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Abstract

Let (X,7) be any T1 topological space. Given a function F: X — R and z € X, we define the
oscillation of F" at  to be w(F, x) = infy sup,, ,.cp [F(21) — F(22)|, where the infimum is taken
over all neighborhoods U of z. It is well known that w(F,-): X — [0, o0] is upper semicontinuous
and vanishes at all isolated points of X.

Suppose an upper semicontinuous function f: X — [0, 0o] vanishing at isolated points of X
is given. If there exists a function F': X — R such that w(F,-) = f, then we call F" an w-primitive
for f. By the ‘w-problem’ on a topological space X we mean the problem of the existence of an
w-primitive for a given upper semicontinuous function vanishing at all isolated points of X.

The main topics of the present paper are some results concerning the classical w-problem
and some new generalizations.
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Introduction

The oscillation of a real-valued function is a very well known notion of mathematical
analysis. Especially it is very useful in the study of continuity. The problem of character-
izing the functions which are the oscillation of some other function is very natural and
easily formulated. So, it is surprising that the investigation of such functions has begun
only recently. The first attempts at studying the function which is, as we say today, an
w-primitive, were probably made by Kostyrko in 1980, [K2].

It is mathematical folklore that the oscillation of any real function is upper semi-
continuous and vanishes at isolated points of the domain. Thus the w-problem is the
following question: does every upper semicontinuous real-valued function vanishing at
isolated points of its domain the oscillation of some other function? In 2001-2003, the
problem of the w-primitive was studied and positively solved for functions defined on a
metric space (see [DGPL [EP1l [EP2]). Namely, the following theorems were proved:

THEOREM 0.1 (JEP2, Theorem 3|). Let (X,d) be an arbitrary metric space and f: X —
[0,00) an upper semicontinuous function which vanishes on X \ X?@. Then for each lower

semicontinuous function g: X — (0,4+00), there exists a function F': X — R such that
w(F,-)=fand —g< F < f.

THEOREM 0.2 (JEP2, Theorem 4]|). Let (X,d) be an arbitrary metric space and f: X —
[0, 00] an upper semicontinuous function which vanishes on X \ X?. Then there exists a
function F: X — R such that w(F,-) = f.

After that, the problem of the existence of an w-primitive for functions defined on a
topological space was investigated. For non-metrizable spaces, a complete solution is still
unknown, except for a few partial results found for some particular types of spaces (see,
e.g., [EP3], [DV], [Kol]). Unexpectedly, it turns out that the w-problem for a topological
space is closely connected with the notion of resolvability. A dense in itself topological
space is called resolvable if it contains two disjoint dense subsets, [HJ.

The purpose of this paper is to present results concerning the classical w-problem and
some new generalizations.

1. Preliminaries

First, we give the basic definitions and properties which will be used throughout the
paper. We will use standard notations. In particular, the set of positive integers, the set
of rational numbers, and the set of real numbers are denoted by N, Q, and R, respectively.
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6 S. Kowalczyk

(X, T) will always denote a topological space with its family of open subsets. Throughout,
we consider only 7} topological spaces. For each A C X we use A%, int(A), cl(A4), and
Fr(A) to denote the derived set, interior, closure, and boundary of A, respectively. Capital
calligraphic letters usually denote families or classes of sets.
Let (X, T) be any T; topological space. Given a function F': X — R and z € X, we
define
w(F.z)=inf sup [Flay) — Fla)].
U x1,x2€U
Mp(x) = inf sup F(x1),
U z1€U

mp(z) = sgp CEilréfUF(ml)

where infy; and supy; are taken over all neighborhoods U of x. The value w(F, x) is called
the oscillation of F' at x, whereas Mp(z) and mp(z) are called the upper Baire function
of F' at x and the lower Baire function of F at x, respectively. It is well known that w(F, )
and My are upper semicontinuous functions and mg is lower semicontinuous. Moreover,
F is continuous at z¢ € X if and only if w(F,z¢) = 0. In general, w(F,-) is nonnegative
and vanishes at all isolated points of X, and

w(F,z) = Mp(z) — mr(z)
for each x € X.

DEFINITION 1.1. Let (X, 7)) be a topological space and f: X — [0, +oc] an upper semi-
continuous function vanishing at all isolated points of X . If there exists a function F': X —
R such that w(F,-) = f, then we call F' an w-primitive for f.

By the ‘w-problem’ on a topological space X, we mean the question of whether there
always exists an w-primitive for any given upper semicontinuous function vanishing at
isolated points of X. The existence of an w-primitive has been extensively studied in
recent years [DGP], [EP1], [EP2|, [EP3], [DV], [Kol], [Ko2|. It is worth mentioning that
one has to distinguish between the cases of f finite and f taking the value oo, and also
between X dense in itself and X having isolated points.

The complete solution of the w-problem for metrizable spaces was obtained in 2001
[EP2].

As already mentioned, for nonmetrizable spaces, a complete solution is still unknown.
Moreover, it turns out that the w-problem for a topological space is closely connected to
the notion of resolvability.

DEFINITION 1.2 ([H]). A dense in itself topological space is called resolvable if it contains
two disjoint dense subsets.

There are many papers concerning various aspects of resolvability and irresolvability
(for example [V], [Pal, [E], [FM], [Al, [BMM], [Ce], [ELLl, [EI2], [FL], [G], [GRV]). It is
known that, provided X is dense in itself, X metrizable [S], or first countable [H], or
locally compact [H|, implies X is resolvable. On the other hand, for each dense in itself
completely regular topological space (X, T) there exists a topology T* on X such that
T C T* and (X,T*) is completely regular and not resolvable [H|. In [EP3]| it was shown
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that if X is irresolvable then no upper semicontinuous function f: X — (0,00) has an
w-primitive.

In Chapter 2 we investigate properties of the operator w~'. These properties help solve
the w-problem for continuous functions. It turns out that resolvability is a necessary and
sufficient condition for the existence of an w-primitive for a finite continuous function
defined on a dense in itself topological space. Moreover, a full description of the set
{F: X - R:w(F, ) = f}, where f: X — [0,+00) is a continuous function, is given.
Next, these results are extended to the case of topological spaces with isolated points
and to the case of continuous functions taking the value co. Moreover, some examples of
irresolvable spaces are given in this chapter.

Chapter 3 contains some new sufficient conditions for the solution of the w-problem.
The w-problem is solved for Baire dense in itself spaces and for separable first countable
and completely regular spaces, as well as for some other cases. Moreover, it is proven
that each topological space is homeomorphic to a closed subset of a topological space
(Y, 7) such that each upper semicontinuous function f: Y — [0, 4+o00] has an w-primitive.
If we would like to get similar results for functions taking the value oo, we need to as-
sume that X is perfectly normal. It is shown that this assumption cannot be omitted.
There exists a separable completely regular first countable space (X, 7T ) and an upper
semicontinuous function f: X — [0, 4+00] which has no w-primitive. In the theory of the
w-problem it is useful to define a property of topological spaces which is similar to re-
solvability. A topological space is regularly resolvable if it contains a o-discrete and F,
dense subset.

Chapter 4 is devoted to the w-problem for functions defined on a massive topological
space. A topological space is massive if no nonempty open set is o-discrete. In such
spaces, an w-primitive for f has the simple form F' = f - x4, where x 4 is a characteristic
function of some set A C X. Next, the results are extended to the case of functions taking
the value oo (certainly, each massive space has to be dense in itself).

In Chapter 5 we discuss the w*-problem. For a given function F': X — R and x € X
we define

w(F,z) =inf  sup  |F(z1)— F(z2),

U z1,22€U\{z}

where the infimum is taken over all neighborhoods of  and (X,7) is a dense in itself
topological space. Some results concerning the w*-problem were shown in [Ko2|. In the
present paper we solve the w*-problem for a metric space. More precisely, if (X, p) is a
metric space, then for each upper semicontinuous function f: X — [0, 00], there exists
F: X — R such that w*(F,-) = f. Moreover, F' can be chosen so that 0 < F' < f. On
the other hand, the w*-problem for nonmetrizable spaces seems to be more difficult. For
example, it will be shown that there exists an upper semicontinuous function with finite
values defined on the Niemytzki plane which has no w*-primitive.

In the last chapter we study the w-problem for functions f: (X,7) — (Y, ), where
(Y, 0) is a metric space and w(f, ) = infy sup,, ,,ep o(f(21), f(22)). It is proven that if
the space Y contains a subset ‘similar’ to the real line, then the w-problem can be studied
exactly as in the case of real-valued functions.
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Proofs are included, as usual, when the result is not known or the proof is simpler
than the known one. Otherwise, the reader is referred to the corresponding papers.

2. Properties of the operator w™!

In this chapter we will describe the set w™!(f) = {F: X — R : w(F,-) = f} for a
continuous function f: X — [0,+00). This characterization gives a necessary condition
which the topological space (X, 7)) has to possess for the existence of an w-primitive for
any upper semicontinuous function f: X — R.

LEMMA 2.1. Let (X, T) be a topological space. Suppose that f: X — [0, 00| is continuous
and F: X — R is an arbitrary function. If there exist functions g,h: X — R such that
F =g+ h, g is continuous, 0 < h < f, and for each ¢ > 0 the sets {x € X : h(z) < ¢}
and

{zeX:(f(z) #ooAh(z) > f(z) —e) V (f(z) =00 Ah(z) > 1/e)}
are dense in X, then w(F,-) = f.

Proof. Assume that F' = g + h, g is continuous, 0 < h < f, and for each € > 0 the sets
{zr € X :h(z) <e} and

{2 € X : (f(z) # 00 Ah(x) > £(z) — ) V (f(z) = 00 A h(x) > 1/)}
are dense in X. By the continuity of g, we have w(F,:) = w(h,-). Since 0 < h < f
and f is continuous, we conclude that m; > 0 and M} < f. Finally, let x5 € X be an
arbitrary point. Fix any € > 0 and a neighborhood U of xg. Since {z € X : h(x) < e} is

dense, inf, ey h(z) < e. If f(zg) # +o00, then, by the continuity of f at xg, there exists a
neighborhood V' of zg such that f(¢) < +oo for ¢ € V. Since the set

{2 €X: (f(&) #£ 00 Ah(z) > F(z) — ) V (f(x) = 00 A h(z) > 1/e)}
is dense, there exists y € UNV for which h(y) > f(xo)—e. Similarly, if f(z¢) = +oo then,

by the continuity of f at xg, there exists a neighborhood V' of zy such that f(z) > 1/¢
for all € V. Since the set

{2 € X : (f(x) # 00 Ah(z) > f(z) — ) V (f(x) = 00 A h(z) > 1/e)}

is dense, there exists y € U NV for which f(y) > 1/e. Thus sup,cyny h(x) > f(z0) — €
if f(xo) < 400 and sup,cpyny h(z) > 1/e if f(xg) = +o0. It follows that mp(zo) < ¢,
My (z0) > f(zo) — e when f(xo) # 400 and Mp(xo) > 1/e when f(xg) = +oo for each
¢ > 0. Therefore mp(xo) < 0 and M}y (z9) > f(zo). Since zg is an arbitrary point of X,
myp, < 0 and My, > f. Therefore mj;, = 0 and M}, = f. Hence w(h,-) = f. It follows that
wF,)=f. =

If we consider only functions with finite values, we get the following corollary.

COROLLARY 2.1. Let (X,T) be a topological space. Suppose that f: X — [0,+00) is
continuous and F': X — R is an arbitrary function. If there exist functions g,h: X — R

such that F = g+ h, g is continuous, 0 < h < f, and for each € > 0 the sets {x € X :
h(z) <e} and {z € X: h(z) > f(x) — e} are dense in X, then w(F,-) = f.
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The proof of the next lemma is very similar to the proof of Lemma SO we omit it.

LEMMA 2.2. Let (X,T) be a topological space. Suppose that f: X — [0, +o0] is continu-
ous and F': X — R is an arbitrary function. If there exist functions g, h: X — R such that
F =g+h, g is continuous, —f < h <0, and for each € > 0 the sets {x € X : h(z) > —¢}
and

{reX:(f(x)#+ooAh(z) < —f(z)+e)V (f(z) =40 Ah(z) < —1/e)}
are dense in X, then w(F,-) = f.

COROLLARY 2.2. Let (X,T) be a topological space. Assume that f: X — [0,+00) is
continuous and F: X — R is an arbitrary function. If there exist functions g,h: X — R
such that F = g+ h, g is continuous, —f < h <0, and for each € > 0 the sets {x € X :
h(z) > —e} and {z € X: h(x) < f(x) + €} are dense in X, then w(F,-) = f.

LEMMA 2.3. Let (X,T) be a topological space and suppose that F: X — R is such that
mp s finite and continuous. Put f = w(F,) and h = F — mp. Then w(h,-) = f,
0<h<f, andforeach€>0thesets{xeX.h( ) <e} and

{z e X:(f(x) #+ooAh(z) > f(z) =€)V (f(x) = +oo Ah(z) > 1/e)}
are dense in X.
Proof. Since mp is continuous, My, = Mp_y,, = Mp —mp = f and my = mp_p,, =
mp—mp = 0. It follows that w(h,-) = f—0 = f. Moreover, h < My, = fand h > m; = 0.
Hence 0 < h < f.

Fix € > 0. Let U € T be an arbitrary nonempty open set. Since my = 0, we can find
y1 € U such that h(y1) < e. Moreover, either f(xz) = +oo for all & € U or there exists
an open set V' C U such that f(z) # oo for all € V. Take any xy € U in the first
case or any xg € V in the second one. First, assume that f(xg) < co. Then, by upper
semicontinuity of f, there exists a neighborhood W of zy such that f(z) < f(xo) +¢
for all x € W. Moreover, My(xg) = f(xo). Therefore we can find y3 € U N W such that
h(ys) > f(zo) — /2.

Finally, assume that f(xz) = oo for all 2 € V. Then there exists y, € V such that
h(yz) > 1/e.

Thus we have proven that UN{z € X : h(z) < e} # 0 and

Un{z: (f(z) # +oo Ah(z) > f(z) —e) V (f(z) = +oo Ah(z) > 1/e)} # 0.
Since U is an arbitrary nonempty open set, {x € X : h(x) < ¢} and
{r e X : (f(x) #4+o0ANh(z) > f(x) —e)V (f(x) = +o0 Ah(z) > 1/e)}

are dense in X. m
The proof of the next lemma is analogous and we omit it.

LEMMA 2.4. Let (X,T) be a topological space and suppose that F: X — R is such that
Myp is finite and continuous. Put w(F,-) = f and h = F — Mp. Then w(h,:) = f,
—f < h <0, and for each € > 0 the sets {x € X : h(x) > —¢} and

{re X :(f(z) #+ooANh(z) < —f(x)+e)V (f(x) =40 Ah(z) < —1/e)}

are dense in X.
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COROLLARY 2.3. Let (X,T) be a topological space and f: X — [0,+00) an upper semi-
continuous function. If there exists F: X — R for which w(F,-) = f and at least one of
the functions Mp or mp is continuous, then there exists h: X — R such that w(h,-) = f
and 0 < h < f.

Proof. If mp is continuous, we may use Lemma [2.3] and the proof is complete. If Mp
is continuous, then by Lemma [2.4] there exists F': X — R such that w(F,-) = f and
—f< F < 0. Then it is sufﬁ(nent totake F = —F. m

LEMMA 2.5. Let (X, T) be a topological space and f: X — [0,400) a continuous function.
If F: X - R and w(F,-) = f, then the functions Mp and mg are continuous too.

Proof. Let w(F,-) = f. Then Mp = f+mp, because f, M; and my are finite. Since Mp
is upper semicontinuous and f + my is lower semicontinuous, this equality implies that
the both My and f + my are continuous. Therefore mp and My are continuous. m

The next example shows that Lemma [2.5] does not hold for a continuous function
f: X — [0, +00] with infinite values, even if it takes the value +00 only at a single point.

ExAMPLE 2.1. Define F': X — R as follows:
1 ifzreR ,
Flz) = Jx iz \Q
0 if x € Q.

Then
1/]z| ifz #0,
+oo  ifx =0,

f(x):w(va):{

is continuous. But the functions

0 if x € (—00,0), 1/z  if x € (—o0,0),
Mp(z)=q1/z ifx e (0,+c0), and mp(z)= (0 if z € (0, +oo)
+oo ifx =0, —oo ifx=0,

are discontinuous at 0.

Applying the lemmas we get the following theorem, which characterizes the set w=1(f)
={F: X - R:w(F,-) = f} for a continuous function f: X — [0, 400).

THEOREM 2.1. Let (X,T) be a topological space and f: X — [0,400) a continuous
function. For any F: X — R, the following conditions are equivalent:

(1) W(Fﬂ') = f,
(2) mp is continuous and if we put h = F —mp, then 0 < h < f and for any € > 0 the
sets

{reX:hzx)<e} and {ze€X:h(zx)> f(z)—¢}

are dense in X,
(3) Mg is continuous and if we put h = F — Mp, then —f < h <0 and for each £ > 0
the sets
{reX:h(x)>—-€} and {xe€X:h(x)<—f(z)+e}

are dense in X,
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(4) there exist g,h: X — R such that F = g+ h, g is continuous, 0 < h < f, and for
each € > 0 the sets

{reX:h(x)<e} and {xe€ X :h(z)> f(z)—e¢}

are dense in X.
(5) there exist g,h: X — R such that F = g+ h, g is continuous, —f < h <0, and for
each € > 0 the sets

{reX:h(z)>—¢c} and {zeX:h(z)<—f(z)+e}
are dense in X.

Proof. Implication (1)=(2) follows from Lemma [2.5| and Lemma[2.3] Similarly, (1)=>(3)
follows from Lemmas[2.5|and [2.4] Implications (2)=>(4) and (3)=>(5) are obvious. Finally,
(4)=>(1) follows from Lemma[2.1] and (5)=-(1) from Lemma n

REMARK 2.1. If w(F,-) = f or if for each € > 0 the sets
{reX :h(r)<e} and {zeX:h(z)> f(xr)—ec}
are dense in X, then f vanishes at each isolated point of X.

The next example shows that if f is not continuous and w(F, ) = f, then the equalities
Ww(F —mp,-) =w(F,-) and w(F — Mp,-) = w(F,-) need not hold.

EXAMPLE 2.2. For any interval I = (a, b), define g;: I — [—1,1] by g;(x) = sin
Then g7 is continuous. Moreover,

1
EERIC=OE

limsup g;(z) = limsup g;(x) = 1,

z—at z—b—
hmlnfgf( ) =liminf g;(z) = —1.
z—at T—b~

Let A C R be any closed, dense in itself, and nowhere dense set. Let {I,, = (an,by) :
n € N}, be the set of all connected components of the complement of A. Let g: A — [—1,1]
be any function. Finally, let us define two more functions f: R — [0, 4+00), F': R — R by
putting

0 ifzeR\A, g1,(x) ifxel,andneN,
ﬂ@—{ ﬂx—{

2 ifzeA, glx) ifzxe A
Then it is easy to check that

g1, () ifzel,andneN, gr,(z) ifxel, andneN,
Mp(z) = mp () =

1 ifx € A, -1 ifx e A.
Therefore w(F,-) = f. On the other hand,
0 ifzel 1
(F ~ M) (x) = Ui
glx)—1 ifxe A,

0 ifzelUy, In
glx)+1 ifzeA
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Thus
0 ifxe U,C.)Lozl I,
1—my(z) fzeA,

(F ) 0 if x €Uy, In,
w(F —mp,x) =
r My(z)+1 ifzeA

Hence w(F,-) # w(F — Mp,-) and w(F,-) # w(F — mp,-). Moreover, w(F — Mp,-) and
w(F —mp,-) depend on an arbitrary function g defined on A, whereas w(F,-) = f does
not change. This shows that the characterization of an w-primitive for f as in Theorem[2.]]
is no longer true.

w(F — Mp,z) = {

By Theorem [2.I] we get a necessary condition for the existence of an w-primitive for
all upper semicontinuous functions defined on a dense in itself topological space (X, 7).
To formulate it, we need the notion of a resolvable space, introduced in [HJ.

DEFINITION 2.1 ([H]). A topological space (X, T) is said to be resolvable if it is dense in
itself and contains two disjoint sets which are dense.

THEOREM 2.2. Suppose that (X,T) is a topological space dense in itself, 5 > 0, and
f: X = [6,4+00) is a continuous function. If there exists a function F: X — R such that
w(F,-) = f, then X is resolvable.

Proof. By the assumptions and by Theorem there exists h: X — R for which
w(h,-) = f and for any € > 0 the sets {x € X : h(z) < e} and {z € X: h(z) > f(z) — ¢}
are dense in X. It is sufficient to put A = {z € X : h(z) < 6/2} and
B={zeX:h(z)> f(z)—95/2}.
Then A and B are disjoint and dense in X. m
We have proven that if every upper semicontinuous function f: X — [0, 4+00) defined
on a dense in itself topological space X has an w-primitive, then X is resolvable. Now,

we shall show that the resolvability of X is a sufficient condition for the existence of an
w-primitive for each continuous function f: X — R.

THEOREM 2.3. Let (X,T) be a topological space dense in itself. The following conditions
are equivalent:

(1) X is resolvable,

(2) for each continuous function f: X — [0,+00) there exists F: X — R such that
W(Fv ) =7

(3) there exist 6 > 0 and a continuous function f: X — [0, +00) that has an w-primitive.

Proof. First, assume that X is resolvable. Let A be a dense subset of X such that X\ A is

dense too. Then, by Lemma[2.1] for each continuous f: X — R, the function F': X — R,

F(x):{o if 2 € A,
flz) ifzeX\A,

satisfies the equation w(F,-) = f.
Implication (2)=-(3) is obvious and (3)=-(1) follows directly from Theorem n
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A similar theorem is true for a space with isolated points.

THEOREM 2.4. Let (X,T) be a topological space. Assume that any upper semicontinuous
function g: X — [0, +00] vanishing at all isolated points of X has an w-primitive. Then
there exist A and B, disjoint subsets of X, such that the sets AU(X \ X?) and BU(X\ X%)
are dense in X.

Proof. If X% = () or X% = X, then there is nothing to prove. Assume that X% # () and
X\ X9 £ (). Define a function f: X — [0, +00) by putting

1 ifze X9,
€Tr) =
/(@) {0 if € X\ X

Since X% is a closed subset of X, f is upper semicontinuous. By assumption, there exists
a function F: X — R such that w(F,-) = f. On the other hand, Y = int(X¢) is an
open dense in itself subset of X. Therefore if we put f fiy and F= Fy, we easily get
w(F )= f. By the continuity of f and Theorem [2.1] there exists h: X — R such that
w(h,)=f=1and thesets A= {z €Y : h(z )<1/2}andB:{x€Y:h( ) > 1/2}
are dense in Y. Since A and B are disjoint and dense in Y = int(X?), we deduce that
AU(X\ X% and BU (X \ X9) are dense in X. m

THEOREM 2.5. Let (X, T) be a topological space. Then the following conditions are equiv-
alent:

(1) there exist disjoint subsets A and B of X such that both AU(X\ X?) and BU(X\ X%)
are dense in X,

(2) for each continuous function f: X — [0,400) vanishing at all isolated points of X
there exists a function F': X — R such that w(F,-) = f.

Proof. Without loss of generality, we may assume that X< # () and X \ X¢ # 0.
First, assume that there exist disjoint sets A and B such that 4 U (X \ X%) and
BU (X \ X%) are dense in X. For each continuous f: X — R define F: X — R by

0 ifxeA,
flz) ifze X\ A,
(If A =0, then obviously F = f.) Put C = (X \ A) U (X \ X%). Then BU(X \ X4) c C
and C is a dense subset of X. Since Fic = f|c and f is continuous, we have Mp = f.
Moreover, F(x) =0 for all x € AU (X \ X?%) and AU (X \ X%) is a dense subset of X.
Therefore mp = 0. Thus w(F,-) = f.
The reverse implication follows immediately from Theorem [2.4] =

F(z) =

We have shown that in each dense in itself irresolvable topological space, not every
upper semicontinuous function has an w-primitive. Moreover, by Theorem [2:2] in such a
space even a constant and positive function has no w-primitive.

All ‘standard’ topological spaces are resolvable. In [H|, some methods of construction
of dense in themselves irresolvable topological spaces were given. Based on these methods,
we will present some properties of irresolvable spaces. We start from two technical lemmas.
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LEMMA 2.6 ([H]). If A is a dense subset of a dense in itself topological space (X,T), then
for each nonempty open set U € T, the intersection U N A is an infinite set.

Proof. Suppose, to the contrary, that for some nonempty open set U € T the intersection
U N A is a finite set, and write U N A = {z1,...,z,}. Since X is a T} space, for each
k € {2,3,...,n} there exists an open set Uy such that z; € Uy and zp ¢ Ug. Let
U=U;NUsN---NUg. Then U is a nonempty open set and U N A = {z1}. Since X is
dense in itself, we can find y € U \ {z1}. Again, by the 77 axiom, there exists an open set
V such that y € V and z; ¢ V. Hence VNU is a nonempty open set and (VNU)NA =0,
which is impossible because A is dense. Therefore our assumption is false and for each
nonempty open set U € T the intersection U N A is an infinite set. m

LEMMA 2.7. Let (X,T) be a Tychonoff topological space and let A be any nonempty
subset of X. Then the family

{(UNA)UWV\NA):UVeT}

is a topology T on the set X such that T C 7 and (X, 7) is also a Tychonoff space.
Moreover, if both A and X \ A are dense in (X,T), and if (X, T) is dense in itself,
then (X, 1) is dense in itself.

Proof. It follows that {(UNA)U(V\ A): U,V € T} is a topology on X, since
(N AU\ AN [[U2NA)U(Va\ A)] = [(UNU2) NAJU[(ViNTV2) \ 4]

and

Uiwnyuwaa)=(Juvna)u(Uv\4)
s€S ses

ses
for any Uy, Us, U, Vs, V1, Vo € T. Moreover, the definition of 7 implies 7 C 7, because

U=UnNAUU\NA) forUeT.

Hence (X, 7) is a Ty space.
Let f: X — [0,1] be any function which is continuous with respect to 7. We will
show that f: X — [0,1] defined by

f(z) ifxeA,
0 ifre X\ A4,

is continuous with respect to 7. In order to prove this, observe that

0 if a <0,
{(reX fr)<a}={{zeX:fz)<alU(X\A) if0<a<l,

X if 1< a,

X if a <0,
{reX:f(z)>a}= {reX:f(x)>a}nNA if0<ax<],

0 if 1 < a,
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By the continuity of f with respect to 7 and by the definition of 7, it follows that
all preimages of halflines belong to 7, because the sets A = (X N A) U (@ \ A) and
X\A=(@NA)U(X\A) belong to 7. Therefore f is continuous with respect to .

Let U € T be any nonempty open set and xg € U N A. Since (X, T) is a Tychonoff
space, there exists a function f: X — [0,1] continuous with respect to 7 such that
f(xo) =1 and f(x) =0 for all z € X \ U. Let us define f: X — [0,1] by

s Jflx) ifxeA,
ﬂm_{o ifze X\ A

We have proven that f is continuous with respect to 7. Moreover, f(xo) =1land f(z)=0
forall z € X \ (UNA).

Similarly, if U € T is any nonempty open set and 29 € U \ A, then we can construct
a function f: X — [0,1] continuous with respect to 7 such that f(zp) =1 and f(z) =0
for all z € X \ U. Again, define f: X — [0,1] by

2o Jfl@) ifrze X\ A,
ﬂ@{o if v € Al

Analogously to the previous case, we can show that f is continuous with respect to T,

f(zo) =1and f(z) =0foral z € X\ (U\ A).

Since {UNA:U € T}U{U\A:U € T} is a base of 7, we infer that (X,7) is a
Tychonoff space.

Finally, assume that A and X \ A are each dense in the space (X, 7), which is dense
in itself. By Lemma[2.6] the sets UNA and V\ A for all U,V € T, U # ) # V are infinite.
Hence all nonempty elements of the base of 7 are infinite. This proves that (X, 7) has no
isolated point. m

Now we can present a construction of a Tychonoff irresolvable topological space. More
precisely, we will prove the following:

THEOREM 2.6. For any dense in itself Tychonoff topological space (X, T), there exists a
topology v on X such that T C v and (X,7) is a dense in itself Tychonoff irresolvable
space.

Proof. Let (X,T) be any dense in itself Tychonoff topological space. Let A be the family
of all topologies on X such that if 7 € A, then (X, 7) is a dense in itself Tychonoff space
and 7 C 7. It is obvious that the relation < defined by

T <T9& 71 CTo

is a partial order on A. Let {75 : s € S} be any chain in (A, <). Then {U C X : U € 75,
s € S} is a base of some topology 79 on X.

For each s € S and U € 7, if U # 0, then U is not a singleton. Hence (X, 79) has no
isolated point. Moreover, for each s € S, each ) # U € 7,, and each z¢ € U, there exists
a function f: X — [0, 1] continuous in the topology 74 such that f(z¢) =1 and f(x) =0
for z ¢ U. It follows that f is continuous with respect to 7. Therefore (X, 79) is a dense
in itself Tychonoff space. Obviously, T C 7g. It follows that 79 € A and 7, < 7 for s € S.
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By the Zorn Lemma, there exists a maximal element « in the family A. By definition
of (A, <), we infer that (X,~) is a dense in itself Tychonoff space and T C ~. Moreover,
if 7 is a topology on X and vy C 7, then either (X, 7) is not dense in itself or (X, 7) is not
a Tychonoff space.

We claim that (X, ) is not resolvable. Suppose that there exist A, B C X such that
ANB =0 and cl,(A) = X =cl,(B). Then cl,(X \ A) = X. (cl,(B) denotes the closure
of B C X with respect to the topology ). Let 7 be a topology on X,

r={UNAUWV\A):UV e~}

By Lemma (X, 7) is a dense in itself Tychonoff space and v C 7. By definition of ~, it
follows that v = 7. In particular, A = (XNA)U(0\ A) € 7. Hence A = ANcl,(X\A) =0,
which is impossible. =

Two important corollaries follow directly from Theorem

COROLLARY 2.4. Let X be a topological space. If for some continuous function f: X —
[0,400) there exists an w-primitive F: X — R, then there also exists an w-primitive
h: X = R for f satisfying the conditions My = f, mp = 0.

COROLLARY 2.5. Let X be a topological space. If for some continuous function f: X —
[0, +00) there exists an w-primitive F: X — R, then there exists an w-primitive h: X —
R for f satisfying the condition 0 < h < f.

The next example shows that for an upper semicontinuous function f: X — [0, 4+00),
the last corollary is not generally true.

EXAMPLE 2.3. Let X = {(2k+1)/2" : k€ Z,n=0,1,2,...} be endowed with a metric
from the natural metric in R. Define f: X — [0,+00) by f((2k+1)/2") =1+ 1/2"
for k € Z and n =0,1,2,.... Obviously, f is upper semicontinuous. Since X is a metric
space, there exists a function F': X — R such that w(F,-) = f. Suppose that we can find a
function h: X — R for which w(h,-) = f and, moreover, 0 < h < f. Since My, —my, = f,
myp > 0 and M;, < f, we conclude that m;, = 0 and M, = f. Further, f(z) > 1 for
x € X and each set {t € X : f(t) > a} is closed and discrete for o > 1. Therefore
limsup,_,, h(t) < limsup,_,, f(t) < f(z) for x € X. It follows that My(x) = f(x) if
and only if A(z) = f(x). Hence h = f. But it is easy to see that w(f,) = f — 1. The
contradiction obtained proves that there is no function h: X — R for which w(h, ) = f
and 0 < h < f.

In the next example we will show that even if for an upper semicontinuous function
f:+ X — [0,400) there exists an w-primitive F satisfying the conditions w(F,-) = f and
0 < F < f, the characterization of w™1(f) as in Theorem need not be true.

EXAMPLE 2.4. Let f: R — [0,400) be defined by

o ifz#o,
f(x)_{z if z = 0.

Obviously, f is upper semicontinuous. Moreover, if F': X — R satisfies w(F,-) = f and
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0<|F|<f,then F = for F=—f. For each a € [-1,1] we define F,,: R — R by
{singlC ifx#0,

F,(x) =
(@) a ifz=0.

Then for a € [—1,1] we have w(F,,-) = f but Fj, cannot be represented as the sum of a
continuous function and f or —f.

Now let us return to Theorem 2.1 and consider the case of continuous functions taking
infinite values. Example shows that if w(F,-) = f and f has infinite values, then the
characterization of the w-primitive F' for f as in Theorem is not true. Nevertheless,
we can prove quite similar properties of the w-primitive for functions with infinite values.

THEOREM 2.7. Let (X,T) be a topological space. Suppose that f: X — [0,400] is a
continuous function, A ={x € X : f(z) =400} #0 and F: X — R. Then the following
conditions are equivalent:

(1) w(F,-)=f,
(2) F can be represented in the form F = g+ h, where g,h: X — R have the following
properties
e the restriction of g to X \ A is continuous,
e the restriction of g to int(A) is continuous,
e 0 <h(z) < f(x) forz e X,
o for each e >0, the sets {r € X \ A: h(z) <e} and {z € X \ A: h(z) > f(x) — &}

are dense in X \ A and {x € A : |h(z)| > 1/e} is dense in int(A).
Proof. (1)=(2). Suppose w(F,-) = f. By the continuity of f, A is closed and X \ A is
open. Let f be the restriction of f to X \ A. By the openness of X \ A, we infer that
w(F,") = f, where F is the restriction of F to X \ A. Since f is continuous and takes
only finite values, by Theorem 1| there exist g: X \ A — R and h: X \ A — R such
that: g is continuous, 0 < h < f, and for each £ > 0 the sets {re X\ A: h(z) < e} and
{z € X\ A:h(z)> f —¢} are dense in X \ A. Define f: X - R and g: X — R by

glz) ifze X\ A, h(z) ifzeX\A,
g(x) = . h(z) = :

0 ifx € A, F(z) ifxe A
Then F = g+ h, g is continuous on the set X \ A, constant on A, and 0 < h(x) < f(x)
for x € X. Fix an € > 0. It is obvious that the sets

{zreX\A:h(z)<ey={ze X\ A:h(z)<e}
and - -
{re X\A:h(z)> f(x)—e}={zx e X\A:h(z) > f—¢}
are dense in X \ A. Let U be any open set contained in int(A) and take any zg € U.
Since h(z) = F(z) for x € A and w(F,x¢) = f(zg) = +00, there exists y € U such that
|h(y)| > 1/e. Therefore UN{zx € A: h(x) >1/e} =0, s0 {x € A: |h(zx)| > 1/e} is dense
in int(A).
(2)=(1). Now assume that F' can be represented in the form F' = g+ h, where f and

g satisfy all the conditions from 2). In particular, X \ A is open, g is continuous on X \ A,
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and for each € > 0 the sets {x € X\ A: h(z) <e} and {x € X\ A: h(zx) > f(xr) — e} are
dense in X \ A. By Theorem we infer that w(F,z) = f(z) for x € X \ A. Suppose
xzo € A. Then f(z9) = +oo. Moreover, {x € A : |h(xz)| > 1/} is dense in int(A) for
all € > 0 and ¢ is continuous on int(A). It follows that if xg € int(A), then w(F, zg) =
w(h,zg) = 400 = f(x¢). Finally, consider the case where xg belongs to the boundary of A.
Fix any real number M > 0. Since f is continuous at xo and f(xg) = +o00, there exists a
neighborhood V' of X such that f(x) > 2M + 3 for x € V. Let U be any neighborhood
of xg and let y € UNV N (X \ A). Since g is continuous at y, we can find a neighborhood
W C X\ A of y such that |g(z) — g(y)| < 1 if z € W. Therefore |g(u) — g(v)| < 2 if
u,v € W. Moreover, {z € X\ A: h(x) <1} and {x € X\ A: h(x) > f(z)— 1} are dense
in X\Aand G=UNVNWnN(X\A)is an open subset of X \ A. It follows that there
exist x1, 9 € G such that h(z1) < 1 and h(z2) > f(z2) — 1. We get

[F(a1) = Flao)| > [h(xs) — h(z1)| = |g(a1) — g(as)] > fw2) — 3 > 2M.

Hence |F(x1)| > M or |F(z3)] > M. Since U is an arbitrary neighborhood of zy and
x1,x9 € U, we have Mp(xz9) > M or mp(xg) < —M. Thus, since M was arbitrary, we
have Mp = 400 or mp = —oo. Therefore w(F,zy) = +oo for any zy belonging to the
boundary of A. m

REMARK 2.2. In the proof of the implication (2)=-(1), we have shown the equality
w(h,-) = f.

COROLLARY 2.6. Let f: X — [0,+00] be continuous, and suppose that F: X — R and
w(F,-) = f. Then there exists a function p: X — R such that w(p,-) = f and 0 < ¢ < f.

Proof. Let A={zx € X : f(z) = 4o0}. If A =0, then the statement is trivial. Otherwise,
by Theorem there exist g, h: X — R satisfying the conditions:

F=g+h,

the restriction of g to X \ A is continuous,

the restriction of g to int(A) is continuous,

0<h(z) < f(z) forall z € X,

for each € > 0 the sets {x € X \ A: h(z) <e} and {r € X \ A: h(z) > f(x) — e} are
dense in X \ A and {x € A :|h(z)| > 1/€} is dense in int(A).

Let us define ¢: X — R in the following way:
h(z) ifzeX\A,
p(x) = .
|h(z)] ifz € A
It follows directly from the definition of ¢ and from the assumptions on h that 0 < ¢ < f.
Repeating the arguments in the proof of Theorem 2.7, we see that w(p, ) = w(h,-) = f. =
Now, we will prove that the decomposition of F' in Theorem 3) is unique.

THEOREM 2.8. Let (X, T) be a topological space. Assume that f: X — [0,+00) is contin-
uous and vanishes at isolated points. Moreover, let F: X — R be such that w(F,-) = f.
Assume that F' = g1 + hy = g2 + ho, where g1, g2, h1,ho: X — R, the functions g1, g2 are
continuous, 0 < hy < f, 0 < he < f, and for each € > 0 the sets {x € X : hy(z) < €},
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{reX :ho(x) <e}, {x e X:hi(z)> flx) —e} and {zx € X : ho(x) > f(x) — €} are
dense in X. Then g1 = go and hy = hs.

Proof. Assume that F = g1 + hy = g2 + ho, where g1, 92, h1,ho: X — R satisfy the
assumptions of the theorem. Then g1 — go = hy — h; and g = g1 — g2 is continuous.
We claim that ¢ = 0. Suppose, to the contrary, that there exists g € X such that
g(xg) = 2¢ # 0. Without loss of generality, we may assume that ¢ > 0. Since g is
continuous, there exists a neighborhood U of xy such that g(z) > ¢ for all z € U. By
assumption, the set {x € X : ha(x) < ¢} is dense. Therefore we can find x; € U for which
ha(z1) < c. Hence

¢ < g(z1) = g1(21) — g2(z1) = ha(z1) — hu(z1) <,
a contradiction. Hence g = 0, so that g1 = ¢go and hy = hsy. =

To end this chapter we study the topological structure of the set {F: X — R : w(F}-)
= f}, where f: X — [0, +00).

THEOREM 2.9. Let (X,T) be a topological space. For each f: X — [0,400), the set
{F: X - R:w(F,-) = f} is closed in the space RX of all functions from X to R with
the metric of uniform convergence

dist(g, h) = min{1,sup{|g(z) — h(z)| : = € X}}.

Proof. Let f: X — [0,4+00). We may assume that B ={F: X - R: w(F,") = f} #0.
Take any g € cl(B) and any ¢ € (0,1). Moreover, let F' € B and |F(z) — g(x)| < € for
z € X. Then |Mp(z) — My(z)| < € and |mp(z) — my(x)|] < € for € X. Therefore
lw(F, z) —w(g,z)] = |f(z) —w(g,z)| < 2 for all x € X. Since £ > 0 is arbitrary, we have
w(g,) = f. Hence g € B and the proof is complete. m

THEOREM 2.10. Let f: X — [0,+0c]. If there emists zg € X9 such that f(zo) < +oo,
then B = {F: X — R : w(F,-) = f} is a nowhere dense set in the space RX with the
metric of uniform convergence.

Proof. If B is empty, then obviously it is nowhere dense. So, assume that B # () and
take any F' € B. Since w(F,zg) = f(x9) < +0o, we infer that F is bounded on some
neighborhood U of xy. Take any € > 0. First, consider the case f(z() > 0. Then Mp(xg) #
mp(xo). Let ¢ = (Mp(zg) + mp(20))/2 and define H: X — R by

F(z)+e/2 if F(z)>c,
H(z) =
F(z)—¢/2 if F(z) <ec.
Then |F(z) — H(z)| < ¢/2 for all x € X, My(xo) = Mp(xo) + /2, and mpg(zo) =
mp(xg) —€/2. Hence w(H, x0) = w(F,x0) + € = f(xo) + ¢ and H ¢ B.
Now consider the second case where f(xg) = 0. Then w(F,z¢) = f(xo) =0 and F is
continuous at xy. Define H: X — R by

Hiz) = F(z)+¢/2 if x = wo,
B F(x) if © # xy.
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Then |F(x) — H(z)| < e/2 for all x € X, My (z9) = Mp(zo) +¢/2 = F(zo) +¢/2 and
mp(xg) = mp(xg) = F(xo). Therefore w(H,x0) = /2 # f(xo) and H ¢ B. Hence B is
closed. m

THEOREM 2.11. Let f: X — [0, +00] and f(z)=+oc0 forz € X?. ThenB ={F: X - R:
w(F,-) = f} is open in the space RX of all functions from X to R with the metric of
uniform convergence.

Proof. Assume that B # () and let F' € B. Then w(F,z) = +occ ifx € X and w(F,z) =0
if z € X\ X% Take any H: X — R such that dist(H, F) < 1. Obviously, w(H,z) = 0
if z € X\ X% Take any xop € X¢ and suppose U is a neighborhood of z¢. Then for any
x,y € U, we have

|H(z) = H(y)| = [F(z) = F(y)| = [H(z) = F(2)| = |[F(y) - Hy)| = [F(z) - F(y)| - 2.
Since sup,, , ey | F(7) — F(y)| = +oo, we have sup, , iy |H(z) — H(y)| = +oc. Therefore
w(H, x¢) = +oo for 2o € X% It follows that H € B. =

3. Basic theorems

In this chapter we will obtain some sufficient conditions for the existence of an w-primitive
in the case of some nonmetrizable spaces.

LEMMA 3.1. If C is a dense subset of a resolvable space (X, T), then there exists D C C
such that cl(D) = X = cl(X \ D).
Proof. Let A and B be disjoint dense subsets of X. Put D = (C'\ int(C)) U (int(C) N A).
Obviously, D C C. Moreover, X \ cl(int(C)) = cl(C) \ cl(int(C)) C cl(C \ int(C)) and
cl(int(C) N A) = cl(int(C)) because A Nint(C) is a dense subset of int(C'). Therefore
cl(D) = cl(C\ int(C)) Uel(int(C) N A) D (X \ cl(int(C))) Uel(int(C)) = X.
Similarly, ((X \ C) Uint(C)) \ (int(C) N A) = (X \ C) U (int(C) \ A) and B Nint(C) C
int(C) \ A. Hence
(X \ D) =cl(((X\ C)Uint(C)) N (X \ (int(C) N A)))
=cl(X\O)U (int(C)\ 4)) D (X \ int(C)) Ucl(B Nint(C))
O (X \int(C)Uint(C) = X. u
THEOREM 3.1. Let (X,T) be a resolvable space. If the set Cy of all continuity points

of an upper semicontinuous function f: X — [0,400) is dense in X, then f has an
w-primative.

Proof. By Lemma we can find A C C such that cl(4) = X = cl(X \ A). Define
F: X = Rby F = f-xx\4, where xx\ 4 is the characteristic function of X \ A. We
claim that F'is an w-primitive for f.

Since cl(4) = X and F > 0, we have mp = 0. Moreover, by the upper semicontinuity
of f, we get Mp(x) = My(z) = f(x) for x € X \ A. If x € A, then f is continuous at z
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and

limsup F(t) = limsup F(t) = limsup f(¢) = f(z) > 0.
t—x X\A>t—z X\Adt—z

Thus Mp(z) = f(z) for x € A. Finally, w(F,z) = f(z) forallz € X. m
Later, we will need the following result.

THEOREM 3.2 ([Fo, Theorem 1]). Let (X,T) be a resolvable space. If f: X — R is upper
or lower semicontinuous, then the set of all discontinuity points of f is a first category
set.

COROLLARY 3.1. If (X,T) is a Baire space and f: X — R is upper or lower semi-
continuous, then f has a dense set of continuity points.

THEOREM 3.3. If (X,T) is a Baire space, then every upper semicontinuous function
f: X = R has an w-primitive.

Proof. This follows directly from Theorem [3.1] and Corollary [3.1] =

EXAMPLE 3.1. Let 7; denote the density topology on R, [Wil. Since each nonempty open
subset of (X, 7;) has positive Lebesgue measure, (R, 7;) is dense in itself. Moreover, any
Bernstein set [O], and also the complement of any Bernstein set, is dense in the density
topology. Thus (R, 73) is a resolvable space. By Theorem an upper semicontinuous
function f: (R,7;) — R has an w-primitive.

THEOREM 3.4. Let (X,T) be a dense in itself topological space and assume f: X — R is
an upper semicontinuous function. If a subset A of X satisfies the conditions

(1) cl(A) =cl(X \A) =X,

(2) {x € A: f(x) — limsup,_,, f(t) > e} is closed for each e >0,

(3) imsupy\ as¢y, f(t) = limsup,_,, f(t) for each x € A,

then the function F': X — R defined by

f(x) ifoe X\ 4,
F(r) = . )
~(f(2) — limsup, , f()) iz e A,
is an w-primitive for f.
Proof. Let xzyp € X \ A. Since F' < f and f is upper semicontinuous,
Mp(z0) < My(zo) = f(xo) = F(x0) < Mp(z0).

Thus Mp(zo) = f(zo). The set A is dense in X and F(t) < 0 for ¢ € A. Therefore
mp(zo) < 0. Fix any ¢ > 0. From the assumptions, the set A. = {z € A : f(z) —
limsup,_,, f(t) > €} is closed. Moreover, zo ¢ A.. Thus there exists a neighborhood U
of zg such that A, NU = (. Hence mp () > —¢. Since ¢ > 0 is arbitrary, mpg(x9) > 0.
Finally, mp(29) = 0 and

w(F,z9) = f(xg) — 0= f(xo) foraxge X\ A
Now let zp € A. Since F'(z9) < 0 and X \ A is dense in X and F'(z) > 0 for z € X \ A4,

we have

Mp(zo) = limsup F(z) = limsup F(x).

T—To X\Adz—mo
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But, it follows from condition (2) that

Mp(z9) = limsup F(z)= limsup f(z)=limsup f(z).
(X\A)sz—x0 (X\A)sz—20 T—=T0
On the other hand, mp(z¢) < F(z¢) < 0. Fix any € > —F(z¢). By condition (3), the set
A¢ is closed. Since zg ¢ A, we can find a neighborhood U of g such that U N A, = 0.
Hence mp(xg) > —¢ for ¢ > —F(xg). Thus mp(x¢) > F(xg) and mp(x9) = F(xg) =
—(f(z0) — limsup,_,,, f(z)). Finally,

w(F,zo) = limsup f(x) + f(zo) — limsup f(z) = f(xo) foreachzyec A mu

T—rT0o Tr—To

LEMMA 3.2. Let (X, T) be a dense in itself topological space and suppose f: X — [0, 400)
is upper semicontinuous. Then for any e > 0,

A = {x € X : f(x) — limsup f(t) > 5}
t—x
is nowhere dense in X.

Proof. Fix any € > 0. Suppose that cl(A.) contains a nonempty open set U € T. Let a =
inf,cp f(x) and pick g € U for which f(z() < a+¢/3. By the upper semicontinuity of f
at xo, there exists a neighborhood V' C U of zg such that f(z) < f(z9)+¢/3 < a+2¢/3
for z € V. Choose any 1 € Ac. N V. Then f(zx1) > limsup,_,,, f(t) + ¢. Therefore we
can find a neighborhood W of 21 such that f(z) +e¢ < f(z1) < a+2¢/3 for x € W. The
set VN W is a nonempty subset of U. But if z € VN W, then f(z) + & < o+ 2¢/3 and
hence f(z) < «, which contradicts the definition of «. Thus the set cl(A.) contains no
nonempty open set and for any € > 0, A, is nowhere dense in X. m

LEMMA 3.3. Let (X, T) be a Hausdorff first countable dense in itself topological space,
xo € X, and let (Up)nen be a decreasing local base at xo. If (zp)nen and (@ k)ken for
n € N are sequences of points from X satisfying the conditions

(1) hmn~>+oo In = Zo,
(2) limp—y 400 Tnk = Ty forn €N,
(3) {zn}U{anr:ke N} CU, forneN,

then
A={zo} U{zp:n>1}U{zpk:n,k>1}
is closed and nowhere dense in X.

Proof. Fix y ¢ A. Then y # xo and we can find a neighborhood V of y and a positive
integer m such that y € V and V NU,, = . For each j = 1,...,m — 1, there exist open
sets V; and Z; such that y € V}, z; € Z;, and V;NZ; = (. Thus for each j = 1,...,m—1,
there is an i; € N such that x;; ¢ V; for i > ;. Hence,

Vovin---nNVyp_)NAcC{z, :n<m}U{z,;:j<m,i<i;}.
Thus, W =V nNViN---NV,,_1 is a neighborhood of ¥ whose intersection with A is finite.
For each point of the finite set

{t1,... e} ={zn n<mpU{z;;:j<m,i<i;}
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we can find a neighborhood W; of y such that y ¢ W; for ¢ = 1,..., k. Thus, W N W N
-+ N Wy, is a neighborhood of y which is disjoint from A. This implies that A is closed.

To prove that A is nowhere dense, it is sufficient to show that no nonempty open set
is contained in A. Let U € T, U # 0. Since X is T} and dense in itself, each nonempty
open subset is infinite. Let y € U, y # x¢. We can find a nonempty open set V C U and
a positive integer m € N such that y € V and V N U,, = 0. Since V is infinite, there
exists y1 € V\ {z1,...,Tm-1}. For each j =1,...,m — 1, we can find open sets V; and
W; such that y € V}, x, € Wj, and V; N W; = 0. Hence, for each j = 1,...,m — 1 there
exists an 7; € N such that z;; ¢ V; for ¢ > ¢;. Thus,

Vavin---NVyp1)NAC{z, :n<m}U{z;;:j<m,i<i;}.

It follows that W =V NnVinN---NV,,_1 is a neighborhood of y contained in U and that
ANW is finite. This proves that W ¢ A. Thus U ¢ A and A is a nowhere dense set. m

Now we shall present the basic theorem of this chapter.

THEOREM 3.5. Let (X, T) be a reqular dense in itself first countable topological space and
let (Un(x))nen be a decreasing local base at a point x € X. Assume that there exists a
countable family {F, : n > 1} of nonempty subsets of X satisfying the conditions:

(a) each set F, is discrete and closed,

(b) Upen Fn is dense in X,

(¢) for each n > 1 there is a locally finite family {GY : t € F,,} of pairwise disjoint open
subsets of X indexed by F,, such that t € G} fort € F,.

Then for each upper semicontinuous f: X — [0,+00) and lower semicontinuous g: X —
(0, +00), there exists F: X — R such that w(F,-) = f and —g < F < f. Moreover, if
f(z) =0 at some point z, then F(z) = 0.

Proof. Let f: X — [0,+00) be an upper semicontinuous function and let g: X —
(0, +00) be lower semicontinuous. In the proof, we will use Theorem To this end, we
shall construct two families of subsets of X, {4, : n € N} and {B,, : n € N}, satisfying

1) for each n =1,2,..., the sets A,, and B,, are nowhere dense;

2) A, N By =0 for n,k € N; and for n # k, both A, N Ay =0 and B, N By, = 0;
) Ap={z) :t€F,, keN}tforn=1,2,..;

) Bn ={y{'}m :t € Fny k,m € N} for n =1,2,..

) limkﬁmiﬁk:tfortGFn,nzl,Z,...;
)
)
)

DD O = W

lmyy o0 Yi'gm = Ty for t € By, kyn=1,2,..
limsup, ,,n f(s) = Mmoo f (Y4 ) for t € Fo, kin=1,2,..
f(aiy) —limsup, .0 f(s) <min{g(zpy),1/n} for t € Fp, k,n=1,2,....

(
(
(
(
(
(
(7
(8
We shall construct {4, : n € N} and {B, : n € N} inductively. Let n = 1. Choose
any tg € Fj. Since g is lower semicontinuous, there exist c%o € R and a neighborhood
Vi, of to such that Vi, € G} and g(u) > ¢, for u € V4. Since X is dense in itself,
{r € X : f(z) — limsup,_,, f(s) > 1} is a nowhere dense set, by Lemma [3.2] Therefore,
we can find a sequence (ac%mk)keN such that limy_, oo x%mk = to, xtlo,k, € Uk(to) NV, and
flalx) — limsup, . | f(s) <min{l,¢{ } for k =1,2,.... Again, since X is dense in
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itself, for each k = 1,2,... we can find a sequence (?/tlo,k,m)meN with ytloyk,i # ytloyk_j for
1 # j satisfying the conditions:

o limy, oo f(Y jm) = limsups_miovk f(s),
. {y%mk’m :k,m eN}N {:v%mk 1k e N} =0,
® Yl km € Urlto) NV, form=1,2,....

In a similar way we may construct sets {x%k : k € N} and {ytl’kym :k,m € N} forallt € Fy.
By Lemma {x{, -k e N}and {y{, ,, : k,m € N} are nowhere dense for each ¢ € Fy.
Since the family {G} : ¢t € Fy} is locally finite and {z}, : k € N} U {y/; , : k,m € N}
C G}, we infer that A; = {x%k :t€ Fy, ke N} and By = {ytl’k’m :t € Fy, k,m € N} are
nowhere dense. It is easy to verify that conditions 2-8 are fulfilled if n = 1.

Assume that Ay,...,A,_1 and By, ..., B, _1 satisfying conditions 2-8 have been de-
fined. Then C,, = Ay U---UA,,_1UBj...UDB,_1is a nowhere dense subset of X. Fix
any to € F),. Since g(tg) > 0 and g is lower semicontinuous, there exist cj € R and a
neighborhood V;, of to such that Vi, C G} and g(u) > ¢ for u € V;,. Moreover, X is
dense in itself and {z € X : f(x) — limsup,_,, f(s) > 1/n} and C,, are nowhere dense.
Therefore there exists a sequence (x, ; )ren such that

o limy o0 23 ) = to,
o 7, € (Unlto) Vi) \ C,
o f(xf 1) — limsupsﬂz%,k f(s) <min{l/n,cp } for k=1,2,....

Next, for each kK =1,2,... we can find a sequence (?/tno,k,m)meN satisfying the conditions
® Yok 7 Yig kg X 1F ],

lim Sups%x%’k f(S) = hmm—N)O f(y;%,mm)v

o {yp km i kmeNPN{ap ke N} =10,

Yto kom € Up(to) NV, for m=1,2,....

Similarly, we can find {z}; : k € N} and {y;; ,, : k,m € N} for each ¢t € F,. Since
{2ty ke N}U{yly  t Em eNP) N O, = 0, we have Cy, N (4, U B,) = 0. It is easily
seen that Ay,..., Ay, By,..., B, fulfill all the conditions 1-8.

Thus we have proven by induction that the families of sets {A, : n € N} and {B,
n € N} satisfying conditions 1-8 can be constructed.

Let A =,~, 4, and B = |J,2, B,. We claim that A satisfies all assumptions of
Theorem Smce F, C cl(Ay) and A, C cl(By,) if n=1,2,..., we obtain

—cl(U An) > U 1(4,) > | el(F) > | Fus
cl(B) = d(@ Bn) > fj cl(Bn) O G cl(A,) O fj F.
n=1 n=1 n=1 n=1

Hence cl(A) = X and cl(B) = X. But B C X \ A. Thus c[(X \ 4) =
Fix any € > 0. Let ng be a positive integer for which 1/ng < e. By (8), we have

nol

{xeA:f()—hmsupf }CUA
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Thus by (1) the set {z € A: f(z) — limsup,_,, f(t) > €} is closed and discrete. By (7),
we have lim sup x\ a5¢_,, f(t) = limsup,_,, f(t) for each x € A, because B C X \ A.

Thus we have proven that the set A satisfies all the assumptions of Theorem
Therefore the function F': X — R defined by

f(x) ifxe X\ A,
F(z) =
—(f(z) —limsup, _,, f(t)) ifzeA,
satisfies w(F,-) = f.
Directly from the definition of f, we have F' < f. Moreover, it follows from (8) that

—g < F. If f(z) = 0, then limsup,_,, f(t) = 0, because f is upper semicontinuous and
nonnegative. Thus F(x) = 0 for every = at which f(z) =0. m

We find, as a direct corollary from the last theorem, an important class of topological

spaces for which every nonnegative and upper semicontinuous real function has an w-
primitive.
THEOREM 3.6. Let (X,T) be any regular dense in itself and separable topological space.
Then for each pair of f: X — [0, +00) upper semicontinuous and g: X — (0,+00) lower
semicontinuous, there exists an F: X — R such that w(F,-) = f and —g < F < f.
Moreover, if f(x) =0 for some x € X, then F(x) = 0.

Proof. Let {x, :n=1,2,...} be a countable dense subset of X. We may put F,, = {z,}
and G, = {X} for n=1,2,..., and apply Theorem =

COROLLARY 3.2. The Niemytzki plane and the Sorgenfrey line are nonmetrizable spaces
satisfying the assumptions of the previous theorem. Therefore, if X is one of those spaces,
for any f: X — (0,+00) upper semicontinuous and g: X — (0,+00) lower semicontin-
uous, there exists an F': X — R such that w(F,-) = f and —g < F < f.

We shall show that Theorem 3 from [EP2| is also an immediate corollary of Theo-
rem

THEOREM 3.7. Let (X,d) be any dense in itself metric space. Then for any f: X —

[0,4+00) upper semicontinuous and g: X — (0,400) lower semicontinuous, there exists
an F: X = R for which w(F,-) = f and —g < F < f.

Proof. Put
A, ={ACX: Vm,y;A d(z,y) > 1/n}
Ty

for each n € N. By the Teichmiiller-Tukey Lemma or by the Zorn Lemma it is easy
to see that each family A, has a maximal element A,,. Then for any z € X an open
ball B(x,1/2n) centered at = and with radius 1/2n contains at most one element of A,,.
Therefore, for any n €N the set A,, is discrete and the family of sets G,,={B(z,1/4n) :
x € A, } is locally finite and is composed of pairwise disjoint sets. Finally, observe that
each open ball with radius greater than 2/n contains a point from A,,. Hence Uzozl A,
is a dense subset of X. Therefore all the assumptions of Theorem hold. =

The next two examples show that Theorem [3.5]can be used in the case of nonseparable
nonmetrizable topological spaces.
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EXAMPLE 3.2. Let (Y, 7) be any regular dense in itself separable topological space and
let T be any set. It is easy to see that the family

B={Ux{t}:Uer,teT}

is a base of a topology 7 on X =Y xT. If T is uncountable, then (X, 7) is nonseparable.
Let {y, : n = 1,2,...} be any countable dense subset of (Y, 7). For each n € N, put
F, ={(yn,t) : t €T} and G, = {Y x {t} : t € T}. Then (F},)nen and (G, )nen satisfy all
the assumptions of Theorem Therefore each upper semicontinuous f: X — [0, +00)
has an w-primitive.

ExAMPLE 3.3. Let (Y, 7) be a regular first countable topological space. Put X =Y x [0, 1]
and define a topology 7 on X as follows. Let

Hyy x (t—e,t+e)N[0,1]) : e >0}
be a local base at (y,t) € X where t # 0, and
{Ux[0,e):yeU,Uer,e>0}

a local base at (y,0) € X. It is easy to check that ¥ x {0} is a closed subset of (X, T)
which is homeomorphic to (X, 7).
Let (gn)nen be a sequence of all the rational numbers from (0, 1). Finally, put

F,={(y,qn):y €Y} and G, ={{y}x(g./2,1):y €y}
It is obvious that the families (F),)nen and (Gp)nen satisfy all the assumptions of Theo-
rem [3.5] Hence each upper semicontinuous f: X — [0,+o00) has an w-primitive.

An important corollary follows directly from the last example.

COROLLARY 3.3. For each regular first countable topological space (Y, T) there exists a
topological space (X, T) such that (Y, T) is homeomorphic to some closed subset of X and
for any f: X — [0,400) upper semicontinuous and g: X — (0,400) lower semicontinu-
ous one can find F: X = R for which w(F,-)=f and —g < F < f.

Theorem [3-5] motivates the following definition.

DEFINITION 3.1. A topological space (X, T) is said to be regularly resolvable if there
exists a countable family of sets {F,, : n > 1} such that

(a) each set F), is discrete and closed,
(b) U,en Fn is dense in X.

Assume that a family {F}, : n > 1} satisfies conditions (a) and (b) of the last definition.
Then X \ X? C U~ F,. On the other hand, if X is dense in itself, then all sets Cj, =
U,,> Frn are dense in X and {C}, : k > 1} is a decreasing family of sets. Moreover, if the
sets F,, are pairwise disjoint, then M, Ci = 0. But any subset of a closed and discrete
set is closed and discrete. Thus if we put F/, = Fy, \ p—; Fx for n > 2, then the sets F,
are pairwise disjoint and each of them is closed and discrete. Therefore, without loss of
generality, we may assume that if a topological space is regularly resolvable and dense
in itself, then there exists a countable family of pairwise disjoint closed and discrete sets
whose union is dense.
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Certainly each separable topological space is regularly resolvable and each metric
space is regularly resolvable. An irresolvable and countable topological space can be
considered as an example of a regularly resolvable space which is not resolvable. On the
other hand, R with the density topology [Wi] is a resolvable space which is not regularly
resolvable (because each subset of R which is discrete in the density topology has Lebesgue
measure zero).

THEOREM 3.8. If (X, T) is a paracompact Haudorff topological space and F is a closed
and discrete subset of X, then there exists a locally finite family of open and pairwise
disjoint sets {Gy : t € F'} such that each Gy is a neighborhood of t.

Proof. Since F' is discrete, for each ¢ € F' there exists an open set U; such that t € U,
and Uy N F = {t}. By the closedness of F, the family {U; : t € F} U{X \ F} is an open
cover of X. Since X is paracompact, there exists a locally finite open cover {V; : s € S}
which is a refinement of {U; : t € F}U{X \ F'}. For each t € F, let V;, be any member of
{Vs : s € S} for which ¢ € V;,. The family {V;, : t € F'} is locally finite (but its members
need not be pairwise disjoint). Moreover, t € V5, and Vs, N F = {t} for t € F. Since each
paracompact Hausdorff topological space is regular, for each ¢t € F' one can find an open
set Wy such that ¢t € W; and cl(W;) C V;,. Then the family {W;: ¢t € F'} is locally finite

and
a(Uw) = Jamw)c v

teF teF teF

Hence = ¢ cl((U,cp Wi) \ W) for o € F. Therefore for each € F we can find an
open set G, for which z € G, G, C W, and

G, N (d(U Wt) \Wx> — 0.

Obviously, the family {G,, : x € F'} has the desired properties. m
The next corollary follows immediately from Theorems [3.5] and [3.8]

COROLLARY 3.4. Let (X, T) be a paracompact regularly resolvable dense in itself and
first countable topological space. Then for any f: X — [0,4+00) upper semicontinuous
and g: X — (0,+00) lower semicontinuous, there exists F: X — R such that w(F,-) = f
and —g < F < f. Moreover, if f(x) =0 for some x € X, then F(x) = 0.

We will discuss one more class of regularly resolvable spaces. To do this we need a
few definitions.

DEFINITION 3.2 (JEP3]). Let (X, T) be a first countable topological space and let N (z) =
{Un(x) : n € N} be a local base of T at x for each z € X. We say that a base for the
topology N = {N(z): z € X}:

e satisfies condition (N1) if V,, Voex : (Uny1(z) C Un(z)),
e satisfies condition (N2) if there exists a function s: N — N such that

Vayex Vn: ((z € Ustn) (y) = y € Un(2)),
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e satisfies condition (N3) if there exists a function ¢: N — N such that

Voex Vo (U Ui @) € Unla)).

yeUt,(n) (I)

It was proven in [EP3| that a Ty topological space (X, 7) is metrizable if and only if
there exists a family of local bases at each x € X satisfying conditions (N1)—(N3) [EP3|
Theorem 1.1]. Moreover, it was proven that the Niemytzki plane has a local base at each
x € X which satisfies (N1) and (N2), but no local base satisfies (N3). Finally, it was
shown that the Sorgenfrey line has a local base at each © € X which satisfies (N1) and
(N3), but no local base satisfies (N2).

THEOREM 3.9. If a first countable topological space (X, T) has a family of local bases
N ={N(z):z € X}, N(x) = {Un(z) : n € N} which satisfies conditions (N1) and
(N2), then (X,T) is regularly resolvable.

Proof. Fix n € N. Let A,, be the family of all sets B C X such that U,(z) N B = {z}
for each x € B. In other words, B € A, iff y ¢ U,(x) for each z,y € B, x # y. By
the Zorn Lemma, it is easy to see that A, has a maximal element F,, € A,. Thus if
x € F,, then U, (z)NF,, = {z}. It follows that F, is discrete. Let us take any y € X \ F),.
Suppose that y € cl(F,). Then y is a limit of a sequence from F,,. Hence Fy, N Uy, (y)
is an infinite set. Let € F,, N Uy(,)(y). Then by condition (N2), we have y € Up(x).
Therefore U, (z) is an open neighborhood of y. Since y is a limit of a sequence from F,,
it follows that F,, N U, (z) is infinite. In particular, there exists a z € F,, N U, (x) with
z # x. But this contradicts the definition of F,,. Thus we have proven that y ¢ cl(F,).
Therefore cl(F,,) C F,, and F, is a closed set.

It remains to prove that (J, .y Fy is a dense set. Suppose that U N {J,cn Frn = 0
for some nonempty U € T and take any z € U. Then we can find m € N such that
Un(z) C U. By (N1), we can find a k € N such that (Ug(2) U Us@y(2)) N U,en Frn = 0.
Since z ¢ Fy(x) and F(y) is a maximal element of Ay, we deduce that Fy)U{z} & As)-
Therefore there exists an x € Fy) for which z € Uy)(7). By condition (N2), we have
x € Ug(z), whence z € U. Hence U N Fy) # (), contrary to U NJ,,cy Fr = 0. It follows
that U N, ey Fn # 0, 50 U,,en Fr is a dense set. =

neN

So far, we have discussed the w-problem for nonnegative real functions defined on
a dense in itself topological space and with finite values. Now we will show that the
assumption in Theorems and that (X, T) is dense in itself can be omitted.

THEOREM 3.10. Let (X,T) be a topological space and let f: X — [0,400) be any upper
semicontinuous function vanishing at each isolated point. If A C X% has the properties:
(1) (AU X\ X)) =cl(X\A) =X,
(2) {x € A: f(x) —limsup,_,, f(t) > e} is closed for each ¢ > 0,
(3) imsupy\ ass—, f(t) = limsup,_,, f(t) for all z € A,
then the function F': X — R defined by
ifre X\ A
Pla) = {f(x) ifve X\ 4

_(f($> — limsup;_,, f(t)) if v € A, satisfies w(F’ ) =f.
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Proof. Let X = (X% x {0}) U (X \ X%) x [0,1]). We define a topology 7 on X in the

following way. Let (x,t) € X. If ¢t = 0, then for a local base at (x,t) we take
{(UNnXY) x{0HU(U\NXY) x[0,e)):zeUeT,ce(0,1)};
and if ¢ # 0 and = ¢ X9, then for a local base at (z,t) we take
{{z} x (t—e,t+e):e€(0,t)}.

It is casy to see that (X,7) is a topological space dense in itself and X x {0} is a closed
subset of X homeomorphic to X. Define f: X — [0,00) by

~ z) ifxe X9,
Jwt)= {g( | if o ¢ X

Put

A= (Ax{0H U ((X\ X% x (Qn(0,1))).
It is obvious that A and fsatisfy conditions 1-3. Therefore, F': X — R defined by

ﬁ(y){f@ | _ifyeX\4,
—(f(y) — limsup, ,, f(t)) ifz € A,
has cg(ﬁ,) — f. Define F: X — R by F(z) = F((x,0)) for all z € X. Since F(t) = 0 for
te X\ (X x{0}) and
el (X \ (X % {0})) N (X x {0}) = el (X \ X¢) x {0},

we deduce that w(F,z) = w(F, (2,0)) = f((2,0)) = f(z) forallz € X. u
THEOREM 3.11. Let (X,T) be a regular first countable topological space. Assume that
there exists a family {F,, : n > 1} of nonempty subsets of X satisfying:

(a) each F, is closed and discrete,

(b) Upen Fn is dense in X,

(¢c) for each n > 1 there exists a locally finite family {GY : t € F,} of pairwise disjoint
open subsets of X indexed by elements F,, such that each G} is a neighborhood of t.

Then for any f: X — [0,400) upper semicontinuous and g: X — (0,+00) lower contin-
uous, there exists F: X — R for which w(F,-) = f and —g < F < f.

Proof. The proof is similar to the previous one. Let X =XIx {0}u(X\ X% x[0,1].
We define a topology 7 on X. If (z,t) € X and ¢ = 0, then for a local base at (z,t) we
take

{(UNnXY) x{0HU(U\NXY) x[0,e)):zeUeT,ece(0,1)};
and if (z,t) € X and ¢t # 0 and = ¢ X<, then for a local base at (z,t) we take
{{a} x (t—e,t+e):e€(0,t)}.

It is easy to see that ()N( , ’7‘) is a regular first countable and dense in itself topological
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space. Let
Fro=((Fa X% x {0}) U ((X \ X) x {gu}),
G ={U x{0}:U € G} U{{t} x (qn/2,1)},

where (gn)nen is a sequence of all the rational numbers from (0,1). Clearly, (X,7) and
the families (F},)nen and (G )nen satisfy all the assumptions of Theorem
Define f: X — [0,00) and §: X — (0,00) by

~ @) ifre X
f(z’t){o if x ¢ X7,

and g(z,t) = g(x) for (z,t) € )N( Obviously, f is upper semicontinuous and g is lower
semicontinuous. By Theorem [3.5| there exists F: X — R such that w(F,-) = f and
—§ < F < f. Moreover, F(a:t) =0 for x ¢ X4 t € [0,1]. Define F: X — R by

F(z) = F(,0). Then w(F,) = fand —g < F < f. m

COROLLARY 3.5. Let (X,T) be a regular first countable and separable topological space.
Then for any f: X — [0,+00) upper semicontinuous and g: X — (0,+00) lower semi-
continuous, there exists F: X — R such that w(F,-) = f and —g < F < f.

If we want any upper semicontinuous functions with an infinite value to have an
w-primitive, then we need the additional assumption that X is perfectly normal.

THEOREM 3.12. Let (X, T) be a regularly resolvable perfectly normal topological space.
Moreover, assume that for each nonempty open set U C X and for each upper semicon-
tinuous function g: U — [0, +00) vanishing at all isolated points of X there exists a set
Ay,g C U such that the function G: U — R defined by

G(z) = {g(x) : e eU\dug,
—(9(z) —limsup,_,, g(t)) ifz € Ay,

satisfies w(G,-) = g. Then each upper semicontinuous f: X — [0, +00] (possibly taking
infinite values) vanishing at all isolated points of X has an w-primitive.

Proof. Clearly, we may assume that the set By = {r € X : f(z) = 400} is nonempty
(otherwise the proof is trivial). Since f is upper semicontinuous, By is closed. More-
over, By C X 4 because f vanishes at isolated points. By the assumptions, there exists
FX\BfaRsuchthatw(Fx) f(z) for x € X\ By and {x € X \ By : F(z) > 0}
is dense in X \ By. By the perfect normality of X, we can find a continuous function
h: X — [0,1] such that h(z) = 0 for € By and h(z) > 0 for z € X \ By. Since X is
regularly resolvable, there exists a decreasing family (C),),en of dense subsets of X for

which X4 N, oy Cn = 0. Now define F: X — R by
F(z)+1/h(z) ifze X\ By,
Fz)=1<n ifee ByN(Cp\Cpo1), n=2,3,...,

0 lfﬂZEBf\Cl
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Since X \ By is open and 1/h: X \ By — (0, +00) is continuous,
w(F,z) =w(F +1/h,z) = w(F,z) = f(z)
for x € X \ By. Moreover,
limsup F(z) = +oo for x € ﬂ cl(By N Cy).

t—x neN
Since the C), are dense, we deduce that cl(int(By)) C cl(ByNC,,) for each n > 1. Therefore
w(F,z) = +oo = f(x) for z € cl(int(By)).

By the definition of h, it follows that lim; ., 1/h(t) = 400 if € cl(X \ By) N By.
Since F is nonnegative on a dense subset of X \ By, we have limsup,_,, F(t) = +oo for
x € cl(X \ By) N By. Hence w(F,z) = 400 = f(x) for x € cl(X \ By) N By. It follows
that w(F,z) = f(z) for all z in (X \ By) Ucl(int(By)) U (cl(X \ Bf)NBf) = X. =

THEOREM 3.13. Let (X,T) be a first countable and perfectly normal topological space.
Assume that there exists a family {F,, : n > 1} of pairwise disjoint subsets of X satisfying:

(a) each F, is closed and discrete,

(b) Upen Fn is dense in X,

(¢c) for each n > 1 there exists a locally finite family {G} : t € F,,} of open subsets of X
such that each G} is a neighborhood of t.

Then for any f: X — [0, 400] upper semicontinuous vanishing at all isolated points of X
and g: X — (0,400) lower semicontinuous, there exists F': X — R such that w(F,-) = f
and —g < F.

Proof. Without loss of generality, we may assume that g is bounded. Put Y = {z € X :
f(z) # oo}. Since Y is an open subset of X, (Y, 7y) is a perfectly normal topological
space satisfying all the assumptions of Theorem m Moreover, f = fly is upper semi-
continuous and § = gy is lower semicontinuous. By Theorem there exists a function
F:Y — R such that w(F,-) = f and —§ < F < f. Let Z = int(X \ Y) = int({z € X :
f(x) = oo}). Then Z is an open subset of X without isolated points, because f|x\ xay = 0.
In [H| it was proven that each dense in itself first countable topological space is resolv-
able. Therefore we can find Z; C Z and Wy C Z such that Zy "Wy =0, Z C cl(Z;) and
Z C cl(W71). On the other hand, W is a dense in itself first countable topological space
too. Hence we can find Zy C Wy and Wo C W for which Zo N Wo = 0, Wy C cl(Z3) and
W1 C cl(Yz). It follows that Z C cl(Wy) C cl(Z3) and Z C cl(Wy) C cl(W2). Repeating
the above construction, we can inductively define a sequence (Z,,),en of pairwise disjoint
subsets of Z such that Z C cl(Z,,) for n = 1,2,.... Since X is perfectly normal, there
exists a continuous function h: X — [0, 1] such that h=1(0) = X \ Y. Therefore

tlim h(t)=0 forzeFr(X\Y).
—T
We now define F': X — R by
F(z)+1/h(z) ifzeY,
F(z)=<X0 ifzxeZ\U,—, Zn,
n ifx e Z,.
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Since Y is an open subset of X and the function 1/n is continuous on Y, we have w(F, z) =
w(F,z) = f(z) = f(z) for z € Y. Moreover, Mp () = +00 and w(F, z) = 400 = f(z) for
x € int(Z). Since —g < F and g is bounded, we deduce that mg(x) is finite for all z € X.
Moreover, applying the fact that lim;_,, h(t) = 0 for x € Fr(X\Y'), we have Mp(z) = +00
and w(F,z) = 400 = f(z) for x € Fr(X \Y). Finally w(F,-) = f. The inequality —g < F
follows directly from the construction of F' and from the properties of F.u

The following theorem is an easy corollary of the previous theorem.

THEOREM 3.14. Let (X, T) be a perfectly normal first countable separable topological
space. Then for any f: X — [0,+00] upper semicontinuous and g: X — (0,+00) lower
semicontinuous, there exists an F: X — R such that w(F,-) = f and —g < F.

EXAMPLE 3.4. Define f: R — [0, c0] by

f(x):{o if 2 £ 0,

oo ifz=0,

and g: R — (0,00) by g(z) =1 for € R. Then f is upper semicontinuous and g is lower
semicontinuous. If F': R — R is any function for which —g < F' < f, then I is bounded
by max{1,|f(0)|}. In particular, w(F,0) # oco. Hence w(F,-) # f. Since R is a metric
space (with the natural metric), we know that f has an w-primitive. On the other hand,
there is no w-primitive for f lying between —g and f.

The next example shows that the assumption in Theorem that (X, T) is perfectly
normal cannot be omitted.

ExAMPLE 3.5. Let (X,7) be the Niemytzki plane. Then (X,7) is completely regular
separable and first countable, but (X, 7)) is not perfectly normal. By Corollary each
nonnegative upper semicontinuous function with finite values has an w-primitive. We will
show that this is not true for a function with infinite values. Put Y € X, Y = Q x {0}.
Define f: X — [0, +o0] by
f(z):{o TfZGX\Y,
+oo ifzeY.

Since Y is a closed subset of X, we infer that f is upper semicontinuous. Assume that
there exists F': X — R such that w(F,:) = f. Then f(z) = w(F,z) = 0 and F is
continuous at each z € X \ Y. Therefore for each z € R\ Q there exists a positive integer
ky such that F(x,y) < k; for y € (0,1/k;). Let A, = {x € R\ Q : k; = n}. By the
completeness of R with the natural metric and by the countability of Q, we can find an
open interval (a,b) and a positive integer ng for which (a,b) C cl(Ay,). It follows that

F(xz,y) <ng for (z,y) € ((a,b) N (R\ Q)) x (0,1/ngp).
Since
(a,0) x (0,1/no) C cl((a,b) N (R\ Q))
and F' is continuous on (a, b) x (0,1/ng), we deduce that F(x,y) < ng for (z,y) € (a,b) x
(0,1/ng). Finally, if z € QN (a,b), then w(F, (z,0)) < 400 and w(F,(z,0)) # f((x,0)),
which contradicts the assumption that w(F,-) = f. This proves that thereisno F': X — R
for which w(F,-) = f.
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4. The w-problem for a massive space

In the theory of the w-problem for metric spaces, an important role is played by so-called
massive spaces. Each upper semicontinuous function f defined on a massive metric space
has an w-primitive of the very simple form F' = f - x4, where x4 is the characteristic
function of some set A of type F,. In this chapter, we study the problem of the existence
of a set A C X for which w(f - xa,-) = f for a function defined on a massive topological
space.

DEFINITION 4.1 ([DGP]). Let (X, T) be a topological space. We say that the space X is

e o-discrete at x € X if there exists a neighborhood U of x which is a o-discrete set,

e massive at x € X if it is not o-discrete at z, which means that no neighborhood of x
is a o-discrete set,

e massive if it is massive at each point x € X.

Obviously, a massive topological space is dense in itself. Let (X,7) be a topological
space. We denote by 7r the topology on X x R that is the Cartesian product of 7 and
the natural topology on R. Let f: X — R be any function. We will consider the graph
Grf = {(z,f(z)) : x € X} as a topological space endowed with the topology from
(X xR, Tr).

First, we will find necessary and sufficient conditions on a set A for a function of the
form f - xa to be an w-primitive of an upper semicontinuous function f: X — [0, c0).

THEOREM 4.1. Suppose (X, T) is a topological space, A is a nonempty subset of X, and
f: X = [0,400) is an upper semicontinuous function vanishing at isolated points of X.
Then the following conditions are equivalent:

(]-) w(f " XA, ) = f}
(2) the graph of f restricted to the set B= AU{x € X : f(x) = 0} is dense in the graph
of f, and for e > 0 the set

(X\AU{zeA: f(z)<e}
is dense in X.

Proof. First, assume that w(f - xa,:) = f. Since 0 < f-xa < f and f is upper semi-
continuous, My, < My = f and my.,, > 0. Hence My.,, = f and my.,, = 0. From
my., = 0 it follows that for each ¢ > 0 the set (X \ A)U{z € A: f(z) < e} is dense
in X.

Fix any (z, f(z)) € Gr f. If f(z) = 0, then (z, f()) € Gr fig. So, we may assume
that f(x) > 0. Let U be any neighborhood of = and take any ¢ € (0, f(x)). Since
My, (x) = f(x), there exists a y € U N A such that |(f - xa)(y) — f(z)| < e. Since U
and ¢ were arbitrary, we have (z, f(z)) € cl(Gr fig). Hence Gr fip is dense in Gr f.

Now, assume that (2) holds. Then my.,, < 0. On the other hand, f - xa > 0.
Hence m¢.,,, > 0. Thus my.,, = 0. Since f - xa < f and f is upper semicontinuous,
we deduce that My, < My = f. Let x € X. If f(x) = 0, then 0 < My, ,(x) <
M(x) = f(x) = 0 because f is nonnegative and upper semicontinuous. This implies that
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My, (x) = 0 = f(x). Finally, assume that f(z) > 0. Let U be any neighborhood of x
and fix any € € (0, f(x)). By (2), there exists y € A such that y € U and |f(y)— f(z)| < e.
Hence |(f-xa)(y) — f(x)| < e. Since € > 0 was arbitrary, we have M., , (z) > f(z). Thus
we have proven that M., , (z) = f(z) for all x € X. Therefore M., , = f and finally

W(f'XAa'):Mf-XA_mf-xA:f_0:f~ u

COROLLARY 4.1. Let (X,T) be any dense in itself topological space and let f: X —
[0,400) be any upper semicontinuous function. If a set A C X satisfies

cl(A) =cl(X\A) =X and Gr fjs is dense in Gr f,

then w(f - xa,) = f.

COROLLARY 4.2. Let (X, T) be a topological space and let f: X — [0,+00) be an upper
semicontinuous function such that inf{f(z) : x € X} > 0. If w(f - xa, ) = [ for a set
A C X, then cl(A) = cl(X \ A) = X and Gr f|4 is dense in Gr f.

We will need the following definition.

DEFINITION 4.2. We say that a topological space (X, T) is weakly regularly resolvable if
it contains a dense subset which is o-discrete. We say that a subset A C X is weakly
reqularly resolvable if there exists a o-discrete set B C A such that A C cl(B).

Obviously, each regularly resolvable topological space is weakly regularly resolvable.
The next example shows that the converse is not true.

EXAMPLE 4.1. Let X = [0, w;], where w; is the first uncountable ordinal number. Define
a topology 7 on X in the following way: let a local base of a point n € X, n # wq, be
{{n}}, and a local base of w; be {(§,w1]: & <wi}. Then A =[0,w;) is a discrete subset
of X and cl(A) = X. Therefore (X, T) is weakly regularly resolvable.

We will prove that (X, 7T) is not regularly resolvable. Let {H,, : n € N} be any
countable family of discrete and closed subsets of X. Fix n € N. If w; € H,, then
there exists 7, < w; such that (n,,w;) N H, = 0, since H,, is discrete. On the other
hand, if w; ¢ H,, then there exists 7, < w; such that (9,,wi] N H, = 0, since H,
is closed. Therefore for each n € N there exists 7, < w; for which (n,,wi) N H, = 0.
Put n = sup{n, : n > 1} < wi. Then (n,w1) NU,exy Hn = 0 and (n,w;) is an open
and nonempty subset of X. Hence cl(lJ, .y Hrn) # X. This shows that (X,7) is not a
regularly resolvable space.

neN

It turns out that in perfect topological spaces the notions of regular resolvability and
weakly regular resolvability are equivalent.

LEMMA 4.1. If H is a discrete subset of a perfect topological space (X,T), then H can
be represented in the form H =\J)2 | H,, where each H, is discrete and closed.
Proof. By the assumptions, H¢ N H = (). Since (X,T) is a perfect space and H? is a

closed subset of H, there exists a countable family {U, : n € N} of open subsets of H
such that U, = H Let H, = H\ U, for n € N. Obviously, each H,, is discrete

d
. UHn:U(H\Un):H\ﬂUn:H\Hd:H.
neN neN neN

neN
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Moreover, cl(H,) C X \ U,,. Therefore
Ad(H,)NHY=0 and cl(H,)=H,UH?!C H,.
Hence cl(H,) = H,,. =

COROLLARY 4.3. In a perfect topological space, each o-discrete set is an F, set.

COROLLARY 4.4. If a perfect topological space (X,T) is weakly regularly resolvable, then
it is regularly resolvable.

THEOREM 4.2. Let {H, : n € N} be a family of nonempty closed and discrete subsets
of a dense in itself topological space (X,T). Then there exists an upper semicontinuous
function f: X — [0,4+00) such that

{xEX:f()>hmsupf } UH
t—x
neN
Proof. Put fIl H; and Hn = H, \Uk<n H;, for n > 2. Then each Hn is closed and
discrete. Moreover, J,,cyy Hn = U, ey Hn and H, NHj =0 ifn # k. Thus, without loss of
generality, we may assume that the H,, are pairwise disjoint. Define f: X — [0, +00) by

f(x):{l/n ifz e H, n=1,2,.

0 ifze X\ U,en H.

It is easy to see that f is upper semicontinuous and limsup,_,, f(t) = 0 for z € X.
It follows that f(x) — limsup,_,, f(t) =1/n > 0if x € H,, n = 1,2,..., and f(z) —
limsup, ,, f(t) =0if x € X\ U,cny Hn- =

COROLLARY 4.5. Let (X,T) be a dense in itself perfect topological space. If H is a
nonempty o-discrete subset of X, then there exists an upper semicontinuous function
f: X = [0,+400) such that

{x eX: f(zx)> limsupf(t)} =H.

t—x
Observe that for any f: X — [0,+00), any point (zo, f(z¢)) where 29 € {z € X :
f(x) —limsup,_,, f(t) > 0} is an isolated point of Gr f. Therefore, if A C X and Gr f|4
is dense in Gr f, then

{x € X : f(x) —limsup f(t) > 0} C A

t—x

Thus, by Theorem we have

LEMMA 4.2. If (X,T) is a topological space, f: X — R is an upper semicontinuous
function, and A is a subset of X for which w(f - xa,:) = f, then

{m eX: f(x)> limsupf(t)} C A
t—x

THEOREM 4.3. Let (X, T) be a dense in itself perfect topological space. If for each upper
semicontinuous function f: X — [0, +00) there exists an A C X such thatw(f-xa,") = f,
then X is a massive space.
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Proof. Let H be any o-discrete subset of X. By Lemma and Corollary there
exists an upper semicontinuous function f: X — [0, 4+o00) such that

{m eX: f(zx)> limsupf(t)} =H.
t—x

By the assumptions, we can find an A C X for which w(f - xa,-) = f. Then H C A
by Lemma Finally, by Corollary X \ A is dense in X. Hence X \ H is dense.
Therefore H is a boundary set. It follows that X is a massive space. m

THEOREM 4.4. Assume that a topological space (X, T) satisfies the following conditions:

(1) X is massive,
(2) each set H C X of the form H = F NG, where F is closed and G open, is weakly
reqularly resolvable.

Then for each upper semicontinuous function f: X — [0,400) there exists a set A C X
such that

c(A) =cl(X\A) =X and cl(Grfia)=GCrf.
Moreover, if each set H C X of the form H = F NG, where F is closed and G open, is

reqularly resolvable, then we can choose A to be an F,.
Proof. Let f: X — [0,400) be any upper semicontinuous function. Put
App={zeX:(k-1)/n< f(z) <k/n}
for each n,k € N. Since f is upper semicontinuous,
Ang={z e X: f(z) <k/n}n{zeX: f(z) = (k-1)/n}

is the intersection of an open and a closed set. By the assumptions, for each A,, ; there
exists a countable family {H,, . : m € N} of discrete sets such that

U Hn,k,m C An,k and An,k C Cl( U Hn,k),m)~
meN meN
Put
A= |J Hokm

n,k,meN

Then A is a o-discrete set. Since X is massive, we have cl(X \ A) = X. By the equality
X = Upen A1k, we obtain

Cl(A) D Cl( U Hl,k,m) D U Alyk = X.
k,meN keN

Take any (z, f(x)) € Gr f. Let U be any neighborhood of = and let € > 0. There exist
natural numbers n and k such that 1/n < ¢ and |f(z) — (2k —1)/2n| < 1/2n. Hence
x € A, k. Since UmEN H,, j;.m is dense in A, , we can find m € N and y € H,, i, , such
that y € U. Certainly, y € A,, ;. Therefore |f(y) — f(z)| < 1/n < e. We have shown that

(U x (f(z) =&, f(z) +€)) N Gr fla # 0.

Since U and e > 0 were arbitrary, we obtain (z, f(z)) € cl(Gr fia).
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If we assume that if each set H C X of the form H = FNG, where F is closed and G
open, is regularly resolvable, then we can choose H, j ,, to be closed sets. Then the set
Ais of type Fy. m

Combining Corollary [£.1] and Theorem [£.4] we obtain the following theorem.

THEOREM 4.5. Let (X, T) be a massive topological space such that each subset which is
the intersection of an open set and a closed set is weakly regularly resolvable. Then for
any upper semicontinuous function f: X — [0,400), there exists a o-discrete set A C X
such that w(f-xa,:) = f. Moreover, if all the H C X of the form H = FNG where F is
closed and G is open, are reqularly resolvable, then we can find an A which is an F, set.

COROLLARY 4.6.

(1) If a metric space (X,d) is massive, then for any upper semicontinuous function
f: X = [0,400), there exists an F, set A C X such that w(f - xa, )= f.

(2) If a massive topological space (X, T) is first countable and satisfies conditions (N1)
and (N2) (page then for each upper semicontinuous function f: X — [0,+00),
there exists an A C X of type F, such that w(f - xa,:) = f.

(3) If a massive topological space (X, T) is second countable, then for each upper semi-
continuous function f: X — [0,400) there exists an A C X of type F, such that
w(f'XA") =f.

Proof. Tt is well known that each metric space is regularly resolvable, and each subset

of a metric space is itself a metric space and therefore is regularly resolvable. Similarly,

each first countable topological space satisfying conditions (N1) and (N2) is regularly
resolvable, and each subset of such a space is first countable and satisfies (N1) and (N2)
and therefore is regularly resolvable. Finally, each subset of a second countable topological
space is separable and therefore is regularly resolvable. The remaining part of the proof
follows from the last theorem. m

THEOREM 4.6. Let (X, T) be a dense in itself topological space such that for every upper
semicontinuous function f: X — [0,400) there exists a o-discrete set A C X for which
w(f-xa,)=f. Then each H C X that is the intersection of an open and a closed set is
weakly regularly resolvable.

Proof. Let P = H NU, where H is closed and U is open. Without loss of generality, we
may assume that P # ). Define f: X — [0, +00) by

1 ifzeU\H,
flz)=<2 ifzcUNH,
5 ifzxeX\U.
Since
U ifa <1,
U\H ifl<a<?
{reX: f(z)<a}= U f2<a<s,
X if 5 < a,
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f is upper semicontinuous. By the assumptions, there exists a o-discrete set A contained
in X such that w(f-xa,-) = f. In particular, w(f-xa,z) = 2 for x € HNU. The function
f - xa takes at most four values 0, 1, 2, 5. It follows that M¢., , and m¢.,, take at most
these four values too. Therefore My., , () =2 and my.,,(x) =0 for x € HNU. Thus

Pcc{xe X : f-xalx)=2}).

On the other hand,
{reX:f-xalx)=2}=PnA

and P N A is o-discrete as a subset of a o-discrete set A. It follows that P is weakly
regularly resolvable. m

COROLLARY 4.7. Let (X,T) be a massive topological space. Then the following conditions
are equivalent:

(1) each subset of X, which is the intersection of an open and a closed set is weakly
regularly resolvable,

(2) for each upper semicontinuous function f: X — [0,+00) there exists a o-discrete set
A C X such that w(f - xa,")=f.

THEOREM 4.7. Suppose that (X, T) is a topological space, f: X — [0,400) is an upper
semicontinuous function, and A C X is a set such that w(f - xa,") = f. If A C B and
(X \B)=X, thenw(f-xB,")=f.
Proof. Since f-xa < f-xp < f, wehave f = My.,, < My, < f. Therefore My.,, = f.
On the other hand, my.,, = 0, because f - xp > 0 and cl(X \ B) = X. Thus
w(f-xp,)=f =
Each massive topological space is dense in itself. Nevertheless, similar theorems are
true for spaces with isolated points.

THEOREM 4.8. Let (X, T) be a topological space such that X¢ is a massive space and each
subset of X% is weakly reqularly resolvable. Then for any upper semicontinuous function
f: X = [0,+00) vanishing at all isolated points there exists a o-discrete set A contained

in X such that w(f - xa, ) =f.

Proof. The proof of the theorem is similar to the proof of Theorem Put X =
(X4 x {oHuU((X\ X% x [0, 1]). Define a topology 7 on X in the following way. A local
base at a point (z,t) € X is
{(UNXY) x {0} U((U\X?Y) x[0,e):U € T(x), e€(0,1)}
ift=0 and
{{z} x (t—e,t+e):e€(0,6)N(0,1—1)},

if t >0 and z ¢ X9 Tt is easily seen that X? x {0} is homeomorphic to X* and (X,7)
is a massive space. Moreover, the subspace (X \ X%) x [0,1] C X is metrizable by the

metric
1 if x1 # 9,

|t1 — t2| if 1 = X9.

o((z1,t1), (z2,t2)) = {
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Therefore each subset of (X \ X9) x [0, 1] is weakly regularly resolvable. Moreover, if Z C
(X\X9)x[0,1] is discrete in (X \ X?) x [0, 1], then all the sets Zy = ZN(X\ X9)x {0} and
Zn = ZO(X\X%)x[1/(n+ 1),1/n] for n > 1 are discrete in (X, 7) and Z = ZoUUy "y Zn.
Hence every subset of ()~( , ’f) is weakly regularly resolvable.

Let f: X — [0,+00) be any upper semicontinuous function vanishing at isolated
points of X. Define f: X — [0, 00) by

~ f(z) ifze X9
f(x’t):{o if 2 ¢ X1,

Obviously, f is upper semicontinuous. By Theorem there exists a o-discrete set
A C X such that w(f-xz,-) = f. Put

A= {.73 e X: EltE[O,l] (.’L‘,t) S A"}

Since AN X< is homeomorphic to A N (Xf x {0}) and AN (X \NXd) is a discrete set,
we infer that A is o-discrete. Moreover, f > 0, w(f - x3,-) = f, and f(z,t) = 0 for
r € X\ X% It follows that w(f - xa,")=f. =

So far, looking for a set A such that w(f - xa,:) = f for a given function f, we
considered only functions with finite values. Now, we will briefly study the case where
the functions may take infinite values. Assume that for some set A the function f-y 4 is an
w-primitive for f. Then f - x4 must take only finite values. That is why we must assume
0-00=0. Thus f-xa(z) =0if z ¢ A and f(x) = co. It is easy to see that a necessary
condition for the equality w(f - xa,) = fis A C {z € X : f(z) < +oo}. Therefore if
{r € X : f(x) < 400} is not dense, then there is no set A C X for which f - x4 is
a function with finite values and w(f - x4,+) = f. It turns out that there is a stronger
necessary condition for the existence of a set A C X with the required properties.

THEOREM 4.9. Let (X,T) be a topological space and let f: X — [0,400] be any upper
semicontinuous function. Put

A ={z € X : f(z) =0} and f: o Xix\aw)-
If M]‘;(.T) < +00 at some © € Ay, then there exists no set A for which f - xa is finite
and w(f - xa,)=f.
Proof. Let © € A, with Mf(m) < +4o00. Then there exists a real number K and a
neighborhood U of z such that either f(¢) = 400 or f(t) < K for t € U. Let A be any

subset of X \ As. Then f-xa(t) =0fort e UN Ay and f-xa(t) < K fort € U\ Ass.
It follows that My., ,(z) < K # 400 = f(z). =

REMARK 4.1. Observe that, in the notations of the last theorem, if z € int(Ay), then

THEOREM 4.10. Let (X,T) be a massive topological space such that each subset of X
which is the intersection of an open and a closed set is weakly regularly resolvable. Suppose
f:+ X = [0,+00] is an upper semicontinuous function. Put

A ={z€X: f(x) =400} and f=f Xx\a0)
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If
A C{z € X : Mz(z) = +oo},

then there exists a o-discrete set A C {x € X : f(x) < +oo} for which w(f - xa,) = f.

Proof. Consider the function g: X \ A — [0,+00), g = fi(x\a.). Obviously, g is
upper semicontinuous and X \ A, being an open subset of X, is a massive space. Let
B C X\ Ax and B = HNG, where H is a closed and G is an open subset of X \ A.
Then there exists a closed set C' such that H = C'N (X \ A). Since X \ A is an open
subset of X, the set B = (GN (X \ Ax)) NC is the intersection of an open and a closed
set. By the assumptions, B is weakly regularly resolvable. By Theorem [£.5] one can find
a o-discrete subset A of X \ A such that w(g-xa, ) =g.

Clearly, A is o-discrete in X. Therefore X \ A is dense. We claim that w(f-xa,:) = f.
By the openness of X \ A, this equality is obvious for z € X \ A. Fix any € A.
Then f(z) = 400 and f-xa(z) =0. Let K be any positive number and let U be any
neighborhood of x. By the assumptions, M J;(m) = +00. Therefore we can find a y € U

such that f(y) = f - xx\a.. (y) > K. Hence y € X \ Ay and f(y) > K. We know that
w(f - xa,y) = f(y). Since {x € X : f-xa(x) = 0} is dense in X and f-xa > 0, we
have my.,, (y) = 0. Thus My.,,(y) = f(y) > K. By the last inequality and from the
fact that U is a neighborhood of y, there exists a point z € ANU for which f(z) > K.
Since U was an arbitrary neighborhood of x, we obtain My., , () > K for all K > 0. It
follows that M., , (z) = 400 and w(f - x4,2) = 400 = f(x). Thus we have shown that
w(f xa,x)=f(z)forallz e X. n

COROLLARY 4.8. Let (X, T) be a massive topological space such that each subset of X
which is the intersection of an open and a closed set is weakly reqularly resolvable. More-
over, suppose f: X — [0,+00] is an upper semicontinuous function, As, = {x € X :

f(x) = 400}, and put f = f-xx\a. - Then the following condition are equivalent:

(1) there exists a o-discrete set A C {x € X : f(x) < 400} such that w(fxa,:) = f,

(2) Ao C{z € X : Mf(z) = +o0},

(3) if f(x) = oo, then for all K > 0 and for all neighborhoods U of x, there exists an
y € U for which K < f(y) < oco.

Proof. The equivalence (1)< (2) was proven in Theorems and
The equivalence (2)<(3) follows directly from the definition of fom

5. The w*-problem

Let (X, o) be a dense in itself metric space. Given F': X — R, we can define two functions
f+ X = [—o00,+00] and g: X — [—00, +00] by

f(z) =limsup F(t) and g¢g(z)= lign inf F(t) forze X.
—z

t—x
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It is clear that f is upper semicontinuous and ¢ is lower semicontinuous. Moreover, we
may define another function w*(F,-): X — [0, 00] by

wH(Fyo) = lim sup{|f(y) = f(z)] : 0 < ol,y) <7, 0 < e(z,2) <r},
which is also upper semicontinuous. If

zo ¢ {r € X : f(z) = +o0=g(x)} U{x € X : f(zx) = —oco = g(z)}
then
w*(F,zo) = limsup F(z) — liminf F(z).
T—T0 T—=To

On the other hand, it is easy to see that if f(z) = +00 = g(x) or f(z) = —c0 = g(x),
then w*(F,x) = oco.

Although the definitions of w(f,:) and w*(f,-) are similar, their properties may be
quite different.

EXAMPLE 5.1. Let X = {(2k—1)/2" : k =1,...,2" 1 n € NU{0}} C R and define
f: X —=>Rby f((2k—-1)/2") =1/2" for (2k —1)/2" € X.
It is easily seen that w(f,-) = f and w*(f, ) = 0. Hence w(f, x) # w*(f,z) for x € X.

We shall show that if (X, 0) is a dense in itself metric space, then for any upper semi-
continuous function h: X — [0, +00], there exists an F': X — R such that h = w*(F,-).
We shall prove even more. Under some weak additional conditions, for any pair of func-
tions f: X — [—o00,+0o0] and g: X — [—00, +00] such that f is upper semicontinuous, g
is lower semicontinuous, and g < f, there exists a function F': X — R for which

limsup F'(t) = f(x) and liminf F(t) = g(x)
t—x t—z

for z € X. Example shows that there exist a metric space, an upper semicontinuous
function f: X — R, and a lower semicontinuous function g: X — R such that g < f and
there are no functions F': X — R which fulfill the conditions

Mp(x) = f(z) and mp(z) =g(x) forze X.

First, we consider the case of functions f and g which have only finite values. Let
o(z, A) denote the distance of a point  from a nonempty set A in a metric space (X, 9),
and let

B(Ae)= | Bla,e) = | J{t€ X : oz,t) <&}
z€A T€EA
for ) # A C X and € > 0.

LEMMA 5.1. Let (X, 0) be a dense in itself metric space. Given a dense subset M of X,
a nonempty A C X, and an € > 0, there exists a set Thr 4 C M such that

(1) o(z1,22) > € if 21,22 € Thr,Aes 21 F 22,
(2) Q(ZvA) <e€ ZfZ S TM,A,s,
(3) o(z,Tarac) < 2¢ if v € A.

Proof. First, observe that another way of stating (2) is Tar,4,. C B(A4,¢), and an equiv-
alent formulation of (3) is A C B(Tm, A, 2¢).
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Fix € > 0. Since M is a dense subset of X, M N B(A,¢e) # (). Let B be the set of all
subsets B of X satisfying

(a) BC MnNB(Ae),
(b) o(z1,22) > € for each 21,22 € B.

The family B is nonempty because it contains each singleton {z} where x € MNB(4,¢).
Furthermore, B is partially ordered by inclusion. It is easy to check that if {Bs : s € S}
is a linear chain in B, then the set B = J,.g Bs belongs to B and B is an upper bound
of {Bs : s € S}. Hence, by the Zorn Lemma, the family 2 has a maximal element, which
we denote by Thr 4.

We will show that Ths 4 fulfils all the required conditions. By (a) it is clear that
Tarae C M. Next, o(z1,22) > € for z1, 20 € T4, from (b). Again applying (a), we get
Trae C B(A,e). Thus o(z,A) < € for every z € Ty ac.

Suppose that o(xo, Th,a,e) > 2¢ for some g € A. Since M is a dense subset of X,
there exists a zg € M such that o(zg, z0) < . Hence

o(t, z0) > o(t,xo) — o(xo, 20) > 0(xo, Tar,ae) —€ > €

provided t € Ty 4 .. It follows that Thr 4. U {20} € B, which contradicts the fact that
T e is a maximal element of B. Therefore o(z, T 4,c) < 2¢ for every x € A and the
set Ty A - satisfies all the conditions (1)—(3). m

REMARK 5.1. It follows from condition (1) of the previous lemma that T 4 . is a closed
and discrete set.

THEOREM 5.1. Suppose (X, 0) is a dense in itself metric space and Y is a dense subset
of X. Suppose further that f: X — R and g: X — R are such that f is upper semicon-
tinuous, g is lower semicontinuous, and g < f. Then there exists a function F': X — R
for which
(1) limsup,_,, F(t) = f(z) and liminf;_,, F(t) = g(z) forz € X,
(2) Fx)=g(z) ifr e X \Y.
Proof. Put
K={(nk) e NxZ:-n?<k<n?}
and let < be the relation in K defined as follows:
(nl,kl) = (ng,kg) S np < ng VvV (n1 =ng N\ ]{31 < kg)

It is easily seen that K is well ordered by <. Next, define

App={z € X :k/n< f(zx) < (k+1)/n},

Bor={xeX:k/n<g(x)<(k+1)/n}
for (n,k) € K. We shall construct by induction two families {R,  : (n,k) € K} and

{Snr : (n,k) € K} of closed and discrete subsets of X which satisfy the following
conditions:

(a) Rnh]ﬁ N Rn2,k2 = @ = thkl N Snz,kz if (nla kl)a (nQakZ) € Ka (nlakl) 7é (’I’Lg,kg) and
Rn,k N Si,j =0if (nvk)7 (Za.]) € Ka
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(b) U(n,k)eK(Rn,k U Sn,k) cyY,
(¢) Rnx C B(Apk,1/n) and Sy, C B(Bpk, 1/n) for (n, k) € K,
(d) o(z,Rnk) < 2/n for x € Ay, (n,k) € K and o(z, S, k) < 2/n for x € B,
(n,k) e K
If A, =0, then we set R, = 0, and if B, ; = 0, then we set S, ;, = (). We have to
construct Ry, i, if Ay # 0 and Sy, g if By # 0. Let Ry _y =Ty, a, _, 1, where Ty 4, _, 1
is the set from Lemma@for M=Y,A=A;_;and e = 1. Since Ry _1 is a closed and
discrete subset of X and X is dense in itself, Y\ R; _1 is dense in X. Thus we may set
517_1 = TY\R1,71,B1,71,1' Next, let
Vio=Y\(R1,-1US11), Rio=T5 4,1 510=T5% \r o501
Fix (n,k) € K. Assume that the closed and discrete sets R; ; and S; ; have already been
chosen for (i,7) < (n, k), and let
Yor=Y\ |J (Ri;USiy).
(4,5)<(n,k)

Set

Rn,k = Ti;n,k7An,ky1/n and Sn k=
By Lemma [5.1] it is obvious that the families

{Rni:(n,k)e K} and {S,i:(nk)e K}

constructed inductively satisfy the conditions (a)—(d). Define F': X — R by

Yy 6\ R, Bk, 1/n

k/n if x € Ry, (n,k) € K,
F(r)=q(k+1)/n ifz €S,y (n k)€K,
g(x) if 2 € X\ U pyer (B U Snk)

We shall show that (1) and (2) hold. Fix xy € X and € > 0. There exists ng € N such
that 1/ng < ¢ and f(xg) < no + 1. For every n > ny we can find k,, € Z such that
—n? <k, <n?and k,/n < f(z¢) < (kn + 1)/n. Thus ¢ € A, , . By condition (d), for
every n > ng there exists y, € Ry, j, for which d(x¢, yn) < 2/n. Hence lim,,_,o yn = 0.
From this we obtain

F(yn):kn/n and 0<f($0)_F(yn)<1/n'

This gives lim,, o0 F'(yn) = f(20). We have proven that limsup, ., f(z) > f(zo). In
the same manner we can prove that liminf, ., f(z) < g(xo).

Let (xm)men be a sequence of elements of X converging to xg such that x,, # x¢ for
n € N and limy, o0 F(Zm) = a, where a € RU {—00, +00}. Without loss of generality,
we can assume that all elements of the sequence belong to one of the three sets

U Rnk, U Snk or X\ U kUSn,k:)-
(n,k)eK (n,k)eEK (n,k)eK

First, suppose that 2, € U, x)er Bnk for m > 1. Then for every m € N we can find
(N, k) € K such that z,,, € R,,,, k,,. The sets R,, j, are closed and discrete and for fixed
n € N there are finitely many integers k € Z for which (n, k) € K. Moreover, (£, )men
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is convergent and is not constant. Hence lim,,—, oo Ny, = +00. From (c), for every m € N
there exists z,, € A, k,, such that d(z,, zm) < 2/m. Moreover,

F(zm) =km/nm  and  ky/nm < f(zm) < (knm + 1)/,
Since the function f is upper semicontinuous,
= 1 = 1 <
o= lim Fle,)= lim [(zn) < [(x0).

Now, let z,, € U(n,k)eK Sy i for m > 1. Then for every m € N we can find (n,, k) €
K such that z,,, € S,,, k,,. As before, we can see that lim,,_,oc ny = +00. From (c), for

every m € N there exists z,,, € By, k., such that d(z,, z,) < 2/n. Moreover,

m

F(zm) = (km+1)/nm and  ky/nm < f(zm) < (kn +1)/nm.
It follows that

a= lim F(zy,)= lm g(zn) < lim_ f(zm) < f(zo)-

Finally, if zm, € X \U,, 1yex (BnkUSn.k), then F(zy,) = g(@m) for m € N. Therefore
Q= mlgnoo F(zm) = ”}gnoog(xm) < mlgnoo f(zm) < f(20)-

Thus we have proven that a < f(zg). Since a was an arbitrary limit number of f at z,
limsup,_,,, F(z) < f(zo). Finally,
limsup F(z) = f(xo)
T—T0

for every zp € X.

Applying the lower semicontinuity of g, we can show similarly that liminf, ,, F(t) =
g(z) for x € X. The equality F(z) = g(z) for x € X \ 'Y is clear, since U, 1)cr (Bnkx U
Sn) CY and F(z) = g(x) for 2 € U, gy (Bngk U Snk). =

REMARK 5.2. The previous theorem was proven in [Ko2|; we have repeated the proof
here for completeness.

REMARK 5.3. Using the notation from the proof of the previous theorem, define F: X —
R by

k/n ifxe Rk, (nk) €K,
F(x)={ (k+1)/n ifx€ Sy, (n,k) €K,
f(z) if 2 € X\ U ryex (Bnk USnk),

Then it is easily seen that
limsup F(t) = f(z) and liminf F(t) = g(z) for z € X.
t—x t—z

Thus we get the following theorem, analogous to Theorem [5.1}

THEOREM 5.2. Let (X, ) be a dense in itself metric space and let Y be a dense subset
of X. Let f: X - R and g: X — R be such that f is upper semicontinuous, g is lower
semicontinuous, and g < f. Then there exists F: X — R for which

(1) limsup,_,, F(t) = f(x) and liminf, ,; F(t) = g(z) forz € X,
(2) F(z) = f(z) forx e X \Y.
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Now we will extend Theorem [5.1] to the case of functions with infinite values. But first
we have to prove a few technical lemmas.

LEMMA 5.2. Let (X, T) be a dense in itself topological space. Let F: X — R and F': X —
[—00, +00] be such that limsup,_,, F(t) = f(x) for all x € X. If the set A ={x € X :
f(z) = —oo} is nonempty, then it can be represented as a countable union of sets which
are closed in A and discrete.

Proof. Let
A,={x € A:|F(z)]<n} forneN.
Then A = UneN A,. We shall show that the A, are closed in A and discrete. Fix any
no € N. It is sufficient to prove that for any convergent sequence (zx)ren C Ap, such
that xy # x,, for k # m, its limit does not belong to A.
Since |F(z)| < ng for k € N, we can find a subsequence (F(zy,,))men convergent to

m

some real number « such that |«| < ng. Hence

limsup F(t) > a > —ng > —o0.
t—xo

It follows that z¢ ¢ A. Thus every set A, is closed in A and discrete. m
Exactly in the same way, we can prove a similar lemma for the lower limit.

LEMMA 5.3. Suppose that (X, T) is a dense in itself topological space, f: X — [—o00, +0],
F: X - R, andliminf,,, F(t)=f(z) for allx € X. If the set A={x € X : f(x) = +o0}
is nonempty, then it can be represented as a countable union of sets which are closed in
A and discrete.

LEMMA 54. Let (X, ) be a metric space, M a dense subset of X, and A a closed and
nonempty subset of X. Then there exists a family {A, : n € N} of pairwise disjoint sets
such that

(1) Uy 4n C M,
(2) each set A, is closed in X and discrete,

(3) (Un21 An)d =A.
Proof. In the proof we apply Lemma (and also the notations from that lemma). Define

Av=Tman, A2 =Twa,a1/2, Az =Twu\(a,04,5),4,1/3
and, in general,
App1 = T\ (A10-UA,), A1/ (n41)-

It is obvious that every A, is closed in X and discrete, 4, N A,, = 0 for n # m and
Ups1 An C M. Since d(z,4) < 1/n for z € Ay, (U, A,)% C cl(A) = A. On the other
hand, since d(z, A,) < 2/n for x € A, we have A C (U,>; An)?% Finally, (U, >, 4n)?
=A = - -

THEOREM 5.3. Let (X, 0) be a dense in itself metric space and let Y be a dense subset
of X. Let f: X - R and g: X — R be such that f is upper semicontinuous, g is lower
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semicontinuous, g < f and the sets
C={zeX: fx)=—-o0} and D={re X:g(x)=+o0}

can be represented as countable unions of sets which are discrete and closed in C and D,
respectively. Then there exists F: X — R for which

limsup F(t) = f(x) and ligian(t) =g(x) forzeX.

t—x

Proof. Since every dense in itself metric space is resolvable, we can find four pairwise
disjoint subsets Y7, Y5, Y3, Y4 of X, each dense in X. Let

A={z e X: f(zx) =400} and B={zreX:g(r)=—o0}

Then D C A and C C B. Since f is upper semicontinuous and g is lower semicontinuous,
A and B are closed subsets of X. It follows from our assumption that C' = J,,cy Cn and
D = UneN D,,, where the C,, are closed in C and discrete and the D,, are closed in D
and discrete for each n € N. Hence (C,,)?NC =0 and (D,,)? N D = () for n € N.

The next part of the proof is analogous to the proof of Theorem Let
K={(nk) e NxZ:-n*<k<n?}.
Let < be a well ordering of K defined by
(n1,k1) = (n2,k2) & ny<ngV(ng=ng Ak < ko).
Put
Apr={zeX:k/n< f(z) < (k+1)/n},
Bur={recX:k/n<g(x)<(k+1)/n}.

As in the proof of Theorem [5.1} we can construct by induction two families {R,  :
(n,k) € K} and {S, 1 : (n,k) € K} of closed and discrete subsets of X satisfying:

(a) Rnhkl n an,kg = @ = thkl n Snz,kz lf (nl, kl), (?’Lg,kg) S K, (nl,kl) # (Tlg,kg) and
Rn,k N Si,j = @ if (TL,]{), (7’5]) € K;

(b) U(mk)e}( Rn,k C Yl and Smk C Yg,

(¢) Rnx C B(Apk,1/n), Sk C B(Bng,1/n) if (n, k) € K,

(d) o(z,Rnk) <2/nifx € A, g, (n, k) € K, and o(x, Sy ) < 2/nifz € B, i, (n, k) € K.

By Lemma there exists a family {P, : n € N} of discrete and closed (in X)
subsets of Y3 such that (U, cx Pn)d = A. Similarly, there exists a sequence {Q,, : n € N}
of discrete and closed in X subsets of Y; such that ({J, oy Qn)? = B. Observe that all

R, and S, j for (n,k) € K and all P, and Q,, for n € N are pairwise disjoint. Put

T=J( U BurUSi)UPUQ):

neN (n,k)eK
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Define F: X — R by

k/n ifze Ry, (n,k) € K,
(k+1)/n ifx € Spp (nk) € K,

n if v € P,U(D,\T),n €N,
Flz)={-n if v € Q,U(Cy \T), n €N,
0 ifxe (ANB)\T,

f(z) ifre B\ (AUCUT),
g(@) itz e X\ (BUDUT).

We have to show that
limsup F(t) = f(x) and liminf F(t) = g(x)
t—x t—x
for r € X.
Let x € A= cl(U,en
=z, 2} # Ty for k # m and z;, € P,, for k € N. Since each set P, is closed and discrete,
limg 00 g = +00. Thus limg_, oo F(z)) = limg— 00 g = +00. It follows that

limsup F(z) = +00 = f(z) ifxe A (5.1)
t—x

P,). Then we can find a sequence (zy)ren such that limy_, o zk

Now, let z € X \ (AU C). Then |f(z)| # 4oc. Since & ((U,en Pn) U (AN B))%, by
repeating the arguments from the proof of Theorem we can show that

lirgl_)sBpF(ac) =f(z) ifxzeX\(AUCO). (5.2)

Finally, let z € C. Then f(z) = —oco and x € B\ A. The function f is continuous at x,
since it is upper semicontinuous and f(x) = —oco. Thus, if a sequence (t,)nen converges
to x, then lim, o f(t,) = —oo. But g < f. Therefore lim, . g(t,) = —oo too. Let
lim,, 00 Ty, = « and x,,, # = for m € N. Without loss of generality, we can assume that
all elements of the sequence (2, )men belong to one of the following sets: U(n’k)eK Ry k,
Utnier Snkr Unen @ns Upen Cn \ T, B\ (AUCUT).

First consider the case where z,,, € U(m K)EK R, i, for all m € N. Then for each m € N
there exists (nm,kn) € K such that x,, € Ry, 1, . For each (n,k) € K the set R,
contains only finitely many elements of (2.,)men, since R, i is closed in X and discrete.
For each n € N, the set {k € Z : (n,k) € K} is finite. Hence lim,, oo Ny = +00.
From (d), for every m € N we can find z,, € X such that

[T — 2m| < 2/Nm  and  |F(zm) — f(z2m)] < 1/Nm.

Hence

lim z, = lim xz,, ==x.
m—0o0 m—00

By the continuity of f at x, we obtain

lim F(z,,)= lim f(zm,)= —o0.
m—0o0 m—0o0
In the case where z,, € U(n)k)e x Snk if m € N, we argue similarly. For m € N there

exists (N, k) € K such that z,,, € S, &, and lim,, o 1y, = 400. From (d), for every
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m € N there exists a 2, € X for which
|1'm - Zm' < 2/nm and |F(xm) - g<zm)| < 1/nm~

Hence

lim z, = lim z,, = x.
m—00 m— 00

By the continuity of g at x, we obtain
lim F(z;,)= lim g(zm,)=—oc.
m— o0 m—0o0

Now, let 2., € J,cy @n for m € N. Then for each m € N there exists an n,, € N such
that z,, € @y, . Every @, is closed and discrete. Therefore lim,,_, o 7y = +00. Hence

lim F(z.,)

= lim (—n,,) = —.
m—r oo m—r oo

The next case, where z,, € J Cp \ T for m € N, is very similar. For each m € N

neN
there exists an n,, € N such that z,, € C,,,. Each @, is closed and discrete. Therefore

lim,,, _so0 Ny = +00. Hence

gy F ) =l (=) = —o0.

Finally, if x,,, € B\ (AUCUT) for m € N, then

it Fom) = i f(om) = —oo.

Thus we have proven that for a sequence (z,,)men, m 7 &, converging to x, the equality
lim, 00 F'(%4,) = —o0 holds. Thus

limsup F(t) = —co = f(z) forze X\ (AUCQ). (5.3)

t—x

Combining (5.1)—(5.3)), we have
limsup F(t) = f(z) forze X.

t—x
The proof of liminf;_,, F(t) = g(z) is very similar and we omit it. m

If weset g =0in Theorem (observe that then C' = () = D), we obtain the following
theorem.

THEOREM 5.4. Let (X,d) be a metric space. For any upper semicontinuous function
f: X —[0,00], there exists an F: X — R such that w*(F,z) = f(z) forx € X.

We have shown that the w*-problem has a positive solution for a metric space. The
next example proves that the case of a nonmetrizable space is quite different.

EXAMPLE 5.2. Let (X,7), X = R x [0,400) be the Niemytzki plane. Then X is a ‘nice’
nonmetrizabe topological space which is separable Tychonoff and Baire. Define f: X — R
by

1 ifzeQx{0},

flx) = .

0 ifx¢ Qx{0}.
We shall show that an w*-primitive for f does not exist. Let F': X — R be any function
such that w*(F,z) = f for each z € X \ (Q x {0}). Then the function F has a limit at
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(2,0) for each z € R\ Q. Let
Appy={z e R\Q: F(v) € (k/4—1/4,k/4+1/4) forve (x —1/n,x+1/n) x (0,1/n)}

for each n,k € N. Then R\ Q = Un)keN Ay and by the Baire Theorem there exist
no, ko € N and an open interval (a,b) such that A, x, is dense in (a,b). Hence f(v) €
(ko/4—1/4,ko/4+1/4) for all v € (a,b) x (0,1/ng). But then for any =g € (a,b)NQ there
exists an open neighborhood U of (z,0) € X such that sup,, ,cp\((z0,0)} £ () — F(v)]
< 1/2. Therefore w*(F,zg) < 1/2. Thus w*(F,x0) # f(zo) = 1 and w*(F,:) # f. We
have proven that an w*-primitive for f does not exist.

6. Functions with values in a metric space

In this chapter we investigate the problem of the existence of w-primitives in the following
situation. Let (X, T') be a topological space and let (Y, ) be a metric space. For F': X -Y
and z € X we define

w(F,z) =1inf sup o(F(x1), F(x2)),
U x1,22€U
where the infimum is taken over all neighborhoods U of z. Does every upper semicontin-
uous function f: X — [0, +00] possess a function F': X — Y such that w(F,-) = f7 For
such a function F, it is impossible to define upper and lower Baire functions. We shall
prove that the w-problem can be solved for metric spaces which contain a subset similar
in some sense to the real line.

DEFINITION 6.1. Let (Y, ) be a metric space. We say that a function p: R — Y is
monotonically continuous if it is continuous and the following two conditions are fulfilled.

(c1) o(w(x), v(2)) > max{o(p(z), p(y)), o(v(y), (2))} for r<y<z,
(€2) limy 400 Q((p(())7<p(7“)) =lim, Q( ( ) ( ) =

LEMMA 6.1. If o: R — Y is monotonically continuous, then ¢ is a homeomorphism
between R and p(R).

Proof. Tt is easily seen from condition (c1) that ¢ is an injection, because if < y, then

o(p(), p(y)) > max(o(p(z), 0(t)), o(p(t), p(y))) = 0

where t = (v + y)/2. Let y € ¢(R) and let (yn)nen be a sequence from ¢(R) converging
to y. Let z,, = ¢~ (y,) for n € N and 2 = ¢~ 1(y). Then ¢(x,) = y, for n € N and
p(x) =y. Fix e > 0. Let 01 = o(y, o(x +¢)) > 0 and 02 = o(y, (xz —¢)) > 0. It follows
from (cl) that if ¢ > x + ¢, then o(y, ¢(t)) > 61 and if t < x — ¢, then o(y, ¢(t)) > 0.
Let § = min{dy, d2}. We can find a positive integer ng such that o(y, y,) < 4 for n > ng.

Hence z,, € (x — e,z +¢) for n > ng. Thus lim,,_,c z, =  and cp_l is continuous at y. =

DEFINITION 6.2. We say that a subset K of a metric space (Y, g) is monotonically hom-

eomorphic to the real line if there exists a monotonically continuous function ¢: R — Y
such that p(R) = K.
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EXAMPLE 6.1. Let f: R — (Y, 0) be a function satisfying a Lipschitz condition with the
constant L < 1. Define a metric ¢ in the set R x Y by

0((z1, 1), (22,92)) = Vw1 — 222+ (0(y1,2))2-

We shall show that the function ¢: R — (R x Y, 0), o(z) = (z, f(z)) for z € R is
monotonically continuous. It is obvious that ¢ is a continuous injection. Let z,y, z be
real numbers, x < y < z. Then

0*(f(x), f(2)) > *(f(x), f(y)) — 20(f (), fF(y)e(f (v), f(2)) + &*(f(y), f(2))
> 0*(f(x), f(y)) — 2L% |z —y| - |y — 2| + &*(F (), £(2)).
Thus

3 (p(x),0(2)) > |z — 2> + &*(f(2), f () — 2z —y| - |y — 2]
+ (W), [(2) =z —yP+ly — 2P + *(f (=), (W) + *(f(y), f(2))
=" (p(x), 0(y)) + 8°(e(y), v(2))-

(2)) > max{o(e(x), p(y)), 8(¢(y), v(2))} and condition (1) holds. Since
|z — y| for any real z and y, condition (c2) is obviously fulfilled.

Hence o(¢(x), p(z
o(p(x), ¢(y)) =
COROLLARY 6.1. If f: R — (Y,0) is a function satisfying a Lipschitz condition with
constant L < 1, then the graph of f is monotonically homeomorphic to the real line.

EXAMPLE 6.2. Let ¢: R — R be any strictly monotonic function and let d,, be the metric
in R defined by d,(z,y) = |¢(x) — ¢(y)|. It is easy to verify that the identity function
Id: (R,d,) = (R,dy,), where d,, is the natural metric in R, is monotonically continuous
and (R, d,) is monotonically homeomorphic to the real line.

Let ¢: R — (Y,d) be a monotonically continuous function and K = ¢(R). Since
¢: R — K is a bijection, we can define a linear order on the set K.

DEFINITION 6.3. For ¢: R — (Y, o) monotonically continuous and K = ¢(R), a linear
order <, on K is defined by

<,y & ¢ N(x) <o Ny) forz,yekK.

It follows from condition (cl1) that if x,y,u,v belong to K and = <, y <, u <, v,
then o(x,v) > o(y,u).

Since the order <, on K is isomorphic to the natural order on R, we can define
in the standard way the supremum and infimum of a subset of K and we can define
the upper limit (¢-limsup,_, . f(¢)), lower limit (¢-liminf,_,, f(¢)), an upper Baire func-
tion (M7 (x)), and a lower Baire function (m%(x)) at any point 2 € X for a function
f+(X,T)— K. Moreover, the following equalities hold:

sup A = p(supp1(A)) for A C K,

inf A = p(inf p=1(A)) for A C K,
p-limsup,_,, f(t) = p(limsup,_,, (=" o f)(1)),
-liminf, ., f(t) = p(liminf; . (0~ o f)(t)),
MF (2) = p(Mp=104(x)),

mi(z) = e(me-105(2)).
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Let ¢: R — (Y,d) be a monotonically continuous function and K = ¢(R). Fix any
yo € K. Define

a:{yeK:yo<,y} —=[0,+00) and B:{z€ K:z<,y} — [0,+00)

by a(y) = o(y,yo) and B(z) = o(z,yo). Obviously, o and 3 are continuous. It follows from
condition (c1) and the definition of <, that « is increasing and [ is decreasing. Hence «
and 3 are injections. The space K is homeomorphic to the real line, so it is connected.
Hence by the continuity of the metric ¢ and by condition (c2), the functions « and 3 are
bijections. Thus we have proven the following theorem.

THEOREM 6.1. Let ¢: R — (Y, d) be a monotonically continuous function, K = ¢(R)
and yo € K. For every nonnegative A there is a unique 2y € K such that yo <, z1 and
0(yo, z1) = A. There is also a unique z3 € K such that zo <, yo and o(yo, z2) = A.

DEFINITION 6.4. We say that a function ¢: R — (Y] 0) is a conformable homeomorphism
if it is monotonically continuous and

(e3) o(p(x), $(0)) = |z|
for every real x.
Let us remark that condition (c3) implies (¢2) from Definition

THEOREM 6.2. If a subset K of a metric space (Y, 0) is monotonically homeomorphic to
the real line, then for every yo € K there exists a conformable homeomorphism ¢: R —
(Y, 0) such that o(R) = K and ¢(0) = yo.

Proof. Let ¢: R — (Y, d) be any monotonically continuous function such that K = ¢(R)
and let yo be any point of K. There exists g € R such that ¢(zg) = yo. It is easy to
verify that ¢, : R = Y, ¢y, (2) = ¢(x — o), is also monotonically continuous. Thus we
may assume that ¢(0) = yo. We shall define ¢: R — Y applying Theorem For z > 0,
let ¢(z) be the unique element of K such that ¢(0) <, ¢(z) and o(¢(0), p(x)) = =.
Similarly, for z < 0, let ¢(z) be the unique element of K such that ¢(z) <4 ¢(0) and
0(¢(0), z) = —x. It is easily seen that ¢ is an injection and that condition (c3) holds.

We claim that ¢ is an increasing function (with respect to the natural order on R and
the order <, in K). Let z,y € Rand z < y. If <0 < y, then p(z) <4 ¢(0) <4 ¢(y). So,
let 0 <z < y. There exist 1 > 0 and y; > 0 such that ¢(x1) = ¢(z) and ¢(y1) = ¢(y).
Suppose y; < 1. Then

2(¢(0), d(z1)) > max{o(¢(0), ¢(y1)), e(d(y1), ¢(x1))},
by condition (cl). But
2(¢(0), ¢(x1)) = 0((0), p(
2(¢(0), &(y1)) = o(6(0), (y
This is a contradiction. Therefore 21 < y1 and ¢(z) = ¢(z1) <¢ ¢(y1) = ¢(y). Similarly,
we can show ¢(z) <4 ¢(y) in the case z < y <O0.
Let x < y < z. Since ¢ is an increasing function, p(z) <4 ¢(y) <4 ©(z). Hence

(¢ (@), ¢(2)) > max{e(p(2),¢(y)), e(+(y), p(2))},
because ¢ satisfies condition (c1). Thus ¢ satisfies condition (c1).

¢ x))
¢ )

T
Yy > x.
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Suppose € R and ¢ > 0. Let a = ¢(z). There exist b,c € K such that b <4 a <4 ¢
and o(a,b) = o(a,c) = . Let y = p=1(b), 2 = ¢ (c) and § = min{|x — y|, |z — z|}. If
t € (x—0d,x+0), then b <4 p(t) <4 c. Hence b <4 ¢(t) <y a or a <4 ¢(t) <4 c. By
condition (c1), we get o(¢(t),a) < o(a,b) = € in the first case and o(p(t),a) < o(a,c) =¢
in the second. Thus o(¢(t),a) < €. This proves the continuity of ¢ at z. Since x was
arbitrary, ¢ is a continuous conformable homeomorphism. =

The next theorem gives a connection between the oscillation of a function f: X — K
and upper and lower Baire functions.

THEOREM 6.3. Let ¢: R — (Y, 0) be a monotonically continuous function, K = ¢(R)
and let (X, T) be a topological space. For every f: X — K and every x € X, if [ is
bounded in some neighborhood of x, then
w(f,z) = o(Mf (x),m%(x)).
Proof. Let x € X. Fix any € > 0. Since f is bounded in some neighborhood of =z,
M (z) and m¥(x) exist and belong to K. Let z; be the unique element of K such that
M{(z) <, 21 and o(M[ (v),21) = € and let 2o be the unique element of K such that
zg <, mj(z) and o(m%(x), 22) = €. There exist neigborhoods Uy and Uz of x such that
f(t) <4 21 for t € Uy and 22 <, f(t) for t € Us. Hence for x1,20 € U = Uy N Uy, we
have o(f(x1), f(22)) < o(21,22) < e(21, Mf (2)) + o(Mf (x), mF (x)) + e(mF(z), 22) <
o(M7 (x), m%(z)) + 2. Thus
sup o(f(x1), f(22)) < o(Mf (x),m7(x)) + 2¢
r1,x2€U
and
w(f,z) < o(MF (x),m%(x)) + 2.
Since € was arbitrary, w(f,z) < o(M7 (x), m% ().

Again, fix any £ > 0. Let 21 € K be unique such that z; <, M{(z) and o(M7 (z), z1)
= ¢, and let zp € K be unique such that m%(z) <, 22 and o(m}(z), 22) = . Take any
neighborhood V' of . There exist 1,22 € U for which z; <, f(z1) and f(z2) <, 2.
Thus

o(f(21). F(22)) > 021, 22) > o(MF(2), m% () — o1, ME(2)) — p(m (x). 22)
> o(M§ (x),m#(x)) — 2.

Hence

s o(f(w). £() 2 o(f (@), £(z2)) 2 (M (w). m7(x)) — 22

and
w(f,x) > Q(M}D(x),m?(:r)) — 2e.
Since € > 0 was arbitrary, we have w(f,z) > o(M7 (x),m%(z)). u
Now we may formulate the main theorem of this chapter.
THEOREM 6.4. Suppose a metric space (Y, 0) contains a subset K which is monotonically

homeomorphic to the real line. Let (X, T) be a topological space dense in itself and let
f+ X — R be upper semicontinuous. If there exists a set A C X satisfying:
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(1) cl(A) =cl(X \ A4) =X,
(2) the set {x € A: f(z) —limsup,_,, f(t) > e} is closed and discrete for every e > 0,
(3) Hmsup x\ aysq f(t) = limsup,_,, f(t) for every x € A,

then there exists a function F: X =Y for which w(F,-) = f.

Proof. Let ¢: R — Y be a conformable homeomorphism such that ¢(R) = K. Repeating
the arguments from the proof of Theorem [6.1} we can find for every z € X a unique
element a(z) € K such that o(p(limsup,_,, f(t)),a(z)) = f(z) and a(z) <, ¢(0).
Define F': X =Y by

Flz) = {so(f(w)) o eX\4,
ax) if x € A.

We have F' <, ¢ o f. Furthermore, f is upper semicontinuous and M7 .(z) = ¢(f(x)).
Hence

F(z) <o Mi(x) <o MZp(2) = o(f(x)) = F(=)
for z € X \ A. Thus M7 (z) = ¢(f(x)) for z € X \ A. Applying the facts that X \ A
is dense, F'(z) <, ¢(0) for z € A, and p(0) <, F(x) for z € X \ A, we have M7 (z) =
e-limsup,_,, F(t) for z € A. By 3), we deduce that

M (z) = @-limsup F(t) = ¢- limsup (¢ o f)(t)
t—x

X\Ast—z
= <p( lim sup f(t)) = so(hm sup f(t)>
X\A>t—zx t—x
for x € A. Since A is dense and F(t) <, ¢(0) for t € A, we obtain m%(z) <, ¢(0)

for x € X. Furthermore, m#(z) <, a(z) for + € A. Now we will prove the following

property:

(c4) for every € > 0 and for every ¢ € K satisfying ¢(0) <, ¢, there exists § > 0 such
that if z,y,2 € K, ¢(0) <y z <, y <y ¢, 2 <y 9(0), 0(¢(0),y) = o(z,2), and
o(z,y) <4, then o(z,(0)) <e.

Fix ¢ > 0 and ¢ € K such that ¢(0) <, c. Suppose that (c4) does not hold. Then we can
find sequences (z,,)neN, (Yn)nen and (2, )nen in K such that

o SD(O) S Tn S Yn <pC 2n <y <p(0),
o Q(‘p(o)ayn) = Q(Znaxn)a Q(xnayn) < 1/”3
e 0(zn,9(0) > ¢

for n € N. Since H = {z € K : 9(0) <,  <,< ¢} is a compact metric space (because H
is homeomorphic to the closed interval [0, !(c)]) and z,, € H for n € N, we can find a
subsequence (z,, )ren converging to some xg € H. From the inequality o(x,,yn) < 1/n
for n € N, it follows that the sequence (y,, )ren also converges to xo. Then

Q(¢(O)’x0) = khm Q(@(O)aynk) = lim ‘Q(xnk7znk) = lim Q(xo’znk)'
—00 k—oc0 k— o0

But this implies that limg_,o0 2, = (0), which contradicts the inequality o(z,, ©(0)) > ¢
for n € N. Thus we have proven property (c4).
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Fix any x € X and € > 0. Since f is upper semicontinuous, it is locally bounded.
Let V' be a neighborhood of = and let P > 0 be such that f(t) < P for t € V. Choose
0 > 0 from (c4) for € and ¢ = ¢(P). Since ¢ is continuous, it is uniformly continuous
on [0, P]. Hence there exists > 0 such that if 0 < 2 < y < P and |z — y| < 7, then
o(p(x), p(y)) < d. By (2), there exists a neighborhood U of z such that

f@) - hr?:;lpf(s) <n forteU\{z}.
Let t € AN (U \ {z}). Then

£6) ~timsup f(s) < and o(p(My(1). o (timsup £(s))) <.

s—t

So, by property (c4) we get o(p(0), a(t)) < e. Thus

inf F(t) > —e).
teAml(rllJ\{x}) ®) —Y #(=¢)
Since & > 0 was arbitrary, we get mi(z) = ¢(0) for z € X \ A and mi(z) = a(x) for
x € A. Since F < ¢po f and p o f is upper semicontinuous, F' is locally bounded. Thus
w(F,-) = f follows immediately from Theorem "
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