown that this constant is the best possible (when the scalars

are the complex numbers). In particular, we see that each operator T' € B(¢g, H) is such
that m2(T) < (2/+/7)||T; it follows that

sup{ma(T)/||T|| : T € B(co, H)} = 2/+/7,
and this gives the required estimate. m

The function p — Cp, [1,2] — [1,2/4/7], is increasing, with C; =1 and Cy = 2//T;
we do not have a formula for C)p.

4.2. Equivalence at level n. We now consider the best constant c¢,,, defined for each
n € N, such that
2™ < ol 2 (@ H").

We know that (c,,) is an increasing sequence in [1,2/4/7] with ¢; = 1 and that
lim ¢, = 2/y/7.
n— oo

We wonder: which is the smallest value of n such that ¢,, > 1?7 The first fact that we can
offer is that co = ¢3 = 1, so that

Iz = 2|32 = )l (xe H")

forn=1,2,3.
We start with some preliminary results. The following is a slight generalization of [I8]

Proposition 2.8]. In the result, we define r by
1 1 1 1

1
r p 2 2 p
in the case where 1 < p < 2, so that p = 2r/(r + 2).

PROPOSITION 4.2. Let 1 < p < oo, and let (z1,...,2,) be an orthogonal n-tuple in a
Hilbert space. Then

max {||z;|| : 1 € N} (p > 2),
n r 1 T
frpn (21505 Tn) = (Zz:leZ” ) / (1<p<2),
n 1/2
(S ) p=1).
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Proof. We calculate simply that

n
tpn(T1,. ., 2n) = sup{HZ ;T
i=1

n
: Z ;P < 1}
1=1
n 1/2 n ,
:sup{(Z|ai|2Hmi||2) S el < 1}.
=1 =1

Suppose that p > 2. Then p’ < 2, and we see that the supremum is attained when
(0vi) = (04,4,) for some ip € N,,.

Next, suppose that 1 < p < 2, so that 2 < p’ < co. We set R = r/2, so that
R=7p'/(p —2) and R’ = p//2 > 1. Then, by ¢E-¢F -duality, we see that

- 2R /R - 2 2 - 2R’ 2
(D lhal2®) ™ = sup{ 3 laul?aall? = 3 el <1} = sy n)
=1 =1 =1

because 2R’ = p’, and hence

n - 1/r
(o lwall) ™ = g ).
=1

Suppose that p = 1. Then we are really taking the supremum over the collection of
sequence (o) such that |o;| <1 (i € N,), and the result follows immediately.
The result follows in each case. m

Let H be a Hilbert space, and take r with 2 < r < oco. For n € N, we denote by
Sr C H™ the set of all orthogonal n-tuples (z1,...,2,) € H™ with > | |lz;[|” = 1. In
particular, we have

S% = {(x;) € H™ : (2;) orthogonal and |zy + --- 4 z,| = 1}.

By Proposition 2] with r as defined for some p € (1,2), we have

(Sp) € (H", ppn)a)-
That is, the closed convex hull of S} is a subset of the closed unit ball of H™ equipped
with the norm g, ,. By Proposition L2 this result also holds when p =1 and r = 2, and
it holds for » = co and any p > 2. For us, it is actually these cases which are of most
interest:

(Sp°) € (H" pan)pyys (S7) € (H™, pa )1y

The Russo-Dye theorem [10, Theorem 3.2.18(iii)] can be used to show that the closed
unit ball (H™, pi2,n)p1] is precisely (Sg°). Thus we could ask: for which n € N is it true
that (S2) = (H™, jt1,n)1)? We shall show shortly that this is equivalent to asking if the
Hilbert multi-norm and the maximum multi-norm agree at level n.

LEMMA 4.3. Let H be a Hilbert space, and suppose that 2 < r < oo and n € N. Then

S"C ex (S7).

In the case where H is a finite-dimensional, S}, = ex (ST).
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Proof. Let X be the space H" with the norm || - || given by

n 1/r
lellx = (3 lzl”) (@) € X).
i=1
Then S}, is a subset of the closed unit ball of X, and hence also (ST) is a subset of the
closed unit ball of X. The space X is strictly convex (see, for example, [§]).
Assume towards a contradiction that (y;) € Sy, but that (y;) is not an extreme point

of (Sr), so that we can find z, z € (ST') with x # z and 2y = x + z. We then have

1
L= yllx < Slelx +llzllx) < 1,

and so ||z]|x = ||z]|x = 1. By the strict convexity of X, we have ||(z + z)/2|| < 1 because
x # z, a contradiction, as required.

Now suppose that H is finite-dimensional. Then the set 5], is closed, and so, by
Mil’'man’s converse to the Krein-Mil'man theorem, S7 = ex (ST). =

Finally, we show the link with the Hilbert multi-norm. In the result, we identify (anti-
linearly) the dual space of H™ with H™; a sequence (z,,) in a Hilbert space is orthogonal
if [z;, ;] = 0 whenever ¢ # j.

THEOREM 4.4. Let H be a Hilbert space, and let n € N. Then:

(i) the unit ball of the dual of (H™,|-||7) is (S2);

(ii) the unit ball of the dual of (H™,|| - |[}**) is the unit ball of (H™, ju1 ).
In particular, || - ||f = || [ on H™ whenever S = ex((H", ji1,n)p1)-

Proof. For (i), let y = (y;) € H™ be an orthogonal family with > " [ly;||* < 1. Let
x = (x;) € H" satisfy ||z|| < 1, and then choose a family (P;)™_, of mutually orthogonal
projections summing to Iy with P;(y;) = y; (i € N,). Then

9] =[Sl Pl < (1A ) - () < it < 1.
i=1 1=1 i=1

Thus the norm of y as a functional on (H™, |- ||nH) is at most 1. We conclude that
S2.C (H™ || 1)y and hence (SZ) C (H™, || - [})fy-

Conversely, assume towards a contradiction that (S2) C (H™,|| - ||f){1] Then there

exists x € (H™,| - Hf)h] such that a small open ball about z is disjoint from (S2). By
the Hahn-Banach theorem, there exists z = (z;) € H™ and v € R such that

?R(i[zz,xz]) <v < m(i[%yz]) ((ys) € @)

i=

Since (S2) is absolutely convex, we see that v < 0, and so actually

() € (S))-

j

n

—%(Z[zi,xi]) > |y > ‘zn:[zz‘,yi]

i=1

Now observe that N

SUP{ ‘Z[zu Yil

i=1

F (i) € (57)
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is greater than or equal to

n
SUP‘Z [2i, yi]
i=1

with the supremum taken over all orthogonal sequences in H with Y ., ||y;[|* < 1, and
that this supremum is equal to
n
sup‘z o[z, €]
i=1

taken over all orthonormal sequences (e;) in H and all sequences (a;) with 7" | Ja;|? < 1.
In its turn, this supremum is equal to

n 1/2
sup(Z [#i, €] )

=1

taken over all orthonormal sequences (e;) in H, and hence, finally, to ||(z;)||Z. Thus

—%(Z[%M) > [|(z0)l7

i=1
But this contradicts the fact that (x;) € (H", |- || )[1] Thus (i) holds.

For (i), we know that (H™, ||-|""*) = ¢3° ® H, and that the dual of the latter space
is /L ® H' = B(H, (}). By definition, the space (H™, 11 ,) can be identified with B(H,£L),
and so (ii) follows.

In conclusion, it follows that |- || = || | if and only if (S2) = (H™, p1,n)p1)- By
the previous lemma, this equality holds whenever S? = ex(H" 1)1 ™

We shall show that indeed S2 = ex(H", p1,n)p) when n = 2 or n = 3; thus, in these
cases, we have a description of the dual space of (H", y11 5, ), which may be of independent
interest.

4.3. Calculation of c;. We begin with an elementary result that shows that co = 1.
THEOREM 4.5. Let H be a complex Hilbert space. Then ||- |5 = || - | on H2.

Proof. It is sufficient to prove the result in the case where the dimension of H is at least 2.
Set L := (H?, 1, 2)[1], and recall that
p12(y1, y2) = sup{l[Ciyr + Gzl 1 G, € T (y1,v2 € H).
Let (y1,y2) € ex L. By replacing y; and ys by n1y1 and noy9, respectively, for suitable
n1,m2 € T, we may suppose that ||y; + y2|| = 1, and so
1 l* + llyal® + 2R(CColyrs w2]) < Nlwnll® + Nl + 2R[y1, y2] = 1

for each (1,2 € T. We have R(([y1, y2]) < R[y1, y2] (¢ € T), and so [y1, y2] > 0.
Assume towards a contradiction that [y1,y2] > 0.
Choose u € H with [Ju|| = 1 such that [y1,u] = [u, y2], and then choose ¢ > 0 with
2 < [y1, 2] Set wy = y1 + cu and wy = yo — cu. Then we have

lwil? + w2l = [y 1 + llyall* + 26
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because [y1, u] = [u,y2], and

R (G1Ca(lyr,y2] — &%) < [y, 4] — € = [wr, wo)
for each (1,(s € T because [y1,y2] — €2 > 0. Hence
[Gwr + Gwel|| < [lwr +w2| =1 (¢, €T),
and so (y1 + eu, Yy — eu) € L. Similarly, (y1 — eu, y2 + eu) € L. However
2(y1,42) = (y1 +eu, y2 — eu) + (y1 — eu, y2 +€u).

It follows that (y1,y2) is not an extreme point of L, the required contradiction.

We have shown that (y1,y2) € S3. Thus ex L C S3, and so L C (S2). This implies

that L = (S2) (and, by Lemma 3] we must also have ex L = S3.) m

4.4. Calculation of c¢3. Next we consider the case where n = 3. In fact, there is now a
difference between real and complex Hilbert spaces.

PROPOSITION 4.6. Let H be a real Hilbert space of dimension at least 3. Then || - H? and

|- 115 are not equal on H3.

Proof. Tt is sufficient to consider H to be the real 3-dimensional Hilbert space £2(R). Set
L= (H?, p13)p)-
For y1,y2,ys € H, we now have

p1,3(Y1, y2, y3) = sup{|[tiy1 + taye + t3ysl| : ti,ta, t3 € {£1}}.

Consider the vectors

1 1 1
— ——(1,0,0), - (1,1,0), - (~1,2,1).

We see that [y1,y2] = [y2,y3] = 1/11 and [y1,y3] = —1/11, and so

3
I +02+ 35l = 3 sl + 23l vl = 7O +2 - =1,
j=1 i<j
For each t1,ta,t3 € {£1}, we have t1ta—t1t3+1tots < 1, and so it follows immediately that
t1,3(y1, Y2, y3) = 1, showing that (y1,y2,ys) € L. Note that the expression t1to—t1t3+tats3
takes its maximum value of 1 when t; =3 =t3 =1, when t; =t =1 and t3 = —1, and
when t1 =1 and ty = t3 = —1.
We claim that y := (y1, Y2, y3) is an extreme point of L.
Assume towards a contradiction that there exists w € H® with u # 0 such that
ytu € L, say u= (uy,uz,ug), with uy,us,us € H.
Take t1,to,t3 € {£1} with t1to —t1t3+1tats = 1. Then clearly |[t1y1 +tay2 +t3ys] = 1.
However
[t (y1 + u1) + t2(y2 +uz) +t3(ys +us)|| < 1
and
[t (y1r — u1) +ta(y2 — u2) +t3(ys —uz)| < 1.

Since H is strictly convex, it follows that t1u; + tous + tzusz = 0. By taking the various
possibilities for tq,to,t3 such that t1to — t1t3 + tat3 = 1 specified above, we see that
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u1 +ug+uz = 0, that uq +ugs —uz = 0, and that u; —us —uz = 0. Thus uq1 = uy = ug =0,
a contradiction. Hence (y1, y2,y3) € ex L.

Since {y1,y2,ys} is manifestly not an orthogonal set in H, it follows that y is not in
the set S7, and so the two multi-norms are not equal. m

We shall now show that we obtain a different result from the above in the case where

max

H is a complex Hilbert space. Indeed || - Hf =|-|[3"" on each complex Hilbert space H.
But now the (elementary) calculations seem to be much more challenging.

LEMMA 4.7. Take (y1,y2,y3) € H3. Suppose that (&1,&,&3) € T3 is such that

16191 + &ay2 + Eaysl| = max{||myr + n2y2 + nsys|  (m1,7m2,m3) € T}
Then
Sl€1y1, S2v2] = S[62y2, E3y3] = S(E3ys, S191)-
Proof. We see that ||m1y1 + n2y2 + n3ys|| for (n1,m2,73) € T? attains its maximum at the
point (n1,m2,m3) = (€1, &2, &3) whenever
R(mm2ly1, y2]) + R273[y2, ys]) + R(sMilys, 1)
attains its maximum at (11, n2,73) = (£1,&2,&3).

Next set [y1,y2] = aexp(ia), [y2,y3] = bexp(i8), and [ys,y1] = cexp(iy), where
a,b,c >0 and «, 3,7 € R. Also, take t1,t2,t3 € R with n; = exp(it;) for ¢ = 1,2,3. Then
the fact that the real-valued function

F: (t1,ta,t3) — acos(ty —te + a) + beos(ta — t3 + B) + ccos(ts — t1 + )

attains its maximum at (¢1,to, t3) implies that

OF oF or
0= a—h(thtg,t?,) = 6—152(t1’t2’t3) = 8_t3,(t1’t2’t3)’

and hence that
asin(t; — t2 + «) = bsin(te — t3 + 5) = csin(ts — t1 + 7).
This gives the specified equations. m

In the following lemmas, A is the angle at the vertex A of the triangle ABC', and BC
is the length of the side from B to C, etc. In the first two lemmas, ABC is a triangle
(if such a triangle exists) with BC' = 1/a, CA = 1/b, and AB = 1/c¢, where a,b,c > 0.
Further, we shall consider the function

F:(r,s,t) = acosr+bcoss+ ccost, R3 - R.
LEMMA 4.8. Consider Fy to be the restriction of F' to the set
{(r,s,t) ER3:r+s+t=x (mod 2m)}.

(i) Suppose that the triangle ABC exists. Then Fy attains its mazimum at exactly two
points (r,s,t) = (A, B,C) or (r,s,t) = (—A,—B,—C) (mod 2).

(ii) Suppose that the triangle ABC does not exist and that a < b < c¢. Then Fy attains
its mazimum at exactly the point (r,s,t) = (7,0,0) (mod 27).

Proof. This is elementary. m



46 H. G. Dales et al.

LEMMA 4.9. Suppose that M # m (mod 27), and consider Fy; to be the restriction of F
to the set

{(r,s,t) ER3:7r+s+t=M (mod 27)}.
Then Fir attains its mazimum at exactly one tuple (r,s,t) (mod 27).

Proof. Without loss of generality, we may suppose that a < b < ¢. The case where M = 0
(mod 27) is obvious. Replacing M by M + 2k or 2km — M, if necessary, we may suppose
that 0 < M < 7. Note that the maximum of F; is at least

acosM +b+c>b+c—a>c.
Set

p = arcsin(a/b) and ¢ = arcsin(a/c),

so that we have the picture below.

Suppose that (r, s,t) is any point where Fs attains its maximum; say r, s,t € (—, 7.
We have seen that (r,s,t) must satisfy

asinr = bsins =csint aswellas r+s+t=M (mod 27). (4.1)

Set h = asinr. Then h # 0 and

/ h? h? / h?
cosr ==+\/1—-—, coss=%H4/1- -5, and cost=+4/1— —.
a b2 c2

Since a < b < ¢ and Fy(r, s,t) > ¢, we deduce that

h? h?
Ccos s = 176—2 and cost = 170—27
so that s = arcsin(h/b) and t = arcsin(h/c). In particular, we must have
sl<p and [t|<gq.
Assume toward a contradiction that A < 0. In the case where cosr > 0, we see that
r,s,t € [-m/2,0) and so r + s+t = M — 2x. This implies that
3m 7r
> ——-M>—.
Pra= 2
In particular, we must have 1/b%+1/c? > 1/a?, so that ABC is an (acute) triangle. Since
/2 <2m+r<m—s—1t<2m we see that

Fu(rys,t) = Fay(2m +1,8,t) < F(m—s —t,s,t) < F(A,B,C) < F(A', B', ("),
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where the second inequality follows from Lemma .8 and where A" € (0, 4), B’ € (0, B),
and C’ € (0,C) are such that A’ + B’ 4+ C’ = M (this is possible since 0 < M < 7). This
contradicts the assumption that Fj; attains its maximum at (r, s, t).

In the case where cosr < 0, we see that r € (—m, —7/2), whereas s,t € [-7/2,0), and
sor+s+t=M —2r. It follows that 7 > —r > M —m—r=mw+s+t >0, and so

Fu(r,s,t) < acos(m + s +t) + beos(—s) + ccos(—t) = F(m + s + ¢, —s, —t).

Choosing v € (0,7 +s+t), v € (0,—s), and w € (0, —t) such that u+ v+ w = M, which
is possible since 0 < M < m, the above implies that

Far(r,s,t) < Far(u,v,w).

This again contradicts the assumption that F); attains its maximum at (r, s, t).
Thus we must have h > 0, so that » € (0,7), s € (0,p], and ¢ € (0, g]. We consider
the following two cases.

Case 1: M < 7/2 + p + ¢. Assume toward a contradiction that cosr < 0. Then r €
(m/2,7), whereas s,t € (0,7/2], and so r+ s+t = M. Consider the function g defined by

gk)=m— arcsin(%) + arcsin(%) + arcsin(é) (0<k<a).

Then g(h) = M and g(a) = 7/2+p+q.  p+q > 7/2, then g(h) < 7 < g(a), and so there
exists k € (h, a] such that g(k) = 7. But this means that = —arcsin(k/a), arcsin(k/b), and
arcsin(k/c) are three angles of a triangle whose sides are 1/a, 1/b and 1/¢. In particular,
this implies that ABC is a triangle with A > /2, so that 1/a? > 1/b%4+1/c?, which means
that p + ¢ < 7/2. Thus we must have p + ¢ < 7/2 anyways, so that 1/a% > 1/b% +1/c2.

We see that
1 1 1

(k) = — + + ,
g (k) Va2 — k2 Vb2 —k2 Ve — k2
and, for k € (0,a), since 1/a? > 1/b% + 1/c?, we have

(k) = — k N k N k
(a2 — k2)3/2 T (52 — k2)3/2 " (2 — k2)3/2
k/a? k/v? k/c?

T eert T et e <0
() (%) (%)

Note that ¢’(0) > 0 and ¢'(a) = —oco. So we see that there exists a unique ko € (0, a) such
that ¢'(ko) = 0, g is strictly increasing on (0, ko), and g is strictly decreasing on (kg, a).
In particular, since h € (0,a), we must have M = g(h) > min{g(0),¢(a)} = 7/2 +p+gq;
a contradiction of the assumption of Case 1.

Thus we must have cosr > 0, and so r, s,t € (0,7/2]. Hence (r, s,t) must be the unique
triple («, 8,7) that satisfies () and such that «, 8,y € (0,7/2] (see the picture).

Case 2: M > w/24 p+ q. In this case, there exists no triple (a, 3,7) that satisfies ({1
and such that «, 5,7 € (0,7/2], and so r € (7w/2,n]. It follows that r + s+t = M. We
also see from the assumption that p + q < /2, so that 1/a? > 1/b% + 1/c?. Consider
the function g defined as in Case 1. Then g(h) = M. We again find a unique kg € (0, a)
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such that g is strictly increasing on (0, kg), and g is strictly decreasing on (kg,a). Since
gla) =7/24+p+q <M < ¢g(0) =7, h is the unique point | € (ko, a) such that g(I) = M.
This shows that (r, s, t) is the unique triple (mod 27) at which Fj; attains its maximum. m

We summarize the above lemmas in the setting of our problem as follows.
Let (y1,y2,y3) € L, where L = (H3,u1,3)[1]. For (n1,m2,m3) € T3, set

N(n1,m2,m3) = [Imyr + n2y2 + nsys|
and
E(n,m2,m3) = ROmz2[y1, y2]) + R(027s[y2, ys]) + R(nsiilys, v1]),
so that N and F attain their maxima at the same tuple(s) (11, 72,73).

We shall now use square-bracket notation [1y, 12, 73] to denote the class of all tuples
(Cm,¢n2,¢n3) (¢ € T); we shall also call [n1,72,13] a ‘tuple’, with the understanding that
we are identifying all those [(71, (12, (n3] for which ¢ € T.

Set

a=ly,v2ll, b=Ily2,usll, c=1[y1,92]],
and then set M = arglyy, yo] + arg[yz, ys] + arglys, y1].

Suppose that a,b,c¢ > 0. Then, by the previous three lemmas (and inspecting their
proofs as well), we have max F'(n1,72,m3) > max{a,b,c}, and there are the following
cases:

I. M =0 (mod 27): N attains its maximum at the unique [¢1, &, €3] in T3 satisfying the
conditions that &1&5[y1, ] > 0, that £2€3[y, y3] > 0, and that £3&;[y3, 1] > 0. (Actually,
if any two of these inequalities hold, then the third must also hold.)

II. M = 7 (mod 27) and 1/a, 1/b, and 1/c are the sides of a triangle: N attains its
maximum at those [¢1, &2, &3] in T3 such that

S(&1&alyr, va]) = S(&&sly2, ys]) = S(Es&ilys, m]) = k # 0.

There are exactly 2 such tuples [£1, &2, &3], and, moreover, for one such tuple, &k > 0 and,
for the other, k£ < 0.

III. M = 7 (mod 27) and 1/a, 1/b, 1/c cannot be the sides of any triangle: N attains
its maximum at the unique [¢1, &2, &3] in T3 such that
S(&1&alyr, y2)) = S(&8sly2, ys]) = S(&s&ilys, y1]) = 0.
IV.0 < M < 7 (mod 27): N attains its maximum at the unique [£1, &2, &3] in T2 such
that
S(&i&yr,v2]) = S(E8slys, y3]) = S(&s&ilys, vi]) = k > 0.

V.7 < M < 27 (mod 27): N attains maximum at the unique [£1, &2, €3] in T3 such that

S(&&lyr, y2)) = (&2, ys]) = S(&&lys, yi]) = k <0.

Now take (y1,¥2,y3) € L, and suppose that N attains its maximum on T3 at the
point (£1,&2,&3) € T3. Consider the elements u = (u1, uz,u3) € H? with u # 0, if any,
such that

(y1 + eur,ya2 + eug,ys +cus) € L
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for e = —1 and € = 1, and hence, by convexity, for all € € [—1,1]. Since

§1y1 + &aya + E3ys € ex Hyy,
it follows that & uy + Eaus + E3us = 0. So, for each € € [—1, 1], the function

(11,m2,m3) = |Im1(y1 + eur) +na(y2 + eus) + n3(ys +cuz)|l, T? — RF,

also attains its maximum at (&1, &2, &3). Lemma [£7] then implies that

S(&&lyr + eur, yo + cua)) = S(&8sly2 + cu, ys + eus)) = (& [ys + eus, y1 + ew]).

Since &1u1 + Eaug + E3ug = 0, the coefficients of €2 are equal. Comparing the coefficients
of £, we see that the above equalities are equivalent to

[wi, 191 +Eay2 +&3y3] =0 (1 =1,2,3).

THEOREM 4.10. Let H be a complexr Hilbert space. Then ex(H?, P13 = S2, and
1115 = [ 1I5™ on HP.
Proof. Tt is sufficient to consider only the case where H has dimension at least 3.

Let (y1,92,y3) € exL, where L = (H3,u173)[1] as before. For (ny,m2,m3) € T3, we
define N(n1,m2,7n3) and F(n1,7n2,m3), and then a,b, ¢, M, as before.

Suppose that N attains its maximum, which is 1, at [£1, &2, &3] in T3, Let (uq, uz, us)
in H3 be non-zero and such that

§1ur + §ouz + §3uz =0
[ui, 191 + &ay2 + &§3y3] =0 (7 € N3).

In the case where N attains maximum at another (different) tuple [¢1, (2, (3] in T3, we
require, further, that (u1,us,us) also satisfies

Crur + Couz + Czug =0
(i, Gy + Coy2 + (3y3] =0 (i € N3).

It is easy to see that such (u1,ug,u3) always exists.
For each € € R, set y; - = y; + cu;. For (n1,m2,n3) € T3, set

Ne(n1,m2,13) = |[my1,e + M2y2,e + N3Ys,
and
Fo(n1,m2,m3) = R(mmz[yre, y2.e]) + R(02m3[v2,6, y3.e]) + R(nsilys,e, y1.e))-
Finally, set
a: = |[yre, v2.el [, be =[[y2.0,u3.] |, e =|[ys,esv1.e]
and set M = argly1 e, Yo.c] + argyz.c, Ys.e) + arglys.c, y1,c]. Then we see that
Ne(€1,€2,83) = Ne(C1, G2, G3) = 1,
and, from the discussion preceding this theorem, we have
S(61&2lyr.e,y2.e]) = S(&a8slyae, Ys.e]) = S(Es&ilyse, yre]) = e
S(C1G2lyr,er v2,e]) = S(CCalyz,e, ys.e]) = S(CsCilys,es yr.e]) =: Je.

(The above equalities about [(1, (2, 3] are considered only when the relevant tuple exists.)
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First, we claim that, in the case where both Iy = 0 and F(&,&2,&3) > 0, for |¢|
sufficiently small, the sign of I. and the sign of

S([y1,e, 2. Y2, Ys el Ws,es Y1,e)) = S(E1&a[yn,e, Y2, )2E3 2,0, Y3, 63&1 [Y3.0, Y1)

are the same. Indeed, since Iy = 0, this can be verified by considering the cases where
the coefficients of € or €2 in I, are non-zero. This claim implies that, in the case where
both Iy =0 and F(§1,§2,§3) > 0:

(i) 0 < M. < 7 (mod 27) implies that I, > 0;
(ii) 7 < M. < 27 (mod 27) implies that I. < 0;
(i) M. =0 or 7 (mod 27) implies that I. = 0.

Assume toward a contradiction that a,b,c¢ > 0. Then, for || sufficiently small, we
have a.,b.,c. > 0. As discussed above, there are five cases:

Case 1: (y1,y2,ys) falls in class I. Then, for sufficiently small ||, we also have

%(élg[yl,aﬁyleb > 07 %(525_3[?42,5; yS,s]) > 07 %(535_1[113,57%}5]) > 0;
F.(&,&2,&3) > max{as,be,cc},  and M. is ‘close’ to 0 mod 2.

By the claim, if 0 < M, < 7 (mod 27), then I, > 0, so that (y1 ¢, Y2, ¥3,c) belongs to class
IV, and N, attains its maximum at [£1,&2,&3]. If 7 < M. < 27 (mod 27), then I, < 0,
so that (y1,Y2,6,¥3.:) belongs to class V, and N, attains its maximum at [£1, &2, &3).
Finally, if M, = 0 (mod 27), then I. = 0, so that (y1.,¥y2e,¥s3,) belongs to class I,
and N, again attains its maximum at [{1, &2, &3]. Thus we always have (Y16, Y2.¢,Y3.) € L
for |e| sufficiently small, and so (y1,y2,y3) cannot be an extreme point of L.

Case 2: (y1,¥2,ys) falls into class II. Suppose that Iy > 0 and Jy < 0. Then, for
sufficiently small ||, we also have

1/a.,1/bs,1/c. are the sides of a triangle, I. >0, J. <0,
FE(§15527£3) > max{a&‘a bEa Cs}a FE(Cla C27<3) > HlaX{a,;-, bEv CE}7

and M, is ‘close’ to m mod 2.

If 0 < M. < m (mod 2n), then (Y1.6,Y2,,Y3,) belongs to class IV, and N, attains
its maximum at [£1,&2,&3]. If 7 < M. < 27 (mod 27), then (yi1., Y2, ¥s3.c) belongs to
class V, and N, attains its maximum at [(1, (2, (3]. Finally, if M, = 7 (mod 27), then
(Y1,6,Y2.e,Y3,e) belongs to class IT, and N, attains its maximum at both [&1, &2, &3] and
[C1,C2,(3]. Thus we always have (y1,e,¥26,¥3) € L for |e| sufficiently small, and so
(y1, Y2, y3) cannot be an extreme point of L.

The other cases where (y1,ya2,ys) falls into classes III, IV, V can be covered by
similar arguments to obtain contradictions.

Thus we have proved that one of a,b,c must be 0. Say a = 0. Assume toward a
contradiction that b,c > 0. Then we see that N attains its maximum at the unique
[€1,&2,&3] in T3 such that &&3[ya,y3] > 0 and &3&[y3, y1] > 0. We also see easily that
F(&,&,&) > max{a = 0,b, c}. If a. = 0, then obviously, when |¢| is sufficiently small N,
again attains its maximum at [&1,&2,&3], and so (Y1.e,Y2,6,¥3.c) € L, hence (y1,y2,ys3)
cannot be an extreme point of L. So a. # 0 for sufficiently small |¢|. Again, we can argue
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as above, checking (y1 ¢, Y2.c, y3,c) against each of the classes I and ITI-V (we can avoid
class IT) and the case where [y1 ¢, y2.c] = 0 to arrive at a contradiction.

Now we have proved that two of a, b, or ¢ must be 0. We can now argue as above to
show that all a, b, c are 0. Hence (y1,y2,y3) € S3.

Thus we have proved that ex L C S%. This implies that L C (S3) C L. Hence ex L = 53
and the proof is complete. m

4.5. Calculation of c,. We can give some information about the constant c,.

THEOREM 4.11. Let H be a complex Hilbert space of dimension at least 3. Then || - HnH is

not equal to || - || on H™ for every n > 4.

Proof. 1t is sufficient to consider the case where n =4 and H = (3. Set L := (H*, 1 4)1).
Set 1 = (1,0,0), 22 = (—1,2,0), 23 = (-1,—1,3), and 24 = (=1, —1, —1). Then we have
[z;,2;] = —1 for every 4,5 € Ny with i # j. For each (£1,&2,&3,&) € T, we have
RY &g > -2,
1<j
with the minimum attained at those (£1,&s,€3,&4) € T? for which & + -+ + & = 0, and
so it follows that the function
(51752353;54) = ||£11'1+"'+§41'4”7 T4 %Ra

attains its maximum at each (&1, &2,€3,&4) € S, where we set

S = {(51752353754) S T4: 51 + - —|—§4 = 0}
= {(€1,&9, =&, —&) and (&1, &, —E9, —€1) 1 &1,&0 € T}

Let y = (y1,...,y4) be a scaling of (z1,...,24) such that p1 4((y1,...,%4)) = 1. In
particular, y € L\ S7. We also have

IE1yr + -+ &aya|| < 1

for every (£1,&s,€3,&4) € T4, and the equality is attained whenever (£, &2,63,&4) € S.
Suppose that w = (u1,...,us) € H?* is such that y £ w € L. Then, for every
(€1,&9,63,&4) € T* and every € € [—1,1], we have

161 (y1 +eur) 4+ - 4 Ea(ya +eug)|| < 1.

In particular, for each (£1,&2,&3,84) € S, since &1y1 + -+ - + €44, being of norm 1, is an
extreme point of Hp;), we obtain

flul ++§4U4 :0
This implies that u; = --- = uq =: u.
Fix an ¢ € R with |¢| sufficiently small so that a;,b; > 0 and A;, B; € (7/2,37/2)
(i € N3) can be chosen to satisfy the following equations:
a;exp(id;) = [y +eu,ya +eu]  (1=1,2,3), brexp(iB1) = [y2 + eu, y3 + €u],
by exp(iBs2) = [ys + eu,y1 + eul, and bsexp(iB3) = [y1 + eu, y2 + cul;
this can be done since [y;,y;] < 0 for every ¢,j € Ny with ¢ # j. Using

& =exp(ioy) (1€Ng), and & =1,
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the previous paragraph then implies that the function f : R — R defined by
flaq, ag, as) :=aj cos(ag + A1) + ag cos(ag + Az) + as cos(asg + As)
+ by cos(ae — a3 + By) + by cos(ag — ag + Ba) + bz cos(a; — as + Bs),

attains its maximum at (o, 7, 4+ 7) and (7, «,a + ) for every a € R. In particular,
these triples must be solutions of the equations

0= %(OéhCY%CYS) = %(0&1»@2,@3) = 87‘3(011,0427013)
This implies that A; = B; =7 (i € N3) and a1 = a2 = a3 = by = by = bs.

Thus we have shown that, for each ¢ € R with sufficiently small |¢], all the numbers
[yi+5u7yj +€u] (%]EN%@#])

are equal to the same negative real number. Thus, the numbers
[yisul + [w,y;] (6,7 € Ny, i # j)

are all equal, and since y = (y1,...,y4) is a scaling of (x1,...,x4), we deduce that
[u, 1] = [u, 23] = [u, 3] = [u, 24].

Solving these linear equations, we obtain w = 0. This implies that y is an extreme point
of L. Hence S? C exL, and so || - |3 # || - |7* on H*. =

The above calculation shows that 1 < ¢4 < ¢, < 2/y/7 for all n > 4. However, we
have not calculated the actual value of ¢4, or of any ¢, for n > 4.
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