
���������
	��

��
������������������ �!����" #�$&%'��(')+*,$-���/.0���'�1*+#&(2"�" 354���
76 ��#�*,� 
8�:9;*+$<�=� 
�>/�1$?� 
�.A@B�C�-#�*,>1$?*+
ED�"�FG%H)+�1I
J 
'� )LK!$-*,$NM��O*,
BPQ�'*+>R�A�����CKB.�*+$->/��$-$-�1.S�����G$<�=�����T" U��WVO��*+#�$;*+
A�����T.�"�FX� *,
ZY���
B�����TFX�/� 
8��*,FT���
$-"�FT�;"�%Z�1
\[7���/$<��*+"�
�$]FX�1
7��*+"�
��/.\*+
^�����?(2"�" 3_�'�/68�?(2�/�1
\$-" )+68�1.Z��FX" #��:�CI�%'),*+>/*L�]U`" #�F���),� $]U`"�#
6 ��#�*," �'$a*,
86��W#�*b� 
8��Uc�'
�>C��*,"�
�$d" 
_>/�C#-�=� *,
X>1"�
�>1#��C����.�"�F_� *+
'$aPe�C#��&Uc"���
�.Bfg$-�/�Q� ),$-"_h i&" (������ jWkgl=Y
@B" #��1"�68�C#/�������]>1)b� $-$-*+>�� )�m&#��1�/
GU`��
�>1��*+"�
G(2�/>/� FX�]*+FT%2" #-�=� 
8�a*,
T$<����.!K!*,
�n;oe�1#�n�FX� 
T>1"�FT%'),�C���Cp

��1$-$1�OPQ��*,>=�Aq'
'� )+)+KB),�1.B��"^������#��1$-�')L�:���H�W�
��
7K0�8K�%2�1#�>1"�
868�CI0(2"���
'.��1.S.�"�FX� *,
S*+$;oe�1#�n�FX� 

>1"�FT%'),�C��� YBr�*+F���)+�=� 
��1"���$-)+K��a�0
��CPs.'�C68�1)," %'FX�1
8�G$<�=��#-���1.Z��
'� FX�1)+KS�����5$<����.!KE"�Ue�����\m&#��/�1

Uc�'
�>C��*,"�
�$ePQ*+���\F���)L��*+%2"�),�1$1Ydt]��*,$�)+�/.^��"����'�:>C#����W��*,"�
\"�Uu��)," �]"�Uv
��1Pw"�(�x<�1>C��$1YayQ�1>/�1
8��)+K��!���'�
$-�!#-%�#�*,$-*+
'nT�CI�� FT%')+�:"�UO�����?$<K!FXFX�C�-#�*,z1�/.5('*,.�*,$->?P]� $]U`" �'
�.Z��PQ�'*+>R�\*+
�*+��*b�W���/.\��)," �]"�UO
'�CPw� >Cp
��*L6!*+��*+�/$1Yat]���:$<K!FXFT�1�-#�*+z/�1.^('*,.�*,$->:*,$]
�" �e('*,��"�)," FX" #-%'��*,>/� ),)LK\�/[7��*+6 � )+�/
8�e��"T�G>1"�
868�CI5.'" F_� *,

('�!�/�O
��168�C#-�����/)+�/$-$1�O*L��$
De��#=������{/"7.'"�#-KB.�*,$<�=��
'>1�X��
'.S*L��$:|v�1FT%2�1#-�:U`��
�>1��*+"�
A>/"�*+
�>/*+.'� Y
}?�1
'>1� �
*L�&� n8� *+
~(2�/>1"�FX�1$Q� 
�*+
7���C#��1$<��*,
�n_[7���1$<��*,"�
�Uc" #�PQ��*,>=��.�"�F_� *+
�$������/$-�:��Pe"X" (�xN�/>C��$Q��#��;��[7�'� )gY

t]���
F_� *+
0*,.��/�_"�Uu����*+$QPe"�#-3~*,$Q��"_.��1$->1#�*L(Z�;PQ�'���&�H�W%'%2�1
��/.0.��!#�*,
�n_������)b� $<���/�TK8�/��#�$&*+

�����:��#��/�!Yat]���?F_� *+
\$-" ��#�>1�:*+$e"��!#]"�)+.5(2"�" 32�!*+
5%H��#-��*,>1��)b��#/�!*,UZPe�:[7��" ���?��#��/$-��)+�e(2�1U`" #����������
Pe�T#��1U`�C#:�����T#�����.'�C#;��"\"��!#�(2"�" 3A��
'.S
�" ����"^�����X"�#�*,n�*+
H��)�$-"��!#�>/� YXt]��*,$:3!*,
�.E" Ue[7��" �=�W��*,"�

$-�1�/FT$���"T(2�;��� $-*+�1#QUc" #������
��������" #�$Q� $]Pe�1),)�� $�U`"�#����'�:#��/� .��1#/Y J $Q� )LP]�/K!$1�������
��������" #�$��'�/68�
��"���%2"�)+"�n�*,z1��U`" #_�����1*+#_>R��"�*+>/��"�U?������FX�����1#�*,� )������CK�%'#��1$-�1
7�/Yw�&U?>/"��!#�$-� �]*L�_#��1�'�1>1��$T�����/*L#
%2�C#�$-"�
'� )Z�=� $<����Y

J �v�������1
�.�"�U!�����dP�#�*L��*,
�nQ%�#�"�>1�/$-$u�&)+" �u"�U�" ��#u>/" ),),�/� n����1$u���1)+%2�/.
�'$���"Qq'
�.
��K�%2"�n #=��%'��*,>/� )
� 
�.0F_�������/FX����*,>/� )��C#-#�" #�$&*,
������
F_� 
7��$->1#�*L%'�:� 
�.���"5�1$-$-�1
7��*,� ),)LK�*,FT%�#�"�68�
"��!#&%�#��/$-�1
8�=����*,"�
ZY
����),*+3��~��"E���'� 
!3����'�1F�� )+)��e*,
�%H��#-��*,>1��)b��#/�����H��
�3�$5��#��0.����~��"�" ��#5>/" ),),�/� n����1$\�vYao&�`"�>�3!*g�
J Y��d.�*+n8��#�*b��
O�2��Y2���'>=�'�!�2��Y2�?*L38"�),"/62�2}�YH�d"���$-$<qO�2��YO�2��%H�7�c"�PQ$<3!*��Z� 
�.B��Y��'Pe"�
��132Y&�?�168�C#-p
�����1),�1$-$1�'������� �!����" #�$&��#��:#��1$<%Z" 
'$-*L('),��U`"�#&� ),)Z������FT*,$<�=��38�1$����'���]#��1F_� *,
ZY

��*,
'� )+)+K��8Pe����#��]n #��/����)+K�*,
�.��C('���1.G��"?���'�]U`" ),),"/PQ*,
�n�*+
�$<��*+���!��*,"�
�$1�aD�"�FTFX*+�-���1�]U`"�#er�>1*,�1
8��*+q'>
yQ�1$-����#�>=��fgi;o]��l=�7����#�$��/P�fgn�#=� 
8��
�"�Y��
���8� J �8� �T�!�Wl=�!�?*,�1.��1#�$���>R��$-*,$->=���/$�@B*+
'*+$<���1#�*+��F�Uc�!#
��*,$-$-�1
'$->=�'� Uc�Q��
�.~i;��
�$<��f J z YO�/��Y��Wp����~� ����f����8la�d|�l=�!�d" )+3!$<P]� n �/
�$<��*,Ub����
'n~fgyQ*,�ap�%�#�"�n #=��F ���
�Q(2�1#-Pe"�)+Ug� >=��lX� 
�.¡�����Sm?�1#�F_��
¢yQ�1$-����#�>=�£�H"���
�.'����*," 
¤fg9:��m�l=��oe"�
�
�f J z�Ya�d�s���8¥ ¦ jWp��Wl=Y
��*+����"��!�_�����1*+#_q'
'� 
�>/*,� )Q$-�!%�%2" #-�_����*,$XPe" #-3�Pe"���),.£�'�/68�~(2�/�1
¡*,FT%2"�$-$-*L('),� Y�|u� $<�X('�!�5
'"��
)+��� $<�ePe�&PQ*,$-�^��"
���H��
�35" ��#]��
�*+68�C#�$-*+��*+�/$eU`" #]$-�!%�%Z"�#-��.��!#�*,
�n����'�&%�#��C%H��#=����*," 
\"�UZ���'*+$]$-�!#-68�CK8Y

i:#=��38§�P]¨!�?)+.'�1
8('��#�n!�H�H�C(�#��'��#-K0����� © @A��#��C3~�8��#�
�*,>�3!*
���C���C#Q�a�'�'n

ª «�¬



D�} J ��t]�dy �

���������	����

���1	��������������:�
���1�����������O�Q	����

�! "�! $#�%'&(%')*%,+.-0/013254,&6&(7825%'9!:;+<4!2=:;1">0&3?A@B4,)C1"&61(?ED�%,@F@HG09I2=:.1(%'9JD
|��1�
��$
(2�/n�*+
�PQ*+���E�����5U`" ),),"/PQ*,
�nB.��CqH
�*L��*,"�
�"�U����'" ),"�FX"�#-%H��*+>�� )+)+KE>/"�
8�-#=� >C��*+(')+�5Ug��FX*,)LK£fg>/U Y
h � p������ �����LK=©!Yb�Ck`l=Y
M�NPOPQ(RSQ(T'Q3UIR¡��Yb� Y,�WV J Ug��FX*,)LK

(dG)G
"�U2U`��
�>1��*+"�
�$

dG : G×G→ R+ (1)
�7PQ���C#��

G
#���
�$�"�68�C#

� )+)v.�"�FX� *,
�$
G ⊂ Cn f`PQ*+���0��#-('*+�-#=��#-K

n ∈ N l=�H*,$&$�� *+.���"_(2�YXPZ=[\Z.]YZ.^`_,XWaBbdc=[([fegbdZ.h!i"^jcWb�i"a6k�[\lQ*,U
�����;U`"�)+),"�PQ*+
'nT��Pe"X>1"�
�.�*+��*," 
'$Q��#���$�����*+$<qH�1.Z�

f J l5U`" #������;��
'*L�Q.�*,$->
E ⊂ C Pe���'�/6��

dE(a, z) = mE(a, z) :=

∣∣∣∣
z − a
1− az
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c∗G(a, z) := sup{mE(f(a), f(z)) : f ∈ O(G,E)}

= sup{|f(z)| : f ∈ O(G,E), f(a) = 0}, (a, z) ∈ G×G;
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(1) A+ := {x ∈ A : x ≥ 0} z A ⊂ R {}| An+ := (A+)n |,~�� �W� R+ = [0,+∞) | Z+ = {0, 1, . . . } |
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(k)
G (a, z) := sup{|f(z)|1/k : f ∈ O(G,E), orda f ≥ k}, (a, z) ∈ G×G, k ∈ N,
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gG(a, z) := sup{u(z) : u : G→ [0, 1), log u ∈ PSH(G),
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M

�'� $
�Tn )," (H� )Z('* xN�/>C��*+68�;��"�)," FX" #-%'��*,>;%H��#=� FX�C�-#�*,z/����*+"�


E 3 λ p−→ (λ3, λ2) ∈M.

• t]���\F_��%�%'*,
�n
q := p−1 *+$T��"�)," FX" #-%'��*,>\"�


M∗
� 
�. >/" 
7��*+
7�'" �'$T"�


M
YE�?" ���5���'���

q(z, w) = z/w
�
(z, w) ∈M∗

�
q(0, 0) = 0

Y
• t]���;F_��%�%'*,
�n

q|M∗ : M∗ → E∗
*+$�('*,��"�)+"�FX" #-%'��*,> Y�t]�7��$

c∗M∗((a, b), (z, w)) = mE∗(q(a, b), q(z, w)) = mE(q(a, b), q(z, w)),

k̃∗M∗((a, b), (z, w)) = k̃∗E∗(q(a, b), q(z, w)), (a, b), (z, w) ∈M∗.
• �'" #?��
7K

ϕ ∈ O(E,M)
�����1#��;�CI!*+$<��$&�

ψ ∈ O(E,E)
$-��>R�~���'���

ϕ = p ◦ ψ Ya}?�1
'>1�

k̃∗M ((a, b), (z, w)) = mE(q(a, b), q(z, w)), (a, b), (z, w) ∈M.

• �'" #�� 
8K
f ∈ O(M,E)

�����A��"�)+"�FX" #-%'��*,>AU`��
�>C��*,"�

h := f ◦ p : E → E

$��W��*,$<q'�/$
h′(0) = 0

Y&D�"�
868�C#�$-�1)+KZ�HU`" #:��
7K
h ∈ O(E,E)

PQ*L���
h′(0) = 0

���'�
Uc�'
�>C��*,"�

f := h ◦ q*+$Q��"�)," FX" #-%'��*,>�"�


M
Ya}?�1
'>1�

c∗M ((a, b), (z, w)) = sup{|h(q(z, w))| : h ∈ O(E,E), h(q(a, b)) = 0, h′(0) = 0},
(a, b), (z, w) ∈M.

� ��*+$��&)+*+�-��)+��$-�!#-%�#�*,$-*+
'n?���'���/��.��/$<%'*+���d�������/)+�/FX�1
8�=��#-K�.'�1$->C#�*+%���*,"�
Z�
?

� 
��CV2�/>C��*+68�dU`"�#�F���)b�
Uc" #

c∗M
*,$�
'"���3!
�"�PQ
ZY

?
�&
���>/� 
\%�#�"�68�;���'���QUc" #&� 
8K

λ0 ∈ E∗
��Pe���'�/68�

sup{|h| : h ∈ O(E,E), h(λ0) = 0, h′(0) = 0}
= sup{|B| : B *,$Q�To])b��$->R�!38�;%�#�"�.���>1�Q" Uu" #�.��C# ≤ 3, B(λ0) = 0, B′(0) = 0}.

�!  )' $#�%'&(%')*%,+.-0/013254,&6&(7825%'9,:<+;4y2=:.13>�&(? @64,) 1"&"13?ED�%,@F-0D�?PG�*I%')t?W:<+=132WD
���W#=� ),)+�/)���":�����Q>/�����1n�" #-KG"�U���"�)+"�FX" #-%'��*,>/� ),)LKX>1"�
8�-#=� >C��*+('),��U`� FX*,)+*,�1$a"�U2U`��
�>C��*,"�
�$&fg*,
T������$-�1
�$-�
"�U?9:�Cq'
'*L��*,"�
 � Y,� Yb��lG"�
���$<����.�*,�1$5��"�)+"�FX" #-%'��*,>/� )+)+K�>1"�
8�-#=� >C��*+('),��U`� FX*+),*,�1$_"�U&%'$-�1�'.�"�FT�1�-#�*+>/$
fg>1U�YOh � p�� ���������'K=©!Yb�Ck`l=Y
M�NPOPQ(RSQ(T'Q3UIR � Y ��Yb�5V J U`� FX*,)LK

(δG)G
"�U
C + _,p�l�o!qWZ.]Yl�i"^�aBb�p δG : G× Cn → R+

�
G ⊂ Cn �

δG(a;λX) = |λ|δG(a;X), a ∈ G, X ∈ Cn, λ ∈ C,
PQ���C#��

G
#���
�$&"�68�C#;� )+)v.�"�F_� *+
'$

G ⊂ Cn ��*,$?$���*,.0��"_(2�YXPZ=[\Z.] Z.^`_,XWaBbjc=[([ egbdZ.h!i"^jcWb�i"a6k�[\l&*+U����'�
Uc"�),)+"�PQ*,
�nT��Pe"_>1"�
�.�*+��*," 
'$Q��#��;$�����*,$<q'�1.O�

f J l
δE(a;X) = γE(a;X) :=

|X|
1− |a|2 , a ∈ E

�
X ∈ C �

(3) RegM XW~'����� ~'"	��
W~ " ~'�	���Z�����-,/.�0�13254�,7638�9;:=<?>5��� M |UV7
W~�
���" A∗ := A \ {0} z A ⊂ Cn {}|
An∗ := (A∗)

n | ~�� �W� E∗ | C∗ | (Zn+)∗ | Cn∗ �



� � �5�����������!��
���
����������a����������
������������ ~��D���	����� ~'"#���2��" ~�%�X���� ~'��
�����" M

fgo&l5U`" #�� 
8K;.�"�F_��*,
�$
G ⊂ Cn � D ⊂ Cm � 
�.�U`"�#��C68�1#-K?��"�)," FX" #-%'��*,>aF_��%�%'*,
�n

F : G→ DPe���'�/6��
f<� Y ��Y���l

δD(F (a);F ′(a)(X)) ≤ δG(a;X), (a,X) ∈ G× Cn.
t]���\Uc"�),)+"�PQ*,
�nA��"�)+"�FX" #-%'��*,>/� ),)LK�>1"�
8�-#=� >1��*L('),�^U`� FX*,)+*,�1$T"�U]%'$-�1��.'" FX�1�-#�*+>/$G>/"�#-#��/$<%2"�
�.���"

�����;�'" ),"�FX"�#-%H��*+>�� )+)+K\>/" 
7�-#=��>1��*L(H)+��U`� FX*+),*,�1$Q" UuU`��
�>C��*,"�
�$QUb#�"�F K�� Yb��Y
• w�c.^jc=i"XPsdZ<qWZ.^�e����Fl�a � luh�_,p�l�o!qWZ.]Yl�i"^�a6bC�

γG(a;X) := sup{|f ′(a)(X)| : f ∈ O(G,E), f(a) = 0}, (a,X) ∈ G× Cn;
Pe���'�/68�

γG(a;X) = lim
C∗3λ→0

1

|λ| c
∗
G(a, a+ λX) = lim

z′,z′′→a
z′−z′′
‖z′−z′′‖→X

c∗G(z′, z′′)
‖z′ − z′′‖ ,

(a,X) ∈ G× Cn, ‖X‖ = 1.

• ) a+*=XPl�^�Z.^dqWl�^�� lua � l�h _,p�luoyqWZ.] lui"^�aBbR�

γ
(k)
G (a;X) := sup

{∣∣∣∣
1

k!
f (k)(a)(X)

∣∣∣∣
1/k

: f ∈ O(G,E), orda f ≥ k
}
,

(a,X) ∈ G× Cn, k ∈ N;
Pe���'�/68�

γ
(k)
G (a;X) = lim

C∗3λ→0

1

|λ| m
(k)
G (a, a+ λX), (a,X) ∈ G× Cn,

� 
�.�*+U
G

*,$�('*+�'" ),"�FX"�#-%H��*+>���"_�G(2"���
�.��/.~.�"�F_� *+
O�������1


γ
(k)
G (a;X) = lim

z′,z′′→a
z′−z′′
‖z′−z′′‖→X

m
(k)
G (z′, z′′)
‖z′ − z′′‖ , (a,X) ∈ G× Cn, ‖X‖ = 1.

• �	� o�
.c��vc _,p�luoyqWZ.] lui"^�aBb��

AG(a;X) := lim sup
C∗3λ→0

1

|λ| gG(a, a+ λX), (a,X) ∈ G× Cn;

*+U
G

*+$&�G(2"���
�.��/.~�7K7%Z�C#�>1"�
868�1I^.'" F_� *,
Z�'�����1


AG(a;X) = lim
z′,z′′→a
z′−z′′
‖z′−z′′‖→X

gG(z′, z′′)
‖z′ − z′′‖ , (a,X) ∈ G× Cn, ‖X‖ = 1

fg>1U�YOh��HPe"5� ��� � >���D�" #�"�)+)b��#-K\©!Y © k`l=Y
• 4�ZWkjc.e c.pdXWa
���FZ.e qWl�h�_,p�luoyqWZ.] lui"^�aBb��
κG(a;X) := inf{α ≥ 0 : ∃ϕ∈O(E,G) : ϕ(0) = a, αϕ′(0) = X}, (a,X) ∈ G× Cn;
*+U
G

*+$��=� �!�/�!���'�1


κG(a;X) = lim
C∗3λ→0

1

|λ| k̃G(a, a+ λX), (a,X) ∈ G× Cn

fg>1U�YOh ��� 
E������© k`l=Y
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�������������������������
�� ����!"��#%$'&%��!�(

� �v*,$OPe�1),) 3!
�"�PQ
����'���
γG = γ

(1)
G ≤ γ(k)

G ≤ AG ≤ κG
Yu@B" #��1"�68�C#/��Uc" #u� 
8K;��"�)+"�FX" #-%'��*,>/� )+)+K

>1"�
8�-#=� >C��*+('),�_U`� FX*,)LKE" Ue%'$-�1��.'" FX�1�-#�*+>/$
(δG)G

Pe�5�'�/6��
γG ≤ δG ≤ κG

Uc" #G��
7K
G
Y^�?" ��*+>/�

���'����fg>1U�YOh � p������ ���Wk���h �8��#-p��a����� ���W(�kgl=�

• γG
*+$Q|�*+%'$->=�'*L��z�>/" 
7��*+
7�'" �'$1�

• γ(k)
G

*,$T�!%�%2�1#T$-�/FX*+>/" 
7��*+
7�'" �'$1�]*+U
γG(a;X) > 0

�
(a,X) ∈ G × (Cn)∗

�������/

γ

(k)
G

*+$
>1"�
8��*,
7��"���$�fg>/U Y�h �?*L3~� ������k`l=�'*+
~%H��#-��*,>1��)b��#/�'*,U

G
*+$�(2"���
�.��/.Z�������/


γ
(k)
G

*+$Q>1"�
8��*,
7��"���$1�
• AG

*,$��!%'%2�C#Q$-�/FT*,>1"�
8��*,
7��"���$1�
• κG

*+$Q�!%�%2�1#Q$-�1FX*,>1"�
8��*,
7��"���$1�H*,U
G

*,$]�=� �!�/�������1

κG

*+$�>/" 
7��*+
7�'" �'$1Y
r7*,FX*+)b��#�)LK ��"A�����~>/� $-�~"�U&>1"�
8�-#=� >1��*L('),�~U`��
�>1��*+"�
�$1��"�
��~>���
�>/"�
�$-*+.'�C#_>/"�
�.�*+��*+"�
�$TPe�/��38�C#

���'� 
�fgo&l=��U`" #Q�CI�� FT%')+���
fgo ′ l^>/" 
'.�*L��*,"�
�f<� Y ��Y��8l���"�)+.�$QU`"�#Q�168�C#-K\*+
 xN�/>C��*+6��;��"�),"�FT" #-%'�'*+>
F_�W%'%'*+
'n

F : G→ D
�

fgo ′′ l^>/" 
'.�*L��*,"�
�f<� Y ��Y��8l���"�)+.�$QU`"�#Q�168�C#-K^('*,��"�)+"�FX" #-%'��*,>�F_��%�%'*,
�n
F : G→ D

Y
�'" #&�CI�� FG%H)+���

• t]���;Ug� FX*+)+K
(hG)G

"�U ) c.XWh _,p�l�o!qWZ.]Yl�i"^�aBb�p

hG(a;X) := inf{α ≥ 0 : ∃ϕ∈O(E,G) : ϕ
*,$�*,
�x<�1>C��*+68�

, ϕ(0) = a, αϕ′(0) = X},
(a,X) ∈ G× Cn,

$�����*+$<q'�/$�f J ��o ′ l=Ye�&(76!*+"���$-)+K��
κG ≤ hG

Y
• t]���;Ug� FX*+),*+�/$�"�U���oX��
'./6 l�^8*=] c.hY_,p�l�o!qWZ.]Yl�i"^�a6bup�$�����*,$-UbKEf J �'o ′′ l:fg$-�1��K�KW��Y���Y�������Y �8l=Y

9�N;:=<�>�? � Y��7Y�� V\f��7ld��U
G ⊂ C �������1
 k̃∗G ≡ H∗G

*+V
κG ≡ hG

*+V
G

*+$Q$-*+FT%')+K\>/"�
�
��1>1���1.ZY
f`(2l

k̃∗G ≡ H∗G
��
'.

κG ≡ hG
U`"�#&� 
8K~.�"�F_��*,


G ⊂ Cn PQ*L���
n ≥ 3

fg>1U�YOh��Q68�X�������Wk`l=Y
fg>Wl5|��C�

D1, D2 ⊂ C
(2�;.�"�F_� *+
'$1Ydt]���/
�fg>1U�YOh �8��#-� � �����Wk���h �8��#-� � �����Rkgl=�

• *+U����?)+��� $<�&"�
��
"�Uu�����
.�"�F_� *+
�$
D1, D2

*,$&$-*,FT%')+K~>/" 
'
��1>1���1.�" #&('*,��"�)+"�FX" #-%'��*,>
��"
C∗

�������/

hD1×D2

≡ κD1×D2

� 
�.
H∗D1×D2

≡ k̃∗D1×D2

�

• " �����C#-PQ*,$-�
hD1×D2

6≡ κD1×D2

� 
�.
H∗D1×D2

6≡ k̃∗D1×D2

�'$-�1�
� ),$-"�h D���"�*a������jWk�Y

�!  )' 3�! ��<9J9I?E+ -JD�? G�*J%�*01"Du:�4,9J25?ED= �H" #
�\.�"�F_� *+

G ⊂ Cn ),�C�

D(G)
(2�T�����TUg� FX*+)+KB"�Ue� ),)

%'$-�1�'.�"�.�*+$<�=� 
�>/�1$
% : G×G→ R+

$-��>=�~���'���

∀a∈G ∃M,r>0 : %(z, w) ≤M‖z − w‖, z, w ∈ B(a, r) ⊂ G,
PQ���C#��

B(a, r)
.��/
�" ���1$v�����d�d��>/)+*,.��/� 

(H� ),)�PQ*+���
>1�/
8���C#����

a
� 
�.
#=� .�*+�'$

r
Yv�?" ��*,>1�a���'���uUc" #�� 
8K

��"�)+"�FX" #-%'��*,>/� ),)LK >/"�
8�-#=� >C��*+(')+��U`� FX*+)+K " U&%'$-�1�'.�"�.�*+$<�=� 
�>/�1$
(dG)G

f`PQ*L��� ���'�~
�" #�F_��),*,z/����*+"�

>1"�
�.�*+��*," 
¢f J l?" #\f J ′ l-l=�vPe�_�'�/6��

dG ∈ D(G)
Uc" #G��
7K

G
Y\|��C� F (2�_"�
��_"�U������_U`" ),),"/PQ*,
�n

���!#��1��U`� FX*,)+*,�1$Q"�Uv>/�!#-68�1$�*,

Cn

�

• Fin :=
�����;Ug� FT*,)+K\"�Uu� ),)Z>/�!#-68�1$1�

• Fi :=
�����;Ug��FX*,)LK~"�Uu� ),)2#��/>C��*+qH��(')+��>1�!#-68�/$
fg*,
\�����;�d��>/)+*,.�����
�$-�/
�$-�Wl=�

• Fic :=
���'�;Ug��FX*,)LK\"�U���),)Z%'*,�1>/�CPQ*,$-� C1 p�>1�!#-68�/$1Y

�'" #Q� 
8K
% ∈D(G)

Pe�:.��CqH
��:������a(hyh'l�^ _,p�l�o!qWZ<q.a(p�i`c.h'bdl7,uZ.^
%
� a"i"X$^jlup6_!ljb�i�i`ZYi"XPl_,�c.]�a"[fe F �

%F (a, z) := inf{L%(α) : α : [0, 1]→ G, α(0) = a, α(1) = z, α ∈ F}, (a, z) ∈ G×G,
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����������a����������
������������ ~��D���	����� ~'"#���2��" ~�%�X���� ~'��
�����" ���

PQ���C#��
L%(α)

*+$������
% + [\luhT*=i"X Z ,

α
�

L%(α) := sup
{ N∑

j=1

%(α(tj−1), α(tj)) : 0 = t0 < t1 < · · · < tN = 1, N
��#-('*L�-#=��#-K }

.

�?" ���?���H�W�/�

• %F ∈D(G)
�

• %F ≥ % �
• L%F (α) = L%(α)

U`" #&� 
8K
α ∈ F �

• (%G)F = %F
Uc" # F ⊂ G �

• (%F )F = %F
�

• %F = (tanh %)F
Y

���:%H�!�/�

• %in := %Fin
fg>/U Y�h yQ*+
���� �!�Rkgl=�

• %i := %Fi
fg>/U Y�h � p�� ����� �Wkgl=�

• %ic := %Fic
fg>/U Y�h �d�1
��/��j��Wk`l=Y

�?" ���:���'���
% ≤ %in ≤ %i ≤ %ic

Yd����$��/K\���'���
%
*,$�a(hyh'l�^�*,U

% = %ic
fg*+
�%H��#-��*+>/��),��#/�

% = %in =

%i = %ic
l=��$-�/��� )+$-"0h o���#
����� �Wk�Y

��
X%H��#-��*+>/��),��#/�8Pe��*,
8�-#�"�.���>/�]����� a(hyh'lu^�w�c.^jc=i"XPsdZ<qWZ.^�e _,p�luoyqWZ<q.a3p�i`c.h'bjl
(ciG)G

Y�� �d*+$�3!
�"�PQ
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• ciG = cicG
U`"�#&� 
8K

G
�

• cinG = ciG = cicG
*,U
G

*+$Q('*,��"�)," FX" #-%'��*,>
��"5�X(2"���
�.'�1.0.�"�F_��*,
B"�#
G ⊂ C1 ��
'"���*,>1�����'���

?
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\�����;n��/
��C#=� )O>���$-�;�����;��[7�'� )+*+��K

cinG = ciG
#��1F_� *,
�$�$<��*,),)O" %2�1
Z�

?

• ci 6= c
�HU`"�#?*+
�$<�=� 
�>/�

cA 6≡ ciA
*,U
A ⊂ C *,$&� 
B� 
�
7��),��$Gfg>1U�Y�h � p�� �������7���aI!� FT%'),����Y���Y�¥�k��

$-�1�
� ),$-"~h �8��#-p��a������� � ��kgl=�
• mi

E = pE = piE
Y

�&
����'�5" �����1#G�'� 
�.O�������^i?"�(��1K7� $-��*�%H$-�1��.�"�.�*,$<�=� 
�>1�\*,$G" (76!*+"���$-)+K�*+
'
��C#/�a*�Y ��Y
kG = kinG =

kiG = kicG
U`" #&� 
8K

G
fg>1U�Y�h � p�� �������7�'�a#�" %2" $-*+��*," 
B��Y��7Yb�Ck`l=Y

��U
(dG)G

*+$��&��"�)," FX" #-%'��*,>/� ),)LK�>1"�
8�-#=� >1��*L('),�eU`� FX*+)+K
"�U�%'$-�1��.'"7.'*+$<�=� 
�>/�1$�f`PQ*+���
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�" #�FX� )+p
*+z�����*+"�
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�.�*+��*," 
\f J lZ" #�f J ′ l-l=�������1

������U`� FX*+),*,�1$

(dinG )G
�
(diG)G

�
(dicG)G

��#�����"�)+"�FX" #-%'��*,>/� )+)+K
>1"�
8�-#=� >C��*+('),�:PQ*+���\������
�" #�FX� ),*+z�����*+"�
�>1"�
�.�*+��*," 
�f J ′ l=Y

�!  )' )' ��<9!:<? � +<4 :�?�* @B%,+.)CD= t]���&*,.����
"�UZ*,
�
��1#�%H$-�1��.�"�.�*,$<�=� 
�>1�/$e*,$e$<�-#�*+>1��)LK_>1"�
�
��/>C���1.5PQ*L���
�����~*,.��/�E" U?*+
7���1n #=�����1.�U`"�#�FX$_Ub#�"�F .�*LVZ�C#��1
7��*,� )�n��1"�FX�C�-#-K8Y @A"�#��~%�#��/>1*,$-�1)+K��eUc" #5�A.'" F_� *,

G ⊂ Cn �'),�C� M(G,K)

f
K ∈ {R,C} l�.��/
�" ���:������$<%H� >1��" U�� )+)

K + _,p�luoyqWZ.] lui"^�aBbup
η : G× Cn → R+, η(a; tX) = |t|η(a;X), (a,X) ∈ G× Cn, t ∈ K, (4)

$-��>=�����'���

∀a∈G ∃M,r>0 : η(z;X) ≤M‖X‖, z ∈ B(a, r) ⊂ G, X ∈ Cn.

(4) ���������d~Z��
\�h�_"��	� ��
#V�~ 
\���;~�%�" ~�X0������� C HK��"H~�%�X�����~���
�����"FzD���6��� ~��\����������� � � �=� � {}�
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��U
η ∈ M(G,K)

*+$To]" #��1)]FX�/� $-�!#=��('),��fg� Y n!Y
η ∈ {γG, γ(k)

G , AG,κG}
l=�������/
�Pe�~.��CqH
��^���'�

a(h!i`lI*=^jc=i`ldq ,�Z.^�] Z ,
η
�

(
�
η)(a, z) := inf{Lη(α) : α : [0, 1]→ G, α(0) = a, α(1) = z, α ∈ Fic}, a, z ∈ G,

PQ���C#��
Lη(α)

*+$������
η + [\l�hT*5i"X Z ,

α
�

Lη(α) :=

1�

0

η(α(t);α′(t)) dt.

�&
���>�� 
~�/� $-*,)LK^%�#�"�68�;���'��� �
η ∈D(G)

� 
�.
(
�
η)ic =

�
η
�'*�Y ��Y �

η
*,$Q� )+P]�/K�$Q*,
�
��C#/Y

�!  )' ��L ���GJD�?P)*4,9 -0D�?PG�*J%')*? :<+.1"2  |��1�
h : Cn → R+

(Z�;$-��>R�\���H�W�/�

• h(λX) = |λ|h(X)
�
X ∈ Cn, λ ∈ C �

• �����C#����CI!*,$<��$Q�T>1"�
�$<�=� 
8�
M > 0

U`" #�PQ��*,>=�
h(X) ≤M‖X‖ � X ∈ Cn Y

9:�CqH
��:�����06 oEp�lu]Yc.h p�lu]�a3h'Z.^�] ,uZ.^
h
�

ĥ := sup{q : q
*,$Q�

C
p�$-�/FT*,
�" #�F

, q ≤ h};

�" ���T���'���

ĥ
*+$��

C
p�$-�/FX*+
�" #�F fg*,
E%H��#-��*+>/��),��#/�

ĥ
*,$�>/"�
8��*+
���"���$Rl;� 
�.

ĥ ≤ h
fg>1U�Yah � p�� ���������

K�©�Y���kgl=Y
��U
η ∈M(G,C)

fg>1U�YPK�� Y ��Y��8l=� ���'�1
TPe��.��CqH
��]�����=6FoEp�l�] c.h�_,p�luoyqWZ.] lui"^�aBb c.pdp�Z<bua6c=i`ldq�i`Z
η
�

η̂(a;X) := (η(a; ·))̂ (X), (a,X) ∈ G× Cn
fg>1U�Y�h � p������ �����!K=©!Y��Wk`l=Y���
_%��W#-��*,>1�'),��#/�7Pe�?.��Cq'
'�Q�����!4�ZWkdc.e c.pdXWa
�G6 oPp�l�] c.h�_,p�l�o!qWZ.]Yl�i"^�a6b

κ̂G
Y

yQ�/>/� ),)2���'���/�

• *+U
η
*,$���%�%2�C#Q$-�/FX*+>/" 
7��*+
7�'" �'$1�'�����/
~$-"X*,$

η̂
�

• *+U
(δG)G

*+$a�:��"�)," FX" #-%'��*,>/� ),)LKG>/" 
7�-#=��>1��*L(H)+��U`� FX*+)+K�"�UH%'$-�1��.'" FX�1�-#�*+>/$1�������/
G$-";*,$
(δ̂G)G

Y
9�N;:=<�>�?�� Y���Y � V\f��7l?�?
��T>/� 
A����$-*,)+K0%�#�"�68�G���'���;*+U

η
*,$��^>1"�
8��*,
7��"���$;FX�C�-#�*,>~f

η(a;X) > 0
�

(a,X) ∈ G× (Cn)∗
l=�������1
�$-"X*,$

η̂
fg>1U�Y������:%�#�"�"�Uu" Uu�a#�" %2"�$-*L��*,"�
E� Y ��Y,����f��7l-l=Y

f`(2lvt]����U`"�)+),"�PQ*+
'n?�1I!� FT%'),�;fg.�������"&�¤Y��8��#�
�*,>�3!*`l�$-��"�PQ$u���'����*,U
η
*,$��&>/" 
7��*+
7�'" �'$u%'$-�/��.�" p

FX�C�-#�*,> �!�����/

η̂

��1�/.\
�" ��(2�;>1"�
8��*,
7��"���$1Yd|v�C�

η : C2 ×C2 → R+
�
η(z;X) := max{0, |X2| −

‖z‖ |X1|}
Yet]���/


η
*,$&�X>/" 
7��*+
7�'" �'$�%H$-�1��.�"�FX�C�-#�*,> YQ�Q('$-�1#-68�;���'���

η(0;X) = |X2| = η̂(0;X)� 
�.
η̂(z; ·) ≡ 0

U`" #
z 6= 0

fg*+
0%H��#-��*+>/��)b�W#/�
η̂
*,$?
�" �?>1"�
8��*,
7��"���$Rl=Y?��
�.'�1�1.O��U`" #

z 6= 0
Pe���'�/68�

η̂(z; (X1, 0)) ≤ η(z; (X1, 0)) = 0
� 
�.

η̂(z; (0, X2)) ≤ η̂(z; (0, 2X2)) ≤ η̂(z; (X2/‖z‖, X2)) + η̂(z; (−X2/‖z‖, X2))

≤ η(z; (X2/‖z‖, X2)) + η(z; (−X2/‖z‖, X2)) = 0.

�!  )' ��I ��
?E+=1
	P4 :;1�	!?ED= � �Q*,$�
H�W����#=��)O��"T>1"�
�x<�1>1���!#��:���'���

(∗) U`" #�� 
8K
% ∈ D(G)

fg>/U Y K�� Y���Y,�Wl?�����C#��_�CI!*+$<��$��~o]" #��1)dFT��� $-�!#=��(')+�_%'$-�/��.�"�FX�C�-#�*,>
η =

η(%) ∈ M(G,K)
$-��>=�����'���

%ic =
�
η

� 
�.�*,U
(dG)G

*,$A�£�'" ),"�FX"�#-%H��*+>�� )+)+K >1"�
!p
�-#=� >1��*L('),�_Ug��FX*,)LKE"�U�%H$-�1��.�"�.�*,$<�=� 
�>1�/$1�u�����/


(η(dG))G
*+$G�~>1"�
8�-#=� >1��*L('),�5U`� FX*+)+KS"�U

K
p

%H$-�1��.�"�FX�C�-#�*,>1$1Y
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������������ ~��D���	����� ~'"#���2��" ~�%�X���� ~'��
�����" ���

9�N;:=<�>�?¢� Y���Y ©!V\f��7layQ�/>/� )+)����'���
kG =

�
κG =

�
κ̂G

�!PQ���C#��
κ̂G

*+$e�����;i&" (H�/K7��$-�'*�¨7o]��$-�1F_� 

%'$-�1�'.�"�FT�1�-#�*+>TfHK�� Y��7Y��8l=��>1U�YHh �d�1
���� � �Wk�U`"�#]�
n �/
��C#=� ),*+z�����*+"�
5" U2���'�QU`" #�F���),�

kG =
�
κG

��"����'�
>/� $-�;"�U�� 
'� )+K���*+>;$<%H� >1�/$1Ydt]����$1�'Pe�;>/� 
\�=��38�

η(kG) := κG
" #
η(kG) := κ̂G

Y
f`(2l��?" ��*,>1�
���'���:*,
Bn��1
��1#=��)

κG
*+$:
�" �:.��1���C#�FX*+
'�1.B(7K

kG
�2�����1#����CI!*,$<��$:�_%'$-�/��.�"�>1"�
868�1I

}:��#-��" n�$�.�"�F_� *+

G ⊂ C2 $-�'>=�~���'���

kG ≡ 0
� 
�.

κG 6≡ 0
fg>/U YOh � p�� ���������'�aI!� FT%'),�
��Y��7Yb�/��k`l=Y

fg>�lO� �a*+$�3!
�"�PQ
G���H�W�������e%�#�" ('),�1F
(∗) �'� $a�&%Z" $-*+��*+6���$-"�)+�!��*,"�
T*,
������]>��W���/n�"�#-K�"�UH$-" p�>/� )+),�1.

C1 + _,p�luoyqWZ<q.a3p�i`c.h'bjlup �'*gY � Y�����"�$-�;%'$-�1�'.�"�.�*+$<�=� 
�>/�1$
% ∈D(G)

U`" #�PQ��*,>=�~�����;),*,FT*+�

(D%)(a;X) = lim
C∗3λ→0
z→a
Y→X

1

|λ| %(z, z + λY )

�CI!*,$<��$�Uc" #?��),)
(a,X) ∈ G× Cn � 
�.~������Uc�'
�>C��*,"�


G× Cn 3 (a,X) 7→ (D%)(a;X)

*+$Q>1"�
8��*,
7��"���$1Yd��U
%
*+$&� C1 p�%'$-�/��.�"�.�*,$<�=��
'>1� �'�����1


(D%)(a;X) = lim
z′,z′′→a
z′−z′′
‖z′−z′′‖→X

%(z′, z′′)
‖z′ − z′′‖ , (a,X) ∈ G× Cn, ‖X‖ = 1;

%i = %ic =
�
(D%)

�
%i

*,$^� C1 p�%'$-�/��.�"�.�*,$<�=��
'>1� �Q��
'. D%i = D% fg>1U�YQh � p����/�������e�a#�" %2"�$-*+p
��*+"�
~©�Y���Y �Wkgl=Y

��
~%H��#-��*,>1��)b��#/��$-*,
�>1�
cG

*+$&� C1 p�%'$-�/��.�"�.�*,$<�=��
'>1� �'Pe�;�'�/68�
η(cG) = η(ciG) = γG

Y
fg.�l&@�YZi&" (H�/K7��$-�'*�%�#�"�6��/.S*+
�h i&" ('@ � �����Wk����'���;*,U

G
*+$?�=� �!�/�Z�����/


kG
*,$�� C1 p�%'$-�/��.�" p

.�*,$<�=��
'>1� Y
��
 �����\>�� $-�

K = C
�����^%'#�"�(H)+�/F

(∗) $-�/�1FX$T��"B(2�~" %2�1
wfg>/U Y]h � p�� ���������a#��1F_��#-3 � Ub���1#
t]���1" #��/Fw©�Y��7Yb�/��k`l=Yar7�!#-%�#�*,$-*+
'n )+K���*,
;�����a>/� $-�

K = R
�
(∗) �H��$O�����aU`" ),),"/PQ*,
�nQ>1"�FT%'),�C���a$-" ),�!��*,"�
ZY

�'" #
% ∈D(G)

.��1q'
��

(D%)(a;X) := lim sup
R∗3t→0

1

|t| %(a, a+ tX), (a,X) ∈ G× Cn;

>1U�Y�h �a�/
��/��j��Wk�Y����:$��/K\���'���
D%

*,$]����� �vldc�
YqWlu^�a��=c=i"a��.l�Z ,
%
Ye�&
'��>/� 
\%�#�"�68�;���'���/�

• D% ∈M(G,R)
�
D%

*,$Qoe" #��/)ZFX�/� $-�!#=��('),� Y
•

(D%)(a;X) = lim sup
R∗3t→0
Y→X

1

|t|%(a, a+ tY ), (a,X) ∈ G× Cn,

(D%)(a;X) = lim sup
z→a

z−a
‖z−a‖→X

%(a, z)

‖a− z‖ , (a,X) ∈ G× Cn, ‖X‖ = 1.

• L%(α) = LD%(α)
U`" #X� 
8K�%'*,�1>/�CPQ*,$-� C1 p�>1�!#-68� α : [0, 1] → G

YE��
�%H��#-��*+>/��)b�W#/�
%ic =�

(D%)
Y

• ��U
(dG)G

*+$&�T��"�)+"�FX" #-%'��*,>/� ),)LK~>1"�
8�-#=� >C��*+('),�;Ug��FX*,)LK\"�Uv%'$-�1��.'"7.'*+$<�=� 
�>/�1$1�������/

(DdG)G*+$&�T��"�)+"�FX" #-%'��*,>/� ),)LK~>/" 
7�-#=��>1��*L(H)+��U`� FX*+)+K\"�U

R
p�%'$-�/��.�"�FX�C�-#�*,>1$1Y

•
�
(DkG) = kG

Y
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ϕ : E → G

f
G

*,$
��.'" F_� *,
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Cn
l;*+$G>/� )+),�1.��8bdZ.] _'[ l'- * ljZ;qWl�pdaBb�*,U

c∗G(ϕ(λ′), ϕ(λ′′)) = mE(λ′, λ′′)
U`" #T��
7K

λ′, λ′′ ∈ E Y
|v�C�

(dG)G
(Z���¢��"�)+"�FX" #-%'��*,>/� ),)LK >/"�
8�-#=� >C��*+(')+��Ug��FX*,)LK "�UXUc��
'>C��*," 
'$1Y ��*+I �£.'" F_� *,


G ⊂ Cn � 
�. )+�1�
z′0, z

′′
0 ∈ G

�
z′0 6= z′′0

YE���\$��/K����'���
ϕ ∈ O(E,G)

*,$T�
dG + * ldZ<qWl�pdaBb�U`"�#

(z′0, z
′′
0 )

*,Ue�����1#��_�1I�*,$<�
λ′0, λ

′′
0 ∈ E

$-��>=�����'���
z′0 = ϕ(λ′0)

�
z′′0 = ϕ(λ′′0)

��� 
�.
dG(z′0, z

′′
0 ) =

mE(λ′0, λ
′′
0)
Y���U

ϕ
*,$��

dG
p�n��/"7.'�1$-*,>SU`" #

(z′0, z
′′
0 )

�&�����/

dG(z′0, z

′′
0 ) = k̃∗G(z′0, z

′′
0 )

Y �Q(76!*+p
"���$-)LK8�a� 
8K�>1"�FT%'),�CI�n��1"�.��/$-*+>^*+$T�

c∗G
p�n �/"�.��1$-*,>5U`"�#

(z′0, z
′′
0 )

PQ*+�����W#-(H*L�-#=��#-K
z′0, z

′′
0 ∈ ϕ(E)

�
z′0 6= z′′0

Y
|v�C�

(δG)G
(Z�^�0��"�)," FX" #-%'��*,>/� ),)LK�>/" 
7�-#=��>1��*L(H)+�^Ug��FX*,)LK�" U]%H$-�1��.�"�FX�C�-#�*,>1$1YS|��C�

z0 ∈ G
�

X0 ∈ Cn∗
Y����G$��/K0���'���

ϕ ∈ O(E,G)
*+$��

δG + * ljZ;qWl�pdaBb?U`"�#
(z0, X0)

*,Ua�����C#��T�CI!*,$<�
λ0 ∈ E

�
α0 ∈ C

$-��>R�����'���
z0 = ϕ(λ0)

�
X0 = α0ϕ

′(λ0)
��� 
�.

δG(z0;X0) = γE(λ0;α0)
Y~��U

ϕ
*+$G�

δG
p�n��/"7.'�1$-*,>;U`"�#

(z0, X0)
�!�����/


δG(z0;X0) = κG(z0;X0)
Y

� >,U
	yU���Q(T'Q3UJR � Y���Y ��f<h � p������ �����&��#�" %2"�$-*+��*+"�
wj�Y,� Y���kgluV�
IZ.^Cc ] cd_W_,a(hT*
ϕ ∈ O(E,G)

i"XPl
,uZ=[([ Z�� a(hT*gbdZ.h'q.a3i"aBZ.hyp�c.^jl�l���oPa��=c=[\luhyiR�

fg*`l ∃λ′0,λ′′0∈E, λ′0 6=λ′′0 : c∗G(ϕ(λ′0), ϕ(λ′′0)) = mE(λ′0, λ
′′
0)
�Sa��3l��

ϕ
a3p cYbjZ.]x_'[\l�-

c∗G + * ldZ<qWl�pdaBb,uZ.^
(ϕ(λ′0), ϕ(λ′′0))

�
fg*+*`l ∀λ′,λ′′∈E : c∗G(ϕ(λ′), ϕ(λ′′)) = mE(λ′, λ′′)

�Ja��3l��
ϕ
a3p�c$bdZ.]x_'[\l'-b*WldZ<qWlupda6b��

fg*,*+*`l ∀λ∈E : γG(ϕ(λ);ϕ′(λ)) = γE(λ; 1)
��a��(l��

ϕ
a(p�cAbdZ.]x_'[\l'-

γG + * ljZ;qWl�pdaBb�,�Z.^Yc.hye�_yc.a3^
(ϕ(λ), ϕ′(λ))

�
fg*+6�l ∃λ0∈E : γG(ϕ(λ0);ϕ′(λ0)) = γE(λ0; 1)

�ga��3l��
ϕ
a(p c bdZ.] _'[ l'-

γG + * ldZ<qWlupjaBb ,uZ.^
(ϕ(λ0), ϕ′(λ0))

�
w�Z.hyp�l���o!l�h!i6[fe�� c.hyeAbdZ.] _'[\l�-

c∗G + Z.^ γG + *WldZ<qWlupda6b ϕ a(p�cAbdZ.] _'[\l�-S*WldZ<qWlupda6b���mtZ.^jldZ �=l�^��
ϕ
a3p

a(h���ldbui"a��.l��'_,^jZd_ylu^7� c.h'q ^jlI*.o [\c.^����jh _!c.^ui"a6buoP[\c.^��
ϕ(E)

a3p�c
1 + q.a3]Yluhypda6Z.h'c=[0bdZ.] _'[\l�- pdoyku]Yc.hya +,uZ=[ q$Z ,

G
�

� >,U
	yU���Q(T'Q3UJR�� Y ��Y ��f<h � p����/�������7�a#�" %2"�$-*+��*+"�
\j�Yb��Y��Wk`luV 1 l�i G ⊂ Cn kjl�c�i`c.oPi qWZ.]Yc.a3h����IXPluh
i"XPl_,�Z=[([\Z�� a3hT*gbdZ.h,q.a"i"aBZ.h p�c.^jl�l���oPa��=c=[\luhyiR�

fg*`l
c∗G = k̃∗G

c.h'q
γG = κG (5)

�
fg*+*`l

c∗G = k̃∗G
�

fg*,*+*`l0,uZ.^�c.hye
z′0, z

′′
0 ∈ G

�
z′0 6= z′′0

�0i"XPlu^jl�l'-=a(p�i
ϕ ∈ O(E,G)

c.h'q
f ∈ O(G,E)

pjo!b�Xgi"XPc=i
z′0, z

′′
0 ∈ ϕ(E)

c.h'q
f ◦ ϕ = idE

�
fg*+6�l0,uZ.^Cc.hye

z′0, z
′′
0 ∈ G

i"XPlu^jl l�-.a(p�i$c XPZ=[ Z.]YZ.^`_,XWaBbClu]YkdldqWq.a3h\*
ϕ : E → G

c.h'q c
XPZ=[\Z.] Z.^`_,XWa6b�^jl�i"^jcWb�i"a6Z.h

r : G→ ϕ(E)
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i"XPc=i

z′0, z
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0 ∈ ϕ(E)

�
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ϕ : E → G
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ϕ
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f
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Cn

l�a3p
c bdZ.]x_'[\l�- * ldZ<qWlupjaBbga � i"XPlu^jl l�-.a(p�i

λ′0, λ
′′
0 ∈ E

�
λ′0 6= λ′′0

� pdoybuX i"XPc=i
ciG(ϕ(λ′0), ϕ(λ′′0)) =

pE(λ′0, λ
′′
0)
�

r ^jZ<Z , �Tfg}?�C#���Pe�
%�#��/$-�1
8�
�_.'*L#��/>C�:%�#�"�" Ua*,
�.��C%Z�1
�.��/
8�;" UQh �a}?}?@ �����8�Wk�YLl��?$-*,
�n\�^$-��*L�=��('),�
� �!��"�FT" #-%'�'*+$-F "�U

E
�dPe�~F_�1K�� $-$-��FX�~���'���

λ′0 = 0
� 
�.

λ′′0 =: t0 ∈ (0, 1)
Y yQ�1>�� )+)]���'���

piE = pE
Ya}?�1
�>/� ��U`"�#&� 
8K

t ∈ [0, t0]
�'Pe�;�'�/68�

pE(0, t0) = pE(0, t) + pE(t, t0)

≥ ciG(ϕ(0), ϕ(t)) + ciG(ϕ(t), ϕ(t0)) ≥ ciG(ϕ(0), ϕ(t0)) = pE(0, t0).
D�"�
�$-�/[7���/
8��)LK8�

ciG(ϕ(0), ϕ(t)) = pE(0, t)
Uc" #&� 
8K

t ∈ [0, t0]
Ya|v�C�

tk ↘ 0
(2�;$-��>R�~���'���

ϕ(tk)− ϕ(0)

‖ϕ(tk)− ϕ(0)‖ → X0 ∈ ∂Bn
fg" ('$-�C#-68�:���H�W�

X0 = ϕ′(0)/‖ϕ′(0)‖ *,U ϕ′(0) 6= 0
l=YayQ�1>���),)Z���'��� DciG = γG

Y�����n �1�

1 = γE(0; 1) = lim
k→∞

pE(0, tk)

tk
= lim
k→∞

ciG(ϕ(0), ϕ(tk))

tk
= γG(ϕ(0);X0)‖ϕ′(0)‖.

}?�1
�>/�
ϕ′(0) 6= 0

� 
�.
1 = γG(ϕ(0);ϕ′(0))

�HPQ��*+>R�Z��(7K0�a#�" %2"�$-*L��*,"�
�� Y���Y ���2*,FT%')+*,�1$&���H�W�
ϕ

*+$
�T>1"�FT%')+�1I\n��1"�.��/$-*+>�Y
9�N;:=<�>�? ��Y���Y j V\f��7l~D�" FT%'),�CI n��1"�.��/$-*+>/$\Pe�C#��S#��/>1�/
8��)LK�$<���'.�*+�/. (7K FX� 
8Kw� �!����" #�$1Y��H"�#
*+
'$<�=��
'>1� �

• *+
�h �8��#-p���������������k�U`" #Q>1"�
868�CICbdZ.]x_'[\l'-
l�[([fa _,p�Z.aBq.p

Ep :=
{

(z1, . . . , zn) ∈ Cn :
n∑

j=1

|zj |2pj < 1
}
,

p = (p1, . . . , pn), pj ≥ 1/2, j = 1, . . . , n (n ≥ 2); (6)

• *+
Ah �HPe"������8¥/k���"
%�#�"�68�Q�����&U`" ),),"/PQ*,
�n�#��1$-��)+�e$-��"�PQ*+
'n
���'����*,
_�����&>��W���/n�"�#-K_" UZ>/"�FG%H)+�1I
�1),)+*+%'$-"�*,.�$a������$<K!FXFX�C�-#-KT"�U������]%'),�!#�*+%2"�),��#�m&#��1�/
XU`��
�>C��*,"�


gEp
*+$��:68�C#-KG#=��#��]%'�'�1
�"�FTp

�1
�"�
Z�
��� NyUe>SN :�V�
IZ.^�c
bdZ.]x_'[\l�-$l�[([faf_,puZ.aBq

Ep
i"XPl�,uZ=[([ Z�� a(hT*gbdZ.h'q.a3i"aBZ.hyp�c.^jl�l���oPa��=c=[\luhyiR�

fg*cl
kEp(λ1b, λ2b) = pE(λ1, λ2)

�
b ∈ ∂Ep

�
λ1, λ2 ∈ E

�
fg*,*cl

gEp(λb, 0) = gEp(0, λb)
�
b ∈ ∂Ep

�
λ ∈ E �

fg*,*+*`l
gEp

a(p pde=]�] l�i"^�a6b��
fg*L6�l

Ep
a3p�bdZ.h �.l�-Z�

• *+
wh �:*,$�����������k��?h �:*,$��������W(�k��:h �:*,$������ ��>1k�U`"�#_$-"�FX�~>1)b� $-$-�1$_" U?>1"�
868�CI�y&�1*,
��'��#�.!�_.'"�p
F_��*,
�$1�

• *+
�h �a��p��a"��B� �����Wk�Uc" #�������$-" p�>/� )+),�1.t]�a(hya3]Yc=[0kjc=[([
Mn := {z = (z1, . . . , zn) ∈ Cn : ‖z‖2 + |z2

1 + · · ·+ z2
n| < 1}

f`PQ��*,>=�~PQ*+),)Z(2�;$<����.'*+�/.~*,
*KR��Yb��l=Y

(6) ����" ~�
 �;~=��
\�h� E(1,...,1) �'����������XW~�"�V_�a��
 ��
W~5���E~�� %�������de%�������XW~����S�\����� Bn ���S��
H~����.~'
d| Ep ��"
����� �.~�W0��� ����X �������A��� pj ≥ 1/2 | j = 1, . . . , n zD���6�_E F�HKJ ��M�M � |
	 g � � P {}�



��� ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

f`(2lvD�"�
�$-*,.��1#v�����dU`"�)+),"�PQ*+
�n?n��1
��1#=��)8%�#�" ('),�1F~��m?*L68�/
���(2"���
�.��/.
>/"�
868�CI;(H� ),� 
�>/�1.
.'" F_� *,

G ⊂ Cn f

n ≥ 2
lePQ*L���*m a3h 
=Z�� p 
�a2,doEh'b�i"a6Z.h

hG (7)
�Hq'
�.0>/" 
'.�*L��*,"�
�$&"�


a, b ∈ G � 
�.
r, R ∈

(0, 1)
��
�.��1#;PQ��*+>R�A���'�_De��#=������{1"�.�" #-K0(H� ),)

Bc∗G(a, r) := {z ∈ G : c∗G(a, z) < r} >/" *,
�>/*+.��/$
PQ*L���A�����T
�" #�F (H� )+)

BhG(b, R) := {z ∈ Cn : hG(z − b) < R} (8)
YXr7*+
'>1�

c∗G(0, ·) = hG(·) �Pe��� )+P]�1K!$Q�H�168�
Bc∗G(0, r) = BhG(0, r), r ∈ (0, 1).

��
~�����;>/� $-�;PQ���C#��

G = Ep,α :=
{

(z1, . . . , zn) ∈ Cn : 2α|z1|p1 |z2|p2 +

n∑

j=1

|zj |2pj < 1
}
,

p = (p1, . . . , pn) ∈ Rn>0, α ≥ 0, (9)
�����:%'#�"�(H)+�/F P]� $�$<���'.�*+�/.�*+
Z�

h�r7>=����������kef`�����;>/� $-�
n = 2

�
α = 0

�
p1 = p2 = 1

l=�
h�r8#��_����� �Wk��Oh��HPe"������ �Wk�f`���'�:>�� $-�

α = 0
�
p1 = · · · = pn = 1

l=�
h�r7>=��pNr8#��_����� �Wkdf`�����;>���$-�

α = 0
�
1 < p1 = · · · = pn 6∈ N

l=�
h��'Pe"0��� � �Wk���h �HPe"5� ������(�k�f`�����;>/� $-�

α = 0
l=�

h �:*+$
����� � ��k�f`�����;n��1
'�C#=� )Z>�� $-�Wl=Y
t]���EFX�C���'"7.'$~*,
8�-#�"�.���>/�1. (7K��¤Y?�HPe" 
'�C3w��
'.w.��168�1),"�%Z�1.�(�K�o:Y]�:*,$-*,
8��*+
 ��#��A(���$-�/.w"�

>1"�FT%'),�CI\n��1"�.��1$-*,>1$1Ydt]�'��FT"�$<�Qn��1
'�C#=� )Z#��1$-�')L�Q*,$]���'�;U`" ),),"/PQ*,
�nX�����1" #��1F�Uc#�"�F h �:*,$�����������k�Y
��� NyUe>SN :�V � pdpdoE] l�i"XPc=i α ≥ 0

c.h'q
p ∈ Rn>0

c.^jl�pdoybuXgi"XPc=i
Ep,α

a(p�bjZ.h �=l'-����JXPl�h
Bc∗Ep,α (a, r) = BhEp,α (b, R)

,uZ.^Yp�Z.] l
a, b ∈ Ep,α

�
a 6= 0

�
r, R ∈ (0, 1)

a �
α = 0

� {j ∈ {1, . . . , n} : aj 6= 0} = {j0}
�

pj0 = 1
��c.h'q

pj = 1/2
,uZ.^�c=[([

j 6= j0
�

9�N;:=<�>�?�� Y��7Y�� V
|v�C�
G ⊂ Cn

(Z���S.�"�F_� *+
£� 
�.�),�C�
(z0, X0) ∈ G × Cn Y¡yQ�/>/� )+)]���'���5�

F_�W%'%'*+
'n
ϕ ∈ O(E,G)

*,$�>/� ),)+�/.5�
κG

p�n��1"�.��1$-*,>&Uc" #
(z0, X0)

*,U2�����C#��?��#��
λ0 ∈ E

� 
�.
α0 ∈ C$-��>=�A���H�W�

ϕ(λ0) = z0
� 
�.

κG(z0;X0) = γE(λ0;α0)
fg$-�/�_D��'��%����C#:�:�-�-��*+
�h � p������ ���Wkgl=Y;��U

G
*+$&�=� �!�/�H���'�1
BUc" #:� 
8K�%H� *+#

(z0, X0) ∈ G × Cn �����C#���*,$:�
κG

p�n��1"�.��/$-*+>�U`" #
(z0, X0)

YQ��U
G*+$Q�C68�/
~>1"�
868�CI2�������1
0��
7K

κG
p�n��1"�.��/$-*+>�*,$&�G>/"�FG%H)+�1I^n��/"7.'�1$-*,> Y

�?"�P¤),�C�
G = Ep

�2PQ���1#��
p = (p1, . . . , pn)

PQ*L���
pj > 0

Y��Q(H$-�C#-68�����'���
Ep

*,$?
'"��;
��/>1�1$<p
$���#�*+)+KB>1"�
868�CI2Y;��*+IB�5%H� *L#

(z0, X0) ∈ Ep × (Cn)∗
Y�t]�'�1
S� 
8K

κEp
p�n��/"7.'�1$-*,>

ϕ
Uc" #

(z0, X0)
�

PQ���C#��
ϕj 6≡ 0

�
j = 1, . . . , n

�'*+$Q
��1>/�1$-$���#�*,)LK~" Uv������Uc"�),)+"�PQ*,
�nXUc" #�F fg$-�/�Xh �a��pN�'Pe"0��� � �Wkgl=�

f<� Y ��Y ©7l
ϕj(λ) = Bj(λ)

(
aj

1− αjλ
1− α0λ

)1/pj
, j = 1, . . . , n,

(7) ����" ~�
 �;~0��
W~bX��a` ~�
H~����d~b�E~'�8V�~d~�� ��
W~b�Z��
�� ��" ~'%�X���� ~'��
���� hG : G × Cn → R+ ����X/��
W~
� �������NV_"��C�#�&%����'������� hG : Cn → R+ � "������d~0��
W~b�Z��
�� ��"H~�%�X�����~���
����0V_�����#�������E~ %�" ~'X ��� V7
\�h�
�&�������NV7"�|Q���	�������&%�"������AV_�����c��
���" ~<�����������d~ ����"��5��
\�h�7%���XW~�
_��%�
_��"�"�%��!�Q��������" hG ��"_�B�'���	��� ~'W�����
����

(8) � ~'������� ��
\�h�7���0��
W~�����" ~ ���c��
W~ %������_X���"��ZV ~�
\���;~
BmE (a, r) = B

( a(1− r2)

1− r2|a|2 ,
r(1− |a|2)

1− r2|a|2
)
, a ∈ E, r ∈ (0, 1).

(9) A>0 := {x ∈ A : x > 0} z A ⊂ R {}| An>0 := (A>0)n |�~<� � � R>0 | Rn>0 � �Z��"H~�
 �;~ ��
\�h�
Ep,0 = Ep �



� � �5�����������!��
���
����������a����������
������������ ~��D���	����� ~'"#���2��" ~�%�X���� ~'��
�����" � (
PQ���C#��

Bj
*,$&�To]),� $->R�!38�:%�#�"�.���>1�&� 
�.~�����;>/" FT%'),�CI\
7�'F�(Z�C#�$

aj , αj
$�����*+$-UcK

• aj ∈ C∗
�
αj ∈ E

�
j = 1, . . . , n

�
α0 ∈ E

�
• 1 + |α0|2 =

∑n
j=1 |aj |2(1 + |αj |2)

�
• α0 =

∑n
j=1 |aj |2αj

Y
@B" #��1"�68�C#/�'*,U

pj ≥ 1/2
�!�����/


Bj ≡ 1
" #
Bj(λ) = (λ− αj)/(1− αjλ)

PQ*+��� |αj | < 1
Y

J .�.'*L��*,"�
'� )+)+KZ��*+U
αj ∈ E

U`"�#:��),)
j = 1, . . . , n

�'���'�1
��/*L���'�C#
Bj ≡ 1

" #
Bj(λ) = (λ− αj)/

(1− αjλ)
U`" #&��),)

j = 1, . . . , n
Y

�?$-*,
�nA����*,$T#��1$-��)+�/�a�����~i&" (H�/K7� $-��*�FX�C�-#�*,>\Uc" #T�����~
�"�
!p�>/" 
76��1I�.�"�F_��*,

E(1,m)

�
0 < m

< 1/2
�'*,$�" (��=� *,
��1.ZYa��*+#�$<�Q" ('$-�1#-68�:���'����������FX��%�%H*+
�n�$

E(1,m) 3 z 7→
(
z1 − a
1− az1

,
eiθ(1− |a|2)1/(2m)z2

(1− az1)1/m

)
∈ E(1,m), a ∈ E, θ ∈ R,

��#��~������" FX" #-%'��*,$-FX$1Y�t]���1#��1U`" #�� ����"Bq'
�.
κE(1,m)

�d*L�X$-���_>1�/$G��"A>/� ),>1��)b�����
κE(1,m)

((0, b); ·) �
b ≥ 0

Ydt]�����/� $<K^%H��#-�Q*+$Qn�*L68�/
\(�K5���'�;U`" ),),"/PQ*,
�n_Uc" #�F���)b��$1�

• κE(1,m)

(
(0, 0);X) = hE(1,m)

(X)
��PQ���C#��

hE(1,m)

.'�1
�" ���1$G�����\@B*,
!38"�PQ$<3!*eU`��
�>1��*+"�
 "�U
E(1,m)

�
X ∈ C2 �

• κE(1,m)
((0, b);X) = |X2|/(1− b2)

�
b > 0

�
X1 = 0

�

• κE(1,m)
((0, b);X) = |X1|/(1− b2m)1/2 � b > 0

�
X2 = 0

Y
t�"_.�*,$->1��$-$����'�:#��1F_� *,
�*+
'nX>/� $-�5f

b > 0
� 
�.Z��PQ*+����"��!�Q),"�$-$Q"�Uvn��1
'�C#=� )+*+��KZ�

X = (X1, 1) ∈ C2
∗
l=�

Pe�:%'���

ν := ν(m, b,X) :=

(
b|X1|
m

)2

.

@B" #��1"�68�C#/�'*,
\������>/� $-�
ν ≤ 1/4m(1−m)

$-�1�

t := t(m, b,X) :=
2m2ν

1 + 2m(m− 1)ν +
√

1 + 4m(m− 1)ν
.

�Q('$-�1#-68�;���'���]�����/
\���'�:U`��
�>1��*+"�


ξ2m − tξ2m−2 − (1− t)b2m, ξ ∈ R,
�'� $;�1I!� >1��)LKA"�
��Tz1�1#�"

x = x(m, b,X)
*,
A���'�T*+
7���C#-6 � )

(0, 1)
YG�?"�P Pe�_��#��X��(')+�T��"~n�*L68�T�����

#��1F_� *+
'*+
�n_Uc" #�F���)b� $1Y
��� NyUe>SN :�V 1 l�i m ∈ (0, 1/2)

�
b > 0

�
X = (X1, 1) ∈ C2 � ν = ν(b,m,X)

��c.h'q
x =

x(b,m,X)
a ,
ν ≤ 1/4m(1−m)

���IXPluhu�
• a ,

ν ≤ 1
��i"XPluh

κE(1,m)
((0, b);X) =

m

b

x2m−1

(1−m)x2m +mx2m−2 − b2m =: κ1(ν);

• a ,
ν ≥ 1/4m(1−m)

�0i"XPl�h

κE(1,m)

(
(0, b);X) =

m

b

√
(1− b2m)ν + b2m

1− b2m =: κ2(ν);

• a ,
1 < ν < 1/4m(1−m)

��i"XPl�h
κE(1,m)

((0, b);X) = min{κ1(ν),κ2(ν)}.



��g ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

�IXPl ]�a3h a3]�oE]�a(h i"XPl$[ c.pdi[,�Z.^�]�o [\cAa3p$l��uoyc=[ i`Z
κ1(ν)

,�Z.^
ν ≤ ν0

c.h'qtl���o!c=[ i`Z
κ2(ν)

,uZ.^
ν > ν0

� � XPlu^jl
ν0 :=

t0
(t0(1−m) +m)2

, t0 :=
x2m

0 − b2m
x2m−2

0 − b2mc.h'q
x0

a3p i"XPl�Z.h![feYp�Z=[fo i"a6Z.h a3h i"XPl�a(h!i`lu^��.c=[
(0, 1)

Z , i"XPl_,�Z=[([\Z�� a3h\*�l �uoyc=i"aBZ.hu�
ξ4m−2(−1− 2m+ 2m2 + b2m) + ξ2m(1 + (1− 2m)b2m)

+ ξ2m−2(1 + (2m− 1)b2m)− (1−m)2ξ4m −m2ξ4m−2 − b2m = 0.
� �����!#�
�$d"��!�����'���d�����C#��&*,$���F_��%�%'*,
�n

ϕ ∈ O(E,E(1,m))
"�U2�����&U`"�#�F f<��Y���Y ©�luPQ��*,>=�5*,$d
'"��

�
κE(1,m)

p�n��1"�.��1$-*,>_U`"�#
(ϕ(0), ϕ′(0))

Y5@B" #��1"�68�C#/�uUc" #�$-"�FT�
b > 0

$-��>=�����'���
(0, b) ∈ G �����

Uc�'
�>C��*,"�

κE(1,m)

((0, b); (·, 1))
*+$Q
�" �Q.�*+V2�C#��/
8��*,��('),��"�


C
Y

�!  )' ��L �� G -0D�?PG�*I%')t?W:<+=132  t]���\��� %'$-�1��.'" FX�1�-#�*+>~�'� $G(2�/�1
 *,
8�-#�"�.���>/�1. (7K�}�Yu����*+

h ���E�������Wk\f�� 
�.sh ���!kgl=Y � ��$�6��W#�*,"���$0%�#�" %2�1#-��*+�/$0�H�168��(2�1�/
 $<����.�*,�1. *,
sh�D����1p�i;*,F ����� �Wk��
h D��'�Cp�i;*,F �����8¥�k���h i;*,F ������jWk���h D��'�Cp�i;*,F � �����Wk��Oh �8��#-p��a�A� �����Wk��Oh ����>�� ���8��k�Y

�H" ),),"/PQ*,
�n\h �8��#-p����A� ���8��k���),�C�e��$eU`"�#�F���)b�����Q�����?.��CqH
�*L��*,"�
^" UZ�����Q���5%'$-�/��.�"�FX�C�-#�*,>&*,
^� 

��('$<�-#=� >C�Q$-�C�-��*,
�n�Ya|��1�

h : Cn → R+
(2�
�

C
p�$-�/FX*+
�" #�F~Yd�d�!�/�

I = I(h) := {X ∈ Cn : h(X) < 1} f
I
*+$Q>1"�
868�1I'l=�

V = V (h) := {X ∈ Cn : h(X) = 0} ⊂ I f
V

*,$Q�G68�1>1��" #Q$-�!('$<%H� >1��"�U
Cn

l=�
U = U(h) :=

�����]" #-����"�n "�
'� )!>/" FT%'),�1FX�/
8�a"�U
V

PQ*+���G#��1$<%2�/>C����"?�����]$<�=� 
�.'��#�.T}?�C#�FX*L��*b� 

$->�� ),��#Q%�#�"�.���>C� 〈z, w〉 :=

∑n
j=1 zjwj

*,

Cn

�
I0 := I ∩ U �

h0 := h|U
f
h0

*,$Q�T
�" #�F " 

U
�
I = I0 + V

l=Y
�'" #?��
7K _,p�l�o!qWZ +K) lu^�]�a"i"a6c.h p�bdc=[\c.^ _,^dZ<q.oyb�i s : Cn × Cn → C (10)

�')+�1�

qs(X) :=
√
s(X,X), X ∈ Cn, E(s) := {X ∈ Cn : qs(X) < 1}.

D�"�
�$-*+.'�C#
�����5Ug��FX*,)LK F " U���),)a%'$-�1�'.�" p�}?�C#�FX*L��*b� 
�$->���)b��#
%�#�"�.���>1��$
s : Cn × Cn → C

$-��>=�
���'���

I ⊂ E(s)
���/[7��*+6 � ),�1
8��)+K��

qs ≤ h
Ya��
~%H��#-��*+>/��),��#/�

V ⊂ I = I0 + V ⊂ E(s) = E(s0) + V,
PQ���C#��

s0 := s|U×U
fg
�" ���Q���'���

E(s0) = E(s)∩U l=Y�|��1�
Vol(s0)

.��1
�" ���&�����Q6�"�),��FX�?"�U
E(s0)PQ*L���B#��1$<%2�/>C�&��"5�����G|��1(2�1$-n�����FX�/� $-�!#��G"�U

U
Y
r7*+
'>1�

I0
*,$&(Z" �'
�.��1.O�����'�C#����CI!*,$<��$:��


s ∈ FPQ*L���
Vol(s0) < +∞ Ye�Q('$-�C#-68�:���'����U`" #Q� 
8K5(���$-*,$

e = (e1, . . . , em)
" U
U

f
m := dimC U

laPe�
�'�/68�

Vol(s0) =
C(e)

detS
,

PQ���C#��
C(e) > 0

*,$^�E>1"�
�$<�=� 
8�Afg*,
�.��1%2�1
'.��1
8�^"�U
s
lT� 
�.

S = S(s0)
.��1
'"����/$X������F_���-#�*+I

#��C%�#��/$-�1
8�=����*,"�
0" U
s0

*+
0������(H� $-*+$
e
��*�Y ��Y

Sj,k := s(ej , ek)
�
j, k = 1, . . . ,m

Y]��
�%H��#-��*,>1��)b��#/��*+U
U = Cm × {0}n−m � 
�.

e = (e1, . . . , em)
*,$:���'�T>/� 
�"�
�*,>/� )�(H� $-*,$1�O�����1


C(e) = Λ2m(Bm)
�

PQ���C#��
Λ2m

.��1
'"����/$�������|v�C(2�/$-n �'��FT��� $-�!#���*,

Cm

Yd���
�W#���*,
8���1#��1$<���1.�*,
~q'
'.�*+
'n5� 

s ∈ FUc" #�PQ��*,>=�

Vol(s0)
*,$QFT*,
�*,F_��)��'��[8�'*L6���),�1
7��)LK8�

detS(s0)
*+$QF_��I�*,F_� )gY

(10) @7
\�h�$��"�� s(·, w) : Cn → C ��" C H �����W~���
2�&��
$���G� w ∈ Cn � s(z, w) = s(w, z) � ��
2����� z, w ∈ Cn �
s(z, z) ≥ 0 � ��
������ z ∈ Cn zD��� s(z, z) > 0 �&��
e����� z ∈ (Cn)∗ |���
W~�� s ��"���� . ,	�79;<?9 4�: >�
/4�2 4�,�6 , 8
��1�
 <H{}�



� � �5�����������!��
���
����������a����������
������������ ~��D���	����� ~'"#���2��" ~�%�X���� ~'��
�����" ��M

�&('$-�C#-68�����'���/�'*+U
s
�'� $������
��(2"�68�;%�#�" %2�1#-��K^PQ*+���\#��/$<%2�1>1����"

h
fg*�Y ��Y������;68"�)+�'FT�
"�U

E(s0)*+$QFX*+
'*+F_� )cl=�'�����1
Z�'U`"�#?� 
8K
C
p�)+*,
����W#&*,$-" FX" #-%'��*,$-F

L : Cn → Cn
�!������$->/� )b�W#Q%�#�"�.���>1�

Cn × Cn 3 (X,Y )
L(s)7−→ s(L(X), L(Y )) ∈ C

�'� $d�����?� 
'� )+"�n�"���$d%'#�"�%Z�C#-��KTPQ*L���_#��/$<%2�1>1�d��"
h ◦L Y���
X%H��#-��*,>1��)b��#/�7����*,$d%2�C#�FX*+��$d��$d��"
#��1.���>/�

������$-*L���H�W��*,"�
0��"_������>/� $-�
PQ���1#��
U = Cm × {0}n−m � 
�.B
'�CI��&��"^� $-$-��FX�����'���

m = n
f`(7K

#��1$<�-#�*,>C��*,
�n_� )+)Z���'�;��(2"�68��" (!x<�1>1��$]��"
Cm ' Cm × {0}n−m l=Y

� N;:5: < � Y��7Yb�/�yV �IXPlu^jl�l�-.a3pdi"p�l�-WcWb�i6[fe
Z.h'l�lu[ l�] l�h!i
sh ∈ F pdoybuXgi"XPc=i

Vol(sh0) = min{Vol(s0) : s ∈ F} < +∞.r ^jZ<Z ,;f<h ���!k���h ������� ���Wkgl=Y:����F_�1KB� $-$-��FX�
U(h) = Cn

Y:��*L#�$<�?Pe��%�#�"�6������'���?������$-�C� F *+$
>1"�FT%H� >C�/Ya� �Q*+$Q>1),�/��#����'��� F *+$Q>1),"�$-�1.ZYdtv"T%�#�"�68�;���'��� F *+$�(2"���
�.'�1.Z�'" ('$-�1#-68�;���'���

|s(ej , ek)| ≤
√
s(ej , ej)s(ek, ek) = qs(ej)qs(ek) ≤ h(ej)h(ek), s ∈ F , j, k = 1, . . . , n,

PQ���C#��
e1, . . . , en

*+$������\>/� 
�"�
�*,>/� )�(H� $-*+$T*+

Cn

Y�D�"�
�$-�/[7���/
8��)+K������'�5�/
8�-#�*,�1$T" U]���'�5F_���-#�*+I
S(s)

��#��:(2"���
'.��1.�f`(7K~�T>1"�
�$<�=� 
8�&*+
'.��C%2�/
�.��/
8�Q"�U
s
l=Y

yQ�/>/� ),)2���'���

Vol(s) =
Λ2n(Bn)

detS(s)
.

�?"�P�����$-*,
�n_>/" FT%H� >1��
��1$-$Q"�U F ��Pe��$-�1�;���'���������C#����CI!*+$<��$Q� 

sh ∈ F $-��>=�~���'���

Vol(sh) = min{Vol(s) : s ∈ F} < +∞.
� �]#��/FX� *,
�$]��"T$-��"�Pw���'���

sh
*,$���
�*b[7���1)+K^.��1���C#�FX*,
��1.ZYer��!%�%2"�$-�:���H�W�

s′, s′′ ∈ F �
s′ 6= s′′

�'��#��
(2" ���~FX*+
'*+F_� )v��
'.~),�C�

S′, S′′
.��/
�" ���:������F_�W�-#�*+I^#��C%�#��/$-�1
8�=����*,"�
~"�U

s′
�
s′′

��#��1$<%2�/>C��*+68�1)+K�Y����
3!
�"�P¢���'���

µ := detS′ = detS′′
*+$eF_��I�*,F_� )�f`PQ*+���_#��/$<%2�1>1����"�� 
8K_(H� $-*+$

(e1, . . . , en)
l�*,
5���'�

>1)b� $-$ F YQtu��38���T(���$-*,$
e1, . . . , en

$-��>=�0���'���Q�����
F_���-#�*+I
A := S′′(S′)−1 *+$&.�*b� n�" 
H��)u� 
�.B),�C�

d1, . . . , dn
(Z�����'�Q.'*,� n�"�
'� )H�/)+�/FT�/
8��$1Y��?" �������'���

1 = detA = d1 · · · dn
��
'._���'����Uc" #e���e)+����$<�

"�
��
j ∈ {1, . . . , n} Pe���'�/68�

dj 6= 1
Y:�d�!�

s := 1
2 (s′ + s′′)

Y;t]���1

s ∈ F Y:|v�C�

S = S(s)
(2�

�����;F_���-#�*+I5#��1%�#��1$-�/
8�=����*+"�
~"�U
s
Y����;�'�/68�

detS =
1

2n
det(S′ + S′′) =

1

2n
det(In +A) detS′ =

1 + d1

2
· · · 1 + dn

2
µ

>
√
d1 · · · dn µ = µ;

����*,$�*,$Q�T>/" 
7�-#=��.'*+>1��*+"�
�f
In

.��/
�" ���1$������;��
�*+�QF_���-#�*+I'l=Y
�d�!�

ŝh := m · sh f
m := dimU(h)

l=�
Wh := qŝh

f
Wh(X) =

√
msh(X,X)

�
X ∈ Cn l=Y�Q(76!*,"���$-)LK8�

Wh ≤ √mh � 
�.
Wh ≡ √mh *LV

h = qs
Uc" #T$-"�FX�5%'$-�/��.�" p�}?�C#�FX*+��*,� 
 $->/� )b�W#

%�#�"�.���>1�
s
Yu�'" #�*,
�$<�=� 
�>/� �

W‖ ‖ =
√
n‖ ‖ ��PQ���1#�� ‖ ‖ *+$v���'���a�'>1),*+.���� 
�
�" #�F�*,


Cn
Yu@A"�#��/"�6��1#/�

W(Wh) ≡ √mWh Y
9�N;:=<�>�?w� Y���Y,���WV J $-$-��FX�����H�W�

U(h) = Cn
Y�|��1�

L : Cn → Cn
(Z�
�

C
p�)+*,
��/��#&*,$-"�FX"�#-%H��*+$-F

$-��>=�0���'��� |detL| = 1
� 
�.

h ◦ L = h
YQt]���1


Vol(sh) = Vol(L(sh))
� 
�.B���1
'>1�

sh = L(sh)
�

*gY � Y
sh(X,Y ) = sh(L(X), L(Y ))

�
X,Y ∈ Cn Y

� >,U
	yU���Q(T'Q3UJR¢� Y���Y,��� V\f��7l
h ≤Wh ≤ √mh �f`(2l �D,

h(X) := max{h1(X1), h2(X2)} � X = (X1, X2) ∈ Cn1 × Cn2
�0i"XPluh

ŝh(X,Y ) = ŝh1(X1, Y1) + ŝh2(X2, Y2), X = (X1, X2), Y = (Y1, Y2) ∈ Cn1 × Cn2 .



� � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

�jh _yc.^ui"aBb�o [\c.^��
Wh(X) = ((Wh1(X1))2 + (Wh2(X2))2)1/2, X = (X1, X2) ∈ Cn1 × Cn2 .

r ^jZ<Z ,�f<h ����k���h ���E�������Wk`l=Y_f��7l �?$-*+
�n~�5$-��*+�=��('),�
C
p�),*+
�����#:*,$-"�FT" #-%'�'*+$-F Pe�GF_�1K�#��/.���>1�����'�

$-*L���H�W��*,"�
~��"G���'�:>�� $-�;PQ���C#����

• U = Cn
�

• sh(X,Y ) = 〈X,Y 〉 � X,Y ∈ Cn �
• min{‖X‖ : h(X) = 1} = ‖X∗‖ = a > 0

�
X∗ = (0, . . . , 0, a) ∈ ∂I �!*+
_%��W#-��*,>1�'),��#/��$-*,
�>1�

I
*,$Q�G(H� )b��
'>1�1.�>1"�
868�CI~.�"�FX� *,
Z�

I ⊂ {(X ′, Xm) ∈ Cm−1 × C : |Xm| < a} Y
���_"�
�)+KS
��/�1.E��"�$-��"�P����'���

a ≥ 1/
√
n
Y�r7�!%'%2"�$-�X���'���

a < 1/
√
n

� 
�.�),�C�
0 < b < 1

(2�
$-��>=�B���'���

a2 + b2 = 1
YQ�a���

c := a/b
YQ�?"����
���'���

(n− 1)c2 < 1
Y�|v�C�

L : Cn → Cn
(Z�����'�

C
p�)+*,
����W#&*,$-" FX" #-%'��*,$-F

L(X) := (c
√
n− 1X ′, Xn), X = (X ′, Xn) ∈ Cn−1 × C.

�Q(76!*,"���$-)LK8�
sh◦L

−1

= L−1(sh)
�'$-"

Vol(sh◦L
−1

) = Λ2n(Bn)|detL|2 = Λ2n(Bn)(c
√
n− 1)2(n−1).

�&
~������"����'�C#Q�'� 
�.Z�
L(I) ⊂ B(a

√
n) ⊂ Cn Y���
�.'�1�1.O�'Uc" # X = (X ′, Xn)

Pe�;�'�/68�

‖L(X)‖2 = (n− 1)c2‖X ′‖2 + |Xn|2 = (n− 1)c2‖X‖2 + (1− (n− 1)c2)|Xn|2

< (n− 1)c2 + (1− (n− 1)c2)a2 = a2 + (1− a2)(n− 1)(a2/b2) = na2 < 1.
D�"�
�$-�/[7���/
8��)LK8�

Vol(sh◦L
−1

) ≤ Λ2n(Bn)(a
√
n)2n Ydt]�7��$1�H��$-*,
�nT�����
��(2"�6���*+
'�/[7�'� )+*+��K��'Pe�;n��C�

(a
√
n− 1/b)2(n−1) ≤ (a

√
n)2n.

�d�!�
f(t) := t(1− t)n−1 � 0 ≤ t ≤ 1

Yat]���/


f(a2) = a2(1− a2)n−1 ≥ 1

n

(
1− 1

n

)n−1

= f(1/n),

�T>1"�
8�-#=� .�*,>C��*," 
�f`(2�/>/� ��$-�
f
*,$�$<�-#�*,>C��)+K^*,
�>C#�����$-*,
�n_*,
\������*+
8���1#-6 � )

[0, 1/n]
� 
�.

a2 < 1/n
l=Y

f`(2ld���;F_�/K\� $-$-��FX�����'���
U(hj) = Cnj

�
j = 1, 2

Ya�d�!�

s∗(X,Y ) :=
n1

n1 + n2
sh1(X1, Y1) +

n2

n1 + n2
sh2(X2, Y2),

X = (X1, X2), Y = (Y1, Y2) ∈ Cn1 × Cn2 .
���T" 
')LKB
��/�1.A��"5%�#�"�68�G���'���

detS(sh) = detS(s∗)
f�� )+)uF_���-#�*+I0#��C%�#��/$-�1
8�=����*," 
'$;��#��G�=��3��/


*+
~������>/� 
�"�
�*,>/� )Z(H� $-�1$Q"�U
Cn1

��
'.
Cn2

��#��1$<%Z�1>C��*+68�1)+KHl=Y�|��1�
s := sh

Yer7*+
'>1�

I(h) = I(h1)× I(h2) ⊂ E(s∗),Pe�;n��C�
detS(s) ≥ detS(s∗)

Y
|v�C�

L : Cn1 × Cn2 → Cn1 × Cn2
(2�;�����
*,$-" FX" #-%'��*,$-F

L(X1, X2) := (X1,−X2)
Y]t]���1


h ◦ L = h
� 
�.O�'>1"�
�$-��[8�'�1
8��)+K��

s = L(s)
fgy&�1F_��#-3A� Y���Y,���Wl=��*�Y � Y

s(X,Y ) = s(L(X), L(Y )), X, Y ∈ Cn1 × Cn2 .
}?�1
�>/�

s((X1, X2), (Y1, Y2)) = 0
*,Uef
X2 = 0

� 
�.
Y1 = 0

l�" #�f
X1 = 0

� 
�.
Y2 = 0

l=Ya��
�.��1�/.Z�

s((X1, 0), (0, Y2)) = s(L(X1, 0), L(0, Y2)) = s((X1, 0), (0,−Y2))

= s((X1, 0),−(0, Y2)) = −s((X1, 0), (0, Y2)).



� � �5�����������!��
���
����������a����������
������������ ~��D���	����� ~'"#���2��" ~�%�X���� ~'��
�����" � �

D�"�
�$-�/[7���/
8��)LK8�

s(X,Y ) = s1(X1, Y1) + s2(X2, Y2), X = (X1, X2), Y = (Y1, Y2) ∈ Cn1 × Cn2 ,
PQ���C#��

sj
*,$;�^}?�1#�FX*L��*b� 
A$->/� )b��#:%'#�"7.'��>C�;*+


Cnj
�
j = 1, 2

Y
� �;*,$;>1),�/��#:���'���
I(hj) ⊂ E(sj)

�
j = 1, 2

Yu|v�C�
cj ≤ 1

(2�������eFX*,
�*+F_� )!
7��F
(2�1#�$-��>R�����H�W�
I(hj) ⊂ E(c−2

j sj)
�
j = 1, 2

Y J $-$-��FX�
���'���

X0
j ∈ ∂I(hj)

*+$?$-��>=�0���'���
sj(X

0
j , X

0
j ) = c2j

�
j = 1, 2

Y���
0%H��#-��*,>1��)b��#/�
qs(X

0
1 , X

0
2 ) ≤ 1

�
$-"
c21 + c22 ≤ 1

Y������'�/6��

detS(shj ) ≥ c−2nj
j detS(sj), j = 1, 2,

� 
�.Z�������1#��1U`" #�� �

detS(s) = detS(s1) detS(s2) ≤ c2n1
1 c2n2

2 detS(sh1) detS(sh2)

≤ c2n1
1 (1− c21)n2 detS(sh1) detS(sh2)

≤
(

n1

n1 + n2

)n1
(

n2

n1 + n2

)n2

detS(sh1) detS(sh2) = detS(s∗),

$-*+
'>1�5�����5F_��I!*+F���F "�U]�����5U`��
�>C��*,"�

f(t) = tn1(1 − t)n2

�
0 ≤ t ≤ 1

��*,$G���-�=� *+
��/.����
t =

n1/(n1 + n2)
Y

�H"�#?�T.�"�F_��*,

G ⊂ Cn ��
'.

η ∈M(G,C)
fg>/U YLK�� Y���Y,�Wl=��Pe�;.��1q'
��;����� ��o�_,p�luoyqWZ.] lui"^�aBb

(Wη)(a;X) := (Wη̂(a; ·))(X), (a,X) ∈ G× Cn,
PQ���C#��

η̂
*,$;�����Xoe�'$-�1F_� 
S%'$-�1�'.�"�FT�1�-#�*+>_� $-$-"�>1*b�����1.S��"

η
fg>/U Y�KW� Y ��Y���l=Y^�Q(H$-�C#-68�T���'���

Wη ∈
M(G,C)

Y
yQ�/>/� ),)]���'���5�Eo]"�#��/)]FX�/� $-�!#=��('),�0FX�C�-#�*,>

η ∈ M(G,C)
*,$_$�� *+.¡��"S(2� bdZ.] _'[\l�i`lX*+U:� 
8K

�
η
pNDe� ��>=�7K\$-�/[7���/
�>1��*+$Q>1"�
868�1#�n �/
8�Q��"X�G%2"�*,
8�QUc#�" F

G
fg>/U YOh � p�� �������7�SKC¥7Y �Wkgl=Y

� >,U
	yU���Q(T'Q3UJR£��Y���Y,��� V\f��7l � ,
η ∈M(G,C)

a3p�cYbdZ.h!i"a3h o!Z.oEpx] lui"^�aBb��Ji"XPluh puZ�a3p
Wη

fjb , ���_- +c.]x_'[\l
� Y���Y,���8l �
f`(2l��D,

η ∈M(G,C)
a3p�c
bdZ.hyi"a3hyoyZ.oPp�bdZ.]x_'[\l�i`l�] lui"^�aBb���i"XPl�h p�Z�a3p

Wη
�

fg>Wl �D,
(δG)G

a3p�c�XPZ=[ Z.]YZ.^`_,XWaBbdc=[([fe
bdZ.hyi"^dcWbui"aBku[ l�,uc.]�a"[fe
Z ,v_,p�l�o!qWZ.]Yl�i"^�a6bup �0i"XPluhv�
• ,�Z.^�c.hyegk�a3XPZ=[\Z.] Z.^`_,XWa6b�] cd_W_,a3h\*

F : G→ D
�
G,D ⊂ Cn � �vl�XPc �.l

(WδD)(F (z);F ′(z)(X)) = (WδG)(z;X), (z,X) ∈ G× Cn;

• ,�Z.^�c.hye XPZ=[\Z.] Z.^`_,XWa6b�] cd_W_,a(hT*
F : G→ D

�
G ⊂ Cn1

�
D ⊂ Cn2

� �vl�XPc �=l
(WδD)(F (z);F ′(z)(X)) ≤ √n2(WδG)(z;X), (z,X) ∈ G× Cn1 ,
kuoPiR��,�Z.^
l�-Wc.] _'[ l �Fi"XPl5,�c.]�a"[fe

(WκG)G
a3p�h'Z=i XPZ=[\Z.] Z.^`_,XWaBbjc=[([ e*bjZ.h!i"^jcWb�i"aBku[\l~fjbK, �

�_-Wc.]x_'[\l�� Y ��Yb�C©�l �
��
�������>/� $-�

η = κG
�'�����
��(2"�68��%�#�" %2�C#-��*,�1$�f��7l�¨�fg>�ldPe�C#��
Uc" #�F���)b�����1.�f`PQ*+����"��!�Q%�#�"�"�U=le*+


h ���!k��vh �����/�����Wk�Y
r ^jZ<Z , �Xf��7ld��*+I~�G%2"�*,
8�

z0 ∈ G ⊂ Cn
Ya|v�C�

sz := sη̂(z;·) � z ∈ G Y����
��#���n "�*,
�nT��"X$-��"�P ���'���
sz → sz0

� $
z → z0

YaoeK^"��!#?� $-$-��FT%���*," 
'$1�����'�C#��;�1I!*+$<�
r > 0

�
c > 0

$-��>R�\���H�W�

η(z;X) ≥ c‖X‖, z ∈ B(z0, r) ⊂ G, X ∈ Cn.
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~%H��#-��*+>/��),��#/�������;$-�1��$

Iz := {X ∈ Cn : η̂(z;X) < 1}, z ∈ B(z0, r),
��#��;>1"�
8�=� *,
��1.�*,
~�����:(H� )+)

B(C)
PQ*L���

C := 1/c
Ya@B" #��1"�68�C#/�

|η̂(z;X)− η̂(z0;X)| ≤ ϕ(z)‖X‖, X ∈ Cn,
PQ���C#��

ϕ(z)→ 0
PQ���1


z → z0
Ya}?�1
'>1�

(1 + Cϕ(z))−1Iz ⊂ Iz0 ⊂ (1 + Cϕ(z))Iz, z ∈ B(z0, r),
� 
�.Z�'>/" 
'$-�/[7���1
7��)LK8�

f<� Y ��Y���l Iz0 ⊂ (1 + Cϕ(z))E(sz) = E((1 + Cϕ(z))−2sz),

Iz ⊂ (1 + Cϕ(z))E(sz0) = E((1 + Cϕ(z))−2sz0), z ∈ B(z0, r).}?�1
�>/� �

Vol(sz0) ≤ Vol((1 + Cϕ(z))−2sz) = (1 + Cϕ(z))2n Vol(sz),

Vol(sz) ≤ Vol((1 + Cϕ(z))−2sz0) = (1 + Cϕ(z))2n Vol(sz0), z ∈ B(z0, r).
t]�7��$

Vol(sz)→ Vol(sz0)
� $
z → z0

Y
tu��3��
�T$-��[8�'�1
�>/�

zν → z0
Yer�*+
�>/�

|szν (ej , ek)| ≤ η(zν ; ej)η(zν ; ek), j, k = 1, . . . , n, ν ∈ N,
Pe�BF_�/K£� $-$-��FX�B���'���

szν → s∗
��PQ���1#��

s∗
*,$\�E%H$-�1��.�" p�}?�1#�FT*+��*b��
�$->/� )b��#5%'#�"7.'��>C�/Y ���

� )L#�����.�K\3�
'"/P ���'���
Vol(s∗) = Vol(sz0)

Y]@B" #��1"�68�C#/�H(7K�f<� Y ��Y��8l=�
Iz0 ⊂ E(s∗)

Y&D�"�
�$-�/[7���/
8��)LK8�
�����;�'
�*,[7���/
��1$-$Q"�U

sz0
*,FT%'),*+�/$����'���

s∗ = sz0
Y

f`(2l5yQ�/>/� )+):���'��� �
η =

�
η̂

fg>/U Y;h � p�� ����� ���:��#�" %2"�$-*+��*+"�
 ©�Y ��Y���f`(2l k`l=Y o�K¤f��7l=�
Wη

*+$��
>1"�
8��*,
7��"���$5FX�C�-#�*,> Y¡��
�%H��#-��*+>/��),��#/��������.�*+$<�=� 
�>/� �

(Wη)
*,$XPe�1),)�.��CqH
��1.ZY£oeK��a#�" %2"�$-*+��*+"�


� Y ��Yb�/��f��7ldPe�;n��1�
�
η̂ ≤

�
(Wη),

PQ��*,>=��.�*+#��1>C��)+K\*+FT%'),*,�1$������:#���[8�'*L#��/.\#��1$-��)+�/Y
fg>�lQyQ�1>�� )+)����'���:�����TU`� FX*+)+K

(δ̂G)G
*,$:�'" ),"�FX"�#-%H��*+>�� )+)+KA>1"�
8�-#=� >1��*L('),��fg>1U�YJKW� Y ��Y���l=YG��U

F
*+$

('*,��"�)+"�FX" #-%'��*,> �'�����1
~�����:#��/$-��)L�&*,$�" (76!*," �'$�(2�1>�� ��$-�;U`" #&��
7K
z ∈ G �������;F_��%�%'*,
�n

F ′(z)
*,$Q�

C
p�)+*,
����W#&*,$-" FX" #-%'��*,$-F ��
'.

δ̂D(F (z);F ′(z)(X)) = δ̂G(z;X)
�
X ∈ Cn Y��
~������n �/
��C#=� )O>/� $-� �'��$-*,
�n_�a#�" %2"�$-*L��*,"�
E� Y ��Yb�/��f��7l=��Pe�;n��C�

(WδD)(F (z);F ′(z)(X)) ≤ √n2 δ̂D(F (z);F ′(z)(X))

≤ √n2 δ̂G(z;X) ≤ √n2 (WδG)(z;X), (z,X) ∈ G× Cn1 .
���e<e:�	�� N¤� Y��7Yb�1©!V
|��1�

Gε := {(z1, z2) ∈ B2 : |z1| < ε} � 0 < ε < 1/
√

2
Y£yQ�/>/� )+)����'���

κB2
(0;X) = ‖X‖ � 
�. κGε(0;X) = max{‖X‖, |X1|/ε}

�
X = (X1, X2)

Yat]���/


(WκGε)(0; (X1, X2)) =

√
|X1|2
ε2

+
|X2|2
1− ε2

, X = (X1, X2) ∈ C2.

��
~%H��#-��*+>/��),��#/�

(WκB2
)(0; (0, 1)) =

√
2 >

1√
1− ε2

= (WκGε)(0; (0, 1)).
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8��)LKZ�'�����;Ug� FT*,)+K
(WκG)G
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�" �Q>1"�
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η
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Wη


��/�1.A
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Wη
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η
*,$?�X>/"�
8��*+
���"���$Q%'$-�/��.�"�FX�C�-#�*,> Y?�Q(H$-�C#-68�

���'���v�������!%�%Z�C#�$-�1FX*+>/"�
8��*+
���*L��K^fg" #����u),�/� $<�uo]" #��1)�FT��� $-�!#=��('*+),*+��K'lO"�U
Wη

��%�%2�/��#�$u*+
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P]�/KEPQ���1
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��^.��Cq'
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(Wη)
YB��
������5>/� $-�5PQ���1#��

η = κG
�������5�!%�%2�1#G$-�1FX*,>1"�
8��*,
7��*+��K�"�U

WκG
*+$e>1)b� *+FX�1.^Uc" #e*,
�$<�=� 
�>1�?*+
Bh ��������� �Wk�f�t]���1" #��/F �Wl=�2h D��'�Cp�i;*,F ����� �Wk�fg�a#�"�%Z" $-*+��*," 
\�8l=�

h ���'>������8�Wkdf�t]�'�1" #��1F �7l=�!(H�!�Q$-"XUg��#������C#���*+$Q
�"T%'#�"7"�U�Y

?
|v�C�

η ∈ {γ(k)
G , AG,κG}

Ya��$
Wη

��%�%2�C#Q$-�/FX*+>/" 
7��*+
7�'" �'$��
?

���e<e:�	�� N�� Y ��Yb�/� VGt]���C#��:*+$���
^�!%'%2�C#]$-�/FX*+>/" 
7��*+
7�'" �'$]FX�C�-#�*,>
η
$-��>R�^���'���

Wη
*+$]
�" �e�!%'%2�C#

$-�1FX*,>1"�
8��*,
7��"���$1Y
��
�.'�1�1.O�Z),�C�

η : B2 × C2 → R+
�
η(z;X) := ‖X‖ U`" #

z 6= 0
�O� 
�.

η(0;X) := max{‖X‖,
|X1|/ε}

�
X = (X1, X2) ∈ C2 f

ε > 0
$-F_� )+)`l=Y£t]���1


(Wη)(z;X) =
√

2‖X‖ U`" #
z 6= 0

�
� 
�.¢f`(7KS��I�� FT%'),��� Y ��Yb�1©7l {X ∈ C2 : (Wη)(0;X) < 1} 6⊂ B(1/

√
2)
�v$-"

Wη
*+$

�" �
�!%�%Z�C#

$-�1FX*,>1"�
8��*,
7��"���$1Y
���e<e:�	�� N�� Y ��Yb� � VGt]���C#��:�CI!*,$<��$e�
(2"���
'.��1.\.�"�FX� *,


G ⊂ C2 $-��>R�^���'���
WκG

*,$e
�" �]>/" 
7��*+
!p
��"���$�fg$-�1�;�a#�" %2"�$-*+��*+"�
B�G*+
�h�D����Cp�i�*+F �/��� �Wk��'PQ���C#���$-��>=�0�T>/"�
8��*+
���*L��K\*,$�>/),� *,FX�1.�l=Y
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�.'�1�1.O�')+�1�
D ⊂ C2 (2���T.�"�F_� *+
�$-��>R�~���'���
fg>/U Y�h � p�� ����� ���'�aI!� FT%'),����Y ��Yb�1��kgl=�

• �����C#����CI!*,$<��$Q�T.��/
�$-�;$-�!(H$-�C�
M ⊂ C $-��>=�����'���

(M × C) ∪ (C× {0}) ⊂ D �
• κD(z; (0, 1)) = 0

�
z ∈ A := M × C �

• �����C#��;�1I�*,$<��$Q��%2"�*,
8�
z0 ∈ D \A $-��>=�\���H�W�

κD(z0;X) ≥ c‖X‖ � X ∈ C2 �!PQ�'�C#�� c > 0*+$&�T>1"�
�$<�=� 
8�/Y
�'" #

R > 0
),�C�

DR := {z = (z1, z2) ∈ D : |zj − z0
j | < R, j = 1, 2} YE� �T*+$G3!
�"�PQ
����H�W�

κDR ↘ κD
� $
R↗ +∞ Ye�Q(H$-�C#-68�;���'���

z0 ∈ DR
� 
�.

κDR(z0;X) ≥ κD(z0;X) ≥ c‖X‖, X ∈ C2.
}?�1
�>/� ��(7K\�a#�"�%Z" $-*+��*," 
�� Y��7Yb����f��8l=�

(WκDR)(z0;X) ≥ c‖X‖ � X ∈ C2 Ya��
~%H��#-��*+>/��),��#/�

(WκDR)(z0; (0, 1)) ≥ c.
��*LI��\$-��[7���1
�>/�

M 3 zk → z0
1

Y5�?" ���T���'��� {zk} × (z0
2 + RE) ⊂ DR

�vPQ��*+>R��*+FT%'),*+�/$����'���
κDR((zk, z

0
2); (0, 1)) ≤ 1/R

�
k = 1, 2, . . .

Ya��
\%��W#-��*,>1�'),��#/�

(WκDR)((zk, z
0
2); (0, 1)) ≤

√
2κDR((zk, z

0
2); (0, 1)) ≤

√
2/R, k = 1, 2, . . . .

�?"�P *L�Q*,$�>/)+����#����'���Q*+U
R >

√
2/c

�!�����/


lim sup
k→+∞

(WκDR)((zk, z
0
2); (0, 1)) ≤

√
2/R < c ≤ (WκDR)(z0; (0, 1)),

PQ��*,>=��$-��"�PQ$����'����U`" #
G := DR

�����:%H$-�1��.�"�FX�C�-#�*,>
WκG

*,$Q
�" �Q>1"�
8��*,
7��"���$1Y
9�N;:=<�>�?w� Y ��Yb��¥PV
���;%Z" *,
8�&"��!�����'�;#�" ),�;%')b�/K��/.�*,
~������.��CqH
�*L��*,"�
�"�U

W
(�K\������U`� >1��"�# √

m
Y

�d�!�
W̃h := qsh

�
W̃η(a;X) = (W̃η̂(a; ·))(X)

�
(a,X) ∈ G×Cn Y�|v�C� D ⊂ C2 ��
'.

D 3 zk →
z0 ∈ D

(2��$-��>=�����'���/�

• κD(zk; ·) *+$Q
�" �&�TFX�C�-#�*,>_fg*,
\%H��#-��*+>/��)b�W#/�
m(k) := dimU(κ̂D(zk; ·)) ≤ 1

�
k ∈ N l=�

• κD(z0; ·) *,$Q�XFT�1�-#�*+>5f`�=��3�����Uc" #Q*,
�$<�=� 
�>1����������.�"�FX� *,

D

Ub#�"�F ��I�� FT%'),�X� Y ��Yb� ��l=Y
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�d�!�
G := D × E ⊂ C3 Ydt]�'�1


(W̃κG)2((zk, 0); (0, 1)) = sκG((zk,0);·)((0, 1), (0, 1)) =
1

m(zk) + 1
≥ 1

2
, k ∈ N,

(W̃κG)2((z0, 0); (0, 1)) = sκG((z0,0);·)((0, 1), (0, 1)) =
1

m(z0) + 1
=

1

3
,

� 
�.Z�������1#��1U`" #�� �
W̃κG

*,$:
�" �?�!%�%Z�C#:$-�1FX*,>1"�
8��*,
7��"���$;���
((z0, 0), (0, 1))

f`�������CI�� FG%H)+�G*+$?.��'�
��"T��YH�8��#�
�*+>=3!*cl=Y
9�N;:=<�>�? ��Y���Y,��j VGt]���G���SFX�C�-#�*,>T*,
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E(1,m)
P]� $�$<����.�*,�1.E*+
¡h D��'�Cp�i;*,F

��� � �Wkef
m ≥ 1/2

l]� 
�.�h D��'�Cp�i;*,F �����8¥�k�f
0 < m < 1/2

l=Ye��
B�T#��1>1�/
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1 lui G := Bn ∩ U
�	� XPlu^jl

U
a(pgZd_yluh a3h

Cn
� �IXPluh i"XPlu^jlAl�-.a3pdi"p�c h'l�a&*=XPkjZ.^�XPZ;Z<q

V
Z ,

∂G ∩ ∂Bn
pdoybuXgi"XPc=i

WκG = WκBn
a(h
V ∩G �

1 lui p = (p1, . . . , pn) ∈ Nn � pj ≥ 2
�
j = 1, . . . , n

� �IXPluh c.hye p�i"^jZ.hT*5[fe$_,p�l�o!qWZ<bdZ.h �.l�-
_yZ.a3hyi

a ∈ ∂Ep
XPc.pYc�h'lua+*=XPkdZ.^�XPZ<Z<q

V
pdo!b�Xti"XPc=i

WκEp
a3pYc 4��.X [\lu^�] l�i"^�a6b � a"i"XCbdZ.hyp�i`c.hyi

h'l8* c=i"a��.l�buoE^��=c=i"oE^dl�a3h
V ∩ Ep
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• |��C�
(Gj)

∞
j=1

(2�T�^$-�/[7���/
�>1�G" Ud.�"�FX� *,
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Cn

$-��>R�B���'���
Gj+1 ⊂⊂ Gj

��
'. ⋂∞
j=1Gj

= G
�'PQ���1#��

G
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kGj → kG
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'nT��Pe"T#��1$-��)+��$1�
f��8l^��U

G
*+$Q$<�-#�"�
�n�)LK\%'$-�1�'.�"�>1"�
868�CI2���-�'�1


cGj → cG
),"�>/� )+)+K\��
�*,Uc" #�FX)+K�Y

f`(2l^��U
G

*+$^�E(Z" �'
�.��1.¢.�"�F_��*,
£$-�'>=�£���'���^�C68�C#-K %2"�*+
7�
b ∈ ∂G

��.'FT*+��$^� �vljc�

_yldc�

,joPh,b�i"aBZ.h^fg*�Y ��Y��;Uc�'
�>C��*,"�


f
��"�)," FX" #-%'��*,>Q*+
_�;
��/*+n��8(2" #���"�"�.X"�U

G
$-��>R�X���'���

f(b) = 1��
'. |f | < 1
"�


G
l=�!���'�1


kGj → kG
)+"�>���),)+K^��
�*,Uc" #�FX)+K�Y

• t]���
(2�/�'�/6!*+" #;" U������Go]�C#�n�F_� 
Z�vDe��#=�W���'{1"�.�" #-K��Z� 
�.Ai?"�(��1K7� $-��*�FT�1�-#�*+>/$?"�
A�^$-FX"7" ���
(2"���
�.��/.�%'$-�1�'.�"�>1"�
868�CI�.�"�F_��*,


G ⊂ Cn 
��/��#?�T(2"���
'.'��#-K\%2"�*,
8�&"�Uuq'
�*+������K�%2� �'PQ���1#��;���'�
|��16�*OU`"�#�F�"�U

∂G
�'� $&���Q)+����$<�

n− 2
%Z" $-*+��*+6����1*,n��1
86���),���/$1�!P]� $Q$<����.'*+�/.~*,
Eh�D���"��������Wk�Y

t]���B(2�/�'�/6!*+" #~"�U;�����Ai&" (H�/K7� $-��*:FX�C�-#�*,>A
��/��#^(Z" �'
�.'��#-K£%2"�*+
8��$\"�U��1I7%Z" 
'�1
8��*b� )+)+K����W�
*+
�q'
�*+���;��K7%Z�:*,
~(2"���
�.��/.�.�"�FX� *,
�$Q*+


C2 P]� $�$<���'.�*+�/.�*+
Eh |��/�
� �����Rk�Y
|v"/Pe�1#^� 
�.¡�!%�%Z�C#_
'" 
�p��=��
'n �/
8��*b��)�(2"���
�.'$_U`" #X�����ADe��#=������{1"�.�" #-K FT�1�-#�*+>�"�U:�E$-FX"7" ���

(2"���
�.��/.�%'$-�1�'.�"�>1"�
868�CI�.�"�F_��*,

G ⊂ Cn 
����W#a��


h
p�l�-=i`l�h'q.aBku[ lv(2"���
'.'��#-K�%2"�*+
8�Qf��Q(2"���
'.'��#-K

%2"�*+
7�Q*,$�$�� *,.~��"T(2�
h
p��1I7���/
�.�*+('),�;*,Uv*+��$?De����),*+
�F���)+��*L��K�%2��>1"�*,
�>1*,.��1$�PQ*+���~*+��$�9�� J 
�n��1),"T��K7%Z�Wl

Pe�C#��;%�#�"�6��/.�*+
�h �?*L3S������¥�kv� 
�.�h �?*+3A����� �Wk�Y
r7"�FX�E)+"�>/� ),*+z�����*+"�
����'�1" #��1FX$~U`" #�>1"�
8�-#=� >C��*+('),�SUc�'
�>C��*,"�
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h �?*+3�� � �8�Wk�Y

• |��C�
G

(2�T�5$<�-#�"�
�n�)+K�%'$-�/��.�"�>1"�
868�CI�(H� )b� 
�>1�/.B.'" F_� *,
BPQ*+��� C∞ f`#��1$<%OY:#��/� )+p � 
'� )LK���*,>Wl
(2"���
�.'��#-K8Y£t]���1
������C#���*+$5��
¡" %2�1
�
'�1*,n �7(2" #���"�"7.

U = U(0) ⊂ G
$-��>=�¡���'���

κG
*+$ C∞f`#��1$<%OY'#��/� )O� 
'� )+K���*+>�ld"�


U × (Cn)∗
fg>1U�YOh ����
���������kgl=Y

• |��1� Dm := E(1,m) × (C2)∗ ⊂ C4 � m > 0
Ya� ��P]� $]%�#�"�68�1.�*,
�h @A����� ���WkO���'���/�
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�~�� ~'��~���� ��
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f��7l
κE(1,m)

∈ C2(Dm)
U`" #

m ≥ 1
�

f`(2l
κE(1,m)

*+$�%'*,�1>1�1PQ*+$-� C3 " 

Dm

� 
�.
κE(1,m)

6∈ C3(Dm)
U`" #

m ≥ 3/2
Y

• |v�C�
G,D ⊂ Cn (Z�\.�"�FX� *,
�$_� 
�. ),�C�

a ∈ G
�
b ∈ D

Y����\$��/K����'���_�B��"�)," FX" #-%'��*,>
F_�W%'%'*+
'n

F : G→ D
PQ*L���

F (a) = b
*,$Yw c.^jc=i"XPsdZ<qWZ.^�e$l'-5i"^jl�] c=[7*,U

|detF ′(a)| = sup{|detΦ′(a)| : Φ ∈ O(G,D), Φ(a) = b}.
��
~�����;>/� $-�1$1�

G = Bn
�
D = Em,p

�
a = b = 0

�
G = Em,p

�
D = Bn

�
a = b = 0

�
PQ���C#��

Em,p :=
{
z ∈ Cm1 × · · · × Cmk :

k∑

j=1

‖zj‖2pj < 1
}
,

m = (m1, . . . ,mk) ∈ Nk, m1 + · · ·+mk = n, p = (p1, . . . , pk) ∈ Rn>0,

������De��#=������{/"7.'"�#-K\�CI��-#��1F_� )ZF_��%�%'*,
�n�$&��#��;>R�'��#=� >C���C#�*,z1�/.~*,
Eh @S�~������¥�k�Y

�! �L �����?E2=:;1�	!? @B%,+.)*GJ&34yD�@B%,+ ?P&(? )*?P9,:�4!+<7 � ?P169J/I4!+ *I: *J%')*4,1"9JD
�'" #

α = (α1, . . . , αn) ∈ Rn∗
� 
�.

c ∈ R %H�!�

Dα,c := {z ∈ Cn : |z1|α1 · · · |zn|αn < ec
� 
�.

(∀j∈{1,...,n} : αj < 0⇒ zj 6= 0)}, Dα :=Dα,0;

Dα,c
*+$�>/� ),)+�/.E� 
 lu[\lu] l�h!i`c.^�e �Flua(hyXPc.^jq=i qWZ.]Yc.a3h'Y����T$��/KA���'���

Dα,c
*,$�"�UF^jc=i"aBZ.h'c=[�i"e�_yl?*,U

α ∈ R · Zn Y�t]���G.�"�F_��*,

Dα,c

*+$:"�U a(^�^dc=i"a6Z.h'c=[0i"ed_yl&*,Ua*L�:*,$:
�" �;"�U�#=����*," 
H��)u��K7%Z� Y:��*+����"��!�
)+"�$-$T"�UQn��1
��1#=��),*+��K�Pe�^F_�/K � $-$-��FX�^���H�W�

α1, . . . , αk < 0
��
'.

αk+1, . . . , αn > 0
U`" #T$-"�FX�

k ∈ {0, . . . , n} Ya��U k < n
�!���'�1
~Pe�:%'���

tk := min{αk+1, . . . , αn}
Ya|��C�

V0 := {(z1, . . . , zn) ∈ Cn : z1 · · · zn = 0}.
�'" #

α ∈ Zn � 
�.
r ∈ N ��%'��� Φ(z) := zα

�

Φ(r)(a)(X) :=
∑

β∈Zn+, |β|=r

1

β!
DβΦ(a)Xβ, a ∈ Dα, X ∈ Cn.

t�":$-*,FG%H)+*,UbKG
�" �=�W��*,"�
Z��Uc" #
z ∈ Dα

� P�#�*+��� |zα| := |z1|α1 · · · |zn|αn
fg" ('$-�1#-6��e���'���u���'*+$�
�" �=����*+"�
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��;*,U
α ∈ Zn l=Yt]����Uc"�),)+"�PQ*,
�nX�CV2�/>C��*+68�:U`" #�F���),� $QUc" #Q��"�),"�FT" #-%'�'*+>���),)+K^>/"�
8�-#=� >C��*+(')+��Uc�'
�>C��*,"�
�$Q� 
�.\%'$-�/�!p

.�"�FX�C�-#�*,>1$Q" 

Dα

��#��;3�
'"/PQ
OY

��� NyUe>SN : ��Y���Y,�¡f<h � p�� ��� �����FK=©�Y © k��&h �a��pN�HPe"0�/����jWk��?h��'Pe"0��� ��� ��k��:h �HPe"5� �������WkgluV 1 l�i a =

(a1
� �����C�

an) ∈ Dα
� � pdpjoP]YlAi"XPc=i a1 · · · as 6= 0

�
as+1 = · · · = an = 0

,uZ.^gp�Z.] l
s ∈

{k + 1, . . . , n} �xr oPi r := αs+1 + · · ·+ αn
a ,
s < n

��c.h'q
r := 1

a ,
s = n

� 
IZ.^
z ∈ Dα

c.h,q
X ∈ Cn bjZ.hypdaBqWl�^�i"XPl_,�Z=[([\Z�� a3h\*B,�Z.oE^�bjc.p�lup �
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f<�Wl
k < n

�
Dα

a3pYZ ,�^jc=i"aBZ.h'c=[�i"e�_yl5f �vl�] c.e c.pdpjoP]YlYi"XPc=i
α ∈ Zn c.h'q

α1, . . . , αn
c.^jl

^jl�[\c=i"a��=l�[fe�_,^�a3]Yl�l ���JXPl�hu�

c∗Dα(a, z) = mE(aα, zα),

g∗Dα(a, z) = (mE(aα, zα))1/r,

kDα(a, z) = min{pE(ζ1, ζ2) : ζ1, ζ2 ∈ E, aα = ζtk1 , z
α = ζtk2 },

k̃Dα(a, z) =

{
min{pE(ζ1, ζ2) : ζ1, ζ2 ∈ E, aα = ζtk1 , z

α = ζtk2 }, s = n, z 6∈ V0
�

pE(0, |zα|1/r), s < n
�

γDα(a;X) = γE

(
aα; aα

n∑

j=1

αjXj

aj

)
,

ADα(a;X) = (γE(aα;Φ(r)(a)(X)))1/r,

κDα(a;X) =




γE

(
(aα)1/tk ; (aα)1/tk

1

tk

n∑

j=1

αjXj

aj

)
, s = n

�

(|a1|α1 · · · |as|αs |Xs+1|αs+1 · · · |Xn|αn)1/r, s < n
�

f��8l
k < n

�
Dα

a(p�Z , a(^�^jc=i"aBZ.h'c=[Si"e�_yl�f �vl�]Yc.e
c.pdpdoE] l�i"XPc=i
tk = 1

l ���IXPluhu�

c∗Dα ≡ m
(l)
Dα
≡ 0, l ∈ N,

gDα(a, z) =

{
0, s = n

�

|zα|1/r, s < n
�

kDα(a, z) = pE(|aα|, |zα|),

k̃Dα(a, z) =

{
pE(|aα|, |zα|), s = n, z 6∈ V0

�

pE(0, |zα|1/r), s < n
�

γDα ≡ γ(l)
Dα
≡ 0, l ∈ N,

ADα(a;X) =

{
0, s = n

�

(|a1|α1 · · · |as|αs |Xs+1|αs+1 · · · |Xn|αn)1/r, s < n
�

κDα(a;X) =




γE

(
|aα|; |aα|

n∑

j=1

αjXj

aj

)
, s = n

�

(|a1|α1 · · · |as|αs |Xs+1|αs+1 · · · |Xn|αn)1/r, s < n
�

f��8l
k = n

�
Dα

a3pYZ ,�^jc=i"aBZ.h'c=[�i"e�_yl5f �vl�] c.e c.pdpjoP]YlYi"XPc=i
α ∈ Zn c.h'q

α1, . . . , αn
c.^jl

^jl�[\c=i"a��=l�[fe�_,^�a3]Yl�l ���JXPl�hu�

c∗Dα(a, z) = gDα(a, z) = mE(aα, zα),

kDα(a, z) = k̃Dα(a, z) = kE∗(a
α, zα),

γDα(a;X) = ADα(a;X) = γE∗

(
aα; aα

n∑

j=1

αjXj

aj

)
,

κDα(a;X) = κE∗
(
aα; aα

n∑

j=1

αjXj

aj

)
.
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k = n
�
Dα

a(p�Z , a(^�^jc=i"aBZ.h'c=[Si"e�_yl����IXPluhu�
c∗Dα ≡ m

(l)
Dα
≡ gDα ≡ 0, l ∈ N,

kDα(a, z) = k̃Dα(a, z) = kE∗(|aα|, |zα|),
γDα ≡ γ

(l)
Dα
≡ ADα ≡ 0, l ∈ N,

κDα(a;X) = κE∗
(
|aα|; |aα|

n∑

j=1

αjXj

aj

)
.

mCZ.^jldZ �.lu^��Ja ,
α ∈ Nn c.h'q

α1, . . . , αn
c.^jl�^jl�[\c=i"a��.l�[fe�_,^�a(] l��0i"XPluh

m
(l)
Dα

(a, z) = (mE(aα, zα))(1/l)dl/re, (11)

γ
(l)
Dα

(a;X) =

{
(γE(aα;Φ(r)(a)(X)))1/r a ,

r
q.a���aBqWl�p

l
�

0,
Z=i"XPlu^ � a3pul�� l ∈ N.

9�N;:=<�>�?¢� Y���Y � VGt]���?U`" #�F
�'),� $]*,
\t]�'�1" #��1F � Y��7Yb�?),�1.^�¤Y'�'Pe"�
��13Bh��HPe"������ jWk2��"T��
��/n�����*+68�
� 
�$<Pe�C#T��"A�A[7���1$<��*,"�
�%2"�$-�/.�(7K�rHY�i&" (H�/K7��$-�'*;fg>/U YSyQ�1F_��#-3 �7Y���Y j�f`(2l�*+
 h � p����/�����Wk`l=YS|v�C�
(α1, . . . , αn−1,−1) ∈ Rn � αj < 0

��$-�'>=�~���H�W�
Dα

*+$Q"�Uv*+#-#=����*+"�
'� )Z��K�%2� Ydt]���1
~������FX��%�%H*+
�n

ψ : Cn−1 × E∗ → Dα, ψ(z1, . . . , zn) := (e−z1 , . . . , e−zn−1 , e−(α1z1+···+αn−1zn−1)/zn),
*+$?�X��"�),"�FT" #-%'�'*+>
>/"�6��1#�*+
'n!Ye��*+I\%Z" *,
8��$

z ∈ Dα
� 
�.

w := (z1, . . . , zn−1, |zn|) ∈ Dα
Y]t]���/
Z�

(7K~������U`" #�F���),�_"�UdrHYHi?"�(��1K7� $-��*]fg$-�1��t]���1" #��/F �7Y���Y�¥T*,
�h � p����/�����Wk`l=�H������%�#�"�.���>C�&%�#�" %2�C#-��K
Uc" #�������i&" (H�/K7� $-��*O%'$-�1��.'"7.'*+$<�=� 
�>/� �H� 
�.0t]���/"�#��/F � Y��7Yb� �!Pe���H�168�

0 = kDα(w, z) = inf
l1,...,ln−1∈Z

{
kE∗

( |z1|α1 · · · |zn−1|αn−1

|zn|
exp

(
i
n−1∑

j=1

arg(zj)αj

)
,

|z1|α1 · · · |zn−1|αn−1

zn
exp

(
i

n−1∑

j=1

(arg(zj) + 2ljπ)αj

))}
.

J $-$-��FX*+
'nX���'���]������*+
!qHF
�'F *,$Q���-�=��*,
��/.~*+FT%'),*,�1$����'���������C#��
�W#��
l1, . . . , ln−1 ∈ Z

$-��>=�����'���

arg(zn)

2π
+

n−1∑

j=1

ljαj ∈ Z.

t]��*,$Q*,$1��*,
�n��1
��1#=� )g��*+FT%2"�$-$-*+(')+��Y�����$<�&�=��38�
�
zn

*,
0$-��>=�B�TP]�/K~���'���
(arg(zn))/2π

.�"��1$Q
�" �
(2�1),"�
�nG��"G�����

Q
p�),*+
'�/��#Q$-�!('$<%H� >/�;"�U

R
PQ�'*+>R�~*+$�$<%H� 
�
��/.\(7K

1, α1, . . . , αn−1
Y�yQ�/>/� ),)2���'���

R*+$Q*,
!q'
�*+���Cp�.�*,FX�1
�$-*,"�
'� )v� $Q�
Q
p�68�1>C��" #Q$<%H� >/� Y

9�N;:=<�>�?���Y���Y � VGt]���d����%'$-�/��.�"�FX�C�-#�*,>dU`" #
Dα

f`PQ*L���
α ∈ Rn∗

l2P]� $v*,
868�1$<��*,n8�����1.�(7K���YW����>R�'�
*+
�h ����>
� ���8�Wk�Ya}?�:%�#�"�6��/.~���'���

(WκDα)(a;X) =

{√
nκDα(a;X)

*+U
#J(a) ≤ 1

�

0
*,U

#J(a) ≥ 2
� (a,X) ∈ Dα × Cn,

PQ���C#��
J(a) := {j ∈ {1, . . . , n} : aj = 0} � a ∈ Dα

Y

(11) dxe := inf{m ∈ Z : m ≥ x} �
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�� ����!"��#%$'&%��!�(

9�N;:=<�>�?w� Y���Y ©!V^f��7lQ�Q('$-�1#-68�;���'���&*+U
α ∈ Nn � α1, . . . , αn

��#��;#��1)b�W��*+68�1)+K^%�#�*,FX� ��� 
�.
t0 = 1

�
�����1


c∗Dα ≡ tanh k∗Dα ≤ gDα , tanh k∗Dα 6≡ gDα , γDα ≤ κDα , γDα 6≡ κDα .
f`(2l��H" #&�T.�"�F_� *+


G ⊂ Cn .��CqH
��:������Uc"�),)+"�PQ*,
�nT#��/),����*,"�
 R �

aRb : ⇔ kG(a, b) = 0, a, b ∈ G.
��
 h i?"�(����8¥ ��k���rHY]i?"�(��1K7� $-��*
��$<38�/.¢PQ�'�C�����1#\�����E[7��" ��*+�/
8�

G/R ��)+P]�/K!$\�'� $���>/" FT%'),�CI
$<�-#���>C����#�� Y;��#�"�F t]���1" #��/F � Y ��Yb��Pe�G$-�1�����'���:*,U

Dα
*+$:"�Ua*+#-#=�W��*,"�
'� )v��K�%2�
PQ*+���

k = 0
�����'�1


Dα/R ≈ [0, 1)
Y¢t]��*,$_n *+68�1$5�E$-*,FG%H)+�0�CI�� FG%H)+�0" U:�S6��1#-K�#��1n���)b��#5.�"�F_��*,
¡U`" #XPQ��*,>=�¡�����

� 
�$<Pe�C#Q��"T��������(2"�68��[7���/$<��*+"�
�*+$e4��?"�M�Y

�! �I ���/S? 25%'9 	,?E+.D�?�:<%t:;/I?�� ?P)C-�?P+�:�:;/I? %,+<? )
��*L#�$<�a#��1>���),)�������Uc��
'.'� FT�/
8�=� )�|��/FT%2�C#-�������1" #��1F $��1K!*,
�n:���H�W�a*,U��:.�"�F_��*,


G ⊂ Cn *+$�$<�-#�"�
�n�)+K
)+*,
����W#�)+K�>/" 
76��1I2� ���'�1


c∗G ≡ k̃∗G
fg>/U Y�h � p������ �����8@B*,$->1�1),)b��
'�/�
Ddk�� #��1>�� )+)����'���d��
7K�$<�-#�"�
�n�)LKG>1"�
!p

68�CIS.'" F_� *,
�*+$�$<�-#�"�
�n�)LKE),*,
��/��#�)+KS>1"�
868�1I'l=Y~�?" ��*+>/�X���'���
*,U]Uc" #G��.�"�FX� *,

G ⊂ Cn Pe�_�'�/68�

c∗G ≡ k̃∗G
�7���'�1
Z��(7KAf<� Yb��Y��8l=�!� )+)2��"�),"�FT" #-%'�'*+>���),)+K5>1"�
8�-#=� >C��*+('),�?U`� FX*+),*,�1$e>/" *,
�>/*+.��?"�


G
Y�@B" #��Cp

"�6��1#/��*+U
G

*+$&�=�����?� 
�.
c∗G ≡ k̃∗G

�H�����/

γG ≡ κG

fg>/U YH�a#�" %2"�$-*L��*,"�
�� Y ��Y ��l�� 
�.Z��>/"�
�$-�/[7���/
8��)LK8�
� )+)O�'" ),"�FX"�#-%H��*+>�� )+)+K\>/" 
7�-#=��>1��*L(H)+��U`� FX*+),*,�1$Q" Uv%'$-�/��.�"�FX�C�-#�*,>1$Q>1"�*+
'>1*,.��;"�


G
Y

�?" �������'���&*,
0�����
>/� $-�
"�U�>1"�
868�CI�.�"�F_��*,
�$
G ⊂ Cn �������
��[7�'� )+*+��K

c∗G ≡ k̃∗G
F_�/K~(2��� ),$-"

%�#�"�68�1.���$-*,
�nXU`��
�>1��*+"�
'� )�� 
'� )+K�$-*,$QFT�1����"�.�$1�'>/U Y�h @A�CKS��� �8¥�k�Y
|v�C�

Ln
(2�0�����B>/),� $-$\" U
� )+)?.�"�F_� *+
'$

G ⊂ Cn
PQ*L���

c∗G ≡ k̃∗G
Y�� �\*,$^>/)+���W#^���'���

Ln*+$^*+
86���#�*,� 
8�\��
�.'�C#5('*,��"�)," FX" #-%'��*,>BF_��%�%'*,
�n�$1Y @A"�#��/"�6��1#/��*,U;��.�"�F_� *+

G ⊂ Cn

F_�/K�(Z�
l'-=XPc.oEp�i`ldq;(7K�.'" F_� *,
�$?Ub#�"�F

Ln
fg*gY � Y

G =
⋃
i∈I Gi

�
Gi ∈ Ln

�
i ∈ I �2� 
�.BU`" #:��
7K�>1"�FT%H� >C�

K b G �����C#����CI!*+$<��$Q� 

i0 ∈ I

PQ*L���
K ⊂ Gi0

l=�!�����/

G ∈ Ln

Y
��
�.'�1�1.O��Pe�;"�
�)+K\
��1�/.\��"T%�#�"�68�:���H�W�

dG = inf{dGi : i ∈ I}, d ∈ {c∗, k̃∗}.
�E#�*+���

G =
⋃∞
k=1G

′
k

�'PQ���1#��
G′k b G

*+$?�_.�"�FX� *,
�PQ*+���
G′k ⊂ G′k+1

�
k ∈ N Y��H"�# k ∈ N )+�1�

i(k) ∈ I (2�
$-��>=�����H�W�
G′k ⊂ Gi(k)

Y]t]�'�1

dG′k ↘ dG

fg>1U�Yvh � p������ �����H�a#�" %2"�$-*+��*+"�
�$:��Y ��Yb�8f��8l=�
��Y ��Y��!f��7l kgl=Y�}?�/
�>1�

dG ≤ inf{dGi : i ∈ I} ≤ inf{dGi(k)
: k ∈ N} ≤ inf{dG′k : k ∈ N} = dG.

�'" #X�CI�� FG%H)+���a*,U
G =

⋃∞
k=1Gk

PQ*L���
Gk ⊂ Gk+1

�
Gk ∈ Ln

�
k ∈ N �������1
 G ∈ Ln

YE��

%H��#-��*+>/��)b�W#/����
7K^>/"�
868�CI\.�"�F_��*,
~(2�1),"�
�n�$]��"

Ln
Y

�H"�#&FX" #��:���'� 
B� ��K8���W#�$�������Uc"�),)+"�PQ*,
�nX>/" 
 xN�/>C���!#��:P]� $�" %2�/
ZY

� h e$kdZ.oEh'qWldqx_,puluoyqWZ;bjZ.h �=l'-$qWZ.]Yc.a3h G ∈ Ln
] c.e kdl�l'-=XPc.oEp�i`ldqYkue$qWZ.]Yc.a3hyp kua(XPZ=[\Z.] Z.^ +_,XWa6b�i`Z
bdZ.h �=l'-
qWZ.] c.a3h p

(12)
Y

�H"�#&*,
�$<�=� 
�>1���'*L�Q*,$Q��
!3!
�"�PQ
~PQ���C�����1#]������$<�-#�"�
�n�)LK~)+*,
��/��#�)+K\>1"�
868�CI\.�"�F_� *+


G = {z ∈ Cn : ‖z‖2 + (Re(z2
1))2 < 1}

(12) �Z��"H~�
 �;~A��
\���5��
W~'
H~b��
H~A%��C�T��%���XW~�X ��"H~�%�X��C����� �.~�W X�����������" G ∈ Ln V_
���� 
/�����������	�E~
~'WC
\��%�"�� ~�Xb�G�A����� �.~�W0X�����������"d|W~�� �W� G = C∗ z c∗C∗ ≡ k̃∗C∗ ≡ 0 {}�



� � � ��@#
W~ ����� �;~�
�"H~����B��
W~ �,~'�!�E~�
I�7��
W~���
H~�� � M

F_�1K�(2�^�1I��H���'$<���1.�(7K�.�"�FX� *,
�$G('*+�'" ),"�FX"�#-%H��*+>^��"A>1"�
868�CI�.'" F_� *,
�$1���16��/
�FX" #�� �a*L�T*+$G
'"��
3!
�"�PQ
\PQ�'�C�����1#

G
*+$�('*,��"�)+"�FX" #-%'��*,>;��"_�T>1"�
868�CI\.�"�F_� *+
�fg>1U�YOh � p����/�������'�aI���FT%'),��D&Y��Wk`l=Y

t]����q'#�$<�;>1"���
8���1#��CI�� FT%')+��P]� $?#��/>1�/
8��)LK0>/" 
'$<�-#���>C���/.B*,
S�^$-�C#�*,�1$:"�U�%��W%Z�C#�$?(7KA��Y J n ),�C#/�
D&Y�D�"�$<�=��#=�!�e� 
�.¡��Ya��Y��d"���
�n¡h J n�)Lp��d"��0� ���!�Ck��?h J n�)Lp��d"��0� � � © k��?h�D�" $?� ����©8��k��?h�D�" $?� �����Wk��
h D�"�$?� � � © (�k��!� )+$-"\h }:� FTpNr7�/n_� ���8�Wk��7PQ�'�1
_�����1KX*,
868�1$<��*,n������/._�����

2× 2
p�$<%Z�1>C�-#=� )��?�C6���
')+*,
�
'�W¨

�d*+>=35%'#�"�(H)+�/F\Yd|��1�

π : C2 → C2, π(λ1, λ2) := (λ1 + λ2, λ1λ2),

G2 := π(E2) = {(λ1 + λ2, λ1λ2) : λ1, λ2 ∈ E}, σ2 := π((∂E)2) ⊂ ∂G2,

∆2 := {(λ, λ) : λ ∈ E}, Σ2 := π(∆2) = {(2λ, λ2) : λ ∈ E},

ha(λ) :=
λ− a
1− aλ, a ∈ E, λ ∈ C \ {1/a},

Fa(s, p) :=
2ap− s
2− as , a ∈ E, (s, p) ∈ (C \ {2/a})× C.

�?" ���_���H�W�
π

*,$G%�#�" %2�C#/�
π|E2 : E2 → G2

*+$G%�#�" %2�C#/�d� 
�.
π|E2\∆2

: E2 \ ∆2 → G2 \ Σ2*+$T�B��"�)+"�FX" #-%'��*,>^>1"�68�C#�*,
�n�YSt]���^.�"�FX� *,

G2

*+$G>�� )+),�1.������Apde=]�] lui"^�a � ldqtk�aBq.a3pubCY��&
��^>/� 

%�#�"�68�^fg>/U YH|v�1FXF_��� Y ©!Y��8le���'��� |s| < 2

� 
�. |Fa| < 1
"�

G2

��
'.����'���Gfgy&�1F_��#-3E� Y ©!Y��8l
G2

*+$
�8K�%2�C#�>/"�
868�CI2Y
��� NyUe>SN :�� Y ©�Yb�~f 13 luV ��l�XPc �=l
c∗G2

((s1, p1), (s2, p2)) = k̃∗G2
((s1, p1), (s2, p2))

= max{mE(Fz(s1, p1), Fz(s2, p2)) : z ∈ E}
= max{mE(Fz(s1, p1), Fz(s2, p2)) : z ∈ ∂E}, (s1, p1), (s2, p2) ∈ G2.mtZ.^jldZ �=l�^��

G2
bdc.hyh,Z=i kdl�l'-=XPc.oEp�i`ldq$kue
qWZ.]Yc.a3hyp�k�a3XPZ=[\Z.] Z.^`_,XWa6b�i`Z
bdZ.h �=l'-
qWZ.] c.a3h p �

t]���;%�#�"�"�U�PQ*,)+)O(2�;n�*+6��/
�� Ub���1#&� �!I!*+),*,��#-K\),�1FXF_��$1Y
� N;:5: < � Y ©!Y��Af<h J n )+p��d" �B����� © k`luV 
IZ.^

(s, p) ∈ C2 �0i"XPl�,uZ=[([\Z�� a3hT*gbdZ.h'q.a3i"aBZ.hyp�c.^dl�l �uoEa��=c=[\l�h!iR�
fg*`l

(s, p) ∈ G2
�

fg*+*`l |s− sp|+ |p|2 < 1
�

fg*,*+*`l |s| < 2
� |s− sp|+ |p|2 < 1

�
fg*+6�l ∣∣∣∣

2zp− s
2− zs

∣∣∣∣ < 1
�
z ∈ E f a��(l�� |Fz(s, p)| < 1

�
z ∈ E l=�

f`6�l ∣∣∣∣
2p− zs
2− zs

∣∣∣∣ < 1
�
z ∈ E �

f`6!*`l
2|s− sp|+ |s2 − 4p|+ |s|2 < 4

�
�jh _yc.^ui"aBb�o [\c.^��

Fa ∈ O(G2, E)
f
a ∈ E l �

r ^jZ<Z , �a�Q('$-�1#-6������'���
(s, p) ∈ G2

*+V^(Z"����T#�"�" ��$�"�U������]%2"�)+K!
�"�FT*b� )
f(z) = z2−sz+p

(2�/)+"�
�n
��"
E
Ydo�K^�����GD�"���
�>1#�*L���1#�*+"�
�fg>/U Y�h y?����pNr7>=�A�����8�Wk`l=�

f−1(0) ⊂ E *LV |p| < 1
� 
�.~�����;#�"�"��Q"�U

�����:%Z" )+K!
�"�FX*,� )

(13) �C�P~��'�+������
\�����G" ��
H~BX�%W~B��� ^ �c^[��"�� ��
��A����X � � F ��� ��%��W�0� ��
�" ~���X����W�0%�"���
W~���
���
H~���
����G��"�|
V7����
���%Q�7V_
�����
A��
���"7"H~��'�������0V[��%���X0�W~��;~�
7
\���;~ �E~d~��bV7
������ ~��y�



� � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

g(z) :=
1

z
(f(z)− pz2f(1/z)) = (1− |p|2)z − (s− ps)

(2�1),"�
�n�$]��"
E
Yat]����$
fg*`l ⇔ fg*,*`l=Y

t]�����/[7��*+6 � ),�1
�>/�Xfg*+6Hl ⇔ f`6HldU`" ),),"/PQ$QUc#�" F������;F_��I!*+F���F�%�#�*,
�>1*+%'),� �

max

{∣∣∣∣
2zp− s
2− zs

∣∣∣∣ : z ∈ E
}

= max

{∣∣∣∣
2zp− s
2− zs

∣∣∣∣ : z ∈ ∂E
}

= max

{∣∣∣∣
2p− zs
2− zs

∣∣∣∣ : z ∈ ∂E
}

= max

{∣∣∣∣
2p− zs
2− zs

∣∣∣∣ : z ∈ E
}
.

�Q('$-�1#-68�;���'���
fg*+6'ldPQ*+���
z = 0

n�*+68�1$ |s| < 2
� 
�.Z�'FX" #��1"�68�C#/�

max

{∣∣∣∣
2p− zs
2− zs

∣∣∣∣
2

: z ∈ ∂E
}

= max

{
4|p|2 + |s|2 − 4 Re(zps)

4 + |s|2 − 4 Re(zs)
: z ∈ ∂E

}
.

t]�7��$�fg*+6Hl ⇒ fg*,*,*cl ⇒ fg*+*`l ⇒ fg*+6Hl=Y
�&('$-�C#-68�Q���'���dU`"�# |s| < 2

�����QFX��%�%H*+
�n
E 3 z 7→ Fz(s, p)

F_��%'$
E

" 
7��"
B(a, r) ⊂ C PQ*L���

a := 2(sp− s)/(4− |s|2)
�
r := (|s2 − 4p|)/(4− |s|2)

Ya�����'�/6��
B(a, r) ⊂ E

*+V |a|+ r < 1
Y

t]�7��$�f`6!*`l ⇔ fg*+6Hl=Y
� N;:5: < � Y ©!Y��Af<h J n )+p��d" �B����� © k`luV 
IZ.^

(s, p) ∈ C2 �0i"XPl�,uZ=[([\Z�� a3hT*gbdZ.h'q.a3i"aBZ.hyp�c.^dl�l �uoEa��=c=[\l�h!iR�
fg*`l

(s, p) ∈ G2
�

fg*+*`l |s| ≤ 2
� |s− sp|+ |p|2 ≤ 1

�
fg*,*+*`l ∣∣∣∣

2zp− s
2− zs

∣∣∣∣ ≤ 1
�
z ∈ E (14)

�

fg*+6�l ∣∣∣∣
2p− zs
2− zs

∣∣∣∣ ≤ 1
�
z ∈ E (15)

�

�?" ��*,>1�����'���O���'��>/" 
'.�*L��*,"�
 |s−sp|+|p|2 ≤ 1
.�"��1$�
�" �v*,FG%H)LK:���H�W�

(s, p) ∈ G2
fg� Y n�Y

(s, p) =

(5/2, 1)
l=Y

r ^jZ<Z , � �?$-*,
�n�|v�1FXF_�5��Y ©�Y �;Pe�?$-�1�&���'���:fg*`l ⇒ fg*+*`l=Y�@B" #��1"�68�C#/�Ofg*+*`l ⇔ fg*,*+*`l ⇔ fg*L6Hl=Y�� ��#��1F_� *+
�$���"
" ('$-�C#-68�����'���Q*,U]fg*,*cle*+$&$��W��*,$<q'�/.0� 
�.

s 6= ps
�'�����1


(ts, p) ∈ G2
�
0 < t < 1

Yd��U�fg*+*`l�*,$Q$�����*,$<q'�1.
� 
�.

s = ps
�����'�1


(ts, t2p) ∈ G2
�
0 < t < 1

Y
� Ue>,U � ��<�>���� Y ©�Y ©!V 
IZ.^

(s, p) ∈ C2 ��i"XPl_,�Z=[([\Z�� a3hT*gbdZ.h,q.a"i"aBZ.h p�c.^jl�l���oPa��=c=[\luhyiR�
fg*cl

(s, p) ∈ σ2
�

fg*,*cl
s = sp

� |p| = 1
� c.h'q |s| ≤ 2

�
�jh _yc.^ui"aBb�o [\c.^�� |Fa| = 1

Z.h
σ2

,uZ.^
a ∈ ∂E (16)

�
9�N;:=<�>�? � Y ©!Y�� V�|��1�

%(s, p) := max{max{|λ1|, |λ2|} : (λ1, λ2) ∈ π−1(s, p)}, (s, p) ∈ C2.

(14) ���������d~A��
\�h�B��� (s, p) ∈ G2 ����X |s| = 2 |e��
W~�� (s, p) = (2η, η2) �&��
B"���� ~ η ∈ ∂E ����Xy|
������"H~��C%W~��������y| (2zp− s)/(2− zs) = −η |�V_
���� 
 ���	����� ~'"7��
\�h�_��
W~ �&%����'������� z 7→ (2zp− s)/(2− zs)

\��"7��� ~�"�" ~������+��� "����W��%��+��
������ ~�"��

(15) ��"#���]� �;~<|C���������d~_��
\�h�[��� (s, p) = (2η, η2) �&��
U"�����~ η ∈ ∂E |G��
W~�� (2p− zs)/(2− zs) = η2

����Xy|�������" ~��G%W~��G����� |���
W~ �&%����'������� z 7→ (2p− zs)/(2− zs) 
\��"_��� ~�"�"H~��G���+��� "����W��%��+��
������ ~�"d�
(16) ���������d~���
\�h�7� ��
 (s, p) ∈ σ2 | |s| < 2 |QV ~�
\���;~ Fa(s, p) = ap(2− as)/(2− as) �



� � � ��@#
W~ ����� �;~�
�"H~����B��
W~ �,~'�!�E~�
I�7��
W~���
H~�� �Q�

t]���1

%
*+$&�T>1"�
8��*,
7��"���$�%H)+�!#�*,$-�!('�H�W#�FX"�
�*,>
U`��
�>C��*,"�
~$-��>R�\���H�W�

%(λs, λ2p) = |λ|%(s, p), (s, p) ∈ C2, λ ∈ C,
� 
�.

G2 = {(s, p) ∈ C2 : %(s, p) < 1}, G2 = {(s, p) ∈ C2 : %(s, p) ≤ 1}.
��
~%H��#-��*+>/��),��#/�

G2
*,$��7K7%Z�C#�>1"�
868�1I�Y

t]����F_�WI!*,F���F�%�#�*,
�>1*+%'),��Uc" #�%'),�!#�*,$-�!('�'��#�FX"�
�*+>�Uc��
'>C��*," 
'$�n *+68�1$������;U`"�)+),"�PQ*+
'nT#��1$-�')L�/Y
� N;:5: < � Y ©!Y � V 1 lui ϕ :E → C2 kjl
c bjZ.h!i"a3hyoyZ.oEp�]Ycd_W_,a3hT*H� XPZ=[\Z.] Z.^`_,XWa6bYa(h

E
� pdoybuX i"XPc=i

ϕ(∂E) ⊂ G2
� �IXPluh

ϕ(E) ⊂ G2
� �D,

ϕ(E) ∩G2 6= ∅
� i"XPl�h

ϕ(E) ⊂ G2
��� ,

ϕ(E) ∩G2 = ∅ �i"XPl�h
ϕ(E) ⊂ ∂G2

�
9�N;:=<�>�?E� Y ©�YL¥PV
��U

f ∈ O(E2)
*+$v$<K!FTFX�1�-#�*+>��W�����/
;������#��1)b����*+"�


F (π(λ1, λ2)) = f(λ1, λ2)
.��Cp

q'
��/$��QU`��
�>1��*+"�

F ∈ O(G2)

Yu��

%H��#-��*+>/��)b�W#/� *,U
h ∈ O(E,E)

�W�����1
����'�d#��1)b�W��*,"�

Hh(π(λ1, λ2))

= π(h(λ1), h(λ2))
.��1q'
��1$&�T��"�)+"�FX" #-%'��*,>�F_�W%'%'*+
'n

Hh : G2 → G2
PQ*+���

Hh(Σ2) ⊂ Σ2
Y

�&('$-�C#-68�G���'���;*+U
h ∈ Aut(E)

�2�����/

Hh ∈ Aut(G2)

�
H−1
h = Hh−1

�
Hh(Σ2) = Σ2

��� 
�.
Hh(σ2) = σ2

Y���
B%H��#-��*,>1��)b��#/�O*+U
h(λ) := τλ

U`"�#�$-" FX�
τ ∈ ∂E �Z���'�1
BPe�Xn �1�?���'��4 #�" �=����*+"�
�M

Rτ (s, p) := Hh(s, p) = (τs, τ 2p)
Y

9�N;:=<�>�? � Y ©!Y�j V��'" #?��
7K5%Z" *,
8�
(s0, p0) = (2a, a2) ∈ Σ2

Pe�;n��C�
Hha(s0, p0) = (0, 0)

Y
� N;:5: < � Y ©!Y�� V

σ2
a(p i"XPl��!XWa3[ Z �Xfjc.h'q06 l�^8*=] c.hOl�kjZ.oPh'qWc.^�e$Z ,

G2
�

r ^jZ<Z , ��� �v*,$�>/)+���W#����'���������aFX"�.���),��$v"�U!� 
8K�Uc��
'>C��*," 

f ∈ C(G2)∩O(G2)

���-�=� *+
'$�*+��$�F_��I�*,F���F
"�


σ2
Y]���
�H�168����"_%�#�"�68�
���'���

σ2
*+$?FT*,
�*,F_��)�YQ��*L#�$<�:" ('$-�C#-68�
���'���&������U`��
�>1��*+"�


f0(s, p) :=

s + 2
*,$��5%2����3BUc��
'>C��*," 
E���

(2, 1) ∈ σ2
YGtu��38�X� 
8KB" �����1#:%2"�*,
8�

(s0, p0) = π(λ0
1, λ

0
2) ∈ σ2

Y
t]���5>/� $-�

λ0
1 = λ0

2

#��/.���>1�/$\f`6�*b�0�~#�" �=����*+"�

Rτ

l?��"������_%�#��C6!*,"���$�" 
'� Y0t]�7��$G� $-$-��FX�5���'���
λ0

1 6= λ0
2

Y����
��#��;n�"�*+
�nX��"Tq'
�.0�Toe)b� $->=�!38�;%�#�"�.��'>C�
B

"�Uu" #�.��C#
2
$-�'>=�~���'���

{λ ∈ ∂E : B(λ) = 1} = {λ0
1, λ

0
2}.

r7�!%�%Z" $-�^U`" #G�0FX"�FT�/
8�����H�W�G$-��>R���
B

*+$G� )+#��/� .!K�>1"�
�$<�-#���>1���1.ZYBt]���/

f0 ◦ HB

*,$G��%2�/��3
Uc�'
�>C��*,"�
~Uc" #

(s0, p0)
Y

�������!#�
0��"_���'��>1"�
�$<�-#��'>C��*," 
A" U
B
Y �?$-*,
�n\�_#�" �=����*+"�
0Pe��F_�/K�#��1.���>/�
������%�#�"�"�U���"_���'�

>/� $-�
λ0

2 = λ0
1

Yat]���1
Z�7�'$-*+
�n;���'��U`� >C�����H�W�a������FX��%�%H*+
�n
(−1, 1) 3 a 7→ 2a/(1 + a2) ∈ (−1, 1)*+$](H* x<�1>1��*L68� ��Pe�;$-�1�;���'���]�����1#��;�CI!*,$<��$�� 


a ∈ (−1, 1)
$-��>R�\���H�W�

ha(λ0
1) = −ha(λ0

1)
Y���*,
'� )+)+K��

Pe�:�=��38�
B := τh2

a

PQ*+���
τ ∈ ∂E $-��>R�~���'���

τh2
a(λ

0
1) = 1

Y
� N;:5: < ��Y ©�Y,�/�yV �IXPl qWZ.] c.a(h

G2
bdc.hyh'Z=i�kdl l'-=XPc.oEp�i`ldq�k�e�qWZ.]Yc.a3hyp k�a3XPZ=[\Z.] Z.^`_,XWa6b i`Z�bdZ.h �=l�-

qWZ.]Yc.a3hyp �
r ^jZ<Z , �vt]�'*+$v*,$u�Qn��1
'�C#=� )+*,z/����*,"�
�"�U!�����a%�#�"�"�U!"�UZh�D�"�$&� � � ©8��k7.'���d��" J YW�a.'*+n8��#�*,� 
5h �d.�*v� ���8����k�Y
��*L#�$<�d" ('$-�1#-68�]���'���

G2
*+$a
�" �a>/"�
868�CI2�uUc" #d�CI�� FT%')+���

(2, 1), (2i,−1) ∈ G2
��('�!�

(1+ i, 0) 6∈ G2
Y

D�"�
�$-�/[7���/
8��)LK8�
G2

*,$Q� )+$-"_
�" �Q>/"�
868�CI2Y
r7��%�%2"�$-�~���'���

G2 =
⋃
i∈I Gi

��PQ���C#�������>R��.'" F_� *,

Gi

*+$X(H*+��"�),"�FT" #-%'�'*+>���"��S>1"�
868�1I
.�"�F_��*,
 � 
�.�U`" #T� 
8K�>1"�FT%H� >C�

K b G2
�����C#��^�CI!*,$<��$G� 


i0 ∈ I
PQ*+���

K ⊂ Gi0
YA�H" #X��
7K

0 < ε < 1
�=��38�G� 


i = i(ε) ∈ I $-��>=�A���'��� {(s, p) ∈ C2 : %(s, p) ≤ 1 − ε} ⊂ Gi(ε)
��
'.A),�C�

fε = (gε, hε) : Gi(ε) → Dε
(2���X('*,��"�)+"�FX" #-%'��*,>�F_��%�%'*,
�n5"�
8��"^�_>1"�
868�CI0.�"�FX� *,


Dε ⊂ CnPQ*L���
fε(0, 0) = (0, 0)

� 
�.
f ′ε(0, 0) = I2

Y



� � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

tu��3��
��#-('*L�-#=��#-K^��Pe"T%Z" *,
8��$
(s1, p1), (s2, p2) ∈ C2 ��
'.\%H�!�

C := max{%(s1, p1), %(s2, p2)}.
�&�!#:� *,F *,$Q��"X%�#�"�6��
���'���

%(t(s1, p1) + (1− t)(s2, p2)) ≤ C
�
t ∈ [0, 1]

�'PQ�'*+>R�0*+
�%H��#-��*,>1��)b��#
$-��"�PQ$����'���

G2
*,$�>1"�
868�1I����G>/"�
8�-#=� .�*+>1��*+"�
ZY

�&('$-�C#-68�:���'���]U`"�# |λ| < (1− ε)/C Pe�:�'�/68�
%(λsj , λ

2pj) = |λ|%(sj , pj) < 1− ε � j = 1, 2
Y

D�"�
�$-�/[7���/
8��)LK8�'U`"�#&� 
8K
t ∈ [0, 1]

��������F_�W%'%'*+
'n
ϕε,t : B((1− ε)/C)→ G2

�

ϕε,t(λ) = (ψε,t(λ), χε,t(λ)) := f−1
ε (tfε(λs1, λ

2p1) + (1− t)fε(λs2, λ
2p2)),

*+$�Pe�1),)O.��1q'
��/.ZY����;�H�168�
ϕε,t(0) = (0, 0)

� 
�.

ψ′ε,t(0) = ts1 + (1− t)s2, χ′ε,t(0) = 0
� 
�.

1

2
χ′′ε,t(0) = tp1 + (1− t)p2 + µεt(1− t)(s1 − s2)2,

PQ���C#��
µε :=

1

2

∂2hε
∂s2

(0, 0).

9:�CqH
��
Φε,t : B((1− ε)/C)→ C2 (7K

Φε,t(λ) :=

{
(λ−1ψε,t(λ), λ−2χε,t(λ)), λ 6= 0

�

(ts1 + (1− t)s2, tp1 + (1− t)p2 + µεt(1− t)(s1 − s2)2), λ = 0
Y

t]���1

Φε,t

*+$Q��"�)," FX" #-%'��*,>
� 
�.Z��(�K^������FX��I!*,F
�'F�%�#�*+
'>1*+%')+����Pe�;n��1�

%(Φε,t(0)) ≤ lim sup
s→(1−ε)/C

max
|λ|=s

%(Φε,t(λ)) = lim sup
s→(1−ε)/C

1

s
max
|λ|=s

%(ϕε,t(λ)) ≤ C

1− ε ,
���'���Q*+$1�

%(ts1 + (1− t)s2, tp1 + (1− t)p2 + µεt(1− t)(s1 − s2)2) ≤ C

1− ε .���;"�
�)+K\
��1�/.~��"G%�#�"�68�;���'���
µε → 0

Y
tu��3�*,
�n

t = 1/2
Pe��n��C�

%

(
1

2
(s1 + s2),

1

2
(p1 + p2) +

1

4
µε(s1 − s2)2

)
≤ C

1− ε .
�'" #

α ∈ ∂E
�u�=��38�

(s1, p1) := π(α,−1) = (α − 1,−α)
�

(s2, p2) := π(α, 1) = (α + 1, α)
Y

t]���1

C = 1

� 
�.

%(α, µε) ≤
1

1− ε .
}?�1
�>/�

((1− ε)α, (1− ε)2µε) ∈ G2
� 
�.�$-"���(7K\|v�1FXF_�~� Y ©�Y����

|(1− ε)α− (1− ε)2µε(1− ε)α|+ (1− ε)4|µε|2 ≤ 1, α ∈ ∂E.
� �QUc"�),)+"�PQ$����'���

(1− ε) + (1− ε)3|µε|+ (1− ε)4|µε|2 ≤ 1
� 
�.Z��q'
H��),)+K�� |µε| ≤ ε/((1− ε)3)→ 0

Y
� N;:5: < � Y ©!Yb���~f<h D�"�$?� � �8�Wk��Oh�D�"�$&� ��� ©�('k`luV 1 l�i ϕ : E → G2

kdl�cY]Ycd_W_,a3hT*
Z , i"XPl_,�Z.^�]
f<� Y ©�Y ��l

ϕ = (S, P ) =

(
S̃

P0
,
P̃

P0

)
,



� � � ��@#
W~ ����� �;~�
�"H~����B��
W~ �,~'�!�E~�
I�7��
W~���
H~�� � �

� XPl�^dl
P0

�
P̃
�
S̃
c.^jl$_yZ=[fe=h'Z.]�aBc=[fptZ ,*qWlI*.^dljl ≤ 2

� a"i"X
P−1

0 (0) ∩ E = ∅ � � pdpdoE] lti"XPc=i
ϕ(∂E) ⊂ σ2

c.h'q
ϕ(ξ) = (2η, η2)

,�Z.^�p�Z.]Yl
ξ, η ∈ ∂E � �IXPluh

h := Fη ◦ ϕ ∈ Aut(E)
� �jh

_yc.^ui"aBb�o [\c.^��Ja ,
a′ := ϕ(λ′)

�
a′′ := ϕ(λ′′)

�0i"XPl�h
mE(λ′, λ′′) = mE(h(λ′), h(λ′′)) = mE(Fη(a′), Fη(a′′))

≤ max{mE(Fz(a
′), Fz(a

′′)) : z ∈ ∂E}
≤ max{mE(Fz(a

′), Fz(a
′′)) : z ∈ E} ≤ c∗G2

(a′, a′′)

≤ k̃∗G2
(a′, a′′) = k̃∗G2

(ϕ(λ′), ϕ(λ′′)) ≤ mE(λ′, λ′′).
w�Z.hyp�l���o!l�h!i6[fe��Ji"XPl7,�Z.^�]�o [\c.pU,d^jZ.] �JXPljZ.^dl�] ��Y ©�Y,��XPZ=[ q ,uZ.^�c=[([

(s1, p1), (s2, p2) ∈ ϕ(E)
�Jc.h'q

ϕ
a(p�c
bdZ.] _'[\l�-0* ldZ<qWl�pdaBb��

r ^jZ<Z , ���d�!�

h := Fη ◦ ϕ =
2ηP − S
2− ηS =

2ηP̃ − S̃
2P0 − ηS̃

.

��*L#�$<��" ('$-�C#-68�G���'���
h(E) ⊂ E

��
'.
h(∂E) ⊂ ∂E

Y
� �;*,$:>/)+���W#;���'���
h
*,$;�5#=����*,"�
'� )uU`��
�>1��*+"�


"�U�.��1n #��1� ≤ 2
Y_�?"���*,>1�T���'���

2ηP (η) − S(η) = 0 = 2P (η) − ηS(η)
Y5D�"�
�$-��[7���1
8��)+K��

h
*,$
�

#=����*+"�
'� )�Uc�'
�>C��*,"�
A"�Ud.��1n #��1� ≤ 1
� 
�.O�Z�����C#��/Uc" #�� �

h
F���$<�;(2�X��
E� �!��"�FT" #-%'�'*+$-F "�U����'�G��
'*L�

.�*,$-> Y
� N;:5: <�� Y ©�Yb���PV � ,

ϕ
p�c=i"a3p �vlup i"XPlxc.pdpdoE]x_'i"a6Z.hypFZ , 1 lu]�] c�� Y ©!Yb��� �'i"XPluhB,uZ.^xc.hye

g ∈ Aut(E)
�

i"XPl�] cd_W_,a3h\*
ψ := Hg ◦ ϕ

p�c=i"a3p�� lup i"XPl�p�c.]Yl�c.pdpdoE]x_'i"a6Z.hyp �
r ^jZ<Z ,=Y;t]����" 
')LK~%'#�"�(H)+�/F *+$&��"5>=�'�1>�3����'���

ψ
�'� $&�����
U`"�#�F f<��Y ©�Y��8l=YQ|��C�

g = τha
Uc" #?$-"�FX�

τ ∈ ∂E �
a ∈ E Y���*LI��

λ
� 
�.�)+�1�

ϕ(λ) = (S(λ), P (λ)) = π(z1, z2)
Ydt]���/


ψ(λ) = π(g(z1), g(z2)) = (τ(ha(z1) + ha(z2)), τ2h(z1)h(z2))

=

(
τ

(1 + |a|2)(z1 + z2)− 2az1z2 − 2a

1− a(z1 + z2) + a2z1z2
, τ2 z1z2 − a(z1 + z2) + a2

1− a(z1 + z2) + a2z1z2

)
.

D�"�
�$-�/[7���/
8��)LK8�

ψ =

(
τ

(1 + |a|2)S − 2aP − 2a

1− aS + a2P
, τ2 P − aS + a2

1− aS + a2P

)

=

(
τ

(1 + |a|2)S̃ − 2aP̃ − 2aP0

P0 − aS̃ + a2P̃
, τ2 P̃ − aS̃ + a2P0

P0 − aS̃ + a2P̃

)
.

r ^jZ<Z , Z , �IXPldZ.^jlu]������ ���������;� )L#�����.�K_3�
'"/P�fg|v�1FXF_�^��Y ©�Y,�/�7l����'���
G2

>/� 
�
'"��](2�?�1I!�'� ��$<���1.
(7K\.'" F_� *,
�$](H*+��"�),"�FT" #-%'�'*+>���"X>1"�
868�CI\.�"�F_� *+
�$1Y
� TLN 	 � Y;��*+#�$<��>1"�
�$-*,.��1#������T>/� $-�

s1 = s2 = 0
Y5D�"�
�$-*,.��1#������T�1F
(2�/.�.�*,
�n

E 3 λ ϕ7→ (0, λ)

∈ G2
� 
�.~�����;%�#�"�x<�1>1��*+"�


G2 3 (s, p)
F7→ p ∈ E Yat]���/


mE(p1, p2) = max{mE(zp1, zp2) : z ∈ ∂E} = max{mE(zp1, zp2) : z ∈ E}
= mE(F (0, p1), F (0, p2)) ≤ c∗G2

((0, p1), (0, p2))

≤ k̃∗G2
((0, p1), (0, p2)) = k̃∗G2

(ϕ(p1), ϕ(p2)) ≤ mE(p1, p2),
PQ��*,>=��>1"�FT%'),�C���1$]���'�:%�#�"�"�U Y



��� ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

� TLN 	���Y J $-$-�'FT�;���H�W�
s1 = 0

�
s2 6= 0

Ya|��C�
t0 ∈ (0, 1)

(2�;.'�Cq'
��/.~(7K^������Uc" #�F���)b�

t0 := max

{
mE

(
p1,

2p2 − zs2

2− zs2

)
: z ∈ E

}
= mE

(
p1,

2p2 − ξs2

2− ξs2

)
,

PQ���C#��
ξ ∈ E Y&�&�!#:� *+F *,$���"_>/"�
�$<�-#���>C�:�XFX��%�%H*+
�n

ϕ : E → G2
$�����*+$-UcK!*+
'n5� ),)Z���'�
� $-$-��FT%�p

��*+"�
�$Q"�Uv|v�1FXF_�~��Y ©�Y,����$-��>=�~���'���
ϕ(t0) = (0, p2)

�
ϕ(0) = (s2, p2)

Y
��*+#�$<�/��Pe�;%�#�"�68�:���'���

mE

(
p1,

2p2 − zs2

2− zs2

)
< t0, z ∈ E,

� 
�.�$-"
ξ ∈ ∂E

Y ��
'.��1�/.Z�&),�C�
L : C → C

�
L(z) := p1z − z

Y t]�'�1

L

*,$���

R
p�),*,
��/��#

*+$-"�FX" #-%'��*,$-F~Yd��
~%H��#-��*+>/��),��#/�'*+U
D := L(E)

�!�����/

∂D = L(∂E)

Y��Q('$-�1#-68�;���'���

t0 = max{|Φ(L(z))| : z ∈ E} = max{|Φ(w)| : w ∈ D},
PQ���C#��

Φ(w) :=
2(p2 − p1) + s2w

2(1− p1p2) + s2w
.

�?" ���d���'���
Φ 6≡ const

Y��?"�P���������#��/[7��*+#��1.
#��/$-��)+��Uc"�),)+"�PQ$u��� $-*+)+K
Uc#�"�F ������F_��I�*,F���F�%�#�*+
'>1*+%')+��Y
��
~%H��#-��*+>/��),��#/�

mE(p1, p2) < t0
Y

�?$-*,
�nT���'��� �!��"�FX"�#-%H��*+$-F
Rξ

��Pe��F_�1K\#��1.��'>1�:���'�:%�#�" ('),�1F���"G���'�;>/� $-�
ξ = 1

Y
� TLN 	���Y;�d�!�

a0 := F1(s2, p2) =
2p2 − s2

2− s2
∈ E

� 
�.£)+�1�
h ∈ Aut(E)

(2��$-�'>=�¡���'���
h(t0) = p1

�
h(0) = a0

Y�|��1�
τ ∈ ∂E

(2��$-�'>=�¡���'���
h(τ) = 1

Y
t]���1#��G�CI!*,$<��$:�^oe)b� $->=�!38�G%�#�"�.���>1�

P
"�Ua" #�.��1#

2
$-�'>=�B���H�W�

P (t0) = p1
�
P (0) = p2

�O� 
�.
P (τ) = 1

Y
��
�.��1�/.Z�Zq�#�$<�;" ('$-�1#-68�����'���;*L��$-���_>1�1$:��"^q'
'.S�^o]),� $->R�!38�G%�#�"�.���>1�
Q

"�Ud"�#�.'�C#
2PQ*L���

Q(t0) = hp2
(p1) =: p′1

�
Q(0) = 0

�Z� 
�.
Q(τ) = hp2

(1) =: τ ′ ∈ ∂E fg�'�/6�*,
�n^$-��>R�A�
QPe�:%'���

P := h−p2
◦Q l=Y

���;�'�/6��
Q(λ) = λg(λ)

��PQ���C#��
g ∈ Aut(E)

*,$]$-��>=�\���'���
g(t0) = p′1/t0 =: a ∈ E f`#��1>���),)

���'���
t0 > mE(p1, p2) = |p′1|

le� 
�.
g(τ) = τ ′/τ =: τ ′′ ∈ ∂E Ya9:�CqH
��

g := h−a ◦ (ζ · ht0),
PQ���C#��

ζ := ha(τ ′′)ht0(τ)
Ydt]�'�1


g(t0) = h−a(0) = a
� 
�.

g(τ) = h−a(ζ · ht0(τ)) = τ ′′
Y

� TLN 	\©�Y;9;�Cq'
��

S := 2
P − h
1− h , ϕ := (S, P ).

��*L#�$<��" ('$-�C#-68�?���'���
ϕ

�'� $e�����?U`"�#�F f<� Y ©�Y��8l=Y���
�.��/�1.Z��)+�1�
P = P̃ /P0

Yat]���?"�
�)+K_%�#�" ('),�1F *+$e��"
$-��"�Pw���H�W�

S = S̃/P0
PQ*L���

S̃
(2�1*,
�n_�G%2"�)LK!
�"�FX*b��)�" Uu.��/n�#��/� ≤ 2

Ya|��1�
h = h̃/h0

Ydt]���1


S = 2
P̃ h0 − h̃P0

P0(h0 − h̃)
.

r7*,
�>1�
h(τ) = P (τ) = 1

�!���'�:%2"�)+K�
'" FX*b� )
P̃h0 − h̃P0

*,$Q.�*L6!*,$-*L(H)+�;(7K
h̃− h0

Y



� � � ��@#
W~ ����� �;~�
�"H~����B��
W~ �,~'�!�E~�
I�7��
W~���
H~�� ��O

�&('$-�C#-68�;���'���/�

• ϕ(t0) = (S(t0), P (t0)) =

(
2
P (t0)− h(t0)

1− h(t0)
, p1

)
= (0, p1) = (s1, p1);

• ϕ(0) = (S(0), P (0)) =

(
2
p2 − a0

1− a0
, p2

)
=

(
2
p2 − (2p2 − s2)/(2− s2)

1− (2p2 − s2)/(2− s2)
, p2

)

= (s2, p2);

• F1 ◦ ϕ =
2P − S
2− S =

2P − 2(P − h)/(1− h)

2− 2(P − h)/(1− h)
= h;

• " 
 ∂E Pe�;n��1�

SP = 2
P − h
1− h

P = 2
1− P/h
1− 1/h

= S.

�����'�/68�

h =
2P − S
2− S =

2P̃ − S̃
2P0 − S̃

.

�?" ���&���'���
deg(2P̃ − S̃) = 2

" #
deg(2P0 − S̃) = 2

Ydt]�7��$]�����&%Z" )+K!
�"�FX*,� ),$
2P̃ − S̃ � 2P0 − S̃F���$<�Q�H�168�
�X>1"�FXFT"�
�z1�1#�"���$��/K

z0
Y������'�/6��

2P̃ (z0) = S̃(z0) = 2P0(z0)
Yat]�7�'$

P (z0) = 1
�

PQ��*,>=��*+FT%'),*,�1$����'���
z0 ∈ ∂E

� 
�.
S(z0) = 2

Y
�d�!�

C := max{|S(λ)| : λ ∈ ∂E} f`Pe�S� )+#��/� .!K¢3�
'"/P ���'���
C ≥ 2

l=Y�9;�Cq'
��
ψ :=

(2S/C, P )
Y t]���/


ψ
$�����*+$<q'�/$\� ),)����'�B� $-$-��FT%���*,"�
�$^"�U;|��/FTF_�£� Y ©!Yb���B� 
�.O��>1"�
�$-��[7���1
8��)+K��

t]���1" #��/F � Y ©�Y,�?��"�)+.�$eU`"�#�%Z" *,
8��$�Uc#�"�F
ψ(E)

Y���
_%��W#-��*,>1�'),��#/�7�����1#��&�CI!*+$<��$]� 

η ∈ E $-��>R�5���'���

t0 = mE

(
ηp1,

2ηp2 − 2s2/C

2− η2s2/C

)
= mE

(
p1,

2p2 − η2s2/C

2− η2s2/C

)
.

}?�1
�>/� �
C ≤ 2

��
'.\q'
'� ),)LK
C = 2

YeD�"�
�$-�/[7���/
8��)LK8�
ϕ = ψ

��PQ��*,>=��>1"�FT%'),�C���1$]���'�:%�#�"�"�Uv"�Uv�����
�����1" #��/F *,
~�����;>�� $-�

s1 = 0
Y

� TLN 	���Y;�?"�P ),�C�
(s1, p1), (s2, p2) ∈ G2

(2�\��#-('*+�-#=�W#-K8Y�r7�!%'%2"�$-�5���'���
s1 = λ0

1 + λ0
2

PQ*L���
λ0

1, λ
0
2 ∈ E

Y\�&
��_>/� 
E����$-*,)+KB%'#�"/68�X���'���;�����1#��T�1I!*+$<��$
� 
�� �!��"�FX" #-%'��*,$-F
g ∈ Aut(E)

$-�'>=�
���'���

g(λ0
1) + g(λ0

2) = 0
Y;t]�'�1


Hg(s1, p1) = (0, p′1)
Y:�a���

(s′2, p
′
2) := H2(s2, p2)

Y?�����'�/68�
�����;U`"�)+),"�PQ*+
'nT��Pe"X>/� $-�1$1�

• s′2 = 0
YG���_��)+#��/� .!KA3�
'"/P ���'���������TF_��%�%'*,
�n

ϕ = (0, h)
PQ*+���S$-��*+�=��('),�

h ∈ Aut(E)f
h(t0) = p′1

�
t0 := mE(p′1, p

′
2)
�
h(0) = p′2

l�*+$]�
>1"�FT%'),�CI_n��/"7.'�1$-*,>&U`"�#
(0, p′1)
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�.
(0, p′2)
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g−1 = τha
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ψ := Hg−1 ◦ ϕ =

(
τ
−2ah− 2a

1 + a2h
, τ2 h+ a2

1 + a2h

)
= (βq + β, q),

PQ���C#��

β := −τ 2a

1 + |a|2 ∈ E, q := τ2h−a2 ◦ h ∈ Aut(E).

�'" #?��
7K
α ∈ ∂E Pe���'�/68�

Fα ◦ ψ = α
2q − α(βq + β)

2− α(βq + β)
=

2− αβ
2 + αβ

q − αβ/(2− αβ)

1− αβ/(2 + αβ)q
=: qα ∈ Aut(E).
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t0 = mE(qα(t0), qα(0)) = mE(Fα(ψ(t0)), Fα(ψ(0)))

≤ max

{
mE

(
2p1 − zs1

2− zs1
,

2p2 − zs2

2− zs2

)
: z ∈ ∂E

}

= max{mE(Fz(s1, p1), Fz(s2, p2)) : z ∈ ∂E}
≤ max{mE(Fz(s1, p1), Fz(s2, p2)) : z ∈ E}
≤ c∗G2

((s1, p1), (s2, p2)) ≤ k̃∗G2
((s1, p1), (s2, p2)) = k̃∗G2

(ψ(t0), ψ(0)) ≤ t0.
• s′2 6= 0
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ϕ : E → G2
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Hg(sj , pj) ∈ ϕ(E)
�
j = 1, 2
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Hg−1 ◦ ϕ � ),$-"X$�����*,$<q'�1$&� ),)2���'��� $-$-��FT%���*," 
'$Q"�Uu|��/FTF_�~� Y ©�Yb����Y
� Ue>,U � ��<�>���� Y ©�Yb���PV
c∗G2

((s1, p1), (s2, p2)) = k̃∗G2
((s1, p1), (s2, p2))

= max

{∣∣∣∣
(s1p2 − p1s2)z2 + 2(p1 − p2)z + s2 − s1

(p1s2 − s1)z2 + 2(1− p1p2)z + s1p2 − s2

∣∣∣∣ : z ∈ ∂E
}
, (s1, p1), (s2, p2) ∈ G2.

�jh _yc.^ui"aBb�o [\c.^��
c∗G2

((0, 0), (s, p)) = k̃∗G2
((0, 0), (s, p))

= max{|Fz(s, p)| : z ∈ ∂E} =
2|s− sp|+ |s2 − 4p|

4− |s|2 , (s, p) ∈ G2.
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Aut(G2) = {Hh : h ∈ Aut(E)}. (17)
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��"
B2

"�#
E2 ��PQ��*,>=��*+$1�'(7K~t]���1" #��1F � Y ©�Yb���H*+FT%2"�$-$-*+(')+�

(18)
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� TLN 	��,V��?�CI��5" ('$-�1#-68�0���H�W�
F (Σ2) = Σ2

U`" #\�C68�C#-K
F ∈ Aut(G2)

Y ��
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V :=

{F (0, 0) : F ∈ Aut(G2)} Y�oeKG�¤Y7i�� �!%'$ �8���'�1" #��1F~�
V
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�
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G2
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Σ2 ⊂ V
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Aut(G2).�"��1$Q
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V  G2
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V = Σ2
Y

tu��3��G�X%Z" *,
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(s0, p0) = Hh(0, 0) ∈ Σ2
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h ∈ Aut(E)

fgyQ�1F_��#-3�� Y ©�Y�j_� n8��*,
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Uc" #Q�16��1#-K

F ∈ Aut(G2)
�!Pe��n��C�

F (s0, p0) = (F ◦Hh)(0, 0) ∈ V = Σ2
Y

� TLN 	��LV
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F ∈ Aut(G2)PQ*L���

F (0, 0) = (0, 0)
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F = (S, P )
Y
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/�!���������W� 
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F (z1, z2) = (F1(z1), F2(z2)) %��0���	�B�P~'
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F |Σ2
∈ Aut(Σ2)
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E 3 λ 7→ (2λ, λ2) 7→ F (2λ, λ2) 7→ 1

2
prs(F (2λ, λ2)) ∈ E

F���$<�X(2�~�B#�" �=����*," 
O�d*�Y � Y
F (2λ, λ2) = (2αλ, α2λ2)

U`" #X$-"�FX�
α ∈ ∂E

Y�tv��3!*+
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R1/α ◦ F*+
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F
�8Pe�&FX�/KX� $-$-��FX�Q���'���

α = 1
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F ′(0, 0)
[

2
0

]
=
[

2
0

] � 
�.O�8�����C#��/Uc" #�� �
F ′(0, 0) =

[
1 b
0 d

] Y
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τ ∈ ∂E %H�!�
Gτ := F−1 ◦ R1/τ ◦ F ◦ Rτ ∈ Aut(G2)

YQ�&(76!*+"���$-)+K��
Gτ (0, 0) = (0, 0)

Y
@B" #��1"�68�C#/�

G′τ (0, 0) =
[

1 b(τ−1)
0 1

] Y:|v�C�
Gnτ : G2 → G2
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n
���B*+���C#=�����
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Gτ
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(Gnτ )′(0, 0) =
[

1 nb(τ−1)
0 1

] Y �?$-*,
�nT������De� ��>R�8K\*,
��/[7�'� ),*L��*,�1$1�'Pe�;n��C�

|nb(τ − 1)| ≤ const, n ∈ N, τ ∈ ∂E,
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b = 0
�'*gY � Y

F ′(0, 0)
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'� )gY
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G′τ (0, 0) = I2
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Rτ ◦ F = F ◦Rτ
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(τS(s, p), τ 2P (s, p)) = (S(τs, τ 2p), P (τs, τ2p)), (s, p) ∈ G2, τ ∈ ∂E.
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F (s, p) = (s, p + Cs2)
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F (2λ, λ2) = (2λ, λ2)
��Pe�\�'�/6��

(2λ, λ2 + 4Cλ2) =

(2λ, λ2)
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C = 0
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F = id
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(s1, p1), (s2, p2) ∈ G2
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ϕ
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(s1, p1), (s2, p2) ∈ ϕ(E)
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α ∈ ∂E $-��>=�����H�W�

Fα ◦ ϕ ∈ Aut(E)
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���JXPl�hu�
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#(ϕ(E) ∩Σ2) ≥ 2
�0i"XPluh

ϕ
a3p�c$bdZ.] _'[ l'-0*WldZ<qWlupda6b�a �

ϕ(λ) = (−2λ, λ2)
f
λ ∈ E l

FT"�.
Aut(E)
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ϕ
a3p�c
bdZ.]x_'[\l'-0* ljZ;qWl�pdaBb��0i"XPluh

ϕ(E) = Σ2
�

f`(2l��D,
#(ϕ(E)∩Σ2) = 1

�Li"XPl�h
ϕ
a3p c�bdZ.] _'[\l�-5* ldZ<qWl�pdaBb a �

ϕ(λ) = π(B(
√
λ), B(−

√
λ))f

λ ∈ E laFX"�.
Aut(E)

� � XPl�^dl
B
a3pxc�6F[\c.p�buX 
.l _,^jZ;q.oyb�i Z , Z.^jqWlu^ ≤ 2

� a"i"X
B(0) = 0
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fg>Wl �D,

ϕ(E) ∩Σ2 = ∅ ��i"XPluh ϕ a(p�c
bdZ.]x_'[\l'-0* ljZ;qWl�pdaBb�a �
ϕ = π(h1, h2)

� � XPl�^dl
h1, h2 ∈

Aut(E)
c.^jl�pdoybuX
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h1 − h2
XPc.p h'Z � l�^dZ�a3h E �
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ϕ : E → G2
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ϕ(∂E) ⊂ σ2
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ϕ(λ) := (−2λ, λ2)
�
λ ∈ E YTt]���1


ϕ(E) = Σ2
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ϕ
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ϕ : E → G2
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ϕ(ξ) = (2µ, µ2) ∈ Σ2
f
ξ, µ ∈ E l=Y
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ϕ ◦h−ξ
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ϕ
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ξ = 0
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Hhµ ◦ϕ
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ϕ
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µ = 0
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ϕ(0, 0) = (0, 0)
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α ∈ ∂E$-��>=�����'���

Fα ◦ ϕ = (2αP − S)/(2− αS) =: h ∈ Aut(E)
YAtv��3!*+
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Rα ◦ ϕ
*,
�$<������. " U
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α = 1
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(2P − S)/(2− S) = id
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S(λ) = 2(P (λ)− λ)/(1− λ)
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λ ∈ E Y
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η ∈ E∗
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ϕ(η) ∈ Σ2

Ydt]���1

S2(η) = 4P (η)

��*�Y ��Y
(
P (η)− η

1− η

)2

= P (η).
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S(η) = −2η
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S(λ) = −2λ
�
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P (λ) = λ2 � λ ∈ E Y
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ϕ(λ) := π(B(

√
λ), B(−

√
λ))
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B(0) = 0
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B(λ) = τλ

�
λ ∈ E f

τ ∈ ∂E l=��Pe�_n��C�
ϕ(λ) = (0,−τ 2λ)
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B(λ) = τλhb(λ)
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ϕ(∂E) ⊂ σ2
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ϕ(λ) =

(
2τλ

1− |b|2

1− b2λ
, τ2λ

λ− b2

1− b2λ

)
, λ ∈ E.
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ξ := b/b

Ydt]�'�1
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∆(λ) := S2(λ)− 4P (λ) 6= 0
U`" #

λ ∈ E∗
Y��E#�*+���
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S2(λ2)− 4P (λ2) = ∆(λ2) = λ2k∆̃(λ2) = 4B2(λ)− 4B(λ)S(λ2) + S2(λ2), λ ∈ E,
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P (λ2) = B(λ)S(λ2)−B2(λ) = B(λ)(B(λ) +B(−λ))−B2(λ) = B(λ)B(−λ), λ ∈ E.
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B(λ) = B(−λ)

�
λ ∈ E Yat]���/
\���'�C#��;�CI!*,$<��$Q�TU`��
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B1 ∈ O(E,E)
$-��>R�~���'���

B(λ) = B1(λ2) =
1

2

(
S(λ2) + λk

√
∆̃(λ2)

)
, λ ∈ E.
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B2 ∈

O(E,E)
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B2(λ2) =
1

2

(
S(λ2)− λk

√
∆̃(λ2)

)
, λ ∈ E.

}?�1
�>/�
ϕ = π(B1, B2)

Yer7*+
'>1�
(2P − S)/(2− S) = id

��Pe��n��C�

2B1(λ)B2(λ)− (B1(λ) +B2(λ)) = λ(2− (B1(λ) +B2(λ))), λ ∈ E,
PQ��*,>=��n�*+6��/$ −(B′1(0) + B′2(0)) = 2

Y�D�"�
�$-��[8�'�1
8��)+K��Q(7K£������r7>=�7P]�W#�zS)+�/FXFX�!�
B1(λ) =

B2(λ) = −λ �'� 
�.~q'
H��),)+K
ϕ(λ) = (−2λ, λ2)

�
λ ∈ E Yat]����$1�

∆ ≡ 0
�H�T>/" 
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ZY
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ϕ := π(h1, h2)

�7PQ���1#��
h1, h2 ∈ Aut(E)

�W#��?$-��>=�^���'���
h1−h2

�'� $e
�"�z1�C#�"�*,

E
Y

�Q('$-�1#-68�����'���
ϕ

$�����*,$<q'�1$Tf<��Y ©�Y��8l]� 
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ϕ(∂E) ⊂ σ2
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ϕ(ξ) = (2η, η2)
Uc" #;$-" FX�

ξ, η ∈ ∂E �Z*gY � Y
h1(ξ) = h2(ξ)

Uc" #;$-"�FX�
ξ ∈ ∂E Y�|��1�

hj = τjhaj
f
τj ∈ ∂E

�
aj ∈ E

l=�
j = 1, 2
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TPe���'�/68�]��";q'
�.5�:#�"7" �
z = ξ
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τ1(z − a1)(1− a2z)− τ2(z − a2)(1− a1z) = A2z
2 +A1z +A0 = 0

PQ*L��� |ξ| = 1
Y����&�'�/68�

A2 = −τ1a2 + τ2a1
�
A0 = −τ1a1 + τ2a2

Y��Q(H$-�C#-68�&���'��� |A2| = |A0|
Y

r7*,
�>1�^�����\�/[7�'����*," 

h1 − h2 = 0

�'� $T
�"A#�"�"���$G*,

E
��Pe�\n �1�

A2 6= 0
YE|v�C�

z1, z2
(2�^���'�

#�"�"���$X" UQ��������(2"�68�\��[8�H�W��*,"�
ZY����\�'�/68� |z1|, |z2| ≥ 1
� 
�. |z1z2| = |A0/A2| = 1

Y t]�7�'$
|z1| = |z2| = 1

Y
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ϕ : E → G2
(2�;��>/"�FG%H)+�1I5n��1"�.��/$-*+>?PQ*+���

ϕ(E)∩Σ2 = ∅ Yat]���/
^�����C#��:�CI!*,$<��$]�
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ψ : E → E2 PQ*+���
π ◦ ψ = ϕ
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8��)LK8�
ψ

F���$<�?(2���X>1"�FT%'),�CI
n��1"�.��1$-*,>�f

mE(λ′, λ′′) = c∗G2
(ϕ(λ′), ϕ(λ′′)) ≤ c∗E2(ψ(λ′), ψ(λ′′)) ≤ mE(λ′, λ′′)

l=Y¢}?�1
'>1� �
ψ = (h1, h2)

�dPQ���1#��
h1, h2 ∈ O(E,E)
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h1 ∈ Aut(E)
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t0 ∈ (0, 1)
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mE(h2(0), h2(t0)) < t0

Ya|v�C�

% := mE(h2(0), h2(t0))/t0 ∈ (0, 1).
t]���C#��G�CI!*,$<��$:�

g ∈ Aut(E)
$-�'>=�B���H�W�

g(0) = h2(0)
�
g(%t0) = h2(t0)

Y:�a���
f(λ) := g(%λ)

�
λ ∈ E Y�t]���/


f(0) = h2(0)
�
f(t0) = h2(t0)

����
'.
f(E) b E Yd�d�!�

χ = (χ1, χ2) := π(h1, f)
Y

t]���1

χ(0) = ϕ(0)

� 
�.
χ(t0) = ϕ(t0)
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χ
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h1 − f
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χ(E) ∩ Σ2 6= ∅
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�.�f`(Zl=�
χ(∂E) ⊂ σ2
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χ2 = h1f

�
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OY
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mE(h2(0), h2(t0)) = t0
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h2 ∈ Aut(E)
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Ω2 := {A ∈ C(2× 2) : r(A) < 1},
PQ���C#��

r(a)
.��1
'"����/$]�����;$<%Z�1>C�-#=� )Z#=� .�*+�'$�"�U

A
�'>1U�Y�h D�"�$?����� © (�k�Y
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n ≥ 3

��
'.~),�C�
πn : Cn → Cn

�

πn(λ1, . . . , λn) :=
( ∑

1≤j1<···<jk≤n
λj1 · · ·λjk

)
k=1,...,n

.
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πn

�
πn|En
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Gn := πn(En)
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Gn
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F : Gn → Gn
a3p�Z ,�i"XPl_,uZ.^�]

F (πn(λ1, . . . , λn)) = πn(B(λ1), . . . , B(λn)),� XPl�^dl
B
a(p�c�� h a"i`l	6F[\c.p�b�X 
=l _,^jZ;q.oyb�i � �dhY_!c.^ui"a6buoP[\c.^��

Aut(Gn) = {Hh : h ∈ Aut(E)},� XPl�^dl
Hh(πn(λ1, . . . , λn)) = πn(h(λ1), . . . , h(λn))
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� �Q*,$Q� 
~" %2�/
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? c∗Gn ≡ k̃∗Gn
�'*�Y ��Y

Gn ∈ Ln
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? Gn
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F : Cn → Cn
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G := F (En)
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�! ��' ��
?P9I?E+<4,&"1��W? * /I%'&(%')t%,+;-�/J1"254,&"&(7825%'9,:<+<4!2=:.13>�&(?A@B4,)C16&"13?ED
�Q('$-�1#-68�\���'���G���'�\@/3 ('*,��$5��
'.�|��1FT%2�1#-�TU`��
�>1��*+"�
�$_��#��~"�(�6�*,"���$-)+K�$<K!FXFX�C�-#�*,>Ef

c∗G
*,$X�C68�1


�5%'$-�1�'.�"�.�*+$<�=� 
�>/�Wl=Y�t]���G�'*+n����1#;@/3 ('*,��$;Uc��
'>C��*," 
'$;� 
�.A�����_m&#��1�/
AU`��
�>1��*+"�
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F_�/K
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M�NPOPQ(RSQ(T'Q3UIR � Y ��Yb�5V�|��1�

G ⊂ Cn (2���X.�"�F_��*,
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p : G→ R+
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ZYa9:�1q'
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gG(p, z) := sup{u(z) : u : G→ [0, 1), log u ∈ PSH(G),

∀a∈G ∃C=C(u,a)>0 ∀w∈G : u(w) ≤ C‖w − a‖p(a)}, z ∈ G. (19)
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gG(0, ·) ≡ 1

Yw�&('$-�C#-68�~���H�W�5*,U&�����0$-�C� |p| := {z ∈ G : p(z) > 0} *+$_
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gG(p, ·) ≡ 0
Ye�Q(76!*,"���$-)LK8�

gG(p, z) = 0
U`" #Q�C68�C#-K

z ∈ |p| Y��
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p = χA =
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A ⊂ G
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gG(A, ·) := gG(χA, ·)
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p : G→ [0,+∞]
Y����;%'�!�

gG(p, ·) :≡ 0
*+Uv�����C#����CI!*,$<��$Q�

z0 ∈ G
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∀a∈G:p(a)>0 ∃C,r>0 : u(w) ≤ C‖w − a‖p(a), w ∈ B(a, r) ⊂ G.
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p : G→ Z+

(Z���TUc�'
�>C��*,"�
ZYa9:�CqH
��

mG(p, z) := sup{|f(z)| : f ∈ O(G,E), orda f ≥ p(a), a ∈ G}, z ∈ G.
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mG(A, ·) := mG(χA, ·)
f
A ⊂ G
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mG(a, ·) :=

mG({a}, ·) f
a ∈ G l

(20)
Y

�&(76!*+"���$-)+K��
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p : G→ R+
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a∈E [mE(a, z)]p(a) ≤ dE(p, z) ≤ infa∈E [mE(a, z)]p(a) � (p, z) ∈ RE+ × E (21)
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�>C��*,"�
�$
��#��5n�Y �ZY > Y U�Y^*,
E���'�
$-�1
�$-�0"�UQ�����0��(2"�68�~.'�Cq'
�*+��*," 
O��>1U�Y K�� Y ��Y¡��
 ������>1"�
8���CI��_"�U&�����~*,
��/[7�'� ),*L��*,�1$Bf<� Y,� Y���l=�e*L�5*+$

'�����!#=� )Z��"X� $<3^PQ�'�C�����1#������C#��;�CI!*,$<�QFX*+
�*,F_� )�� 
�.�F_��I!*+F_� )Zn�Y �ZY > Y U Ya�d�!�

dmin
G (p, z) := sup

{ ∏

µ∈f(G)

[mE(µ, f(z))]supp(f−1(µ)) : f ∈ O(G,E)
}

(22)

= sup
{ ∏

µ∈f(G)

|µ|supp(f−1(µ)) : f ∈ O(G,E), f(z) = 0
}
,

dmax
G (p, z) = k̃∗G(p, z) := inf{[k̃∗G(a, z)]p(a) : a ∈ G}

= inf{|µ|p(ϕ(µ)) : ϕ ∈ O(E,G), ϕ(0) = z, µ ∈ E}, z ∈ G.

(20) � � ��
W~ ����" ~ ���$��
W~ %�������X���"�� ��
���"_XW~��\����������� ��� mE ������������XW~�"_V7����
b��
W~ ��
H~��C����%�"����W~ �&
����
� ~��\����������� � � � � � �

(21) RT��
 h : A→ [0, 1] |QV�~ ��%Q� ∏a∈A h(a) := infB⊂A,#B<∞
∏
a∈B h(a) �

(22) ����� ~Z��
\�h�7��
W~���
��CX�%��'�_��" 0 ��� supp(f−1(µ0)) = +∞ �&��
_� µ0 ∈ f(G) �



� � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

�����'�/68�
dmin
G (0, ·) = dmax

G (0, ·) ≡ 1
Y �Q(H$-�C#-68�E���'���

dmin
G (kχ{a}, ·) = [c∗G(a, ·)]k � 
�.

dmax
G (kχ{a}, ·) = [k̃∗G(a, ·)]k Ya@A"�#��/"�6��1#/�'U`"�# ∅ 6= A ⊂ G Pe�;n��C�

dmin
G (A, z) = sup

{ ∏

µ∈f(A)

mE(µ, f(z)) : f ∈ O(G,E)
}

≥ sup{|f(z)| : f ∈ O(G,E), f |A = 0} = mG(A, z), z ∈ G. (23)

���?�CI����/
�.^Uc" #�F_� )+)+KX�����?.'�Cq'
�*+��*," 
'$e"�U
dmin
G (p, ·) � 
�.

dmax
G (p, ·) ��"
�����?>���$-�?PQ���1#��

p : G→
[0,+∞]

�
dmin
G (p, ·) = dmax

G (p, ·) :≡ 0
*,Uv�����C#����CI!*+$<��$Q�

z0 ∈ G
PQ*+���

p(z0) = +∞ Y
9:*+#��1>1��)LK\Ub#�"�F ���'�;.��1q'
�*+��*+"�
�$Q*L�QU`"�)+),"�PQ$]���H�W�����'�;$<K!$<���1FX$

(dmin
G )G

�
(dmax
G )G

$�����*,$-UbKEfg�]l
� 
�.�fg@Eld"�Uu9:�1q'
�*+��*+"�
E� Y���Y ��Y
� >,U
	yU���Q(T'Q3UJR � Y��7Y ©¢f<h �8��#-p �8��#-p��a�A�����8�Wk`luV �IXPl pde.p�i`lu]�p

(dmin
G )G

c.h,q
(dmax
G )G

c.^dl0*��\X �3b�� , �
mtZ.^jldZ �=l�^��T,�Z.^�c.hye0*��\X �3b�� , �

(dG)G
f � a"i"X$a3h!i`l8* lu^ + �=c=[foyldq �vlua+*=X i"pWl �vl�XPc �=l

dmin
G (p, ·) ≤ dG(p, ·) ≤ dmax

G (p, ·)
,uZ.^�c.hye=,joPh,b�i"aBZ.h

p : G→ R+
f
p : G→ Z+

l � �jhY_yc.^ui"aBbuoP[\c.^��

dmin
G (p, ·) ≤ gG(p, ·) ≤ dmax

G (p, ·)
,uZ.^�c.hye=,joPh,b�i"aBZ.h

p : G→ R+
c.h,q

dmin
G (p, ·) ≤ mG(p, ·) ≤ gG(p, ·) ≤ dmax

G (p, ·) (24)

,uZ.^�c.hye=,joPh,b�i"aBZ.h
p : G→ Z+

�
w Z.h p�l��uoyluhyi6[ eH�

dmin
G (A, ·) = mG(A, ·) � A ⊂ G �

t]���GUc�'
�>C��*,"�

dmin
G

f`#��1$<%OY
dmax
G

l]F_�/K�(2��>1"�
�$-*,.��C#��/.A� $:�_n��/
��C#=� ),*+z��W��*,"�
0"�U�������@/3 ('*,��$
Uc�'
�>C��*,"�


c∗G
f`#��/$<%OYZ|��1FT%2�1#-�;U`��
�>C��*,"�


k̃∗G
l=YGt]���G%�#�" %2�1#-��*+�/$:"�U

dmin
G

� 
�.
dmax
G

PQ*,),)u(2�G%�#��Cp
$-�1
8���/.�*+
*K�� Y�j�Y
r ^jZ<Z ,=Y � TLN 	 � V
��U

(dG)G
$��W��*,$<q'�/$
fg}�le��
'.

(E+) dE(p, λ) ≤ dmax
E (p, λ) = inf{[mE(µ, λ)]p(µ) : µ ∈ E}, (p, λ) ∈ RE+ × E,

�����1

dG ≤ dmax

G

Uc" #^� 
8K
G
Ywt]���0$�� FX��#��1F_� *,
�$_�-#����0*+
£�-�'��>/�����/n " #-K�"�U:n�Y �OY >�Y U�Y¢PQ*+���

*+
7���1n��C#-p�6���),���/.\Pe�1*,n��8��$1Ya��
'.��1�/.Z�

dG(p, z)
(H)

≤ inf{dE(p ◦ ϕ, 0) : ϕ ∈ O(E,G), ϕ(0) = z}
(E+)

≤ inf{|µ|p(ϕ(µ)) : ϕ ∈ O(E,G), ϕ(0) = z, µ ∈ E}

= dmax
G (p, z), (p, z) ∈ RG+ ×G.

(23) J 
����T��"���������� � � O � � "�� �h� ~�"[��
\���7���b� ���'� dmin
G (A, ·) = mG(A, ·) �

(24) ���������d~ ��
\��� ���x�<~��W~�
���� dmin
G (p, ·) ≤

6≡
mG(p, ·) ≤

6≡
gG(p, ·) ≤

6≡
dmax
G (p, ·) � ���6��d�W����	��� ~�" � � (=� ��M |� � (=� � � �



� � � ��J 
����E~�
I��� ~�"_���2��
W~ �<~��W~�
��������j~�X ��������%�"_����XSYZ
H~d~��b� %�������������" � �

� TLN 	��,VGt]���A$<K�$<���/F
(dmax
G )G

*,$\��n�Y �OY >�Y U�Y¤��
�.��/�1.Z�Q��"�%'#�"/68��fg}�lT),�C�
F : G → D

(2�
��"�)+"�FX" #-%'��*,>
� 
�.�)+�1�

q : D → R+
Ydt]���1


dmax
D (q, F (z)) = inf{[k̃∗D(b, F (z))]q(b) : b ∈ D}

≤ inf{[k̃∗D(F (a), F (z))]q(F (a)) : a ∈ G}
≤ inf{[k̃∗G(a, z)]q(F (a)) : a ∈ G} = dmax

G (q ◦ F, z), z ∈ G.
� TLN 	 �'V
��U

(dG)G
$�����*,$<q'�1$�fg}�l=��fg@El=�H��
'.

(E−)
∏

µ∈E
[mE(µ, λ)]p(µ) ≤ dE(p, λ), (p, λ) ∈ RE+ × E,

�����1

dmin
G ≤ dG

U`" #\� 
8K
G
Y t]�'�0$�� FX�0#��1F_� *,
�$5�-#����0*+
£���'��>������1n�" #-K�"�U;n!Y �ZY > Y U YwPQ*+���

*+
7���1n��C#-p�6���),���/.\Pe�1*,n��8��$1Ya��
'.��1�/.Z�

dG(p, z)

�����
≥ sup{dG(q ◦ f, z) : f ∈ O(G,E), q ∈ RE+, f(z) = 0, p ≤ q ◦ f}
�����
≥ sup{dE(q, 0) : f ∈ O(G,E), q ∈ RE+, f(z) = 0, p ≤ q ◦ f}
��	 − �
≥ sup

{ ∏

µ∈E
|µ|q(µ) : f ∈ O(G,E), q ∈ RE+, f(z) = 0, p ≤ q ◦ f

}

≥ sup

{ ∏

µ∈f(G)

|µ|supp(f−1(µ)) : f ∈ O(G,E), f(z) = 0

}

= dmin
G (p, z), (p, z) ∈ RG+ ×G.

� TLN 	 �LV�t]���S$<K!$<���1F
(dmin
G )G

*+$���n�Y �ZY >�Y U�Y ��
'.��1�/.Z�Q��"�%�#�"�68��fg}�l_)+�1�
F : G → D

(2�
��"�)+"�FX" #-%'��*,>
� 
�.�)+�1�

q : D → R+
Ydt]���1


dmin
D (q, F (z)) = sup

{ ∏

µ∈g(D)

[mE(µ, g(F (z))]supq(g−1(µ)) : g ∈ O(D,E)
}

f=g◦F
≤ sup

{ ∏

µ∈f(G)

[mE(µ, f(z))]sup(q◦F )(f−1(µ)) : f ∈ O(G,E)
}

= dmin
G (q ◦ F, z), z ∈ G.

�! �L �
�+<%,- ?E+�:.1(?ED�%,@ :./S? � ?P9S?P+<4,&"1��W? *
���,>016GID�4,9�* �g+<? ?P9 @HG09I2=:.1(%'9JD
9:*+#��1>C��)+KSUc#�"�F 9:�CqH
�*L��*,"�
�$5� Y��7Yb�5� 
�.¢� Y ��Y��\Pe�_n��1�������5U`" ),),"/PQ*,
�n0�/)+�/FT�/
8�=��#-KS%�#�" %2�C#-��*,�1$
"�U
�����;n��/
��C#=� ),*+z/�1.~@/3 ('*,��$&� 
�.Am&#��1�1
�U`��
�>1��*+"�
�$�fg>1U�YOh �8��#-p �8��#-p��a�A� ���8��kgl=Y
9�N;:=<�>�? � Y �7Yb�WV\f��7l

mG(kp, ·) ≥ [mG(p, ·)]k � k ∈ N (25)
�
gG(kp, ·) = [gG(p, ·)]k � k > 0

Y
f`(2lG��U

p ≤ q
�e�����/


mG(p, ·) ≥ mG(q, ·) � 
�.
gG(p, ·) ≥ gG(q, ·) �e*gY � Ya(2" ���¡$<K�$<���/FX$

(mG)G
�

(gG)G
$�����*+$-UcK�>1"�
�.�*+��*+"�
�fg@El]Ub#�"�F 9:�Cq'
'*L��*,"�
���Y���Y ��Y]��
�%��W#-��*,>1�'),��#/��*,U

A ⊂ B ⊂ G
�

�����1

mG(A, ·) ≥ mG(B, ·) � 
�.

gG(A, ·) ≥ gG(B, ·) Y

(25) ���������d~	��
\�h� ���g�<~��W~�
���� mG(kp, ·) 6≡ [mG(p, ·)]k � �&��
 ����"I� �����j~<|$��� P ⊂ C ��" ��� �����C%���%�"�|
��
W~�� mP (kχ{a}, ·) 6≡ [mP (a, ·)]k | k ≥ 2 � ���6�cE F�HKJ ��M�M � |\Je
����]��"���������� O � O P"�



��� ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

mG(p, ·)mG(q, ·) ≤ mG(p+ q, ·) ≤ min{mG(p, ·), mG(q, ·)},(c)

gG(p, ·)gG(q, ·) ≤ gG(p+ q, ·) ≤ min{gG(p, ·), gG(q, ·)}.
��
~%H��#-��*+>/��),��#/�

mG(p, ·) ≤ gG(p, ·) ≤ inf
a∈G

[gG(a, ·)]p(a) ≤ inf
a∈G

[k̃∗G(a, ·)]p(a) = dmax
G (p, ·).

��U |p| *+$�q'
�*+��� �����'�1


mG(p, ·) ≥
∏

a∈|p|
[mG(a, ·)]p(a), gG(p, ·) ≥

∏

a∈|p|
[gG(a, ·)]p(a)

fg>1U�Y��a#�" %2"�$-*+��*+"�
E� Y �7Y���f��7l-l=Y
fg.�l

gG(p, z) = sup{u(z) : u : G → [0, 1), log u ∈ PSH(G)
�
u ≤ infa∈G[gG(a, ·)]p(a)} �

z ∈ G Y
fg��le|v�C�

G ⊂ Cn � D ⊂ Cm (2��.�"�F_� *+
'$:��
'.0),�C�
F : G → D

(2�
��"�),"�FT" #-%'�'*+>�Y&t]���/
0Uc" #
� 
8K\U`��
�>1��*+"�


q : D → Z+
f`#��1$<%OY

q : D → R+
laPe���'�/68�

mD(q, F (z)) ≤ mG(qF , z) ≤ mG(q ◦ F, z),
gD(q, F (z)) ≤ gG(qF , z) ≤ gG(q ◦ F, z), z ∈ G,

PQ���C#��

qF (a) := q(F (a)) orda(F − F (a)), a ∈ G. (26)
t]�7��$_(2" ����$<K!$<���/FT$

(mG)G
� 
�.

(gG)G
$��W��*,$-UcK >1"�
�.�*+��*," 
�fg}�l�Uc#�" F 9:�Cq'
'*L��*,"�
 � Y ��Y��7Y¢��


%H��#-��*+>/��)b�W#/�

mD(B,F (z)) ≤ mG(F−1(B), z), gD(B,F (z)) ≤ gG(F−1(B), z), B ⊂ D, z ∈ G.
fgURl

logmG(p, ·) ∈ C(G) ∩ PSH(G)
�

log gG(p, ·) ∈ PSH(G)
f`Pe�_>/� 
��W#�n����5� $�*,
E�����

"�
��Cp�%2"�),�;>���$-���'>1U�Y�h � p����/���������a#�" %2"�$-*+��*+"�
�©�Y ��Yb� � �'|v�1FXF_�T©!Y���Y �Wkgl=Y
fgn!l;��U

p 6≡ 0
�u���'�1
�U`"�#T� 
8K

z0 ∈ G
�����1#��5�CI!*,$<��$G� 
 l�-=i"^jlu]Yc=[2,joPh,b�i"aBZ.h ,�Z.^

mG(p, z0)
�

*gY � Y��GU`��
�>1��*+"�

fz0 ∈ O(G,E)

PQ*+���
orda fz0 ≥ p(a)

�
a ∈ G �H� 
�.

mG(p, z0) = |fz0(z0)| Yfg��l&��U
Gk ↗ G

� 
�.
pk ↗ p

�Z�����/

mGk(pk, ·) ↘ mG(p, ·) � gGk(pk, ·) ↘ gG(p, ·) Y
��
!p

.��1�/.Z�8�����Q>�� $-�Q"�UH���'��n��1
'�C#=� )+*,z1�/._@/3 ('*,��$dU`��
�>1��*+"�
_U`" ),),"/PQ$dUc#�"�F���@B"�
8���1)���#�n �'FT�/
8�:f`(H� $-�1.
"�
�fgn!l-l=Yu��
G������>/� $-�]"�U'������n �/
��C#=� ),*+z/�1.5m&#��1�/
TUc�'
�>C��*,"�
Gq�#�$<��#��1>�� )+)!���'���

gGk(a, ·)↘ gG(a, ·) �
a ∈ G � >/U Y�h � p�� ����� ��� �a#�" %2"�$-*L��*,"�
�©!Y���Y�¥!f��7l k�Yv|��1�

uk := gGk(pk, ·)
Y�t]���1


log uk ∈ PSH(Gk)f`(7K�fgU=l-l]� 
�.
gG(p, ·) ≤ uk+1 ≤ uk

" 

Gk

f`(�K�f`(2l]� 
�.�fg�Wl-l=Ye|v�C�
u := limk→+∞ uk

Y&�Q(76!*+p
"���$-)LKZ�

u ≥ gG(p, ·) � 
�.
log u ∈ PSH(G)

Y?@B" #��1"�68�C#/�Z$-*,
�>1�
uk ≤ [gGk(a, ·)]pk(a) � a ∈ Gk

�
Pe�;����$-*,)+K\>1"�
�>/)+�'.��:���'���

u ≤ [gG(a, ·)]p(a) � a ∈ G Ya}?�1
�>/� �!(7K�fg.�l=�
u = gG(p, ·) Yfg*`l�|��C�

P ⊂ G
(2���A#��/),����*+68�1)+K�>/)+"�$-�1.¡%')+��#�*L%2"�)b��#_$-�C�5$-��>=�¡���'���

p = 0
"�


P
Y£t]���/


gG\P (p, ·) = gG(p, ·) "�

G \ P fg>/U YOh � p�� ���������'�a#�"�%Z" $-*+��*," 
�©!Y���Y�¥!fg>�l k`l=Y

� >,U
	yU���Q(T'Q3UJR¢� Y ��Y �Sf<h �8��#-p �8��#-p��a�A� ���8��kgluV
gG(p, ·) = inf{gG(q, ·) : q ≤ p, #|q| < +∞} �

r ^jZ<Z , �:|v�C�
u := inf{gG(q, ·) : q ≤ p, #|q| < +∞} Y]�Q(76!*,"���$-)LK u ≥ gG(p, ·) Ydtv"T%'#�"/68�;�����

" %�%2"�$-*L���X*+
���[7�'� )+*+��K0Pe�X" 
')LKA
��1�/.A��"\$-�'"/P ���'���
log u

*,$:%H)+�!#�*,$-�!('�H�W#�FX"�
�*,> Y5�&('$-�C#-68�T���'���

(26) �Z��"H~�
 �;~A��
\���B��� ��
W~A����" ~�V_
W~'
H~ F ≡ const = b V�~A
\���;~ qF ≡ +∞ ��� q(b) > 0 ����X
qF ≡ 0 ��� q(b) = 0 �



� � � ��J 
����E~�
I��� ~�"_���2��
W~ �<~��W~�
��������j~�X ��������%�"_����XSYZ
H~d~��b� %�������������" �GO

gG(max{q1, . . . , qN}, ·) ≤ min{gG(q1, ·), . . . , gG(qN , ·)}
Y
t]�7��$:Pe�T"�
�)LKB
'�1�1.A�����Gn��1
��1#=� )

#��1$-��)+�&n *+68�1
\(Z�1),"/P�Y
� N;:5: < � Y���Y��PV 1 l�i (vi)i∈A ⊂ PSH(Ω)

f
Ω ⊂ Cn lgkdlgpjo!b�X i"XPc=i#,�Z.^�c.hye

i1, . . . , iN ∈ Ai"XPl�^dl l�-.a(p�i"p c.h
i0 ∈ A

pdoybuX�i"XPc=i
vi0 ≤ min{vi1 , . . . , viN }

���IXPluh
v := infi∈A vi ∈ PSH(Ω)

�
r ^jZ<Z ,=Y:� �X$-���_>1�/$G��"S>1"�
�$-*,.��C#X�����\>/� $-�

n = 1
Y tv��38�~�A.�*,$->

B(a, r) b Ω
�
ε > 0

��� 
�.¡�
>1"�
8��*,
7��"���$�Uc��
'>C��*," 


w ∈ C(∂B(a, r))
$-�'>=�\���'���

w ≥ v "�

∂B(a, r)

Y����&P]� 
8�]��"G$-��"�Pw���'���

v(a) ≤ 1

2π

2π�

0

w(a+ reiθ) dθ + ε.

�'" #Q� 
8K_%Z" *,
8�
b ∈ ∂B(a, r)

�����C#��?�1I!*+$<��$�� 

i = i(b) ∈ A $-�'>=�\���'���

vi(b) < w(b) + ε
Y�}?�1
'>1�

�����C#��\�CI!*,$<��$T��
 "�%Z�1
���#�>
I = I(b) ⊂ ∂B(a, r)

PQ*+���
b ∈ I

$-��>=� ���'���
vi(λ) < w(λ) + ε

�
λ ∈ I Y�o�KA�^>1"�FT%H� >C��
��/$-$;��#�n���FX�1
8�/�ZPe�Gq'
�.

b1, . . . , bN ∈ ∂B(a, r)
$-�'>=�A���'���

∂B(a, r) =⋃N
j=1 I(bj)

Y�oeKT��$-$-�'FG%'��*+"�
Z�7�����C#����CI!*,$<��$a��

i0 ∈ A

$-��>R�T���'���
vi0 ≤ min{vi(b1), . . . , vi(bN )}

Y
t]���1


v(a) ≤ vi0(a) ≤ 1

2π

2π�

0

vi0(a+ reiθ) dθ ≤ 1

2π

2π�

0

w(a+ reiθ) dθ + ε.

� >,U
	yU���Q(T'Q3UJR¢� Y ��Y ©!V 
IZ.^�c.hye=,joPh'bui"aBZ.h
p : G→ Z+

�vlB* lui
mG(p, ·) = inf{mG(q, ·) : q : G→ Z+, q ≤ p, #|q| < +∞}.r ^jZ<Z ,=Y;t]����>/� $-�~PQ���C#�� |p| *,$TqH
�*L����*+$X�-#�*L6!*b��)�Y¡t]�'�~>�� $-�\PQ���C#��~�����~$-�C� |p| *+$_>1"���
8�=��('),�

Uc"�),)+"�PQ$?Uc#�"�F yQ�1F_��#-3�� Y �7Yb�8fg��l=Y&��
0������n��1
��1#=��)v>�� $-�
),�C�
Ak := {a ∈ G : p(a) = k} � 
�.B),�C�

Bk
(2�]�:>1"���
8�=��('),��fg"�#�q'
'*L����l�.��/
�$-�]$-�!('$-�C�a"�U

Ak
�
k ∈ Z+

Y��a���
B :=

⋃∞
k=0Bk

�
p′ := p ·χB

Y
t]���1


p′ ≤ p �H�����
$-�C� |p′| *+$:�W�?FT"�$<�?>1"���
7�=�W(H)+���2��
'.
mG(p, ·) ≡ mG(p′, ·) Y&D�"�
�$-�/[7���/
8��)LK8�

�����:%'#�"�(H)+�/F #��1.'��>1�/$]��"T�����;>1"���
7�=�W(H)+��>���$-��Y
� >,U
	yU���Q(T'Q3UJR¢� Y ��Y � V\f��7l

mG(p, ·) ≥
∏

a∈G
[mG(a, ·)]p(a), gG(p, ·) ≥

∏

a∈G
[gG(a, ·)]p(a).

f`(2l��D,
G ⊂ C �0i"XPl�h

gG(p, z) =
∏

a∈G
[gG(a, z)]p(a), z ∈ G.

�jh _yc.^ui"aBb�o [\c.^��
dmin
E (p, z) = mE(p, z) = gE(p, z) =

∏

a∈E
[mE(a, z)]p(a), z ∈ E.

�?" ��*,>1�:���'���������;U`" #�F���),�X*+
�f`(2l�*+$Q
�" ���-#�����Uc" #
G ⊂ Cn � n ≥ 2

�'>1U�Y��aI!� FT%'),�_� Y�¥7Yb��¥7Y
r ^jZ<Z , ��f��7l �?$-��yQ�1F_��#-3S��Y ��Y,�8fg>�l�� 
�.��a#�"�%Z" $-*+��*," 
'$�� Y �7Y������ Y���Y ©�Y

f`(2l�oeK^�a#�" %2"�$-*+��*+"�
�� Y���Y���Pe�;F_�/K~� $-$-��FX�;���'����������$-�C� |p| *,$�q'
�*+��� Ya|��1�

u :=
∏

a∈|p|
[gG(a, ·)]p(a).

oeK\f��7lOPe�]"�
�)+KG
��1�/.G��";$-��"�P����H�W�
gG(p, ·) ≤ u Y��?"�P���(7KGyQ�/FX��#-3\� Y���Yb�8fg��l=� Pe��F_�/KG� $-$-��FX�

���'���
G b C *+$�#��1n���)b��#�PQ*+����#��1$<%2�/>C����"����'�59:*+#�*+>R��)+�1��%�#�" (')+�/F~YAt]���1
������5U`��
�>1��*+"�


log u



� � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

*+$X$-�!('�'��#�FX"�
�*+>�" 

G

� 
�. �'��#�FX"�
�*,>\"�

G \ |p| Y�t]���\U`��
�>1��*+"�


v := log gG(p, ·) − log u*+$X)+"�>/� ),)LK�(2"���
'.��1.�Ub#�"�F ��(2"�68�~*+

G

� 
�.
lim supz→ζ v(z) ≤ 0

�
ζ ∈ ∂G

Y D�"�
�$-�/[7���/
8��)+K��
v
�CI����1
�.'$]��"5�T$-�!('�H�W#�FX"�
�*,>
U`��
�>C��*,"�
�"�


G
� 
�.Z�'(7K\������F_��I!*+F���F %�#�*,
�>1*+%'),� �

v ≤ 0
"�


G
�

*gY � Y
gG(p, ·) ≤ u "�


G
Y

� >,U
	yU���Q(T'Q3UJR ��Y ��Y��Ef<h �d.�*LpN�HPe"0����� jW(�k��vh | ��#-pNr7*,n�������jW(�k`luV 1 l�i G,D ⊂ Cn kdl�qWZ.]Yc.a3hyp�c.h,q
[\l�i

F : G→ D
kdl�c _,^jZd_ylu^ XPZ=[ Z.]YZ.^`_,XWaBb�]Ycd_W_,a3hT*��

f��7l 1 lui q : D → R+
� � pdpdoE] l�i"XPc=i detF ′(a) 6= 0

�
a ∈ F−1(|q|) ���IXPluh

gD(q, F (z)) = gG(qF , z) = gG(q ◦ F, z), z ∈ G.
�dhY_!c.^ui"a6buoP[\c.^��Ja ,

B ⊂ D a3p pdoybuX
i"XPc=i
detF ′(a) 6= 0

�
a ∈ F−1(B)

�0i"XPl�h
gD(B,F (z)) = gG(F−1(B), z), z ∈ G.

f`(2l � pdpdoE] l
i"XPc=i D a3p
bdZ.h �=l'-�� �IXPluh ,�Z.^gc.hye _yZ.a3h!i
b ∈ D

pdo!b�X i"XPc=i
detF ′(a) 6= 0

�
a ∈ F−1(b)

� �vl�XPc �.l
mD(b, F (z)) = mG(F−1(b), z), z ∈ G.

�?" ��*,>1�^���'���0f��8l
F_�/K�(2�\Ug� )+$-�~*,U
detF ′(a) = 0

U`" #X$-"�FT�
a ∈ F−1(|q|) fg>1U�Y��aI!� FT%'),�

� Y�¥7Y ©7l=Ya@A"�#��/"�6��1#/��f`(Zl�
��1�/.~
�" ��(2�:�-#��'�;*,U
D

*,$�
�" �Q>/" 
76��1IEfg>1U�Y��aI�� FG%H)+�_��YL¥7Y�¥�l=Y
�H"�#&�����:(2�/�'�/6!*+" #&" Uv�����;%'),�!#�*,>1"�FT%'),�CI0m&#��/�1
�U`��
�>C��*,"�
���
�.��1#Q>/"/68�1#�*+
�n�$Q$-�/�_h J z/�E����� �Wk��

h J z/�E����� �Wk�Y
r ^jZ<Z ,=YXf��7la���;"�
�)LK\
��1�/.^��"T$-�'"/P

gD(q, F (z)) ≥ gG(q ◦ F, z) � z ∈ G ��>/U Y�y&�1F_��#-3A� Y���Yb��fg��l=Y
�d�!�

S := {z ∈ G : detF ′(z) = 0} � Σ := F (S)
Ya� ��*,$]Pe�/)+)O3�
'"/PQ
~���'���

F |G\F−1(Σ) : G \ F−1(Σ)→ D \Σ
*+$0���'" ),"�FX"�#-%H��*+>E>1"�68�C#�*,
�n�Ys|v�C�

N
.��1
�" ���S*L��$~F���)L��*+%'),*+>/*L��K8Y |��C�

u : G → [0, 1)
(Z�S�

)+"�n8��#�*L���'FT*,>/� ),)LK\%'),�!#�*+$-��('�'��#�FX" 
'*+>
Uc�'
�>C��*,"�
~$-��>=�����'���

u(z) ≤ C(a)‖z − a‖q(F (a)), a, z ∈ G.
9:�CqH
��

v(w) := max{u(z) : z ∈ F−1(w)}, w ∈ D.
r7*,
�>1�

F
*+$�%'#�"�%Z�C#/�

log v ∈ PSH(D)
fg>/U Y�h i;),*������!� ���a#�"�%Z" $-*+��*," 
 ��Y ��Y�� �Wkgl=Y�tu��38�5�

b ∈ DPQ*L���
q(b) > 0

f`#��/>/� ),)����'���
b 6∈ Σ l:� 
�.�),�C�

F−1(b) = {a1, . . . , aN}
f
aj 6= ak

Uc" #
j 6= k

l=Y
t]���C#��~�CI!*,$<�T" %2�/
 
��/*+n��8(Z"�#��'"7"�.�$

U1, . . . , UN , V
"�U
a1, . . . , aN , b

�a#��1$<%Z�1>C��*+68�1)+K��d$-�'>=� ���'���
F |Uj : Uj → V

*,$5('*,��"�)+"�FX" #-%'��*,> �
j = 1, . . . , N

Y |v�C�
gj := (F |Uj )−1 � j = 1, . . . , N

Y
r7�!#�*,
!3!*+
'n������Q
��/*+n��8(Z"�#��'"7"�.�$�*+UZ
��1>/�1$-$���#-K��7Pe�QF_�/K_� $-$-��FX�Q���'���a���'�C#��Q*,$���>1"�
�$<�=� 
8�

M > 0$-��>=�����'��� ‖gj(w)− aj‖ ≤M‖w − b‖
�
w ∈ V Ydt]���1
O�'Uc" #

w ∈ V ��Pe��n �1�

v(w) = max{u ◦ gj(w) : j = 1, . . . , N}
≤ max{C(aj)‖gj(w)− aj‖q(b) : j = 1, . . . , N}
≤ max{C(aj) : j = 1, . . . , N}Mq(b)‖w − b‖q(b).

D�"�
�$-�/[7���/
8��)LK8�
gD(q, ·) ≥ v

� 
�.Z�Z�����1#��1U`"�#����
gD(q, F (z)) ≥ v(F (z)) ≥ u(z)

�
z ∈ G �ZPQ��*,>=�

n�*L68�1$������;#��/[7��*+#��1.~*,
��/[7�'� ),*L��K8Y



� � (5��d�W����	��� ~�" � (
f`(2ldoeK^yQ�1F_��#-3A� Y���Yb�8fg�WlaPe�:"�
�)+K^
��1�/.^��"T>=�'�1>�3^�����:*,
��/[7�'� ),*L��KX4 ≥ M�Yer7*+
'>1� D *,$]>/" 
76��1I2�

�����\|��/FT%2�C#-�T�����1" #��/F *+FT%'),*+�/$T���'���
mD(b, ·) = gD(b, ·) fg>1U�Y]h � p�� �������7�et]���1" #��1F j�Y���Y,�Ckgl=Y

}?�1
�>/� ��(7KEf��7ldPe�;n��C�

mD(b, F (z)) = gD(b, F (z)) = gG(F−1(b), z) ≥ mG(F−1(b), z), z ∈ G.

�! �' ����S4,)t-�&(?ED
���e<e:�	�� N�� YL¥8Yb��f<h De��#-pND��1n p�� *L3S�/�����Wk`luV�|��1�

T := {(z1, z2) ∈ E∗ × E : |z2| < |z1|}
(2�:���'�;}:��#-��"�n $]�-#�*b� 
�n�)+��Ya|��1�

p : T → R+
YeD�"�
�$-*,.��C#Q�����:('*,��"�)+"�FX" #-%'��*,$-F

E∗ × E 3 (z1, z2)
F7→ (z1, z1z2) ∈ T.

t]���;$-�1�
E2 \ (E∗ × E)

*+$�%'),�!#�*+%2"�),��#/Yd}?�1
�>/� �!(7K~yQ�1F_��#-3S��Y ��Y,�8fg����*`l=�

gT (p, F (z)) = gE∗×E(p ◦ F, z) = gE2(p′, z), z ∈ E∗ × E,
PQ���C#��

p′ := p ◦ F "�

E∗ × E

� 
�.
p′ := 0

"�
 {0} × E Y���
~%H��#-��*,>1��)b��#/�

gT (a, z) = max{mE(a1, z1), mE(a2/a1, z2/z1)}, a = (a1, a2), z = (z1, z2) ∈ T.
���e<e:�	�� N�� YL¥8Y�� V
�H"�#?� 
8K\
'" 
�p��1FT%���K\$-�1��$

A1, . . . , An ⊂ E
Pe���'�/68�

mEn(A1 × · · · ×An, z)
= gEn(A1 × · · · ×An, z) = max{mE(A1, z1), . . . ,mE(An, zn)}

= max
{ ∏

aj∈Aj
mE(aj , zj) : j = 1, . . . , n

}
, z = (z1, . . . , zn) ∈ En.

��
~%H��#-��*+>/��),��#/�'Uc" #&� 
8K~
�"�
!p��1FT%���K~$-�C�
A ⊂ E Pe���'�/6��

mEn(A× {0}n−1, z) = gEn(A× {0}n−1, z)

= max{mE(A, z1), |z2|, . . . , |zn|}, z = (z1, . . . , zn) ∈ En
fg>1U�Y��aI�� FG%H)+�;� Y�¥7Yb�W¥ l=Yu��
'.��1�/.Z��(7K��a#�" %2"�$-*L��*,"�
�$]� Y �7Y����H��Y ��Y ©?Pe�]F_�1KT��$-$-�'FT�]���'���

A1, . . . , An��#��:q'
�*+��� Ya|v�C�

Fj(λ) :=
∏

a∈Aj

λ− a
1− aλ, λ ∈ E, j = 1, . . . , n,

(2�:���'�;>1" #-#��/$<%2"�
�.�*,
�nXo])b��$->R�!38�;%�#�"�.���>1��$1Ydt]���;F_��%�%'*,
�n

En 3 (z1, . . . , zn)
F7→ (F1(z1), . . . , Fn(zn)) ∈ En

*+$
%�#�" %2�C#/Y~@B" #��1"�68�C#/�
detF ′(z) = F ′1(z1) · · ·F ′n(zn) 6= 0

U`"�#
z ∈ A1 × · · · × An

Y�D�"�
�$-�1p
[7���1
8��)+KZ��(7K\�a#�" %2"�$-*L��*,"�
���Y ��Y����

mEn(A1 × · · · ×An, z) = gEn(A1 × · · · ×An, z)
= gEn(0, F (z)) = max{|Fj(zj)| : j = 1, . . . , n}
= max{mE(A1, z1), . . . ,mE(An, zn)}, z = (z1, . . . , zn) ∈ En.



��g ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

���e<e:�	�� N�� YL¥8Y�� V
yQ�/>/� ),)Z���'����U`" #
p = (p1, . . . , pn) ∈ Rn>0

f
n ≥ 2

l=��Pe�:%'�!�

Ep :=
{

(z1, . . . , zn) ∈ Cn :

n∑

j=1

|zj |2pj < 1
}
.

��*LI
(ν1, . . . , νn) ∈ Nn Ydt]���;F_��%�%'*,
�n

Bn 3 (z1, . . . , zn)
F7→ (zν1

1 , . . . , zνnn ) ∈ E(1/ν1,...,1/νn)

*+$�%�#�" %2�1#/Ya|��C�
(a1, . . . , an) ∈ Bn

(2�;$-��>R�~���'���
a
νj−1
j 6= 0

�
j = 1, . . . , n

�H� 
�.�)+�1�

A := F−1(F (a)) = {(ε1a1, . . . , εnan) : εj ∈ νj
√

1, j = 1, . . . , n}.
t]���1
O��(7K\�a#�"�%Z" $-*+��*," 
�� Y �7Y ���

gBn(A, z) = gE(1/ν1,...,1/νn)
(F (a), F (z)), z ∈ Bn;

#�"���n���)LKS$<%2����3�*,
�n'�v�����XF
�')L��*+p�%2"�)+�X%H)+�!#�*,>1"�FT%'),�CI�m&#��1�/
EU`��
�>C��*,"�
SU`" #������X�d��>1),*+.'�/� 
S(H� ),)a*+$
�CI�%�#��/$-$-�1.~(7K^�����;$<�=� 
�.H�W#�.�"�
��1p�%2"�)+�;%'),�!#�*,>1"�FT%'),�CI0m&#��/�1
~U`��
�>1��*+"�
~U`" #&� 
~�/)+),*+%'$-"�*+.ZY

�?" ��*,>1�����'���;Uc" #;$-"�FX�T$<%2�/>1*b��)�>���$-�/$:�����GUc�'
�>C��*,"�

gE(1/ν1,...,1/νn)

(F (a), F (·)) FX�/KB(2�G�1Ucp
Uc�/>C��*+68�1)+K^>�� )+>/��),�����/.ZYa�H" #&�CI�� FT%')+���'),�C�

n = 2
�
ν1 = 1

�
ν2 = 2

�
a = (0, s)

f
s ∈ (0, 1)

l=Y�t]���1

A = {(0,−s), (0, s)} ��
'.

gB2
({(0,−s), (0, s)}, (z1, z2)) = gE(1,1/2)

((0, s2), (z1, z
2
2))

=





(
1− (1− s2)(1− |z1|2 − |z2|2)

|1− sz2|2
)1/2 *+U

s|z1| ≥ |z2 − s|
�

(
1− (1− s2)(1− |z1|2 − |z2|2)

|1 + sz2|2
)1/2 *+U

s|z1| ≥ |z2 + s| �
(

2(1− s2 Re z2
2)|z1|2 + |s2 − s2|z1|2 − z2

2 |2 +
√
∆

2|1− s2z2
2 |2

)1/2

*+U
s|z1| < min{|z2 − s|, |z2 + s|} �

PQ���C#��

∆ := −4|z1|4(s2 Im z2
2)2 + 4|z1|2(1− s2 Re z2

2)|s2 − s2|z1|2 − z2
2 |2 + |s2 − s2|z1|2 − z2

2 |4;
>1U�Y!h �d.�*LpN�HPe"�������jW(�k�fg$-�1�]� )+$-"Th�D�"�F � �����Wk�Uc" #��?.�*+V2�C#��/
8�a��%�%�#�"8� >=��l=Yu����Pe"���),.G),*+3��e��"&%2"�*+
8�
"��!�]���'�����C68�/


?
U`" #]�����;>/� $-� |p| = {a1, a2}

�
p(a1) 6= p(a2)

�'�GU`" #�F���),�TU`" #
gBn(p, ·) *,$]
�" �

3!
�"�PQ
ZY
?

���e<e:�	�� N¡��YL¥7Y ©!V�|v�C�
B2 3 (z1, z2)

F7→ (z1, z
2
2) ∈ E(1,1/2)

�
a := (0, 0)

Y&t]���/

detF ′(0) = 0� 
�.

gB2
(0, ·) 6≡ [gE(1,1/2)

(0, F (·))]s Uc" #&� 
8K
s > 0

Ya��
�.��/�1.Z�

gB2
((0, 0), (z1, z2)) = hB2

(z1, z2) =
√
|z1|2 + |z2|2,

gE(1,1/2)
((0, 0), (z1, z2)) = hE(1,1/2)

(z1, z2) =
|z2|+

√
4|z1|2 + |z2|2

2
,

PQ���C#��
hD

*,$]�����;@B*,
!38"�PQ$<3!*OU`��
�>1��*+"�
ZYa��
~%H��#-��*+>/��),��#/�'Uc" #&$-F_��),)
t > 0

�'Pe�;n��C�

gB2
((0, 0), (t, t)) = t

√
2, gE(1,1/2)

((0, 0), (t, t2)) ≈ t,
PQ��*,>=��*+FT%'),*,�1$������:#���[8�'*L#��/.\#��/$-��)+�/Y



� � (5��d�W����	��� ~�" ��M

���e<e:�	�� N�� YL¥8Y��Sf<h �8��#-� ����� © k`luV�|��1�
p = (p1, . . . , pn) ∈ Rn>0

�
E := Ep

Ya�d�!�

A = AE,k := {z ∈ E : z1 · · · zk = 0}, k = 1, . . . , n.
�&�!#�� *+F *,$O��"�q'
'.��1V2�1>1��*L68�aU`" #�F
�'),� �dUc" #

mE(AE,k, z)
� 
�.

gE(AE,k, z)
��PQ���C#��

z=(z1, . . . , zn)

∈ E Y�� �Q*+$Q>1),�/��#����'����Pe��FX�/K���$-$-�'FT�����'���

p1|z1|2p1 ≤ · · · ≤ pk|zk|2pk . (27)
�d�!�

qs :=

s∑

j=1

1

2pj
, rs(z) := 1−

n∑

j=s+1

|zj |2pj , cs(z) := rs(z)/qs, s = 1, . . . , k (rn = 1),

d = d(z) := max{s ∈ {1, . . . , k} : 2ps|zs|2ps ≤ cs(z)}, (28)

RE(A, z) :=

d∏

j=1

|zj |
(

2pj
cd(z)

)1/2pj

=
(
qqdd

d∏

j=1

(2pj)
1/2pj

) |z1 · · · zd|
(1−∑n

j=d+1 |zj |2pj )qd
.

t]���1
O�
f��8l

gE(A, z) = RE(A, z)
�

f`(2l
mE(A, z) = gE(A, z) = RE(A, z)

*,U
pj ≥ 1/2

�
j = d+ 1, . . . , n

�
fg>Wl

mE(A, z) = gE(A, z) = RE(A, z)
U`" #

k = 1
�
n = 2

�
p2 ≥ 1/2

�
fg.�l

mE(A, z) 6= gE(A, z)
*,U����'�C#��;�1I!*+$<��$Q�

j0 ∈ {k + 1, . . . , n} PQ*+��� pj0 < 1/2
�

|zl| 6= 0
$-F_� )+)O�/
�"���n��Z�

l = 1, . . . , k, j0
�

zl = 0
�
l = k + 1, . . . , j0 − 1, j0 + 1, . . . , n

�
fg�Wl

mE(A, z) = gE(A, z) = RE(A, z)
U`" #

k = n = 2
�
p1 ≤ p2

����
'.A�1*+�����1#
p2 ≥ 1/2

" #
8p1 + 4p2(1− p2) > 1

Y

?
� �_*+$5��
¡" %2�1
£[7���1$<��*,"�
 PQ���C���'�C#

mE(A, z) = gE(A, z) = RE(A, z)
*,U
pj ≥ 1/2

�
j =

k + 1, . . . , n
f`PQ*L������#-('*L�-#=��#-K

n
� 
�.

k
l=Y

?r ^jZ<Z , Z ,�f��8l=Y � TLN 	 � V �����H�168�
mEn(AEn,k, ζ) = gEn(AEn,k, ζ) = |ζ1 · · · ζk|

�
ζ ∈

En
��PQ���1#��

AEn,k := {ζ ∈ En : ζ1 · · · ζk = 0} Y ��
�.��/�1.Z�&*+�\*,$\>1),�/��#\���'��� |ζ1 · · · ζk| ≤
mEn(AEn,k, ζ) ≤ gEn(AEn,k, ζ)

Y�� ��#��1F_� *,
�$~��" %�#�"�68�E���'���
u(ζ) := gEn(AEn,k, ζ) ≤

|ζ1 · · · ζk|
�
ζ ∈ En YQ���
%�#�"�>1�/�1.�(7K0*,
�.���>1��*+"�
B"�


k
f`PQ*L���B��#-('*+�-#=��#-K

n
� 
�.B)+"�n8��#�*L���'FT*,>/� ),)LK

%'),�!#�*+$-��('�'��#�FX" 
'*+>\U`��
�>1��*+"�

u : En → [0, 1)

$-��>R�����'���
u(ζ) ≤ C(a)‖ζ − a‖ � a ∈ AEn,k

�
ζ ∈ En l=Y�H"�#

k = 1
�����\*,
��/[7�'� ),*L��K�Uc"�),)+"�PQ$TUc#�"�F �����0r7>R�8P]��#�z^��K�%2�\),�1FXF_�AUc" #X)+"�n8��#�*L���'FT*,>/� ),)LK

$-�!('�'��#�FX"�
�*,>�U`��
�>1��*+"�
�$
u(·, ζ2, . . . , ζn)

Y
�H"�#

k > 1
Pe�:q�#�$<�Q��%�%')+K5�����:>���$-�

k = 1
��
'.\n��C�

u(ζ1, . . . , ζn) ≤ |ζ1|
�
ζ ∈ En Ya�?�CI��ePe�

��%�%')+K^�����;*,
�.���>1��*L68�
� $-$-��FT%���*," 
���"T�����;U`��
�>1��*+"�
�$
u(ζ1, ·)/|ζ1|

�
ζ1 ∈ E∗

Y
� TLN 	 �,VTD�"�
�$-*,.��C#Q������FX��%�%H*+
�n

Ed 3 (ζ1, . . . , ζd) 7→
(
ζ1

(
cd(z)

2p1

)1/2p1

, . . . , ζd

(
cd(z)

2pd

)1/2pd

, zd+1, . . . , zn

)
∈ E.

�?$-*+
'n������:��"�)," FX" #-%'��*,>;>1"�
8�-#=� >C��*+6!*L��K^� 
�.0r8���C%E� ��Pe�:n��C�
mE(A, z) ≤ gE(A, z) ≤ RE(A, z)

Y

(27) � � �\��
I�����'%��+��
d|���� p1 = · · · = pk |Q��
W~��0��
W~ ������X����������0"����	������� ~�����"#��
\�h� |z1| ≤ · · · ≤ |zk| �
(28) �Z��"H~�
 �;~���
\��� zd+1 · · · zk 6= 0 �



O � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

� TLN 	 �'V������'�/68�
gE(A, z) ≥ RE(A, z)

Y]��
�.��/�1.Z�HPe�
F_�1K0� $-$-��FX�
���'���
z1 · · · zd 6= 0

Y]��*L#�$<�
>1"�
�$-*,.��C#������X>���$-�

d = k = n
Y^�d�!�

f(ζ) := qqnn
∏n
j=1 ζj(2pj)

1/2pj
�
ζ ∈ E Y��&('$-�C#-68�_���'���

|f(z)| = RE(A, z)
� 
�.

|f(ζ)| ≤ qqnn
(∑n

j=1 |ζj |2pj
qd

)qn
< 1, ζ ∈ E. (29)

t]�7��$
gE(A, z) ≥ mE(A, z) ≥ RE(A, z)

Y
�?"�P � $-$-��FX�:���'���

d < n
Y��d�!�

E′ := E(pd+1,...,pn)
Ye�Q('$-�1#-6��:���'���]Pe�:"�
�)+K^
��/�1.^��"Gq'
�.��

)+"�n8��#�*L���'FT*,>/� ),)LK\%'),�!#�*+$-��('�'��#�FX" 
'*+>
Uc�'
�>C��*,"�

v : E′ → [0, 1)

�
v 6≡ 0

��$-��>R�~���'���

• v(ζ ′) ≤ |ζj |
�
ζ ′ = (ζd+1, . . . , ζn) ∈ E′ � j = d+ 1, . . . , k (30)

�
• �����
F_��%�%'*,
�n

E′ 3 ζ ′ → v(ζ ′)rqdd (ζ ′) ∈ R+
���-�=� *,
�$&*L��$&F_��I�*,F���F U`" #

ζ ′ = (zd+1, . . . ,

zn) (31)
Y

��
�.��/�1.Z��$-�!%'%2"�$-�:���'����$-��>=�0�
v
*+$Q� )L#�����.�K5>/" 
'$<�-#���>C���/.~� 
�.~)+�1�

M
(2�:�����:F_��I�*,F_� )26 � )+�'�:"�U

�����;U`��
�>1��*+"�

E′ 3 ζ ′ 7→ v(ζ ′)rqdd (ζ ′)

Y��d�!�

u(ζ) :=
qqdd
M

( d∏

j=1

|ζj |(2pj)1/2pj
)
v(ζ ′), ζ = (ζ1, . . . , ζn) = (ζ1, . . . , ζd, ζ

′).

t]���1

log u ∈ PSH(E)

� 
�.
u(ζ) ≤ C(a)|ζj| ≤ C(a)‖ζ − a‖ U`" #&��
7K

ζ ∈ E � 
�.
a ∈ A PQ*+���

aj = 0
��PQ���1#��

j ∈ {1, . . . , k} Ya@B" #��1"�68�C#/�'U`" #
ζ ∈ E Pe�;�'�/68�

u(ζ) ≤ qqdd
M

(∑d
j=1 |ζj |2pj
qd

)qd
v(ζ ′) =

1

M

(∑d
j=1 |ζj |2pj
rd(ζ ′)

)qd
v(ζ ′)rqdd (ζ ′) < 1.

D�"�
�$-�/[7���/
8��)LK8�
u : E→ [0, 1)

� 
�.O�������C#��/Uc" #����

gE(A, z) ≥ u(z) =
1

M
RE(A, z)v(z′)rqdd (z′) = RE(A, z).

� TLN 	 � f D�"�
�$<�-#���>1��*+"�
�"�U������_U`��
�>C��*,"�

v
l=Y^���_F_�/K�� $-$-��FX�X���'���

zd+1, . . . , zn ≥ 0
Y\�'" #

α = (αd+1, . . . , αn) ∈ Rn−d+

.'�Cq'
��

vα(ζ ′) :=
( k∏

j=d+1

|ζj |1+αj
)( n∏

j=k+1

|ζj |αj
)
.

�Q(76!*,"���$-)LK
v : E′ → [0, 1)

�
log v ∈ PSH(E′)

�H� 
�.
v(ζ ′) ≤ |ζj |

�
ζ ′ ∈ E′ � j = d+ 1, . . . , k

Yd� �
*+$&�1
�"���n��~��"Xq'
�.B��


α
$-��>R�~���'���Q������U`��
�>C��*,"�


E′ ∩ Rn−d+ 3 t′ ϕα7−→ vα(t′)rqdd (t′)
���-�=��*,
�$Q*L��$

F_�WI!*,F���F ���
t′ = z′

Ya��
\%H��#-��*,>1��)b��#/�

∂ϕα
∂tj

(z′) = 0, j = d+ 1, . . . , n.

}?�1
�>/�

(29) �g~ 
\���;~ %�"H~�X0��
W~ �&�������NV7���W� ~'� ~�� ~��G� ��
I�A���W~��G%\�������8� �
d∏

j=1

a
wj
j ≤

(∑d
j=1 wjaj∑d
j=1 wj

)∑d
j=1 wj

, a1, . . . , ad ≥ 0, w1, . . . , wd > 0.

(30) ���������d~���
\�h�#��
���"7������X����������0��"�~��	�Q�8�A��� d = k �
(31) rd(ζ

′) = 1−∑n
j=d+1 |ζj |2pj �



� � (5��d�W����	��� ~�" OC�

0 = 1 + αj − 2pjqd
z

2pj
j

rd(z′)
, j = d+ 1, . . . , k,

0 = αj − 2pjqd
z

2pj
j

rd(z′)
, j = k + 1, . . . , n,

PQ��*,>=��n�*+68�1$QUc" #�F���)b��$&U`" #
αd+1, . . . , αn

Yet�"X%�#�"�6������'���������1#��
�W#���
'"X" �����C#Q%2"�*,
8��$Q),*L38�;����*,$1�
#��CP�#�*+���:��������(2"�68���/[7�'����*," 
'$�*+
~������Uc" #�F

rd(z
′) =

2pjqdz
2pj
j

1 + αj
, j = d+ 1, . . . , k,

rd(z
′) =

2pjqdz
2pj
j

αj
, j = k + 1, . . . , n.

t]���G),�1Uc�:$-*+.��T*,$:.��1>1#��/� $-*,
�n^*,
S� 
8KB" Ua������6 ��#�*b�W(H)+�/$
zd+1, . . . , zn

�2PQ��*,)+�����'��#�*+n��8�;$-*+.'�1$;��#��
*+
'>C#��/� $-*,
�n�Ydt]����$1�H���QFX" $<�&"�
��;>/"�FTFX"�
�z1�1#�"T*,$&��),),"/Pe�/.ZY

� �^#��1F_� *,
�$5��"�>=���/>�3¡PQ�'�C�����1#
αj ≥ 0

�
j = d + 1, . . . , n

Y �&(76!*+"���$-)+K��
αj ≥ 0

�
j =

k + 1, . . . , n
Y���
~�����:#��/F_��*,
�*,
�nX>�� $-�1$1�'��$-*,
�nX�����;.��1q'
�*+��*+"�
�"�U����'�;
7��F
(2�1#

d
��Pe���'�/68�

αj =
2pjqdz

2pj
j − rd(z′)
rd(z′)

≥ 0, j = d+ 1, . . . , k.

r ^jZ<Z ,�Z ,wf`(2l=Y:oeKB���'�G%'#�"7"�U�"�U:f��7l=�OPe�X"�
�)LKS�'�/6��X��"~>=�'�1>�3APQ���C�����1#
mE(A, z) ≥ RE(a, z)*+
0�����
>�� $-��PQ�'�C#��

d < n
Y���*+#�$<�:" ('$-�C#-68�
���'���?*L�?*,$&$-���_>1*,�1
7�?��"Xq'
'.A�XU`��
�>1��*+"�


h ∈ O(E′)
�

h 6≡ 0
�'$-��>=�~���'���/�

• h(ζ ′) = 0
*,U
ζd+1 · · · ζk = 0

�
• ������U`��
�>C��*,"�


E′3ζ ′ 7→|h(ζ ′)|rqdd (ζ ′)∈R+
�W�-�=� *,
�$v*+��$vF_��I!*+F���F�U`" #

ζ ′=(zd+1, . . . , zn)
Y

��
�.��/�1.Z�2$-��%�%2"�$-�
���'���:$-��>=�A� 

h
*,$:� )L#���� .!K�>1"�
�$<�-#��'>C���1.A� 
�.B),�C�

M
(Z�����'�
F_��I!*+F_� )v6 � )+�'�

"�U�������Uc�'
�>C��*,"�

E′ 3 ζ ′ 7→ |h(ζ ′)|rqdd (ζ ′)

Ya�a���

f(ζ) :=
qqdd
M

( d∏

j=1

ζj(2pj)
1/2pj

)
h(ζ ′), ζ ∈ E.

�Q(76!*,"���$-)LK
f(ζ) = 0

Uc" #
ζ ∈ A

Y�r7*+FX*,),��#�)+K���"£f��8l
Pe�~%�#�"�68�~���'��� |f | < 1
� 
�. |f(z)| =

RE(A, z)
Yat]�7��$

mE(A, z) ≥ |f(z)| = RE(A, z)
Y

tv"X>/" 
'$<�-#���>C�
h
� $-$-��FX�����'���

zd+1, . . . , zn ≥ 0
� 
�.�.��Cq'
'�

hα(ζ ′) :=
( k∏

j=d+1

ζje
αjζj

)( n∏

j=k+1

eαjζj
)
,

PQ���C#��
α = (αd+1, . . . , αn) ∈ Rn−d+

Y�� �_*,$X�1
'" �'n ����"Sq'
�.£��

α

$-��>R�����'���T�����~U`��
�>1��*+"�

E′ ∩ Rn−d+ 3 t′ 7→ hα(t′)rqdd (t)

���-�=� *+
�$;*+��$;F_��I!*+F���F ���
t′ = (zd+1, . . . , zn)

Y_D�"�
�$-*,.��C#�*,
�n
%H��#-��*,� )O.��C#�*+6 ����*+68�1$]#��1$-�')L��$Q*+
~������Uc"�),)+"�PQ*,
�nX��[7�'����*+"�
�$1�

0 =
1

zj
+ αj − 2pjqd

z
2pj−1
j

rd(z′)
, j = d+ 1, . . . , k,

0 = αj − 2pjqd
z

2pj−1
j

rd(z′)
, j = k + 1, . . . , n.

���;>/"�
8��*+
����
� $�*,
\�����;%�#�"�" Uu"�Uef��7l=Y



O � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

r ^jZ<Z ,�Z ,�fg>�l � J $-$-�1#-��*+"�
�fg>�ldU`" ),),"/PQ$Q.�*+#��1>1��)LK\Uc#�" F f`(2l=Y
r ^jZ<Z , Z ,�fg.�l � � TLN 	 � VTr7�!%'%2"�$-�����'���

mE(A, z) = RE(A, z)
Y�|��1�

f ∈ O(E, E)
(2�Q$-��>R�X���'���

f |A ≡ 0
� 
�. |f(z)| = RE(A, z)

fg>1U�Y�h �8��#-p �8�W#-p��a�S�����8�����a#�" %2�1#-��K~��Y��Wk`l=Ya�a���

h(ζ ′) :=
∂df

∂z1 . . . ∂zd
(0, ζ ′), ζ ′ ∈ E′.

���;�H�168�
h(ζ ′) = 0

*+U
ζd+1 · · · ζk = 0

Ya�H" #
ζ ′ ∈ E′ >1"�
�$-*,.��C#Q�����;F_��%�%'*,
�n

Ed 3 (ξ1, . . . , ξd)
ιζ′7−→
(
ξ1

(
cd(ζ

′)
2p1

)1/2p1

, . . . , ξd

(
cd(ζ

′)
2pd

)1/2pd

, ζ ′
)
∈ E.

J %�%')+K!*+
�nT�����Gr7>=�7P]�W#�z
),�1FXF_�G��"T�����;F_�W%'%'*+
'n
f ◦ ιζ′

�
ζ ′ ∈ E′ ��Pe��n �1�

|h(ζ ′)|rqdd (ζ ′) ≤ qqdd
( d∏

j=1

(2pj)
1/2pj

)
, ζ ′ ∈ E′, |h(z′)|rqdd (z′) = qqdd

( d∏

j=1

(2pj)
1/2pj

)
.

t]�7��$]Pe�?�'�/68�:>/" 
'$<�-#���>C���/.\��F_��%�%'*,
�n
h
� $]*+
^���'�&%�#�"�"�U�"�Udf`(ZlQfg>/" 
'$-�/[7���1
7��)LK8�������:�/[7�'� ),*L��K

mE(A, z) = RE(A, z)
*,$���[8�'*L6���),�1
7����"G���'�:�1I!*+$<���/
�>1��" Uv������FX��%�%H*+
�n

h
l=Y

� TLN 	 �,V
�H"�#
��
7K
p ∈ (0, 1)

� 
�.
q > 0

�����1#����CI!*,$<��$
c = c(p, q) ∈ (0, 1)

$-��>R�B���'���:U`" #;� 
8K
Uc�'
�>C��*,"�


f ∈ O(E)
*,U]�����^Uc�'
�>C��*,"�


E 3 λ 7→ |f(λ)|(1 − |λ|p)q ���-�=� *+
�$G*L��$GF_�WI!*,F���F ���
λ0 6= 0

�������1
 |λ0| ≥ c
Ya��
�.��/�1.Z�'),�C�

ϕ(t) :=
1

(1− tp)q , t ∈ [0, 1).

�Q('$-�1#-68�;���'���]�����1#��;�CI!*,$<��$Q�
b ∈ (0, 1)

$-��>=�����'���
ϕ

*,$Q$<�-#�*+>1��)LK\>1"�
�>��/6���"�

[0, b)

Y�@B" #��1"�68�C#/�

lim
t→0+

ϕ(t)− ϕ(0)

t
= +∞.

D�"�
�$-�/[7���/
8��)LK8�������1#��:�1I!*+$<��$&�
c ∈ (0, b)

$-�'>=�~���H�W�

ϕ(0) +
b

c
(ϕ(c)− ϕ(0)) > ϕ(b) + 2.

r7��%�%2"�$-�G���'���
f ∈ O(E)

*,$;$-��>=�A���H�W�;�����GU`��
�>1��*+"�

E 3 λ 7→ |f(λ)|/ϕ(|λ|) ���-�=� *+
'$:*L��$

F_�WI!*,F���F ���
λ0 6= 0

PQ*L��� |λ0| < c
Y����;F_�1K~� $-$-��FX�;���'��� |f(λ0)| = ϕ(|λ0|)

YeD�" 
'$-*+.��1#����'�
Uc�'
�>C��*,"�


[0, b] 3 t ψ7→ |f(0)|+ t

|λ0|
|f(λ0)− f(0)|.

��#�"�F
ψ(0) = |f(0)| ≤ ϕ(0) = 1

�
ψ(|λ0|) ≥ ϕ(|λ0|)

�H� 
�.\������>1"�
868�CI!*+��K\>1"�
�.�*+��*+"�
~Pe�;n��1�

ψ(b) = |f(0)|+ b

|λ0|
|f(λ0)− f(0)|

≥ ϕ(0) +
b

|λ0|
|ϕ(|λ0|)− ϕ(0)| ≥ ϕ(0) +

b

c
|ϕ(c)− ϕ(0)| > ϕ(b) + 2.

t]���Xr�>=�8P]��#�zG),�1FXF_�^� 
�.B������F_�WI!*,F���F %�#�*,
�>1*+%'),�G*+FT%')+K����'���?�����C#����CI!*,$<��$:�
λ∗ ∈ E

PQ*+���
|λ∗| = b

� 
�.
|f(λ∗)− f(0)|

|λ∗|
≥ |f(λ0)− f(0)|

|λ0|
.



� � (5��d�W����	��� ~�" O �

t]��*,$�FX�/� 
�$����'���

|f(λ∗)| ≥|f(λ∗)− f(0)| − |f(0)| = |f(0)|+ |f(λ∗)− f(0)| − 2|f(0)|
≥ψ(b)− 2|f(0)| > ϕ(b) + 2− 2|f(0)| ≥ ϕ(b) = ϕ(|λ∗|),

�T>1"�
8�-#=� .�*,>C��*," 
OY
� TLN 	 �'V
����F_�/KB��$-$-�'FT�����H�W�

pk+1 < 1/2
Y J $-$-��FX�����'���

0 < |zj | < ε
�
j = 1, . . . , k + 1

�
zj = 0

�
j = k + 2, . . . , n

�'PQ*+���
0 < ε < c(2pk+1, qk)

YQ�Q('$-�1#-6������'���
d(z) = k

%'#�"/6!*,.��1.
ε
*,$

$-F_��),)O�/
�"���n��ZYa|v�C�
h
(2�
� $�*,
Ar8���C%�� Ydt]���/
\������FX��%�%H*+
�n

E 3 λ 7→ |h(λ, 0, . . . , 0)|(1− |λ|2pk+1)qk

���-�=��*,
�$�*+��$�F_��I!*+F���F ���
λ = zk+1

��PQ��*,>=��>1"�
8�-#=� .�*,>C��$:r8���C%A�7Y
r ^jZ<Z ,�Z ,�fg��l ��r7�/�Xh �8��#-� � ��� ©�k�Y
���e<e:�	�� NE� YL¥8Y � V
|v�C�

P = P (R) := {z ∈ C : 1/R < |z| < R} f
R > 1

l=Y��d�!�
q := 1/R2 � 
�.

)+�1�

Π(a, z) = ΠR(a, z) :=

∏∞
ν=1(1− (z/a)q2ν)(1− (a/z)q2ν)∏∞

ν=1(1− azq2ν−1)(1− (1/az)q2ν−1)
,

f(a, z) = fR(a, z) := (1− z/a)Π(a, z), 1/R < a < R, z ∈ P.
�?$-*+
'n_���'�
$�� FX��FX�1����"�.�$?� $?*,
0�����
%�#�"�"�U�"�U��a#�" %2"�$-*+��*+"�
S�7Y��_*+
�h � p�� ����� �Wk��2"�
���>/� 
0%�#�"�68�
���'���&U`"�#:��
7K~U`��
�>1��*+"�


p : P → Z+
$-�'>=�0���'��� |p| = {a1, . . . , aN}

*+$Qq'
'*L�����H*,U
aj = |aj |eiϕj

�
|aj | = R1−2sj

�
sj ∈ (0, 1)

�
j = 1, . . . , N

�������/
\Pe�;n��1�

mP (p, z) =
f(b,−|z|)
|Rz|`

N∏

j=1

|f(|aj |, e−iϕjz)|kj , z ∈ P,

PQ���C#��

• ` = `(p) := ds1 + · · ·+ sNe
�

• b = b(p) := R1−2(l−(s1+···+sN )) �
• f(R, ·) :≡ 1

Y
���e<e:�	�� N�� YL¥7Y�¥PV���U

D
*+$]
�" �]>/"�
868�CI2�������/
\�a#�"�%Z" $-*+��*," 
S� Y ��Y���f`(2la
'�1�1.\
'"��](2�&�-#��'� Y���
'.��1�/.Z�

)+�1�
P (R)

�
ΠR

�v� 
�.
fR

(2�X� $;��I�� FT%'),�~� YL¥7Y���Y_D�"�
�$-*+.'�C#
F : P (R) → P (R2)

�
F (z) := z2 �

� 
�.�$-�!%�%2"�$-�X���'���
mP (R2)(1, z

2) = mP (R)({−1,+1}, z) � z ∈ P (R)
�
R > 1

Y^t]�'�1
Z�u��$-*+
'n
�aI!� FT%'),�X� YL¥8Y ����Pe��n��C�

fR2(1,−|z|2)

R2|z|2 |fR2(1, z2)| = 1

R|z| |fR(1, z)fR(1,−z)|, z ∈ P (R).

D�"�
�$-�/[7���/
8��)LKZ�

1

R|z| (1 + |z|2)ΠR2(1,−|z|2)|(1− z2)ΠR2(1, z2)| = |(1− z)ΠR(1, z)(1 + z)ΠR(1,−z)|,
� 
�.����1
�>/�

1

R|z| (1 + |z|2)ΠR2(1,−|z|2)|ΠR2(1, z2)| = |ΠR(1, z)ΠR(1,−z)|, z ∈ P (R),

�T>1"�
8�-#=� .�*,>C��*," 
�f�����),�/� $<�QU`" #Q)b��#�n �
R
l:f`�=��38�

z = 1
� 
�.\�����/
~),�C�

R→ +∞ l=Y
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�������������������������
�� ����!"��#%$'&%��!�(

9�N;:=<�>�?w� YL¥7Y j V
|v�C�
G ⊂ Cn � 
�.B��$-$-�'FT�
���'���

p : G→ R+
� |p| = {a1, . . . , aN}

Y�9:*+#��1>1��)LK
Ub#�"�F ������.��Cq'
'*L��*,"�
~"�Uv�����;U`��
�>1��*+"�


dmin
G

Pe��n��1�]������Uc"�),)+"�PQ*,
�nX�/$<��*+F_����� �

dmin
G (p, z) = sup

{ s∏

j=1

[mE(µj , f(z))]maxp(Bj) : s ∈ N, µ1, . . . , µs ∈ E, µj 6= µk (j 6= k),

B1 ∪ · · · ∪Bs = |p|, Bj ∩Bk = ∅ (j 6= k), ∃f∈O(G,E) : f |Bj ≡ µj , j = 1, . . . , s
}

≤ sup
{ s∏

j=1

[mG(Bj , z)]
maxp(Bj) : s ∈ N, B1 ∪ · · · ∪Bs = |p|, Bj ∩Bk = ∅ (j 6= k)

}

=: d′G(p, z), z ∈ G.
yQ�1>�� )+):���'����*+
 �����S>/� $-�SPQ���C#��

p = χA
Pe�E�'�/6��

dmin
G (χA, ·) ≡ mG(A, ·) ≡ d′G(χA, ·)fg>1U�Y��a#�" %2"�$-*+��*+"�
E� Y��7Y ©�l=Y

��
~%H��#-��*,>1��)b��#/��*,U
N = 2

� |p| = {a, b} � α = p(a) ≥ p(b) = β
�������1
~Pe��n �1�

dmin
G (αχ{a} + βχ{b}, z) ≤ max{[mG(a, z)]α[mG(b, z)]β , [mG({a, b}, z)]α}

= d′G(αχ{a} + βχ{b}, z), z ∈ G.
�?" ��*,>1�~���'���5*+
£n �/
��C#=� )

dmin
G (αχ{a} + βχ{b}, ·) 6≡ d′G(αχ{a} + βχ{b}, ·)

Y¢��
£U`� >C�/�]),�C�
G = P

(2�B� 
���
'
7��),��$\� $5*,
£�aI�� FG%H)+��� Y�¥7Y �7Y tu��38�
1/R < a, b < R

�
a 6= b

�
ab 6= 1

�
p := 2χ{a} + χ{b}

Y�������#���n "�*,
�nT��"X$-��"�P ���'���������C#��;�1I�*,$<��$&�
z ∈ P $-��>R�\���H�W�

[mP (a, z)]2mP (b, z) > [mP ({a, b}, z)]2,
dmin
P (p, z) < [mP (a, z)]2mP (b, z)

= max{[mP (a, z)]2mP (b, z), [mP ({a, b}, z)]2} = d′P (p, z).
��*L#�$<�&" ('$-�C#-68�;���'���]���'�C#�����#��;%2"�*+
8��$

z
fg
����W#

b
l�$-��>=�~���'���

[mP (a, z)]2mP (b, z) > [mP ({a, b}, z)]2.
�'" #/�'��$-*,
�nX�����;�1V2�1>1��*L68�;Uc" #�F���)b�TUc#�"�F��aI���FT%'),�X� YL¥7Y�����Pe���'�/6����

[mP (a, z)]2mP (b, z) =

(
f(1/a,−|z|)

R|z| |f(a, z)|
)2

f(1/b,−|z|)
R|z| |f(b, z)|,

[mP ({a, b}, z)]2 =

(
f(c,−|z|)
(R|z|)` |f(a, z)f(b, z)|

)2

,

PQ*L���
c = c(a, b)

� 
�.
` = `(a, b)

� $&*+
0��I�� FT%'),�_� YL¥8Y ��YQD�"�
�$-�/[7���/
8��)LKZ�'Pe�
"�
�)LK~
'�1�1.���"Tq'
'.
�
z ∈ P \ {a, b} $-�'>=�~���'���

(
f(1/a,−|z|)

R|z|

)2
f(1/b,−|z|)

R|z| >

(
f(c,−|z|)

(R|z|)`
)2

|f(b, z)|.
�Q('$-�1#-68�����H�W�e���

z = b
�����Q#�*+n��8�e�'� 
�._$-*,.��?" U2�����&��(2"�68�&Uc" #�F���)b��*+$�z/�C#�"�PQ��*,)+�����'�Q),�1Uc�d�'� 
�.

$-*+.'��*+$Q$<�-#�*+>1��)LK^%2"�$-*L��*+68� Ydt]�7��$1�'(7K\>/" 
7��*+
7�'*L��KZ�'Pe�;>�� 
~��� $-*+)+K^q'
�.~�����:#���[7��*L#��/.
z
�H$��1K

z0
Y

|v�C�
ϕ ∈ O(P,E)

(2�:� 
5�1I��-#��1F_� )HU`��
�>1��*+"�
5U`" #
dmin
P (p, z0)

fg��#�" %2"�$-*+��*+"�
B� Y�j�Y ©�l=Y����?F_�/K
� $-$-��FX�;���'���

ϕ(a) = 0
Ydt]���1#�����#��:��Pe"_>/� $-�1$1�

f��7l
ϕ(b) = 0

Ydt]�'�1

dmin
P (p, z0) = |ϕ(z0)|2 ≤ [mP ({a, b}, z0)]2 < d′P (p, z0)

Y



� � (5��d�W����	��� ~�" O�O

f`(2l
ϕ(b) 6= 0

Y&t]���1

dmin
P (p, z0) = |ϕ(z0)|2mE(ϕ(b), ϕ(z0)) ≤ [mP (a, z0)]2mP (b, z0) =

d′P (p, z0)
Y t]���~�/[7�'� ),*L��K

dmin
P (p, z0) = d′P (p, z0)

Pe"���)+.�*,FT%')+K����'���
ϕ

*,$T$-*,F���)L�=� 
��/"���$-)LK
�CI��-#��1F_� )�Uc" #

mP (a, z0)
��
'.

mP (b, z0)
Y �?$-*,
�n�yQ" ('*+
'$-" 
 � $�)+�/FTF_�_f<h � p����/�������8|v�1FXF_����Y��Wkgl=�

Pe�:3!
�"�P ���'���Q$-��>=���CI��-#��/FX� )OUc�'
�>C��*,"�
�$Q��#��;��
�*b[7���1)+K\.'�C���C#�FX*,
��1.��!%���"G#�" �=����*," 
'$1Y�}?�1
'>1�

ϕ(z) = eiθa
f(1/a,−e−iϕ0z)

Rz
f(a, z) = eiθb

f(1/b,−e−iϕ0z)

Rz
f(b, z),

PQ���C#��
ϕ0 ∈ arg z0

�H�T>/" 
7�-#=��.'*+>1��*+"�
�f`�����:��Pe"_$-*+.��/$��H�168��.�*+V2�1#��1
8�Qz/�C#�"�$Rl=Y
���e<e:�	�� Nw� Y�¥7Y��£f<h �8��#-p��a������������kgluV
|v�C�

F
(2�^��%�#�*,FX*L��*+68�_%2"�)LK!
�"�FX*b��)�"�U

n
>1"�FT%'),�CIE6 ��#�*Lp

��(')+�/$1�7*�Y � Y
F ∈ P(Cn)

*+$��:%2"�)+K�
'" FX*b� )�PQ��*,>=�_>���
'
�" �a(2�]#��C%'#��1$-�1
7���1._*,
T�����QUc" #�F
F = f ◦Q �

PQ���C#��
f
*,$:�_%2"�)+K!
�"�FT*b� )u"�U�"�
��G>1"�FT%'),�CI�6 ��#�*b�W(H)+��"�U�.'�1n #��1� ≥ 2

��
'.
Q ∈ P(Cn)

Y:�?" ��*+>/�
���'���?�_FT"�
�"�FX*b��)

zα
f
α = (α1, . . . , αn) ∈ Nn le*,$�%'#�*+FX*+��*L68�
*+VS�����

7��F
(2�C#�$

α1, . . . , αn
��#��

#��1)b����*L68�1)+K5%�#�*,FX� Y
�?
��
>/� 
�%�#�"�68�^fg>/U Yvh�DdK�n���������kgl����'���&�����1#����1I�*,$<��$?�Tq'
�*+���
$-�C�

S ⊂ C $-��>=�0���'���&U`" #?� 
8K
b ∈ C \ S �

• �����;q�(2�C#
F−1(b)

*+$Q>1"�
�
��/>C���/.Z�
• F ′(a) 6= 0

U`"�#
a ∈ F−1(b)

Y
t]�7��$1� *+U

b 6∈ S �������1
;���'��q�(2�1#
F−1(b)

*+$u��>1"�
�
��/>C���/.
(n−1)

p�.�*+FX�/
�$-*+"�
'� )�� )+n��C('#=��*,>aF_� 
�*,Uc"�),.ZY
��

%H��#-��*+>/��),��#/� U`" #�� 
8K

b 6∈ S �������dq�(2�C# F−1(b)
�'� $v�����d%'),�!#�*+$-��('�'��#�FX" 
'*+>e|v*+"��!6!*,)+),�d%�#�" %2�1#-��KZ�

*gY � Y2� 
8K~%'),�!#�*,$-�!('�'��#�FX"�
�*+>GUc�'
�>C��*,"�

u : F−1(b) → [−∞, 0)

*+$?>1"�
�$<�=� 
8�Tfg>1U�Yvh �8��#-p��������������!�
�a#�"�%Z" $-*+��*," 
 �Wkgl=Y

�d�!�
r(a) := orda(F − F (a))

YB|��1�
D ⊂ C (2�\��.'" F_� *,
ZYB�d�!�

G := F−1(D)
YBt]�'�1


G
*,$X�A.�"�F_��*,
ZY���
�.��1�/.Z�d$-*,
�>1�\�����\$-�1�

F−1(S)
*,$G����*,
Z�d*+�T$-���_>/�1$T��"B%�#�"�68�^���'���T�����\$-�C�

G0 := F−1(D \ S)
*+$�>1"�
�
'�1>C���/.ZYBr7�!%'%2"�$-�

G0 = U1 ∪ U2
��PQ���C#��

U1, U2
��#��_
'" 
�p��1FT%���K

.�*,$gxN"�*,
8�Q" %2�1
~$-�1��$1Ya�d�!�
Bj := {w ∈ D \ S : F−1(w) ⊂ Uj}

�
j = 1, 2

Y�r�*+
�>/�:�����:q�(Z�C#�$�"�68�C#
%2"�*+
7��$QUc#�"�F

D \ S ��#���>/"�
�
��1>1���1.Z�'Pe�
>1"�
�>/)+��.'�;���'���
B1, B2

��#��
.�*+$gx<"�*+
7�?� 
�.
Bj = F (Uj)

�
j = 1, 2

Ya��
~%H��#-��*+>/��),��#/�
Bj

*+$Q" %2�1
O�'
�"�
!p��1FT%���KZ����
'.
D \ S = B1 ∪B2

�'�X>1"�
8�-#=� .�*,>C��*," 
OY
f��7l�|��1�

p : G→ R+
(Z�;$-��>R�~���'��� |p| *,$]qH
�*L����Ydt]���1


f<� Y�¥7YL¥ l
gG(p, z) = gD(pF , F (z)), z ∈ G,

PQ���C#��

pF (b) := max

{
p(a)

r(a)
: a ∈ |p| ∩ F−1(b)

}
, b ∈ D.

��
~%H��#-��*+>/��),��#/�

gG(a, z) = [gD(F (a), F (z))]1/r(a), a, z ∈ G.
f`(2l�|v�C�

p : G→ Z+
(Z�;$-��>R�~���'��� |p| *,$]qH
�*L����Ydt]���1


f<� Y�¥7Y�j�l
mG(p, z) = mD(p′, F (z)), z ∈ G,

PQ���C#��

p′(b) := max

{⌈p(a)

r(a)

⌉
: a ∈ |p| ∩ F−1(b)

}
, b ∈ D.
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�� ����!"��#%$'&%��!�(

��
~%H��#-��*+>/��),��#/�

mG(kχ{a}, z) = mD(k′χ{F (a)}, F (z)), a, z ∈ G, k ∈ N,
PQ���C#��

k′ := dk/r(a)e Y
��
�.'�1�1.O�'*+
~(2" ���~>/� $-�1$�������*+
���[7�'� )+*+��*+�/$�4 ≥M;Uc"�),)+"�P Ub#�"�F�yQ�1F_��#-3S� Y ��Y,�8fg�Wl=Y
tv";%�#�"�68�]�����Q" %�%2"�$-*+����*,
��/[7�'� ),*L��KT*+
Bf��7l=���=��38�Q�;),"�n���#�*+����FX*+>�� )+)+KG%'),�!#�*+$-��('�'��#�FX" 
'*+>&U`��
�>Cp

��*+"�

u : G→ [0, 1)

$-��>=�����'���

u(z) ≤ C(a)‖z − a‖p(a), a, z ∈ G.
�'" #B� 
8K

b ∈ D \ S �?���'�SU`��
�>1��*+"�

u|F−1(b)

*,$�>1"�
�$<�=� 
8�/Y D�"�
�$-��[8�'�1
8��)+KZ�?���'�C#��E�CI!*+$<��$0�
)+"�n8��#�*L���'FT*,>/� ),)LK�$-��('�'��#�FX" 
'*+>~U`��
�>1��*+"�


ũ : D \ S → [0, 1)
$-��>=� ���H�W�

u = ũ ◦ F "�

G \

F−1(S)
Y^t]���_Uc�'
�>C��*,"�


ũ
�CI����/
�.�$;��"0��)+"�n8��#�*L���'FT*,>/� ),)LKE$-�!('�'��#�FX"�
�*,>_U`��
�>1��*+"�
�"�


D
f`�����

�CI����1
'.��1.0U`��
�>1��*+"�
�PQ*,)+)�(2��.��1
�" ���/.�(7K������
$�� FX�
$<K!F
(2"�)
ũ
l=YQoeK\������*+.'�1
8��*+��K\%'#�*+
�>/*L%H)+��U`"�#

%'),�!#�*+$-��('�'��#�FX" 
'*+>
U`��
�>1��*+"�
�$]Pe��n��1�
u = ũ ◦ F *,


G
Y����:P]� 
8�Q��"T$-�'"/P ���'���

f<� Y�¥7Y���l
ũ(w) ≤ const(b)|w − b|pF (b), b, w ∈ D;

�����1

ũ ≤ gD(pF , ·) � 
�.X���/
�>1�

u = ũ◦F ≤ gD(pF , F )
��PQ��*,>=�Xn�*L68�1$������]#��/[7��*+#��1.T*,
��/[7�'� ),*L��K8Y

��*+I\�
b ∈ D PQ*+���

pF (b) > 0
�'� 
�.�)+�1�

a ∈ F−1(b)
(Z�:$-�'>=�\���'���

p(a) > 0
Y��&('$-�C#-68�:���H�W�

�����C#����CI!*,$<�
ε > 0

�
δ > 0

����
'.
M > 0

$-�'>=�~���'���
B(b, ε) ⊂ D � 
�.

∀w∈B(b,ε) ∃z(w)∈B(a,δ) : F (z(w)) = w, ‖z(w)− a‖r(a) ≤M |w − b|.
��
�.��/�1.Z�7)+�1�

X ∈ Cn � ‖X‖ = 1
�8(2��$-��>=�X���'���

ord0(ϕ−b) = r(a)
� PQ�'�C#��

ϕ(λ) := F (a+λX)
Y

t]���1
 |ϕ(λ) − b| ≥ (1/M)|λ|r(a) U`" # |λ| < δ
f`PQ���C#��

M > 0
�
δ > 0

l_� 
�.
ϕ

*+$\" %2�/
ZY
D�"�
�$-�/[7���/
8��)LKZ�

ϕ(B(δ)) ⊃ B(b, ε)
U`" #&$-"�FT�

ε > 0
Y�t]�7��$?Uc" #?� 
8K

w ∈ B(b, ε)
�����1#����1I�*,$<��$&�

λ(w) ∈ B(δ)
$-��>R�~���'���

z(w) := a+ λ(w)X
$�����*+$<q'�/$&� )+)Z�����;#��/[7��*+#��1.~>/" 
'.�*L��*,"�
�$1Y

D�"�
�$-��[8�'�1
8��)+KZ�

ũ(w) = u(z(w)) ≤ C(a)‖z(w)− a‖p(a) ≤ C(a)Mp(a)/r(a)|w − b|p(a)/r(a), w ∈ B(b, ε).
r7*,
�>1�;�����;$-�1�Q"�U���),)

a ∈ F−1(b)
PQ*+���

p(a) > 0
*,$�q'
�*+��� ��Pe��n �1��f<� Y�¥7Y���l=Y

��
����'�~$-*+���'����*," 
£" UTf`(Zl�),�C�
f ∈ O(G,E)

(2��$-��>=�����H�W�
orda f ≥ p(a)

�
a ∈ G

Y¢�'" #
� 
8K

b ∈ D \ S �����\Uc�'
�>C��*,"�

f |F−1(b)

F���$<�T(2�\>/"�
�$<�=� 
8�/Y�}?�1
�>/�5�����1#��\�CI!*+$<��$X�BU`��
�>1��*+"�


f̃ ∈ O(D \S,E)
$-�'>=�_���'���

f = f̃ ◦F Y �?$-*,
�n
�����&yQ*,�1F_� 
�
_#��1FX"�6 ��('),�&$-*,
�n���)b��#�*L��KX�����/"�#��/F~�
Pe�5�CI����/
�.

f̃
��"�)," FX" #-%'��*,>/� ),)LK���"������_PQ��"�),�

D
Y0tu��38�

b ∈ D
� 
�.

a ∈ F−1(a)
$-��>=�����'���

p(a) > 0
Ydt]���/
Z�'��$-*,
�nT���'�;$�� FX�
�W#�n���FX�/
8�&� $Q*+
�f��8l=��Pe�;n��1�

|f̃(w)| = |f(z(w))| ≤ const ‖z(w)− a‖orda f ≤ const ‖z(w)− a‖p(a) ≤ |w − b|p(a)/r(a)

Uc" #
w

*+
���
��1*,n��8(2" #���"�"�.¢"�U
b
Y D�" 
'$-�/[7���1
7��)LKZ�

ordb f̃ ≥ p′(b)
�
b ∈ G

�Q� 
�.Z�������1#��1U`" #�� �
|f(z)| = |f̃(F (z))| ≤ mD(p′, F (z))

�
z ∈ G Y

t]���?>/� $-�QPQ���C#��
F (z) = zα

��
'.
D = E

P]� $�$<����.�*,�1.^*,
Bh � p�� ����� ���!K=©�Y © k�fg"�
��Q%2"�)+��l=�!� 
�.
h �d.�*+pN�HPe"0�/�����WkdfgF_� 
8K\%2"�)+�/$Rl=Y

?
J #��;U`" #�F
�'),� $�f<� YL¥8YL¥�l=��f<� YL¥7Y j8ld�-#����;U`"�#?��#-('*+�-#=�W#-K

p ?��
~������$<%2�1>/*,� )O>/� $-�:PQ���1#��
F (z) = zα

Pe��n �1�������;U`"�)+),"�PQ*+
'nX�CI�� FT%'),� Y
���e<e:�	�� N¢� Y�¥7Yb�/� V�|v�C�

α = (α1, . . . , αn) ∈ Nn � G := {z ∈ Cn : |zα| < 1} Y J $-$-��FX�T���'���
α1, . . . , αn

��#���#��1)b�W��*+68�1)+K~%�#�*,FX� Y;t]���/
BUc" #;� 
8K0U`��
�>C��*,"�

p : G → R+

f`#��1$<%OY
p : G → Z+

l



� � (5��d�W����	��� ~�" O (
$-��>=�����'��� |p| *,$]q'
�*+��� ��������Uc"�),)+"�PQ*,
�nXU`" #�F���),� �
��#��:�-#��'� �

gG(p, z) = mE(pz
α

, zα), mG(p, z) = mE(p′, zα), z ∈ G,
PQ���C#��

pz
α

(b) := sup

{
p(a)

r(a)
: a ∈ G, aα = b

}
, (32)

p′(b) := sup

{⌈
p(a)

r(a)

⌉
: a ∈ G, aα = b

}
, b ∈ E.

�aI�� FG%H)+�_� YL¥8Y��GF_�1K\(2�;�1I����1
�.��/.\*,
~�����;U`"�)+),"�PQ*+
'nTP]�/K�Y
���e<e:�	�� N�� YL¥8Yb���~f<h �8��#-p��a��������� ���Ht]���/"�#��/F �CkgluV
|��1�

αj = (αj,1, . . . , αj,n) ∈ (Zn+)∗, j = 1, . . . ,m ≤ n− 1, m ≥ 2,
(2�5$-��>=�����'���

rankA = m
�vPQ�'�C#��

A := [αj,k]
Y J $-$-��FX�_���'���

AZn = Zm (33)
Y~|v�C�

F =

(F1, . . . , Fm) : Cn → Cm
(Z�;n�*L68�/
\(7K^���'�;U`"�#�F���)b�

Fj(z) := zαj , j = 1, . . . ,m.
9:�CqH
��

G := F−1(Em) = {z ∈ Cn : |zαj | < 1, j = 1, . . . ,m}.
|��1�

p : G→ R+
f`#��/$<%OY

p : G→ Z+
l�(2�:$-��>R�^���'��� |p| *+$eq'
'*L���;� 
�.\Uc" #�� 
8K

a ∈ |p| Pe�:�'�/68�
rankF ′(a) = m

fg*+
\%��W#-��*,>1�'),��#/�
r(a) = 1

l=Ydt]���1

f<� Y�¥7Yb�1�7l

gG(p, z) = gEm(pF , F (z)), mG(p, z) = mEm(pF , F (z)) z ∈ G, (34)
PQ���C#��

pF (b) := max{p(a) : a ∈ |p| ∩ F−1(b)}, b ∈ Em.
��
~%H��#-��*+>/��),��#/�'*+U

p = χ{a}
�������1


gG(a, z) = gEm(F (a), F (z)), mG(a, z) = mEm(F (a), F (z)), z ∈ G.
��
�.'�1�1.O�v%'���

V0 := {w = (w1, . . . , wm) ∈ Cm : w1 · · ·wm = 0} � 
�.�" ('$-�1#-68�X���'����Uc" #
� 
8K

w ∈ Em \ V0
���'�_q'(2�C#

Vw := F−1(w)
*+$G>/"�
�
��1>1���1.

(35)
YA�'" #�f`�����5%�#�"�"�U�*+$G.'���5��"

��Y��'Pe"�
��13Hl=��)+�1�
w = (u1e

2πiθ1 , . . . , ume
2πiθm)

Yatu��38�;��#-('*L�-#=��#-K5��Pe"G%2"�*,
8��$
a, b ∈ F−1(w)

�
a = (r1e

2πiϕ1 , . . . , rne
2πiϕn)

�
b = (s1e

2πiψ1 , . . . , sne
2πiψn)

Y����5�'�/68�
F (r) = F (s) = u

�
Aϕ = θ mod Zm

�
Aψ = θ mod Zm

Y5���X�H�168�X��"~q'
�.��~>/�!#-68�
γ : [0, 1] → F−1(w)

$-��>=�
���'���

γ(0) = a
�
γ(1) = b

Ya�E#�*+���

γ(t) = (R1(t)e2πi(ϕ1+σ1(t)), . . . , Rn(t)e2πi(ϕn+σn(t))),
PQ���C#��

R : [0, 1] → Rn+
*,$5>1"�
8��*,
7��"���$1�

σ : [0, 1] → Rn
*,$_$-�'>=�¡���'���X������F_��%�%'*,
�n

t 7→
(e2πiσ1(t), . . . , e2πiσn(t))

*+$d>1"�
8��*,
7��"���$1�
F (R(t)) = u

�
Aσ(t) = 0 mod Zm

�
t ∈ [0, 1]

�
R(0) =

r
�
R(1) = s

�
σ(0) = 0 mod Zn

�
σ(1) = ψ − ϕ mod Zn

Y

(32) �Z��"H~�
 �;~Z��
\�h� r(a) = 1 ��� a1 . . . an 6= 0 |\����X r(a) = ��
W~Z"�%�� ���c��
���" ~ αi � ��
UV_
���� 
 ai = 0
��� a1 · · · an = 0 �

(33) �Z�W~5����� ��
�� �;~=��
\�h� AZn = Zm ��` ��
W~x��
H~���� ~'"����'���	�	���SX�� �Q��"���
Z��� ����� XW~'� ~'
��!���\������"Z���
m×m "�%������h��
����d~'"#��� A ~��G%\����" 1 �

(34) ���������d~=��
\�h����
W~5�&��
��5%��+� z � � (=� ��� {7�!��� �������P~=��
�%W~B��� rankF ′(a) ≤ m − 1 � ���6� d�W����	��� ~� � (=� ��� �
(35) � � � ���'��|����W~ �����b��
�� �;~Z��
\��� Vw ��"7�������W~��'� ~�Xb��` AZn = Zm �



O�g ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

�?" �������'���&�����
$-�1� {x ∈ Rn+ : F (x) = u} *,$&>1"�
�
'�1>C���/.ZYQ}?�1
'>1��Pe�
>�� 
0����$-*,)+K~q'
�.A� 

RPQ*L���~�����:#���[8�'*L#��/.\%�#�" %2�C#-��*,�1$1Ydtv"Tq'
�.0�

σ
*+��Pe" �')+.~(2��$-���_>1*,�1
8�Q��"T3�
'"/Pw���H�W�����'�;$-�C�

T := {x ∈ Rn : Ax ∈ Zm}/modZn

*+$?>/"�
�
��1>1���1.ZY�r7*+
'>1�
AZn = Zm

��Pe�Gn��C�
T = {x ∈ Rn : Ax = 0}/modZn

�2PQ��*+>R�B.�*+#��1>1��)LK
*+FT%'),*,�1$����'���

T
*,$�>/"�
�
��1>1���1.�f`(2�1>�� ��$-�

A−1(0)
*,$�>/" 
'
��1>1���1.�l=Y

t]����*+
'�/[7�'� )+*+��*,�1$e4 ≥M;*,
�f<� YL¥8Yb�/�7l�Uc"�),)+"�P Ub#�"�F�yQ�1F_��#-3S� Y���Yb��fg��l=Y
�H"�#
�����T%�#�"�"�U�"�U�4 ≤ MX*,
S�����X>�� $-�X"�Ue�~n �/
��C#=� ),*+z/�1.�m&#��/�1
EU`��
�>1��*+"�
Z�u)+�1�

u : G → [0, 1)(2�5$-��>R�����'���
log u ∈ PSH(G)

� 
�.
u(z) ≤ C(a)‖z − a‖p(a) Uc" #T� 
8K

a, z ∈ G
YB�'" #T� 
8K

w ∈ Em \ V0
��$-*,
�>1�

Vw
*+$Q�T>1"�
�
��/>C���1.~� ),n��C(�#=� *,>:$-�1�/�!�����:U`��
�>1��*+"�


u|Vw
*,$]>/" 
'$<�=��
7�/Ya}?�1
�>/�

�����C#��T�CI!*,$<��$;�^)," n8��#�*+����FX*+>���),)+K0%')+��#�*+$-�!(H�'��#�FT"�
�*,>XU`��
�>1��*+"�

v : Em \ V0 → [0, 1)

$-�'>=�S���'���
u = v ◦F "�


G\F−1(V0)
Y�oeKT�����QyQ*,�1F_� 
�
_��K�%2�Q�CI����/
�$-*+"�
X�����/" #��1F�U`" #a%H)+�!#�*,$-�!('�H�W#�FX"�
�*,>

Uc�'
�>C��*,"�
�$1�
v

�1I����1
�.�$^��"�� )+"�n8��#�*L����FX*,>/� ),)LK¢%')+��#�*+$-�!(H�'��#�FT"�
�*,>EU`��
�>1��*+"�
�"�

Em

YsoeK¡���'�
*+.'�1
8��*+��K^%�#�*+
'>1*+%')+��U`" #�%'),�!#�*+$-��('�'��#�FX" 
'*+>
U`��
�>1��*+"�
�$�Pe�;n��1�

u = v ◦ F *,

G
Y

��*+I��
b ∈ Em

PQ*+���
pF (b) > 0

� 
�.�),�C�
a ∈ F−1(b)

(2�5$-�'>=�����'���
p(a) > 0

Y0oeKE"��!#
� $-$-��FT%���*+"�
 f

rankF ′(a) = m
l����'�C#��~�CI!*+$<��$_� 


m
p�.�*,FX�1
�$-*,"�
'� )]68�1>1��" #T$-�!(H$<%H� >1�

L ⊂ Cn$-��>=�B���'���Q���'�
F_��%�%'*,
�n
L 3 z g7→ F (a+ z)

*,$Q('*,��"�)," FX" #-%'��*,>G*,
B�_
'�1*,n �7(2" #���"�"7.B"�U
0 ∈ L Yt]���1
 ‖g(z)− b‖ ≥ (1/M)‖z‖ � z ∈ L∩B(δ)

fgUc" #e$-"�FX�
M, δ > 0

la��
'.
g(L∩B(δ)) ⊃ B(b, ε)fg>1U�Y'�aI���FT%'),�_� Y�¥7Y��8l=Y�}?�1
'>1� �HUc" #?��
7K

w ∈ B(b, ε)
�����C#����1I�*,$<��$&�

z(w) ∈ L ∩ B(δ)
$-�'>=�����'���

F (a+ z(w)) = w
Ya�u*,
'� ),)LKZ�

v(w) = v(F (a+ z(w))) = u(a+ z(w))

≤ C(a)‖z(w)‖p(a) ≤ C(a)M‖g(z(w))− b‖p(a) = C(a)M‖w − b‖p(a),

� 
�.Z�'>/" 
'$-�/[7���1
7��)LKZ�
v(w) ≤ C̃(b)‖w − b‖pF (b) � b, w ∈ Em Ya}?�/
�>1�

u(z) = v(F (z)) ≤ gEm(pF , F (z)), z ∈ G,
PQ��*,>=��*+FT%'),*,�1$����'���

gG(p, z) ≤ gEm(pF , F (z))
�
z ∈ G Y

��
0���'�
>/� $-��"�U�������n �/
��C#=� ),*+z/�1.B@/3 ('*,��$?U`��
�>1��*+"�
0Pe����$-�G� 
A��
H��),"�n�" �'$:��#�n���FX�1
8�Xf�� $?*+

�aI!� FT%'),�X� YL¥8Y��8l=Y
9�N;:=<�>�?�� Y�¥7Yb���PV��aI!� FT%'),�T� Y�¥7Yb���:F_�1K5(2�:�CI����1
'.��1.^��"GFX" #��:n��1
��1#=� )2F_��%�%'*,
�n�$

F
� 
�.\.'"�p

F_��*,
�$
G
Yvt]�'��>/" 
'.�*L��*,"�


rankF ′(a)=m
�
a ∈ |p| �WF_�/K;��),$-"�(2��Pe�/��38�1
��/.Z� >1U�Y�h �8��#-p���������������k�Y

t]���&>/� $-�1$aPQ��*,>=�5��#��Q
�" �d>/"�6��1#��1.X(7KT�aI�� FT%')+����YL¥7Y,���&��#���*,
_n��1
��1#=��)HF���>=�5FX"�#��&.�* �_>/��)L�
fg�C68�1
~PQ���1


p = χ{a}
l=Y

���e<e:�	�� N�� YL¥8Yb��� f<h �8��#-p��a����� ��� �!�Q�a#�" %2"�$-*+��*+"�
w��kgluV
|v�C�
αj = (αj,1, . . . , αj,n) ∈ (Zn+)∗

�
j = 1, . . . ,m

�
m ≥ 2

�
A := [αj,k]

�

G := {z ∈ Cn : |zαj | < 1, j = 1, . . . ,m}. (36)

��*LI���

a ∈ G PQ*+���

aαj = 0
�
j = 1, . . . ,m

Y J $-$-�'FT�_���'���
a = (a1, . . . , as, 0, . . . , 0)

PQ*+���
a1 · · · as 6= 0

��
'.
1 ≤ s ≤ n− 1

Ya�d�!�

(36) �g~ X��	��������"�"�%���~Z��
\�h� m ≤ n− 1 | rankA = m | AZn = Zm �



� � (5��d�W����	��� ~�" O�M

Ã := [αj,k] j=1,...,m
k=s+1,...,n

=



β1YYY
βm


 .

�?" ��*+>/�����'���
rj := orda z

αj = |βj | > 0
�
j = 1, . . . ,m

YGt]�'�1
A�����TUc"�),)+"�PQ*,
�n~>/" 
'.�*L��*,"�
�$���#��
�/[7��*+6 � ),�1
8�/�

fg*`l
rankA = rank Ã

�
fg*+*`l

gG(a, z) = max{|zαj |1/rj : j = 1, . . . ,m} � z ∈ G �
(37)fg*,*+*`l

gG(a, z) = sup{|zα|1/r : α ∈ (Z+)n, |ξα| < 1
U`" #

ξ ∈ G, r = orda ξ
α > 0} � z ∈ G �

fg*+6�l
gG(a, (z′, λz′′)) = |λ|gG(a, z)

�
z = (z′, z′′) ∈ G ⊂ Cs × Cn−s � λ ∈ E �

f`6�l
lim supθ→0+

1
θm

(r+1)
G (a, (z′, θz′′)) < +∞ �

(z′, z′′) ∈ G ⊂ Cs × Cn−s Y
��
�.'�1�1.O����"T%�#�"�6��5fg*cl ⇒ fg*,*cl=��),�C�

L(z) := gG(a, z), R(z) := max{|zαj |1/rj : j = 1, . . . ,m}, z ∈ G.
t]���
*,
��/[7�'� ),*L��K

L ≥ R
U`"�)+),"�PQ$&Uc#�" F �����
.'�Cq'
�*+��*," 
0"�U

gG
YQtv"X%'#�"/68�
���'���

L ≤ R
*+�?$-���_>1�/$

��"X$-��"�Pw���'���
L(z) ≤ R(z)

U`"�#&� 
8K
z ∈ G0 := G ∩ ((C∗)s × Cn−s)

Y
oeKEfg*cl=��U`" #&� 
8K

k = 1, . . . , s
�!������$<K!$<���1F�"�Uu�/[7�'����*," 
'$

αj,s+1xs+1 + · · ·+ αj,nxn = −αj,k, j = 1, . . . ,m,
�'� $��:#=�W��*,"�
'� )'$-" ),�!��*,"�


(Qs+1,k/µk, . . . , Qn,k/µk)
PQ*L���

Qs+1,k, . . . , Qn,k ∈ Z
�
µk ∈ N

Y��d�!�
Qk,k := µk

� 
�.
Qj,k := 0

�
j, k = 1, . . . , s

�
j 6= k

Y�t]���/

f<� Y�¥7Yb� �Wl

αj,1Q1,k + · · ·+ αj,nQn,k = 0, j = 1, . . . ,m, k = 1, . . . , s.
|��1�

Qj := (Qj,1, . . . , Qj,s) ∈ Zs
�
j = 1, . . . , n

Ya9:�CqH
��
Φ : (C∗)s × Cn−s → (C∗)s × Cn−s

�

Φ(ξ, η) := (ξQ1 , . . . , ξQs , ξQs+1η1, . . . , ξ
Qnηn−s) = (ξµ1

1 , . . . , ξµss , ξQs+1η1, . . . , ξ
Qnηn−s),

(ξ, η) = (ξ1, . . . , ξs, η1, . . . , ηn−s) ∈ (C∗)s × Cn−s.
�Q('$-�1#-68�B���'���

Φ
*,$\$-�!#�x<�1>1��*L68��Y ��
'.��1�/.Z�&U`"�#

z = (z1, . . . , zn) ∈ (C∗)s × Cn−s
�Q�=��38�A� 


��#-('*L�-#=��#-K
ξj ∈ (zj)

1/µj
�
j = 1, . . . , s

�H� 
�.�.��CqH
��
ηj := zs+j/ξ

Qs+j
�
j = 1, . . . , n− s Y��U

z = Φ(ξ, η)
�!���'�1
\(7K�f<� Y�¥7Yb� �WldPe��n �1�

f<� Y�¥7Yb�/�8l
zαj = ξαj,1Q1+···+αj,nQnηβj = ηβj , j = 1, . . . ,m.

|��1�
D := {η ∈ Cn−s : |ηβj | < 1, j = 1, . . . ,m} Y �?$-*,
�n¢f<� YL¥8Yb���8l
Pe�0n��C�_��������[8�H��),*+��K

Φ((C∗)s×D) = G0
Y���*+I_�

ξ0 ∈ (C∗)s
$-��>=�5���'���

a = Φ(ξ0, 0)
Y�t]���/
Z��U`"�#]� 
8K

z = Φ(ξ, η) ∈
G0

��Pe�;�H�168�

gG(a, z) = gG(Φ(ξ0, 0), Φ(ξ, η))

≤ g(C∗)s×D((ξ0, 0), (ξ, η)) = gD(0, η) = hD(η)

= max{|ηβj |1/rj : j = 1, . . . ,m} = max{|zαj |1/rj : j = 1, . . . ,m}.
t]����*+FT%'),*,>/����*+"�
�$Gfg*+*`l ⇒ fg*,*,*cl ⇒ fg*L6�l ⇒ f`6�ld��#��:�-#�*+6!*,� )�Y

(37) ����� ~Z��
\�h� zD���\{0��� �.~'"_����~'` ~'�'��� �;~ �&��
��5%��+�5�&��
 gG(a, ·) �



� � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

f`6�l ⇒ fg*cl=Y�r7��%�%2"�$-�;���'���
rank Ã < rankA

Y����;F_�/K~��$-$-�'FT�����'���

2 ≤ t := rankA = rank



α1YYY
αt


 , rank



β1YYY
βt


 < t.

t]���1
B�����C#����CI!*,$<�
c1, . . . , ct ∈ Z

$-��>R�0���H�W�
c1β1 + · · · + ctβt = 0

��
'. |c1| + · · · + |ct| > 0
Y

t�"�$-*,FT%')+*,UcK_
�" �=����*+"�
Z�!� $-$-��FX�&���H�W�
c1, . . . , cu ≥ 0

�
cu+1, . . . , ct < 0

U`" #�$-"�FX�
1 ≤ u ≤ t− 1

Y
|��1�

d := ac1α1+···+ctαt , r := c1r1 + · · ·+ curu = −(cu+1ru+1 + · · ·+ ctrt),

f(z) :=
zc1α1+···+cuαu − dz−(cu+1αu+1+···+ctαt)

1 + |d| , z ∈ G.
�Q('$-�1#-68�X���'���

f ∈ O(G,E)
�

orda f ≥ r + 1
�u� 
�.

f 6≡ 0
f`(2�/>/� ��$-�

α1, . . . , αt
��#��X),*,
��/��#�)+K

*+
'.��C%2�/
�.��/
8�Cl=Y���*LI5�
b = (b′, b′′) ∈ G ⊂ Cs×Cn−s PQ*L��� f(b) 6= 0

Y��?" ��*+>/�]���H�W�
f(b′, θb′′) =

θrf(b)
�
0 ≤ θ ≤ 1

Yat]�7��$QPe�;n��C�

1

θ
m

(r+1)
G (a, (b′, θb′′)) ≥ 1

θ
|f(b′, θb′′)|1/(r+1) = θ−1/(r+1)|f(b)|1/(r+1) −−−→

θ→0+
+∞,

�T>1"�
8�-#=� .�*,>C��*," 
OY
���e<e:�	�� N�� YL¥8Yb�1©!V
|��1�

n = 3
�
m = 2

�
α1 := (1, 1, 0)

�
α2 := (1, 0, 1)

�
F (z) = (z1z2, z1z3)

�

G = {(z1, z2, z3) ∈ C3 : |z1z2| < 1, |z1z3| < 1}.
�Q('$-�1#-68�;���'���/�

• rankA = 2
�
AZ3 = Z2 �

• r(a) = 1
*LV
a 6= 0

�
• r(0) = 2

�'� 
�.
• rankF ′(a) = 2

*+V
a1 6= 0

Y
f��7l�� ��*,$�Pe�1),)Z3!
�"�PQ
\���H�W�

gG(0, z) = hG(z) = max{|z1z2|1/2, |z1z3|1/2}, z ∈ G.
@B" #��1"�68�C#/�'"�
���>/� 
\%�#�"�68�5fg$-�1�5fg>Wl-ld���'���

m
(2p)
G (0, z) = gG(0, z) = max{|z1z2|1/2, |z1z3|1/2}, p ∈ N,

m
(2p+1)
G (0, z) = max{|z1z2|(p+1)/(2p+1), |z1z3|(p+1)/(2p+1)}, p ∈ Z+, z ∈ G.

f`(2l�oeK^�aI�� FT%')+�_� YL¥7Y,��� ��*,U
a1 6= 0

�������1


m
(k)
G (a, z) = gG(a, z) = mE2(F (a), F (z))

= max{mE(a1a2, z1z2),mE(a1a3, z1z3)}, z ∈ G, k ∈ N.
fg>�ldoeK\��I�� FT%'),�X� Y�¥7Yb���7�H*+U

a3 6= 0
�!���'�1


m
(2p)
G ((0, 0, a3), z) = gG((0, 0, a3), z) = max{|z1z2|1/2, |z1z3|}, z ∈ G, p ∈ N.

@B" #��1"�68�C#/�

m
(2p+1)
G (0, 0, a3), z)

= max{|z1z2|(p+1)/(2p+1), |(z1z2)pz1z3|1/(2p+1), |z1z3|}, z ∈ G, p ∈ Z+.
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L(z) := m
(2p+1)
G ((0, 0, a3), z)

f<��YL¥7Y,���8l

≤ max{|z1z2|(p+1)/(2p+1), |(z1z2)pz1z3|1/(2p+1), |z1z3|} =: R(z).
t]���?*,
��/[7�'� ),*L��K_*,$�>/)+���W#�)+KX�-#��'�&*,U

z1 = 0
f`(2�/>/� ��$-� {0}×C2 ⊂ G l=Y�tu��38�

z = (z1, z2, z3) ∈ GPQ*L���
z1 6= 0

Ydt]���/


R(z) =





|z1z2|(p+1)/(2p+1) *,U |z2| ≥ |z3|
�

|(z1z2)pz1z3|1/(2p+1) *,U |z1z
2
3 | ≤ |z2| ≤ |z3|

�

|z1z3|
*,U |z2| ≤ |z1z

2
3 |
Y

�?$-*+
'n?$<�=� 
�.'��#�.X��#�n �'FT�/
8��$1� Pe��#��/.���>/��������%�#�"�" U'"�Uvf<� YL¥7Y,���8lZ��"?������>�� $-�1$uPQ���C#�� |z2| = |z1z
2
3 |" # |z2| = |z3|

Y
��U |z2| = |z1z

2
3 |
�������1
~Pe�;�'�/68�

L(z) ≤ gG(a, z) = |z1z3| = R(z)
Y

��U |z2| = |z3|
�����'�1


f<� Y�¥7Yb�C©�l
L(z) ≤ gG(a, z) = |z1z2|1/2.

tv��38�&� 
5��#-('*+�-#=�W#-K
f ∈ O(G,E)

PQ*L���
orda f ≥ 2p+1

Y�����3!
�"�P£���'���
f(z) = f̃(z1z2, z1z3)

�
PQ���C#��

f̃ ∈ O(E2, E)
fg>/U Y'�aI!� FT%'),�X� YL¥8Yb���Wl=Ya��
��/[7�'� ),*L��KEf<� Y�¥7Yb�1©7l�$-��"�PQ$����'���

|f̃(λ, eiθλ)| ≤ |λ|p+1/2, λ ∈ E, θ ∈ R.
}?�1
�>/�

|f̃(λ, eiθλ)| ≤ |λ|p+1, λ ∈ E, θ ∈ R,
� 
�.~�����C#��/Uc" #�� ��*,U |z2| = |z3|

�!�����/


L(z) ≤ |z1z2|(p+1)/(2p+1) = R(z).
fg.�l�r�*+FX*,),��#&Uc" #�F���)b�����'" ),.0����%2"�*+
8��$

(0, a2, 0)
PQ*L���

a2 6= 0
Y

fg��ld��
~�����;>�� $-�
a2a3 6= 0

��(�K^�aI�� FT%')+�_� Y�¥7Yb�/����Pe�
� )+#��/� .!K^3!
�"�Pw���'���

gG((0, a2, a3), z) ≥
6≡

max{|z1z2|, |z1z3|}, z ∈ G.
�&
���>�� 
\%�#�"�68�;���'���

gG((0, a2, a3), z) ≥ m(k)
G (a, z) ≥

6≡
max

{
|z1z2|, |z1z3|,

∣∣∣∣
a3z1z2 − a2z1z3

|a2|+ |a3|

∣∣∣∣
dk/2e/k}

, z ∈ G.

?
� �5$-�1�/FX$X���'���5�1V2�1>1��*L68��Uc" #�F���)b� �0Uc" #

m
(k)
G ((0, a2, a3), ·) � 
�.

gG((0, a2, a3), ·) ��#���
�" �
3!
�"�PQ
ZY

?|v�C�Q��$QFX�1
8��*,"�
\���H�W�Q
��1>/�1$-$���#�*,)LK

m
(k)
G ((0, a2, a3), (eiϕz1, e

iψz2, e
iψz3)) = m

(k)
G ((0, a2, a3), z),

gG((0, a2, a3), (eiϕz1, e
iψz2, e

iψz3)) = gG((0, a2, a3), z), z ∈ G, ϕ, ψ ∈ R,
� 
�.

m
(k)
G (a, z) = gG((0, a2, a3), z) = max{|z1z2|, |z1z3|}, z ∈ G ∩ {a3z2 − a2z3 = 0}.

J $;*,
A�����G"�
��1p�%2"�)+�X>/� $-��fg>1U�Y�h � p������ �����O�a#�" %2"�$-*L��*,"�
S©!Y���Y�¥!fg��l kgl=�Z�����Tn��/
��C#=� ),*+z/�1.�m&#��/�1

Uc�'
�>C��*,"�
~F_�1K\(2�;>R�'��#=� >C���C#�*,z1�/.~*,
\���C#�FX$Q" Uv������@B"�
�n��R¨ J FT%��C#���"�%Z�C#=����" #

(ddc · )n Y
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��� NyUe>SN : � Y�¥7Yb����f<h |��1)�����j��Wk`luV 1 l�i G ⊂ Cn kjl$cAkdZ.oEh'qWldqgXWed_ylu^jbdZ.h �.l�-AqWZ.] c.a(h�� � pdpdoE] li"XPc=i�i"XPl�p�lui |p| a(p � h a"i`l�� �JXPl�h i"XPl�,doEh'b�i"a6Z.h
u := gG(p, ·) a3pActoEhya���o!lApuZ=[ oPi"aBZ.h Z ,�i"XPl

,uZ=[([ Z�� a(hT*�_,^jZWk�[\lu]��




u ∈ C(G, [0, 1]), log u ∈ PSH(G),

u = 1
Z.h

∂G,

∀a∈|p| ∃C(a)>0 ∀z∈G : u(z) ≤ C(a)‖z − a‖p(a),

(ddc log u)n = 0
a(h
G \ |p|. (38)
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�n�),��%2"�)+���H���'�Xm&#��1�/
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gG
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\U`" #�*,
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G ⊂ Cn Pe���'�/68�
lima→b gG(a, z) = 1

U`" #&��#-('*+�-#=��#-K
b ∈ ∂G ��
'.

z ∈ G Y�t]���
[7���1$<p
��*+"�
0*+$?� )+$-"_*,
8���1#��1$<��*,
�n_Ub#�"�F �����;%2"�*,
8�&"�Uu6�*,�CP "�Uu�����;(Z" �'
�.'��#-K\(2�1�H�16!*," #&"�Uv���'��oe�1#�n�FX� 

Uc�'
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9GY!D�" F_� 
�h D�"�F �/����jWk�%�#�"�68�1.X���'���a*+U
G
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�.'�1.X.�"�F_��*,
TPQ*+���_�?%'),�!#�*,$-�!('�'��#�FX"�
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%
�W�G�~%2"�*,
8�

b ∈ ∂G fg*�Y � Y
% ∈ PSH(G) ∩ C(G)

�
%(b) = 0

��� 
�.
%(z) < 0

�
z ∈ G \ {b} l�$-�'>=�~���H�W�

%
*,$Q}53 ),.��1#Q>1"�
8��*,
7��"���$&���

b
�H� 
�.

max

{
log |%(z)|
log |z − b| : z ∈ G, r ≤ |z − b| ≤ 1/2

}
= O

(
log log

1

r

)
, r → 0,

�����1

lima→b infz∈K gG(a, z) = 1

Uc" #:� 
8K0>/" FT%H� >1�
K b G \ {b} Y?��
0%��W#-��*,>1�'),��#/�������
#��/$-��)L�

*+$]�-#��'�:*+
\�����;>/� $-�:PQ���1#��
G

*+$Q��%'$-�/��.�"�>1"�
868�CI\.�"�F_� *+
\PQ*L���~$-FX"�"����\(2"���
�.H�W#-K~��
'.
b
*+$�"�U

q'
�*+���:��K�%2��Y
m�Yd}?�1#-(2" #-�0h }?�C#?� �����Wk&%�#�"�6��/.¡���'���_*,U

G
*,$5�S(2"���
'.��1.£�8K�%2�1#�>1"�
868�CI�.�"�F_� *+
£PQ*L���£�

}53�)+.��1#?>/" 
7��*+
7�'" �'$&(2"���
�.��/.�%'),�!#�*,$-�!('�'��#�FX"�
�*,>G�1I��H���'$<��*+"�
BUc��
'>C��*," 
O�H�����1
BUc" #;��
7K
K b G� 
�.

b ∈ ∂G Pe�T�'�/68�
lima→b infz∈K g(a, z) = 1

Y���
A%��W#-��*,>1�'),��#/�O�����G#��1$-�')L����"�),.�$;*,U
G

*+$��
(2"���
�.��/.~%'$-�1��.'"7>/"�
868�CI\.'" F_� *,
\PQ*+��� C2 (Z" �'
�.'��#-K�Y

f`(2lO|��1�
G

(2�]�Q(2"���
�.'�1. p�i"^�aBbui6[ e XWe�_yl�^dbjZ.h �=l'-d.�"�F_� *+
Z�8*gY � YW�����1#����CI!*+$<�a�&.�"�FX� *,

U ⊂ Cn �

G b U �7� 
�.X�:Uc��
'>C��*," 

% ∈ PSH(U)∩C(U)

$-��>=�T���'���
G = {z ∈ U : %(z) < 0} YdrHY��?*L68"�>=�'�

h �?*+6S��� ��© k��Oh �?*L6S��������k���h �?*L6���������kO%�#�"�68�1.~���'����*,
~����*,$�>���$-����U`" #Q�C68�C#-K
a ∈ G �!Pe���'�/68�

gG(a, z) = lim
k→+∞

m
(k)
G (a, z) = sup

k∈N
m

(k)
G (a, z), z ∈ G,

AG(a;X) = lim
k→+∞

γ
(k)
G (a;X) = sup

k∈N
γ

(k)
G (a;X), X ∈ Cn \ P,

PQ���C#��
P ⊂ Cn *,$]%'),�!#�*+%2"�),��#/�'*,
~Ug� >C�/�

P = ∅ � $]P]� $Q$-��"�PQ
~(7K\��Y'�?*L38"�)+"�6Sh �?*L3�� ��� ��k�Y
�&('$-�C#-68�����'���aU`" #d� 
X�/)+�/FX�1
8�=��#-KGy&�1*,
��'��#�.!�d.�"�F_� *+


Dα
"�U�*+#-#=����*+"�
'� )!��K�%2�Q� ),)!���'�

m
(k)
Dα

� $
6 � 
�*,$-�0��
'.

m
(k)
Dα
6→ gDα

�'>1U�YHt]���1" #��1F � Y ��Yb��Y
fg>�la��
\�����;>/� $-�

n = 1
�����;��(2"�68�?#��/$-��)+��P]��$�n��1
��1#=��),*,z1�1.\(7K^��Y��?*+38"�)+"�6\� 
�.\��Y��HPe"�
��C3

*+
¡h �?*L3�pN�HPe"5� ����©8�!�vt]���1" #��1F ��k�YTt]�'�CKB%�#�"�6��/.A���H�W��*+U
G ⊂ C *,$��\.�"�F_��*,
EUc" #;PQ�'*+>R�A�����

(38) � ~��������\��
\�h�U� ��
U� ���C���������B�T��%���XW~�XA�&%����'������� v ∈ PSH(D) z D ⊂ Cn {�V�~_
\� �.~ (ddcv)n = 0
��` v ��" � 4���9�� 4�26|_�3� ~<� � ��
������ X���������� D0 b D ����X �&��
A���G� �&%����'������� v0 ∈ PSH(D0) %����E~�

"H~��!�������G�����G%���%�"#��� D0 |���� v0 ≤ v ��� ∂D0 |Q��
W~�� v0 ≤ v ��� D0 � ���6�cE F�H J ��M�M � | �����E~���X���WP| 	 � �_P"�
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gG = sup
k∈N

m
(k)
G , AG = sup

k∈N
γ

(k)
G .

@B" #��1"�68�C#/�v�����CKAn8�/68�5� 
E�CI�� FT%')+�_"�Ue�~�8K�%2�1#�>1"�
868�CIS.�"�F_� *+

G ⊂ C Uc" #�PQ��*,>=�E�����_��(2"�68�

�/[7�'� ),*L��*,�1$�.�"_
�" �Q��"�)+.OY
fg.�l]yQ�/>1�/
8��)LK~�QY J YH��"�)+�1��$<37K�h �u"�)v� ���8�Wk�%�#�"�68�1.0�����
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�n^*+FT%2" #-�=� 
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G ⊂ Cn (2�
�G(2"���
�.��/.~$<�-#�*,>C��)+K\�8K�%2�C#�>/"�
868�CI\.�"�F_��*,
0� 
�.�),�C�
u
(2�
�T
��/n8�W��*+68�:%'),�!#�*,$-�!('�'��#-p

FX" 
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U`��
�>1��*+"�
0" 

G

PQ*+����z/�C#�"X(2"���
�.H�W#-K\6�� )+���/$1�H*�Y ��Y
lim infz→ζ u(z) = 0

�
ζ ∈ ∂G Y�t]���/


�����C#��G�CI!*,$<�:Uc��
'>C��*," 
'$
pk : G → R+

� |pk|
qH
�*L�����

k = 1, 2, . . .
�Z$-��>=�A���'���

log gG(pk, ·) → u*+

L1(G)

Y�@B" #��/"/68�1#/��*,U
u
*,$�>/" 
7��*+
7�'" �'$&� 
�.

ψ ∈ C0((−∞, 0])
�!�����1


�

G

ψ(u(z))(ddc log gG(pk, ·))n →
�

G

ψ(u(z))(ddcu)n.

���e<e:�	�� N�� YL¥8Yb�W¥Bf<h�De��#-p���*,�
� ���8�Wk`luV�|��C�
p : En → R+

(2��$-��>=�����'���

|p| = {a1, . . . , aN} ⊂ E × {0}n−1.

�d�!�
aj = (cj , 0, . . . , 0)

�
kj := p(aj)

�
j = 1, . . . , N

����
'.�� $-$-��FX�;���'���
k1 ≥ · · · ≥ kN

Ydt]���1


gEn(p, z) =
N∏

j=1

u
kj−kj+1

j (z), z ∈ En,

PQ���C#��
kN+1 := 0

� 
�.

uj(z) : = max{mE(c1, z1) · · ·mE(cj , z1), |z2|, . . . , |zn|}
= max{mE({c1, . . . , cj}, z1), |z2|, . . . , |zn|}
= mEn({a1, . . . , aj}, z), j = 1, . . . , N.

@B" #��1"�68�C#/�'*,U
k1, . . . , kN ∈ N

�������/

mEn(p, ·) = gEn(p, ·) Yt]���B#��1$-��)+�\�1I7���/
�.�$^�/� $-*,)LK¡��"������B>/� $-�0PQ�'�C#�� |p| = {a1, . . . , aN} ⊂ E × {c}n−1 ⊂

E × En−1 Y^�Q(H$-�C#-68�T���'���
*+U
k1 = · · · = kN = 1

�O�����1
E�����_�W(Z"/68�XU`"�#�F���)b�~>1"�*,
�>1*,.��1$;PQ*+���
���'���QUb#�"�F��aI���FT%'),�_� Y�¥7Y���Y
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u :=

∏N
j=1 u

kj−kj+1

j

Yd�?" ��*+>/�:���'���
u
*+$Q>/"�
8��*+
���"���$Q"�


En
�
log u

*+$�%'),�!#�*,$-�!(�p
�'��#�FX" 
'*+>��&� 
�.

u = 1
"�


∂(En)
Y¤tu��3��

1 ≤ s ≤ N
� 
�.

z = (z1, . . . , zn)
*+
 ��$-F_� )+)


��1*,n��8(2" #���"�"�.�" U
as

Ydt]���1
�U`" #
j = s, . . . , N

Pe�;n��1�

uj(z) ≤ max{const |z1 − cs|, |z2|, . . . , |zn|} ≤ const ‖z − as‖.
D�"�
�$-�/[7���/
8��)LKZ�

u(z) ≤ const

N∏

j=s

u
kj−kj+1

j (z) ≤ const

N∏

j=s

‖z − as‖kj−kj+1 = const ‖z − as‖ks .

t]�7��$
gEn(p, ·) ≥ u

Y\tv"~%'#�"/68�_�����_" %�%2"�$-*+���_*+
���[7�'� )+*+��KAPe�_>/" 
'$-*+.��1#
q�#�$<�
�����_>/� $-�
n = 2

Y
oeKSt]�'�1" #��1F � Y�¥7Yb���7�vPe�X"�
�)+KS
��1�/.S��"~6��1#�*+UcKA���'���������XUc�'
�>C��*,"�


log u
*,$
FX��I!*,FX� )a"�


E2 \
{a1, . . . , aN}

YT��*+IS�^%2"�*,
8�
b = (b1, b2) ∈ E2 \ {a1, . . . , aN}

Y5�Q(H$-�C#-68�T���'���;�����TU`��
�>1��*+"�
�$
log uj(z)

�
j = 1, . . . , N

�!��#��QF_��I!*+F_� )H"�

E2 \{a1, . . . , aN}

fg>1U�YHh i;),*a������� ���aI!� FT%'),�:�7Yb� Y �Wkgl=Y



��� ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

� �Q*+$Q>1),�/��#����'���������1#��;�CI!*+$<��$&����FX"�$<�Q"�
��
j0 ∈ {1, . . . , N}

$-��>R�~���'���

m(c1, b1) · · ·m(cj0 , b1) = |b2|.
D�"�
�$-�/[7���/
8��)LKZ��� )+)!���'�]U`��
�>C��*,"�
�$

log uj
PQ*+���

j 6= j0
�W#��]%H)+�!#�*,�'��#�FX"�
�*+>Q
����W#

b
Ydr7*,
�>1�

log u =∑N
j=1(kj − kk+1) log uj

�!Pe������$-*,)+K^>/"�
�>1),��.��;���'���
log u

*,$�F_��I!*+F_� )O
�����#
b
Y

�?"�P
�'>/"�
�$-*+.'�C#Q�����;n��1
'�C#=� )Z>�� $-�
n ≥ 3

Ydtu��3��
�G%2"�*,
8�

b = (b1, . . . , bn) ∈ En \ {a1, . . . , aN}
� 
�.B),�C�

max{|b2|, . . . , |bn|} = |bs0 |
Y?��U

bs0 = 0
fg*gY � Y

b2 = · · · = bn = 0
l=�������1
B>1"�
�$-*,.��1#?�����

F_�W%'%'*+
'n
E 3 λ F7→ (λ, 0, . . . , 0) ∈ En ��
'.~�'$-��yQ�1F_��#-3S��Y ��Y,�8fg��l=�

gEn(p, b) = gEn(p, F (b1)) ≤ gE(p ◦ F, b1) =
N∏

j=1

[mE(cj , b1)]kj−kj+1 = u(b).

��U
bs0 6= 0

�������/
~)+�1�
qs := bs/bs0 ∈ E

�
s = 2, . . . , n

YeD�"�
�$-*+.'�C#Q�����;F_��%�%'*,
�n

E2 3 (λ, ξ)
F7→ (λ, q1ξ, . . . , qnξ) ∈ En.

�?$-*+
'nXyQ�/FX��#-3S� Y���Yb�8fg�Wl�� 
�.~������>/� $-�
n = 2

��Pe�;n��C�

gEn(p, b) = gEn(p, F (b1, bs0))

≤ gE2(p ◦ F, (b1, bs0))=
N∏

j=1

[max{mE(c1, b1) · · ·m(cj , b1), |bs0 |}]kj−kj+1 = u(b).

���e<e:�	�� N�� YL¥8Yb��j V �?$-*,
�nX�a#�" %2"�$-*L��*,"�
���Y ��Y��T� 
�.0t]���/"�#��/F ��Y ©�Y,�;Pe�;n��C�

(1.7.15) gE2({(a, b), (b, a)}, (z, w)) = c∗G2
((a+ b, ab), (z + w, zw))

= max

{
mE

(
2αab− (a+ b)

2− α(a+ b)
,

2αzw − (z + w)

2− α(z + w)

)
: α ∈ ∂E

}
,

(a, b), (z, w) ∈ E2, a 6= b.
�?" ��*+>/�?���H�W�����'����(2"�68�;>/� $-��*+$Q
�" �Q>1"�68�C#��/.\(�K^�aI�� FT%')+�_� YL¥7Y,�W¥7Y

�H"�#�� 
8KA%2"�*+
8��$
(a1, b1), (a2, b2) ∈ E2 PQ*L���

mE(a1, a2) = mE(b1, b2) > 0
�����C#��T�1I!*+$<��$

� 

h ∈ Aut(E)

$-��>R�_���H�W�
h(a1) = b2

�
h(a2) = b1

�!� 
�.^>1"�
�$-�/[7���/
8��)+KZ��Uc" #�F���)b�^f<� YL¥8Yb���8l�F_�/K
(2�;��� $-*+)+K\�CI����1
�.'�1.\��"X$-��>R�\%���*+#�$Q" Uu%2"�*+
8��$1Y

?
��
£�����0>�� $-��PQ���1#��

0 < mE(a1, a2) 6= mE(b1, b2) > 0
�&��
¢�1V2�1>1��*L68�0U`" #�F
�'),��Uc" #

gE2({(a1, b1), (a2, b2)}, ·) *+$Q$<��*,)+)O�'
!3!
�"�PQ
ZY
?

yQ�/>/� ),)Z���H�W�Q(7K\�����
|��/FT%2�C#-�Q�����1" #��/F\�H*,U
G ⊂ Cn *,$Q>1"�
868�CI2�'�����/


c∗G = k̃∗G
� 
�.Z��>1"�
�$-�Cp

[7���1
8��)+K��O��),)u��"�)+"�FX" #-%'��*,>/� )+)+K0>/"�
8�-#=� >C��*+(')+�GU`� FX*,)+*,�1$?>/" *,
�>/*+.��G"�

G
Y;t]����U`"�)+),"�PQ*+
�n^�1I!� FT%'),�

$-��"�PQ$����'��������*+$G*+$G
'"����-#����^*+
������^>/�����1n�" #-KE"�U�n��1
��1#=��),*,z1�1.��'" ),"�FX"�#-%H��*+>�� )+)+K�>1"�
8�-#=� >C��*+('),�
U`� FX*,)+*,�1$1Y
���e<e:�	�� N�� YL¥8Yb���Afg.'���:��"T�¤Y��HPe"�
��C3HluV
|v�C�

D := {(z, w) ∈ C2 : |z|+ |w| < 1}, At := {(t,
√
t), (t,−

√
t)}, 0 < t� 1.

t]���1

mD(At, (0, 0)) < gD(At, (0, 0)) < dmax

D (At, (0, 0))
Uc" #Q$-F_� )+)

t
Y



� � (5��d�W����	��� ~�" ��O

��
�.'�1�1.O��)+�1�
G := {(z, w) ∈ C2 : |z|+

√
|w| < 1} � 
�.T)+�1�

F : D → G
�
F (z, w) := (z, w2)

Y
�?" ���a���'���

F
*,$�%'#�"�%Z�C#�� 
�.�),"7>�� )+)+K;('*,��"�)," FX" #-%'��*,>e*+
T�Q
��/*+n��8(2" #���"�"�.�"�U

At
Yu@B" #��/"/68�1#/�

At =

F−1(t, t)
Y �?$-*,
�nX�a#�" %2"�$-*+��*+"�
E� Y �7Y ����Pe�;>/"�
�>1),��.��;���'���

gD(At, (0, 0)) = gG((t, t), (0, 0))
Y

�&('$-�C#-68�5���H�W�
mD(At, (0, 0)) = mG((t, t), (0, 0))

Y0��
�U`� >1�/�u���'�5*+
'�/[7�'� )+*+��KA4 ≥ M5Uc"�),)+"�PQ$
Ub#�"�F fg}�l_f���%�%'),*,�1.���"

F
l=YSt]���5" %�%2"�$-*+���^*+
���[7�'� )+*+��K�F_�/KE(2�5%�#�"�68�1. ��$GU`"�)+),"�PQ$1YB|v�C�

f ∈
O(D,E)

(2��$-��>=�����'���
f |At = 0

Ya9:�CqH
��

f̃(z, w) := 1
2 (f(z,

√
w) + f(z,−√w)), (z, w) ∈ G.

�?" ���&���'���
f̃
*+$]Pe�1),)2.��1q'
��1.O� |f̃ | < 1

�
f̃(t, t) = 0

�
f̃
*,$]>/"�
8��*+
���"���$1�'� 
�.

f̃
*+$���"�)+"�FX" #-%'��*,>:"�


D ∩ {w 6= 0} Y���
\%H��#-��*+>/��),��#/�
f̃
*+$���"�)+"�FX" #-%'��*,>;" 


D
YeD�" 
'$-�/[7���1
7��)LKZ� |f(0, 0)| = |f̃(0, 0)| ≤

mG((t, t), (0, 0))
Y

r7��%�%2"�$-�;���'���
mD(Atk , (0, 0)) = gD(Atk , (0, 0))

U`" #&�G$-��[7���1
�>/�
tk ↘ 0

Ydt]���/


gG((tk, tk), (0, 0)) = gD(Atk , (0, 0)) = mD(Atk , (0, 0)) = mG((tk, tk), (0, 0))

≤ gG((tk, tk), (0, 0)), k = 1, 2, . . . .
t]�7��$

mG((tk, tk), (0, 0)) = gG((tk, tk), (0, 0))
�
k = 1, 2, . . .

Y D�" 
'$-�/[7���1
7��)LKZ�E��$-*,
�n
h � p������ �����LKC�7Y��Wk��H� 
�.�h �HPe"5� ����� > �2D�"�#�"�),),��#-K\©�Y © k��vfg>1U�YLK�� Y �8l=�!Pe��>/" 
'>1),��.��:���H�W�

γG((0, 0); (1, 1)) = AG((0, 0); (1, 1)),
PQ���C#��

γG
f`#��/$<%OY

AG
lX.��/
�" ���1$5�����EDe��#=������{/"7.'"�#-K7¨7yQ�/*LV2�/
�f`#��/$<%OY J z1�!3��/P]�8lXFX�C�-#�*,>B" U

Gfg>1U�Y'K�� Y���l=Ya}?�1
�>/� �!(7K\��#�" %2"�$-*+��*+"�
�$Q©�Y ��YL¥�� 
�.0��Y��7Yb�8fg.�ldUc#�"�F h � p����/�����Wk��'��$-*,
�nT�����;U`� >1�]���'���
D

*,$]������>1"�
868�CI\�/
868�1),"�%Z��" U
G
��Pe�;n��1�

2 = hD(1, 1) = γG((0, 0); (1, 1)) = AG((0, 0); (1, 1)) = hG(1, 1) =
2

3−
√

5
, (39)

�T>1"�
8�-#=� .�*,>C��*," 
OY
tv"\$-�1�G�����T*+
���[7�'� )+*+��K

gD(At, (0, 0)) < dmax
D (At, (0, 0))

�2Pe�TF_�1KS��#�n����T� $;U`" ),),"/PQ$1Y
���
3!
�"�Psfg>/U YOh��'Pe"^� � ��� > �2D�" #�"�)+)b��#-K\©�Y �Wk

(40)
ld���H�W�

gD(At, (0, 0)) = gG((t, t), (0, 0)) ≈ gG((0, 0), (t, t)) = hG(t, t) =
2t

3−
√

5Uc" #Q$-F_� )+)
t > 0

Ye�?
\������"����'�C#Q�'� 
�.Z�

dmax
D (At, (0, 0)) = min{k̃∗D((t,−

√
t), (0, 0)), k̃∗D((t,

√
t), (0, 0))}

= min{hD(t,−
√
t), hD(t,

√
t)} = t+

√
t.

� ��#��1F_� *+
'$]��"X" ('$-�C#-68�;���'���
2t

3−
√

5
< t+

√
t

Uc" #Q$-F_� )+)
t > 0

Y

(39) � ~��������;��
\�h� hD zD
H~�"��y� hG {[XW~'����� ~'"7��
W~ � �������NV_"��C�;�&%����'�������b�&��
 D zD
H~�"��y� G {}�
(40) �,~'� G ⊂ Cn �E~ �B�T��%���XW~'XS
��Q�E~�
������ �;~'W0X����!�����y��@7
W~��

lim
z′,z′′→a
z′ 6=z′′

gG(z′, z′′)

gG(z′′, z′)
= 1, a ∈ G.



� � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

���e<e:�	�� N¤��YL¥7Y � �yV�|��1�
G := E2 � a− := (−1/2, 0)

�
a+ := (1/2, 0)

�
b := (0, 1/3)

�
p :=

2χa− + χa+

Y t]���1

dmin
E2 (p, b) ≤ d′E2(p, b) < mE2(p, b)

��PQ�'�C#��
d′E2(p, ·) *+$\.'�Cq'
��/.¢*,


yQ�1F_��#-3S� Y�¥7Y�j7Yay&�1>/� ),)Z���'���
dmin
E2 (A, ·) ≡ mE2(A, ·) f

A ⊂ E2 l:fg�a#�"�%Z" $-*+��*," 
���Y���Y ©�l=Y
��
�.'�1�1.O��(7K\�aI!� FT%'),�_� Y�¥7Yb��¥7�

mE2(p, b) = u1(b)u2(b) = max
{

1
2 ,

1
3

}
max

{
1
2 · 1

2 ,
1
3

}
= 1

2 · 1
3 = 1

6 .
�&
~������"����'�C#Q�'� 
�.Z�

d′E2(p, b) = max{[mE2(a−, b)]
2mE2(a+, b), [mE2({a−, a+}, b)]2}

= max
{[

max{ 1
2 ,

1
3}
]2

max
{

1
2 ,

1
3

}
,
[
mE2

({
− 1

2 ,
1
2

}
× {0}, b

)]2}

= max
{

1
8 ,
[

max
{

1
2 · 1

2 ,
1
3

}]2}
= 1

8 .

�! ��L 
�+;%,-�?E+<:;13?ED�%,@
dmin
G

4,9�*
dmax
G

9�N;:=<�>�? � Y�j7Yb�WV���U
D ⊂ Cm *,$&�G|v*+"��!6!*,)+),�;.'" F_� *,
�fg*�Y � Y O(D,E) ' E l=�!�����1


dmin
G×D(p, (z, w)) = dmin

G (p′, z), (z, w) ∈ G×D,
PQ���C#��

p′(z) := sup{p(z, w) : w ∈ D} � z ∈ G Y
� >,U
	yU���Q(T'Q3UJR ��Y�j�Y � V\f��7l��IXPl ,doEh'bui"aBZ.hyp

dmin
G (p, ·) c.h'q dmax

G (p, ·) c.^jl�o<_W_!l�^�p�lu]�aBbdZ.hyi"a3hyo +Z.oEp �
f`(2l �D,

p : G→ Z+
��i"XPl�h

dmin
G (p, ·) ∈ C(G)

�
r ^jZ<Z , � f��8l\t]���E>/� $-�E"�U

dmax
G (p, ·) *,$�" (76!*+"���$1Y tv" %�#�"�68�S�������!%�%2�1#�$-�1FX*,>1"�
8��*,
7��*+��K "�U

dmin
G (p, ·) �Qq�I��

z0 ∈ G
� 
�. $-�!%�%2"�$-�S���'���

dmin
G (p, zk) → α > β > dmin

G (p, z0)
U`" #��

$-�/[7���/
�>1�
zk → z0

Y tu��38��U`��
�>C��*,"�
�$
fk ∈ O(G,E)

�
k ∈ N �]$-��>R�¡���'���

fk(zk) = 0
� 
�.

∏
µ∈fk(G) |µ|supp(f−1

k (µ)) → α
Yuo�K;��@B"�
8���/)8��#�n���FX�1
8��Pe�aF_�/K;� $-$-��FX�a���'���

fk → f0
),"�>/� ),)LK

��
�*,Uc" #�FX)+K�*,

G

PQ*+���
f0 ∈ O(G,E)

�
f0(z0) = 0

Yar7*,
�>1� ∏
µ∈f0(G) |µ|supp(f−1

0 (µ)) < β
��Pe��>/� 


q'
�.G��q'
�*+���d$-�1�
A ⊂ G $-��>=�
���'���

f0|A
*,$v*,
�x<�1>1��*L68��� 
�. ∏

a∈A |f0(a)|p(a) < β
YaD�" 
'$-�/[7���1
7��)LK8�

∏
a∈A |fk(a)|p(a) < β

� 
�.
fk|A

*,$�*,
�x<�1>1��*L68�XUc" #
k � 1

Y5��*,
'� )+)+K�� ∏
µ∈fk(G) |µ|supp(f−1

k (µ))

< β
�
k � 1

�H�T>1"�
8�-#=� .�*,>C��*," 
OY
f`(2l���
G6!*,�CP�"�Uuf��7l=� *+��$-���_>/�1$���"?%�#�"�6��]���'����Uc" #��168�C#-K

f ∈ O(G,E)
���'�eUc�'
�>C��*,"�


uf (z) :=∏
µ∈f(G)[mE(µ, f(z))]supp(f−1(µ)) � z ∈ G

�]*+$5>1"�
8��*,
7��"���$^"�

G
Y �&('$-�C#-68�����'���

uf (z) =

infM{
∏
µ∈M [mE(µ, f(z))]kf (µ)} �HPQ���C#�� M #���
'$&"�68�C#?� ),)ZqH
�*L����$-�C��$

M ⊂ f(|p|) $-��>R�����H�W�
kf (µ) := supp(f−1(µ)) < +∞ �

µ ∈ M Y�t]����$
uf = infM{|hM |}

�2PQ�'�C#��
hM ∈ O(G,E)

Y
D�"�
�$-�/[7���/
8��)LK8�v$-*+
�>/�T�����XU`� FX*+)+K

(hM)M
*,$��/[7��*,>1"�
8��*,
7��"���$1�����'�TU`��
�>1��*+"�


uf
*+$�>/"�
8��*+
���"���$

"�

G
Y

���e<e:�	�� N � Y�j�Y � V�|��1�
p : E × C → R+

�
p(1/k, k) := 1/k2 � k = 2, 3, . . .

�2��
'.
p(z, w) := 0" �����C#-PQ*,$-� Ya�?" ��*,>1�:���'��� |p| *,$�.�*,$->C#��1��� Ydt]���1
~(7K\yQ�/FX��#-3E��Y�j�Y,� �

dmin
E×C(p, (z, w)) = dmin

E (p′, z) =
∞∏

k=2

[mE(1/k, z)]1/k
2

, (z, w) ∈ E × C.

��
~%H��#-��*+>/��),��#/�
dmin
E×C(p, ·) *,$�.�*,$->1"�
8��*,
7��"���$?���

(0, w) ∈ E × C \ |p| Y



� � g ��Je
����E~�
I��� ~'"_��� dmin
G ����X dmax

G

� (
� >,U
	yU���Q(T'Q3UJRS� Y�j�Y ©!V �D,

#|p| < +∞ �,i"XPl�h=,uZ.^Fc.hye
z0 ∈ G

i"XPl�^dlFl'-=a(p�i"p c.h
l'-5i"^jl�] c=[�,joPh'bui"aBZ.h
,uZ.^

dmin
G (p, z0)

�Ja��3l�� c=,joPh,b�i"aBZ.h
fz0 ∈ O(G,E)

� a3i"X
fz0(z0) = 0

c.h'q
∏

µ∈fz0 (G)

|µ|supp(f−1
z0

(µ)) = dmin
G (p, z0).

r ^jZ<Z ,=Y:��*+I\�
z0 ∈ G

��
'.~),�C�
fk ∈ O(G,E)

�
fk(z0) = 0

��(2�;$-�'>=�~���'���

αk :=
∏

µ∈fk(G)

|µ|sup p(f−1
k (µ)) → α := dmin

G (p, z0).

|��1�
Ak ⊂ |p|

(2�;$-�'>=�~���H�W�
fk|Ak

*+$Q*+
 xN�/>C��*+6����
fk(Ak) = fk(|p|) �H� 
�.

p(a) = supp(f−1
k (fk(a))), a ∈ Ak.

t]�7��$
αk =

∏
a∈Ak |fk(a)|p(a) YB���5F_�/K�� $-$-��FX�^���'���

Ak = B
*,$G*+
�.'�C%2�/
�.��1
7�T" U

k
� 
�.

Uc" #
� 
8K
a ∈ B �����Gq�(2�1#

Ba := f−1
k (fk(a)) ∩ |p| *,$�� ),$-"~*+
'.��C%2�/
�.��/
8��"�U

k
YT@B" #��1"�68�C#/��Pe�

F_�1KA� $-$-��FX�G���'���
fk → f0

),"�>/� )+)+K0��
�*,Uc" #�FX)+KB*+

G
Y�t]���1


f0 ∈ O(G,E)
�
f0(z0) = 0

�O� 
�.
∏
a∈B |f0(a)|p(a) = α

Y
�Q('$-�1#-68�����'���
f0(B) = f0(|p|) Y?|v�C�

B0 ⊂ B
(2��$-��>R�B���'���

f0|B0

*+$
*+
 xN�/>C��*+6���� 
�.

f0(B0) = f0(B)
Y����;�'�/68�

α ≥
∏

µ∈f0(|p|)
|µ|supp(f−1

0 (µ)) =
∏

µ∈f0(B0)

|µ|supp(f−1
0 (µ)) =

∏

a∈B0

|f0(a)|max{p(b):b∈B, f0(b)=f0(a)}

≥
∏

a∈B
|f0(a)|p(a) = α.

� >,U
	yU���Q(T'Q3UJR¢� Y�j�Y � V
log dmin

G (p, ·) ∈ PSH(G)
�

r ^jZ<Z , ��oeK_6�*+#-�����?"�U��a#�"�%Z" $-*+��*," 
S� Y�j�Y ��f��7l=��Pe�:"�
�)LK5
'�1�1.^��"G$-��"�P ���'���]Uc" #�� 
8K
f ∈ O(G,E)������U`��
�>1��*+"�


uf (z) :=
∏
µ∈f(G)[mE(µ, f(z))]supp(f−1(µ)) � z ∈ G �Z*+$?),"�n p�%')+��#�*+$-�!(H�'��#�FT"�
�*,>

"�

G
Y¡t]���\%�#�"�"�U&"�U&�a#�" %2"�$-*+��*+"�
 ��Y�j�Y �A$-��"�PQ$X���'���

uf = infM vM
�dPQ�'�C#��

vM
*+$5�A),"�n�¨

%'),�!#�*+$-��('�'��#�FX" 
'*+>TU`��
�>1��*+"�
An�*L68�/
0(7K����'�GUc" #�F���)b�
vM (z) :=

∏
µ∈M [mE(µ, f(z))]kf (µ) � 
�.

M
#���
�$&"�68�C#:�XUg��FX*,)LK~"�Uuq'
�*+���
$-�1��$1YQ�&('$-�C#-68�����'���

vM1∪M2
≤ min{vM1

, vM2
} Y]� �Q#��1F_� *,
�$

��"_�W%'%')LK\|v�1FXF_�~� Y���Y���Y
� >,U
	yU���Q(T'Q3UJR¢� Y�j�Y�� V �D,

Gk ↗ G
c.h'q

pk ↗ p
�0i"XPluh

dmin
Gk

(pk, z)↘ dmin
G (p, z), dmax

Gk
(pk, z)↘ dmax

G (p, z), z ∈ G.
r ^jZ<Z ,=Y:oeK fg}�l�� 
�. fg@El\fg9:�CqH
�*L��*,"�
w� Y ��Y���l
������$-�/[7���1
'>1�~*,$XFX"�
�" ��"�
��0��
'.�U`" #T���'�~)+*,FX*L�
Uc�'
�>C��*,"�


u
Pe���'�/68�

u ≥ dmin
G (p, ·) f`#��/$<%OY

u ≥ dmax
G (p, ·) l=Ya�u*+I~�

z0 ∈ G
Y

��
������5>/� $-�5"�U����'�_FX*,
�*+F_� )�Ug��FX*,)LK�$-�!%�%Z" $-�5���'���
u(z0) > α > dmin

G (p, z0)
Y�|��1�

fk ∈
O(Gk, E)

(2�
$-��>R�����'���
fk(z0) = 0

� 
�. ∏
µ∈fk(Gk) |µ|suppk(f−1

k (µ)) → u(z0)
YeoeK��X@B"�
8���/)

��#�n �'FT�/
8�~Pe�AF_�/K¢� $-$-��FX�A���'���
fk → f0

)+"�>/� ),)LK¢��
�*,Uc" #�FX)LK�*+

G

PQ*+���
f0 ∈ O(G,E)

�
f0(z0) = 0

YQr7*,
�>/� ∏
µ∈f0(G) |µ|supp(f−1

0 (µ)) < α
�'Pe��>���
�q'
�.B�Tq'
'*L���
$-�C�

A ⊂ G
$-��>R�����'���

f |A
*+$�*,
�x<�1>C��*+68�?��
'. ∏

a∈A |f0(a)|p(a) < α
Y�D�"�
�$-�/[7���/
8��)+K�� ∏

a∈A |fk(a)|pk(a) < α
� 
�.

fk|A*+$Q*,
�xN�/>C��*+68�:U`" #
k � 1

Ya��*,
'� )+)+K�� ∏
µ∈fk(Gk) |µ|suppk(f−1

k (µ)) < α
�
k � 1

�'�X>1"�
8�-#=� .�*,>C��*,"�
ZY
��
�������>/� $-�
" Uu������F_��I!*+F_� )�U`� FX*,)LK~Uc" #?� 
8K

a ∈ G � 
�.
ε > 0

�����1#����1I!*+$<��$&�
k(a, ε) ∈ N$-��>=�E���'���

z0, a ∈ Gk
�
k̃∗Gk(a, z0) ≤ k̃∗G(a, z0) + ε

�u� 
�.
pk(a) ≥ p(a) − ε U`" #

k ≥ k(a, ε)
Y



��g ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

}?�1
�>/�

inf
k∈N

dmax
Gk

(pk, z0) = inf
k∈N, a∈Gk

[k̃∗Gk(a, z0)]pk(a)

≤ inf
a∈G

inf{[k̃∗G(a, z0) + ε]pk(a) : 0 < ε� 1, k ≥ k(a, ε)}

≤ inf
a∈G

inf{[k̃∗G(a, z0) + ε]p(a)−ε : 0 < ε� 1} = dmax
G (p, z0).

���e<e:�	�� NS� Y j�YL¥PV
|��1�
G := {z ∈ Cn : |zα| < 1} �7PQ���C#�� α = (α1, . . . , αn) ∈ Nn *,$d$-��>R�_���'���

α1, . . . , αn
��#��:#��/),����*+6��/)LK^%�#�*+FX��Ydt]���/


dmin
G (p, z) = dmin

E (p′, zα) =
∏

µ∈E
[mE(µ, zα)]p

′(µ), z ∈ G,

PQ���C#��
p′(λ) = sup{p(a) : aα = λ} � λ ∈ E Y

��
�.'�1�1.O��*+�?*,$Q3!
�"�PQ
 fg>/U Y���I�� FT%'),�5� YL¥7Y �8le���'���:� 
8K�U`��
�>1��*+"�

f ∈ O(G,E)

�'� $&������Uc" #�F
f = f̃ ◦ F �!PQ�'�C#��

F (z) := zα
��
'.

f̃ ∈ O(E,E)
Yat]�7��$

dmin
G (p, z) = sup

{ ∏

µ∈f̃(F (G))

[mE(µ, f̃(F (z)))]supp(F−1(f̃−1(µ))) : f̃ ∈ O(E,E)
}

= sup
{ ∏

µ∈f̃(E)

[mE(µ, f̃(F (z)))]supp′(f̃−1(µ)) : f̃ ∈ O(E,E)
}

= dmin
E (p′, F (z)).

�! ��L �� ?P&34P:.1
	,?�?��L:<+;?P)*4,&v@HG09I2=:.1(%'9
M�NPOPQ(RSQ(T'Q3UIR � Y��7Yb�WV
|v�C�

G ⊂ Cn (2�G�_.�"�F_� *+
ZY?�'" #
A ⊂ G

���'�Y^dlu[\c=i"a��=lYl'-=i"^dl�] c=[\,joPh'bui"aBZ.h
Z ,
A
a3h
G

*,$�n�*+6��/
\(7K\�����;Uc" #�F���)b�0fg>1U�YOh i�)+*a�����!� �'K=©!Y��Wk`l
ωA,G := sup{u ∈ PSH(G) : u ≤ 0, u|A ≤ −1}.

|��1�
ω∗A,G

.��/
�" ���:�������!%�%2�1#Q$-�1FX*+>/"�
8��*+
���"���$Q#��1n���)b�W#�*,z/����*,"�
~"�U
ωA,G

Y
9�N;:=<�>�?¤� Y ��Y�� V�|��C�

F : G → D
(2�X�^��"�),"�FT" #-%'�'*+>TF_��%�%'*,
�n�� 
�.S),�C�

A ⊂ G
�
B ⊂ D

(2�
$-��>=�����'���

F (A) ⊂ B Ydt]���/


ωB,D(F (z)) ≤ ωA,G(z), z ∈ G.
��� NyUe>SN : ��Y���Y �Af<h �d.�*u�������Ck`luV 1 l�i G ⊂ Cn kdl�c$qWZ.]Yc.a3hu�J[\l�i

p : G→ R+
kdl pdo!b�X
i"XPc=i i"XPl

p�lui
#|p| a3p � hya3i`l�� 
 a -
c.h R > 0

p�Z�pd] c=[([Si"XPc=i
• B(a,R1/p(a)) b G ,uZ.^�c.h e

a ∈ |p| �
• B(a,R1/p(a)) ∩ B(b, R1/p(b)) = ∅ ,�Z.^�c.hye

a, b ∈ |p| � a 6= b
�

1 l�i Ar :=
⋃
a∈|p| B(a, r1/p(a))

�
0 < r < R

���IXPluh
(log (R/r))ωAr,G ↘ log gG(p, ·) � XPluh

r ↘ 0.
r ^jZ<Z ,=Y:|v�C�

vr := (log (R/r))ωAr,G, 0 < r < R.
� TLN 	 �PV������'�/68�

vr1 ≤ vr2
U`" #

0 < r1 < r2
Ya��
�.��1�/.Z��q�I

0 < r1 < r2 < R
� 
�.�.��Cq'
'�

u :=
vr1

log (R/r2)
=

(log (R/r1))ωAr1 ,G

log (R/r2)
.



� � ��� � ���\���a�C������X���"���"7� ~'��
��CX ��M

t]���1

u ∈ PSH(G)

��
'.
u ≤ 0

Y?� �:$-���_>/�1$?��"5$-�'"/P¤���'���
u ≤ −1

"�

Ar2

Y:�u*+IB� 

a ∈ |p| Y|��1�

k := p(a)
Yatu��3��
�

z ∈ B(a, r
1/k
2 )

Yat]���/
�fg>1U�YOh i;),*a�����!���'|��/FXFX�X©�Y ��Y�j�kgl=�

u(z) ≤
(log (R/r1))ωB(a,r

1/k
1 ),B(a,R1/k)

(z)

log (R/r2)
=

log (R/r1)

log (R/r2)

(
log+ (‖z − a‖/R1/k)

log (R1/k/r
1/k
1 )

−1

)
≤ −1.

|��1�
v := lim

r→0+
vr = lim

r→0+
(log (R/r))ωAr,G.

�?" ���?���H�W�
v ∈ PSH(G)

Y
� TLN 	 �,V����G�'�/6��

vr ≥ log gG(p, ·) � 0 < r < R
Y
��
B%H��#-��*,>1��)b��#/�

v ≥ log gG(p, ·) Y
��
�.'�1�1.O�
q�I

0 < r < R
� 
�.�),�C�

ur :=
log gG(p, ·)
log (R/r)

.

t]���1

ur ∈ PSH(G)

� 
�.
ur ≤ 0

Ya�u*+I
a ∈ |p| � 
�. z ∈ B(a, r1/k)

f
k := p(a)

l=Yat]���/


ur(z) ≤
k log gB(a,R1/k)(a, z)

log (R/r)
=
k log (‖z − a‖/R1/k)

log (R/r)
≤ −1.

t]�7��$
ur ≤ ωAr,G

Y
� TLN 	 �'V
�����H�168�

v ≤ log gG(p, ·) Y���
'.��1�/.Z�]*+�5$-���_>1�1$5��"E>R���1>=3 �����0n #�"/P����£"�U
v


��/��#
�C68�C#-K�%Z" *,
8�

a ∈ |p| Y ��*LI � 

a ∈ |p| � 
�.�),�C�

z ∈ B(a,R1/k)
�
z 6= a

f
k := p(a)

l=Y�|v�C�
0 < r < ‖z − a‖k Ydt]���1


v(z)− k log ‖z − a‖ ≤ (log (R/r))ωAr,G(z)− k log ‖z − a‖
≤ (log (R/r))ωB(a,r1/k),B(a,R1/k)(z)− k log ‖z − a‖

= (log (R/r))

(
log+ (‖z − a‖/R1/k)

log (R1/k/r1/k)
− 1

)
− k log ‖z − a‖

≤ − logR.

�! "���L ��$9I4,&(7L:;132 *�13D�2WDY)t?W:;/I%�*
��#�"�F $-"�FX�^n��/
��C#=� )�%2"�*+
8�T"�U�6!*+�1Ps�����\*+
86���#�*,� 
8�T" (�xN�/>C��$�Pe�^�'�/68�\$<����.�*,�1.�$-"SU`��#GF_�/K�(Z�
.�*+6�*,.��/.~*,
8��"T���!#��/�;n #�"��!%'$1�

f��8l^"�(�x<�1>C��$
#��1)b�W���/.E��"0>1�C#-�=� *,
��CI��-#��1F_� )�%�#�" ('),�1FX$�>1"�
�>/�C#�
�*,
�n0��"�)," FX" #-%'��*,>5F_��%�%'*,
�n�$

f : G→ E
����Y n�Y

c∗G(a, z)
�
mG(a, z)

�
γG(a;X)

�
γ

(k)
G (a;X)

�
mG(p, z)

�
dmin
G (p, z)

�
f`(2l^"�(�x<�1>C��$d#��1)b�����1.X��"
>/�C#-�=� *+
_�1I��-#��1F_� )�%�#�" ('),�1FX$�>1"�
�>/�C#�
�*,
�n
),"�n8�W#�*+����FX*,>/� )+)+KT%'),�!#�*,$-�!(�p

�'��#�FT"�
�*,>
Uc��
'>C��*," 
'$
u : G→ [0, 1)

�'� Y n!Y
gG(a, z)

�
AG(a;X)

�
gG(p, z)

�
fg>Wl5"�(�x<�1>C��$u#��/),�����1.���":>1�1#-�=� *+
G�CI��-#��1F_� )7%�#�" ('),�1FX$�>1"�
�>1�1#�
�*,
�n:� 
'� )+K���*+>e.'*+$->/$

ϕ : E → G
�

� Y n!Y
k̃∗G(a, z)

�
H∗(a, z)

�
κG(a;X)

�
hG(a;X)

�
k̃∗G(p, z)

Y
��
5�����?),�����&�/*+n��8��*,�1$e�QY J Y!�u"�),�C��$<3�K_*+
76��/
8���1.\� 
�.5%H��#-��*b��),)+KX.'�C68�1)," %2�1.^��n��1
��1#=��)�FX�C����"�.

PQ��*,>=��#��/.���>/�1$T*,
 $-" FX�~$-�1
�$-�\%�#�" ('),�1FX$X"�U���K�%2�Sf`(2l���"�fg>�l=Y�t]�'*+$TFX�1����"�.�U`"���
�. 6 ��#�*+"���$
*+FT%2" #-�=� 
8�5��%�%'),*+>�����*+"�
�$1�e.��'�~F_��*,
�)+K���" J Y��d.�*,n8��#�*,� 
 fg>1U�Y�h �d.�*v�����8�Wk&� 
�. �����\#��/Uc�1#��1
�>/�1$
n�*L68�1
;���'�C#��WlZ� 
�.��QY J Y/��"�),�C��$<3�KXfg>1U�Y8h ��" )d�/���!�Ck��!h ��" )a����� �Wk��!h �d.�*+p���" )d�����8¥/kgl=� $-�1�dUc" #v*+
'$<�=��
'>1�
K�� Yb�/��Y���
X���'�]%�#��/$-�1
8��$-�/>C��*," 
XPe�&��#���F_� *,
�)LKX*,
�$<%'*+#��1._(7KG���'���1I7%Z" $-*+��*," 
_"�U������&� 
'� )LK���*,>�.�*,$->
�����1" #-K^%�#��/$-�1
8���/.~*+
�h | ��#-pNr7*,n�������j�('kv� 
�.Eh �a.'*v� � �8�Wk�Y
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M�NPOPQ(RSQ(T'Q3UIR£� Yb�/��Yb�WV
|v�C�
G ⊂ Cn (Z�:��.�"�FX� *,
ZY�oeK^�
q.a3pub7,joPh,b�i"aBZ.h,c=[�fg"�


G
l�Pe�?FX�/� 
\� 
8K

Uc�'
�>C��*,"�


Ξ : O(E,G)→ R.
t]���gl�h �=lu[ Zd_yl&"�Ua�_.�*,$->�U`��
�>1��*+"�
'� )

Ξ : O(E,G) → R
*,$&������Uc��
'>C��*," 


EΞ : G → R
.��Cq'
'�1.

(7K^���'�;U`"�#�F���)b�

EΞ(z) := inf{Ξ(ϕ) : ϕ ∈ O(E,G), ϕ(0) = z}, z ∈ G.
M�NPOPQ(RSQ(T'Q3UIR � Y,�/�!Y � VGt]����U`"�)+),"�PQ*+
�n\Uc"��!#?��K�%2�1$?"�Ua.�*+$->GUc�'
�>C��*,"�
'� )+$?%')b�1KB� 
B*,FT%2" #-�=��
7�?#�" ),�
*+
�>/" FT%'),�CI~� 
'� )+K�$-*,$1�

• rFZ.a(pdp�Z.h0,doEh'bui"aBZ.h'c=[��

ΞpPoi(ϕ) :=
1

2π

2π�

0

p(ϕ(eiθ)) dθ, ϕ ∈ O(E,G),

PQ���C#��
p : G→ [−∞,∞)

*,$Q� 
��!%�%Z�C#Q$-�1FX*,>1"�
8��*,
7��"���$&U`��
�>C��*,"�

(41)

Y
• . ^jldl�hb,doEh'bui"aBZ.h'c=[��

ΞpGre(ϕ) :=
∑

λ∈E∗
p(ϕ(λ)) log |λ|, ϕ ∈ O(E,G), p : G→ R+. (42)

• 1 l�[\Z.hT*5,doEh'b�i"a6Z.h'c=[��
ΞpLel(ϕ) :=

∑

λ∈E∗
p(ϕ(λ)) ordλ(ϕ− ϕ(λ)) log |λ|, ϕ ∈ O(E,G), p : G→ R+.

• 1 lu]x_yl�^ui2,joPh'bui"aBZ.h'c=[��
ΞpLem(ϕ) := inf{p(ϕ(λ)) log |λ| : λ ∈ E∗}, ϕ ∈ O(E,G), p : G→ R+.

�d�!�
E
p
Lel := EΞpLel

�
E
p
Gre := EΞpGre

�
E
p
Poi := EΞpPoi

�
E
p
Lem := EΞpLem

Y
9�N;:=<�>�? � Yb�1�!Y�� V\f��8l

ΞpLel ≤ Ξ
p
Gre ≤ Ξ

p
Lem

� 
�.O�'>1"�
�$-��[8�'�1
8��)+KZ�
E
p
Lel ≤ E

p
Gre ≤ E

p
Lem

Y
f`(2l�|v�C�

Ξ ∈ {ΞpGre, Ξ
p
Lel, Ξ

p
Lem}

Y�t]���/

Ξ(ϕ)

*+$:Pe�1),)v.��1q'
��/.BU`" #
ϕ ∈ O(E,G)

Y?@B" #��1p
"�6��1#/�

EΞ(z) = inf{Ξ(ϕ) : ϕ ∈ O(E,G), ϕ(0) = z} � z ∈ G
YS��
'.��1�/.Z�aUc" #

ϕ ∈ O(E,G))+�1�
ϕr(λ) := ϕ(rλ)

� |λ| < 1/r
�

0 < r < 1
Y�t]���1


ϕr ∈ O(E,G)
�
ϕr(0) = ϕ(0)

�]� 
�.
Ξ(ϕ) = inf0<r<1Ξ(ϕr)

Y
fg>�l���U

F : G→ D
*,$Q��"�)+"�FX" #-%'��*,> �H�����/


Ξq ◦ F = Ξq◦F
�
Ξ ∈ {ΞPoi, ΞGre, ΞLem}

��� 
�.
ΞqLel ◦ F ≤ Ξ

q◦F
Lel

��PQ���C#��
(Ξ ◦ F )(ϕ) := Ξ(F ◦ ϕ)

�
ϕ ∈ O(E,G)

Y
fg.�l?|v�C�

F : G → D
(2�X��"�)+"�FX" #-%'��*,>5� 
�.�)+�1�

Ξ : O(E,D) → R
(2�_�~.�*,$->XU`��
�>1��*+"�
'� )

"�

D
Y�t]���1
����'�dF_��%�%'*,
�n

Ξ◦F *,$���.'*+$->�U`��
�>1��*+"�
'� )7" 

G

��
'.
EΞ◦F ≤ EΞ◦F

Yu��UC� FX"�#��/"�6��1#/�
F

*,$���>1"�68�C#�*,
�n'�v�����1

EΞ ◦ F = EΞ◦F

Y\��
�.��1�/.Z�vPe�_"�
�)+KS
��/�1.E��"�" ('$-�1#-6��X���H�W��*,U
F

*+$G�
>1"�68�C#�*,
�n'�O�����/
SUc" #���
7KB.�*,$->

ψ ∈ O(E,D)
PQ*L���

ψ(0) = F (z)
�����1#��G�1I�*,$<��$��

ϕ ∈ O(E,G)$-��>=�����'���
ϕ(0) = z

� 
�.
F ◦ ϕ = ψ

Y

(41) @7
W~ J ����"�"����0� %������������\��� �!�����P~ XW~ �\�W~�X �&��
7�	��
H~ �<~��W~�
���� � %�������������" p � " ~j~!E deX�� � � � �NP3�
(42)

∑
λ∈A

f(λ) := inf
B⊂A

#B<+∞

∑
λ∈B

f(λ) z f : A→ [−∞, 0] {}�
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fg��lv�&('$-�C#-68�����'���
k̂G(p, z) := E

p
Lem(z) = log k̃∗G(p, z) = log dmax

G (p, z)
�
z ∈ G fg>/U Y KW� Y �8l=Y

��
�%��W#-��*,>1�'),��#/�����'�5Uc�'
�>C��*,"�

k̂G(p, ·) *+$G�!%�%2�1#G$-�1FX*,>1"�
8��*,
7��"���$1YS@B" #��1"�68�C#/��*,U

B(a, r) ⊂ G �
�����1
�Uc" #&� 
8K

z ∈ B(a, r)
Pe��n��C�

k̂G(p, z) ≤ log k̃∗G(a, z) ≤ p(a) log k̃∗B(a,r)(a, z) = p(a) log
‖z − a‖

r

= p(a) log ‖z − a‖ − p(a) log r.
fgURld��
~�����;>�� $-�:PQ���1#��

p = χ{a}
Pe���'�/6����

ΞpPoi(ϕ) =
1

2π
Λ(ϕ−1(a) ∩ ∂E), ΞpLel(ϕ) =

∑

λ∈ϕ−1(a)∩E∗
ordλ(ϕ− a) log |λ|,

ΞpGre(ϕ) =
∑

λ∈ϕ−1(a)∩E∗
log |λ|, ΞpLem(ϕ) = inf{log |λ| : λ ∈ ϕ−1(a) ∩ E∗},

PQ���C#��
Λ

.'�1
�" ���1$]���'�;|��1(2�1$-n�����FX�/� $-�!#���"�

∂E

f
Λ(∂E) = 2π

l=Y
�! "���L 3�! �
 %'1"D�D�%'9t@`G09J2=:;1(%'9I4,&` �'" #d� 
8KG�!%�%Z�C#�$-�/FX*+>/" 
7��*+
7�'" �'$�U`��
�>1��*+"�


p : G→ [−∞,∞))+�1�
Pp(G) := {u ∈ PSH(G) : u ≤ p}, ω̂G(p, z) := sup{u(z) : u ∈ Pp(G)}.

t]���
U`��
�>1��*+"�

ω̂G(p, ·) *,$&>/� ),)+�/.������A* luh,lu^jc=[fa � ldq ^jl�[\c=i"a��=l�l�-=i"^jlu] c=[�,doEh'bui"aBZ.h � a"i"X �vl�a&*=X i"p

p
Y

�Q('$-�1#-68�
���'���
ω̂G(p, ·) ∈ Pp(G)

Y&@B" #��1"�68�C#/�
ωU,G ≡ ω̂G(−χU , ·)

Uc" #;� 
8K�" %2�/
B$-�C�
U ⊂ G

�
PQ���C#��

ωU,G
*,$]�����:#��/),����*+68�;�CI��-#��/FX� )OUc�'
�>C��*,"�
�fg9:�CqH
�*L��*,"�
E� Y ��Yb�Wl=Y

9�N;:=<�>�? � Yb�1�!Y ©!V\f��8l
E
p
Poi ≤ p

Y
f`(2l���U

pk ↘ p
�'�����1


Ξ
pk
Poi ↘ ΞpPoi

� 
�.
E
pk����� ↘ E

p
Poi

Y
� >,U
	yU���Q(T'Q3UJR�� Y,�/�!Y � V 
IZ.^�c.h e�o;_W_ylu^ p�l�]�aBbjZ.h!i"a3hyoyZ.oEpU,joPh,b�i"aBZ.h

p : G→ [−∞,∞)
�vl XPc �.l

ω̂G(p, ·) ≤ E
p
Poi

�8w�Z.hyp�l �uoyluh!i6[fe�� a ,
E
p
Poi ∈ PSH(G)

� i"XPl�h
E
p
Poi ∈ Pp(G)

c.h'q
ω̂G(p, ·) ≡

E
p
Poi

�
r ^jZ<Z ,=Y:�H"�#

u ∈ Pp(G)
� 
�.

ϕ ∈ O(E,G)
Pe���'�/68�

u(ϕ(0)) ≤ 1

2π

2π�

0

u(ϕ(eiθ)) dθ ≤ 1

2π

2π�

0

p(ϕ(eiθ)) dθ = ΞpPoi(ϕ).

� N;:5: < � Yb�1�!Y � V �IXPl_,doEh'b�i"a6Z.h
E
p
Poi

a3p o;_W_yl�^�p�l�]�a6bdZ.h!i"a3h o!Z.oEp�Z.h
G
�

r ^jZ<Z ,=Y:oeKTyQ�/FX��#-3�� Y,�/�!Y ©Hf`(2l=�8Pe�QF_�/K_� $-$-��FX�����H�W�
p : G→ R

*,$d>1"�
8��*,
7��"���$1Ya�u*+I_�
z0 ∈ G� 
�.�$-�!%'%2"�$-�����'���

E
p
Poi(z0) < A

Yet]���1
������C#����1I!*+$<��$&�
ϕ0 ∈ O(E,G)

$-��>=�����'���
ϕ0(0) = z0� 
�.

ΞpPoi(ϕ0) < A
Ydtv��38�

0 < r < dist(ϕ0(E), ∂G)
Ydt]���1
�U`"�#

z ∈ B(z0, r)
Pe��n��C�

E
p
Poi(z) ≤ Ξ

p
Poi(ϕ0 + z − z0) =

1

2π

2π�

0

p(ϕ0(eiθ) + z − z0) dθ.

� �Q*+$Q>1),�/��#����'���������;U`��
�>1��*+"�


B(z0, r) 3 z 7→
1

2π

2π�

0

p(ϕ0(eiθ) + z − z0) dθ

*+$;>1"�
8��*,
7��"���$�� 
�.A$-F_� )+),�C#;���'� 

A

�W�
z = z0

YGD�"�
�$-��[8�'�1
8��)+K��Z�����C#��G�1I�*,$<��$
0 < δ < r

$-��>=�
���'���

E
p
Poi(z) < A

�
z ∈ B(z0, δ)

Y



( � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

��� NyUe>SN : � Yb�/��YL¥PV�
IZ.^Ac.h e*o<_W_ylu^$p�l�]�a6bdZ.h!i"a3h o!Z.oEp5,joPh'bui"aBZ.h
p : G → [−∞,∞)

�vl
XPc �.l
E
p
Poi ∈ PSH(G)

��w�Z.hyp�l���o!l�h!i6[fe���k�e�r ^jZd_yZ.pda"i"a6Z.hA� Y,�/�!Y��7�

inf
{ 1

2π

2π�

0

p(ϕ(eiθ)) dθ : ϕ ∈ O(E,G), ϕ(0) = z
}

= E
p
Poi(z) = ω̂G(p, z) = sup{u(z) ∈ PSH(G) : u ≤ p}, z ∈ G.

�jh _yc.^ui"aBb�o [\c.^��Ja ,
U ⊂ G a3p�Zd_yluhv�0i"XPluh

ωU,G(z) = ω̂G(−χU , z) = E
Ξ
−χU
Poi

(z)

= inf
{ 1

2π

2π�

0

−χU (ϕ(eiθ))dθ : ϕ ∈ O(E,G), ϕ(0) = z
}

= − sup
{ 1

2π
Λ({ξ ∈ ∂E : ϕ(ξ) ∈ U}) : ϕ ∈ O(E,G), ϕ(0) = z

}
, z ∈ G.

J >1)b� $-$\"�U;>1"�FT%'),�CI£F_� 
�*,Uc"�),.�$
G

U`" #5PQ�'*+>R�¢�����A��(2"�68�B#��1$-��)+�\*,$5�-#����BP]��$^%'#��1$-�1
7���1.
*+
¢h | ��#-pNr7*,n�������jW(�k�YBt]���5>/� $-�_PQ���C#��

G
*,$G��
���#-('*+�-#=��#-KE>1"�FT%'),�CI�FX� 
�*,U`" ),.�P]� $
%�#�"�68�1.�*,


h y&" $?� �����Wk���h �a.'*v� � �8�Wk�Y
r ^jZ<Z , �:oeK_yQ�1F_��#-3B� Y,�/�!Y ©!��Pe�:F_�1K^� $-$-��FX�?���H�W�

p : G→ R
*+$e>/"�
8��*+
���"���$1Ya|��1�

u0 := E
p
Poi

Y
oeK^|v�1FXF_�~��Yb�/�!Y��GPe�;"�
�)+K^
'�1�1.~��"X$-��"�P ���'���

u0(ϕ(0)) ≤ 1

2π

2π�

0

u0(ϕ(eit))dt, ϕ ∈ O(E,G).

��*LIA�
ϕ0 ∈ O(E,G)

Y;� �:$-� �X>/�1$:��"5%'#�"/68�G���'���:Uc" #�� 
8K
ε > 0

���'�C#��G�CI!*,$<��$;�
ϕ̃ ∈ O(E,G)$-��>=�����'���

ϕ̃(0) = ϕ0(0)
� 
�.

f<� Y,�/�!Y,� �8l
ΞpPoi(ϕ̃) ≤ 1

2π

2π�

0

u0(ϕ0(eit)) dt+ ε.

��*LI~� 

ε > 0

Ydt]���:%�#�"�"�UvPQ*+),)2(Z�;.�*+6!*+.��/.�*+
8��"_Uc"��!#Q$<���1%'$�fg|��1FXF_� $�� Y,�/�!Y j�¨�� Y,�/�!Yb� �Wl=Y
� N;:5: <¢� Y,�/�!Y j V �JXPl�^jl�l'-.a3p�i

r > 1
c.h'q

Φ ∈ C∞(Ur × ∂E,G)
� � XPl�^dl

Ur := B(r) ⊂ C �IpdoybuXi"XPc=i=�
fg*`l

Φ(·, ξ) ∈ O(E,G)
�
ξ ∈ ∂E �

fg*+*`l
Φ(0, ξ) = ϕ0(ξ)

�
ξ ∈ ∂E �

fg*,*+*`l

f<� Y,�/�!Y,�W¥�l 2π�

0

ΞpPoi(Φ(·, eit)) dt ≤
2π�

0

u0(ϕ0(eit)) dt+ ε.

r ^jZ<Z ,=Y
r7*,
�>/�
u0

*,$��!%�%2�1#�$-�/FT*,>1"�
8��*,
7��"���$;fg|��/FXFX�_� Y,�/�!Y ��l=�������C#��Q�1I!*+$<��$e�
v ∈ C(G,R)

PQ*+���
v ≥ u0

$-��>=�~���'���
2π�

0

v(ϕ0(eit)) dt ≤
2π�

0

u0(ϕ0(eit)) dt+
ε

2
.

�'" #:� 
8K
ξ0 ∈ ∂E

���'�C#����CI!*,$<�
ϕ ∈ O(E,G)

�
0 < δ < dist(ϕ(E), ∂G)

��� 
�" %2�/
0��#�>
I ⊂ ∂E

�
� 
�.

r > 1
$-��>=�����'���/�
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• ξ0 ∈ I
�
ϕ(0) = ϕ0(ξ0)

�
• ΞpPoi(ϕ+ z − ϕ0(ξ0)) < v(z) + ε/4

�
z ∈ B(ϕ0(ξ0), δ)

�
• ϕ0(ξ) ∈ B(ϕ0(ξ0), δ)

�
ξ ∈ I �

• Φ0(Ur × I) b G ��PQ���1#��
Φ0(λ, ξ) := ϕ(λ) + ϕ0(ξ)− ϕ0(ξ0)

Y
oeKX�;>/" FT%H� >1��
��1$-$���#�n���FX�1
8�dPe��q'
'.5�:q'
'*L���Q>1"�68�C#�*,
�n

∂E =
⋃N0

ν=1 Iν
�
r > 1

��� 
�._U`��
�>1��*+"�
�$
Φν ∈ C∞(Ur × Iν , G)

�
ν = 1, . . . , N0

�'$-��>=�~���'���/�

• Φν(·, ξ) ∈ O(E,G)
�
ξ ∈ Iν

�
• Φν(0, ξ) = ϕ0(ξ)

�
ξ ∈ Iν

�
• Φν(Ur × Iν) b G �
• ΞpPoi(Φν(·, ξ)) < v(ϕ0(ξ)) + ε/4

�
ξ ∈ Iν

�
ν = 1, . . . , N0

Y
|��1�

K
(2�
�����
>/)+"�$-�!#���"�Uu���'�
$-�C�

ϕ0(∂E) ∪⋃N0

ν=1 Φν(Ur × Iν)
� 
�.B),�C�

C > 0
(2�
$-��>R�0���'���

C > max{v(z) : z ∈ K} Y&t]���C#����CI!*,$<�?.�*,$gx<" *,
8�:>/)+"�$-�1.A��#�>1$
Jν ⊂ Iν

�
ν ∈ A ⊂ {1, . . . , N0}

�
$-��>=�����'���

Λ
(
∂E \

⋃

ν∈A
Jν

)
<

ε

8C
.

���
FX�/K�� $-$-��FX�
���'���
A = {1, . . . , N} Uc" #&$-"�FX�

N ≤ N0
Ye��*LI�" %2�1
0.�*,$gxN"�*,
8�:�W#�>/$

Kν
PQ*L���

Jν ⊂ Kν ⊂ Iν
�
ν = 1, . . . , N

�O� 
�.A),�C�
% ∈ C∞(∂E, [0, 1])

(Z��$-��>R�B���'���
% = 1

"�
 ⋃N
ν=1 Jν� 
�.

supp % ⊂ ⋃Nν=1Kν
Ya�?"�PwPe��.��Cq'
'�

Φ : Ur × ∂E → G
(�K^�����;U`"�#�F���)b�

Φ(λ, ξ) :=

{
Φν(%(ξ)λ, ξ), (λ, ξ) ∈ Ur ×Kν

�

ϕ0(ξ), (λ, ξ) ∈ Ur × (∂E \⋃Nν=1Kν)
Y

� �Q*,$Q>/)+���W#Q���'���
Φ

*,$�Pe�1),)O.��1q'
��/.Z�
Φ ∈ C∞(Ur × ∂E,G)

�
Φ(Ur × ∂E) ⊂ K

�H� 
�.
Φ

$�����*,$<q'�1$
fg*cl���
'.Efg*+*`l=Y�� �e#��/F_��*,
�$e��"T>=���/>�3Afg*,*+*`l=Y�|v�C�

J̃ν := {t ∈ [0, 2π) : eit ∈ Jν}
�
ν = 1, . . . , N

Y����
�'�/68�

2π�

0

ΞpPoi(Φ(·, eit)) dt ≤
N∑

ν=1

�

J̃ν

ΞpPoi(Φν(·, eit)) dt+
ε

8
≤

N∑

ν=1

�

J̃ν

v(ϕ0(eit)) dt+
3ε

8

≤
2π�

0

v(ϕ0(eit)) dt+
ε

2
≤

2π�

0

u0(ϕ0(eit)) dt+ ε.

� N;:5: < � Y,�/�!Y � V �IXPlu^jl l�-.a3pdi"p
1 < s < r

pdoybuX i"XPc=i_,�Z.^ c.hye
j ≥ 1

i"XPlu^jl*l'-.a3p�i�c.h Zd_yluh
c.hyh o [foEp

Aj ⊃ ∂E
c.h'q

Φj ∈ O(Us ×Aj , G)
� a3i"X2�

fg*`l
Φj → Φ

oEhya ,uZ.^�]�[fe
Z.h
Us × ∂E

�
fg*+*`l i"XPl�^dl l'-=a(p�i

1 < sj < s
c.h'q

kj ∈ N
�
kj ≥ j

� pdoybuX8i"XPc=i�i"XPl�]Ycd_W_,a3hT*
(λ, ξ) 7→

Φj(λξ
kj , ξ)

l�-=i`luh,q.p�i`Z
cY]Ycd_W_,a3hT*
Ψj ∈ O(Usj × Usj , G)

�
fg*,*+*`l

Ψj(0, ξ) = ϕ0(ξ)
�
ξ ∈ Usj

�
r ^jZ<Z , ��|v�C�

Φj(λ, ξ) := ϕ0(ξ) +

j∑

k=−j

(
1

2π

2π�

0

(Φ(λ, eiθ)− ϕ0(eiθ))e−ikθ dθ

)
ξk, (λ, ξ) ∈ Ur × (Ur)∗.

�Q('$-�1#-68�:���'���]���'�:$-�/>1"�
�.\���1#�F *,$]�����
j
���\%H��#-��*b��)Z$-�'F�"�U������;�'"��!#�*,�C#Q$-�1#�*+�/$�" U����'�:U`��
�>1��*+"�


ξ 7→ Φ(λ, ξ)− ϕ0(ξ)
�H� ),$-"!�

Φj
*+$&��"�),"�FT" #-%'�'*+>�� 
�.

Φj(0, ξ) = ϕ0(ξ)
�
ξ ∈ (Ur)∗

Ye@A"�#��/"�6��1#/�
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Uc" #�� 
8K
1 < t < r

�
Φj → Φ

��
�*,Uc" #�FX)+K_"�

Ut× ∂E

Y���
�.��1�/.Z�!*L�eU`"�)+),"�PQ$e.�*+#��1>1��)LK_Uc#�" Fs�H" ��#�*+�1#
$-�C#�*,�1$e�����/"�#-K_���H�W�

Φj(λ, ·)→ Φ(λ, ·) ��
�*,Uc" #�FX)LK^"�

∂E

Uc" #�� 
8K
λ ∈ Ur

Ydt]�7��$ePe�;" 
')LK5
��/�1.
��"X$-��"�Pw���'����������$-�C#�*,�1$

∞∑

k=−∞

(
1

2π

2π�

0

(Φ(λ, eiθ)− ϕ0(eiθ))e−ikθ dθ

)
ξk

>1"�
868�C#�n��/$���
'*+U`" #�FT)+K\"�

Ut × ∂E

Y �?$-*+
�n_*+
7���1n #=����*+"�
\(7K\%H��#-��$1��Pe�;" (��=� *,


∣∣∣
( 2π�

0

(Φ(λ, eiθ)− ϕ0(eiθ))e−ikθ dθ
)
ξk
∣∣∣ ≤ 1

k2
sup

λ∈Ut, θ∈[0,2π)

∣∣∣∣
∂2

∂θ2
(Φ(λ, eiθ)− ϕ0(eiθ))

∣∣∣∣,

k ∈ Z∗, (λ, ξ) ∈ Ut × ∂E,
PQ��*,>=��*+FT%'),*,�1$������:#���[8�'*L#��/.~>/"�
868�C#�n��1
�>/� Y

��*+I
1 < t < r

Y;� �;Uc"�),)+"�PQ$?���'���
Φj(Ut × ∂E) b G

U`" #
j ≥ j0

Y�}?�1
�>/� �Z"�
��G>/� 
Aq'
�.S� 

" %2�1
�� 
�
���)+�'$

Aj ⊃ ∂E
$-��>R�~���'���

Φj(Ut ×Aj) ⊂ G
�
j ≥ j0

Y
�H"�#a� 
8K

ξ ∈ (Ur)∗
�����eF_��%�%'*,
�n

Φj(·, ξ)−ϕ0(ξ)
�'� $��?z1�1#�":���

λ = 0
Yu�H" #�� 
8K

λ ∈ Ur
���'�

F_�W%'%'*+
'n
Φj(λ, ·)− ϕ0

�'� $&�G%2"�),��" Uu" #�.��C# ≤ j ���
ξ = 0

Y]D�" 
'$-�/[7���1
7��)LK8�'Uc" #?� 
8K
k ≥ j �����

F_�W%'%'*+
'n
(λ, ξ) 7→ Φj(λξ

k, ξ)
�CI����1
�.'$e�'" ),"�FX"�#-%H��*+>�� )+)+K5��"

E ×E Y�� �e#��/F_��*,
�$]��"G>R���1>=3Sfg*+*`l=Y
yQ�1>�� )+)v���H�W�

Φj(0, ·) = ϕ0
Y;}?�1
�>/�
�����1#��G�CI!*,$<��$

δj > 0
$-��>=�A���H�W�

Φj(Uδj × E) ⊂ G
Y�r7*,
�>/�

Φj(Ut × Aj) ⊂ G
�
j ≥ j0

�uPe�5>/� 
�q'
'.
0 < %j < 1

$-��>R�����'���
Φj(E × (E \ U%j )) ⊂ G

�

j ≥ j0
Y^�?"�P��u),�C�

kj ≥ j
(Z�_$-"0),��#�n��X���'���

%
kj
j < δj

Y~t]���1

Ψj(λ, ξ) := Φj(λξ

kj , ξ) ∈ G �

(λ, ξ) ∈ E × E �
j ≥ j0

Y
� N;:5: < � Yb�1�!Yb�/� V �IXPlu^jl�l�-.a(p�i

1 < s < r
c.h,q

Ψ ∈ O(Us × Us, G)
pdo!b�Xgi"XPc=iR�

fg*cl
Ψ(0, ξ) = ϕ0(ξ)

�
ξ ∈ Us

�
fg*,*cl

f<� Y,�/�!Y,��j8l 2π�

0

ΞpPoi(Ψ(·, eit)) dt ≤
2π�

0

ΞpPoi(Φ(·, eit)) dt+ ε.

r ^jZ<Z ,=Y:|v�C�
Φj

�
Ψj

(2��� $Q*+
�|v�1FXF_�\� Yb�/��Y���Ydt]���1
O�'Uc" #
j ≥ j(ε) Pe���'�/6��

2π�

0

ΞpPoi(Ψj(·, eit)) dt =

2π�

0

(
1

2π

2π�

0

p(Φj(e
i(θ+kjt), eit)) dθ

)
dt=

1

2π

2π�

0

2π�

0

p(Φj(e
iθ, eit)) dθ dt

≤ 1

2π

2π�

0

2π�

0

p(Φ(eiθ, eit)) dθ dt+ ε =

2π�

0

ΞpPoi(Φ(·, eit)) dt+ ε.

� N;:5: < � Yb�1�!Yb���5V �IXPlu^jl�l�-.a(p�i"p�c
θ0 ∈ R

pdoybuX
i"XPc=i a ,��vl _,oPi

ϕ̃(λ) := ϕθ0(λ) := Ψ(eiθ0λ, λ), λ ∈ Us,
i"XPl�h
f<� Y,�/�!Y,���8l

ΞpPoi(ϕ̃) ≤ 1

2π

2π�

0

ΞpPoi(Ψ(·, eit)) dt.
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r ^jZ<Z , �u���;�'�/68�
2π�

0

2π�

0

p(Ψ(eiθ, eit)) dθ dt =

2π�

0

2π�

0

p(Ψ(eiθeit, eit)) dt dθ.

D�"�
�$-�/[7���/
8��)LK8�������1#��:�1I!*+$<��$&�
θ0 ∈ R

$-��>R�\���H�W�

ΞpPoi(ϕθ0) =
1

2π

2π�

0

p(Ψ(eiθ0eit, eit)) dt

≤ 1

(2π)2

2π�

0

2π�

0

p(Ψ(eiθeit, eit)) dt dθ

=
1

(2π)2

2π�

0

2π�

0

p(Ψ(eiθ, eit)) dθ dt =
1

2π

2π�

0

ΞpPoi(Ψ(·, eit)) dt.

�?"�P�����$-*,
�nBf<� Yb�1�!Yb����l=��f<� Yb�/��Yb��j8l=�'� 
�.�f<� Y,�/�!Yb��¥�l�n�*+6��/$
f<� Y,�/�!Y,� �8l=Y
t]���^Uc"�),)+"�PQ*,
�n�#��/$-��)+��*,$G��.'*L#��/>C�G>1" #�"�)+)b��#-KE"�Ue�����5.��CqH
�*L��*,"�
�"�Ue�����5Uc�'
�>C��*,"�


ωU,G
� 
�.

t]���1" #��/F � Yb�/��YL¥7Y
� >,U
	yU���Q(T'Q3UJR � Yb�1�!Yb���PV 1 l�i F : G → D

kdl cgXPZ=[\Z.] Z.^`_,XWa6b bdZ �.lu^�a3h\*�� [\l�i
V ⊂ D

kdl Zd_yluhv�
c.h'qY[\l�i

U := F−1(V )
���JXPl�h

ωV,D ◦ F = ωU,G
�

r ^jZ<Z ,=Y;t]���^*+
���[7�'� )+*+��KB4 ≤M_U`"�)+),"�PQ$�Uc#�"�F yQ�/F_�W#-3£� Y ��Y���YBt]���5" %�%Z" $-*+���5*,
��/[7�'� ),*L��KEU`"�)+),"�PQ$
Ub#�"�F t]���/"�#��/F � Yb�1�!YL¥G��
'.~y&�1F_��#-3A� Yb�/��Y���fg> �'.�l=�

ωU,G = E
Ξ
−χU
Poi

= E
Ξ
−χV ◦F
Poi

= E
Ξ
−χV
Poi ◦F

= E
Ξ
−χV
Poi

◦ F = ωV,D ◦ F.
�! "���L )' ��g+;? ?P9�� � ?P&3%'9 � � 4,9�* � ? )t- ?E+�:*@HGJ9J2=:;13%'9S4,&3D= �H"�#G� 
8KSU`��
�>1��*+"�


p : G → R+)+�1�

Gp(G) := {u ∈ PSH(G) : u ≤ 0, ∀a∈G ∃C(u,a)∈R ∀z∈G : u(z) ≤ p(a) log ‖z − a‖+ C(a)}.
�Q('$-�1#-68�;���'���

log gG(p, z) = sup{u(z) : u ∈ Gp(G)} � z ∈ G fg>1U�Y�9:�Cq'
'*L��*,"�
E� Y���Y,�Wl=Y
� >,U
	yU���Q(T'Q3UJR¢� Yb�/��Yb��� V

log gG(p, ·) ≤ E
p
Lel

��w�Z.hyp�l���o!l�h!i6[fe��
• ,�Z.^

Ξ ∈ {ΞpGre, Ξ
p
Lel, Ξ

p
Lem}

�0a ,
EΞ ∈ PSH(G)

�0i"XPluh
EΞ ∈ Gp(G)

c.h'q
log gG(p, ·) ≡ EΞ ,

• a , E
Ξ
k̂G(p,·)
Poi

∈ PSH(G) (43)
��i"XPluh

E
Ξ
k̂G(p,·)
Poi

∈ Gp(G)
c.h'q

E
Ξ
k̂G(p,·)
Poi

≤ log gG(p, ·) ≤ E
p
Lel.

r ^jZ<Z , �£tu��3��
ϕ ∈ O(E,G)

�
u ∈ Gp(G)

�]��
'.£�Sq'
�*+����$-�C�
B ⊂ E∗ ∩ ϕ−1(|p|) Y£���0��#��

n�" *,
�n\��"^%'#�"/68�T���'���
u(ϕ(0)) ≤ ∑λ∈B p(ϕ(λ)) ordλ(ϕ − ϕ(λ)) log |λ| �OPQ��*,>=�S*,FT%')+*,�1$;���H�W�

u(ϕ(0)) ≤ ΞpLel(ϕ)
��
'.Z�'>1"�
�$-��[7���1
8��)+K��

log gG(p, ·) ≤ E
p
Lel

Ya|��C�

v(ξ) := u(ϕ(ξ))−
∑

λ∈B
p(ϕ(λ)) ordλ(ϕ− ϕ(λ)) logmE(λ, ξ).

(43) � ~��������;��
\�h� k̂G(p, ·) = log k̃∗G(p, ·) �
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t]���1

v ∈ SH(Ur \B)

U`" #e$-"�FX�
r > 1

� 
�.
v = u ◦ϕ ≤ 0

"�

∂E

Y�@B" #��1"�68�C#/�!"�
��?>�� 
^�/� $-*,)LK
>=���/>�3
���H�W�

v
*,$�),"7>�� )+)+K�(Z" �'
�.��1.XUb#�"�F ��(2"�68�]*,


Ur
Y�}?�1
�>/�

v
�CI����1
�.'$�$-�!('�H�W#�FX"�
�*,>/� ),)LK���"

Ur� 
�.Z�v(7KS�����_F_�WI!*,F���F %�#�*,
�>1*+%'),� �
v ≤ 0

" 

E
Y5��
E%H��#-��*,>1��)b��#/�

v(0) ≤ 0
�vPQ��*,>=��n�*L68�1$
�����

#��/[7��*+#��1.~*,
���[8�H��),*+��K�Y
� >,U
	yU���Q(T'Q3UJR¢� Yb�/��Yb�1©!V

E
p
Gre = E

p
Lel

�
r ^jZ<Z , �u���;�'�/68�;��"T%�#�"�6��;���'���

L(z) := inf
{ ∑

λ∈E∗
p(ϕ(λ)) ordλ(ϕ− ϕ(λ)) log |λ| : ϕ ∈ O(E,G), ϕ(0) = z

}

= inf
{ ∑

λ∈E∗
p(ϕ(λ)) log |λ| : ϕ ∈ O(E,G), ϕ(0) = z

}
=: R(z), z ∈ G.

t]���&*+
'�/[7�'� )+*+��K�4
L ≤ R MQ*,$�"�(�6�*,"���$1Y���*LI5�

z ∈ G � 
�.^� 
^��#-('*+�-#=��#-KX>1"�
�$<�=� 
8�
C > L(z)

Y����
P]� 
8�Q��"X$-��"�P ���'���

C ≥ R(z)
Y]r7*,
�>1�

C > L(z)
�����'�C#����CI!*,$<�

ϕ ∈ O(E,G)
�
ϕ(0) = z

��� 
�.0�
q'
�*+���;$-�1�

B ⊂ E∗ ∩ ϕ−1(|p|) $-��>R�~���'���
∑

λ∈B
p(ϕ(λ)) ordλ(ϕ− ϕ(λ)) log |λ| < C.

�E#�*+���
B = {b1, . . . , bN}

�
aj := ϕ(bj)

�
r(j) := ordbj (ϕ − aj)

�
j = 1, . . . , N

Y�D�" 
'$-*+.��1#:�����
U`� FX*,)LK5" U�� )+)2$<K�$<���/FX$

c
"�UZ%���*+#-PQ*,$-�?.�*LVZ�C#��1
7��%2"�*,
8��$

cj,k ∈ E
�
j = 1, . . . , N

�
k = 1, . . . , r(j)

�
$-��>=�����'���

cj,1 · · · cj,r(j) = b
r(j)
j

�
j = 1, . . . , N

Ya9:�CqH
��:%2"�)+K!
�"�FT*b� )+$

Qc,µ,ν(λ) :=
∏

j=1,...,N
k=1,...,r(j)
(j,k)6=(µ,ν)

(λ− cj,k), ν = 1, . . . , r(µ),

Pc,µ(λ) :=

r(µ)∑

ν=1

Qc,µ,ν(λ)

Qc,µ,ν(cµ,ν)
, µ = 1, . . . , N, λ ∈ C.

�Q('$-�1#-68�;���'���

• degPc,j ≤ r(1) + · · ·+ r(N)− 1
�

• Pc,j(cµ,ν) = 0
*,U
µ 6= j

� 
�.
Pc,j(cj,ν) = 1

�
• Pc,1 + · · ·+ Pc,N ≡ 1

Y
9:�CqH
��

ϕc(λ) :=
N∑

µ=1

Pc,µ(λ)

(
ϕ(λ)− aµ

(λ− bµ)r(µ)
(λ− cµ,1) · · · (λ− cµ,r(µ)) + aµ

)
.

�?" ��*+>/�T���'���
ϕc ∈ O(E,Cn)

�
ϕc(0) = ϕ(0) = z

��� 
�.
ϕc(cj,k) = aj

Uc" #G� )+)
j = 1, . . . , N

�
k = 1, . . . , r(j)

Y�@A"�#��/"�6��1#/�

N∑

j=1

r(j)∑

k=1

p(aj) log |cj,k| =
N∑

j=1

p(aj)r(j) log |bj | < C.

� �\#��/F_��*,
�$\��"�" ('$-�C#-68�A���'���
ϕc(E) ⊂ G

%�#�"�6!*+.��/.����'���
cj,k ≈ bj

�
j = 1, . . . , N

�
k =

1, . . . , r(j)
Y



� � ��� � ���\���a�C������X���"���"7� ~'��
��CX (�(
��� NyUe>SN : ��Yb�/�!Y,��� V �D, |p| a(p � hya3i`l�� i"XPluh E

Ξ
k̂G(p,·)
Poi

= E
p
Lel

� w�Z.hyp�l���o!l�h!i6[fe���kue �JXPldZ.^jl�]
� Y,�/�!Y�¥7�

E
p
Lel ∈ PSH(G)

c.h,q2�0i"XPlu^jl ,uZ.^jl�� kue�r ^jZd_!Z.pja"i"aBZ.h p:� Yb�/��Yb��� c.h,q5� Y,�/�!Y,�1©��

E
Ξ
k̂G(p,·)
Poi

= log gG(p, ·) = E
p
Lel = E

p
Gre.mtZ.^jldZ �=l�^��vkueYr ^jZd_yZ.pda"i"a6Z.hE� Y���Y��7�c,�Z.^�c.^�kua"i"^jc.^�e

p : G → R+
�vl!* l�i i"XPl�,�Z=[([\Z�� a(hT*X��" ),�C��$<3�K

Uc" #�F���)b�!�
log gG(p, ·) = E

p
Lel = E

p
Gre.t]���B��"�)+�1��$<37K¡U`" #�F���),��� 
�.¡���'�0F_� *+
¢*+.'�/� $^" U:������%'#�"7"�U���#��0.'������"��QY J Y���" ),�C��$<3�K

fg>1U�Y'h �u"�)+pNr7�'������j���k���h �u"�)a�����!�Ck���h ��" )d�/�����Wk`l=Yat]���]q'#�$<�d>1"�FT%'),�C����%�#�"�" U�P]��$dn�*+6��/
T(7K J Y��d.�*+p
n8�W#�*b� 
�*+
Eh �d.�*a�����8¥/('k�Y�����Uc"�),)+"�P J Y��d.�*,n8��#�*,� 
 � $��1I�%2"�$-*L��*,"�
ZY
r ^jZ<Z ,=Y?���TF_�/KA� $-$-��FX�T���H�W�

p 6≡ 0
YGo�KB�a#�" %2"�$-*+��*+"�
�� Y,�/�!Yb�/�5Pe�T"�
�)+KB
'�1�1.A��"\$-�'"/P ���'���

E
p
Lel ≤ E

Ξ
k̂G(p,·)
Poi

Y&��*+I0�
ϕ0 ∈ O(E,G)

��
'.
ε > 0

Y&� �?$-���_>1�/$&��"_q'
�.S�
ϕ̃ ∈ O(E,G)

$-��>=�
���'���

ϕ̃(0) = ϕ0(0)
� 
�.

ΞpLel(ϕ̃) ≤ 1

2π

2π�

0

k̂G(p, ϕ0(eit)) dt+ ε.

t]���;�1I!*+$<���/
�>1��" U
ϕ

PQ*,),)ZU`"�)+),"�P Uc#�"�F��X$-�/[7���/
�>1��" Uu),�1FXF_��$�fg|��/FXFX� $
� Y,�/�!Y,� ��¨�� Y,�/�!Y � �7l=Y
� N;:5: < � Yb�1�!Yb� �PV �IXPlu^jl�l�-.a(p�iR�
• 1 < s < r

�
• Φ ∈ C∞(Ur × ∂E,G)

�
• N ∈ N �
• a1, . . . , aN ∈ |p|

�
• σ1, . . . , σN ∈ C∞(∂E,C∗)

�
• q.a3p���Z.a3hyi bu[ Z.puldq
c.^jb�p J1, . . . , JN ⊂ ∂EpdoybuXgi"XPc=i=�
fg*`l

Φ(·, ξ) ∈ O(E,G)
�
Φ(0, ξ) = ϕ0(ξ)

�
ξ ∈ ∂E �

fg*+*`l a , |σν(ξ)| < s
�0i"XPluh |σµ(ξ)| > s

�
µ 6= ν

� c.h,q
Φ(σν(ξ), ξ) = aν

�
fg*,*+*`l |σν(ξ)| < 1

�
ξ ∈ Jν

�
ν = 1, . . . , N

�
Λ(∂E \⋃Nν=1 Jν) < ε

�
fg*+6�l

σν(ξ) 6= σµ(ξ)
�
ξ ∈ ∂E �

ν 6= µ
�

f`6�l
2πN maxν=1,...,N{p(aν) max∂E log |σν |} < ε/2

�
f`6!*`l ∑N

ν=1 p(aν)
� 2π
0

log |σν(eit)| dt ≤
� 2π
0
k̂G(p, ϕ0(eit)) dt+ ε

�
r ^jZ<Z ,=Y:|v�C�

u0 := k̂G(p, ·) Y�r7*,
�>1�
u0

*,$:�!%�%2�1#:$-�/FX*+>/" 
7��*+
7�'" �'$1�Z�����1#����1I�*,$<��$;�
v ∈ C(G,R)PQ*L���

v ≥ u0
$-�'>=�~���'���

2π�

0

v(ϕ0(eit)) dt ≤
2π�

0

u0(ϕ0(eit)) dt+
ε

2
.

�'" #G� 
8K
ξ0 ∈ ∂E

�����1#��_�1I�*,$<�
ϕ ∈ O(E,G)

�
λ0 ∈ E∗

�
δ > 0

��� 
�" %2�/
���#�>
I ⊂ ∂E

����
'.
r > 1

$-��>R�~���'���/�

• ξ0 ∈ I
�
ϕ(0) = ϕ0(ξ0)

�
ϕ(λ0) =: a ∈ |p| �

• p(a) log |λ0| < v(z) + ε/8
�
z ∈ B(ϕ0(ξ0), δ) ⊂ G �



( g ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

• ϕ(λ) + (1− λ/λ0)(z − ϕ0(ξ0)) ∈ G �
(λ, z) ∈ Ur × B(ϕ0(ξ0), δ)

�
• ϕ0(ξ) ∈ B(ϕ0(ξ0), δ)

�
ξ ∈ I �

• Φ0(Ur × I) b G ��PQ���C#��
Φ0(λ, ξ) := ϕ(λ) + (1− λ/λ0)(ϕ0(ξ)− ϕ0(ξ0))

Y
oeK���>/" FT%H� >1��
��1$-$T�W#�n���FX�/
8��Pe�_qH
�.���>/"�6��1#�*+
'n

∂E =
⋃N0

ν=1 Iν
�
r > 1

��U`��
�>1��*+"�
�$
Φν ∈

C∞(Ur × Iν , G)
�
ν = 1, . . . , N0

�H� 
�.\%Z" *,
8��$
λ1, . . . , λN0

∈ E∗
$-��>=�~���'���/�

• Φν(·, ξ) ∈ O(E,G)
�
ξ ∈ Iν

�
• Φν(0, ξ) = ϕ0(ξ)

�
ξ ∈ Iν

�
• Φν(λν , ξ) =: aν ∈ |p|

�
ξ ∈ Iν

�
• Φν(Ur × Iν) b G �
• p(aν) log |λν | < v(ϕ0(ξ)) + ε/8

�
ξ ∈ Iν

�
ν = 1, . . . , N0

Y
yQ�C%H),� >1*,
�n

Φν
(7K^�����;Uc�'
�>C��*,"�


(λ, ξ) 7→ Φν(eiθνλ, ξ)
PQ*+���~$-��*+�=�W(H)+�

θν ≈ 0
�!Pe�;F_�/K\� $-$-��FX�

���'���������:%Z" *,
8��$
λ1, . . . , λN0

�'�/68��.�*LVZ�C#��1
7�&�W#�n���FX�/
8��$1Y
��*+I

1 < s < s0 < r
PQ*+���

2πN0 maxν=1,...,N0
p(aν) log s0 < ε/8

YQ|��1�
K

(Z�;������>1)," $-��#��
"�U�������$-�C�

ϕ0(∂E) ∪
N0⋃

ν=1

Φν(Ur × Iν)

� 
�.�)+�1�
C > 0

(Z�;$-��>R�\���H�W�

C > 2πN0 max
ν=1,...,N0

p(aν)
∣∣log |λν |

∣∣+ max{v(z) : z ∈ K}.

t]���C#����CI!*,$<�Q.�*+$gx<"�*+
7�Q>/)+"�$-�1.0��#�>1$
Jν ⊂ Iν

�
ν ∈ A ⊂ {1, . . . , N0}

�'$-��>=�����'���

Λ
(
∂E \

⋃

ν∈A
Jν

)
<

ε

8C
.

���
FX�/K�� $-$-��FX�
���'���
A = {1, . . . , N} Uc" #&$-"�FX�

N ≤ N0
Ye��*LI�" %2�1
0.�*,$gxN"�*,
8�:�W#�>/$

Kν
PQ*L���

Jν ⊂ Kν ⊂ Iν
�
ν = 1, . . . , N

�O� 
�.A),�C�
% ∈ C∞(∂E, [0, 1])

(Z��$-��>R�B���'���
% = 1

"�
 ⋃N
ν=1 Jν� 
�.

supp % ⊂ ⋃Nν=1Kν
Y����;.'�Cq'
��

Φ : Ur × ∂E → G
(7K\�����;U`" #�F���),�

Φ(λ, ξ) :=

{
Φν(%(ξ)λ, ξ), (λ, ξ) ∈ Ur ×Kν

�

ϕ0(ξ), (λ, ξ) ∈ Ur × (∂E \⋃Nν=1Kν)
Y

� �Q*+$Q>1),�/��#����'���
Φ

*+$]Pe�/)+)�.��Cq'
'�1.Z�
Φ ∈ C∞(Ur × ∂E,G)

�'��
'.
Φ

$�����*+$<qH�1$�fg*cl=Y
|v�C�

Kν = {eiθ : θ ∈ (αν , βν)} � Jν = {eiθ : θ ∈ [γν , δν ]} PQ*+��� αν < γν < δν < βν
Y����

F_�1KA� $-$-��FX�T���'���
%
*,
�>1#��/� $-�1$:"�


(αν , γν)
� 
�.S.��1>1#��/� $-�1$;" 


(δν , βν)
Y
t]�'�1
B���'�G$-�C�

J ′ν :=

{ξ ∈ Kν : |λν |/%(ξ) ≤ s} *,$d�;>/)+"�$-�1.5��#�>]PQ*L���
Jν ⊂ J ′ν ⊂ Kν

Y�tu��38�Q�
σν ∈ C∞(∂E,R>0λν)PQ*L���

• σν(ξ) = λν/%(ξ)
�
ξ ∈ J ′ν

�
• s < |σν(ξ)| < s0

�
ξ ∈ Kν \ J ′ν

�
• |σν(ξ)| = s0

�
ξ ∈ ∂E \Kν

Y
t]���1
¡fg*+*`l�¨2f`6Hl���#��G$�����*,$<q'�1.OY�� �:#��1F_� *+
�$:��"\>=���/>�3�f`6!*`l=Y�|��C�

J̃ν := {θ ∈ [0, 2π) : eiθ ∈ Jν}
�

ν = 1, . . . , N
Y����;�'�/68�



� � ��� � ���\���a�C������X���"���"7� ~'��
��CX ( M

N∑

ν=1

p(aν)

2π�

0

log |σν(eit)| dt ≤
N∑

ν=1

p(aν)

�

J̃ν

log |λν | dt+
ε

8
≤

N∑

ν=1

�

J̃ν

v(ϕ0(eit)) dt+
ε

4

≤
2π�

0

v(ϕ0(eit)) dt+
ε

2
≤

2π�

0

k̂G(p, ϕ0(eit)) dt+ ε.

� N;:5: < � Yb�1�!Yb�W¥EV �IXPlu^jlYl�-.a(p�i"p�c
j0 ∈ N

pdoybuX i"XPc=i ,�Z.^�c.hye
j ≥ j0

i"XPl�^dlYl'-.a3p�i
1 < sj < s

�
Ψj ∈ O(Usj × Usj , G)

��c.h'q
τν,j ∈ O(Usj \ U1/sj )

�
ν = 1, . . . , N

�0pjo!b�Xgi"XPc=iR�
fg*`l

Ψj(0, ξ) = ϕ0(ξ)
�
ξ ∈ Usj

�
fg*+*`l |τν,j | → |σν |

oEhya ,�Z.^�]�[fe
Z.h
∂E

�
fg*,*+*`l

Ψj(τν,j(ξ), ξ) = aν
�
ξ ∈ Usj \ U1/sj

� a3i"X |τν,j(ξ)| < sj
�

fg*+6�l |τν,j(ξ)| < 1
�
ξ ∈ Jν

�
ν = 1, . . . , N

�
r ^jZ<Z , ��yQ�1>�� )+)2���'���]Uc" #�� 
8K

ξ ∈ ∂E ���'�?
7�'F�(Z�C#�$
0, σ1(ξ), . . . , σN (ξ)

��#��?%H� *+#-PQ*+$-�;.�*LVZ�C#��1
7�/Y
|��1�

P : C× ∂E → C
(2�;.'�Cq'
��/.~(7K^������Uc" #�F���)b�

P (λ, ξ) := ϕ0(ξ)

N∏

l=1

λ− σl(ξ)
−σl(ξ)

+

N∑

µ=1

λaµ
σµ(ξ)

N∏

l=1
l 6=µ

λ− σl(ξ)
σµ(ξ)− σl(ξ)

;

" ('$-�C#-68�����'���
P (·, ξ) *+$B������|u��n #=� 
�n���*,
8���C#-%2"�)b����*+"�
 %2"�)LK!
�"�FX*b��)
PQ*L���

P (0, ξ) = ϕ0(ξ)
�

P (σν(ξ), ξ) = aν
�
ν = 1, . . . , N

Y ����PQ*,),)�%'#�"/68�����'���0���'�C#����CI!*,$<��$A�¡U`��
�>1��*+"�

Φ0 ∈

C∞(Us × ∂U)
$-�'>=�~���H�W�

Φ(λ, ξ) = P (λ, ξ) + (λ− σ1(ξ)) · · · (λ− σN (ξ))Φ0(λ, ξ), (λ, ξ) ∈ Us × ∂E.
��
�.��/�1.Z�G������"�
�)+K %�#�" ('),�1F *+$A��"�>=�'�1>�3 ���'���

Φ0
*,$ C∞ 
��/��#E�¢%2"�*+
8�

(σν(ξ0), ξ0)
PQ*L���

|σν(ξ0)| < s
Y�t]���/
 |σµ(ξ0)| > s

U`"�#
µ 6= ν

�]��
'.����'�C#����CI!*,$<��$5�S
'�1*,n �7(2" #���"�"7.
V

"�U
ξ0$-��>=�����'��� |σν(ξ)| < s

� |σµ(ξ)| > s
�
µ 6= ν

�'Uc" #
ξ ∈ V Ye�&('$-�C#-68�;���'���

Φ(λ, ξ) = aν + (λ− σν(ξ))Φ̂(λ, ξ), P (λ, ξ) = aν + (λ− σν(ξ))P̂ (λ, ξ), (λ, ξ) ∈ Us×V,
PQ���C#��

Φ̂
� 
�.

P̂
��#�� C∞ F_��%�%'*,
�n�$1Yd}?�1
'>1�

Φ0(λ, ξ) = (Φ̂(λ, ξ)− P̂ (λ, ξ))
∏

µ6=ν

1

λ− σµ(ξ)
, (λ, ξ) ∈ Us × V,

� 
�.Z�'>/" 
'$-�/[7���1
7��)LK8�
Φ0 ∈ C∞(Us × V )

Ya�?"���*,>1�:���'���
Φ0(0, ·) ≡ 0

Y
|v�C�

Φ0,j
� 
�.

σν,j
(2�������

j
���;%H��#-��*,� )�$-��FX$�"�U7�����a�'"��!#�*,�C#v$-�C#�*,�1$O"�U

Φ0
� 
�.

σν
��#��/$<%2�1>1��*L68�1)+K��

*gY � Y

Φ0,j(λ, ξ) :=

j∑

k=−j

(
1

2π

2π�

0

Φ0(λ, eit)e−ikt dt

)
ξk,

σν,j(ξ) :=

j∑

k=−j

(
1

2π

2π�

0

σν(eit)e−ikt dt

)
ξk

Uc" #
(λ, ξ) ∈ Us ×C∗

��>/U Y������?%�#�"�"�U�"�Uv|��1FXF_�\� Yb�1�!Y���Ye�&
��:>�� 
\����$-*,)+K5$-��"�Pw���'���
Φ0,j → Φ0� 
�.

σν,j → σν
��
�*,Uc" #�FX)+K\"�


Ut × ∂E
Uc" #&� 
8K

1 < t < s
Y�9:�1q'
��



g � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

Pj(λ, ξ) := ϕ0(ξ)

N∏

l=1

λ− σl,j(ξ)
−σl,j(ξ)

+

N∑

µ=1

λaµ
σµ,j(ξ)

N∏

l=1, l 6=µ

λ− σl,j(ξ)
σµ,j(ξ)− σl,j(ξ)

,

Φj(λ, ξ) := Pj(λ, ξ) + (λ− σ1,j(ξ)) · · · (λ− σN,j(ξ))Φ0,j(λ, ξ).
t]���1


• Φ0,j ∈ O(Us × C∗)
�

• U`"�#?� 
8K
λ ∈ Us

�����;U`��
�>1��*+"�

Φ0,j(λ, ·)

�H��$&�G%Z" ),�;"�Uu" #�.��C# ≤ j �W�
ξ = 0

�
• U`"�#?� 
8K

ξ ∈ C∗
�����;U`��
�>1��*+"�


Φ0,j(·, ξ)
�'� $Q�Tz/�C#�"_���

λ = 0
�

• Φj → Φ
��
�*,Uc" #�FX)+K\"�


Ut × ∂E
�
1 < t < s

�
• Φj

*+$Q��"�)+"�FX" #-%'��*,>�"�

Ut × ∂E

�
1 < t < s

�
j � 1

�
• U`"�#?� 
8K

λ ∈ Us
�����;U`��
�>1��*+"�


Φj(λ, ·)
�H��$&�G%2"�)+��"�Uv" #�.��1# ≤ j ���

ξ = 0
�
j � 1

Y
r7�!%�%Z" $-�\���'���

j � 1
*,$G$-�'>=� ���'���

σν,j(ξ) 6= 0
�
ξ ∈ ∂E

Y���
�%H��#-��*,>1��)b��#/�����'�^$-�C�
Zν,j :=

E∗ ∩ σ−1
ν,j (0)

*+$Gq'
�*+��� Y��Q('$-�1#-6��\���'���
Φj ∈ O(Us × (E∗ \ Zj))

��PQ���1#��
Zj :=

⋃N
ν=1 Zν,j

Y
�d�!�

Bj := B1,j · · ·BN,j
�&PQ���C#��

Bν,j
.'�1
�" ���1$\�����Soe)b� $->=�!38�A%�#�"�.��'>C�~U`"�#

Zν,j
PQ*+���¢���'�

z1�1#�" $�>1"���
8���/.APQ*+���SF���)+��*L%'),*,>1*+��*+�/$
(44)

YT�'" #��16��1#-K
ξ ∈ C∗ \ Zj

PQ*+��� |σν,j(ξ)| < s
��Pe�Tn��1�

Φj(σν,j(ξ), ξ) = aν
Ya�'" #&� 
8K

k ≥ j �

• �����;F_��%�%'*,
�n
Φj,k(λ, ξ) := Φj(λξ

kBj(ξ), ξ)
*,$��'" ),"�FX"�#-%H��*+>�"�


E ×E �'� 
�.
• �����AF_��%�%'*,
�n

σν,j,k(ξ) := σν,j(ξ)/(ξ
kBj(ξ))

*,$\FX�C#�"�FX" #-%'��*,>S*,

C∗

� 
�. z1�1#�" p�Ub#��/�
��"�)+"�FX" #-%'��*,>�*,


E∗
Y

@B" #��1"�68�C#/�
Φj,k(σν,j,k(ξ), ξ) = aν

U`"�#&� )+)
ξ ∈ (Us)∗

$-��>=�\���H�W� |σν,j,k(ξ)ξkBj(ξ)| < s
Y �?$-*,
�n

�����;$�� FX��FX�C����"�.�� $Q*+
~�����:%�#�"�"�Uu" Uu|��/FXFX��� Y,�/�!Y ����Pe��n��C�������:#��/[7��*+#��1.~#��/$-��)L��PQ*+���

Ψj(λ, ξ) := Φj,kj (λ, ξ) = Φj(λξ
kjBj(ξ), ξ), τν,j(ξ) := σν,j,kj (ξ) = σν,j(ξ)/(ξ

kjBj(ξ)),
PQ���C#��

kj ≥ j
*,$�$-� �X>/*+�/
8��)+K\)b�W#�n��5f���
'.

1 < sj < s
�
sj ≈ 1

l=Y
tu��3�*,
�nX*,
~|v�1FXF_�~� Yb�1�!Yb�W¥��

j � 1
n�*L68�/$]������Uc"�),)+"�PQ*,
�nT#��/$-��)+�/Y

� N;:5: < � Yb�/��Yb��j V �IXPlu^jl*l'-=a(p�i
1 < t < s

�
Ψ ∈ O(Ut × Ut, G)

�
τν ∈ O(Ut \ U1/t,C∗)

�
ν = 1, . . . , N

�JpdoybuXgi"XPc=iR�
fg*`l

Ψ(0, ξ) = ϕ0(ξ)
�
ξ ∈ Ut

�
fg*+*`l |τν(ξ)| < 1

�
ξ ∈ Jν

�
fg*,*+*`l

Ψ(τν(ξ), ξ) = aν
�
ξ ∈ (Ut)∗

� a3i"X |τν(ξ)| < t
�
ν = 1, . . . , N

�
fg*+6�l

2πN maxν=1,...,N{p(aν) max∂E log |τν |} < ε/2
�

f`6�l ∑N
ν=1 p(aν)

� 2π
0

log |τν(eit)| dt ≤∑N
ν=1 p(aν)

� 2π
0

log |σν(eit)| dt+ ε
�

� N;:5: < � Yb�1�!Yb���PV �IXPlu^jl�l�-.a(p�i
η0 ∈ ∂E

�
k
�
c > 0

��c.h'q
0 < % < 1

pdoybuXgi"XPc=i i"XPl�,doEh'bui"aBZ.hyp

f(ξ) := Ψ(η0ξ
k, ξ), F (λ, η) := η

%λ+ e−c/k

1 + e−c/k%λp�c=i"a(p ,de
2π�

0

ΞpLel(f(F (·, eit))) dt ≤
N∑

ν=1

p(aν)

2π�

0

log |τν(eit)| dt+ ε.

(44) @7
\�h�_��"d|Q��
W~ �&%����'������� σν,j/Bν,j ~'WG� ~���X�"7���!� �d~�
���HK�&
H~d~ 
��������	��
���
������&%����'�������b��� E∗ �



� � ��� � ���\���a�C������X���"���"7� ~'��
��CX gQ�

r ^jZ<Z , �dr�*+
�>/�
τν(ξ) 6= 0

�
ξ ∈ Ut \ U1/t

�������1#��;�CI!*,$<��$
c� 1

$-��>R�\���H�W�

f<� Y,�/�!Y � �7l
log

∣∣∣∣
ηe−c − τν(ξ)

1− τν(ξ)ηe−c

∣∣∣∣ < log |τν(ξ)|+ ε

2M
, η ∈ E, ξ ∈ ∂E, ν = 1, . . . , N,

PQ���C#��
M :=

∑N
ν=1 p(aν)

Ya|��1�

ψ(λ) := exp

(
c
λ− 1

λ+ 1

)
, λ ∈ C \ {−1};

" ('$-�C#-68�;���'���
ψ(E) = E∗

�
ψ(∂E \ {−1}) = ∂E

Y�9:�1q'
��

ϕν(λ; η, ξ) :=
ηψ(λ)− τν(ξ)

1− τν(ξ)ηψ(λ)
, (λ, η, ξ) ∈ (C \ {−1})× ∂E × Jν ;

Pe�^�'�/68� |ϕν(λ; η, ξ)| = 1
�

(λ, η, ξ) ∈ (∂E \ {−1}) × ∂E × Jν
YS@B" #��1"�68�C#/�

ϕν(t; η, ξ) →
−τν(ξ)

PQ���1

t → −1−

Y�t]����$
ϕν(·; η, ξ) *+$:��
0*,
�
��1#?Uc��
'>C��*," 
�PQ*+���0
�"�
!p�z/�C#�"_#=��.'*,� )�),*,FT*+��$1Y

D�"�
�$-�/[7���/
8��)LK8�v(7KE�a#�" %2"�$-*L��*,"�
£� Y,����Y��7�
ϕν(·; η, ξ) *+$���o])b� $->=�!38�_%�#�"�.���>C�/Y\@B" #��1"�68�C#/��$-*+
�>/�

ψ′(λ) 6= 0
�������dz/�C#�"�$v"�U

ϕν(·; η, ξ) �W#���$-*+FT%'),�e� 
�.Z��(7K������d*,FT%'),*+>/*L�uF_��%�%'*,
�n&�����/"�#��/F~��U`"�#�� 
8K
%2"�*+
7�

(λ0, η0, ξ0)
PQ*+���

ϕν(λ0; η0, ξ0) = 0
�������C#��]�1I�*,$<��$��:��"�),"�FT" #-%'�'*+>�Uc��
'>C��*," 


h = hλ0,η0,ξ0.��CqH
��1._*,
_�;
��/*+n��8(Z"�#��'"7"�.
V0

"�U
(η0, ξ0)

$-��>R�X���'���
h(η0, ξ0) = λ0

� 
�.
ϕν(h(η, ξ); η, ξ) = 0

�
(η, ξ) ∈ V0

Ye�&('$-�C#-68�;���'���

h(η, ξ) =
1

2πi

�

∂B(λ0,r)

ληψ′(λ)

ηψ(λ)− τν(ξ)
dλ,

PQ���C#��
B(λ0, r)

*,$�$-"0$-F_��),)a���H�W�
λ = λ0

*,$
�����_"�
�)LKEz/�C#�"0"�U
ϕν(·; η0, ξ0)

*+

B(λ0, r)

Y\|��1�
(λν,l)

∞
l=1

(2�
������z/�C#�"�$?"�U
ϕν(·; η0, ξ0)

*+

E∗

Y
r7*,
�>1�
ϕν(·; η0, ξ0)

*,$;�_o])b� $->=�!38��%�#�"�.���>1�/��Pe�
n��C�

|ϕν(0; η0, ξ0)| =
∣∣∣∣
ηe−c − τν(ξ)

1− τν(ξ)ηe−c

∣∣∣∣ =

∞∏

l=1

|λν,l|.

}?�1
�>/� �'��$-*,
�n0f<� Yb�1�!Y�� �8l=��Pe�;>/"�
�>1),��.��;���'���������C#����CI!*+$<�
L ∈ N � 
�.

% > 1
$-�'>=�~���H�W�

L∑

l=1

log
|λν,l|
%

< log |τν(ξ0)|+ ε

2M
.

D�"�
�$-�/[7���/
8��)LK8�
L∑

l=1

log
|hλν,l,η0,ξ0(η, ξ)|

%
< log |τν(ξ)|+ ε

2M

Uc" #
(η, ξ)

*,
0�G
'�1*,n �7(2" #���"�"7.�"�U
(η0, ξ0)

Y
�?$-*,
�nX��>1"�FT%H� >C��
��/$-$]��#�n���FX�1
7�ePe�:$-�1�?���'���e�����C#��:�CI!*,$<�

L ∈ N � 
�.
% > 1

$-�'>=�^���'���]Uc" #
� 
8K^%2"�*,
8�

(η, ξ) ∈ ∂E × Jν
�����1#��;�1I�*,$<�

λν,1(η, ξ), . . . , λν,L(η, ξ)
$-��>=�����'���

ϕν(λν,l(η, ξ); η, ξ) = 0, l = 1, . . . , L,
� 
�.

L∑

l=1

log
|λν,l(η, ξ)|

%
< log |τν(ξ)|+ ε

2M
.



g � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

|��1�

ψk(λ) :=
λ+ e−c/k

1 + e−c/kλ
= 1 + (1− e−c/k)

λ− 1

1 + e−c/kλ
, λ ∈ C \ {−ec/k}.

�Q('$-�1#-68�;���'���
ψk → 1

),"7>�� )+)+K\��
�*,Uc" #�FX)LK\*,

E

� 
�.

k Logψk(λ)→ c
λ− 1

λ+ 1
(45)

)+"�>���),)+K^�'
�*+U`" #�FX)LK\*,

E
YeD�" 
'$-�/[7���1
7��)LK8�

ψkk → ψ
),"�>/� ),)LK\��
�*,U`"�#�FX)+K\*,


E
Y

��*+I
1 < t0 < 1/%

� 
�.A)+�1�
Vν

(2�T�5
��/*+n��8(Z"�#��'"7"�.S" U
Jν

$-��>=�A���'��� |τν(ξ)| < 1
�
ξ ∈ Vν

Y
|��1�

k0 ∈ N
(2�\$-��>=�����'���

ξψk(%λ) ∈ Vν
�

(λ, ξ) ∈ Ut0 × Jν
�
k ≥ k0

YS}?�1
'>1� ��(7K�fg*+*,*`l;"�U
|��/FTF_����Yb�/�!Y,��j��!Pe��n��1�

Ψ(τν(ξψk(%λ)), ξψk(%λ)) = aν , (λ, ξ) ∈ Ut0 × Jν , k ≥ k0.
yQ�1>�� )+)Z���'���

ηψkk(%λ)− τν(ξψk(%λ))→ ηψ(%λ)− τν(ξ)
��
�*,Uc" #�FX)+K5PQ*+���\#��/$<%2�1>1�]��"

(λ, η, ξ) ∈ Ut0 × ∂E × Jν
Ya}?�/
�>1���!(7K^�����;}?�!#-PQ*+��z?���'�1" #��1F~��U`"�#

k � 1
�H�����C#��G�W#���z1�C#�"�$

λν,l,k(η, ξ)
"�Uu���'�
Uc�'
�>C��*,"�


λ 7→ ηψkk(%λ)− τν(ξψk(%λ))
PQ��*,>=�B��#��

$-"X>/)+"�$-�:��"
λν,l(η, ξ)

���'���

L∑

l=1

log |λν,l,k(η, ξ)| < log |τν(ξ)|+ ε

2M
, (η, ξ) ∈ ∂E × Jν .

�Q('$-�1#-68�;���'���

Ψ(ηψkk(%λν,l,k(η, ξ)), ξψk(%λν,l,k(η, ξ))) = aν , (η, ξ) ∈ ∂E × Jν , k � 1.
}?�1
�>/�

ΞpLel(λ 7→ Ψ(ηψkk(%λ), ξψk(%λ))) <

N∑

ν=1

p(aν) log |τν(ξ)|+ ε

2
,

(η, ξ) ∈ Q :=

N⋃

ν=1

(∂E × Jν).

D�"�
�$-*+.'�C#X�����~.�*LVZ�1"�FX"�#-%H��*+$-F
H : (∂E)2 → (∂E)2 n�*+6��/
 (7K

H(η, ξ) := (ηξ−k, ξ)
Y�|��1�

S := H(Q)
Y;t]���1


Λ(S) = Λ(Q) ≥ 2π(2π − ε) f`(Z�1>/� ��$-��������FX"7.'��)+�'$:"�U������T�8� >1" ('*b��
A" U
H

*+$���[7�'� )2��"
1
l=Y�D�"�
�$-��[8�'�1
8��)+K��!�����1#��:�CI!*,$<��$�� 


η0 ∈ ∂E
$-��>R�\���'���

Λ(R) ≥ 2π − ε �!PQ���C#��
R := {ξ ∈ ∂E : (η0, ξ) ∈ S}

Y������'�/68�

ΞpLel(λ 7→ Ψ(η0(ξψk(%λ))k, ξψk(%λ))) ≤
N∑

ν=1

p(aν) log |τν(ξ)|+ ε

2
, ξ ∈ R.

��*+
'� ),)LK8��(7K~|��1FXF_�~� Y,�/�!Y,��j���Pe��>1"�
�>1),��.��;���H�W�
2π�

0

ΞpLel(λ 7→ Ψ(η0(eitψk(%λ))k, eitψk(%λ))) dt ≤
N∑

ν=1

p(aν)

2π�

0

log |τν(eit)| dt+ ε,

PQ��*,>=��*+FT%'),*,�1$Q.�*+#��1>1��)LK^�����:#���[8�'*L#��/.\#��1$-��)+�/Y

(45) lim
k→+∞

k Logψk(λ) = lim
k→+∞

k(1− e−c/k)
λ− 1

1 + e−c/kλ
= c

λ− 1

λ+ 1
�



� � ��� � ���\���a�C������X���"���"7� ~'��
��CX g �

� N;:5: < � Yb�1�!Y�� � V �IXPlu^jl�l�-.a(p�i"p�c
θ0 ∈ R

pdoybuX
i"XPc=ivi"XPl�] cd_W_,a(hT*

ϕ(ξ) := f(F (eiθ0ξ, ξ))
p�c=i"a(p��vl�p
f<� Y,�/�!Y �!�Wl

ΞpLel(ϕ) ≤ 1

2π

2π�

0

ΞpLel(f(F (·, eit))) dt.

r ^jZ<Z ,=Y:��*+#�$<��Pe�;PQ*+),)Z%�#�"�68�:���'���QU`" #&��
7K
ϕ ∈ O(E,G)

Pe�;�H�168�
f<� Y,�/�!Y ���8l

ΞpLel(ϕ) =

�

E

(log |λ|)∆vϕ(λ) dΛ2(λ),

PQ���C#��

vϕ(λ) :=
1

2π

∑

b∈Bϕ
p(ϕ(b)) ordb(ϕ− ϕ(b)) logmE(b, λ), λ ∈ Ur,

Bϕ := {b ∈ E∗ : p(ϕ(b)) > 0} = E∗ ∩ ϕ−1(|p|)
fgUc" #?$-"�FX�

r > 1
l=Y:�Q('$-�1#-6��
���'���

Bϕ
*,$&.�*,$->C#��1����� 
�.

vϕ ∈ SH(Ur)
Y&tv"X%'#�"/68�\f<� Y,�/�!Y�� �8lePe�

��$-�;������yQ*+�/$-z:#��1%�#��1$-�/
8�=����*+"�
�Uc" #�F���)b�!�
�

E

(log |λ|)∆vϕ(λ)dΛ2(λ) = 2πvϕ(0)−
2π�

0

vϕ(eiθ) dθ

=
∑

b∈Bϕ
p(ϕ(b)) ordb(ϕ− ϕ(b)) log |b| = ΞpLel(ϕ).

�?�1I7��Pe����#��;n�"�*,
�nT��"X$-��"�P ���'���QUc" #&� 
8K\U`��
�>1��*+"�

h ∈ O(E)

PQ*+���
h(E) ⊂ E Pe���'�/68�

f<� Y,�/�!Y ���8l
∆vϕ◦h = ∆(vϕ ◦ h)

*,

E,

PQ*L���
∆−∞ := 0

Ya��U
ϕ ≡ const

" #
h ≡ const

" #
h(E) ∩Bϕ = ∅ �������1
�f<��Yb�/�!Y ���8ld*,$�" (76!*+"���$-)+K

�-#���� Y J $-$-�'FT�X���'���
ϕ 6≡ const

� 
�.
h 6≡ const

� 
�.
h(E) ∩ Bϕ 6= ∅

YT� ��*+$�>/)+���W#;���'���
vϕ◦h� 
�.

vϕ ◦ h
��#����H�W#�FX"�
�*,>�"�


E \ h−1(Bϕ)
� 
�.Z�2>/" 
'$-�/[7���1
7��)LK8�

∆vϕ◦h = ∆(vϕ ◦ h) = 0
"�


E \ h−1(Bϕ)
Y

tu��3��
b ∈ Bϕ

� 
�.
c ∈ h−1(b)

Y¡�E#�*+���
h(λ) = (λ − c)mg(λ)

��PQ���C#��
g ∈ O(E)

��
'.
g(c) 6= 0

Ydt]���/


vϕ ◦ h(λ) =
1

2π
p(ϕ(b)) ordb(ϕ− ϕ(b))m log |λ− c|+ u(λ),

PQ���C#��
u
*+$Q�'��#�FX"�
�*+>�
'�/��#

c
Ydt]�7��$

∆(vϕ ◦ h) = p(ϕ(b)) ordb(ϕ− ϕ(b))mδc

= p(ϕ(h(c))) ordc(ϕ ◦ h− ϕ ◦ h(c))δc = ∆vϕ◦h
*+
0�T
��/*+n��8(2" #���"�"�.�"�U

c
Y J %�%')+K!*+
�nBf<� Y,�/�!Y ���8ld��"

ϕ := f
��
'.

h := F (·, ξ) �!Pe��n��C�

ΞpLel(f(F (·, ξ)) =

�

E

(log |λ|)∆vf◦F (·,ξ)(λ) dΛ2(λ)
f<��Yb�/�!Y ��©�l

=

�

E

(log |λ|)∆λ(vf ◦ F (λ, ξ)) dΛ2(λ).

�?"�PwPe��
��/�1.\������Uc"�),)+"�PQ*,
�n_� �!I!*,)+*b��#-K^#��1$-��)+�/Y



g�� ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

� N;:5: <¢� Y,�/�!Y �!�WV 1 lui w ∈ PSH(Ur ×Ur)
f
r > 1

l�c.h'q�[ lui
wθ(ξ) := w(eiθξ, ξ)

���IXPluh i"XPl�^dl
l'-=a(p�i"p�c

θ0 ∈ R
pdoybuX
i"XPc=i

�

E

(log |λ|)∆wθ0(λ) dΛ2(λ) ≤ 1

2π

2π�

0

( �

E

(log |λ|)∆λw(λ, eiθ) dΛ2(λ)
)
dθ.

r ^jZ<Z , ��t]�'�;yQ*,�1$-z;#��1%�#��1$-�/
8�=����*+"�
~U`" #�F
�'),�Xn�*+6��/$

w(0, 0) = wθ(0) =
1

2π

�

E

(log |λ|)∆wθ(λ) dΛ2(λ) +
1

2π

2π�

0

w(ei(θ+t), eit) dt.

}?�1
�>/�

2πw(0, 0) =
1

2π

2π�

0

( �

E

(log |λ|)∆wθ(λ) dΛ2(λ)
)
dθ +

1

2π

2π�

0

( 2π�

0

w(ei(θ+t), eit) dt
)
dθ.

�&
0���'�
" �����1#?�'� 
�.O�2��$-*,
�n5������yQ*+�/$-z
#��1%�#��1$-�/
8�=����*+"�
BUc" #�F���)b�_U`" #&������U`��
�>1��*+"�
�$
w(0, ·) � 
�.

w(·, eiθ) ��Pe��n �1�

2πw(0, 0) =

�

E

(log |λ|)∆λw(0, λ) dΛ2(λ) +

2π�

0

w(0, eiθ) dθ ≤
2π�

0

w(0, eiθ) dθ

=

2π�

0

(
1

2π

�

E

(log |λ|)∆λw(λ, eiθ) dΛ2(λ) +
1

2π

2π�

0

w(eit, eiθ) dt

)
dθ.

D�"�
�$-�/[7���/
8��)LK8�
2π�

0

( �

E

(log |λ|)∆wθ(λ) dΛ2(λ)
)
dθ ≤

2π�

0

( �

E

(log |λ|)∆λw(0, λ) dΛ2(λ)
)
dθ,

PQ��*,>=��*+FT%'),*,�1$������:#���[8�'*L#��/.\#��/$-��)+�/Y
J %�%H)LK!*,
�nX|��1FXF_�~� Yb�/��Y��!�:��"�f<� Yb�/��Y���©�l�n *+68�1$�f<� Y,�/�!Y �!�Wl=Y
t]��*,$�q'
�*,$-���1$����'�:%�#�"�"�Uv"�U�t]���1" #��/F � Yb�/��Yb����Y

9�N;:=<�>�? � Yb�/��Y���� V^f��7l5t]���C#��S*+$���>/"���
8���C#-%��W#-�~"�U������A��"�),�C��$<3�K¢Uc" #�F���)b� Ub#�"�F t]���1" #��/F
� Y,�/�!Y,����U`"�#v���'� J z/�!3 �/P]��%'$-�/��.�"�FX�C�-#�*,>

AG
fg>1U�Y5KW��Y��8l=YvyQ�/>1�/
8��)LKZ� ��Y��?*L38"�),"/6
� 
�.��¤Y��'Pe"�
��13

h �?*+3�pN�'Pe"^� � � ©8�!�'t]�'�1" #��1F �RkO%�#�"�68�1.~���'���QU`"�#&� 
8K\.�"�F_� *+

G ⊂ Cn Pe���'�/68�

AD = ΓG = Γ 1
G,PQ���C#��

ΓG(a;X) := inf{Lϕ(a)/|t| : ϕ ∈ O(E,G), ϕ(0) = a, ϕ(k)(0) = k!tX, k := ord0(ϕ− a)},
Γ 1
G(a;X) := inf{Lϕ(a)/|t| : ϕ ∈ O(E,G), ϕ(0) = a, ϕ′(0) = tX, ord0(ϕ− a) = 1},
Lϕ(a) :=

∏

λ∈ϕ−1(a)∩E∗
|λ|ordλ(ϕ−a) = exp(Ξ

χ{a}
Lel (ϕ)), (46) (a,X) ∈ G× Cn.

f`(2l�|��C�
G ⊂ Cn

(2� �£.�"�F_� *+
¤� 
�.�),�C�
a, z0 ∈ G

�
z0 6= a

�
X0 ∈ Cn∗

Y �'"�)+),"�P�p
*+
'n h �?*L3�pN�HPe"5� ����©8��k��QPe�S$��/K¢���'����� FX��%�%H*+
�n

ϕ ∈ O(E,G)
*,$
gG + l�-=i"^jlu]Yc=[[,uZ.^

(a, z0)

(46)
∏
λ∈∅ . . . := 1 � �=~d~ � ~��!��
�� � � ��� � � zD� { �&��
[��
W~ XW~ �\�����������b��� Ξχ{a}Lel (ϕ) �



� � ��� � ^[���!���0����� � ~'�'��%�
H~ g�O

f`#��1$<%OY
AG + l�-=i"^jlu] c=[\,�Z.^

(a,X0)
l]*,U

a, z0 ∈ ϕ(E)
�
ϕ(0) = z0

�2� 
�.
log gG(a, z0) = Ξ

χ{a}
Lel (ϕ)f`#��1$<%OY

ϕ(0) = a
�
ϕ(k)(0) = tk!X0

�
k := ord0(ϕ− a)

�'��
'.
AG(a;X0) = Lϕ(a)/|t| ld�!%\��"X� 


� �!��"�FT" #-%'�'*+$-F "�U
E

fg*�Y ��Y�Pe�:�W#��;� )+),"�Pe�1.^��"�#��C%')b� >1�
ϕ
(7K

ϕ ◦ h ��PQ���1#�� h ∈ Aut(E)
l=Y�� �]Uc"�)+p

)+"�PQ$&Uc#�" F �a#�" %2"�$-*+��*+"�
B�X*,
�h �?*L3�pN�HPe"5� ����©8��k����'���QU`" #
ϕ ∈ O(E,G)

�
ϕ 6≡ const

�
a ∈ ϕ(E)

�
�����;U`"�)+),"�PQ*+
'nX>1"�
�.'*L��*,"�
�$Q��#����/[7��*+6 � )+�/
8�/�

fg*`l
ϕ

*,$
gG

p��1I��-#��1F_� )ZU`" #&�G%H� *+#
(a, z0)

PQ*+���
a 6= z0 ∈ ϕ(E)

�
fg*+*`l

ϕ
*,$
gG

p��1I��-#��1F_� )ZU`" #&��
7K^%H� *+#
(a, z)

PQ*+���
a 6= z ∈ ϕ(E)

�
fg*,*+*`l

ϕ
*,$
AG

p��CI��-#��/FX� )OUc" #&� 
8K^%H� *+#
(a, ϕ(k)(λ))

PQ*L���
λ ∈ ϕ−1(a)

�
k := ordλ(ϕ− a)

Y
@B" #��1"�68�C#/��*+U

G ⊂ C *,$a$-�'>=�_���'���
∂G

*,$d
�" �a%Z" )b��#/�8�����1
5�;F_��%�%'*,
�n
ϕ ∈ O(E,G)

�
a ∈ ϕ(E)

�
ϕ 6≡ const

�8*+$
gG

p��CI��-#��1F_� )!U`"�#a$-"�FX�
(a, z0)

f
a 6= z0 ∈ ϕ(E)

lO*+V
ϕ = π◦ψ � PQ�'�C#�� π : E → G*+$
�~��
'*L68�C#�$�� )a>/"�6��1#�*+
'n'�

ψ ∈ O(E,E)
��� 
�.S���'�XU`��
�>C��*,"�


hλ ◦ ψ = (ψ − λ)/(1− λψ)
*,$
�

o]),� $->=��3��;%'#�"7.'��>C�QU`" #&��
7K
λ ∈ π−1(a)

Y

�! "�!�! ���%')t4,9 25%'9���?E2=:.GI+;?
M�NPOPQ(RSQ(T'Q3UIR � Yb����Yb�WV�|��1�

G
(2�T�^.�"�F_� *+
A*,


Cn
� 
�.A),�C�

p : G → R+
Y;9;�Cq'
��G�����*w Z.]Yc.h

,joPh'bui"aBZ.h

δG(p, z) := inf
{ ∏

a∈|p|
|µa|p(a) : (µa)a∈|p| ⊂ E,

∃ϕ∈O(E,G) : ϕ(0) = z, ϕ(µa) = a, a ∈ |p|
}
, z ∈ G;

Pe�A%'�!�
δG(p, z) := 1

*,U������S.��1q'
�*,
�n�U`� FX*,)LK�*+$~�1FT%���K8Y����A%'�!�
δG(A, ·) := δG(χA, ·)f

A ⊂ G l=�
δG(a, ·) := δG({a}, ·) f

a ∈ G l=Y
9�N;:=<�>�?£��Yb��� Y � V^f��7l�9:*+#��1>1��)LKXUb#�"�F��a#�"�%Z" $-*+��*," 
A��Yb�/�!Y,���;*+��Uc"�),)+"�PQ$a���H�W�

gG(p, ·) ≤ δG(p, ·) Yf`(2l��&(76!*+"���$-)+KZ�
δG(a, ·) = k̃∗G(a, ·) f

a ∈ G l=Y
fg>�l ∏

a∈|p|[mE(a, ·)]p(a) = gE(p, ·) = δE(p, ·) fgUc" #?� 
8K
p : E → R+

l=Y]��
'.��1�/.Z�HPe�
"�
�)+K

��1�/. ��"A%'#�"/68�\���H�W�

δE(p, ·) ≤ ∏a∈|p|[mE(a, ·)]p(a) Y���*LI��
z0 ∈ E

� 
�.¡)+�1�
ϕ := h−z0

�
PQ���C#��

ha(z) := (z − a)/(1− az) f
a, z ∈ E l=Y]|v�C�

µa := ϕ−1(a)
�
a ∈ |p| YQt]���1
 ϕ(0) = z0

�
ϕ(µa) = a

�
a ∈ |p| �H� 
�. ∏a∈|p| |µa|p(a) =

∏
a∈|p|[mE(µa, 0)]p(a) =

∏
a∈|p|[mE(a, z0)]p(a) Y

fg.�l;|v�C�
F : G → D

(2�^�0��"�),"�FT" #-%'�'*+>^F_��%�%'*,
�nS��
'.�),�C�
q : D → R+

(2�5$-��>R�����'���
#F−1(b) = 1

Uc" #&� 
8K
b ∈ |q| fg� Y n!Y F *,$�('* x<�1>1��*L68��l=Y�t]�'�1


δD(q, F (z)) ≤ δG(q ◦ F, z), z ∈ G.
��
�.��/�1.Z�

δD(q, F (z)) = inf
{ ∏

b∈|q|
|µb|q(b) : ∃ψ∈O(E,D) : ψ(0) = F (z), ψ(µb) = b, b ∈ |q|

}

≤ inf
{ ∏

a∈F−1(|q|)
|µa|q(F (a)) : ∃ϕ∈O(E,G) : ϕ(0) = z, ϕ(µa) = a, a ∈ F−1(|q|)

}
.

t]���*w�Z.] c.h bdZ.h���ljb�i"oE^dl&$��/K�$?���'���
gG(p, ·) ≡ δG(p, ·) U`" #:� 
8KB>1"�
868�CI�(2"���
�.'�1.B.�"�F_� *+


G
� 
�.AU`��
�>1��*+"�


p
PQ*L���

#|p| < +∞ fg>1U�Yuh�D�"�F � �����Wkgl=Y�t]����>/" 
 xN�/>C���!#���P]��$:FX" ��*L6��W���/.0(7K
�����;|v�1FT%2�1#-�]�����/"�#��/F ��
'.~y&�1F_��#-3A� Yb����Y���f`(2l=Y



g � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

9GY�D�"�F_� 
X%'#�"/68�/._���'������*+$�>/"�
�xN�/>C���!#��&*+$d�-#����&*+
_�����&>/� $-�QPQ���C#��
G = B2

*+$d�����&��
�*+�d(H� ),)
*+

C2 � |p| = {a1, a2}

�H� 
�.
p(a1) = p(a2)

fg>/U YOh�D�"�F � �����Wkgl=Y
���e<e:�	�� NA� Yb����Y�� V�t]���Qq�#�$<��>1"���
8���1#��CI�� FG%H)+��P]� $dn�*L68�/
T(7KX@�Y!De��#�),�1���/.5� 
�.5��Y�� *+�/n��C#�*,
�>�3
*+
�h�De��#-p���*,�
� ���8��k��

G = E2 ⊂ C2 � |p| = {a1, a2} ⊂ E × {0}
�
p(a1) 6= p(a2)

Y
|v�C�

c1, c2, d ∈ E∗
�
c1 6= c2

� |c1c2| < |d| < |c1|
�
p2,1 := 2χ(c1,0) + χ(c2,0)

Ydt]���1


gE2(p2,1, (0, d)) < δE2(p2,1, (0, d)).
��
�.��/�1.Z��(�K^�aI�� FT%')+�_� YL¥7Y,�W¥7�

gE2(p2,1, z) = [max{mE(c1, z1), |z2|}][max{mE(c1, z1)mE(c2, z1), |z2|}].
}?�1
�>/� ��(7K\�aI!� FT%'),�_� Y�¥7Y��7�'*,U

p1,1 := χ(c1,0) + χ(c2,0)
�'�����1


gE2(p2,1, z) = [gE2((c1, 0), z)][gE2(p1,1, z)]

≤ [δE2((c1, 0), z)][δE2(p1,1, z)]

= [inf{|λ| : ∃ϕ∈O(E,E2) : ϕ(0) = z, ϕ(λ) = (c1, 0)}]
× [inf{|λ1λ2| : ∃ϕ∈O(E,E2) : ϕ(0) = z, ϕ(λ1) = (c1, 0), ϕ(λ2) = (c2, 0)}]

≤ inf{|λ2
1λ2| : ∃ϕ∈O(E,E2) : ϕ(0) = z, ϕ(λ1) = (c1, 0), ϕ(λ2) = (c2, 0)}

= δE2(p2,1, z).
r7��%�%2"�$-�e���'���

gE2(p2,1, (0, d)) = δE2(p2,1, (0, d))
Y�t]���/
G�����1#��e�1I!*+$<�

ϕν ∈ O(E,E2)
� 
�.

λν,1, λν,2 ∈ E∗
$-��>R�\���H�W�

ϕν(0) = (0, d)
�
ϕν(λν,1) = (c1, 0)

�
ϕν(λν,2) = (c2, 0)

�H� 
�.

|λ2
ν,1λν,2| → [max{mE(c1, 0), |d|}][max{mE(c1, 0)mE(c2, 0), |d|}] = |c1d|.

�?$-*+
'n��;@B"�
8���/)'��#�n �'FT�/
8�aPe������$-*,)+KG>1"�
�>/)+�'.��]���'���������C#��Q��#��]������Uc"�),)+"�PQ*,
�n;���!#��/�]$-*+���'����*+"�
�$1�
f��7l
t]���1#��^�CI!*,$<�

ψ1, ψ2 ∈ O(E,E)
� 
�.

ζ1, ζ2 ∈ E
$-�'>=�����H�W�

ψ1(0) = 0
�
ψ2(0) = d

�
ψ1(ζ1) = c1

�
ψ2(ζ1) = 0

�
ψ1(ζ2) = c2

�
ψ2(ζ2) = 0

�e� 
�. |ζ2
1ζ2| = |c1d|

Y¡t]���/
Z�d(7K����'�
r7>=�7P]�W#�z�),�1FXF_�!�

|ψ1(λ)| ≤ |λ|, |ψ2(λ)| ≤
∣∣∣∣
λ− ζ1

1− ζ1λ
· λ− ζ2

1− ζ2λ

∣∣∣∣, λ ∈ E.
}?�1
�>/� |c1| ≤ |ζ1|

� |d| ≤ |ζ1ζ2|
� 
�.O��>1"�
�$-��[7���1
8��)+KZ� |c1| = |ζ1|

� 
�. |d| = |ζ1ζ2|
Y t]����$

|ψ1(λ)| ≡ |λ| Ya� �QU`"�)+),"�PQ$]���'��� |c2| = |ζ2|
� 
�. |d| = |ζ1ζ2| = |c1c2|

���G>/"�
8�-#=� .�*+>1��*+"�
ZY
f`(2l5t]���C#��S�CI!*,$<�

ψ1, ψ2 ∈ O(E,E)
� 
�.

ζ1 ∈ E
$-��>=�����'���

ψ1(0) = 0
�
ψ2(0) = d

�
ψ1(ζ1) = c1

�
ψ2(ζ1) = 0

�'� 
�. |ζ2
1 | = |c1d|

Ydt]���/
Z��(7K^�����Gr7>=�7P]�W#�z�),�1FXF_�!�

|ψ1(λ)| ≤ |λ|, |ψ2(λ)| ≤
∣∣∣∣
λ− ζ1

1− ζ1λ

∣∣∣∣, λ ∈ E.
}?�1
�>/� |c1| ≤ |ζ1|

� |d| ≤ |ζ1|
� 
�.Z�H>1"�
�$-�/[7���/
8��)+KZ� |c1| = |ζ1| = |d|

���T>1"�
8�-#=� .�*,>C��*,"�
ZY
fg>�l5t]���C#��S�CI!*+$<�

ψ1, ψ2 ∈ O(E,E)
��
'.

ζ2 ∈ E
$-��>=� ���'���

ψ1(0) = 0
�
ψ2(0) = d

�
ψ1(ζ2) = c2

�
ψ2(ζ2) = 0

�'� 
�. |ζ2| = |c1d|
Ydt]�'�1
Z��(�K^������r7>R�8P]��#�z�),�1FXF_�!�

|ψ2(λ)| ≤
∣∣∣∣
λ− ζ2

1− ζ2λ

∣∣∣∣, λ ∈ E.
}?�1
�>/� |c1d| = |ζ2| = |ψ2(0)| ≥ |d| �H�T>/" 
7�-#=��.'*+>1��*+"�
ZY



� � ��� � ^[���!���0����� � ~'�'��%�
H~ g (
���e<e:�	�� N ��Yb��� Y ©!V�yQ�/>1�1
7��)LKZ����Y:��Y;t]��"�FX� $E��
'.���Y&�GY:t�#=� "�h t]��" p t�#=�_� �����Wk�fg$-�1� � ),$-"
h 9;*+�1p tO#=�5�����8�Wk`l�U`"���
�.��X>1"���
8���1#��CI�� FT%')+�;PQ*L���

G = E2 � p = χB×C
�
#B = #C = 2

Y
|v�C�

a ∈ (0, 1)
�
a3/2 < γ < a

�
Aε := {−a, a} × {−ε, ε} � ε ∈ (0, 1)

Y]t]�'�1
������1#����1I�*,$<��$&�
$-F_��),)

ε > 0
$-��>=�~���'���

gE2(Aε, (0, γ)) < δE2(Aε, (0, γ))
Y���
�.'�1�1.O��q�#�$<�Q#��1>/� ),)2���H�W�

gE2(Aε, (0, γ)) = max

{
a2,

∣∣∣∣
γ + ε

1 + εγ

γ − ε
1− εγ

∣∣∣∣
}

fg>1U�Y��aI�� FT%')+�_� Y�¥7Y���l=Yer��!%�%2"�$-�;���'���]���'�C#��;�1I!*+$<��$Q�X$-�/[7���1
'>1�
εk ↘ 0

$-��>=�~���'���

gE2(Aεk , (0, γ)) = δE2(Aεk , (0, γ)), k = 1, 2, . . . .
���~FX�/K�� $-$-��FX�\���H�W�

gE2(Aεk , (0, γ)) = a2 � k ∈ N Y |��C�
ϕk : E → E2 � 
�.

ξ
(k)
σ,τ ∈ Ef

σ, τ ∈ {−1, 1} ld(2�;$-��>R�~���'���

ϕk(0) = (0, γ), ϕk(ξ(k)
σ,τ ) = (σa, τεk),

∏

σ,τ∈{−1,1}
|ξ(k)
σ,τ | → a2.

oeK��_@B"�
8���1)u��#�n �'FT�/
8�&Pe��FX�/K0� $-$-��FX�
���'���
ϕk → ϕ ∈ O(E,E2)

)+"�>���),)+K~��
�*,Uc" #�FX)LK0*+

E� 
�.

ξ
(k)
σ,τ → ξσ,τ ∈ E

PQ*L���
ϕ(0) = (0, γ)

��
'.
ϕ(ξσ,τ ) = (σa, 0)

Uc" #
(σ, τ) ∈ J ��PQ���1#��

J := {(σ, τ) ∈ {−1, 1} : ξσ,τ ∈ E}.
�Q('$-�1#-68�;���'���

∏

(σ,τ)∈J
|ξσ,τ | =

∏

(σ,τ)∈{−1,1}
|ξσ,τ | = a2,

*+
~%H��#-��*,>1��)b��#/�
J 6= ∅ Y� �Q*,$�>/)+����#����'���

ξσ,τ 6= ξσ′,τ ′
U`" #

(σ, τ), (σ′, τ ′) ∈ J PQ*+���
σ 6= σ′

Ya�d�!�

T := {ξσ,τ : (σ, τ) ∈ J}.
|��1�

ϕk =: (fk, gk)
�
ϕ =: (f, g)

Y����G�H�168� |g(z)| ≤ ∏ξ∈T mE(ξ, z)
�
z ∈ E Y
��
A%H��#-��*+>/��)b�W#/�

γ = |g(0)| ≤ ∏ξ∈T |ξ|
Y&D�"�
�$-�/[7���/
8��)LKZ��*+U

#T = #J
�H���'�1


γ ≤ a2 < a3/2 ���_>1"�
8�-#=� .�*,>C��*,"�
ZY
��#�"�F�
'"/P "�
0��$-$-�'FT�;���H�W�

#T < #J
Ya� �Q$-���_>1�/$]��"X>1"�
�$-*,.��1#�������Uc"�),)+"�PQ*,
�nXU`"��!#Q>/� $-�/$1�

f��8l
#T = 1

�
#J = 2

�
J = {(−1,−1), (−1, 1)} � ξ−1,−1 = ξ−1,1 =: ξ−1

Y
f`(2l

#T = 2
�
#J = 3

�
J = {(−1,−1), (−1, 1), (1,−1)} � ξ−1,1 = ξ−1,1 = ξ−1

Y
fg>Wl

#T = 3
�

#J = 4
�
J = {(−1,−1), (−1, 1), (1,−1), (1, 1)} � ξ−1,−1 = ξ−1,1 =: ξ−1

�
ξ1,−1 6= ξ1,1

Y
fg.�l

#T = 2
�

#J = 4
�
J = {(−1,−1), (−1, 1), (1,−1), (1, 1)} � ξ−1,−1 = ξ−1,1 =: ξ−1

�
ξ1,−1 = ξ1,1 =: ξ1

Y
�d�!�

fσ := hσa ◦ f = (f − σa)/(1− σaf)
Y

��U
(σ, τ) ∈ J �O�����1
 fσ(ξσ,τ ) = 0

YG}?�1
�>/� |fσ(z)| ≤ mE(ξσ,τ , z)
�
z ∈ E YG��
A%H��#-��*+>/��)b�W#/�

a = |fσ(0)| ≤ |ξσ,τ |
Y

��U
(σ,−1), (σ, 1) ∈ J � 
�.

ξσ,−1 6= ξσ,1
�'�����1
 |fσ(z)| ≤ mE(ξσ,−1, z)mE(ξσ,1, z)

�
z ∈ E Y

��
~%H��#-��*+>/��),��#/�
a = |fσ(0)| ≤ |ξσ,−1ξσ,1|

Y
��U

(σ,−1), (σ, 1) ∈ J ��
'.
ξσ,−1 = ξσ,1 =: ξσ

�Z�����/

f ′(ξσ) = 0

fg*,U
f ′(ξσ) 6= 0

�2�����/
B(7K
�����_}?�!#-PQ*+��zT�����/" #��1F~�vU`" #
)b��#�n �

k
�v�����_��[8�H�W��*,"�


fk(z) = σa
�H��$��CI�� >C��)+KA"�
��_$-"�)+�!��*,"�
�*,


�\
��/*+n��8(2" #���"�"�.E"�U
ξσ

�OPQ�'*+>R�E*+$�U`� ),$-�X$-*,
�>1�
fk(ξ

(k)
σ,τ ) = σa

�
ξ

(k)
σ,−1 6= ξ

(k)
σ,1

�v� 
�.
ξ

(k)
σ,τ → ξσ

l=Y
�����H�168�

fσ(ξσ) = f ′σ(ξσ) = 0
Y¢}?�1
'>1� |fσ(z)| ≤ [mE(ξσ, z)]

2 � z ∈ E
Y���
�%H��#-��*,>1��)b��#/�

a = |fσ(0)| ≤ |ξσ|2
Y



g�g ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

D�"�
�$-��[8�'�1
8��)+KZ�
��
�>/� $-�5f��8ldPe��n��C�

a2 = |ξ−1|2 ≥ a
�!PQ�'*+>R�~*,$&�T>1"�
8�-#=� .�*,>C��*,"�
ZY

��
B>�� $-�\f`(2l]Pe��n��C�
a2 = |ξ2

−1ξ1,−1| ≥ a · a Y?}?�1
'>1� |ξ2
−1| = |ξ1,−1| = a

Y�r7*,
�>1� |g(z)| ≤
mE(ξ−1, z)mE(ξ1,−1, z)

�
z ∈ E

�uPe�5�'�/6��
γ = |g(0)| ≤ |ξ−1ξ1,−1| = a1/2 · a �uPQ��*,>=��*,$��

>1"�
8�-#=� .�*,>C��*,"�
ZY
��
�>/� $-�Bfg>Wl&Pe�Xn��1�

a2 = |ξ2
−1ξ1,−1ξ1,1| ≥ a · a Y5}?�1
�>/� |ξ2

−1| = |ξ1,−1ξ1,1| = a
Y~r�*+
�>/�

|g(z)| ≤ mE(ξ−1, z)mE(ξ1,−1, z)mE(ξ1,1, z)
�
z ∈ E �7Pe�&�'�/68�

γ = |g(0)| ≤ |ξ−1ξ1,−1ξ1,1| =
a1/2 · a ��PQ��*,>=��*,$Q�T>/" 
7�-#=��.'*+>1��*+"�
ZY

��
0>/� $-�5fg.�l�Pe��n �1�
a2 = |ξ2

−1ξ
2
1 | ≥ a · a Y�}?�1
�>/� |ξ2

−1| = |ξ2
1 | = a

� 
�.O�'>/"�
�$-�/[7���/
8��)LKZ�'(7K
�����Xr�>=�8P]��#�zT)+�/FTF_�!�

hσa ◦ f = fσ = ασh
2
ξσ

��PQ�'�C#�� |ασ| = 1
�
σ ∈ {−1, 1} �2PQ��*,>=�A*,FG%H)+*,�1$

���'���
f = ha(α−1h

2
ξ−1

) = h−a(α1h
2
ξ1

)
Y���
X%H��#-��*+>/��),��#/� −a = f(ξ−1) = h−a(α1h

2
ξ1

(ξ−1))
� 
�.

a = f(ξ1) = ha(α−1h
2
ξ−1

(ξ1)
Yat]�'�1


2a

1 + a2
= −α1h

2
ξ1(ξ−1) = α−1h

2
ξ−1

(ξ1).

yQ�1>�� )+)Z���'��� −σa = fσ(0) = ασξ
2
σ

Ya}?�/
�>1�

2

1 + a2
=

1

ξ2
1

h2
ξ1(ξ−1) =

1

ξ2
−1

h2
ξ−1

(ξ1).

�d�!�
t := ξ−1/ξ1

Ya�?" ���:���'��� |t| = 1
� 
�.

t 6= 1
Y������'�/68�

2

1 + a2
=

(
t− 1

1− at

)2

=

(
1/t− 1

1− a/t

)2

,

PQ��*,>=��*+$&�T>1"�
8�-#=� .�*,>C��*,"�
ZY
���e<e:�	�� N � Yb����Y�� V�|��1�

D,At
(2�^��$�*,
��aI�� FG%H)+�B� YL¥7Y,����Y�tu��3!*+
�n

ϕ(λ) := (λ2/4, λ/2)
�uPe�

�/� $-*,)LK~$-�1�:���H�W�
δD(At, (0, 0)) ≤ 4t < t+

√
t = dmax

D (At, (0, 0))
�
0 < t� 1

Y

?
���;.�"X
�" ��3!
�"�PwPQ�'�C�����1#

gD(At, (0, 0)) < δD(At, (0, 0))
U`" #Q$-FX� ),)

t > 0
Y

?

�! 3�	)' �
�+;%�*0GJ2=: -0+<%,- ?E+<:�7
�! "�	)' 3�! 
�+;%�*0GJ2=: -0+<%,- ?E+<:�7 @B%,+$+<? &(4 :;1�	!?A?��':;+<?P)t4,&v@HGJ9J2=:;13%'9
��� NyUe>SN : � Yb�/��Yb��f<h �d.�*Lp���"�)a�����8¥�k��?h �a.'*�� ���8��kgluV 1 l�i Gj ⊂ Cnj

kdl c qWZ.]Yc.a3hu�
Aj ⊂ Gj

�
j = 1, 2

� � pdpjoP]Yl�i"XPc=i A1, A2
c.^jl�Zd_yluhtZ.^

A1
�
A2

c.^dl�bdZ.]x_ycWbui ���IXPluh
ωA1×A2,G1×G2

(z1, z2) = max{ωA1,G1
(z1), ωA2,G2

(z2)}, (z1, z2) ∈ G1 ×G2.mtZ.^jldZ �=l�^��Ja ,
G1

�
G2

c.^jl�kdZ.oEh'qWldq���i"XPl�hb,�Z.^�c.^�kua3i"^jc.^�eYpdo!k�p�l�i"p
A1 ⊂ G1

�
A2 ⊂ G2

�vl�XPc �=l
ω∗A1×A2,G1×G2

(z1, z2) = max{ω∗A1,G1
(z1), ω∗A2,G2

(z2)}, (z1, z2) ∈ G1 ×G2.
����
��1�/.��TU`�CP � �!I!*+),*,��#-K\#��1$-��)+��$1Y

� >,U
	yU���Q(T'Q3UJR ��Yb����Y ��f<h �?" $���� � �!�uD��'��%����C#;�-�-� kgluV 1 l�i ϕ ∈ O(E,E)
kdlYc.h a(hyh'lu^�,doEh'b�i"a6Z.hu�

ϕ 6≡ const
� � pdpdoE] l�i"XPc=i ϕ a3p�h'Z=i c 6F[\c.p�b�X 
=lx_,^jZ;q.oyb�i � �IXPluh i"XPlu^jl l'-.a3p�i"p�c

ζ ∈ ∂E pdoybuX
i"XPc=i

ϕ∗(ζ) = 0 (47)
�

(47) ϕ∗(ζ) := limr→1 ϕ(rζ) �



� � � �=��J 
��GX�%��'�_��
����P~�
I� � g�M

� >,U
	yU���Q(T'Q3UJR���Yb����Y � f<h �?" $���� � �!�&D��'��%����C#^�-� kgluV 1 l�i ϕ ∈ H∞(E)
c.h'q [\l�i

A ⊂ C
kdl c

bdZ.] _ycWb�iJ_yZ=[\c.^�pul�i � � pdpdoE] l�i"XPc=i i"XPlu^jlYl'-=a(p�i"p�c
pul�i I ⊂ ∂E
Z , _yZ.pda3i"a��=l�]Yldc.pdoE^jl�pdoybuXAi"XPc=i

ϕ∗(ζ) ∈ A �
ζ ∈ I ���JXPl�h ϕ ≡ const

�
� N;:5: <w� Yb���7Y ©!V 1 l�i A ⊂ E

kdl�cgbdZ.]x_ycWbuiI_yZ=[\c.^�p�luiFc.h,q
[\lui
π : E → E \ A kdl�c oPh a��=l�^�p�c=[

bdZ �.lu^�a(hT*����JXPl�h
π
a3pxc.hga(hyh'l�^[,joPh'bui"aBZ.h�� mCZ.^jldZ �.lu^��La ,

0 6∈ A �Si"XPluh
π
a3pxc	6 [\c.p�b�X 
=l _,^jZ<q.o!bui �

r ^jZ<Z , �A�Q(76!*,"���$-)LK
π∗(ζ) ∈ A ∪ ∂E U`"�#G����>R�

ζ ∈ ∂E
$-��>R�����'���

π∗(ζ)
�CI!*,$<��$1Y0}?�1
�>/� �u(7K

�a#�"�%Z" $-*+��*," 
���Yb����Y ����Pe��>1"�
�>/)+��.'�e���'���
π∗(ζ) ∈ ∂E Uc" #d� ),FT"�$<�d� ),)

ζ ∈ ∂E � 
�.Z�8>1"�
�$-��[8�'�1
8��)+K��
π
*,$d��
X*+
�
'�C#dUc��
'>C��*," 
OYu�?"�P��8*+U

0 6∈ A �������/
T�a#�" %2"�$-*L��*,"�
~� Yb���7Y��?*+FT%'),*,�1$����'���
π
*,$a�:o])b��$->R�!38�

%�#�"�.���>1�/Y
9�N;:=<�>�? ��Yb����Y � V�|��1�

B
(2����q'
'*L���;o]),� $->R�!38�:%�#�"�.���>1�Q� 
�.~),�C�

ϕ ∈ O(E,E)
Y�t]���/


ϕ
*,$Q� 


*+
'
��C#&Uc�'
�>C��*,"�
~*LV
B ◦ ϕ *,$Q*+
�
'�C#/Y

� N;:5: <�� Yb���7Y �5fg| 3�PQ
��C#������/"�#��/F~��h �d.�*v� �����WkgluV 1 lui ϕ ∈ O(E,E)
kdl c.h a3hyh,lu^e,doEh'bui"aBZ.h pdoybuX

i"XPc=i
ϕ(0) = 0

� �IXPluh0,�Z.^�c.hye
Zd_yluh p�l�i
I ⊂ ∂E �vl�XPc �=l

Λ((ϕ∗)−1(I)) = Λ(I) (48)
�

r ^jZ<Z , �d���
F_�1K�� $-$-��FX�
���'���
I
*,$&� 
B�W#�>�Ye�d�!�

J := (ϕ∗)−1(I)
fg" ('$-�C#-68�����'���

J
*,$QFX����$-��#-p

��(')+��l=YeD�"�
�$-*+.'�C#Q�����;U`"�)+),"�PQ*+
�nX��"�),"�FT" #-%'�'*+>
Uc�'
�>C��*,"�
�$1�

uI(z) :=
1

2π

2π�

0

P (z, θ)χI(e
iθ) dθ,

uJ (z) :=
1

2π

2π�

0

P (z, θ)χJ(eiθ) dθ, z ∈ E,

u := uI ◦ ϕ− uJ ,
PQ���C#��

P (z, θ)
.��1
'"����/$5�����A�u"�*,$-$-"�
¢38�1#�
��1)�Y¤|��1�

A
.��/
�" ���0�����A$-�C�\"�U
� )+)

ζ ∈ ∂E
$-�'>=�

���'���/�

• u∗J (ζ)
.�"��1$Q
�" �Q�CI!*,$<�/��" #

• u∗J (ζ)
�CI!*,$<��$]('���

u∗J (ζ) 6= χI(ζ)
�'" #

• ϕ∗(ζ)
.�"��1$Q
�" �Q�CI!*,$<�/��" #

• ϕ∗(ζ)
�CI!*,$<��$Q� 
�.

ϕ∗(ζ) ∈ ∂I fg���1#��
∂I

.��/
�" ���1$]�����;(2"���
�.'��#-K\"�U
I
*+

∂E

l=Y
�?" ���e���'���

A
*+$a"�U�z1�1#�";FX�/� $-�!#���fg��$-���a#�" %2"�$-*L��*,"�
~� Yb���7Y��8l=Yd�Q(H$-�C#-68�]���'���

u∗(ζ) = 0
"�


J \A Y
@B" #��1"�68�C#/�

u∗(ζ) ≤ 0
" 


(∂E \ J) \ A Yet]�7��$
u∗ ≤ 0

� ),FX" $<�&�C68�1#-K7PQ�'�C#���"�

∂E

� 
�.��'�1
�>/�
u ≤ 0

Y���
~%H��#-��*+>/��)b�W#/�
u(0) = (1/2π)(Λ(I)− Λ(J)) ≤ 0

Y
J %�%H)LK!*,
�n^���'�G$�� FX�_�W#�n���FX�/
8�;��"^�����X��#�>

∂E \ I $-��"�PQ$:���'���
Λ(∂E \ I) ≤ Λ(∂E \ J)

�
PQ��*,>=�~q'
�*,$-���1$Q�����:%�#�"�"�U�Y

� N;:5: < � Yb���7YL¥�f<h �d.�*v� �����WkgluV 1 lui (Ij)
k
j=1 ⊂ ∂E

kdl c ,uc.]�a3[ e Z ,tq.a(p ��Z.a(h!i Zd_yluh c.^db�p ��[\l�i
I :=

⋃k
j=1 Ij

� c.h'q*[\l�i
α := Λ(I)

� �IXPluh ,�Z.^�l��=l�^�e
ε > 0

i"XPlu^jlAl�-.a3pdi"p�c�� hya3i`l 6F[ c.pubuX 
=l
_,^jZ<q.o!bui

B
pdo!b�Xgi"XPc=iR�

• B(0) = 0
�

• B′(z) 6= 0
,�Z.^

z ∈ B−1(0)
�

• B−1(Jε) ⊂ I
� � XPlu^jl

Jε = {eiθ : 0 < θ < α− ε} �

(48) � ~��������;��
\�h� Λ XW~������ ~�"7��
W~ �,~��E~�"H��%W~ ��~���"�%�
H~���� ∂E �
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�� ����!"��#%$'&%��!�(

r ^jZ<Z , �B���^F_�/K�� $-$-��FX�^���H�W�
α < 2π

YE|v�C�
Ij = {eiθ : θ1,j < θ < θ2,j}

�
j = 1, . . . , k

�
J0 := {eiθ : 0 < θ < α} Ya9:�1q'
��

B0(z) =

∏k
j=1(z − eiθ2,j )− eiα∏k

j=1(z − eiθ1,j )
∏k
j=1(z − eiθ2,j )−∏k

j=1(z − eiθ1,j )
.

�&
��;>/� 
^%�#�"�68�Xf<h �d.�*v�����8���������:%�#�"�" U�"�U�|v�1FXF_��©�Y�jWk`la���'���
B0

*+$���q'
�*+���:o]),� $->=��3��:%�#�"�.���>C�
PQ*L���

B0(I) = J0
�
B0(∂E \ I) ⊂ ∂E \ J0

�H� 
�.
B0(∂E \ I) = ∂E \ J0

Y
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B0(z) = eiτ
N∏

j=1

(
z − aj
1− ajz

)mj
.
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aj,1, . . . , aj,mj
�
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aj
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aj ∈ {aj,1, . . . , aj,mj}
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B̃0(z) = eiτ
N∏

j=1

mj∏

l=1

(
z − aj,l
1− aj,lz

)
,
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B̃0(∂E \ I) ⊂ ∂E \ J̃0
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B(z) := B̃(eiθz)
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θ
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A ⊂ G ���JXPl�h

ωA,G = sup{ωU,G : A ⊂ U ⊂ G, U Zd_yluh }.
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A
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(Uj)
∞
j=1

Z ,
A

� a"i"X
G ⊃

Uj+1 ⊂ Uj
� �vl�XPc �.l

ωA,G = lim
j→∞

ωUj ,G.

r ^jZ<Z , ��|v�C�
u ∈ PSH(G)

�
u ≤ 0

�
u ≤ −1

" 

A
Y���*+I

0 < ε < 1
� 
�.�.��1q'
��

Uε := {z ∈ G : u < −1 + ε}.
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u/(1− ε) ≤ ωUε,G
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u ≤ (1− ε) sup{ωU,X : A ⊂ U, U " %2�1
 }.
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A ⊂ G

�
r oPi

Aε := {z ∈ G : ω∗A,G(z) < −1 + ε} � 0 < ε < 1
���JXPl�h

ω∗A,G
1− ε ≤ ωAε,G ≤ ω

∗
A,G.

w�Z.hyp�l���o!l�h!i6[fe��
ωAε,G ↗ ω∗A,G

c.p
ε↘ 0

�
r ^jZ<Z , �:�d�!�

N := {z ∈ G : ωA,G(z) < ω∗A,G(z)} � 
�.
Q := A \ N YT� ��*,$:Pe�1),)�3!
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ω∗Q,G = ω∗A,G
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ω∗Q,G = ω∗A,G = ωA,G = −1
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Q ⊂ Aε
� 
�.

ω∗A,G = ω∗Q,G ≥ ωAε,Ω
YA�d�!�

u := ω∗A,G/(1− ε)
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u ∈ PSH(G)
�
u ≤ 0
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�.
u ≤ −1
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Aε
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u ≤ ωAε,G
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prj : G1 × G2 → Gj
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j = 1, 2
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A1
�
A2
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u1 = −χA1

� 
�.
u2 = −χA2
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(z1, z2) ∈ G1 ×G2
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β ∈ R (2��$-��>=�~���'���

max{ωA1,G1
(z1), ωA2,G2

(z2)} < β.
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ϕj ∈ O(E,Gj)
�
j = 1, 2
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ϕ1(0) = z1

�
ϕ2(0) = z2

�
� 
�.

1

2π

2π�

0

uj(ϕj(e
iθ))dθ < β, j = 1, 2.
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I1
1 , . . . , I

1
m ⊂ ϕ−1

1 (A1) ∩ ∂E $-��>=� ���'���
Λ(I1) > −2πβ
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I1 =

⋃m
j=1 I

1
j

Y
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I2
1 , . . . , I

2
k
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I2 =

⋃k
j=1 I

2
j
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Λ(I) > −2πβ
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B−1
1 (I) ⊂ I1 � 
�.

B−1
2 (I) ⊂ I2 Y
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π(0) = 0

Y��Q(H$-�C#-68�Q���'���
π
*+$e*,
�
��C#;fg|v�1FXF_�_� Y,����Y ©7l=Y���U

Ĩ = π−1(I)
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Λ(Ĩ) = Λ(I)
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ψ1, ψ2 : E → E

"�U
π
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π = B1 ◦ ψ1 = B2 ◦ ψ2

� 
�.
ψ1(0) =

ψ2(0) = 0
Y�o�K~y&�1F_��#-3�� Y,����Y ���

ψ1, ψ2
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ψ2
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ϕ̃1 = ϕ1 ◦ ψ1
� 
�.

ϕ̃2 = ϕ2 ◦ ψ2
Y
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1

2π

2π�

0

max{u1(ϕ̃1(eiθ)), u2(ϕ̃2(eiθ))} dθ ≤ −Λ(Ĩ)

2π
< β.
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ϕ̃j(rz)
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ωA1×A2,G1×G2
(z1, z2) < β
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(z1, z2) ∈ G1×G2Pe�;�'�/68�

max{ωA1,G1
(z1), ωA2,G2

(z2)} ≤ ωA1×A2,G1×G2
(z1, z2)

f<� Y,����Y ���8l

≤ −ω∗A1,G1
(z1)ω∗A2,G2

(z2).
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u ∈ PSH(G1 × G2)
�
u ≤ 0

�
u ≤ −1

"�

A1 × A2

Ydt]���1


u(·, z2) ≤ −ωA2,G2
(z2)ωA1,G1

(·), z2 ∈ A2, u(z1, ·) ≤ −ωA1,G1
(z1)ωA2,G2

(·), z1∈A1.
tv��38���

z1 ∈ G1
Y ��U

ωA1,G1
(z1) = 0

�?���'�1

u(z1, ·) ≤ 0 = −ωA1,G1

(z1)ωA2,G2
(·) Y ��U

ωA1,G1
(z1) 6= 0
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E),�C�
v := u(z1, ·)/(−ωA1,G1

(z1))
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v ∈ PSH(G2)
�
v ≤ 0

��� 
�.
v ≤ −1

"�

A2
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v ≤ ωA2,G2
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ε > 0
Ydt]���/
\(7K�f<��Yb����Y ���8l=�

ωA1×A2,G1×G2
(z1, z2) ≤ −(1− ε)2 "�


(A1)ε × (A2)ε.
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ω∗A1×A2,G1×G2
(z1, z2) ≤ −(1− ε)2 "�


(A1)ε × (A2)ε.
� �QUc"�),)+"�PQ$����'���Q"�


G1 ×G2
�

(1− ε)2ω∗A1×A2,G1×G2
≤ ω∗(A1)ε×(A2)ε,G1×G2

≤ ω∗A1×A2,G1×G2
.
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ω∗A1×A2,G1×G2
(z1, z2) = lim

ε→0
ω(A1)ε×(A2)ε,G1×G2

(z1, z2)

= lim
ε→0

max{ω(A1)ε,G1
(z1), ω(A2)ε,G2

(z2)}
= max{ω∗A1,G1

(z1), ω∗A2,G2
(z2)}, (z1, z2) ∈ G1 ×G2.
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A ⊂ G kdlxc.h�Zd_yluh�Z.^ bdZ.] _!cWbui�bjZ.h �=l'-
p�lui � �IXPluh0,�Z.^�c.hye

α ∈ [−1, 0)
i"XPl�[\l��=l�[Sp�lui {z ∈ G : ωA,G(z) < α} a3p�bdZ.h �.l�-��

�! "�	)' )' �
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�n�%�#�"�.��'>C��%�#�" %2�1#-��KSU`"�#
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IZ.^$c.h e qWZ.]Yc.a3hyp

G1 ⊂ Cn1
�
G2 ⊂ Gn2

c.h'q!,�Z.^ c.hye�pul�i"p
A1 ⊂ G1

�
A2 ⊂ G2

�0i"XPl _'[foP^�a6bdZ.]x_'[\l'- .v^dljluh0,doEh'b�i"a6Z.h � a3i"X
]Yc.hye _yZ=[\lup XPc.p i"XPl�%�#�"�.���>1��%�#�" %2�C#-��KZ�
gG1×G2

(A1 ×A2, (z1, z2)) = max{gG1
(A1, z1), gG2

(A2, z2)}, (z1, z2) ∈ G1 ×G2.
�jh _yc.^ui"aBb�o [\c.^��
gG1×G2

((a1, a2), (z1, z2)) = max{gG1
(a1, z1), gG2

(a2, z2)}, (a1, a2), (z1, z2) ∈ G1 ×G2.
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• �����e>���$-�ePQ���C#���(2" ���
G1

��
'.
G2

��#��e.'" F_� *,
�$�"�U'�'" ),"�FX"�#-%H�8K��£*,
\h � p�������� ���8t]���1" #��/F
��Y jWk��

• �����
>/� $-�;PQ�'�C#��
���&),�/� $<�Q"�
��
"�Uu������.�"�F_��*,
�$
G1

�
G2

*+$&�X.'" F_� *,
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�>1��*+"�
�$

pj : Gj → R+
PQ*L���

maxGj pj = 1
�
j = 1, 2

Y¡�H"�#5*+
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���>1"���),.
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�x<�1>1���!#��:���'���

gG1×G2
(p, (z1, z2)) = max{gG1

(p1, z1), gG2
(p2, z2)}, (z1, z2) ∈ G1 ×G2,

PQ���C#��
p(a1, a2) := min{p1(a1), p2(a2)} Y �?
�U`" #-����
'�����1)+KZ��$-��>R�~��Uc" #�F���)b��*,$]U`� ),$-� Ydtv��38�?Uc" #

*+
'$<�=��
'>1�
G1 = G2 = E

�
p1 := χ{0} + 1

2χ{c}
�
p2 := χ{0}

��PQ���C#��
0 < c < 1

Y;�Q(H$-�C#-68�
���'���
p = χ{(0,0)} + 1

2χ{(c,0)}
Ya}?�/
�>1���!(7K\�aI�� FT%')+�_� Y�¥7Yb��¥7��Pe��n��C�

gE2(p, (z1, z2)) = (max{|z1|, |z2|}max{|z1|m(z1, c), |z2|})1/2.
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z1 = c

�
z2 = c2

�������1


gE2(p, (c, c2)) = c3/2.
�&
~������"����'�C#Q�'� 
�.Z�

max{gE(p1, c), gE(p2, c
2)} = c2.
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B
�
C
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γ
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����'�\�CI�� FG%H)+��Y�t]���1
O��(7K

yQ�1F_��#-3S� Y,��� Y ��fg>�l=�!Pe���'�/6��

δE2(B × C, (0, γ)) > gE2(B × C, (0, γ))

= max{gE(B, 0), gE(C, γ)} = max{δE(B, 0), δE(C, γ)}.
� >,U
	yU���Q(T'Q3UJR ��Yb����Y,�1©�f<h 9:*,�Cp t�#=�X� ���8�Wk`luV 
IZ.^�c.hyegqWZ.] c.a(hyp

G ⊂ Cn � D ⊂ Cm ��i"XPlZ,uZ=[([\Z�� +a(hT*gbdZ.h,q.a"i"aBZ.h p�c.^jl�l���oPa��=c=[\luhyiR�
fg*cl0,uZ.^�c.hye�� hya3i`l�p�lui

A ⊂ G � c.h'q ,�Z.^�c.hye _yZ.a3hyi
b ∈ D �vl�XPc �=l

δG×D(A× {b}, (z, w)) = max{δG(A, z), δD(b, w)}, (z, w) ∈ G×D;
fg*,*cl

δD(b, w) = gD(b, w)
�
b, w ∈ D �

r ^jZ<Z ,=YXfg*`l ⇒ fg*,*`l=Y�oeK~t]���/"�#��/F ��Yb�/�!Y,����Pe���'�/68�

gD(b, w) = inf
N∈N

δ
(N)
D (b, w), w ∈ D,

PQ���C#��

δ
(N)
D (b, w) := inf

{ N∏

j=1

|µj | : µ1, . . . , µN ∈ E, µj 6= µk,

∃ψ∈O(E,D) : ψ(µj) = b, j = 1, . . . , N, ψ(0) = w
}
, w ∈ D.

oeK^y&�1F_��#-3A� Yb����Y���f��7l=��*+�Q$-���_>1�/$]��"X$-��"�P ���'���
δD(b, ·) ≤ δ(N)

D (b, ·) fgU`"�#Q�168�C#-K
N
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N ∈ N � w0 ∈ D

��� 
�.
ε > 0

Y�|v�C�
µ1, . . . , µN ∈ E

� 
�.
ψ ∈ O(E,D)

(2�~$-��>=�
���'���

µj 6= µk
�
ψ(µj) = b

�
j = 1, . . . , N

�
ψ(0) = w0

�d��
'. ∏N
j=1 |µj | ≤ δ

(N)
D (b, w0) + ε

Y
tv��38�
� 
0�W#-(H*L�-#=��#-K

ϕ ∈ O(E,G)
$-��>=�����'���

ϕ(µj) 6= ϕ(µk)
Ya�d�!�

A := {ϕ(µ1), . . . , ϕ(µN )} �
z0 := ϕ(0)

Yat]�'�1


δD(b, w0) ≤ max{δG(A, z0), δD(b, w0)} = δG×D(A× {b}, (z0, w0))

≤
N∏

j=1

|µj | ≤ δ(N)
D (b, w0) + ε.

|��1�-��*+
�n
ε→ 0

Pe��>1"�
�>/)+��.'�:�����;%�#�"�" U�Y
fg*,*cl ⇒ fg*`l=Y�9:*+#��1>1��)LK^Uc#�"�F �����;.��1q'
�*+��*+"�
~Pe�;n��1�������;*,
��/[7�'� ),*L��K

δG(A, z) ≤ δG×D(A× {b}, (z, w)), (z, w) ∈ G×D.
@B" #��1"�68�C#/��(�K^y&�1F_��#-3S� Y,��� Y��!f��7le��
'.�t]�'�1" #��1F � Y,����Yb� � �

δD(b, w) = gD(b, w) ≤ max{gG(A, z), gD(b, w)} = gG×D(A× {b}, (z, w))

≤ δG×D(A× {b}, (z, w)), (z, w) ∈ G×D.



M�� ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

t]�7��$

δG×D(A× {b}, (z, w)) ≥ max{δG(A, z), δD(b, w)}, (z, w) ∈ G×D.
|��1�

A = {a1, . . . , aN}
Ya��*+I

(z0, w0) ∈ G×D � 
�.
ε > 0

Ydtv"T%�#�"�68�:������*+
'�/[7�'� )+*+��K

δG×D(A× {b}, (z0, w0)) ≤ max{δG(A, z0), δD(b, w0)},
Pe�eF_�/KG� $-$-��FX�����H�W�

max{δG(A, z0), δD(b, w0)}+ε < 1
YdD�"�
�$-*+.'�C#����'��U`"�)+),"�PQ*+
�n:��Pe":>/� $-�1$1�

f��7l
δD(b, w0) ≤ δG(A, z0)

Y�t]�'�1
��=��3��
µ1, . . . , µN ∈ E

��
'.
ϕ ∈ O(E,G)

$-��>=� ���H�W�
ϕ(0) = z0

�
ϕ(µj) = aj

�
j = 1, . . . , N

�H� 
�. ∏N
j=1 |µj | < δG(A, z0) + ε

Y
���_F_�/KE� $-$-��FX�_���'���

µj 6= 0
�
j = 1, . . . , N

Y^��
�.��/�1.Z�u$-�!%'%2"�$-�X���'���
µ1 · · ·µN−1 6= 0

�
� 
�.

µN = 0
Y�t]���/
APe�GF_�/KB#��C%')b� >1�

ϕ
(7K

ϕ̃ := ϕ ◦ B �ZPQ���1#��
B(z) := z(z − ε)/(1− εz) �

z ∈ E
Y �&('$-�C#-68�S���'���

B(E) = E
�?$-" �����1#��S�CI!*+$<�

µ̃1, . . . , µ̃N−1 ∈ E∗
PQ*+���

B(µ̃j) =

µj
�
j = 1, . . . , N − 1

Y£}?�/
�>1�
ϕ̃(µ̃j) = aj

�
j = 1, . . . , N − 1

�
ϕ̃(ε) = ϕ̃(0) = z0

�]� 
�.
|µ1 · · ·µN−1ε| < ε

Y
���5F_�/K���),$-"B� $-$-��FX�_���'���

δD(b, w0) <
∏N
j=1 |µj |

Y~��
�.��/�1.Z��*+U
δD(b, w0) =

∏N
j=1 |µj |

�
�����1
�Pe�^F_�/K�#��C%')b� >1�

ϕ
(7K

ϕ̃(z) := ϕ(tz)
�
z ∈ E

�a� 
�.
µj

(7K
µj/t

�
j = 1, . . . , N

��PQ*+���
$-��*+�=�W(H)+�

0 < t < 1
�
t ≈ 1

Y
tu��3��

η ∈ E ��
'.
ψ ∈ O(E,D)

$-��>R�A���H�W�
ψ(0) = w0

�
ψ(η) = b

�v��
'. |η| < ∏N
j=1 |µj |

Y
9:�CqH
��

α :=
∏N
j=1(−µj) ∈ E

�
t := −η/α ∈ E

�
ψ̃(z) := ψ(tz)

�
z ∈ E

�
B :=

∏N
j=1 hµj

�

χ : E → G×D �
χ := (ϕ, ψ̃ ◦ hα ◦B)

Y
���~�'�/68�

χ(0) = (ϕ(0), ψ̃(hα(B(0)))) = (z0, ψ̃(hα(α))) = (z0, ψ̃(0)) = (z0, ψ(0)) =

(z0, w0)
Y�@A"�#��/"�6��1#/�

χ(µj) = (ϕ(µj), ψ̃(hα(B(µj)))) = (aj , ψ̃(hα(0))) = (aj , ψ̃(−α)) =

(aj , ψ(η)) = (aj , b)
�
j = 1, . . . , N

Ya}?�/
�>1�

δG×D(A× {b}, (z0, w0)) ≤
N∏

j=1

|µj | < δG(A, z0) + ε.

f`(2l
δG(A, z0) < δD(b, w0)

Y
t]���1
0�=��3��
η ∈ E � 
�.

ψ ∈ O(E,D)
$-��>=�B���'���

ψ(0) = w0
�

ψ(η) = b
��� 
�. |η| < δD(b, w0) + ε/2

YTtv��38�
µ1, . . . , µN ∈ E

� 
�.
ϕ ∈ O(E,G)

$-��>R�A���H�W�
ϕ(0) = z0

�
ϕ(µj) = aj

�
j = 1, . . . , N

�O� 
�. ∏N
j=1 |µj | < δD(b, w0) + ε/2

Y �?$-*+
�n^�����G$�� FX�
��#�n �'FT�/
8�?��$Q*,
�f��7l=�!Pe��FX�/K���$-$-�'FT�����'���

µj 6= 0
�
j = 1, . . . , N

Y

� N;:5: <¤� Y,����Yb�/� V 1 lui µ1, . . . , µN ∈ E∗
�
α :=

∏N
j=1 |µj |

� � pdpdoE] lYi"XPc=i α < β < α1/(k+1)

� a3i"X
k ∈ N � 
IZ.^

t ∈ [0, 1]
�v_,oPi

ft(z) := z((z − t)/(1− tz))k � z ∈ E
� �IXPluh i"XPlu^jlAl�- +a(p�i

t ∈ [0, 1]
c.h'q

µ̃1, . . . , µ̃N ∈ E
pjo!b�X i"XPc=i

ft(µ̃j) = µj
�
j = 1, . . . , N

��c.h'q ∏N
j=1 |µ̃j |

= β
�

r ^jZ<Z ,?fg.����;��"T��Y2�'Pe"�
��13
(49)

l=Y��&('$-�C#-68�;���'���
ft(E) = E

Y�}?�/
�>1����U`" #&��
7K
j ∈ {1, . . . , N}�����C#����CI!*+$<��$_�

µ̃j ∈ E
$-�'>=�����'���

ft(µ̃j) = µj
Y�|��1�

Φj(t) := min{|µ̃j | : ft(µ̃j) = µj}
�

Φ := Φ1 · · ·ΦN
Y����Q�H�168�

Φ(0) = α1/(k+1) > β
�
Φ(1) = α < β

Y����Q"�
�)+KT
��/�1._��"�$-�'"/P¢���H�W�
�/� >=��U`��
�>1��*+"�


Φj
*+$Q>1"�
8��*,
7��"���$1Y

(49) @7
W~ ��
�� �����\��� ��
��C���$��� E �Z� ~'H @$
�� � � � � Pc�����G� ������"_����~�"�" ~������+���y�����y�



� � � �=��J 
��GX�%��'�_��
����P~�
I� � M�O

��*+I0�
j ∈ {1, . . . , N} ��
'.B)+�1�

Φj(t) = |µ̃j(t)|
�
t ∈ [0, 1]

Y;r7�!%'%2"�$-�
���'���
[0, 1] 3 ts → t0� 
�. |µ̃j(ts)| ≤ m < Φj(t0)

Y�t]���1
O�8PQ*L����"��!�a),"�$-$a"�U�n��1
��1#=� )+*+��K��
µ̃j(ts)→ µ̃j ∈ E

Y�t]�'�C#��1U`" #�� �
ft0(µ̃j) = µj

�'*�Y ��Y
Φj(t0) ≤ m �H�T>1"�
8�-#=� .�*,>C��*," 
OYer7"��

Φj
*+$Q)+"�Pe�1#Q$-�/FT*,>1"�
8��*,
7��"���$1Y

�?
~������"����'�C#&�'� 
�.Z�'(7K^���'��}?�!#-PQ*L��z;�����1" #��/F\�HUc" #?��
7K
ε > 0

����������[8�H�W��*,"�

fts(z) = µjF���$<���'�/6��;��$-"�)+����*+"�
^*,
5���'�?.�*+$->

B(µ̃j(t0), ε)
��%�#�"�6!*,.��1.

s� 1
Y�}?�/
�>1�

Φj(ts) ≤ Φj(t0) + ε
�

s� 1
�H� 
�.\qH
'� )+)+K

lims→+∞ Φj(ts) ≤ Φj(t0)
Y

�?$-*,
�nT|��1FXF_�^� Y,����Yb�/�
PQ*+���
β := δD(b, w0) + ε/2

�!Pe�:F_�1K5FX"�.�*,UbK
ϕ

� 
�.
µ1, . . . , µN

*+

$-��>=�B�GP]�1K^���'��� |η| <∏N

j=1 |µj | < δD(b, w0) + ε
Ya�?"�PwPe��>1"�
8��*,
7���
� $Q*+
�f��7l=Y

9�N;:=<�>�? � Yb�/��Yb� �PV�|v�1FXF_�~� Yb�/��Yb���
P]� $Q*+FT%�#�"�68�1.�(7K\��Y��?*+38"�)+"�6Z�'
'� FX�1)+KZ�

1 lui µ1, . . . , µN ∈ E∗
�
α :=

∏N
j=1 |µj |

�
α < β < 1

� 
IZ.^
t ∈ [0, 1]

�F_,oPi
ft(z) :=

z(z − t)/(1− tz) � z ∈ E
� �IXPluh i"XPl�^jl l'-=a(p�i

t ∈ [0, 1]
c.h,q

µ̃1, . . . , µ̃N ∈ E
pdoybuX i"XPc=i

ft(µ̃j) = µj
�
j = 1, . . . , N

��c.h'q ∏N
j=1 |µ̃j | = β

�
��
�.'�1�1.O�7���'�&>/� $-�&PQ���1#��

β < α1/2 #��1.��'>1�1$���"
�����&%�#�"�"�UZ"�UO|��/FTF_�^��Yb����Y,���5f`PQ*+���
k = 1

l=Y
��U
β ≥ α1/2 �&�����/
¢%'�!�

Ψj(t) := max{|µ̃j | : ft(µ̃j) = µj}
�
Ψ := Ψ1 · · ·ΨN

Y �&('$-�C#-68�
���'���

Ψ(0) = α1/2 Y;r�*+FX*,),��#�)+K~��"^|��1FXF_�B� Y,����Y,���XPe�
%'#�"/68�����'���
Ψj

*+$?>/" 
7��*+
7�'" �'$:"�

[0, 1)

Y
@B" #��1"�68�C#/�

Ψj(t)→ 1
PQ�'�1


t→ 1
�
j = 1, . . . , N

Y
9�N;:=<�>�?¢� Y,����Y,�W¥PV�yQ�/>1�1
7��)LKZ�!��Y��?*+38" ),"�65� 
�.^��Y'�HPe"�
��C35�H�168�:�CI����1
'.��1.^t]�'�1" #��1F � Yb�/��Yb�1©
*+
~������Uc"�),)+"�PQ*,
�nTP]�/KZ�
��� NyUe>SN :�V 1 l�i D ⊂ Cn c.h'q

G ⊂ Cm kdl�qWZ.] c.a3h p c.h,q�[ lui
z ∈ D �

w, b ∈ G �
A ⊂ D ���IXPluh

max{δD(A, z), l#AG (b, w)} ≤ δD×G(A× {b}, (z, w)) ≤ max{δD(A, z), δG(b, w)},
� XPl�^dl

lNG (b, w) := inf
{ N∏

j=1

|λj | : (λj)
N
j=1 ⊂ E, ∃ϕ∈O(E,G) :

ϕ(0) = w, ϕ(λj) = b, #{k : λk = λj} ≤ ordλj (ϕ− b), j = 1, . . . , N
}
, N ∈ N,

l∞G (b, w) := inf
{ ∞∏

j=1

|λj | : (λj)
∞
j=1 ⊂ E, ∃ϕ∈O(E,G) :

ϕ(0) = w, ϕ(λj) = b, #{k : λk = λj} ≤ ordλj (ϕ− b), j = 1, 2, . . .
}
.

mtZ.^jldZ �=l�^��T,�Z.^�c.hye
N ∈ N ∪ {∞} i"XPl�l �uoyc=[ a3i"e
δD×G(A× {b}, (z, w)) = max{δD(A, z), δG(b, w)}

XPZ=[\q.p#,�Z.^�c.hye
A ⊂ D � a3i"X

#A = N
a ,�c.h,q
Z.h![feYa ,

δG(b, w) = lNG (b, w)
�

t]���1K\�'�/6��
� ),$-"T%�#�"�68�1.~������Uc"�),)+"�PQ*,
�nT#��1$-��)+�/Y
��� NyUe>SN :�V 1 l�i A,B ⊂ E

�
#A = #B = 2

��c.h'q
z, w ∈ E

kdl pdoybuX i"XPc=i
δE(A, z) =

δE(B,w)
���IXPluh

δE(A, z) = min{δE2(C, (z, w)) : C ⊂ A×B}



M � ���������	��
���
�������������������������
�� ����!"��#%$'&%��!�(

a , c.h'q*Z.h![fe a ,�i"XPlu^jl a(p$c.h
h ∈ Aut(E)

� a"i"X
h(z) = w

c.h'q
h(A) = B

�8w�Z.hyp�l���o!l�h!i6[fe�� a ,
ζ ∈ E \A �0i"XPl�h*i"XPlu^jl�l�-.a3p�i�oEh'bdZ.oEh!i`cWk�[fe ] c.hye

ξ ∈ E ,uZ.^ � XWa6buX
δE(A, ζ) = δE(B, ξ) < min{δE2(C, (ζ, ξ)) : C ⊂ A×B} ≤ δE2(A×B, (ζ, ξ))

c.h'q��0i"XPlu^jl ,uZ.^dl �
gE2(A×B, (ζ, ξ)) < δE2(A×B, (ζ, ξ))

fjbK, � �_-Wc.]x_'[\l
� Y,��� Y ©�l �
�! "�	)' ��L �
�+;%�*0GJ2=:x-J+;%,-�?E+<:�7�@B%,+

dmin
G

4,9�*
dmax
G

 t]����>/� $-�d"�U�������n��1
��1#=��),*,z1�1.Tm&#��1�/

U`��
�>Cp
��*+"�
_$-��n�n �/$<��$a���'���a������%�#�"�.���>C�d%�#�" %2�C#-��KTFX*,n �7�d��"�)+._U`" #d" �����C#�n �/
��C#=� ),*+z/�1._��"�)+"�FX" #-%'��*,>/� )+)+K
>1"�
8�-#=� >C��*+('),�;Ug� FT*,),*+�/$

(dG)G
��*�Y ��Y

(P) dG×D(A×B, (z, w)) = max{dG(A, z), dD(B,w)}, (z, w) ∈ G×D,
Uc" #&� 
8K~.�"�FX� *,
�$

G ⊂ Cn � D ⊂ Cm � 
�.~U`" #&��
7K\$-�C��$ ∅ 6= A ⊂ G � ∅ 6= B ⊂ D Ya�?"���*,>1�:���'���
�����:*,
��/[7�'� ),*L��KX4 ≥ M?U`" ),),"/PQ$�Ub#�"�F fg}�ld��%�%'),*+�/.^��"G�����?%�#�"�x<�1>1��*+"�
�$

G×D → G
�
G×D → D

Y
t]���d.��Cq'
'*L��*,"�

��%�%'),*,�1$O��"������a$<�=� 
�.H�W#�.
��"�)," FX" #-%'��*,>/� ),)LK�>1"�
8�-#=� >C��*+('),�aU`� FX*,)+*,�1$u��
'.�FT��� 
�$

���'���

dG×D((a, b), (z, w)) = max{dG(a, z), dD(b, w)}, (a, b), (z, w) ∈ G×D.
yQ�1>�� )+)8���H�W�u������$<�=� 
�.'��#�.~fg
�"�
!p�n��1
��1#=��),*,z1�1.2lOU`� FX*,)+*,�1$

(k̃∗G)G
�
(c∗G)G

�
(gG)G

�'�/6��������d%�#�"�.���>C�
%�#�" %2�C#-��K2�2>1U�Yvh � p�� �������7��D��ZYZ�Wk���$-�/��� ),$-"Bh @B�CKS������¥�k]fgU`" #?�X%�#�"�"�U�"�Uu������%'#�"7.'��>C�?%�#�" %2�C#-��K
Uc" #Q���'��@/3 ('*+�'$QU`��
�>1��*+"�
�$Q(H� $-�1.0"�
�U`��
�>1��*+"�
'� )v� 
'� )LK!$-*,$QFX�C����"�.�$Rl]� 
�.�h �8��#-p��a���������W(�kefgUc" #
������>/� $-��"�U�>/" FT%'),�CI
$<%H� >1�/$Rl=Yu@B" #��1"�68�C#/� *+�u*,$v3!
�"�PQ

���'���v��������*,n �'�C#�"�#�.'�C#�@/3 ('*,��$uU`��
�>1��*+"�
�$
(m

(k)
G )G

PQ*+���
k ≥ 2

U`� *,)2���'�:%�#�"�.���>1��%�#�" %2�C#-��K2�'>1U�YOh � p�� ���������2D��ZY���k�Y
� >,U
	yU���Q(T'Q3UJR¢� Yb���7Yb��j V �IXPl�pde.p�i`lu]

(dmax
G )G

XPc.p i"XPl _,^jZ<q.oyb�iL_,^dZd_yl�^ui"e��
r ^jZ<Z ,=Y:��*+I

(z0, w0) ∈ G × D ��
'.
ε > 0

Y�|��1�
(a, b) ∈ A × B (2�_$-�'>=�����'���

k̃∗G(a, z0) ≤
dmax
G (A, z0)+ε

�
k̃∗D(b, w0) ≤ dmax

G (B,w0)+ε
Y�t]���1
X��$-*+
'n?���'��%'#�"7.'��>C��%�#�" %2�C#-��K�U`" #

(k̃∗G)G
�

Pe�;n��C�

dmax
G×D(A×B, (z0, w0)) ≤ k̃∗G×D((a, b), (z0, w0)) = max{k̃∗G(a, z0), k̃∗D(b, w0)}

≤ max{dmax
G (A, z0), dmax

D (B,w0)}+ ε.

?
���;.�"X
�" �]3!
�"�P PQ���1�����C#]�����;$<K!$<���1F

(dmin
G )G

�'� $e�����:%�#�"�.���>1�]%�#�" %2�C#-��K8Y
?

r7"TUg�W#
Pe�&Pe�C#��:��('),�&��"��'� 
�.�),�Tf<h �8��#-p �8�W#-p��a�A� �����Wkgl�"�
�)+KX�����?>/� $-�&PQ���1#��

#B = 1
��$-�1�?�a#�" %2"�$-*+��*+"�


� Y,����Y � �0fg>1U�Ya� )+$-"0h 9;*+�1p tO#=�_� �����Wkgl=YayQ�1>�� )+)Z���'���
dmin
G (A, ·) = mG(A, ·) fg�a#�" %2"�$-*L��*,"�
E� Y ��Y ©�l=Y

� >,U
	yU���Q(T'Q3UJR�� Y,����Yb�/� V � pdpdoE] l�i"XPc=i2,uZ.^�c.hye
n ∈ N ��i"XPl�pde.p�i`lu] (mG)G

XPc.p�i"XPl_,�Z=[([\Z�� a3hT*
pB_yldb�aBc=[ _,^dZ<q.oyb�iL_,^jZd_!l�^ui"e��
(P0) |Ψ(z, w)| ≤ (max

G×D
|Ψ |) max{mG(A, z), mD(B,w)}, (z, w) ∈ G×D,

� XPl�^dl
G,D ⊂ Cn c.^jlYkdc=[([fp � a"i"X�^jlupB_yldbui i`ZAc.^�k�a"i"^jc.^�e

C + h'Z.^�]�p � A ⊂ D
�
B ⊂ G

c.^jl � hya"i`l
c.h'q�h'Z.h + lu] _'i"e�� Ψ(z, w) :=

∑n
j=1 zjwj

�0c.h'q
Ψ |A×B = 0

���IXPluh�i"XPlxpde.p�i`lu]
(mG)G

XPc.p i"XPl
_,^jZ<q.o!bui0_,^jZd_!l�^ui"e0fg�]l�a(h ,jo [([e*Wluh'l�^jc=[ a3i"e��YmtZ.^jldZ �=l�^�� a ,Xfg�

0
l�XPZ=[\q.p � a"i"X

#B = 1
� i"XPluh fg�]l

XPZ=[\q.p�� a"i"X
#B = 1
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G ⊂ Cn � D ⊂ Cm �

�"�
!p��1FT%���KS$-�C��$

A ⊂ G
�
B ⊂ G

�v� 
�.
(z0, w0) ∈ G × D YG���T�'�/68�T��"^%�#�"�68�T���'����Uc" #
� 
8K

F ∈ O(G×D,E)
PQ*L���

F |A×B = 0
�����;U`"�)+),"�PQ*+
'nX*,
��/[7�'� ),*L��K\*,$]�-#������

|F (z0, w0)| ≤ max{mG(A, z0), mD(B,w0)}.
oeK^y&�1F_��#-3A� Y ��Y,�8fg��l=��Pe�;F_�/K~� $-$-��FX�����'���

A,B
�W#��;q'
�*+��� Y

|v�C�
(Gν)∞ν=1

�
(Dν)∞ν=1

(2�5$-�/[7���1
'>1�1$�"�Ue#��1)b����*L68�1)+KS>/"�FG%���>1��$-�!(2.'" F_� *,
�$�"�U
G

� 
�.
D
�

#��1$<%2�/>C��*+68�1)+K��'$-��>R�����'���
A ∪ {z0} ⊂ Gν ↗ G

�
B ∪ {w0} ⊂ Dν ↗ D

YeoeK\y&�1F_��#-3S� Y���Yb�8fg��l=�
*L�Q$-� �X>/�1$���"X$-��"�P ���'���

|F (z0, w0)| ≤ max{mGν (A, z0), mDν (B,w0)}, ν ≥ 1.
��*+I��

ν0 ∈ N
� 
�. )+�1�

G′ := Gν0

�
D′ := Dν0

Y�� �~*,$\Pe�1),)?3!
�"�PQ
¢���H�W�
F

F_�/K£(Z�
��%�%�#�"�I!*+F_�����1.�),"7>�� )+)+K\��
�*,Uc" #�FX)LK\*,


G×D (7K\U`��
�>C��*,"�
�$Q" Uv������Uc" #�F

f<� Y,����Y � �8l
Fs(z, w) =

Ns∑

µ=1

fs,µ(z)gs,µ(w), (z, w) ∈ G×D,

PQ���C#��
fs,µ ∈ O(G)

�
gs,µ ∈ O(D)

�
s ≥ 1

�
µ = 1, . . . , Ns

Ya�?"���*,>1�:���'���
Fs → 0

��
�*,Uc" #�FX)LK\"�

A×B Y �?$-*+
�n;�����]|u� n�#=� 
�n���*,
8���C#-%Z" )b����*+"�
TU`" #�F���),�!�8Pe�]q'
�.T%Z" )+K!
�"�FX*,� ),$

Ps : Cn×Cm → C$-��>=�S���'���
Ps|A×B = Fs|A×B

� 
�.
Ps → 0

),"�>/� ),)LKB��
'*+U`" #�FT)+KA*+

Cn × Cm YGt]���TU`��
�>1��*+"�
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F̂s := Fs − Ps
�
s ≥ 1

�d� ),$-"A�'�/68�\�����^U`" #�F f<� Y,����Y�� �8l�� 
�.
F̂s → F

),"7>�� )+)+K���
�*,Uc" #�FX)LK�*,

G ×D Y?}?�1
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'�C#=� )+*+��K��2Pe��F_�/K0� $-$-��FX�����'���

Fs|A×B = 0
�
s ≥ 1

Y?|��1�
ms := max{1, ‖Fs‖G′×D′}

� 
�.
F̃s := Fs/ms

�
s ≥ 1

YG�?" �������'���
ms → 1

��
'.Z�Z���'�C#��1U`" #�� �
F̃s → F
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�*,U`"�#�FX)+KS"�

G′ × D′ Y0D�"�
�$-��[8�'�1
8��)+K��vPe�_F_�/K�� $-$-��FX�X���'���

Fs(G
′ × D′) b E

�
s ≥ 1

Y
� �Q*,$��/
�"���n��~��"G%'#�"/68�;���'���

|Fs(z0, w0)| ≤ max{mG′(A, z0),mD′(B,w0)}, s ≥ 1.
��*LI£��


s = s0 ∈ N
� 
�.£),�C�

N := Ns0
�
fµ := fs0,µ

�
gµ := gs0,µ

�
µ = 1, . . . , N

Y |��1�
f := (f1, . . . , fN ) : G→ CN

� 
�.
g := (g1, . . . , gN ) : D → CN

Ya�a���

K := {ξ = (ξ1, . . . , ξN ) ∈ CN : |ξµ| ≤ ‖fµ‖G′ , µ = 1, . . . , N, |Ψ(ξ, g(w))| ≤ 1, w ∈ D′}.
� �Q*+$Q>1),�/��#����'���

K
*,$Q� 
���('$-"�),�!���1)+K\>/" 
76��1I\>1"�FT%H� >C�Q$-�!('$-�1�Q"�U

CN
PQ*+���

f(G′) ⊂ K Ya|��1�

L := {η = (η1, . . . , ηN ) ∈ CN : |ηµ| ≤ ‖gµ‖D′ , µ = 1, . . . , N, |Ψ(ξ, η)| ≤ 1, ξ ∈ K}.
t]���1
0��n8� *,


L
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868�CI\>/" FT%H� >1�Q$-�!('$-�C�Q"�U

CN
�H� 
�.Z�'FX" #��1"�68�C#/�

g(D′) ⊂ L Y|v�C�
(Wσ)∞σ=1

f`#��1$<%OY
(Vσ)∞σ=1

l:(Z�^�B$-�/[7���1
'>1�^"�UQ�W(H$-" ),�!���/)LK�>/"�
868�CIE(2"���
'.��1.�.'" F_� *,
�$
*+

CN

$-��>R�£���'���
Wσ+1 b Wσ

� 
�.
Wσ ↘ K

f`#��1$<%OY
Vσ+1 b Vσ

� 
�.
Vσ ↘ L

l=Y �d�!�
Mσ := ‖Ψ‖Wσ×Vσ

�
σ ∈ N Y�oeKAfg�

0
ld��
'.5(7K_�����?�'" ),"�FX"�#-%H��*+>;>1"�
8�-#=� >C��*+('*,)+*+��K5��%�%'),*,�1.5��"����'�

F_�W%'%'*+
'n $
f : G′ →Wσ

�
g : D′ → Vσ

��Pe�;�H�168�

|Fs0(z0, w0)| = |Ψ(f(z0), g(w0))|
≤Mσ max{mWσ

(f(A), f(z0)), mVσ(g(B), g(w0))}
≤Mσ max{mG′(f

−1(f(A)), z0), mD′(g
−1(g(B)), w0)}

≤Mσ max{mG′(A, z0), mD′(B,w0)}.
|��1�-��*+
�n

σ → +∞ Pe��n��C�������;#��/[7��*+#��1.\#��/$-��)L�/Y
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	yU���Q(T'Q3UJRA��Yb����Y � �yV �IXPlvpje=p�i`l�]
(mG)G

XPc.p i"XPlI_,^jZ<q.o!buiW_,^jZd_ylu^ui"e?fg�]l � XPluh'l��=lu^
#B=1

�
a��3l��],�Z.^�c.h e�qWZ.] c.a(hyp

G ⊂ Cn � D ⊂ Cm �;,�Z.^�c.hye p�lui
A ⊂ G

� c.h'q=,�Z.^�c.hye�_yZ.a3h!i
b ∈ D �vl

XPc �.l
mG×D(A× {b}, (z, w)) = max{mG(A, z), mD(b, w)}, (z, w) ∈ G×D.r ^jZ<Z , � oeK¡�a#�" %2"�$-*L��*,"�
�� Y,����Y,�����QPe�B"�
�)LK¢
��1�/.£��"�>R���1>=3 fg�]lX*+
£���'�B>/� $-�BPQ���C#��

D
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(2"���
�.��/.\>1"�
868�CI^.�"�F_� *+
Z�
A

*+$eq'
�*+��� �'� 
�.
B = {b} Ya�u*+I (z0, w0) ∈ G×D Ya|��1�

ϕ : E → D(2�^����"�),"�FT" #-%'�'*+>^F_��%�%'*,
�nB$-��>R�����'���
ϕ(0) = b

� 
�.
ϕ(mD(b, w0)) = w0

fg>1U�Y�h � p����/�������
D��ZY�jWkgl=Y�D�"�
�$-*,.��C#Q�����;F_��%�%'*,
�n

F : G× E → G×D �
F (z, λ) := (z, ϕ(λ))

Yat]���/


mG×D(A× {b}, (z0, w0)) ≤ mG×E(A× {0}, (z0,mG(b, w0))).
D�"�
�$-�/[7���/
8��)LK8�'*+�Q$-���_>1�1$���"X$-��"�Pw���H�W�
f<� Y,����Y �8¥�l

mG×E(A× {0}, (z0, λ)) ≤ max{mG(A, z0), |λ|}, λ ∈ E.
t]���d>���$-�aPQ���1#��

mG(A, z0) = 0
*+$v�1),�1FX�1
7�=�W#-K2��Uc" #���


f ∈ O(G×E,E)
PQ*L���

f |A×{0} = 0Pe�;�'�/68�
f(z0, 0) = 0

� 
�.����1
�>/� |f(z0, λ)| ≤ |λ| � λ ∈ E f`(�K5���'��r7>R�8P]��#�z�)+�/FTF_�7l=Y
t]�7�'$1��Pe�:FX�/K^��$-$-�'FT�?���'���

r := mG(A, z0) > 0
Ya�u*+#�$<�]"�(H$-�C#-68�&���H�W�e*+�]$-���_>1�1$e��"
%�#�"�68�

f<� Y,����Y �8¥�l�"�
�)+KX"�
_���'�&>1*+#�>1),� |λ| = r
Y���
�.��/�1.Z�!*+UZ�����&*,
���[8�H��),*+��KX�'" ),.�$e"�
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mG×E(A ×

{0}, (z0, ·))
la*L�]�'" ),.�$�Uc" #�� ),) |λ| ≤ r Y���
^�����;��
'
7��),��$ {r < |λ| < 1} Pe�;��%�%')+K_���'�?F_��I!*+F���F

%�#�*,
�>1*+%'),�;��"G���'�;$-�!('�H�W#�FX"�
�*,>�U`��
�>1��*+"�

λ 7→ |λ|−1mG×E(A× {0}, (z0, λ))

Y
�?"�P¤q�IA�

λ0 ∈ E
PQ*+��� |λ0| = r

Y
|v�C�
f

(2�X��
S�CI��-#��1F_� )uU`��
�>1��*+"�
SU`"�#
mG(A, z0)

PQ*L���
f |A = 0

� 
�.
f(z0) = λ0

YeD�"�
�$-*,.��C#
F : G→ G× E �

F (z) := (z, f(z))
Ydt]���1


mG×E(A× {0}, (z0, λ0)) ≤ mG(A, z0) = max{mG(A, z0), |λ0|},
PQ��*,>=��>1"�FT%'),�C���1$]���'�:%�#�"�"�U Y
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G
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cG ≤ ciG

�8*+U
G
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cG
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fg*`l
G
a3p
ciG + XWed_!l�^�kdZ=[faBb��fg*+*`l i"XPlu^jl�a(p h'ZYh'Z.h + bdZ.hyp�i`c.hyi C1 + buoE^��=l α : [0, 1]→ G

pdo!b�Xgi"XPc=i
γG(α;α′) ≡ 0

�
fg*,*+*`lA,�Z.^tc.hye _yZ.a(h!i

a ∈ G
i"XPlu^jl l'-.a3p�i"p*c h'l�a&*=XPkjZ.^�XPZ;Z<q

U = U(a) ⊂ G
pjo!b�X i"XPc=i

cG(a, z) 6= 0
�
z ∈ U \ {a} �

r ^jZ<Z , �]fg*`l ⇒ fg*,*`l=Yar7��%�%2"�$-�Q�����&>/" 
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γG(α;α′) ≡ 0, α′(t0) 6= 0
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t0 ∈ [0, 1].
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0 ≤ t′ < t′′ ≤ 1
Pe�G�����1
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ciG(α(t′), α(t′′)) = 0
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(zj)j∈N ⊂ G \ {a} � zj → a
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A := {z ∈ G : cG(a, z) = 0} = {z ∈ G : f(a) = f(z), f ∈ O(G,E)}*+$
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γG(α;α′) ≡ 0
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a, b ∈ G �
a 6= b
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��1*,n��8(2" #���"�"�.
U = U(a) ⊂ G � >/>1" #�.�*,
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fg*+*,*`l=Yu@B" #��/"/68�1#/�7)+�1�
V = V (a) b U �

b 6∈ V Yd�Q(76!*,"���$-)LK8�
0 < cG(a, z)
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z ∈ U \{a} Y J %�%H)LK!*,
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C > 0
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cG(a, ·)|∂V ≥ C
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8K C1 p�>1�!#-68�
α : [0, 1] → G

�
α(0) = a

�
α(1) = b
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t0 ∈ (0, 1)
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a ∈ G
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l � �dh _yc.^ui"a6buoP[ c.^7�

G
a3p
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zj , wj → a
�
zj 6= wj
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cG(zj , wj) = 0
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j = 1, 2, . . .
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(zj − wj)/‖zj − wj‖ → X0 ∈ ∂Bn
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�"�PQ
�PQ���1�����C#
c
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γ
p��8K�%2�C#-(2" p

)+*,>1*+��K�Y
?

���e<e:�	�� Nw��Yb��Y ©!V�t]���1#���*+$5�S.'" F_� *,

G ⊂ C3 PQ��*,>=�£*+$_
�" �

cG
p��7K7%Z�C#-(2"�),*+>0� 
�.¡
�" �

γG
p

�8K�%2�C#-(Z" ),*,> �7('�!��
'�C68�C#-�����/)+�/$-$
ciG

p��8K�%2�1#-(2"�)+*,>Gfg$-�1�
h �:*+n������ ��kgl=Y�t]��*,$
G
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'$<�-#���>C���/.X6!*b��� 
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1
p�.'*+FX�1
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'� )a>/" FT%'),�CIA$<%H� >1�_� 
�.S�����1
���%�%')+K!*+
�n~�����TyQ�/FTFX�1#-���1F
(2�/.�.�*,
�n

�����1" #��/F\Y����;"�FX*L��������.��C�=� *,)+$��'�C#�� Y
9�N;:=<�>�?���Y,� Y�� V��?"���*,>1�?���'���]�aI�� FG%H)+����Yb� Y ©T*,$]
�" ���CI�%'),*+>/*L��)+K5n�*L68�1
OYer7"

?
*L��*,$]*,
8���C#��/$<��*+
'n

��"&q'
�.T� 
G�CVZ�1>C��*+68���CI�� FT%')+�e"�U����'���u��K�%2� ��FX" #��1"�68�C#/�������e[7���/$<��*+"�
�PQ���C�����1#�$-��>R�T� 
��1I���FT%'),�
*+$�%2"�$-$-*+(')+��*,


C2 *+$Q$<��*,)+)O" %2�1
ZY
?

)'  )' #�7S- ?E+.>�%'&6132 1 :u7 @6%,+�� ?P169J/I4!+ *I: *I%')t4,1"9JD
o]�1U`"�#���Pe�Q.�*+$->/��$-$d�����Q.�*+V2�C#��/
8��
�" ��*+"�
�$d"�U2�8K�%2�1#-(2"�)+*,>1*+��KT*,
X������>�� $-�Q"�UH%H$-�1��.�"�>/" 
76��1ITy&�1*,
!p
�'��#�.!��.�"�FX� *,
�$1�&Pe�A#��/>/� ),)&�����S�CV2�/>C��*+68�AU`"�#�F���)b� $~U`"�#\���'�Ai&" (H�/K7� $-��*:%H$-�1��.�"�.�*,$<�=� 
�>1�S"�

�1),�1FX�1
7�=�W#-K\yQ�/*+
'�'��#�.!�Q.'" F_� *,
�$
fg>/U YHt]���/"�#��/F ��Y���Y,�Wl=Ya|v�C�

Vj := {z ∈ Cn : zj = 0}, j = 1, . . . , n.
@B" #��1"�68�C#/��U`" #T��F_���-#�*LI

A = (Ajk)j=1,...,n, k=1,...,n ∈ Z(n × n)
�uPe�5.��1
'"����5(7K

Aj
*+��$

j
���

#�"�P�Ya�a���
ΦA : Cn∗ → Cn∗ , Φ(z) := (zA

1

, . . . , zA
n

).
��� NyUe>SN :��7Y���Y,�5f<h �HPe"�������� �WkgluV 1 l�i G kjl�cF_,p�luoyqWZ<bdZ.h �.l�- �Fl�a3hyXPc.^jq=i�qWZ.]Yc.a3hga(h

Cn
���IXPluh

i"XPl_,�Z=[([\Z�� a3hT*�_,^jZd_ylu^ui"a6lup�c.^jl�l��uoEa��.c=[ l�h!iR�
fg*`l

G
a(p
cG + XWed_!l�^�kdZ=[faBb��fg*+*`l

G
a(p
k̃G + XWed_!l�^�kdZ=[faBb��fg*,*+*`l

G
a(p56 ^jZ<q.e + XWe�_ylu^�kjZ=[ a6b
f a��(l�� O(C, G) = C

l=�
(iii′) logG (1)

bdZ.h!i`c.a(hypFh'Z�c��8h'l [ a(h'lup �Jc.h'qYl�a"i"XPl�^
Vj ∩G = ∅ Z.^ Vj ∩G a(p

c + XWed_ylu^�kdZ=[faBbc.p�c$qWZ.] c.a3h a(h
Cn−1 � j = 1, . . . , n

�
fg*+6�l i"XPl�^dl l'-.a3p�i

A = (Ajk)j=1,...,n, k=1,...,n ∈ Z(n × n)
�

rankA = n
� c.h'q c �.ldb�i`Z.^

C = (C1, . . . , Cn) ∈ Rn pdoybuX
i"XPc=i

(1) logG := {x ∈ Rn : (ex1 , . . . , exn) ∈ G} �



�=� �=���_�Q�E~�
��]�����������8�A�&��
 � ~'����
\��
�XQ�_X�����������" � �Q�

• G ⊂ G(A,C) := DA1,C1
∩ · · · ∩DAn,Cn

�
• lua3i"XPlu^

Vj ∩G = ∅ Z.^ Vj ∩G a3p
c + XWe�_ylu^�kdZ=[fa6b�c.p c qWZ.]Yc.a3h�a(h Cn−1 � j = 1, . . . , n

�

(iv′)
i"XPl�^dl�l'-.a3p�i

A ∈ Z(n× n)
� |detA| = 1

��c.h'q$c �=ldbui`Z.^
C ∈ Rn pdoybuX
i"XPc=i

• G ⊂ G(A,C)
fg>/U Y&fg*L6�l-l=�

• lua3i"XPlu^
Vj ∩G = ∅ Z.^ Vj ∩G a3p

c + XWe�_ylu^�kdZ=[fa6b�c.p c qWZ.]Yc.a3h�a(h Cn−1 � j = 1, . . . , n
�

f`6�l
G

a3p�c=[ *Wl<k�^dc.a6bdc=[([fe8l���oPa��=c=[\luh!i�i`Z c kdZ.oEh'qWldq qWZ.]Yc.a3h�f a��(l�� i"XPl�^jl�a(pAc*]Yc=i"^�a -
A ∈

Z(n× n)
pdoybuX$i"XPc=i

ΦA
a3p�qWl���h'ldq$Z.h

G
c.h'qA*.a��.lup�c$k�a3XPZ=[\Z.]YZ.^`_,XWaBb�] cd_W_,a(hT* ,d^jZ.]

G
i`ZYi"XPl�kdZ.oEh'qWldq$qWZ.] c.a(h

ΦA(G)
l=�

f`6!*`l
G
a(p
kG + bdZ.] _'[\l�i`l��

��
�PQ�H�W�TUc"�),)+"�PQ$1�d�0.'" F_� *,
�"�U]�����5��K�%2�
G(A,C)

fg>/U Y¡fg*L6Hl;*+
�t]���1" #��1F �7Y���Y,�Wl;PQ*,)+)�(2�
(�#�*,�C��K\>/� ),)+�/.0���uoyc.pda + l�[\lu]Yluh!i`c.^�e;y&�1*,
��'��#�.!�&.�"�FX� *,
ZY

tv"T%�#�"�68��t]�'�1" #��1F �7Y���Y,�:Pe��
��/�1.\���'�;U`" ),),"/PQ*,
�n_)+�/FTF_� $1Y
� N;:5: <¡��Y��7Y��Af<h��'Pe"0�/����� ��k`luV 1 l�i G(A,C)

kdl�c.p a3h �IXPldZ.^jlu]s��Y ��Yb� Y��JXPl�hu�
f��8l i"XPl�^jl�a3p�c*] c=i"^�a&-

Ã ∈ Z(n × n)
� |det Ã| = 1

��c.h,q c �.ldb�i`Z.^
C̃ ∈ Rn pdoybuX i"XPc=i

G(A,C) ⊂ G(Ã, C̃)
�

f`(2l
cG(A,C)(z, w) > 0

,�Z.^�c.hye _yZ.a3h!i"p
z, w ∈ G(A,C) ∩ Cn∗

�
z 6= w

�
r ^jZ<Z , ����*+I~�TF_���-#�*LI

A
� 
�.��T6��/>C��" #

C
� $�*,
�|��1FXF_�_��Y ��Y��7Y

� TLN 	 �PV�tv"¢%�#�"�68�wf��7l�*L�S$-���_>/�1$A��"�>/" 
'$<�-#���>C���¢$-�/[7���/
�>1��"�U5[7�'� $-*+p��1),�1FX�1
8�=��#-K y&�1*,
!p
�'��#�.!��.�"�F_� *+
'$

G0 := G(A,C) ⊂ · · · ⊂ GN
$-�'>=� ���'��� |detGj | < |detGj−1|

�?PQ�'�C#��
detG(A,C) := detA

Y
J $-$-��FX�~���'���

Gj
�'� $5��)+#��/� .!K (2�1�/
�>1"�
�$<�-#���>1���1.ZY¡|��C�

Gj = G(B,D)
PQ*L���¡�SF_���-#�*LI

B ∈ Z(n × n)
� |detB| ≥ 1

�e� 
�.��A68�1>1��"�#
D ∈ Rn Y ��
������~>/� $-�\PQ���/
 |detB| > 1

Pe�
.��1$->1#�*L(Z�;��"�P ��"Tn��1�

Gj+1
Y

�d�!�

S(Gj) := {α ∈ Zn : zα ∈ H∞(Gj)}, B(Gj) := S(Gj) \ (S(Gj) + S(Gj)).
� �Q*+$�3!
�"�PQ
�fg>1U�Y]h � p�������� ���'|��/FTF_�5�7YL¥7Y��Wkgld���'���

S := S(G(B,D)) = Zn ∩ (Q+B
1 + · · ·+Q+B

n),

B := B(G(B,D)) ⊂ Zn ∩ (Q ∩ [0, 1)B1 + · · ·+Q ∩ [0, 1)Bn) ∪ {B1, . . . , Bn}.
� ��<SQ :;Y B 6⊂ {B1, . . . , Bn} Y

J $-$-��FX�;������>1"�
8�-#=��#-K��'*�Y ��Y B ⊂ {B1, . . . , Bn} Ya9:�1q'
��

r(B) := min{r ∈ N :
*,U
x ∈ Qn, xB ∈ Zn, �����/
 rx ∈ Zn}.

�Q('$-�1#-68�d���'���
B−1B ∈ Z(n×n)

�W*�Y � Y�� ),)8�����a#�"�PQ$u"�U
B−1 ��#��d$<%2�/>1*b� )868�1>C��" #�$v*,

�����d.��1q'
�*+��*+"�


"�Ud�����X
7��F
(2�C#
r(B)

Y5r7"
r(B)B−1 ∈ Z(n × n)

��Uc#�"�F PQ��*,>=�
r(B)n = det(r(B)B−1B) =

det(r(B)B−1) det(B)
U`" ),),"/PQ$1Y5t]���C#��/Uc" #�� �v*+U

r(B) = 1
�����1
 |detB| = 1

�OPQ��*,>=��n *+68�1$;�����
>1"�
8�-#=� .�*,>C��*,"�
ZY

r7"^*L�&#��1F_� *,
�$Q��"_%�#�"�68�����H�W�
r(B) = 1

Y&tv��38��� 
A�W#-(H*L�-#=��#-K
x ∈ Qn PQ*L���

xB ∈ Zn Y]���
�'�/68�T��"�$-��"�P ���H�W�

x ∈ Zn Y5��
EUg��>1�/�;Pe�TP�#�*+���
xB = uB + νB

��PQ���C#��
u = (u1, . . . , un)

�
uj := xj − [xj ] ≥ 0

� 
�.
ν = (ν1, . . . , νn)

�
νj := [xj ] ∈ Z

�
j = 1, . . . , n

fg�'�C#��
[x]

.��/
�" ���1$
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8���1n��1#]$-F_��),),�C#e���'� 
^" #]�/[7�'� )H��"
x
l=Y��Q(76!*," �'$-)LK8�

uB ∈ Zn Y J %�%H)LK!*,
�n
�����:��(2"�68�
.��1$->1#�*L%'��*+"�
 "�U S �d*+�TU`"�)+),"�PQ$G���H�W�

uB = u1B
1 + · · · + unB

n ∈ S f`#��/>/� ),)����'���
Bj

*,$G���'�
j
����#�"�P�"�U

B
l=Y�oeK������\� $-$-��FT%���*,"�
Z�

uB
*+$_��
 �/
8��*L#��\),*,
��/��#X>1"�F
('*+
H�W��*,"�
 "�U������^68�/>C��" #�$

B1, . . . , Bn
�'*+
^%H��#-��*,>1��)b��#
f`#��/>/� )+)����'���]�����

Bj
� $Q��#��:),*,
��/��#�)+K5*,
�.��1%2�1
�.'�1
8�Cl=�

u ∈ Zn Y�}?�1
'>1� �
x = u+ ν ∈ Zn �'*�Y ��Y r(B) = 1

�H� $]#��/[7��*+#��1.ZY
t]���1#��1U`" #�� �������C#��^*,$T�

β ∈ B \ {B1, . . . , Bn} $-�'>=�����'���
β = t1B

1 + · · · + tnB
n PQ*L���

tj ∈ [0, 1)
� 
�.B"�
���"�U������

tj
� $&*,$Q%2"�$-*+��*L68��Y����
F_�/K0� $-$-��FX�
���'���

t1 > 0
Y�����.��1
�" ����(�K

B̃�����:FX���-#�*+I_PQ��"�$-�?#�"�PQ$
B̃j

��#��?n�*+6��/
5(7K
B̃1 := β

�
B̃j := Bj

�
j = 2, . . . , n

Y�@B" #��1"�68�C#/��PQ*+���
C̃1 :=

∑n
j=1 tjCj

� 
�.
C̃j := Cj

�
j = 2, . . . , n

��Pe�:%'���

Gj+1 := G(B̃, C̃),
PQ���1#��

C̃ := (C̃1, . . . , C̃n).
t]���1
 |det B̃| = t1|detB| < |detB| � 
�. Gj ⊂ Gj+1

Ya}?�/
�>1����f��8l�*,$�6��1#�*LqH�1.ZY
� TLN 	 �,V
yQ�/>/� ),)2���'���QU`" #&�GF_���-#�*+I

A ∈ Z(n× n)
������FX��%�%H*+
�n

ΦA : Cn∗ → Cn∗ , ΦA(z) := (zA
1

, . . . , zA
n

), z ∈ Cn∗ ,
*+$5%�#�" %2�1#\*LV

detA 6= 0
�&� 
�.£���H�W�\*+
£����*,$^>/� $-�B*+��$^F
�')L��*+%'),*+>/*L��K£*+$^n�*+6��/
£(7K |detA| Y���


%H��#-��*+>/��)b�W#/�'�����;FX��%�%H*+
�n
ΦÃ

�
Ã

"�U]f��7l=��*,$Q�G('*,��"�)," FX" #-%'��*,>
FX��%�%H*+
�n_Ub#�"�F
Cn∗

��"T*+��$-�1),U�Y
�?"�Pwq�I^��Pe"X.'*LV2�1#��1
8��%Z" *,
8��$

z, w ∈ G(A,C) ∩ Cn∗
Ydt]���1


cG(A,C)(z, w) ≥ cG(Ã,C̃)(z, w) = cG(Ã,C̃)∩Cn∗ (z, w) = cEn(Ψ(z), Ψ(w)) > 0,

PQ���C#��
Ψ(z) := (Φ1(z)/eC̃1 , . . . , Φn(z)/eC̃n)

PQ*+���
ΦÃ =: (Φ1, . . . , Φn)

Y
� N;:5: <¡��Y��7Y�� V 1 l�i Ω ⊂ Rn kjl�c
bdZ.h �.l�-gqWZ.]Yc.a3htbdZ.h!i`c.a(hya3h\*$h,Z p�i"^jc.a&*.X iv[fa(h'lup � �JXPl�h*i"XPlu^jl
c.^jl�[fa3h'ljc.^u[ eYa3h'qWl`_yluh'qWl�h!i �.ldb�i`Z.^�p

A1, . . . , An ∈ Zn c.h'q$c
C ∈ Rn pdoybuX
i"XPc=i

Ω ⊂ {x ∈ Rn : 〈x,Aj〉 < Cj , j = 1, . . . , n}.
r ^jZ<Z , �dr��1�Xh �:)b�\�������Wk�Y
r ^jZ<Z ,�Z ,��JXPljZ.^dl�] � � � �����
��*+#�$<�/�O" ('$-�1#-68�G���'���?���'�G*,FT%')+*,>/����*,"�
�$_fg*`l ⇒ fg*,*`l ⇒ fg*,*+*`lQ��#��G" (76!*," �'$
� 
�.~���'����fg*L6Hl ⇒ fg*L6 ′ l�*,$��-#����;.��'�;��"T|��/FTF_�5�7Y���Y ��Y

t]���T#��/FX� *,
�*,
�n~%�#�"�"�U���$-�/$�*+
�.'��>C��*,"�
E"�
S�����X.�*,FT�/
�$-*," 

n
Y^�&(76!*+"���$-)+K��������T�����/" #��1F *+$

�-#����;*,
~�����;>�� $-�
n = 1

Ya�?"�P��')+�1�
n ≥ 2

Y
fg*,*+*`l ⇒ fg*+*,* ′ l=YEt]���5q�#�$<�T>1"�
�.'*L��*,"�
�*+$T� 
�" (76!*,"���$G>/"�
�$-�/[7���/
�>1�^"�U
fg*,*,*cl=YSt]�'�^$-�1>/"�
�.�"�
��

Uc"�),)+"�PQ$QUb#�"�F������;*+
�.'��>C��*,"�
\%'#�"7>/�1$-$1Y
fg*,*+* ′ l ⇒ fg*L6Hl=Y��?" �������H�W�����'�&$-�1>/"�
�.^>1"�
�.�*+��*+"�
5*,
Sfg*L6Hl�Uc"�),)+"�PQ$�(7K5�W%'%')LK!*,
�n
���'�Q�����/"�#��/Fs*+


�����T>/� $-�
n − 1

Y
�'#�"�F fg*,*+*`l�Pe�T$-�1�G���H�W�
logG

.'"7�/$:
�" �;>/" 
7�=��*,
S$<�-#=� *+n��8��),*+
'�1$1YGt]���1#��1U`" #�� �
Pe�;*,FXFT�/.�*b�W���/)LK~n��C�
fg*+6Hl�Ub#�"�F�|��/FXFX�5��Y ��Y��7Y

fg*+6 ′ l ⇒ fg*cl=Ydtv��38�
z, w ∈ G �

z 6= w
Y

� < �<N
1
Y���Uv(2" ���\%2"�*+
7��$](2�/)+"�
�nT��"

Cn∗
�������/
Z�'*+
\6!*,�CP "�Uu|��1FXF_�_��Y���Y ����Pe���'�/6��

cG(z, w) ≥ cG(A,C)(z, w) > 0.
� < �<N

2
Y;|v�C�

z ∈ Cn∗
�
w 6∈ Cn∗

Y�� *L���'" ���X)+"�$-$X"�U&n��1
'�C#=� )+*+��K�Pe�~F_�/K � $-$-��FX�~���'���
w =

(w1, . . . , wk, 0, . . . , 0)
PQ*+���

w1 · · ·wk 6= 0
YEt]���1


k < n
� 
�.

Ajs ≥ 0
�
j = 1, . . . , n

�
s =

k + 1, . . . , n
YGr7*+
'>1�

rankA = n
Pe��q'
�.E�

j ∈ {1, . . . , n} � 
�.S� 

r ∈ {k + 1, . . . , n} $-��>R�
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\��
�XQ�_X�����������" � � �
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Ajr > 0

Ydt]�7��$
wA

j

= 0 6= zA
j Ydt]���1#��1U`"�#����

cG(z, w) ≥ cG(Aj ,Cj)(z, w) ≥ cD(zA
j

, wA
j

) > 0,
PQ���1#��

D := eCjE.
� < �<N

3
Y�|��C�

z, w 6∈ Cn∗
Y ���0F_�1K£� $-$-��FX�0���'���

z1 = 0
� 
�.

z2 6= w2
Y�D�"�
�$-�/[7���/
8��)LK8�

π2,...,n(G) (2)
*+$
c
p��8K�%2�C#-(Z" ),*,>�� 
�.

π2,...,n(z) 6= π2,...,n(w)
Yat]���1#��1U`" #�� �

cG(z, w) ≥ cπ2,...,n(G)(π2,...,n(z), π2,...,n(w)) > 0.}?�1
�>/�
G

*,$
c
p��7K7%Z�C#-(2"�),*+>�Y

fg*+6 ′ l ⇒ f`6Hl=Y¤o�K�fg*+6 ′ lTPe�B3!
�"�P ���H�W�^�����1#��A*+$~��F_���-#�*+I
A ∈ Z(n × n)

� |detA| = 1
�

� 
�.���6��/>C��" #
C ∈ Rn PQ*L���

G ⊂ G(A,C)
Y�@B" #��1"�68�C#/�Q�����BF_��%�%'*,
�n

ΦA : Cn∗ → Cn∗
�

ΦA(z) := (zA
1

, . . . , zA
n

)
��*,$�('*+�'" ),"�FX"�#-%H��*+>�Y
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�!�����1

ΦA : G→ ΦA(G)
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ΦA(G)
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πj(G)
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, j = 1 . . . , n− 1.
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G̃ := G ∩ Vn
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Ã ∈ Z((n−1)×(n−1))$-��>=�5���'���
ΦÃ

*+$�.��Cq'
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G̃, ΦÃ(G̃)
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�.'�1.Z�!� 
�.
ΦÃ : G̃→ ΦÃ(G̃)
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B :=

[
Ã 0

0 1

]
∈ Z(n× n).
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Vj ∩G 6= ∅, j = 1, . . . , k, Vj ∩G = ∅, j = k + 1, . . . , n− 1.
�d�!�

G̃ := V1∩· · ·∩Vk∩G
Yut]���/


G̃
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c
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ZYQ}?�1
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α = (0, . . . , 0, αk+1, . . . , αn) ∈ S(G̃)

�
αn 6= 0
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G̃ ∩

Vn 6= ∅
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αn > 0
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ej := (0, . . . , 0, 1, 0, . . . , 0) ∈
S(G̃)

f
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j = k + 1, . . . , n− 1
Ydt]�7��$

α̃ :=
1

αn
α+

n−1∑

j=k+1

([
αj
αn

]
+ 1− αj

αn

)
ej ∈ S(G̃) ⊂ S(G).
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A :=

[
In−1 0

0 . . . 0 α̃k+1 . . . α̃n−1 1

]
.
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(zj)j∈N ⊂ G

$-��>=�S���H�W�
(kG(w, zj))j∈N
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�.��/.Z�
('�!�

zj → z0 ∈ ∂G � $
j →∞ Y

(2) πi1,...,ik (z1, . . . , zn) := (zi1 , . . . , zik ) �



����� � �������%& 
�#�����������!�������� ����
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� < �<N
z0 ∈ Cn∗

Y:���;F_�/K\� $-$-��FX�;���'���
z0 = (1, . . . , 1)
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α ∈ Rn �

α 6= 0
�v$-��>=�E���'���

G ⊂ Dα
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Dα
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αj 6= 0

�
j = 1, . . . , k
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αk+1 = . . . αn = 0
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k ≥ 1

Y
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(2.2.2) kG(w, zj) ≥ kDα(w, zj)

= max{kDα̃(w̃, z̃j), kCn−k((wk+1, . . . , wn), (zjk+1, . . . , z
j
n))} = kDα̃(w̃, z̃j),

PQ���C#��
α̃ := (α1, . . . , αk)

�
w̃ := (w1, . . . , wk)

�
z̃j := (zj1, . . . , z

j
k)
Y
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(z̃j)j∈N
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z0 6∈ Cn∗
Y J $-$-��FX�����'���

z0
j 6= 0

U`"�#
j = 1, . . . , k

PQ*+���S�5$-��*+�=��('),�
k
�

0 ≤ k < n
�O� 
�.

z0
k+1 = · · · = z0

n = 0
Y����;�'�/68�;��"X.�*,$->1��$-$���Pe"_$-�!(2>���$-�/$1�

f��7let]���1#��;*,$Q� 

s ∈ {k + 1, . . . , n} $-��>R�\���H�W�

G ∩ Vs = ∅ Ydt]���/


kG(w, zj) ≥ kπs(G)(ws, z
j
s).

}?�C#����
πs(G)
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0 ∈ ∂πs(G)
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G ∩ Vj
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j = k + 1, . . . , n
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z0 = 0 ∈ G �'�T>1"�
8�-#=� .�*,>C��*,"�
ZYa}?�1
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kG(w, zj) ≥ kG̃((w1, . . . , wk), (zj1, . . . , z
j
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G̃ := π1,...,k(G)
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1 , . . . , z
0
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D := {z ∈ C3 : max{|z1z2|, |z1z3|, |z2|, |z3|} < 1}
*+$�
�" �

k
p��8K�%2�C#-(Z" ),*,>X$-*,
�>1�

C × {0} × {0} ⊂ D
�u*+
S%H��#-��*,>1��)b��#/�

D
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c
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D̃ := D \ (C × {0} × {0}) YAt]�'�1

D̃
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c
p��8K�%2�C#-(2"�),*+>Sf`�����^U`��
�>1��*+"�
�$

z1z2
�
z1z3

�
z2

�a� 
�.
z3
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D̃
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D
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D̃
�

*gY � Y
D = H(D̃)
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c
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��H�W#�.���.�"�F_� *+
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^�����?��Pe" p�.�*,FT�/
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H��)O>/� $-���!�����C#��:*+$]�����:U`"�)+),"�PQ*+
�nG%2"�$-*+��*L68�:#��1$-��)+��h 9;*+�1p�}:��*v� �����Wk�Y

��� NyUe>SN : ��Y��7Y � V 1 l�i G ⊂ C2 kdlYc
c + XWed_ylu^�kdZ=[faBb � lua3h XPc.^dq=i qWZ.] c.a3h � �IXPluhta"i"p�luh �.l�[\Zd_yl Z ,

XPZ=[\Z.] Z.^`_,XWe H(G)
a3p
c + XWed_!l�^�kdZ=[faBb��
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D ⊂ Cn∗
�'� $

�����;U`"�)+),"�PQ*+
'nT%�#�" %2�1#-��*+�/$1�

• H(D) ⊂ Cn∗
�

• logH(D) = conv(logD)
Y

�d�!�
G∗ := G∩C2

∗
Y�t]�'�1


G∗
*+$���yQ�1*,
��'��#�.!�].'" F_� *,
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logH(G∗)
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x0 ∈ logG \ ` YQ9:�1
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),*+
��
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x0
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`′ ⊂ logH(G∗)
Ya|��1�

`′ = {(a1t+ b1, a2t+ b2) : t ∈ R},
PQ���C#��

a1, a2, b1, b2 ∈ R
� 
�.

a2
1 + a2

2 6= 0
Ya}?�1
�>/�

A := {(ea1λ+b1 , ea2λ+b2) : λ ∈ C} ⊂ H(G∗).
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ϕ : C → H(G) ∩ Cn∗
Y�yQ�/>/� )+)u���'��� H(G∗) = H(G) ∩ Cn∗
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G′ ⊂ C
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G′ = C
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G′ = C∗
Y
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A1 := C × {0} ⊂ H(G)

" #
A2 := C∗ × {0} ⊂ H(G)
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A2 ∩ G = ∅ Y t]���1#��1U`" #�� �

G ∩ V2 = ∅ �H�T>/" 
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D ∩ Vj0 6= ∅
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ΦA : D → G
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D ∩ Vj 6= ∅, j = 1, . . . , n.
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D ∩ Vj 6= ∅, j = 1, . . . , k, D ∩ Vj = ∅, j = k + 1, . . . , n.
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A = (Arj)r=1,...,n, j=1,...,n ∈ Z(n× n)
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Arj ≥ 0
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j = 1, . . . , k, r = 1, . . . , n
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|zj | ≥M, z ∈ D, k + 1 ≤ j ≤ n.
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sup{|zAr | : z ∈ D} < ∞ �
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D 3 z 7→
(
z1, . . . , zj0−1,

1

zj0
, zj0+1, . . . , zn

)
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k
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�.X"�
�)LKG*,U�*+�a*+$�(2"���
�.��/.�fg>1U�Y�t]���1" #��1F

¥7Y,� Y��G*,
Eh �8��#-p��a��������� �Wkgl=Y
���e<e:�	�� N���Y ��Yb�Af<h J z/�E����j �Wk��Z$-�/�T��),$-"Sh � p�� ����� ���O��I�� FT%'),�_¥8Yb� Y © kgluVX�Q('$-�1#-68�����'���?�����1#��G*+$
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G ⊂ C2 ���'���?*+$?oe#�"7.�K7p��7K7%Z�C#-(2"�),*+>�Y&t�"_(Z�
FX"�#���>/"�
�>C#��1���

G
*,$�.��1q'
��/.�� $

G := {z ∈ C2 : h(z) < 1},
PQ���C#��

h(z) :=

{
|z2|eϕ(z1/z2) *+U

z2 6= 0
�

|z1|
*+U
z2 = 0

� ϕ(λ) := max

{
log |λ|,

∞∑

j=2

1

k2
log

∣∣∣∣λ−
1

k

∣∣∣∣
}
, λ ∈ C.

yQ�1>/�1
8��)+KZ�8rHY p�}�Y�����#-3Xh ����#:�����8�Wk7�'� $�$-��"�PQ
����H�W�
G

*,$v� ),FX" $<�
k̃ + XWed_ylu^�kdZ=[faBb��W*�Y � Y k̃G(z, w) > 0

�
PQ���1
'�C68�C#

z1 6= w1
" #�f

z1 = w1 6= 0
� 
�.

z2 6= w2
l=Y

?
� ��*+$�$<��*,)+);��
�>/)+����#~PQ���C���'�C#

k̃G((0, z2), (0, w2)) > 0
U`" #

z2 6= w2
Y

?
�?�16��1#-�����1),�1$-$1�������1#��;*,$]������Uc"�),)+"�PQ*,
�nT#��1$-��)+�Gfg>1U�Y�h ����#:� � �8�Wkgl=Y

� >,U
	yU���Q(T'Q3UJRS��Y ��Y�� V 
IZ.^xc.hye
n ≥ 3

i"XPlu^jl l'-.a3p�i"p c _,p�l�o!qWZ<bdZ.h �=l�-�kdc=[\c.h'bdldq�qWZ.] c.a3h
G ⊂ CnpdoybuXgi"XPc=i

• G a3p56 ^jZ<q.e + XWe�_ylu^�kjZ=[ a6b��
• G a3p h,Z=i

k̃G + XWed_!l�^�kdZ=[faBb��r ^jZ<Z , �d�&(76!*+"���$-)+K��'*+��$-���_>1�/$]��"T>1"�
�$<�-#��'>C��$-�'>=��� 
~�CI�� FG%H)+�
G

*+

C3 Ydt]���1
Z�'*,
\�����:n��1
'�C#=� )

>/� $-� �
G× En−3 PQ*,)+)O.�"X�����ex<" (�*+


Cn
Y

r7"�),�C�
n = 3

Y��d�!�
rj := ej

�
sj := 1/(r2

j +rj)
�
tj :=

√
j/sj

�
εj := 2−j−1 ��� 
�. ηj := tjsj

�
j ∈ N Ydt]���/


∞∑

j=1

εj =
1

2
,

∞∑

j=1

εj log
1

ηj
≥
∞∑

j=1

εj log
1

tj
> −∞.

�'" #
j ∈ N .��1q'
��

Qj(z) := z1z2 − sj(z3 − z2)(z3 − 2z2), z = (z1, z2, z3) ∈ C3.
�d�!�

G := {z ∈ C3 : h(z) < 1} PQ*L���
h(z) := max{|z1|, |z2|/2, h0(z)},

PQ���C#��

h0(z) :=
∞∏

j=1

∣∣∣∣
Qj(z)

ηj

∣∣∣∣
εj

= exp

( ∞∑

j=1

εj log
|Qj(z)|
ηj

)
.
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� TLN 	 � V

h
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�.^%2"�$-*+��*L68�;.��CqH
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h0
Ya��*LI

z ∈ C3 � 
�.
λ ∈ C Ydt]���1


∞∑

j=1

εj log
|Qj(λz)|

ηj
=
∞∑

j=1

εj log(|λ|2) +
∞∑

j=1

εj log
|Qj(z)|
ηj

= log |λ|+
∞∑

j=1

εj log
|Qj(z)|
ηj

.

}?�1
�>/� �
h0(λz) = |λ|h0(z)

Y
J $-$-��FX��
�"�P ���'���

h(z) = 0
Yat]���/


z1 = z2 = 0 = h0(z)
�!PQ�'*+>R�~*,FT%'),*+�/$]���'���

−∞ =
∞∑

j=1

εj log
|Qj(0, 0, z3)|

ηj
=
∞∑

j=1

εj log
1

tj
+

1

2
log(|z3|2),

Ub#�"�F PQ��*,>=�~Pe��" (��=� *+

z3 = 0
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h
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h0 ∈ PSH(C3)
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z ∈ (RE)3 Yet]�'�1
 |Qj(z)| ≤ (1 + 6)R2 YeyQ�1>�� )+)O���'��� ηj →∞
Yet]���1#��1U`"�#����'�����C#���*,$&�

jR$-��>=�����'���

|Qj(z)|/ηj < 1, z ∈ (RE)3, j ≥ jR.
r7"X*+�QU`" ),),"/PQ$����'���

h0 ∈ PSH((RE)3)
U`" #&��#-('*L�-#=��#-K

R
Ya}?�1
'>1� �

h0 ∈ PSH(C3)
Y

� TLN 	 �'V
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�.��/�1.Z�'),�C�

ϕj ∈ O(C,C3), ϕj(λ) := (sjλ(λ− 1), 1, λ+ 1), j ∈ N.
�Q('$-�1#-68�;���'���

Qj ◦ ϕj = 0
"�

C
�
j ∈ N Yat]���1#��1U`"�#���� ϕj(λ) ∈ G *,U |λ| < rj

Ya��
~%H��#-��*+>/��),��#/�

k̃G((0, 1, 1), (0, 1, 2)) = k̃G(ϕj(0), ϕj(1)) ≤ kE(0, 1/rj) −−−→
j→∞

0,
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� TLN 	 �SV
G
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f = (f1, f2, f3) ∈ O(C, G)

Y���
A6!*,�CP "�Ua�����
Uc" #�F "�U

G
�
fj
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fj ≡: aj

�
j = 1, 2

YEr��!%�%2"�$-�5���'���
f3
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8�/Y
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C \ {w} ⊂ f3(C)
U`" #^�E$-��*L�=��('),�

w ∈ C Y¢}?�1
�>/� �
h(a1, a2, ·) < 1

"�

C \ {w} Y �?$-*,
�nE|�*," ��6�*,),)+� � $X�����1" #��1F U`"�#5$-�!('�'��#�FX"�
�*,>�U`��
�>C��*,"�
�$1�dPe�

>1"�
�>/)+��.'�;���'���
h0(a1, a2, ·) ≡ const

Yd�?" ���:���'���
h0(a1, a2, λ) = 0

*,U
Qj(a1, a2, λ) = 0

U`"�#?���
)+��� $<�Q" 
'�

j
Ydt]���C#��/Uc" #����

h0(a1, a2, ·) ≡ 0
Y
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a1, a2

Y
� < �<N

a2 = 0
Y�t]�'�1


Qj(a1, 0, λ) = −sjλ2 � j ∈ N Ydt]�'�C#��1U`" #�� �

log h0(a1, 0, 1) =

∞∑

j=1

εj log
|Qj(a1, 0, 1)|

ηj
=

∞∑

j=1

εj log
1

tj
> −∞,

�T>1"�
8�-#=� .�*,>C��*," 
OY
� < �<N

a2 6= 0 � a1 = 0
Y
t]���1


Qj(0, a2, 0) = −2sja
2
2

�
j ∈ N Ydt]���1#��1U`" #�� �

log h0(0, a2, 0) =

∞∑

j=1

εj log
1

tj
+ log(2|a2|2)

∞∑

j=1

εj > −∞,
�T>1"�
8�-#=� .�*,>C��*," 
OY
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� < �<N
a1a2 6= 0
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log h0(a1, a2, a2) =

∞∑

j=1

εj log
|a1a2|
ηj

> −∞,
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8�-#=� .�*,>C��*," 
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G ⊂ Cn
(Z�B� 
 �W#-(H*L�-#=��#-K¡.�"�F_� *+
ZY J .�"�F_� *+


D = D(G) ⊂ G × Cm *,$^>/� ),)+�/.��
) c.^ui`Z'*.p�qWZ.]Yc.a3h Z �=l�^

G
� a3i"X

m + q.a3] l�hypda6Z.h'c=[ kdc=[\c.h'bjldq � kdlu^�p
*+U&Uc" #_��
7K
z ∈ G

�����5q�(Z�C#
Dz := {w ∈ Cm : (z, w) ∈ D} *,$��^
�"�
!p��/FT%���KB(H� )b��
'>1�1.S.'" F_� *,
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Cm
Y�yQ�/>/� )+)����'���;U`"�#

$-��>=�A�
D
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H : G× Cm → [0,∞)

�
H(z, λw) = |λ|H(z, w)

�
z ∈ G �

w ∈ Cm �
λ ∈ C ��$-�'>=�~���'���

DH = D = {(z, w) ∈ G× Cm : H(z, w) < 1}.
D�"�
868�C#�$-�1)+K��H� 
8K\$-��>=�

H
),�/� .�$]��"X�T}:�W#-��"�n�$].�"�F_��*,
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G
PQ*+���

m
p�.�*,FT�/
�$-*," 
H��)O(H� ),� 
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yQ�/>/� ),)v���H�W�

D = DH
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868�1IB*,U���
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G
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868�CIA� 
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logH ∈
PSH(G× Cm)

Y
t]���/
£Pe�0�H�168�0���'�0Uc"�),)+"�PQ*,
�n��7K7%Z�C#-(2"�),*+>/*L��K¡>1#�*L���1#�*+"�
�fg>/U Y�h 9:9;tep t]�'"~������jWk��Q$-�1�A� ),$-"

h 9;9;tep��a�:9 � � ����kgl=Y
��� NyUe>SN : ��Y ©�Y,�WV 1 l�i D = DH ⊂ G × Cm kdl
c ) c.^ui`Z'*=p qWZ.] c.a(h Z �.lu^

G ⊂ Cn � a"i"X
m +q.a(] luh pdaBZ.h'c=[ kdc=[\c.h'bdldq��vkdlu^�p � � ,

D
a(p
k + XWed_!l�^�kdZ=[faBb��xi"XPluh G a3p

k + XWed_ylu^�kdZ=[faBbAc;h'q��U,�Z.^�c.h e
bdZ.] _ycWb�i�p�l�i

K ⊂ G �0i"XPl_,doEh'b�i"a6Z.h
logH

a(p�kdZ.oPh,qWldq=,j^jZ.] kdl�[\Z�� Z.h
K × ∂Bm

�
r ^jZ<Z , �_��U

D
*+$
k
p��8K�%2�1#-(2"�)+*,>X�����1


kG(z′, z′′) ≥ kD((z′, 0), (z′′, 0)) > 0
U`" #���),)

z′, z′′ ∈ G �
z′ 6= z′′

Ya}?�1
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G
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J $-$-��FX�^
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�����1#��5��#��_��Pe"B$-�/[7���/
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(zj)j∈N ⊂ G

PQ*+���
lim zj =: z0 ∈ G

� 
�.
(wj)j∈N ⊂ ∂Bm

PQ*+���
limwj =: w0 ∈ ∂Bm

$-�'>=�����'���
limj→∞H(zj , wj) = 0

YS���\F_�1K
� $-$-��FX�G���H�W�

(zj , wj) ∈ D �
j ∈ N YTt]���/


ϕj ∈ O(C, G × Cm)
�
ϕj(λ) := (zj , λwj)

��F_��%'$
RjE

*,
8��"
D

Uc" #&�T$-��*+�=�W(H)+��$-��[8�'�1
�>/�
(Rj)j∈N

PQ*+���
Rj →∞

��$
j →∞ Ydt]���1#��1U`"�#����

kD((zj , 0), (zj , wj)) = kD(ϕj(0), ϕj(1)) ≤ kE(0, 1/Rj)→ 0;
���1
'>1� �

kD((z0, 0), (z0, w0)) = 0
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� >,U
	yU���Q(T'Q3UJR ��Y ©�Y��PV 1 l�i G := E
c.h'q

u : E → [−∞,∞)
kjl�o;_W_yl�^�pulu]�a6bdZ.h!i"a(hyo!Z.oEp � r o i

H(z, w) := |w|eu(z) c.h,q D := DH
� � pjpdoP]Yl�i"XPc=i u a3p�[\Z<bdc=[([fe kdZ.oEh'qWldq	,j^jZ.] kdl�[\Z�� � �IXPluh

D
a3p
k + XWed_ylu^�kdZ=[faBb��
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¡h � p�� ����� �Wk��v*L�
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%'$-�1�'.�"�FT�1�-#�*+>G*+$:),"7>�� )+)+K~%2"�$-*+��*L68��.��CqH
�*L�����2*�Y ��Y�U`" #:� 
8K�%2"�*+
7�

p0 = (z0, w0) ∈ D �����C#����CI!*,$<�
�X
'�1*,n �7(2" #���"�"7.

U = U(p0) ⊂ D
� 
�.B�T%2"�$-*L��*+68��
���F
(2�C#

C
$-�'>=�����'���

κD(p;X) ≥ C‖X‖ �
p ∈ U �

X ∈ C2 Y
��*+#�$<�/�'" ('$-�C#-68�;���'���

g(r) := − inf{u(λ) : λ ∈ E, |λ| ≤ r} <∞, r ∈ (0, 1).
�?"�P��O)+�1�

s ∈ (0, 1)
� 
�.Aq�I

(z0, w0) ∈ D � |z0| < s
��� 
�.

X ∈ C2 \ {0} YG|��C�
f ∈ O(E,D)PQ*L���

f(0) = (z0, w0)
��
'.

αf ′(0) = X
U`" #

α ∈ C∗
YTo�KB�����5r�>=�8P]��#�zX),�1FXF_�!�OPe�X$-�1�T���'���

|f ′(0)| ≤ 1− |z0|2 ≤ 1
Y

�d�!�
r0 := (1 + 2s)/(2 + s)

Y J %�%')+K�*,
�n������^r7>R�8P]��#�z_),�1FXF_�!�v*+�
U`"�)+),"�PQ$;���H�W�/�u*+U |f1(λ)|
≥ r0

�!���'�1


|λ| ≥
∣∣∣∣
z0 − f1(λ)

1− z0f1(λ)

∣∣∣∣ ≥
|f1(λ)| − |z0|

1− |f1(λ)| |z0|
≥ r0 − |z0|

1− r0|z0|
≥ 1

2
.

�d�!�
Ω := {λ ∈ E : |f1(λ)| < r0}

Y^t]���/

supΩ |f2| ≤ eg(r0) � 
�.

B1(0, 1/2) ⊂ Ω
Y^t]�7�'$1�

|f ′2(0)| ≤ 2eg(r0) Ydt]���/


|α| ≥ max

{
|X1|,

|X2|
2eg(r0)

}
≥ 1√

2
min

{
1,

1

2eg(r0)

}
‖X‖.
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~Pe��n��C�

κD((z, w);X) ≥ 1√
2

min

{
1,

1

2eg(r0)

}
‖X‖, (z, w) ∈ D, |z| < s.
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Φ(z) = Φ(z1, . . . , zn) = (zd1 + P1(z), P2(z), . . . , Pn(z)),
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ε > 0
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(eλ, µ2e
λα2 , . . . , µle

λαl , 1, . . . , 1) ∈ G, λ ∈ H, e−ε < |µj | < eε, j = 2, . . . , l.
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A := {(µ2, . . . , µl) ∈ Cl−1 : e−ε < |µj | < eε, j = 2, . . . , l},
HR := {λ ∈ C : Reλ < R}, R ≥ 0,

Φ : C×A→ Cl, Φ(λ, µ) := (eλ, µ2e
λα2 , . . . , µle

λαl).
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� $
R→∞ Ydt]���1#��1U`"�#����
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�Q('$-�1#-68�����'���&������F_��%�%'*,
�n
ψR : D0 → DR

�
ψ(z) := (eRz1, z2e

α2R, . . . , zle
αlR)

��*,$Q('*+�'" )," p
FX"�#-%H��*+>�Ydt]�'�C#��1U`" #�� �

k̃∗D0
(Φ(−1−Rj , 1 . . . , 1), Φ(λ, 1, . . . , 1)) < aj , −2−Rj ≤ Reλ ≤ −1−Rj .

9:�1q'
��

uj(λ) := log gD0
(Φ(−1−Rj , 1, . . . , 1), Φ(λ, 1, . . . , 1)), λ ∈ H0.

�Q('$-�1#-68�_���H�W�
uj ∈ SH(H0)

YBoeKE|v�1FXF_�A��Y ��Y ©B*L�GU`"�)+),"�PQ$����'���
uj(λ) < log aj

PQ���/
��C68�C#
Reλ ≤ −1−Rj

Ydt]�'�C#��1U`" #�� �!Pe��FX�/K^�=��38�
zj := Φ(−1−Rj , 1, . . . , 1)

� $]������.��1$-*+#��1.\%Z" *,
8�
$-�/[7���/
�>1��Y
9�N;:=<�>�?���Y ��Y�� VT�Q(�6�*,"���$-)+KZ�'� 
8K

cG
p�q'
�*+���1)+K5>/" FT%H� >1�].'" F_� *,


G
*,$
cG

p�>1"�FT%'),�C��� Y����?%2"�*+
8�
"��!�&���'���Q���'�
>1"�
868�C#�$-�\fg.��'����"_��YOr7*+(2"�
8K0� 
�.B@�Y J YZr7�/)L(�K�l]*,$?� )+$-"53�
'"/PQ
BU`"�#?.�"�F_� *+
'$?*+

������%')b� 
��Gfg$-�1�
h � p�������������t]���1" #��1F�¥8Y ©�Y�¥�kgl=Y

?
� ���C���'�C#a�����Q��Pe"�
�" ��*,"�
�$d"�U

c
p�>/"�FG%H)+�1���1
��/$-$

>1"�*,
�>1*,.��XUc" #
� )+)�(Z" �'
�.��1.E.�"�F_� *+
�$�*+$�$<��*,),)���
!3!
�"�PQ
ZY
?

���T"�
�)+KAFT�/
8��*," 
S���'���;�����C#��X*+$
�
"�
��Cp�.�*,FX�1
�$-*,"�
'� )u>1"�FT%'),�CI0$<%H� >1�

X
���'���:*+$

cX
p�>1"�FT%'),�C���
('�!�:
'"��

cX
p�q'
�*+���1)+K�>1"�FT%H� >C�Xfg$-�/�

h �8��#-p��a��p��:*,n���������kgl=Y
9�N;:=<�>�?¡�7Y���Y�� V�|v�C�

G ⊂ C2 (Z�;�G(2"���
�.��/.^%'$-�/��.�"�>1"�
868�1I^y&�1*,
��'��#�.!��.'" F_� *,
Z�
a ∈ G �'� 
�.

z0 ∈ ∂G ∩ C2
∗
Y?t]�'�1


cG(a, z) → ∞ � $
z → z0 fg$-�1�^h �HPe"5� ������(�k`l=Y�r7"_�����
%H��#-�?"�U

∂G

�" �

)LK!*,
�nX"�
��T>/"7" #�.�*,
'��������I!*,$�*,$
cG

p�*,
!q'
�*+���1)+K\Ug��#&�/P]�1K~Ub#�"�F � 
8K^%Z" *,
8�Q"�U
G
Y

���;%2"�*+
7�Q" �������'��������*+$�%'���/
�"�FX�1
�"�
�.�"��1$Q
�" �Q"�>1>1��#Q*+
~�'*+n����1#Q.�*,FX�1
�$-*,"�
�$1Y
���e<e:�	�� NS��Y��7YL¥Afg>1U�YOh �HPe"^� � ����(�kgluV
|v�C�

α > 0
(Z��� 
~*+#-#=�W��*,"�
'� )O
7��F
(2�1#/Ya�d�!�

G := {z ∈ C3 : |z1| |z2|α|z3|α+1 < 1, |z2| |z3| < 1, |z3| < 1}.



�=� O � c H �����!��� ~'� ~��W~�"�"_�&��
 ��~�����
\��
�XQ�_X����!������" �����

t]���1

G

*+$
�^%H$-�1��.�"�>/" 
76��1ISyQ�1*,
��'��#�.!�
.�"�F_� *+
OYX��*+I�*,
�n\%Z" *,
8��$
z0 ∈ G ∩ C3

∗
� 
�.

w ∈ C3
∗PQ*L��� |w1| |w2|α|z3|α+1 = 1

� |w2|−1|w3|2 < 1
�H� 
�. |w3| < 1

�!Pe��n��1�

lim sup
G3z→w

cG(z0, z) <∞.
@B" #��1"�68�C#/�����'�:('*,��"�)+"�FX" #-%'��*,>�F_�W%

Φ : G ∩ C3
∗ → C3

∗, Φ(z) := (z1z
[α]+1
2 z

[α]+3
3 , z2z

2
3 , z3),

�'� $Q� $Q*L��$�*,F_� n �
�G(2"���
'.��1.~%'$-�/��.�"�>1"�
868�CI~yQ�1*,
��'��#�.!�
G∗

.�"�F_� *+
�>/" 
7�=��*,
��/.~*,


{z ∈ C3
∗ : |z2| < 1, |z3| < 1, |z1| |z2|α−[α]−1|z3|[α]−α < 1}.

��
X������>/),� $-$d"�U2yQ�1*,
��'��#�.!�d.'" F_� *,
�$aPe�Q�'�/68�]�����QU`" ),),"/PQ*,
�n
>=�'��#=� >C���1#�*+z�����*+"�
X"�U��7K7%Z�C#�>1"�
!p
68�CI!*L��KEfg>1U�Y�h��'Pe"^� ����� ��kv� 
�.�h De��#-pND��1n p�� *L3S��������kgl=Y
��� NyUe>SN : �7Y���Y j V 1 lui G ⊂ Cn kdl�c�_,p�l�o!qWZ<bdZ.h �=l�- � lua3h XPc.^dq=i qWZ.]Yc.a3h�� �JXPl�hCi"XPlZ,�Z=[([\Z�� a3hT*
bdZ.h,q.a"i"aBZ.h p�c.^jl�l���oPa��=c=[\luhyiR�

fg*cl
G
a(p XWe�_yl�^dbjZ.h �=l'-O�

fg*,*cl
G
a(p�kdZ.oEh'qWldq$c.h'q�p�c=i"a3p�� lup�i"XPl 
'o*bjZ.h'q.a"i"a6Z.h��

r ^jZ<Z , ��t]���~*,FT%'),*+>��W��*,"�
 fg*+*`l ⇒ fg*cl
Uc"�),)+"�PQ$X.�*+#��1>1��)LK�Uc#�"�F t]���1" #��1F���Y ��Yb�8fg*cl=Y tv"A%'#�"/68�\���'�
>1"�
868�C#�$-���7$-�!%�%2"�$-�����'���

G
.�"��1$a
�" �a$�����*+$-UcKG������>/" 
'.�*L��*,"�
�$a*,
0fg*+*`l=Y J >1>/" #�.�*+
'n:��";�a#�" %2"�$-*+��*+"�


��Y ��YL¥8�2Pe�
F_�/KB� $-$-��FX�����'���
G

*,$&(2"���
�.'�1.A� 
�.B.�"��/$&
�" �?$�����*,$-UbK��������H�B>1"�
�.�*+��*," 
OY&}?�1
�>/� �
PQ*L���'" ���&)+"�$-$?" U�n��1
'�C#=� )+*+��K��HPe��F_�/K0��$-$-�'FT�
���'���

G = D0
fg>/" FT%H��#���������%�#�"�" U�"�U�t]���1" #��/F

��Y ��Yb��l=�'*�Y ��Y

G := {(ζ, µ2ζ
α2 , . . . , µnζ

αn) ∈ Cn : ζ ∈ E∗, µj ∈ C, e−ε0 < |µj | < eε0 , j = 2, . . . , n},
PQ���C#��

ε0 > 0
�
αj > 0

�
j = 2, . . . , n

Y
|v�C�

u ∈ PSH(G)∩C(G)
�
u < 0

��(2�?$-��>=�^���'��� {z ∈ G : u(z) < −ε} b G U`"�#]� 
8K
ε > 0

Y
9:�CqH
��

v(z) := sup{u(z1e
iθ1 , . . . , zne

iθn) : θj ∈ R}.
�Q(76!*,"���$-)LK8�

v
*,$?� 
0�1I��H���'$<��*+
�n5U`��
�>C��*,"�
0"�U

G
PQ*L���

v(z) = v(|z1|, . . . , |zn|)
YQt]���C#��/Uc" #�� �H���'�

Uc�'
�>C��*,"�

E∗ 3 λ 7→ v(|λ|, |λ|α2 , . . . , |λ|αn)

*+$?$-��('�'��#�FX" 
'*+>T� 
�.0(Z" �'
�.��1.AUb#�"�F ��(2"�6��
(7K
0
Y&}?�/
�>1��*+�?>/� 
0(2��>1"�
8��*,
7���/.A� $:�_U`��
�>1��*+"�


v∗ ∈ SH(E)
Yvt]���/
Z�W(Z�1>/� ��$-�d" U����'�a�8K�%2�C#�>/"�
868�CI!*L��K;"�U

G
�W*+�vU`"�)+),"�PQ$O���'���

v∗(0) = 0
*+FT%')+K!*+
'n

���'���
v = 0

�H�T>1"�
8�-#=� .�*,>C��*," 
OY
yQ�/>/� ),)2���'���������GDe��#=�W���'{1"�.�" #-K^.�*,$<�=� 
�>1��*,$�
'"��Q*,
�
��1#/Yer7"��'*,
~n��/
��C#=� )��!Pe���'�/68�

cG ≤ ciG
�

cG 6= ciG
fg>1U�YtK�� Y ��Yb�Wl=Y0@B" #��1"�68�C#/��*+�G*+$
3!
�"�PQ
����H�W�

ciG =
�
γG =

�
γ

(1)
G ≤

�
γ

(k)
G

�
k ∈ N Yt]�7��$1�

cG
p�>1"�FT%')+�1��� ⇒ ciG

p�>1"�FT%'),�C��� ⇒
�
γ

(k)
G

p�>/" FT%'),�C���
, k ∈ N.

f J .'" F_� *,

G

*+$;>���),),�1.
δG + bdZ.] _'[\l�i`lTf`('#�*+�1��K��

δ + bjZ.]x_'[\l�i`l�l&*+U
δG

*,$��^.�*+$<�=� 
�>/�T� 
�.E� 
8K
δG

p
De� ��>=�8K~$-�/[7���/
�>1��*,


G
>1"�
868�C#�n��/$]��"5��%Z" *,
8�&*+


G
�
δ ∈ {ci,

�
γ(k), k ∈ N} Y]r7�1�_h � p�� ��������k

Uc" #QFX" #���.��C�=� *,)+$1YLl���
�U`� >C�������;U`"�)+),"�PQ*+
'nX��"�),.�$
fg$-�/�Xh��'Pe"^� �����C(�k���h�����%A� � �8�Wkgl=Y
��� NyUe>SN : ��Y��7Y�� V 1 lui G ⊂ Cn kdl
c kdZ.oEh'qWldq�_,p�l�o!qWZ<bdZ.h �=l�- �Fl�a3hyXPc.^jq=ixqWZ.] c.a(h�� �JXPl�h8i"XPl
,uZ=[([ Z�� a(hT*�_,^jZd_!l�^ui"aBl�p�c.^jl�l���oPa��=c=[\luhyiR�



����� � �������%& 
�#�����������!�������� ����
����	&�!�&���&%( (

fg*`l
G
a(p
cG + bdZ.] _'[\l�i`l��fg*+*`l

G
a(p
ciG + bdZ.] _'[\l�i`l��fg*,*+*`l

G
a(p �

γ
(k)
G + bdZ.]x_'[\l�i`l � k ∈ N �

fg*+6�l i"XPl�^dl�a(p�c
k ∈ N pjo!b�Xgi"XPc=i

G
a3p �

γ
(k)
G + bjZ.]x_'[\l�i`l��

��
5" #�.��C#���"�(2�?��(')+�Q��"�%'#�"/68�?t]���/"�#��/F �7Y���Y ���7Pe�Qq�#�$<��#��1>���),)���Ug� >C��"�
_F���)+��*Lp�.'*+FX�1
'$-*+"�
'� )
�d� 
�.'�C#�FX"�
�.���.��1���C#�FX*+
H��
7��$
fgU`" #Q�CI�� FG%H)+����$-�/�Xh�r7*+>_��� ���Wk`l=�'
'� FX�1)+K��

|v�C�
Xs := (s, . . . , s) ∈ Cn (3)

�
s ∈ N �'� 
�. Nk := #{α ∈ Zn+ : |α| ≤ k} � k ∈ N Ydt]���/


det((Xα
s )1≤s≤Nk, |α|≤k) 6= 0.

f��7Y���Y �8l
�?$-*,
�nT���'*+$�Ug� >C��Pe�;n��1�������;U`"�)+),"�PQ*+
�n

� N;:5: <��7Y���Y,�/�yV 1 lui P (z) =
∑

1≤|β|≤k bβz
β � z ∈ Cn �vkdlYc�_yZ=[fe=h'Z.]�aBc=[Ia3h Cn � �IXPluhCi"XPlu^jl

c.^jl hyoE] kdl�^�p
(Nj)1≤j≤k ⊂ N

�
(cj,s)1≤j≤k, 1≤s≤Nj ⊂ C

� c.h'q �.ldb�i`Z.^�p
(Xj,s)1≤j≤k, 1≤s≤Nj

⊂ Cn pdoybuXgi"XPc=i

P (z) =
k∑

j=1

Nj∑

s=1

cj,s
∑

|β|=j

j!

β!
pβ(z)Xβ

j,s, z ∈ Cn,

� XPl�^dl

pβ(z) :=
n∏

j=1

pβ,j(z), pβ,j(z) := zj(zj − 1) · · · (zj − βj + 1), z = (z1, . . . , zn) ∈ Cn.

r ^jZ<Z , ��t]���]%'#�"7"�U�*,$a(7KT*,
�.���>1��*+"�
X"�

k ∈ N Yat]����>/� $-� k = 1

*,$d"�(�6�*,"���$1Y�r7";Pe�QFX�/KX� $-$-��FX�
���'���?���'�T� $-$-�C#-��*,"�
A��"�),.�$;Uc" #��

k ∈ N Y
�?"�P��=��38�T�5%Z" )+K!
�"�FX*,� )
P (z) =

∑
1≤|β|≤k+1 bβz

β �
z ∈ Cn �'� 
�.~P�#�*+���

P (z) =
∑

1≤|β|≤k
bβz

β +
∑

|β|=k+1

bβ(zβ − pβ(z)) +
∑

|β|=k+1

bβpβ(z), z ∈ Cn.

�Q('$-�1#-68�?���H�W�������?q�#�$<����Pe"G���C#�FX$Q�W#��;"�Uv.��/n�#��/�:),�1$-$]���'� 
~"�#���[8�H��)2��"
k
Y�t]���?���'*L#�.~F_�1K^(2�

P�#�*L�-���/
�� $
∑

|β|=k+1

bβpβ(z) =
∑

|β|=k+1

(k + 1)!

β!
pβ(z)

β!bβ
(k + 1)!

.

�?$-*+
'n0f���Y ��Y��8l=�!Pe�;q'
�.
(cs)1≤s≤Nk+1

⊂ C � 
�.
(Xs)1≤s≤Nk+1

⊂ Cn $-��>=�~���'���

β!bβ
(k + 1)!

=

Nk+1∑

s=1

csX
β
s , |β| = k + 1.

}?�1
�>/� �'|��/FTF_�_��Y ��Yb�/�T�'� $�(2�1�/
\%�#�"�68�1.ZY
r ^jZ<Z ,�Z , �JXPldZ.^jl�] � ���������¡� �_#��1F_� *+
'$X��"S%�#�"�68��fg*+6'l ⇒ fg*`l=Y�����FX�/K�� $-$-��FX�����'���

n ≥ 2
Y

r7�!%�%Z" $-�:���'���
G

.�"��1$]
�" �]$�����*+$-UcK_���'�&�H�\>1"�
�.�*+��*," 
O��('�!��*+$ �
γ

(k)
G

p�>/" FT%'),�C���:U`"�#Q��$-��*L�=��('),�
k
Y

J >1>/"�#�.'*+
�nT��"T�����;%�#�"�" Uu"�Uut]�'�1" #��1F �7Y���Y,� ��Pe��F_�1K~� $-$-��FX�����'���
G ⊂ Cn∗

� 
�.~���'���

logG = {0} × (log δ,− log δ)n−1 + R>0v,
PQ���C#��

δ ∈ (0, 1)
�
v ∈ (−∞, 0)n

�H� 
�.
v1 = −1

Ya�d�!�
γ := −v Y

(3) ���������d~Z��
\�h�_
W~�
H~ Xs ��"_� �;~��'����
7����Xb�����7��
W~ s ��
b���G��
�X����\�h� ~ ��� � �;~�������
d�
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 ��~�����
\��
�XQ�_X����!������" ���NO

�&('$-�C#-68�?���'���Q��FX"�
�"�FT*b� )
zα

f
α ∈ Zn la*+$](2"���
�.��/.\"�


G
*,Uv� 
�.\"�
�)+K^*+U 〈α, γ〉 ≥ 0

Ya�d�!�

χ : (0, 1)→ G, χ(t) := (tγ1 , . . . , tγn).

�'" #?��q'I��/.
t ∈ (0, 1)

��Pe����#���n "�*,
�nT��"X�/$<��*+F_�����
γ

(k)
G (χ(t);χ′(t))

Y
��*+I~� 


f ∈ O(G,E)
�
ordχ(t) f ≥ k

Ydt]�'�1
Z�'�'$-*+
�n_|v� �!#��/
8�Q�1I�%H� 
�$-*+"�
Z�'Pe�;n��C�

f(z) =
∑

aαz
α,

PQ�'�C#��
aα =

1

(2πi)n

�

|ζ1|=r1,...,|ζn|=rn

f(ζ) dζ1 . . . dζn
ζα+1

*+$Q*,
�.��C%Z�1
�.��/
8�&" U
r = (r1, . . . , rn) ∈ G ∩ Rn>0

Ya�?" ���:���'���

|aα| ≤
1

rα
Uc" #&� 
8K

r ∈ G.f��7Y���Y��8l

��#�"�F f���Y���Y��8l�*+�QUc"�),)+"�PQ$����'���
aα = 0

*+U 〈α, γ〉 < 0
Ydt]���C#��/Uc" #����

f(z) =
∑

α∈Zn:〈α,γ〉≥0

aαz
α, z ∈ G.

tv��3!*,
�n
r1 < 1

*,
¢f��7Y���Y��8l:�W#-(H*L�-#=��#�*,)LKS)b�W#�n��5� 
�.
rj

��#-('*+�-#=��#�*+)+KS>1)," $-�X��"
δ
fg" #���"

δ−1 l=� j =

2, . . . , n
�!Pe��" (��=� *,


|aα| ≤ δ|α2|+···+|αn|.
tv��3!*,
�nX.��C#�*+6 ����*+6��/$]Pe���'�/68�

1

s!
f (s)(χ(t))(X1t

γ1−k/s, . . . , Xnt
γn−k/s) =

∑

〈α,γ〉≥0

(
aα
∑

|β|=s

1

β!
pβ(α)Xβt〈α,γ〉−k

)
,

s ∈ N, X = (X1, . . . , Xn) ∈ Cn.
r7*,
�>1�

ordχ(t) f ≥ k
�H*L�QU`"�)+),"�PQ$]���'���

∑

〈α,γ〉≥0

aαt
〈α,γ〉−k ∑

|β|=s

1

β!
pβ(α)Xβ = 0, 0 ≤ s < k, X ∈ Cn.f���Y ��YL¥ l

@B" #��1"�68�C#/�

1

k!
f (k)(χ(t))(χ′(t)) =

1

k!

∑

〈α,γ〉≥0

aα〈α, γ〉kt〈α,γ〉−k
f���Y ��Y�j�l

+
1

k!

∑

〈α,γ〉≥0

aαt
〈α,γ〉−k ∑

|β|=k

k!

β!
(pβ(α)− αβ)γβ .

J %�%')+K!*+
�nQ|��/FXFX�Q��Y���Y,�/�Q��
'.5f��7Y���Y�¥�l�$-�'"/PQ$����'���O�����a$-�1>/" 
'.;���C#�Fw*,
5f��7Y���Y j8lH6�� 
�*+$-�'�1$1Yu}?�1
'>1� �
Pe�;�'�/68�

1

k!
f (k)(χ(t))(χ′(t)) =

1

k!

∑

〈α,γ〉≥0

aα〈α, γ〉kt〈α,γ〉−k.

��
~6�*,�CP "�U������
��(2"�6����/$<��*+F_����� ��Pe�;" (��=� *,


γ
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cG(w, z) ≥ lim

z→z0
cC\B(aj ,rj)

(w, z)

= lim
z→z0

cE∗

(
rj

w − aj
,

rj
z − aj

)
= lim
z→z0

cE

(
rj

w − aj
,

rj
z − aj

)
=∞,

$-*+
'>1� |rj/(z − aj)| → 1
� $
z → z0 Y
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k ∈ N � aj := 2−j
�'� 
�.

rk,j := 2−jj−k−1 � j ∈ N Yer7*,
�>1�

lim
s→∞

(
s

s− 1

)2
1
k
√

2
=

1
k
√

2
< 1,

Pe�;F_�/K\>R��"�" $-�
�
k̃ ∈ N $-��>R�\���H�W�

(s/(s− 1))2/ k
√

2 < 1
�
s ≥ k̃ Ya�d�!�

Gk := E∗ \
⋃

j≥k̃

B(aj , rk,j).
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∃c=c(k)>0 : γ
(m)
Gk

(z; 1) ≤ c

−z(− log(−z))(k+1)/m
, z ∈ [−1/2k̃−1, 0), m ≤ k.f���YL¥7Y,���Wl

��
BUg��>1�/�2),�C�
z ∈ [−1/2k̃−1, 0)

Y;t]���1
0���'�C#����CI!*,$<�;�_�'
�*,[7���
N ∈ N � N ≥ k̃

�Z� 
�.S�
b ∈ (1, 2]$-��>=�����'���

z = −b/2N Ydt]���1#��1U`"�#����

N∑

j=k̃

rk,j
(aj − z)m+1

≤
N∑

j=k̃

rk,j

am+1
j

=
N∑

j=k̃

2jm

jk+1

f���Y�¥7Yb�/�8l

≤ 2Nm

Nk+1

∞∑

j=0

δj ≤ 1

1− δ
2Nm

Nk+1
,

∞∑

j=N

rk,j
(aj − z)m+1

≤
∞∑

j=N

rk,j
(−z)m+1

=
∞∑

j=N

2N(m+1)

2jjk+1bm+1

f���Y�¥7Yb�/�8l

≤ 2N(m+1)

2NNk+1

∞∑

j=0

1

2j
≤ 2Nm+1

Nk+1
.
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δ < 1
$-��>R�~���'���

2(s−1)m

(s− 1)k+1
≤ δ 2sm

sk+1
,

Uc" #
s ≥ k̃ � m ≤ k YLl
���:%'�!�

ĉ := 1/(1− δ) Y �?$-*,
�n0f���Y�¥7Yb����le� 
�.�f���YL¥8Yb���8laPe��n��C�

∞∑

j=k̃

rk,j
(aj − z)m+1

≤ (ĉ+ 2)2k(log 2)k+12Nm

bm(log(2m/b))k+1
=:

C1

(−z)m(− log(−z))k+1
.
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|f (m)(z)| ≤ C
(

1 +
C1

(−z)m(− log(−z))k+1

)
≤ 2CC1

(−z)m(− log(−z))k+1
, f ∈ O(G,E),
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C = k!2k+1 ≥ m!2m+1 � m ≤ k
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C = C(k)
Ub#�"�F |��1FXF_�_��Y�¥7Y ©TPe" #-3!$�U`" #&��),)

m
�
m ≤ k YLltv"T%�#�"�68�_f`(ZldPe�;>1)b� *+F����'���

∀l>k ∃c=c(k,l)>0 : γ
(l)
Gk

(z; 1) ≥ c

|z| log(1/|z|) , |z| < 1

2k̃−2
, z ∈ Gk.
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l ∈ N � l > k

�Z� 
�.A�
w ∈ Gk

Y:tv��38�G�

z ∈ Gk
� |z| < 1/2k̃−2 ��� 
�.~� C1 p�>1��#-6�� α : [0, 1]→ Gk

>1"�
�
'�1>C��*,
�n
z
PQ*+���

w
Ydt]�'�1
5Pe�:�'�/68�

1�

0

γ
(l)
Gk

(α(t);α′(t)) dt ≥ c
tα�

0

|α′(t)| dt
|α(t)| log(1/|α(t)|) ≥ c

tα�

0

d
dt |α(t)| dt

|α(t)| log(1/|α(t)|)

≥ c
tα�

0

d

dt
(− log log(1/|α(t)|)) dt = c

(
log log

1

|z| − log log 2k̃−2

)
,
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tα := sup{t ∈ [0, 1] : |α(τ)| < 1/2k̃−2, 0 ≤ τ ≤ t} Y¡r7*,
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�
γ

(l)
Gk

(w, z) ≥ c(log log(1/|z|)− log log 2k̃−2) −→
z→0
∞,
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z ∈ Gk ∩B(0, 1/2k̃−2)
Yat]���/
^Pe�;�'�/6��:��"

q'
�.0� 

f ∈ O(Gk, E)

$�����*+$-UcK!*+
'nT������Uc"�),)+"�PQ*,
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• f(z) = f ′(z) = . . . f (l−1)(z) = 0
�

• |f (l)(z)| ≥ c/(|z| log(1/|z|))l �!PQ�'�C#�� c *+$Q*+
'.��C%2�/
�.��/
8�Q"�U
z
Y

J n8��*,
BPe��P�#�*+���
z
��$
z = beiθ/2N

PQ*+���
N ∈ N � b ∈ (1, 2]

�O� 
�.
θ ∈ [0, 2π)

YG�Q('$-�1#-6��G���'���
N ≥ k̃ − 1

Ya�d�!�

f(λ) :=

l−1∑

j=0

αb,θ,j(2
−N−j−1 − λ)−1 + 2N+1βb,θ, λ ∈ Gk,

f���Y�¥7Yb�/�8l

PQ���C#��
αb,θ,0 := 1

��
'.
αb,θ,1, . . . , αb,θ,l−1, βb,θ ∈ C

.��C%Z�1
�.S" 
')LKB" 

b
��
'.

θ
� 
�.S��#��T$-��>=�

���'����fg" (76!*+"���$-)+K
f ∈ O(Gk)

l
f(z) = · · · = f (l−1)(z) = 0
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|f (l)(z)| =
∣∣∣∣
l−1∑

j=0

αb,θ,j l!

(
1

2N+j+1
− beiθ

2N

)−l−1∣∣∣∣

≥
∣∣∣∣
l−1∑

j=0

αb,θ,j

(
2N+j+1

1− 2j+1beiθ

)l+1∣∣∣∣ = 2(N+1)(l+1)|Bl,b,θ|,

PQ���C#��

Bl,b,θ :=
l−1∑

j=0

αb,θ,j

(
2j

1− 2j+1beiθ

)l+1

.

@B" #��1"�68�C#/�H� $-$-��FX�;���'��� |Bl,b,θ| ≥ Bl > 0
�!PQ���1#��

Bl
*,$�*,
�.��1%2�1
'.��1
8�Q"�U

b
� 
�.

θ
Ydt]���1


‖f‖Gk ≤
l−1∑

j=0

|αb,θ,j |
rk,N+j+1

+ 2N+1|βb,θ| ≤ α
l + 1

rk,N+l

= α(l + 1)2N+l(N + l)k+1 ≤ c2N (N − 1)k+1 ≤ c2N (N − 1)l,
PQ���C#��

α := max{|αb,θ,j |, |βb,θ|}
��
'.

c
.��C%Z�1
�.�$G"�
�)+K�"�


k
� 
�.

l
YS�d�!�

g := f/‖f‖Gk ∈
O(Gk, E)

Yat]���/


|g(l)(z)| ≥ 2l+1Bl2
Nl

c(N − 1)l
≥ c̃1

(
2N log 2

b(log 2N − log b)

)l
≥ c̃

(|z| log(1/|z|))l ,
PQ���C#��

c̃1
� 
�.

c̃
��#��;>/" 
'$<�=��
7��$]���'���Q"�
�)+K\.��C%2�/
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k
Y
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IZ.^Ac.h

l ∈ N i"XPlu^jlAc.^dl�_yZ.pda3i"a��.lghyoE] kdl�^�p
α
c.h,q

Bl
pdoybuX i"XPc=i#,�Z.^�l �=l�^�e

z = beiθ/2N
� � XPl�^dl

b ∈ [1, 2)
�
θ ∈ [0, 2π]

� c.h'q
N ≥ k̃ − 1

� i"XPl�^jl$l�-.a3pdi bjZ.]x_'[\l�-ghyoE] kdl�^�p
αb,θ,j

�
j = 1, . . . , l − 1

� c.h'q
βb,θ
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• max{|αb,θ,j |, |βb,θ|
�
j = 1, . . . , l − 1, b

c.h,q
θ
c.p�cWkdZ �.l }| ≤ α �

• min{|Bl,b,θ| : b ∈ [1, 2], θ ∈ [0, 2π]} ≥ Bl
�

• f(z) = f ′(z) = · · · = f (l−1)(z) = 0
f+,�Z.^

f
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αb,θ,j
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f ′(z) = · · · = f (l−1)(z) = 0
n�*+6��/$]���'�;U`" ),),"/PQ*,
�n_$<K�$<���/F�" U

l − 1
�/[7�'����*," 
'$1�

l−1∑

j=0

s!

(
2N+j+1

1− 2j+1beiθ

)s+1

αb,θ,j = 0, s = 1, . . . , l − 1,

PQ��*,>=��*+$Q�/[7��*+6 � ),�1
8����"

l−1∑

j=1

s!

(
2j

1− 2j+1beiθ

)s+1

αb,θ,j = −
(

1

1− 2beiθ

)s+1

, s = 1, . . . , l − 1.
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Ab,θ,j :=
2j

1− 2j+1beiθ
, j = 0, . . . , l − 1.

�Q('$-�1#-68�����'��� |Ab,θ,j | ∈ [1/8, 1]
� 
�.A���'���

Ab,θ,µ 6= Ab,θ,ν
Uc" #

µ 6= ν
Y;�?"�P¤Pe�G>�� 
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l−1∑

j=1

As+1
b,θ,jαb,θ,j = −As+1

b,θ,0, s = 1, . . . , l − 1.
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|det[As+1
b,θ,j ]j,s=1,...,l−1| =

∣∣∣
l−1∏

j=1

Ab,θ,j

∣∣∣
2 ∏

1≤µ<ν≤k
|Ab,θ,µ −Ab,θ,ν | ≥ ε > 0,
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ε
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b
��
'.

θ
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αb,θ,j
�
j = 1, . . . , l−1
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βb,θ := −
l−1∑

j=0

Ab,θ,jαb,θ,j .
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|βb,θ| ≤
l−1∑

j=0

|Ab,θ,jαb,θ,j | ≤ lmax{|αb,θ,j | : j = 0, . . . , l − 1}.
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αb,θ,j

� $1Y y&�1>/� ),);���H�W� |Ab,θ,j |s+1 ∈ [2−3l, 1]
�
j =

0, . . . , l − 1
�
s = 1, . . . , l − 1

�
b ∈ [1, 2]

��� 
�.
θ ∈ [0, 2π]
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α̃ > 0
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|αb,θ,j | ≤ α̃
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Bl,b,θ 6= 0
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l−1∑

j=1

Al+1
b,θ,jαb,θ,j 6= −Al+1

b,θ,0.
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l−1∑

j=1

As+1
b,θ,jαb,θ,j = −As+1

b,θ,0, s = 1, . . . , l,
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D ⊂ Cn (Z�X�\$-FX"�"����')LKB(2"���
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868�CIS.�"�FX� *,
E� 
�.�)+�1�
z0 ∈ ∂D

YXt]�'�1

�����C#���*+$&�T
��1*,n��8(2" #���"�"�.

U = U(z0)
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r ∈ C∞(U,R)
$-��>R�~���'���

D ∩ U = {z ∈ U : r(z) < 0}
� 
�.

grad r(z) 6= 0
�
z ∈ U Y5@B" #��1"�68�C#/�u)+�1� V(z0)
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ψ : C0 → Cn
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ψ(0) = z0
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z0
*,U

τ(D, z0) := sup

{
ord0(r ◦ ψ)

ord0 ψ
: ψ ∈ V(z0)

}
<∞.
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c.h'q7,�Z.^ c.hye p�l���o!l�h'bdl
(zj)j ⊂ D

� a3i"XPZ.o iJcWbdbuoE]�oP[\c=i"aBZ.h�_yZ.a3h!i"pva3h
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D ⊂ Cn
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f ∈ C(D \B(0, r), E)∩

O(D \ B(0, r), E)
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D := {z ∈ C2 : u(z) := |z1|2(1 + |z2|2) < 1}.
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h'l�a&*.XPkdZ.^�XPZ<Z;q
U = U(a)

i"XPlu^jl�l�-.a3pdi"p�c h'lua+*=XPkdZ.^�XPZ<Z<q
V = V (a) ⊂ U

pdoybuX i"XPc=i#,uZ.^�c.hye
ϕ ∈ O(E,D)

�
ϕ(0) ∈ V � Z.h,l�XPc.p

ϕ(λ) ∈ U � |λ| < 1/2
�
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r > 0
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f ∈ C(D \B(0, r), E)∩O(D \B(0, r), E)
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limD3z→∞ f(z) = 1
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r = %
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u(z) := log |f(z)| � z ∈ D \ B(0, r)
Yat]���1


u ∈ C(D \ B(0, r), [−∞, 0)) ∩ PSH(D \ B(0, r)), lim
D3z→∞

u(z) = 0.
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r′, r′′

�
r < r′ < r′′

�'$-��>R�~���'���

sup{u(z) : z ∈ D ∩ ∂B(0, r′)} =: c′ < 0, f(z) 6= 0, ‖z‖ ≥ r′,
inf{u(z) : z ∈ D ∩ ∂B(0, r′′)} =: c′′ > c′.
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û : D → (−∞, 0)

(7K

û(z) :=





u(z),
*,U ‖z‖ ≥ r′′ �

max{u(z), (c′ + c′′)/2}, *+U
r′ < ‖z‖ < r′′

�

(c′ + c′′)/2,
*,U ‖z‖ ≤ r.
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limD3z→∞ û(z) = 0
Y
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ψ ∈ C(E,D) ∩ O(E,D)

Y��&('$-�C#-68�:���'���
û ◦ ψ ∈ C(E) ∩ SH(E)

Y�|v�C�
α < 0

Ya�d�!�

E(ψ, α) := {θ ∈ [0, 2π] : û ◦ ψ(eiθ) ≥ 2α}.
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α ≤ û ◦ ψ(0)
Yat]���/


α ≤ û ◦ ψ(0) ≤ 1

2π

2π�

0

û ◦ ψ(eiθ) dθ

≤ 1

2π

�

[0,2π]\E(ψ,α)

û ◦ ψ(eiθ) dθ ≤ α

π
(2π − Λ1(E(ψ, α))).

}?�1
�>/� �

Λ1(E(ψ, α)) ≥ π.f���Y���Y,�W¥�l
�d�!�

v(z) := log (|f(z)− 1|/2)
�
z ∈ D

Y¢t]���/

v ∈ C(D \ B(0, r)) ∩ PSH(D \ B(0, r))

Y
D���"�"�$-��� 


ε > 0
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sup{(u+ εv)(z) : z ∈ D ∩ ∂B(0, r′)} =: c′1 < 0,

inf{(u+ εv)(z) : z ∈ D ∩ ∂B(0, r′′)} =: c′′1 > c′1.
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v̂ : D → (−∞, 0)
(7K

v̂(z) :=





(u+ εv)(z),
*,U ‖z‖ ≥ r′′ �

max{(u+ εv)(z), (c′1 + c′′1)/2}, *+U
r′ < ‖z‖ < r′′

�

(c′1 + c′′1)/2,
*+U ‖z‖ ≤ r′ Y
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v̂ ∈ C(D) ∩ PSH(D)

�
v̂ < 0
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limD3z→∞ v̂(z) = −∞ Y f r7��>=�¢��Uc��
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v̂ ◦ ψ(λ) ≤ 1

2π

2π�

0

v̂ ◦ ψ(eiθ)
1− |λ|2
|eiθ − λ|2 dθ ≤

1

6π

2π�

0

v̂ ◦ ψ(eiθ) dθ, |λ| ≤ 1

2
.

f���Y ��Yb�/j8l

�?"�P���>R��"�" $-�
L > 0

$-��>R�\���H�W�

U ′ := {z ∈ D : v̂(z) < −L/6} ⊂ Cn \ B(0, r).
t]���1
~�����1#��;*+$&� 


α0 > 0
$-��>R�~���'���

V := {z ∈ D : û(z) > −α0} ⊂ {z ∈ D : û(z) ≥ −2α0} ⊂ {z ∈ D : v̂(z) < −L}.
�?"�P ),�C�

ϕ ∈ O(E,D)
(Z��$-��>R�¡���'���

ϕ(0) ∈ V
Y �&(76!*+"���$-)+K��]Pe�BFX�/K£��),$-"�� $-$-��FX�0���H�W�

ϕ ∈ C(E,D)
Y J %�%')+K!*+
'n�f���Y���Y,�W¥�le� 
�.�f��7Y���Y,��j8laPe���H�168���'Uc" #

λ ∈ E � |λ| ≤ 1/2
�

v̂ ◦ ϕ(λ) ≤ 1

6π

2π�

0

v̂ ◦ ϕ(eiθ) dθ ≤ 1

6π

�

E(ϕ,α0)

v̂ ◦ ϕ(eiθ) dθ ≤ −LΛ1(E(ϕ, α0))

6π
≤ −L

6
,

*gY � Y
ϕ(λ) ∈ U ′ Y

� Ue>,U � ��<�>�� ��Y���Y ©!V 1 l�i D ⊂ Cn
c.h'q

a
kjl c.p a3h 1 l�]�] c���Y���Y � � 1 l�i U = U(a)

kdl c.h e
h'l�a&*.XPkdZ.^�XPZ<Z;q Z ,

a
� �JXPl�h8i"XPlu^jlgl'-=a(p�i"p cAh,lua&*.XPkdZ.^�XPZ<Z<q

V = V (a) ⊂ U
pdoybuX*i"XPc=i ,�Z.^$c.hye

bdZ.h h'ldb�i`ljq
bdZ.]x_yZ.h'l�h!i
V ′

Z ,
D ∩ V i"XPl_,�Z=[([\Z�� a3h\*$a(h'l���o!c=[fa"i"eYa3p i"^�oyl��

2κD(z;X) ≥ κV ′(z;X), z ∈ V ′, X ∈ Cn.
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(zj)j ⊂ D

PQ*+���
zj → z0

�H� 
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Xj ∈ Cn

PQ*L��� ‖Xj‖ = 1
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κD(zj ;Xj) < 1/j
�
j ∈ Nfg$-�1��t]���1" #��/F ¥8Y���Y �X*,
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ϕj ∈ O(E,D)
$-�'>=�0���'���

ϕj(0) = zj
� 
�. ‖ϕ′j(0)‖ > j
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j ∈ N YeoeK^�����TDe� ��>=�7K~*+
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(λj)j ∈ 1
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λj → 0

�'$-��>R�~���'��� ‖ϕj(λj)‖ → ∞
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ϕ̃j := ϕj ◦ (−hλj )
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ϕ̃j ∈ O(E,D)

PQ*+���
ϕ̃j(λj) = zj

� 
�. ‖ϕ̃j(0)‖ → ∞ Y��d�!�
R := 2‖z0‖ + 1
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R′ > R
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(zj)j ⊂ D
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A := sup{kD(z0, zj) : j ∈ N} <∞ � 
�.

�1*+�����C#
zj → z∗ ∈ ∂D " #

zj → ∞
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f ∈ C(D \ B(0, r), E) ∩ O(D \ B(0, r), E)
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αj(0) = z0, αj(1) = zj ,
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0

κD(αj(t);α
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j(t)) dt < A+ 1.
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R > max{‖z0‖, r}
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2κD(z;X) ≥ κU (z;X)
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z ∈ U �

X ∈ Cn Ya@B" #��/"/68�1#/��" ('$-�1#-6��;���H�W� |f | ≤ C < 1
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D ∩ ∂B(0, R)
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αj((tj , 1])
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0

κD(αj(t);α
′
j(t)) dt ≥

1�

tj

κUj (αj(t);α′j(t)) dt ≥
1�

tj

κE(f ◦ αj(t); (f ◦ αj)′(t)) dt

≥ min{kE(f(zj), λ) : |λ| ≤ C} −−−→
j→∞
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D := {(z, w) ∈ C3 × C : |z1z2z3| < 1, 0 < |w| < e−max{|zj |:j=1,2,3}}
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R > 1
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�.B�
ϕ ∈ C(D \ B(0, R)) ∩ PSH(D \ B(0, R))
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ϕ < 0
�H$-��>=�~���'���

limD3(z,w)→∞ ϕ(z, w) = 0
Ya��*LI~� 


a ∈ C PQ*+��� |a| = 2R
� 
�.�.��Cq'
'�

Da := {z ∈ C2 : 2R|z1z2| < 1}, ua(z) := max{|z1|, |z2|, |a|}, z ∈ Da.

@B" #��1"�68�C#/��%H�!�

Ω := {(z, λ) ∈ Da × C : |λ| < e−ua(z)}.
��*+
'� ),)LKZ��.��Cq'
'�

ϕa : Ω → [−∞,∞)
��$
ϕa(z, λ) := ϕ(z, a, λ)

Y~t]���1

ϕa ∈ PSH(Ω)

� 
�.
ϕa(·, 0) ∈ PSH(Da)

Y:o�K������G|�*,"��!6!*+),)+�����'�1" #��1F~�������1#���*,$;�
ψ ∈ SH((1/2R)E)

$-��>R�B���'���
ϕa(z, 0) = ψ(z1z2)

�
z ∈ Da
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ψ(0) = lim sup
R3t→∞

ψ

(
1

2Rt

)
= lim sup
R3t→∞

ϕa

(
t,

1

2Rt2
, 0

)
=: C ≤ 0.
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C = 0

�������XFX��I!*,F
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ψ ≡ 0

"�
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ϕ(·, a, 0) ≡ 0
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ϕ < 0
Ya}?�/
�>1���

C < 0
Y

�?"�P >=�'"7"�$-�
�
t0 > 2|a| $-��>R�~���'���QU`" #&��),)

t > t0
�

lim
06=λ→0

ϕ

(
t,

1

2Rt2
, a, λ

)
= ϕa

(
t,

1

2Rt2
, 0

)
<

3

4
C.

r7"��'U`"�#
t > t0

�������C#���*+$&� 

εt > t

$-�'>=�~���'���

ϕ

(
t,

1

2Rt2
, a, λ

)
<

1

2
C, 0 < |λ| < e−εt .

�?"�P�" ('$-�C#-68�����'���
max{t, 1/2Rt2, |a|} = t

�
t > t0

�Z� 
�.
εt → ∞

*,U
t → ∞ Y:t]���1#��1U`" #�� ��Pe�

F_�1K_>R��"�" $-�:��$-�/[7���/
�>1�
((tj , 1/2Rt

2
j , a, λj))j ⊂ D∩ (R2×{a}×C)

$-��>=�_���H�W�
t0 < tj →∞� 
�. |λj | < e−εj

Ya}?�1
'>1� ��Pe�;�H�168�

0 = lim
j→∞

ϕ

(
tj ,

1

2Rt2j
, a, λj

)
≤ C
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log (‖z − z0‖/R)
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8K�(2"���
�.'��#-K�%2"�*+
8�

� .�FX*L��$&�T)+"�>/� )Z%'$-�~%Z�/��3\� 
�.0� 
8��*L%Z�/��3\Uc��
'>C��*," 

?��
A����*+$;>1"�
8���CI��;" ('$-�C#-68�G���'���:�����C#��G�1I!*+$<��$;�^$-FX"�" ����)+K0(2"���
�.��/.B%'$-�/��.�"�>1"�
868�CIB.'" F_� *,


D ⊂ C3 $-��>R�����'���~�/� >R�¢(2"���
�.'��#-K¢%2"�*+
8��"�U
D
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C
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D := {(z, w) ∈ C× C : Rew + P (z) < 0}
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k
p�>/"�FG%H)+�1��� Y
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f`(2l^|��C�
P

(2����#��/� )Lp�6�� )+���/.\>/"�
868�CI5%2"�)LK!
�"�FX*,� )Z"�

Cn

�
P (0) = gradP (0) = 0

�!PQ*+����"��!�
�'��#�FT"�
�*,>B���1#�FX$1�&$-��>=�����'���5���'�B$-�1� {z ∈ Cn : P (z) = 0} .�"��1$^
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D := {(z, w) ∈ Cn × C : Rew + P (z) < 0}
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k
p�>/" FT%'),�C����.'" F_� *,


(4)
Y

(4) �=~d~ ����"�� @#
W~���
H~�� (=� � � g ��� E F�HKJ ��M�M � P7�&��
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|v�C�
G ⊂ Cn

(2�S��.�"�F_� *+
OY¤���B.'�1
�" ���B(7K
L2

h(G)
���'�B}?*,)+(2�C#-�\$<%H� >1�A"�U
� )+):$�[7�'��#��
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7���1n #=��(')+�dUc��
'>C��*," 
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G

PQ�'*+>R�
�W#��a��"�)," FX" #-%'��*,> ��*L�v*+$v�]>1),"�$-�1.�$-�!(H$<%H� >1�a"�U
L2(G)

Yvt]�'��38�CK
��"�" )�*+

����*,$u>=�H�W%'���C#�*+$v������U`" ),),"/PQ*,
�n?�1I7���/
�$-*," 

�����/" #��1F .'���d��"?t:Y��?��$��/P]�?� 
�.�iXY�tv��38�1n�"�$-��*
h �?��$<p tu�W3E��� j8¥�k�Y
��� NyUe>SN :s��Y,� Yb�WV 1 lui D kdl�c
kdZ.oPh,qWldq�_,p�l�o!qWZ<bdZ.h �=l�-gqWZ.] c.a(h a3h

Cn
c.h'q

H
c.hCc��8h'l�pjo!k +pB_ycWbdl
Z ,

Cn
� �IXPluh i"XPl�^jl a3p c�_yZ.pda"i"a��=l
bdZ.hypdi`c.h!i

C
� � XWaBb�X qWlH_yluh,q.p$Z.hy[ e*Z.h8i"XPlgq.aBc.]Yl�i`l�^

Z ,
D

c.h'q Z.h
n
� pdoybuX8i"XPc=i�,uZ.^ c.hye

f ∈ L2
h(D ∩ H)

i"XPlu^jl�a3pAc.h
F ∈ L2

h(D)
pdoybuX8i"XPc=i

F |D∩H = f
c.h'q ‖F‖L2

h(D) ≤ C‖f‖L2
h(D∩H)

�
@B" #��/"/68�1#/�HPe��#��/>/� ),)������
U`" ),),"/PQ*,
�n5"�
��1p�.�*,FT�/
�$-*," 
H��)v#��1$-�')L�Xfg$-�1�5h |�*,
��/�8¥�¥�k��uh�D�������������k`l

PQ��*,>=�~PQ*+),)Z(2����$-�1.�$-�!(H$-�/[7���1
7��)LK8Y
��� NyUe>SN : ��Yb��Y�� V 1 lui D ⊂ C kdlYcgkdZ.oEh'qWldqgqWZ.] c.a3hv�

z0 ∈ ∂D
�vc.h'q

f ∈ L2
h(D)

� �IXPluhS,uZ.^
c.hye

ε > 0
i"XPlu^jl�l�-.a3p�i c�h'lua+*=XPkdZ.^�XPZ<Z<q

U = U(z0)
c.h'q$c ,doEh'bui"aBZ.h

g ∈ L2
h(D ∪U)

pjo!b�X
i"XPc=i
‖f − g‖L2

h(D) ≤ ε
� �jh�_yc.^ui"a6buoP[ c.^7�Ii"XPlxpdoykupB_ycWbdl�Z ,xc=[([�,doEh'b�i"a6Z.hyp a(h

L2
h(D)

�JkdZ.oEh'qWldq�h'ldc.^
z0

�
a(p�qWl�hyp�l�a3h

L2
h(D)

�
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∂
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∂
p

%�#�" ('),�1F fg$-�/�Xh �a�B� ������k`l=Y
r ^jZ<Z , � ���BF_�/K¢� $-$-��FX�B���H�W�

z0 = 0 ∈ ∂D
� 
�.£���H�W�

D ⊂ E
Y¤��*LI

f ∈ L2
h(D)

� 
�.
�A$-� �X>/*+�/
8��)+K $-F_��),)

ε ∈ (0, 1/2)
Y��d�!�

ψ(z) := − log(log(1/|z|)) � z 6= 0
Y£�&('$-�C#-68�~���'���

ψ ∈ C∞(C∗) ∩ SH(C∗)
� 
�.
∣∣∣∣
∂ψ

∂z

∣∣∣∣
2

=
∂2ψ

∂z∂z
= (log |z|2)−2|z|−2 > 0.

@B" #��1"�68�C#/�'),�C�
χ ∈ C∞(R, [0, 1])

�

χ(t) :=

{
1

*,U
t ≤ 1− log 2

�

0
*,U
t > 1

�
(2�;$-�'>=�~���'��� |χ′| ≤ 3

Y
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��
%ε(z) := χ(−ψ(z) − log(log(1/ε)) + 1)

�
z ∈ C∗

Y �Q('$-�1#-68�B���'���
%ε(z) = 0

*,U
0 < |z| < ε

�e� 
�.
%ε(z) = 1

*,U |z| > √ε Y�t]���/

α := ∂(%εf)

*,$_� C∞ ∂
p

>1),"�$-�1.
(0, 1)

p�Uc" #�F " 

Dε := D ∪ B(0, ε)

Ye�?"�P Pe�;PQ*,$-����"5��%�%')+K\�����
Uc"�),)+"�PQ*,
�nX���'�1" #��1F " U
o]�C#�
�.!��$-$-"�
ZY
��� NyUe>SN : f<h o]�C#
��� � �WkgluV 1 lui Ω ⊂ Cn

kdl c kdZ.oEh'qWldq$_,p�l�o!qWZ<bdZ.h �=l�- qWZ.] c.a3h � 1 l�i ϕ, ψ ∈
PSH(Ω)

�
ψ
p�i"^jZ.hT*=[fe _,pdX2� kdl�pdo!b�Xgi"XPc=i2,uZ.^�c.h e

X ∈ Cn �
n∑

j,k=1

∂2ψ

∂zj∂zk
(z)XjXk ≥

∣∣∣∣
n∑

j=1

∂ψ

∂zj
(z)Xj

∣∣∣∣
2

Z.h
Ω
� 1 l�i δ ∈ (0, 1)

c.h,q
α =

∑n
j=1 αjdzj

kdl�c
∂ + bu[\Z.p�ldq (0, 1) + ,�Z.^�] � �JXPl�hti"XPlu^jl�l'-=a(p�i"p�c

p�Z=[foPi"aBZ.h
u ∈ L2

loc(Ω)
Z ,
∂u = α

pdoybuXgi"XPc=i
�

Ω

|u|2e−ϕ+δψ dΛ2n(z) ≤ 4

δ(1− δ)2

�

Ω

n∑

j,k=1

ψj,kαjαke
−ϕ+δψ dΛ2n(z),

� XPl�^dl
(ψjk)

qWl�h'Z=i`lup�i"XPl�a3h �.lu^�p�l�] c=i"^�a&-
Z ,
(∂2ψ/∂zj∂zk)

�
tu��3��

ϕ := (1/2)ψ
� 
�.

δ := 1/2
Y�t]���1
X�����C#��Q�CI!*,$<��$a�;U`��
�>1��*+"�


uε
�
∂uε = α

"�

Dε \{0}

�
$-��>=�����'���

�

Dε\{0}
|u|2e−ϕ+δψ dΛ2(z) ≤ 4

δ(1− δ)2

�

Dε\{0}

|α|2
|∂2ψ/∂z∂z|e

−ϕ+δψ dΛ2(z)

= 16

�

z∈D, ε≤|z|≤√ε

|χ′|2|f |2 dΛ2(z).

t]���1
~�����;U`��
�>1��*+"�

fε := uε − %εf

(2�1),"�
�n�$]��"
L2

h(Dε \ {0})
��
'.

‖f − fε‖L2
h(D) ≤ ‖(1− %ε)f‖L2

h(D) + 160‖f‖L2
h(D∩B(0,

√
ε)) ≤ C‖f‖L2

h(D∩B(0,
√
ε)) −→

ε→0
0,
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C
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fε ∈ O(Dε)
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L2

h(G) 3 f 7→ f(w)
f
w ∈ G l�*,$&>1"�
8��*,
7�!p
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'*,[7���/)LK~.��Cq'
'�1.~U`��
�>1��*+"�

KG(·, w) ∈ L2

h(G)
$-��>=�����'���

f(w) =

�

G

f(z)KG(z, w) dΛ(z), f ∈ L2
h(g), w ∈ G.
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(ϕj)j∈N ⊂ L2

h

��PQ�'�C#��
N ⊂ N �'
'� FT�/)LK

KG(z, w) =
∑

j∈N
ϕj(z)ϕj(w), z, w ∈ G.

9�N;:=<�>�? ��Y,� Y�� V
yQ�/>/� )+):���'���\�����1#��E��#��S.�"�FX� *,
�$
Gk ⊂ C2 Uc" #~PQ��*,>=�

dimL2
h(Gk) = kh � *,n~����j�© k�Y

?
� �;*,$;��
!3!
�"�PQ
SPQ���C�����1#

dimL2
h(G) = ∞ *+U

G ⊂ Cn � n > 1
�O*+$��^%'$-�1�'.�" p

>1"�
868�CI\.�"�F_� *+
~PQ*+���
L2

h(G) 6= {0} Y ?
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w
��FX" #��1"�68�C#/�ZPe�T�'�/68�

KG(z, w) = KG(w, z)
�
z, w ∈ G Y]��U

Φ : G → D
*+$?�X('*+�'" ),"�FX"�#-%H��*+>�F_��%�%'*,
�n_(2�1��Pe�1�/
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.�"�F_��*,
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D
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G
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KD(Φ(z), Φ(w)) detΦ′(z) detΦ′(w) = KG(z, w), z, w ∈ G.
@B" #��1"�68�C#/�u�����C#��_*+$G�~�-#=��
'$-Uc" #�F_����*+"�
�)b�/Ps�C68�/
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'n $�.��'�X��"
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Pe�;�'�/68�

�

H

f(z)α(z) ∧ α(z) = ω(∂K)

∞�

0

t2n−3

�

∂K

f(tζ) dµ(ζ) dt,
f���Yb��Yb�Wl

%�#�"�6!*+.��/.~�����;*,
8���1n #=� ),$�F_��38�;$-�1
'$-� Y
@B" #��/"/68�1#/�'��$-*,
�nX$<%'�'�C#�*,>/� )O�'��#�FX"�
�*+>/$1�H" 
'�;" (��=� *+
'$]������Uc"�),)+"�PQ*,
�nT#��/$-��)+�/�

�

∂K

(z • w)k(ξ • w)k dµ(w) =
(z • ξ)k
N(k, n)

, z ∈ K, ξ ∈ Cn+1,
f���Y,� Y���l

PQ���C#��

N(k, n) :=
(2k + n− 1)(k + n− 1)!

k!(n− 1)!
.

�?�CI��/��),�C�
f ∈ O(K)

(2�
�G�'" FX"�n��1
��/"���$�%2"�)+K�
'" FX*b� )Z"�Uu.��/n #��1�
k
Yd��*LI

z ∈ K
Ydt]�'�1


f(z) = C(k, n)

�

K

〈z, w〉kf(w)α(w) ∧ α(w),
f���Yb��Y��8l



� � � ��@7
W~���~�
H���!��� �;~'
��W~�� � ��O

PQ���C#��

C(k, n) :=
2(2k + n− 1)(n+ k − 1)!

ω(∂K)(n− 1)!k!
.

��
�U`� >C�/���'$-*+
�nBf���Y,� Yb��ldPe���H�168�

�

K

〈z, w〉kf(w)α(w) ∧ α(w) = ω(∂K)

1�

0

t2n−3+2kdt

�

∂K

〈z, w〉kf(w) dµ(w).

yQ�1>�� )+)?���H�W�
f

*,$���),*+
'�/��#�>1"�F
('*,
'����*+"�
w" UG��q'
�*+���S
7��F
(2�C#0" U
%2"�)LK!
�"�FX*,� ),$~"�U������SU`" #�F
z 7→ (z • ξ)k � ξ ∈ Sn Yer7"��'*L��#��/FX� *,
�$���"_��%�%')+KEf��7Yb� Y �8ld��"Xn��C�������;>/),� *,F f���Y,� Y��8l=Y

��
�" #�.��C#���"T(2�
��(')+�;��"X>1"�
8��*,
7��� �'Pe�;%�#�"�6��;�����;U`"�)+),"�PQ*+
'n
� N;:5: <£��Yb� Y,�/�yV 1 l�i f ∈ O(K)

� �JXPl�hti"XPlu^jl�c.^dl�XPZ.] Z'* l�h'ldZ.oEp _yZ=[fe=h'Z.]�aBc=[fp
fk

Z ,�qWlI*.^dljl
k
�

k ∈ N0
�0pdoybuX
i"XPc=i

f(z) =

∞∑

k=0

fk(z), z ∈ K,

c.h'qYi"XPl�bjZ.h �=l�^I*Wluh'bjl�a(p oPhya ,�Z.^�] Z.hCbjZ.]x_ycWb�i�pdoykup�lui"p�Z ,
K
�

r ^jZ<Z , ���Q('$-�1#-68�����'���
A := {0} ∪ K

*+$���
E� 
'� )LK���*,>G$-�!('$-�C��" U
B = Bn+1

Y
� �:*,$:>/)+���W#:���'���
0*+$������X"�
�)+KA$-*,
�n���)b��#�*L��KE" U

A
�u*+�
*+$��~
�" #�FX� )a$-*+
'n �'),��#�*+��KSU`"�#

n ≥ 2
Y_}?�/
�>1�

A
*+$
�~
�" #�F_� )

>1"�FT%'),�CI£$<%H� >/�A� 
�.������AUc��
'>C��*," 

f

�CI����1
'.�$^��"�),"�FT" #-%'�'*+>���),)+K¡��" ��U`��
�>1��*+"�

f̃ ∈ O(A)

Y
J %�%')+K!*+
�n\De��#-�=� 
 � $?t]���1" #��1F o Pe�
q'
�.B� 


f̂ ∈ O(B)
Uc" #QPQ��*,>=�

f̂ |A = f̃
Y�t]���1#��1U`"�#��������1#��

��#��T��"�FX" n��/
��1"���$;%2"�)LK!
�"�FX*,� ),$
fk

"�Ud.��/n�#��/�
k
$-��>R�A���'���

f̂(z) =
∑∞

k=0 fk(z)
�
z ∈ B �v� 
�.�����;>/"�
868�C#�n��1
�>/�;*,$�),"�>/� ),)LK\��
�*,U`"�#�F~Y

9:�/
�" ���:(7K
L2(K)

�����;$<%���>/��"�Uu� ),)ZFX�/� $-�!#=��('),�
Uc��
'>C��*," 
'$�" 

K

$�����*+$-UcK!*+
�n

‖f‖L2(K) :=

( �

K

|f(z)|2 α(z) ∧ α(z)

(−1)n(n+1)/2(2i)n

)1/2

<∞,

� 
�.�)+�1�
L2

h(K) := L2(K) ∩ O(K)
Y5t]���/
EPe�X�'�/68�T�����_Uc"�),)+"�PQ*,
�n�U`" #�F���),��Uc" #������Xo]�C#�n�F_� 


38�C#�
��/)ZU`��
�>1��*+"�
�"�U������;$<%H� >/�
L2

h(K)
�

� N;:5: <¡��Yb��Yb���WV �IXPlB6 l�^8*=] c.h 
=lu^�h,l�[�,joPh'bui"aBZ.h a(p=*=a��=l�hCkue

KK(z, w) =
2(−1)n(n+1)/2(2i)n

ω(∂K)

(
(n− 1)

(1− 〈z, w〉)n+1
+

2n〈z, w〉)
(1− 〈z, w〉)n+1

)
, z, w ∈ K.

r ^jZ<Z , ����*+I
z ∈ K

Ydt]���1
O�'��%�%')+K!*+
'nX|��/FXFX�5��Y,� Yb�1�X� 
�.�f���Y,� Y��8l=�!Pe��"�('�=��*,


f(z) =

∞∑

k=0

fk(z) =

∞∑

k=0

C(k, n)

�

K

〈z, w〉kfk(w)α(w) ∧ α(w)
f���Yb��Y ©�l

=

�

K

KK(z, w)f(w)
α(w) ∧ α(w)

(−1)n(n+1)/2(2i)n
.

�aI7%H)+"�*+��*+
�nT������),� $<�&Uc" #�F���)b�T),�/� .�$���"T�����;$<�=�����1FX�/
8�Q*+
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8��*,
7���;PQ*+���\������$-�1>1"�
�.�"�
���Y
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|v�C�
π : K → M \ {0} � π(z̃, zn+1) := z̃

�
z = (z̃, zn+1) ∈ K

Y&t]���/

π
*,$?�_%�#�" %2�C#:FX��%A"�U

.��1n #��/�
��Ya� ��$](�#=� 
�>=�'*+
�n_)+"�>/��$�*,$�>/� ),)+�/.
W

��),�C�
V := π(W )

Y�9:�1
'"����;�����;)+"�>���)O*,
868�C#�$-�1$&" U
π(7K

ϕ
� 
�.

ψ
Ydt]�'�CK~��#��;n�*L68�/
~U`" #

z ∈M \ V (�K

ϕ(z) = (z, i
√
z • z), ψ(z) = (z,−i

√
z • z).

t]���1
\��>�� )+>/��),����*,"�
5)+��� .�$d��"
�����&Uc"�),)+"�PQ*,
�n�.��1$->1#�*L%���*,"�
^" U2���'�Q%'��),)+p�(H� >�3_"�U
α
�'
�.��C#

ϕ
� 
�.

ψ"�

M \ V �

f���Y,� Y���l ϕ∗(α) =
n+ 1

i
√
z • z (−1)ndz1 ∧ · · · ∧ dzn,

ψ∗(α) =
n+ 1

−i√z • z (−1)ndz1 ∧ · · · ∧ dzn.
|v�C�

PK
.��1
'"����
������o]�C#�n�F_� 
�%'#�"�xN�/>C��*,"�
0"�


K
��
'.

PM
������o]�C#�n�F_� 
�%'#�"�xN�/>C��*,"�
0"�


M
Y

t]���1
~Pe���'�/6��;���'�;U`" ),),"/PQ*,
�nT#��1)b����*+"�
ZY
� N;:5: <¡��Yb��Yb��� V 1 lui f ∈ L2(M)

���JXPl�h
PK(χ · f ◦ π)(z) = zn+1PM(f)(π(z)), z ∈ K,

� XPl�^dl
χ(z) := zn+1

�
z ∈ K

�
�?"�P ��%�%')+K!*+
�n^|v�1FXF_�\��Y,� Yb���7�2Pe�
q'
�.S�_P]�/K���"5�1I�%�#��1$-$&������o]�C#�n�F_� 
038�C#�
��/)vU`��
�>1��*+"�


"�U
M

*,
~���C#�FX$�"�Uv�����;o]�C#�n�F_� 
\38�1#�
��1)OUc�'
�>C��*,"�
~Uc" #
K
Y

� N;:5: <¡��Yb��Yb��� V 1 lui ϕ c.h'q
ψ
kjl�i"XPl�[\Z<bdc=[La(h �=l�^�p�lup�c.p�cWkdZ �=l�� �IXPluh

zn+1KM(π(z), w) = (n+ 1)2

(
KK(z, ϕ(w))

ϕn+1(w)
+
KK(z, ψ(w))

ψn+1(w)

)
, z ∈ K, w ∈M \ V.

r ^jZ<Z , ����*+I��
w ∈M\V � 
�.
>=�'"7"�$-��� 


r > 0
$-�'>=�����'���

w+rEn bM\V Yu��
�6!*+�1P�"�U!yQ�/F_�W#-3
��Y,� Y ©T*+
�h � p����/�����Wk��!Pe�;F_�/K5q'
�.0� C∞ p�Uc��
'>C��*," 


u : Cn → [0,∞)
�
supp u ⊂ w+ rEn

��$-��>R�
���'���

f(w) =

�

M
f(z)u(z) dΛ2n(z), f ∈ O(M).

t]���C#��/Uc" #����

KM(·, w) = PM(u).
��#�"�F�|v�1FXF_�_��Yb��Yb���G*L�QU`"�)+),"�PQ$]���'���

zn+1KM(π(z), w) = zn+1PM(u)(π(z)) = PK(χ · u ◦ π)(z)

=

�

K

ζn+1u ◦ π(ζ)KK(z, ζ)
α(ζ) ∧ α(ζ)

(−1)n(n+1)/2(2i)n

= (n+ 1)2

�

M\V
u(η)

(
KK(z, ϕ(η))

ϕn+1(η)
+
KK(z, ψ(η))

ψn+1(η)

)
dΛ2n(η)

= (n+ 1)2

(
KK(z, ϕ(w))

ϕn+1(η)
+
KK(z, ψ(w))

ψn+1(η)

)
, z ∈ K.

}?�1
�>/�:�����;),�1FXF_�T*,$]%'#�"/68�/.ZY
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B�X%2"�$-*L��*,"�
���"Xq'
�*,$-��������%�#�"�"�U�"�U�t]���1" #��/F ��Yb��Y���Y J >1>/" #�.�*+
'nX��"_|v�1FXF_�

��Y,� Yb� � ��Pe���'�/68�
KK(z, w) = Ch(z • w)

��PQ���1#��

C =
2(2i)n(−1)n(n+1)/2

ω(∂K)
, h(t) :=

2n

(1− t)n+1
− n+ 1

(1− t)n , t ∈ C.
}?�1
�>/� �

KK(ϕ(z), ϕ(w)) = Ch(x), KK(ϕ(z), ψ(w)) = Ch(y),
f���Y,� Y �8l
PQ���C#��

x := 〈z, w〉+ t, y := 〈z, w〉 − t, t := ϕn+1(z)ϕn+1(w).

��
~6�*,�CP "�Uv|v�1FXF_�_��Y,� Yb���7�'Pe�;n��C�

KM(z, w) = C(n+ 1)2

(
h(x)− h(y)

t

)
.

�?$-*+
'nT�����
�W('(�#��C6!*b�W��*,"�

r := 1− 〈z, w〉 �!Pe��>/� 
~#��CP�#�*+���:�����;�1I7%'#��1$-$-*," 
�*,
~(�#=� >�38�C��$Q� $

Q :=
h(x)− h(y)

t
= 2n

(r + t)n+1 − (r − t)n+1

t(r2 − t2)n+1
− (n+ 1)

(r + t)n − (r − t)n
t(r2 − t2)n

.

t]���1


Q =
2n

(r2 − t2)n+1
2

[n/2]∑

k=0

(
n+ 1

2k + 1

)
rn−2kt2k − n+ 1

(r2 − t2)n
2

[(n−1)/2]∑

k=0

(
n

2k + 1

)
rn−2k−1t2k.

r7*,
�>1�
(

n

2k + 1

)
=
n− 2k

2k + 1

(
n+ 1

2k + 1

)
,

Pe�:%�#�"�>/�1�1.~PQ*L���~"��!#&>/� ),>1��)b����*+"�
�$���"Xn��C�

Q =
2

(r2 − t2)n+1

[n/2]∑

k=0

(
n+ 1

2k + 1

)
rn−1−2kt2k(2nr − (n− 2k)(r2 − t2)),

PQ��*,>=��*+FXFX�1.'*,�����1)+K\)+��� .�$]��"T������Uc" #�F���)b�T*,
0t]���1" #��1F ��Yb��Y���Y
���e<e:�	�� N_�7Yb� Y,�1©5fg$-�1�d�aI�� FT%')+� ��Y,� Y��]*,
5h � p�� ��������kgluV
oeK�t]�'�1" #��1F¤��Y,� Y����W�����d('*+�'" ),"�FX"�#-%H��*+>
F_�W%'%'*+
'n

M2 3 (z1, z2) 7→ 1√
2

(z1 + iz2, z1 − iz2) ∈ G2 := {z ∈ C2 : |z1|+ |z2| < 1}
)+��� .�$]��"T������Uc"�),)+"�PQ*,
�nXU`" #�F���),�XUc" #�������o]�C#�n�F_��
~3��1#�
��1)OU`��
�>C��*,"�
�" Uv�����;.�"�F_� *+


G2
�

KG2
(z, w) =

2

π2

3(1− 〈z, w〉)2(1 + 〈z, w〉) + 4z1z2w1w2(5− 3〈z, w〉)
((1− 〈z, w〉)2 − 4z1z2w1w2)3

, z, w ∈ G2.

�Q('$-�1#-68�G���H�W������*,$;U`"�#�F���)b�~F_�1KE��),$-"~(2�X.��C#�*+68�1.EUb#�"�F ���'�T"�
��X*,
S�aI�� FT%')+�5��Yb��Y ��fg>Wl&��$-*,
�n
�����:%'#�"�%Z�C#Q��"�)," FX" #-%'��*,>
FX��%�%H*+
�n

D2 3 z 7→ (z2
1 , z2) ∈ G2

� 
�.~o]�1),) � $��-#=��
'$-Uc" #�F_����*+"�
ZY
��*+I
%Z" *,
8��$

z, w ∈ G2
� 
�.TP�#�*L������U`" #d��(�(�#��C6!*b����*+"�
Z�

ξj := zjwj
Y�t]���/
 √|ξ1|+

√
|ξ2| < 1

�
� 
�.\$-"

4|ξ1ξ2| < (1− |ξ1| − |ξ2|)2 Yat]�'�C#��1U`" #�� �������:
7��FX�C#=����" #�*+
^�����:Uc" #�F���)b�G��(2"�68�:� .�FX*+��$
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�����;U`"�)+),"�PQ*+
'nX�1$<��*,F_����� �

3(1−〈z, w〉)2(1 + 〈z, w〉) + 4z1z2w1w2(5− 3〈z, w〉) = 3(1− ξ1− ξ2)(1− (ξ1− ξ2)2) + 8ξ1ξ2

≥ 3(1− |ξ1| − |ξ2|)(1− |ξ1 − ξ2|2)− 2(1− |ξ1| − |ξ2|)2

≥ 3(1− |ξ1| − |ξ2|)2(1 + |ξ1 − ξ2|)− 2(1− |ξ1| − |ξ2|)2 > (1− |ξ1| − |ξ1|)2 > 0.
}?�1
�>/� �������;o]�C#�n�F_��
~38�C#�
'�1)OUc��
'>C��*," 


KG2

�H��$Q
�"_z1�C#�"�$�"�

G2 ×G2

Y
9�N;:=<�>�?¤��Yb��Yb��� V���
¢h �a"��B� �����Wk]� 
��1I7%H)+*,>1*+�GUc" #�F���)b�BU`"�#G�����^o]�C#�n�F_��
�38�C#�
��/)�Uc�'
�>C��*,"�
�*+$
n�*L68�1
_�C68�1
XU`" #d�;FX" #���n��1
��1#=��)'.�"�F_� *+


Ω
�8PQ�'*+>R�X>1"���),.T(Z�]����"���n��8�d"�U2� $a$-"�FX��*,
8���C#-%Z" )b����*+"�


(2�C��Pe�/�1
5�����?FX*,
�*+F_� )�(���),),$]� 
�.^�����?�d��>1),*,.��/� 
5(���),),$1Ya}?�C#�� ��Pe�?"�
�)+K_.��/$->C#�*+(2�
Ω
Ya�u*+I

d ∈ N� 
�. ��Pe"
d
p����!%'),�1$

m = (m1, . . . ,md) ∈ Nd
� 
�.

n = (n1, . . . , nd) ∈ Nd
Y�@B" #��/"/68�1#/��),�C�

a = (a1, . . . , ad) ∈ [1,∞)d
Ydt]���/
\������.�"�FX� *,


Ω = Ωd,m,n,a
*,$�n�*+6��/
0��$

Ω :=
{
Z = (Z(1), . . . , Z(d)) ∈ C(m1 × n1)× · · · × C(md × nd) :

d∑

j=1

‖Z(j)‖2aj∗ < 1
}
,

PQ���C#��
C(p× q) .��1
'"����/$d���'�?$<%H� >1�:" Uv��),)

(p× q) p�F_���-#�*+>/�1$�PQ*+���^>1"�FT%')+�1I5�1
8�-#�*,�1$1��� 
�.^PQ���C#��

‖M‖∗ :=
( p∑

j=1

( q∑

k=1

|zjk|2 +
∣∣∣
q∑

k=1

z2
jk

∣∣∣
))1/2

, M = (zjk)j=1,...,p, k=1,...,q ∈ C(p× q).
�Q('$-�1#-68�Q���'����U`" #

d = 1 = a = m
� 
�.

n1 = n
�����&.�"�F_� *+


Ωd,m,n,a
*,$�x<��$<�������&FX*,
�*+F_� )H(H� ),)

M ⊂ Cn Y

�L  )' ���/I?�� G��Y1 � ��?P9 � -J+;%,>0&3?P)
�'" #~[7��*+���A�EPQ��*,),�B*L�^P]� $\��[7���/$<��*+"�
¤f`%2"�$-�/.£(7K¡|v���&*+p�i;�/
�n�h |��&i ��� � �WkglGPQ�'�C�����1#5���'�
o]�C#�n�F_��
�38�C#�
��/)aU`��
�>1��*+"�
�" U���$-*+FT%')+KE>/"�
�
��1>1���1.�.�"�F_� *+


G ⊂ Cn � n ≥ 2
���'� $�
�"0z1�1#�"�$1Y

r7��>R���~.�"�F_� *+
�*,$�>/� ),)+�/.�� 1 o��va + 4�l�hT**qWZ.] c.a(h'Y J q�#�$<�
�1I!� FT%'),�X"�U]�\$-*,FT%')+KS>1"�
�
'�1>C���/.
.�"�F_��*,
 "�U���"�)+"�FX" #-%'�8K£PQ�'*+>R��*+$\
'"�����|����&*+p�i;�1
'n .�"�F_� *+
¢P]� $~n�*L68�1
¢(7K¢}�Ye�uY]o]"8��$
h o]"8�~��� j �Wkefg$-�1�
� ),$-"0h�r83�P���� j ��kgl=Y���
�Ug� >C�/�'*+�Q���!#�
'�1.�"��!�Q���'���Q������.�"�F_��*,
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D = Dp = {z ∈ C2 : |z1|2 + |z2|2/p < 1} � p �5%2"�$-*+��*L68�T*,
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F : Dp → Gp := {z ∈ C2 : |z1|+ |z2|2/p < 1}, F (z1, z2) := (z2
1 , z2).
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KGp((z2
1 , 0), (w1, 0))2z1 = (KD((z1, 0), (

√
w1, 0))−KD((z1, 0), (−√w1, 0)))
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KGp((z2
1 , 0), (w2

1, 0))2z1 =
p+ 1

2w1π2
((1− z1w1)−p−2 − (1 + z1w1)−p−2).
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(1 + x)p+2 =
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Ωn,m :=
{

(z, w) ∈ Cn × Cm :
n∑

j=1

|zj |+
m∑

k=1

|wk|2 < 1
}
,
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F : Bk → Ω1,m
�
F (z) := (z2

1 , z2, . . . , zk)
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k := m+ 1
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KΩ1,m
((z2

1 , z2, . . . , zk), (w2
1, w2, . . . , wk))

=
k!

πk4z1w1

(
1

(1− 〈z, w〉)k+1
− 1

(1 + z1w1 − 〈z̃, w̃〉)k+1

)
, z, w ∈ Bk, z1w1 6= 0,
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z̃ := (z2, . . . , zk)
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�.
w̃ := (w2, . . . , wk)
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1 , 0, . . . , 0), (w2
1, 0, . . . , 0)) = 0
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a ∈ (0, 1]
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Na,k(z) :=
( ∑

ε1,...,εn+1∈{+1,−1}
α2k
ε1,...,εn+1

(z) + a2kα2k(z)
)1/2k

, z ∈ Cn × Cm,
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αε1,...,εn+1

(z) :=
∑n
j=1 εj |zj |+ εn+1

∑m
j=1 |zn+j |2

� 
�.
α(z) :=

∑n+m
j=1 |zj |2
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Ωa,k,n,m := {z ∈ Cn+m : Na,k(z) < 1}.
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fj : Rq → R+

a3p�c bdZ.h �=l'-=,joPh'bui"aBZ.hv�
j = 1, . . . , p

���IXPluhA,�Z.^
k ∈ Ni"XPl_,doEh'b�i"a6Z.h

%(z) :=
∑

ε1,...,εp∈{−1,+1}
(ε1f1(z) + · · ·+ εpfp(z))

2k, z ∈ Rq,

a(p�c=[fp�Z
bjZ.h �=l'-��
r ^jZ<Z , ����*+I

z, w ∈ Rq Ydt]�'�1


%(z) + %(w)

2
≥

∑

ε1,...,εp∈{−1,+1}

(
ε1
f1(z) + f1(w)

2
+ · · ·+ εp

fp(z) + fp(w)

2

)2k

.
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∑

ε1,...,εp∈{−1,+1}
(ε1b1 + · · ·+ εpbp)

2k = 2p
∑

k1+···+kp=k

(2k)!b2k1
1 · · · b2kpp

(2k1)! · · · (2kp)!
.
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%(z) + %(w)

2
≥

∑

k1+···+kp=k

2p(2k)!

(2k1)! · · · (2kp)!

(
f1(z) + f1(w)

2

)2k1

· · ·
(
fp(z) + fp(w)

2

)2kp

.
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%(z) :=
∑

ε1,...,εn+1∈{−1,+1}
α2k
ε1,...,εn+1

(z) + a2kα2k(z)− 1.
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k→∞

Na,k(z) =
n∑

j=1

|zj |+
m∑
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|zn+k|2, z ∈ Ωn,m.
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n ≥ 5
Ya�d�!�

f : R→ R, f(t) := −(n+ 1) arctan
2t

1− t2 + 2π − arctan
2(n2 − 1)t

(n− 1)2 − (n+ 1)2t2
.
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f(0) = 2π
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�.
f(1/2) < 0
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n ≥ 5

l=�!$-"
f(t0) = 0Uc" #&�T>1�1#-�=� *+


t0 ∈ (0, 1/2)
Ydt]���C#��/Uc" #��
(

1− it0
1 + it0

)n+1

=
n− 1 + it0(n+ 1)

n− 1− it0(n+ 1)
.
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z0 :=

√
it0(1, 0, . . . , 0), w0 :=

√−it0(0, 1, 0, . . . , 0) ∈ Cn Y J $-*+FT%'),�T>���),>1�'),����*," 
Sn�*L68�1$
N(z0) = N(w0) = t0 < 1/2

�����7��$1�
z0, w0 ∈M

Ydt]���1
Z�H*+
~6!*+�1Pw"�U�t]���1" #��1F ��Y,� Y��7�

KM(z0, w0) =
1

n(n+ 1)Λ2n(M)

∑[n/2]
j=0

(
n+1
2j+1

)
(it0)2j(n+ 2j + (n− 2j)(it0)2)

(1− (it0)2)n+1
.
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KM(z0, w0) =
(n− 1 + (n+ 1)it0)(1 + it0)n+1 − (n− 1− (n+ 1)it0)(1− it0)n+1

n(n+ 1)Λ2n(M)2it0(1− (it0)2)n+1
= 0.
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g : R→ R, g(s) := −28s4 + 50s3 − 10s2 − 15s+ 5.
t]���1


g(0) = 5
� 
�.

g(2/5) < 0
Y;t]�'�C#��1U`" #�� �2�����1#����CI!*,$<��$:� 


s0 ∈ (0, 2/5)
PQ*L���

g(s0) = 0
Y

�d�!�

z0 :=

√
s0(i− 1)

2
(i+
√
i,−i+

√
i, 0, 0), w0 :=

√
s0(1− i)

2
(i−
√
i,−i−

√
i, 0, 0).
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N(z0) = N(w0) < 1/2

��*gY � Y
z0, w0 ∈ M
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KM(z0, w0) =
g(s0)

5Λ2n(M)((1− s0)2 + s2
0)5

= 0.
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(z0, w0)
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?
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'nXF_�/K^(2��Uc"���
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Eh 9:*+�1p�}?�C#
��������k���h �d
�n5��������k�����
'.Eh�D����������8�Wk�Y
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\(7K\.'*+$->/��$-$-*+
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'$-�/[7���1
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'nT#��1$-�')L�/Y
��� NyUe>SN : ��Y ��Y ��f<h �d
�n������8¥/k��eh �a
'n_� ������k��eh�D����
� ���8�Wk`luV 1 l�i D ⊂ Cn kdl
c kdZ.oEh'qWldq�_,p�luo +qWZ<bdZ.h �.l�- qWZ.]Yc.a3hv�

ϕ > 0
cC_!Z.pja"i"a��.l ,doEh'b�i"a6Z.h Z.h

D
� − logϕ ∈ PSH(D)

�$pdoybuX i"XPc=i
1/ϕ ∈ L∞loc(D)

,�c.a"[fpvi`Z XPc �.l c p�l�p �uoEa + XPZ=[\Z.] Z.^`_,XWa6b l'-=i`luhypda6Z.h h'ljc.^Fcv_yZ.a(h!i z0 ∈ D f a��(l��yi"XPlu^jl
a(p h'Z_,doEh'b�i"a6Z.h

f : V ×V → C
�
V ⊂ D c�h'lua+*=XPkdZ.^�XPZ<Z<q�Z ,

z0 �'pdoybuX�i"XPc=i f a3p XPZ=[\Z.] Z.^`_,XWa6bFa3hi"XPl � ^�p�i bdZ<Z.^jq.a3h'c=i`l�p�c.h'qAc.hyi"a3XPZ=[\Z.] Z.^`_,XWa6b�a3h i"XPl�[ c=i6i`l�^��
f(z, z) = 1/ϕ(z)

,uZ.^Yc=[([
z ∈ V l �

1 l�i U = U(z0) ⊂ D kdl�c�h'lua+*=XPkdZ.^�XPZ<Z<q����IXPluh i"XPl�^jl�a(p�c.h
mU ∈ N

pjo!b�X
i"XPc=i�i"XPl56xlu^8*=]Yc.h

.lu^�h'lu[�,doEh'b�i"a6Z.h

KΩm(( · , 0), ( · , 0))
Z ,

Ωm := {(z, w) ∈ D × Cm : ‖w‖2 < ϕ(z)}XPc.p�c � lu^jZ�a3h U × U �
m ≥ mU

�
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h
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J %�%H)LK!*,
�nT�����:q�#�$<�Q#��1$-�')L��Pe�
��#��;),�1.
(5)

��"G���'�;U`" ),),"/PQ*,
�n_Uc" #�F���)b���

lim
k→∞

KΦk(z, z)1/k =
1

Φ(z)
, z ∈ D,f��7Y���Y�¥�l

PQ���C#��
KΦk

.��1
�" ���/$����'��#��C%�#�"�.��'>1*,
�n�38�C#�
��/)'U`��
�>1��*+"�
_"�U������&}?*+)+(2�C#-��$<%H� >/�
L2

h(D,Φk)
Y�f �Q(�p

$-�C#-68�:���H�W�Q*,
~�����;>�� $-�
Φ ≡ 1

���'*+$�*,$�x<��$<��������>1)b� $-$-*+>���)�o]�C#�n�F_� 
\38�C#�
��/)ZU`��
�>1��*+"�
ZYLl

(5) �g~ ���	���#��
\�h�7��
��C���6�
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t]���/
A�����C#��X*+$
��

mU

$-�'>=�S���'���
KΦm

�'� $;z1�1#�"�$:"�

U × U �

m ≥ mU
YX�&�����C#-PQ*,$-� �OPe�

F_�1K�� $-$-��FX�5���'���
U

*+$�$-*,FT%')LK�>1"�
�
��/>C���1.�� 
�.����H�W�T��),)a���'�_U`��
�>1��*+"�
�$
KΦk

�'�/68�5
�"Bz1�1#�" $
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U × U Y5�?�CI��;Pe�X>R��"�" $-�5�~$-�1$�[7��*+p���"�)+"�FX" #-%'��*,>X(�#=� 
�>=��"�U
K

1/k

Φk
"�


U × U Y\r�*+
�>/�T�����
Uc�'
�>C��*,"�


1/Φ
*+$�),"�>/� ),)LK^(2"���
�.'�1.Z�'��$-*,
�n0f���Y��7YL¥�ldPe�;$-�/�:���'���]���'�:$-��[7���1
�>/�

(KΦk(z, z)1/k)
*+$

)+"�>���),)+K;(2"���
�.'�1.�"�

U
Y�t]���C#��/Uc" #�� ����%�%')+K�*,
�n |KΦk(z, w)|2 ≤ KΦk(z, z)KΦk(w,w)

�
z, w ∈ U �

$-��"�PQ$����'���
(KΦk)

*,$�),"�>/� )+)+K5(2"���
'.��1.�"�

U × U Ya}?�/
�>1����*L�Q>/"�
868�C#�n��1$�),"�>/� )+)+K\��
�*,Uc" #�FX)+K^��"

��$-�1$�[7��*+p���"�)," FX" #-%'��*,>?U`��
�>C��*,"�

L

" 

U ×U PQ*+���

L(z, z) = 1/Φ(z)
�
z ∈ U �!�
>1"�
8�-#=� .�*,>C��*," 
OY

� ��#��/FX� *,
�$���"G#��/>/� ),)Z|v*+n�"�>�3�� � $�U`"�#�F���)b�!�

KΩm((z, t), (w, s)) =
∞∑

j=0

(j +m)!

j!πm
KΦm+j (z, w)〈t, s〉j, (z, t), (w, s) ∈ Ωm.

t]�7��$�Pe���'�/68�

KΩm((z, 0), (w, 0)) =
m!

πm
KΦm(z, w), z, w ∈ D.

t]���C#��/Uc" #����O*+
S6!*+�1P "�Ua�����X��(2"�68�T>/),� *,F\��*+�;U`"�)+),"�PQ$:���'���:���'�C#��T*,$���

mU

$-��>R�A���'���;U`" #
��
7K
m ≥ mU

�����;Uc�'
�>C��*,"�

KΩm((·, 0), (·, 0))

�H��$Qz1�1#�"�$�" 

U × U Y

���?$-�'" �')+.\FT�/
8��*," 
^���'���������?" #�*+n�*,
'� )2Uc" #�F���)b�W��*,"�
^*,
Ah D������ � �8�WkZ*+$eF���>=�\$<�-#�"�
�n��1#����'� 

�����:" 
'�:n�*L68�1
\�'�C#�� Y J %�%')+K!*+
�nXt]���/"�#��/F���Y���Y���Uc" #]>/�C#-�=� *,
\>1"�FT%')+�1I5�1),)+*+%'$-"�*,.�$]Pe�:" (��=� *+
^���'�
Uc"�),)+"�PQ*,
�nX>/"�
�$-�/[7���/
�>1�/$1Y
� Ue>,U � ��<�>��¢��Y��7YL¥0f<h D��'�
� �����WkgluV^f��7l 
IZ.^�c.hye

k ≥ 1
�Ih'Z=ivc.h*l �.luhAa3hyi`lI* l�^��0i"XPlu^jl�l�-.a3pdi"p�c.h

m = m(k) ∈ N pdoybuXgi"XPc=i
Ω := Ωk := {(z, w) ∈ E × Cm : |z|k + ‖w‖2 < 1}a3p h'Z=i 1 o �va + 4�l�hT*��

f`(2l�
IZ.^�c.h e
k ∈ N i"XPl�^jl�l�-.a(p�i"p�c�h'c=i"oP^jc=['hyoP]Ykdlu^

m = m(k)
pdoybuXgi"XPc=i=�Ja ,

Ω := Ωk := {(z, w) ∈ E × Cm : |z|(2k+1)/2 + ‖w‖2 < 1},
(z0, w0) := (0, 0, . . . ,−1) ∈ ∂Ω,i"XPl�h

Ω
a3p�bdZ.h �.l�- � a"i"X�c Ck + kdZ.oEh'qWc.^�e
c.h'qYi"XPlu^jl�c.^dl�pul��uoyluh'bjlup

((z′j , w
′
j))j , ((z

′′
j , w

′′
j ))j ⊂ Ω, lim

j→∞
(z′j , w

′
j) = lim

j→∞
(z′′j , w

′′
j ) = (z0, w0),

pjo!b�X i"XPc=i
KΩ((z′j , w

′
j), (z

′′
j , w

′′
j )) = 0

�
j ∈ N � �jh _yc.^ui"aBb�o [\c.^���i"XPl pul�i {(z, w) ∈

Ω ×Ω : KΩ(z, w) = 0} cWbdb�oP]�o [\c=i`lup�c=i ((z0, w0), (z0, w0))
�

r ^jZ<Z , ��f��7l]tv��38�
D = E

� 
�.
ϕ(z) := 1 − |z|k � z ∈ E YQt]���1
 − logϕ ∈ SH(E)

��
'.
1/ϕ
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�" ��#���� )Lp � 
'� )+K7��*,>?���

0
Ydr�"G*L�e>���
'
�" ��(2�?�1I����1
�.��/._��"G�
$-�/$�[8�'*Lp���"�),"�FT" #-%'�'*+>:U`��
�>1��*+"�
^
����W#

0
Y

}?�1
�>/� �!(7K^t]�'�1" #��1F ��Y ��Y �7�!���'�C#��:*+$Q��
��/*+n��8(Z"�#��'"7"�.
U = U(0)

� 
�.~� 

m = m(k) ∈ N $-��>R�

���'���
KΩk(( · , 0), ( · , 0))

�'� $Q���Q),�/� $<�Q"�
���z1�1#�"T*,

U × U Y

f`(2le��*LI��
k
Y]��
~6!*+�1P "�Uu%H��#-�Gf��7l=�������1#���*+$?� 


m = m(k)
$-��>=�����'���

KΩ
�'� $&�Xz/�C#�"5���?�

%2"�*+
7�
((z′, w′), (z′′, w′′)) ∈ Ω ×Ω Ya�d�!�

D :=
{
ζ ∈ Cm+1 : |ζ1|(2k+1)/2 +

m∑

j=2

|ζj |2 + Re ζm+1 < 0
}
.

�Q('$-�1#-68�;���'���

Φ(ζ) :=

(
42/(2k+1)

(ζm+1 − 1)4/(2k+1)
,

2ζ2
ζm+1 − 1

, . . . ,
2ζm

ζm+1 − 1
,
ζm+1 + 1

ζm+1 − 1

)
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D

��"
Ω
Ya@B" #��1"�68�C#/�'U`" #&��
7K5%Z" $-*+��*+6��

ε
�

Fε(ζ) := (ε2/(2k+1)ζ1,
√
ε ζ2, . . . ,

√
ε ζm, εζm+1)

*+$&�G('*,��"�)+"�FX" #-%'��*,>�F_��%�%'*,
�nXUc#�"�F
D

��"
D
Ydt]�'�C#��1U`" #�� �

KΩ(Φ ◦ Fε ◦ Φ−1(z′, w′), Φ ◦ Fε ◦ Φ−1(z′′, w′′)) = 0, ε > 0.
� �?#��1F_� *+
'$&��"^FX�1
8��*,"�
0���'���

limε→0 Φ ◦ Fε ◦ Φ−1(z′, w′) = limε→0 Φ ◦ Fε ◦ Φ−1(z′′, w′′) =

(z0, w0)
Y
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m = m(k)
Y
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Ep ⊂ Cn
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�" �]|v� �?*Lp�i��1
�n���$-"�FX�:"�UO�����/F
��#�� Y

?
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p = (p1, . . . , pn)
U`" #&PQ��*,>=�B������o]�C#�n�F_� 
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��/)vU`��
�>1��*+"�


"�U
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*,$�z/�C#�" p�Ub#��/� Y
?

9�N;:=<�>�?¡��Y��7Y�j V�yQ�1>�� )+)Z���'���Q*+
~������$-*L���H�W��*,"�
~"�U�D�" #�"�),),��#-K���Y ��YL¥�f`(ZldPe���'�/6��

lim
z→z0

kΩ(z) = lim
z→z0

KΩ(z, z) =∞
f���%�%')+K^t]���1" #��1F ��Yb� Y,�W¥
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KD
�
D ⊂ Cn�G$-FX"�"����\(2"���
�.'�1.~$<�-#�*+>1��)LK5%'$-�1�'.�"�>1"�
868�CI\.�"�F_� *+
Z�'>/� 
\(2�:$-FX"�" ����)LK\�CI����1
�.'�1.^��"
D ×D \

∇(∂D)
�'PQ���1#�� ∇(∂D) := {(z, z) : z ∈ ∂D} fg$-�1�5h i��C#
���8¥ ��kgl=Y�t]��*,$Q#��1$-��)+�&P]� $Qn��/
��C#=� ),*+z/�1.

(7K\o]�/)+)�� 
�.~o]"8��$�fg$-�1�_h o]�/)�����j ��k���h o]"8�~�/��j8¥�k`ld��"T������Uc"�),)+"�PQ*,
�nX$<�=�����/FT�/
8��$1�
f��8l^|��C�

D ⊂ Cn (Z���X$-FX"7" ����)+K\(2"���
�.'�1.�%'$-�/��.�"�>1"�
868�CI�.�"�F_� *+
ZY�|��C�
Γ1, Γ2 ⊂ ∂D

(2�
��Pe"\" %2�/
S.�*+$gx<"�*+
7�;$-��('$-�C��$�" Ua�����T(2"���
�.'��#-KB>1"�
�$-*,$<��*,
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8��$�"�U�qH
�*L���G��K�%2��fg*+
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�$-��"�Uu9�� J 
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KD
�CI����1
'.�$�$-FX"7" ����)+K^��"

(D ∪ Γ1)× (D ∪ Γ2)
Y

f`(2l^|��C�
D

(2�^� $
*,
¢f��7l;� 
�.�� $-$-��FX�_���H�W�
D

$�����*+$<qH�1$�>1"�
�.�*+��*," 
�fgy;l
(6)

Yv��U
Γ1, Γ2

��#��
.�*+$gx<"�*+
7�5"�%Z�1
¡$-�!('$-�C��$_"�U

∂D
� 
�.

Γ1
>/" 
'$-*+$<��$_"�U&%2"�*,
8��$_"�UQq'
�*+���~��K�%2� �������1


KD�CI����1
�.'$�$-FT"�" ����)+K^��"
(D ∪ Γ1)× (D ∪ Γ2)

Y
t]���1#��TP]� $������_[7���/$<��*+"�
SPQ���1�����C#��~$-*,FX*+)b��#
�1I7���/
�$-*," 
E%'���1
'" FX�/
�"�
EFX*,n��8��(Z�T%2"�$-$-*+(')+�

Uc" #G� 
8KE$-FX"�" ����)+KS(2"���
'.��1.�%'$-�1��.'"7>/"�
868�CI�.�"�FX� *,
ZY0t]�'���
����*,$
*,$�
�" �
�-#����XP]� $�$-��"�PQ
�(�K
r7" pND���*,
BD��'�1
�h D��'�1
E����� ��k�Y
��� NyUe>SN : ��Y ��Y�� V 1 lui D ⊂ Cn

kdlCc8pd] Z<Z=i"X [fe kdZ.oEh'qWldqA_,p�luoyqWZ<bdZ.h �=l'- qWZ.] c.a(hu�
n ≥ 2

�
�!o<_W_yZ.p�l�i"XPc=i a"i"p�kdZ.oEh'qWc.^�e bdZ.h!i`c.a3h p�c�h'Z.h + i"^�a���aBc=[JbjZ.]x_'[\l�- �=c.^�a6l�i"e

V
���JXPl�h

KD
bdc.h h'Z=i kdl

bdZ.hyi"a3hyoyZ.oPpd[ e
l�-=i`luh,qWldq i`Z
D ×D \ ∇(∂D)

�
r ^jZ<Z , ��tv��38�Q�?#��1n���)b�W#a%2"�*,
8�

z0 ∈ V ��
'.T.'�1
�" ���](7K
n
������"��!��P]��#�.X��
�*+�d
�" #�FX� )H���

z0 Yat]���1

�����;$-FX"�" ����
��/$-$Q� $-$-��FT%���*,"�
�n�*L68�/$Q� 


ε0 > 0
$-��>R�~���'���

w − εn ∈ D, ε ∈ (0, ε0), w ∈ ∂D ∩ B(z0, ε0).

(6) � �T��%���XW~�XSX����������b��"_" ����X0���!"�������"��+� 
 8�: ��9 < 9 8�: z � {#���$��
W~ ��~'
H���!���b��
�� � ~��'������� L2(D)→
L2

h(D) "H~���X�" C∞(D) ∩ L2(D) ��� C∞(D) ∩ O(D) �
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V
��*gY � Y'�T��"�)," FX" #-%'��*,>;�/F
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ϕ : E → V
�

PQ*L���
ϕ(0) = z0 � 
�.

ϕ(E) ⊂ V ∩ B(z0, ε0)
Y

�?"�P � $-$-��FX�;���H�W�
KD ∈ C(D ×D \ ∇(∂D))

Yat]�'�1


sup
|λ|=1/2

|KD(z0, ϕ(λ))| <∞.
J %�%')+K!*+
�n_t]���/" #��1F ��Yb� Y,�W¥�"�U�h � p�� ��������ku��
'.\���'�;F_��I�*,F���F %'#�*+
�>/*L%H)+��),�/� .�$���"

sup
|λ|=1/2

|KD(z0, ϕ(λ))| = lim
ε→0

sup
|λ|=1/2

|KD(z0 − εn, ϕ(λ)− εn)|

≥ lim
ε→0

KD(z0 − εn, z0 − εn) =∞,
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8�-#=� .�*,>C��*," 
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r : R → R
PQ*+���B�����
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fg*`l

r(t) = 0
*,U
t ≤ 0

�
fg*+*`l

r(t) > 1
*,U
t > 1

�
fg*,*+*`l

r′′(t) ≥ 100r′(t)
U`"�#&� ),)

t
�

fg*+6�l
r′′(t) > 0

*,U
t > 0

�
f`6�l

r′(t) > 100
�H*+U

r(t) > 1/2
Y

�'" #
s > 1

%'���

Ω := Ωs := {z ∈ C2 : %(z) < 0}, PQ���1#��
%(z) := %s(z) := |z1|2 − 1 + r(|z2|2 − s2).
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Ωs
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{z ∈ C2 : |z1| = 1, 0 ≤ |z2| ≤ s} ⊂ ∂Ω.
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h(D), z ∈ D.
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{v ∈ R2 : (log |z0
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dΛ2(z)

|z| |z − 1| +

�

(1/|ζ−η|)E\(1/2%)E

dΛ2(z)

|z| |z − 1| .

�Q('$-�1#-68�
���'���&�����
q�#�$<�&���1#�F "�
0�����
#�*,n �7�?�'� 
�.B$-*,.��G*+$&q'
'*L���G� 
�.B*+
�.'�C%2�/
�.��1
7�:" U
η
��
'.

ζ
Y

�'" #Q�����;$-�/>1"�
�.�$-��FXF_��
'.~Pe�:%'#�"7>/�1�/.�� $�U`"�)+),"�PQ$1�

�

(1/|ζ−η|)E\(1/2%)E

dΛ2(z)

|z| |z − 1| =

(1/|ζ−η|)�

1/2%

2π�

0

dr dθ

|1− reiθ|

=

1/|ζ−η|�

1/2%

2π�

0

∣∣∣∣1 +
eiθ

r
+

e2iθ

r2(1− eiθ/r)

∣∣∣∣
dr dθ

r

≤
1/|ζ−η|�

1/2%

C1 dr

r
≤ −C1 log |ζ − η|,

PQ���C#��
C1

*,$�*,
�.��1%2�1
'.��1
8�Q"�U
ζ, η

YeD�" 
'$-�/[7���1
7��)LK8�
�

%E

dΛ2(z)

|z − ζ| |z − η| ≤ C2 − C1 log |ζ − η|, ζ, η ∈ %E, ζ 6= η,

PQ���C#��
C1, C2

��#��;%2"�$-*L��*+68�;>1"�
�$<�=� 
8��$1Y
D�"�FX*+
'nT(H� >�3^��"T�����;(2�1n�*,
�
�*,
�n���Pe��" (��=� *+


|〈fK , fL〉L2
h(D)| ≤ C2 − C1

�

K

�

L

log |ζ − η| dνK dνL,

PQ��*,>=���1
�.'$]�����;%�#�"�"�U Y

t]����F_��*,
�
�" ��*+"�
����1#��:PQ*,)+)Z(Z�?���'�;U`" ),),"/PQ*,
�nX%2" ���1
8��*b� )Lp������/" #��C��*,>:U`��
�>1��*+"�
ZY



�NO � � ��#�& 
���
 ��� 
�& !�
����

M�NPOPQ(RSQ(T'Q3UIR¡��Y ��Yb�/� V�|��C�
D ⊂ C (2�
�G(2"���
�.'�1.�.�"�F_��*,
ZYa9:�1q'
��

αD : D → (−∞,∞]
(7K

αD(z) :=

1/2�

0

dr

−r3 log(cap(B(z, r) \D))
=

1/2�

0

dr

−r3 log(cap(B(z, r) \D))
.

9�N;:=<�>�?£��Y ��Yb� � V
����.��1
'"����;(�K
Ak(z)

�����
��
'
7��),��$QPQ*L����>1�/
8���C#
z
� 
�.~#=� .�*,*

1/2k+1, 1/2k
�

*gY � Y

Ak(z) := {w ∈ C : 1/2k+1 ≤ |w − z| ≤ 1/2k}.
t]���1
�U`" #&��(Z" �'
�.��1.�.�"�F_� *+


D ⊂ C ���'�C#��;*+$&� 
0��)+���C#�
H�W��*+68�;.��1$->1#�*L%���*,"�
�" U
αD

�

1

8

∞∑

k=2

22k

− log cap(Ak(z) \D)
≤ αD(z) ≤ 8

∞∑

k=1

22k

− log cap(Ak(z) \D)
, z ∈ D.

t�"�n��1�a������),"/Pe�1#��1$<��*,FX�����Q"�
���"�
�)+KT�'� $a��"���$-��������FX"�
�" ��"�
�*,>1*+��KT" U
cap

�8PQ�'�C#��/� $����'���!%'%2�C#
�1$<��*,F_�W����*+$�(H� $-�1.�"�
~%�#�" %2�C#-��KEfg©7l�"�U

cap
Y

@B" #��/"/68�1#/�
αD

*,$_$-�1FX*,>1"�
8��*,
7��"���$5Ub#�"�F (2�/)+"�P " 

D

� 
�.¡>1"�
8��*,
7��"���$5"�

D
�Q�'�C#�����$-�

%�#�" %2�C#-��*,�1$
fg©�le� 
�.�f �8l�"�U
cap

� 
�.��H����"�� � $Q),�1FXF_���'#��1$<%2�/>C��*+6��/)LK^�����;|v�C(2�/$-n �'�:�����/"�#��/F~Y
9�N;:=<�>�?£��Y ��Yb��¥PV��'" #?�G%Z" *,
8�

z0 = x0 + iy0 ∈ C
Pe��.��Cq'
'�;�����
� 
�
7��),*OPQ*L���\#��/$<%2�1>1����"T�����

F_�WI!*,F���F 
�" #�F\��*�Y ��Y
Ãk(z0) := {z = x+iy ∈ C : 1/2k+1 ≤ max{|x−x0|, |y−y0|} ≤ 1/2k} �PQ���C#��

k ∈ N Ya@B" #��1"�68�C#/�!),�C�
B̃(a, r) := {z = x+ iy ∈ C : max{|x−Re a|, |y− Im a|} < r} �PQ���C#��

a ∈ C � 
�.
r > 0

Ydt]���/
\Pe��F_�/K^.'�Cq'
��
�T
�" ��*,"�
~$-*,FX*+)b��#���"
αD

��
H��FX�/)LK

α̃D(z) :=

1/2�

0

dr

−r3 log cap(B̃(z, r) \D)
, z ∈ D.

����"�
�)+KT
�" ���]���'���
αD

��
'.
α̃D

��#���>/" FT%H��#=��('),�Q� 
�.X���'���dU`"�#a������
��1P£U`��
�>C��*,"�
�$a*,
��/[7�'� ),*L��*,�1$
)+*+38�:������"�
��1$Q*+
�yQ�/F_�W#-3���Y��7Yb� �G��"�),.ZY

� �����!#�
�$;"��!�����'���/��*,
Sn��1
'�C#=� )g�������XUc��
'>C��*," 

αD

*,$�
�" ��>1"�
8��*,
7��"���$�"�

D

fg$-�1�T�����X
��CI��
�aI!� FT%'),�
��Y��7Yb��j8l=Y
���e<e:�	�� NS��Y��7Yb��jAf<h��HPe"5� �����WkgluV
�?"�Pwq�I

n ∈ N ��
'.\%H�!�

Mn := Ãn(0) ∩
{

j

2n2n3 + i
k

2n2n3 : |j|, |k| = 0, . . . , 2n
3 − 1

}
.

t]���1

Mn

�'� $
ln := (21+n3 − 1)2 − (2n

3 − 1)2 �/)+�/FT�/
8��$1YX���T.'�1
�" ���T���'�1F (7K
zn,k

�
k =

1, . . . , ln
Y�����.��Cq'
'�:������Uc"�),)+"�PQ*,
�nT%')b� 
���.�"�F_� *+
Z�

D := B̃(0, 1/4) \
( ∞⋃

n=2

ln⋃

k=1

B̃(zn,k, rn) ∪ {0}
)
.

}?�C#���������#=��.'*+*
rn > 0

��#��Q>=��"�$-�1
5$-��>R�X���'��� − log(cap(B̃(0, rn)) = n222n(1+n2) � n ≥ 2
Yd�Q('p

$-�C#-68�Q���H�W�������&.�*,$<�=��
'>1�Q(Z�C��Pe�1�/
_��Pe"�.�*+V2�C#��/
8�
zn,k

� $�*,$e�/[7�'� )'��"
dn := 1/2n2n

3 Yat]���C#��/Uc" #�� �

dn − 2rn ≥ dn − 2 cap B̃(0, rn) ≥ dn − 2e−n
222n+2n3

≥ dn − 2
1

n222n+2n3 =
1

2n2n3

(
1− 2

n22n+n3

)
=: bn ≥

1

2n+12n3 > 0.

}?�1
�>/�:��Pe"X.�*+V2�C#��/
8�e4 (H� ),)+$NM��'�/68�
�G.'*+$<�=� 
�>/�
�W�Q),�/� $<�
bn

Y



� � � � ��~'
H���!����~'WQ
\��%�"I��� �;~��W~�"�" �hO �

��
~������
��CI���$<���1%~Pe���1$<��*,F_�����
α̃D(0)

�

α̃D(0) ≤ C1

∞∑

n=1

22n

− log cap(Ãn(0) \D)

≤ C1

∞∑

n=1

ln∑

k=1

22n

− log cap(B̃(zn,k, rn))
= C1

∞∑

n=1

22n22+2n3

n222n22n3 = 4C1

∞∑

n=1

1

n2
<∞.

t]���C#��/Uc" #����
αD(0) <∞ Y

tv"X$-�/�:���'���
αD

*,$�
'"��Q>/"�
8��*+
���"���$&���
0
�=�W38��� 
0�W#-(H*L�-#=��#-K^%2"�*+
7�

z ∈ Ãn(0)
Yat]�'�1


α̃D(z) ≥ C2

n3−1∑

j=1

22(n+j)

− log cap(Ãn+j(z) \D)

= C2

n3−1∑

j=1

22(n+j)

log
1

21+n+n3 cap(Ãn+j(z) \D)
+ log 21+n+n3

.

t�"X>/" 
7��*+
7�'�;PQ*L���~�����;�1$<��*,F_�����:Pe��
�" ���:���H�W�������C#����CI!*,$<��$Q�
C3 > 0

$-��>=�~���'���

#{k = 1, . . . , ln : B̃(zn,k, rn) ⊂ Ãn+j(z)} ≥ C322(n3−j), j = 1, . . . , n3 − 1.
@B" #��1"�68�C#/�H��%�%H)LK!*,
�nT%�#�" %2�1#-��*+�/$
fg©�l�� 
�.�fg© ′ l�"�U cap

Pe��" (��=� *+


1

− log cap(Ãn+j(z) \D)
≤

ln∑

k=1

1

− log cap(B̃(zn,k, rn))
≤ 22+2n3

n222n+2n3 =
4

n222n

� 
�.

1

log+ 1

2n+12n3 cap(Ãn+j \D)

≥ C322(n3−j)

log+ 1

2n+12n3 cap(B̃(0, rn))

, j = 1 . . . , n3 − 1.

�?"�P
�2" ('$-�C#-6!*,
�n5���'���
22(1+n+n3) max{cap(B̃(0, rn)), cap(Ãn+j(z) \D)} < 1

*,U
n ≥ n0

U`"�#
�T$-��*L�=��('),�

n0 ∈ N
��Pe��.��1.��'>1�;U`" #

n ≥ n0
���'���

α̃D(z) ≥ C2

n3−1∑

j=1

22(n+j)

2 log
1

21+n+n3 cap(Ãn+j(z) \D)

≥ C2C3

2

n3−1∑

j=1

22(n+j)22(n3−j)

n222n2+2n3 = C4
n3 − 1

n2
−−−→
n→∞

∞.
}?�1
�>/�

limD3z→0 αD(z) = limD3z→0 α̃D(z) =∞ Y
��*,
'� )+)+K���Pe��U`" #�F���),�����;�����;F_� *+
~#��/$-��)L�/Y

��� NyUe>SN : ��Y ��Yb����f<h��HPe"5� �����WkgluV 1 lui D ⊂ C kdlgc*kdZ.oEh'qWldq*qWZ.]Yc.a3hu�
z0 ∈ ∂D

� �JXPl�h i"XPl
,uZ=[([ Z�� a(hT*�_,^jZd_!l�^ui"aBl�p�c.^jl�l���oPa��=c=[\luhyiR�

fg*cl
D
a(p
b + l'-.XPc.oPp�i"a��=l�c=i z0

f a��(l��
limD3z→z0 kD(z) =∞ l=�

fg*,*cl
limD3z→z0 αD(z) =∞ �

r ^jZ<Z , ���H" #������;PQ��"�)+�;%�#�"�"�U�Pe��FX�/K���$-$-�'FT�����'���
D ⊂ 1

2E
��
'.

z0 = 0 ∈ ∂D Y



�NO � � ��#�& 
���
 ��� 
�& !�
����

fg*,*cl ⇒ fg*`l=Y J $-$-��FX�����H�W�&�����
$<�=�����1FX�1
7�&*+
�fg*`le*,$&
�" �Q�-#��'� Y�t]���/
������C#��
�CI!*,$<��$?�X$-�/[7���1
'>1�
(zk)k∈N ⊂ D ∩ B(0, 1/8)

PQ*+���
limk→∞ zk = 0

� 
�.
supk∈N kD(zk) =: M < ∞ Y �d�!�

Kk
n := An(zk) \D �

n ≥ 2
�
k ∈ N Y]r7*,
�>1� zk ∈ D

�����C#���*+$&� 

Nk ∈ N

$-��>R�~���'���
Kk
n = ∅ Uc" #� )+)

k > Nk
Y��Q('$-�1#-6������H�W�:
'�1>1�/$-$���#�*+)+K

Nk → ∞
� $
k →∞ Y;oeK0� $-$-��FT%���*,"�
�fg$-�/��yQ�/FX��#-3

��Y ��Yb� �8ldPe�;3!
�"�Pw���'���

1

8
αD(zk) ≤ Sk :=

Nk∑

n=2

22n

− log capKk
n

−−−→
k→∞

∞.
�d�!�

Kk
n,j := Kk

n∩{zk+reiθ : r > 0,−π/3+(j−1)2π/3 ≤ θ ≤ π/3+(j−1)2π/3}, j = 1, 2, 3.
oeK5%'#�"�%Z�C#-��KSfg©�l�"�U

cap
�!Pe���'�/68�

1

− log capKk
n

≤
3∑

j=1

1

− log capKk
n,j

.

D���"�"�$-�
j(n, k)

$-��>=�~���'���
capKk

n,j ≤ capKk
n,j(n,k)

��
'.\%H�!�
K̃k
n := Kk

n,j(n,k)

Ydt]���1


1

3
Sk ≤

Nk∑

n=2

22n

− log cap K̃k
n

−−−→
k→∞

∞.
9:�CqH
��

fn,k(z) :=





�

K̃k
n

dνn,k(ζ)

z − eiθn,kζ
*,U

capKk
n 6= 0

�

0
*,U

capKk
n = 0

�
z ∈ C \ K̃k

n,

PQ���C#��
νn,k := νK̃k

n

� 
�.
θn,k

$-��>=�����'���
arg(zk − eiθn,kζ) ∈ [−π/3, π/3]

Uc" #X� )+)
ζ ∈ K̃k

n

Y
t]���1


|fn,k(zk)| ≥ Re

( �

K̃k
n

dνn,k(ζ)

zk − eiθn,kζ

)
≥ C̃3

�

K̃k
n

dνn,k(ζ)

|zk − ζ|
≥ C32n,

PQ���C#��
C̃3, C3

��#��;%2"�$-*L��*+68�;>1"�
�$<�=� 
8��$1Y
t]���1#��_�W#��T��Pe"�>/� $-�/$;��"\(2�X.�*,$->1��$-$-�/.ZY_��*+#�$<�/�v� $-$-��FX�X���'���������C#��_��#��_�\$-�!('$-��[8�'�1
�>/�X"�U

(zk)
�'.��1
'"����/.�� n8��*,
\(7K

(zk)
�'� 
�.0�T$-��[7���1
�>/�

(nk)k ⊂ N
PQ*L���

nk ≤ Nk
�
k ∈ N �'$-��>R�~���'���

lim
k→∞

22nk

− log cap K̃k
nk

=∞.f��7Y���Y,���8l

�d�!�
fk := fnk,k

Ydt]���1
Z��(7K~|��1FXF_�_��Y ��Yb�C©���Pe���'�/68�

‖fk‖2L2
h(D) ≤ C2 − C1 log cap K̃k

nk
.

t]���C#��/Uc" #����7�=��3�*,
�n~f��7Y���Y,���8l�*,
8��"G� >1>/"���
8�/�!*L�]U`" ),),"/PQ$����'���
limk→∞ kD(zk) =∞ �!��>1"�
8�-#=� .�*,>Cp

��*+"�
ZY
�?"�P $-�!%�%Z" $-�����'���]���'�C#��;*,$&��%Z" $-*+��*+6���>1"�
�$<�=� 
8�

C4
$-��>R�~���'���

22n

− log cap K̃k
n

≤ C4, k ∈ N, n = 2, 3, . . . , Nk.



� � � � ��~'
H���!����~'WQ
\��%�"I��� �;~��W~�"�" �hO�O

�d�!�
ck,n := cap K̃k

n

�
fk,n := fK̃k

n

Y~���5��#��5n "�*,
�n0��"0>=��"�"�$-�_>/"�FG%H)+�1IE
7��F
(2�C#�$
ak,n

PQ*L���

ak,nfk,n(zk) ≥ 0
$-�'>=�~���H�W�Q*+U

fk :=

Nk∑

n=2

ak,nfk,n,

�����1

(|fk(zk)|)k

*,$���
8(Z" �'
�.��1.~PQ���1#��/� $
(‖fk‖L2

h(D))k
#��/F_��*,
�$�(2"���
�.��/.\(7K\�G%2"�$-*+��*L68�;>1"�
!p

$<�=� 
8�
C
Y���
~���'���Q$-*L���'����*,"�
\Pe���'�/68�

M ≥ kD(zk) ≥ |fk(zk)|2
‖fk‖2L2

h(D)

≥ 1

C
|fk(zk)|2,

�T>1"�
8�-#=� .�*,>C��*," 
OY
��*+#�$<�Q" ('$-�1#-6��;���'�;U`" ),),"/PQ*,
�nX*,
��/[7�'� ),*L��*,�1$�fg$-�1��|��1FXF_�_��Y ��Yb�C©�l=�

|2 Re〈fk,m, fk,n〉L2
h(D)| ≤ ‖fk,m‖2L2

h(D) + ‖fk,n‖2L2
h(D) ≤ 2C2 − C1 log(ck,mck,n),

PQ���1
 |n−m| ≤ 1
�'� 
�.

|2 Re〈fk,m, fk,n〉L2
h(D)| ≤ 2C2 + 2C1 max

∣∣∣∣ log

(
1

2m+1
− 1

2m+2

)∣∣∣∣,
∣∣∣∣ log

(
1

2n+1
− 1

2n+2

)∣∣∣∣
≤ 2C2 + C5mn,

PQ���1
 |n−m| ≥ 2
Y��d�!�

ak,n := 0
*+U

cap K̃k,n = 0
Ydt]�'�1


‖fk‖2L2
h(D) ≤ C6

Nk∑

n=1

|ak,n|2(− log ck,n) + C6

Nk∑

n,m=2, |n−m|≥2

|ak,n| |ak,m|nm

≤ C7

( Nk∑

n=2

|ak,n|2(− log ck,n) +
( Nk∑

n=2

n|ak,n|
)2)

.

|��1� |ak,n| := −(2n/log ck,n)bk,n
�!PQ�'�C#��:���'�;
7��F
(2�1#�$

bk,n ≥ 0
PQ*,)+)O(2�:q�I!�/.~),�����1#/Yat]���/


|fk(zk)| =
Nk∑

n=2

ak,nfk,n(zk) ≥ C3

Nk∑

n=2

2n

− log ck,n
bk,n2n.

r7"TPe���'�/68�;��"T),"�" 3^Uc" #Q
7�'F�(Z�C#�$
bk,n

$-��>R�~���'��� |fk(zk)| → ∞ � $
k →∞ ��('���

‖fk‖2L2
h(D) ≤ C7

( Nk∑

n=2

22n

− log ck,n
(bk,n)2 +

( Nk∑

n=2

n

2n
22n

− log ck,n
bk,n

)2)f���Y ��Yb�/�8l

#��1F_� *+
'$](2"���
'.��1.ZY
�d�!�

νk,n := −22n/log ck,n
�
k ∈ N Y¡yQ�1>�� )+)]���'���

Sk =
∑Nk
n=2 νk,n → ∞

� $
k →∞ �

νk,n ≤ C4
�
k ∈ N �O� 
�. Nk → ∞

� $
k →∞ Y
r7"^Pe�GF_�1K�q'
'.B$-��[7���1
�>/�1$

(nk,j)
qk
j=0

��PQ�'�C#��
nk,0 = 1

�
nk,qk = Nk

�H� 
�.
qk →∞

� $
k →∞ �'$-�'>=�~���'���

νk,nk,j+1 + · · ·+ νk,nk,j+1
> 1,

l

2l
<

1

j + 1
, j = 0, . . . , qk − 1, l > nk,j+1.

�?"�PwPe�;�=�W38�

bk,nk,j+1 = · · · = bk,nj+1
:=

1

(j + 1)(νk,nj+1 + · · ·+ νk,nk,j+1
)
, j = 0, . . . , qk − 1.

���~q'
'� ),)LK�$-�1�����'��� |fk(zk)| → ∞ ��$
k →∞ � 
�.����'���

(‖fk‖L2
h(D))k

#��1F_� *+
'$X(2"���
'.��1.
fg>1"�FT%H��#��_f���Y��7Yb���8l-l=Y�r7"T����*,$]%��W#-�Q"�Uv�����:%'#�"7"�Uu*+$Q>1"�FT%'),�C����Y
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fg*`l ⇒ fg*,*`l=Y;r��!%�%2"�$-�����'���&���'�C#���*+$;�5$-�/[7���/
�>1�
(zk)k ⊂ D

�
zk → 0

��$
k →∞ �Z$-��>=�B���'���/�

Uc" #&�T$-��*+�=��(')+�;%Z" $-*+��*+6���
���F
(2�C#
M

�
αD(zk) ≤M U`" #&��),)

k
Ydt]�'�1


∞∑

n=2

22n

− log cap(An(zk) \D)
≤ 8M.

��
�%H��#-��*+>/��)b�W#/��*+U
ck,n := cap(An(zk) \D)

�����1

log ck,n ≤ −22n/8M

�
k, n ∈ N � n ≥ 2

�2��
'.
�����C#��/Uc" #��_Pe�5F_�/KEq'
�.�� 


n0 ∈ N
$-��>=�����'���

log ck,n + 1 < −(n + 1) log 2 − 1
�
n > n0

�
k ∈ N Y�|��1� z ∈ An(zk)

�
1 ≤ n < n0

Ydt]���1


1

2
+

1

2n0+1
≥ |z − zk|+ |zk| ≥ |z| ≥ |z − zk| − |zk| ≥

1

2n0
− 1

2n0+1
=

1

2n0+1
,

PQ���1
 |zk| < 1/2n0+1 �2*gY � Y2Uc" #;��
7K
k ≥ k0

�
k0

$-�'*L�=��(')+K0>=��"�$-�1
OY;D��'"7"�$-�T�_.'" F_� *,

D′ ⊃ DPQ*L���

D′ ∩ B(0, 1/22n0) = D′ ∩ B(0, 1/22n0)
$-��>R�����'���

An(zk) \ D′ = ∅ � 1 ≤ n < n0,

k ≥ k0
Y J %�%')+K!*+
'nT������)+"�>/� ),*+z�����*+"�
~#��1$-��)+��fg>1U�Y�t]���1" #��1F ��Y,� Y���l�U`" #����'�;o]�C#�n�F_� 
\38�1#�
��1)���Pe�

$<��*+),)Z3!
�"�Pw���'���
limk→∞ kD′(zk) =∞ Y

�?"�P���q'I��
k ≥ k0

YAyQ�/>/� )+)����'�������'�C#��^*+$T� 

n1 > 2n0

$-�'>=�����'���
B(zk, 1/2

n1) ⊂ D′ Y���5�CI!�'� ��$<�
D′

(7K���$-�/[7���/
�>1�5"�Ue.�"�F_� *+
�$
D′j b D′

PQ*L����#��/� )Lp � 
'� )+K���*+>_(2"���
�.'��#�*,�1$�$-��>R�
���'��� ∑∞

n=2−22n/log cap(An(zk) \D′j) < 8M
�
∂(A2(zk) \ D′j) = ∂B(zk, 1/4)

�
K̃n :=

AN (zK) \D′j
*+$Q�1*+�����1#Q�1FT%���K\" #Q
�"�
!p�%Z" )b��#/����
'.�� 
8K\(2"���
�.'��#-K\%2"�*+
8�Q"�U

K̃n
�'*,U

K̃n 6= ∅
�H*+$

�X#��1n���)b��#&%2"�*+
8�?PQ*L����#��/$<%2�1>1�&��"X��������
7(2"���
�.��/.0>/" FT%2"�
��/
8�?"�U�*+��$&>1"�FT%')+�/FX�1
8�/Y:r7"^��#�"�$<�-p
F_��
 � $Q�����/"�#��/F fg$-�1�
t]���/" #��1F ��Y ��Y ©_*+
�h y&� 
E��������kgl���"�n��C�����1#�PQ*+���~���'��>1"�
8��*,
7��*+��K\%�#�*,
�>/*L%'),�
Uc" #e),"�n���#�*+����FX*+>&%Z"����/
8��*b��),$;fg$-�1�?t]�'�1" #��1F ��Y,� Y���*,
Ah y&� 
������ �Wkgl�*+FT%'),*,�1$����'���������?)+"�n8��#�*L���'FT*,>
%2" ���1
8��*b� )

pn := pµ
K̃n

*,U
n ≥ 3

��
'.
K̃n 6= ∅

�Z*+$:>1"�
8��*,
7��"���$:"�

C
Y?�H"�#;� 


n ≥ 3
$-��>R�B���'���

K̃n = ∅ %'��� pn := −∞ Y
�H"�#

n ≥ 3
>R��"�" $-�

χn ∈ C∞(R, [0, 1])
$-��>R�~���'���

χn = 0
*,U
K̃n = ∅ �H� 
�.

χn(t) :=

{
1

*,U
t ≤ log cap K̃n + 1/2

�

0
*,U
t ≥ −(n+ 1) log 2− 1/2

�
� 
�. |χ′n(t)| ≤ −2/M1 log cap K̃n

PQ���1#��
M1

*+$^�S$-��*+�=��(')+��%2"�$-*L��*+68��
7�'F�(Z�C#/Y¢�H" #
n ≥ 3.��CqH
��

fn := fK̃n
� 
�.

ϕn := χn ◦ pn
Y
�?" ���
���'���;*+U

K̃n 6= ∅
�����1


pn(z) ≥ −(n + 1) log 2
�

z /∈ An−1(zk)∪An(zk)∪An+1(zk)
�8� 
�.G���'���

pn ∈ C∞(C\K̃n)
Ydr7"

ϕn
*,$a�&$-FX"�" ���GU`��
�>1��*+"�


PQ*L����$-�!%�%2" #-�&*+

An−1(zk) ∪An(zk) ∪An+1(zk)

$-��>=�~���'���
ϕn|K̃n = 1

� 
�.

∂pn
∂z

(z) =
1

2
fn(z), z 6∈ K̃n.

�'" #
n = 2

Pe�;%'�!�
p2(z) := log |z| � 
�.\�=��38���

χ2 ∈ C∞(R, [0, 1])
$-�'>=�~���'���

χ2(t) =

{
0

*,U
t ≤ − log 8

" #
t ≥ − log 2

�

1
*,U
t
*,$�
�����# − log 4

�
� 
�. |χ′2| ≤ 2/ log 4

Y J n�� *,
Z�')+�1�
ϕ2 := χ2 ◦ p2

��
'.\%H�!�
f2 := 1

Ydt]���/

∣∣∣∣
∂ϕn
∂z

(z)

∣∣∣∣ ≤
|fn(z)|

−M2 log cap K̃n

, z ∈ 1

2
E \ K̃n, n ≥ 2.

��*+
'� ),)LK8��Pe��.��1q'
��

ϕ := sup{ϕn : n ≥ 2}.
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ϕ
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$�����*+$-UcK!*+
�n
ϕ|∂D = 1

� 
�.
ϕ = 0

*+
0�T
��/*+n��8(2" #���"�"�.~"�U
zk

Y
�?"�P ),�C�

f ∈ L2
h(D′)

Yat]�'�1
~������De� ��>R�8K\U`" #�F���),�_� 
�.~������m&#��/�1
~U`" #�F
�'),�X)+����.~��"

|f(zk)| = 1

2π

∣∣∣∣
�

∂Dj

f(λ) dλ

λ− zk

∣∣∣∣ =
1

2π

∣∣∣∣
�

∂Dj

(fϕ)(λ) dλ

λ− zk

∣∣∣∣ =
1

π

∣∣∣∣
�

Dj

f(λ)

λ

∂ϕ

∂λ
dΛ2(λ)

∣∣∣∣.

J %�%')+K!*+
�nT6��W#�*,"���$�6��1#�$-*+"�
�$Q"�U����'��r7>R�8P]��#�z�*,
��/[7�'� ),*L��*,�1$Q� 
�.�|v�1FXF_�_��Y ��Yb�1©GqH
'� )+)+K\n�*+6��/$

|f(zk)| ≤
∞∑

n=2

2n
�

An(zk)\K̃n

|f(λ)|
( |fn−1(λ)|
− log cap K̃n−1

+
|f(λ)|

− log cap K̃n

+
|fn+1(λ)|

− log cap K̃n+1

)
dΛ2(λ)

≤M4

∞∑

n=2

‖f‖L2
h(An(zk)\K̃n)

( ‖fn−1‖2D′
(− log cap K̃n−1)2

+
‖fn‖2D′

(− log capKn)2
+

‖fn+1‖2D′
(− log cap K̃n+1)2

)1/2

≤M5

( ∞∑

n=2

‖f‖2
L2

h(An(zk)\K̃n)

)1/2
( ∞∑

n=2

22n

− log cap K̃n

)1/2

≤
√
M̃ ‖f‖D′ ,
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�.��C%Z�1
�.��/
8��"�U
k
Y0t]��*,$
�1$<��*,F_�W���5*,$��-#��'�_Uc" #G� ),)

$-���_>1*,�1
8��)+K\)b��#�n��
k
Ydt]���1#��1U`" #�� �

(kD′(zk))k
*,$](2"���
�.��/.Z�H�X>1"�
8�-#=� .�*,>C��*," 
OY

9�N;:=<�>�?s��Y���Y � �yVGt]���C#��B��#��0$-*+FX*,),��#^>/" 
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�$_��"�����"�$-��*,
¢t]���/" #��1F ��Y���Y,���SU`" #_���'�
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8�?�16 � )+�H�W��*,"�
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FX" #��
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z0 ∈ ∂D
�HPQ���C#��

D ⊂ C *+$:�X(2"���
�.��/.
.�"�F_��*,
ZYsyQ�1>�� )+)?���'���

V := {f ∈ L2
h(D) : f

*,$��'" ),"�FX"�#-%H��*+>�*,

D ∪ {z0}}

*,$~.��1
�$-�S*,

L2

h(D)
fg>/U Y~t]���1" #��1F ��Yb� Y �8l=Y~t]���C#��/Uc" #����vPe�_F_�/KE.��CqH
��X���'�_�C6 � ),�'����*+"�
�U`��
�>C��*,"�
'� )a"�


V
�

*gY � Y
Φz0 : V → C

�
Φz0(f) := f(z0)

YEt]���5%2"�*,
8�
z0

*,$G>�� )+),�1. � kdZ.oEh'qWldqtl �.c=[ oyc=i"aBZ.h*_!Z.a(h!i
Uc" #

L2
h(D)

*+U
Φz0

�1I7���/
�.�$
��"A�0>1"�
8��*,
7��"���$TUc�'
�>C��*,"�
'� )d"�

L2

h(D)
YAt]���C#��^*,$
�����^U`"�)+),"�PQ*+
�n

.��1$->1#�*L%'��*+"�
�"�Uv$-��>R�~%2"�*+
8��$
h }?�1.E���8¥ ��k��
��� NyUe>SN :�V 1 l�i D c.h'q

z0
kdl�c.p�cWkdZ �.l����IXPluh

αD(z0) =∞ a �
z0

a3p h,Z=i c$kdZ.oEh'qWldq$l��=c=[foyc +i"a6Z.h _yZ.a3h!ic,�Z.^
L2

h(D)
�

�&('$-�C#-68�5���'����*,U
z0

*+$�
�" �T��(2"���
�.'�1.��C6�� )+�'����*,"�
�%2"�*+
8�G�����1

D

*,$
b
p��CI!�'� ��$<��*+68�^���

z0
Y

�?�C68�C#-���'�1),�1$-$1�������;>/" 
76��1#�$-��$<�=�����1FX�1
8�Q*,$QU`� ),$-�_fg$-�1���aI!� FT%'),�
��Y��7Yb��j8l=Y
9�N;:=<�>�?s��Y ��Y����WV��'" #^�S(2"���
'.��1.¡.'" F_� *,


D ⊂ C
�����1#�����#��B��
H��),"�n�" �'$_
�" ��*+"�
�$5)+*+38�~�����

o]�C#�n�F_��
~3��1#�
��1)O�=�W3!*,
�nT.��1#�*L6�����*L68�1$�*,
8��"5��>/>1"���
8�/�'
'� FX�1)+K^�����
n
i"XS6xlu^8*=]Yc.h 
.lu^�h'lu[

k
(n)
D (z) := sup{|f (n)(z)|2 : f ∈ L2

h(D) \ {0}, ‖f‖L2
h(D) = 1}, n ∈ N0, z ∈ D.

�Q('$-�1#-68�;���'���
kD = k

(0)
D

Ya@A"�#��/"�6��1#/��"�
����H��$������;U`" ),),"/PQ*,
�nX%2" ���1
8��*b� )Lp������/" #��C��*,>:U`��
�>1��*+"�
Z�

α
(n)
D (z) :=

1/2�

0

dr

r2n+3(− log cap(B(z, r) \D))
, z ∈ D, n ∈ N0.
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αD = α

(0)
D

Y t]���C#��B*,$5���'�BUc"�),)+"�PQ*,
�n�#��/),����*," 
£(Z�C��Pe�1�/
£�����1$-�A
�" ��*,"�
�$Sfg$-�/�
h �a��pN�HPe"^� �����Wkgl=�
��� NyUe>SN :�V 1 l�i n ∈ N0

c.h'q
d > 1

� �IXPluh i"XPlu^jl�a3p�c
C > 0

pdoybuX
i"XPc=i
• ,�Z.^�c.hye
qWZ.]Yc.a3h

D ⊂ C � a3i"X
diamD < d

�

Cα
(n)
D (z) ≤ k(n)

D (z), z ∈ D;

• ,�Z.^�c.hye
qWZ.]Yc.a3h
D ⊂ C � a3i"X

1/d < diamD < d
�

k
(n)
D (z) ≤ C max{1, α(n)

D (z)(logα
(n)
D (z))2}, z ∈ D.

?
|��1�

D ⊂ C (2�\�0.�"�F_� *+
���
'.
z0 ∈ ∂D

YA��$�*+���-#��'�_���H�W�
limD3z→z0 k

(n)
D (z) = ∞*+FT%'),*,�1$����'���

limD3z→z0 α
(n)
D (z) =∞ ?
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D := E \
( ∞⋃

k=1

B(xk, rk) ∪ {0}
)

kdlYc��0c=[ b�] c.h8qWZ.]Yc.a3h
(7)

� � XPl�^jl
xk > xk+1 > 0

�
limk→∞ xk = 0

�
rk > 0

� a"i"X
B(xk, rk)

⊂ E �
B(xk, rk) ∩ B(xj , rj) = ∅ � k, j ≥ 1

�
k 6= j

� � pdpdoE] l�i"XPc=i
∃Θ1∈(0,1) ∃Θ2∈(Θ1,1) : Θ1 ≤ xk+1/xk ≤ Θ2, k ∈ N.

�IXPluh
D
a(p
b + l'-.XPc.oPp�i"a��=l�a � D

a3p
b + l�-.XPc.oEp�i"a��.l�c=i 0

a � ∑∞
k=1 (−1/x2

k log rk) =∞ a �
αD(0)
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kD(z) =∞
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B(xk+1 − rk+1/2, rk+1) ⊂ B(0, δ) \D �

δ ∈ (xk+1, xk)
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αD(0) ≥
∞∑

k=1

xk�

xk+1

d r

−r3 log cap(B(0, r) \D)
≥
∞∑

k=k0

xk�

xk+1

d r

−r3 log (rk+1/2)

≥
∞∑

k=k0

(xk − xk+1)
−1

x3
k log (rk+1/2)

≥ C
∞∑

k=k0

−1

x2
k+1 log rk+1

,
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αD(0) =
( 1/2�

x1

+
∞∑

k=1

xk�

xk+1

) dr

−r3 log cap(B((0, r) \D)

≤ C1 +

∞∑

k=1

xk − xk+1

x3
k+1

∞∑

j=k

−1

log rj
≤ C1 + C2

∞∑

j=1

−1

log rj

j∑

k=1

1

x2
k

≤ C1 + C2

∞∑

j=1

−1

log rj

j∑

k=1

Θ
2(j−k)
2

x2
j

≤ C1 + C3

∞∑

j=1

−1

x2
j log rj

,
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_���G� F ∈ O(U2) �
(9) � ~'�������c��
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ĝ ∈ H∞(P̃ )

PQ*+���
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a ∈ ∂G

� � pdpdoE] l i"XPc=i
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8K

r > 0
�����

*+
7���C#�$-�1>1��*+"�

B1(a, r)∩∂G *+$d
�" �a%2"�),��#/Yd�&�����C#-PQ*,$-� �8�����1#���*+$�� 


r0 > 0
$-�'>=�X���'���

B1(a, r0)∩
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G 3 zj → z∗ ∈ G $-��>=�A���'��� |pj − zj | ≥ ε
� 
�.

log gG(pj , zj) < −1
�
j ∈ N YQD���"�"�$-�
�X$-F_� )+)�.�*,$->

V
�W#�"���
'.

z∗
PQ*+���

b /∈ V Y]t]�'�1
~Pe�
�'�/68�
gG(pj , zj) ≥ gG̃(pj , zj)

�2PQ�'�C#��
G̃ := G ∪ V Y
�?"/P��O" ('$-�C#-68�G���'���

gG̃(pj , ·) = gG̃(·, pj)
� 
�.

���'���
log gG̃(pj , ·) → 0

%2"�*,
8��PQ*,$-� Y r7*+
'>1�
log gG̃(pj , ·)

��#��^�H�W#�FX"�
�*,>\Uc�'
�>C��*,"�
�$1�������5�:*+�=� )+*
�����1" #��/F *+FT%'),*+�/$����'���

log gG̃(pj , ·)
���/
�.�$
�'
�*+U`" #�FX)LKS��"

0
"�
�$-" FX�5$-F_� ),)a
'�1*,n �7(2" #���"�"7.�"�U

z∗
�'>1"�
8�-#=� .�*,>C��*,
�nX�����;Ug� >C�]���H�W�

log gG(pj , zj) < −1
U`"�#&� ),)

j
Y

� N;:5: < ��Y ©�Y ©yV 1 l�i D ⊂ Cn � n ≥ 2
� kdl cAqWZ.]Yc.a3h8c.h,qg[ lui

0 < r < t
��
IZ.^ c.hye

z′ ∈ Cn−1qWl � h'l
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� ),)
z′ ∈ V ′ (11)
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f(z′, zn) = f̂(z′, zn)
�
(z′, zn) ∈ V ′ × B1(0, s)

�'Uc" #?� )+FX"�$<�?� )+)
z′ ∈ V ′ Y]r7*,
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$-�C�Q*,$�.'�1
�$-��*,

(V ′ × B1(0, s)) ∩D ��Pe�;�'�/68�;#��/� >=�'�1.~�����;>/),� *,F�" Uu|��/FXFX�5��Y ©�Y ©!Y

�?"�PwPe�
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fg*`l ⇒ fg*,*`l=Y���*LI0�T(2"���
�.H�W#-K~%2"�*,
8�
w ∈ ∂D Ye��*+#�$<�&Pe��.�*,$->1�'$-$Q�����
>/� $-��PQ���1


w /∈ int(D)
Y

t]���1
¡�����C#���*,$5�S$-��[7���1
�>/�
(zj)j ⊂ Cn

$-��>=�¡���'���
zj → w

��
'.
zj /∈ D

�
j ∈ N Y£oeK

rjPe��.��1
�" ���\���'�~)b��#�n��1$<�X#=� .�*,��$_$-��>=�����H�W�
Bj := Bn(zj , rj)

.�"��/$X
�" �_*,
8���1#�$-�1>C�
D
Y�r7�/)+�/>C�

wj ∈ ∂Bj ∩ ∂D
Y�t]���1


wj → w
Y��Q(H$-�C#-68�����'���?������.'" F_� *,


D
$�����*+$<q'�/$?�����Gn �/
��C#=� )u"��!���1#

>1"�
��^>1"�
�.'*L��*,"�
 ���
wj

fg$-�1�\t]���/"�#��/F ��Y,� Yb�W¥~*+
 h � p����/�����Wk`l=YEt]���C#��/Uc" #�� �
limD3z→wj kD(z)

=∞ Ya}?�/
�>1����fg*,*cl�Uc"�),)+"�PQ$1Y
�'#�" F 
�"�P�"�
�Pe�G��$-$-�'FT�
���'���

w ∈ int(D)
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���'���Gfg*,*`le*+$?
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w
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P b D PQ*L���~>/�1
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w
� 
�.0�T>1"�
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8�

C > 0
$-�'>=�~���'���

kD(z) ≤ C, z ∈ D ∩ P.
�?"�P��H),�C�

L
(2���X>1"�FT%'),�CI�)+*,
������!#�"���n��

P
Y]t]���/


(L ∩ P ) \D *+$?�T%2"�)b��#&$-�1�Gfg*,

L
le" #?*L�&*,$

�1FT%���K8Ya��
�.��1�/.Z�'" �����1#-PQ*+$-�;Pe����%�%')+K\|v�1FXF_�X��Y ©�Y ��Ydt]���1#��1U`"�#����

sup{kD∩L(z) : z ∈ L ∩ P ∩D} =∞.
t]���1
O��(7K~t]���1" #��/F ��Y,� Yb� �

sup{kD(z) : z ∈ L ∩D ∩ P} =∞ �'�X>1"�
8�-#=� .�*,>C��*,"�
ZY
�&('$-�C#-68�����'���u�����C#��e*,$��&>/"�FG%H)+�1I
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L∗
%H� $-$-*+
'n?���!#�"���n��

w
� 
�.

P ∩D Yv����F_�/K�� $-$-��FX�
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w = 0
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�.O�'��Uc���C#Q�G)+*,
����W#�>R�'� 
�n��:"�U�>1"�" #�.�*,
'�����1$1�!���'���

P = En
� 
�.

L∗ = {(0, . . . , 0)}
×C Ydr7"������Q� $-$-��FT%���*+"�
�$�"�U2|��/FXFX�
��Y ©�Y ©���#���$�����*,$<q'�1.XPQ*+���T#��/$<%2�1>1����"�$-"�FX�Q
��/*+n��8(2" #���"�"�.
V ⊂ En−1 "�U

0′ ∈ Cn−1 YQt]���1#��1U`"�#����'�����1#���*,$?�_
��/*+n��8(2" #���"�"�.
V ′ = V ′(0′) ⊂ V

$-��>=�0���'���
Uc" #d� 
8K

f ∈ L2
h(D)

�����1#��e*,$d��

f̂ ∈ O(V ′×B1(0, 1/2))

PQ*L���
f = f̂

"�

D∩(V ′×B1(0, 1/2))

�
>1"�
8�-#=� .�*,>C��*,
�nT������� $-$-��FT%���*,"�
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�fg*cl=Y
9�N;:=<�>�?0��Y ©�Y�� V
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5h � #�n5� �����Wk��W�����dUc"�),)+"�PQ*,
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��1#=� )+*,z/����*," 
�"�U�t]���1" #��1F¤�7Y ©�Y,�dFX�/K:(2�dUc"���
'.Z�
��� NyUe>SN :�V 1 l�i (X,π)

kdl
c �Fa6lu]Yc.hyh qWZ.]Yc.a3h Z �.lu^
Cn

pjo!b�XCi"XPc=i
π(X)

a(p$kdZ.oEh'qWldq�� 1 lui
(X̂, π̂)

kjl i"XPl
luh �.l�[\Zd_yl�Z ,�XPZ=[\Z.] Z.^`_,XWe c.h'q
(X̃, π̃)

i"XPl
L2

h(X) + luh �=l�[\Zd_yl
Z ,�XPZ=[\Z.] Z.^`_,XWe Z ,
(X,π)

� �IXPluh
(X̂, π̂)

l�] kdljq.p a3hyi`Z
(X̃, π̃)

c.h,q�i"XPlxq.a � lu^jl�h'bdlxZ , i"XPlup�lFi �vZ p�l�i"p a(pFc _'[foE^�af_yZ=[\c.^
pdoykupul�i Z ,

X̃
�

t]���/" #��1FX$&��Y���Y �X��
'.0��Y ©�Yb�;F_�/K^(2����$-�1.~��"Tn��C�����'�;U`" ),),"/PQ*,
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� Ue>,U � ��<�>�����Y ©�Y ��f<h �8��#-p��a������� �Wk`luV � hyetkdZ.oEh'qWldq*kdc=[\c.h'bjldq*qWZ.] c.a(h Z ,�XPZ=[\Z.] Z.^`_,XWeAa3p$c.h
L2

h + qWZ.] c.a(hCZ , XPZ=[\Z.]YZ.^`_,XWe��
?
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G ⊂ Cn (Z���T.'" F_� *,
~$-�'>=�~���H�W�
kG(z) > 0

�
z ∈ G (12)
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G
Y�r7"

βG(z;X) :=

( n∑

j,k=1

∂2

∂zj∂zk
log kG(z)XjXk

)1/2

, z ∈ G, X ∈ Cn,

(12) �Z��"H~�
 �;~���
\���#��
���"7������X����������0
�����X�"_���$�&��
_����� z ∈ G ��
W~'
H~ ~'WC��"���"7��� f ∈ L2
h(G) "�%�� 
0��
\�h�

f(z) 6= 0 �
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G
Ya� �e*,$�������6xlu^8*.] c.h�_,p�luoyqWZ.] lui"^�aBbCY�yQ�/>/� )+)����'���e�����C#��

*+$e� 
�" �����C#�.��/$->C#�*+%���*+"�
5"�UH���'�Qo]�C#�n�F_��
X%H$-�1��.�"�FX�C�-#�*,> Y�|v�C�
G ⊂ Cn (2�&� $���(2"�68� Y����Q.��1q'
��

MG(z;X) = sup{|f ′(z)X| : f ∈ L2
h(G), ‖f‖L2

h(G) = 1, f(z) = 0}, z ∈ G, X ∈ Cn.
t]���1


βG(z;X) =
MG(z;X)√

kG(z)
.

f���Y ��Yb�C©�l

�Q('$-�1#-68�;���'���
βG

*+$&�TFX�C�-#�*,>;*,U

∀z∈G ∀X∈Cn, X 6=0 ∃g,f∈L2
h(g) : g(z) 6= 0

��
'.
f(z) = 0, f ′(z)X 6= 0.

f���Y���Y,���8l
t]���06xlu^8*.] c.h _,p�l�o!qWZ<q.a(p�i`c.h'bdle"�


G
*,$�n�*L68�/
\(�K

bG(z, w) := inf
{ 1�

0

βG(γ(t); γ′(t))dt : γ ∈ C1([0, 1], G) : γ(0) = z, γ(1) = w
}
, z, w ∈ G.
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G ⊂ Cn
$�����*,$-UbK!*,
�n

kG(z) > 0
Uc" #0��),)

z ∈ G
*,$~>/� ),)+�/.

6xlu^8*.] c.h + bdZ.]x_'[\lui`l:fgUc" #e$-��" #-�
b + bdZ.] _'[ lui`l�" # bG + bdZ.] _'[ lui`l�la*+U bG *+$]�
.�*+$<�=� 
�>/�?� 
�.^*,UZU`" #]��
7K

bG
pNDe���'>=�8K~$-�/[7���1
'>1�

(zj)j ⊂ G
�����C#��;*,$Q�T%2"�*+
8�

a ∈ G $-�'>=�~���'���
limj→∞ zj = a

Y
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D ⊂ Cn � βD
*,$T�BFX�C�-#�*,>\� 
�.
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D
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D
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fg$-�1�_h D����1pN�H�H�_� �����Wkgl=Y
��� NyUe>SN :���Y ��Y��PV 1 l�i D ⊂ Cn kdl�c _,p�luoyqWZ<bdZ.h �=l'-
qWZ.] c.a3hSf h'Z=i h,ldbdlupjp�c.^�a"[fegkjZ.oPh'qWljqHl � � p +pdoE] l�i"XPc=i2,uZ.^�c.h e _!Z.a(h!i

w ∈ D i"XPlu^jl�a3p�c.h
r > 0

pjo!b�Xgi"XPc=i
Aw(D; r) := {z ∈ D : log gD(w, z) < −r} ⊂⊂ D. (13)
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a3p�c�] lui"^�aBb�Z.h
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r ^jZ<Z , ��t]���:U`��
�>1��*+"�
�$]$�����*+$-UcK!*+
'nT>1"�
�.�*+��*," 
Ef���Y���Y,���8ld��#��:U`" �'
�.^(7K^$-"�)+6�*,
�nX�

∂
p�%'#�"�(H)+�/F\Yd�'" #

FX"�#���.'�C�=� *+),$1�������:#�����.'�C#QF_�/K\>1"�
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� Ue>,U � ��<�>�����Y��7Y�� V � h e�XWe�_ylu^�kjZ=[ a6b � aBl�] c.hyh
pdoE^K,�cWbjl XPc.pxc	6 l�^8*=] c.h
]Yl�i"^�a6b c.h'q�q.a3p�i`c.h,bdl��
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C \D a(pFh'Z=i cF_yZ=[\c.^ p�l�i0XPc.p c!6xlu^8*=]Yc.h
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u ∈ PSH(D)
$-��>=�
���'��� {z∈D : u(z)<−r}

b D
�
r > 0

�v$�����*,$<q'�1$^f���Y���Y,���8l=�v*gY � Y
D

� .�FX*L��$��~o]�1#�n F_� 
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�>1��Y_�H"�#�FX" #��_.��C�=� *,)+$�$-�/�
h D��'�CpN���'�_� ���8��k�Y
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� Ue>,U � ��<�>��w��Y��7Y�� V 1 lui D ⊂ Cn kdl�c.h oPh,kdZ.oPh,qWldqgqWZ.]Yc.a3h�� � pjpdoP]Yl�i"XPc=i i"XPlu^jl�c.^jl R > 0c.h'q
ψ ∈ PSH(D \ B(R))

pdoybuXgi"XPc=i=�
• ψ < 0

Z.h
D \ B(R)

�
• limz→∞ ψ(z) = 0

�
• lim supz→a ψ(z) < 0

�
a ∈ (∂D) \ B(R)

�
�IXPluh

D
XPc.p i"XPl	6xlu^8*=]Yc.h ] l�i"^�a6b��

r ^jZ<Z , ����*+I
�
z0 ∈ D

��
'.
>=��"�"�$-�a%Z" $-*+��*+6���
7��F
(2�1#�$
R3 > R2 > R1 > R

$-�'>=�
���'��� ‖z0‖ < R1� 
�.

2 inf
D\B(R2)

ψ ≥ sup
D∩∂B(R1)

ψ =: c < 0.

@B" #��1"�68�C#/��%H�!�

d := inf
w∈D∩∂B(R1)

log gB(R3)(z0, w) > −∞, u(w) := 2ψ(w)(d/c)− d, w ∈ D \ B(R).

�Q('$-�1#-68�;���'���
u(w) ≤ d ≤ log gB(R3)(z0, w), w ∈ D ∩ ∂B(R1),

u(w) ≥ 0 ≥ log gB(R3)(z0, w), w ∈ D ∩ ∂B(R2).
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v(w) :=





log gB(R3)(z0, w), w ∈ D ∩ B(R1)
�

max{log gB(R3)(z0, w), u(w)}, w ∈ D ∩ (B(R2) \ B(R1))
�

u(w), w ∈ D \ B(R2)
�
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D
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v + d ≤ log gD(z0, ·)
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v = u ≥ 0
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D \ B(R2)
�HPe�
�H�168�

logD(z0, ·) ≥ d
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D \ B(R2)
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�.0*,U

w ∈ D ∩ B(R2)
�

�����1

log gD(z0, w) ≥ log gB(R3)(z0, w) + d ≥ log gB(z0,R3+‖z0‖)(z0, w) + d

Y
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B(z0, s) b D ∩ B(R2)
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d1 < 0
$-��>R�A���'���

log gD(z0, w) ≥ d + d1
�

w ∈ D ∩ B(R2) \ B(z0, s)
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��� NyUe>SN :���Y ��Y �PV 1 l�i D ⊂ Cn kdl�c
kjZ.oPh'qWljq _,p�l�o!qWZ<bdZ.h �=l�-
qWZ.]Yc.a3h��
f��7l � pdpdoE] l�i"XPc=i

lim sup
z→∂D

|f(z)|√
kD(z)

< ‖f‖2L2
h(D), f ∈ L2

h(D) \ {0}.
�JXPl�h

D
a(p
b + bjZ.]x_'[\l�i`l��f�� ′ l 1 l�i H ⊂ L2
h(D)

kdlgc qWluh p�l pdoykup6_!cWbjl���mCZ.^jldZ �.lu^��Fc.pdpjoP]Yl$i"XPc=i ,�Z.^$c.hyeAp�l���o!l�h'bdl
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*+$���"�)+"�FX" #-%'��*,>&"�

D

��
'._$�����*,$<q'�1$
f̂(z0) = 0

�
f̂ ′(z0) = f ′(z0)

��� 
�. ‖f̂‖L2
h(D) ≤ C‖f‖L2

h(Ũ)
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f := fB(x1,r1) −
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f(z) =
1

x1 − z
− xN − zN
x1 − zN

1

xN − z
, z ∈ D.
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f(zN ) = 0, f ′(zN ) =
xN − x1

(x1 − zN )2(xN − zN )
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xn
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xn+1
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‖f‖L2
h(D) ≤ ‖fB(x1,r1)‖L2

h(D) +
|xN − zN |
|x1 − zN |

‖fB(xN ,rN )‖L2
h(D) ≤ C2

|xN − zN |
|x1 − zN |

√
− log rN ,
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MD(z;X) ≥ |X| |x1 − xN |

C2|x1 − γ(t)| |xn − γ(t)|2√− log rN
≥ |X| C3

x2
N

√− log rN
,
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lim
τ→1

τ�

0
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MD(γ(t); γ′(t)) dt ≥

∞∑

N=j0

C3
xn+1 − xN+2

x2
N

√− log rN
≥

∞∑

N=j0

C3
Θ1xN −Θ2

2xN
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N

√− log rN

≥ C4
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1
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√− log rN

=∞,

PQ���C#��
C4 > 0

Ya}?�/
�>1���!�����:%'#�"7"�Uu"�U�����*,$Q)+�/FTF_�X*+$�>/" FT%'),�C����Y

�?"�P��H�W%'%')LK!*,
�nX|v�1FXF_�_��Y��7Yb���G)+����.'$]��"T������Uc"�),)+"�PQ*,
�nX>/" 
7�-#=��.'*+>1��*+"�
Z�
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βD(γ(t); γ′(t)) dt ≥ 1
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βD(t; 1) <∞ �
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limz→∂D βD(z; 1) =∞ Y

?t]���
b
p�>/"�FG%H)+�1���1
��/$-$?FT��� 
�$?�'�1�!#�*,$<��*+>�� )+)+K~���'���&(Z" �'
�.'��#-K�%2"�*+
8��$:��#��G*+
!qH
�*L���/)LK0U`��#:�/P]�/K

Ub#�"�F *+
�
'�C#e%2"�*+
8��$1Yer�"�"�
��?FX*+n��8�e����*,
!3X���H�W�eU`" #]�
b
p�>/"�FG%H)+�1���?.�"�FX� *,
5�����?o]�1#�n F_� 
^FX�C�-#�*,>

βD
(2�/>1"�FX�1$e*,
!q'
�*+���;���e�����?(2"���
�.H�W#-K8Yat]���:U`" ),),"/PQ*,
�nT�CI�� FT%')+�:$-��"�PQ$e���H�W�]����*+$]*+$]
�" �e�-#�����Y

���e<e:�	�� N\�7Y���Y �!�WVGt]���1#��]�CI!*,$<��$a�
b
p�>1"�FT%'),�C���e(Z" �'
�.��1.X.�"�F_� *+


D
*,
G���'�e%')b� 
��ePQ��*,>=�X*,$�
'"��

βD
p��1I��H���'$<��*L68� �H*�Y ��Y'�����C#���*+$&�T(2"���
�.'��#-K~$-��[8�'�1
�>/�

(wk)k ⊂ D
$-��>R�~���'���

(βD(wk; 1))k∈N
*+$

(2"���
�.��/.�fg>1U�Y�h ���'pN�'Pe"^� ���8��kgl=Yatv"T(Z�:FX" #��;%�#��/>1*,$-� ��%'���

xn :=
1

2n+1
+

1

2n+2
, zn,j := exp

(
i
2πj

24n

)
, n ∈ N, j = 0, . . . , 24n − 1.
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)
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a ∈ Ω Yd�a���

C(Ω, a) := {v ∈ Rn : a+ R+v ⊂ Ω}.� �:*,$:����$<K0��"\$-�1�G���'���
C(Ω, a)
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C̃(D) := {v ∈ C(ΩD) : exp(a+ R+v) ⊂ D}, C′(D) := C(ΩD) \ C̃(D).
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C′(D) ∩Qn = ∅ �
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�d�!�

D1 := {z ∈ C2 : |z1|2/2 < |z2| < 2|z1|2, |z1| < 2}.
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Φ : C2
∗ → C2

∗, Φ(z) := (z3
1z
−1
2 , z−1

1 z2), z = (z1, z2),
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D1
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D̃1 := {z ∈ C2
∗ : 1/2 < |z2| < 2, |z1z2| < 2}.
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D2 :=
{
z ∈ C2 : 1

2 |z1|
√

2 < |z2| < 2|z1|
√

2, |z1| < 2
}
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D := {z ∈ C2 : |z2|2 < exp(−1/|z1|2), |z1| < 1}.
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δ
c.h,q
c.hye �=ldbui`Z.^

v ∈ C \ {0} i"XPl�^jl�a3p�c
β ∈ Zn pdo!b�Xgi"XPc=i

〈β, v〉 > 0, 〈β,w〉 < δ, w ∈ C, ‖w‖ = 1.
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v ∈ C′(D) ∩ Qn Y����GF_�/KA��$-$-�'FT�T���'���
0 ∈ logD

�
v = (v1, . . . , vn) ∈ Zn−
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v1, . . . , vn
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(0, 1)
γ7→ (t−v1 , . . . , t−vn) ∈ D *,$�q'
�*+��� Y
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0U`� >C�/�'%'���
ϕ(λ) := (λ−v1 , . . . , λ−vn)

�
λ ∈ E∗

Y]t]���1

ϕ ∈ O(E∗, D)
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u(λ) :=

kD(ϕ(λ))
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λ ∈ E∗
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α ∈ Zn ��c.h'q p ∈

(0,∞)
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• i"XPl�] Z.h,Z.]�aBc=[ zα kjl�[\Z.hT*=p i`Z
Lph(D)

a � 〈(p/2)α+ 1, v〉 < 0
,uZ.^�c.hye

v ∈ C(D) \ {0} �
• a , 〈α, v〉 < 0

,�Z.^�c.hye
v ∈ C(D) \ {0} ��i"XPl�h zα ∈ H∞(D)

�
• a , zα ∈ H∞(D)

�0i"XPluh 〈α, v〉 ≤ 0
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�

�'#�" F |��/FTF_�5�7Y���Y ���~f
p = 2
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u(λ) =
∑

α∈Zn: 〈α+1,v〉<0

aα|λ|−2〈α,v〉 =

∞∑

j=j0

bj |λ|2j ,

PQ���C#��
bj0 6= 0
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βD(ϕ(λ);ϕ′(λ)) =
∂2 log u(λ)

∂λ∂λ
=

∂2

∂λ∂λ

(
log

∞∑

j=j0

bj |λ|2j−2j0
)
. (16)
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~q'
�.0�T$-�!('$-�/[7���/
�>1�

(zjk)k
$-��>=�~���'���

|f(zjk)|√
kD(zjk)

−−−→
k→∞

0, f ∈ E.
f��7Y���Y,���8l
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z0 �'� $�������U`"�)+),"�PQ*+
'n]%�#�" %2�1#-��K2�O*+U

z0
j = 0

���'�1

Vj∩D 6= ∅

�
j = 1, . . . , n

�!PQ���C#��
Vj := {z ∈ Cn : zj = 0} Y��*+IX� 


α ∈ Zn $-�'>=�X���'���
zα ∈ L2

h(D)
Yat]���1


αj ≥ 0
U`"�#e� ),)

j
PQ*+���

z0
j = 0

Y�r7"
*+�d$-���_>1�/$
��"&68�1#�*+UcK����'���

kD →∞
� $
z → z0 Yu� *L����"��!��),"�$-$�"�U'n��1
'�C#=� )+*+��K�� Pe�]F_�1KG� $-$-��FX�e���'���

z0
j = 0

�
j = 1, . . . , s

�u� 
�.
z0
j 6= 0

�
j = s + 1, . . . , n

Y^�&(76!*+"���$-)+K��
s < n

Y5t]���/
S�����C#��X*,$
� 

R > 0$-��>=�^���'���

D ⊂ Bs(0, R)× π̃s(D)
�7PQ���1#��

π̃s := πs+1,...,n
.��/
�" ���1$������Q%�#�" xN�/>C��*," 
^" U

Cn
" 
7��"

(16) �Z��"H~�
 �;~ 
W~�
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\�h� log |λ|2j0 ��"#
\��
��	����������� E∗ �
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Cn−s
*,U
s ≥ 1

" #������?*+.��/
8��*+��KX*,U
s = 0
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π̃s(D)
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�PQ*L���

π̃s(z
0) ∈ ∂π̃s(D)

�vPQ���1#��5� ),)d>/"7" #�.�*,
'�����1$�" U
π̃s(z

0)
�W#��5.�*+V2�C#��/
8�GUb#�"�F z/�C#�"�Y

}?�1
�>/� �
π̃s(D)
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�.�*+��*," 
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π̃s(z
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h � p������ ���Wk���*+��U`"�)+),"�PQ$]���'���
limz′′→π̃s(z0) kπ̃s(D)(z

′′) =∞ Y �?$-*,
�nT�����;FX"�
�" ��" 
'*+>/*L��K\� 
�.~�����
%�#�"�.���>1�QUc" #�F���)b�T"�U����'�;o]�C#�n�F_� 
\38�C#�
��/)g��Pe�;q'
'� ),)LK~n �1�

kD(z) ≥ kBs(0,R)(z
′)kπ̃s(D)(z

′′) −−−−−−−−−−→
D3z=(z′,z′′)→z0

∞.
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A�����T#��1F_� *+
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j
$-��>=�S���'���

z0
j = 0

��('���
Vj ∩D = ∅ Y�����F_�1K�� )+$-"5��$-$-�'FT�����'���

D ∩ Vj 6= ∅
�
j = 1, . . . , k

�
D ∩ Vj = ∅ �

j = k + 1, . . . , n (17)
�
z0
k+1 = 0

�H� 
�.
1 ∈ D Y

|v�C�
v ∈ (Qn ∩C(D)) \ {0} Ydt]���1
O�7(�K5� $-$-��FT%���*," 
O��Pe�&3!
�"�P¢���H�W�

v ∈ C̃(D)
Y�t]�'�C#��1U`" #�� �

limt→∞ exp(tv) = w ∈ D
YSr7"���*+U

vj < 0
�����/


wj = 0
�a��
'.�*+U

vj = 0
���'�1


wj = 1
Y���


%H��#-��*+>/��)b�W#/�H*+Uv�����C#��;*,$Q�
v ∈ C(D) ∩Qn � vj < 0

�������/

j ≤ k Y�&('$-�C#-68�\���'���

Rk− × {0}n−k ⊂ C(D)
Y �?"�P��dPe�\>/),� *,F ���'���

v 6∈ Rk × Qn−k U`"�#5��
7K
v ∈ C(D) \ (Rk × {0}n−k)

Y���
£U`� >1�/�e$-�!%'%2"�$-�����'���
v ∈ Rk × Qn−k Y r7"

vj < 0
U`"�#^�

$-"�FT�
j > k

Y~r7"�Pe�XF_�/KS>R��"�" $-�5�~$-��*+�=��('),�X6��/>C��" #
w ∈ Rk− × {0}n−k ⊂ C(D)

$-��>=�����'���
ṽ := v + w ∈ C(D) ∩Qn � 
�.

ṽj < 0
Ya}?�1
�>/� �

j ≤ k �H�T>/"�
8�-#=� .�*+>1��*+"�
ZY
�d�!�

π : Rn → Rn
�
π(x) := (0, . . . , 0, xk+1, . . . , xn)

�aPQ���C#��
x = (x1, . . . , xn)

Y�t]���1

π(C(D))
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π(C(D)) ∩ ({0}k ×Qn−k) = {0}.
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z0
k+1 = 0

Y��?"�P���)+�1�
zj ∈ D ∩ Cn∗

(Z���A$-��[7���1
�>/�\���1
'.�*+
'nA��"
z0 (18)

Y �d�!�

xj := (log |zj1|, . . . , log |zjn|) ∈ Rn
Y �&(76!*+"���$-)+K�� ‖xj‖ → ∞ Y�@A"�#��/"�6��1#/�ePQ*+����"��!�5)+"�$-$5"�U

n��1
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α ∈ Zn $-��>=�����'���
zα ∈ L2

h(D)
Ydt]���1
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inf{−〈α+ 1, w〉 : w ∈ C(D), ‖w‖ = 1} =: δ0 > 0.
tOPe"_>/� $-�1$Q�'�/68�:��"T(2��.�*+$->/��$-$-�1.OY
� < �<N �7�

ṽj < 0
U`"�#
$-"�FT�

j > k
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C = π(C(D))
�
v = π(ṽ)

�
� 
�.

δ0
�'Pe�;n��C���������CI!*,$<���1
�>/�:"�U��

β ∈ {0}k × Zn−k $-�'>=�~���H�W�

〈β, ṽ〉 = 〈β, π(ṽ)〉 > 0, 〈β,w〉 = ‖π(w)‖
〈
β
π(w)

‖π(w)‖

〉
< δ, w ∈ C(D), π(w) 6= 0.

�Q('$-�1#-68�;���'��� 〈β,w〉 = 0
*,U
π(w) = 0

Ydt]���1

zα+β ∈ L2

h(D)
fg��$-��|��/FTF_�5�7Y���Y ���8le� 
�.

|(zj)α|√
kD(zj)

≤ ‖zα+β‖L2
h(D)

|(zj)α|
|(zj)α+β | = ‖zα+β‖L2

h(D)|(zj)−β | −−−→
j→∞

0.
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ṽk+1 = · · · = ṽn = 0
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π(xj)

‖π(xj)‖ → w̃ = (0, . . . , 0, w̃k+1, . . . , w̃n).
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β ∈ {0}k ×Zn−k $-��>R�^���H�W� 〈β, w̃〉 > 0� 
�. 〈β,w〉 < δ0

�
w ∈ C(D) \ {0} Y��U

w̃ /∈ π(C(D))
� ),�C�
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π(C(D))
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�. −w̃ Y

t]���1

C̃ ⊂ {0}k × Rn−k � 
�.

w̃ /∈ C̃ Yat]�'�C#��1U`" #�� �

{β̃ ∈ {0}k × Rn−k : 〈β̃, u〉 < 0, u ∈ C̃ \ {0}}*+$e��
�"�
!p��/FG%'��KX>/"�
868�CIX" %2�/
_>1"�
��Gfg$-�1��h �:),�~����� ���!KR���Wk`l=Y�r7"
*+��>1"�
8�=� *,
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β ∈ {0}k×Zn−k Yt]�7��$1� 〈β,−w̃〉 < 0

� 
�. 〈β,w〉 = ‖π(w)‖〈β, π(w)/‖π(w)‖〉 < 0 < δ0
�
w ∈ C(D)

�
π(w) 6= 0

Y
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zα+β ∈ L2

h(D)
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�.

|(zj)α|√
kD(zj)

≤ ‖zα+β‖L2
h(D)|(zj)−β | = ‖zα+β‖L2

h(D)|
n∏

ν=k+1

|(zjν)−βν | −−−→
j→∞

0.
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D
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1 ∈ D
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Symbols

Chapter 1

A+ = {x ∈ A : x ≥ 0} (A ⊂ R), An+ = (A+)n, e.g. R+ = [0,+∞), Z+ = {0, 1, 2, . . .}, Rn+, Zn+ .6
N = {1, 2, . . .} = the set of natural numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
E = the unit disc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .6

mE(a, z) =

∣∣∣∣
z − a
1− az

∣∣∣∣ = the Möbius distance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

pE := 1
2 log

1 +mE

1−mE
= the Poincaré distance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

c∗G = the Möbius pseudodistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .6
O(G,D) = the family of all holomorphic mappings G→ D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
cG = the Carathéodory pseudodistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
m

(k)
G = the kth Möbius function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

orda f = the order of zero of f at a . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
gG = the pluricomplex Green function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
PSH(G) = the family of all functions plurisubharmonic on G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
‖ · ‖ = the Euclidean norm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .7
k̃∗G = the Lempert function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
k̃G := tanh−1 k̂∗G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
kG = the Kobayashi pseudodistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
H∗G = the Hahn function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
RegM = the set of regular points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .8
A∗ = A \ {0} (A ⊂ Cn), An∗ = (A∗)n, e.g. E∗, C∗, (Zn+)∗, Cn∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .8
γG = the Carathéodory–Reiffen pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
γ

(k)
G = the kth Reiffen pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
AG = the Azukawa pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
κG = the Kobayashi–Royden pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
hG = the Hahn pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
D(G) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
B(a, r) := {z ∈ Cn : ‖z − a‖ < r}, B(r) := B(0, r), Bn := B(1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .10
L%(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
%F . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
%in, %i, %ic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
M(G,K) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11�
η = the integrated form of η . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .12
Lη(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
ĥ = the Buseman seminorm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
η̂ = the Buseman pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

[176]



Symbols 177

κ̂G = the Kobayashi–Busemann pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
D% = the weak derivative of %. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .13
Ep = {(z1, . . . , zn) ∈ Cn :

∑n
j=1 |zj |

2pj < 1} = a complex ellipsoid . . . . . . . . . . . . . . . . . . . . . . . . . .15
A>0 = {x ∈ A : x > 0} (A ⊂ R), An>0 = (A>0)n, e.g. R>0, Rn>0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
I(h) := {X ∈ Cn : h(X) < 1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
U(h) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
Vol(s0) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .18
Λk = the Lebesgue measure in Rk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
sh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .19
In = the unit matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
ŝh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .19
Wη = the Wu pseudometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
Dα,c := {z ∈ Cn : if αj < 0, then zj 6= 0, |z1|α1 · · · |zn|αn < ec}, Dα := Dα,0 . . . . . . . . . . . . . . 25
|zα| := |z1|α1 · · · |zn|αn (α ∈ Rn) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
G2 = the symmetrized bidisc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
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