1. Introduction

This paper can be considered as the final effort of the authors to better understand some
basic properties of disjointness preserving operators (d.p.o.) on vector lattices. It is the
last (but, we hope, not the least) in the series of articles [3]-[10], and it is closely related
to and inspired by the work of other mathematicians [14]-[33], to cite only a few.

To explain what we mean by the “basic properties” let us recall that a (linear) operator
T : X — 'Y between vector lattices is disjointness preserving if the following implication

is true:
1,00 € X, 21 Lz = Txy L Tas.

Even a superficial look at the articles mentioned above allows one to see that all of
them are somehow connected with the following three problems concerning the disjoint-
ness preserving operators.

PrROBLEM A. Suppose that a disjointness preserving operator 7' : X — Y is injective.
Under what additional conditions on X, Y and T is the inverse operator 7! : TX — X
also disjointness preserving, i.e., when

1'1J_f£2 = TZL’lJ_TSCQ?

PrROBLEM B. Under what conditions on X, Y and on a disjointness preserving operator
T : X — Y are the vector lattices X and Y order isomorphic?

PrROBLEM C. Under what conditions on X, Y and T is the operator T' regular?

At this point the following question seems unavoidable by any alert reader: If all three
problems above have already been studied why do we need to return to them again? Here
is a brief answer. First of all we would like to point out that, as was shown by the authors,
without any additional assumptions all these problems have negative solutions. On the
other hand, under some very general conditions (many of which will be reproduced later)
these problems do have affirmative solutions. However, for many important classes of
vector lattices the situation has remained unclear so far. And the purpose of this work is
to cover as much of these classes as possible, so that the above three basic problems will
be solved for the most common classes of vector lattices.

It should also be pointed out that we do not claim that the above three problems
exhaust the list of interesting questions about disjointness preserving operators. Plenty of
work (including some by the authors) has been done on the multiplicative representation
of disjointness preserving operators, their spectral properties, on polar decomposition of
regular disjointness preserving operators, et cetera.

Problems A—-C are, of course, closely related. For example, if T' is a regular injection
then T-! : TX — Y automatically preserves disjointness, and if T is a regular bijection

(5]
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then X and Y are automatically order isomorphic. These implications follow from the well
known criterion of regularity of disjointness preserving operators (see Theorem 2.3.2).

We do not attempt here to present the history of the work done on the above problems
and refer the reader to [5]. The structure of the present paper is as follows.

In Section 2 the reader will find most of the non-standard (and part of the standard)
definitions and notations, some well known and some auxiliary results used throughout
the paper.

In Section 3 we completely describe (Theorem 3.1.1) the vector lattices such that any
d.p.o. from them to any other vector lattice is regular. In Theorem 3.2.1 we consider
a wider class UZ of vector lattices such that for any injective d.p.o. T : X — Y the
inverse operator T-! : TX — X also preserves disjointness. We obtain a necessary and
a sufficient condition (with a small gap between them) for the inclusion X € UZ.

The main results of Section 4 are Theorems 4.0.1 and 4.0.2. These theorems serve as
some of our principal technical tools in the next sections but they are also of independent
interest and allow us to describe (Corollary 4.0.4) a large class of d-rigid and super d-rigid
domains (Definition 2.3.5).

Section 5 is the central one in this paper. For a large class of domains which we
call “weakly cg-complete” and which contains, in particular, the class of all relatively
uniformly complete domains, we describe conditions under which every bijective d.p.o.
is a d-isomorphism and conditions under which every d-isomorphism is regular. There
is a gap between our necessary and sufficient conditions due to the well known and
unsolved problem: If X is a laterally o-complete vector lattice and d-dim X > 1 (see
Definition 2.4.1), does there exist a non-regular band preserving projection P : X — X ?

The above-mentioned gap disappears when the domain X has either the countable
sup property or the projection property. We discuss these cases in detail in Section 6. In
particular, we obtain complete answers to Problems A—C for the important case when
the domain X is relatively uniformly complete and the range Y has the countable sup
property (Theorem 6.2.3).

Section 7 contains further discussion of the Huijsmans—de Pagter—-Koldunov theorem.
We use de Pagter’s techniques and techniques developed in [5] to weaken the conditions
imposed in the original HPK-theorem. We also prove in Theorem 7.2.6 that the conclusion
of the HPK-theorem remains true when the range Y is a vector lattice with a topology de-
fined by a countable family of lattice seminorms. Theorem 7.3.1 deals with the case when
the domain X satisfies the Luxemburg condition and the range Y is relatively uniformly
complete. It improves considerably our previous result in this direction—Theorem 9.3
in [5].

Finally in Section 8 we apply our results to the vector lattices of continuous functions
on completely regular (Tikhonov) topological spaces.

2. Basic definitions, notations, and auxiliary results

For general information concerning vector lattices and their functional representations
the reader is referred to [41], [31], and [42].
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All vector lattices considered in this paper are assumed to be Archimedean and are
considered over the field R of real numbers or C of complex numbers.

2.1. Krein—Kakutani representation and related properties of vector lattices.
Let X be a vector lattice and z € X. Let I, be the principal ideal generated by = in X. By
the Krein-Kakutani representation theorem there is a unique (up to a homeomorphism)
Hausdorff compact space K, such that I, is order isomorphic to a vector sublattice of
C(K,) which separates points of K, and contains constant functions (actually an order
isomorphism can be chosen in such a way that x maps to the function 1).

There are many useful connections between global properties of the vector lattice
X and “local” properties of the principal ideals I, x € X (in particular these “local”
properties involve topological properties of the spaces K,). One of the most detailed
descriptions of these connections can be found in [37]. We will need some of them.

Let us recall the following definitions.

2.1.1. DEFINITION. A vector lattice X is called relatively uniformly complete (briefly X
is r,-complete or X € (RUQ)) if for any 2 € X the principal ideal I, is order isomorphic
to C(Ky).

2.1.2. DEFINITION. Let X be a vector lattice and let z,u € X. The element u is called a
component of x if v —u L u.

2.1.3. DEFINITION. We will say that a vector lattice X is weak-Freudenthal [29], briefly
X € (WF), if for any € X and for any u € I, the element u can be approximated by
finite linear combinations of components of z in the norm of C(Ky).

2.1.4. DEFINITION. We will say that a vector lattice X has a cofinal family of components,
briefly X € (CFC), if for any x € X and any band U C X such that £ U there is a
non-zero component u of x such that v € U.

2.1.5. DEFINITION. We say that a vector lattice X has the countable sup property, briefly
X € (CSP), if any order bounded set of pairwise disjoint non-zero elements in X is at
most countable.

The proofs of the statements in the next proposition can be found for example in [37].

2.1.6. PROPOSITION. Let X be a vector lattice. Then:

(1) X has the projection property if and only if for any v € X the space K, is
extremally disconnected (Stonean).

(2) X is Dedekind complete if and only if X is ry-complete and has the projection
property.

(3) If for any x the space K, is basically disconnected (quasi-Stonean) then X has the
principal projection property. The converse is in general false (see Remark 2.1.7).

(4) If X is ry-complete then it has the principal projection property if and only if for
any x the space K, is basically disconnected.

(5) X € (WF) if and only if for any x € X the space K, is zero-dimensional (or,
which for compact spaces is the same, totally disconnected).
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X € (CFQC) if and only if for any x € X the space K, has a w-base of clopen sub-
sets (each non-empty open subset of K, contains a non-empty subset clopen in X).
X € (CSP) if and only if for any x € X the Krein—Kakutani space K, satisfies
the countable chain condition (briefly K, € (ccc)), i.e. any family of non-empty
pairwise disjoint open subsets of K, is at most countable.

2.1.7. REMARK. To see that the converse to Proposition 2.1.6(3) is in general false it is
enough to consider a zero-dimensional compact space K which is not basically discon-

nected (e.g. the standard Cantor set) and to take as X the vector lattice of all finite linear

combinations of characteristic functions of clopen subsets of K. The vector lattice X be-
longs to the class of vector lattices with a remarkable property which will be discussed
in Subsection 3.1.

2.2. Vector lattices with some degree of lateral completeness. Let us first recall
some standard definitions.

2.2.1. DEFINITION.

(1)

A vector lattice X is called laterally complete if for any family {z,} C X of
pairwise disjoint positive elements its supremum exists in X.

A vector lattice X is called conditionally laterally complete if for any order
bounded family {x,} C X of pairwise disjoint positive elements its supremum
exists in X.

A vector lattice X is called laterally o-complete if for any countable family {z,} C
X of pairwise disjoint positive elements its supremum exists in X.

A vector lattice X is called conditionally laterally o-complete if for any order
bounded countable family {z,} C X of pairwise disjoint positive elements its
supremum exists in X.

2.2.2. THEOREM (Veksler—Geiler [40], Huijsmans—Wickstead [26], Bernau [19]).

(
1/

) Each conditionally laterally complete vector lattice has the projection property.

(1) Each conditionally laterally o-complete vector lattice has the principal projection

property.

(2) A laterally complete band in a vector lattice is a projection band.
(2") A principal laterally o-complete band in a vector lattice is a projection band.

2.2.3. REMARK.

(1)

A relatively uniformly complete vector lattice X is conditionally laterally com-
plete if and only if it has the projection property [40]. But, as Example 2.2.4
shows, in general the projection property does not imply conditional lateral com-
pleteness.

The condition X! € (CSP), where X! is the lateral completion of X, means
exactly that any set of pairwise disjoint elements in X is at most countable.
Clearly X! € (CSP) if X € (CSP) and X has a weak unit. As the example of the
vector lattice cgp of all finite sequences shows, the converse to this statement is
in general false.
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(3) For vector lattices from (CSP) the notions of conditional lateral completeness
and conditional lateral o-completeness coincide.

(4) In general a laterally o-complete vector lattice X € (CSP) need not be laterally
complete but any principal band in it is laterally complete.

2.2.4. EXAMPLE. Let K be an infinite extremally disconnected compact space. Let X be
a subset of C(K) defined in the following way: f € X if and only if for any positive real
number « the set | f|(K) N [a, 00) is finite.

The vector lattice X has the projection property because it contains the characteristic
functions of all clopen subsets of K. Nevertheless we can see at once that X is not
conditionally laterally complete. (It might be worth noticing that X is a cp-complete
vector sublattice, see Definition 2.2.5 below, and also a subalgebra of C(K).)

In many instances when we work with disjointness preserving operators on vector
lattices it is enough instead of r,-completeness to assume only some weaker condition,
a kind of “lateral r,-completeness”—a possibility to add some series of pairwise disjoint
elements. We now introduce the corresponding definitions.

2.2.5. DEFINITION. Let X be a vector lattice. We will say that:

e X € (LCy) if for any order bounded countable family {u,} of pairwise disjoint
elements in X and for any sequence of positive scalars €, such that ¢, — 0 as
n — oo the element Y 7 | @e,u, exists in X ().

e X € (LCy) if for any principal band U = {u}%¢ in X there is a sequence of positive
scalars €,, depending only on u and such that for any order bounded countable
family {u,} of pairwise disjoint elements in U the element Y ° | ®e,u, exists
in X.

e X € (LCy) if for any positive u € X there is a sequence of positive scalars &,
depending only on u and such that for any countable family {u,} of pairwise
disjoint elements in the interval [0, u] the element Y~ | Pe,u, exists in X.

e X € (LCjy) if for any fixed order bounded sequence w,, of non-zero, positive,
pairwise disjoint elements in X there is a family of positive scalars ,, such that

o0
Up < Eplly = Z@vn e X.
n=1
e X € (LCy) if for any order bounded countable family {u,} of pairwise disjoint
elements in X there is sequence of positive scalars €, such that the element
S ®b,u, exists in X for any sequence {8, } with 0 <6, < &,.

2.2.6. PROPOSITION.
(RUC) € (LGCo) € (LC1) € (LC2) € (LC3) & (LCy).

Proof. All that requires proving is that the inclusions are proper.
(1) Let X be the vector sublattice of C[0,1] defined as follows. A function f from
C0,1] is in X iff there is a countable family of intervals (an,b,) C (0,1) such that their

(*) This means, as usual, that sup,, €,u, exists in X.
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union is dense in (0,1) and f coincides with a linear function on each (ay,b,). Then
X € (LCp) but X ¢ (RUC).

(2) Let ¢ be the vector lattice of all convergent sequences and X be the linear hull in
c of I' and the constant function 1. Then it is easy to see that X is a vector sublattice
of ¢ and that X € (LCy) \ (LCy).

(3) To construct a vector lattice X such that X € (LCs) \ (LCy) let us consider a
system of positive scalars A, («) where n € N and « € (0, 1) with the following properties:

e Va € (0,1) A,(a) T 0.
e For any sequence of positive scalars ¢, €, | 0, we can find an « such that
An(@)ey, 1 oco.

For any « € (0,1) we define a Lesbegue-measurable function f, on [0, 1] in the following
way. Let n, be the smallest positive integer such that [« — 1/nq, @+ 1/ns] C (0,1). Let
fa=0o0n[0,1]\ [ — 1/ng, a4+ 1/ny] and let fo = App +1(a) on [a = 1/n,a+ 1/n]\
[@—=1/(n+1),a+1/(n+ 1)] for any n > n,.

Let X be the smallest vector sublattice of L°(0, 1) (the space of all Lesbegue-measur-
able functions on (0,1)) which contains L>°(0,1) and every function f,, o € (0,1). In
other words x € X if and only if there are ¢ € L*°(0,1) and ay,...,a, such that
lz| < g+ >0, | fa;]- It is easy to see that X € (LCs) \ (LCy).

(4) Let a < {da,} be a one-to-one correspondence between (0,1) and the set of
all sequences of real numbers which decrease to 0. Let D be (0, 1) considered with the
discrete topology and let D, = {da,,...,da,,.--}, @ € (0,1), be countable pairwise
disjoint subsets of D such that |J, Do = D. Let Y be the vector sublattice of [*°(D)
given by

Y = {y e 1°(D): 33 [y(da, )l /3a, < oo}.
a n=1
Let X be the linear hull of the constant function 1 and Y. Then X is a vector sublattice
of I°°(D) and it is not difficult to see that X € (LCs) \ (LCy).
(5) Let X be a vector sublattice of C0,1] consisting of all functions of bounded
variation on [0, 1]. Then X € (LCy) \ (LC3) . m

The next proposition will be used in Section 6.

2.2.7. PROPOSITION. Let X be a vector lattice with the principal projection property.
Assume additionally that X € (CSP) N (LCy). Then every principal band in X has the
projection property.

Proof. Let U = {u}% be a principal band in X. It is enough to prove that any band V'
in X such that V' C U is a principal band. By Zorn’s lemma there is a system {v,} of
pairwise disjoint elements such that 0 < v, < |u| and the system of bands {v, }9 is full
in V. Because X € (CSP) the system {v,} is at most countable. Because X € (LCjy) there
are scalars ¢,, such that the element v = Zn Genv, exists in X. Clearly V = {v}dd. [

2.2.8. REMARK. Without the assumption that X € (LC4) the statement of Proposi-
tion 2.2.7 is in general false. A counterexample is provided by the vector lattice cqp.
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The condition (LCj) is strong enough to guarantee the validity of our main results
in Section 5. That is not the case if we assume only (LCy). For this reason we introduce
the following definition.

2.2.9. DEFINITION. We will sometimes refer to the vector lattices from (LCp) as co-
complete vector lattices and to those from (LCs) as weakly co-complete vector lattices.

2.3. Disjointness preserving operators
2.3.1. DEFINITION.

(1) Let X,Y be vector lattices and T : X — Y be a linear operator. The operator T'
is called disjointness preserving (briefly d.p.o.) if for any z,z € X we have
zlz = Tr LTz
(2) Let Z be a vector lattice and X be a vector sublattice of Z. A linear operator
T : X — Z is called band preserving (b.p.o.) if for any @ € X and z € Z we have
rlz = Tz lz
(3) Let X,Y be vector lattices and T': X — Y be a bijective disjointness preserving
operator. The operator T is called a d-isomorphism if for any z,z € X we have
rlz e Te 1Tz,
in other words if the inverse operator T~! also preserves disjointness.

We will need a characterization of regular disjointness preserving operators. The proof
of the next result can be found in [2, Theorem 3.3] or in [25, Proposition 1.2].

2.3.2. THEOREM. Let X,Y be vector lattices and T : X — Y be a disjointness preserving
operator. The following conditions are equivalent:

(1) T is regular.

(2) T is order bounded.

(3) For any u,v € X such that |u| < |v] we have |Tu| < |Tv|.
2.3.3. COROLLARY. Let X,Y be vector lattices and T : X — Y be an injective regular

d.p.o. Then
zlz e T 1Tz

Proof. Let Tx L Tz. Let u = |z| A |z|. By Theorem 2.3.2, |Tu| < |Tx| and |Tu| < |Tz|,
whence T'u = 0 and because T is injective u = 0. m

If an injective operator T is a d.p.o. but the inverse T-! : TX — X fails to preserve
disjointness we can at least measure the degree of this failure. To this end let us recall
the definition of d-splitting number d(T) introduced in [5].

2.3.4. DEFINITION ([5, Definition 10.1]). Let T : X — Y be a disjointness preserving
operator between vector lattices. We will write that d(T") = d(T,X,Y) < n for some
n € N if from the fact that

m
/\ |z;| >0, where z; € X and Tx; L Tz; for i # j,
i=1

it follows that m < n. We will write that d(T') =n if d(T') <n and d(T) £ n — 1.
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We now introduce two classes of vector lattices which will be of main interest to us
in this paper.

2.3.5. DEFINITION.

(1) A vector lattice X is called d-rigid if for any vector lattice Y and for any bijective
d.p.o. T : X — Y the inverse operator 7! preserves disjointness.

(2) A vector lattice X is called super d-rigid if any bijective operator T' from X onto
an arbitrary vector lattice Y is regular.

2.3.6. REMARK. By Corollary 2.3.3 any super d-rigid vector lattice is d-rigid.

2.4. d-dimension and d-independence. The characterization of d-rigid and super
d-rigid vector lattices obtained in this paper involves the notions of d-dimension and d-
independence of elements of a vector lattice. For a more general discussion of d-dimension
and the related notion of d-bases we refer the reader to [4] and [9].

2.4.1. DEFINITION. We say that a vector lattice X has d-dimension 1, briefly d-dim X
= 1, if for any two elements z, z € X such that |z| < |z| the element z is a semicomponent
of = [4, Definition 4.7], or in more detail there is a system {(U,, cy)}yer where U, is a
band in X and c, is a scalar such that

dd
Uy, LUy, if y1 # 7o, ZE{UUV} , z—cyx LU, Vyel.
g

Let us recall [5, Definition 11.1] that a vector lattice X is called essentially one-
dimensional if for any two non-disjoint elements x, z € X there are non-zero components
u,v of x and z respectively and a scalar ¢ such that v = cu. We can now make a trivial
but useful observation.

2.4.2. PROPOSITION. For a vector lattice X the following two statements are equivalent:

(1) X is essentially one-dimensional.
(2) X € (CFC) and d-dim X = 1.

Vector lattices of d-dimension 1 will be of particular importance to us but we will
also need the general concept of finite d-dimension:

2.4.3. DEFINITION. Let X be a vector lattice.

(1) We will say that d-dim X < n if for any system x1, ..., Z,+1 of non-zero elements
in X such that 0 < z; <--- < 2,41 we can find a system {U,} of bands which is
full (2) in U = {21}9 and scalars c¢1 4, - ., Cnt1,0 Such that Z?ill |cjol >0 and
Z;L;l ¢jat; L U, for all a.

(2) We will say that d-dim X = n if d-dim X < n and the statement d-dim X <n—1
is false.

(3) We will say that d-dim X = oo if the statement d-dim X < n is false for any
n € N.

We will also use the notion of d-independence in arbitrary vector lattices [4, Defini-
tion 4.1]:

(*) A system {V,} of bands is called full in the band V if {{J, Va}?* = V.
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2.4.4. DEFINITION. A system {x,},cr of elements in a vector lattice X is called d-inde-
pendent if for every band B in X, every finite set {v1,...,v,} C I', and every finite set
{c1,..., ¢y} of non-zero scalars the following implication holds:

n
if chxw 1 B, then x,, L B foreach j=1,...,n.
j=1

We omit the routine and simple proof of the next proposition.

2.4.5. PROPOSITION. Let X € (CFC). A system {x,}ycr is d-independent iff for every
finite set {y1,..., v} C I every system u,, ..., u,, where u., is a non-zero component
of x, 15 linearly independent.

The following definition was introduced in [4, Definition 4.9]

2.4.6. DEFINITION. We will say that a vector lattice X satisfies condition (x) if for every
band B in X and every x ¢ B? there exists a semicomponent of x in B.

2.4.7. PROPOSITION. Let X be a wvector lattice.

(1) If there are d-independent elements x1, ..., Ty 1 in a vector lattice X such that
|z1] < ... <|zpt1| then d-dim X > n.

(2) Conwversely, if X satisfies condition (x) and d-dim X > n then there are d-
independent elements x1,...,Zn11 in X such that |z1] < ... < |Tpi1]-

Proof. The first statement is obvious and the second follows from Proposition 4.10
in[4]. =

2.4.8. REMARK.

(1) Every vector lattice with the countable sup property satisfies condition (x) [4,
Theorem 4.11] and in particular the statement in part (2) of Proposition 2.4.7 is
true for such vector lattices.

(2) We do not know if condition (*) in Proposition 2.4.7(2) is necessary but without
any conditions on X the statement fails to be true. K. P. Hart [24] constructed
an example of a connected F-space K such that not every function from C(K) is
essentially constant (see Definition 2.4.10 below). It means in particular that any
two non-disjoint elements from C'(K) are d-dependent but d-dim C(K) > 1.

Proposition 2.4.7 yields immediately the following “external” characterization of vec-
tor lattices of finite d-dimension.

2.4.9. PROPOSITION. Let X be a vector lattice, X" be its lateral completion, and let n € N.
Then
d-dimX =n & d-dim X' =n.

The condition d-dim X = 1 plays an important role in this paper; it will appear in
the statements of many of our main results. For this reason we want to discuss it here in
more detail.

The class of functions described in the next definition was probably first introduced
in [18]. Because of the lack of commonly accepted terminology we call these functions
“essentially constant”.
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2.4.10. DEFINITION. Let £2 be a topological space. We will say that a function f € C(2)
is essentially constant and will write f € EC(£2) if there are a family {O,} of disjoint
open subsets of {2 and scalars ¢, such that f = ¢, on O, and the union of the sets O,
is dense in 2.

Let X be an r,-complete vector lattice. It follows immediately from Definition 2.4.1
that d-dim X = 1 if and only if for every z € X we have C(K,) = EC(K,).

Therefore let us recall what is known about compact spaces with the property C'(K) =
EC(K).

Clearly, a sufficient condition for EC(K) = C(K) is that the set of P-points [21, 4L]
(in particular, of isolated points) is dense in K. The best known example of a compact
space with no isolated points but a dense set of P-points is (assuming the continuum
hypothesis) SN\ N [21, 6V]. The existence of extremally disconnected compact spaces
with no isolated points but a dense set of P-points is equivalent to the existence of Ulam’s
cardinals [35, p. 507].

The property C(SN\ N) = EC(SN\ N) remains valid even without assuming the CH
because every non-empty Gs set in SN\ N has non-empty interior [21, 6S].

A. Gutman [22] was probably the first to construct an extremally disconnected com-
pact space () without P-points and such that C(Q) = EC(Q). It was proved in [32,
Example 2.9] that the absolute of SN\ N has this property. Finally, the existence of an
extremally disconnected compact space ) with the countable chain property and such
that C'(Q) = EC(Q) is equivalent to the existence of a Suslin line [17, Remark 1.7].

2.5. Condition rh

2.5.1. DEFINITION ([5, Definition 4.3]). Let T : X — Y be a d.p.o. We say that T
satisfies condition th or that T € (M) if for each band B in X and for any y € Y we have
Ty Ll TB=y 1l B.

There are examples of bijective d.p.o. which are not in (M) (see also Example 3.2.2)
but this cannot happen if the domain X has a cofinal family of components.

2.5.2. PROPOSITION. Let X,Y be vector lattices, let X € (CFC), and let T : X — Y be
an injective d.p.o. Then T € ().

Proof. Assume to the contrary that there are a band B C X and an x € X such that
Tx L TB but x /£ B. Because X € (CFC) the element x has a non-zero component
u € B. Then Tu is a non-zero component of Tx and Tu € T B, a contradiction. m

2.5.3. REMARK. It was proved in [6] that a bijective d.p.o. T : X — Y satisfies M iff
for any principal band B in X its image T'B is a band in Y. In connection with this we
want to notice that an operator from (rh) is halfway between an arbitrary bijective d.p.o.
and a d-isomorphism, and while a d-isomorphism induces an isomorphism of Boolean
algebras of bands B(X) and B(Y), to an operator from (rh) corresponds, in general, only
an endomorphism of these algebras. Examples of bijective d.p.o. satisfying mh but failing
to be d-isomorphisms are quite common [5, Section 13].
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Nevertheless, as was shown in [5, 6] and as will be shown in the present paper, in
many important cases we can prove that a bijective d.p.o. from () is a d-isomorphism.

The following two lemmas were proved in [6, Lemmas 3.5 and 5.3].

2.5.4. LEMMA. Let X,Y be vector lattices and let T : X — Y be a bijective disjointness
preserving operator satisfying condition M. Suppose that there are a,b € X such that
aAb > 0 and |Ta| A |Tb| = 0 (that is, the inverse operator T~ does not preserve
disjointness). Then there are components ay,as of a and components by, bs of b such that
a=a1Paz, b=0bPby,aVb=a, ®by and a ANb= as D by.

2.5.5. LEMMA. Let T : X — 'Y be a disjointness preserving injection such that T € (rh)
and the inverse operator T~ does not preserve disjointness. Then we can find positive
elements a,b € X such that

(i) Ta L Tb,
(ii) for each € > 0 there exist linear combinations s. and t. of components of a and
b, respectively, such that |s. —b| < ea and |t. — a| < eb.

The proof of Lemma 2.5.5 in [6, Lemma 5.3] shows that the following more detailed
version of this lemma is true.

2.5.6. LEMMA. Let T : X — 'Y be a disjointness preserving injection such that T € (rh)
and the inverse operator T—' does not preserve disjointness. Let u,v be elements in X
such that |u| A |v] > 0 but Tu L Tv. Then we can find positive elements a,b € X such
that

(i) a is a multiple of some component of u and b is a multiple of some component
of v,
(ii) Ta L Th, while a < b < 2a,
(iii) for each e > 0 there exist linear combinations s. and t. of components of a and b,
respectively, such that |se —b| < ea and |t — a| < eb.

Moreover, if we assume that |v] < Clul| for some positive scalar C' then v can be uniformly
approximated by linear combinations of components of u.

2.5.7. LEMMA. Let T : X — Y be a bijective d.p.o. such that T € (th) and T~ does not
preserve disjointness. Then we can find non-zero elements a,b € X such that 0 < a <
b<2a, Ta L Tbh, and the elements Ta and Thb are either both positive, or both negative,
or one of them is positive and one negative.

Proof. Let c,d € Xy, cAd# 0,and Te L Td. Let e; = (T (T¢c)1 )4, e2 = (T~ HTe)y)—,
es = (T7Y(Tc)-)4, and eq = (T~*(Tc)-)_. Substituting d for ¢ we similarly define
elements fi, fa, f3, f4. It is plain to see that T'e; L T'f; for 1 <14 < j < 4 and that there
are indices 4, jo such that e;; £ f;,. Applying Lemma 2.5.6 to the elements e;, and f;,
we obtain the desired result. m

In the case when the splitting number d(T) is more than 2 we can refine the statement
of Lemma 2.5.7.
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2.5.8. LEMMA. LetT : X — Y be a bijective d.p.o. such that T € () and d(T) > 2. Then
there are non-zero a,b € X such that 0 < a < b < 2a, Ta L Tb, and either Ta,Tb > 0 or
Ta,Th < 0.

Proof. Because d(T') > 2 there are non-negative elements w1, ug, us in X such that u; A
ug A ug # 0 and the elements T'uy, T'us, T'ug are pairwise disjoint in Y. As in the proof
of Lemma 2.5.7 we can see that

Up = U1 — Ui2 + U3 — Ujg, ©=1,2,3,

where all the elements u; ; are non-negative, Tu; 1, Tu;2 € Y4, and Tu;3,Tu; 4 € Y_.
We claim that among these 12 elements there are at least two which are not disjoint
but their T-images are disjoint and of the same sign. Indeed, otherwise we would have
U; 5 L U pn for all the indices 7, j,m,n such that 1 <i <m < 3 and either 1 < j <n <2
or 3 < j <n < 4. This immediately brings a contradiction with our assumption that
up N\ ug A us 7& 0.

After the existence of two such elements is established it remains to apply Lemma 2.5.6
to them. m

We will need two more simple technical lemmas.

2.5.9. LEMMA. Let T : X — Y be a bijective d.p.o., let T € (M), and assume that there
are non-zero elements a,b,c € X such that Ta L Tb and Ta L Tc. Then Ta L T(bA c)
and Ta L T(bV c).

Proof. Let d =bAcand U = {d}?. Let y = |Ta| A |Td|. The condition T' € (i) implies
that y € TU. Clearly there are two bands Uy, Us C U such that the system {Uy,Us} is
fullinU,d—b_1L U; andd—c L Us. Then Td —Tb L. TU; and because Ta 1. Tbh we see
that y L TU;. Similarly we obtain y L TU,. But T € () and therefore the system of
bands TU;,TUs is full in the band TU, whence y 1. TU, and therefore y = 0.

The second statement can be verified in a similar way. m

2.5.10. LEMMA. Let T : X — Y be a bijective d.p.o. and let T € (M).

(1) Let a,b be elements of X such that a,b >0 and Ta,Tb > 0. Then T(a A b) > 0.
(2) Leta,b be elements of X such that a,b > 0, Ta >0, and Thb < 0. Then aAb = c®d
where ¢ is a component of a and d is a component of b.

Proof. Let U ={aAnb}¥ Uy ={(a—anb) }¥NU, U ={b—aAb), }¥NU, and
Uz = UNU{NUZ. Then (aAb—b) L Uy and (aAb—b) L Us, whence T'(aAb)—Tb L TU,
and T(a Ab) —Tb L TUs. Similarly, because a Ab—a L Uy and a Ab—a L Us we have
T(anb)—Ta L TUs and T (aAb)—Ta L TUs. The system of bands Uy, Uz, Us is obviously
full in U and because T' € (M) the system of bands TUy, TUs, TUs is full in the band TU.

(1) Because Ta > 0 and T'(a Ab) — Ta L TU; we have (T'(a Ab))— L TU,. Simi-
larly, because Tbh > 0 we obtain (T'(a Ab))— L TU; and (T(a Ab))—- L TUs. Therefore
(T'(aNb))— LTU; but (T'(aAb))—- € TU because TU is a band in Y, whence (T'(aAb))_ =0.

(2) First notice that because Ta > 0 and Tbh < 0 we have (T'(a A b))+ L TU; and
(T'(aAb))— L TUs. Therefore T(a Ab) L TU;z and because T' € () we have (a Ab) L Us,
whence U3 = 0. Now we see that T(a A b)y € TUy and T(a A b)_ € TU;, whence
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d =T T(aNb)y) € Uy and ¢ = T-HT(a Ab)_) € U;. It remains to notice that
a ANb = ¢+ d and that by definition of U; and Us, ¢ is a component of a and d is a
component of b. m

The next lemma shows that operators from (M) are what we can say “laterally con-
tinuous” and will be used extensively later in this paper.

2.5.11. LEMMA. Let X,Y be vector lattices, let T : X — Y be a disjointness preserving
bijection, and let T € (). Let {x, € X} be a countable family of pairwise disjoint
elements. Then:

(1) If the element x =Y, @z, exists in X (*) then Tx =Y. &Tx,.
(2) If the element y =, ®Tx, exists inY then T 'y =3 ®x,.

Proof. (1) For any n the element x,, is a component of x, whence the element Tz, is a
component of Tx. To prove that Tz = ) &Tx, it is enough to show that if y € YT
and y L Tz, for any n then y | Tx.

Fix any y € Y, as above and consider the element y A |Tz|. Since T is a bijection
there is u = T~(y A |Tx|) € X. Let us denote by B,, the band generated by z,, and
note that the pairwise disjoint bands B,, are full in the band B = {z}?¢. Since T satisfies
(h), T sends bands to bands ([6, Proposition 3.2]) and hence T'B is a band in Y. Clearly
y A |Tz| € TB, and so u € B.

Fix any index n. For each z € B,, we have z L (v —z,), and hence Tz L T'(x —z,) =
Tx©Tx,. This plainly implies that Tz 1 Tu = yA|Tz| since y is disjoint from each T'z,,.
That is, T'B,, L Tu. By the definition of (M) we can conclude that v L B,,. This is true
for each n, and therefore necessarily © = 0 since the bands B, are full in B. Thus
yA|Tz| = Tu = 0. This means that y is disjoint from Tz, and the proof of (1) is finished.

(2) Fix any index n. Then y — T'z,, L T'B,, where B,, = {x,}%, and because T € (rh)
we have T~'y — x,, L B,, whence x,, is a component of 7~ 'y. Let z € X be such that
z 1 x, for all n. Then Tz L TB, for all n and therefore Tz L {y}9e. Again by the
definition of () we have z L {T~'y}4? whence z 1 T~'y and we are done. m

2.6. The Luxemburg condition. Many results valid for the normed vector lattices do
not actually require the whole power of the norm and depend on much weaker conditions
that are needed just to stay away from the laterally complete vector lattices. Two such
conditions, (Ay,) and (Ap), were introduced by Luxemburg [30] and de Pagter [34], re-
spectively; and they were used in [5] on several occasions. The former and some of its
modifications will be the subject of this section.

We start with the definition given in [5, Definition 2.9].

2.6.1. DEFINITION. We say that a vector lattice X satisfies:

(1) de Pagter condition (Ap) if for each sequence {z,} C X with pairwise disjoint
non-zero elements, there exists a sequence {\,,} of scalars such that the sequence

{Anz,} is not order bounded in X.
(3) This means, as usual, that the elements 7 = sup, ;% and £~ = sup, x, exist in X

and that =z —z~.
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(2) Luzemburg condition (Ay) if for any non-zero 2 € X we can find pairwise disjoint
components x, of z and positive scalars A,, such that the sequence {\,z,} is not
order bounded in X.

Notice that without loss of generality we can assume in the above definition that
the elements x, x,, and scalars A, are positive. Definition 2.6.1(2) (originally introduced
in [30, p. 170] for Dedekind o-complete vector lattices) is useful for atomless vector lattices
only (). For a vector lattice X that does not have the principal projection property this
definition has a shortcoming even if X has no atoms. To explain this shortcoming, consider
the vector lattice C'[0, 1] and take any « € C]0, 1] that is strictly positive. For such an x the
set of components C(x) is trivial and, therefore, there simply does not exist a non-trivial
(infinite) sequence of pairwise disjoint components of z. For this formal reason, we have
to say that C[0,1] does not satisfy (Ar). At the same time, for any « € C]0,1] that
has a sequence {z,} of pairwise disjoint non-zero components we can certainly produce
weights A, such that the sequence {\,z,} is not order bounded in C[0, 1]. And precisely
the elements with infinite sets of components are of importance. The next definition takes
this into consideration and rectifies the situation.

2.6.2. DEFINITION. A vector lattice X satisfies the modified Luzemburg condition (A[)
if for each € X whose set C(z) is infinite there are pairwise disjoint x,, € C(x) and
scalars A, such that the sequence {\,z,} is not order bounded in X.

If a vector lattice X does not have quasi-atoms, i.e., each non-zero element x in X has
infinitely many components, then Definitions 2.6.1 and 2.6.2 are equivalent. In general,
however, condition (Ay) is stronger than (A}"), but in most situations, even when these
two conditions are not equivalent, exactly the latter condition is needed.

The requirement in Definition 2.6.2 that we have to deal with the components of
elements is also rather restrictive (for the same reason as explained above that some
elements may not have non-trivial components); and the next definition describes a larger
class of vector lattices.

Let us say that an element x of a vector lattice X is infinite-dimensional if the
principal ideal X (x) generated by x is infinite-dimensional, or equivalently, if x cannot
be represented as a finite sum of atoms in X.

2.6.3. DEFINITION. We will say that a vector lattice X satisfies the weak Luzemburg
condition (AY) if for each infinite-dimensional u € X the principal ideal X (u) contains
a disjoint sequence which is not order bounded in X.

2.6.4. PROPOSITION. Let X be a vector lattice. Assume one of the following two condi-
tions.

(1) X is weak Freudenthal (see Definition 2.1.3).
(2) X has the countable sup property (Definition 2.1.5) and a cofinal family of com-
ponents (Definition 2.1.4).

Then the conditions X € (A) and X € (AY) are equivalent.

(*) Because for any atom a € X the set C(a) is trivial, and hence condition (Ar) fails
automatically for such a.



Inverses and regularity of disjointness preserving operators 19

Proof. Tt is obvious that condition (A") implies (A}) without any extra assumptions
about the vector lattice. Only the implication (A} )=-(A") is non-trivial.

(1) X € (WF). Take an arbitrary v € X with infinite set C(u) of components and
assume, contrary to what we claim, that for any pairwise disjoint components u,, of v and
for any scalars \,, the sequence {\,uy,} is order bounded in X . This implies immediately
that if {v,} is a sequence whose terms are pairwise disjoint and each v, is a linear
combination of pairwise disjoint components of u, then {v,} is also order bounded in X.
We will show that this contradicts our hypothesis that X satisfies (A}").

Fix an arbitrary disjoint sequence {z,} in X(u). Because X satisfies (WF) we can
find elements v,, € X such that each v, is a finite linear combination of components of
u, vy, € {2,194, and

(1) [vn, — 2n] < .

Consider now the sequence {v,, — z, }. In view of (1) this sequence is order bounded by
the element u and also has pairwise disjoint terms. At the same time, since the elements v,,
are pairwise disjoint and each v, is a linear combination of pairwise disjoint components
of u, as we noted above, our hypothesis that X fails condition (A]’) implies that the
sequence {v,} is order bounded. This clearly implies that the sequence {z,} is also order
bounded, a contradiction.

(2) X € (CFC)N(CSP). Let u € X and let u,, be pairwise disjoint positive elements in
X (u) such that the sequence {u, } is not order bounded in X. Because X € (CFC)N(CSP)
for any n € N we can find pairwise disjoint positive elements uy ,, k € N, and positive
scalars A, such that

e uy ,, is a component of u,

o {up,}% C {u}d, k€N,

e the system of bands {uy,}%, k € N, is full in the band {u, }94,
o (M klng —tpn)— L {unx}® k,neN.

Then clearly the system {\, pun i} is not order bounded in X. m

2.6.5. REMARK. We do not know whether the statement of Proposition 2.6.4 remains
true if we assume only that X has a cofinal family of components, or even that X has
a cofinal family of projection bands. However, as the following example shows, without
some conditions related to the existence of band projections, the statement becomes false
even if the vector lattice X is r,-complete.

2.6.6. ExaMPLE. There exists an r,-complete vector lattice X that satisfies condition
(A}) but does not satisfy condition (AJ*).

Proof. Let K = @ x [0,1], where @Q is an arbitrary o-Stonean (= basically disconnected
compact) space without isolated points.
Consider the vector lattice X of all functions on K that are continuous on K except,
maybe, on a set N x [0, 1], where N is a nowhere dense subset of ) depending on x € X.
It is not difficult to see that the vector lattice X is r,-complete and does not satisfy
condition (AJ"). One can take the constantly one function for an element violating (A).
Nevertheless, clearly, X € (A}). =
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The introduced conditions (A}) and even (A*) are much weaker than the de Pagter
condition (Ap). Here is an appropriate example.

2.6.7. EXAMPLE. There exists an r,-complete vector lattice X that satisfies condition
(A™) but does not satisfy condition (Ap).

Proof. For each n € N let X,, be an arbitrary atomless Banach lattice, and hence
each X,, satisfies (A]"). Consider the vector lattice X consisting of all sequences x =
(1,...,Zn,...), where z,, € X,,. The order and linear operations in X are coordinate-
wise. We claim that X has the required properties. It is obvious that X is r,-complete.
(Moreover, X is Dedekind complete if each X, is, in particular in this case X satisfies

(AL))
Fix an arbitrary z, € X,, and consider the sequence x,, = (0,...,0,2,,0,...) in X.
For any scalars A, the element x = (A121,...,Ap2n,...) belongs to X, and consequently

the sequence {\,x,} is order bounded in X. That is, X does not satisfy (Ap).

Finally, let us verify that the vector lattice X satisfies (AJ*). Take any non-zero x =
(T1,...,Zn,...) € X. At least one of the coordinates of x, say x,,, is non-zero. Therefore,
since X, is atomless, we can find a disjoint sequence {y } of non-trivial components of z,,.
Consequently, for large enough scalars \j the sequence {A;yx} is not order bounded in X,,.
This implies that X satisfies (A]?). m

Our next lemma is a simple technical result that will be used later on.

2.6.8. LEMMA. Let X be a vector lattice and for some x € X let the principal ideal X,
have the principal projection property. Then each positive element u € B = {x}9% can be
represented as a supremum of a disjoint sequence in X, .

Proof. For each n € N consider the element (nz — u)™, which is obviously in X,. Since
X has the principal projection property, there exists the band projection P, on the band
(nz—u)4. Let u, = P,(uAnz). We omit a straightforward verification that the elements
Uy, — Um—1, Where ug = 0, are pairwise disjoint and their supremum equals u. m

Now we are ready to prove an important theorem characterizing the vector lattices
with condition (A}'). A part of this theorem was stated without proof in [5, Proposi-
tion 15.1]. For Dedekind complete vector lattices this was proved in [5, Proposition 14.4].
The fact is crucial for many results proved in [5, Section 15|, as well as for some of our
results below.

2.6.9. THEOREM. Let X € (LCy). The following conditions are equivalent:

(a) X satisfies condition (AY).
(b) X does not contain any infinite-dimensional laterally o-complete projection band.

Proof. The implication (a)=-(b) is trivial. Indeed, if X contains a non-trivial laterally
o-complete projection band, then certainly X cannot satisfy (A}'). This implication does
not require that X € (LCy).

To prove the converse suppose, contrary to what we claim, that X ¢ (A}). This
means that there exists an infinite-dimensional element T € X such that

(%) each disjoint sequence {z,} in Xz is order bounded in X.
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We will establish a contradiction to (b) by showing that the principal band B = {z}%
is a laterally o-complete projection band.

We begin by verifying that (*) implies the following property (formally much stronger
than (x))

(k) each disjoint sequence {z,} in Xz has a supremum in X.

Consider a sequence of scalars ,, \, 0 and a sequence {z, } of disjoint positive elements
in Xz. In view of () the sequence {¢,'z,} is order bounded in X by some element z.
Because X € (LCy) we can choose the scalars &, in such a way that the element 220:1 Dz,
exists in X.

Property (xx) clearly implies that Xz is conditionally laterally o-complete. In par-
ticular, Xz has the principal projection property and, hence, satisfies the hypotheses of
Lemma 2.6.8.

Next we will show that the band B = {7} is laterally o-complete. Take any disjoint
sequence {u,} in B;. By Lemma 2.6.8 for each n there exists a disjoint sequence {un }
in Xz such that u,, = supy, ung.

Consider the set {uni : n, k € N}. This is a disjoint sequence in Xz and hence by (xx)
there exists u = sup{unk : n,k € N} € X. But obviously

u = sup{ung : n, k € N} = sup sup ups = Sup uy,
k
that is, B is indeed laterally o-complete. m "

2.6.10. COROLLARY. An r,-complete vector lattice X satisfies condition (AY) if and only
if X does not contain an infinite-dimensional universally o-complete projection band.

If instead of disjoint sequences we consider arbitrary disjoint sets, then the following
modification of Corollary 2.6.10 is true. The proof is similar and is omitted.

2.6.11. THEOREM. Let X be an r,-complete vector lattice. The following conditions are
equivalent:

(a") For each infinite-dimensional w € X the principal ideal X, contains a disjoint
set that is not order bounded in X.
(b") X does not contain any infinite-dimensional universally complete projection band.

It is natural to ask whether or not the assumption that X € (LC;) is essential in
Theorem 2.6.9, that is, if (b) implies (a) in general vector lattices. We do not know
whether the assumption X € (LCjp) can be replaced by X € (LCj) or even by X € (LCs)
but the next example shows that without any assumption of this kind the answer is
negative, even if we require additionally that X satisfies (WF), or even that X has the
projection property.

2.6.12. ExAMPLE. There exists a vector lattice X that has the projection property and
satisfies (b) but does not satisfy (a), that is, X does not contain any (infinite-dimensional)
laterally o-complete projection band but, nevertheless, X fails (A}Y).

Proof. Let Y = L0, 1]. According to [5, Corollary 13.6] there exists a vector sublattice
X of the vector lattice Lo[0, 1] and a d-isomorphism T from X onto Y such that 7" is not
regular. We claim that the vector lattice X provides a desired counterexample.
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Since the projection property is preserved by d-isomorphisms and since, obviously, Y
has the projection property, we can conclude that the vector lattice X has the projection
property and, in particular, X € (WF).

Let us verify next that X cannot satisfy (A™). Indeed, otherwise by Corollary 5.3.2 (°)
the d-isomorphism T would be regular contrary to our choice of T'. Therefore, by Propo-
sition 2.6.4, X cannot satisfy (A}') either.

Finally, X cannot have an infinite-dimensional laterally o-complete band, because
otherwise the vector lattice Y would, since each d-isomorphism preserves such bands. m

3. d-universal domains
The title of this section is explained by the contents of its two subsections.

3.1. Domains on which each disjointness preserving operator is regular. The
main result of this subsection is the following theorem.

3.1.1. THEOREM. For a vector lattice X the following conditions are equivalent:

(1) Each disjointness preserving operator T : X —'Y into an arbitrary vector lattice
Y is regqular.

(2) Each disjointness preserving operator T : X — X is regular.

(3) Each injective disjointness preserving operator T : X — Y into an arbitrary
vector lattice Y is regular.

(4) For any x,z € X such that |z| < |z| the element z is a finite linear combination
of components of x.

(5) For any x € X the Krein-Kakutani space K, is zero-dimensional and the princi-
pal ideal I, is order isomorphic to the vector lattice of all finite-valued continuous
functions on K.

Proof. The implications (1)=(2) and (1)=-(3) are trivial.

(2)=(4). Assume (2) and assume to the contrary that there are x,z € X such that
z < x but z is not a finite linear combination of components of x. Let @ be the Stone
space of X; then X can be identified with a vector sublattice of C(Q) in such a way
that z is identified with the characteristic function of a clopen subset E of (). Because z
cannot be represented as a finite linear combination of components of x there is a point
q € E such that on any open neighborhood of ¢ the function z is not constant. Let J be
the ideal in X defined as J = {u € X : u = 0 on some open neighborhood of ¢}. Let X
be the factor X/J. The elements & and £ are linearly independent in X and therefore
there is a linear functional F on X such that F(i) =0 and F(2) = 1. Let G be a linear
functional on X defined as G(u) = F(). Finally, let T' be a linear operator from X to X
defined as Tu = G(u)z. The operator T preserves disjointness. Indeed, if u,v € X and
u L v then at least one of the functions u and v is equal to 0 in some open neighborhood
of g because @ is extremally disconnected. But the operator T is not regular because it
obviously does not satisfy condition (3) in Theorem 2.3.2.

(®) A reference “forward”, but the proof of Corollary 5.3.2 does not depend on Ex-
ample 2.6.12.
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(3)=(4). Let T be the operator constructed in the previous step of the proof and let
us define an operator S : X — X @ X as Su = (Tu,u). Then S is an injective disjointness
preserving operator but it is not regular.

The implication (4)=-(1) follows immediately from Theorem 2.3.2.

Finally, the equivalence (4)<(5) follows from the fact that if we represent the principal
ideal I, as a vector sublattice of C(K,) then the functions from I, separate the points
of K, and if x is represented as the function 1 then the characteristic function of any
clopen subset of K, isin I,. m

We want to emphasize an important special case of Theorem 3.1.1:

3.1.2. COROLLARY. Let X € (LCy) (see Definition 2.2.5). Then the following conditions
are equivalent:

(1) Bvery d.p.o. T : X —Y into an arbitrary vector lattice Y is regular.
2) Fvery d.p.o. T : X — X is regular.

w

(2)

(3) Every injective d.p.o. from X into an arbitrary vector lattice Y is regular.

(4) Every element in X is a finite sum of atoms.

(5) There is a set I' such that the vector lattice X is order isomorphic to the vector
lattice coo(I") of all functions on I" which take a non-zero value only on a finite
subset of I'. In particular we see that X is a relatively uniformly complete vector

lattice.
The next question connected with Theorem 3.1.1 remains open.

3.1.3. PROBLEM. Are conditions (1)—(5) in Theorem 3.1.1 equivalent to (2') below?
(2") Every injective d.p.o. T : X — X is regular.

Or, in other words, the problem is to describe the class of all vector lattices such that
every injective d.p.o. from such a lattice into itself is regular.

3.1.4. REMARK. The proof of Theorem 3.1.1 shows that if a vector lattice X satisfies
the additional condition that for some vector lattice Z the vector lattice X & Z is order
isomorphic to a vector sublattice of X then condition (2') is equivalent to conditions
(1)-(5).

In particular, Banach lattices like {?, LP(0,1), or C[0, 1] provide examples where there
exists an injective non-regular d.p.o. from the vector lattice into itself. Notice that by
the Huijsmans—de Pagter—Koldunov theorem [25, 28] for any such endomorphism T on a
Banach lattice we have z 1 z & Tz 1 Tz.

3.2. Domains on which z | z & Tx 1 Tz for each injective disjointness pre-
serving operator 7. Here we discuss a wider class of domains, namely the class of
all vector lattices X such that for an arbitrary vector lattice Y and an injective d.p.o.
T:X —Y we have

rlz e Te LTz

Let us denote this class of vector lattices as UZ.
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3.2.1. THEOREM. Let X be a vector lattice. Then:

(1) X eUZ = d-dim X = 1.
(2) If we additionally assume that X € (CFC) then
XeUl & d-dimX =1.
Proof. (1) Assume that d-dim X > 1. By Proposition 2.4.9 there are z,z € X, |2| < |z],
and a band B C X such that Pgx and Pz are d-independent in X*.

Without loss of generality we can assume that for any v € X and for any band
V C X such that u £ V there is a non-zero semicomponent (see Definition 2.4.1) v of u
such that v € V. Indeed, otherwise [8, Theorem 4.2] there is a band preserving injective
operator T : X — X% such that the inverse operator 7! : TX — X does not preserve
disjointness.

Let a be a non-zero semicomponent of z in B and let b be a non-zero semicomponent
of z in {a}?. Then clearly a £ b and a and b are d-independent. The proof of Theorem
13.8 in [5] shows that there are a vector lattice Y and a disjointness preserving bijection
T : X" —Y such that Ta L Th. The restriction S = T|X : X — Y is an injective d.p.o.
and Sa L Sb though a L b.

(2) The implication

(X € (CFC) and d-dimX =1) = X eUT
is exactly the statement of Theorem 11.2 from [5]. m

As the following example shows, the assumption X € (CFC) in part (2) of the state-
ment of Theorem 3.2.1 cannot be dropped.

3.2.2. EXAMPLE. Let C*[0,1] be the Banach dual of C[0,1] identified as usual with the
Banach space of all finite regular Borel measures on [0,1]. Let Y be the band of all
singular (with respect to the Lebesgue measure) continuous measures in C*[0,1]. We
define a linear operator S : Y — C[0,1] in the following way:
Sp(t) = p([0,t]), peY,tel0,1].

Notice that S is injective. Let X = SY. Then X consists of all functions of bounded
variation on [0, 1] such that the union of the intervals where such a function is constant
has Lebesgue measure 1.

It is immediate to see that X is a vector sublattice of C10, 1] and that d-dim X = 1.
Let T : X — Y be the inverse of S. Then T is a bijective d.p.o. but its inverse S does
not preserve disjointness. Moreover, we can see directly or from Theorem 4.13 in [6] that
T & ().

In connection with Theorem 3.2.1 and Example 3.2.2 the following problem naturally
arises.

3.2.3. PROBLEM. Describe the class UZ.
Let us mention two more specific subproblems of Problem 3.2.3:

(1) Let X = EC(0,1) be the vector lattice of all essentially constant continuous
functions on [0, 1] (the union of the intervals of constancy of such a function is
dense in [0,1]). This vector lattice is d-rigid [10, Corollary 4.4] but we do not
know if it belongs to the class UZ.
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(2) Let K be a connected compact Hausdorff space such that EC(K) = C(K). An ex-
ample of such a space is provided by BR™\R™, which is a connected F-space such
that any G; subset of it has non-empty interior (see [21, Section 14.27] and [23,
p. 320]). For a different example see [17, Example 3.9]. Then d-dim C'(K) = 1 but
we do not even know whether C(K) is d-rigid.

4. d-rigid vector lattices. General case

The main result of this section is the following theorem.

4.0.1. THEOREM. 1. Let X,Y be vector lattices and T : X — Y be a disjointness preserving
bijection such that T € (M) and the inverse T—1 does not preserve disjointness. Then there
is a positive a € X for which:

(1) The Krein—Kakutani space K = K, is zero-dimensional.
(2) There is a family {Ka}acjo,1) of clopen subsets of K such that:

e Kop=0 and K1 = K.
e K, CKgfor0<a<p<1.
o Ao = Ko\ Up.oKp and Bo = (g Kp) \ Ko are nowhere dense in K.

I1. Conversely, if there is a zero-dimensional compact space K and a family {K o }aeo,1]
of its clopen subsets with the properties listed in 1(2), then there are vector lattices X, Y
and a disjointness preserving bijection T : X — Y such that X is a vector sublattice of
C(K), X separates points of K and contains the constant functions, T € (i), and T—!
does not preserve disjointness.

Proof. I(1). Let a,b € X be as in the statement of Lemma 2.5.7. Without loss of generality
we can assume that T'a > 0. We will identify a with the function 1 on K,, and elements
of the principal ideal I, with the corresponding functions from C(K,). For any point
t € K, let €(t) be the connected component of ¢. We have to prove that for any ¢ the set
¢(¢) is a singleton. Assume to the contrary that there are p,q € K, such that p # ¢ and
q € €(p). Let u,v be elements of I, such that

e u, = v = a in some open neighborhood of p,

e suppv C {t:u(t) =1},

® g & supp u.
First let us notice that because Ta 1 Tbh and Ta—Tu L Tv we have |Tb|A|Tu|A|Tv| = 0.
Let w = (T~Y(|Tu| A |Tv]) A a) V (—a). Then w € I, and, by Lemma 2.5.9, Tbh 1 Tw.

We claim that w = a in some open neighborhood of p. Indeed, let W be a regularly
open neighborhood of p such that v = a on W. Let u be the band in I, of all functions
with support in W and let U = {ﬁ}dd be the corresponding band in X. Thenv—a L U
and u —a 1L U, whence Tu —Ta 1. TU and Tv —Ta L TU. Because T'a > 0 we see that
|Tu| — Ta L TU and |Tv| — Ta L TU, whence (|Tu| A |Tv|) — Ta L TU. Recalling that
T € (th) we obtain T—1(|Tu| A |Tv|) —a L U and it follows from the definition of w that
w —a 1L U, whence our claim is proved.
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Next let us notice that because v € {u}? and T{u}? is a band in Y we have
T=Y(|Tu| A |Tov|) € {u}®, whence w € {u}? and w(g) = 0. By Lemma 2.5.6, w can be
uniformly approximated by linear combinations of components of b. But that is impossible
because €(p) is a connected subset of K,, b = b(p) on &€(p), w(p) =1, and w(q) = 0.

I(2). The set b(K,) is a closed subset of R and it does not have isolated points. Indeed,
if ¢ were an isolated point in b(K,) then E = b~1(¢) would be a clopen non-empty subset
of K, and b =t on E. That clearly contradicts the assumption that T'a L Tb. Therefore
card(b(K,)) = ¢. Let v € b(K,) and minb(K,) < v < maxb(K,). Consider u = b A aa.
By Lemma 2.5.4, u = u; ® up where u; is a component of b. Let £, = supp uy; then E,
is a clopen non-empty subset of K,. Let Eninp(k,) = 0. Finally, let us take Ko = Ey(q)
where 1 is a one-to-one map of [0, 1] onto b(K,,).

IL. It was proved in [8, Proof of Theorem 5.8] that [J,c(o 1j(Aa U Ba) = K and that
the function f defined as f(t) = a if ¢ € A, U B, is a well defined continuous function
on K. Let us consider the following three vector subspaces of C'(K):

e X1, the set of all finite linear combinations of components of the constant function 1;
e X5, the set of all finite linear combinations of components of the function f;
e X, the linear hull of X; and X5.

Obviously X; and X5 are vector sublattices of C'(K), and it is not difficult to see from
the definition of f and the properties of the sets K, that X is also a vector sublattice of
C(K). Let us define band preserving projections P and @ on X in the following way. If
xz € X and z = c1 + df on a clopen subset E of K then Pz = ¢1 on E and Qx = df
on E. The operator P® Q : X — X; @& X5 is a bijective d.p.o. but its inverse does not
preserve disjointness. m

4.0.2. THEOREM. Let X,Y be vector lattices and T : X — Y be a d-isomorphism. Assume
that T is not regular. Then there is a € X such that the Krein—Kakutani compact space
K, satisfies conditions I(1,2) of Theorem 4.0.1.

Proof. Because the operator T is not regular there are elements z,y € X such that
0 <z <ybut (|Tz|—|Ty|)+ # 0. It follows easily from the fact that T is a d-isomorphism
that z = T=1((|Tz|—|Ty|)+) € I,. We identify z with a function from C(K,). Let t € K,
|z(t)] > 0, and 0 < z(t) < y(t).

We claim that the point ¢ has a base of clopen neighborhoods. To prove this let U, V,
and W be open neighborhoods of ¢ such that min(|z(s)|, z(s),y(s) —x(s)) > 0for s € clU,
clV Cc U, and clW C V. Let u,v be elements of I, such that

e suppu C U and 0 < u < y,
eu=yonlV,
e suppv C V and 0 <v <z,
ev=xonWW.
Let w = T~ (|Tu| V |Tv|). Because T is a d-isomorphism we see that
e for any k € K, either |w(s)| = z(s) or |w(s)| = y(s),
o |w(s)|=xz(s) on W,
o |w(s)|=y(s) on V \suppwv.
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Recalling that z(s) < y(s) on clU we deduce that there is a clopen neighborhood Z of ¢
such that Z C U and our claim is proved.

It follows immediately from what we have just shown that without loss of generality
we can assume that the compact space K, is zero-dimensional and that 0 < x < y but
|Ty| < |T'z|. We identify |T'w| with the constant function 1 on Ky, and |Ty| with a
function from C(K\p,|). We can see immediately that the set E = |T'y|(K|r,|) does not
have isolated points. Let min £ < o < max E, v = |Ty|A|Tx|, and uq = T v,. Then
|tte| = Wo + 2o Where w, and z, are non-zero components of $|y\ and |z|, respectively.
Clearly, supp z,, is a clopen subset of K, and we can finish the proof exactly like the one
of Theorem 4.0.1. m

4.0.3. COROLLARY. Let K be a compact Hausdorff space and X be a vector subspace of
C(K) such that X separates points of K and contains the constant functions. Let Y be a
vector lattice and T : X — Y be a bijective d.p.o. such that T € (M). Assume additionally
that K is either locally connected or metrizable. Then the operator T is regular and the
vector lattices X and Y are order isomorphic.

4.0.4. COROLLARY. Let K be a compact Hausdorff space with a w-base of clopen subsets.
Assume additionally that either

(1) no clopen subset of K is zero-dimensional, or
(2) K is metrizable.

Let X be a vector sublattice of C'(K) that separates points of K. Then X is super d-rigid.

4.0.5. REMARK. Comparing Theorem 2.3.2 and Corollary 2.3.3 with Theorem 5.8 and
Corollary 5.9 in [8], which provide the same results in the case of arbitrary band preserv-
ing operators, one feels that all of these results should follow from some more general
statement.

4.0.6. REMARK. The vector lattice X described in the proof of part II of Theorem 4.0.1
has the principal projection property, and this fact gives rise to the question whether every
vector lattice which is not d-rigid has a band with the principal projection property. The
answer is negative: the vector lattice X described in Example 5.15 in [8] is not d-rigid
and no band in it has the principal projection property. Moreover X € (LCy).

5. Weakly cy-complete domains

5.1. The main results. Let us remind the reader that by Definition 2.2.9 weakly
co-complete vector lattices are exactly the lattices from the class (LCs) introduced in
Definition 2.2.5.

The results of this section can be divided into three groups.

I. When is a bijective d.p.o. T € (rh) a d-isomorphism? When is the domain X
d-rigid?

5.1.1. THEOREM. Let X € (LCs).

(1) Assume that for every conditionally laterally o-complete projection band U in X
we have d-dimU = 1. Then for every wvector lattice Y and for every bijective
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dpo.T:X —-Y,
T e (h) = T is a d-isomorphism.

(2) Assume that X contains a conditionally laterally complete projection band U such
that d-dimU > 1. Then there exist a vector lattice Y and a bijective d.p.o. T :
X — Y such that T € () but T does not preserve disjointness.

Recalling that on a vector lattice with a cofinal family of components every injective
d.p.o. satisfies condition M we immediately get the following corollary.

5.1.2. COROLLARY. Let X € (CFC)n (LCs).

(1) Assume that for every conditionally laterally o-complete projection band U in X
we have d-dimU = 1. Then X is d-rigid.

(2) Assume that X contains a conditionally laterally complete projection band U such
that d-dimU > 1. Then X is not d-rigid.

5.1.3. THEOREM. Let XY be vector lattices and X € (LCs).

(1) Let T : X — Y be a bijective d.p.o. and let T € (). Assume that T~ does not
preserve disjointness and that one of the following additional conditions holds:

(a) d(T) > 2,
(b) Y € (LCy).

Then X contains a laterally o-complete band.

(2) Assume that X contains a laterally complete band U such that d-dimU > n > 2.
Then there are a vector lattice Y € (LC3) and a bijective d.p.o. T such that
T € (M) and d(T) = n. Moreover, if d-dimU = oo the operator T can be chosen
in such a way that d(T) = co.

II. When is a d-isomorphism regular?

5.1.4. THEOREM. Let X be a vector lattice and let X € (LCs).

(1) Assume that for any projection band U in X with the principal projection property
we have d-dimU = 1. Then every d-isomorphism T : X — Y where Y is an
arbitrary vector lattice is regular. In particular every vector lattice d-isomorphic
to X is also order isomorphic to it.

(2) Assume that X contains a projection band U with the projection property and that
d-dimU > 1. Then there are a vector lattice Y and a d-isomorphism T : X — Y
such that T is not regular.

5.1.5. THEOREM.

(1) Let X, Y be vector lattices from the class (LC3). Assume that for every laterally o -
complete band U in X (or inY") we have d-dimU = 1. Then every d-isomorphism
T:X —Y isregular and X and Y are order isomorphic.

(2) Let X be a vector lattice. Assume that X contains a laterally complete band U
such that d-dimU > 1. Then there is a d-isomorphism T : X — X such that T
s not regqular.
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5.1.6. COROLLARY. Let X be a vector lattice such that X € (LCs) and for any laterally
o-complete band U C X, d-dimU = 1. Let P : X — X be a band preserving projection.
Then P is regular and therefore a band projection.

Proof. I+ P is a d-isomorphism of X onto itself and it is regular by Theorem 5.1.5. m

From Corollary 5.1.6 and Theorem 8.5 in [5] we immediately obtain

5.1.7. COROLLARY. Let X € (LC3) and let Y have a cofinal family of projection bands
(i.e. for any non-zero band U C X there is a non-zero V. C U such that V is a projection
band in X). Let T : X — Y be a bijective d.p.o. Then T is a d-isomorphism.

ITI. When is every bijective d.p.o. T € (i) regular? When is the domain X
super d-rigid?

Combining the results from I and II we obtain the following theorem.

5.1.8. THEOREM. Let X be a vector lattice and let X € (LC3). Assume that for every
projection band U in X with the principal projection property we have d-dimU = 1. Let
Y be a vector lattice, T : X — Y be a bijective d.p.o., and let T € (). Then T is reqular.
If we assume additionally that X € (CFC) then X is super d-rigid.

IV. Comments and remarks

In all the results stated above we see a gap between necessary and sufficient conditions
for a vector lattice to be d-rigid, super d-rigid, et cetera. The necessary conditions involve
the absence of non-trivial projection bands which are laterally complete, conditionally
laterally complete, or just have the projection property. In the sufficient conditions we
have to require the absence of non-trivial projection bands which are laterally o-complete,
conditionally laterally o-complete, or have the principal projection property. This gap
would be filled if we could answer the following question in the affirmative.

5.1.9. PROBLEM. Let X be a laterally o-complete vector lattice and let d-dim X > 1. Is
there a non-reqular band preserving projection P on X? ()

For two important classes of vector lattices:

e vector lattices with the projection property, in particular Dedekind complete vector
lattices,
e vector lattices with the countable sup property,

the gap is automatically filled in and the results become exact. We will state them ex-
plicitly in Section 6.

The statement of part (2) of Theorem 5.1.3 can be complemented in the following
way. Let U be a laterally complete vector lattice. There is a band V' C U with a d-basis
(see e.g. [4, Definition 4.6]) {z, : v € I'} where each z, is a weak unit in V. This was
proved in [5, Theorem 6.4] for universally complete vector lattices but the proof remains
unchanged for laterally complete ones.

(%) Recent discussions of this question with J. van Mill and A. W. Wickstead made the
second author believe that the answer to Problem 5.1.9 should be negative.
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5.1.10. PROPOSITION. There are a vector lattice Y and a bijective d.p.o. T : U — Y such
that the elements T'x., v € I', are pairwise disjoint.

5.2. Proofs of Theorems 5.1.1 and 5.1.3. We will divide the proofs into several steps-
lemmas.

5.2.1. LEMMA. Let X,Y be vector lattices, X € (LC3), and T : X — Y be a bijective
d.p.o. Assume that T € () and that T~ does not preserve disjointness. Then X con-
tains a conditionally laterally o-complete principal projection band U = {a}?® such that
d-dimU > 1 and the Krein—-Kakutani space K, is basically disconnected.

Proof. By Theorem 4.0.1 there are non-zero elements a,b € X such that 0 < a < b < 2aq,
Ta L Tb, and the space K, is zero-dimensional. Moreover, by Lemma 2.5.7 we can assume
without loss of generality that either

(1) Ta >0 and Th > 0, or
(2) Ta >0 and Tbh <0.

Let us start with case (1). In this case we will prove that the band U = {a} is not
only conditionally laterally o-complete but even laterally o-complete and therefore, by
Theorem 2.2.2; a projection band in X. Let u,, n € N, be a sequence of pairwise disjoint
positive elements in U. We have to prove that the element u = Eff:l Pu, exists in U. For
any m € N let u,, , = up Ama. Then uy, ,, € I, and we can consider open subsets of K,

Opm={t€ Ky :m—1<upmnm(t) <m}.

Clearly the sets O,, ,,, are pairwise disjoint (some of them might be empty). Recalling that
the space K, is zero-dimensional we see that for each n, m € N we can find clopen subsets
Enmk, k €N, of the set Oy, ,,, such that Up—; Enmk = On,m- Let {en,m ks : n,m, k € N}
be a set of positive scalars such that e, — 0 as n + m + k — oo. Because the
sets Ey m,, are zero-dimensional we can find non-negative elements a,, . x and by m k
such that ay ., and by, ,, 1 are finite linear combinations of components of ax, m, x and
bXn,m,k, respectively, and

(*) |an,m,k - unamXEn,m,k| + |bn,m,k - unamXEn,Tn,k‘ S snamkaEn,m,k'

Because X € (LCs) we can choose the scalars &, ,, 5 in such a way that the element
V=2 ken ©(@n,mk — bnm,k) exists in X. By Lemma 2.5.11,

To= " &(T(anmr) = T(bnmpk))-
n,m,keEN
Recalling that T'a L Tb and that Ta,Tb > 0 we see that
Tol = > &(T(anm) + T(bnmi))-
n,m,k€EN
Applying again Lemma 2.5.11 we obtain
T_l(‘TUD = Z ®(an,m,k + bn,m,k:)~
n,m,keN
Therefore the element Zn m.keN Pln,m k exists in X. Taking into consideration the in-
equality () we see that u =) . | ®u, exists in X.
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Let us now consider case (2). We will divide the proof that X contains a non-trivial
conditionally laterally o-complete projection band into several steps.

(2a) Let {a; : ¢ € N} be a countable set of pairwise disjoint components of a. We claim
that the element > | @a; exists in X. Because X € (LC3) and K, is zero-dimensional
we can find non-negative elements b; € X such that for each i, b; is a finite linear
combination of components of b and the element ¢ = Y ;o ®(b; — a;) exists in X. By
Lemma 2.5.11, Te = Y72, &(Tb; — Ta;) and because Ta L Th, Tc =Y 2, &(Th; ©Ta;).
Let d = a + ¢. Then o oo

Td=Ta+Y &Tb —» @Ta;.
i=1 i=1
Because Ta; is a component of T'a for each ¢ and because T'a > 0 and Tb < 0 we see that
(Td)_ =32, ®Tb;. By Lemma 2.5.11, again,

@) =Y b

whence Y 72, ®a; exists in X.

(2b) In this step we want to prove that for any countable set {a; : ¢ € N} of compo-
nents of a and for any scalars \;, i € N, such that 0 < \; < 1, the element Zf; PAia;
exists in X. As in the previous step we can find elements b; such that b; is a finite linear
combination of components of b and the elements Y .o, ®(b; —a;) and Y=, BN (b; —a;)
exist in X. By step (2a) the element > °, @(a; + b;) exists in X, whence

— (14X 1)\
= i bi
v=3 )
also exists in X. Let w = T~ *(|Tu|). Recalling that Ta L Th, Ta > 0, and Th < 0 and
applying Lemma 2.5.11 we see that

oo

szEB( —;)\ a; — 2>\ bi).
i=1

1=\
z = Z D 5 (ai — bz)
=1

exists in X and that w —z =Y ;2 BNa;.

(2c) We will now prove that if w,, n € N, are pairwise disjoint elements of X and
0 <u, <athen) ®u, exists in X. Indeed, we can find numbers m(n) € N, pairwise
disjoint components a,, ; of a,n € N, 1 < i <m(n), and scalars A, ; such that 0 < A, ; <1
and the element

It remains to notice that

) m(n)
ngl @(un — Z; )\n,ian,i)

existsin X. But Zzo:l ;1(1”) B ian,; exists in X by step (2b), whence our claim follows.

(2d) In this step we will prove that the band U = {a}?¢ is conditionally laterally
o-complete. Assume that elements u,, € U are pairwise disjoint and 0 < u,, < u where
u € U. Let v,, = u A na, wy = vy, and w,, = v,, © v,,_1 for n > 2. Then w,, are pairwise
disjoint elements in I,. Approximating w, by finite linear combinations of components
of a or b and recalling that X € (LC3) and T € (M) we can easily construct elements @
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and b in X such that u <a< b <2aand Ta L Tb. Now we see that Z;OZI Pu, exists in
X by step (2c) applied to the ideal I; instead of I,.

(2e) The fact that the space K, is basically disconnected follows immediately from
step (2d). Indeed, if O is a cozero set in K, then O = |J;_, F,, where F,, are clopen
disjoint subsets of K,. The element EZOZI @xF,a exists in I,, whence O is clopen in K,.

(2f) It remains to prove that U is a projection band in X (7). Notice that because
T € (M) the set TU is a band in Y. Let = be a positive element in X. For any natural
n let x, = x A na. Then because the space K, is basically disconnected, z,, = u, ® v,
where u,, is a component of x and v, is a component of na. Clearly u,, is a component
of Up41. Let wy, = Upt1 © uy. Without loss of generality we can assume that w,, # 0 for
every n. Let €, be positive scalars such that €, \, 0 as n — oo. Let a,, and b,, be linear
combinations of components of a and b, respectively, such that

{an}dd = {bn}dd C {wn}dd7 ‘an - wn‘ < Ena, |bn - wn| < Ena.

Because X € (LC3) we can choose the scalars €, in such a way that the elements u =
x4+, ®(a, —wy) andv=a+ ), ®(b, —w,) exist in X.

Let J be the principal ideal in Y generated by the element y = |Tu| + |Tv|. From
the definition of u and v, from Lemma 2.5.11, and from the fact that T'a 1 Tb it follows
easily that Tx € J. By the Krein—Kakutani theorem the ideal J is order isomorphic to
a norm dense sublattice of some C(K) where K is a compact Hausdorff space and the
isomorphism can be chosen in such a way that the image of y is the function 1. We will
identify the elements of J with the corresponding continuous functions on K.

The intersection TU N J is a band in J; let O be the regularly (canonically) open
subset of K corresponding to this band. Clearly u — v € U, whence Tu —Tv € TU, and
therefore the functions Tu, Tv coincide on K \ O. In particular we see that if t € K \ O
then both these functions take at this point either the value 1/2 or —1/2.

We claim that Tuw > 0 on O. Indeed, from the definition of u we see that there are
bands U,,, C U and non-negative scalars v, such that {{J,, Up Y4 = U and u—vya L U,.
Then Tu — v, Ta L TU,, and because T € () we have {{J,, TU,,}% = TU; it remains
to recall that T'a > 0.

Similarly we conclude that Tv < 0 on O and now it is plain to see that the set O is
clopen in K. Therefore Tz = y; @ y2 where y; € TU and yo L TU. Because T' € ()
we conclude that 2 = T~ 1y; @ T~ 'y, where Ty, € U and T 'y, € U%. But = was an
arbitrary element from X+ and therefore U is a projection band in X. m

5.2.2. LEMMA. Under the assumptions of Lemma 5.2.1 assume additionally that the split-
ting number d(T) is at least 3. Then the vector lattice X contains a non-trivial laterally
o-complete band U and d-dimU > 3.

Proof. This follows immediately from Lemma 2.5.8, the first part of the proof of Lem-
ma 5.2.1, and the obvious fact that if V is a vector lattice with a cofinal family of
components, d-dimV <n, and T : V — W is an injective d.p.o., then d(T) <n. =

(") This does not follow automatically from step (2d). There is an example of a vector lattice
X containing a non-trivial Dedekind complete band U such that no band V' C U is a projection
band in X (A. I. Veksler, private communication).
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5.2.3. LEMMA. Under the assumptions of Lemma 5.2.1 assume additionally that Y €
(LC3). Then the vector lattice X contains a laterally o-complete projection band.

Proof. Tt follows from Lemma 5.2.1 and from the first part of its proof that without loss of
generality we can assume that there are non-zero elements a,b € X such that a < b < 2a,
the band U = {a}dd is a conditionally laterally o-complete projection band in X, T'a > 0,
Tb < 0, and the compact space K, is basically disconnected. Let U,, n € N, be pairwise
disjoint non-zero projection bands in U. Let u, ;, & € N, be pairwise disjoint non-zero
elements in U,,. Because X € (LCj3) there are elements ay, i, by, € X such that a,, , and
by, i, arefinite linear combinations of components of a and b, {a,, . }%¢ = {by, 1} = {un 1 }9%,
and the elements Zn’k ®(an, k — Un,i) and Zn’k ®(an k —bn k) exist in U. By Lemma 2.5.11
theelement Y % > 2 (T 1 BTy ) existsin Y. Because Y € (LC3) we can find positive
scalars €, n € N, such that the element

y= @ > Tany

neN kEN
exists in Y. Applying again Lemma 2.5.11 we see that the element
T_ly = Z Den Z An, k
neN keN
exists in U. Because the band U is conditionally laterally o-complete the element
ZkeN @ay i exists in Uy, whence the element ZkeN @uy  also exists in U; and therefore
the band U; is laterally o-complete. m

5.2.4. LEMMA. Let X be a vector lattice. Assume that X contains a conditionally laterally
complete projection band U such that d-dimU > 1. Then there are a vector lattice Y and
a bijective d.p.o. T such that T € (M) but T~ does not preserve disjointness.

Proof. Because the band U has the projection property and d-dimU > 1 we can find
two d-independent elements a,b € U such that {a}% = {b}94. Let V = {a}?? and let V!
be the lateral completion of V' (V! can be identified with the intersection of all laterally
complete vector sublattices of V", the universal completion of V', which contain V). Tt
follows from [4, Theorem 3.2] that there is a band preserving projection P : V! — V!
such that Pa = a and Pb = 0. We define a d.p.o. S: V — V'@ V! by Sz = (Px, Pz —x).
Being conditionally laterally complete V' is an ideal in V! and therefore the arguments
from the proof of Theorem 13.14 in [5] can be repeated to show that Z = SV is a vector
sublattice of VI@ V! . Let W = V4 Y = Z@W, and T = S® Iy where Iy is the identity
operator on W. Clearly T is a bijective d.p.o. from X to Y and T' € (M), but d(T) = 2. u

5.2.5. LEMMA. Let X be a vector lattice. Assume that X € (LC3) and X contains a
laterally complete band U such that d-dimU > n > 2. Then there are a vector lattice
Y € (LC3) and a bijective d.p.o. T such that T € () and d(T) = n. Moreover, if
d-dim U = oo the operator T' can be chosen in such a way that d(T) = co.

Proof. The conditions of this lemma guarantee that there are a projection band V C U and
d-independent elements vy, . .., v, € V such that each v; is a weak unit in V. By Theorem 3.2
in [4] there are band preserving projections P; : V. — V such that Piv; = v;, Piv; = 0
if i # 7, P,V is a laterally complete vector sublattice of V', and the following implication
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holds: Pz =0,i=1,...n,=2z=0.Let W =V?%andlet T: X - WP, V& ---&P,V
be the operator Iyy @ Py @ - -+ @ P,,. Then T is a bijective d.p.o., T € (), and d(T') = n.

If d-dimU = oo we can find pairwise disjoint bands V,, C V, vector lattices Y,, and
bijective d.p.o. T,, : V,, — Y,, such that d(7,,) = n. Because U is laterally complete
V =3 @&V, is a projection band in X. If we take W = V¥ and T =TIy & > o T,
then d(T) = c0. =

5.3. Proofs of Theorems 5.1.4 and 5.1.5

5.3.1. LEMMA. Let X € (LCj3), Y be a vector lattice, and T : X — Y be a d-isomorphism.
Assume that T is not reqular. Then there is a principal band V = {v}44 in'Y" such that for
any sequence v, of patrwise disjoint elements in the interval [0,v] and for any sequence
An of positive scalars there are elements z, € V such that

o {2,}% = {v,}",

ez, > A\yUn,

o the element z =) @z, exists in Y.

Proof. By Theorem 5.1 in [5] and by Theorem 4.0.2 there are positive elements
r,r, € X, positive scalars §,, and a positive non-zero element v € Y such that the
compact space K, is zero-dimensional, ¢, | 0, z, < ,z, and [Tz,| > v, n € N.

Let V = {v}94 and let \,,v, be as in the statement of the lemma. Let u, =
[T~ (\,v,)|. Because the space K, is zero-dimensional, for any n € N we can find com-
ponents 4y, i, k € N, of u,, and positive scalars p,, 1, such that supy, w, x = u,, and (up , —
Pn k%)— L up k. The last condition guarantees that there are components x,, j of z such
that {x,, 1} = {u, 1 }9. Because X € (LC3) there are positive scalars &, 5 such that if
0 <wpp <ep iz and wyy € {umk}dd then the element ) > oy @wn p exists in X.

Let us consider elements x,; such that A,x,i < eppzr and [Tz, > v,
n,k € N. Then the element s = Y 07 | S°7° | @upp A Ap@p i exists in X. Recall that
for a disjointness preserving operator T' we have (see [33])

|T(a Ab)| > |Ta| A|TH|
for any a,b € X. Let s, = Y po; ®Unk A AyZp k. Then

ITsul = 3 ST (e A dnap)] = S Tt il AAgv = (Z @|Tun,k|) A A
k=1 k=1 k=1
= |Tn| A Apv = Apn A A = Ay,

It remains to take z, = [T's,|; then z = > ° @z, = [T's| exists in Y. m
5.3.2. COROLLARY. Let X € (LC3), Y € (AL) and let T : X — Y be a d-isomorphism.

Then the operator T is reqular and the vector lattices X and Y are order isomorphic.

5.3.3. LEMMA. Let X € (LC3) and Y be an arbitrary vector lattice. Let T : X —'Y be a
d-isomorphism. Assume that T is not reqular. Then X contains a projection band U with
the principal projection property and such that d-dimU > 1.

Proof. Let V. = {v}% be a band in Y with the properties from the statement of
Lemma 5.3.1. Let w € V, W = {w}9, and let y € YT. Let z = |w| A v A y. Then
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{2344 = W N {y}?. We represent the principal ideal Y (y) as a norm dense sublat-
tice in C'(K,) by identifying y with the function 1 € C(K,). For any natural n let
E,={te K,:1/(n+1) < 2(t) < 1/n}. Because Y (y) is norm-dense in C(K,) we can
find a sequence of elements z, such that

® 2, < 2,
o 2,(t) = z(t) for t € E,,
esuppz, C E,_ 1 UF,UE,,, assuming that Fq = ).

Clearly for any two natural p and ¢ such that p # ¢ we have 29,1 L 2251 and 29, L 29,.
The properties of the band V' guarantee that we can find elements w, € Y such that

o {w, )94 = {z,}dd,
e w, > (n+1)z,,
e the elements w() = Z;il Dway—1 and w? = Z;o:1 Bwsy, exist in Y.

The element yy = (w(l) + w(2)) Ay is a component of y and clearly yyr € W and
y —yw € W2 Thus we have just proved that V is a projection band in Y with the
principal projection property. Because T is a d-isomorphism U = T~'V is a projection
band in X and U has the principal projection property.

It remains to notice that d-dimU > 1 because otherwise the operator T|U would be
regular, which is not the case. m

5.3.4. LEMMA. Let X be a vector lattice. Assume that X contains a projection band
U with projection property and d-dimU > 1. Then there are a vector lattice Y and a
d-isomorphism T : X — Y such that T is not regular.

Proof. Without loss of generality we can assume that U = {a}9? = {b}9¢ where a, b are
d-independent elements in X. Let U" be the universal completion of U. Then there is a
band preserving projection P : U" — U" such that Pa = a and Pb = 0. In particular the
operator P is not regular. Then S = Iy + P, where Iy is the identity operator on U"Y, is
a non-regular d-isomorphism of U" onto itself. The set SU is a vector sublattice of U"
because U has the projection property and therefore is component-wise closed in U". It
remains to take V=U% Y =V & SU,and T =1, ®5: X - Y. n

5.3.5. LEMMA. Let X, Y € (LC3) and T : X — Y be a d-isomorphism. Assume that T is
not regular. Then X contains a laterally o-complete band.

Proof. Let V = {v}9 be as in Lemma 5.3.1. The proof of Lemma 5.3.1 shows that for
any sequence v, of positive pairwise disjoint elements in V' we can find pairwise disjoint
elements u,, € X with the properties

e the element z = ) 7| &z, exists in X for any sequence {z,} C X such that

0 <z, < up,

o w, = |Tuyp| > v,.
Let u =Y 7, ®uy,. The element w = |Tu| = Y, Pw, exists in Y. Because Y € (LC3)
there are positive scalars d,, such that if y,, is a sequence of pairwise disjoint elements
from the interval [0, w] and y,, < d,,w, then the element ) @y, exists in Y.
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Because V' has the projection property, for any n there are components wy, j, j =

1,...,m(n), of w, and scalars A, j, 0 < A, ; <1, such that
m(n)
=3 Orn | < .

j=1
Let w,, = Z;n:(?) @A, j Wy, ;. Then

m(n)

Tﬁllfbn = Z @)\ijil’wn’j;

j=1
and because T*Iwmj is a component of u,, the element Zn AT 'w,, exists in X. There-
fore the element ) ®w, exists in Y, whence ) @wv, exists in Y and the band V is
laterally o-complete. It remains to notice that under the conditions of this lemma the

domain X and the range Y can be interchanged. =

5.3.6. LEMMA. Let X be a vector lattice and let U be a laterally complete band in X such
that d-dimU > 1. Then there is a non-reqular d-isomorphism T : X — X.

Proof. As was first proved in [33] (see also [5]) there is a non-regular band preserving
projection P : U — U. Then S = I + P is a d-isomorphism of U onto U. Recall that U
is a projection band in X. Let V =U% and T = I;y & S. Then T is as required. m

6. Weakly cy-complete domains with the projection property
or with the countable sup property

6.1. The general case. In the next remark we combine some simple properties of vec-
tor lattices with the countable sup property.

6.1.1. REMARK.

(1) As already noticed a vector lattice X has the countable sup property if and only
if for any = € X the Krein—Kakutani space K, satisfies the countable chain
condition, K, € (ccc), i.e. any family of non-empty pairwise disjoint open subsets
of K, is at most countable.

(2) The condition X' € (CSP), where X' is the lateral completion of X, means
exactly that any set of pairwise disjoint elements in X is at most countable.
Clearly X! € (CSP) iff X € (CSP) and X has a weak unit.

(3) Clearly, for vector lattices from (CSP) the notions of conditional lateral complete-
ness and conditional lateral o-completeness coincide.

(4) In general a laterally o-complete vector lattice X € (CSP) need not be laterally
complete but any principal band in it is laterally complete.

(5) In general if X € (CSP) and X has the principal projection property it might
not have the projection property even if it has a weak unit. Take for example
a zero-dimensional infinite compact space K and the vector lattice of all real-
valued functions continuous on K and taking only a finite number of values. But
if we assume additionally that X € (LC,4) then any principal band in X has the
projection property by Proposition 2.2.7.
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From the results of Section 5 and from Remark 6.1.1 we immediately obtain the
following two results.

6.1.2. THEOREM. Let X be a weakly co-complete vector lattice. Assume additionally that
either

e X has the countable sup property, or
e any principal band in X has the projection property.

Then the following statements are equivalent.

(1) Any bijective d.p.o. T : X — 'Y such that T € () is a d-isomorphism.
(2) For any conditionally laterally complete projection band U in X we have d-dim U
=1.
If we assume additionally that X € (CFC) then conditions (1) and (2) above are equiva-
lent to

(3) The vector lattice X is d-rigid.

6.1.3. THEOREM. Assume the conditions of Theorem 6.1.2. Then the following statements
are equivalent:

(1) For any bijective d.p.o. T : X —Y such that T € (M) we have d(T') < 2.
(2) For any laterally complete band U in X, d-dimU < 2.

6.1.4. THEOREM. Assume the conditions of Theorem 6.1.2. Then the following statements
are equivalent.

(1) Any d-isomorphism T : X — Y is regular.

(2) For any projection band U in X with the projection property we have d-dimU = 1.

If we assume additionally that X € (CFC) then the conditions above are equivalent to
(3) X is super d-rigid.

6.1.5. THEOREM. Assume the conditions of Theorem 6.1.2. The following statements are
equivalent:

(1) Any bijective d.p.o. T : X —Y where Y € (LCy) is a d-isomorphism.
(2) Any d-isomorphism T : X — 'Y where Y € (LCy) is regular.
(3) For any laterally complete band U in X, d-dimU = 1.

In the case of vector lattices with the countable sup property we can say more than
is stated in Theorem 6.1.5. Let us first recall that for any d.p.o. T : X — Y there is a
maximal ideal Ry C X such that the restriction T|Rr is regular [34].

6.1.6. LEMMA. Let T : X — Y be a bijective d.p.o. and let T € (M). Then the ideal Rt
s a band in X.

Proof. It is enough to prove that for any net z, of positive elements in Ry such that
X = sup, T, exists in X and for any z € [0,z] we have |T'z| < |Tz|. For any « let V,, =
{(224 — )4 }94. Then {V,} is a full system of bands in {Rr}4¢ and (|Tx|—|Tz|)- L TV,
for any . But T € (rh), whence the system {T'V,} of bands is full in {TR7}% and
therefore (|Tx| — |Tz|)—- =0. m
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6.1.7. REMARK. De Pagter proved in [34] that for any band preserving operator T': X —
X the ideal R is a band in X. It would be interesting to fully describe the class of all
d.p.o. for which Rt is a band.

6.1.8. THEOREM. Let X € (LC3) and T : X — Y be a d-isomorphism. Assume addition-
ally that X € (CSP). Then

X=Rro Ar
where Ar is the band of anti-regularity for T. If we assume additionally that Y € (LCs)
then for each z € Ar the band {2}9? is laterally complete.

Proof. 1. Assume first that there is a positive weak unit u in X. The ideal R is a band in
X by Lemma 6.1.6. Let Ar = {R7}%. If A7 = 0 there is nothing to prove. Otherwise there
are [33] an x € [0, u], scalars €, \, 0, elements z,, < ¢,2 and a non-zero v € Y, such that
|Tx,| > v.Moreover the proof of Theorem 5.1 in [5] shows that we can take v = (|Tz|—|Tx|) +
where z is any element from X such that 0 < z < z but (|T%| — |T'z|)+ # 0. From the proof
of Lemma 5.3.1 we see that V = {v}? is a projection band in Y and therefore U = T~V
is a projection band in X. Let x1 = Pyx, 21 = Pyz, and v; = v where Py is the band
projection on U. Then 0 < z; < z7 and |T'z1| — |Tx1| = vs.

Because X has the countable sup property we can find pairwise disjoint non-zero
elements x,, € [0,u] and elements z, € [0,,] such that v, = |Tz,| — |Tx,| > 0 and the
system of bands U, = T~{v,}% is full in Az. Because X € (LC3) we can find scalars
en \, 0 such that the elements T = > 07 | ® e,2, and 2 = > - | @ €,2, exist in X.
Then 0 <z <7 and v = |[TZ| — [TZ| = 307, ® €,0,. By Lemma 5.3.1, V = {9}% is a
projection band in Y, whence Ar = T~V is a projection band in X.

IT. The general case follows easily from the one already considered. Indeed, if z € X
let Z = {z}94 and let S = T|Z. By part I, Z = Rs @ As and obviously Rg = Rr N Z
and Ag = Ar N Z. Therefore z = z; ® 2o where z; € R and 29 € Ar.

ITL. Finally, if Y € (LC3) we apply Lemma 5.3.5. m

6.2. Dedekind complete domains. Relatively uniformly complete domains with
the countable sup property. The class of r,-complete vector lattices is particularly
important and the statements of our main results become simpler because every r,-
complete vector lattice with the projection property is Dedekind complete and every
laterally complete r,,~complete vector lattice is universally complete [38, 39]. Moreover, if
a Dedekind complete vector lattice has d-dimension greater than one then its d-dimension
is infinite [5, Theorem 6.8].

More importantly, in this case we can prove (see Theorem 6.2.3) that if Y € (CSP)
then any bijective d.p.o. from X to Y is in ().

The next theorem follows from our previous results.

6.2.1. THEOREM. Let X be either a Dedekind complete vector lattice or an r,-complete
vector lattice with the countable sup property.
I. The following conditions are equivalent:
o X is d-rigid.
o X is super d-rigid.
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e For any Dedekind complete projection band U C X, d-dimU = 1.
o Any d-isomorphism T : X — Y is regular.

II. The following conditions are equivalent:

e [For any bijective d.p.o. T : X — 'Y we have d(T) < 2.

o Any biective d.p.o. T : X — Y, where Y is an r,-complete vector lattice, is
reqular and therefore a d-isomorphism.

o For any universally complete band U C X, d-dimU = 1.

Our next result shows that Problem B has a positive solution for r,-complete vector
lattices with the countable sup property.

6.2.2. THEOREM. Let X be either a Dedekind complete vector lattice or an r,-complete
vector lattice with the countable sup property. Let Y be an r,-complete vector lattice
and let T : X — Y be a d-isomorphism. Then the vector lattices X and Y are order
isomorphic.

Proof. If X is a Dedekind complete vector lattice our statement is exactly Theorem 14.18
in [5]. If X is r,-complete and X € (CSP) then it follows immediately from Theorem 6.1.8
that the band A7 is Dedekind complete and it remains to apply Theorem 14.18 from [5]. =

6.2.3. THEOREM. Let X be an ry-complete vector lattice, let Y be a vector lattice such
that any family of non-zero pairwise disjoint elements in'Y has cardinality less than 2%,
and let T : X —Y be an injective d.p.o. Then T € ().

Proof. Assume to the contrary that T ¢ (M). Then there are a band U C X and an
element x € X such that Tx 1. TU but « Y U. Let I = I, be the principal ideal in X
generated by x. We will identify I with C(K,); as usual, x will be identified with the
function 1. The set U N I, is a band in C'(K,); let O be the canonically (regularly) open
subset of K, corresponding to this band. Recall that K, € (ccc). In what follows we
repeat (up to notation) the arguments employed in [36, proof of part IV of Proposition
on page 130].

Let p,g € O, p # q and let h € C(K) with supph C O, h(p) = 0, h(g) = 1, and
h(K) C [0,1]. Let H C [0,1] be a Cantor set; then H = J, . H, where H, are disjoint
Cantor sets and card(I") = 2%0. Let ., be the Cantor function associated with H., . For all
v € I'\A, where A C I" and card(A) < 2%, the set h~!(H,) has empty interior. Therefore
for any such « the function f, = ¢, o h is an essentially constant non-zero function from
C(K) and 2(f,) 2 h=1([0,1] \ H,) where £2(f) = {t € K : f is constant in some open
neighorhood of t}. Therefore if 1,72 € I' \ A and 1 # v then 2(f,,) U 2(f,,) = K.

We claim that T'(f,,z) L T(f,,x). To prove this consider z € I,. Then we can find
elements z; € I, 1 < i < n, such that z = Z?:l z; and for each i either f,, = ¢; on
supp z; or fy, = ¢; on supp z; where ¢;, 1 < ¢ < n are some scalars. Fix ¢ and let for
definiteness f,, = ¢; on supp z;. Then (f,,« — ¢;z) L z; and because Tz L T'z; we see
that T'f,,x L T%z;. Similarly, if f,, = ¢; on supp z; then T'f,,x L Tz;. Therefore

y=|Tfyx|N|Tfyx| L 2.
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But z is an arbitrary element of I, whence y L T'I,. In particular y L T'f,, z, k = 1,2,
whence y = 0.

We have obtained a family of pairwise disjoint elements in Y of cardinality 2%, in
contradiction with our assumption that Y € (CSP). m

7. Huijsmans—de Pagter—Koldunov theorem

The Huijsmans—de Pagter—Koldunov theorem (briefly HPK-theorem)—one of the main
results in the circle of problems we are discussing—states the following.

7.0.1. THEOREM ([25, 28]). Let X be an ry-complete vector lattice and Y be a normed
vector lattice. Let T : X — Y be an injective d.p.o. Then © 1 z < Tx L Tz. Moreover,
if T is a bijection then it is regular.

In this section we will discuss two questions:

(1) To what extent can the conditions on X and Y in Theorem 7.0.1 be weakened?

(2) Under what conditions can we interchange X and Y in Theorem 7.0.17 More
precisely, if we assume that Y is r,-complete, what should be the conditions on
X for the result to be true?

This section is divided into three subsections. The first one contains direct generaliza-
tions of the HPK-theorem based principally on de Pagter’s technique. In the second one
we consider the case when the topology on the range Y is defined by a countable family
of lattice seminorms. Finally in the third one we consider the case when the domain X
satisfies the weak Luxemburg condition (A}’) and the range Y is an r,-complete vector
lattice.

7.1. The HPK-theorem. Some improvements. Here we will prove that the state-
ments of Theorem 8 in [34] and Theorems 5.2 and 5.3 in [5] remain true if instead of
considering a relatively uniformly complete domain X we require only that X € (LCs).

7.1.1. THEOREM. Let X,Y be vector lattices, X € (LC3), andY € (Ap). LetT: X =Y
be a d.p.o. Then Ry, the mazimal ideal of reqularity of T, is order dense in X.

Proof. 1t is enough to prove that for any x € X the ideal Ry N I, is order dense in I.
The last statement follows from Lemma 7.1.2, which we will also use later. m

7.1.2. LEMMA. Let X be an order dense vector sublattice of some C(K). Assume addi-
tionally that 1 € X and X € (LCs). Let Y € (Ap) and T : X — Y be a d.p.o. Let
Z={keK:xz(k)=0 for all x € Rr}. Then the set Z is at most finite.

Proof. If Z were infinite we would be able to find disjoint regularly open sets O,, C K,
n = 1,2,..., such that O, N Z # 0. Let B,, be the band in X corresponding to the
set O,. The operator T : B,, — Y cannot be regular because this would contradict
the maximality of Ry. By the McPolin-Wickstead theorem [33] for any n we can find

clements z{i) € B,, such that ||x,(ﬁ)||C(K) N0 as m — oo, and [Tz >y, € Yy, yn # 0.
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Let &,,, Ay, be positive scalars. For any n choose m(n) in such a way that fos()n)ﬂ <
€n/An. Because X € (LC3) we can choose the scalars ¢, in such a way that the element
T =00 BNy () exists in X. Then [Tx| > |Txn)|An > Anlynl, in contradiction

with our assumption that Y € (Ap). m

7.1.3. THEOREM. LetT : X — Y be a d.p.o. Assume that Ry is order dense in X. Then
either the kernel ker(T') of T' contains a non-trivial ideal, or T' is injective.

Proof. Let u be a non-zero positive element in X such that Tu = 0. Because Ry is order
dense in X we can find a positive v € R such that (v —u)y # 0. Let w = u A v and
let z € J=1I,N{(v—u);}% Then (u—w) L z, whence (Tu — Tw) L Tz and because
Tu = 0 we have Tw L Tz. But z € I, and the restriction T'|I,, is regular, whence Tz = 0
and therefore J C ker(T). m

7.1.4. THEOREM. Let T : X — Y be an injective d.p.o. such that the ideal Ry is order

dense in X. Then
zlz e T 1Tz

Proof. Assume contrary to our claim that there are u,v € X such that u A v # 0 but
Tu L Tv. Let w =u+v and let S : I, — Y be the restriction of T' to the principal
ideal I,,. We identify I,, with an order dense vector sublattice of C(K), where K = K,
is the corresponding Krein—Kakutani space, and we identify w with the function 1. Our
assumptions guarantee that the set Z = {k € K : z(k) = 0 for all z € Rg} is nowhere
dense in K. Let O = {t € K : (uAv)(t) > 0}. We can find non-empty open subsets U, V/
of O and positive elements u,v € I, such that U Cc V, VN Z =, supp(u+2) C V,
u=wuon U, and v = v on U. Let z be a non-zero element of [, such that suppz C U
and 0 < z <wuAwv. Then u —u L z, whence Su — Su L Sz and similarly Sv — Sv L Sz.
But Su L Sv, whence

(%) |Su| A ST L Sz.

On the other hand the restriction of the operator S on the principal ideal I35 is regular
and therefore by Theorem 2.3.2,

() |Sz| < |Su| A|SD).

It follows immediately from (%) and (*#) that Sz = 0, in contradiction with the injectivity
of S. m

The operator T from Theorem 7.1.4 might be non-regular even if X and Y are Ba-
nach lattices (see Remark 3.1.4). But under an additional assumption we can prove its
regularity.

7.1.5. THEOREM. Let T : X — Y be a d.p.o. such that the ideal Ry is order dense
in X. Assume that for any full in X system of bands {U,} the system {{TU,}4} is full
in {TX}%. Then the operator T is regular.

Proof. Let u,v € X and 0 < u < wv. Let I = I, and K be the Krein—Kakutani space of
the ideal I. The assumption that Ry is order dense in X implies that there is a family
{ty, vy }yer of elements of I with the following properties:



42 Y. A. Abramovich and A. K. Kitover

0<uy <vy <w.

uy = u and v, = v on some non-empty regularly open set O, C K.

U, er O is dense in K.

Iv-y C Rr.

Let B, be the band in X defined as B, = {z € I : suppz C O,}%. Then v —u, L B,
and v —vy L B,, whence Tu — Tu, L TB, and Tv —Tv, L. TB,. On the other hand,
by Theorem 2.3.2, |Tuy| < |Tv,| and therefore (|Tv| — |Tu|)— L T'B,. Our assumptions
imply that the system of bands {T'B.}% is full in {TT}9¢. Therefore (|Tv| — |Tu|)- =0
and T is regular by Theorem 2.3.2. m

7.1.6. COROLLARY. Let T : X — Y be a bijective d.p.o. such that the ideal Ry is order
dense in X. Then T is regular.

7.1.7. COROLLARY. Let X,Y be vector lattices, X € (LCs), and Y € (Ap). Let T :
X — Y be ad.p.o. Assume that ker(T) does not contain any non-trivial ideal. Then T
18 injective and

rlz & Tr LTz

Moreover, if T is a bijection then T is regular.

7.2. The case when the range Y is countably normed. Let us recall the following

7.2.1. DEFINITION. A vector lattice X is called countably normed if there is a countable
system of lattice semi-norms p,, on X such that p, < p,4+1 and, for any z € X,

Vo pa(x) =0 = x=0.

7.2.2. LEMMA. Let K be a compact Hausdorff space and X be an order dense vector
sublattice of C(K) such that 1 € X and X € (LCg). Let Y be a countably normed vector
lattice, and T : X — 'Y be an injective d.p.o. Assume also that there are u,v € X, such
that u Av # 0 but Tu L Tv. Let O = {k € K : (uAwv)(k) > 0}. Then the set O is
separable and therefore cl O is a metrizable compact space.

Proof. For any n € N the set J, = {y € Y : p,(y) = 0} is an ideal in Y and the factor
Y, = Y/J, is a normed vector lattice with the norm p,,. For any € X let T,z = Txn
where T:cn is the class of Tz in the factor Y,,. Then T}, : X — Y, is a well defined linear
operator but of course it might be non-injective. Let I,, = Rz, be the maximal ideal
of regularity of T,, and let Z, = {k € K : (k) = 0 for all € I,}. By Lemma 7.1.2
the set Z,, is at most finite. Moreover the proof of Theorem 7.1.4 shows that if z € X,
supp z C O and supp z N Z,, = () then T,,z = 0.

We claim that the set Z = |J,,cyy Zn is dense in O. Indeed, otherwise we can find a
non-zero z € X such that for any n € N we have T,,z = 0, whence p,(Tz) = 0 for all
n € N and Tz = 0 in contradiction with the injectivity of T'. m

7.2.3. COROLLARY. Let X be a vector lattice with the principal projection property. Let
Y be a countably normed vector lattice and let T : X — Y be an injective d.p.o. Then

rlz e Te LTz
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Proof. Assume to the contrary that there are w,v € X, such that u Av # 0 but Tu L
Tv. Consider the restriction of T to the main ideal X, ,. Let K be the corresponding
Krein—Kakutani space. The subset supp(u A v) of K does not have isolated points, and
because X, has the principal projection property this subset cannot be metrizable, in
contradiction with Lemma 7.2.2. m

We will need a simple lemma which is probably well known.

7.2.4. LEMMA. Let K be compact space, Z be a countable subset of K and V be a non-
empty open subset of K. Then there is a non-zero function f € C(K) such that supp f C
V' and for any z € Z there is an open neighborhood V (z) such that f is constant on V(z).

Proof. Let g € C(K) be a non-zero function such that 0 < g < 1 and suppg C V.
Then g(Z) is a countable subset of [0,1] and we can find a function ¢ € C]0, 1] such
that ©(0) = 0, ¢(Z) # {0}, and for any z € Z the function ¢ is constant on some open
interval which contains g(z). The function ¢ o g is as required. m

7.2.5. LEMMA. Let K be a compact Hausdorff space, X = C(K), and let Y be a countably
normed vector lattice. Let T : X — Y be a disjointness preserving injection. ThenT € (M).

Proof. If T ¢ (M) then there are a regularly open set V' C K and a function f € C(K)

such that f > 0 on V but for any z € C(K) such that suppz C V we have Tf L Tw.
For any n € N let the vector lattice Y,,, the operator T;, : X — Y,, and the set Z,, C K

be defined as in the proof of Lemma 7.2.2. Recall that by Lemma 7.1.2 for any n € N the

set Z, is at most finite, whence Z = Z, is no more than countable. Lemma 7.2.4

neN
guarantees that there is a non-zero g EEC(K) such that 0 < g < 1, suppg C V, and
for any z € Z the function g is constant on some open neighborhood of z. The function
h = gf is not zero. We are going to prove that Th = 0 in contradiction with the injectivity
of T, and to do this we have to show that p,(Th) = 0 for any n € N.

Let us fix some n € N. If Z,, = () then the operator T;, is regular and because h < f

and T,,h L T, f we have T,,h = 0, which means exactly that p,(Th) = 0.

Therefore we can assume that Z, = {z1,...,2,}. Let Vi, i = 1,...,m, be pairwise
disjoint open neighborhoods of z;, and ¢;, i = 1,...,m, be scalars such that g = ¢; on V;.
Then we can find functions h;, ¢ = 1,...,m, with the following properties:

e supp h; C Vi,

e 0 S hz S h7

e h; = h on some open neighborhood of z;.
Let h = 27:1 hj. For any j € {1,...,m} we have (¢;f —h) L h;, whence (¢;Tf —Th) L
Th;. But Tf L Th, therefore Th L Thy, i € {1,...,m}, whence Th L Th, which of
course implies that
(%) Toh L Tph.
On the other hand, h — h =0 on some open neighborhood of Z,,, whence (see the proof
of Theorem 7.1.4)
(%) To(h —h) = 0.
Together () and (xx) imply that T,,h = 0 and we are done. m
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We are ready to prove the main result of this subsection.

7.2.6. THEOREM. Let X be an ry-complete vector lattice and Y be a countably normed
vector lattice. Let T : X — Y be a disjointness preserving bijection. Then the inverse
operator T~ 1 Y — X also preserves disjointness. Moreover the operator T is regqular
and the vector lattices X and 'Y are order isomorphic.

Proof. By Lemma 7.2.5 the restriction of T' to any principal ideal in X satisfies h and
therefore T € (M) . If T-! does not preserve disjointness then by Theorem 5.1.1, X
contains a Dedekind o-complete projection band U such that the operator 7= : TU — U
does not preserve disjointness. This contradicts Corollary 7.2.3.

We have just proved that T is a d-isomorphism. If T were not regular then by Theo-
rem 5.1.4 and Lemma 5.3.1 the domain X would contain a Dedekind o-complete projec-
tion band U with the following property:

e For any order bounded sequence u,, of pairwise disjoint elements in U and for any
scalars A, the sequence \,,Tu,, is order bounded in Y.

Clearly we can assume that U is a principal atomless band and therefore it is order
isomorphic to an ideal I in Cy (K) where K is a basically disconnected compact space
without isolated points. We will identify U and I. Let e be a positive weak unit in U. For
any n € N let us say that a point £ € K is in the set O,, if there is a clopen neighborhood
V of k such that suppu C V = p,(Tu) = 0 for any u € [0, ¢]. Obviously O,, is an open
subset of K.

Let F,, = K\ O,,. We claim that the set F,, is at most finite. Indeed, otherwise we
could find an order bounded sequence u,, of pairwise disjoint elements in U such that
Pn(Tuy,) > 0 for any m € N. Let A, be positive scalars such that A,,p,(Tu,,) — oo as
m — oo. The sequence \,,Tu,, is order bounded in Y, whence there is a y € Y such that
Am|T U | < |y| for any m € N. But then p,(y) = oo, a contradiction.

The set F' = J,~, F,, must be dense in K. Otherwise we would find a non-zero u € U
such that p,(Tu) = 0 for any n € N; but this is impossible because K is a basically
disconnected compact space without isolated points. m

7.3. Range-domain interchange in the HPK-theorem

7.3.1. THEOREM. Let T : X — Y be a disjointness preserving bijection, and let the
following conditions hold:

(1) the vector lattice X satisfies condition (AY),
(2) the vector lattice Yis r,-complete,
(3) the operator T satisfies condition .

Then the inverse operator T~ is also disjointness preserving and, hence, T is a d-
isomorphism. Furthermore, the operators T and T~ are regular, and the vector lattices
X and'Y are order isomorphic.

Proof. Assume, contrary to our claim, that there are u,v € X such that u Av > 0
and Tu L Twv. In view of Theorem 4.0.1 we can assume without loss of generality that
u < v < 2u and that the Krein-Kakutani space K, is zero-dimensional. Moreover by
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Lemma 2.5.7 we can assume that Tu > 0. Fix a decreasing sequence {u,} such that
un, — v in the C'(K,)-norm, where each u, is a linear combination of components of w.

Since each u,, is a linear combination of non-negative components of u, the image Tu,,
is a linear combination of non-negative components of Tu, and so obviously Tu, 1 Tv.
The condition that {u,} is C'(K,)-Cauchy in X implies easily that the sequence {Tu, }
is C'(Kry)-Cauchy in Y and, therefore, there exists some y € Y such that Tu, — y.
Clearly y 1L Tw.

Let w = T~ 'y and consider the pair v,w in X. As noted above, the images Tv and
y = Tw are disjoint. Let us verify that the elements v, w themselves cannot be disjoint.
Indeed, let B be the band generated by u, that is, B = {u}%?. Since T satisfies condition
M the image TB is a band in Y [6, Proposition 3.2], and clearly Tu € TB. Therefore,
{Tu} C TB. Recall now that y is the C(Kr,)-limit of some linear combinations of
components of T, and so y is contained in the band {Tu}?¢. This implies that w € B.
Since v has the same width as u we conclude that w [/ v.

By Theorem 4.0.1 we can find non-zero components v and w of v and w, respectively,
such that ¥ < w < 20 and |v — @] > ¢v, where ¢ is some positive constant.

The compact space K3 cannot have isolated points (this would contradict 70 L
Tw) and therefore we can find an infinite sequence {v;} of non-zero pairwise disjoint
components of ¥. Let wy = w A 2vx; then for any k we have {v}9¢ = {w;}% and
|vg — wg| > cvg.

For each k let u, ; = u, A v and note that the sequence {u, i}, converges in the
C(K,)-norm to vg. Therefore, the sequence {Tu, i}, converges in the C'(Krp,,)-norm to
some ¥y, which is clearly a component of y.

For each k the element w,, 1, is a component of u,, so that T'u,,  is a component of Tu,,,
and it is plain to see now that 7'y, = wy. Let us fix some positive scalars A,. For any
k we can find a positive integer ny such that

1

1
[T, 1o — Yie| < Y [y, [Unge —vk] < 3 |wy, — Vg

Since Y is 7,-complete, the element yo = >, A\p(Tup,  — yi) exists in Y. Let zo =
T~1yo. Then the assumption T € () implies that for each k we have

1 c
|zo| > Ak |tng,m — wi| > §>\k\vk — wy| > 5)\mvk-

Recall now that {vy} is an arbitrary disjoint sequence of non-zero components of
v, and therefore the last inequality shows that X ¢ (A[). But the space Ky is zero-
dimensional and Proposition 2.6.4 implies that X ¢ (A}), in contradiction with our
assumption.

As soon as we know that T is a d-isomorphism, Corollary 5.3.2 implies that T is
regular. Finally, it remains to notice that by Theorem 4.12 in [5] the regularity of a
d-isomorphism T implies that 7! is also regular and that X is order isomorphic to Y. =

7.3.2. REMARK. Example 3.2.2 shows that the assumption 7" € () in Theorem 7.3.1
cannot be dropped. Indeed, in that example X is a normed lattice, Y is a Banach lattice,
and T : X — Y is a bijective d.p.o. which is not a d-isomorphism.
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8. Applications to spaces of continuous functions

In this section we apply our previous results to the important case when either the
domain X, or the range Y, or both are vector lattices of continuous functions on a
Tikhonov (completely regular) topological space.

We refer the reader to [14, 20] and to [6, Section 4] for a more complete discussion of
related problems and more extensive bibliography.

For the reader’s convenience let us notice that according to the terminology introduced
in [14] a bijective d.p.o. T : C(§21) — C({23), where 21 and {25 are Tikhonov spaces, is
called a separating map and if T is a d-isomorphism it is called a biseparating map.

The following important result was proved in [15].

8.0.1. THEOREM ([15]). Let 21,825 be Tikhonov spaces and T : C(§21) — C(£22) be a
d-isomorphism. Then there are a homeomorphism ¢ of v{21 onto v{2s, where v{2; and
v§2y are realcompactifications ([21, Section 8.4]) of £21 and (29, respectively, and a non-
vanishing function w € C(§23) such that

Tf=w(fop), [feC(f).

A generalization of Theorem 8.0.1 to the case of P-algebras was obtained in [20].
(see also [14] and [27]). Let us also remind the reader that a representation of a regular
d.p.o. as a weighted composition on absolutes (or Stone spaces) of X and Y is always
possible [1, 2].

We will need the following result.

8.0.2. THEOREM ([20, Theorem 5.5]). Let {2 be a Tikhonov space. Then for every Dedekind
o-complete band U in C(£2) we have d-dimU = 1.

Our next two results follow immediately from Corollary 5.1.2 and Theorems 5.1.4,
5.1.5, and 8.0.2.

8.0.3. THEOREM. Let {2 be a Tikhonov space with a m-base of clopen subsets. Then:

(1) For any r,-complete vector lattice Y (8) and for any bijective d.p.o. T : C(2) — Y
the operator T is a regular d-isomorphism.

(2) If Y is an arbitrary vector lattice and T : C(£2) — Y is a bijective d.p.o. then
d(T) < 2 (see Definition 2.3.4).

(3) If we additionally assume that any clopen basically disconnected subset E in 2
is ”"Specker” (i.e. every continuous function on E is essentially constant, Defi-
nition 2.4.10) then C(£2) is super d-rigid, i.e. for any vector lattice Y and any
bijective d.p.o. T : C(§2) — Y the operator T is a regular d-isomorphism.

8.0.4. THEOREM. Let {2 be a Tikhonov space, Y be an r,-complete vector lattice, and
T:C(82) =Y be ad-isomorphism. Then T is reqular and Y is order isomorphic to C(£2).

The next theorem follows from Theorem 6.2.3.

8.0.5. THEOREM. Let 21 and (25 be Tikhonov spaces, and assume that any family of
pairwise disjoint open subsets of £2o has cardinality less than 2%0. Then any bijective
d.p.o. T:X —Y is a regular d-isomorphism.

(%) In particular for Y = C(I") where I' is a Tikhonov space.
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Finally, from Theorem 7.2.6 we obtain

8.0.6. THEOREM. Let 21 and (25 be Tikhonov spaces, and assume that the space (25 is
o-compact. Then every bijective d.p.o. T : X —'Y is a regular d-isomorphism.

8.0.7. PROBLEM. Can we drop either the condition that {2 has a m-base of clopen subsets
in Theorem 8.0.3 or the condition on {25 in Theorem &8.0.57

The only case known to us when the answer to Problem 8.0.7 is positive is the one

when 2, = [0, 1] (see [10]).

We want to mention a special case of Problem 8.0.7 which, we think, might be crucial

to solving the general problem.

8.0.8. PROBLEM. Let £2; = [0,1] x [0,1] and {23 be an arbitrary Tikhonov space. Is any
bijective d.p.o. T : C(£21) — C({22) a d-isomorphism?
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