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Abstract

We modify the very well known theory of normed spaces (E, || - ||) within functional analysis by
considering a sequence (|| - || : n € N) of norms, where || - ||, is defined on the product space E™
for each n € N.

Our theory is analogous to, but distinct from, an existing theory of ‘operator spaces’; it is
designed to relate to general spaces L? for p € [1, 00|, and in particular to L'-spaces, rather than
to L2-spaces.

After recalling in Chapter 1 some results in functional analysis, especially in Banach space,
Hilbert space, Banach algebra, and Banach lattice theory, that we shall use, we shall present
in Chapter 2 our axiomatic definition of a ‘multi-normed space’ ((E",|| - ||») : n € N), where
(E,|l - II) is a normed space. Several different, equivalent, characterizations of multi-normed
spaces are given, some involving the theory of tensor products; key examples of multi-norms are
the minimum, maximum, and (p, ¢)-multi-norms based on a given space. Multi-norms measure
‘geometrical features’ of normed spaces, in particular by considering their ‘rate of growth’. There
is a strong connection between multi-normed spaces and the theory of absolutely summing
operators.

A substantial number of examples of multi-norms will be presented.

Following the pattern of standard presentations of the foundations of functional analysis,
we consider generalizations to ‘multi-topological linear spaces’ through ‘multi-null sequences’,
and to ‘multi-bounded’ linear operators, which are exactly the ‘multi-continuous’ operators. We
define a new Banach space M(E, F) of multi-bounded operators, and show that it generalizes
well-known spaces, especially in the theory of Banach lattices.

We conclude with a theory of ‘orthogonal decompositions’ of a normed space with respect
to a multi-norm, and apply this to construct a ‘multi-dual’ space.

Applications of this theory will be presented elsewhere.

2010 Mathematics Subject Classification: Primary 43A10, 43A20; Secondary 46J10.

Key words and phrases: Banach space, tensor products, Banach algebra, Banach lattice, AL,-
space, AM-space, positive operator, regular operator, Dedekind complete, Riesz space, Nak-
ano property, multi-norm, multi-Banach space, dual multi-norm, maximum multi-norm, min-
imum multi-norm, matrices, tensor norms, condition (P), summing norms, weak p-summing
norm, (p, q)-multi-norm, standard g-multi-norm, summing constant, multi-topological linear
space, multi-null sequence, multi-bounded set, multi-bounded operator, multi-continuous op-
erator, extensions of multi-norms, hermitian decomposition, small decomposition, orthogonal
decomposition, multi-dual space, multi-reflexive.
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1. Introduction

In this introductory chapter, we shall recall some background that we shall require, and
establish our notation; many of the results are well known. We shall conclude the chapter
with a summary, with some history of our project, and with some acknowledgements.

1.1. Basic notation. We begin by recalling some standard notation that will be fixed
throughout this memoir.

1.1.1. Sets and sequences. We write N, Z, and Z* for the three sets {1,2,...} of
natural numbers, {0,+1,42,...} of integers, and {0,1,2,...} of non-negative integers,
respectively. For each n € N, we denote by N,, and Z." the sets {1,...,n} and {0,1,...,n},
respectively. Also, we denote by &,, the group of permutations on n symbols; we write
Gy for the group of all permutations of N.

The real field is R, and RT = [0, c0); the unit interval [0,1] in R is denoted by I. The
complex field is C; the open unit disc in C is always denoted by D = {z € C : |z| < 1},
and its closure is D = {z € C : |z| < 1}, the closed unit disc. We write [z] for the integer
part of z € RT.

For i € N,,, the i*" coordinate functional on C"™ or R" is denoted by Z;, so that

Zi: (21, -y 2n) — 2z, C"—C.

The cardinality of a set S is denoted by |S|, and the symmetric difference of two sets
Sand Tis SAT.

The space of all complex-valued sequences on N is CN, and we often write (a;) for
a=(a;:i €N)cC"N Let a, 3 € CN. Then:

e a = O(p) if there is a constant K with |o;| < K|G;| (¢ € N);

e a = o(f) if, for each £ > 0, there exists igp € N with |o;| < |85 (i > ip);

e a~ fif @ = 0(F) and B = O(a), in which case o and (3 are said to be similar
sequences.

1.1.2. Inequalities. We shall use various inequalities; for an attractive discussion of
many inequalities in related areas, see [31].
Take p with 1 < p < co. Then the conjugate index to p is g, where

1 + 1 e ]_;

p q
we also regard 1 and oo as being conjugates of each other; later we shall sometimes denote
the conjugate of p by p’. We shall interpret (af 4 --- + a2)'/9, where ay,...,a, € RT,
as max{ay,...,a,} when ¢ = oo.

(7]



8 1. Introduction

First, an easy form of Holder’s inequality gives the following. Let p,q € [1,00] be

conjugate indices. Then, for each n € N and each z1,...,%n,91,.-.,yn € C, we have
n i 1/p 1 & 1/q
>l < (3 losl?) (D wil) (1.1)
j=1 j=1 j=1
Now take a1,...,a, € R and r,s with 1 < r < s. Then (in the case where r < s) we

apply (L.1) with z; = o and y; = 1 for j € N,, and with p = s/r and ¢ = s/(s —7) to
see that

1
e @ 4 d YT < (e 4 g\
nl/r (a’l + + a’n) < nl/s (al + + a’n) . (12)
For k € N with k > 2, set ¢ = exp(2wi/k), so that 1 + ¢* 4 --- + ¢*+=D = 0 for

+t € Ni_1, and then take (q,...,(x € C and set
k
Zi=» (CY (i €Ng).
j=1

LEMMA 1.1. Let k € N, and let ¢ € [1,2].

(i) Take (1,...,¢k € C with Zle |G;|? = 1. Then Zle |zi|* = k and
k 1

(Z ‘Zi|q> a < kY,

i=1

(ii) Take C1,...,Ck € T. Then Zle |zi|? = k% and

u 1/q
(52 ) " < s
i=1

Proof. For r,s € N}, with r # s, the coefficient of (,.(, in the expansion of Zle ziZi 1s
Zle ¢%, where t = r — s, so that |t| € Ny_;. Hence this coefficient is 0. For € Ny, the
coefficient of (,.¢, in the expansion is k, so that Zle |22 = ka:I |¢;|?, and this is k
in case (i) and k? in case (ii), giving the equalities in the two results. The subsequent
inequalities follow from (1.2). m

1.1.3. Linear spaces. Let E be a linear space over the real or complex field. In fact,
we shall usually implicitly assume that E is taken over the complex field C; small modi-
fications usually give the same result for spaces over the real field R, but at a few points
it will be important to specify the underlying field. Note that a linear space E over C
can be regarded as a linear space over R by restricting the scalars to R; we obtain the
underlying real-linear space.

A real-linear space V has a standard complexification of the form E =V @iV, where
(a+if)(x+1iy) = ax — Py +i(Bzr+ay) for o, 3 € R and z,y € V, so that E is a complex
linear space; we set Eg = V.

The dimension of E over the underlying field and the linear subspace spanned by a
subset S of E are denoted by

dimFE and linS,

respectively.
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Let F and G be linear subspaces of a linear space E. Then we set
F+G={ax+y:xz€F, yeG}

so that F' 4+ G is a linear subspace of E; further, we write £ = F & G if FNG = {0}
and '+ G = E. More generally, let Eq,...,E, be linear subspaces of E such that
Ei+---+ E, =F and E; N E; = {0} whenever i, j € N,, with ¢ # j. Then we write

E=FEi & &E,;

this is a direct sum decomposition of E. In this case, each z € F has a unique expression
as ¢ = x1+- -+, where z; € E; (i € N,,). Two direct sum decompositions F1 ®- - - B E,,
and F1 @ --- @ F, of E are equal if n =m and F; = E; (i € N,,).

Let E be a linear space. For x,y € F, define

[z,y] = {tz + (1 —t)y : t € I}
A non-empty subset K of a linear space E is convez if [x,y] C K whenever z,y € K.

The convex hull of a non-empty subset S of E is the intersection of the convex subsets
of E that contain S; it is denoted by co(.S), so that

n
CO(S) = {tll‘1+"'+tn$nit1,...,tn GH, th :1, L1,...,Tp € S}
i=1

The set of extreme points of a convex subset K of F is denoted by ex K, so that, for
x € K, we have x € ex K if and only if K \ {z} is convex.

Now suppose that E is a complex linear space. For a € C and a subset S of E, we
write aS = {ax : © € S}; S is absorbing if

U{aS:0<>O}:E,

balanced if aS C S (o € D), and absolutely convex if S is convex and balanced. Equiv-
alently, S is absolutely convex if ax + By € S whenever z,y € S and «a,( € C with
la| + 8] < 1. The absolutely convexr hull of a non-empty subset S of E is the intersection
of the absolutely convex subsets of E that contain S; it is denoted by aco(.S), so that

n
aCO(S) = {041.2?1 +FanTy Z |az| <L z,...,zn € S}v
i=1
where aq, ..., a, € C. In the case where S is balanced, aco(S) = co(S).
Let K be an absolutely convex, absorbing subset of the space E. Then the Minkowski
functional px of K, defined by
pr(z) =inf{a>0:2caK} (x€E),
is a seminorm on E; pg is a norm if and only if

({(/n)K : n € N} = {0}.
Of course, we have
{reFE:pg(x)<l}Cc K C{z€F:pk(z) <1}

Let S be a non-empty set. The linear spaces of all functions from S to C and R
are denoted by C® and R®, respectively; C¥ and R® are complex and real algebras,
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respectively, for the pointwise operations. There is an obvious ordering on the space R:
for each f,g € RS, we set f < g if f(s) < g(s) (s € S), so that (R®, <) is a partially
ordered linear space. Indeed, fg > 0 whenever f,g > 0in R®, and so (R®, <) is a partially
ordered algebra. For a subset F of R, we set

Ft={feF:f>0}.

The functions | f| and exp f, etc., for functions f,g € C°, and fVg and f Ag for functions
f,g € RS, are defined pointwise. For example,

(fVg)(s) =max{f(s),g(s)}, (fAg)(s)=min{f(s),g(s)} (s€09).
We then define the functions f* = fVv 0, f~ = (—=f) V0, and
fl=F"+f"=1V(=h),

sothat f = f* — f~ and f*f~ =0.
Let E be a linear space, and take n € N. Then we denote by E™ the linear space

n

——

Ex---xE,
where there are n copies of the space E. Thus E™ consists of n-tuples (z1,...,x,), where
Z1,...,T, € FE. As a matter of notational convenience, we regard the generic element
(1, The1,Y1,---,Ym) for k,m € N as (y1,...,ym) in the special case where k = 1,

and we write z, rather than (z), in the case where n = 1. The linear operations on E™
are defined coordinatewise. The zero element of either ' or E™ is denoted by 0. When
we write

0,...,0,z;,0,...,0)
for an element in E™, we understand that z; appears in the i*" coordinate, unless we say

otherwise. An element = of E™ is often written as either (x1,...,2,) or (z;). For each
x € E, the constant sequence with value x is the sequence (z) = (z,...,z) € E™.

DEFINITION 1.2. Let F be a linear space.

Taken € Nand k € N,,, and let (x1,...,2,) € E™. Then an element (yi,...,yx) € E¥
is a coagulation of (x1,...,x,) if there is a partition {S; : j € N} of N,, such that
y; =y {x; i € S;} for each j € Ni.

Let n,k € N, and take = (x1,...,2;) € E¥. Then

e = 2y, @ w21, x) € ETF
where there are n copies of each block (1, ..., z); =™ is the n*® amplification of x.

Let F be a linear space, and consider the space EN, which is also a linear space.
A generic element of EYN is often written as

x = (x;) = (x; : 1 € N);

the zero element of EY is 0 = (0,0,0,...), and, for z € E, the ‘constant sequence with
value " is again (z). Define ¢ : ¢ +— (2), E — EV, so that ((F) is a linear subspace of EV.
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1.1.4. Linear operators and matrices. Let E and F' be linear spaces. Then the linear
space of all linear operators from FE to F' is denoted by L(E, F'); we set L(E) = L(E, E).
The identity operator on E is denoted by Ig. Thus £(F) is a unital algebra with respect
to the composition of operators.

Now let V and W be real-linear spaces, and let T' be a real-linear map from V to W.
Set E=V @iV and F =W @ iW. The complexification Tt of T is defined by

Te(x+iy) =Tz +iTy  (z,y € V),
so that Tt is a complex-linear map from E to F'.
Let E be a linear space, and take m,n € N. Then we denote by M,, ,,(E) the linear
space of all m x n matrices with coefficients in E; also, we write M, (E) for M,, ,,(E).

We write M,, , and M, for M, ,,(C) and M,,(C), respectively. Let v € M,,(F) and
w € M,,(E). Then v @ w is the matrix in My, 4, (E) of the form

v 0
0 w|’
Let z = (z;;) € My, (E). Then the transpose of x is the matrix
i (Iﬂ) S anm(E).
Let E be a linear space, and take m,n € N. Then each element a € M,, ,, defines an
element of L(E™, E™) by matrix multiplication.
Let Eq,...,E, and F be linear spaces. Then the linear space of n-linear maps from
E; x -+ x E, to F is denoted by L™(FE1,...,E,; F).
Let E be a linear space, take n € N, and let S be a subset of N,,. For 2 = (z;) € E™,
we set

Ps(r) = (yi), where y;=um; (i €S)andy; =0 (i¢gS),
Qs(z) = (y;), where y;=uz; (i¢S)andy; =0 (i€S9).
Thus Ps is the projection onto S and Qg is the projection onto the complement of S.
Clearly Ps and Qg are idempotents in the algebra L(E™), and Ps+ Qg = Ig». Also, for
1 € N, we set
Pl(ZL') = (0,...,0,.%1',0,...,0),
Qi(z) = (z1,. ., 21,0, T441,. ..
so that Pi = P{z} and Qi = Q{z}
We conclude this section by defining more formally some operators that will be im-

,xn)} (z = (21,...,2,) € E"),

portant for us.
DEFINITION 1.3. Let E be a linear space, and take n € N. For o € G,,, define
As() = (To1), -+ 1 Tom)) (v =(21,...,2,) € E").
For a = (a;) € C", define
My (x) = (ayz;)  (z=(21,...,2,) € E").
Let E and F be linear spaces, and let T' € L(E, F'). For n € N, define
T . (x1,...,xp) — (Tx1,...,Tx,), E"—F" (1.3)
T is the n'* amplification of T.
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Thus we see that A, € L(E™) for each o € &, that M,, € L(E") for each a € C",
and that 7 € L(E™, F").

1.2. Banach spaces and Banach algebras. We recall some basic facts about Banach
spaces and algebras that we shall use.

1.2.1. Banach spaces and operators. For attractive introductions to Banach space
theory, see [6l, [8, 54, [74], for example; standard and beautiful classical texts on functional
analysis are [27] and [65]. Most of the results on these topics that we shall use are
summarized in [16], Appendix A.3].

Suppose that (E, || - ||) is a normed space (over a scalar field K, always taken to be R
or C). We denote by Ef,j the closed ball in E' with centre 0 and radius r > 0. We recall
that each Ej,) is an absolutely convex, absorbing, and closed neighbourhood of 0. We also
denote by Sg the unit sphere of E, so that

Sg={z€E:|z| =1}
We shall later consider direct sum decompositions of a Banach space E, say
E=FE® - F,.

In this situation, we shall always suppose that each of the linear subspaces E1, ..., E, is
closed in E.
A sequence (z,, : n € N) in a normed space F is a null sequence if

lim x, = 0;
n—oo

the subspace of EN consisting of all null sequences in E is denoted by cq(E).

The dual space of a normed space (E, || - ||) is denoted by E’; the action of A € E' on
x € E gives the number (z, ). We shall sometimes denote the dual norm on E’ by || -||'.
The second dual space of E is denoted by E”, and the action of ® € E” on A € E’ gives
(®, A\) in our notation; we shall sometimes denote the dual norm on E” by || - ||”. The
canonical embedding 1 : E — E" is defined by the equation

(t(x),A) = (z, A)  (z€E, A€ E),

so that ¢ is an isometry; the space E is reflerive if ¢ is a surjection. In fact, we shall
usually identify x with +(z) and sometimes write || - || for the second dual norm on E”.

The weak topology on F is denoted by o(FE, E’), the weak-* topology on E’ is o (E’, E),
and the weak-* topology on E” is o(E", E’), so that (E',c(E’, E)) is a locally convex
space whose dual space is E. Of course, by Goldstein’s theorem, Epyy is o(E"”, E')-dense
in Eﬁ], and, by the Banach—Alaoglu theorem, E[’l] is o(E’, E)-compact.

For a subset X C E, we define its annihilator X° to be

X°={A€E:{(x,\)=0 (x € X)}.
Evidently X° is a o(FE’, F)-closed linear subspace of E’.

A form of the Hahn—Banach separation theorem [65, Theorem 3.7] is the following.
Let (E, 7) be a locally convex space. Suppose that S is a closed, absolutely convex subset
of E and that xyp € FE \ S. Then there exists A\ € (E,7)" such that (zg, A) > 1 and
[(z, )] <1 (z€9).
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Let E and F be normed spaces. We denote by B(E, F') the normed space (with respect
to the operator norm) of bounded linear operators from F to F; B(E,F) is a Banach
space whenever F' is a Banach space. Let T € B(E, F). Then we denote the operator
norm by ||T|| or, occasionally, by

|IT:E— F|.
We set B(E) = B(E, E), so that B(E) is a unital normed algebra. A map T' € B(E, F')
is an isometry if | Tz|| = ||z|| (x € E); T is a contraction if |[Tz| < |z|| (x € E); T is an

isometric isomorphism if T is a bijection and T and T~' are isometries.

Let E and F be two Banach spaces. The space E is linearly homeomorphic, or iso-
morphic, to F if there exists a bijection T € B(E, F) (so that we have T~! € B(F, E));
such a map T is a linear homeomorphism or an isomorphism. In this case, we write

E ~ F,
the Banach—Mazur distance from E to F' is
d(E,F) = inf{||T||||T~|| : T € B(E, F) is an isomorphism};

see [0, Definition 7.4.5], for example. The space FE is isometrically isomorphic to F if
there is an isometric isomorphism T' € B(FE, F'), so that d(E, F) = 1; in this case, we
shall write

E>~=F

For \g € E' and yg € F, set
y0®)\011"—><$, )\0>y0, E — F.

Then yo ® Ao is a rank-one operator in B(E, F) with ||yo ® Xo|l = |lyoll | Xo]|, and each
finite-rank operator in B(E,F) is a finite sum of such operators. The linear subspace
of B(E,F) consisting of the finite-rank operators is denoted by F(E, F). An operator
T € B(E, F) is nuclear if it can be expressed in the form T' = >"7° y; ® A;, where ();)
is a sequence in E’, (y;) is a sequence in F, and

o0
D Myl Ixil] < oo;
i=1

the nuclear norm v(T) of the operator T is defined to be the infimum of the specified
sums Yoo [lys| [|As]]- In particular,

v(yo @ o) = llyo @ Aoll = llyoll Aol (Ao € E', yo € F).

The space of nuclear operators is denoted by N (E, F); (N (FE, F),v) is a Banach space
when F and F are Banach spaces, and F(E, F') is dense in (N (FE, F),v).

The closure of the space F(E,F) in (B(E,F),| - ||) forms the closed subspace of
approzimable operators. The spaces of approximable and compact operators from E to
F' are denoted by

A(E,F) and K(E,F),

respectively. In the case where F' = FE, we write F(FE), N(E), A(F), and K(E) for
F(E,E), N(E,E), A(E,E), and K(FE, E) respectively; each of these is an ideal in the
normed algebra B(E).
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For T € B(E, F), the dual operator T" of T is defined by the equation
(x, T'\) = (Tz, \) (x€E,XeF)

we have T' € B(F', E’) and ||T’|| = ||T||. The dual of an isometry is also an isometry.

A closed subspace F' of a Banach space E is complemented if there is a projection
P € B(E, F) with P(E) = F, and A-complemented (for A > 1) if there is a projection P
of E onto F with ||P| < A.

We shall sometimes use the following Principle of Local Reflexivity, proved in [6]
Theorem 11.2.4] and [66, Theorem 5.54], for example.

THEOREM 1.4. Let E be a Banach space, let X and Y be finite-dimensional subspaces of
E" and E', respectively, and take € > 0. Then there is an injective, bounded linear map
S : X — E with the following properties:
(i) Sz=z (€ XNE);

(i) (S(A), A) = (A, X) (A€ Y, A € X);
(i) (1—2)[A] < [SA)] < (1+2)[A] (A€ X). m

Let E4,...,E, and F be normed spaces. Then the space of bounded n-linear maps
from Eq X - -+ x E, to F is denoted by B"(E1, ..., Ey; F). This is a normed space for the
norm || - || defined by

1Tl = sup{[|T'(z1, ..., zn)|l : z; € (Ej)p), J € N}

for T € B*"(Ex,...,FEy; F), and it is a Banach space whenever F' is complete.
1.2.2. Tensor products. Let E and F be linear spaces. Each element of the (algebraic)
tensor product ' ® F has the form Z;’;l r; ®y; for some m € N, zq,...,x,, € F, and
Y1, --.,Ym € F; such a representation is not unique.

Let G be a third linear space. For each bilinear map T : E X F' — G, there is a unique
linear map 7' : £ ® F' — G such that

Ty =T(z,y) (xek yel).
Let S € L(F) and T € L(F). Then there exists a map S® T € L(E ® F) such that
ST (zrey)=SrxTy (reE yecF).
Now suppose that F and F are normed spaces, and that || - || is a norm on the linear
space E® F. Then || - || is a sub-cross-norm if
le@yll <lzllllyll (zeE,yeF)
and a cross-norm if

le @yl = llzll lyll (€ E,yeF).

Further, a sub-cross-norm ||-|| on E® F is a reasonable cross-norm if the linear functional
A® i is bounded and [[A® u|| < || Al ||p]| for each A € E' and p € F’. For these definitions
and the properties stated below, see [25, §VIIL 1] and [66] §6.1].

ProproOSITION 1.5. Let E and F be normed spaces. Then each reasonable cross-norm on
E® F is a cross-norm, and

X@pull = [IAHlell - (A€ B, peF). m
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The projective norm || - || on E® F is defined by

2l = inf {3 Jaill lyill : 2 = Y wi @y € Eo F),
i=1

i=1

where the infimum is taken over all representations z = Y ;- x; ® y; of z € E ® Fj;

(E® F,| - ||+) is then a normed space, and its completion
(EQF | |x)
is the projective tensor product of E and F'. We note that
[z @yllx = llzlllyll  (z€E,yeF), (1.4)
so that || - ||» is a cross-norm on E ® F. In fact, || - || is a reasonable cross-norm, and

Izl < ||lz]lx (2 € E® F) for each reasonable cross-norm || - || on £ ® F'. The key property
of this tensor product is the following.

ProOPOSITION 1.6. Let E, F, and G be three Banach spaces. Then, for each bilinear
operator T € B(E, F;G), there exists a unique linear operator T € B(E® F,G) such that

T(zoy)=T(r,y) (ze€EB,yeF),
and the map T +— f, B(E,F;G) — B(E®F,G), is an isometric isomorphism. m
Let F and F be two Banach spaces. For p € (E® F)’, define T, by
(y, Tyw) = @@y, p) (x€ B, yel)
Then T,z € F' (x € E), T, € B(E,F’), and the map
s T (E&F) - B(E,F),
is an isometric isomorphism, and so
(EQ F) =~ B(E,F'). (1.5)
Let F and F be normed spaces over a field K. For x € E and y € F, set
Toy(A\p) = (@, NNy, ) (NEE, peF),
so that T, € B(E', F';K); the map
(@,y) = Toy, ExF—B(E, F;K),
is bilinear. There is an injective linear map ¢ : E® F — B(E’, F’;K) such that
Wez@y) =Ty (weE,yek),

and so we may regard E ® F' as a linear subspace of B(E’, F’;K). The injective norm
I |lc on E ® F' is the norm inherited from B(E’, F’;K), and so

lzlle = Sup{‘Z(M, My, p)|t A E Efu’ e F[/u},
i=1

for any representation z = Y/~ | 2;®y; of z € EQF. The closure of EQF in B(E', F';K),
denoted by

(ESF ),
is the injective tensor product of EZ and F. We note that
lz®@ylle =zl llyll (z€E,yeF), (1.6)
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so that || - || is also cross-norm on E ® F. In fact, || - || is a reasonable cross-norm, and
Izl < ]lz]l (z € E® F) for each reasonable cross-norm || - || on E ® F.
It is shown in [66, Proposition 6.1] that a norm ||-|| on E®F' is a reasonable cross-norm
if and only if
Izlle <Mzl <zl (€ E®F). (L.7)

1.2.3. Direct sum decompositions. Let (E,| - ||) be a normed space, and suppose
that E = E1 & --- ® E}, is a direct sum decomposition of E, where E1,..., . are closed
subspaces of E; we allow the possibility that E; = {0} for some j € Nj. We say that the
decomposition has length k in this case. Thus each element x € E has a unique expression
as & = 1 + - - + &, where 2; € E; (j € Ny). The decomposition is trivial if E = E; for
some j € Ni. We write P; : E — E; (j € Ny) for the natural projections.

Now suppose that E = E1 @ --- @ Ej is a Banach space. Then, for each j € N, the
map P; is continuous, and is regarded as a member of the Banach space B(E, E;). It is
not necessarily true that || P;|| < 1.

DEFINITION 1.7. Let (E, || -||) be a normed space, and consider a family K of direct sum
decompositions of E. The family K is closed provided that the following conditions are
satisfied for each k € N:

(Cl) E;y® -+ ® Eqry € K whenever £, @ --- @ Ep € K, 0 € 6, and k € N;
(C2) FRE;® -+ E, €K whenever E1 - @ Ep, € K, F=FE; ® Ey, and k > 3;
(C3) K contains all trivial direct sum decompositions.

It follows from (C3) that, for each k € N, there exists an element of K with length k.

For example, the families of all direct sum decompositions and of all trivial direct sum
decompositions of F are closed families.

We see immediately that the intersection of a collection of closed families of direct sum
decompositions of a normed space is also a closed family of direct sum decompositions.
Thus the following notion is well-defined.

DEFINITION 1.8. Let (E, || -||) be a normed space, and consider a family K of direct sum
decompositions of E. Then the smallest closed family £ of direct sum decompositions
of E such that £ contains K is the closed family generated by IC.

Let E=FE1 @ --- @ Ej be a direct sum decomposition. For j € N, the dual map
P]/»:)\'—>)\0Pj7 E}—>E',

is a continuous linear embedding, and the image PJ’» (E;) is a closed subspace of E’; we
shall usually regard E’ as a subspace of E' by identifying A € E} with Ao P; € E’, and
then ' = E| @ --- @ EJ.

DEFINITION 1.9. Let (E, | - ||) be a normed space, and let K be a closed family of direct
sum decompositions of E. The dual to the family K is

K'={E|® --®FE,:E1®--®E, €K}

Thus K’ is a closed family of direct sum decompositions of E’.
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1.2.4. Duals of products of Banach spaces. Let (E, | - ||) be a normed space, and

take k € N. Let || - || be any norm on the linear space E* such that
ol > mas{lail) -1 € Ne} (2 = (22) € BY) (18)
and
10,0200, Ol = [zl (2 € B, 4 € N, (1.9
For Ai,...,\x € E', define A\ on E* by
k
(@, A= (zi, i) (z=(21,...,23) € B). (1.10)
i=1

Then ) is a linear functional on E*, and

k k
o A1 < (D2 Il max{lal 4 € Ned < (32 Il

for each = (x1,...,7;) € E*¥. Thus A € (EX, | - ||)’ with

k
max{||Ai]| s § € Ne} < A < Y Il (1.11)
i=1
where || ||’ is the dual norm to || - ||. Further, each element in (E*, ||-||)" arises in this way.

Thus we may regard (E’)* as a Banach space for the norm ||- ||, identifying A € (E*, ||-[|)’
with (Ar,..., ) € (B,

In this case, it is easily seen that || - ||’ is a norm on (E’)* that also satisfies
and , and so we may also regard (E”)* as a Banach space for the norm || - ||””. The
weak-* topology on (E¥, || -||)" as the dual of (E*,|| - ||) is equal to the product topology
on (E',0(E' E))k.

Let E be a normed space, and suppose that, for each k € N, || - || is a norm on E¥
satisfying and , so that || - ||} is a norm on (E')k. Then (|| - ||}, : k € N) is the
dual sequence to (|| - ||x : k € N).

1.2.5. Families of Banach spaces. Let {(E,,| - ||a) : @« € A} be a family of normed
spaces, defined for each « in a non-empty index set A (perhaps finite). Then we shall
consider the following spaces.

First set

0(Eo) = {(@a 0 € 4): |(za) | = sup [lzala < o0}

Similarly, for p with 1 < p < oo, we define
N\ 1/p
0(Eg) = {(waa € A): @)l = (3 Izalt) " < oo}
[0

Clearly, (> (E,) and ¢?(E,) are normed spaces; they are Banach spaces if each of the
spaces F, is a Banach space. We write

F®sG and F®,G
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for the sum of two normed spaces F' and G with the appropriate norms, etc., and we
write (2 (E) for E™ with the norm given by

n 1/
Il = (3 il?) " (@, € B).
i=1

1.2.6. Hilbert spaces and C*-algebras. We recall some basic facts about Hilbert
spaces; for further background, see [8, [43], for example.

Let H be a Hilbert space, with inner product denoted by [-,-]. For example, let
H = ¢?, where the inner product is specified by

[(z5), i)l =D 2w (%), (wy) € £%).
j=1

We recall that ||z||? = [z, ] (x € H) and that
[z +yl* = [la]* + 2R [z, 9] + lylI*  (z,y € H). (1.12)
The Cauchy—-Schwarz inequality asserts that
syl | <zl llyll (z,y € H).

Two vectors x,y € H are orthogonal, written = L y, if [z, y] = 0; a subset S of Sy
is orthonormal if * L y whenever z,y € S with  # y, and an n-tuple (eq,...,e,) of
elements in Sy is orthonormal if e; 1 e; whenever 4,5 € N, with ¢ # j.

Let S be an orthonormal set in H. Then

Yol el <llz|* (€ H),

eesS
with equality if and only if 2 € lin S. A maximal orthonormal set is an orthonormal basis
for H; an orthonormal set is an orthonormal basis if and only if its closed linear span
is H. The Hilbert dimension of H is the cardinality of such a basis; it is independent
of the choice of the basis. Every Hilbert space is isomorphic to one of the form ¢2(I),
where I is an index set with |I| equal to the Hilbert dimension of H.

Two linear subspaces F' and G of H are orthogonal if

[,y =0 (z€F,yeq),
and we write F' 1 G in this case. Suppose that H = F®G, where F' 1 G. Then H = F&G
is an orthogonal decomposition, and we write
H=F&, G.
Let H be a Hilbert space. There is a standard involution x on B(H), defined by the

condition that
[T,y =[x, Ty]  (z,y € H, T € B(H)),
and then
IT*T| =|IT|* (T € B(H)),
showing that B(H) is a C*-algebra; see [43, Chapter 4]. Subalgebras of B(H) that are
*-closed and norm-closed are also C*-algebras, and the Gel’fand-Naimark representation
theorem asserts that every abstractly defined C*-algebra has this form.
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Let A be a unital C*-algebra, with identity es. An element uw € A is unitary if
u*u = uu* = ey; the set of unitary elements is the unitary group, U(A), of A. We shall
use the Russo—Dye theorem [16] Theorem 3.2.18], which asserts that

Ap) =co(U(A)). (1.13)
Suppose that (ej,...,e,) is an orthonormal n-tuple in H™ and that U is a unitary
operator on H. Then (Uey,...,Ue,) is also an orthonormal n-tuple in H™.

Let H be a Hilbert space. A projection in B(H) is an element P in B(H) such that
P = P* = P2 In the case where H = F &, G, set y = Ppz and z = Pgx, so that
x = y + z. Then Pr and Pg are projections in B(H) such that Pr + Pg = Iy and
PrpPg = PoPr =0, so that Pr and Pg are orthogonal projections. Conversely, each pair
of orthogonal projections gives an orthogonal decomposition of H. Take z € H = F& G,
and set e = Ppx/||Prz||, with e = 0 when Ppa = 0. Then

e€ F and | Prz| = e z] (1.14)
We set
H=H ®, &, H,

when Hy,...,H, are closed subspaces of H with H = H, ©---® H, and H; L H;
whenever 7, j € N,, with ¢ # j; this is an orthogonal decomposition. It corresponds to an
orthogonal family {P,...,P,} of projections, where P;P; = 0 whenever ¢,j € N,, with

1 7.
1.2.7. Standard Banach spaces. Throughout we have certain fixed notations for some
standard elements and Banach spaces.

Consider the space CV, which consists of all complex-valued sequences, regarded as
functions from N to C. For n € N, set

6n = (bmm :m € N) € CY,
where 0y, =1 (m =n) and 6y, = 0 (m # n). Define
coo = lin{é,, : n € N} c CV,
and, for p with 1 < p < oo, set
P = {(Oq) S CcN: Z |Oz¢|p < OO},
i=1

so that ¢P is a Banach space for the norm given by
> 1/p
l@ller = e = (X leal?) ™ ((e:) € ).
i=1

(We shall usually suppress the dependence of the norm ||-|| on the index p in the notation,
but we shall occasionally write || - ||;» when there is a possibility of confusion.)
Further, we set

> = {(ai) e CV: (ay)ly = Slg£|ai| < oo}7
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so that (¢*°,| - |n) is a Banach space; the spaces
co = {(ai) ceCV: lim oy = O} and c= {(ozi) e CV: lim oy exists}
i— 00 i—00

of null sequences and convergent sequences, respectively, are each closed subspaces of
(£, - |n). Of course, ¢ = ¢y @ C1, where 1 is the sequence identically equal to 1, ¢y is
a dense linear subspace of each ¢F for p > 1 and of ¢y, and {4, : n € N} is a Schauder
basis for each of these spaces; we call it the standard basis. Note that ||0,] =1 (n € N),
where || - || is calculated in any of the spaces €7 (for p > 1) or ¢o.

Similarly, we regard {d1,...,d,} as the standard basis of C" for n € N.

The real-valued versions of these spaces are ¢4, (3°, ¢o g and cg, regarded as subspaces
of RN,

We note that the spaces P for 1 < p < oo are reflexive, that the spaces P for
1 < p < oo and ¢ are separable, that £°° is not separable, and that

Pl ey t™® whenever 1<p<g< .

Of course, cf = (1, (/1) = (> and (¢P)" = (7 for 1 < p < oo, with the standard
duality, where ¢ is the conjugate index to p.

Let n € N. The n-dimensional versions of the above spaces are denoted by (£ (for
p > 1) and by £2°. Now (£°)" = (L.

Let m,n € N. Then we can identify M,,, ,, with the Banach space B(£5°,£5°), so that

nrrm

(M, || - ||) is a Banach space. Indeed, the formula for the norm in M,, ,, of an element
a = (a;;) is then
lla: 62 — ¢ :maX{Z|aij| :ieNm}. (1.15)
j=1
In the case where m = n, we obtain a unital Banach algebra (M,,, || - ||). More generally,

let p,q € [1,00]. Then we can also identify M, ,, with B(¢, ¢2 ), and in this case we may
denote the norm of a € M,, ,, by

lla: €5 — €.

For example,

m
la: el — oL | :max{zmij\ Hj eNn}. (1.16)
i=1
Let p1,p2 € [1, 0], and take ¢, g2 to be the two conjugate indices to p; and ps, respec-
tively. For each a € M,, ,,, we have a’ = a' and
la: e — 2] = ot : 22— 2. (1.17)

Let p be a positive measure on a measure space 2. (We use the terminology concerning
measures of [15,[64] 65].) An ordered partition of  is an n-tuple (S, ..., S,) of measurable
subsets of Q such that S; U---US, = Q and S; NS; = 0 whenever ¢, j € N,, with ¢ # j.
(We allow some of the sets S; to be empty.)

We shall consider measurable functions f : Q — C. For p > 1, we set

@)= {7 [ P an < oo}
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so that LP(Q, u) is a Banach space for the norm || - ||, where

Il =151 = ( [, Ifl”du>1/p= ([ If(w)l”du(x)>1/p (f € L7, ).

Here we equate functions that are equal almost everywhere with respect to u in the usual
way. We shall often write L?(Q) for LP(Q, i) and [, f or [ f for [, fdp.

The space L>*(Q, u) consists of the essentially bounded functions on €2, with the
essential supremum norm.

The real-linear subspaces of L? (), 1) and L (2, ) consisting of the real-valued func-
tions are denoted by Li (€, 1) and L2 (€, pt), respectively.

We shall use Hdélder’s inequality in the following form. Take p > 1, with conjugate
index ¢. Then, for f € LP(Q, 1) and g € LI(, ), we have fg € L*(Q, 1) and

INZEA |f|’°)l/p< / |g|'I)1/q. (118)

We shall identify the dual space LP (2, )" with L4(€, i) in the cases where p > 1, where
p =1 and p is o-finite, and where p is counting measure on a non-empty set .S, so that
1(S)" = £°°(S); the duality is specifed by

(. g) = /Q fodu  (f € LP(Qu 1), g € LU ).

See [I5, Theorem 4.5.1] or [64, Theorem 6.16]. Again the spaces LP(£2, ) for 1 < p < oo
are reflexive.

When we consider the spaces LP(I), we always suppose that the measure on I is the
Lebesgue measure.

Throughout, a locally compact topological space is supposed to be Hausdorff.

Let K be a non-empty, locally compact space. Then Cy(K) is the space of all complex-
valued, continuous functions on K that vanish at infinity, and Cp r(K) is the real-linear
subspace of real-valued functions in Co(K). We write C(K) for Cy(K) in the case where
K is compact. Thus Cy(K) is a Banach space with respect to the uniform norm | - |g
on ), defined by

|flx =sup{|f(z)| : z € K}  (f € Co(K)). (1.19)
Let f,g € Com(K). Then [f], *, £, £V gl, |f] A lg| belong to Con(K).
Let K be a non-empty, locally compact space. We denote by M (K) the space of all
complex-valued, regular Borel measures on K, taken with the total variation norm

il = ul(K)  (p € M(K));

the subspace of real-valued measures is Mg (K ). We shall write ¢,, for the measure which is
the point mass at = for € K. A subset S of K is said to be measurable if it is measurable
with respect to the o-algebra of Borel subsets of K. For a (Borel) measurable subset X
of K, we define the restriction measure u|X for p € M(K) by (u|X)(B) = u(X N B) for
each Borel subset B of K. We identify the dual space Co(K)" with M (K); the duality is

(on) = [ Fadu (7 € ColE), e MK,
K
See [15], §4.1] and [64, Chapter 6].
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A measure p € M(K) is discrete if there is a countable subset S of K such that
|| (K \ S) = 0; the closed subspace of M(K) consisting of the discrete measures is
denoted by My(K), and identified with ¢*(K). A measure u € M(K) is continuous if
p({z}) =0 (z € K); the closed subspace of M (K) consisting of the continuous measures
is denoted by M.(K). We have M (K) = My(K) ® M.(K), and ||u+ v| = ||p|| + ||v| for
each p € My(K) and v € M.(K), so that

M(K) = 1K) ® M.(K).

We shall use Hahn’s decomposition theorem in the following form. Let p € Mg(K).
Then there exist measurable subsets P and N of K such that u(S) > 0 for each measur-
able subset S of P and p(S) < 0 for each measurable subset S of N.

1.2.8. Banach algebras. We shall sometimes refer to Banach algebras. As a standard
reference for this topic, we shall cite [16], and we shall use the terminology of that book.
For an introduction to the theory of Banach algebras that is sufficient for our purposes,
see [8, Part II].

Thus a Banach algebra is a linear, associative algebra A over C such that A is also a
Banach space and

labll < llalfjol]  (a;b € A).

Let G be a locally compact group. Then the group algebra L'(G) and the measure
algebra M (G) are Banach algebras with respect to convolution multiplication. For details
of these algebras, see [16), 18] 22 [36].

The spectrum of an element a in a Banach algebra A is denoted by o4(a) or o(a) [16]
Definition 1.5.27]; 04 (a) is always a non-empty, compact subset of C. The corresponding
spectral radius is denoted by v(a); by definition, v(a) = sup{|z| : z € ca(a)}, and the
spectral radius formula [16] Theorem 2.3.8(iii)] states that

v(a) = Tim [a" /"

For example, the spaces ¢P (for p > 1), £°°, and ¢y are Banach algebras with respect to
the product defined by coordinatewise multiplication; indeed, they are Banach sequence
algebras in the sense of [16] §4.1].

Let E be a Banach space. A Banach operator algebra is a subalgebra 2 of B(E)
containing F(F) such that 2 is a Banach algebra with respect to a norm, say | - |[;
necessarily ||T|| > ||T|| (T € ). For example, (K(E),| -|), (B(E),| - ), and (N (E),v)
are Banach operator algebras. The spectrum o(T') of T' € K(FE) is always either finite or
a sequence converging to 0, together with {0}. See [16] §2.5], for example.

For each compact space K (always assumed to be Hausdorff), the algebra C(K) is
a commutative, unital C*-algebra, and each commutative C*-algebra A has the form
Co(®4), where @4 is the (locally compact) character space of A.

We quote the following form of the Banach—Stone theorem, as stated in [27, V.8.8],
for example. For an account of related results, see [22, Chapter 2] and [30].

THEOREM 1.10. Let K and L be two compact spaces, and suppose that T : C(K) — C(L)
is an isometric isomorphism. Then there is a homeomorphism n: L — K and a function
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h € C(L) with h(L) C T such that
(Tg)(x) = h(z)(gon)(z) (9eC(K),zcL) m

A related result is described in [30, §3.2], which is largely an exposition of results of
Lamperti [51]; see [30, Theorem 3.2.5]. We first recall some background.

Let (1, 1) and (Qo, u2) be measure spaces. A map o from the measurable subsets
of Q1 to the measurable subsets of €5 is defined to be a regqular set isomorphism if
(21 \ X) =0c(Q) \ o(X) for each measurable subset of Q, if o(|JX,) = Jo(X,) for
pairwise-disjoint families { X, : n € N} of measurable subsets of 2, and, for a measurable
subset X of Qq, 0(X) is a pe-null set if and only if X is a pq-null set. In the case where
is discrete, such a map o : 2 — €2 is just a permutation of Q2. A regular set isomorphism
o induces a unique linear map 7T, on the space of measurable functions on €2 such that
T,(xx) = Xo(x) for all measurable subsets X of Q and T5(fg) = T,(f) - T5(g) for all
measurable functions f and g on €.

THEOREM 1.11 (Lamperti). Let (21, u11) and (Qa, p2) be measure spaces. Suppose that
p € [1,00) with p # 2. Then an isometric isomorphism U from LP(Qy, 1) to LP(Qs, p2)
has the form

U:f=h-Tof,  LP(Q1,p1) — LP(Q, p2), (1.20)

where h : Q — C is such that
[ dne=p(x)
o(X)

for each measurable subset X of Q, and T, € B(LP(Q4), LP(22)) is induced by a regular
set isomorphism o. m

In the case where LP(Qq, 1) = LP(Qa, p2) = ¢P, the function h : N — C is such that
|h(i)] =1 (i € N).

A Hausdorff topological space X is extremely disconnected if the closure of every open
set is itself open; this is equivalent to requiring that, for every pair {U, V'} of open sets in
X with UNV = (), we have UNV = (). A compact, extremely disconnected space is called
a Stonean space. A Stonean space has a basis for its topology consisting of clopen sets.
By definition, a compact space K such that C'(K) is isometrically isomorphic to the dual
of a Banach space is a hyper-Stonean space (in which case the predual is unique up to
isometric isomorphism). A hyper-Stonean space is Stonean. For a discussion and further
characterizations of Stonean and hyper-Stonean spaces, see [22, Theorems 2.5 and 2.9].

Let Q be a measure space, and consider the Banach space L>°(Q2). This is a com-
mutative C*-algebra for the pointwise product (defined almost everywhere), and so this
space is isometrically isomorphic by the Gel’fand transform to C(®) for a certain com-
pact space ®; the identification is an isomorphism of commutative C*-algebras. Thus,
when  is o-finite, the dual space and the second dual space of L!(Q) are isometrically
isomorphic to C(®) and M (®P), respectively. In the case where 2 = S is discrete, we have
® = (5, the Stone-Cech compactification of the set S; we shall sometimes identify £>°
with the space C'(ON).
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Let K be a non-empty, locally compact space. We shall also identify the space
M(K) = Co(K)" as C(K), where K is a certain hyper-Stonean space, called the hyper-
Stonean envelope of K in [22]; in particular, K is compact and extremely disconnected.
Thus we are identifying M (K)” with M(K). For further details of K and these identifi-
cations, see [22)].

1.2.9. Hermitian elements. We shall require some notions concerned with numerical
ranges and hermitian elements of a Banach algebra.

Let A be a unital Banach algebra, with identity e4. Then the state space of A is

S(A) ={re A"+ Al = (ea, ) = 1}.

Clearly S(A) contains the character space ®4, and so is non-empty; it is convex and
closed in the weak-* topology. The numerical range of a € A is

V(A,a) ={{a, \) : A€ S(A)}.

See [I3] [I4]. We see that V(A,a) D o(a), the spectrum of a.

Let E be a Banach space. Then

I(E) = {(z, \) € Ex E": ||z]| = [|A]] = (z, A) = 1}.
Take T' € B(E). Then the spatial numerical range of T is
V(T) ={(Tz, \) : (z,\) e II(E)}.

Clearly, V(T) C V(B(E),T), and, in fact, V(B(E),T) = co V(T) [13} §9, Theorem 4(i)].
DEFINITION 1.12. Let (A, | - ||) be a unital Banach algebra. Then an element a € A is
hermitian if ||exp(ita)|| = 1 for all t € R.

The following result is basic; see [13], §5] and [30, Theorem 5.2.6] for other equivalences.

PROPOSITION 1.13. (i) Let A be a unital Banach algebra, and take a € A. Then a is
hermitian if and only if V(A,a) C R.

(ii) Let E be a Banach space, and take T' € B(E). Then T is hermitian if and only if
V(T) CR. =

The following result is close to [I4] §29, Theorem 3]. Let K be a compact space. Point
evaluation at z € K is denoted by ¢,.

THEOREM 1.14. Let K be a compact space, and let T be a hermitian operator on C(K).
Then there exists an element h € Cr(K) such that Tf = hf (f € C(K)).

Proof. We define h =T(1) € C(K).

Let g € C(K) with |g|x = 1, and take x € K with |g(z)| = 1. Then clearly we have
(g, €x) € II(C(K)), and so (T'g, €,) € V(T') C R. In particular, h € Cr(K).

Now take f € Cr(K) with |f|x = 1, and write f = fT— f~, where f*, f~ € Cr(K)™.
Suppose that x € K with f(z) =0, so that f*(z) =0 and f(K) C L. Then

1= fF k=10 =N =1,
and so T(1 — f*)(z) € R, whence (T'fT)(z) € R. Similarly, (Tf7)(z) € R, and so
(T'f)(x) € R. Next set
v=(1-fHY2 and g=v+if,
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so that v, g € C(K). Further, v(z) = g(z) = 1 and |[v|x = |g|x = 1, and so we have both
(Tv)(z) € R and (Tg)(x) € R. Since Tg = Tv 4+ iTf, it follows that (T f)(x) = 0. Thus,
by scaling, we see that (T f)(z) = 0 whenever f € Cr(K) with f(x) = 0.
Next, take an arbitrary f € Cr(K) and z € K. Then (f — f(z)1)(z) = 0, and so
T(f — f(x)1)(z) = 0. This says that Tf(z) = h(z)f(z). Hence Tf = hf € Cr(K).
Finally, take f € C(K), say f = f1 +1ife, where fi1, fo € Cr(K). Then

Tf=T(fi+ifs) =h(f1+ifas) =hf =

An elementary argument, given in [14, §29] gives the following, related result; the
result is due to Tam [70].

THEOREM 1.15. Suppose that p € [1,00] with p # 2. Then each hermitian operator on P
has the form o +— [a for some B € (. m

1.3. Banach lattices. There is a strong connection between the old theory of Banach
lattices and our new theory of multi-Banach spaces. This will be explained in Chapter 4,
Here we recall briefly some basic notions of the theory of Banach lattices; for details,
see [1], [7, Chapter 4], [52, Volume II], [55], and [67]. In fact, we choose forms of the
standard definitions and notations that are most convenient for us.

1.3.1. Definitions. Let (S, <) be a partially ordered set. For x,y € S, the order-interval
[z,y] is the set {z € S : x < z <y}, and a subset T of S is order-bounded if there exist
x,y € S such that T C [z,y]. A net (x4 : a € A) in S is order-bounded if {x, : a € A} is
order-bounded. Further, (z, : @ € A) is increasing (respectively, decreasing) if z, < g
(respectively, x, > x3) whenever o < 3 in A. We write

Tolxr and x4 Tx

if (z,) is a decreasing net in S and = = inf{z, : @ € A}, or if (z,) is an increasing net
in S and x = sup{z, : « € A}, respectively.

DEFINITION 1.16. A partially ordered set (S, <) is a lattice if, for each pair {s,t} of
elements of .S, there is a supremum, denoted by sV ¢, and an infimum, denoted by s A t.

A lattice is Dedekind complete (respectively, o-Dedekind complete) if every non-empty
(respectively, every countable, non-empty) subset which is bounded above has a sup-
remum and every non-empty (respectively, every countable, non-empty) subset which is
bounded below has an infimum.

The supremum and infimum of a non-empty subset S of a lattice E are denoted by
VS and A S, respectively (if they exist). Suppose that zo = \/S. Then the family F
of finite subsets of S forms a directed set when ordered by inclusion; in this case, set
zrp=\{y:y€ F}for F€F. Then {xp: F € F}is anet and zp | xo.

Let E be a linear space over the real field R such that (E, <) is also a partially
ordered set for an order <. Then FE is an ordered linear space if the linear space and
order structures are compatible, in the sense that:

(i) 4+ z <y + z whenever z,y,z € E and = < y;
(ii) ax < ay whenever o € RT and z,y € E with x <y.
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DEFINITION 1.17. An ordered linear space E is a Riesz space if (E, <) is a lattice.

Let (F,<) be a Riesz space. Then the operations (z,y) — = Vy and (x,y) — z Ay
are the lattice operations. A linear subspace I’ of FE is a sublattice if ¢ Vy,z Ny € F
whenever x,y € F. The positive cone of E is

Et={z€E:z>0}.
The ordering on a Riesz space is determined by Et. For z € E, set
rt=2v0, 2 =(-2)V0, |z|=2V(-2);

thus %, 27, and |z| are the positive part, the negative part, and the modulus of x,
respectively. Elements x and y of E are disjoint, written = L y, if |z| A Jy| = 0. Two
subsets S and T of F are disjoint, written S 1 T, if x 1 y whenever x € S and y € T'.
For each non-empty set S, the space R is a Riesz space with the pointwise lattice
operations, and the definitions of | f], etc., coincide with the ones given on page
Let E be a Riesz space. Here are some elementary consequences of the above defini-
tions; they hold for all z,y,z € F and a € R:

r=at—a7; |al=2T 4275 Jax[=lallz |z+yl <]+ |yl

ProOPOSITION 1.18. Let E be a Riesz space, and take x,y,z € E. Then:

(i) z+y=xzVy+zAy;

(i) (@Vy)+z=(+2)V(y+2);

(iil) = Ly if and only if |z| V ly| = |z| + |y|, and then |x + y| = |z| + |y|;
(iv) ||V |yl = (lz + y[ + [z — y[)/2;

(v) ax+ Py <z Vy whenever o, €l witha+F=1. n

An element e in a Riesz space E is an order-unit if, for each x € E, there exists a > 0
such that |z| < ae.

A net (2, : a € A) in a Riesz space FE is order-convergent to x € E if there exists a
net (yo : a« € A) and ag € A such that |z, — 2| <y (@ > ap) and y, | 0; in this case,
the element x is the order-limit of (zo : o € A), and we write

T = olim z,.
(0%
An order-limit is unique. A net (x4 : @ € A) is order-null if
olimz, =0,
(e}

and a subset T of E is order-closed if © € T whenever (zo : o € A) is a net in T with
x = o-lim, z,. For a discussion of the notion of order-convergence of nets in a Riesz
space, see [3] [45].

Let (E, <) be a Riesz space. A subset S of E is solid if x € S whenever z € E and
|z| < |y| for some y € S; a solid linear subspace of E is an order-ideal in E. Clearly each
order-ideal in F is a sublattice of E. Let F be an order-ideal in E, and let 7 : E — E/F
be the quotient map. Then the space F/F, with positive cone 7(E™), is a Riesz space. An
order-closed order-ideal in F is a band. Suppose that £ = E1 & --- @ F, is a direct-sum
decomposition, where each of Fjy, ..., E, is an order-ideal. Then each of Fq,..., E, is a
band, and the decomposition is a band decomposition.
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It is clear that a Riesz space (E, <) is Dedekind complete if every non-empty subset
which is bounded above has a supremum.

Let (E,<) and (F, <) be two Riesz spaces. An operator T' € L(E,F) is an order-
homomorphism if

TxVy) =TzVvTy (z,y€E);

a bijective order-homomorphism is an order-isomorphism, and then (E, <) and (F, <)
are order-isomorphic. We see easily that the operator 7' is an order-homomorphism if
and only if T'(|z]) = |Tz| (x € E).

DEFINITION 1.19. Let (E, <) be a Riesz space. A norm | - || on E is a lattice norm if
lz]] < |ly|| whenever z,y € E with |z| < |y|. A normed Riesz space is a Riesz space
equipped with a lattice norm. A real Banach lattice is a normed Riesz space which is a
real Banach space with respect to the norm.

For example, the spaces L (2, p) for p > 1 and L (Q, p) for a measure space (£, p)
and the spaces Cy g(K) for a non-empty, locally compact space K are real Banach lattices
with respect to the pointwise lattice operations. In the case where K is compact, the
constant function 1 is an order-unit of Cr(K).

In a normed Riesz space (E, || - ||, <), we have
[zl = [[=[ ] (z € E);

further, the lattice operations are uniformly continuous, and so the positive cone E+ and
each order-interval [z,y] in E are closed in (E, || - ||)-

Let E and F be normed Riesz spaces, and take T' € L(E, F'). Then T is an order-
isometry if it is an order-homomorphism and an isometry; if there is such a map which
is a bijection, F¥ and F' are order-isometric.

The functional calculus or Krivine calculus for a real Banach lattice F is described in
[62, 11, §1.d], for example. Indeed, a function f : R™ — R is homogeneous of degree 1 if

flaty,...,aty) = af(ty,...,tn) (@ €RT t,....t, €R).

The lattice of all such continuous functions is denoted by H,,. Then, by [26, Chapter 16]

or [52] IT, Theorem 1.d.1], for each z1, ..., z, € E, there is a unique order-homomorphism
T : H, — E such that 7(Z;) = z; (i € N,,). In particular, for z1,...,z, € E, we can
define

i 1/p
(Z |xi|p) €E
=1

for each p > 1.

1.3.2. Complexifications. Suppose that (Eg, | - ||) is a real Banach lattice. Then we
make the following definitions. Take z € E, say z = = + iy, where x,y € Egr, and first
define the modulus |z| € E* of z by

2| = \/{zcosf + ysinf : 0 < 0 < 27} = (|zf* + [y[*)"/>. (1.21)
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We see that, for « € C and z,w € E, we have: |z| =0 if and only if z = 0; |az| = |af |2];
|z + w| < |z] + |w]|. Next, define

Izl == (= € E).

Then || - || is a norm on F, and (E, || - ||) is a Banach space. In fact, we have
1 .
Ul + iyl < NIl < llell + gl (2 =2 + iy € B).

For details of these remarks, see [Il §3.2], [67, Chapter II, §11], and [75].

The above complexification of a real Banach lattice is defined to be a (complex)
Banach lattice [1l, §3.2]. We denote such a Banach lattice by E or (E,| - |, <), although,
strictly, the order < is only defined on the real part, Er, of E. For example, the spaces
LP(Q, ) for p > 1 and L*° (£, u) for a measure space (€2, 1) and the spaces Cy(K) for a
non-empty, locally compact space K are Banach lattices which are the complexifications
of the analogous real Banach lattices.

We write ET for Ejf, and set E["l'] ={z € E*:|z| <1}. Forv e E*, we set

A, ={z€ FE:|z] <wv}.

Let E be a Banach lattice. Again, elements z and w of F are disjoint, written z L w,
if |z| Alw|] = 0, and so z L w if and only if |z|V |w| = |z|+ |w|. In this case, take z = x +1iy
and w = u +iv in E. Then we see that

|z +w| = \/{(x+u)cos0+ (y +v)sinf}
= \/{|:ccost9 +ysind| V |ucosf + vsinf|}
= \/{|:ccost9 +ysind|} Vv \/{|ucos€ + vsind|},
where we are taking suprema over 0 € [0, 27], and so
|z +w| = 2] V|w| = |z| + |w]. (1.22)

A sequence (z;) in E is pairwise-disjoint if z; L z; for i, j € N with i # j.
Two subsets S and T of E are disjoint, written S 1 T, if z 1 w whenever z € S and
w € T. The disjoint complement S+ of a non-empty subset S of E is defined by

St={weE:wlz(zeb8)}.

Note that SN S+ c {0}.

Let (E,| - ||, <) be a Banach lattice. A subset S is order-bounded if {|z] : z € S} is
order-bounded in Efg; this holds if and only if there exists z € ET with |z| <z (2 € 5).
Similarly, we define solid subsets, order-closed subsets, order-ideals, and bands. It is easy
to see that a subset of F is a subspace (respectively, an order-ideal) if and only if it has
the form V @iV, where V is a real subspace (respectively, order-ideal) in Fg.

The smallest band containing a subset A of F is denoted by B(A), and we also set
B, = B({z}) for z € E; the latter set is a principal band. An element x € E™ is a weak
order unit if B, = E. A band B in E is a projection band if there exists a projection
P € B(E) with P(E) = Band 0 < Pr <z (z € E*), and then E = B®, B*.
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It follows from (c) and (d) of [7, pp. 259-260] that every separable Banach lattice
contains a weak order unit. In particular, the Banach lattices L? (), 1) contain a weak
order unit whenever p € [1,00) and the measure space is o-finite.

Let £ = E1 ®---® E, be a direct sum decomposition of a Banach lattice E. This
decomposition is a band decomposition if each of F1, ..., E, is a band, or equivalently, if
E; 1 E; whenever 4,j € N, and 7 # j. We then write

E=FE &, --d, F,.

In this case, each of Ey,..., E, is a projection band, and, using [I, Theorem 1.34], each
P, : E — FE; is a contraction with

|Piz| = Pi(|z]) <|z| (ze€kE,ieN,). (1.23)
Further,

n

Zw =X

(r; € Ei, i € N,). (1.24)

Indeed, set z =" | @;. Then > 1 | || = Yo, [Pix| = >0 Pi(|z]).
Suppose that £ = FE; &, ---®, E,, and take z; € E; for i € N,,. Then we have

1+ zal = |21 VeV [zl =[]+ |zl (1.25)

and so
21+ + 2zl = [[za] V- V|zn| [| = [ [z2] + - - - + [2a] || (1.26)

Definitions are carried over from real Banach lattices to Banach lattices in the obvious
way; for example, a Banach lattice E is Dedekind complete if (Eg, <) is a Dedekind
complete real Banach lattice.

In general, a Banach lattice is not necessarily Dedekind complete. Indeed, the Ba-
nach lattices LP(Q) are always Dedekind complete [55, Example (v), p. 9], but the Ba-
nach lattice C(K) is Dedekind complete if and only if the compact space K is Stonean
[16, Proposition 4.2.29(i)], [52), II, Proposition 1.a.4(ii)], [55, Proposition 2.1.4]; C(K)
is o-Dedekind complete if and only if K is basically disconnected [52, II, Proposition
1.a.4(i)]. A simple example of a o-Dedekind complete space of the form C(K) which is
not Dedekind complete is the subspace of £>°(.S), for S an uncountable set, spanned by
the constant functions and the functions with countable support.

We shall use the following theorem of F. Riesz; see [7, Theorems 3.8 and 3.13], [65
Theorem 1.2.9 and Proposiiton 1.2.11], and [67, Chapter II, §2].

PRropPoOSITION 1.20.

(i) Every band in a Dedekind complete Riesz space is a projection band.
(ii) Ewery principal band in a o-Dedekind complete Riesz space is a projection band. m

Suppose that F and F are Banach lattices. For each T' € B(Eg, Fr), we see that
1T} < | Tell < 2|71,

and so Tt € B(E, F). Clearly each bounded linear operator from F to F has the form
S +1iT, where S,T € B(ER, Fg).
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1.3.3. Continuity, boundedness and completeness. We first define two properties
related to order of the norm on a Banach lattice.

DEFINITION 1.21. Let (E, | -||) be a Banach lattice. The norm || -|| is order-continuous if
lzall | O whenever (x,) is a net in E such that z, | 0. The norm ||-|| is o-order-continuous
if ||z || | 0 whenever (z,,) is a sequence in E such that z, | 0.

Characterizations of order-continuous Banach lattices are given in [II, §2.3], [7, §12],
and [55], §2.4]. For example, the spaces LP(f2) for p > 1 and Banach lattices which are
reflexive as Banach spaces have order-continuous norms, but the norm | - |x in C(K) is
order-continuous only if K is finite; the uniform norm on ¢y is order-continuous. Each
Banach lattice with an order-continuous norm is Dedekind complete. The uniform norm
on the Banach lattice C'(T) is not a o-order-continuous norm; however, the uniform norm
on the space C([0,w;]) is o-order-continuous, but not order-continuous. Suppose that K
is Stonean and infinite. Then C'(K) is Dedekind complete, but the norm is not order-
continuous.

Our final definitions in this area are the following. The terms ‘monotonically com-
plete’ and ‘Nakano property’, are defined in [55] Definition 2.4.18(iii)], in [73], and in [7]
Definition 14.10], but we have not seen the term ‘monotonically bounded’ in the literature.

DEFINITION 1.22. Let (E,| - ||) be a Banach lattice. Then:

(i) E is monotonically bounded if every increasing net in E[J{] is bounded above;

(ii) E is monotonically complete if every increasing net in Eﬁ] has a supremum;

(iii) E has the weak Nakano property if there is a constant K > 1 such that, for every
increasing, order-bounded net (z, : @« € A) in Eg and every € >0, the set {z, : € A}
has an upper bound u € Eg such that ||ul| < Ksup,cy [|za| + &5

(iv) E has the weak o-Nakano property if there is a constant K > 1 such that, for every
increasing, order-bounded sequence (z,, : n € N) in Eg and every € > 0, the set
{z : n € N} has an upper bound u € Eg such that ||u| < K sup,, ¢y ||zn] +¢€;

(v) E has the Nakano property if it has the weak Nakano property with K = 1.

Trivially, every monotonically complete Banach lattice is monotonically bounded and
Dedekind complete. A Banach lattice with an order-continuous norm has the Nakano
property. We note the following result which is essentially [55, Proposition 2.4.19].

PROPOSITION 1.23. A monotonically bounded Banach lattice has the weak Nakano prop-
erty. m

A Banach lattice is said to be a KB-space if it is monotonically complete and has an
order-continuous norm [2, p. 89]. Thus every KB-space is Dedekind complete, monoton-
ically bounded, and has the Nakano property. The LP spaces for p > 1 are examples of
KB-spaces.

The Banach lattice ¢y is Dedekind complete and has the Nakano property, but it is
not monotonically bounded because the increasing sequence (6; + -+, : n € N) in
(CO,R)[l] has no upper bound, and hence c¢; is not monotonically complete.

Let K be a compact space. Then the Banach lattice C'(K) is monotonically complete
if and only if it is Dedekind complete (if and only if K is Stonean), and so the Banach
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~

lattice ¢ = C(PN) is monotonically complete, but its norm is not order-continuous;
C(K) is always monotonically bounded; C'(K) has the Nakano property whenever K is
Stonean. The Banach lattice M (K) is monotonically complete.

ExXAMPLE 1.24. For K > 1, the Banach lattice (¢, - ||k ), where || - ||k is given by

[ (@n)|l = [(@n)|n + K limsup |O‘n‘ ((an) € £7),

is monotonically complete and has the weak Nakano property, but not the Nakano prop-
erty whenever K > 1. The Banach lattice £>°((¢*°, |- ||x) : K € N) is Dedekind complete,
but it does not have the weak o-Nakano property. m

A Dedekind-complete lattice has the Nakano property if and only if the norm is a
Fatou norm, in the sense of [I, p. 65] and [55 Definition 2.4.18]. In [2] and [5], a norm
I || on a Banach lattice E is said to be a Levi norm if (E, ||-||) is monotonically complete.

1.3.4. Positive, regular, and order-bounded operators. Let E and F' be real Ba-
nach lattices, and take S, T € L(E, F). We define

S<T if Sex<Tx (xrekE™").
Clearly, (L(E, F), <) is an ordered linear space.
DEFINITION 1.25. Let E and F be real Banach lattices, and consider T € L(FE, F'). Then:

(i) T is positive if T > 0;
(ii) T is regular it T =Ty — Ty, where T} and T» are positive operators;
(iii) T is order-bounded if T'(B) is an order-bounded subset of F for each order-bounded
subset B of E.

The set of positive operators from E to F' is closed under addition and multiplication
by @ € RT, and so it is a cone, denoted by L(E, F)T.

The book [7] is devoted to positive operators.

We shall (at least implicitly) use a basic theorem of Kantorovich [7, Theorem 1.7]:
each additive map T : ET — FT extends uniquely to a positive operator from F to F,
and the unique extension 7" satisfies

Te=T(x")-T(x") (rck).
Thus a positive operator T has been specified as soon as we know that 7 : ET — F* is
additive.

Let E be a o-Dedekind complete Banach lattice. Then, for each v € E™, a projection
P, is defined by first setting

Py(z) =\/{nvAz:neN} (ze€ET), (1.27)

and then extending P, by linearity to the whole of E; see [52] II, p. 8]. In this case, the
map P, : E — E is a positive linear projection with ||P,|| < 1 for each v € ET. Note
that P (z) = = (x € E). In the special case where E is LP(2) for p € [1,00] and a
measure space {2, the map P, is just multiplication by the characteristic function of the
set {t € Q:v(t) #0}.
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The space of all regular operators from E to F is denoted by L,.(E, F). We see im-
mediately that (L£,.(E, F), <) is an ordered linear subspace of (L(E, F), <), with positive
cone L(E,F)*.

The space of all order-bounded operators from E to F is denoted by Ly(E, F). Clearly
(Ly(E, F), <) is an ordered linear subspace of (L(E, F'), <) and

L(E,F)" Cc L,(E,F) C Ly,(E,F) C L(E,F).

Each order-bounded linear operator is continuous [Il, p. 22], and so Ly(E, F) C B(E, F).
For this reason, we denote L(FE, F)*, L.(E,F), and Ly(E,F) by B(E,F)", B.(E,F),
and By(E, F), respectively.

Now suppose that E and F' are Banach lattices. In the case where T : Egx — Fg
is a positive operator, we have ||T¢|| = ||T|| (but this is not necessarily true for all
regular operators T' [I, Exercise 9 of §3.2]). We shall use the following observation. Take
T € B(E,F)*. Then

|7l = sup{||Tz|| : = € E, ||o|| < 1}. (1.28)

An operator S+ 1T € B(E, F) is regular or order-bounded or order-isometric if both
S and T are regular or order-bounded or order-isometric, respectively. Again, each order-
bounded operator is continuous, and so we denote the spaces of all positive, all regular,
and all order-bounded operators from E to F by B(E,F)", B.(E,F), and By(E, F),
respectively. Thus we have

B(E,F)*  B.(E,F) C By(E,F) C B(E,F).
We write B,.(E) and By(E) for B,.(E, E) and By(E, E), respectively.
An operator T € B(E, F) is order-continuous if Tx = o-lim, T'(z,) in F whenever

x = o-lim, x4 in E. By [3} Theorem 2.1], each such operator is order-bounded.
The following result is based on [72] §3].

PROPOSITION 1.26. Let E and F be Banach lattices. Then, for each T € By(E, F), there
exists ¢ > 0 such that, for each v € EY, there exists w € F* with T(A,) C A, and
[w]] < cljo].

Proof. Assume towards a contradiction that no such constant ¢ exists. For each n € N,

there exists v, € ET with [Jv,|| = 1/2" such that ||w|| > n whenever w € FT has the
property that |Tz| < w for each z € E with |z| < v,,. Take

(oo}
v = Zvn € ET.
n=1

Then there exists wy € F* such that |Tz| < wy whenever z € E with |z| < v. For each
n € N, we have v, < v, and so |Tz| < wy whenever |z| < v,, whence ||wp|| > n. This is
the required contradiction. m

DEFINITION 1.27. Let E and F be Banach lattices, and let T € B,(E, F). Then the
infimum of the constants ¢ such that, for each v € ET, there exists w € FT with
T(A,) C Ay and |Jw|| < ¢||v]|, is denoted by ||T||s-

Now consider T' € B,.(E, F). The following definition is given in [55, Exercise 2.2.E2].
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DEFINITION 1.28. Let E and F be Banach lattices. For T' € B,.(E, F), set
1T, = inf{||S]| : S € B(E,F)*, |Tz| < S(|z]) (2 € E)}.
PROPOSITION 1.29. Let E and F be Banach lattices. Then:

(i) |l llo is @ norm on the space By(E, F) such that ||T||p > ||T|| (T € By(E,F)), and
(By(E, F), || - ls) is a Banach space;
(ii) || - |l s @ norm on B.(E,F) with

1Tl = ITlle = (I (T € B(E, F)),

and (B-(E,F),| - |l-) is a Banach space. m

If B, (E,F) = By(E, F), then the norms |||, and ||-||» are equivalent on B, (E, F'), but
examples in [72] shows that the norms are not necessarily equal in this case, and that,
in general, the norms are not necessarily equivalent on B,.(F, F'); Example 4.1 of [72]
exhibits Banach lattices £ and F' and a compact, order-bounded operator V : £ — F
which is not even in the || - ||p-closure of B,.(E, F'). Examples with B,.(E,F) C By(E, F)
and with By(E,F) C B(E,F) are given in [7, Examples 1.11 and 15.1]. An example
given in [72] §2] shows that there may be operators in By,(E, F) that are not even in the
|| - |-closure of B, (E, F).

The three clauses of the following theorem are taken from [9], from [I, Theorem 3.9]
and [7, Theorem 15.3], and from [I1], respectively.

THEOREM 1.30.

(i) Let K be a compact space with weight smaller than the smallest strongly inaccessible
cardinal. Then B,(C(K)) = B(C(K)) if and only if K is Stonean.
(ii) Let Q be a measure space. Then B,.(L'(Q)) = B(L'(Q)) and, further,

Tl =TIl (T € B(L}(%))).

(i) Let Q be a measure space and take p with 1 < p < oo such that LP(QY) is infinite-
dimensional. Then B,.(LP(£2)) is not dense in B(LP(QQ)), and || - ||» and || - || are not
equivalent on B,.(LP(2)). m

Let T € B(E,F)". Then
IT(ls = N1l = 1]l (1.29)

We shall use the following standard theorem of F. Riesz and Kantorovich; see [II
Theorems 1.16, 1.32, 3.24, 3.25], [7, Theorems 1.10 and 1.13], [55, Propositions 1.3.6 and
2.2.6], and [67, Chapter 4, §1].

THEOREM 1.31. Let E and F be real Banach lattices, with F Dedekind complete. Then
B.(E,F) = By(E, F) is a Dedekind complete real Banach lattice for the lattice operations
defined for T € B.(E,F) and x € ET by

TH(x) =sup{Ty:y € [0,2]}, T (x)=sup{-Ty:y e [0,z]}.
LetTy,...,T, € B.(E,F) and x € ET. Then

(Thv---VT,)(z) = \/{E":Tm cx, €ET, o+ 4, = a:} (1.30)
i=1
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Let E and F be Banach lattices, with F' Dedekind complete. Then B.(E, F) = By(E, F)
is a Dedekind complete Banach lattice, and

IT|(u) = sup{|Tz| : |z| <u} (ueE™).
Further, |T|l» = ||T||| and |Tz| < |T|(|2|) (z € E) for T € B.(E,F). n
1.3.5. The Banach algebra B, (E). The following result is clear.

THEOREM 1.32. Let E be a Banach lattice. Then (B-(E),| - |l») and (By(E), | - |l») are
unital Banach algebras. m

There appears to be surprisingly little about the Banach algebra B,.(E) in the lit-
erature; for example, it is not mentioned in [I6]. There seems to be no mention of the
Banach algebra B,(E) at all.

DEFINITION 1.33. Let E be a Banach lattice, and take T' € By,(E). The order-spectrum,
0o(T), of T is the spectrum of T with respect to the Banach algebra (B,(E), || - ||»). The
corresponding order-spectral radius is denoted by v,(a).

Of course, 0,(T) D o(T) and v,(T) > v(T) for each T € By(E).

For a discussion of o,(T) and v,(a), see [1 §7.4] and [55] §4.5]; in the latter source,
and elsewhere, the order-spectrum is defined for T' € B,.(E) with respect to the Banach
algebra B,.(E).

EXAMPLE 1.34. Let E be the Banach lattice L?(T), so that E is monotonically complete
with order-continuous norm.

An example of Arendt [I0] exhibits a positive, compact operator T' € K(E) N B,.(E)
(so that o(T') C R is countable) such that o,(T") contains the unit circle T. The operator
has the form

Ty:feopxf, LAT)— LA(T),
where g is a certain singular measure on T. Note the interesting fact that

0o(Tp) = onrry (1) 2 o(Ty).
It follows that there are compact operators on L?(T) which are not regular.
An example of Ando, which is discussed in [I, Example 7.36] and [55 p. 306], exhibits

a Dedekind complete Banach lattice E with order-continuous norm and an operator
T € B,(F) such that v,(T) > v(T).

1.3.6. Dual Banach lattices. Let E be a real Banach lattice, with dual space E’. Then
E’ is ordered by the requirement that A € E’ belongs to (E')*" if and only if (x, A) > 0
(x € ET), and then E’ becomes a real Banach lattice with respect to the following
definitions of AV and AA p for A\, u € E’. In fact, AV u and AA u are defined for v € E+
by
(m, AV )y =sup{{y, \) + (z, p) 1y, 2 € BT, y+ 2z =z}, (1.31)
(m, A\Ap) =inf{(y, A\) + (2, ) 1 y,2 € BT, y+ 2 = x}, .

and then AV p and A A p are extended to E’. The dual of a Banach lattice F is also a
Banach lattice; this is the dual Banach lattice of E.
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Let E be a real Banach lattice, and take z € ET and A € E’. Then we have
(z, A7) =sup{(y, \) : 0 <y < z}.
Let E be a Banach lattice. We note that
[(z, M < (2], [Al) (2 € E, A€ EY); (1.32)

this is easily checked.

Let (A : @ € A) be a net in E’, where E is a real Banach lattice, and suppose that
Aa T A€ (E')T. Define p(z) = limy(z, Ao) (z € E). Then p is a positive linear functional
on E,and so u € E'; Ao < pu <X (a € A), whence p = A. It follows that

(, Aa) T{z, \) (z€ET). (1.33)

A dual Banach lattice E’ is monotonically complete and has the Nakano property;
E’ is always Dedekind complete, and so every band in E’ is a projection band.

For example, let (£2, 1) be a measure space, and take E = LP(Q, ), where p > 1, in
the case where E' = L1(f2, 1), where ¢ is the conjugate index to p. Then the dual lattice
operations on E’ coincide with the given lattice operations on L(Q, u).

Let K be a non-empty, locally compact space. Then M (K) = Cy(K)' is a dual Banach
lattice, and

(1 Vv)(S) = sup{u(S1) +v(S2)},  (nAV)(S) = nf{u(S1) + v(52)}

for pu,v € Mg(K) and a measurable subset S of K, where the supremum and infimum
are taken over all ordered partitions (S1,S2) of S. Let p,v € M(K). Then p L v in the
Banach lattice M (K) if and only if |u| A [v] = 0, so that u and v are mutually singular
in the classical sense of measures. We see that the following are equivalent:

(a) p L
) Nlpll+ vl = [lp+ vl = llu—v;
() el + 1w = Nul v Iy

For example, M (K) = My(K) &, M.(K) is a band decomposition.
We shall use the following proposition.

PROPOSITION 1.35. Let E be a Banach lattice, and take x € ET, A € E', and € > 0.
Then there exists z € E such that

|z| <x and (z, A) > (z, |A|) — €.
Proof. We write A = p + iv, where p, v € (Eg)’. By the definition, we have
Al = \/{,ucosHJrl/sinH 10 <0 <27},
and so there exist 61, ...,6, € [0, 27] such that
(x, (pecosby +vsinby) V.-V (ucosb, +vsinb,)) > (x, |A|) —e.

By extending the definition in (1.31]), we see that there exist uq,...,u, € E* such that
u1 + -+ u, = x and

(uy, peosfy +vsinby) + - + (uy,, pcosf, +vsinb,) > (x, |A|) —e.
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Thus

n n

S (eos g, ) + S {(sin 0, )y, v) > (o, [A) — . (1.34)

j=1 j=1
Set
n
w = Z(cosej —isiné;)u; € E.
j=1
Then states that R (w, A) > (z, |A|) — ¢, and so |(w, A\)| > (=, |\|) — e. For each
0 € [0, 27], we have

Z(cos fcosf; —sinfsinb;)u; = Z cos(0 + 6;)u;,
j=1 j=1

and hence

|w| = sup{i cos(f +6;)u; :0<0< 27r} < i“j = x.
j=1

j=1
Finally, set z = (w, where ¢ € T is chosen to be such that {(w, \) = |[{(w, A)|. Then
|z| = |w| <z and (z, A) > (z, |A]) — €, as required. m

Let E=FE,$, ---®, E, be a band decomposition of a Banach lattice E. Then the
corresponding decomposition of E’ is a band decomposition, so that

E' =E{®, &, E|. (1.35)
However, in general, it is not true that every band decomposition of E’ arises in this way.
1.3.7. AL and AM spaces. We now define some special types of Banach lattices.
DEFINITION 1.36. A real Banach lattice (E, || - ||) is: an AL-space if
|z + vyl =|lz|| + |lyl whenever z,y € ET with z Ay =0;

an ALy-space (for p > 1) if

|z +y||P = ||z||” + ||y||” whenever z,y € ET with z Ay =0;
and an AM -space if

|z Vy| = max{||z|,||y]|} whenever =z,y€ ET with x Ay =0.

A Banach lattice is an AL-space or an AL,-space or an AM -space if Er has the appro-
priate property.

For example, each space of the form LP(Q, i), where (€2, pt) is a measure space, is an
AL,-space, and each space Cy(K), where K is a non-empty, locally compact space, is an
AM-space.

Let E be a Banach lattice. Then E is an AL-space if and only if

e +yl = llzll + Iyl (z,y € EF), (1.36)
and an AM-space if and only if
oV yll = max{||z[, [yl} (z,y € ET). (1.37)
The following duality result is [7, Theorem 12.22], for example.
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THEOREM 1.37. Let E be a Banach lattice, with dual Banach lattice E'. Then E is an
AL-space if and only if E' is an AM -space, and E is an AM -space if and only if E' is
an AL-space. m

The following central representation theorem is proved in [I, Theorems 3.5 and 3.6],
[T, Theorems 12.26 and 12.28], and [62] II. §1.b]. We shall call it Kakutani’s theorem;
detailed attributions for the various statements are given in [1].

THEOREM 1.38.

(i) Take p > 1. A Banach lattice is an ALy-space if and only if it is order-isometric to
a Banach lattice of the form LP(, ), where (Q, p) is a measure space, and hence
each ALy-space has an order-continuous norm and is Dedekind complete.

(i) A Banach lattice is an AM-space if and only if it is order-isometric to a closed
sublattice of a space C(K), where K is a compact space. m

COROLLARY 1.39. Let (2, 1) be a measure space. Then there is an order-isomorphism 0
from the dual space of L*(2, 1) onto C(K) for some compact space K, and the restric-
tion of 6 to L>®°(Q, ) is the Gel’fand identification of L™ (2, n) with a C*-subalgebra of
CK). =

COROLLARY 1.40. Let K be a non-empty, locally compact space. Then M(K) is order-
isometric to the space L'(Q, 1) for some measure space (S, 11). =

We also mention a related result from [73]. Let E be a Banach lattice. Then E is
an AM-space with the Nakano property if and only if E is order-isometric to Cy(K) for
some locally compact space K.

1.4. Summary. In Chapter 2, we shall begin with our axiomatic definitions of multi-
normed spaces and of their relatives, the dual multi-normed spaces; we shall obtain some
immediate consequences and some characterizations. In particular, we shall show that,
of course, the concept of a ‘dual multi-normed space’ is dual to that of ‘multi-normed
space’. We shall give alternative characterizations of multi-normed spaces in terms of
matrices and of tensor products, and we shall show that our notion of a multi-normed
space coincides with that of spaces satisfying ‘condition (P)’ of Pisier.

In Chapter 3, we shall give the first examples of multi-normed spaces. These are the
minimum and the maximum multi-norms associated with a fixed normed space E. The
latter notion leads to a sequence (¢2**(FE)) that is intrinsic to E. We shall relate this
sequence to some known sequences connected with the theory of absolutely summing
operators; the background involving p-summing operators will be reviewed. We shall give
various characterizations of the maximum multi-norm, and then calculate the sequence
(prax(E)) for a variety of examples, including the spaces 7.

In Chapter 4, we shall give several specific examples of multi-norms, including the
(p, @)-multi-norm based on an arbitrary normed space, the Hilbert multi-norm based on
a Hilbert space, and the standard g-multi-norm based on LP(Q) for 1 < p < ¢q. We shall
compare these multi-norms, and determine in some cases when they are mutually equiv-
alent. This chapter concludes with the definition of the lattice multi-norm based on a
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Banach lattice; there is a representation theorem that shows that every multi-normed
space is a sub-multi-normed space of such an example.

In Chapter 5, we shall extend our theory to cover some multi-topological linear spaces,
and shall discuss the notion of multi-convergence in these spaces, concentrating on the
case of multi-convergence in multi-normed spaces.

In Chapter 6, we shall develop a theory of multi-bounded subsets of a multi-normed
space and of multi-bounded and multi-continuous linear operators between multi-Banach
spaces based on E and F' that is parallel to the classical theory of continuous and bounded
linear operators between the Banach spaces E and F'. For a monotonically bounded Ba-
nach lattice, a subset is multi-bounded with respect to the lattice multi-norm if and only
if it is order-bounded. The space of multi-bounded operators M(E, F') is a Banach op-
erator algebra in B(E, F), and can be given a natural multi-normed structure. Examples
show that sometimes M(E, F') coincides with B(F, F'), but can coincide with N'(E, F),
the space of nuclear operators from F to F. The multi-normed space based on M(E, F')
is identified for various classes of Banach lattices.

In Chapter 7, our aim is to find a reasonable theory of ‘multi-dual spaces’: we require a
multi-norm based on E’, given a multi-norm based on a normed space E. We shall achieve
this by first establishing a theory of direct sum decompositions of a normed space E with
respect to a multi-norm based on E,and then by using the duals of these decompositions
to generate a multi-norm based on E’.

1.5. History and acknowledgements. This work was commenced in 2005 when Mak-
sim Polyakov, from Moscow, was a Marie-Curie Research Fellow at the University of
Leeds.

Our motivation at that time was to seek to resolve some questions left open in [I8]. In
particular, we were concerned with the following question; for the definitions of the terms
used, see [I8]. Let G be a locally compact group, and let L!(G) be the group algebra
of G. For each p € [1,00], the Banach space LP(G) is a Banach left L'(G)-module in a
natural way. We would like to know when these modules are injective in the appropriate
category. For p = oo, this holds for each locally compact group G [I8, Theorem 2.4];
for p = 1, this holds if and only if G is discrete and amenable [I8, Theorem 4.9]. Now
suppose that 1 < p < oo. Then LP(G) is a dual Banach left L!(G)-module, and so it
follows from now standard results that LP(G) is injective whenever G is an amenable
group. We conjectured that the converse is true. In [I8, Theorem 5.12], we proved that,
in the case where G is discrete and ¢P(G) is injective for some p € (1, 00), the group G is at
least ‘pseudo-amenable’. No example of a pseudo-amenable group which is not amenable
is known; since such a group cannot contain the free group on two generators, there are
very few candidates for such a group. In fact this conjectured result has now been proved,
and will be established (with other results) in [I9].

We realised that the above question, and other related questions, can be reformulated
in the language of what we call ‘multi-Banach algebras’, and we began to develop a
theory of such algebras. This required a substantial background in a new theory of ‘multi-
normed spaces’; this new theory came to life in its own right, and it seems to be a useful
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framework in which many important concepts of functional analysis can be expressed,
often generalizing known ideas to a wider situation.

Tragically, Maksim Polyakov died in Moscow in January 2006 when this project had
just been commenced. I pay great tribute to this fine mathematician and colleague, and
especially to his original ideas which underlie this work.

In due course, the project was continued by myself. Eventually it became apparent
that the preliminary work on multi-normed spaces was so considerable that there should
be one memoir devoted just to this topic; this is the present work. Thus this work was de-
veloped with particular applications in mind, but these applications will not be discussed
here. The subsequent papers [19] and [20] will develop a theory of multi-normed spaces,
with particular application to the theory of modules over the group algebras L!(G), where
G is a locally compact group; I anticipate a future paper on ‘multi-Banach algebras’.

I acknowledge with thanks the financial support of the original Marie-Curie Interna-
tional Fellowship, awarded for 2005-2007. I also acknowledge with thanks the financial
support of EPSRC grant EP/H019405/1 that enabled Hung Le Pham to come to the
University of Leeds for three months in 2010, during which time we discussed the present
manuscript and its successors [19] 20].

I am very grateful to Matthew Daws (Leeds), Mohammad Moslehian (Mashhad),
Hung Le Pham (Wellington), Paul Ramsden (Leeds), and Marzieh Shamsi Yousefi (Teh-
eran) for careful readings of various drafts of this work, for pointing out some errors,
and for suggesting some changes and additions. I am also very grateful to Oscar Blasco
(Valencia), Graham Jameson (Lancaster), to Nigel Kalton (Columbia), to Michael Elliott,
Stanislav Shkarin and Anthony Wickstead (Belfast), and to Volker Runde and Vladimir
Troitsky (Edmonton) for corrections and valuable background information and references.

H. G. D., Lancaster, September, 2011



2. The axioms and some consequences

We shall now commence our study of multi-norms.

2.1. The axioms

2.1.1. Multi-norms. We begin with our definition of a multi-norm.

DEFINITION 2.1. Let (E, || - ||) be a complex (respectively, real) normed space, and take
n € N. A multi-norm of level n on {E* : k € N,,} is a sequence (|| - [|x) = (|| - lx : k € N,,)
such that || - || is a norm on E* for each k € N,,, such that ||z|; = ||z for each z € E

(so that || - ||; is the initial norm), and such that the following Axioms (A1)-(A4) are
satisfied for each k € N,, with & > 2:

(A1) for each o € & and z € E¥, we have

[ As @)l = ll2lx;
(A2) for each ay,...,a; € C (respectively, each a,...,a; € R) and z € E¥, we have
Mo @) < (max o ) ]
(A3) for each z1,...,25—1 € E, we have
(1, 2k—1,0)[[k = [[(z1s - @) k-1

(A4) for each z1,...,25—1 € E, we have
||($13 s 7.’1’:]@72,1']971,1']@71)”]@ = ||($1, s 7xk72axkfl)||k71'
In this case, ((E*, || - ||lx) : k¥ € N,,) is a multi-normed space of level n.
A multi-norm on {E* : k € N} is a sequence

(1) = (- Ml = & € N)
such that (|| - [|[x : k¥ € N,,) is a multi-norm of level n for each n € N. In this case,
((E™ || - |ln) : n € N) is a multi-normed space.
We shall sometimes say that (|| - || : ¥ € N) is a multi-norm based on E.
Let (E,| - ||) be a normed space. Then Axiom (Al) says that A, is an isometry on
(E¥|| - ||x) whenever o € &, and Axiom (A2) says that ||M,| < 1 whenever a € ﬁk,

where we regard M, as a bounded linear operator on (E*, | - ||x); in fact,
IM,] = max |o;| (= (aq,...,ap) € CT).
1€Ng

Note that Axioms (Al) and (A4) together say precisely that, for each n € N, the
value of ||(x1,...,x,)||, depends on only the set {z1,...,z,}.

(40]
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2.1.2. Dual multi-norms. We shall also have some occasion to refer to a dual concept
to that of a multi-norm. We give the definition just in the case where the index set
is N, but there is also an obvious definition of ‘dual multi-normed space of level n’. The
justification of the term ‘dual multi-normed space’ will be apparent in §5 of this chapter.

DEFINITION 2.2. Let (E,| - ||) be a normed space. A dual multi-norm on {E* : k € N}
is a sequence (|| - [|x) = (|| - |x : & € N) such that || - || is a norm on E* for each k € N,
such that ||z||; = ||z| for each # € E, and such that Axioms (A1), (A2), (A3) and the
following modified form of Axiom (A4) are satisfied for each k € N with k£ > 2:

(B4) for each z1,...,z,-1 € E, we have
H(*/'Elv .. 7xk‘727xk717mk‘71)||k‘ = H(*/'Elv ey T—2, 2‘7;]671)“]671*
In this case, we say that ((E*,| - ||x) : k € N) is a dual multi-normed space.

We sometimes say, in the above situation, that (|| - |k : & € N) is a dual multi-norm
based on E.

Suppose that the normed spaces (E, | - ||) and (E?, || - ||2) satisfy just the case k = 2
of both Axioms (A4) and (B4). Then

] = [l(z, 2)lla = 2||z| (2 € E),

and so £ = {0}. Thus we should stress that a dual multi-normed space is not a multi-
normed space unless E = {0}.

2.1.3. Independence of the axioms. It is natural to ask whether the four Axioms
(A1)—(A4) are independent. We give examples to show that this is indeed the case.

EXAMPLE 2.3. Let (E,||-||) be a non-zero normed space. We set ||z||1 = ||z|| (z € E),
and, for each n € N with n > 2, set

(@1, ) ln = max{[lzall, |220l/2, - lleall/2} (21, 20) € B™).
Then it is immediately checked that || - ||, is a norm on E™ for each n € N, and that

(Il -1l») is a sequence that satisfies Axioms (A2), (A3), and (A4) for each n € N. However,
take x € E with ||z|| = 1. Then [|(2z, 3z)|l2 = 2, but ||(3z,2x)|2 = 3, and so || - ||2 does
not satisfy Axiom (Al). m

EXAMPLE 2.4. In this example, we work with E = C. For z € C, we set ||z||; = |z|. Next,
for (z,w) € C?, set

1
r((zw)) = 5 (2 —wl + [z +wl).
Then 7 is a norm on C2. Further, 7((z, 2)) = r((2,0)) = |z| (2 € C) and also
r((z,w)) = r((w, 2)) > max{|z], [w]}  ((z,w) € C?).
Finally, for n € N with n > 2, set
(=1, 2n) |l = max{r((z;, 2j)) : 4,5 € No}  ((21,...,20) € C"),
so that ||(z,w)[]2 = 7((2,w)) ((z,w) € C?) and

(21, z0)|ln > ?elgx\zﬂ ((21,...,2n) € C™).

n
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It follows easily that || - ||, is @ norm on C™ and that the sequence (|| -|,,) satisfies Axioms
(A1), (A3), and (A4) for ecach n € N.
However we claim that || - |2 does not satisfy Axiom (A2). Indeed,

Il = 51 =il +1+1) = VE> 1= 1 D)2

giving the claim.
Here is a similar example involving real spaces. Let £ = R, and define
Iz, .. 20|l = max{max |z;|, max |x; — xj|}
1€EN, 1,JENy

for n € N and z1,...,2, € R. Then (|| - ||, : n € N) satisfies Axioms (A1), (A3), and
(A4), but Axiom (A2) fails because ||(1,1)]|2 =1, whilst |[(1,—1)[]2 =2. =

We now consider the independence of Axiom (A3). The following example shows that
for multi-norms of level 2, (A3) is indeed independent of the other axioms. However we
shall see below that Axiom (A3) follows from Axioms (Al), (A2), and (A4) for multi-
norms on the whole family {E™ : n € N}.

EXAMPLE 2.5. We again take F = C, and set ||z||; = |z| (z € C). Set
1
Gz, w)llz = 5 (12l + |w]) (2w € C).

Then || - ||2 is a norm on C?, and || - ||2 satisfies Axioms (A1), (A2), and (A4) for n = 2.
However ||(1,0)]]2 =1/2 <1 =||1]|1, and so Axiom (A3) does not hold. =

EXAMPLE 2.6. Let (E, || - ||) be a non-zero normed space. For each n € N, set
- 1/p
Il = (X llasl?) ™ (@, w0) € B,
j=1

where p > 1. Then it is immediately checked that, for each p, the function ||- ||,, is a norm
on E™, and that (|| - ||) is a sequence that satisfies Axioms (A1), (A2), and (A3) for each
n € N, but || - ||2 does not satisfy Axiom (A4).

We note that the sequence (]| - ||, : n € N) satisfies Axiom (B4) if and only if p = 1;
in this latter case, (|| - ||n : » € N) is a dual multi-norm. m

We shall now show that Axiom (A3) follows from the other axioms in the case where
we have norms on the whole family {E™ : n € N}.

PROPOSITION 2.7. Let (E, ||-||) be a normed space. Let (||-||» : n € N) be a sequence such
that || - ||l s a norm on E™ for each n € N, such that ||z||1 = ||z|| for each x € E, and
such that Azioms (A1), (A2), and (A4) are satisfied for each n € N. Then (|| - ||, : n € N)
is a multi-norm on {E™ : n € N}.

Proof. We must show that Axiom (A3) holds.
Let n € N, and take z = (z;) € E™, say |||, = 1. Set

Q= H(xlv s 71'n,0)||n+1,
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so that 0 < o < 1 by (A2) and (A4). For each k € N, we see that zl*+1] ¢ E:+Dn and
that ||z *]|;11), = 1 by (A1) and (A4). For i € N,,11, let B; be the subset
{G—Dk+1,...,ik}
of N(;41)k, and let @, be the projection onto the complement of B;; by (A1) and (A4),
we have ||@Qp, (z* )| 441y, = a. Further,
kt1

ZQ x[k-i—l] _ kx[k+1]

and so
k41

k= ka[kJrl]”(k—i-l)n Z ”QB ”(k-i—l)n = (k + 1)0[,

whence a > k/(k + 1). This holds for each keN, and so a = 1.
The result follows. m

Stanislav Shkarin has pointed out that Axiom (A3) also follows from Axioms (Al),
(A2), and (B4), imposed on the family {(E™, || - ||») : n € N}.

2.2. Elementary consequences of the axioms. The following are immediate conse-
quences of the axioms for multi-normed and dual multi-normed spaces.

2.2.1. Results for special-norms. A sequence (|| - ||z) = (|| - |lx : ¥ € N) such that
|l - |l» is a norm on E* for each k € N, such that ||z||; = ||x| for each x € E, and such
that just the Axioms (A1), (A2), and (A3) are satisfied is called a special-norm in [61],
and ((E™,| - |ln) : » € N) is then a special-normed space. Thus multi-norms and dual
multi-norms are examples of special-norms.

Initially in this subsection, we suppose that (E, || - ||) is a complex normed space, that
n € N, and that (|| - ||z : ¥ € N,,) is a special-norm. Thus our first results apply to both
multi-normed spaces and to dual multi-normed spaces of level n.

Trivial modifications give entirely similar results when (E, ||-||) is a real normed space.

LEMMA 2.8. Letk €N, z1,...,2x € E, and (1,...,(x € T. Then
(G, Gew) e = [[(@1, - - zi) k-
Proof. This is immediate from (A2). m
LEMMA 2.9. Let k € N,y and x1,...,254+1 € E. Then
(@1, m)lle < (@1 2k Zegn) o401

Proof. We have

||($1, s amk)Hk = H(xlv < Lk 0)Hk+1 by (A?’)

< @1, zp, 2pn) k1 by (A2),
giving the result. m
LEMMA 2.10. Let j,k e Nwithj+k <n and z1,...,25,%1,...,yx € E. Then
H(xh e Ty Y1y e ayk)||j+k S ||(.’L'1, s 7mJ)||] + ||(y17 ) 7y/€)||7€

Proof. This is immediate from Axiom (A3). m
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LEMMA 2.11. Let k € N, and x1,...,x; € E. Then

k
max ]| < fI(@1,- o m) e < Z; Jil] < ke max ]|
Proof. Set © = (z;). For i € Ny, we have ||z;|| = |[[(0,...,0,2;,0,...,0)|lx < ||z||x by

(A1), (A2), and (A3), and so the stated inequalities follow. m

It follows that any two special-norms on {E* : k € N,,} define the same topology on
the space E¥ for each k € N,,; the topology is the product topology.

COROLLARY 2.12. Suppose that (E,|| - ||) is a Banach space. Then the normed space
(E*,|| - |x) is a Banach space for each k € N,,. m

As we remarked, the above results apply to both multi-normed spaces and to dual
multi-normed spaces, and so, in the light of the above corollary, the following definition
is reasonable.

DEFINITION 2.13. Let ((E™, || - ||n) : » € N) be a multi-normed space (respectively, dual
multi-normed space) for which (E, || - ||) is a Banach space. Then ((E™, | - ||n) : n € N) is
a multi-Banach space (respectively, dual multi-Banach space).

More generally, we can refer to special-Banach spaces.

2.2.2. Results for multi-norms. We now give some elementary lemmas that suppose,
further, that the sequence (|| - || : & € N,,) also satisfies Axiom (A4), and hence that
((E*,|| - ||#) : k € N,,) is a multi-normed space of level n, where n € N.

LEMMA 2.14. Let k € N, and x € E. Then ||(z,...,z)|r = ||z||-
Proof. This is immediate from (A4). m

LEMMA 2.15. Let j,k € N, and x1,...,25,91,...,yx € E be such that {z1,...,2;} is a
subset of {y1,...,yx}. Then

szl < e - ye) -

Proof. By Axioms (Al) and (A4), we may suppose that j < k and that z; = y; (i € N;).
Now the result follows from Lemma "

LEMMA 2.16. Letk € {2,...,n} and x1,...,2 € E. Take o, € T with «+ 8 =1, and
set x = axp_1 + Bxy. Then

(z1,...,26—2,2,2) ||k < |[(z1,...,Th—2, Th—1, Zx) ||k
Proof. Set y = (x1,...,25—2) and A = ||(y, xx—1,2)||x- Then
(y,z,x) = 042(3/,331@71, Tp—1) + By, xp—1,2x) + By, Tp, Th—1) + 52(11, Ty Tk

But [[(y, 7, Tx—1)||x = A by (Al). Also [|(y, zx—1,7r—1)|[r < A and [[(y, vx, 7x)|lx < A
by Lemma [2.15] Hence

H(xh .. ,J)k;_27."1/',$)||]€ S (Oé + ﬁ)QA = A7
giving the result. m

The following inequality-of-roots will be useful later.
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PROPOSITION 2.17. Let ((E™, ] - ||n) : n € N) be a multi-normed space, and take k € N.
Set (i, = exp (2mi/k). Then

1 k k
(e ”’CS%ZHZ@%’”H (1,..., 25 € E). (2.1)

Proof. We write ¢ for (k.
First note that

% Z Z J(m_é)xm (E S Nk})

because 2?21 ¢7m=0 = (0 when m # £ and 2521 ¢7m=8 = k when m = £. Thus

k k
(1, ...,z ||k§]1€X_:H(Z<J<m D2, ..,;gﬂm’c)xm)uk.

For j € Ny, set y; = Zm:l ¢mxy, (5 € Ni). Then

k k
O ) I
m=1 m=

But [[(¢yj, -, My e = llysll (j € Ni) by (A2) and Lemma and so inequality

(2.1) follows. m

COROLLARY 2.18. Let E = (", where r > 1, and let (|| - ||» : » € N) be a multi-norm
based on E. Then
181, ... 00)[lx < kY™ (k €N).

Proof. In this case,
HZ G| = G G = R

for each j € Ni, and so the result follows from the proposition. m

2.2.3. Results for dual multi-norms. We now have some elementary lemmas about
dual multi-normed spaces. In the remainder of this section, we suppose that (E, || - ||) is
a normed space and that ((E*,| - ||x) : ¥ € N) is a dual multi-normed space, and so the
sequence (|| - ||k : k € N) satisfies Axioms (A1)—(A3) and Axiom (B4).

LEMMA 2.19. Let k € N and x1,...,xx € E. Then
(21, Th—2, @1 + Tp) =1 < [(®1, .-, Th—2, Th—1, Tk ) || k-
Proof. We have
(@1, 2h—2, o1 + @)1 = [[(z1, - Tp—2s (To—1 + 1) /2, (Tp—1 + 1) /2] by (B4)
= §||(£E17 ey T2, Th—1, Tk) + (X1, oo B2y Tk, Th—1) ||
<1, 2p—2, Te—1,2x)|[e by (Al),

as required. m
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LEMMA 2.20. Let k € N and x1,...,x, € E. Then
sup{||§1x1 + -+ Ckka (1,0, Ck € T} < ||((,C1, . ,LL’k)Hk.
Proof. This follows from Lemmas 2.8 and 2.19] =

LEMMA 2.21. Let m,n € N with m < n, let x € E™, and let y € E™ be a coagulation
of x. Then [[ylm < [||n-

Proof. This follows from Lemma n
LEMMA 2.22. Letk €N, aq,...,a, € C, and x € E. Then

k
ez, ana)lle = (3 lagl) .
j=1

Proof. By Lemma we have

I, .. )i < (Zm)nxn

But also

o1, ou)lh = el oulo)le by Lo £

> HZ \aj|xH - ( |aj )||x|| by Lemma 210

The result follows. m
2.2.4. The family of multi-norms. We first have an elementary result.

PROPOSITION 2.23. Let (E,||-||) be a normed space. Take n € N, and let (|| || : k € Ny,)
and (|| - 12 : k € N,,) be two multi-norms of level n on the family {E* : k € N,,}. For
keN, and x1,...,x, € E, set

N, mm)lle = max{ @,z [ o) 2}
Then ((E*,|| - ||x) : k € N,,) is a multi-normed space of level n.
Proof. This is immediately checked. m
We now define a family of multi-norms.

DEFINITION 2.24. Let (E, || - ||) be a normed space. Then &g is the family of all multi-
norms based on E. Let (|| - ||+ : k € N) and (|| - ||? : k € N) belong to €. Then

-k :keN) < (- lR:keN)
if
I(z1,. . z)le < (1, .., z6)l; (z1,...,25 € E, k €N).
Further, the multi-norm (|| - |3 : ¥ € N) dominates the multi-norm (|| ||} : k¥ € N), written
-k keN) < (-7 keN),
if there is a constant C' > 0 such that
(@1, z)lls < Cll(wr, .. 2l (@1,...,2, € E, k€N). (2.2)
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The two multi-norms (|| - ||+ : k € N) and (|| - || : k € N) are equivalent, written
(Il Ilk : k€eN)= (||} : k € N),

if each dominates the other.

elements has an upper bound. We shall see in Proposition that (g, <) is a Dedekind-
complete lattice.

It is clear that (€g, <) is a partially ordered set; by Proposition each pair of

There is an entirely similar ordering of, and notion of equivalence for, the family of
dual multi-norms on {E* : k € N,,}.

In [20], we shall explore when various specific multi-norms are mutually equivalent,
and sometimes calculate the best constant C' in .

2.2.5. Standard constructions. We now give some standard constructions that gen-
erate new multi-normed spaces from old ones. Analogous constructions also generate new
dual multi-normed spaces.

Let ((E™] - |ln) : n € N) be a multi-normed space, and let F' be a closed linear
subspace of E. For n € N and z1,...,z, € FE, define

N1 4 Fyo 4 F)l = (g1 90l 91 € 24 F (i € N,),
so that || - || is @ norm on (E/F)™.

PROPOSITION 2.25. Let ((E™, || - ||n) : n € N) be a multi-normed space.

(i) Let F' be a linear subspace of E. Then ((F™, |- ||n) : n € N) is a multi-normed space.
(ii) Let F be a closed linear subspace of E. Then (E/F)™,| - ||ln) : n € N) is a multi-
normed space.

Proof. These are easily checked; to show that each norm || - ||,, on (E/F)™ satisfies (A4),
we use Lemma [2.76l =

We say that ((F™, |- ||») : n € N) and ((E/F)",| - ||ln) : n € N) are a multi-normed

subspace and a multi-normed quotient space, respectively, of the multi-normed space
((E™ - lln) : n €N).
PROPOSITION 2.26. Let F' be a 1-complemented subspace of a normed space E, and sup-
pose that (|| - ||n : n € N) is a multi-norm on {F™ : n € N}. Then there is a multi-norm
M-MWn:neN)on{E":ne N} such that (F™, | - ||ln) : n € N) is a multi-normed
subspace of (E™, || - ||») : n € N).

Proof. Let P : E — F be a projection onto F' with ||P|| =1, and set
|||(I1, s 7xﬂ)|H7? = maX{”x1”7 EER ||‘T7L||7 ||(P:C17 s 7P:C7L)||7l}

for z1,...,z, € E. Then the sequence (|| - || : » € N) has the required properties, as is
easily checked. m

PROPOSITION 2.27. Let ((E™, || |ln) : n € N) be a multi-normed space, and let k € N. Set
F=E*and|-||r=|"|x Then (F,|-|r) is a normed space, and ((F™,| - ||nx) : n € N)
is a multi-normed space.
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Proof. Let y1,...,yn € F, say y; = (z1,...,2ik) (1 €N,). Then

1@, yn)lln = @1k s T k) ks

and ((F™, | - lnk) : n € N) is clearly a multi-normed space. m

Let {((EZ,]-||%) : n € N) : @ € A} be a family of multi-normed spaces, defined
for each o in a non-empty index set A (perhaps finite). Then we consider the following
spaces.

First, for n € N and (x)),..., (27) € £°(E,), set

1((@a)s- - @) ln = sup{|[(zg, ..., 2B) |7 : @ € A}
PROPOSITION 2.28. The space ((£>°(Ea)", || - [|n) : 7 € N) is a multi-normed space.
Proof. This is immediately checked. m

Take p with 1 < p < co. For n € N and (z1),...,(z") € ¢P(E,), we define

1/p
1(@8)s o @l = (Pl ag))
PROPOSITION 2.29. The space ((P(Ey))", | - ||n) : n € N) is a multi-normed space.

Proof. We must show that ||((z}),...,(27))|l., as defined above, is finite in each case.
Indeed,

(et a )™ < (Sablin -+ azizr)

[e3

by Lemma [2.11] and so, by Minkowski’s inequality,

() @Dl < (S edler) 4 (i)

[e3

and the right-hand side is finite.
The triangle inequality for || - ||,, also follows from Minkowski’s inequality, and the
remainder is easy to check. m

In particular, let ((E™, || - ||») : n € N) and ((F™, || - ||») : n € N) be multi-normed
spaces. Set G = E @ F. For n € N, define || - ||, on G™ by taking

||(IZ’1 +ylaaxn+yn)”n
to be either

max{[[(z1, - @n)lln, [ (W15 yn)llndor (@ @a)lln + 1Y yn)

for x1,...,2n, € E and y1,...,yn € F. Then ((G™, ] - ||») : » € N) is a multi-normed
space, denoted by

(B @ F)™, [ -[ln) :n € N) or (((E®1 F)" - [a) : n €N),

respectively.
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2.3. Theorems on duality. In this section, we shall justify the term ‘dual multi-normed
space’.
2.3.1. Special-normed spaces. Let (E,||-||) be a normed space, let k € N, and let |- ||

be any norm on the space E*. As before, the dual norm on the space (E’)* is denoted
by | - ||}, so that, explicitly,

IO Al = sup{\iw M|l @)l <1
j=1

for A1,...,\; € E’, taking the supremum over z1,...,z; € E.

Now let ((E*,|| - |lx) : k € N) be a special-normed space. Then it follows from
Lemma [2.11]and Axiom (A3) that each norm ||- ||, satisfies and (with || - || for
II-1D), and so ((E*)", || -l%) is linearly homeomorphic to (E’)* (with the product topology

from E’). Thus we have defined a sequence (|| - ||}, : & € N) such that || - ||}, is a norm on
(E")F for each k € N. Clearly |||} = ||\||’ for each A € E'.
PROPOSITION 2.30. Let ((E*,|| - |lx) : & € N) be a special-normed space. Then it also

holds that (((E')%, || - ||5.) : k € N) is a special-Banach space.

Proof. Tt is clear that Axioms (A1) and (A2) for ((E*,||-||x) : k¥ € N) imply, respectively,
that (A1) and (A2) hold for (((E")%, || - |I}) : k € N).
Take k> 2and A1,...,\,_1 € E'. For each x1, ...,z € E, it follows from Lemma
that [[(z1,...,2k-1)|lk-1 < ||(z1,...,Zk-1,2k)|k, and so
H()‘lv s Ak, O)H;c > H()‘lv ) )‘kfl)H;cfl'
Thus (|| - ||, : k € N) satisfies (A3). m

2.3.2. Multi-normed and dual multi-normed spaces. We now establish the duality
that we are seeking. Throughout, (E, | - ||) and (F, | -||) are normed spaces.

THEOREM 2.31. Let ((E*,| - ||x) : k € N) be a multi-normed space. Then
(B0 -M%) -k eN)
is a dual multi-Banach space.

Proof. By Propositionm, it suffices to show that (((E")*, | -|%) : k € N) satisfies (B4).
Fix A\i,...,  \e—1 € E’, and set

A= Az A1, M=)l B =115 Ae—2, 20k 1) [l

Take € > 0.
First choose (z1,...,2x) € (E*, || - ||x){1) with

k—2
’Z<:Ej, )\j) + <.7Jk,1, )\k—1> + <.’L‘k, )\k71>‘ >A—c¢.
j=1

Set * = (xp_1 + x)/2, so that it follows from Lemma and (A4) that we have
(1, s xh—2,2) € (B* 1, || [lk-1) ), and hence

e

—2

Sy

>

k—2
(x;, \j) + (@, 2Ak_1>‘ - ‘Z@j, M)+ (@ho1, Aoet1) + (@, Apor)| > A —e.
j=1

<.
Il
-
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Second, choose (z1,...,zx_1) € (E*1,]| - k1)) with
k—2
‘Z<1’j, )\j> + <xk,1, 2)\]6,1)‘ > B —«¢.
j=1

Then (21, ..., 2k—1,7k—1) € (E¥, | - [lx)p) by (A4), and so
k—2

A2 [ (w5, ) + (o, 200)| > B e
=1

The above two inequalities hold for each ¢ > 0, and so A = B.
Thus the sequence (|| - ||}, : & € N) satisfies Axiom (B4), and hence we have shown
that (((E")*,] - |1) : k € N) is a dual multi-Banach space. =

DEFINITION 2.32. Let ((E*,| - ||x) : k € N) be a multi-normed space. Then
()0 N%) -k eN)

is the dual multi-Banach space of the space ((E*, || -||x) : k € N).

THEOREM 2.33. Let ((F*,| - ||x) : k € N) be a dual multi-normed space. Then
(FVE - 11k - k€N

is a multi-Banach space.

Proof. Tt suffices to show that (((E")*, | - ;) : k € N) satisfies Axiom (A4).
Fix A\1,...,\z—1 € F’, and set

A=A, M2 M1, M) e B =AMz, Am1) |21

Take € > 0.
First choose (z1,...,2x) € (F*, || - |[x);) with

k-1
’Z Tj, Aj (zk, )\k,1>’ >A—c.

M

Then (z1,...,Tk—2,Th—1 + k) € (F* 1, || - |[k—1)p) by Lemma and so

k—2
Bz ’Z<$J’ Aj) + (@p—1 + Tk, Ak 1>‘ >A—¢
j=1
Second, choose (w1, wx—1) € (F* 1, || - [lx-1)p) with

k-1
\Z«% )| >B -
=1

Then (z1,...,25-1,0) € (F*, || - |[x);1) by (A3), and so A > B —e.
It follows that A = B, and so the sequence (|| - ||} : k € N) satisfies Axiom (A4). Thus
(((F%, |- 1I%) : k € N) is a multi-Banach space. m

Let ((E*,| - |l%) : ¥ € N) be a multi-normed space. Then, for each k € N, the norm
n (E”)* which is the dual norm to || - ||, on (E’)* is temporarily denoted by | - ||7. It is
clear from Theorems and that (((E")%, |- ||¥) : k € N) is a multi-Banach space.
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Of course the embedding of each space (E¥, || - ||x) into ((E”)*, || - ||¥) is an isometry of
normed spaces, and so we can write || - || consistently for || - ||/ on (E*)”. Thus we have
the following conclusion.

THEOREM 2.34. Let ((E*,||-||») : k € N) be a multi-normed space. Then
(B Il le)  k € N)
is a multi-normed subspace of the multi-Banach space (E")*,|| - ||x) : k € N). m

2.4. Reformulations of the axioms. In this section, we shall give some reformulations
of the axioms for a multi-normed space ((E™, || - ||») : » € N).

2.4.1. Multi-norms and matrices. Again, let E be a linear space, and suppose that
m,n € N. We have remarked that M,, , acts as a map from E™ to E™ in the obvious
way; in particular, E™ is a left M,,-module. Our reformulation requires these actions to
be ‘Banach’ actions, so that, for each m,n € N, we have

la-zllm < llaf|lzll. (2 € E", a € Mpn),
where we recall that |la|| is an abbreviation of ||a : £2° — £2°||. In particular, E™ is a
Banach left M,,-module. See [16] for a discussion of the theory of Banach left A-modules

over a Banach algebra A.
We first give some preliminary notions. Let m,n € N, and let

a=(a;;) € My, p.
Then a is a row-special matrix if, for each i € N,,, there is at most one non-zero term,
say a; j(i), in the i'" row, the term a; ;(; being in the j(i)™ column.
We claim that each a = (a;;) € M, , can be written as

k
a = E Gy,
r=1

where a1, ..., a; are row-special matrices in M, , and

k
lall = llarl-
r=1

To prove this claim, we may suppose that a # 0. For each i € N,,, such that the 4"
row of a is non-zero, choose j(i) € N,, to be the maximum number j € N,, such that
ai; # 0, and set

Ci = Q4 (i) (Z S Nn),
taking ¢; = 0 when the i*® row of a is zero. Then choose iy € N,, such that
|cio| = min{|e;| : ¢; # 0,7 € Ny, }.
Finally, define a matrix b € M,, ,, by setting
(& .
biji) = —lci,| (i € Npy),
|ci]

(with b; ; = 0 (j € N,,) whenever the i*! row of a is zero), and setting b, s = 0 whenever
(r,s) # (4,4(i)) for any i € N,,. The matrix b is row-special. Further, we can see from
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(1.15) that ||b]| = |c;|- The coefficients of the matrix a — b are the same as those of a,
save that, for each i € N,, for which the i*? row of a is non-zero, the coefficient a; j(i) has

been replaced by
‘cio | |cio |
N . =1 7
“W“)( el ) 0T el

and so 37, |ag | is replaced by D77, |aj|—|cio| > 0, and ay, ji,) becomes 0. Note that no
zero term in the matrix (a;;) is changed. It follows immediately that |ja —b|| = ||a|| —|cs, |
and so [ — bl + [[b]] = [|a|.

We continue to decompose a — b in a similar way; after at most mn steps, the process
must terminate, and then we have the claimed representation of the matrix a.

THEOREM 2.35. Let (E,||-||) be a normed space, and take N € N. Suppose that, for each
n € Ny, || - ||ln is @ norm on the space E™ and, further, that ||z|1 = ||z|| (x € E). Then
the following are equivalent:

(@) (|| - |n : m € Nn) is a multi-norm of level N on {E™ : n € Ny};

(b) lla-z|lm < |lall |x]ln for each row-special matriz a € My, ,,, each x € E™, and each
m,n € Ny;

(c) lla-zllm <|la|l ||, for each a € My, », each xz € E™, and each m,n € Ny.

Proof. (a)=-(b) Suppose that (|| - ||n : » € Ny) is a multi-norm of level N on the family
{E™ :n € Ny}, and let a be a row-special matrix, of the form specified above. Then, for
each x € E™, we have the following, where we take a; j;y = 0 when the it" row of a is
Z€ro:

la - zllm = ll(a1,;0)%51), - - - m,j(m)Tj(m))Im

< max{lay )yl (@) (@1, - 20)[ln - by Lemma [2.15
= llalllzll» by (L.15),

and so (b) holds.

(b)=(c) Let a € M,, ,,, where m,n € Ny. Then a = Zle a,, where a1, ...ay are
row-special matrices in M, ,, and ||a|| = Z’:Zl |la ||, as in the decomposition given above.
For each x € E™, we have

la-@llm <llax - @lln + -+ llag - 2lln < (laall + - + llarlD |2l = lla]l 2],

as required.

(¢)=(b) This is immediate.

(b)=(a) We must show that Axioms (A1l)-(A4) of Definition are satisfied. Let
k € Ny with k > 2.

Let € E*. By taking a to be, first, a suitable matrix in M, with exactly one non-zero
term equal to 1 in each row, so that a corresponds to a given permutation in &y, and,
second, a diagonal matrix with diagonal terms a, ..., ax € C, we see that (Al) and (A2)
follow immediately from (b).
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Now take z1,...,x5—1 € E, and take a € My, ;1 to be the row-special matrix
1 0 ... 0
o1 ... O
00 ... 1
00 ... 0
It follows from (b) that |[(x1,...,Zk—1,0)||x < ||(z1,...,Zk-1)|k—1. Similarly, we see that

11, w5l < 1|21, 51, 0)]J5, and so (A3) holds.
Finally, take a € My, to be the row-special matrix

1 - 0 00
0 100
0 01 0
0 010

Then |la|| = 1, and it follows from (b), (A2), and (A3) that

(@1, wp—1, 2e-1) [k < [[(@1, - 21, 0) I = ([ (21, - s @—1) k-1
Similarly, |[(z1,...,2k—1)lk—1 < |[(x1,. .., Zk—1,Zk—1)| %, and so (A4) holds.
We have shown that (|| - ||, : » € Ny) is a multi-norm of level N on the family

{E™:n € Ny}, giving (a). m

2.4.2. Dual multi-norms and matrices. Let m,n € N, and let a = (a;;) € M, ».
Then a is a column-special matrix if, for each j € N,,, there is at most one non-zero
term in the 5% column. Clearly the transpose of a row-special matrix is a column-special
matrix, and vice versa.

We claim that each a = (a;;) € M, , can be written as

k
a = E Gy,
r=1

where ay, ..., a are column-special matrices in M, ,, and ||a] = Zle la,||, where now
la|| is an abbreviation of |la : €L — £L ||. This claim follows from an earlier remark by
taking transposes.

The following theorem can be proved by a similar argument to that in Theorem [2.35
Indeed, the proof uses Lemma[2:21 and the above decomposition of matrices. For details,
see [61, Theorem 4.6.4].

THEOREM 2.36. Let (E, ||-||) be a normed space, and take N € N. Suppose that, for each
n € Ny, || - |ln is @ norm on the spaces E™ and, further, that ||z||y = ||z|| (x € E). Then
the following are equivalent:

(@) (I - lln : » € Nn) is a dual multi-norm of level N on {E™ :n € Ny};
(b) lla-z|lm < lla: €l — -\ |zl for each column-special a € My, ., each x € E™, and
each m,n € Ny;
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(©) lla-zlm < fla: 6

Lo— Ll |zlln for each a € My, ,, each x € E™, and each
m,n € Ny. m

As remarked in [61], the above two characterizations of multi-normed spaces and of
dual multi-normed spaces together give an alternative proof of Theorems and

2.4.3. Generalizations. Consideration of Theorems and suggest a further
generalization of the notions of multi-norms and dual multi-norms. The following is [61]
Definition 4.3.1].

DEFINITION 2.37. Let (E,| - ||) be a normed space, and take p € [1,00]. A type-p multi-
norm on {E™ : n € N} is a sequence (|| - ||, : n € N) such that || - ||, is a norm on E™ for
each n € N, such that ||z||; = ||z|| for each x € E, and such that

la - zllm < lla: £ — ] |zl
for each matrix a € M, ,,, each x € E", and each m,n € N.

Thus a multi-norm is a type-co multi-norm and a dual multi-norm is a type-1 multi-
norm in the sense of the above definition. A type-p multi-norm is a special-norm in the
above sense.

For example, fix p € [1,00], let E = C, and take the {P-norm on E™ for each n € N.
Then we obtain a type-p multi-norm. Further, a short calculation involving the matrices

1 1 0 1 .
{ 0 O} and [ 0 1] in M,
shows that this example is not a type-¢ multi-norm for any g € [1, 00| save for ¢ = p.

Thus the classes prescribed by type-p multi-norms are distinct for different values of p.

EXAMPLE 2.38. Let E be a Banach space, and take p € [1,00]. For n € N, define
" 1/p
I wa)ln = (3 lil?) " (@1, € B),
i=1

and consider the sequence (|| - || : » € N). In the case where p = 1, we obtain a dual
multi-norm, and in the case where p = 0o, we obtain a multi-norm based on E. Now take
p € (1,00). Then it follows from [47, §4] that (|| - || : » € N) is a type-p multi-norm if
and only if F is isometrically isomorphic to a subspace of a quotient of an LP-space. m

The following is [61, Lemmas 4.3.2 and 4.3.3].

PROPOSITION 2.39. Let E be a normed space. Suppose that (|| - ||ln : n € N) is a type-p
multi-norm on {E™ : n € N}, where p € [1,00]. Take n € N and o, 3 € C. Then

||($17 cee axnflaaxnaﬁxn)”’rwrl = ||($1; cee 7xn7157xn||n
or X1,...,Tyn € B, where v = (|af + . In particular,

E, where P PP ] jcul

(@1, s @ty @y )l = (@15 @01, 24P |
forxzy,...,x, €EE. u

The following result, from [61], generalizes those of
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THEOREM 2.40. Let E be a normed space, and take p € [1,00]. Then the dual of a type-p
multi-norm on {E™ : n € N} is a type-q multi-norm on {(E")" : n € N}, where q is the
conjugate index to p. m

2.4.4. Sequential norms. Let E be a Banach space. A somewhat similar notion to that
of our multi-norms has already been defined; these are sequential norms on the family
{E™ : n € N}, these norms were first defined and extensively studied in [49], and their
definition and basic properties are summarized in [50].

Indeed, a sequential norm on {E™ : n € N} is a sequence (|| - || : n € N) such that
Il - |l» is a norm on E™ for each n € N, such that ||z||; = ||z| for each z € F, and such
that the following axioms are satisfied for each m,n € N:

(LD) [|(z1,- -y Zn, O)|lnt1r = I(z1, -+ oy 20)|ln (21,.. ., 25 € E);
(L2) (@1, s @i Y1 ) o = M@, ) 15+ s )17
whenever x1,...,Zm,Y1,...,Yn € E;
(L3) lla - @llm < lla: € — Gl 2]l (z € ", a € M)

The space E together with the sequential norm (|| - ||, : n € N) is called an operator
sequence space over E.

It is clear that a sequential norm is a type-2 multi-norm, and so it satisfies our axioms
(A1), (A2), and (A3). The above example, with p = 2, gives a sequential norm which is
not a type-¢ multi-norm for any ¢ € [1, 00| save for ¢ = 2. On the other hand, a multi-

norm satisfies (L1), but it need not satisfy (L2). For example, let £ = C, and consider
the multi-norm specified by

(e, B)lle = lef + 8] (a,5 € C).

This is rarely equal to (|a|? + |3]?)/2, as required by (L2). In fact, a multi-norm never
satisfies (L3) (unless E = {0}). For take x € E with ||z|| = 1, and take

11
CL|:0 O:|€M2,

so that ||(z,z)||2 = 1 by Lemma and hence [la|| = V2, but |la - z|s = ||(22,0)]]2 = 2
by (A3). Thus (L3) fails.

2.4.5. Multi-norms and tensor norms. The following definition and theorem (with
a proof) will be given in [I9].

DEFINITION 2.41. Let (E,|| - ||) be a normed space. Then a norm || - || on the tensor
product ¢y ® E is a co-norm if

[ @zl =zl (z€E)
and if T ® Ig is a bounded linear operator on (¢ ® E, || - ||) with
IT @ Iell < I (T € K(co))-
In fact, each such ¢p-norm || - || is a reasonable cross-norm, and so we have

Izlle <llzll < llzllx - (2 € co® E).
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It will also be noted in [I9] that, for each such ¢g-norm || - || on ¢y ® E, we have
IT® Ie| =T (T € Blco))- (2:3)
Let || - || be a co-norm on a space ¢y ® F, and take n € N. We define
n
Il =[S0 @2 @1 a0 € B). (2.4)
j=1
For example, the injective norm || - || on the tensor product ¢y ® F is such that
n
IS d@w|| =maxal @00 € B)
: € €Ny,
j=1
for each n € N, and it is easily seen that || - || is a ¢o-norm. It is also easily seen that the
projective norm || - ||r is a cp-norm. Thus || - ||c and || - || are the minimum and maximum

co-norms on ¢y ® E, respectively.

THEOREM 2.42. Let E be a normed space. Then the family Eg of multi-norms based on
FE corresponds bijectively to the family of co-norms on cg ® E wvia the above correspon-
dence. m

In fact, a more general theorem will be proved in [I9, Theorem 3.5]. There is a similar
characterization of dual multi-norms; one replaces ‘cy’ by “¢1’; see [19].

Let E be a normed space. Then we have seen that there are two complementary
approaches to the theory of multi-normed spaces: the ‘coordinate approach’ involving
sequences (|| - ||, : n» € N) of norms, where | - ||, is a norm on E™ for each n € N, and the
‘non-coordinate approach’ involving norms on the tensor product cg ® F. An analogous
contrast appears in the well-known theory of operator space theory, or quantum functional
analysis. The ‘coordinate approach’ to this theory involves sequences (|| - ||, : n € N) of
norms, where || - ||, is a norm on M, (F) for each n € N; the complementary ‘non-
coordinate approach’ involves norms on F(L) ® E, where F(L) denotes the space of
finite-rank operators on a fixed separable Hilbert space L. The former approach predom-
inates in the works [12] 28] [57, [60], for example; the latter approach predominates in the
monograph [35] of Helemskii, and the Introduction to [35] contains a clear discussion of
the contrasting strengths of the two approaches. We give some brief details of the two
approaches.

DEFINITION 2.43. Let E be a linear space, and consider an assignment of norms || - ||,
on M, (E) for each n € N; these norms are called the matriz norms. An abstract operator
space on E is a sequence (|| - || : n € N) of matrix norms such that:

(M1) |lawB|ln < ||| |v]lm]| 8] for m,n € N, o € My 1, 8 € My, and v € My, (E).
(M2) ||v ® w|lmtn = max{||v||m, |w|.} for m,n € N, v € M,,,(E), and w € M, (E).

The following definition is taken from [35]. We set F = F(L) for a fixed Hilbert
space L, and note that 7 ® F is a bimodule (with operations denoted by -) over B(L).

DEFINITION 2.44. Let E be a linear space. Then a quantum norm on E is a norm || - ||
on F ® E satisfying the following two conditions:
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(R1) |IT - ull, |lw-T| < ||T|| |lw|| whenever T € B(L) and u € F ® E;
(R2) whenever u,v € F ® E and there exist self-adjoint projections P,Q € B(L) with
P.-u-P=u,with Q- -v-Q =v, and with PQ) = 0, then ||u + v| < max{|ju|, ||v||}

It is shown in [35] that the family of quantum norms on E corresponds bijectively to
the abstract operator space on E described in Definition [2.43]

Given an axiomatic theory one often wishes to find a ‘concrete representation’ of the
objects defined by the theory. For example, the Gel’fand—Naimark theory gives a concrete
representation of each abstractly-defined C*-algebra as a self-adjoint, norm-closed sub-
algebra of the C*-algebra B(H) for some Hilbert space H. The concrete representation
of an abstract operator space is Ruan’s theorem, which represents each such system as a
closed subspace of B(H) for some Hilbert space H, the matricial norms being recovered
in a canonical way.

After a first draft of this work was completed, the late Professor Nigel Kalton pointed
out the memoir [53] of Marcolini Nhani; I am deeply grateful for this reference and for
some valuable comments.

In fact, let E be a Banach space. Then a norm || - || on ¢o ® E satisfies ‘condition (P)’
of [53] §2, p. 12] if

(T @ Ig)2)| < [Tzl (z€co® E, T € B(c))-

It is clear from our remarks that such norms are exactly the co-norms of Definition [2.41
and so the definition of a multi-normed space corresponds to the theory in [53] of norms
on ¢y ® F satisfying property (P).

As remarked in [53], this theory is a form of ‘commutative counterpart’ to that of
operator space theory. Indeed, we obtain the Axiom (P) by replacing F by ¢¢ in the
axiom (R1). However, our theory has no analogue of Axiom (R2), so, in that sense, it is
more general.

The analogue of Ruan’s theorem is Pisier’s theorem, given as Théoréme 2.1 in [53];
we shall describe this result in Theorem below.
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In this chapter, we shall first define a ‘rate-of-growth’ sequence (p,(E)) for each multi-
normed space ((E™, || - ||») : » € N), and then define two important examples of multi-
norms for an arbitrary normed space E: these are the minimum and the maximum multi-
norms. We shall investigate the duals of these multi-norms and the sequence (¢2**(E))
corresponding to the maximum multi-norm, and relate them to p-summing constants.

3.1. An associated sequence

DEFINITION 3.1. Let ((E™, ||+ ||») : n € N) be a multi-normed space. For each n € N, set
on(E) =sup{[[(z1,...,2n)|ln : 21,..., 20 € Ep}.

The sequence (¢, (F) : n € N) is the rate of growth sequence for the multi-normed space.

Note that ¢, (F) is not intrinsic to the initial normed space F; it depends on the
multi-norm, and so, strictly, we should write (@, (E™, | - ||l»)) instead of (¢, (E)).

Suppose that two multi-norms are equivalent. Then their rate of growth sequences
are similar. However, the converse to this is not true; see Proposition [£:29) below.

Clearly (¢, (E) : n € N) is an increasing sequence in R for each multi-normed space
((E™ || - ln) : n € N), and it follows from Lemma that

1<pp(E)<n (neN)
and from Lemma [2.10 that
@m+n(E) S‘Pm(E)+‘Pn(E) (m,nGN).

Let F be a subspace of a normed space E, so that ((F",| - |l») : n € N) is a multi-
normed subspace of a multi-normed space ((E™, | - ||») : n € N). Then clearly we have
@n(F) < Spn(E) (n € N)'

3.2. The minimum multi-norm
3.2.1. Definitions. We first define the most obvious multi-norm.

DEFINITION 3.2. Let (E, || - ||) be a normed space. For k € N, define || - [|® on E* by

[P = ma [zl (2, € B).
1€Ng
It is immediate that || - | is a norm on E¥ for each k& € N, and then that, for
each n € N, the sequence (|| - [[M* : k € N,,) is a multi-norm of level n. It follows that
((E*,| - ||min) : k € N) is a multi-normed space.

(58]
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DEFINITION 3.3. Let (E, | - ||) be a normed space. For each n € N, the sequence
(I ™« & € Nn)

is the minimum multi-norm of level n. The sequence (|| - || : n € N) is the minimum
multi-norm. The rate of growth of this multi-norm is (o™ (E) : n € N).

It follows immediately from this example that there is indeed a multi-norm based on
each normed space (E,|| - ||). The terminology ‘minimum’ is justified by Lemma [2.11]
given above. The minimum multi-norm corresponds to the injective norm on the tensor
product ¢y ® F via the correspondence of Chapter 2, §6.4; see [19].

Let (£, <) be the partially ordered family of multi-norms based on E, as in Def-
inition 2241 Then it is clear that the minimum multi-norm is the minimum element
in (€E7 S)

More generally, take n € N, and let ((E¥,| - ||z) : k € N,;) be a multi-normed space of
level n on {E* : k € N, }. For m > n, define

||(1171,,(Em)||m = ma'X{”(ylv»yn)”n Ylye 3 Yn € {$17...7.Tm}}

for z1,...,2, € E. Then ((E™,| - ||m) : m € N) is a multi-normed space. Thus a
multi-norm of level n can be extended to a multi-norm, in an obvious sense.
The following result is immediate.

PROPOSITION 3.4. Let E be a normed space, and let (|| - ||» : » € N) be a multi-norm
based on E. Then (|| - |ln : n € N) is equal to the minimum multi-norm if and only if
on(F) =1 (n € N), and it is equivalent to the minimum multi-norm if and only if

(pn(E) : n € N) is bounded. m

Let E be a normed space, let n € N, and let ((E*, |- ||x) : ¥ € N,,) be a multi-normed
space of level n. Extend this multi-norm to the multi-normed space ((E™, ||||m) : m € N),
as above. Then clearly ¢, (E) = ¢,(E) (m > n). Thus there are multi-norms which are
equivalent to the minimum multi-norm, but are not equal to it, whenever po(E) > 1.

Let (E,|| -||) be a normed space. As noted above, there is a similar ordering of dual
multi-norms on the family {E™ : n € N}. As in Example [2.6] the sequence (|||, : n € N),
where

n
H(‘Tlv>$n)Hn:ZH$JH (.%‘17...,$n€E),
j=1

is a dual multi-norm on {E™ : n € N}. It follows from Lemma that this sequence
(Il - I : » € N) is the mazimum dual multi-norm on {E™ : n € N}.

Let E be a normed space. It is easily seen that the dual of the minimum multi-norm
on {E™:neN}is (|||, : n €N,,), where || - ||/, is defined by

H()\l""’)\n)H;L:Z”)\jH ()‘17"'7)‘TLGEI)7
=1

and that the dual of the maximum dual multi-norm on {E™ : n € N} is the sequence
(I~ 1I7 : » € Ny,), where

[Ars - Al = max{[[ Al [Aall} Ay A € B,
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and so, by Lemma [2.11] which applies to dual multi-norms, the following result is imme-
diate.

PRrOPOSITION 3.5. Let E be a normed space, and take n € N. Then:

(i) the dual of the minimum multi-norm on {E™ : n € N} is the mazimum dual multi-
norm on {(E")" : n € N};
(ii) the dual of the mazimum dual multi-norm on {E™ : n € N} is the minimum multi-
norm on {(E")" : n € N};
(iii) the second dual of the minimum multi-norm on {E™ : n € N} is the minimum
multi-norm on {(E"”)" :n € N}. m

3.2.2. Finite-dimensional spaces. We show the uniqueness of multi-norms based on
finite-dimensional normed spaces.

PROPOSITION 3.6. Let n € N. Then the minimum multi-norm of level n is the unique
multi-norm of level n on {CF : k € N,,}.

Proof. Let (|| - ||z : ¥ € N,,) be a multi-norm of level n on the family {C* : k € N,,}.
Take k € N,,. By Lemma we have [|(1,...,1)||x = 1. Now take (a1,...,a;) € Ck.
By (A2), we have

o < i R = ]
o son) e < (macla 1L, Dl = max]ad,
and, by Lemma [2.11
i< R .

max fa] < [|(a, ..., )l
Thus

I, -, o) 1 = max o],
giving the result. m
PROPOSITION 3.7. Let ((E™, || - ||») : n € N) be a multi-normed space such that E is

finite-dimensional. Then (|| - ||ln : n € N) is equivalent to the minimum multi-norm.

Proof. Suppose that dim E = m, and take {e,...,e,} to be a basis of F; we may
suppose that |lej|| =1 (j € N,,). Set e = (e1,...,em) € E™, so that |e||, < m.

There exists a constant C' > 0 such that each z € E can be written uniquely as
w =300 ageg, with 3700 Jag] < Cl].

Now take n € N and =1,...,2, € Ey, say z; = Zm:1 ajje; for ¢ € N,. Then

j
Yoy i < C (i € Ny). Set a = (v ;) € My, so that

m
la €37 — 61 = max o 5| < C.
"

Then, using Theorem [2.35] (a)=>(c), we have
1@ 2l = lla - elln < lla s €5 = €2 llelm < Crm.

Thus ¢,(E) < Cm (n € N). By Proposition (I - ln : n» € N) is equivalent to the
minimum multi-norm. =
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3.3. The maximum multi-norm. Let F be a normed space. The multi-norm based
on F to be defined in this section, whilst natural, is much more interesting than the
minimum multi-norm.

3.3.1. Existence of the maximum multi-norm. We first show that there is a maxi-
mum multi-norm.

DEFINITION 3.8. Let (E, | - ||) be a normed space, take n € N, and suppose that

(- M = k € Ny)
is a multi-norm of level n on {E* : k € N,,}. Then (|| - ||x : k¥ € N,,) is the mazimum
multi-norm of level n if
Iz, ze)lle < @i, szl (@1,...,2 € E, k€N,)

whenever (|| - |z : k¥ € N,,) is a multi-norm of level n on {E* : k € N,,}.

We define the mazimum multi-norm on the family {E™ : n € N} similarly.

Let n € N. Then it is easy to see that there is a maximum multi-norm of level n on
{E* : k € N, } for each normed space (E, || - ||). Indeed let {(|| - || : k € N,,) : o € A} be
the (non-empty) family of all multi-norms of level n on {E* : k € N,,}, and, for k € N,,,
set

(1, ze)lle = sgg Iz, . ,ze)lle (z1,...,25 € E).

It follows from Lemma [2.11] that the supremum is finite in each case, and then it is easily
checked that the sequence (|| - ||x : k¥ € N,,) is a multi-norm of level n on {E* : k € N,,},
and hence (|| - ||x : k¥ € N,,) is the maximum multi-norm of level n on {E* : k € N, }.
Similarly this applies to multi-norms themselves.

DEFINITION 3.9. Let (E,| - ||) be a normed space. We write
(- IR eN)
for the maximum multi-norm on {E™ : n € N}.

Suppose that m,n € N with m < n, and let (|| - [|"** : k¥ € N,,) be the maximum
multi-norm of level n on {E¥ : k € N,,}. Then it is immediate that (|| - |8 : k € N,,,) is
the maximum multi-norm of level m on {E* : k € N, }.

Let (Eg, <) be the partially ordered family of multi-norms on the family {E™ : n € N}
for a normed space E, as in Definition[2:24] It is clear that the maximum multi-norm is the
maximum element in (£g, <). The maximum multi-norm corresponds to the projective
norm on the tensor product ¢y ® F via the correspondence of Chapter 2, §6.4; see [19].

PROPOSITION 3.10. Let E be a normed space. Then (Eg,<) is a Dedekind complete
lattice.

Proof. We know that (£g, <) has a maximum and a minimum element. By Proposition
@ the maximum of each pair of elements g belongs to £g. It is now routine to check
that the pointwise supremum of a non-empty set in g is the supremum of the set.

To see that each non-empty subset S in £ has an infimum, consider the set T' of
multi-norms that lie under every element of S. This set T" has a supremum, and this
supremum is the infimum of S. =
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Similarly, the family of dual multi-norms on {E™ : n € N} is a Dedekind complete
lattice.

max

3.3.2. The sequence (T
normed space E.

(E)). We now define a key sequence associated to each

DEFINITION 3.11. For n € N; set

max max

On () =sup{|[(z1, ..., 2|0 s 21, .. 20 € By}

Thus the sequence (¢2**(FE) : n € N) is now intrinsic to the normed space (E, || - ||);
it is the mazimum rate of growth of any multi-norm on {E™ : n € N}. We find it to be
interesting to calculate this sequence for an arbitrary normed space E and for a variety
of examples; we shall give some explicit calculations later.

Let E be a normed space with dim ¥ > n. Then

O (E) < sup{@en®(F) : dim F < n}, (3.1)

n
where the supremum is taken over all subspaces F' of E with dim F' < n. We shall see in
Example that we can have strict inequality in (3.1]).

THEOREM 3.12. Let E and F' be Banach spaces, and let G be a A-complemented subspace
of E with G linearly homeomorphic to F. Then
P(E) = o (F)Jd(F,G)A  (n € N).

Proof. There is a projection P : E — G with ||P|| < .

Set C = d(F,G), and take ¢ > 0. Then there is a bijection T € B(F,G) with
ITIT=H < C +e.

Let n € N. Then there are elements y1,...,y, € Fj;j and a multi-norm (||- ||z : k € N)
on {F* : k € N} such that

(- yn)lln > R (F) —e.
Set Q=T 'oP e B(E,F), so that
IQIITI < (€ + DIl < (€ + ),

and then set

(s, szl = max{{za]], . zkll [(Qzy, - -, Qu)llk/ QY
for each k € N and z1,...,2; € E, so that ||z|l; = ||z|| (x € E). Then we quickly see
that (|| - ||x : k € N) is a multi-norm on the family {E* : k € N}.
For j € Ny, set z; = T'y; /|| T|| € Gy, so that Qz; = y;/||T||. Then
(Y1, yn)lln > Pp(F) —¢
IRUITI — (C+e)A
Thus p**(E) > (pr®*(F) —€)/(C + ¢)A. This holds true for each € > 0, and so the

n

(215 2)lln =

result follows. m

COROLLARY 3.13. Let E be a Banach space, and let F' be a Ap-complemented subspace
of E. Then
on T (F) S Apep™(E)  (neN). =

n
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COROLLARY 3.14. Let E and F' be two linearly homeomorphic Banach spaces. Then
S (F) < d(E, F)g™(E) (neN). n

n

The above corollary shows that, when we are seeking to calculate the sequence
(pmex(E) : n € N) for a normed space E of dimension n, we may suppose that we

have (£3,)1; C Epy C (£5°)11) because E is isometrically isomorphic to a normed space F

with this additional property.

3.4. Summing norms

3.4.1. Introduction. We shall see below that the calculation of the (¢2**(E) : n € N)
for certain normed spaces (E, | - ||) involves some summing operators and p-summing
norms. For this reason, we make some preliminary remarks on these norms. For much
more information, including considerable history, see [26], 3T, [39] [66, [7T], [74], for example.
Some remarks that we make will not actually be used, and are given to establish some
background.

The first definition slightly extends [39] p. 24].

DEFINITION 3.15. Let E be a normed space, let z1,...,x, € F, and take p > 1. Then
i 1/p
up)n(xl,...wn):sup{(2|(xj,/\)|p) :)\GE[’I]}.
j=1

Then pp, p, is the weak p-summing norm on E™.

Let E be a normed space, and take p > 1 and n € N. We see that p, ,(21,...,2,) <1
if and only if [|((z;,A) : j € Ny)|l;z < 1 for each A € Ej;. It is clear that each p,n is a
norm on the space E”, and indeed (E™, u,, ) is a Banach space whenever E is a Banach
space. We shall write (£ (E)" for the space (E™, tp.n)-

The sequences « = (z;) for which there is a constant C' > 0 such that

pn(T1,...,2n) <C (n€eN)

are the weakly p-summable sequences in E [60, p. 134]; the least such constant C' is a
norm on the space of these sequences. These norms are denoted by || - [|[¥*?* in [26] p. 32]
and by || - ||/ in [66, (6.4)]. We shall write (7(E)" for the space of weakly p-summable
sequences in F.

Clearly pp»(0,...,0,2;,0,...,0) = ||z;| and

. i 1/p
max{|ai]] : i € Na} < pipn(@r, o wa) < (3 1) (3.2)
j=1

for x1,...,z, € E, and so p, ,, satisfies and . Now let T' € B(E). Then clearly
tpn(Tx1,. .., Tay) < || T|lppn(zi, ... zn)  (T1,...,2, € E). (3.3)
Further, we have
tpn(T1,. oy Zn) > pgn(@1, .. 2n)  (21,...,2, € E)

whenever 1 < p <gq.
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THEOREM 3.16. Let E be a normed space, and take p > 1. Then (ppn : n € N) is a
type-p multi-norm.

Proof. Tt is easily checked that (up., : n € N) satisfies Axioms (Al)-(A3), and so the
sequence (fpn : 7 € N) is a special-norm.
Take m,n € N, and then take z = (z1,...,2,) € E" and a € M, ,,. Set y = a - = so
that y € E™, and consider A\ € Ef1]3 we write
uy = ((z;, \) : jeN,) € and vy = ((yi, A) 1 €Ny,) €08 .
Then vy = a - uy, and so
[oaller, <lla: €5 — €3[| [luller-

It follows that ppm(y) < |la : €& — €2 ||up n(x), and hence (yp, : n € N) is a type-p
multi-norm. m

It follows from Proposition that
/Lp,n+1(x1’ sy Tp—1, A, ﬁxn) = ,up,n(xla sy Tp—1, "Yxn)

for 21,...,2, € E and n € N, where v = (|a|? + |8[P)"/P.

Suppose that F' is a subspace of a normed space F, and take elements z1,...,z, € F.
Then, by the Hahn-Banach theorem, the value of py, ,(x1,...,,) is the same, whether
it be evaluated with respect to either F' or E. In particular, the restriction of the weak
p-summing norm defined on (E”)™ to the subspace E™ agrees with the weak p-summing
norm defined on this space.

Let E be a normed space, and take p > 1; the conjugate index to p is denoted by gq.
By [39, p. 26] and [66] (6.4)], it follows that, for each n € N and 21, ...,z, € E, we have

fpn(T1, o Tn) = sup{Hi gja;jH : i 117 < 1}. (3.4)
j=1 j=1

(Here, and later, we think of E as a complex normed space and take (i,...,¢, € C; in
the case where F is a real normed space, we must take (i, ...,(, € R.) Similarly, by [39,
2.2], we have

i (T, ... xn) = sup{HiijjH (1., € ']I‘}. (3.5)
j=1

(In the real case, the numbers (1, ..., (, range over the finite set {£1}.)
Take p > 1 with conjugate index ¢. For each x = (z1,...,x,) € E", define

TI:(CD"an)'_)Zijj, K%HE
j=1

Then T, € B({%, E), and it follows from (3.4) and (3.5)) that wpn(z1,...,2,) = ||Tx]-
Further, the map = — Ty, (E", ppn) — B({2, E), is an isometric isomorphism, and so,
as in [26] Proposition 2.2],

(E™, ppn) = €5, (E)” = B(L}, E) = (6, @ B, || - ||)". (3.6)
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Let E be a normed space, and take p > 1. By [39, p. 26], we have
Ot M) = sup{ (S L ) 7 e By} (3.7)
j=1
for A1,...,\, € E’. In particular,
fraOsee oy An) = Sup{zn: (@A) @ € By }. (3.8)
j=1

PROPOSITION 3.17. Let E be a normed space, and take p > 1 and n € N. Then the weak
p-summing norm on (E")" is the second dual of the weak p-summing norm on E™.

Proof. We write p, , and vy, ,, for the weak p-summing norms on E™ and (E")", respect-
ively. Take A = (Aq,...,A,) € (E")". By (3.7)),

() = sup{ (1t ) e ()
j=1

Take a net (x,) in E™ such that z, — A in the weak-* topology on (E”)". For each
A€ (E)", we have (zqo, A) — (A, A}, and s0 v, p (o) — v(A). Since vy, | E™ = pp p, it
follows that v, ,(A) = py ,(A). This gives the result. m

Recall that we take v = max{|a/,|3|} for v = (Ja|94|5]7)'/ in the special case where
q = oo.
PROPOSITION 3.18. Let E be a normed space. Taken € N, p > 1, and o, 8 € C, and set
v = (|a|? + |B]9)"/9, where q is the conjugate index to p. Then
pn(Z1s. s Tno1, 0Tp + BTrni1) < fpnt1(Z1, -0y Tne1, Y0y YTn41)
for each x1,..., 241 € E.
Proof. Take A € E’. Then we have
@z + Bant1, N < A([{@n, NP+ (zns1, AP
by Holder’s inequality, and so
[(azn + Brnir, NP < [(van, NP+ [(vzng1, AP
The result follows from (3.7)).
THEOREM 3.19. Let (E, ||-||) be a normed space. Then (1, : 1 € N) is a dual multi-norm
on {E™:n € N}, and
in(z1, . xn) < (@1, z0)lln (T1,...,20 € E) (3.9)
whenever (|| - ||ln : n € N) is a dual multi-norm on {E™ : n € N}.

Proof. Tt is immediate that (u; , : n € N) also satisfies Axiom (B4), and so (u1,, : n € N)
is a dual multi-norm. Inequality (3.9) follows from (3.5) and Lemma "

Thus (1, : » € N) is the minimum dual multi-norm on {E™ : n € N}.

Clause (i) of the following proposition concerning a specific normed space is given in
[39, 2.6]; clause (ii) follows because, for each measure space 2, the dual space to L(Q) is
order-isometric to a space C(K) for some compact space K, as noted in Corollary
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PRroOPOSITION 3.20. Let n € N and take p > 1.

(i) Let K be a compact space. Then

P fu) = [SOUAP| D (e € C(RD).
=1

(ii) Let Q2 be a measure space. Then
"~ ol|M/P L
ton (A, oy An) = HZW H My hn € LHQ)). =
i=1
3.4.2. Summing constants. The following definition of certain important constants is

given explicitly in [24], extending one in [26] p. 56|, [31], §16.3], [39] p. 33], and [66], §6.3].

DEFINITION 3.21. Let E and F be normed spaces, and take n € N and p, ¢ € [1, 00) with
p < g. Then the (g, p)-summing constants of the operator T' € B(E, F') are the numbers

i 1/q
ﬂ((lf'l’j)(T) = sup{ (Z ||ij||q) CX1, T € B pp (21,0, 2) < 1}.
j=1

Further, 7\ (E) = m\")(Ig); these are the (g,p)-summing constants of the normed
space E. We write 75" (T)) for 7 (T) and 75" (E) for 75" (E).

Let E be a normed space, and take n € N. For each p > 1, it follows that

) () = sup{(z s 17) ) < 1), (3.10)

where the supremum is taken over z1,...,z, € E. In particular,
n n
" (B) =sup{ 3 sl < | Yo G| < 1 G e D, (3.11)
j=1 j=1
where again the supremum is taken over zy,...,2, € F.

Clearly, in each case,
IT)| < 7 ) (T) < n||T],

so that 1 < m(]flp) (E) < n, and (w,gflp) (T') : n € N) is an increasing sequence. Also, each m(]f;)

is a norm on B(E, F'). Suppose that E is a closed subspace of a Banach space F'. Then it
is clear that w(n)(E) < m(lflp)(F).

Let E and F' be normed spaces. Then these norms are closely related to the standard
(g, p)-summing norms. Indeed, for T € B(E, F), we set

Tgp(T) = sup{ﬂ(") (T):neN} = nlLIr;o ﬂtgf‘p) (T) € [0, 00].

In the case where 7, ,(T) < 00, the operator T is said to be (absolutely) (g, p)-summing;
the set of these operators is denoted by I, ,(E, F'). We shall write m,(E) for m,(Ig), mp(T)
for 7y, ,(T), and (II,(E, F), m,) for (I, ,(E, F), T ), etc. It is clear that (I, ,(E, F), mq.p)
is a Banach space whenever F' is a Banach space, and indeed it is a component of an
operator ideal. There are extensive studies of these ideals in [26] [39] 4T}, [58] 66}, [71], [74],
for example.
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Elements of II;(E, F) are also called the (absolutely) summing operators; they are
characterized by the property that the series Z;‘;l T'z; converges absolutely in F' when-
ever Z;’il x; converges weakly unconditionally in E.

We shall use the following results about the norms 7r(").
PROPOSITION 3.22. Let E be a normed space, and take n € N. Then:

() w"(T) < 7"(T) and 7o (T) < m1(T) for each T € B(E);
(ii) mo(F) = v/n whenever dim E = n;
(iii) 71 (E) > /n whenever dim E > n;
(iv) W(n)( E) = ﬂ,(,n)(E”) for each p > 1.

Proof. Clause (i) is a small variation of [39, 3.3, p. 32], and (ii) is [39, Proposition 5.13,
p. 62] and [26, Theorem 4.17]. Clearly (iii) follows from (i) and (ii).

Clause (iv) is essentially [39, Proposition 17.4, p. 157]; it follows from the Principle
of Local Reflexivity, Proposition .

There have been studies of the relationship of the numbers m(,flp) (T'), and especially
when suitable multiples bound 7, ,,(T). For a summary, see [71, Chapter 4]; further results

are given in [24] and [40]. We shall use the following result of Szarek [68, Theorem 3].

THEOREM 3.23. There is a universal constant C > 0 such that, for each n € N, each
Banach spaces E and F with dim E = n, and each T € B(E, F'), there ezists k € N with
k <nlogn such that

m(T) < Cal™(T).
In the following corollary, C' is the constant of the above theorem.

COROLLARY 3.24. Letn € N, and let F' be a normed space such that dim F' > n. Then

7r§")(F)z% [ - ]

logn

Proof. Set m = [n/logn], and take a subspace E of F with dim F = m; let T be the
embedding of E into F'.

We have ﬂi") (T) = En)(E) < ’/TYL)(F) and it follows from (i) and (ii) of Proposition
- that v/m = mo(T) < m(T). By Theorem u there exists k € N with £ < mlogm
and m,(T) < Cr\¥)(T). But

mlogm < o (logn —loglogn) < n
logn
and so k < n. Thus
k n
(1) <" (T).

By combining the various inequalities, we obtain the result. m

For a similar result involving 7\ (F) for p > 1, see [42].
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3.4.3. Related constants. We now introduce two constants related to 7r1n) (E) that
will be referred to later. Recall that Sg denotes the unit sphere of a normed space E.

DEFINITION 3.25. Let E be a normed space, and take n € N. Then
7E) =sup{ (X lasll) < Il = = leall, pner, o) <1}
j=1

and

CTL(E) = inf{sup{HCle +---+ Cnxn” : Clv R Cn S T} 1T1y .., Tn € SE}
In particular, ¢;(FE) =1 and
co(FE) = inf{s&ug{”xl + Cxa||} 1,22 € S’E}. (3.12)
€
We see that (¢,(F) : n € N) is an increasing sequence in [1,00). Let n € N. Then it
follows from (3.5)) that
cn(BE) = inf{p n(z1,...,20) 1 T1,..., 20 € SE}.
Clearly, 7" (E) < 7\"(E) and 7" (E) - cu(E) = n, and so
m"(E) - cn(E)>n  (neN). (3.13)

We first make a simple remark. Let (E,|| - ||) be a normed space. Suppose that
ri,...,T, € E are such that

sup{||G1z1 + -+ Cnnl : 1y, G ETH=C
(so that C' € RY), and take ¢ > 1. Then we claim that
sup{||Cita1 + Coza + -+ + Cunl| 1 G1y ey Go € T > C.

Indeed, take ¢ > 0 and (31,...,¢, € T with |Gz + Gaa + -+ + (uan|| > C — . Set
y==Cx1+ Qoo+ -+ CGurp and 2z = Gy — (owg — - - — (pTy, so that ||z]] < C. Then
2(¢itey + -+ Cn) = (E+ Dy + (8 — 1)z,

and so
2WCitzy + -+ Guxnl] = F+1)(C —e) — (¢ —1)C =2C — (t — 1)e,
from which the claim follows. It follows that
cn(E) <sup{||Git1z1 + -+ Gatnnll : 1y ooy G € T} (3.14)
for each z1,...,2, € Sg and t1,...,t, > 1.

PROPOSITION 3.26. Let (E, | -||) and (F,| -||) be Banach spaces, and let G be a closed
subspace of E with G linearly homeomorphic to F'. Then
cn(E) < ep(F)d(F,G) (neN).

Proof. Set C' = d(F,G), and take € > 0. Then there is a bijection T' € B(F,G) with
17T < C+e.
Let n € N. Then there are elements y1,...,y, € Sp such that

Gy + -+ Caynll < cn(F)+e (Crye--5Cn €T).
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Set x; = Ty;/||Ty;| (j € N,). Then z1,...,z, € Sg. For j € N,,, set t; = || T || Ty;]],
so that t; > 1. By , we have
en(E) <sup{||Gitiz1 + - + Cutn@nl| 2 C1y oo Cn € TS
= 1T sup {6 Tys + - + G Tyl s iy G € T)
<(CH+e)(en(F) +e).
This holds true for each £ > 0, and so the result follows. m

3.4.4. Orlicz property. The following definition is given in [39] p. 43] and [74, Remark
I1.D.7].

DEFINITION 3.27. A Banach space (E, || - ||) has the Orlicz property with constant C if
m,1(E) = C is finite, so that

n 1/2
C = sup{(z ||xj||2) FX1, T € B pyp(x1, .., 2p) < 1} < 00.
j=1

Clearly C' > 1 in each case. It is shown in [26] Corollary 11.17] and [39] p. 69] that
every Banach space ‘of cotype 2’ has the Orlicz property. We remark that, by [26, Theorem
14.5], an infinite-dimensional Banach space E with the Orlicz property is ‘of cotype ¢’
for each ¢ > 2, but an example of Talagrand [69] shows that there is a Banach lattice F
with the Orlicz property such that E is not of cotype 2.

THEOREM 3.28. Let E be a Banach space such that E has the Orlicz property with
constant C. Then

w"(E) < OV, V< Cc(E) (neN).
Proof. Let n € N and x1,...,2x, € E. Then

n n /
S sl < V(3 le?)
j=1 j=1

by the Cauchy—Schwarz inequality. Now suppose that py ,(21,...,2,) < 1. Then it fol-
lows from Definition [3.27] that

>zl < Cv,
j=1

and so the result follows from (3.10)) and (3.13)). =

In particular, (WYL)(E)) = O(4/n) for each Banach space E of cotype 2.
The following theorem of Orlicz [56] can be regarded as the historical beginning of the

study of summing operators; a proof is given in [26, Corollary 11.7(a)] and [74, Theorem
11.D.6].

THEOREM 3.29. Let (Q, 1) be a measure space, and take q € [1,2]. Then the Banach
space LI(Q), 1) has cotype 2, and hence the Orlicz property. m

The Orlicz constant associated with the space ¢9 (for 1 < ¢ < 2) is denoted by C,.
We know that Cy =1 [39, 3.25] and that C; < v/2 [39, 7.6].
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COROLLARY 3.30. Let g € [1,2]. Then

=MWy < Cpvn (neN).
In particular, ﬂ'(n) (¢?) < y/n (n €N).
Proof. This follows from Theorems [3.28] and [3.29] m

3.4.5. Specific spaces. We shall also use the following specific calculations involving
the spaces P, where p > 1. Note that, for n € N, always 7T1n) () < 7r§n) (eP) < my(£P).

ProroSITION 3.31. Let n € N. Then:
(i) for each q € [1,2], we have /n < W(”)(gq)

(it) vn <o () <ol () = m(L) < V2n;

(iii) 7 = WZ) () < m(€2) < (2/y/T )V
(iv) m{(E2) = ™ () = n;

(v) for each q € [2 00), we have

Vi <M <20y < 7 (0),

Proof. (i) Take ¢ = exp(2wi/n) and then set f; = (%, ¢?%,...,¢™) for i € N,,. Then we
have ||Cif1 + -+ 4 Cufull < n'/?TY/4 by Lemma ii). But > || fill = n'T1/4, and so
w"(e2) > /i by (3.11).

(i) We have 7™ (¢1) = 7, (€1) < v/2n by [39, 7.18 and 7.12).

(ifi) We have ™ (¢2) = \/n by [39, 3.9] and 7, (£2) < (2/y/7 )y/n by [39, 8.10)].

(iv) By taking z; = d; (j € N,) in 7 we see that wl”)(@’) > n; certainly
M=) < n.

(v) Let q € [2,00). By taking ; = §;/n'/? (j € N,,) in equation , we see that

(”)(gq) >npl-1/4 u

We note that the precise value of 71 (¢2) is given in [39} 8.10], and that 71 (¢2) > \/n for
n > 2; the results are due to Gordon [33]. We also remark that the following estimates
(and more general estimates) are contained in [33, Theorem 5]; we shall not use the
results. (The results in [33] are for real-valued spaces, but the analogous results follow
for our complex-valued spaces, with a possible change in the implicit constants.)

PROPOSITION 3.32.

(i) Take q with 2 < q < co. Then 71'1 (ﬁq) ~n!t=1 g5 n — oco.
(ii) Take q with 1 < q < 2. Then 71'%")(6%) ~n'? asn —oco. m

It would be interesting to find the exact values of ﬂgn)(ﬂfn) for each m,n € N and
p € [1,00]. Towards this, take ¢ to be the conjugate index to p, and let Ay,..., A\, € €2,
say Aj = (Aijy..-, Amj) (4 =1,...,n). Thenset A = (N\;; : ¢ € Npp,, 7 € N,,), an m x n-
matrix, so that A € M, ,,. Following Feng and Tonge in [29] (but replacing their p and
¢ by u and v, where 1 < u,v < 00), we define

Ay = (Xn: (i |/\ij|u)v/u>1/v

j=1 i=1
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and
[Allu,o = max{[|Az|[, : [|z]. < 1}

By (3.7), the condition that p1,,(A1,...,A,) < 1is just the condition that ||A]l,1 < 1.
The number Z;.lzl [|A;] is just |Alg,1. Thus Wgn)(ﬁﬁl) is the least constant d such that

[Alg,1 < dl|Allpy

for each A € M, ,,. The determination of such a d is exactly a special case of the question
addressed in [29, Problem 1, (4)]; unfortunately, this is a case that is left open in [29].
More generally, Feng and Tonge study in [29], for fixed m,n € N, the constant

din (w0, 0,7, 8) = sup{[Alu,p : A € My, [Allrs <1}

this number was determined in the case where u = v > 2 for most (but not all) choices
of r,s € [1,00). We see that the above argument shows that

iy (0, 0,7, 8) = T3 (12 05, — 0%,

where I is the identity map and 7’ is the conjugate index to r.

3.5. Characterizations of the maximum multi-norm

3.5.1. Characterizations in terms of weak summing norms. We now give some
alternative descriptions of the maximum multi-norm; these remarks will be used to give
some calculations of the maximum rate of growth for certain Banach spaces F.

Let E be a normed space, and take n € N. Then we set

Sn:{(C1x""7<n$)€En:Clv"'7Cn€T7xESE}

and K, = ©o(S,), the closed convex hull of S,,, so that K, is absolutely convex and
absorbing. Then the Minkowski functional, temporarily called p,,, of K, is a norm on E".
Since A, (K,) = K, for each 0 € &,, and M,(K,) C K, for each « € ﬁn, the norm
pr, satisfies Axioms (A1) and (A2). Now let n vary in N, so that we obtain a sequence
(pn : m € N) of norms. This sequence clearly satisfies (A3) and (A4), and so (p, : n € N)
is a multi-norm on {E™ : n € N}. Further, let (|| - ||, : n € N) be any multi-norm on
{E™:n € N}, and let B,, be the closed unit ball of (E™, ||+ ||5,). Then we see that K,, C B,,
and so (p, : n € N) is the maximum multi-norm on {E™ : n € N}. We conclude that the
closed unit ball of (E™, || - ||™**) is the set K.

max

The first characterization of | - ||

follows easily from the Hahn—Banach theorem:;
in the proof, we temporarily write p,, for || - ||™** ¢, for the dual norm to p,, and we
write 1, for the weak 1-summing norm on (E’)™.

THEOREM 3.33. Let E be a normed space, and take n € N. Then
(@1, .. zn)||mex = sup{’Z(xj, )\j>‘ Spra(Ar, ) < 1}
j=1

for each x1,...,x, € E, where the supremum is taken over \1,...,\, € E'. Further, the
dual of - |2 is i1,
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Proof. Let z1,...,2, € E, and set x = (21, ...,2,). By the Hahn-Banach theorem,
]2 = sup{[{z, A)| : ga(N) < 1},

where (z, \) = 377 (5, A;) for A = (A1,...,A,) € (E)", as in (1.10). However it is
clear that ¢,(\) <1 if and only if |[(y, A)| <1 (y € Sy,), and so ¢,(A\) <1 if and only if

’Z@jy, Aj>\ <1 (C,...,Cn €T, yeSp).
j=1

This latter occurs if and only if Z;;l I{y, Aj)| <1 for each y € Ey.
Further, ¢, (A) <1 if and only if

’Z@, gm)‘ <1 (ClyeesCr €T,y € Sp),
j=1

and this occurs if and only if f11.,(A1,...,An) < 1. Hence g, = 1 5.
The result follows. =

Thus we can confirm from Theorem that (((E')"™, p1,) : n € N) is a dual multi-
Banach space, as already noted in Theorem For a related result, see Theorem [£.4]

COROLLARY 3.34. Let E = {", where r > 1. Then
[[(01,...,0 )||max—n (n €N).

Proof. By Corollary 8 1(01,...,0,)||"2 < n'/" (n €N).
The conjugate index to r is s. Take \; =J; € E' (j € N,,). By .,

Ml,n((sla'--;(sn) :Sup{H(Cl7'~'aCn) VA 5(1»---;(71 S T} :nl/s‘ (TL S N))
and so [|(61,...,0,)||"* > n/n'/* =n/" (n €N). =

COROLLARY 3.35. Let E be a normed space, and take n € N. Then

e2(B) = sup{ DIl : s, A) < 1

j=1
=sup{ >INl 1Y GAl £ 1 (G s G e D
j=1 j=1
where the supremum is taken over \i,...,\, € E’, and so

PN (E) = w%"’(E’) > n/cy(E').
Proof. Take A1,...,\, € E'. Then

sup{’i(xj, )\j>‘ STy, T, € By } ZH)\ Il,

and so the first equality holds. The final remark follow from and (| -
COROLLARY 3.36. Let E be a normed space, and take n € N. Then

P (E') = m"(B) and @I (E) = g™(E").
Proof. These follow from Proposition [3.22fiv) and Corollary [3.35] =
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COROLLARY 3.37. There is a constant C' > 0 such that, for each n € N and each normed
space E with dim E > n, we have

o282 g/ ||

logn

Proof. Since dim E > n, we have dim E/ > n, and so this follows from Corollaries [3.24

and B.35] =

We do not know if the factor ‘logn’ is required in the above theorem; we shall see in
Theorem that it is not required in the case where the space E is infinite-dimensional.

3.5.2. The dual of the minimum dual multi-norm. Let (E, ||-||) be a normed space.
Then we have seen that (p1,, : 7 € N) is the minimum dual multi-norm on {E™ : n € N},
and so (¢}, : n € N) is a multi-norm on {(£')" : n € N}. We ask if it is the maximum
multi-norm. To see that this is the case, take A1,..., A\, € E’, and set A = (A1,..., \,).
By Theorem we have

I = sup{ S (A A Arve A € B pa(Ars o An) S 1.
j=1
On the other hand, we have
, n
Hin(N) = sup{‘Z(Ij, Aj>‘ CX1, T € B pg p (21,0, 2,) < 1},
j=1

where we recall that the restriction of p;,, defined on (E”)™ to E™ is just ui,, defined
on E". Clearly, uy ,,(A) < [[A|[;7**. The reverse inequality follows from the Principle of
Local Reflexivity.

THEOREM 3.38. Let E be a normed space, and take n € N. For each A € (E')", we have
1 (A) = (AL
Proof. Take € > 0. Then there exists A = (Ag,...,A,) € (E”)™ with p1.,(A) <1 and

S| = I —e.
j=1

Set X =lin{Ay,...,A,}and Y =1in{)\;,..., A\, }, so that X and Y are finite-dimensional
subspaces of E” and E’, respectively. By the Principle of Local Reflexivity, Theorem
there is an injective, bounded linear map S : X — E with S]] < 1 4 ¢ and with
<S(AJ)7 )\]> = <Aj, )\J> (] € Nn) Set x = (S(Al),,S(An)) € E™. Then it follows
from that w1 ,(x) < (1 4+ ¢)pr,n(A) (with T taken to be S : X — S(X)), and so
p1n(z) <1+e. Now we have

IR IR 1 max
(V) > He}jz_jlwmj), A)| = HE\;W, M| 2 (™ = o).

This holds true for each e > 0, and so pf ,,(A) > [[A[[*.
Thus A} = p7 ,(A), as required. m
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THEOREM 3.39. Let E be a normed space. Then (uj ,, : n € N) is the mazimum multi-
norm on the family {(E")" :n € N}. n

In summary, we have the following. Let F be a normed space. Then the minimum
and maximum multi-norms based on E are (| - [|™® :n € N) and (|| - [|®® : n € N),
respectively. The dual of these multi-norms are the maximum and minimum dual multi-
norms, respectively, on the family {(E’)™ : n € N}, and the latter is exactly the multi-

norm (1, : n € N). Combining these remarks, we have the following consequence.

COROLLARY 3.40. Let E be a mnormed space. Then the second dual of the maximum
multi-norm (|| - ||2®* : n € N) based on E is the maximum multi-norm based on E". m

3.5.3. Characterizations in terms of projective norms. Our second characteriza-
tion of the maximum multi-norm involves a projective norm.

DEFINITION 3.41. Let E be a linear space. A subset S of E is one-dimensional if S C Cx
for some z € E. A family {y1,...,ym} in E has an elementary representation if there
exist n € N and z;; € F for i € N,,, and j € N,, with

Yi = Z%‘j (i € Np)
j=1

and such that {z;; : i € N,,,} of E is one-dimensional for each j € N,,.

Each family {y1,...,¥m} in the linear space E has at least one elementary represen-
tation. Indeed, each such family has a representation of the form

Yi = Zaijxj (l € Nm), (315)
j=1

where n € N, a;; € C (1 € Ny, j € N,,), and z; € E (j € N,,) have the property that
loall = - = lall = 1.

Let ((E™, || - ||n) : » € N) be a multi-normed space. Take k € N, and suppose that
{x1,...,2} is a one-dimensional set in E. Then clearly

(1, - le = max{[fa], . [lex ]}

Now let {y1,...,Yym} be a family in F with the elementary representation of (3.15)). Then

n n
1)l = [ D@2y amgan)]| <D Mg, gyl
j=1 j=1

n
= Zmax{|ozij| 11 €Ny by

j=1
and so
Iy, - ym)llm < Wyas - ym)llms (3.16)

where

s, o gl = inf{ > max{las| i € N} | (3.17)

j=1
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and the infimum is taken over all elementary representations as specified in equation
(3.15) of the family {y1,...,Ym}-

THEOREM 3.42. Let E be a normed space. Then the above sequence (|| - |ln : n € N) is
the mazimum multi-norm on {E™ : n € N}, and, for each m € N, we have

n
PUX(E) = sup{inf{z max{|a;j| 11 € Nm}} YY1, Ym € Em},
j=1
where the infimum is taken over all elementary representations of the form
n
Yi = Zaijxj (’L € Nm)
j=1

for whichn € N, a;; € C (i €Ny, j €N,), and z; € Epyy (j € Nyp).

Proof. Tt is clear from that it is sufficient to show that (|| - ||, : » € N) is a
multi-norm on {E" : n € N}. However it is easily checked that || - ||, is a norm on E™
for each n € N, that || - ||1 is the initial norm on F, and that Axioms (A1), (A2), and
(A4) are satisfied. It follows that (]| - || : » € N) is indeed a multi-norm. m

We can re-express the above evaluation of || - ||M** as follows. In the statement, 7
denotes the projective norm on the space £5° @ E. More general versions of the following
theorem will be given in [19].

THEOREM 3.43. Let E be a normed space, and take m € N. Then
(E™ |- ™) = (63 @ By - =)
Proof. Let m € N, and take {d1,...,d,} to be the standard basis of £2°. Then the map

T:(yla-~-ayn)’_>z(5i®yi, E™ - IX QF,
i=1

is a linear bijection. Let y; = Z?Zl oz be the elementary representation of y; for

i € Ny, as in (3.15), where ||z1]| = -+ = ||| = 1, and set 2 = T'(y1,...,Ym). Then
z= Z(Z Oéij(si) ® xj,
i=1 j=1

and every representation of z as an element of 27 ® E has this form. By (3.17)), we have
n
Ille = it > malas;] 7 € Nud b = 1gn, ) I35
j=1

This shows that T is an isometry. =
The following is related to (3.6)).
COROLLARY 3.44. Let E be a normed space. Then
(B)" pan) = G (E")" = B(E,£,) = B(6;',E')  (n€N).

Proof. Let n € N. By Theorem the dual space to (E™, || - [|e*) is ((E')™, u1.n)- By
(1.5), the dual space of ({2° ® E, || - ||») is the Banach space B(E,(.) = B({>°,E’). m
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3.6. The function ¢'** for some examples. We shall calculate the value of ¢"**(E)

for some standard Banach spaces F; sometimes we shall use elementary means, even if
more general theorems are available.

3.6.1. The spaces ¢P. In the following examples, p € [1, o0], and ¢ is the conjugate index
to p. Take n € N. Then 2 is 1-complemented in ¢, and so it follows from Corollary
that @ (£7) = @pt®(£).
EXAMPLE 3.45. Let n € N. Then we have 7r§”) () = ﬂ”)(éoo) = n by Proposition
3-31}iv), and so, by Corollary

PR (l) = o™ (01) = n.

The maximum multi-norm on the family {(¢/!)" : n € N} will be calculated in Theorem

£23 =

EXAMPLE 3.46. Let n € N, and take ¢ > 1. Set ' = ¢Z. By the choice A\; = §; € Sp for
j € N, we see that ¢, (¢2) < n'/9. Now take p > 1. Then (f2)" = ¢4, whence

PR(P) = o™ () = m/n'/
by Corollary and so @PAX(¢P) > nl/P. =
We make a trivial preliminary remark: for ( € T and g > 1, we have
I1+¢l7 41 - ¢|? < max{2-29/2,27}. (3.18)
EXAMPLE 3.47. Let F = ¢4, where ¢ > 1. We choose
A= (1,1)/2Y9 and Ay = (1,—1)/2Y9,

so that A\, Ay € Sg. By (3.18), sup{[|Gi A1 + G2 = ¢1, G € T} < max{+/2, 2'/7}.
Now suppose that p > 2, so that 2'/? < /2. Then ¢3(F) < /2, and so, by Corollary

[3:35] we have

PI(7) > (1) > V2, (3.19)

By Examples and [3.46] this inequality also holds for p € [1,2], and so (3.19) holds
forallp>1. =

ExXAMPLE 3.48. Let n € N. We have noted in Proposition iii) the equality
() =" () = Vi,
and hence, by Corollary we have
P (%) = () = V/n.
We wish to obtain this result directly from our definitions.
Let £ = (2, so that E' = E, and we write F for E’; the usual inner product on F

is denoted by [-, -]. Let (|| - || : » € N) be any multi-norm on {E™ : n € N}, and take
n € N. For zy,...,2, € Ejy) and ¢ = exp(27i/n), we have

SIS e = 3 S ] = 303 el < 42
=1 1

j=1m=1 j=1m=1

n

m=
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and so, by Hélder’s inequality, we have
n n . n n _ 2 1/2
2|30 e < (] 32 e[ )
j=1 m=1 j=1 m=1
Hence W
2 ][22 ¢ < n
n j=1 m=1

It follows from Proposition that ||(z1,...,2,)|l» < n'/?, and thus we have p™**(E)
<n'/2

By Example [3.46, ¢™**(E) > n!/2 and so @™#*(¢2) = n'/2,

It now follows from Corollary [3.35 - that ¢, (¢2) > n'/2, and so, by Example [3.46 we
have ¢, (£?) = ¢, (¢2) =n'/?. =
EXAMPLE 3.49. Let n € N, and take F' = ¢%, where ¢q € [1,2].

Let ¢ = exp(27i/n), and then set

1 . ,
)\j:nl/q(cj7§-2]7...,gn])€SF (]ENH)

For each (1,...,(, € T, we have ||[(1A1 + -+ + (|l < /1 by Lemma ii), and so
cn(09) < ¢, (02) < y/n.

Now take p with 2 < p < o0, so that ¢ € (1,2]. Set E = £ and F = E' = /(4.
By Corollaries [3.13| and [3.35] ¢max(¢P) > pmax(¢r) > /n. By Corollaries and

pmax(¢p) < Cyy/n, where C, is the Orlicz constant for ¢9, and so, again by Corollary

cn(9) = Vn/Cy.

In particular, we have shown that
Vi < et (e]) < o (') < Cgvn (n€N)
whenever 2 < p < co. =m

EXAMPLE 3.50. Let n € N. As in Example [3.49] cn(ﬂl) < v/n, and so, by Corollary
@M@ (¢2°) > \/n. Thus it follows from Proposition [3.31f(ii) and Corollary that

Vi < plax(g0) < ﬁa’((zw) <V2n. =

The above two results are in accord with the estimates of Gordon given in Proposition
.02

ExaMpLE 3.51. This example shows that strict inequality can arise in .

Indeed, take n € N, and consider E = ¢ so that ¢™*(E) < v/2n by Example m
By [6l, Theorem 2.5.7], each separable Banach space is isometrically isomorphic to a
closed subspace of £*°, and so we can regard £! as a closed subspace of E. However, by
Example [3.45] we know that ¢2(£L) = ¢ma%(¢') = n. Thus F := ¢}, is a closed subspace
of E with dim F' = n and

PR (B) < Van <n = " (F)
forn>3. =m

The next result refers to the Banach-Mazur distance d(F,¢2) for a normed space F'
with dim F' = n.
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PROPOSITION 3.52. Let E be a Banach space. Then
e (E) < y/nsup{d(F,¢2): F C E,dimF =n} (neN).
Proof. This follows from , Corollary and Example m
EXAMPLE 3.53. Let p € [1, 0], and take n € N. By [74, Corollary III.B.9], we have
d(F, %) < pV/P=1/21 (n e N) (3.20)
whenever F' is a subspace of /P with dim F' = n.
Now suppose that p € [1,2]. By (3.20)), d(F,¢2) < n'/P~1/2 whenever F is a subspace
of 7 with dim F' = n, and so @™®¥(£?) < n!'/P by Proposition By Example m
emax(gpy > n'/P and so we see that
PR (EP) = e (B) =n'P (n € N).
This is a sharpening of the result of Gordon contained in Proposition [3.32
It now follows from Corollary and Example that for ¢ > 2 we have
n(l) =c,(t9) =n'/9 (neN). u
We summarize some results of this section; again, ¢ is the conjugate index to p € [1, c0]
and C| is the Orlicz constant for ¢9, where g € [1,2].

THEOREM 3.54. Let n € N. Then:
(i) for p € [1,2], we have g™ ((7) = ™(¢) = n'/?;

n

(i) for p € [2,00], we have v/n < ™ (£) < @™ (€F) < Cgy/n. m

3.6.2. The spaces LP. We now consider, more briefly, spaces denoted by L? := LP(Q, u)
for a measure space (2, u). Throughout, we shall suppose that L? is infinite-dimensional,
and so, for each n € N, there exist pairwise-disjoint, measurable subsets X7, ..., X, of Q
with 0 < p(X;) < oo (i € N,,); we may suppose that Q is o-finite. We shall determine
the rate of growth of the sequence (p**(LP) : n € N).
THEOREM 3.55. Let n € N. Then:
(i) for p € [1,2], we have o™*¥(LP) = n'/P (n € N);
(i) for p € [2,00], we have P> (LP) ~ \/n as n — oo.
Proof. Take p € [1, 00|, with conjugate index ¢. Fix n € N, and take measurable subsets
Xi,..., X, of Q with 0 < u(X;) < 0o (i €N,). For each i € N,,, set x; = xx,/u(X;)"/9
when ¢ < oo and x; = xx, when ¢ = oo, so that |[x;]| = 1 in L? = (LP)’ for each
p € [1,00]. Clearly,
x4+ Goxallze = 1o, Glles (GG € C).

It follows immediately that ¢,(L?) < n'/? when ¢ > 2 and ¢,(L?) < \/n when
q €1[1,2]. By Corollary emax(P) > nl/P when p € [1,2] and ¢P**(LP) > \/n when
p € [2,00].

Again by [74], Corollary III.B.9], we have

d(F, %) < plV/P=1/21 (n e N)

whenever F' is a subspace of L? with dim F' = n.

For p € [1,2], it follows from Proposition m that ©™*(LP) < n'/P  and thus we
have shown that @2®*(LP) = nl/P.
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For p € [2,00], L? has the Orlicz property, and so F%n)(Lq) < C4/n for a constant
C > 0. By Corollary pmax([P) < C'y/n, and so we have @ (LP) ~ \/n. m

3.6.3. The spaces C(K). The calculation of the maximum rate of growth of the spaces
C(K) is rather easy.

THEOREM 3.56. Let K be an infinite, compact space. For each n € N, we have
Vi < U (C(K)) < V.

Proof. Take n € N. There exist f1,..., f, € C(K)* with |fi|lx = -+ = |falxk = 1 and
such that f;f; =0 for 7,j € N,, with ¢ # j. The map

(CrooenGa) = Y Gfin 6 — C(K),
j=1

is an isometry onto a closed subspace of C(K), and so, by Example we have
P (O(K)) < @p=(6y) < vV2n.

There exist fi1, ..., u, € M(K)T such that ||u1]] =+ = ||un]| = 1 and with pairwise-
disjoint supports. The map

(Ch"'vcn)HZCij’ é’i_}M(K%
j=1

is an isometry onto a closed subspace of M (K ), and so ¢, (M (K)) < ¢, (¢}) by Proposition

By Example cn(0L) < \/n, and so, by Corollary Pmax(C(K)) > /n.

The result follows. m

3.6.4. A lower bound for ¢**(E). We shall now establish that ¢"**(E) > /n for
each n € N and each infinite-dimensional Banach space E (cf. Corollary [3.37). Since
emax(p2) = | /n (n € N), this is the best-possible lower bound. For this, we shall use the
following famous theorem of Dvoretzky, sometimes called the theorem on almost spherical

sections; for proofs and discussions, see [6, §12.3], [26, Chapter 19], or [59, Chapter 4].

THEOREM 3.57. For each n € N and € > 0, there exists m = m(n,e) in N such that, for
each normed space F with dim F' > m, there is an n-dimensional subspace L of F' such
that d(L,/2) <1+¢c. m

THEOREM 3.58. Let E be an infinite-dimensional normed space. Then

P (E) = vn  (n€N).
Proof. Fix n € N, and take ¢ > 0.
By Theorem there is an n-dimensional subspace L of E’ with d(L,¢2) <1 +e.
By Proposition [3:26]
As in Example cn(l2) = \/n. Thus ¢, (E") < (1 + ¢)y/n. This holds true for each
e >0, and so ¢, (E') < y/n.
By Corollary EIaX(F) > \/n. =

COROLLARY 3.59. Let E be an infinite-dimensional normed space. Then the maximum
multi-norm is not equivalent to the minimum multi-norm. =



4. Specific examples of multi-norms

In this chapter, we shall give some specific examples of multi-normed spaces.

4.1. The (p, ¢)-multi-norm

4.1.1. Definition. Let (E, ||-||) be a normed space, and take p, ¢ such that 1 < p, ¢ < oo.
Again we shall sometimes write p’ and ¢’ for the conjugate indices of p and g, respectively.
For each n € N and z = (z1,...,z,) € E", we define

99 = sup{ (3 Iaee MDY e A < 1), (41)
i=1

taking the supremum over A1,..., A, € E'. It is clear that || - ||(p ) i3 a norm on E".
It is convenient for calculatlonb to see that, for a constant C' > 0, we have ||z||n P2 < o
if and only if

(ij e A1) " < Csup (Zj: wxap) " e By (4.2)

for all A1,..., A\, € E’; this is immediate from (3.7]).

THEOREM 4.1. Let E be a normed space. Suppose that p,q € [1,00). Then the sequence
(- ||£Lp’q) :n € N) is a special-norm based on E; it is a multi-norm when 1 < p < g < 0.

Proof. Tt is clear that (]| ||5Lp‘q) : n € N) satisfies Axioms (A1)—(A3), and so it is a special-
norm; we shall verify that the sequence satisfies Axiom (A4) when 1 < p < ¢ < 0.
Take n € N, let x1,...,x, € E, and set

T=(T1,. ., Ty 1, T, Ty) € E"TL
By Lemma it suffices to show that ||xH£ijrql) < |(z1,... ,:cn)||£lp’q).

Take € > 0. Then there exist elements Ay, ..., \,41 € E’ such that

Ppnt1( ALy Ang1) <1
and such that

q q by q a (107‘1)_
Zlfc“ N+ Kn, AT+ [(@n, Angr)] > lzllnyy — e

Since (€3) = Eg , there exist o, § € C with |a|? + |3] < 1 and
‘<zna )\n>|q =+ ‘<17na )\n+1>|q <$na ap +6>\n+1>

(80]
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Set v = |a|p/ + |ﬂ|p/; since ¢’ < p’, we have v < 1. By Proposition
Up,n(/\h LR} >\TL—17 04)‘n + ﬁ/\n+1) S ﬂp,n—i—l(/\h ey /\n—la W\n, 'Y)‘n—&-l);

and so, since pip, 41 satisfies (A2),

tp i (A1s .oy A1, @Ay + BAng1) <max{l, v} ipnt1(A1,. .. Ang1) < L.

Hence

1/q
I |39 > (Zm, 7+ (s @A+ FAns1)?)

1/a
(Zl% 7+ Gy A+ @y A7) > 2| B2 .

This holds true for each € > 0, and so the result follows. m

DEFINITION 4.2. Let E be a normed space, and take p, g € [1,00). Then (]|- |PD . eN)
is the (p, q)-special-norm based on E; it is the (p, q)-multi-norm when 1 < p < g < oo.
The rate of growth of this multi-norm is denoted by (¢ (p’Q)(E) :n €N).

Let E be a normed space, take 1 < p < ¢ < 00, and take z1,...,z, € E. Suppose that

F' is a closed subspace of E with z1,...,2, € E. Then the value of ||(z1,... ’xn)”%pﬂ)
might depend on the space F' to which z1,...,z, belong. To indicate this, we (tempor-

|(pq

arily) write (|| - | ) for the (p, q)-special-norm based on F'.

PROPOSITION 4.3. Let E be a normed space, let F' be a closed subspace ofE and suppose
that p,q € [1,00). Let n € N and x = (21,...,2,) € F™. Then Hx||n w >z ||(pq . In the

case where F' is 1-complemented in E, ||:c||(p D = H:c||(p D

Proof. Take \i,..., A\, € E'. By (3.7), ttpn(M|Fs.. ., A\ |F) < pipn(A1,..., An), and so
el >l

Now suppose that F' is 1-complemented in F, so that there is a projection P : £ — F
with ||P|| = 1. For A1,..., A\, € F’, we have

[{y, P'25)| = [{Py, \j)l - (y € Epy).
Since Py € FJy), it follows from ) that ||x|\(p ) < ||x||£f)§) Hence ||:£H(p D = ||:c||(p 9

The following result is a generalization of Corollary [3.35} it follows by the same argu-
ment.

THEOREM 4.4. Let E be a normed space. Suppose that 1 <p < q < oo andn € N. Then
Pl (B) = mily) (E). w

Indeed, it is explained in [20] that the (p, ¢)-multi-norm based on a normed space E
corresponds via the correspondence of §2.4.5 to the norm induced on the space ¢y @ E
by embedding ¢ ® E into IL, ,(E’, co). The (p, p)-multi-norm corresponds to the Chevet—
Saphar norm, dp, on the tensor product ¢y ® E; for a discussion of the Chevet—Saphar
norm and related norms on tensor products, see [23] and [66], §6.2].
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4.1.2. Relations between (p,q)-multi-norms. Take n € N. Clearly, for each fixed
p>1and ¢ > g2 > p, we have || - H%p’ql) < - H%pm), and, for each fixed ¢ > 1 and
p1 < p2 < g, we have |- |29 < |||
of p on the interval [1, c0); this is not immediately obvious, but is given by the following

|£Lp2’q). In fact, || - [|P?) is also a decreasing function

calculation, which is essentially that of page 134 of [66]. A more general result is given in
[26, Theorem 10.4]. Thus the maximum among these norms is || - H%l’l).

THEOREM 4.5. Let E be a normed space, and suppose that 1 < p < g < co. Then
2|77 > ||2[|&9 (z € E)
for each n € N.

Proof. We may suppose that p < q.
Take n € N and z = (z1,...,2,) € E", and set C = ||z[|¥"?. Then

A= (zj: |{z;, /\i>\q> v = (z": [{z;, ai)\i>|p) 1/1”

where a; = |(w;, \;)|(47P)/P for i € N,,. By (3.7) and ., we have

(S 1o arg ) < Csun (Z , 00?) "y e By}

i=1

However
n

Z| Y, A z Z| Tiy A |q p| Y, >|p
=1

By Holder’s inequality with conjugate exponents ¢/(¢ — p) and ¢/p, the right-hand side
of the above equation is at most

(i ™ )\i>|q)(qu)/q . (i w )\i>|q)p/q.

Hence we have

A< Csup{ (zn: (s, Ai) )(q_p)/pq . (znz |(y, Ai)\q)l/q (Y € Em}.
p i=1

Note that (1/p) — (¢ — p)/pq = 1/q, and so, by an appropriate division, we see that

(St nat) " < o (S0 2ar) " v )
i=1 i=1

Thus ||x||£lq’Q) <C= ||:13||£lp’p)7 as required. m
By Theorem we have the following result.

THEOREM 4.6. Let E be a normed space. Then || - |5 = || - ™ for n € N, and so
(] - ||(1’1) :n € N) is the mazimum multi-norm based on E. m

The relations between the multi-norms (||z]|¥”) : n € N) can be illustrated in the
following diagram, where the arrows indicate increasing multi-norms in the ordering <:



4.1. The (p, ¢)-multi-norm 83

q

(1,1) P

ProprosiTION 4.7. Let E be a normed space, and suppose that 1 < p < q < oo. Then
ap%p’Q)(E) < n'? forn e N.

Proof. Consider Aq,..., A, € E' with p1p n(A1,...,An) < 1. Then ||A;]| <1 (n € N). Now
take z1,...,2, € Epp. Then [(z;, )| < 1 (i € N,), and s0 ||(z1,. .., 2,) |7 < n'/1.
The result follows. m

EXAMPLE 4.8. Let E = /¢", where r > 1, so that E' = ¢*, where s = 1/.

Fix p,q with 1 < p < ¢ < o0, and take n € N. We shall calculate Hf||£1p’q), where
f=(1,...,0,) € E". Set u=7p'.

By Proposition | £8P0 < pt/a.

Now consider the choice \; = §; (i € N,,), and set ¢ = ((1,...,¢,) € C". Then
tpn(A1s ..oy An) = sup{||C|les : [|]le» < 1}. In the case where u < s, i.e., p > r, we have
1€lles < NI¢]lew, and 50 pp (A, - ., An) < 1. Hence || f||¥"? > nl/a.

This implies that

[(61,...,0,)| PP =n'/9 whenever p>r.

A similar calculation gives the same conclusion in the case where r = 1.

We conclude that two multi -norms (|| - ||£Lp1"“)) and (|| - ||£Lp2’(”)) based on ¢" are not
equivalent whenever p1,ps > r and ¢ # go.

It follows that

1(81,...,0,)| PP <n/7 whenever ¢ > r.
However, we know from Corollary that
”(51a~"75n)”?ax :nl/T (’ﬂEN),

and so the multi-norm (| - [|¥?) is not equivalent to (|| - | %) whenever ¢ > r. Further,

(61, .. .,5n)H$Lp’p) =n'/" (n € N) whenever p € [1,7]. =
The general question of the equivalence of the two multi-norms
(I 19 :n eN) and (|- [#%) :n € N)
on the spaces L"(§2) will be addressed in [20].

THEOREM 4.9. Let E and F be isomorphic Banach spaces such that d(E,F) < C, and
suppose that 1 < p < g < oco. Then

PP D(B) < CpPV(F)  (neN).
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Proof. Take € > 0. Then there exists a linear bijection T': E — F with ||T|| < C'+¢ and
S| =1, where S =T~!: F — E. We have ||S'|| = 1.

Take n € N and x1,...,7, € Ejj. Suppose that A\ = (Ay,...,\,) € (E')" with
tpn(A) < 1. By , tpn(S'A1,...,58"A\,) <1, and so

(i e al) " = (i (Te A1) < (€4 )0 ().

Thus goglp’q)(E) < (C+ 5)9053”‘1) (F). This holds true for each € > 0, and so the result
follows. m

4.1.3. Duality theory. Let F be a normed space, and take p,q € [1,00). For n € N
and A= (A1, ..., A\n) € (E)", the formula for [|A|$? is

AP0 = sup{(i (A, >\1->|q)1/q pn(As o An) < 1)

i=1

taking the supremum over Ay, ..., A, € E”. In fact, there is a simpler formula for H)\H,(lp’q);

the proof, from the Principle of Local Reflexivity, of the following proposition is almost
identical to that of Theorem [3.38] and is omitted.

PROPOSITION 4.10. Let E be a normed space, and take p,q € [1,00). For each n € N
and A € (E')", we have

n

NP = supd (3 [ A1) st m) <1}

i=1

taking the supremum over x1,...,x, € E. =

4.1.4. The dual of the (p, g)-special-norm. In this section, we shall determine the
dual of the the special-norm (|| - ||51p’q) :n € N) based on (E')", following remarks of Paul
Ramsden.

Let E be a Banach space, and fix r, s with 1 <7 < oo and 1 < s < 0co. The conjugate
index to r is r’. For each n € N and = = (x1,...,2,) € E", we set

el = it { S lawlls - torn ()
k=1

where the infimum is taken over all representations
m
T = Z Moék (yk)
k=1

for which aq,...,am € C*, y1,...,ym € E™, and m € N. It is clear that | - |H£f’s) is a
norm on E™.

The following is ‘dual’ to the proof of Theorem and will also follow from Theorem
below, and so the direct proof is omitted.

THEOREM 4.11. Let E be a normed space, and take r,s € [1,00] with 1 <r < s < oo.
Then the sequence (|| - |||$f’s) :n € N) is a dual multi-norm based on E. m
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DEFINITION 4.12. Let E be a normed space, and take r, s € [1,00] with 1 <r < s’ < 0.
Then (|| - H|£f’s) :n € N) is the (7, s)-dual multi-norm based on E.

Let E be a normed space, and take p,q € [1,00). Forn € Nand z = (21,...,z,) € E",
define an embedding

ve(z): (A, n) = (21, A1),y (T, An)),  B(E)Y — 04,

Then vg(x) : (2(E")” — £2 is a bounded linear map, and we have ||vg(x)| = ”ngp,q)’
and so we have an isometric embedding
v (B || |99) — B(eh(E)", 6). (4.3)

Now take r,s with 1 < r < oo and 1 < s < oo. Then there is a continuous linear
surjection O : £7 (E)” ® 3 — E™ such that

Op(r ® a) = (121, ..., anTy)

whenever © = (z1,...,2,) € E™ and a = (a1,...,ay,) € £5. Thus there is an isometric
isomorphism of Banach spaces

(r(E)" ®£3) [ker 0 = (E™, || - [|9)).

THEOREM 4.13. Let E be a Banach space, and take p,q,r,s such that 1 < p,q,r < 00
and 1 < s < co. Then there are isometric isomorphisms:

(0 (B[ 152y 2 () - 7))
() (B - ) = () 11 1),

Proof. (i) It is easily checked that the following diagram commutes:

Hence we have isometric isomorphisms of Banach spaces
(B |- 18P0 2= (e (B @8 [kervig = (5,(E')" & £4) [ker O = ((E)", || - | 9)).
(ii) Similarly, the following diagram commutes:

%

()™ —— B, (E)", £5)

Tj:Tr—»T|E"
Vgt

B(6,(E")", 6))
Hence there is an isometric isomorphism
(B™ [~ 15°9) = im 0 = im(j o vg).
By Proposition there is an isometric isomorphism
im(j o ver) = imvg = ((E)" ]| - [5),

and so the result follows. m
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Thus, in the case where 1 < p < ¢ < oo, the dual of the multi-norm (|- |77 : n € N)
based on F is the dual multi-norm (|| - |||£Lp’q )ine N) based on E'.

The following corollary resolves a ‘second dual question’ for the (p,q)-multi-norm
(defined when 1 < p < ¢ < o).

COROLLARY 4.14. Let E be a Banach space, and take p,q € [1,00). Then
(B, 1 1P 0)" = (B ] |9 0). »

4.1.5. Multi-norms on Hilbert spaces. We now consider an example which involves
Hilbert spaces. It will lead to an alternative description of the (2,2)-multi-norm based
on a Hilbert space.

Let (H,| - ||) be a Hilbert space. (Basic facts about Hilbert spaces were recalled in
§1.2.6]) For each family H = {H4, ..., H, }, where n € N and each H; is a closed subspace
of Hand H=H,&®, ---®, H,, set

ra((@1, o wn)) = ([Puea | + -+ (|Paza )2 = [Py + - + Poza| (4.4)
for z1,...,x, € H, where P; : H — H; for i € N,, is the orthogonal projection, and then
set

(z1,...,z.)|H = sger((xl, ey Zn))  (x1,...,z, € H), (4.5)

where the supremum is taken over all such families H. (We allow the possibility that
H; = {0} and P; =0 for some j € N,,.)
The following result is easily checked.

THEOREM 4.15. Let H be a Hilbert space. Then (|| - |2 : n € N) is a multi-norm on the
family {H" :n € N}. n

For example, let H = /2, and take n € N and 31,...,08, € C. Then
n 1/2
18131, Buda) I = (D 87)
Jj=1

DEFINITION 4.16. Let (H,|-||) be a Hilbert space. Then the Hilbert multi-norm based on
H is the multi-norm (|| - |2 : n € N) defined above. The rate of growth of this multi-norm
is denoted by (2 (H) :n € N).

The following results are based on remarks of Hung Le Pham.
PROPOSITION 4.17. Let H be a Hilbert space, take n € N, and x1,...,x, € H. Then
(@1, mn) [ = sup{laafer, z1] + - - + anlen, |}, (4.6)
taking the supremum over orthonormal sets {e1,... ey} in H and (ou, ..., on) € (02)].

Proof. Set A = ||(z1,...,2,)||Z and B = sup{|ai[er, z1] + - + anlen, za]|}-

Given ¢ > 0, let {Py,...,P,} be an orthogonal family of projections such that
|Przi|? + - + || Pozn||* > A2 — . Tt follows from ([1.14)) that there is an orthonormal
set {e1,...,e,} in H such that

[Pray||® + -+ | Pazn® = len, 21]® + -+ + [en, 2]
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Set aj = [ej,z;]/(A+¢) (j € Ny). Then

- - A2 —¢
Z|O‘j\2 <1 and Z lajlej, z;]| > Are
j=1 j=1

Thus B > (A% —¢)/(A + ¢). Since this holds true for each € > 0, we have B > A.
Conversely, given an orthonormal set {e1, ..., e, } in H, there is an orthogonal decomp-
osition H = Hy &, --- @, H, such that e; € H; (j € N,,), and then

lej, 2]l < I1Pjzll  (x € H, j € Np).
Take ay,...,a, € C such that 37, |a;|> < 1. Then

n n n 1/2
> laglegsaill < Y laglIPall < (Y 1B]?) <A
j=1 j=1 j=1
by the Cauchy—Schwarz inequality. Hence B < A.
The result follows. m

In the following result, D,, denotes the family of all orthonormal n-tuples of elements
in H, and the closure of co(D,,) is taken in the weak-* topology on H™.

ProproSITION 4.18. Take n € N, and let H be a Hilbert space with dim H > n. Then the
closed unit ball of (H™, 2 ) is equal to co(Dy,).

Proof. We write By, for (H", j12 )1, and we identify H with £2(I), for an index set I;
we may suppose that N,, is a subset of I.

It is clear from that D,, C By, and so @(D,,) C B,,.

For the converse, take x = (x1,...,2,) € By,. Define S : H — H by setting

S(@;)=a; (ieNy), 8(6;)=0 (iel\N,).

Since pon(z) < 1, we see that [|S|| < 1, and so S € To(U(B(H)) by the Russo-Dye
theorem. Hence (z1,...,2,) = (S(61),...,5(d,)) € €6(D,,), as required. m

THEOREM 4.19. Let H be an infinite-dimensional Hilbert space. Then

Hf (2,2)

1, szn)lln =11, szl (x1,...,2n € H)

for each n € N.
Proof. This follows from the two previous propositions. =

Thus the Hilbert multi-norm and the (2, 2)-multi-norm on ¢? are equal. It is natural
to ask if these multi-norms are also equal to the maximum multi-norm on ¢2; in fact,
they are equivalent to the maximum multi-norm, but not equal to it [20].

A more general version of following result will be proved in [20].

THEOREM 4.20. Let H be an infinite-dimensional Hilbert space. Then the following multi-
norms based on H are mutually equivalent:

(a) the Hilbert multi-norm (|| - ||2);

|- 1)

(b) the maximum multi-norm 5
7)) for p € [1,2]

(c) the (p,p)-multi-norm (]| - |

For the above multi-norms, the rate of growth is equivalent to (v/n : n € N).
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Further, the (p, p)-multi-norm and the (q, q)-multi-norms based on H are not equiva-
lent whenever p # q and max{p,q} > 2. m

4.2. Standard ¢-multi-norms. We shall now construct some multi-norms based on
the Banach spaces LP(Q, 1) and M (K). We begin with the spaces LP(, u).

4.2.1. Definition. Let (2, 1) be a measure space. For each p € [1,00), we consider the
Banach space F = LP(), ), with the norm

wn(x;ﬂﬂwp(x;ﬂﬂmfm (f € B),

as in For a measurable subset X of ), we write rx for the seminorm on F specified
by

mﬁhﬂhﬂ=<émﬂw (f € B)

where we again suppress in the notation the dependence on p. (We take rx(f) = 0 when
X=0)

Now take ¢ > p; we shall define a multi-norm based on E that depends on gq.

Take n € N. For each ordered partition X = (Xi,...,X,) of Q into measurable
subsets and each f1,..., f, € E, we set

rx((fiye oo fn)) = (rx, (1) + - 4, (fa) )M

() (1))

so that rx is a seminorm on E™ and

rx((f1s- s fn)) S (AN + - 4 [ fall )9
Finally, we define

I(Frsees F) I = Sl}l{prx((fl, o fa)) (1 fa € B, (4.7)
where the supremum is taken over all such ordered partitions X. Then || - ||£?] is a norm
on E".

In the case where ¢ = p, we have
(Frsee s F) 1B = Sl}l{pllflle ot Xl (A, fa € E). (4.8)
In the case where ¢ > p and f1,..., f, € F have disjoint support, we have
G PN = (LA A+ -+ Ll D) (4.9)
if, further, ¢ = p, then
I F B = N Sl (4.10)

It is easily checked that (|| - |} : n € N) is a multi-norm based on E: indeed, Axioms
(A1), (A2), and (A3) are immediate, and Axiom (A4) follows because

(a? + )P > (a4 )Y (o, 8 € RY)
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whenever p < ¢g. Further, for each n € N, we have

I P < (AN -+ I llDYE (froeee s fa € B). (4.11)

DEFINITION 4.21. Let € be a measure space, and take p > 1. Then, for each ¢ > p, the
standard q-multi-norm based on LP(Q2) is the multi-norm (]| - H%ﬂ :n € N). The rate of
growth of this multi-norm is denoted by (gok]] (LP(2)) : m € N).

At this point, it appears that the definition of the standard g-multi-norm based on
LP(Q)) depends on the concrete representation of LP({2) as a Banach space of functions.
We would wish that, if LP(Q;) and LP(£2y) are isometrically order-isomorphic Banach
lattices, then the corresponding standard g-multi-norms based on LP(21) and on LP(£25)
are equal. We shall see in Theorem [£.36]that this is indeed the case; see also Theorem [£.37}

It follows from that go%ﬂ (LP(Q)) < nl/a.

We may consider these multi-norms HH . ||,[f] :n € N) as a function of ¢ when ¢ € [p, 00);
clearly, for each n € N, the norms || - an} decrease as ¢ increases, and so the maximum
multi-norm among these multi-norms is (|| - ||£f line N).

There is an equivalent way of defining the norm ||(f1,. .., fr) HL?] for f1,..., fn € LP(Q)
in the special case where ¢ = p. Indeed, set f = |f1|V -+ V|fn], so that

f(x) =max{|fi(z)],..., [fa(x)]} (z€Q).

Then we see immediately that

1/p
”(flv--wfn)”'[f]:HfH:</Q(|f1|v"'\/fn|)p> - (4.12)

In particular, in the case where E = (P we have

> . . 1/p
1 f)l = (ARG -V IRGI) (4.13)
j=1
[To see that the formula ||(fy,..., fn)||£?] = ||f|| is correct only when g = p, consider the

case where X; and X5 are disjoint subsets of N of cardinalities m and n, respectively,
and let f; be the characteristic function of X; for j = 1,2. By (4.7),

(£, ) 8)a = a/p 4 pale

whereas | f||7 = (m + n)?/P, and we have m%/? + n?/? = (m + n)%? for all m,n € N if
and only if ¢ = p.]

Suppose that 1 < p < g < oo, and set E = ¢P. Take n € N, and consider the
elements dy,...,6, € Epqj. Let X = (X1,..., X,,) be an ordered partition of N; suppose,
in fact, that i € X; (i € N,,). For each ¢ > p, we have rx((61,...,0,)) = n'/%, and so
(51, ..., 8) 1% > nl/4. Tt follows that

plal(py = n'/1  (neN). (4.14)
In particular, taking ¢ = p, we see that @P**(¢P) > gagf] () = n'/? for n € N, so
recovering a result of Example [3.40]

Let n € N, and let («;) be a fixed element of C". Set z; = «;6; (i € N,,). Then we

now have
(1) [ = (Jen]? + - + || )V (n €N). (4.15)

Thus (E™, || - ||£§1]) contains ¢¢ as a closed subspace.



90 4. Specific examples of multi-norms

There does not seem to be an accessible, explicit formula for the dual of the standard
g-multi-norm based on LP(2) in the general case where ¢ > p. Let (|| - |H£LS] :n € N) denote
the dual multi-norm, based on L"(2), to the standard g-multi-norm based on L?(f2); here
r and s are the conjugate indices to p and ¢, respectively, so that we have 1 < s < r < co.
Then we have an estimate

One e A < gt {30 (3 s 1 550) )

k=1 j=1
for A\1,..., Ay € L"(Q) and n € N, where the infimum is taken over all ordered partitions
X = (Xy,...,X,) of Q into measurable subsets. For the special case where ¢ = p, see

Example 4.47, below; unfortunately, the above estimate does not give the ‘correct’ value
even in this special case.

4.2.2. A comparison of multi-norms. Suppose that 1 < p < ¢ < co. We have defined
the (p, ¢)-multi-norm (|| - ng’q) :n € N) and the standard g-multi-norm (|| - ||£3] :n €N)
based on F := LP(£2), where 2 is a measure space. We shall now show that

(-1 :neN) < (- [P2 :neN)
in &g in the notation of Definition [2.24
THEOREM 4.22. Let (2, u) be a measure space, and suppose that 1 < p < g < co. Then
11 ) < W fIPD (freeen fo € LP(, 1), n € N).

Proof. We set r = p’, the conjugate index to p. Take n € N and f;...., f,, € LP(Q)), and
then suppose that X = (Xy,...,X,,) is an ordered partition of 2. There exist elements
ALy An € L7(Q) such that supp A\; C X, such that |\;||- = 1, and such that we have
(fi, \i) = IfilXi||L» for i € N,,. For each (y,...,(, € C, we have

[Sen], = (1),
i=1 =1

and so, by (3.4),

Ppn(A1s .oy An) = sup{ HZ G
i=1

S Gl < 1} <1
LT "
i=1
Thus

- / - /
(U ) = (O IAIXE ) = (00 a0) < 00, £
i=1

i=1

This holds for each ordered partition X of 2, and so the result follows. m

4.2.3. Maximality. The following result was pointed out by Paul Ramsden; a more
general version will be given in Theorem i), below.

THEOREM 4.23. Let € be a measure space. Then the standard 1-multi-norm and the
mazximum multi-norm based on L*(Q) are equal.
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Proof. Set E = L'(Q). Fix n € N, take f1,..., f, € E, and set f = |fi|V -V |f,| in E.
For A\q,...,\, € E', it follows from Proposition ii) that

‘i(fj, )\j>‘ Szn:|<fj, |<Z (il I < <f7 Z\)\ |>
Jj=1 j=1

<IN Pl = 1 A A
j=1

Hence ||(f1,- -, fa) |22 <|(f1,..-, fn)||£ml] by Theoremm7 giving the result. m

PROPOSITION 4.24. Suppose that 1 < p < q < oco. Then the (p,q)-multi-norm is not
equivalent to the mazimum multi-norm on £P.
Proof. By Proposition P9 (0') <nt/ (n € N).

Suppose that p € [1,2]. By Theorem [3.54{i), ¢*(¢?) = n'/? (n € N). Since there
is no constant C' > 0 such that n'/? < Cn'/? (n € N), the two multi-norms are not
equivalent.

Suppose that p € [2,00). By Theorem ii), @maxX(¢P) ~ n1/2, Since there is no con-
stant C' > 0 such that n'/2 < Cn'/? (n € N), the two multi-norms are not equivalent. m
4.2.4. Equality of two multi-norms on L'(Q). The first result of this section is
similar to that given in Proposition

Let (€2, 1) be a measure space, and set E = L'(£2, i1). Then there is a compact space K
such that E’ is order-isometric to C(K); F := L*°(Q, u) is a C*-subalgebra of C'(K). For
n € N, the weak- topology on (E’)™ as the dual of E™ is denoted by o,,. In the following
result, €6(S) denotes the o,,-closure of the convex hull of a subset S of (E')".

For each n € N, let D,, be the set of elements (A1,...,A,) in F™ such that the
subsets supp A1, ..., supp A, of Q are pairwise disjoint. Since D,, is balanced, co(D,,) is
also balanced, and hence absolutely convex.

LEMMA 4.25. Let n € N. Then (F", pu1,n)p) = €0(Dy,).

Proof. Write B,, for the closed unit ball (F"™, yi1,,,)p1). Clearly we have D,, C B,,, and so
c(D,) C By,.
Assume towards a contradiction that there exists

A= (>\1a”~7)\n) € Bn\@(Dn)

By the Hahn-Banach separation theorem, there exists f = (f1,..., fn) € E™ such that
St (fis Aj) > 1, but |30 (fi, pa)] <1 (g1, € Dy). By the definition of the
standard 1-multi-norm (|| - ||[n1]) on E, we have

LAY = sup{ 7 A Xl 2 X = (X, X
i=1

where the supremum is taken over all ordered partitions X of Q. For 7 € N,,, we have
120 = sup{| (s )| 15 € LM(X0)fy b, amd so

1£10 = sup{ [ )
i=1

:M17"'7/~Ln€Dn}§1
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whereas Hf||£Ll’1) > S (fis Aj) > 1. However ||fHLL1] = || f||@ax Ty Theorem and so
max [1] 1 1
I f|Imax < || f||n", a contradiction. m

THEOREM 4.26. Let ) be a measure space, and take ¢ > 1. Then the standard q-multi-
norm and the (1, q)-multi-norm based on L*(2) are equal.

Proof. Set E = L'(Q, i), and take n € N and f = (f1,..., fn) € E™. By replacing Q by
U7, supp fi, we may suppose that € is o-finite and hence that F = E’ in the notation
of Lemma [4.25] Then

17152 = sup{ (

M=

1/q
(i, )\i>|q) D (M Ag) < 1}
=1

and n /g
1A = sup{ (321 A1) 5 Oy An) € D
i=1
taking the supremum over all A\1,...,\, € E’ in each case. By Lemma the two
suprema are equal. m

4.2.5. Equivalence of multi-norms on /?. We now ask when various multi-norms
based on the spaces £P are equivalent.
Take p, g such that 1 < p < ¢ < oo, and set £ = ¢P. Then we know that

AR < 1P < WA (f € B™)

for each n € N. We ask whether (|- HL?}) is equivalent to (|| - ||$f’q))7 and whether (]| - ||51p’q))
is equivalent to (|| - ||I"®*), where each multi-norm is based on ¢7.

First suppose that p = 1. Then we saw in Theorem [£.23] that the answer to both these
questions is ‘yes’ when also ¢ = 1 (with equality of norms). In the case where ¢ > 1,
the (1, ¢)-multi-norm is not equivalent to the maximum multi-norm by Proposition
However, by Theorem Hf||£3] = ||f||§tl’q) for f € (¢1)", n € N, and all ¢ > 1. Thus we
have complete answers when p = 1, and so we shall now consider the case where p > 1.

We shall show first that (|| - ||Lq]) is not equivalent to (| - H%pm) on /P in certain cases

when p > 1.

THEOREM 4.27. Take p,q such that 1 < p < g < oco. Suppose that either 2 < p < q
orthat 1 < p <2 and p < q < p/(2 —p). Then the multi-norms (|| - ||£?] :n € N) and
(I |99 : € N) based on €7 are not equivalent.
Proof. The conjugate index to p is denoted by 7.

Assume towards a contradiction that the two multi-norms are equivalent, so that there
exists C' > 0 such that

1(frseos fOIED < Ol F) 2

for each k € N and each fy,..., fr € ¢P.
Fix k € N. For i € Ni, take

k
fi=) CTH8 = (¢, R 0,0,.) e 7,
j=1

where ¢ = exp(27i/k), and set f = (f1,..., fx)-
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For each ordered partition X = (X7, ..., X) of Nj, we have
rx((frse oo fi)) S (XA |YP 4o 4 [ X[ VP) V0 < EMP,

and so ||f||Eg] = kP,
Now take A = (A1,..., Ax), where

¢, = (¢ ¢*, ..., ¢F0,0,..) el

H'M»

As in Lemma we set z; = ijl ¢j¢¥ (i € Ny), so that

k k Y
HZCi/\i . (Z|Zl|r)
i=1 i=1

It follows from (3.4) that

k VL
paanN) =sup{ (Y 1=07) D16l <1
i=1 i=1

In the case where 2 < p < ¢, we have ji, x(A) < pi2,x()), and so, by Lemma [1.1[i),
tp k(A < k7. Hence

1 1/q
”f”(pﬂ) = i/ (Z‘(fu A4 ) kl/r (k- kq)l/q El/p+1/a

=1

We conclude that k1/P+1/¢ < Ck1/P for each k € N, a contradiction.
In the case where 1 < p < 2, so that r > 2, it follows from (1.2 that

k
() <
i=1

whenever Zle |¢i|™ < 1, and so, using Lemma (1) again,

y ¢ k 1/2 y
H;ClAz o < H;Ci/\i P = (ZZ_; |Zi‘2> < g2 pl/2=1r _ p1/p.

Thus j1, 1 (\) < kP, and so

/q
1A 2 75 (Z| i A1) = G k)M = e,

We conclude that k't1/a=1/P < CkYP for each k € N. Thus 1 + 1/q¢ < 2/p, and so
q > p/(2 — p), again a contradiction of an hypothesis.
Thus the two multi-norms are not equivalent in the cases stated. =

We do not know if the two multi-norms are equivalent in the case where 1 < p < 2
and ¢ > p/(2 — p). This point, and more general ones, will be discussed in [20].

COROLLARY 4.28. Let p > 1. Then the two multi-norms
(I 1% :n e N) and (|- |2 :n € N)

based on €P are equivalent if and only ifp=1. m
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We noted in that the rates of growth of two equivalent multi-norms are similar.
The next result, taken together with Corollary shows that the converse statement
is not true.

ProPOSITION 4.29. Take p > 1 and n € N. Then:

(i) @it (¢) = n/7;
(ii) @max(¢P) = n'/P when p € [1,2] and ¥ (P) ~ /n when p € [2,00).

Thus, for p € (1,2], we have (o (7)) ~ (@(¢7)), but the multi-norms (|| - |¥') and
(|| - [Imax) based on €P are mot equivalent.

Proof. This follows from (4.14]), Theorem and Corollary n

There remains the question whether the two multi-norms (|| - ||£lp P )) and (|| - ||max)
based on (P are equivalent. We know from Theorem that they are equivalent in the
case where p = 1, and, as we remarked in Theorem they are equivalent in the case
where p = 2. The question for other values of p will be resolved in [20].

4.2.6. The spaces M(K). Throughout this section, K is a non-empty, locally compact
space. For ¢ > 1, we shall define the standard q-multi-norm based on M (K) in essentially
the same way as above.

Take g > 1. For each ordered partition X = (X1, ..., X,,) of K into (Borel) measurable
subsets and each pq, ..., u, € M(K), we set

rx (s i) = (X ] X 7)1,
so that rx is a seminorm on M (K)™ and
rx (o)) < (a4 4 lal DY (uasee i € MK)).

Finally, we define
(s i) |17 = S;PTX((M,---,un)) (1, pin € M(K)),

L?] is a norm

where the supremum is taken over all such ordered partitions X. Then || - ||
on M(K)", and it is again easily checked that (|| - ||£?] :n € N) is a multi-norm on

{M(K)" : n € N}.

DEFINITION 4.30. Let K be a non-empty, locally compact space. For each ¢ > 1, the
standard q-multi-norm based on M (K) is the multi-norm (|| - ||£?] :n € N), with rate of
growth (ol (M(K)) : n € N).

We shall see in Theorem that the standard g-multi-norm on a space of the form
M (K) is a property of the Banach space M (K).

THEOREM 4.31. Let K be a non-empty, locally compact space. Then the standard 1-multi-
norm (|| - ||£L1] :n € N) based on M(K) is given by

s ) IR =l Vo Vol T (s i € M(KD)). (4.16)

Proof. Take py, ..., 1y € M(K), and set pp = |p1|V -+ V |pn]| € M(K).
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For each ordered partition X = (Xy,...,X,) of K, we have

n

| Xl 4 - 4 llnl Xl = D sl (X3) <Y (X)) = ||l
i=1 i=1

1
Thus (o1, -y )l < pa] VoV i .
For the opposite inequality, we shall show that, for eachn > 2 and u1, ..., u, € M(K),
there is an ordered partition X = (Xy,...,X,,) of K such that

el = Wpa | Xl - -+ Nl | Xon -

Consider first the case where n = 2 and p, us € M(K). Let P = X; and N = X5 be
the measurable subsets of K associated with |p1] — |u2| in the Hahn decomposition. (See

page ) Then

I pen| Vgl || = (Jpea| Vv p2) (X)) + (Jpa| V| p2])(X2)
= |pa[(X1) + [p2l(Xz2) = [[pa [ Xal] + [lp2| X2,

and so (X7, X5) is the required partition.
The result for a general n € N follows by an easy induction. m

We shall see in Theorem i) that the standard l-multi-norm based on M(K) is
the maximum multi-norm on M (K).

Recall that the topology of a Stonean space has a basis consisting of clopen subsets;
the space 0N is a Stonean space.

PROPOSITION 4.32. Let K be a Stonean space, and take ¢ > 1. Then, for each n € N
and i, ..., 1y € M(K), we have

(ks s i) 1N = sup(llp [ BT+ - - [ [ B | )9,

taking the supremum over all ordered partitions (K1, ..., K,) of K into clopen subspaces.
Proof. Clearly,

Gz, - )R 2 (lpan B - [ B ]])

for each such ordered partition (K7, ..., Kp,).
Now fix € > 0, and choose an ordered partition X = (X1,...,X,,) of K into measur-
able subsets such that

TX((,L”’ s a,un)) > ”(,ula v a,un)H’Ezq] —E&.

Set = |u1| + -+ + |un|- Since p is regular, there exists a family {L1,..., L,} of clopen
subsets of K such that u(L; AX;) <e (i € N,).Set K1 = Ly and K; = L;\(L1U- - -UL;_1)
for i =2,...,n, so that (Ki,...,K,) is an ordered partition of K into clopen subspaces.
Then
i—1
K AX) <e+ > p(LiNLy) <2me (i=2,...,n),

j=1
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where in the last inequality we also use the fact that L; N L; = () when j < i. Thus we
see that

n

i) < (Sl ol +2n)7)

i=1
and hence that

" 1/q
1)1 < (3l Kill7) 7+ O(e) s =\ 0.
i=1

The result follows. =

4.2.7. The Schauder multi-norm. We now give an example related to the standard
p-multi-norm on /7.

Let (E,| - |) be a Banach space. A series Y.~ | z,, in E is said to converge uncondi-
tionally if the series Y | £,x;, converges in E whenever ¢, € {1,—1} (n € N). This is
equivalent to the requirement that Zzo:l Tq(n) converges in E for each o € Gy.

Now suppose that E has a Schauder basis {e,, : n € N}, so that each € E has a
unique expansion in the form

oo
x = Z Op €,
n=1

where a,, € C (n € N). The basis {e,, : n € N} is an unconditional basis if, for each z € E,
the corresponding series Y - | aye, converges unconditionally. The standard basis of ¢?
(for p > 1) and of ¢y is unconditional in the appropriate Banach space. We note that the
Banach spaces LP(I) have an unconditional basis whenever p > 1, but that the Banach
spaces L!(I) and C(I) do not have an unconditional basis.

For details of these and related results about unconditional bases, see [6l §3.1], [62] I,
§1.c], or [74, §I1.D], for example.

We now define

oo oo
H‘ E Qnenl|| = SUP{H E O‘nﬁnen
n=1 n=1

Asin [52, I, p. 19], || - || is a norm on E such that
[zl < llzll < Cllzl (x € E)

Bal <1 (n e N)}.

for some constant C' > 1. The original norm is 1-unconditional if the modified norm
coincides with the original one. In the case where E = /P for p > 1, the usual norm is
1-unconditional.

Now suppose that || - || is a 1-unconditional norm on E. For each non-empty subset S
of N, define

Pg : Zanen — Z Onen, FE—FE,
n=1 nes

so that ||Pg|| = 1. Let S = (S4,...,5,) be an ordered partition of N, say into infinite

subsets of N, and define

rs((1,- . @n)) = [|Ps, (z1) + - + P, (zn)| - (21,20 € E),
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and then set
(x1,. . xn)lln = sgprs((azl, cooy))  (x1,...,2n €E),
where the supremum is taken over all such ordered partitions S. It is again easily checked
that (|| - || : » € N) is a multi-norm on {E™ : n € N}.
In the case where E = (P, these norms are exactly the standard p-multi-norms on 7

of §4.2.1.

DEFINITION 4.33. Let (E, || - ||) be a Banach space with a 1-unconditional norm. Then
the Schauder multi-norm on {E™ : n € N} is the multi-norm defined above.

In particular, let E = C* for some k € N, and let || - | be a norm on E such that
||(C1’Zlv s ’Ckzk)” = H(Zlﬂ s 7zk)|| (Zlv cey %k € (C7 Cla s 7Ck € T)

Then we can generate a Schauder multi-norm on {E™ : n € N}.

4.2.8. Abstract ¢-multi-norms. We now give a more abstract version of the standard
g-multi-norm on the space LP(2), where Q is a measure space. This subsection is based
on discussions with Hung Le Pham.

Let F be a o-Dedekind complete Banach lattice. Recall from that, for each
v € ET, there is a certain positive linear projection P, with |P,|| < 1. Now take ¢ > 1
and n € N. For each v = (v1,...,v,) € E™ with |v;| A |vj| = 0 for i,j € N,, with @ # j,
set

" 1/q
ro((z1, ... 20)) = (Z ||P|vi‘xin) (z1,..., 2, € E).
i=1
Next define
H(xl,...,acn)mf] =supr,((z1,...,2,)) (21,...,2, € E),
v

where the supremum is taken over all v = (v;) € E™ with |v;| A |v;| = 0 for ¢, j € N,, with

i .

Let n € N, and take ¢ > 1. Then it is obvious that || - HL?] is a norm on E™. Since
Pg(z) =z (z € E), we have ||ac||[1q] = ||z|| (x € E). Moreover, we see that
[a] - g\
(21, ... z0)|d) = Sup(z il ) (21,...,2n € E), (4.17)
i=1

where the supremum is taken over yi,...,y, € Et withy; < |2;| (i € N,) and y; Ay; =0
for i,j € N, with i # j.
The following is clear.
THEOREM 4.34. Let (E, || -||) be a o-Dedekind complete Banach lattice, and take ¢ > 1.
Then (|| - ||£?] :n € N) is a special-norm; it is a multi-norm if and only if
[+ yll* = [lz]|* + [lyl|*  for z,y € B with [z[ A]y| = 0.

In the case where E is an ALp-space and ¢ > p, (|| - ||£§1] :n € N) is a multi-norm on
{E™":n€eN}. =
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DEFINITION 4.35. Let (E, | - ||) be an AL,-space, and take ¢ > p. Then (|| - ||[f3] :n €N)
is the abstract g-multi-norm based on E.

For example, suppose that p > 1 and E = LP(Q) for a measure space 2 and ¢ > p, or
that £ = M (K) for a non-empty, locally compact space K and ¢ > 1. Then the abstract
g-multi-norm (|| - ||£?] :n € N) is precisely the standard ¢-multi-norm of Definition
or @ Thus the following theorem follows easily from .

THEOREM 4.36. Let E be the Banach lattice LP(QY) for a measure space Q@ and p > 1, or
the Banach lattice M (K) for a non-empty, locally compact space K. Suppose that ¢ > p
or q > 1, respectively. Then the standard q-multi-norm on E does not depend on the
particular realization of E as an LP-space or as a space of measures; it depends on only
the morm and the lattice structures of E. m

In fact, more can be said. Let E be an AL,-space, and take ¢ > p. In Definition
we defined the abstract g-multi-norm based on E. We shall now show that the abstract
g-multi-norms based on two ALy-spaces which are just isometrically isomorphic are equal
whenever p # 2.

The first result is a special case of Theorem given below, but we give a separate
short proof.

THEOREM 4.37. Let 2 be a measure space, and take g > 1. Then the standard q-multi-
norm on L'(Q) is determined by the Banach-space structure of L*(€).

Proof. By Theorem [4.26 the standard g-multi-norm and the (1, ¢)-multi-norm based
on L'(Q) are equal. However, the (1,q)-multi-norm is determined by the Banach-space
structure of L(Q2). m

We shall now consider the ‘second dual question’ (cf. Corollary 4.14)): we should like
the second dual of the abstract g-multi-norm on LP(Q) or M (K) to be the abstract g¢-
multi-norm on the second dual of the respective space. In the case of LP(Q) for p > 1,

this is immediate because LP({2) is then a reflexive Banach space, and so it suffices to
consider the spaces L'(2) and M (K), which are AL-spaces.

THEOREM 4.38. Let E be an AL-space. For each ¢ > 1, the second dual of the abstract
g-multi-norm based on E is the abstract q-multi-norm based on E".

Proof. The standard g-multi-norm on the second dual of an AL-space is the same whether
the second dual be considered as a measure space or as an L'-space, and is equal to the
abstract ¢g-multi-norm by Theorem by Theorem it is the (1, ¢)-multi-norm,
say on a space L!'(Q). Also by Theorem the standard g-multi-norm on F is the
(1, ¢)-multi-norm. Thus the result follows from Corollary "

We now extend Theorem to multi-norms based on LP(Q2) when p # 2. In the fol-
lowing result (]| - HL?] :n € N) denotes the abstract g-multi-norm based on both E and F.

THEOREM 4.39. Take p,q with 1 < p < q < 0o and p # 2. Suppose that both E and F
are ALy-spaces and that U : E — F is an isometric isomorphism. Then

U™ (B - 10 — (- 115D

is an isometry for each n € N.
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Proof. By Theorem i), we may suppose that £ = LP(Q21) and F = LP(3), where
Q1 and 5 are measure spaces.
Fix n € N. In our setting, we have

[ I = sup (3o i 7)™ (e fu € LP(Q)),
i=1

where the supremum is taken over the collection, say C,, g, of all tuples (p1,...,pn) of
disjoint projections in L>(Q21) and p; - f; is the L>°(21)-module product in F; a similar
formula holds for elements in F™.
By Lamperti’s theorem, Theorem (which applies because p # 2), we see that U
has the form
U:f=h-Tof, L°(h) — LP(Qa),

where h : Qo — Cand T, € B(LP(Q4), LP(€)) is induced by a regular set isomorphism o.
Note that T, extends to a *-isomorphism from the algebra of all measurable functions
on 1 (modulo null functions), and so T, restricts to a x-isomorphism from L>®(27) to
L>(Q3). For each p € L>*(21) and f € LP(£21), we have

Ta(p> : Uf = Ta(p)h ’ T(Tf = hTo(pf>7
and so U(p- f) = Ty(p) - Uf. Hence, for each n € N and f1,..., f, € LP(Q 1), we have

U fr,. . URIE = sup (ZH% Ulel)

‘h)e n,F ;=1

= swp (ZHU )

pz)GCnE i=1

sup (an £) " = R

(pi)€Cn. B i=1

and so U(™) is an isometry, as required. m

THEOREM 4.40. Let E be an ALy-space, where p > 1 and p # 2. Then, for each ¢ > p,
the abstract qg-multi-norms based on E depends on only the Banach space E, and not on
its lattice structure. m

4.3. Lattice multi-norms. We now define a ‘lattice multi-norm’ based on a Banach
lattice. Basic facts about Banach lattices were recalled in

4.3.1. Multi-norms and Banach lattices. We define a multi-norm and a dual multi-
norm naturally connected with a Banach lattice.

DEFINITION 4.41. Let (E, || - ||) be a Banach lattice. For n € N and z1,...,z, € E, set
G-l = Ml Ve Vil Iz I7F = 1]+ -

THEOREM 4.42. Let (E, || -||) be a Banach lattice. Then the sequence (|| - |5 : n € N) is
a multi-norm based on E, and (|| - |PL : n € N) is a dual multi-norm based on E

Proof. This is immediately checked. m
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DEFINITION 4.43. Let (E, || - ||) be a Banach lattice. Then (|| - ||L : n € N) is the lattice
multi-norm based on {E™ : n € N} and (|| - |PL : n € N) is the dual lattice multi-norm
based on {E™ : n € N}. The rate of growth of the lattice multi-norm is denoted by
(PE(E) in € N).

THEOREM 4.44. Let (E,||-||) be a Banach lattice. Then the dual of the lattice multi-norm
on {E™ : n € N} is the dual lattice multi-norm on {(E’)™ : n € N}.

Proof. Let (|| - |£ : n € N) be the lattice multi-norm on the family {E™ : n € N}.
For n € N, write || - ||/, for the dual norm to || - || on (E’)". We must prove that
Ias - Al = A+ Pl (A, An € EY). (4.18)
Indeed, take Aq,..., A\, € E’, and write A = |A| 4+ -+ [A\,| € F'.
Suppose that x1,...,2, € E with [[(z1,...,2,)||L <1, and set

=z V- VX,

so that ||z]| < 1. Using (1.32), we see that
|<($1,...,l‘n), ()\177)\n)>| < Z'(‘rj7 Z |xj| |/\ | I )‘>a
j=1 i=1

and hence that |[(A1,..., A\ < 1Al
Given ¢ > 0, there exists x € ET with ||z|| = 1 and (z, A\) > ||A] — &. It follows
from Proposition m that, for each j € N, there exists y; € FE with |y;| < z and
(yj, A) > (z, |A]) —e. We have |y1| V-V |y,| < z, and so
G-yl = Iyl V-Vl | <l < 1.
Also,

n

{190, O A «$Z%,\22@Mm—m

j=1
= (@, [A[) = ne > |]A]] = (n + 1)e,
and 8o ||(A1,..-, )|l = |IMl = (n + 1)e. This holds true for each ¢ > 0, and so
[AL, -5 Al = (Al

Thus (4.18) holds. =

THEOREM 4.45. Let (E,||-||) be a Banach lattice. Then the dual of the dual lattice multi-
norm on {E™ : n € N} is the lattice multi-norm on {(E’)™ : n € N}.

Proof. This is similar to the above proof. m

COROLLARY 4.46. Let (E,|| - ||) be a Banach lattice. Then the second dual of the lattice
multi-norm on {E™ : n € N} is the lattice multi-norm on {(E")" :n € N}. n

EXAMPLE 4.47. Let €2 be a measure space, take p > 1, and let E be the Banach lattice
LP(§2). Then the corresponding lattice multi-norm {(E™, || - ||,) : n € N} is given by

1/p
nuhnjmm=(éwuw~vnw) s f) 12,
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where we are using (4.12)). Thus the lattice multi-norm and the standard p-multi-norm
based on F coincide.
It follows that the dual of the standard p-multi-norm based on LP(QQ) is given by

IO AT = AL+ -+ Pl e
for A\i,..., A\ € L"(Q) and n € N, where r = p’. =

EXAMPLE 4.48. Let K be a non-empty, locally compact space, so that the Banach space
(M(K),| - ||) is a Banach lattice. Then the corresponding lattice multi-norm based on
M(K) is just the standard 1-multi-norm; for this, see Theorem "

DEFINITION 4.49. Let (E,| - ||) be a Banach lattice. Then a multi-norm (|| - ||, : n € N)
on {E™ : n € N} is compatible with the lattice structure if, for each n € N, we have

11l < s un)lln
whenever |z;| < |y;| in Eg for each i € N,,.

PROPOSITION 4.50. Let (E, |- ||) be a Banach lattice. Then the lattice multi-norm is the
mazximum multi-norm which is compatible with the lattice structure.

Proof. Certainly the lattice multi-norm (|| - ||Z : n € N) is compatible with the lattice
structure. Let (|| - ||» : » € N) be any multi-norm which is compatible with the lattice
structure. Take n € N and z1,...,2, € E, and set x = |z1|V --- V |z, |. Then

(@, za)lln < (@, @)l = 2l = (@, @) s
and so the lattice multi-norm is the maximal norm with this property. m
PROPOSITION 4.51. Let (E,|| - ||) be a Banach lattice, let n € N, and suppose that
E=FE @& &L FE,.
Then
@1,y an)lly = el + -+ ] | = [z + - + 24
whenever x; € F; for j € N,.
Proof. This follows immediately from . L]

Thus the lattice multi-norm and the dual lattice multi-norm coincide on elements
(x1,...,2,) € E" such that z; € E; for j € N,,.
The following result is easily checked.

PROPOSITION 4.52. Let E be a Banach lattice, and let F be a closed subspace which is
an order-ideal in E. Then the multi-norm defined by the Banach lattice E/F coincides
with the quotient multi-norm. m

There is one circumstance in which we can identify the lattice multi-norm as the
maximum multi-norm.

PROPOSITION 4.53. Let (E,|| - ||) be a Banach lattice, and take n € N. Then

in(xe, .. xn) <o+ -+ |znlll (21,...,2, € E).
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Further, suppose that E is an AM-space. Then
(@, xn) = (o + -+ aal |l (21,..., 2, € E),
and the dual (13 ,, : n € N) is equal to the maximum multi-norm based on E'.

Proof. The first part of the proposition follows immediately from (and also from
Theorems and [4.42)); see also [39, 18.4].

To show that (y7, : n € N) is equal to the maximum multi-norm based on E', we
must show that their respective dual norms are equal on the family {(E”)" : n € N}.
By Theorem the dual of the maximum multi-norm on {(E’)" : n € N} is the weak
1-summing norm on {(E”)" : n € N}, and, by Proposition the latter norm is pf .
Thus the last clause follows. m

THEOREM 4.54. Let (E,|| - ||) be a Banach lattice.

(i) Suppose that E is an AL-space. Then the lattice multi-norm is the mazimum multi-
norm based on E.

(ii) Suppose that E is an AM-space. Then the lattice multi-norm is the minimum multi-
norm based on E.

Proof. (i) By Theorem the dual of the lattice multi-norm based on E is the dual

lattice multi-norm based on E’. The dual of the maximum multi-norm based on E is

(#1,n : m € N). By Theorem E’ is an AM-space, and so, by Proposition m the

latter two multi-norms are equal on the family {(£’)™ : n € N}. Thus the result follows.
(ii) Using (1.37)), we see that

@1zl = [ V-V || || = max{|[ [z [ | ] 1}
= max{[|lza,.... [zall} = [[(z1, ... 20) 3™
for each n € N and z1,...,z, € E. Thus the lattice multi-norm is the minimum multi-

norm on {E"™ :n € N}. m
The following corollary gives a different proof of Theorem

COROLLARY 4.55. Let ) be a measure space. Then the standard 1-multi-norm based on
LY(Q) is the mazimum multi-norm.

Proof. This follows from Example and Theorem i). m

4.3.2. A representation theorem. The following theorem gives a general representa-
tion theorem for multi-normed spaces. It shows a universal property of the lattice multi-
norms of this section; the result follows from a theorem of Pisier stated as [53, Théoréme
2.1] and translated into our notation via Theorem m

THEOREM 4.56. Let ((E™,]| - |ln) : » € N) be a multi-Banach space. Then there is a
Banach lattice X and an isometric embedding J : E — X such that

H(Jxl,...,Jasn)Hﬁ = (x1,...,z0)lln  (x1,...,2, € E).
for each n € N. m

Thus our multi-normed spaces are the ‘sous-espace de trellis’ of [53, Définition 3.1].
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As noted in [53] p. 18], a lattice multi-norm corresponding to the minimum multi-
norm is easily described. Indeed, let E be a Banach space, and set K = (E[’l],a(E’7 E)),
a compact space, so that C(K) is a Banach lattice. Then the map

J:xr—z) | K, E-— C(K),
is an isometry, and

I(Jz1,...,Jz )| = |(z1,...,z0)|™ (21,...,2, € E).

A description of a lattice multi-norm corresponding to the maximum multi-norm
is also given in [53l Proposition 3.1]. Indeed, let E be a Banach space, and then set
I = B(E, (")[, so that (T, ¢') is a Banach lattice. Then the map

J:xw (Tx:TeT), FE— (T,
is an isometry, and

I(Jzrs . Tz 2 = (@) 2™ (21, 2 € E).

4.4. Summary. We collect here summary descriptions of the main multi-norms that we
have defined, their dual multi-norms, and their rates of growth.

1. The minimum multi-norm ((E™,| - [™) : n € N) based on a normed space E is
defined by )
Iz, .., x|l = max lzi |l (x1,...,2n € E).

The dual multi-norm is the maximum dual multi-norm based on E’. The rate of growth

of the minimum multi-norm is given by ™" (E) =1 (n € N).

2. The maxzimum multi-norm based on a normed space F is denoted by
(™ |- 1) : n € N).

n

The dual multi-norm is (u1,, : n € N), where py 5, is the weak 1-summing norm on
(E")™. The rate of growth of the maximum multi-norm (for F infinite dimensional)

satisfies
Vi < e(B) =m"(B') <n  (neN),

and both bounds can be attained. For example, we have the following.
Let L? be an infinite-dimensional measure space. Then:
EMX(I[P) = nl/P (n € N) for p € [1,2];
EMX([P) ~/n  asn— oo forp € [2,00].
Let K be an infinite compact space. Then:
Vi < er(C(K)) <vV2n  (neN).

3. Let E be a normed space. For 1 < p < g < oo, the (p, q)-multi-norm based on E is
denoted by ((E™, || - |¥*?) : n € N). The dual multi-norm based on E’ is

(BN - IP9)) s n € N).
The rate of growth of the (p, ¢)-multi-norm satisfies
ePI(E) =7)(E') <n'?  (neN),

and the upper bound can be attained.
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4. Fix p € [1,00), and take ¢ > p. For a measure space LP, the standard q-multi-norm
based on LP? is denoted by (|| - ||£?] :n € N). We have

I frse e F M < APty F )P0 < [ (frse ey f) 02

for all f1...., fn € LP and n € N. The rate of growth of the standard ¢g-multi-norm
satisfies ld (L) = n!/? (n € N).

5. The Hilbert multi-norm based on a Hilbert space H is denoted by (|| - || : n € N). This
multi-norm is equal to the (2, 2)-multi-norm, and is equivalent to the (p, p)-multi-norm
for p € [1,2] and to the maximum multi-norm. The rate of growth of this multi-norm
(for infinite-dimensional H) is given by @™ (H) = \/n (n € N).

6. The lattice multi-norm based on a Banach lattice E is denoted by (|| - |Z : n € N); it
is defined by

(@1, @)lly = Mol Ve Ve | (21,-.. 90 € B, n €N).
The dual multi-norm based on E’ is the dual lattice multi-norm (|| - |P* : n € N); it
is defined by

Iy, sz IR" = Haal + -+ |l | (21,...,20 € B, n €N).

For an AL-space, the lattice multi-norm is the maximum multi-norm based on F, and,
for an AM-space, it is the minimum multi-norm based on E. The rate of growth of
this multi-norm is denoted by (¢Z(E) : n € N).



5. Multi-topological linear spaces and multi-norms

5.1. Basic sets

5.1.1. Topological linear spaces. Let E be a linear space. A local base of E is a family
B of non-empty, balanced, absorbing subsets of E such that:

(i) for each B € B, there exists C € B with C + C C B;
(ii) for each By, By € B, there exists C' € B with C C By N By;
(iii) for each B € B and = € B, there exists C' € B with z + C C B.

A subset B of a topological linear space is bounded if, for each neighbourhood U of 0
in E, there exists o > 0 with B C U (8 > «).

Let E be a topological linear space. Then F has a local base B consisting of all the
balanced neighbourhoods of 0; in this case, each neighbourhood of 0 contains a member
of B (and then the open sets of F' are precisely the unions of translates of members of 9B).
Conversely, let 8 be a local base of E. Then there is a unique topology 7 on E such that
(E,T) is topological linear space and B is a local base for 7 at 0. The topological linear
space is HausdorfT if and only if {B: B € B} = {0}.

For details of these remarks, see [65], for example.

5.1.2. Multi-topological linear spaces. Let E be a linear space, and consider the
space EN, also a linear space; a generic element of EN is 2 = (z;) = (z; : i € N). Define
t:x v (z), E— EN, so that «(F) is a linear subspace of EN.

For a non-empty subset S of N, we define Ps, Qs on EY essentially as in We
also define A, and M, in L(EY) for o € Gy and a = (o;) € D by

Ao((20)) = (To()s  Mal((@:)) = (aiz:)  ((z:) € EY).

Finally we define the amalgamation x 11y of two elements x = (2;) and y = (y;) of EN
as the element

Qny: (‘Tlay17x2;y27x37y3a"')

of EN. Let k € N. The amalgamation of k copies of z € EY is denoted by z I, , so that
k k
—— —
ez = (Z1,...,21, Tay...,To,y ... ).

DEFINITION 5.1. Let E be a linear space, and let F' be a linear subspace of EN with
((E) C F. A subset B of F is basic if:

(T1) A,(B) = B for each o € Gy;
(T2) M,(B) C B for each a € EN;

[105]
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(T3) for each z € F, xz € B if and only if x Iz € B;
(T4) for each x € F, x € B if and only if Py, (z) € B (n € N).

Let 7 be a topology on F. Then E is a multi-topological linear space (with respect to
(F, 7)) if (F,7) is a Hausdorff topological linear space with a local base B consisting of
basic sets, each a neighbourhood of 0.

It may be that F' = EV in the above definition, but we allow greater generality for
the sake of future applications.

Let E be a multi-topological linear space with respect to (F, 7). For each z € E, we
have ¢ (z) := (2,0,0,0,...) € F, and so 7 induces a topology called 75 on E such that
a subset U of E belongs to 75 if and only if ¢1(U) is relatively 7-open in F. It is clear
that (E,7g) is a topological linear space.

Let E be such a multi-topological linear space, let B be a basic set in (F, ) that is
a neighbourhood of 0, and take x € F. Since the set B is absorbing, there exists 8 > 0
such that = € B. It follows easily from the definitions that A,(x) € F for each ¢ € Gy,
that M,(z) € F for each a € DN, that « Il z € F, and that Py, (z) € F for each
n € N.

PROPOSITION 5.2. Let E be a multi-topological linear space with respect to (F,T), and
let B be a basic set in F'.

(i) Take x € F and k € N. Then x € B if and only if x 1}, € B.

i) Take x € F. Then x € B if and only if 110 € B.

) Take (x;) € F. Then (x;) € B if and only if (0,21, x2,235,...) € B.
(iv) Take x,y € B. Then z 1y € B + B.

) Take x = (z;) € B, and let (k) be strictly increasing in N. Then (xy, ) € B.

) Take x = (x;) € B, and suppose that y is a sequence that contains finitely many
occurrences of each x; in any order. Then y € B.

Proof. (i) Take n € N such that 2/ > k. By (T3), # € B if and only if x Ily; x € B. Take
m > k. By (T4), x11,,, * € B if and only if Py, (zII,, ) € B (n € N). By (T2) and (T1),
this holds if and only if Py, (z IIx ) € B (n € N). By (T4) again, this holds if and only
if z I z € B. The result follows.

(ii) Suppose that © € B. Then z I« € B by (T3), and then 2 110 € B by (T2).
Suppose that z II0 € B. Then it follows from (T4) that Py, (z II10) € B (n € N).
By (T1), Py, (z) € B (n € N), and so x € B by (T4).

(iii) This is immediate from (T1) and (T4).

(iv) By (ii), z 110,y 110 € B. By (T1), 0I1y € B. Thus

zlly=2100+010y e B+ B.

—~

v) By (T2), (0,...,0,2,,0,...,0,2%,,0,...) € B. By (T1), we have (z;,) 110 € B.
ii), (xx,) € B.

(vi) Suppose that y contains k; copies of z; for i € N. Take n € N, and then set
m = max{ki,...,kn}. By (i), 2L, € B. By (T4), Py, (x11,,z) € B. By (T2) and (T1),
Py, (y) € B. But this holds for each n € N, and so y € B by (T4). »

By

—~
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5.2. Multi-null sequences

5.2.1. Convergence. Let E be a multi-topological linear space. We can define a notion
of convergence in E as follows.

DEFINITION 5.3. Let E be a multi-topological linear space with respect to (F,7) such
that (F,7) has a local base B of basic subsets of F, and let (z;) be a sequence in E. Then
Limz; =0 inFE

11— 00
if, for each B € B, there exists ng € N such that (., Zn11,Znt2,...) € B (n > ngp).
Such sequences (z;) are the multi-null sequences in E. Further, let € E. Then
Limz; =2 inFE
1— 00
if (z; — x) is a multi-null sequence in F; the sequence (z;) is multi-convergent to x.
The collections of multi-convergent and multi-null sequences in E are denoted by
cm/(E) and ¢y, 0(E), respectively.

Let E be a multi-topological linear space with respect to (F, 7). Clearly, each multi-
null sequence in E is a null sequence in (F, 7g), where 75 was described above. Further,
let (x;) be a sequence such that lim; ., 2; = 0 in (E,7g). Then there is a subsequence
(xk,;) of (x;) such that Lim; ,o, i, = 0. Let S be a subset of E. One might define the
‘multi-closure’ of S to be the set of elements x in E such that there exists a multi-null
sequence (z;) contained in S with Lim;_,~, x; = x; however, the above remark shows that
this multi-closure coincides with the closure of S in (E, 7g).

The four axioms specified above have an immediate and natural interpretation in
terms of this convergence. Thus: (T1) states that each permutation of a multi-null se-
quence is a multi-null sequence; (T2) states that M, (x) is a multi-null sequence whenever
a = («a;) is a bounded sequence in C and z is a multi-null sequence; (T3) states that 11z
is a multi-null sequence if and only if « is a multi-null sequence. Axiom (T4) is a ‘Cauchy
criterion’ for multi-null sequences. A sequence (z;) € EY is a multi-Cauchy sequence if,
for each B € B, there exists ng € N such that

(5C77L,$m+1,..-,xn7o,0,-~-)EB (nzmzno)

By (T4), a sequence is a multi-null sequence if and only if it is a multi-Cauchy sequence.
We shall see shortly that the notion of a multi-null sequence can depend on the choice
of the space F.

PROPOSITION 5.4. Let E be a multi-topological linear space.

(i) Each subsequence of a multi-null sequence in E is itself a multi-null sequence.
(ii) Let a, B € C, and let (z;), (y;) € EN be such that

Limz; =2 and Limy, =y
11— 00

in E. Then Lim;_,o (ax; + By;) = ax + By in E.
(ii) The collections c,,(E) and cmo(E) are linear subspaces of EN.

Proof. These are immediately checked. m
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5.2.2. Multi-normed spaces. We now investigate the relation between multi-topo-
logical linear spaces and multi-normed spaces.

DEFINITION 5.5. Let ((E™,] - ||») : n € N) be a multi-normed space, and suppose that
x = (z;) € EN. Then
Sup x = Sup(z;) = sup{||(zxy, - - 2k, )|n : k1, .., kn € N, n € N}

In fact, it follows from (A1), (A4), and Lemma [2.9]that (||(z1,22,...,2n)||ln : 7 € N)
is an increasing sequence and that

Supx = sup{|[(x1,z2,...,2,)|ln : n € N} = nan;O (z1, 22, .. zn)||n. (5.1)
Define
F ={z € EY:Supz < oo} (5.2)

For each ¢ > 0, set
B.={x € F:Supz < ¢},

and set B = {B. : ¢ > 0}.

THEOREM 5.6. Let ((E™, || - ||ln) : » € N) be a multi-normed space, and let F' and B be
as above. Then F is a linear subspace of EN with 1(E) C F, and E is a multi-topological
linear space with respect to (F,T), where (F,T) has B as a local base. Further, each set
B. is convex and bounded.

Proof. Tt is clear that F is a linear subspace of EV; by Lemma WE)CF.

We shall show that B is a local base at 0 in F'. Given € > 0, we have B, 5+ B/ C B-.
Given €1,e5 > 0, we have B, C B, N B, for ¢ = min{ey,e2}. Given € > 0 and z € B,
we have Supx < ¢, and then z + B,, C B, for n = € — Supz. Thus B is a local base at 0
in F, and so 9B defines a topology 7 such that (F,7) is a topological linear space. Since
(V{B: : € > 0} = {0}, the topology 7 is Hausdorff.

It is clear that Axioms (T1), (T2), and (T4) are satisfied. Suppose that = € B., where
e >0, and take kq,...,k, € N. Then

1@ L)y, (@ T2, )ln = (2055 25,)m

for some m € N, and j1,...,jm € N by (Al) and (A4), and so we have z 11z € B.; the
converse is immediate, and so (T3) is satisfied. Thus each B is a basic set in F.
Clearly each set B. is convex and bounded. =

DEFINITION 5.7. The topology 7 defined on F' in the above theorem is that specified by
the multi-normed space ((E", | - ||ln) : n € N).

In the future, we shall regard (F,7) as the space specified by a multi-normed space
((E™ || ||ln) : n € N) without explicit mention. We now interpret the concept of ‘multi-null
sequence’ in the above situation.

THEOREM 5.8. Let ((E™, | - ||n) : n€N) be a multi-normed space. Take (z;) € EN. Then
(x;) is a multi-null sequence in E if and only if, for each e >0, there exists ng €N such that

SUp | (Tt 1s- - nsk)llk <2 (03> o).
keN

Proof. This is again immediate. m
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Let (z;) be a sequence in E with Lim,_, . x; = x. It follows that

lm sup || (Znt1,-- s Zntk) |k = 2| (5.3)

EXAMPLE 5.9. Let (a;) be a fixed element of CY, and set
T; = o;0; (’L S N)

(i) Let E be one of the Banach spaces ¢? (for p > 1) or cg, and take (|| - [|™® : n € N)
to be the minimum multi-norm on {E™ : n € N}. Then it follows immediately that (z;)
is a multi-null sequence in F if and only if lim; . «; = 0, i.e., if and only if («;) € ¢p.
This is independent of the choice of the space E.

(ii) Let E = ¢P (where p > 1), and let (|| - H%’l :n € N) be the standard p-multi-norm
based on {E™ : n € N}. Then it follows from that (z;) is a multi-null sequence in
FE if and only if

= 1/p
lim (Z |ai|p) = 0,

i.e., if and only if (o) € ¢P.

(iil) We now see, by comparing examples (i) and (ii), that the multi-null sequences in
a multi-normed space based on a Banach space E depend on the multi-norm that we are
considering. m

PROPOSITION 5.10. Let ((E™, ||-]|n) : n € N) be a multi-normed space. Then the following
are equivalent:

(a) each null sequence in (E, || -||) is a multi-null sequence;

(b) the multi-norm (|| - ||n : n € N) is equivalent to the minimum multi-norm;

(c) there is a topology o on E such that the multi-null sequences are precisely the con-
vergent sequences in (E, o).

Proof. Here (p,(E) : n € N) is the rate of growth sequence for the multi-normed space
((E™ [+ l[a) : n € N).
(a)=(b) Assume towards a contradiction that limsup,, ., ¢n(E) = oco. Then, for

each n € N, there exists m,, € N such that ¢, (E) > n, and so there exist 1., ..., Tm, n
€ Epi/m) with [[(71,0, -+, T, n)llm, = 1. The sequence

(xl,lv ey My 1, L1293 Tmg 2y - s LIny oo s Tmy iy e v - )
is a null sequence in (E, || - ||), but it is not a multi-null sequence. This is a contradiction

of (a). Thus (¢, (E) : n € N) is bounded, and so, by Proposition (I 1ln :m e N)is
equivalent to the minimum multi-norm.
(b)=(a) Suppose that sup{p,(F):n € N} < C. Then

|t enri)lle < Cmax{[@asall -, [zassll}  (n,k € ),

and so each null sequence in (E, | - ||) is a multi-null sequence.

(a)=-(c) This is trivial.

(¢)=(a) Assume towards a contradiction that (a) fails. Then there is a null sequence
(z;) in (E, ]| -]|) such that (x;) is not a multi-null sequence. By (c), (x;) is not convergent
in (E,0), and so there is a g-neighbourhood U of 0 in F and a subsequence (x;;) of (z;)
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such that z;, U (j € N). There is a subsequence (yy,) of (x;,) with ||y,|| < 1/n* (n € N),
and then (y,) is a multi-null sequence in E. However y,, ¢ U (n € N), and so (y,) is not
convergent in (F, o), a contradiction of (c). m

Let ((E™, ] - ||ln) : » € N) be a multi-normed space such that F is finite-dimensional.
Then it follows from Proposition that the equivalent conditions of the above prop-
osition are satisfied.

Let K be a compact space. Then the multi-null sequences in C(K) for the lattice
multi-norm based on C'(K) are just the usual null sequences.

Recall that a topological linear space F is a locally convex space if and only if there is
a local base consisting of convex sets. By [65, Theorem 1.14(b)], each neighbourhood of
zero in such a space contains a balanced, convex neighbourhood of 0. The following result
shows that the topology of a locally convex space is determined by a class of multi-null
sequences.

ProprosSITION 5.11. Let E be a locally convex space.

(i) Let V be a conver, balanced neighbourhood of 0 in E. Then VN is a basic subset
of EN.

(ii) Let B be the family of sets in EN of the form VN, where V is a convez, balanced
neighbourhood of 0 in E. Then there is a topology T on E such that EN is a multi-
topological linear space with respect to (E,7), and (E,T) has B as a local base.

Proof. (i) This is immediate.

(ii) It is clear that the specified family B is a local base at 0 for E consisting of basic
sets. There is a unique topology 7 on E such that (E, 7) is topological linear space and B
is a local base for 7 at 0. The topology 7 is Hausdorff because ({B : B € B} = {0}.
Thus EY is a multi-topological linear space with respect to (F, 7). m

We now seek a version for multi-topological linear spaces of Kolmogorov’s theorem for
topological linear spaces: this states that a topological linear space E is normable if and
only if 0 has a convex, bounded neighbourhood [65, Theorem 1.39].

THEOREM 5.12. Let E be a multi-topological linear space with respect to (F, 7). Then the
topology T is specified by a multi-normed space if and only if there is a basic set which is
a convex, bounded neighbourhood of 0 in F.

Proof. Suppose that 7 is specified by a multi-normed space. Then each set B, given above
is a basic subset of F' which is a convex, bounded neighbourhood of 0.

Conversely, suppose that B is a basic subset of F' which is a convex, bounded neigh-
bourhood of 0 in F. By [65, Theorem 1.14(b)], we may suppose that B is balanced.

Let n € N, and take x1,...,2, € E so that (x1,...,2,,0,...) € F. We define

[(x1,...;20)ln =pB((21, ., 20,0,...))  (21,...,2, € E),

where pp is the Minkowski functional of B. Clearly || - ||, is a seminorm on E™. Suppose
that (1,...,2,,0,...) # 0 in F. Since (F,7) is a Hausdorff space, there is a neighbour-
hood V of 0 in F such that (z1,...,2,,0,...) € V. Since B is bounded, there exists
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a > 0 such that B C SV (8 > «). Since z & (1/8)B (8 > «), we have
pe((z1,...,2n,0,...)) > 1/a > 0.

Thus || - || is a norm on E™.

Set ||z|| = ||z||1 (x € E). Then (E,|| - ||) is a normed space.

We shall now show that ((E™, || - ||») : » € N) is a multi-normed space.

It is immediate that Axioms (Al), (A2), and (A3) are satisfied. Let z1,...,2, € E.
By Proposition vi), (z1,...,2,,0,...) € B if and only if (z1,...,2n,2n,0,...) € B,
and so Axiom (A4) is satisfied.

Consider the family B = {aB : a > 0}. By [65, Theorem 1.15(c)], B is a local base
for the topological linear space (F, 7). Let o be the topology on F' defined by the multi-
norms (|| - || : m» € N) as in Theorem and take z € B. Then, by (T4), Py, (z) € B
(n € N), and so, by , Supx < 1, whence 7 C 0. Let z € F with Supz < 1. Then
x € B, and so ¢ C 7. Thus 7 = o. It also follows that F' = |J{aB : a > 0}, and so, by
(T4), F is exactly the space specified in in terms of the multi-norms.

This completes the proof. m

Let ((E™, || - ||») : n € N) be a multi-normed space. We have seen in Proposition
that multi-null sequences in E are the null sequences for a topology on F only in special
cases. We generalize this remark.

PROPOSITION 5.13. Let E be a multi-topological linear space with respect to (F,T), and
suppose that T has a countable base of neighbourhoods of 0 in F. Then either the multi-
null sequences in E are exactly the null sequences in (E,Tg), or there is no topology o
on E such that the multi-null sequences in E are exactly the null sequences in (E, o).

Proof. We first note the following. Let (U, ) be a countable base at 0 for the topology 7
on F. Then there is a countable base (V},) at 0 for the topology 7 on F' such that

Vo D Va1 +Vago + -+ Vigk (n,k€N)
Indeed set Vi = Uy, and inductively choose V,, to be a neighbourhood of 0 in (F, 7) such
that V01 C (Upe1 NV,) and Vygq + Vip1 C V, for each n € N.

We next note that each null sequence (z;) in (E,7g) has a subsequence (x;, ) which
is multi-null. Indeed we choose the sequence (ix : k € N) inductively so that, for each
k € N, we have 541 > i, and (;,,0,0,...) € Vi. That (x;,) is a multi-null sequence
follows from Axiom (T4).

The result now follows essentially as before. m

5.2.3. Multi-null sequences and order-convergence. Let E be a Banach lattice, as
in and let (z,,) be a sequence in E. Recall that (z,,) is order-null if and only if there
is a sequence (u,) in ET such that u, | 0 and |z, | < u, (n € N). The lattice multi-norm
on {E™ : n € N} was defined for each n € N in Definition by the formula

(@1, @)y = el Ve Vel | (2, 20 € E).
We shall consider multi-null sequences with respect to this multi-norm.

THEOREM 5.14. Let E be a Banach lattice. Then each multi-null sequence in E is order-
null in E.



112 5. Multi-topological linear spaces and multi-norms

Proof. Let (x,) be a multi-null sequence in E. Then, for each k € N, there exists n; € N
such that
s |V |21 | V-V 2l | <275 (0> m);

we may suppose that the sequence (ny : k € N) is strictly increasing. Set
Ik:{nk7...,nk+1—1}CN (k’GN),
and, for k € N, define

Yk = |‘rnk| \ |xnk+1| VeV ‘mnk+1*1‘>

so that [lyx|| < 27% and the series "2 vy is convergent in E for each n € N. Set

oo
Uy, = Zyj for each n € I.
j=k
For n € Ij, we have |z,| < yx < uy. Also, 0 < upiq1 < uy, (n € N). Suppose that u € E
with 0 < u < u, (n € N). Then 0 < ||ul| < [Jun| < 275! (n > ny), and so u = 0 and
ty, | 0. This implies that (z,) is an order-null sequence in F. =

We wish to determine when the converse of the above theorem holds.

THEOREM 5.15. Let (E,||-||) be a Banach lattice. Then each order-null sequence in E is
multi-null in E if and only if the norm is o-order-continuous.

Proof. Suppose that each order-null sequence is multi-null, and let (x,,) be a sequence in
E with z,, | 0. Then (z,,) is order-null, and hence multi-null. Certainly this implies that
|z || | 0, and so the norm is o-order-continuous.

Conversely, suppose that the norm is o-order-continuous, and let (z,,) be an order-null
sequence. Then there exists a sequence (uy,) in ET with |x,| < u, (n € N) and u, | 0.
By hypothesis, we have ||u,]|| | 0, and now

[Hznl Ve Vzngkl 6 < llun Voo Vngrll = luall - (n,k € N),
so that lim,, o Supgen || [Zn] V - - V [Tn+k] |k = 0. Hence (x,,) is multi-null. m

For example, multi-null and order-null sequences coincide in each Banach lattice LP(€2)
for p > 1 (when this space has the lattice multi-norm, which, by Example is equal
to the standard p-multi-norm) based on LP(£2) and on the space C([0,w;]) (when this
space has the minimum multi-norm).



6. Multi-bounded sets and multi-bounded operators

The theory of Banach spaces gains great strength from the facts that, for each Banach
spaces F and F', a linear operator from E to F' is continuous if and only if it is bounded,
and that the collection of all bounded linear operators from F to F' is itself a Banach
space. Our aim in this chapter is to establish analogous results for multi-normed spaces.

6.1. Definitions and basic properties. We first define multi-bounded sets in multi-
topological linear spaces (which were defined in Definition .

6.1.1. Multi-bounded sets

DEFINITION 6.1. Let E be a multi-topological linear space with respect to (F, 7). A subset
B of E is multi-bounded if BY is a bounded set in the topological linear space (F, 7).

We denote the family of multi-bounded sets in E by MB(E), suppressing in the
notation the role of F.

Let B,C € MB(E) and «, € C. Then it is immediate from the definition that
BUC,aB + C € MB(E); each compact set is multi-bounded; the absolutely convex
hull of a multi-bounded set is multi-bounded.

PROPOSITION 6.2. Let ((E™, | - ||n) : » € N) be a multi-normed space, and let B be a
subset of E. Then B is multi-bounded in E if and only if

sup{|[(z1, ..., Zn)||ln : 21, ..., 20 € B, n € N} < c0.
Proof. This is immediate from our earlier results. =

COROLLARY 6.3. Let E be a normed space, and consider two multi-norms based on E
such that the multi-norms are equivalent. Then the families of multi-bounded sets with
respect to the two multi-norms are equal. m

DEFINITION 6.4. Let ((E™, ||-]|») : n € N) be a multi-normed space, and let B € MB(E).
Then

cg =sup{||(z1,...,2n)||n : ®1,..., 2, € B, n € N};
cp is the multi-bound of a multi-bounded set B.
PROPOSITION 6.5. Let ((E™,| - ||ln) : n € N) be a multi-normed space.

(i) A finite subset B = {x1,...,xr} in E is multi-bounded, with cg = ||(z1,...,zk)| k-
(ii) Suppose that B C E is multi-bounded. Then C := aco(B) is multi-bounded, with
Cc = Cp.

[113]
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Proof. (i) This is immediate from Lemma [2.15]
(ii) Take y1,...,ym € C. Then clearly there exist n € N, a = (a;;) € M, ,, and
x = (x1,...,2,) € B such that

n n
Z |Oé7;j| S 1 and Y = Zaij:rj
j=1

j=1
for i € Np,. By (1.15)), |la : £° — £2°|| < 1, and so, by Theorem (a)=(c), we have
Hy1s- s ym)llm = lla - zllm < ||2||ln < ¢p, and so ¢c < ¢p. Thus cc =cp. =

Let ((E™,] - |ln) : » € N) be a multi-normed space, and let (z,,) be a sequence in E.

Then we see that the set {z, : n € N} is multi-bounded if and only if

sup [|(z1, -y @n)|ln = Um |[(21,...,20)||n < o0;
neN n—00

in this case, (z,) is a multi-bounded sequence. It follows from (5.3) that each multi-
convergent sequence in F is multi-bounded.

6.1.2. Multi-bounded sets for lattice multi-norms. Let E be a Banach lattice. The
lattice multi-norm (|| - | : n € N) based on E was defined in Definition m

PROPOSITION 6.6. Let E be a Banach lattice. Then each order-bounded subset of E is
multi-bounded with respect to the lattice multi-norm.

Proof. Suppose that B is order-bounded in E, so that there exists y € ET such that
|| <y (z € B). Let n € N, and choose x1,...,x, € B; define

z=lz1| V-V |Tnl,
so that z < y. Then ||(z1,...,2,)||L = ||z|| < ||y||. Thus we see that B € MB(FE) (with
cg < |lyl). =

PROPOSITION 6.7. Let E be a Banach lattice. For each pairwise-disjoint, multi-bounded
sequence (z;) in E and each null sequence («;), the series > o, az; converges in E.

Proof. Set ¢ = sup{|||z1| V -+ V |z,| || : n € N}. For each € > 0, take iy € N such that
la;| < € (i > 1ip). Now take m,n € N with ig < m < n. Then, using equation ([1.26]), we

have
n
H Z Q4
i=m

= || lam| [2m| V-V |an| [za] || < ec,

and so
n
(Z Q;riin € N)
i=1
is Cauchy, and hence convergent, in F. m

A ‘monotonically bounded Banach lattice’ was defined in Definition i).

THEOREM 6.8. Let E be a monotonically bounded Banach lattice. Then a subset of E is
order-bounded if and only if it is multi-bounded.

Proof. It follows from Proposition [6.6] that we must show just that a multi-bounded set
in E is order-bounded.
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Let B be a multi-bounded subset of E, and let F = P (B), the family of finite subsets
of B, so that F is a directed set when ordered by inclusion. For each F' € F, set

yr = max{|x|: x € F'}.

Then {yr : F € F} is an increasing net in Eg. Since B is multi-bounded, the net
{yr : F € F} is bounded in (E, || - ||), and so, since F is monotonically bounded, there
exists y € F with yp < y (F € F). Thus y is an upper bound for B, and so B is
order-bounded. m

In particular, take F = C(K), where K is a compact space, and let {E™ : n € N}
have the minimum multi-norm, which is the lattice multi-norm from the Banach lattice F.
Then the multi-bounded sets and the order-bounded sets coincide, and these are just the
I - ||-bounded subsets of E. On the other hand, let B = {e,, : n € N} C ¢p. Then B is
multi-bounded, but not order-bounded, in c¢g.

Now let E = LP(Q), where Q is a measure space and p > 1, and let the family
{E"™ : n € N} have the standard p-multi-norm, which, as we noted in Example is
the lattice multi-norm from the Banach lattice E. Then the multi-bounded sets and the
order-bounded sets coincide.

Further, let K be a compact space. Then again the multi-bounded sets for the standard
1-multi-norm based on M (K) and the order-bounded sets of M (K) coincide; this follows
from Theorem 311

6.1.3. Multi-bounded operators. The above notion of a multi-bounded set leads
immediately to the definition of a multi-bounded operator.

DEFINITION 6.9. Let E and F' be multi-topological linear spaces, and let T' € L(E, F).
Then T is a multi-bounded operator if

T(B) € MB(F) (B e MB(E)).

The collection of multi-bounded linear maps from E to F is denoted by M(E, F). We
write M(E) for M(E, E) in the case where F and F are equal as multi-topological linear
spaces.

PrOPOSITION 6.10. Let E, F, and G be multi-topological linear spaces. Then:

(i) M(E,F) is a linear subspace of L(E, F);
(ii) To S € M(E,G) whenever S € M(E,F) and T € M(F,G).

Proof. This is immediate from a remark above. m

PROPOSITION 6.11. Let ((E™,|| - ||») : » € N) and ((F"™, | - ||») : n € N) be two multi-
normed spaces, and let T € M(E,F). Then

sup{cr(p) : B € MB(E) with cg <1} < oo.

Proof. Assume towards a contradiction that the specified supremum is infinite. Then, for
cach n € N, there exists B,, € MB(E) such that c¢g, < 1/n?, but c¢p(p,) > n, and there
n € By, such that ||[(z1,n, ..., %k, n)l|k, <1/n? and

||(T1'1,7L7--~7T1'kn,n) ‘kn >n. (6.1)

exist T1p,..., Tk

ny
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Consider the subset

B = {x171,...,xkhl,xl)g,...,xkz,g,...,xl,n,...,kan,...}

of E. Set K,, = Z?:1 k; for n € N. For each y1,...,ym € B, there exists n € N such that

{y17"'7ym} C {1‘1717'-'7$k171ax1,23-'-axk2,27'"7m1,n7"'7mkn7n}7
and so, by Lemmas and
||(y177ym)||m S H(xl,]J"'7xk1,17$1727"')$k2727'"7x17n?"'7xkr,L,n)HKn

n

1
< @ wm )l < ZTQ < oo0.
J

|
j=1 j=1
This shows that B € MB(E). Thus there exists M > 0 such that
Ty, s Tym)llm <M (y1,-..,ym € B, m € N).

But this contradicts (6.1]).
Thus the result holds. =

The above proposition shows that the following definition of ||T||,., always gives a
number in RT.

DEFINITION 6.12. Let ((E™, |||ln) : » € N) and ((F™, ||]|») : n € N) be two multi-normed
spaces, and let T € M(E, F). Then

|||y = sup{erpy : B € MB(E) with cp < 1}.
The map T is a multi-contraction if ||T||mp < 1, and T is a multi-isometry if T is

an isometry onto a closed subspace T'(E) of F and if, further, T € M(E,T(E)) and
T-! € M(T(E), E) are both multi-contractions.

Let (E™, || - ||ln) : » € N) and ((F™, | - ||») : » € N) be two multi-normed spaces, and
let T € M(E, F). Then it is immediately clear that T' € B(E, F') and that ||T|| < ||T||meb-
More generally, for each n € N, we have

||(T3717-~-aT-Tn)||n < HTHmb”(xl""’mn)Hn (mla"'7xn EE)' (6'2)

Indeed, for n € N, set
P (T) = sup{||[(Tz1, ..., Txn)||ln: |(@1, -y 2p)|ln < 1}
Then (p,(T') : n € N) is an increasing sequence with
[T [lmp = lim py (7).
n—0oo
Explicitly, we have
[(Tz1, ..., T2y)|n
||(.%‘1, EER mn)”n

and so T is multi-bounded if and only if |||,y = sup,,cy |7 || < 0o, where T is the
nth

||T||mb—supsup{ (X1, Tn) ;é()} < 00, (6.3)

amplification of T.

We have noted in Theorem [2.42] that multi-norms correspond to co-norms on ¢y ® E.
Now take T' € B(E,F). Then T is multi-bounded if and only if I,, ® T is bounded
as a map from ¢y ® E to ¢g ® F (when these spaces have the cp-norms corresponding
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to the respective multi-norms), and then ||T||mp = |1, ® T'||. Thus our multi-bounded
operators are the same as the ‘opérateurs réguliers’ of [53, Définition 3.2]. For further
details, see [19].

6.1.4. Multi-continuous operators. We shall now show that the multi-bounded oper-
ators on multi-normed spaces are exactly the ‘multi-continuous’ ones, mirroring the fact
that an operator on a normed space is continuous if and only if it is bounded.

DEFINITION 6.13. Let F; and Es be multi-topological linear spaces with respect to
(F1,7) and (Fy,72), respectively. Then T € L(E, Es) is multi-continuous if (Tx;) is
a multi-null sequence in Fy whenever (z;) is a multi-null sequence in E;.

The following result is taken from [17], where some applications are given.

THEOREM 6.14. Let ((E™,| - ||n) : n € N) and ((F™, || - ||ln) : n € N) be two multi-
normed spaces. Then a linear map from E to F is multi-continuous if and only if it is
multi-bounded.

Proof. Suppose that T' € L(E, F) is multi-bounded, and let (z;) be a multi-null sequence
in E. Then, by Theorem for each € > 0, there exists ng € N such that

sup |[(Zng1, -+ Tngr)lle <€ (n > ng).
keN
But now
sup [|(Tzn+1, - s Tontr) |l < (| T]lmpe (7 = no),
keN

and so, by Theorem again, (Tx;) is a multi-null sequence in F. Thus T is multi-
continuous.

Suppose that T € L(E, F) is not multi-bounded. Then there exists a subset B of E
such that B is multi-bounded in E, but T'(B) is not multi-bounded in F. For each n € N,
there exist 1y, ..., Tk, n € B such that

1
I@1m s @)k, < 5 and [(Tzin, .. g, )|k, > 1.
We may suppose that k,, > n for each n € N. Consider the sequence

Y= (@115 Ty 15 T1,25- > Thy 2y s Tlms e vy Thipms -+ )
We claim that y is a multi-null sequence in E. Indeed, take € > 0. Then there exists
j € N such that 3772, 1/i? < ¢, and then
I(@1gs e s Ty o s B jns - oo s Ty i) [y otk <€ (0 EN),

giving the claim. However (T'y;) is clearly not a multi-null sequence in F. Thus T is not
multi-continuous. m

6.2. The space M(E, F)

6.2.1. The normed space M(E, F). We shall recognize M(E, F') as a normed space
of operators.

Let E and F be normed spaces. Recall that the spaces F(FE,F) and N (E,F) of
finite-rank and nuclear operators were defined in Chapter 1, §1.2.1]
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THEOREM 6.15. Let ((E",| - ||n) : » € N) and ((F™,]| - ||n) : n € N) be multi-normed
spaces, with F' a Banach space. Then

is a Banach space. Further:
(D) Yo @ Ao € M(E, F) with [lyo © Aollms = [lyoll [[Moll = [lyo @ Aol for each Ao € E" and

Yo € F;

(ii) N(E,F) Cc M(E,F), and the natural embedding is a contraction.
Proof. Tt is immediate that (M(E, F),|| - ||ms) is a normed space.

Let (1)) be a Cauchy sequence in (M(E, F'), || - |lmp). Then there exists T' € B(E, F)
such that | T, — T|| — 0 as k — oo. Take £ > 0. Then there exists ky € N such that
| T; — Tkllms < € (4,k > ko). It follows from equation (6.3) that 7' — T}, € M(E,F)
and ||T — Tx|lmps < € for each j > kg. Thus T — T with respect to || - ||mp, and so
(M(E,F),]| - |lmp) is a Banach space.

(i) Let Ao € E' and yp € F, and set T = yo ® A\g. For each n € N and z,...,2, € E,
we have

[(Twy, .-, Tan)|ln < max{[(z;, Ao)| : 7 € Nu}[(yo -+, 50) [l
< llyoll [| Aol max{{lz;| : j € N}
< lloll 1Mol (21, - s &0 )llns
and so
190 @ Aol < llyo @ Aollms < llyoll 1Xoll = llvo © Aol-

It follows that yo ® A\g € M(E, F) with |lyo ® Xollmb = ||vo ® Xo||, and hence we have
F(E,F)C M(E,F).

(i) Let T € N(E, F). Then clearly T € M(E, F) with ||T||my < v(T), so that the
natural embedding is a contraction. m

We shall see in Example [6.25] below, that the ‘minimum’ case for which we have
N(E,F) = M(E,F) can occur.

THEOREM 6.16. Let ((E™, |- |ln) : n € N) be a multi-normed space. Then (M(E), |- |lmb)
is a unital Banach operator algebra. m

The following result was pointed out by Matt Daws; the result is also essentially
contained in [53] Remarque, p. 20].

THEOREM 6.17. Let ((E™, |- ||n) : n € N) and (F™, ||+ ||l») : n € N) be two multi-normed
spaces. Suppose that the multi-norm based on F' is the minimum multi-norm, or that the
multi-norm based on E is the mazimum multi-norm. Then

M(E,F)=B(E,F) and |[T|lmy =Tl (T € B(E, F)).

Proof. First, suppose that the multi-norm based on F is the minimum multi-norm. We
take T € B(E,F) and B € MB(FE). Since

(Txy,...,Txy)||n = ?EI%X ITz;]] (neN),
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it is clear that cp(gy < [|T||cp. It follows that T' € M(E, F) and that ||T'[|,p < ||T|. But
always ||T|| < [|T||mp, and so we have ||T|| = | T||msp, as required.
Second, suppose that the multi-norm based on E is the maximum multi-norm. We
take T' € B(E, F)j1), and define
(1, zn)lln = max{[[(z1, ... 2n) [, (T2, Ton) |0}

for x1,...,2, € E. It is easy to check that ((E™, || - [|») : » € N) is a multi-normed space
and that
llzll = max{[lzll, |T=[[} = l=]  (z € E).

Since the multi-norm based on FE' is the maximum multi-norm, it follows that
Tz, ....Tzp)n < |[(z1,-- s 2)|ln (21,..., 20 € E)
for each n € N, and so T € M(E,F) with |T|lms < 1. This shows that we have
M(E,F)=B(E,F), and also that ||T || = ||T|| for each T € B(E,F). u
6.2.2. A multi-norm based on M(E, F). We shall now see that there is a natural

multi-normed structure based on M(E, F).

DEFINITION 6.18. Let ((E™, |||ln) : » € N) and ((F™, ||]|») : n € N) be two multi-normed
spaces, and let n € Nand T1,...,T, € M(E,F). Then

||(T’17 e ,Tn)”;nb = sup{ch(B)U...UTn(B) : B S MB(E) Wlth CB S 1}

Let T € M(E,F). Then, by the definition, ||T||7** is exactly ||Tms. We have a
somewhat more explicit formula for ||(T1,...,T,)||™®.

PROPOSITION 6.19. Let ((E",| - ||n) : n € N) and ((F",] - ||n) : n € N) be two multi-
normed spaces, and let n € N and Ty, ..., T,, € M(E,F). Then

I(Tx,- - Tl = sup [[(Tiz; < i € Nu, j € Nyl (6.4)
where the supremum is taken over x1,...,xy € E with ||(z1,...,25)|r < 1.

Proof. Denote the left- and right-hand sides of (6.4)) by a and b, respectively.

Take x1,..., 2, € E with ||(z1,...,2%)|[x <1, and set B = {z1,...,25}. Thencp <1
and {Tizj :i € N, j € Ny} C Ti(B)U---UT,(B). Since cp,(pyu...ur,(B) < @, we have
|(Tix; :i € Ny, j € Ni)||ne < a. Hence b < a.

Take € > 0. Then there exists a set B in E such that ¢cg <1 and

CTy (B)U--UT,(B) = & — &
and there exist kq,...,k, € Nand 21,...,2k,; € B for ¢ € N, such that
[(Tizri: 7 € Ni,y i € No)|lk > ery(Byu--.uT,(B) — &5
where k = k1 +- -+ k. Let z1,...,z; be a listing of the elements x, ;. By Lemma
(Tizj :i € Ny, j € Ng)llng > |(Tizrs : 7 € Ni,, i€ Np)|lg,
and so b > a — 2e. This holds true for each ¢ > 0, and sob>a. m

THEOREM 6.20. Let ((E™, |- ||n) : n € N) and ((F™, || - ||l») : n € N) be two multi-normed
spaces. Then || - ||™ is a norm on the linear space M(E,F)", and

(M, F)" || [7°) : n € N)
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is a multi-normed space with | T||7* = ||T||mp; it is a multi-Banach space in the case
where F' is a Banach space.

Proof. This now follows easily. m

DEFINITION 6.21. The multi-norm (|| - [|** : n € N) is the multi-bounded multi-norm
based on M(E, F).

THEOREM 6.22. Let ((E™, || - ||n) : » € N) and (F™,|| - ||n) : n € N) be two multi-
normed spaces, with E # {0}. Then the multi-bounded multi-norm based on M(E,F)
is the minimum multi-norm if and only if the multi-norm based on F is the minimum
multi-norm.

Proof. Suppose that the multi-norm based on F' is the minimum multi-norm.

Let n € N and Ty,...,T, € B(E,F). For k € N, take z1,...,2x € E such that
|(z1,...,2x)|[x < 1. Then ||z;|| <1 (j € Ny), and so ||Tiz;|| < |T;]| (i € Ny, j € Ng). It
follows from (6.4]) that

(T3 T [ < max | T

By Theorem [6.17, || T;|lms = || T3] (i € N,,), and hence (|| - ™ : n € N) is the minimum
multi-norm based on M(E, F).
Conversely, suppose that

Ty,...,T)||™ = T;
1Ty, - To)lln™ = max || T

n

whenever T1,...,T,, € B(E,F) and n € N. Fix n € N, and take yi,...,y, € F. Since
E # {0}, there exist zy € E and A\g € E' with ||zo|| = ||Ao|| = (%0, o) = 1. For i € N,
define T; = y; ® Ao, so that T; € M(E,F) and || Ti||lms = IITill = llwill (¢ € N,) by
Theorem i). From (6.4)),

(Tr@1s ., Tozn) I < (1 T) [

Hence

min

(W15 yn)lln < max T3] = grelgéfl\yiﬂ =1y, yn)ln

It follows that (|| - ||, : m € N) < (|| - ™™ : n € N), and so (|| - || : » € N) is the minimum
multi-norm based on F. m

COROLLARY 6.23. Let ((E™, ||||ln) : n € N) and (F™, ||-||») : n € N) be two multi-normed
spaces, with F a finite-dimensional space. Then the multi-bounded multi-norm based on
M(E, F) is equivalent to the minimum multi-norm.

Proof. By Proposition the multi-bounded multi-norm is equivalent to the minimum
multi-norm based on F', and so this follows by a slight variation of the above proof. m

In particular, we see that M(FE,C) = E’, and so the multi-bounded multi-norm based
on M(E,C) is just the minimum multi-normed space ((E')", || - || : n € N). We shall
discuss in Chapter 7 a different way of constructing multi-norms based on dual spaces.
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6.3. Examples. We give some specific examples of the Banach spaces M(E, F') and the
Banach algebras M(FE).

6.3.1. Algebras of operators. Let E and F be normed spaces. The linear space of
compact operators on a normed space E is denoted by K(FE), as in

In the first example, we shall show that it may be that K(F) ¢ /\/l( ), and hence
that M(E) C B(E).

EXAMPLE 6.24. Let H be the Hilbert space ¢?(N), with the standard 2-multi-norm
(- ||L2] :n € N) based on H of Definition M As before, (0, : n € N) is the standard
basis of H; the inner product in H is denoted by [-, -].

Consider the system of vectors (x2: 17 €Ny, s € N) in H defined as follows: 23 (k) =0
except when k € {2571, —1}; at the 2°~! numbers k in the set {2571, ... 2% — 1},
xi(k) = £1/V25~1, the Values +1 being chosen so that [z?
and ry # ro. Such a choice is clearly possible. Then

S:={z):reN;seN}

xy 5] =0 when ry, 7 € Ny

is an orthonormal set in H. Order the set S as (y,) by using the lexicographic order on
the pairs (s,7) (so that y; = 21, yo = 2%, y3 = 23, y4 = 23, etc.).
Let (o) € £°°. We define an operator T by setting
Tz = agd, when x) = yp;

clearly T extends by linearity and continuity to become an operator in B(H). It is also
clear that, in the case where (o) € cp, we have T € K(H).

For k € N, set N, = 8 i = k(k + 1)/2. We see that ||(y1,92,- ...y~ % = VE.
However

\|(Ty1,Ty2,---7TyNk)||E\2/]k = [[(a101, @202, 203, 304, . . ., Ao, HNk (Zl\az )

Now take v € (0,1/2), and set o; =i~ (i € N), so that («;) € ¢cp and T' € K(H). Then

k k k

1
Zi|ai|2 _ Zil—Q'y > /1 t1—2'y dt > ﬁ(k2—2’y _ 1)'
=1 =1

gl

Thus
[(Ty1, Tya, - - -, Tyn,)l v, > k(1272

11, y2s - yn)llve
for a constant ¢ > 0. Since v < 1/2, we have T' ¢ M(H). Thus K(H) ¢ M(H). In
particular, M(H) C B(H). However M(H) ¢ K(H) because Iy € M(H).
Now consider the Hilbert multi-norm (| - || : n € N) based on H. By Theorem [4.20}
the Hilbert multi-norm is equivalent to the maximum multi-norm (|| - ||** : n € N) based
on H, and so it follows from Theorem [6.17 that M(H) = B(H) in this case. =

EXAMPLE 6.25. In this example, we shall show that the inclusion N (E, F) C M(E,F)
given in Theorem ii) is best possible.

One might guess that a form of Banach’s isomorphism theorem would hold for multi-
bounded operators. This would assert that 7-! € M(F, E) whenever both

(B[ ln) 2 € N) and  ((F",[|-[ln) : n € N)
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are multi-normed spaces, T € M(E, F), and T is a bijection. However we shall show that
this is not the case; this will also be shown, in stronger form, in Examples and
below.

Let E = ¢'. Then ((E™,]|- HE}) :n € N) is a multi-normed space, where we are writing
(] - ||£L1] :n € N) for the standard 1-multi-norm of Definition In this case,

H(élaa(;n)”Ll]:n (TLGN),

as in 1] By Example (- ||£11] : n € N) coincides with the lattice multi-norm
(- I5 : n € N) on the Banach lattice E. However, also let F' = ¢*, and consider the
minimum multi-norm (|| - [ : n € N) based on F, so that

H((;lau'ﬂ(sn)”;nin:l (HEN)

Since || - ||min < || - ||£Ll] (n € N), the identity map Iz on E, regarded as map from E to F
belongs to M(E, F) (and Ig is a multi-contraction). However the above two equations
show that IEl : F' — FE is not multi-bounded.

Indeed, by Theorem M(E,F) = B(E,F) and, by Theorem the multi-
bounded multi-norm based on M(E, F) is the minimum multi-norm.

We shall now identify M(F, E). Take T' € M(F, E). The unit ball F};j of F' is multi-
bounded, and so T(F};j) is multi-bounded in E. Since the Banach lattice ¢! is mono-
tonically bounded, it follows from Theorem that T'(Fjy)) is order-bounded in ¢!, and
so there exists z = (x;) € ¢! with

(Ty)il <@ (1€N)

for each y € Fjy); further, Z;’il i 2> ||T||mp- Take i € N let m; : 2z — 2;0; be the rank-one
operator on ¢*, and set T; = m; o T = (6; ® T")(8;). For each y € Fpyj, we have
[y, T'(60))| = [{Ty, 8:)| = [(Ty)i] < i,
and so ||T"(6;)|| < x;, whence v(T;) = ||T7(6;)|| [|0;|| < ;. Clearly, we have T = .2, T;,
and hence v(T) < 3%, 2; < oo. Thus T' € N(F, E).
In summary, in this case we have
M(E,F)=B(E,F) and M(F,E)=N(F,E). u

6.3.2. Partition multi-norms. We present an example that was suggested by Michael
Elliott.
Take p > 1, and consider ¢? = ¢P(N); the norm on ¢* is denoted by || - ||.

DEFINITION 6.26. For each partition IT of N and n € N, set

/p
1(f1s s fo) I = (Z{%X Ife | P|P: P e H})l (fi,eoos [ €0P).

It is easy to check that || - ||II is a norm on (7)™ for each n € N and that
()0~ 1) = n € N)
is a multi-normed space.
By taking II to be the singleton {N}, we see that we obtain the minimum multi-norm

(]| - |™in : n € N) as an example; by taking IT to be the collection of singletons {n} in N,
we obtain the lattice multi-norm (|| - || : n € N) based on ¢?.
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DEFINITION 6.27. For each partition II of N, the above multi-norm (|| - ||)f : n € N) is the
partition multi-norm based on /P,

For 0 € Gy and S C N, we set 0(S) = {o(n) : n € S}, and we define
T,:fr— foa, (P — (P

so that T, : /P — (P is an isometry.
Let II be a partition of N, and take o € Gy. Define the sets

IL(P) = {Q el a(@ NP A0} and ILA(P)={Qell:a(P)NQ # 0}
for each P € II, so that 11} (P) = II,-1(P) and o(P) is contained in the pairwise-disjoint
union of the family II!(P) of subsets of N.

LEMMA 6.28. Let II be a partition of N, and take o € ©y. Then

1/
(T PL< (U 1QIP: Qe (Py) " (fem, Pem).
Proof. Take f € ¢P. Then

1T f) L PIP = 7 If )l < {2 1Fm)l : Q e 171(P)

nepP meQ
=Y IflQIP:Qen; (P},
giving the stated result. m
Let II be a partition of N, and take o € ©y. Then we define
me = supq{|Il,(P)| : P € II},
so that m, € NU {oo}.

THEOREM 6.29. Let I be a partition of N, and consider the multi-norm (|| - |II : n € N)
based on £P, where p > 1. Take o € Gy. Then T, : (P — (P is multi-bounded with respect

to this multi-norm if and only if m, < oo; in this latter case, |T||mb = my'?.

Proof. Suppose that m, < co. Take n € N and f1,..., f, € . Then

(o fro- - Tofa) ) ZmaXH T f) | PIIP
Pell
< Z max Z I/ | QII” by Lemma [6.28
PGH QEH e

<> Z max | fi | Q|

Pell Qell; ' (P)

=3 Z max | fi | QII”

QeTl Pell, Q)

< > ,( Q)| max | fi | QII"

QEeIl
< 1o (|(f1,-- - f) I,
and so T, € M(¢P) with ||T||mp < ma'?.
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We continue to suppose that m, < oo, say k = m, € N. Then there exists P € II
and k pairwise-disjoint sets Q1,...,Qk € II,(P). For each j € Ny, choose n; € Q; with
o(nj) € P, and set fj = 0y(,). Then

1Cfrs s fi)lle = max||f; | Pl =1
JENK

and Ty f; = 6y, so that ||(To f;) | Q]| = 1 and [[(T, f;) | Q|| = 0 for @ € IT with Q # Q.
Thus |[(Ty, f1, ..., Ty fn)||} = k'/P.

It follows that ||T||ms = ma/? in the case where m, < co.

In the case where we have m, = oo, the argument of the last paragraph shows
that, for each k € N, there exist fi,...,f € ¢ such that ||(f1,...,fi)|[i}l = 1 and
Ty f1,. - To fr) || = £/, and so T is not multi-bounded. m

The next example shows a failure of the ‘Banach isomorphism theorem for multi-
normed spaces’ in the special case where the two multi-norms are equal.

EXAMPLE 6.30. Let IT be a partition of N into infinitely many infinite subsets, say
Py, P, ..., where the sets P; are distinct. Take

Qo=P,UP;UPs;U--- and Qj:PQj (jEN),

so that {Qo,Q1,Q2, ...} is also a partition of N into infinite sets. For each k € N, let
oy : P, — Qr—1 be a bijection, and define o € Gy by setting o(n) = ox(n) when n € Py.

Consider the partition multi-norm (|| - || : n € N) based on ¢!, and set T = T, in
the above notation. For each P; € II, we have II,(P;) = {P;}, and so |II,(P;)| = 1. By
Theorem [6.29] T € M(£') with |7 = 1. On the other hand, 7! = T,-1 € B({'),
and

Ho.—l(Pl):{Pj:QOij#@}:{P13P37P5""}3

an infinite set, so that T~! is not multi-bounded. m

6.4. Multi-bounded operators on Banach lattices. Our next aim is to identify
the space M(E, F) of multi-bounded operators in the case where E and F are Banach
lattices. Throughout this section, we are taking the lattice multi-norms (|| - ||% : n € N) of
Definition [.43]as the multi-norms on both of the families {E™ : n € N} and {F" : n € N}.

6.4.1. Multi-bounded and order-bounded operators. Let £ and F be Banach
lattices. Recall that the space By (F, F) of order-bounded operators from E to F and the
norm ||T||, of T € By(E, F) were defined in §1.3.4. In this subsection, we shall compare
By(E, F) with M(E, F).

THEOREM 6.31. Let E and F be Banach lattices. Then each order-bounded operator T
from E to F is multi-bounded, and || T||ms < ||T[5-

Proof. Let T € By(E, F), and suppose that B € MB(FE). Now take z1,...,2, € B, and
set v = |z1| V-V |x,|, so that ||v|| < ¢p. For each x € A, and € > 0, there exists w € F
such that

[Tz| <w and [lwl] < |[[T]s[[o]] + .
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For i € N,,, we have |Tz;| <w, and so |Tz1|V -V |Tz,| < w. Thus
[(T1,.., Tan)lly = [ T2a| Voo V[ Tan| || < lwll < [|Tlses + e

This holds true for each ¢ > 0, and so T' € By(E, F) with cpp) < [|T|pcp. Thus
T e M(E,F) with [|T||ms < ||T|lp, as claimed. m

COROLLARY 6.32. Let E and F be Banach lattices, and let T € B(E,F)™. Then

1Tl = 1TNlo = T [lms = [T
Proof. Always ||T|| < ||T||ms- By the theorem, [|T||ms < [|Tls- But ||l = Tl = |7
for positive operators T by (1.29). m

The present formulation of the following result is due to Michael Elliott.
THEOREM 6.33. Let E and F be Banach lattices.

(i) Suppose that F is monotonically bounded. Then By(E,F) = M(E,F) and || - ||mo
and || - ||p are equivalent on By(E, F).
(ii) Suppose that F' has the weak Nakano property. Then || - ||mp and || - ||» are equivalent
on By(E, F), with equality of norms when F has the Nakano property.
(iii) Suppose that F' is monotonically bounded and has the Nakano property. Then

By(E,F) = M(E,F) and |T|lmp = |Tlls (T € By(E, F)).
(iv) Suppose that F is monotonically bounded and Dedekind complete. Then
Br(EvF) = Bb(EﬂF) = M(EvF)

and || - lmp and || - || are equivalent on B, (E, F), with equality of norms when F has
the Nakano property.

Proof. Let T € B(E, F). Suppose that T € B,(E, F). Then it follows from Theorem [6.31]
that T € M(E, F) with |T|lms < || T]|»-

(i) Suppose that T € M(E, F), and take an order-bounded subset B of E. By Prop-
osition B € MB(E), and so T(B) € MB(F). Since F is monotonically bounded,
it follows from Theorem that T'(B) is order-bounded, and so T € By(E, F). Thus
M(E,F) = By(E, F). Since (M(E,F),|| - [lms) and (By(E, F), || - ||») are Banach spaces
with their norms dominating the operator norm, the equivalence of the norms follows
from the closed graph theorem.

(ii) Suppose that T € By(E, F'). Fix € > 0, and take v € E[J[].

The set B := A, is order-bounded, and so B € MB(E) with ¢g < 1, as in Proposition
Take F = P¢(T(B)), and set ys = \/{|ly| : y € S} for S € F. Then {ys : S € F} is
an increasing net in F'* such that ||ys|| < || T||ms (S € F).

The set T(B) is order-bounded, and so {ys : S € F} is order-bounded. Take ¢ > 0.
Since F' has the weak Nakano property, there exist K > 1 and u € Fx such that

ys<u (S€F) and Jul < Ksup flys]| +& < K[[T]ms +e.
€
It follows that ||T||y < K||T||ms + €.

This holds true for each & > 0, and so ||T||p < K||T||ms. The result follows.
(iii) This follows immediately from (i) and (ii).
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(iv) By Theorem By(E,F)=B.(E,F)and |T|, = ||T||s for each T € By(E, F),
and so the result follows from (i) and (iii). m

COROLLARY 6.34. Let E be a Banach lattices, and let F' = LP(Q) for a measure space )
and p > 1. Then B,.(E,F) = By(E,F) = M(E,F) and

[Ty = (1Tl = Tl = [[T1II (T € B(E, F)).

Proof. The hypotheses on F' in Theorem iv) are satisfied by every monotonically
complete Banach lattice with order-continuous norm, and hence by the lattices LP(Q). m

In the case where E = F' = LP(Q), p > 1, and LP(Q) is infinite-dimensional, it follows
from Theorem [1.30[(iii) that M(E, F) is not dense in B(E, F). We are grateful to Anthony
Wickstead for the following remarks. First, let p,q € [1,00]. Then B,.(¢7,¢7) # B(¢P, £9)
whenever either p > 1 or ¢ < 00, and so, in the latter case, M(¢P,£9) #£ B(¢P, £?). Second,
suppose that 1 < ¢ < p < co. Then it follows from Pitt’s theorem [0, Theorem 2.1.4] that
(P, 07) = B(¢P,£2), and so M(¢P,£7) C K(¢P,£7) in this case.

The following easy example shows that ‘monotonically bounded’ is not redundant in
Theorem [6.33] (i), (iii), and (iv).

EXAMPLE 6.35. Take E = ¢ = ¢9 @ C1, where 1 = (1,1,...), and F = ¢g. Then F is
Dedekind complete and has the Nakano property, but it is not monotonically bounded. By
Theorem ii), the lattice multi-norm on the AM-space F'is the minimum multi-norm,
and so, by Theorem [6.17], we have M(E, F) = B(E, F) and ||T ||, = ||T|| (T € B(E, F)).
Consider the map
T:-a+z1l—a«a, FE—F.

Then T € B(E, F) with |T|| = 2, but T is not order-bounded. For set ai,, = Y ;= 8, € E,
so that {«, : n € N} is order-bounded. However, |T'(cw,)| = Z;le d; € E, so that the set
{Ta, : n € N} is not order-bounded in F. =

The following example, also due to Michael Elliott, shows that ‘has the weak Nakano
property’ is not redundant in Theorem ii), even when F' is Dedekind complete.
Let (R,,) denote the sequence of Rademacher functions on I. Thus

Ry = X[0,1/2] — X(1/2,1]» Ry = X[0,1/4] — X(1/4,1/2] T X(1/2,3/4] — X(3/4,1]>

etc.; we regard these functionals as elements of the dual space L°°(I) of L().

We claim that, for each f € L'(I), the sequence ((f, R,) : n € N) is a null sequence.
Indeed, first suppose that f = x[q4 for 0 <a <b < 1. Then [(f, R,,)| < 1/2""! (n € N),
so that the claim holds in this case. Hence it holds for each simple function f, and
then for each f € L(I) because the simple functions are dense in L!(I). It follows from
Proposition [6.7] that

SO Rl
n=1

is convergent in E for each pairwise-disjoint, multi-bounded sequence (y,) in a Banach
lattice.
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LEMMA 6.36. Let E be the Banach lattice L*(I), and let F' be any Banach lattice. Suppose
that (yn) is a pairwise-disjoint, multi-bounded sequence in F*, and define

T:f—> (f R)yn, E—F.
n=1

Then T € M(E, F) with [T |lms < [|(yn)|lms-
Proof. Note that, using ((1.26)), we have
1+ gl =l Vo Vol = syl (R EN),
and so
[(Wn)llmb = sup{[lyr + -+ + ynll : n € N}.

Let B € MB(E) with cg < 1, so that B C Ejyj, and take {z1,..., 2} to be a finite
subset of T'(B). For each j € Ny, choose f; € B with Tf; = z;, and then, for n € N,
define the numbers

Fix € > 0. For each j € Ny, there exists ¢ € N such that

HiiKhJ%H%

e
< L (.7 € k)a

and so

<eE.

oo 0o
I ] < [S o
n=i n=t

However, |z1| V-V |zi| = [Tfi| V- VT fe| = 302 Snyn, and so

+e =l gm0l + e < wn)llms + <.

1—1
Haal VoV 1< | 3 g
n=1

Thus
Izt oo zlE < sup{flys + -+ yall :n € N} 4.

This holds true for each € > 0, and so
G215 20)ll% < sup{llys + - +yall - n € N}
Hence the result follows. m
THEOREM 6.37. Let E be the Banach lattice L' (I), and let F be any Dedekind complete

lattice. Then F has the weak o-Nakano property if and only if || - ||ms s equivalent to || - ||,
on B.(E,F).

Proof. Recall from Theorem that B, (E, F) = By(E, F) and that ||T||, = ||T||, for
T € B,(E, F). Thus, when F has the weak Nakano property, the norms || - ||;,5 and || - ||
are equivalent on B,.(E, F') by Theorem ii); since F is separable, a trivial variation
of the argument shows this when F' has just the weak o-Nakano property.

Conversely, suppose that K > 1 with || T, < K||T||ms (T € B-(E, F)).

Let (z,,) be an increasing, order-bounded sequence in Eg. Since F' is Dedekind com-
plete, the set {x,, : n € N} has a supremum, say y.
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Define y; = x1 and y, = x, — 2,1 for n > 2, so that (y,) is pairwise-disjoint and
y1+-++yn = 2, (n € N). The sequence (y,,) is order-bounded, and so, by Proposition
(yn) is multi-bounded. Thus Lemma applies to the sequence (y,) and the operator
T defined in that lemma. The operator T is bounded above by the positive operator

S:f={f, )y, E—F

and so T € B,.(E, F); clearly S = |T, so that || T, = ||S|| = ||y||-
By Lemma [6.36, 7" € M(E, F) with ||T||ms < sup,ey ||#n]|- It follows that

lyll < K sup [[zn],
neN

and so F has the weak o-Nakano property. m

An example of a Dedekind complete Banach lattice without the weak o-Nakano prop-
erty was given in Example

We now note that, even in the case where E' is a monotonically complete lattice with
the Nakano property, it is not necessarily the case that every compact operator on FE is
multi-bounded.

EXAMPLE 6.38. Let n € N. Essentially as in [7, Example 16.6], there is T, € Man(C)
with || T,,|| = 1 and || |Ty,| || = 2™/ (where C™ has the Euclidean norm). Let E be the
£2-sum of the spaces (C™, || - ||2) (not the cyp-sum given in [7]). Then E is a KB-space, and
so satisfies the conditions on F' in Theorem iv). Let

T((zn)) = (2in/3Tnxn) ((zn) € E).

Then, as in [7], T € K(E), but T is not regular. Thus T € K(E) \ M(E).
As remarked in [7, Example 16.6], a compact operator need not have a modulus, and
a compact operator can have a modulus that is not compact (see also [4]). =

In Examples and we showed that the multi-bounded version of Banach’s
isomorphism theorem might fail. We now give another example of this failure; it applies
even in the special case when we consider one Banach lattice and the lattice multi-norm.

EXAMPLE 6.39. Let E be the Banach lattice L?(T), and consider the lattice multi-norm
based on E. By Corollary [6.34 B,(E) = M(E).

As in Example there exists T € K(FE) N B,(E) with 0,(T) 2 o(T); choose
z € 0,(T)\ o(T). Then zIg — T € M(FE) and zIgp — T is invertible in B(F), so that
zIp — T : E — FE is a linear isomorphism. However, zIg — T is not invertible in the
Banach algebra M(E). n

We now enquire when we have M(E, F) = B(E, F).

THEOREM 6.40. Let E and F be Banach lattices. Suppose that either E is an AL-space
or that F is an AM-space. Then M(E,F) = B(E,F) and ||T|lms = ||T|| (T € B(E, F)).

Proof. In the two cases, by Theorem [£:54] the lattice multi-norms based on E and F
are the maximum and minimum multi-norms, respectively. The result now follows from
Theorem [6.17] =
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COROLLARY 6.41. Let E and F be Banach lattices. Suppose that F is a Dedekind com-
plete AM -space with an order-unit. Then

B.(E,F)=By(E, F) = M(E,F) = B(E, F)
and [Tl = Tl = [Tllmo = [IT]| (T € B(E, F).

Proof. This follows from Theorems iv) and where we note that an AM-space
with an order-unit is monotonically bounded and has the Nakano property whenever it
is Dedekind complete. m

6.4.2. The multi-bounded multi-norm. We shall now extend Theorem by con-
sidering the multi-bounded multi-norm (|| - ||™® : n € N). We shall show that, for all
Banach lattices E and suitable Banach lattices F', the multi-norm based on M(E, F) is
not greater than the lattice multi-norm, with equality when E is the space ¢'. However,
an example will show that these multi-norms are not necessarily equivalent when £ = /P
for p > 1.

We first note the following formula. Let E and F be Banach lattices, and take
Ty,...,T, € M(E,F). Then it follows from that

I(Ty, . .. 7Tn)||ZLb - sup{H\/ﬂTlmﬂ i eEN,, J € Nk}H}, (6.5)

where the supremum is taken over all z1,..., 2 € E with || |x1|V -+ V |zg| ] < 1.
Recall from Theorem iv) that B,.(E,F) = By(E, F) = M(E, F'), with equality of
norms, whenever F' is Dedekind complete, monotonically bounded, and has the Nakano

property, and so M(E, F) is a Banach lattice with respect to the lattice multi-norm
(|l - I|1£ : n € N) in this case.

THEOREM 6.42. Let E and F be Banach lattices such that F' is Dedekind complete,
monotonically bounded, and has the Nakano property. Let Tv, ..., T, € M(E,F). Then

(T, Tl < TV - VTl = (T - Ta) - (6.6)

Proof. We set T = |Ty|V ---V |T,,|. Take x1,...,2, € E and set x = |z1|V --- V |xg], so
that ||z|| < 1. Since |z;| < z (j € Ng) and |T;| < T (i € N,,), it follows from Theorem
.31 that

Tizj| < |Til(Jz5]) < [Til(z) < Tz (i € Ny, j € Ny),

and so
IV ATz i € Na, j € Ne|| < 172 < 7).
By (6.5), |(T1,. .., Tn)||™ < ||T||, as required. =
THEOREM 6.43. Let E be the Banach lattice £, and suppose that F is a Dedekind com-
plete, monotonically bounded Banach lattice with the Nakano property. Take n € N and
Ty,...,T, € M(E,F). Then
(T, TR = TV - VTl - (6.7)

Proof. Set T = |Ty|V ---V |T,| € B(E, F)". By Theorem (T, ..., To) || < ||TI;
we must prove the opposite inequality.
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We know that || T'|| = sup;ey [|T(d;)||. Take ¢ € N. Then the only way that we can write
8 as fi + -+ fu, where fi1,..., fn € ({1)T is to take f; = «;d;, where aq,...,q, €1
and oy + - -+ + a, = 1. In this case,

ITy[(f1) + -+ Tal(fn) = aa|Ta[(6) + -+ + an|Tn|(8:) < [T1|(8:) V- - V | Tnl(6:)
using Proposition [[.1§(v), and so T(6;) = |T1|(6;) V- -+ V|T,|(6;) by (1.30). Thus we have
Tl = sup;en [ [T1](6:) V - - - V [T5,|(64)]|. However, by (6.5),

(T, Tl 2 T30 V- VITl@G) | (6 € N),

and so ||T|| < ||(T4,...,T,)||™®, as required. m

THEOREM 6.44. Let E be an AM-space, and let F' be an AL-space. Then the lattice
multi-norm on By(E, F) is the mazimum multi-norm.

Proof. By [7, Exercise 15.3, p. 263], the Banach lattice B,(E, F) is an AL-space. Thus
the result follows from Theorem [£.54]i). =

EXAMPLE 6.45. We take F = /P and F = ¢4, where p,q > 1. For n € N, set
en = 0 =(1,...,1,0,...).
j=1

For j € N,,, we define Tj : (o) — «jen, E — F, so that T; > 0 and
151 = llenlles = n'/9.

Set T =T,V ---VT,. Then, using (|1.30)), we see that
n
T(en) Z ZTJ(éJ) = Nneny,
j=1

and so ||T|| > n - nl/a-1/p = pl+l/a=1/p,

Now take x1,...,zx € E with ||z1] V -+ V |zg||| < 1. Then each component of
each z; has modulus at most 1, and so |T;z;| < e, for i € N, and j € Nj. By ,
(T, .., T < lenllea = n'/9, and so

I = [(T1, - Tl = n' 2T T

This shows that the multi-norms (|| - ™ : n € N) and (|| - ||Z : » € N) based on

By(E, F) are not equivalent whenever p > 1. =

6.5. Extensions of multi-norms. In this section, we shall show how to take various
extensions of multi-norms.

6.5.1. Definitions. Let ((E™, |- ||n) : » € N) be a multi-normed space, and let F be a
fixed family in B(E)[;) such that Ig € F. Then we can define a multi-norm structure on
{E™ : n € N} by using F: indeed, for n € N and z1,...,z, € E, set
(1, s zn)lln =sup{||(Tz1,...,Tay)||n:T € F}. (6.8)
We see that ((E™,|| - ||») : » € N) is a multi-normed space and that
lzlln = flzlln  (z € E", n € N);

it is the extension of the given multi-norm by F.
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In particular, let us take F to be the family B(E)j; or the family of all isometric
isomorphisms on E. The multi-normed structure that we obtain is the balanced extension
or isometric extension, respectively.

DEFINITION 6.46. A multi-normed space ((E™, ] - ||») : n € N) is:
(i) balanced if [T = |T]| (T € B(E)):
(i) isometric if || T||mp = 1 for each isometric isomorphism T € B(E).

Thus ((E™, || - ||») : n € N) is balanced if and only if (M(E),| - ||ms) is isometrically
isomorphic to (B(E), || - ||); since ||T]] < || T|lmp (T € M(E)), this holds if and only if, for
each T € B(E) and n € N, we have

I(Tz1, ..., Te)le < 1T @1 - 2)lle (@1, .. 20 € E).

Clearly a balanced multi-norm is isometric, and the balanced or isometric extension
of a multi-norm is balanced or isometric, respectively.

6.5.2. Examples of balanced multi-normed spaces
EXAMPLE 6.47. Let E be any normed space, and let
(-7 :neN) and (|- :n€N)

be the minimum and maximum multi-norms on the family {E™ : n € N}, respectively.
Then it follows from Theorem that both these multi-normed spaces are balanced. =

EXAMPLE 6.48. Let E be a normed space, and take 1 < p < ¢ < oo. Consider the
(p, ¢)-multi-norm (|| - Hflp’q) :n € N) based on E. Take n € N.
For each T' € B(E)1}, we have [|[T'] < 1, and so, by (3.3),

Lpn (T Ay T'A) < pipnAy oo An)  (My oy An) € (ED™).

Let (z1,...,2,) € E™. Since [(Tx;, \;)| = [{zi, T'Ai)| (i € N,,), it follows from (4.1]) that
|(Tzy, ..., Tz )P < ||(21,...,2)|I 7. Thus (E, | - |¥"?) : n € N) is a balanced
multi-normed space. m

The following result is a special case of [19, Proposition 7.3].

THEOREM 6.49. Let (Q, ) be a measure space, and suppose that 1 < p < g < oo and
LP(Q, ) is infinite-dimensional. Then the balanced extension of the standard q-multi-
norm based on LP(Q), 1) is the (p, q)-multi-norm. =

6.5.3. Examples of isometric multi-normed spaces. We now consider when some
examples of multi-normed spaces are isometric.

THEOREM 6.50. Let (2, u) be a measure space, and and suppose that 1 < p < ¢ < o0
with p # 2. Then the standard q-multi-norm based on LP(S, u) is isometric.

Proof. Let U be an isometric isomorphism on LP(€Q, ). Since p # 2, U has the form of
(1.20), where o is a regular set isomorphism on {2 and

/ BP dpy = 2 (X)
o(X)

for each measurable subset X of Q.
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For n € N, let X = (X3,...,X,,) be an ordered partition of €2, and define
Y;=0"'(X;) (j€N).

Then clearly Y = (Y1,...,Y,) is an ordered partition of Q. For each j € N,, and a
measurable subset X of Q, we have

/ |UXX|p=/XXj|h|an(X) =/ |RIPXo(xAY;)
X, Q Q

J
:/ \UXXij|p:/XXan :/ XX
Q Q Y,

J

and so fXj [UfIP = ij |f|P for all f € LP(Q,u). Take f1,...,fn € LP(2, ). Then
TX((Uflaann)) :rY((fla"'7fn))-
It follows from the definition in (4.7]) that

U frse S UL = s £ Y
and hence we obtain an isometric multi-norm. =

EXAMPLE 6.51. In this example, we shall show that the constraint that p # 2 in Theorem
[6-50] is necessary.

Set H = (2, and consider Example In that example, we obtained an orthonormal
subset S = {z? : r € Ny, s € N} of H. As before, enumerate S as a sequence (y,), and
now choose a sequence T' = (z,) in H such that S UT is an orthonormal basis of H.
Define a bounded linear operator U € B(H) by requiring that

Uyn = 62n, Uz, = 0ap—1 (n € N)

Clearly, U is an isometric isomorphism on H.

Consider the standard 2-multi-norm on {H™ : n € N}. As in Example (in the
elementary case where a; =1 (i € N)), U is not even a multi-bounded map with respect
to this multi-norm. =



7. Orthogonality and duality

In this final chapter, we shall discuss a notion of orthogonality in multi-normed spaces;
we are seeking a theory of orthogonality involving multi-norms that extends the classical
notions of orthogonality in Hilbert spaces and Banach lattices to more general Banach
spaces. These ideas will be used to define the multi-dual of a multi-normed space; our
motivation is to try to establish a satisfactory duality theory for general multi-normed
spaces.

A ‘test question’ for our approach is the following. Let E = LP(2), where Q is a
measure space and 1 < p < oo, and let {E™ : n € N} have the standard p-multi-
norm (|| - ||£f] : n € N) of Definition Let g be the conjugate index to p, and set
F = E' = L%9Q). Then we expect that the ‘multi-dual’ of the multi-normed space
((E™, | - ||£f]) :n € N) should be ((F™,| - ||£?]) :n € N), and hence that

(B" |- 7)) :n e N)

is ‘multi-reflexive’. We also expect that the ‘multi-dual’ of the lattice multi-norm on the
multi-normed space ((E™, || - ||£) : n € N), where E is a Banach lattice, will be the lattice
multi-norm on {(E")" : n € N}. We should formulate the notion of ‘multi-dual’ to achieve
these aims. This seems to be not completely straightforward.

In this chapter, we consider Banach spaces over only the complex field.

7.1. Decompositions. We recall that the notion of a direct sum decomposition of a
Banach space was given §1.2.3; this included the notion of a ‘closed family of decompo-
sitions’.

7.1.1. Hermitian decompositions of a normed space. The first decomposition that

we consider is essentially known, and does not involve multi-norms.

DEFINITION 7.1. Let E = E1 ® --- ® Ej be a direct sum decomposition of a normed

space (E, | - ||). Then the decomposition is hermitian if
[y + -+ okl < oy + -+ + @] (7.1)
whenever (1,...,(, € Dand 21 € Ey, ...,z € Ej.

In particular, we see that |11 + -+ + (pzkl| = ||lo1 + - - - + k|| when (..., €T
and x1 € E1,...,z € Ey. Further, it follows from a simple remark on page [68| that this
condition implies that the decomposition is hermitian.

The reason for the above terminology (suggested by [44]) is the following. Suppose
that £ = F & (G is a decomposition. Then the decomposition is hermitian if and only if

[133]
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Kz +yl|=|lz+y|| (€ F,y€G,¢€T).Let P: E— F be the projection. Then
exp(i0P)(z +y) =z +y (€ F,ye G, 0cR),

and so the decomposition is hermitian if and only if P is a hermitian operator.

We see that trivial decompositions are hermitian. For example, let us identify C™ as
Ce@---@C, and suppose that ||-|| is a norm on C™. Then this decomposition is a hermitian
decomposition of (C™, || - ||) if and only if || - || is a lattice norm on C™.

A decomposition £ = F'@ G of a Banach space F is said to be an M -decomposition if
lly+ z|| = max{||yll, |||} and an L-decomposition if ||y + z|| = ||y||+ ||| for all y € F and
z € (G5 in these cases, F' and G are M- and L-summands, respectively. Clearly, M- and
L- decompositions are hermitian. See [34] for a discussion of M- and L- decompositions.

There have been many generalized versions of ‘orthogonality’ in the theory of normed
linear spaces; our concept of a hermitian decomposition F = F & G implies that we have
|z —y|| = ||z + y|| for each x € F and y € G; thus x and y are ‘isosceles orthogonal’ in
the sense of [38], Definition 2.1]. Indeed, ||z — ky|| = ||z + ky|| for each x € F', y € G, and
k € C, and so z and y are ‘orthogonal’ in the sense of the early paper [62]. See also the
notion of h-summand in [32].

DEFINITION 7.2. Let (E,|| - ||) be a normed space. Then the family of all hermitian
decompositions of E is Kperm-

It is clear that Kperm is a closed family of direct sum decompositions. Let (E, || - ||)
be a normed space, and consider a family IC of hermitian decompositions of E. Then the
smallest closed family £ of hermitian decompositions of E such that £ contains K is the
hermitian closed family generated by K.

EXAMPLE 7.3. Let B be the subset of C? which is the absolutely convex hull of the set
consisting of the three points (1,0), (0,1), and (2,2). Then B is the closed unit ball of a
norm, say || - ||, on C2. Then the obvious direct sum decomposition

C* = (Cx{0}) & ({0} x C)
is not a hermitian decomposition of (C?, || - ||). Indeed, ||(2,2)|| = 1, but [|(2,0)| =2. =

EXAMPLE 7.4. Let E = (5, where p > 1. Then E = (C x {0}) & ({0} x C) is a hermitian
decomposition.

We consider which other non-trivial direct sum decompositions of E are hermitian.
Indeed, for a € C, set E, = {(z,w) € C? : w = az}. Then E = E, ® Eg whenever a # (3,
and every such decomposition has this form for some «, 3 € C with a # (3, say a # 0.
Take 21 = (1,a) € E, and 22 = (¢, 3¢) € Eg, where ¢ € C. Then ||z1 + 22| = ||z1 — z2|
only if

1+ ¢+ ]+ BCIP = [1 = (P + o= BCP (C€C). (7.2)

Thus 3 # 0. In the case where —3/a ¢ RT, there exists ( € T with R > 0 and
R(B¢/a) > 0, and then |1+ (| > |1 -] and |a+ B¢| > | — B¢], a contradiction of (7.2)).
Thus we have 8 = —ar for some r > 0. For ¢ € R with [¢| < min{r, 1}, we have

L+ — (1= )P = [aP (1 +rt)? — (1 — rt)P). (7.3)
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Suppose that p # 1,2. Then, by equating the first and third derivatives at t = 0 of
both sides of (7.3), we see that |a|Pr = |a|Pr® = 1, and so 7 = |a] = 1, say a = ¢!/, and
then = —el?.

Suppose that p = 1. Then, from ([7.3), |a|r = 1, and so, from ([7.2)),

CHU—=[C—1=|C+1/r[=|¢—-1/r] (C€C).
By taking { = 1 4 i, we see that this is only possible when r = 1, and again we have
a=e' and then = —elf.

Thus, for p # 2, we obtain a hermitian decomposition only if a = ¢! and g = —e'?
for some @ € [0, 27). But finally take x; = (1,e?) and x5 = (1, —e!?). Then

o1 + 2o = 27 #2272 = |21 + ias,

and so there is no hermitian decomposition of this form.
Thus the only hermitian decompositions of E = ¢ for p > 1 and p # 2 are

E=(Cx{0})®{0}xC) and E= ({0} xC)a (C x {0}).

A similar argument shows that this is also true for E = £5°.

Suppose that p = 2. Then, from , R(¢) = —R(@p() for all ¢ € C, and so there exist
6 € [0,27) and 7 > 0 with a = el and 8 = —e'? /r. Each decomposition corresponding
to such a choice of « and (3 is hermitian.

More general results about hermitian decompositions of ¢? follow from Theorem [1.15
and [30, Theorem 5.2.13]. m

Let E = FE1 @ ---® Ej be a hermitian decomposition of a normed space E. Then the
maps P; are continuous, and || P;|| = 1 when E; # {0} (even in the case where (E, ||-||) is
not necessarily complete), and the maps P} : £ — E' are isometric embeddings. Again,
E'=E,® &,

PROPOSITION 7.5. Let E = E1 @ --- ® Ey be a hermitian decomposition of a normed
space (E, || - ||). Then the decomposition E' = E{ & --- @ Ej, is also hermitian.

Proof. Let (1,...,(, €D and \; € E! (i € Ni). Then
[GAL+ -+ Gkl = sup [{x, QA1) + -+ + (z, GeAr)]

:CEE[l]

= sup [((1Pix, A1)+ - + (e Prx, i)l
JL‘EE[H

= sup (G Pz +---+ CpPrr, A+ + gl
zebp

But
[P+ + GPgz|| < |[Piz+ -+ Pzl = ||z <1 (2 € Epy),

and it follows that |Gt A1 + -+ + Gkl < || A1 + - - + Ag||, giving the result. =

The above result also follows from [I3, §9, Corollary 6(ii)], where it is stated that
P’ € B(E’) is hermitian if and only if P € B(E) is hermitian.
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PROPOSITION 7.6. Let (E, || - ||) be a normed space, and let k € N. Suppose that E has
two hermitian decompositions

E=E® - @®E,=F® - ®F.
For j € Ny, let Q; : E — Fj be the natural projections. Then
@iz + -+ Qragl] < |lwy+ -+ k]| (21 € By, ... 2, € Ey). (7.4)
Proof. Set ¢ = exp(2wi/k). Then we note that
LA
_lysaing, ey
i=1 j=1

Take x; € E; (i € Ng). Then

[Qiz1 + - + Qraxl| = kH ZZZCNF!)QZ’“H

IN
| =
]
'M”
i
S
=

1 k k ) k
LBl e
j=1 i=1 =1
1 k k )
=52 2|
j=1 ¢=1

because the decomposition £ = F} & - -- & F} is hermitian, and so
k
1Quas + -+ Quaxl < T Z | Zg e = llas + -+ au

because the decomposition E = E; & - - - @ Ej. is hermitian. Thus ) follows. m
We now give some examples of hermitian decompositions of particular Banach spaces.

THEOREM 7.7. Let K be a compact space, and let C(K) = E1 & --- @ Ey be a hermitian
decomposition. Then there exist clopen subspaces K1, ..., Ky of K such that E; = C(Kj)
(j € Ng). In particular, in the case where K is connected, there are no non-trivial her-
mitian decompositions of C(K).

Proof. Take j € Ny, and let P; be the projection of C(K) onto Ej, so that P; is a hemitian
operator. By Theorem there exists h; € Cr(K) with P;f = h;f (f € C(K)). Since
P; = Pf, we have h; = h? in C(K), and so h; is the characteristic function of a subset,
say K, of K. Clearly, K; is clopen and E; = C(Kj). =

PROPOSITION 7.8. Take p € [1,00] with p # 2, and let ¢ = E1 & --- & E}, be a hermitian
decomposition. Then there exist subsets S1,...,Sk of N such that E; = (P(S;) (j € Ny).

Proof. This follows similarly, now using Theorem [[.15] m
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7.1.2. Small decompositions of multi-normed spaces. We now turn to decompo-
sitions of normed spaces E with respect to multi-norms based on FE.

DEFINITION 7.9. Let ((E™, | - ||l») : » € N) be a multi-normed space, let k € N,and let
E=FE®---® E} be a direct sum decomposition of E. Then the decomposition is small
(with respect to the multi-norm) if

|Pizy + -+ Poxil < (@1, ... 26)lle (21,...,25 € E).

We shall see in Example that the notion of a small decomposition of a normed
space E depends on the multi-norm ((E™, | - ||,) : » € N), and is not intrinsic to the
normed space E.

Clearly || P;|| <1 (j € N,,) for each such small decomposition.

PROPOSITION 7.10. Let ((E™,| - ||n) : n € N) be a multi-normed space, and suppose that
E=FE1®- @& Ey is a small decomposition of E. Then the decomposition is hermitian.
Further,

lz1, ...,z )l = lzr+ -+ k]l (21 € Ey,..., 2z € Eg). (7.5)

Proof. Take (1,...,(x € D and z1 € Ey,...,x; € Ey, and then set = 21 + -+ + .
Clearly Pjx = z; (j € Ni), and so

[CGizr + -+ Gl = [|P(Gz) + -+ + Pe(Ge) || < (G, - - Ge) ||k
< (.. 2) Ik = llzll = |z + - -+ 2l

and so the decomposition is hermitian.
Now take ©1 € Ey,...,x; € Ey, and set ¢ = exp(27i/k). Then

Jer 4 -+ @]l = [Prey 4 -+ Bragl] < (|21, 2p) [l

koo k
1 )
=% > H > ijme by Proposition 2.1
j=1 m=1

k
> ijme < lwy+ -+ @l

m=

< max
JENE

which gives the equality (7.5)). m

ExXAMPLE 7.11. Let E = ¢P(N), where p > 1, and consider the lattice multi-norm based
on E, namely (|| -||% : n € N); by Example this is the standard p-multi-norm on E.

For k € N, take (Si,...,S%) to be an ordered partition of N, and set E; = ¢7(S;) for
1 € Ni). Then it is clear that E = Ey @ - - - @ Ej, is a small decomposition with respect to
the lattice multi-norm because

Ifi 181+ fe [ Sull < HATV VSl = 10 foll
for all fq,..., fr € E. The collection of all such decompositions is a closed family. =
The following remark will be generalized later, in Theorem

PROPOSITION 7.12. Let (E, || - ||) be a normed space, and suppose that E = E1 @ Fs is a
hermitian decomposition of E. For x1,z9 € E, set

(@1, 22)|l2 = max{||zy[[, [|z2||, [[ Prer + Pazal], | Prze + Paxy |}
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Then (|| 1|, |- 1|2) is @ multi-norm of level 2 on {E, E*}, and the direct sum decomposition
E = Ey ® Es is small with respect to this multi-norm.

Proof. Tt is clear that || - ||2 is a norm on E? and that || - || satisfies (A1); || - ||2 satisfies
(A2) because the decomposition is hermitian.

Let z € E. Then ||(z,0)|l2 = ||z|| because || P1|], || Pz| < 1, so that (A3) holds, and
[(x,2)||l2 = ||z|| because Pixz + Pox = x, so that (A4) holds. Thus (|| - [, ] - [|2) is a
multi-norm of level 2 on {E, E?}.

Clearly the decomposition F = E; & E5 is small with respect to the multi-norm

U160 Ml2)-

DEFINITION 7.13. Let ((E™,| - ||n) : n € N) be a multi-normed space. Then the family
of all small decompositions of E is Kgmall-

PROPOSITION 7.14. Let ((E™, || - ||n) : n € N) be a multi-normed space. Then Keman is a
closed family of direct sum decompositions.

Proof. Clearly, Axiom (C1) of Definition [I.7)is satisfied, and (C3) is trivially satisfied.

Take k > 3, and let E = E16®- - -@Fy be asmall decomposition. Take z, z3,...,z € E.
Then the projection of x with kernel E3 & - - - & Ej onto the space Ey & Fs is Pix + Psx,
and so

[(Pix + Pox) + Psxs + -« - + Preagl|| < ||(z, 2, 23, ..., z6)||k = ||(x, 23, .., Tk) |[6—1-

Hence F = (E1 @ E3) @ E3® - - - & Ey, is a small decomposition of E, and so Axiom (C2)
is satisfied.
Thus Kgman is a closed family. m

7.1.3. Orthogonal decompositions of multi-normed spaces. We now move to con-
sideration of orthogonal decompositions of multi-normed spaces. It will be seen later that
such decompositions generalize various classical notions of orthogonality.

Let FE be a linear space. We recall that a ‘coagulation’ of an element (x1,...,x,) € E"
was defined on page [10]

DEFINITION 7.15. Let ((E™, || - ||n) : » € N) be a multi-normed space, let k € N, and let
E ={F,...,E} be family of closed subspaces of E. Then {E,...,Ex} is an orthog-
onal family in E if, for each z1 € En,...,z; € Ej and each coagulation (yi,...,y;) of
(z1,...,2k), we have

11,y = (@, - ) [l
A subset {x1,...,2x} of E is orthogonal if the family {Cx1,...,Cxy} of subspaces is an
orthogonal family.

Again, the notion of an orthogonal family depends on the multi-norm structure; it is
not intrinsic to the normed space E. The definition depends on only the set {E1, ..., Ex},
and not on the ordering of the spaces F1,..., F.

For example, a trivial direct sum decomposition of E is orthogonal for any multi-
normed space ((E™, || - ||n) : n € N); this follows from the basic Axiom (A3).

Let {Ey,..., Er} be an orthogonal family of subspaces of E. Then certainly

||($1,---71'k)”k:||$1+"'+1'k|| ($1€E1,...,$k€Ek). (7.6)
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Indeed, suppose that x; € E; (i € Ni). Then

Iy, ze)lle = G+ + Gl (Gry--- 5 G €T). (7.7)

LEMMA 7.16. Let ((E™,| - ||ln) : n € N) be a multi-normed space, let k € N, and let
{E1,..., Ex} be an orthogonal family in E. Then:
(i) fori,j € Ny with i # j, we have E; N E; = {0};
(ii) {E1 ® Es, Es,...,E,} is an orthogonal family in E (whenever k > 3);
(iii) for j € Ny such that E; # {0}, the norm of the projection from (E1 @ ---@® Ey, || - ||)
onto (Ej, | ) is 1.

Proof. These are immediate. m

DEFINITION 7.17. Let ((E™, || - ||») : » € N) be a multi-normed space, let k € N, and let
E=FE & --® E be a direct sum decomposition. Then the decomposition is orthogonal
(with respect to the multi-norm of E) if {Ej, ..., Ex} is an orthogonal family.

We make the following remark, without proof.

Let ((E™, || - |ln) : » € N) be a multi-normed space, and let K be a closed family of
hermitian decompositions of E. Suppose that, for each decomposition £ = E1 ®--- D E},
in I, we have

l(z1,...;xp)|le > lloe + - + 2kl (21 € Er,...,z, € Eg).
Then each decomposition in K is orthogonal.

DEFINITION 7.18. Let ((E™, ] - ||n) : n € N) be a multi-normed space. Then the family
of all orthogonal decompositions of E is Kqp¢p-

PROPOSITION 7.19. Let ((E™, || - ||n) : n € N) be a multi-normed space. Then Koy @5 a
closed family of direct sum decompositions.

Proof. Clearly trivial direct sum decompositions of E are orthogonal, and so this follows
from Lemma [7.16] w

THEOREM 7.20. Let ((E™, | - ||») : n € N) be a multi-normed space. Then:

(i) each orthogonal decomposition of E is hermitian;
(ii) each small decomposition of E is orthogonal.

Proof. (i) This is immediate from .

(ii) Let E = E; @ --- @ Fj, be a small decomposition of E, and then take elements
x1 € Ey,...,x, € Ej. Suppose that (yi1,...,y;) is a coagulation of (z1,...,zx), and let
{S; : j € Ny} be a partition of N,, such that

yj:Z{xi:iESj} (j € Ng).
Set F; = @P{E;:i€S;} (j €Ng). Then E = F; &---§ F} is a direct sum decomposition
of E, and, by Proposition it is a small decomposition of E. By ([7.5)), we have
I, y)ll; = v + - + gl and [[(z1,...,26)lle = 21 + -+ + . But clearly

lyr + - +ysll = ller + -+ + xpfl, and so [[(yr, .., 95)ll; = [[(@1, ..., 2p)|r- Thus the
decomposition is orthogonal. m
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QUESTION. Let (|||l : » € N) be multi-norm based on a Banach space E. We regret that
we do not know whether every orthogonal decomposition with respect to this multi-norm
is necessarily small. If this is not true in general, one could seek classes of multi-norms
or of Banach spaces E for which it is true.

ProOPOSITION 7.21. Let E be a Banach space. Then every orthogonal decomposition of
E with respect to the minimum multi-norm is small with respect to this multi-norm.

Proof. Take k € N, and let E = E; & --- @ Ey be an orthogonal, and hence hermitian,
decomposition of E. Then [|P;|| <1 (j € Ng).
Take z1,...,z € E. Since the decomposition is orthogonal, we have
[Pray + -+ + Peagl| = (P, ..., Poag) |,

and so )
[Pray + -+ Pragl| < max{||lz;|| : 7 € Npj = [[(z1, ..., 2p) [[F

Hence the decomposition is small. =

PROPOSITION 7.22. Let ((E™, || |ln) : » € N) be a multi-normed space. Let k € N, and let

E=FE & - ® Ey be an orthogonal decomposition of E, with corresponding projections
Pi,...,P.. Take \1,..., A\ € E'. Then

sup{)i(ﬂx, Az € E[l]} = sup{‘i(wi, A

Proof. Let the left-hand and right-hand sides of the above equation be A and B, respec-
tively.

Take x € Epyj. Then Pz € E; (i € Ny), and so

[(Prz, ..., Pex)|e = | Pra+ -+ + Prx| = ||z < 1.
Thus |§:;€:1<Piac7 Ai)| < B,and so A < B.

Take elements z; € E; (i € Ng) with ||(z1,...,2¢)||x <1, and set © = 21 + -+ - + z.
Then, by equation , r € By, and Pz = ; (i € Ng). Thus \Zf:1<xi, Ay < A, and
so B < A.

The result follows. m

PROPOSITION 7.23. Let ((E™, || - ||n) : n € N) and ((F™, | - ||») : n € N) be multi-normed
spaces, let k € N, and let E = E1 @ --- ® Ey be an orthogonal decomposition of E. Then

[Tars o Tl < 1T - 20l (78)
forxi € Ey,...,xx € By and T € B(E, F).
Proof. Take x; € Ej for each j € Ni. By Proposition [2.17]

X € Ei, ||($1,...,Z‘k)||k < 1}.

i

k k
1 .
|(Tor, o Tl < ¢ ZH S G T,
j=1 m=1

where ¢ = exp(2wi/k). However,

k k
|2 e | < 171 || 3 ¢ ]| = 1T @, -l
m=1 m=1

for each j € Ny by (7.7)), and now (7.8]) follows. m
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7.1.4. Elementary examples. We give four elementary examples involving hermitian,
small, and orthogonal decompositions; further examples will be given later.

EXAMPLE 7.24. Let F = ¢4, where p € [1,00]; the norm on E is || - ||. Set £y = C x {0}
and By = {0} x C, so that F = E; @ E> is a hermitian decomposition for each p € [1, co].
Let (|| - |, ]l - [|5®) be the minimum multi-norm of level 2 on {E, E?}.

First, suppose that p < oo, and take x; = (1,0) and z2 = (0,1), so that x; € E; and
Ty € Ey. Then |1 + z2|| = ||(1,1)]| = 2'/7, whereas

(21, 22) 5" = max{[lo1 ], [lz2]l} = 15

since 2'/P > 1, the decomposition is not orthogonal. We conclude that there are hermitian
decompositions that are not orthogonal with respect to a particular multi-norm.

Second, suppose that p = oo, and let (|| - ||, || - ||2) be any multi-norm of level 2 on
{E,E?}. Take x1 = (21, w;) and 29 = (29, w2) in E. Then

|Prz1 4+ Poxa|| = max{|z1], |w2|},

whereas

min

[(@1, z2)[l2 = [[(21, 22)[|2™" = max{[z1], 22|, [w1], [wa|} = || Prey + Pz,
and so the decomposition is small. m

EXAMPLE 7.25. Let B be the subset of C2 which is the absolutely convex hull of the set
consisting of the three points z; = (1,0), 29 = (0,1), and x1 + 22 = (1,1). Then B is the
closed unit ball of a norm, say || - ||, on C2. Again set E; = C x {0} and E; = {0} x C, so
that E = E; @ E>. We have 21 € Ey and 25 € Ey. Also ||z +a2|| = 1, but ||z — 23] = 2,
and so the decomposition is not hermitian.

Let (|| - ln : n € N) be any multi-norm based on E. Then, by Theorem [7.20(i), the
decomposition F = E; @ Fs is not orthogonal with respect to this multi-norm because it
is not hermitian.

Next set F1 = {(z,2) : 2z € C} and F = {(2,—2) : 2 € C}. Then E=F, ® Fr is a
direct sum decomposition; say the projections onto F; and F5 are Q1 and @)o, respectively.
Simple geometrical considerations show that this decomposition is hermitian.

Let (|| - [l ]| - |®") be the minimum multi-norm of level 2 on {E, E?}, and now take
z1 = (1,1) € Fy and x2 = (1/2,—1/2) € F5, so that we have ||x1] = |jz2]| = 1 and

(21, 22) || = 1. Further,
31
-, = > 1.
(23)]

Thus the decomposition £ = F; @ F> is not orthogonal with respect to the minimum
multi-norm. Again we see that there are hermitian decompositions that are not orthogonal

1 + | = \

with respect to a particular multi-norm.
As in Proposition there is a multi-norm of level 2 on {E, E?} with respect to
which the decomposition F = F} @ F5 is small. =

EXAMPLE 7.26. This example shows that we cannot determine the orthogonality of a set
just by looking at pairs of elements in the set.
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Let E be the space C*, with the norm || - || given by

(21, ..., 24)|| = max{|z1]|,...,|24]} (21,...,24 € C),

so that E = £3°. Then ((E™,| - ||») : » € N) is a multi-normed space for the minimum
multi-norm.

Set f1 = (1,0,0,1/2), fo = (0,1,0,1/2), and f3 = (0,0,1,1/2). It is immediate that
[foll = Nl fall = lfsll = 1.

We claim that {f1, fo} is orthogonal. Indeed take (;,{s € C. Then we see that
(1 £2)ll2 = ma{[Gi], |Cal} and

1Cf1 + Cafall = max{[Cal, [Ga, [(¢1 + ¢2)/2[} = max{|Gil, [Cl},

as required. Similarly, {f1, fs} and {fs, f3} are orthogonal. However, we calculate that
fi+ fo+ f3=(1,1,1,3/2), so that

[fr+ fa+ fall = 3/2> 1= ||(f1, f2. f3)ls-
Thus {f1, f2, f3} is not orthogonal. m
EXAMPLE 7.27. Let E = C(I), with the uniform norm | - |1, and consider the minimum
multi-norm based on E. We ask when {fi, fo} is orthogonal. This is certainly the case
whenever fi; and f> have disjoint supports. However this may occur in other cases.

For example, define a function f; € E by requiring that f1(0) = 1, that f1(1) = 0,
that f1(to) = 1/2 for some ¢, € (0,1), and that f1 be linear on [0, to] and [to, 1], and then
set fa(t) = f1(1 —1t) (t € I). Then it is easy to see that {f1, fa} is orthogonal if and only
if tg > 1/2.

Let K be a compact space, and let f € C(K) be such that f(K) =I. Then {f,1— f}
is an orthogonal set. m

7.1.5. Decompositions of the spaces C(K). Throughout this subsection, K is a
non-empty, compact space.

PROPOSITION 7.28. Let (|| - ||n : n € N) be any multi-norm based on C(K), and suppose
that {K1,...,K} is a partition of K into clopen subspaces. Then the decomposition
C(K)=C(Ky)® - ® C(Ky) is small with respect to this multi-norm.

Proof. We write P; : f+— f | K; for j € N,,. Let fi,..., fr € C(K). Then
|[Prfi+ -+ Pefelx = max{|P; filk : j € Ng} <max{[fj|r :j € Ny}
= ||(f1a'-'7fk7)||§gnln < H(fhafk)”k,
and so the decomposition is small. =

The following theorem gives more information about decompositions of the space
C(K). Recall from Theorem [4.54|(ii) that the lattice multi-norm based on C(K) is just
the minimum multi-norm.

THEOREM 7.29. Let C(K) = E1 & --- ® E}, be a direct sum decomposition of C(K), and
let (|| - |n : m € N) be a multi-norm based on C(K). Then the following are equivalent:

(a) E; = C(K;) (j € Ng) for some partition {K, ..., Ky} of K into clopen subspaces;
(b) the decomposition is small with respect to the lattice multi-norm;
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c e decomposition is orthogonal with respect to the lattice multi-norm;
the d ition is orth [ with t to the latti Iti

e decomposition is hermitian.
d) the d ition is h it

Proof. (a)=-(b) This follows from Proposition
(b)=(c)=(d) This follows from Theorem
(d)=(a) This follows from Theorem "

7.1.6. Decompositions of Hilbert spaces. Let H be a Hilbert space. Recall that the
Hilbert multi-norm (|| |2 : n € N) based on H was defined in Deﬁnition orthogonal
decompositions of H were defined in Chapter 1, §2.6. We again denote the inner product
on H by [, -].

THEOREM 7.30. Let H be a Hilbert space, and let H = Hy @ --- ® Hy, be a direct sum
decomposition of H. Then the following are equivalent:

(a) the decomposition is orthogonal;

(b) the decomposition is small with respect to the Hilbert multi-norm;

(c) the decomposition is orthogonal with respect to the Hilbert multi-norm;
(d) the decomposition is hermitian.

Proof. (a)=-(b)=(c)=(d) These are immediate from the definition of the Hilbert multi-
norm and Theorem [7.20

(d)=(a) First, let H = Hy; @ Hy be a hermitian decomposition, with Hy, Hy # {0}.
We choose ©1 € Hy and zo € Hs with ||z1]] = ||lz2|| = 1, and set { = [z1,x2], so that
|| < 1. We shall show that ¢ =0, and hence deduce that H = H; ® Hs is an orthogonal
decomposition.

We may suppose that ¢ < 0. Write y = 21 — (x2, so that [x2,y] = 0. Then

1+ [|yl1* = lly — 2l® = [lz1 — (1 + Qza|® < l|lz1 + 2o?
because |1 + ¢| < 1 and the decomposition is hermitian, and so
L+ [lyl® < 11+ Oz +yl* = 1+ + Iyl

Thus ¢ = 0, giving the claim.

The general case follows by induction. m
7.1.7. Decompositions of lattices. Let E be a Banach lattice. We recall that a direct
sum decomposition £ = E; @ --- ® Ey is a band decomposition, written

E=E,®, - -®, E,

if each of Ey,..., Ey is a band, and that ||P;j|| <1 (j € Ni) in this case.

THEOREM 7.31. Let E be a Banach lattice. Then every band decomposition of E is small
with respect to the lattice multi-norm.

Proof. Suppose that £ = E; &, --- @, Ej is a band decomposition, and take elements
Z1,...,2 € E. Then

[1Pizy + -+ Pragl| = [[[Praa| V-V [ Prag| [| < [|a] V-V gl ]

by (1.23), and so ||Piz1 +- -+ Pkl < ||(21,...,2%)||E. Thus the decomposition is small
with respect to the lattice multi-norm. m
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Thus every band decomposition of a Banach lattice is orthogonal with respect to the
lattice multi-norm. We enquire whether the converse to this statement holds. For example,
take K to be a non-empty, locally compact space, and suppose that M(K) = E® F is
an orthogonal decomposition with respect to the lattice multi-norm. Then it follows from
remarks on page [35] that this is a band decomposition, and so the converse holds in this
case; further, M (K) = My(K) & M.(K) is an example of such a decomposition.

First we note that the above converse need not hold in the case when F is a real
Banach lattice, as the following example shows.

EXAMPLE 7.32. Consider the space E = R?, with the ¢'-norm, so that E is a Banach
lattice. Set
Ey={(z,x):z€R}, Ey={(z,—x):zeR}.

Then E = E; ¢ E5 is a direct sum decomposition. We note that, for =,y € R, so that
(z,z) € By and (y, —y) € Ea, we have

Gz, ) Ay, =) = [l 2] Ayl DI = 2 max{[], [y]} (7.9)
and

(@, 2) + (y, =y)ll = |z + y| + |2 — y| = 2max{[z], [y]}. (7.10)

Hence F = E1® FE» is an orthogonal decomposition with respect to the lattice multi-norm.
However, it is not true that |(x, z)|A|(y, —y)| = 0 for each z,y € R, and so E = E1 B E»
is not a band decomposition. m

However this leaves open the converse for (complex) Banach lattices. We are very
grateful to the late Professor Nigel Kalton for responding to a question by proving the
converse in this case; see [44, Theorem 4.2].

THEOREM 7.33. Let E = E1 ® --- ® Ey be a direct sum decomposition of a Banach
lattice E. Suppose that

o1+ apll = o V- Vil | (25 € Ej, j € Ng).
Then the decomposition is a band decomposition. m
The following theorem is now a consequence of Theorems [7.20|ii), [7.31] and [7.33]

THEOREM 7.34. Let E = E1 & --- ® Ey be a direct sum decomposition of a Banach
lattice E. Then the following are equivalent:

(a) the decomposition is orthogonal with respect to the lattice multi-norm;
(b) the decomposition is small with respect to the lattice multi-norm;
(¢) the decomposition is a band decomposition. m

It is not true that every hermitian decomposition of a Banach lattice is a band de-
composition. For let X = (2, and set

E={(z,2):2z€C} and F ={(w,—w):weC},
sothat X =E® F. For x = (2,2) € E and y = (w, —w) € F, we have
lz + ey [1* = 2(]=* + [wf?) (¢ € [0,2m)),

and so the decomposition is hermitian. However it is not a band decomposition.
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In fact, in [44, Theorems 5.4 and 5.5], Kalton proved the following stronger and
considerably deeper result.

THEOREM 7.35. Let E = F & G be a direct sum decomposition of a Banach lattice E.
(i) Suppose that the decomposition is hermitian. Then

lz+yll = (2l + [y (z€F,yeq).
(ii) Suppose that, for some p € [1,00) with p # 2, we have

2 +yll = (2" + [y")/?|  (z € F,yeq).

Then the decomposition is a band decomposition. m

7.1.8. Decompositions of LP-spaces. We have seen that Theorem does not ex-
tend to all real Banach lattices E. However, by an argument due to Hung Le Pham, it
does extend to certain real Banach lattices
We first make a remark. Take p > 1. Then we have the inequality

1

5(\z—|—w|p—|—|z—w\p) > 2| (z,w e C). (7.11)
Now suppose that |z| > |w]|. In the case where p > 1, equality holds in the above if and
only if w = 0; in the case where p = 1, equality holds in the above if and only if z = aw
for some a € R.

PROPOSITION 7.36. Let (2, 1) be a measure space, and take E to be LP (2, p) or LE(Q, p),
where p > 1, or LY(Q, ). Suppose that E = F @ G is an orthogonal decomposition with
respect to the lattice multi-norm. Then E = F ® G is a band decomposition.

Proof. Take f € Fand g € G, and set A= {z € Q:|f(z)| > |g(z)|} and B=Q\ A4, so
that A and B are Borel measurable subsets of (2. Since the decomposition is orthogonal,
we have

AV gl = 11f + gl = 1f = gll;

and so

1 1
_ p _ _ p
2||f+g|\ +5lf gl

1

3 |05+ 9P+ 17 =al") d

(-/14+/B>;(|f+g|p+|f_g|p>dﬂ

z/Ampdw/ gPdu by (1)
B

= [HSTV gl 1.

In the case where p > 1, it follows that g = 0 almost everywhere on A and f = 0 almost
everywhere on B, and so |f| A |g] = 0.

Now suppose that £ = L*(2, 1). Then g(z) = a(x)f(x) for almost all x € A, where
a(r) € R (x € A). By repeating the argument with g replaced by ig (which does not
change the sets A and B), we see that ig(xz) = G(z)f(x) for almost all z € A, where

ATV 19l 1P
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B(x) € R (x € A). Thus again g = 0 almost everywhere on A and f = 0 almost
everywhere on B. =

Let 2 be a o-finite measure space, and take p > 1. Then LP(2) has a weak order unit,
say e. Suppose that LP(Q) = E; @ - - - ® Ej, is a band decomposition, with corresponding
projections Py, ..., Py. Set v; = Pje (j € N,,). Then, as remarked on page each P,
is just multiplication of elements of L?(€2) by the characteristic function of a measurable
set, say Sj; since we have P; = P,;, the range Ej; of P; is just LP(S;). Thus each band
decomposition of LP(Q) has the form LP(Sy) @ --- ® LP(Sk) for a measurable partition
{S1,...,Sk} of Q. This may not be true when Q is not o-finite. However the following
result applies even when S is not countable.

COROLLARY 7.37. Let S be a non-empty set, and take p > 1. Suppose that
EP(S)ZEHEB---@E]C

is an orthogonal decomposition with respect to the standard p-multi-norm. Then there is

a partition {S1,...,Sk} of S such that E; = (P(S;) (j € Ny).

Proof. By Example [£.47] the standard p-multi-norm is the lattice multi-norm.
The result follows from Proposition and Theorem m(i)7 and also by an easy
direct version of the above argument. m

COROLLARY 7.38. Let S be a non-empty set, and suppose that 1 < p < q. Then there are
no non-trivial decompositions of €P(S) which are orthogonal with respect to the standard
q-multi-norm.

Proof. Suppose that ¢P(S) = F @ G is an orthogonal decomposition with respect to the
standard g-multi-norm. For f € F and g € G, we have

AV gl = 1)1 2 1 9l = 11f + gl = If =gl
and so, by the argument in Proposition , AV gl = I1(f, g)||[2q}. Thus the decom-

position is also orthogonal with respect to the standard p-multi-norm. By Corollary [7.37}
there are subset Sp and Sg of S with F' = ¢P(Sg) and G = ¢?(Sg).
Assume towards a contradiction that both Sr and Sg are non-empty, and take s € Sp
and t € Sg. Then
217 = 6, + 8l = 6, 0ll5" < 21/,

a contradiction because ¢ > p. Thus the decomposition is trivial. m

7.2. Multi-norms generated by closed families. We now discuss multi-norms that
are generated by various closed families of direct sum decompositions of Banach spaces;
this will lead to a theory of ‘multi-duals’ of multi-normed spaces.

7.2.1. Generation of multi-norms

DEFINITION 7.39. Let (E,|| - ||) be a normed space, and consider a closed family K of
hermitian decompositions of E. For n € N and z1,...,z, € E, set

||(331,,xn)||f =sup{||Pix1+ -+ Pran|| : E=FE1® - ® E,},

where the supremum is taken over all decompositions in K of length n.
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THEOREM 7.40. Let (E,||-||) be a normed space, and let K be a closed family of hermitian
decompositions of E. Then ((E™,|-||X) : n € N) is a multi-normed space, and each direct
sum decomposition in IC is small with respect to this multi-norm.

Proof. Let n € N. Then it is clear that || - ||, is a seminorm on E™. By considering the
trivial decompositions in K, we see that

Iz, ..oy xn)|ln = max{||z1],.. ., |lznll}  (21,...,2, € E),
and so || - ||, is a norm on E™.
It is now easy to see that ((E™,| - ||X) : n € N) is a multi-normed space; Axioms

(A1), (A3), and (A4) hold because the family K is closed, and (A2) holds because all the
decompositions in the family K are hermitian.

Take a decomposition £ = F; & --- & E,, in the family IC, and take z1,...,z, € E,.
Then |Pizy + --- + Poxy|| < |[(z1,...,2,)||%, and so the decomposition is small with
respect to the multi-norm. m

DEFINITION 7.41. Let (E,| - ||) be a normed space, and let IC be a closed family of
hermitian decompositions of E. Then the multi-norm generated by KC is the multi-norm

(Il :n eN).

EXAMPLE 7.42. Let I be the family of all trivial decompositions of a Banach space E.
Then the multi-norm generated by K is the minimum multi-norm. m

We now consider when the multi-norm generated by Kperm is the maximum multi-
norm.

EXAMPLE 7.43. (i) Let K be an infinite, connected compact space. By Theorem the
only decompositions of C(K) in Kperm are trivial, and so the multi-norm generated by
Kherm is the minimum multi-norm. By Corollary (or Theorem , the minimum
multi-norm is not equivalent to the maximum multi-norm.
(ii) Let E = ¢P with p # 2. By Proposition each hermitian decomposition of E
has the form E = ¢P(S1) @ --- @ ¢P(Sy), where k € N and {Sl,...,SkF is a partition
Pl eN). By
Corollary this multi-norm is equivalent to the maximum multi-norm if and only if

of N. Thus the family Kherm generates the standard p-multi-norm (|| - ||

p =1 (with equality of multi-norms when p = 1).

(iii) Let H be a Hilbert space. The Hilbert multi-norm (|| - || : n € N) based on H
was defined in Definition It was shown in Theorem that the following closed
families are equal: (a) the family of all orthogonal decompositions; (b) Ksman; (¢) Kortn;
(d) Kherm- Let these families be called IC. Then it is clear from the definition of the Hilbert
multi-norm that (|| - [|[¥:neN)= (|| - | :n eN).

As we remarked on page [87] the Hilbert multi-norm is equivalent to the maximum
multi-norm, but is not equal to it, whenever dim H is sufficiently large. m

Let (E,||-]|) be a normed space, and let K and £ be two closed families of hermitian
decompositions of F with K C L. Then clearly

I(z1,. .z ) |8 <1, z)5 (21,...,2, € E,n €N),
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and so (|- |¥:n e N) < (|| -||5:n € N) with respect to the ordering of £ given in
Definition 2241

The next example shows that two different families of decompositions may generate
the same multi-norm.

EXAMPLE 7.44. Let K be a compact space, and consider the lattice multi-norm based
on C(K); this is just the minimum multi-norm based on C(K).

Let K be the family of trivial decompositions of C'(K), and let £ be the family of
decompositions of the form C'(K;)®---@® C(K}), where {K1, ..., K} is a partition of K
into clopen subsets. By Theorem L = Ksmall = Korth = Kherm. Thus X C £, and
K # L as soon as K is not connected. However the multi-norm generated by both K and
L is the lattice multi-norm based on C(K). =

7.2.2. Orthogonality with respect to families

DEFINITION 7.45. Let ((E™, ] - ||n) : » € N) be a multi-normed space, and let K be
a closed family of small decompositions of FE. Then the multi-norm is orthogonal with
respect to K if

(@1, szl = (1) 7 (7.12)

for each n € N and z1,...,2, € E. The multi-norm is orthogonal if it is orthogonal with
respect to Kgmall-

Thus, in this case, the given multi-norm (|| - ||, : » € N) is the multi-norm generated
by K.
Of course, it is automatically the case that

||(:vl,...,mn)||’C <|(z1,.. zn)lln (z1,...,2, € E, n €N).

We see that a multi-norm (]| - ||, : n € N) based on a normed space E is orthogonal
if and only if, for each n € N, each z1,...,z, € E, and each € > 0, there is a direct sum
decomposition £ = E; @& --- @ E, of E such that

Iz1,y .. xn)|ln —& < |Priz1+ -+ Poznll < (21, -y 20) ||n-

For example, it follows from Example iii) that the Hilbert multi-norm based on
a Hilbert space is orthogonal, and from Example that the lattice multi-norm based
on C(K) is orthogonal. However, Example below, will give an example of a lattice
multi-norm that is not orthogonal.

7.2.3. Orthogonality and Banach lattices. Let E be a Banach lattice, and let IC be
the family of all band decompositions of E. Clearly K is a closed family of decompositions
that are small with respect to the lattice multi-norm.

THEOREM 7.46. Let E a Banach lattice which is either an AM-space or o-Dedekind
complete. Then the lattice multi-norm based on E is orthogonal with respect to the family
of band decompositions of E, and hence is the multi-norm generated by the band decom-
positions.

Proof. We must show that, for each n € N and z1,...,z, € E, we have

Hz1| V- Vx| || =sup || Przr + - - - + Py, (7.13)
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where the supremum is taken over the band decompositions of length n. It is sufficient
to suppose that x1,...,z, € ET, and we do this. By (1.24), it is sufficient to prove that

x <sup{Pix1 + -+ + Pyz,} (7.14)

and that the supremum on the right is attained, where x =z VvV ---V x,.

In the case where E is an AM-space, the result follows by a slight variation of the
argument in Example [7.44]

Now we consider the case where F is o-Dedekind complete.

First suppose that n = 2, and set

+

y = (1 — x2) and z=—(z1 —22)7,

and let By be the band generated by y. By Proposition ii) (which applies because E
is 0-Dedekind complete), E = B, L Byl; the projections onto B, and Bj are P, and Q,
respectively, say. We have y = Py(z1 — x2) and z = —Qy(x1 — 22), and so

Py(x1 V x2) = Py(x2) + Py((x1 — 22) V0) = Py(x2) + (Py(z1 — 22)) V0) = Py(x2) + .
It follows that P, (z1 V 22) = Pya1 V Pyxa > Pyxs, and so Py(x1 V x2) = Pyx;. Similarly,
Qy(z1 V x2) = Qyxo. Thus 1 V 2 = Pyz1 + Qyxo. This establishes the result in the

special case where n = 2.
The general case follows easily by induction. m

COROLLARY 7.47. Let E be a o-Dedekind complete Banach lattice. Then the lattice multi-

norm based on E is the multi-norm generated by the family of all band decompositions
of E. m

COROLLARY 7.48. Take p > 1. Then the multi-norm generated by the family of all de-
compositions of £ as (P(S1) G- B LP(Sy), where {S1,...,Sk} is a partition of N, is the
standard p-multi-norm.

Proof. By Theorem [7.34 and Corollary [7.37} the specified family is the family of all band
decompositions of /. By Corollary [7.47} this family generates the lattice multi-norm; by
Example [£.47] this is the standard p-multi-norm. m

COROLLARY 7.49. Let E be a Banach lattice with no non-trivial band decompositions.
Then the lattice multi-norm based on E is orthogonal with respect to the family of band
decompositions of E if and only if E is an AM -space.

Proof. We must show that F is an AM-space whenever the lattice multi-norm is orthog-
onal with respect to the family K of band decompositions of E.

Take x,y € ET. Since there are only the two trivial band decompositions of length 2,
we have

lz vyl = NIz, )z = 195 = 1I(2,0)ll5 V 10,z = [l vV [lyll-
By (1.37)), this shows that E is an AM-space. m

ExAMPLE 7.50. Consider the Banach space C(I) with the norm || - || specified by
[F= 1+ 1FO)]  (f € C@M).
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Then (C(I), ||| is a Banach lattice with no non-trivial band decompositions. However it
is not an AM-space (take f =1/2 and g = Z, so that || f|| = |lg|| =1 but ||f V g| = 3/2),
and so, by Corollary the lattice multi-norm is not orthogonal with respect to the
family of band decompositions. m

7.3. Multi-norms on dual spaces. We now consider how to form the ‘multi-dual’ of
a multi-normed space.

Let ((E™, || - ln) : » € N) be a multi-normed space. It is tempting to regard M(E,C)
as the ‘multi-dual’ of this space. However recall that M(E,C) = E’ when we regard C
as having its unique multi-norm structure, and that, as a multi-normed space, M(E,C)
has just the minimum multi-norm. Thus the approach of using this multi-normed space
as a ‘multi-dual’ is not satisfactory.

A second temptation is to look at the family (((E)™,| - ],,) : » € N) for a multi-
normed space ((E™, |- |l») : n € N), where || - ||/, is the dual of the norm || - ||,,. But
this is an even worse failure: (|| - ||}, : » € N) is a dual multi-norm, not a multi-norm, on
{(E")™:n € N}.

We shall give a different approach, using the notion of orthogonal decompositions. We
continue to use the notation of earlier sections.

7.3.1. The multi-dual space. Here we define our concept of a multi-dual space.

Let (E,| - ||) be a normed space, and let IC be a closed family of hermitian decomp-

ositions of E. As in Definition K generates a multi-norm (|| - [|¥ : n € N) based
on E. We shall now define a multi-norm on {(E’)” : n € N} in terms of K. Recall

that the dual K’ of a closed family K of direct sum decompositions of E was defined in
Definition [L.9l

DEFINITION 7.51. Let (E,| - ||) be a normed space, and let K be a closed family of
hermitian decompositions of E. Then the multi-norm based on E’ which is generated
by K’ is the multi-dual multi-norm to the multi-norm (|| - |* : n € N); it is denoted by

(I I} :n EN).

The multi-normed space (((E")™, || - ||LK) : n € N) is the multi-dual space (with respect
to K).

Let IC be a closed family of hermitian decompositions of E. By Proposition each
member of K’ is a hermitian decomposition of E’, and so (|| - ||L,C :n € N) is indeed a
multi-norm based on E’ by Theorem It is an orthogonal multi-norm.

For each n € N and \q,...,\, € E/, we have

1O Al e = Sup [ P{A - POA | = sup Ao P4+ Ay o Pyl

where the supremum is taken over all the decompositions £ = E; & - - - @ F,, in the closed
family K.

DEFINITION 7.52. Let (|| - ||» : » € N) be an orthogonal multi-norm based on a normed
space E. Then the multi-dual multi-norm based on E' is the multi-norm generated by the
family (Ksmall)/-



7.3. Multi-norms on dual spaces 151

In the above case, the multi-dual multi-norm is itself orthogonal, and so we generate
multi-norms based on all the successive dual spaces of E.

PROPOSITION 7.53. Let ((E™, || - ||ln) : n € N) be a multi-normed space, and let K be a

closed family of orthogonal decompositions (with respect to the multi-norm) of E. Take
M,y..., A € E'. Then

(A1, .oy )\n)||L,C = s%psup{‘Z@i, Ai)
i=1

12 € By, (@1, za)ln <1},

where the first supremum is taken over all decompositions E=FE1 & ---® E, in K.
Each direct sum decomposition in K' is small with respect to the multi-dual multi-norm

(I I n € N).
Proof. This follows from Proposition m

ExaMPLE 7.54. Let K be the family of trivial decompositions of a normed space E, so
that the multi-norm generated by K is the minimum multi-norm based on E. Then K’
is the the family of trivial decompositions of E’, and the multi-dual multi-norm is the
minimum multi-norm based on E’. m

EXAMPLE 7.55. Let K be a compact space, and consider the lattice multi-norm based
on C(K). Let K be the family of trivial decompositions of C'(K), and let

L= ’Csmall = Korth = ICherIn

be as in Example [7.44] Then both K and £ generate the lattice multi-norm based on
C(K). However K’ is the family of trivial decompositions of C'(K)' = M(K), and so the
multi-dual multi-norm (|| - ||L,C : n € N) is the minimum multi-norm based on M (K),

whereas the multi-dual multi-norm (]| - HL ¢+ € N) is a strictly larger multi-norm based
on M(K) as soon as K is not connected. Indeed, in the case where K is a Stonean space,
or, equivalently, when C'(K) is Dedekind complete, it follows from Proposition 4.32| that
(] - ||L£ :n € N) is the standard 1-multi-norm based on M (K); by Proposition [4.31} this
is the lattice multi-norm, and, by Theorem M(i), it is the maximum multi-norm. m

EXAMPLE 7.56. Take p > 1, and let £ = /P. We again consider the standard p-multi-
norm, (||- ||£f] :n € N), based on E. By Example this is the lattice multi-norm based
on F.

Let IC be the family of decompositions of the form

P(S1) @ - DLP(Sn),

where {S7,...,5,} is a partition of N. By Theorem and Corollary we have
K = Ksmall = Kortn- Then it is clear that /C generates the standard p-multi-norm on E,
and so this multi-norm is orthogonal with respect to /.

Suppose that p > 1. The conjugate index to p is ¢; set F' = £9. Clearly, K’ is the family
of decompositions of the form ¢4(S;)®- - -®L(Sy), where {51, ..., Sk} is a partition of N.
Thus K’ generates the standard ¢g-multi-norm on E’. This shows that the multi-dual of
(), || - 11#1) : n e N) (with respect to K) is (((€0)™, || - |}9) : n € N), a fact that was
one of the aims of our theory. m
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ExaMPLE 7.57. Let H be a Hilbert space. Let K be the family of orthogonal decomp-
ositions of H; by Theorem K = Kimat = Korth = Kherm. It is clear from the
definition of the Hilbert multi-norm in that the multi-norm generated by K is the
Hilbert multi-norm, and that this multi-norm is orthogonal. It is immediate that the
multi-dual of ((H™, | - ||#) : n € N) (with respect to K) is itself. =

Let E be a Banach lattice, and let /C be the family of band decompositions of E. By
Theorem K = Ksmall = Korth. We shall consider the multi-normed space

(B™ |- lI%) :n €N),

where ((|| - |5) : n € N) is the lattice multi-norm, and suppose that this multi-norm is
generated by the family . We would like to know when the multi-dual (with respect
to K) of this multi-Banach space is ((E", | - ||L) : n € N), where (|| - ||L : n € N) is now
the lattice multi-norm on E’. It follows from Example that this is not always the
case. However we have the following theorem.

THEOREM 7.58. Let E be a Dedekind complete Banach lattice. Then the lattice multi-
norm based on E is generated by the family K of band decompositions, and the multi-dual
with respect to K is the lattice multi-norm based on E’.

Proof. Tt follows from Corollary that lattice multi-norms based on E and E’ are
generated by K and by the family, say £, of band decompositions of E’, respectively.

We shall show that the lattice multi-norm based on E’ is also generated by K'. Take
n € Nand Aq,...,\, € E'. Then certainly

- Al e < O A

We shall show the reverse inequality. We prove the result in the case where n = 2; the
general case follows by induction.
Thus take € > 0, and let £’ = F| @ F» be a band decomposition of E’ such that

[QiA1 + Q22| > [[(A1, A2)|15 — &,

where Q; is the projection on F;. Thus there exist u1,u2 € E’ such that |u;| < |\ for
i=1,2 and pu; L po and such that

i1 + g2l > [|(A1, A2) 5 — <.
For i = 1,2, define X; = {z € E: (|z|, |u;]) = 0}. Then X; and X, are bands in F, and
so, by Proposition M(i), they are principal bands. Set By = Xi- and Fy = X5, so that
E; L E,. Tt is clear that uy € Ef and pe € Fi. By enlarging Fy and Es, if necessary, we

may suppose that 1 & F; = E, and so E = E; &, Fs is a band decomposition of E.
Thus the decomposition E' = E] @&, F) belongs to K'. It follows that

[a Al e > 1 A2 15 — .
This holds true for each € > 0, and so the result follows. m

7.3.2. Second dual spaces. Let (E,| - ||) be a normed space, and let X be a closed
family of hermitian decompositions of E. Then K and K’ generate multi-norms on the
two families {E™ : n € N} and {(E’)" : n € N}, respectively. Similarly, the closed
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family K of hermitian decompositions of E” generates a multi-norm (|| - HLT,C :n €N)
on {(E")" :n € N}.

The following result can be regarded as a multi-normed form of the Hahn—Banach
theorem.

THEOREM 7.59. Let ((E™, || - ||n) : n € N) be a multi-normed space, let KC be a closed
family of small decompositions of E, and consider the multi-norm

(I [lff :n e N)

based on E". Then the canonical embedding of E into E" gives a multi-isometry if and
only if the multi-normed space ((E™, | - |ln) : n € N) is orthogonal with respect to the
family IC.

Proof. Let x1,...,x, € E. Then

||(:E17 s ,Ik)HLT’C = Sup ||P1Nx1 +-+ Pk/;,kav

where the supremum is taken over all projections Pi,..., P, that arise from decomp-
ositions in K. Since P/'x; = P,x; for x; € E; and i € N,,, it follows that the canonical
embedding is a multi-isometry if and only if the multi-normed space ((E™, |- ||») : n € N)
is orthogonal with respect to the family /C. m

DEFINITION 7.60. Let ((E™, |- |l») : » € N) be a multi-normed space, let K be a closed
family of small decompositions of E. Then the space ((E™, ||||») : n € N) is multi-reflexive
with respect to K if the canonical embedding of E into E” (when the multi-norm based
on E” is taken to be (|| - ||jj,C :n € N)) is a multi-isometry that is a surjection.

Thus ((E™, | - ||l») : n € N) is multi-reflexive with respect to K if and only if E is
a reflexive Banach space and ((E™,| - ||») : » € N) is orthogonal with respect to the
family K.

ExaMpPLE 7.61. Let E be a Banach lattice such that F is reflexive as a Banach space.
Then E is Dedekind complete, and so, by Theorem the lattice multi-norm is orth-
ogonal with respect to the family K of band decompositions, and so the space E is
multi-reflexive with respect to K. u

EXAMPLE 7.62. Take p > 1, and let E = LP(Q, i) for a measure space (Q, i), with the
standard p-multi-norm. Then ((E™, || - ||5) : n € N) is multi-reflexive with respect to the
family of all band decompositions of E. m
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Banach lattice, 25, 114, 124, 143
Dedekind complete, 25, 29, 125, 129
dual, 34
Fatou norm, 31
KB-space, 30
Levi norm, 31
monotonically bounded, 30, 125, 129
monotonically complete, 30
Nakano property, 30, 125, 129
real, 27
o-Dedekind complete, 25, 97, 145
weak Nakano property, 30, 125
weak o-Nakano property, 30, 127
Banach module, 38, 51
injective, 38
Banach operator algebra, 22, 118
Banach sequence algebra, 22
Banach space, 12
Banach—Mazur distance, 13, 77
band, 26, 28
principal, 28
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coordinate functional, 7
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band, 26, 29, 143, 148
direct sum, 9, 12, 16, 133
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generated by, 16
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operator, 14
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functional calculus, 27

Gel’'fand transform, 23
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Holder’s inequality, 8, 21
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Krivine calculus, 27
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real Banach, 27
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lattice norm, 27
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transpose, 11

measurable, 20, 22
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discrete, 22
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measure algebra, 22

Minkowski functional, 9

modulus, 26, 27
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multi-bound, 113
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sequence, 114
operator, 120, 122
set, 113

multi-Cauchy sequence, 107
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multi-dual space, 150
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abstract g-, 98
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dual, 41, 100
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Nakano property, 31
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net, increasing, decreasing, 25
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norm
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Fatou, 31
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nuclear, 13, 117
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(¢, p)-summing, 66
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operator space theory, 56
operator space, abstract, 56
order
-bounded, 25, 28, 114
-closed, 26, 28
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o-, 30, 117
-convergent, 26
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constant, 69, 72
property, 69
orthogonal, 18, 138
decomposition, 18, 139
family, 138
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subset, 138
with respect to K, 148
orthogonality, 133
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basis, 18

partition, 123

ordered, 21, 98
partition multi-norm, 128
permutation, 7, 23
positive cone, 26

Principle of Local Reflexivity, 14, 73, 84

projection, 11, 19
orthogonal, 19
pseudo-amenable, 38

quantum functional analysis, 56

Rademacher functions, 126
rate of growth, 58
maximum, 62
reflexive, 12
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Riesz space, 26
Dedekind complete, 27
normed, 27

second dual question, 86, 98
sequence, 7

constant, 10

convergent, 20

dual, 18
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sequential norm, 55
solid, 26, 28
special-Banach space, 44
special-norm, 43, 102
special-normed space, 43, 49
spectral radius, 22
spectral radius formula, 22
spectrum, 22
standard basis, 20
state space, 24
Stonean space, 23, 95
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summing constant, (g, p)-, 66

symmetric difference, 7

tensor product, 14, 55
injective, 15
projective, 15

theorem
Ando, 34
Arendt, 34

Banach’s isomorphism, 121, 124, 128
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F. Riesz and Kantorovich, 33

Feng and Tonge, 71
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Gordon, 70

Hahn’s decomposition, 22
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