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)���!�&

j ≥ 0.tc'D��' ��&(�D��'
Tj

' �K�
j
' �k�(+

j ≥ 1
�(���F�0'<&($p'C����$p+1�3�����
'<�K�

2j−1
e��O���(�����

m =
p− 1

2
, Hm(X) = 1 + 2

m∑

j=1

Tj ∈ Z[X], Gm(X) = Hm(X/2).
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Gm(X)
��)�)��4&K�0+1' ���n@

Z[X]
' �k'<�K�h+-&(&(�<��!�:.�0+1%�5-'C!���+a����+-&('D��'���'<��&(�

m
e
l�? ' �K�h51'

)���5�������$p'C$p+-��+1$d��5Y��'
ζ + ζ−1

���
ζ
' �K�k!"�>���<��� &7�4�0' !"&
��'

µp
e�f��b�A5j? �<����5-+-�0�

I y L
Φp(X) = Xm Gm(X + 1/X).fh�Q'<�>��� �"!�+a�
51' �
��'<!�qF� ������:<� �k: +a�B��'<�(�(��!��D�

� ¡����"�O� �^�Y����� � e J6�,¤"¥ R�R�T�¦ T�W"¦
m

R�_�\�S ¨ ¤ T�\BU�W3Z
Yd,p/Q

U Z
Zd,p/Q

`aU.¦��0T ¥ S<¬7U�¦�­cª �7§ ¥ _GZ9\~T�W"¦
Yd,p : dv2 = Gm(u), Zd,p : dv2 = (u2 − 4)Gm(u).

	 `OU�
�\�¦�ZjU#­�U ¥ 
>_�R�R�` \��7_GZ9\BT�W"¦nS0_GZ9\BT�W�WYU `^`aU.¦A­
���2W"\BU�¦C¦ ¥ S
Q
=2­�U#­�U��GS��

2
=

ϕ1 : Xd,p → Yd,p, ϕ2 : Xd,p → Zd,p,­
���2W"\BU�¦*R�T ¥ SDZjT ¥ ZcR�T�\^W3Z
P = (x, y) ∈ Xd,p(Q)

ZjU.`O§ ¥ U
x 6= 0

R�_�SD`aU.¦����6_G` \9Z���¦
I���L

ϕ1(P ) =

(
x2 + 1

x
,

y

xm/2

)
, ϕ2(P ) =

(
x2 + 1

x
,
y(x2 − 1)

x(m+2)/2

)
.

� ¡����"�O� �^�Y����� � e �"�,¤"¥ R�R"T�¦.T�W"¦
m

\�«nR�_�\^S ¨ ¤ T�\BU�W3Z
Yd,p/Q

U Z
Zd,p/Q

`aU.¦��7T ¥ S<¬7U.¦k­cª �7§ ¥ _GZ9\BT�W"¦
Yd,p : dv2 = (u+ 2)Gm(u), Zd,p : dv2 = (u− 2)Gm(u).

	 `OU�
�\�¦�ZjU#­�U ¥ 
>_�R�R�` \��7_GZ9\BT�W"¦nS0_GZ9\BT�W�WYU `^`aU.¦A­
���2W"\BU�¦C¦ ¥ S
Q
=2­�U#­�U��GS��

2
=

ϕ1 : Xd,p → Yd,p, ϕ2 : Xd,p → Zd,p,­
���2W"\BU�¦*R�T ¥ SDZjT ¥ ZcR�T�\^W3Z
P = (x, y) ∈ Xd,p(Q)

ZjU.`O§ ¥ U
x 6= 0

R�_�SD`aU.¦����6_G` \9Z���¦
I���L

ϕ1(P ) =

(
x2 + 1

x
,
y(x+ 1)

x(m+1)/2

)
, ϕ2(P ) =

(
x2 + 1

x
,
y(x− 1)

x(m+1)/2

)
.

� �"£��}¡����c� J6�
J4Lh� ��+-'<���

g(Yd,p)
51'n��'<��&('C��'

Yd,p
'.�
g(Zd,p)

:<' 5-!�+}��'
Zd,p

e
� L
� +

m
'<�K�k)3��+-&
���X�

g(Yd,p) =
p− 5

4
, g(Zd,p) =

p− 1

4
.% L
� +

m
' �K�k+-$,)3��+-&*���X�

g(Yd,p) = g(Zd,p) =
p− 3

4
.

��L tO�F:<�G!"&(%�'
Xd,p

)����(�(|<��',��' !�q°+-��N���5-!��0+1�G�"�
σ1

'.�
σ2

���<m���+-'<�D)���!�&D�0��!���)���+-���
M =

(x, y)
��'

Xd,p(Q)
�0' 5}E6!�'

x 6= 0
)��4&

σ1(M) =

(
1

x
,
y

xm

)
, σ2(M) =

(
1

x
,− y

xm

)
.

tO�D:<��!�&(%�'
Yd,p

I &('<�()}e
Zd,p

L ' �K�;=�@
Q
�B+-�(��$p��&()�H"+-�($p'�)�&(| �<=�5^�D: ��!�&(%Y'nE�!"���0+1' ������'

Xd,p$p����!�5-�°5-'F�(��!��K�B��&(��!�)�'>��'<�d�4!��0�G$,��&()�H�+-�($,' �/��'
Xd,p

'<����' ���"&(�F)3��&
σ1

I &(' �()}e
σ2

L
I )���!�&
: ' �(�0'n�"���0+1�G�c=�N���+-&*)��4&k'.q�'<$p)�5-',x J�� =�' q�e � e J�� =�)ce J<{�� z L e

� ��� ')*����j��,O��* #��/'��w��( �w�&,����-$)*
fh� &('<)�&(' ��� 5-'<�D���G���4�0+-�����D��! )3��&7���G&7��)�H"',)�&(�<: �<��' ���;e>fh� !��0+15-+-�(' &7�P��',$P�4�"+-| &('p' �(�('<���0+-'<5-5-'
5^�p)�&(��)����(+a�0+-��� � e J : +a�B��'<�(�(��!��<ek�u5-5-'�&(' )����('A�(!�&�5-'A5-' $,$p'��(!�+aN������;=�E6!�+�'<�K��!��"'�:<�����(�<E6!�'<��: '
+-$,$p� �"+^�4�0'���'D5^�A���<m���+a�0+1�G�>��'<�h��)�)�51+-:;�4�0+-�����*&7�4�0+-������'<5-5-' �

ϕ1

'.�
ϕ2

e
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xp − yp = cz2 � �

� �"£h£h� J6��� ª U.W"¦.U.«d¬.`aUp­�U.¦A_�¬�¦ �.\^¦7¦ U�¦A­�U.¦*R�T�\^W3Z9¦�­�U
ϕ1(Xd,p(Q))

U.¦�Z ���6_G`��d`Kª U.W�¦ U.«,¬ `aUp­�U.¦
_�¬.¦ �.\�¦0¦ U.¦A­�U�¦�R"T�\^W3Z9¦�­�U

ϕ2(Xd,p(Q)) ¨� !�)�)����(�����#���<�(�G&($P��+-�<=O: 'FE6!�+��}? '<�K�#)3���#&(' �K�0&(+-: �0+-8�)���!�&A5-'<�#��)�)"5-+-:;�4�0+-�����AE6!�'d5B? ���r�Q' �
N�!�'�="E6!�'

d
�(�G+-�C\�«�R�_�\�S.e

� ¡����"�O� �^�Y����� � e J6�,¤ T�\�Z
α

`Kª _�¬�¦ �.\^¦7¦ U#­cª ¥ WPR�T�\^W3Z*­�U
ϕ1(Xd,p(Q)) ¨�� T�¦ T�W"¦

α = s/t, Gm(s, t) = tmGm(s/t) ∈ Z,T	�
s

U Z
t
¦ T�W3Z�­�U ¥ 
>U�W3Z9\BU�S�¦*R3S0U.«#\BU.S�¦�U�W3Z9S0U/U ¥ 
 ¨J e ¤ \
m

U.¦�Z}R�_�\�S�=2T�W _
Gm(s, t) ∈ dZ2

U Z
s2 − 4t2

U.¦�Z ¥ W �7_�S�S�� ¨� e ¤ \
m

U�¦�Z�\�«�R"_�\^S�=�§ ¥ \�Z~ZjU
� � ��_�W ��U.S
(s, t)

U�W
−(s, t)

="`a_ �7T�WY­�\9Z9\~T�W,¦ ¥ \^]G_�W3ZjUhU.¦�Z�S��7_G` \�¦ �7U*�
(9) s+ 2t ∈ Z2, s− 2t ∈ Z2, Gm(s, t) ∈ dZ2.

� e � ª U�W3Z9\BU�S
st

U.¦7ZcR�_�\�S ¨
� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ tc'k)���5�������$,'

Gm
' �K���"'k��' ��&(�

m
�3�����

Z[X]
=��"�G�":

Gm(s, t)
'<�K�u!"�,'<���0+-' &<e

����&,H���)��G�0H�| �('�=�+-5
' q�+-�K�0'
β ∈ Q

�0' 5hE6!�'
(α, β)

��)�)3��&K�0+-'<����'b@
ϕ1(Xd,p(Q))

e M ? ��)�&(| �,51'
5-'<$p$p' J =�+-5}'.q�+-�K�0'

γ ∈ Q
�0' 5cE6!�'

(α, γ)
�(��+a�k�3�����

ϕ2(Xd,p(Q))
e

J e � !")�)����(�����
m

)3��+-&<e M �����k: 'D:;���<=����X�
Gm(s, t) = d(βtm/2)2, (s2 − 4t2)Gm(s, t) = d(γt(m+2)/2)2.�u!�+-�0E6!�'

d
' �K�O�7�����O8~��:.�0'<!�&(��:;��&(&(� ��' �2E6!�'

Gm(s, t)
' �K�2�3�����

Z
=�5-'u&7�4�0+-������'<5

βtm/2
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@
Z
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Gm(s, t)
' �K�k���4�"�

dZ2
=�:<'DE6!�+}'<���0&7�4�1��'C5B? �4�(�('<&K�0+-��� J e

� e � !")�)����(�����
m

+-$p)3��+-&<euf��X�#5-'<�*�<����5-+-�0� �
IKJ<{6L

(s+ 2t)Gm(s, t) = d(βt(m+1)/2)2, (s− 2t)Gm(s, t) = d(γt(m+1)/2)2.l���$p$,'n:<+a�B��'<�(�(!��<=�)�!�+1�0E�!"'
d
'<�K�k�7�4�"�
8~��:.�0' !"&(�
:;��&(&(� �k'.�kE6!�'

Gm(s, t) ∈ Z
=����X�

IKJ�J4L
βt(m+1)/2 ∈ Z, γt(m+1)/2 ∈ Z.tc'<�
' ���0+1' &(�

s
'.�
t
�.�������k)"&(' $p+1' &(�*'<���0&('C'<!�qF'.�

d
�.�������k+-$,)3��+-&<=����>' �Q��� ��!"+a�hE6!�'

IKJ;��L
d
�"+aN�+-�('

Gm(s, t).M ? ��)�&(| �25B? � �6��5-+a�0� I y L =����/�
Φp(−1) = −Gm(−2)

e���!"+-�0E6!�'
Φp(−1) = 1

=G�G�p�
Gm(−2) = −1

=
: '�E6!�+�'<���0&7�4�1��'DE6!�'

X + 2
�"+aN�+-�('

1 +Gm(X),��!��0&(' $,' ���k��+a�;=�E6!}? +-5}'.q�+-�K�0'C!��>)���5�������$,'
R ∈ Z[X]

��'C��'<��&(�
m− 1

�0' 5cE6!�'
1 = (X + 2)R(X)−Gm(X).�u�>)����7�����

R(s, t) = tm−1R(s/t)
=����>��%��0+-'<���
5j? �<����5-+-�0�

tm = (s+ 2t)R(s, t)−Gm(s, t).o 5�'<�d&(� �(!�5-�0'�E6!�'h51' ��' �6�0+-' &(�
s+ 2t

'.�
Gm(s, t)

�(�����*)�&(' $,+-' &(��'<���0&('h'<!�q�e M ? ��)�&(|<� IKJ<{6L '.��51' �
: �����"+a�0+-����� IKJ�J4L ' � IKJ;��L =����X�p��+-�"�(+

±(s+ 2t) ∈ Z2, ±Gm(s, t) ∈ dZ2.����&h��+-5-51' !�&(�<=
Gm(s, t)

� ���4�6�
!��Q)���5�������$p'CH���$p����| ��'D��'D��' ��&(�D+-$p)3��+-&
m

' �
s
'.�
t
=����b�

Gm(−s,−t) = −Gm(s, t).
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(s, t)

'<�
−(s, t)

=��G�Q�G%��0+-' ���k������:D5^�A:<������+a�0+-���
s+ 2t ∈ Z2, Gm(s, t) ∈ dZ2.M ? ��)�&(| �k5^�A��'<!�q�+-| $,'n� �6��5-+a�0�C��' IKJ<{6L =

s− 2t
' �K����5-��&(�
!��Q:;��&(&(��e M ? �G�Q5-'C&(�<�(!�5a���4�;e

� e o 5c&(� �(!�5a�0'D��'D: '�E6!�+})�&(�<: | �"'�E�!"'
s2 − 4t2

' �K�k!"�Q:;��&(&(��e � +
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�.����+a�k+-$p)3��+-&<=����b��!�&7��+a�
s2 − 4t2 ≡ 1 mod 8

=�: '�E�!"+��}? ' �K�h)3���k�(+
s2 ≡ t2 ≡ 1 mod 8
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m
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=
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• Kp
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• vp
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vp(K∗p) = Z �

• Ap
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Kp �

• Mp

5j? +-�"�;��5�$d�4q�+-$d��5���'
Ap �

• kp = Ap/Mp
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&(� �(+1��!�' 5 �
• ηp : K∗p → k∗p
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ηp(x) =
x
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E′′(K) = {O, T0, T1, T2}
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D′′(K) = {(0, 0), ψ(T0), ψ(T1), ψ(T2)}
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ψ(Ti)
=c��� : �����K���4�0'dE6!�'p:<' 5^�F: �����0&('<��+a��5-'p8~��+a��E6!�'

t/s
�(��+a���3�����

Q
e,����&��(!�+-�0'�=

(s − tθ)τ2�}? ' �K�h)3���
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(s− tθ)τ1 ∈ K2.�2���(�G�"�

π = τ1σ2(τ1)σ3(τ1)
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π = 4θ4−8θ2 +3θ+6
e o 5�' q�+1�K�0'

ν ∈ K
�0'<5"E6!�' I 5-'<$p$p' 6

'.�k)"&(�G)ce � e J4L
π(s− 2t)(s− tθ)(s− tθ2)(s− tθ3) = ν2.o 5}' �Q&(� �(!�5-�0'CE6!�'
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t

s
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2ν

s2

)
∈ D′(K).
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D11(Q)
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��!Q&(� �(!�5a���4�k�(!�+aN��������
� ¡����"�O� �^�Y����� 6 e �"�,¤ T�\9Z
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N1 + T ∈ 2E′(K)
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5B? +-���4�45*��'

A
��!��B�"' �(�(!��

��'
23

'<����' ����&(�C)3��&
2− 3θ− 3θ2 + θ3 + θ4
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Ẽp(kp)
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πp3

(2jN1)
' �K�

31
e � +

d
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T + jN1
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T ∈ {O, T0, T1, T2}

' �
j = −30, . . . , 31.o 5�'.q�+-�K�0'

S ∈ S
�0'<5�E6!�'

N − S ∈ E′1(K)
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e = 0
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u(N) ≡ dz(N)2 mod z(N)3.fh� �

vp3
(d) = 0
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ηp3

(u(N)) = ηp3
(d)ηp3

(z(N))2
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ηp3

(z(N)) = ±ηp3
(z(Q1))

'.�k5j? ���FN�� &(+1m�'DE�!"'
ηp3

(z(Q1)) = ξ4 + 2ξ3 + ξ2 + ξ + 1.o 5Y'<�F&(� �(!�5-�0'nE6!�'
ηp3

(u(N)) = 2ξ4 + 2ξ3 + ξ + 2
=�E6!�+��}? '<�K�
)3���*�3�����

F3

=�: 'DE�!"+Y)�&(��!�N�'CE6!�'
u(N)
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p = 11
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C13(Q)
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D13(Q)
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������������ � �
C13(Q)

� � ��+a�
(α, β)

!�� )���+-���n��'
ϕ1(C13(Q))

eDfh� )����('
α = s/t
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�(�����h��'<!�qF' ���0+-'<&(�
)�&(' $,+-' &(�
' ���0&('D' !�q�e

� �"£h£h� ��� � ª �.` �.«dU�W3Z
F1 = s2 − θst+ (θ2 + θ − 3)t2
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π13

�2' �Q'���'.�;=�'<�>)Y�G�7�����
h1 = (3θ2 + 2θ − 4)s+ (2θ2 + 10θ − 7)t, h2 = (−3θ2 − 2θ + 4)s+ (−2θ2 + 3θ + 7)t,���/N�� &(+1m�'kE6!�'

h1F1 +h2F2 = 13t3
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G6(s, t) ∈ Z2
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F1 ≡ (−1)n0un1

1 un2
2 πn3

13 mod K∗2.fh� �
n3 = 0
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n0 + n1
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F1 ≡ s2 ≡ 1 mod 2
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t
' �K��+-$,)3��+-&<="��� �p�3�����h:<'
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(s2 − 4t2)(s2 − θst+ (θ2 + θ − 3)t2) = δ2,'.�n5j? ��� �
(t/s, δ/s2) ∈ D(K)
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(u, v) ∈ {(−1/2, 0), (1/2, 0), (0,−1), (0, 1)}.fh�b�
ψ(2N1) = (−1/2, 0), ψ(T0 + 2N1) = (1/2, 0),



��� �������	��
�
�

'.�k5j? ���>' �K�n�4+1���(+c��$,' ����@#)"&(�G!�N�'<&
5-'C&(�<�(!�5a���4�
�(!"+aN��������
� ¡����"�O� �^�Y����� y�e J6��� U�¦D¦ U ¥ ` ¦
R�T�\�W3Z9¦

N ∈ E(K) \ {O,−M1}
ZjU ` ¦/§ ¥ U

u(N) ∈ Q
¦ T�W"Z

2N1U Z
T0 + 2N1 ¨

� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ � ��+a�
N

!��°)���+-���C��'
E(K) \ {O,−M1}

��+1�K�0+-��:.�n�"'
2N1

' �n�"'
T0 + 2N1

e
fh� �(!�)�)Y�G�('dE6!�'

N ∈ U
=c: ',E�!"+��}? '<�K�D)3���D&(' �K�0&(+-: �0+-8�eAt2�d:<�G!"&(%�'

E/K
�d%������"'/&(�<��!�: �0+-���

' �
p3

e�t�'C��&(��!�)�'
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z(P ) ≡ (9θ2 + 9θ + 18)n3
1 + (45θ2 + 63θ + 42)n1 mod 34.
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��)�)��4&K�0+1' ����@

Γ ′
I :<�G�"��+a�0+-��� I�����L =6��)�)�'<����+-:<' 8 L e

����&h��+-5-51' !�&(�<=
z(Q) = F(z1, z2).

tc',8~��+a�AE6!�'
vp3

(z1 + z2) = Min(vp3
(z1), vp3

(z2))
I :4��&

ηp3
(z1) + ηp3

(z2) 6= 0
L ' ��5B? � �6��5-+a�0�

I���{6L�I ��)�)�'<����+-:<' 8 L +-$,)�5-+1E6!�'<���k��5-��&(�

ηp3
(z(Q)) = ηp3

(z1 + z2),
: '�E6!�+�)"&(�G!�N�'D�"���0&('A���(�(' &K�0+-���}e

t�'C5-'<$p$,' � y I ��)�)Y' ����+1: ' 8 L ' �6�0&7�;�^��'���5-��&(�
5-'C&(� �(!"5a���4�;e
� �"£h£h� J��"� � ª \�W�­�\��7U#­�U

H
­�_�W"¦

E1(K)
U.¦�Z}R3S0U.«#\BU.S �

3 ¨
� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ � !�)�)����(������E�!"'#: '.�C+-���"+-: '#�(�G+-�n��+-N�+1�(+-%�5-'A)3��&

3
e M �4�"�n: '/:;���<=�+-5O' q�+-�K�0'A!��

)���+-���
P ∈ E1(K)

�0'<5}E6!�'
3P

�(��+a�
�3�����
H

�7�����hE�!"'
P

51'n�(��+a�;e�l���$p)��0'��0'<�6!>��!Q8~��+a�kE�!"'n51'
�(��!��K�B��&(��!�)�'A�"'D�0��&(�(+-���X��'

E(K)
�(�G+-�h�c? ��&(��&('

2
=3+-5c'<�X&(� �(!�5-�0'AE6!�'�5B? !��X��'<�h)���+-���0�

N1

=
N2

=
N1 +N2

' �
N1 −N2

��)�)3��&K�0+-'<���h@
3E(K)

e
� !�)�)����(�����QE�!c? +-5�' q�+-�K�0'

R ∈ E(K)
�0' 5nE6!�'

N1 = 3R
e l��G�"�(+-��� &(�����F5j? +-�"�;��5

p
��'

A' �"�G'<����&(�d)��4&
−θ3 − 2θ2 + 5θ + 5

ebl�? ' �K�#5B? !"����' �#E6!3�4�0&(',+1���;��!�q ��'
A

�4!��B��' �(�(!��#�"'
47

e
tu? ��&(��&('A��'

Ẽp(kp)
' �K�

54
'.��:<' 5-!�+���'

πp(N1)
' �K�

27
e�fh�b' �X�"� ��!�+-��E6!�'

πp(R)
'<�K���}? ��&(��&('

$A!"5a�0+-)�5-'A��'
81

=��c? ��� !"��'/: �����0&7����+1:.�0+-���b�3�����C:<'#:;���<e M '/$ 4 $,'�=Y���bN�� &(+1m�'/E6!�'
πp(N2)

'.�
πp(N1 −N2)

�(�����k�}? �G&(�"&('
54

=�: 'CE6!�+�'<���0&7�4�1��'n�"'n�"�G!�N�'4��!>E6!�'
N2

'.�
N1 −N2

��'C�(�G�6�
)3���
�3�����

3E(K)
e

� !�)�)����(�����
E6!}? +-5�' q�+-�K�0'
R ∈ E(K)

�0' 5YE6!�'
N1 +N2 = 3R

euf��F: �����(+-��|<&('�5j? +-�"�;��5
p′

��'
A' �"�G'<����&(�A)3��&

−θ3 + 7θ − 1
e�l�? ' �K��5B? !��b��' �nE6!3�4�0&('�+-���4�4!�q>��'

A
��!��B��'<�(�(!��n��'

89
e
tu? �G&(�"&('

��'
Ẽp′(kp′)

'<�K�
90

'.�#: ' 51!�+���'
πp′(N1)

' �K�
45

eP����&��(!"+a�0'�=�5B? ��&(��&(',��'
πp′(R)

'<�K��$#!�5a�0+-)"5-'
��'

27
=��}? ���Q!���'C:<�����0&7����+-:.�0+1�G�>'.�k5-'C51' $p$,'�e

J4L,� !")�)����(�����
S = O

egf�� �
u(N) ≡ −2z(P ) mod z(P )2

=�'.�d�"�G�":X)3��&,:<�G�"�(�<E6!�' �6�
ηp3

(u(N)) = ηp3
(z(P ))

=�E�!"+B=6�}? ��)�&(| ��5-'�5-' $,$p' J;� =6�c? '<�K�*)3�����3�����
F3

=�������:
u(N)

�}? ' �K�*)3���
�3�����

Q
e
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������������
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���� �����
xp − yp = cz2 � �

��Lk� !�)�)����(�����
S = −6N1

e�t2�/: ������+-�0+-��� � ��'D5j? ��)�)�'<����+-:<'%8['<�K��&(�;��5-+-�(�<'D'.�h5B? ���b�p�3�����
Ap3

5^�A:<�G�"�G&(!"' ��:<'
1

u(N)
≡

3∑

i=0

%iz(P )i mod 34,

� N�' :
%0 = 3θ3 + 75θ2 + 45θ + 6, %2 = 37θ3 + 35θ2 + 17θ + 6,

%1 = 78θ3 + 73θ2 + 14θ + 4, %3 = 70θ3 + 61θ2 + 59θ + 29.fh�i�
vp3

(%0) = 1
'.�
vp3

(%1) = 0
=���'P�(�G&K�0'>E6!�'P5B? ������'P)�' !��#)3���#: ����:<5-!�&('d�"+-&(' : �0' $p'<���;e

M ? ��)�&(| �k51'D5-'<$p$,' J�� ="+15}'.q�+-�K�0'D��'<!�q>� 51� $p'<���0�
n1

' �
n2

�"'
Z3

�0'<5-�hE�!"'
P = n1Q1 + n2Q2

e
fh�Q���<��!�+a����5-��&(�
��'C5B? � �6��5-+a�0� I���6�LnI �4)")�' ���"+-: ' 8 L E6!�'

1

u(N)
= Φ

(0)
S + Φ

(1)
S θ + Φ

(2)
S θ2 + Φ

(3)
S θ3,� N�' :

Φ
(0)
S = 54n4

1 + (27n2 + 45)n3
1 + 72n2

1 + (27n3
2 + 54n2

2 + 63n2 + 21)n1

+ (27n4
2 + 72n3

2 + 9n2
2 + 15n2 + 6),

Φ
(1)
S = 63n3

1 + (54n2 + 9)n2
1 + 72n2n1 + (45n3

2 + 72n2
2 + 9n2 + 45),

Φ
(2)
S = 27n4

1 + 27n2n
3
1 + (27n2 + 18)n2

1 + (27n2
2 + 63n2 + 69)n1

+ (54n4
2 + 72n3

2 + 9n2
2 + 51n2 + 75),

Φ
(3)
S = 54n4

1 + 72n3
1 + 54n2n

2
1 + (54n3

2 + 27n2
2 + 45n2 + 75)n1

+ (27n4
2 + 27n3

2 + 36n2
2 + 54n2 + 3).fh�d: �����K���4�0'n��5-��&(��E6!�'k51' �u�(�<&(+-' �

Φ
(j)
S (X1, X2)

)���!�&
j = 1, 2, 3

�}? ������)3������'
�
�<&(�G��: ��$p$#!����

$p����!"5-�
81

=�: '�E6!�+�)"&(�G!�N�'�E6!�'
u(N)

�}? ' �K�k)��4�k�3�����
Q
e

��LD� !�)�)����(�����
S = −4N1

=}+Be '�e
S = M1

e ® 51�G&(�
vp3

(3x2
S + 2a2xS + a4 − dyS) = 0

=c5^�
: �����"+a�0+-��� � ��'D5B? �4)")�' ���"+-: ' 8¯' �K�k�7�4�0+-�(8~��+a�0'n'.�

u(N) ≡ θ3 + θ2 + 2θ + 2 mod 3 ;)�!�+1�0E�!"'
vp3

(θ3 + θ2 + 2θ + 2) = 0
=����>��%��0+1' ���

ηp3
(u(N)) = ξ3 + ξ2 + 2ξ + 2

e
"�L
� !")�)����(�����

S = 2N1

e M �����k: 'C:4���
u(N) + 1/2 ≡ %2z(P )2 mod z(P )3, avec %2 = −θ3 − 2θ2 + 5θ + 7

'.�
vp3

(%2) = 0.o 5}' �Q&(� �(!�5-�0'CE6!�'
ηp3

(u(N) + 1/2) = ηp3
(%2)ηp3

(z(P ))2.M ? ��)�&(| �k5-'C5-' $,$p' J;� =�+-5�' q�+-�K�0'
α1

'.�
α2

�3�����
F3

�����F�0��!��
51' �
��'<!�qF�6!�5-�
�0' 5-�kE6!�'
ηp3

(z(P )) = α1(1 + 2ξ + 2ξ2 + ξ3) + α2(2ξ + ξ2) ∈ Γ ′.����&���+-515-' !�&(�<=����P�
ηp3

(%2) = 2ξ3 +ξ2 +2ξ+1
e�f��pN�� &(+-m�'h��5-��&(�uE6!�'

ηp3
(%2)ηp3

(z(P ))2
�c? '<�K�

)3���k�3�����
F3

'.�
u(N)

�}? ' �K�h)3���
�3�����
Q
e

6�L
� !")�)����(�����
S = T0 + 2N1

e�fh�b�

u(N)− 1

2
≡ %2z(P )2 mod z(P )3, avec %2 = −θ3 − 2θ2 + 3θ − 1

'.�
vp3

(%2) = 0.
'.�k5j? ���FN��<&(+-m�'D: ��$p$,'n: +a�B�"' �(�(!��hE6!�'

ηp3
(%2)ηp3

(z(P ))2
�}? ' �K�k)3���k�3�����

F3

e
l�'<5^�A)�&(��!�N�'D5^�#)�&(��)����(+a�0+-��� � e J e
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f��b�/��+-�"�(+����<$p�����0&(��E�!"'C�(+

F1

' �K�h!��>:4�4&(&(�D�3�����
K

=3�451�G&(�
���X�
α = ±2

e
� �	�
����� 
u_�¦�T	�

F1 ∈ θK2 ¨ fh�Q�(!�)")����('�E�!"'
θF1

'<�K�k!��Q:;��&(&(�C���4�"�
K

e M �����k: 'D:;���<=
(s2 − 4t2)θF1 ∈ K2,�}? ���,+-5�&(� �(!"5a�0'kE6!�'

t/s+1/2
' �K�u5j? ��%��(:<+-�(�('
�c? !��,)���+-���u��'

D′(K)
e�����&���+-5-51' !�&(�<=

E′(K)
'<�K�u��'

&7�����
0
'.�*5j? ���Q�

E′(K) = {O, T0}
e2tc'<�*� �6��5-+a�0� �

ψ(O) = (0, 0)
' �
ψ(T0) = (1, 0)

'<���0&7�4�1��'<���
��5-��&(�

t/s = ±1/2
e

M �4�"��51' ����'<!�q/:;����'<��N�+-�7����� ��:<+a�B��' �(�(!"�<=����P�
α = ±2

=�'.�u5B? ���p��%��0+-'<�����4+1���(+"5^�n��' �(:<&(+-)��0+-���
��'

C17(Q)
e

� ����� ��
������������ � �
D17(Q)

� l������(+-���<&(�G�"�u5B? ��%��(: +-�(�('
α

�}? !��d)���+-���u�"'
ϕ1(D17(Q))

e�fh�d)����('
α = s/t

=����
s
'.�
t
�(�����h��'<!�qF' ���0+-'<&(�
)�&(' $,+-' &(�
' ���0&('D' !�q�e

� �"£h£h� J#"�� � ª ¥ W ­�U�¦�� ` ��«dU.W"Z9¦
−u3π17F1

U.Z
−u1u3π17F1

U�¦�Z ¥ W �7_�S�S��#­�_�W"¦
K ¨

� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ fh���
G8(s, t) ∈ 17Z2

=c������:,+-52' q�+-�K�0'/��'<�D' ���0+-'<&(�
ni

� �6��!�q @
0

��!
1

�0'<5-�
E6!�'

F1 ≡ π17(−1)n0

3∏

i=1

unii mod K∗2.

fh�>�C���4�"��:<'k:4���
n3 = 1

e2���P'.q�)�&(+-$P�4�6�u:<'.�(�0'k:<������&(!�' ��:<'h�3�����
K∗p2

'.�
K∗p′2

=6���,N��<&(+-m�'hE6!�'
: '<5^�A'<���0&7�4�1��'

(n0, n1, n2) = (1, 0, 0)
�G!

(1, 1, 0)
e M ? �G�Q5-'C5-'<$p$,'�e

J4L
� !")�)����(�����hE6!�'
−u3π17F1

�(��+a�
!"�>:4��&(&(�C�3�����
K

e M �����
:<'C:4�4�<=
−(s2 − 4t2)u3π17F1 ∈ K2,�}? ���F+-5Y&(� �(!�5a�0'CE6!�'

t/s+ 1/2
' �K�
5B? ��%��(: +1�(�('��}? !��>)���+-���*�"'

D′′(K)
eufh�Q�

E′′(K) = {O, T0}
=

: '�E6!�+�:<������!�+a�;=�: ��$,$p'n:<+a�B��' �(�(!"�<=3@
α = ±2

e
��L
� + −u1u3π17F1

' �K�k!��Q:;��&(&(�D�3�����
K

=����>�<: &(+a�
−(s2 − 4t2)u1u3π17F1 ∈ K2,'.��5B? ���#: �����K���4�0'*E6!�'

t/s+1/2
'<�K��5B? ��%��(: +-�(�('*�}? !"�#)���+-�6�2�"'

D′′′(K)
e�fh�,�

E′′′(K) = {O, T0}'.�k5j? ���>�G%��0+-' ���k�"'C����!�N�';��!
α = ±2

e
f��Q' �>���<��!�+a����5-��&(�
5^�#���.�0'<&($p+-�3�4�0+-���F��'

D17(Q)
e

l�'<5^���0'<&($p+-��'C5^�#��� $,�G�"�K�0&7�;�0+1�G�>��!F�0H"� ��&(| $,' � e
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���� �����
xp − yp = cz2 � �

�k���-( ����,����-$
� �����
���	�

p = 11
� U �0T�S�R3¦

K

K K = Q(θ) θ5 + θ4 − 4θ3 − 3θ2 + 3θ + 1 = 0
� ����
7�
�����������

θ θ1 = θ θ2 = θ2 − 2 θ3 = −θ4 − θ3 + 3θ2 + 2θ − 1
θ4 = θ3 − 3θ θ5 = θ4 − 4θ2 + 2

� ����� 
 ����� ��������� 
��
A = Z[θ]

u1 = θ u2 = θ4 − 3θ2 + 1 u3 = θ3 − 2θ� ���������
u4 = θ2 + θ − 1
NK/Q(u1) = −1 NK/Q(u2) = 1 NK/Q(u3) = 1
NK/Q(u4) = 1����� 
 ���

2.A = p2 3.A = p3 11.A = (p11.A)5

π11 = θ4 + θ3 − 3θ2 − θ + 1 NK/Q(π11) = −11

G5(s, t) s5 + s4t− 4s3t2 − 3s2t3 + 3st4 + t5
� 
�������
�����
���� ��� ∏5

i=1(s− tθi)

� U�¦�§ ¥ _�S.Z9\B§ ¥ U.¦
� ��
�
 �������������

v2 = au4 + bu3 + cu2 + du+ e

D/K a = −4θ3 + 8θ b = 4θ2 + 4θ − 8
c = θ3 − 2θ − 4 d = −θ2 − θ + 2

e = 1

D′/K a = −64θ3 − 56θ2 + 24θ − 16 b = 48θ4 − 120θ3 − 36θ2 + 180θ − 112
c = −88θ3 + 198θ2 + 242θ − 220 d = −44θ4 − 22θ3 + 165θ2 + 55θ − 132

e = 0

D′′/K a = −8θ4 − 24θ3 + 17θ2 + 58θ + 15 b = −44θ4 − 99θ3 + 99θ2 + 242θ + 55
c = −66θ4 − 99θ3 + 154θ2 + 275θ + 77 d = −22θ4 − 33θ3 + 66θ2 + 110θ + 11

e = 0

� U�¦ �7T ¥ S<¬0U.¦�U `^` \ R�Z9\~§ ¥ U.¦

E/K
�
y2 = x3 + a2x

2 + a4x+ a6

� � ����������� ���
a2 = θ3 − 2θ − 4 a4 = −4θ4 + 8θ3 + 12θ2 − 16θ − 16

a6 = 28θ4 − 56θ3 − 72θ2 + 108θ + 72
� ��
���� ��� �

(Z/2Z)2 T0 = (−θ3 + 2θ + 4, 0) T1 = (2θ2 − 2θ − 4, 0)
T2 = (−2θ2 + 2θ + 4, 0)

! 
 �
�
r
���

E(K) r = 1" �������#��� ��
$��
�� ����% ���
N1 = (−2θ4 + 2θ3 + 8θ2 − 8θ, 10θ4 − 8θ3 − 36θ2 + 30θ + 10)
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E′/K
�
y2 = x3 + a2x

2 + a4x+ a6

� ������������� ���
a2 = −88θ3 + 198θ2 + 242θ − 220

a4 = −484θ4 + 10648θ3 − 10164θ2 − 19360θ + 17424
a6 = −53240θ4 − 234256θ3 + 308792θ2 + 393976θ − 383328

� �	
���� ��� �
(Z/2Z)2 T0 = (−44θ3 − 66θ2 + 22θ + 44, 0)

T1 = (44θ4 + 44θ3 − 154θ2 − 110θ + 88, 0)
T2 = (−44θ4 + 88θ3 + 22θ2 − 154θ + 88, 0)

! 
��
�
r
���

E(K) r = 1" �������#��� ��
$��
�� ����% ���
N1 = (−44θ4 + 44θ3 + 66θ2 − 22θ + 88,−1232θ4 + 2464θ2 + 528θ + 88)

E′′′/K
�
y2 = x3 + a2x

2 + a4x+ a6

� � ����������� ���
a2 = −66θ4 − 99θ3 + 154θ2 + 275θ + 77

a4 = −5566θ4 − 10043θ3 + 13068θ2 + 26741θ + 6413
a6 = −145079θ4 − 271524θ3 + 352715θ2 + 736043θ + 175692

� ��
���� ��� �
(Z/2Z)2 T0 = (33θ4 + 55θ3 − 88θ2 − 165θ − 44, 0),

T1 = (22θ4 + 11θ3 − 55θ2 − 44θ − 11, 0)
T2 = (11θ4 + 33θ3 − 11θ2 − 66θ − 22, 0)

! 
 �
�
r
���

E(K) r = 0

� � � ���
���	�
p = 13

� U �0T�S�R3¦
K

K K = Q(θ) θ3 + θ2 − 4θ + 1 = 0
� ����
7�
�������#���

θ θ1 = θ θ2 = −θ2 − 2θ + 2 θ3 = θ2 + θ − 3
� ����� 
 ����� ��������� 
��

A = Z[θ]
� ���������

u1 = θ u2 = θ − 1
NK/Q(u1) = −1 NK/Q(u2) = 1����� 
 ���

2.A = p2 3.A = p3 13.A = (π13.A)3

π13 = θ2 − 3 NK/Q(π13) = 13

G6(s, t) −t6 + 3st5 + 6s2t4 − 4s3t3 − 5s4t2 + s5t+ s6

� 
�������
�����
 ��� ���
(s2 − θst+ θ3t

2)(s2 − θ2st+ θt2)(s2 − θ3st+ θ2t
2)

� U�¦�§ ¥ _�S.Z9\B§ ¥ U.¦
� ��
�
 ����� �����

v2 = au4 + bu3 + cu2 + du+ e

D/K a = −4θ2 − 4θ + 12 b = 4θ c = θ2 + θ − 7 d = −θ e = 1

D′/K a = −8θ2 + 4θ + 8 b = 8θ2 + 12θ − 20 c = −2θ2 − 21θ + 12 d = 2θ2 + 5θ e = 0

� U�¦ �7T ¥ S<¬0U.¦AU.`^` \ R�Z9\B§ ¥ U�¦

E/K
�
y2 = x3 + a2x

2 + a4x+ a6

� � ����������� ���
a2 = θ2 + θ − 7 a4 = 12θ2 + 16θ − 48 a6 = −84θ2 − 108θ + 320

� ��
���� ��� � Z/2Z T0 = (−θ2 − θ + 7, 0)
! 
 �
�

r
���

E(K) r = 1" ����� ����� �	
$��
�� ����% ���
N1 = (−2θ2 − 4θ + 8, 2θ)



� ����
������
	���
�� 
���������
������������
���
������
���� �����
xp − yp = cz2 � �

E′/K
�
y2 = x3 + a2x

2 + a4x+ a6

� � ����������� ���
a2 = −2θ2 − 21θ + 12 a4 = 36θ2 + 76θ − 48 a6 = −52θ2 − 104θ + 52

� ��
���� ��� � Z/2Z T0 = (2θ2 + 5θ, 0)
! 
 �
�

r
���

E(K) r = 0

� � � �����
���	�
p = 17

� U �0T�S�R3¦
K

K K = Q(θ) θ4 + θ3 − 6θ2 − θ + 1 = 0� ����
7�
�����������
θ θ1 = θ θ2 = θ3 + θ2 − 6θ − 1 θ3 = − 1

2
θ3 + 3θ − 3

2

θ4 = − 1
2
θ3 − θ2 + 2θ + 3

2
� ����� 
 ����� ��������� 
��

A = Z[1, θ, θ2, (θ3 + 1)/2]
� ���������

u1 = θ u2 = 1
2
θ3 + θ2 − 2θ − 3

2
u3 = 1

2
θ3 + θ2 − 3θ − 3

2

NK/Q(u1) = 1 NK/Q(u2) = 1 NK/Q(u3) = −1

2.A = p2p
′
2 p2 = (θ + 1)A p′2 = (− 1

2
θ3 − θ2 + 2θ + 1

2
)A����� 
 ���

3.A = p3

17.A = (π17.A)4 π17 = − 1
2
θ3 − θ2 + θ + 3

2
NK/Q(π17) = −17

G8(s, t) t8 − 4st7 − 10s2t6 + 10s3t5 + 15s4t4 − 6s5t3 − 7s6t2 + s7t+ s8

� 
�������
�����
���� ���
(s2 − θ4st+ θt2)(s2 − θ3st+ θ2t

2)(s2 − θst+ θ3t
2)(s2 − θ2st+ θ4t

2)

� U�¦�§ ¥ _�S.Z9\B§ ¥ U.¦
� ��
�
 �����������

v2 = au4 + bu3 + cu2 + du+ e

D/K a = −4θ b = −2θ3 − 4θ2 + 8θ + 6 c = θ − 4
d = 1

2
θ3 + θ2 − 2θ − 3

2
e = 1

D′/K a = −4θ2 b = −2θ3 + 4θ2 + 4θ + 2 c = 3θ3 + θ2 − 10θ − 3
d = −θ3 − θ2 + 6θ + 1 e = 0

D′′/K a = 2θ3 − 8θ2 − 8θ − 2 b = −14θ3 + 56θ + 26 c = 39
2
θ3 + 18θ2 − 90θ − 91

2

d = − 15
2
θ3 − 10θ2 + 42θ + 43

2
e = 0

D′′′/K a = −10θ3 + 4θ2 − 2 b = 14θ3 − 28θ2 + 12θ + 14 c = − 3
2
θ3 + 27θ2 − 26θ − 39

2

d = − 5
2
θ3 − 3θ2 + 14θ + 15

2
e = 0

� U�¦ �7T ¥ S<¬0U.¦�U `^` \ R�Z9\~§ ¥ U.¦

E/K
�
y2 = x3 + a2x

2 + a4x+ a6

� ����� �����������
a2 = θ − 4 a4 = 2θ3 − 4θ − 10 a6 = −10θ3 + 8θ2 + 8θ + 38

� ��
���� ��� � Z/2Z T0 = (4− θ, 0)
! 
 �
�

r
���

E(K) r = 2" ����� ����� �	
$��
�� ����% ���
N1 = (−2θ + 4, θ3 − 4θ + 1)

Z �

���
����
����
��
 � ���
N2 = (−θ3 − θ2 + 7θ + 1, θ3 − θ2 − 4θ + 2)

E′/K
�
y2 = x3 + a2x

2 + a4x+ a6

� � ����������� ���
a2 = 3θ3 + θ2 − 10θ − 3 a4 = −2θ3 − 4θ2 + 16θ + 6 a6 = −4

� ��
���� ��� � Z/2Z T0 = (−θ3 − θ2 + 6θ + 1, 0)
! 
 �
�

r
���
E(K) r = 0



� � �������	��
�
�


E′′/K
�
y2 = x3 + a2x

2 + a4x+ a6

� � ����������� ���
a2 = 39

2
θ3 + 18θ2 − 90θ − 91

2
a4 = −328θ3 − 456θ2 + 1848θ + 972

a6 = 1448θ3 + 1936θ2 − 8016θ − 4204
� ��
���� ��� � Z/2Z T0 = (− 15

2
θ3 − 10θ2 + 42θ + 43

2
, 0)

! 
 �
�
r
���

E(K) r = 0

E′′′/K
�
y2 = x3 + a2x

2 + a4x+ a6

� � ����������� ���
a2 = − 3

2
θ3 + 27θ2 − 26θ − 39

2
a4 = 8θ3 − 124θ2 + 200θ + 128

a6 = −12θ3 + 144θ2 − 304θ − 184
� ��
���� ��� � Z/2Z T0 = (− 5

2
θ3 − 3θ2 + 14θ + 15

2
, 0)

! 
 �
�
r
���

E(K) r = 0

� #+#%$c��	��w
 $ � ��� �&,2����� �*�&$)* $�� ' �*�&,2�����u�+*r	&$�� $c��$}� *����/, *�*
� ��+-'<���

K0

!"�X: ��&()��n��5-��� %�&(+1E6!�'<$p'<���k: 5-���k�"'�:;��&7��:.�0�<&(+-�K�0+1E6!�'C�"+ ��� &('<���0'���'
2
'.�
K

!��b�(��!��K�
: ��&()��k��'

K0

e�f��>: �����(+-�"| &('C�"' �k� 5-�<$p' �6�0�
a
=
b
=
c
=
d
'.�
e
�"'

K
'.�k5-'C)���5�������$,'

f = aX4 + bX3 + cX2 + dX + e ∈ K[X].� ��+a� D/K 5^�#: ��!�&(%�'A� �/�"'C�}? �<E6!3�4�0+-���
IB����L

v2 = f(u).fh�Q�(!�)")����('�E�!"'C5-'<�
: ������+a�0+1�G�"�*�(!�+aN������0' �
�(�����h�7�4�0+-�(89��+a�0'<�C�
J e3�G�b�

a 6= 0 ;� e D '<�K�k51+-�(�('�=�+Be '�e�5-'C��+-�(:<&(+-$p+-���4�6�*�"'
f

' �K�k�����Q�6!�5
;� e D �/!��>)���+-�6�

(α, β)
&7�4�0+-������'<5��(!�&

K
e

fh�Q���G�0'
D̂

5��A: ��$p)"5-�.�0�<'n)�&(��±K' : �0+aN�'n��'
D

�}? �;E6!3�4�0+-���FH���$,�G��|<��'
v2w2 = w4f(u/w).t�'/)���+-���

J = [0, 1, 0] ∈ D̂(K)
' �K�D5B? !���+^E�!"'#)���+-�6��@P5B? +-��m��"+2��'

D
e,l�? ' �K�D!�� )���+-���D�(+-���

��!�5-+-'<&���'
D̂(K)

e2tO�A: ��$p)3��: �0+-m�� '�51+-�(�('��"'
D

'<�K�
!���'C: ��!�&(%�'C��'n��' ��&('
1
e���51!��*)�&(�<: +-�(�<$p'<���;=

+-5n&(� �(!�5-�0' ��'<�FH���)��G�0H�|<�(' �>89��+a�0'<�FE6!}? +-5n'.q�+-�K�0' !���'°:<�G!"&(%�' '<5-5-+-)��0+^E�!"'
E/K

' �>!��[+-�(��$p��&K�
)�H�+1�($p'F%�+-&7�4�0+-�����"' 5

ψ : E → D̂
��� m��"+*�(!�&

K
e�tO�b�"�.�0' &($,+-�3�4�0+-�����}? �;E6!3�4�0+-�����/'.q�)�51+-: +a�0'<�

���<: &(+aN��4�6�*: ' �(�0'��;E�!"+aN���5-'<��: '�%�+-&7�4�0+-������'<5-5-'h' �K�
%�+-'<�F: �����6!"'�e�fh�F)Y�G!"&(&7�/@�:<'n�(!�±K'.�
: �����(!"5a�0' &
)3��&/' q�'<$p)�51'd5-'F:7H��4)"+a�0&(' o(o ��' x J�� zjerfh�r'.q�)�5-+1: +a�0'd���4�"�/: ' �,�4)")�' ���"+-: 'F5-'<�#�<E6!3�4�0+-�����/E6!�'
5B? ����!��0+15-+-�(' &7�>�3�����#5-',�0' q��0',�}? !����0'<5�: ��!�)�51'

(E,ψ)
eX��515-' �A�<? �G%��0+-' ���"' ���#)3��&#��'<�A)�&(��: �<��� �

�K�������3��&(�Q!��0+-5-+1�7�4�6�*51'��0H�� ��&(|<$p'C��' �h+-' $P�4�"�����k��:7HQE�!"'n5j? ���>��'D&7��)�)�' 51' &7�A)3���
+-:<+ I : 8we
x J�� z L e
fh�X��� m"��+a�h)3��&���+-5-5-'<!�&(�k��!Q)��4&7����&7��)�H�' � ��'�: '.�n��)�)�'<����+-:<'D!���'�8^����: �0+-���>�(!�&

E
�G%��0' �6!�'�' �

: ��$,)����7�4�6�*5^��)�&('<$p+-|<&('h8��G�":.�0+-���P: ����&(���������<'��(!�&
D

� N�' :
ψ
e ® !P:<��!�&(�*��'�5������ $,�G�"�K�0&7�;�0+1�G�

��!X�0H"� ��&(| $,' � =����b'<�K��:<�G�"8^&(�����0�p@p5j? � �0!���'���'#: '<&K���4+1��' ��)�&(��)�&(+-�.�0�<�h��'#&7�4�0+-���3��5-+a�0�D��'#: '.�(�0'
8��G�":.�0+-���}edf�� ���<$p�����0&('d��!�q°)3��&7�4��&7��)�H�'<� " '.� 6 ��',: ' �A��)�)�'<����+-:<'/:<' &K����+-���C&(�<�(!�5a���4�0�DE6!�'
5B? ���>!��0+-5-+1�(' &7�A: ����: '<&(�3�����k: ' �(�0'C�.�0!���'�e

� !�+a�(�0'/@,'���' : �0!�' &�!"��'A�0&7�����(5^�4�0+-���b�(!�&
u
=Y��� )�' !��n�(!�)")����(' &CE6!�'

α = 0 ;
��5-��&(�

e = β2
e

fh�Q' q���$,+-��' &7�A�3�����k5^�#�(!�+a�0'C��'<!�qF:;���
�('<5-���QE6!�'
β

'<�K�k�6!�5}��!Q�����}e
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	���
�� 
���������
������������
���
������
���� �����
xp − yp = cz2 � �

� �	�
� � �����
�
β = 0

� � +
β

'<�K�k�6!�5B="5B? �;E6!3�4�0+-��� IB�G��L �<? �<: &(+a�
IB� ��L

v2 = au4 + bu3 + cu2 + du.fh�Q��+1�()����('C��!Q)���+-���
P = (0, 0) ∈ D(K)

eufh�b�
d 6= 0

e
� �	�
�	�
� � _ �7T ¥ S<¬7U#U.`^` \ R�Z9\B§ ¥ U

E/K ¨ � �G+-�
E/K

5^�#: !�%�+^E�!"'C���<m���+-'C�(!�&
K

)3��&
5B? �<E6!3�4�0+-���
IB� "�L

y2 = x3 + cx2 + bdx+ ad2.� ��� ��+-�(:<&(+-$p+-���4�6�h'<�K� J y,8��G+1�h: '<5-!�+O��'
f
=Y��'#�(��&K�0'#E6!�'

E
' �K�n!"��'#: ��!�&(%�'#' 5-51+-)��0+1E6!�'D�(!�&

K
e

l���$p$,'n+15�' �K�k�}? !��7����'�="���>���G�0' &7�#' �": ��&('
E

5��A:<��$p)�5-� �0� 'n)"&(��±w'<:.�0+aN�'n�"'
E

�}? �;E6!3�4�0+-���
y2z = x3 + cx2z + bdxz2 + ad2z3.fh�Q���G�0'

O = [0, 1, 0] ∈ E(K)
5-'C)Y�G+1���h@#5B? +-��m��"+���'

E
e

� �	�
����� � U.¦pT ¥ ]�U.S.Z9¦
U

U.Z
V ¨ � ��+a�

γ
!���'p&7�4:<+-��'/:;��&(&(�/��'

ad2
���4�"�

K0

epfh�°:<�G�"�(+-��| &('p5-' �
)���+-���0�
�"'

E(K0)
�(!�+-N������0�D�

IB��6�L
M1 = (0, γ), M2 = (0,−γ).fh�Q���G�0'

U
' �
V

5-'<�
�G!�N�'<&K�0�
��'
E

'.�
D

&('<�()�' : �0+aN�' $p'<���;=���� m"��+-�k)3��&
IB� y L

U = E \ {O,M1,M2}, V = D \ {P}.
� �	�
��� � � ª \^¦ T�«dT�S�R ��\^¦7«dUA­�U

U
¦ ¥ S

V ¨ fh�b�#5B? �<������: �C�(!�+-N��������
� ¡����"�O� �^�Y����� ® e J6��� ª _�R�R�` \��7_GZ9\~T�W

ψ : U → D
­
���2W"\BUkR�T ¥ SDZjT ¥ ZcR"T�\^W3Z

M = (x, y) ∈ U
R�_�S

ψ(M) = (u, v)
T	�

IB�
��L
u = d/x, v = dy/x2,U.¦7Z ¥ W�\�¦.T�«dT�S�R ��\�¦0«dUd­�U

U
¦ ¥ S

V ¨ � ª _�R�R�` \��7_GZ9\BT�W�S�� ��\ R3S0T;§ ¥ U
ϕ : V → U

U.¦7Zn­
����W�\BUCR"T ¥ S
ZjT ¥ ZcR"T�\^W3Z

N = (u, v) ∈ V
R�_�S

ϕ(N) = (x, y)
T	�

IB� ��L
x = d/u, y = dv/u2.

� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ tc' �A8^��&($A!"5-' � IB�
��L ' � IB� ��L �(�����A%�+1' � ��� m"��+-' ���(!�&�51' ���G!�N�'<&K�0�
U

' �
V

&(' �
�()�'<:.�0+aN�' $,' ���;eufh�>N�� &(+-m�'C'<���(!�+a�0'D��+-&(' : �0' $,' ���
5-'<�k���(�(' &K�0+-����������������:<� ' �<e
� �	�
��� � � UC«,T�S�R ��\�¦7«,U

ψ : E → D̂ ¨ �u!�+-�0E6!�'
E

'<�K�*5-+-�(�('n'.�kE�!"'
D̂

' �K�*)�&(�G±w'<:.�0+aN�'�=�5B? ��)�)�5-+1:;�4�
�0+-���X&7�4�0+-������'<5-5-'

ψ
�('#)�&(��5-������'A' �b!��b!���+^E�!"'�$,��&()�H�+-�($,'�=�E6!�'A5B? �G�b���G�0' &7�,' ��:<�G&('

ψ
=���'

E�(!�&
D̂

e o 5�'<�K�k���������D)3��&
5B? � ������:<�C�(!�+-N������D�
� �"£h£h� J�6"�

J e � T ¥ SDZjT ¥ Z}R�T�\�W3Z
M = [x, y, z] ∈ E \ {O}

=
(29) ψ(M) = [dxz, dyz, x2].

�
WdR�_�S.Z9\�� ¥ ` \~U.S�=

ψ(M1) = ψ(M2) = J ¨� e
ψ(O) = P ¨

� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ ���bH���$p����� �"� +-�7�����h51' �h8^��&($#!�5-' � IB� ��L =3�G�b��%��0+-'<���h5^�/8���&($A!�5-' IB� ��L �0��!��C�4!
$p��+-�"���(+

M
'<�K�
��+-�K�0+1��:.�*�"'

M1

'.�
M2

e�����&k��+-5-5-'<!�&(�<=�5^�A8^��&($A!"5-' IB� ��L ��� m"��+a�
!��>$p��&()�H�+-�($,'
��'

E \ {O}
�3�����

D̂
E6!�+u�('P)�&(��5-������','<��!���$p��&()�H�+1�($p'

χ
��'

E
�(!�&
D̂
e>tc'<�A$p��&()�H�+-�($,' �

ψ
'.�
χ

:<���~��: +-�"' ���C�(!�&n5B? ��!�N�' &K�
E \ {O,M1,M2}

=�+-5-���(�����C������:/� �6��!�q
;
�}? ��� 5B? ���(�(' &K�0+-��� J e



� � �������	��
�
�

�u!�+-�0E6!�'

ψ
' �K�C�(!"&9±w'<:.�0+-8���'

E
�(!�&
D̂

' �CE6!�'
P

�c? ��)�)3��&K�0+-'<���C)3���D@
ψ(E \ {O})

=Y��� �d�"�G�":
ψ(O) = P

e
� ����� � � ���
�

β 6= 0
� � !�+-�(�0'C@A&('<$p)�5��4:<' &

v
)��4&

v/β
' �
f

)3��&
f/β2

=����F)Y' !��
�(!�)�)Y�G�('<&
E6!�'
β2 = 1

e�tu? �<E6!3�4�0+-��� IB����L �<? �<: &(+a�k�3�����k: 'C:4���
I��G{6L

v2 = au4 + bu3 + cu2 + du+ 1,'.�k5j? ���>��+-�()����('D��'<�
)���+-�6�0�
P = (0,−1)

'.�
Q = (0, 1)

��'
D(K)

e
� �����	�
� � _ �7T ¥ S<¬7U#U.`^` \ R�Z9\B§ ¥ U

E/K ¨ � �G+-�
E/K

5^�#:<!�%�+1E6!�'C���<m���+-'C�(!�&
K

)3��&
5B? �<E6!3�4�0+-���
I���J4L

y2 = x3 + a2x
2 + a4x+ a6,���Q5-' �
: ��' �p: +1' ���0�

a2

=
a4

'.�
a6

�(�����
I�����L

a2 = c, a4 = bd− 4a, a6 = ad2 + b2 − 4ac.� ��� �"+-�(: &(+-$,+-�3������' �K�
16

8���+-�D:<' 5-!"+���'
f
=O:�? ' �K�A������:d!���'d: ��!�&(%�','<5-5-+-)��0+1E6!�'#�"� m���+1',�(!�&

K
e

fh�Q���G�0'D' ��:<�G&('
E

5^�A:<��$p)�5-� �0� 'n)"&(��±w'<:.�0+aN�'C��'
E

'.�
O = [0, 1, 0] ∈ E(K)

e
� ��������� � U.¦CT ¥ ]GU�S.Z9¦

U
U Z
V ¨ fh�P��� m��"+a��+-: +3�"' ���G!�N�'<&K�0�

U
' �
V

��'
E

'.�
D̂

&(' �()Y' :.�0+-N�'<$p'<���;=
���3��5-����!�' �h@A: '<!�qP+-���0'<&KN�' �3�����
�3�����
5-'C)3��&7�4��&7��)�H�' ® e J e � e�l������(+-���<&(�����*!��"'n&7��:<+-��'n:4�4&(&(�<'

γ��'
4a

�3�����
K0

e��O���(�����
I�� ��L

λ = d2/4− c.
� �"£h£h� J y � � U�¦�R"T�\^W3Z9¦

(x, y) ∈ E(K0)
ZjU.` ¦A§ ¥ U

y − dx/2− b = 0,
¦ T�W3Z

M1 = (λ, dλ/2 + b), M2 = (γ, dγ/2 + b), M3 = (−γ,−dγ/2 + b).
� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ tu? �<E6!3�4�0+-��� I���J4L �<? � : &(+-�h��!��(�(+

y2 − (dx/2 + b)2 = (x− λ)(x2 − 4a),�}? ���>51'n51' $p$,'�e
f������<m���+a�

U
: ��$p$,'d�.�������#5B? ��!�N�' &K�#�"'

E
8^��&($,�d�"' �A)Y�G+1���0�/@X��+-�K������:<'dm���+1'

(x, y) ∈
E(K0)

�0'<5-�
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� �"£��}¡����c� �"� fh�Q!��0+-5-+1�(' &7�A5-'C89��+a�hE�!"'
I�� ��L

λ2 6= 4a
��!>%�+-'<�

λd+ 2b 6= 0.�u�>'#�Y'.�;=�5-' �
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M = (x, y) ∈ U

R�_�S
ψ(M) = (u, v)
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u =
2(x− λ)

y − dx/2− b ,
I�� ��L
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(x− λ)(2x2 + 2cx+ bd− dy)

(y − dx/2− b)2
,
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ϕ(N) = (x, y)
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x =
2(v + 1) + du

u2
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y =
(du+ 4)(v + 1) + 2du+ 2cu2 + bu3

u3
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I�"���L

ϕ(N) 6= ±M1.� !�)")����(�G�"�k5-'C: �����0&7��+-&('�eufh�b�p��5-��&(�
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ψ : E → D̂ ¨ t�? ��)�)�51+-:;�4�0+-���
ψ : U → V
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T�W _b`(ª ���6_G` \�Z��
ψ(M) = [u, v, w]
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u = 2z(x− λz)(y − dx/2− bz),I�" "�L
v = (x− λz)(2x2 + 2cxz + bdz2 − dyz)− z(y − dx/2− bz)2,

I�" 6�L
w = z(y − dx/2− bz)2.

I�" y L
� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ ���°H"�G$,���G�<��� +1�7�4�6�n5-'<��8���&($A!�51' � I�� ��L ' � I�"�{6L =���� ��%��0+-'<���C5-' �n8^��&($#!�5-' �C: +a�
��'<�(�(!��<e o 53�<? ����+a�*��5-��&(�u�"'h$p�����0&('<&�E6!�'

u
=
v
' �
w

��'h�<? �����6!�51' ���*)3�����(+-$A!"5a������� $,' �����(+
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z = 1
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I�" ��L
y = dx/2 + b, (x− λ)(2x2 + 2cx+ bd− dy) = 0.fh�/' �/���<��!�+a�uE�!"'
x = λ
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x2 = 4a
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x 6= λ
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x = 0
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a = 0
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fh�Q��%��0+-'<���h��+-�"�(+
x = λ
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y = dλ/2 + b
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M = M1
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ψ(M1)
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(x, y) ∈ E(K0)
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x 6= λ, y + dx/2 + b 6= 0.fh�b�
I�" ��L

W = E \ {O,M1,−M1,−M2,−M3}.
� �"£h£h� J �"�,¤ T�\�Z

M = (x, y)
¥ WPR�T�\^W3Z*­�U

W ¨! W _
ψ(M) = [u′, v′, w′]

_�]GU��
u′ = 2(x2 − 4a)(y + dx/2 + b),

I76G{6L
v′ = 2x(y + dx/2 + b)2 − d(x2 − 4a)(y + dx/2 + b)− (x2 − 4a)2,

I76�J4L
w′ = (x2 − 4a)2.

I76���L
� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ fh�b�#5B? �<�6�451+a�0�

y − dx/2− b
x− λ =

x2 − 4a

y + dx/2 + b
.

����&h��+-5-51' !�&(�<=��G�>N�� &(+1m�'DE�!"'

2x2 + 2cx+ bd− dy = (x− λ)(4λ+ 2c) + 2(x− λ)2 − d
(
y − dx

2
− b+

d

2
(x− λ)

)
.

M ? ��)�&(| �k5-' �
8^��&($#!�5-' � I�" "�L � I�" y L =����X�#������:
u

(x− λ)2
= 2

(
x2 − 4a

y + dx/2 + b

)
,

v

(x− λ)2
= 2x−d

(
x2 − 4a

y + dx/2 + b

)
−
(

x2 − 4a

y + dx/2 + b

)2

,

w

(x− λ)2
=

(
x2 − 4a

y + dx/2 + b

)2

.
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ψ(M1) =
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P ′

¦7\
λ2 6= 4a

=
J

¦7\
λ2 = 4a.
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χ

' �K�d��� m��"+���!i)���+-���
M1
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ψ(M2) = ψ(M3) = J.



� ����
������
	���
�� 
���������
������������
���
������
���� �����
xp − yp = cz2 � �

� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ � +
λ2 6= 4a

=}5-'p)���+-���
M1
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M2
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λ2 = 4a
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λ = γ
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M1 = M2

=}�c? ���
ψ(M2) = J
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γ
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a 6= 0

L =
M3
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' �
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−M2

=
−M3
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ψ(−M1) = P.
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M1 6= −M1

=65-' ��8^��&($#!�5-' � I�" "6L � I�" y L +-$,)�5-+1E6!�'<��� I76�6�L e � !�)�)Y�G�(�����
M1 =
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dλ/2 + b = 0.
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λ2 6= 4a
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ψ(M1) = P ′
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u0 = 0
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P ′ = P
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ψ(O) = Q.
� �.«,T�W"¦�Z9S0_GZ9\BT�W ¨ ���p: �����(+-���<&7������5B? �<E6!3�4�0+-���#)�&(��±K' : �0+aN�'���'
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ψ(M) = [u, v, w]
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u = 2(x− λz)(y − dx/2− bz),
v = 2(y2 − a2x

2 − a4xz − a6z
2)− 2λx2 + (x− λz)(2cx+ bdz − dy)− (y − dx/2− bz)2,

w = (y − dx/2− bz)2.fh�Q'<�>��� �"!�+a�
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u(M) = d/x
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M = (x, y) ∈ U, u(M1) = u(M2) =∞, u(O) = 0.
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u(M) =
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
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5-'�$,�G&()"H�+-�($p'���'�&(� ��!":.�0+-���}e � ��+a�

E1(K)
5j? +-�6�0' &(�(' : �0+-���n��!D��������!D��'

π
� N�' :

E(K)
e}tu? ��%�±K' : �0+-8

��'Q: ' �(�0'F� ����)�'F'<�K�P��5-��&(�p�}? '.q�)�5-+-:<+a�0' &#!"�V� ���K�0| $,'>��'Q&(' )"&(� �(' �6���4�6�0�p��'
E(K)/E1(K)

E6!�+
: �����0+1' ���

O
e o 5k' �K�P89��:<+-5-'>�}? ��%��0'<��+-&,!��i�0'<5
� ���K�0|<$p'X��'Q&('<)�&(� �('<���������0�,)Y�G!"&,)�' ! E6!�'Q5B? �G�

�7��:7H�',�"� $p�����0&('<&<=��(+��0' 5�' �K�A5-',:;���<=OE6!�'
{N1, . . . , Nr}

' �K�A!���',%3���('d��'
E(K)

$p����!�51�>�(���
�(��!��K�B��&(��!�)�'F��'d�0��&(�(+-���}e f���)�&(��: |<��'d+-:<+*�4!��0&(' $p'<���F�p�G�r: �����(+-��|<&('P5-'d�(��!��K�B��&(��!�)�'

G
��'

E(K)
' �"�G'<����&(��)��4&h�(���b�(�G!"�K�B�G&(��!�)Y'A��'D�0��&(�(+-���X'.�

{N1, . . . , Nr}
e ���G�0�����

h
5B? +-����+1: 'C�"'

G�3�����
E(K)

'.�
�(!")�)����(������E�!"'C5^�A:<������+a�0+-���>�(!�+aN��4�6�0'n�(��+a�k�7�4�0+-�(8~��+a�0'/�
� e
h

' �K�k)�&('<$p+-'<&k� N�' :D5B? ��&(��&('C��'
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