Contents

SIntroduction . ..o e 5
L Preliminaries .. ... e 7
2.1. General NOtAtION . ... ...t e 7
2.2. Admissible sequences and functions. ............. ... i 8

. Besov spaces of generalised smoothness on R™ . ... ... ... .. i, 11
3.1. The Fourier-analytic approach............ ... i 11
3.2. Characterisation by smooth atomic decompositions ............... ... ... ... ..... 12
3.3. Characterisation by differences and homogeneity .............. ... ... ..., 14
3.4. Characterisation by non-smooth atomic decompositions............................ 22

. Besov spaces of generalised smoothness on h-sets.............. ... ... ... ... ... 25
O T 1= P 25
4.2. Characterisation by atomic decompositions ........... ... 28

. Besov spaces on quasi-metric Spaces. ... ... e 36
5.1. Quasi-metric spaces and Euclidean charts .............. ... ... ... i .. 36
5.2. Function Spaces 0N A-SPACES . ... ...ttt ettt e e 38
5.3. Example: entropy numbers ... ... ... e 42
References . .. ... 43

3]



Abstract

An h-space is a compact set with respect to a quasi-metric and endowed with a Borel measure
such that the measure of a ball of radius r is equivalent to h(r), for some function h. Applying
an approach introduced by Triebel in [29] we define Besov spaces of generalised smoothness on
h-spaces. We describe the techniques and tools used in this construction, namely snowflaked
transforms and charts. This approach relies on using what is known for function spaces on some
fractal sets, which are themselves defined as traces of convenient function spaces on R™. It has
turned out to be important to obtain new properties and characterisations for the elements of
these spaces, for example, to guarantee the independence of the charts used. So we also present
results for Besov spaces of generalised smoothness on R™ and some special fractal sets, namely
characterisations by differences and a homogeneity property (on R™) and non-smooth atomic
decompositions.
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1. Introduction

An h-space X = (X,po,p) is a compact set X with respect to a quasi-metric ¢ and
endowed with a Borel measure p such that the measure of a ball of radius r is equivalent
to h(r), for some function h, i.e.,

w(B(z,r)) ~ h(r) forallz € X and 0 < r < Diam X. (1.0.1)

If we have in particular X C R™ and ¢ the usual Euclidean metric, we use a different
notation: we denote the set by the letter I' and the metric by g,. We say in this case
that T' = (T, on, 1) is an h-set. In [3] and [5] Bricchi characterised the class of functions h
involved. There he also introduced and studied Besov spaces of generalised smoothness
on these fractal sets. We also refer to [17] for characterisations of these function spaces,
which will be used later in this paper. In the particular case where h(r) = r¢ for some
d > 0, we say that I' is a d-set. Function spaces on d-sets have been studied with several
methods. We refer to Jonsson and Wallin [15] and Triebel [26, 27].

Another particular class of h-spaces that have been considered are d-spaces. In these
cases, we also have h(r) = r¢ for some d > 0, but now for (abstract) quasi-metric
spaces X . Function spaces on this kind of spaces have been studied by Han and Yang [12],
where approximations to the identity are used to define the spaces. We refer to [30, 1.17.4],
where several references are given and a comparison between this approach to function
spaces on quasi-metric spaces and the description of B;vq(]R") spaces in terms of local
means is made.

In [29] Triebel presented a different approach to defining Besov spaces on d-spaces,
using snowflaked transforms and Fuclidean charts, which allow one to transfer the study
of function spaces on quasi-metric spaces to spaces on fractal sets in some R™. There were
also presented results involving applications in function spaces on d-spaces, obtained by
making use of what is known about d-sets. It was also proved that, in some cases, the
Besov spaces defined this way coincide with those introduced by Han and Yang.

So, on the one hand there are works about Besov spaces defined on h-sets and on the
other hand about Besov spaces defined on d-spaces. In the present paper we consider,
following Triebel’s approach, this more general class of h-spaces, which includes d-spaces,
d-sets and h-sets.

The main idea is the following: if we consider an h-space X = (X, g, ), then for
0 < e < g9 <1 there is a bi-Lipschitzian mapping L from the snowflaked version of X,
(X, 0%, ), into some R™. This means that

0% (z,y) ~ |L(x) = L(y)|, =yeX. (1.0.2)
(3]
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If we consider I' = L(X) and the image measure v = p o L™!, then using (1.0.1)
and (1.0.2) we conclude that (T', ,,v) is an hy .-set, where

hije(r) = h(rl/‘g), reRT.

We say that (X, o0, p; L), or just L, is a Euclidean chart of the h-space. To define
function spaces on (X, o, 1), we consider appropriate function spaces on the h; /.-set and
then we use the chart to transfer everything to the h-space.

Hence in this paper we study first function spaces on R", then, via traces, on h-sets,
and finally, using charts, on h-spaces.

To prove the independence of the charts in the definition of these function spaces, we
rely on non-smooth atomic representations for their elements. In the case of d-spaces, to
obtain this kind of characterisation, Triebel used non-smooth atomic characterisations for
Besov spaces on R™ ([28]) and also two different approaches for Besov spaces on d-sets,
namely the one introduced by Jonsson and Wallin [15] and smooth atomic decompositions
(126]).

A further important tool was the homogeneity property for spaces on R™ (for Triebel—
Lizorkin spaces we refer to [27, Corollary 5.16, p. 66] and for Besov spaces to [8]). So,
considering A € {B,F}, for all 0 < p,q < oo (with p < oo for the F-spaces) and
s> n(1/min(l,p) — 1) (if A= B) or s > n(1/min(1,p,q) — 1) (if A= F),

1£(27%) [ Ap (R ~ 27K £l A5 (R (1.0.3)
for all k£ € Ny and all
fe A;q(R”) with supp f C{z € R": |z| < 2_k}. (1.0.4)

In this paper we prove an adapted homogeneity property for Besov spaces of gener-
alised smoothness. We obtain a counterpart of (1.0.3) and (1.0.4) for the quasi-norms of
f and f(27%.), but with quasi-norms in “different” spaces. This is presented in Section 3
and applied in the same section to prove a characterisation with non-smooth atoms for
Besov spaces of generalised smoothness on R™.

We remark that for all z,y € X and j € Ny,

o(x,y) ~279 if and only if |L(z)— L(y)| ~ 2.

Therefore, in order to work with the usual dyadic decompositions in X, we consider in
R™ decompositions where we take 257 instead of 27, j € Ny. This kind of decomposition
is included in the class of decompositions considered by Farkas and Leopold [11] and by
Moura [22]. We apply some results proved in those papers, namely characterisations with
atomic decompositions and with differences. We also use a standardisation result proved
by Caetano and Leopold [7] to reduce these spaces to corresponding spaces where usual
dyadic decompositions can be taken.

The paper is organised as follows. In Section 2 we collect some notation and concepts
which usually appear in the context of generalised smoothness.

In Section 3 we present results for Besov spaces of generalised smoothness on R™; such
as atomic decompositions, characterisations with differences and an adapted homogeneity
property.
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In Section 4 we collect some results for Besov spaces on h-sets and obtain characteri-
sations with non-smooth atomic decompositions.

Finally, in Section 5 we describe the technique to introduce function spaces on quasi-
metric spaces using Euclidean charts and study the (in)dependence of the charts. We
also present an example where we use the same tools to get easily estimates for entropy
numbers of embeddings between the above mentioned spaces taking advantage of what
is already known on R™.

2. Preliminaries

2.1. General notation. First we introduce some standard notation and useful defini-
tions. As usual, N denotes the set of all natural numbers, R™, n € N, stands for the
n-dimensional real Euclidean space and R = R!. We denote by Z the collection of all
integers; and by Z", where n € N, the lattice of all points m = (mq,...,m,) € R" with
m; € Z. Let Nij, where n € N, be the set of all multi-indices

n
a=(a1,...,0n) with a; € Ng and |a\:ZaJ~.
j=1

We denote by [-] the integer-part function.
We use the symbol “<” in

ar S or o(r) S(r)
always to mean that there is a positive number ¢; such that
ar < crb, or  @(r) < cp(r)

for all values of the discrete variable k or the continuous variable r, where (ag)g, (k)
are non-negative sequences and ¢, ¥ are non-negative functions. We use the equivalence

“ b))
~

in
ap ~ by or o(r)~y(r)
for

ap Sby and by Sar  or  o(r) SY(r) and (1) S (7).

We denote by S(R™) the Schwartz space of all complex-valued rapidly decreasing
infinitely differentiable functions on R™ equipped with the usual topology, and by &’ (R™)
its topological dual, the space of all tempered distributions on R".

As usual, “domain” stands for “open set”. If 2 is a domain in R™ then L,(£2) denotes
the collection of all complex-valued Lebesgue measurable functions in €2 such that

i1zl ( [ f(w)l”dw)l/p

(with the usual modification if p = 00) is finite.
We use the standard abbreviations

p:=max(l,p) and n(l/p—1);+ =n(1l/min{l,p} —1).
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The Fourier transform of ¢ € S(R") is denoted by  or Fp. As usual, ¢ and F~ 1y
stand for the inverse Fourier transform. Both F and F~! are extended to S'(R") in
the standard way. For ¢ € S(R") and f € S'(R™) we will use the notation ¢(D)f =
FHeF[).

Furthermore, if 0 < ¢ < oo then ¢, has the standard meaning.

If (fj)jen, is a sequence of complex-valued Lebesgue measurable functions on R”,
then

> /a
1 semo 1oLl = (2165 1 Ll17)
7=0

with the appropriate modification if ¢ = cc.
If there is no additional information, when we speak about “functions” we are con-
sidering complex-valued functions.

2.2. Admissible sequences and functions

DEFINITION 2.1. Let 0 = (0;);en, be a sequence of positive numbers. We say that o is
an admissible sequence if there are positive constants dg, di such that

dooj < 0j11 < dioj,  j € No. (2.2.1)

EXAMPLE 2.2. We introduce two particular kinds of admissible sequences that we will
use throughout the paper. So, we will denote by (s) the (admissible) sequence defined by

(s) == (27%)jen,, sER.
Let ¢ : (0,1] — R be a positive monotone function such that 1)(272) ~ (277) for all
j € Nyg. We will denote by (s, ) the sequences
(5,1@ = (2jsw(2_j))j€No7 s € R7
which are also admissible sequences.

NOTATION 2.3. Let 0 = (0;)jen, and 5 = (3;);en, be admissible sequences. We denote
by o~ ! and of3 the (admissible) sequences given by

ot = (Uj_l)jeNo and o0 = (Ujﬁj)jel\h)-

DEFINITION 2.4. A function A : (0,00) — (0,00) will be called an admissible function if
it is continuous and if, for any b > 0,

A(bz) ~A(z), z>0.

CONVENTION 2.5. Hereafter, by N we will always denote a sequence N = (N;), en, of
real positive numbers such that there exist two numbers 1 < A\g < A1 with

AoN; < Njyip <MiN;, j €N

REMARK 2.6. In particular, N is admissible and is a so-called strongly increasing se-
quence (cf. [11]). For such N there exists a number Iy € N such that

2N; < Np for any [, k such that j + lp < k.

This is true if, for instance, /\60 > 2. We fix such an [y in the following.
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In the next sections it will be convenient to associate an admissible function to an
admissible sequence as follows:

DEFINITION 2.7. Let o be an admissible sequence and A be an admissible function. We
will say that A is associated to {o, N} if A(z) ~ o; for any z € [N;, N;i4], for any
j € Ny with equivalence constants independent of j.

If N; =27, j € Ny, we shall simply write that A is associated to o.

The next example, which can be found in [6], guarantees that, given admissible se-
quences o and N, with N according to Convention 2.5, there is an admissible function A
associated to {o, N}.

EXAMPLE 2.8. Let 0 = (0;),en, be an admissible sequence. The function A : (0,00) —
(0, 00) defined by
Oj+1 — 0y .
———(z—Nj)+o0j, z€[N;,N;i1),J€ Ny,
A(z) _ Nj+1 — Nj( ]) J [ J ]+1) 0
00, S (O,No),

is an admissible function associated to {0, N'}.

In the context of generalised smoothness we need something which plays the role of
the regularity index s in the case of classical smoothness. We will use the indices described
below.

DEFINITION 2.9. Let ¢ = (0;);en, be an admissible sequence and
+k

. Oj+k _ gy .
g; = inf 2% and 0j = sup T2 jeN.
keNg Op keNy Ok

The lower and upper Boyd indices of the sequence o are defined, respectively, by
IOng

log &
s(o) := lim and 3(0):= lim &_03,

Jj—00 ] J—00 j
where log denotes logarithm to base 2.

REMARK 2.10. For an admissible sequence o, the sequence (log@;), en, is subadditive.
This justifies the definition of 5(c). As logg; = — log(c—1);, s(0) also makes sense.

We remark that if ¢ and § are admissible sequences such that o ~ (3, then their Boyd
indices coincide.

We will apply frequently the following property: for each 4 > 0 there are positive
constants ¢; = ¢1(d) and cg = ¢2(d) such that for all j, k € Ny,

Clg(é(f?)—ts)j < Uj+k/0k < 622(§(U)+5)j. (2.2.2)
REMARK 2.11. In the context of generalised smoothness Bricchi [3] considered

s(0) = liminflog(o;11/05), (o) =limsuplog(cjt1/0;).
J—00 Jj—o00

If o is an admissible sequence, then by (2.2.1) it follows immediately that both s(o) and
5(0) are well-defined and finite. These indices were used by Bricchi [3] to deal with Besov
spaces with generalised smoothness.

The indices s(o) and s(o) [respectively $(o) and 5(¢)] may not coincide. In the proofs
of his results, Bricchi used certain conditions on s(o) and 5(o) in order to get estimates
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of type (2.2.2) with j =1 or k = 0. Most conditions in his results can be adapted to use
s(o) and 5(0). Along this work we made that adaptation.

We will also deal with the following particular kind of admissible sequences.

PROPOSITION 2.12. Let ¢ = (0j)jen, be an admissible sequence and A an admissible
function associated to o. Let « > 0. Then

0o = (0aj)jeNys  Tay = A(2%), (2.2.3)
is an admissible sequence. Furthermore,
s(on) = as(o) and 3(0,) = as(0). (2.2.4)

Let k € Ng. The sequence
Ti(0) = (0j+k)jen,
is admissible and
s(Tx(0)) = s(o) and 35(Tx(0)) =3(0). (2.2.5)
Proof. Step 1. We prove (2.2.4) for 0 < a < 1, taking advantage of the fact that, for
such a,
{[ak] : k € Ng} = Np. (2.2.6)
Let v = 04. One can easily see that
Yitk  Olak]+[og]
Yk Olak]

for all j, k € Np. (2.2.7)

By (2.2.6) and (2.2.7),

Ty ~Tlag) and 7, ~ 0, J € No.
Hence . 1
0g o ; 0L T10i ]
s(y) = lim M =« lim M lim M = as(o).
j—o0 ] J—00 [a]] J—00 CY]

Analogously 3(v) = a3(0).
Step 2. Let a > 1 and v = 0,. Then 0 ~ ~,-1 and so, by Remark 2.10 and Step 1,

1 1
= — d s(o) =—3(7).
s(0) = “s(7) and (o) = ~5(7)
Step 3. We prove (2.2.5) for the lower Boyd index. We fix k € Ny and consider 5 = T (o).
For all j € Ny,
= inf @: inf MZQ».
—J teNp 5t teNo Og4¢ 7
So s(8) > s(o).
For all j € Ny,
o; = inf{ inf Uj+t, inf Uj'H} = inf {ﬁ, inf 2t }

t>k o0y 0<t<k Oy —J) 0<t<k O

Let 6 > 0. Applying (2.2.2), we obtain

. g, . (o g; g (= . _ . :
of Tt g gt ittt Tk S o= (5(0)+)kg(s(e) 00k ¢ Dbt
0<t<k Oy 0<t<k \ Ojyk+t Oktt o 0<t<k [
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Hence, for all j € Ny,
o; > min{1, 02—(3(0)+5)k2(§(0)—5)k}QJ_’
and so s() < s(o). m

REMARK 2.13. It follows immediately that, in the conditions of Proposition 2.12, the
sequence T (o,) is admissible and its Boyd indices can be expressed by means of the
corresponding indices of o. For N, = (29%)en,, the function A(2%*) is an admissible
function associated to {Tx(04), Nu}-

REMARK 2.14. The notation o,,, denoting a sequence as in (2.2.3), should not be confused
with ¢, denoting a term of the sequence o. The distinction follows clearly from the
context, but we make the convention that a o with an index will always denote a sequence
as in (2.2.3) whenever the index can potentially assume non-integer values. Nevertheless,
when a sequence is named by using NV as in N,, we reserve the special meaning (2°) jEN,
for it, which will be recalled whenever deemed necessary.

3. Besov spaces of generalised smoothness on R"

3.1. The Fourier-analytic approach

DEFINITION 3.1. For N as in Convention 2.5 and Remark 2.6 we define the associated

covering QN = (Q;V)jeNO of R™ by

QN: {feRn‘§|SN]+lo}? J:O7lv7l0_17
’ {€eR": N, <6l < Njtio}s 7= lo-

A system ¢V = (goév)jeNo will be called a (generalised) partition of unity subordinated
to QN if:

(i) ¢ € C°(R™) and @} (€) > 0 if £ € R™ for any j € No;
(ii) supp cpj»v - Q;V for any j € No;
(iii) for any o € Njj there exists a constant ¢, > 0 such that for any j € Ny,

DN (€)] < ca(1+1€*) 71212 for any € € R™;

(iv) there exists a constant c, > 0 such that
oo
Z@;-V(E) =c¢, <oo forany £ € R".
j=0

Let us define Besov spaces of generalised smoothness on R", according to [11]:

DEFINITION 3.2. Let 0 = (0j);en, be an admissible sequence and 0 < p,¢ < oco. Let
N = (N;)jen, and ¢ = (gpév)jeNo be as in Definition 3.1. The Besov space of generalised
smoothness on R™ is given by

Bry (R™) :={f € S'R") : |f | Byg (R™)I| = (005 (D) f)jems | g(Lp)ll < 00}
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REMARK 3.3. This Fourier-analytic description of Besov spaces of generalised smoothness
was given in [11]. In that work one can also find some information about the history of
function spaces of generalised smoothness with several references.

If p = g we abbreviate B3N (R") = BZN (R™).

If N; =27, 5 € Ny, we recover the Besov spaces of generalised smoothness studied by
Bricchi [3] and we write By  (R").

If N =(27)en, and o = (s) for some s € R the above spaces coincide with the usual
Besov spaces usually denoted by B,  (R™) treated in detail by Triebel [24], [25], [27]. We

will follow the notation described above and denote these spaces by B;fg (R™).

In R7”, it is useful to deal with powers 277, j € Ny, besides the usual 277, j € Ny.
The following proposition clarifies how to switch from one case to the other. It is a
consequence of a result proved by Caetano and Leopold [7, p. 432, Theorem 1]. This
theorem is a standardisation result for Besov and Triebel-Lizorkin spaces of generalised
smoothness, allowing the reduction, under suitable hypotheses, to corresponding spaces
with the usual dyadic decomposition on the Fourier side. Hence, it states that, under some
conditions, Bg:N(R™) can be reduced to BY (R™) and the construction of the sequence
0 is given.

PROPOSITION 3.4. Let 0 < & <1, N. = (29)en,, 0 be an admissible sequence and o
be as in (2.2.3). Then
By 4(R") = Bgfq,Ns (R")

(with equivalent quasi-norms).

REMARK 3.5. It follows from Proposition 3.4 that, under the same conditions, for all
ke Ny,

B, (R") = BILON- (") (3.1.1)
(with equivalent quasi-norms), where we are using the notation introduced in Proposition

2.12. Following the proof of [7, Theorem 1, p. 432] one can conclude that the equivalence
constants in (3.1.1) are independent of k.

3.2. Characterisation by smooth atomic decompositions

DEFINITION 3.6. Let 0 < & < 1. We say that {y/! : | € Z"} C R", with j € Ny, is a
2% _approzimate lattice if there exist positive numbers c. ; and c. 2 such that

|yj,l1 _ yj’lz‘ > 657127€j, j€ NO, I ?é ZQ’ (321)
and
= | Bl 522
lezn

ASSUMPTION 3.7. In what follows, in all results involving approximate lattices, we assume
that they are fixed.

EXAMPLE 3.8. Let 0 < ¢ < 1. For all j € Ny, {2759 : | € Z"} is a 2~ *I-approximate
lattice.
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When the particular lattices of the above example are considered, they are usually
related to the cubes we describe next.

DEFINITION 3.9. Let 0 <e <1,jeNyand 1 € Z", [ = (I1,...,l,). We denote by Q.;,
the half-open cube in R™ with center at 27571, sides parallel to the coordinate axes and
side length 2757,

—9—¢j ) 9—¢j
er,l:{x:(ml,...,xn)eR": 3 <27 —a; < 3 ,i:L..‘,n}.

(p)

£j,m

DEFINITION 3.10. Let 0 < e <1, j € Ng, m € Z" and 0 < p < co. We denote by x
the p-normalised characteristic function of the cube Q¢j m, i.e.,

Xg)m 289n/Pif g € Q<jm and Xi] m=0 ifxdQcm.
DEFINITION 3.11. Let 0 < p,q < 00,0 <e <1 and
A={N\,€C:jeNy leZ"}.
Then

)= ()"

=0 lezn

M bl = (3 mesﬂ\ (R")
=0

(with the usual modification if p = 0o or ¢ = 00) and
bp,q = {X  [[A]bpqll < o0}

If p = g we use the abbreviation b, = by, .

DEFINITION 3.12. Let K € Ny and 0 < ¢ < 1. Consider, for all j € Ny, a fixed 275/-
approximate lattice as in Definition 3.6. Let d > c. 2, where ¢, 2 is as in (3.2.2). Consider
an admissible sequence ¢ and A an admissible function associated to o. For k € Ny,
consider o, as in (2.2.3).

(i) A function a € CK(R") is called a d-o-1g-¢-atom if
suppa C B(y%!,d) for some [ € Z"

and

sup |D%(x)| <oyt for |a| < K.
zeR”™

(ii) Additionally, let 0 < p < oo and L € Ng U {—1}. A function a € CX(R") is called a
d-(0,p)k,L-e-atom if for some j € N,
suppa C B(y*!,d27%7)  for some | € Z",
seuﬂgl |D%(x)| < 0;1 2eIn/Poeleli for |a| < K,
and
/ 2Pa(x)de =0 if |3 < L. (3.2.3)

REMARK 3.13. If L = —1 then no moment condition (3.2.3) is required. In this case we
omit the subscript “L” and we simply speak of d-(o, p) x-e-atoms. We say for an atom as
above that it is located at B(y?!,d27%/) and we shall denote it by a’'.
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THEOREM 3.14. Let 0 < p,q < o0, k € Ng, 0 < ¢ < 1, N. = (2%9)¢n, and o be an
admissible sequence such that

s(0) >n(l/p—1);.
Fiz K € Ny with K > 3(0) and d > c. 2, for cc2 as in (3.2.2). Then f € S'(R™) belongs
to BprI(UE)’NE (R™) 4f, and only if, it can be represented as

fl@) =" vja(x), (3.2.4)
j=01€zn
with unconditional convergence in S'(R™), where a’' are d-Ty,(o.)-1x-c-atoms (j = 0)
or d-(Tx(c:),p)x-c-atoms (j € N) according to Definition 3.12 and Remark 3.13, and
v € by q. Furthermore,

1 [ Byt N (R[] ~ inf [l1] by,q (3.2.5)

are equivalent quasi-norms where the infimum is taken over all admissible representa-
tions (3.2.4). The equivalence constants in (3.2.5) are independent of k.

REMARK 3.15. A characterisation of the spaces Bg:év (R™) with atomic decompositions
was proved in [11]. In that work atoms were defined as being located in cubes as in
Definition 3.9 with N; instead of 2°7.

For the next sections it is convenient to have such a result for BZ, ’3(05)’]\]5 (R™) taking
atoms located in more general approximate lattices, as in Definition 3.6, and also guaran-
teeing the independence from k of all constants involved. This can be obtained following
directly the proofs of Theorem 4.4.3, p. 49, in [11] and all the intermediate results and
relying also on the characterisations of Bg;év (R™) with quarkonial decompositions located
in these more general approximate lattices obtained by Knopova and Z&hle in [17].

3.3. Characterisation by differences and homogeneity. We recall the definition of
differences of functions. If f is an arbitrary complex-valued function on R", v € R™ and
M € N, then

M
AY () =3 (M) ()M f(x +ju), =€ R,

i=o \J

where (1;4 ) are the binomial coefficients. The differences of functions can also be defined
iteratively via

(Auf)(@) = fe+u) — fz) and (AFHf)(2) = Ay(AGf)(z), keN.
Furthermore, the kth modulus of smoothness of a function f € L,(R"™), 0 < p < oo,
k € N, is defined by

wir(f,t)p == sup |AFfFIL,(R™), t>0.
lul<t
In [16] equivalent norms involving differences for some Besov spaces of generalised
smoothness were presented. In [22], Moura gave a characterisation of Besov spaces with
generalised smoothness in terms of differences. In the next theorem we present equivalent
quasi-norms more convenient for what will be done in the next sections.
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THEOREM 3.16. Let 0 < ¢ < 1, N. = (299)en,, 0 < p,q < 00, 0 be an admissible
sequence and A be an admissible function associated to o. Assume that

s(o) >n(l/p—1)+ and 3(oc) <M eN. (3.3.1)

For any b € (0,00), BZ’;(UE)’NE (R™) is the collection of all f € Ly(R™), withp = max(1,p),
such that

1F [ BN (R = ol f | Lp(R™)]

P.q
k 1 du 1a
S RS YIRS R CEES
|ul <b |ul
is finite or, equivalently, such that

1| BN (R™)llas = okl f | Lp(R™)]|

k N AM q du 1/a
([ aeturial e i) e
lu|<b |ul
is finite (with the usual modification if ¢ = 00). Moreover, | - | BL£“Ne (R, and
[ - |BIZ:Z oe) (R")II M are equivalent quasi-norms for ng’jz("f) “(R™) and the related

equivalence constants are independent of k.

Proof. Step 1. The function A(2°*.) is an admissible function associated to {T}(o.), N.}.
Hence, according to [22], in the conditions considered,

uw \ e
1f 1 Lp(R™)|| + </| Kb(/\(?E’“IUI*l)wM(f, IUI)p)qlz|n> (3.3.4)

T" (UE) Ne (R™). In Moura’s work there was no interest in

is an equivalent quasi-norm in B,
taking sequences Ty (o) and guaranteemg the independence from k. Following the proof
in [22] adapted to our purposes, we conclude that one has to modify (3.3.4) to (3.3.2)
to get equivalent quasi-norms where the related equivalence constants can be chosen
independently of k. Moreover, actually f € B,:QZ(UE)’NE (R™) if, and only if, f € Lz(R™)
and (3.3.2) is finite.

Step 2. It remains to prove that (3.3.2) can be replaced by (3.3.3). If f belongs to
Bg ’21(05) "Ne(R™), then by embedding and Step 1 one finds that f € L;(R™) and

1 1 BN (R |ar < I1F [ Bph' 7N (Rl S I1F | Byl ™M (R)]].

We now prove the converse. We follow Triebel’s proof for the classical Besov spaces
in [24, Section 2.5.12]. We will consider A as in Example 2.8 taking there N = (27) ¢y, .
Let f € Lz(R™) be such that || f | Bgf?z(%) Ne(R™)||ps < oo for some b > 0. We fix § €
(0,s(0)). There is js € Ny such that
Ojyrfop > 26870 > g (3.3.5)
Let m € N be such that em > js + 3. For all z € [257,2°0+1) 5 € N,

A(2%Fz) < DaX, Tle(j4h)4+i  and A 2% ) > [gm]grzngi[r;m]% IR
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and so, by (3.3.5), we obtain

A(28F (i i
R S ot
[Em]g_lg_[er,n]JrS [e(G+R)]+it+(1—1)
< max 2~ (I=i)(s(0)=0) < 9—(s(0)—0) (3.3.6)
0<i<2,

[am]<l<[em] +3
Hence, for g < oo,

du
_ A ck ufl w U a ==
! /u|<b( ™ eone ) Juf™

(M) s 183715, RO
<b lpl< |ul

€ - n du
S/u|§b (A(Z Flu|™h) sup 1AM F|L,(R )H) Tl

27 ul<|p|<|ul

d
s [ (At s AN LED)) S
Jul<b lpl<2==mul |ul

<[ (aeMurh s AN LED]) S 2o,
|u|<b

2=<m ful<|pl <lul Jul
where we have used (3.3.6). So,
7 du

I< / (Al sup AN FILRY)) (3.3.7)
[ul<b 2= u|<|p|<|u| Jul™
Let P = pPo + pP1- Then
ePE — 1 = i€ (i€ 1) 4 eiro€ 1, (3.3.8)

Next we will raise (3.3.8) to the power 2M, M € N, apply it to Ff and take the inverse
Fourier transform of the result to obtain

IAZY S 1Ly (R™)[17 < | AQTF I LR+ cll AT F | L (R™)]|7. (3.3.9)
We present the calculations to obtain (3.3.9) from (3.3.8): For ¢ € S(R™) and v € R™,
(Fe™ S (F ) O)N(2) = (F(F o))z +u) = (2 + w).
Hence,
(FHT™ S (FNEON W) ) = (F(2), (F(eT™(F9)(€))(2))
= {FEelzruw) = | Fly—wely)dy.  (33.10)

So, F~H(em™¢(Ff)(€)) is a regular distribution given by f(y —u), y € R™.
Now, on the one hand,

FH(e7 = 1M (FNE) = (MM )W) (3:3.11)

On the other hand, by (3.3.8), and writing temporarily || - ||, instead of || - | L,(R™)||, we
have
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1F=H(e s = 1M (FF)E)l

p

IN

M
e IIFHe v [F(FT e = 1) (et = 1PMEHENE W)}
t=0

2M
te Y FTHE P FFE T = D) (e = 1P HENE) W)
t=M+1

IN

M
e IIFTH(E Y = I FF S = D)PMHEREN W)} e
t=0

2M
e Yo IF T - PMFEFET N = DUENE W)

t=M+1
M
= AL [F et — 1M ER) )],
=0
t 2M .
fo S ARt E et — DU ER )
t=M+1
M ) 2M .
<Y F P EN©lp ¢ Y 1F - DI EN©,
t=0 t=M+1
M 2M
— S TNAZ S AL fllp < AN Fl, + AN Fllp,
t=0 t=M+1

where we have also applied (3.3.10) and (3.3.11), and the constants involved are inde-
pendent of p, pg, p1 and f. So we have proved (3.3.9).

Let p € R™ with 27 |u| < |p| < |u| and let K be the ball represented in Figure 1.

|u]
‘u‘ 2em+1

Fig. 1
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Integrating (3.3.9) over K, we obtain

IAZY 1 LR < C/ IAXTF I Ly (R dX - [u] ™"

Ju|/2sm+2 < N < |u]
< C//z_ Cacpy<n ||A)\|u|f|L Rn |qd)\ < C/ ) / |Arvwf|Lp(Rn)quu)d’U,

with 7 = |u| and polar coordinates v and w € w,,, the unit sphere in R™. We take the
supremum with respect to p, where |u|/25™ < |p| < |u|, multiply by A(25F|u|=1)9 - |u|™",
and integrate, obtaining

/ A(25F |~ 1)e sup ||A2Mf|L(R")II"||n
Ju|<b

lul/25™ <|p|<[lu|

b
- / ARFYT sup A2V f| L@ Y
d

0 r/2sm<|p|<r
1 b dr
<o ] [aetey ||Awf|Lp<R">||q7dwdv
2—em—2 0

< C'/ A@Hul )T AY | Ly(R") | L (3.3.12)
Jul <b |u |

where we have also applied (2.2.2) and the constants are mdependent of k. Hence, for
0 < g < 0o, we have proved that if f € Lz(R™) with || f | BT" (o2),Ne (R™)||p < oo for some
b > 0, then

1F 1 Byt N (R™) [5ar S 11f | Bpt7 N (R™) |-

The case ¢ = oo is proved by making the usual modifications. By Step 1, we conclude. m

REMARK 3.17. Although not explicitly mentioned in the above proof, in order to derive
(3.3.7) one has to guarantee beforehand the finiteness of I. This follows by the same kind
of arguments used to prove (3.3.12). The interested reader can see a detailed argument
n [18].

In the next proposition we present equivalent quasi-norms for the elements of certain
subspaces of Besov spaces of generalised smoothness on R™. It will be an important tool
to prove the adapted homogeneity property for spaces of generalised smoothness.

PrOPOSITION 3.18. Let ) be a bounded domain in R™. Let o be an admissible sequence
and A an admissible function associated to o. Assume that

0<pg<oo, s(o)>n(l/p—1);, 35(o)<MeN.
Let 0 <e <1, N. = (29)en,, b> 0 and k € Ng. Then
Tk (0c),Ne n ek 1 M n du M
11 Bl 7)™ (R ~ ‘ (AT ul =) AG f [ Lp(R™)[)? (3.3.13)

w|<b Jufm

(with the usual modification if ¢ = co) for all
Ie Bg’“q("f)’NE (R™) with supp f C Q. (3.3.14)

The equivalence constants in (3.3.13) are independent of f and k.



Spaces of generalised smoothness on quasi-metric spaces 19

Proof. We present the proof for 0 < ¢ < oo. The case ¢ = oo requires the usual adapta-
tions.

One of the inequalities follows immediately from Theorem 3.16. So we just have to
prove that under the above conditions there is a positive number ¢ such that

1/q
||f|Lp(R”)||§00;i</l<( a7 AL f | Lp(R™)])* u |n)

for all k € Ny and for all f as in (3.3.14). As supp f is contained in a fixed bounded set,
for 0 < p < 1 we have
If I Lp(R™)|| < el £ Li(R™)].

Hence it is enough to prove that, for 0 < p < oo,

1/q
I7 'LP<R”>||SC%%(/| (A IAY L )

for all k € Ny and for all f as in (3.3.14). We can suppose that b < 1. Therefore, picking
§ € (0,s5(0) —n(1/p—1)4) and choosing J € Ny such that 275/ < b, we obtain

_ d
ot [ AN | L
lul<b Jul

s A@*fu )
> Al )
>

1AYF| L, <R">||) o

2-e0+D) <Jul<2-¢d ( Oe,k
> C/ | ‘ (s(o)— 6)Q||AMf | L (Rn)Hq = (3.3.15)
|u|<2—< |u |

where we have used that fact that, for 2-e(i+1) < lu| < 27¢7,

A(2€k|u|_1) -~ Oc,j+k > 012(§(05)—85)j ~ ‘u|_(§(0)_6)'
O—E,k 0—57]@ -
By Theorem 3.16, applying (2.2.2) and (3.3.15) we can easily prove that
Tx(0e),Ne n s(o)—46 n
BI(@):Ne(R) « BE@O=)(R™)  for all k € Ny, (3.3.16)

where the implied constants are independent of k.
By (3.3.15) and (3.3.16) we just have to prove that there is a number ¢ such that, for
all fe BI(,%U)_‘;) (R™) with supp f C Q,

1/q
IIfILp(R")IISc< /| e 5>q||AMf|L<R”>Hq| ) L (3317

Now one is in the same situation as in [8]. In that case the integration region was
R instead of {u : |u| < 27¢7/} but this is immaterial. Following the same arguments we
can prove that if there is no ¢ such that (3.3.17) is true for all f involved, then there is
g€ B( (U) (R") with supp g C Q such that

[ 1A g | Ly = (3:3.15)

and
l9lBr | Lz(Br)|l = 1, (3.3.19)
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where Br = {x € R" : |z| < R} is a fixed ball such that Q C Bg. From (3.3.18) it follows
that

(AMg)(z) =0 for almost all |u| <27°7 and z € R". (3.3.20)

Hence

d
/ oo |~ 23||AMQ|L1)(]R”)”2| ’|“n =0, O0<wv<oo,scR. (3.3.21)

If p > 2 then L,(Bg) C L2(Bg) and so, by the conditions on the support of g, we
have g € Ly(R™). Hence, by (3.3.21) and Theorem 3.16, g (identified with its restric-
tion to Bg) belongs to B(m)( Bp) for all m € N. If 0 < p < 2 then by (3.3.21) and

Theorem 3.16, g (identified with g|p,) belongs to BZ(;?%(BR) for all s € R, in par-
ticular, for all s = m + n(1/p — 1/2), m € N. Therefore, by a well-known embed-
ding (cf. [24, p. 196, Theorem 3.3.1], for example), g € ng)(BR) for all m € N.

So, for all 0 < p < oo, g (identified with g|g,) belongs to Bég)(BR) for all m €

N. As these spaces coincide with the Sobolev spaces W3 (Bg) (cf. [24, p. 88, 2.5.6]),
we infer that g € C°°(Bg). This follows from [9, p. 241, Theorem 3.20] (we also re-
fer to pages 202 and 222 there for notation). According to [30, p. 201, Remark 4.11],
as g € C(Bpg) and g satisfies (3.3.20), it must be (locally) polynomial of degree
less than M. By compactness arguments it follows that g is globally in Br a polyno-
mial of degree less than M. As suppg C Q C Bg, we have ¢ = 0. But this contra-
dicts (3.3.19). =

Next, we prove an adapted homogeneity property for Besov spaces of generalised
smoothness.

THEOREM 3.19. Let 0 < p,q < 0o and o be an admissible sequence such that
s(0) >n(l/p—1)4
Fizco >0 and 0 <e <1. Let N. = (257)jen,. Then
ILf | BgNe (R™)|| ~ 272kn/2|| f(272k.) | BTk()Ne (™) | (3.3.22)
for all k € Ny and all
fe Bgfq’NE (R™)  with supp f C {x € R": |z — x| < co27F},

for some xo € R™. The equivalence constants in (3.3.22) are independent of xzq, k

and f.

Proof. Step 1. Let o € R™ be such that supp f C {z € R" : |z — z¢| < co27F}.
We may assume that zo = 0, otherwise we consider first f(- 4+ z¢) and f(275F - +z0)
and then handle f and f(27%.). Let A be an admissible function associated to o. Let
f € BgeN=(R™) be such that supp f C {z € R™ : |z| < ¢o27°*}. We remark that both
supp f and supp f(27°*-) are contained in {z € R™ : |z| < ¢o}. Clearly, f(27°%.) € Lz(R")
and o, | f(27¢%) | L,(R™)| is finite. For a fixed b > 0 and an integer M such that
M > 35(o),
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du 1/a
(%f<;A@“MA-UHA%(ﬂ2*h»|L<R">)||n)
1/q
_ ekn/p ek 1 n du
2 <ﬁm5(2" >Aakfw<R»D|W)

ckn n du e
([ Al @)
\u|§2*5’“b | ‘

S 277 £ By Ne (R, (3.3.23)
where we have applied Theorem 3.16 in the last estimate. Again by Theorem 3.16 we
conclude that f(2-<F.) € Brk(7)Ns(R"). Now

£ (27 ) | BRE N (R | S 277 f | By (R™)]
follows from Proposition 3.18 and (3.3.23).
Step 2. As f(27%.) € BZ:’EI(UE)’NE (R™), by Theorem 3.14 there is v € b, 4 such that

f(2 ek . Zzylajl

j=01lezn

where a’"! are, respectively, d-Ty(o.)-1-c-atoms and d-(Ty(o.), p) x-e-atoms associated
to the 2~ /-approximate lattices, j € Ny, described in Example 3.8, for some fixed K
and d. Moreover, v can be chosen such that

V] bp.qll < el f(27°F) | BpkTNe (R, (3.3.24)

P.q
where ¢ is a positive number independent of f and k. We can easily check that the
functions defined by

bj+k’l($) — 2ekn/paj,l(2skx)

are d-(oe, p) k-c-atoms. Then

o0
z) = Z Z 77j+k,zbj+k’l(x) with  7j4k = Takn/p’/jvl’
j=01ezn

and therefore
11BN R™)| S 0| bpgll = 2757w | by,

Hence, by (3.3.24), we obtain
1 [ BN (R™)|| < 2780/ f(27%) | BN (R™)|. w

REMARK 3.20. It follows immediately from the above proof that f € Bgfq’NE (R™) if, and
only if, f(27-) € Bpil7 )N (R).

REMARK 3.21. Let us compare (3.3.22) with the homogeneity property obtained for the
Besov spaces of classical smoothness Bé,‘fg(]R”) according to Remark 3.3. So, let

0<pg<oo, e=1 and o= (s) with s>n(l/p—1);.
According to (3.3.22), for all
fe BI()fg(R”) with supp f C {z € R" : |z — x| < 027} (3.3.25)
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for some xy € R™, we have
—kn —k T ((
£ 1 BEYR™)|| ~ 27577 f(27F) | BRE (R, (3.3.26)
For all g € BS)(R™),
lg | BRI R ~ (1294920 (D)g) jen |4 (Lp)ll = 271270 (D)g) jer | £a(Ly)|
~ 2% g| BS)(R™)]),

where ¢ = (¢;)jen, is some partition of unity according to Definition 3.1. Hence we can
rewrite (3.3.26). For all f as in (3.3.25),

1F [ BE@®™)| ~ 287/ £(275) | BE)R™)I,

which corresponds to the homogeneity property for Besov spaces (cf. [8]).

3.4. Characterisation by non-smooth atomic decompositions. In this subsection
we present decompositions with non-smooth atoms for the elements of certain Besov
spaces of generalised smoothness on R™. Our interest in non-smooth atoms is connected
with function spaces on h-spaces, as mentioned in the Introduction. The definition we
present next is a generalisation of the one by Triebel [28]. We use the abbreviations of
Remark 3.3. In particular, BI(,Q)G(R”) = BI()?IEU(R”) has the meaning as explained there.

DEFINITION 3.22. Let 0 < e < 1 and 0 < p < oo. For j € Ny, let {/!};cz» be a 27I-
approximate lattice as in Definition 3.6. Let d > ¢, 2, where ¢ 2 is as in (3.2.2). We fix
a > 0, consider an admissible sequence o and
(a)o := (20;) jen, -
Then a’'! € B,(,G)U(R") is called a d-(o,p).-c-atom if
suppa’! C B(y?!,d277), je Ny, ez,

and

a7t | B (R™)|| < 299 (3.4.1)

The proofs of the next proposition and theorem follow the proofs for the classical case
in [28]. The most important step is to find the “substitute” for the homogeneity property,
which was presented in the above subsection.

In the next proposition we assert that non-smooth atoms are correctly normalised.

PROPOSITION 3.23. Let0<e <1,0<p<o00,d>c.2 and o be an admissible sequence
such that

s(o) >n(l/p—1)+.
Fiz a > 0 and let a®', with j € Ny and | € Z", be a d-(o,p),-c-atom according to
Definition 3.22. Then

o

Proof. Let N. = (2°7)jen,, 3 denote the sequence (a)o and A be an admissible function
associated to o. Then A(2°7)(2%7:)¢ is an admissible function associated to {7} (), N:}.

For all j € Ny and [ € Z™, we have a/! € Bg(]R”). Then, by Proposition 3.4, a’! €
BP=N:(R™) and, by Remark 3.20, a’*(2%.) € By’ )N (R"). Hence o/ (2757 - + y?!)

ByR™)| S1 and [ | LR S o).
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belongs to B’ PN (R") and suppai!(27%7 - + y#) C {z : |z| < d} for all j € Ny,
[ € Z™ As a > 0, the last assertion remains true if we replace 8 by o. So, applying
Proposition 3.18, we get for some M > a + 5(0),

lro—ed (o n o " du
la?!(27%9) | B3 (7<) Ne (R )|p~/|<1A(2‘”IUI DPIAY Ly (R )IIPW
< 2‘”””/ A u| =P (259 u| =P AL f | Lp(R™)|P |d1|fl
lul<1 u

~ 27 (275 ) | B PN R P,

where the equivalence constants are independent of j. So, by Proposition 3.4, Theo-
rem 3.19 and also by (3.4.1),

a7 | By )] ~ ]| Bgee(RY)| S 2759"/r2 <00 a7 (277 | BN (R |
~ 270 at | BN (R?) | ~ 279l | B (R™)] S 1.
By Theorem 3.16, there is a positive number ¢, independent of j, such that

I 1 Lp(R™)|| < 2™ 0 f|[ f| By# PN (RM)|| - for all f € By P)Ne(R™).

Hence
| Ly(R™)|| S 27/P2m 0ol (277) | Byo (P Ne (R™) |
and again by Theorem 3.19, Proposition 3.4 and (3.4.1) we conclude. m
Let b, be as in Definition 3.11.

THEOREM 3.24. Let 0 <e <1, 0 < p <00 and o be an admissible sequence such that

s(o) >n(l/p—1)4.
Let d > c.2 and a > 0. Then BJ(R") is the collection of all f € S'(R™) which can be

represented as
oo

fl@)= "> vja(x), (3.4.2)

j=01lezn
where v = (v;;)j1 € by and a’! are d-(o,p),--atoms. Furthermore,
1/ 1By (R™)[| ~ inf [ | by |
are equivalent quasi-norms where the infimum is taken over all admissible representa-

tions (3.4.2).

Proof. Step 1. Let K > a + 5(0). Theorem 3.14 guarantees that all the elements of
By (R™) admit representations with d-(o., p) k-e-atoms according to Definition 3.12. We
consider such an atom a?!. We can easily check that 2757%a/"! is a d-(((a)o)., p) x-e-atom.
Hence, by Theorem 3.14, we get

la® | BEY? (R™)|| < 277

and so, as the condition on supp a’! is also satisfied, we conclude that, up to constants,
a’! is a d-(o, p)-e-atom.
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Step 2. It remains to prove that there is a number ¢ > 0 such that for all f as in (3.4.2),
1 1By R™)|| < cllv [ bp]|.
We will prove this for 0 < p < co. The case p = oo is similar. Let N. = (257) ¢, . In this

proof we denote by 3 the sequence (a)o = (2%90;);en,. For all j € Ny and [ € Z", by
Theorem 3.19, Proposition 3.4 and Definition 3.22,

! (2E0) | B 9N R~ 27/P03 | BRRY| < 29 (3.4)
By Theorem 3.14, for all j € Ny and [ € Z", there is A%'! € b, such that
s k, m
B =3 3 AL )
k=0meZn
with
AP by < o (2720 | B O (B (3.4.0)
where the constant c¢ is independent of j and b " are d-(T(B.), p) k-e-atoms located at

d'Qek,m, for some d’ > 1 fixed, with K > a + s( ).
The functions defined by

d;:}-k,m(x) — 2€a(j+k)2€jn/pb?,’lm(2€jx)
are d-(o.,p)k-e-atoms located at d'Qc(;4x),m- Then

aj,l(x) —9- ejla+n/p) Z Z 92— sak)\i:lmdg—;-km( )

k=0 mezn
— . - —J '7l k:)m
—9 a](a-‘:—n/l))z Z 2 ca(k j))‘gcfj,mdj,l (CL‘)
k=3 mezZn
Hence

0 oo}
f:Z Z Z Z gen/pyeaky, )\‘179 jmdflm(x)XB(y.7,l7d2—e_i)(1‘)

§=01€Zn k=j meZn
oo

_ ejn eak 7,1 k,m

= E E g g g—ein/pg=eak,, AN m 5T (X)X B(yst,d2—<i)(T).
k=0 meZn j<k lcZn

For k € No,m € Z™ and j < k let (j,k,m) be the collection of all I € Z™ such that
supp a?! N supp d?”lm is not empty. Each of such sets has at most M elements, where M
is a natural number independent of j, &k and m. Then we get

F=Y20" memd™ (@)

k=0 meZz"

=D D vl N2k

J<kle(j,k,m)

where

and .
Z]<k2le(]k )2 egm /pV l)\k ]md] zm( )

D i<k 2tedm) 27 /Pyl - |/\i’ iml

dk’m(l‘) —
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are d-(o.,p) k-c-atoms located at d'Qcx,m. We can prove that for some fixed ¢ € (0,¢ca),
for all 0 < p < oo,

Menl? < @720 ST STyl A, e
J<kle(j,k,m)

Therefore, by (3.4.3) and (3.4.4), we obtain

721 b [” <CZ > lvjlr2” ”("“‘”)Z o L P < v ibl

J=01lez" k=j mez"

and, by Theorem 3.14 and Proposition 3.4, the proof is complete. m

REMARK 3.25. Let us take a closer look at the type of convergence of (3.4.2). If v € b,
then (3.4.2) converges in Lz(R™). This follows from the estimates obtained in Propo-
sition 3.23. Let 0 < p < oo (the case p = oo requires the usual modifications) and
0 € (0,s(o)e). Making use of the controlled overlapping of the supports of the atoms,
which follows from (3.2.1) we obtain

| > viaar| L) <cZ [ialPla?! | Ly(RO)[P < /27000 5y .
lezm VAL lezm

Let
T
— § : E ' 5l
fT = I/jJCLJ .
j=01lez"

Then for T, M € Ny, with M < T, and writing p = min{1, p}, we have

? < 2~ ME@=0P || | p, [P

= D | LIPS S | 5 e | @)

j=M+1  lezn

and so (fr)r converges in L,(R™). If 0 < p < 1, then, for all admissible sequences o,
o(mn o(n)'=VP on
BZ(R™) c B{™ (R").

This follows from [3, p. 56, 2.2.16, 2.2.17]. So, if a’! are d-(o, p),-c-atoms, they are also
d-(o(n)'=1/P 1),-c-atoms and then, from the previous calculations, it follows that (3.4.2)
converges in Lq(R™).

4. Besov spaces of generalised smoothness on h-sets

Let us recall the definition and some properties of h-sets in R™ studied in [3]. As we have
already said, we will rely on what is known about this kind of sets in R™ to extend this
theory to more general spaces.

4.1. h-sets

DEFINITION 4.1. Let H denote the class of all continuous monotone increasing functions
h:(0,00) — (0,00) such that h(0%) = 0. We refer to H as the set of all gauge functions.
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In what follows, for h € H and « > 0, we denote by h, the sequence
he = (h(27%)) en, - (4.1.1)
If a = 1 we shall write simply h.
DEFINITION 4.2. Let h € H and I' be a non-empty compact set of R™. We say that I is

an h-set if there exists a finite Radon measure p such that
supppu =T’
and
w(B(v,7r)) ~ h(r), 0<r<DiamT,yeTl.

Then we say that h is a measure function (in R™) and that p is an h-measure (associated
to I).

REMARK 4.3. If the function h is given by
h(r) =rip(r), 0<r <1,
where 0 < d < n and v : (0,1] — R* is a monotone function such that
P(277) ~p(27%)  for all j € N,
then we say that I' is a (d, 1)-set. These sets were introduced by Edmunds and Triebel [10]
and studied by Moura [21, 20]. If, additionally, ¢ ~ 1 then we say that T is a d-set.

Besov spaces with classical smoothness on d-sets have been studied by many authors, in
particular by Jonsson and Wallin [15] and Triebel [26, 27].

REMARK 4.4. By [3, Theorem 1.7.6, p. 22], if T" is an h-set, then all h-measures associated
to I' are equivalent to HJ, where H2 is the restriction of the Hausdorff measure H2 in
R™ to I.

Bricchi [4] characterised the functions h that are measure functions.

THEOREM 4.5. Let h € H. Then h is a measure function in R" if, and only if, there
exists a gauge function h ~ h such that

h(o—(G+k)
R S gkn ke No.
)

We now define a geometric property of sets which is useful when working with traces
on Besov spaces on R™.

DEFINITION 4.6. A non-empty Borel set I" satisfies the ball condition (or porosity condi-
tion) if there exists a number 0 < 1 < 1 with the following property: for any ball B(y,r)
with v € I and 0 < r < 1 there is a ball B(z,nr) centred at x € R™ such that

B(xz,nr) C B(v,r) and B(z,nr) NT = 0.
The next theorem can be found in [27, pp. 139-140, Proposition 9.18].

THEOREM 4.7. Let I' C R™ be an h-set. Then I' satisfies the ball condition if, and only
if, there are positive constants ¢ and & such that

h(27Y) < 2D R(27V ) for all v, 3 € N.
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COROLLARY 4.8. Let ' C R™ be an h-set. Then I" satisfies the ball condition if, and only

if,
s(h) > —n, (4.1.2)

with s(h) as in Definition 2.9 and (4.1.1).
REMARK 4.9. If h(r) = r¢, r > 0, then (4.1.2) is equivalent to d < n.

DEFINITION 4.10. Let I' be an h-set and fix an admissible sequence o. Let 0 < p,q < oo.
Suppose that there exists a positive constant ¢ such that

lele [ Ly < clle [ By o (R[], ¢ € SR™). (4.1.3)

Let f € By ,(R™). As S(R") is dense in By ,(R"), there is a sequence {¢;};en, C S(R™)
such that

0;— f in By (R")asj— oo.
By (4.1.3) the sequence {¢;|r};en, converges in L,(T") to an element which we call the
trace of f and denote by trr f.

DEFINITION 4.11. Consider an h-set I' C R™ satisfying the ball condition. Let ¢ be an
admissible sequence with s(o) > 0 and let 0 < p,¢q < oo. Then we define

o ohl/P(p)t/P n
BY ,(T) = trp Bgh"" (07 (R (4.1.4)
endowed with the quasi-norm
o . ghl/P(p)t/P n
1 1By o (D) = inf [lg| Byl ™" (R,

/p /p
where the infimum is taken over all g € B,‘,’,f}l ()" (R™) such that trrg = f. If p = ¢

we denote these spaces by By (I').
REMARK 4.12. We recall that
ohYP ()P = (o;h(277) PP P) ey,

The above definition was given in [3, Chapter 3|, where Bricchi showed that the definition
makes sense and that, if we apply it to o = (0), we get

BO(I') = L,(T), 0<p<oo,0<q< min{l,p}.

In Definition 4.10, trr was defined just for 0 < p,q < co. But, if s(o) > 0,

RY/P(n)t/P
p,min(1,p)

och'/P(n)t/P n n
Bgh TR € B (R™)

and the trace is well-defined in the space on the right, so the above definition also makes
sense for ¢ = 0o and 0 < p < co. If p = 0o and s(o) > 0 then

BZ, ,(R") ¢ B (R") C C(R"),

where C(R"™) is the space of all bounded and uniformly continuous functions in R”, normed
in the usual way. Hence, the trace of f € B, ,(R") is defined as the pointwise restriction.
Bricchi uses the letter “B”, following the notation used by Triebel [26] for Besov spaces
on d-sets. In [26] in the definition of d-set it is not assumed that the set is compact. So, if
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d,n € N and d < n, then R? is a d-set in R™. However, Besov spaces on R? have already
been defined, and in some conditions, they do not coincide with

B() (RY) = trga B{SF ("=9/P)(R™).
More details about this may be found in [26, p. 160].

EXAMPLE 4.13. Let us consider the following particular case where we have Besov spaces
on (d, ¢)-sets, according to Remark 4.3. Let

h(r) ~rd4p(r), 0 <r < DiamT,
and

o; = 275(277)*  for any j € Ny.
In [21], Moura defined

ERTA s+(n— /pta n
IB%;;;" )(T) = trp B;,j( d)/pypt/ Pt )(R™).
This case is included in Definition 4.11. We have
O R e A ]
p

If we consider additionally ¥ ~ 1 then we get Besov spaces with classical smoothness on
d-sets.

4.2. Characterisation by atomic decompositions. Let I' be a compact set in R"
and ¢ > 0. Then

I's = {z € R" : dist(z,T') < 60}
denotes the d-neighbourhood of T'.

DEFINITION 4.14. Let 0 < ¢ <1 and j € Ny. We say that

(™ m=1,...,M;} CT (4.2.1)
is a 275 -approzimate lattice for T if there exist positive numbers c. 1, ¢. 2 and ¢ 3 with
‘,—Yj,ml _ ,.Yj,m2| > e 2*€j’ je Ng, mq ;é mo, (422)
and
M;
s, € | BO™, cc027), j €Ny, (4.2.3)
m=1

where §; = ¢ 3275,

REMARK 4.15. If ' is an h-set, then M; ~ h(27%)~! for j € Ny. This can be proved by
applying [3, p. 30, Lemma 1.8.3].

M;
m=1>

lattices in R™ as in Definition 3.6. In the notation of that definition, for any j € Ny there
is Lj = {lj,la ey lj,Mj} C Z"™ such that

The approximate lattices for T', {y7™} j € Ny, can be extended to approximate

jsljm — ~Jm —
yim =M m=1,..., Mj.
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ASSUMPTION 4.16. Let 0 < e <1 and I' be an h-set in R™. For all j € Ny, we denote by
M, T
{Vimtmis and {6;:}2,
27¢- and 2 J-approximate lattices, respectively, for I, according to (4.2.1)—(4.2.3). In

what follows, in all results involving approximate lattices, we assume that they have been
fixed, together with their extensions to corresponding approximate lattices in R".

We have to adapt previous definitions:
DEFINITION 4.17. Let 0 < p,q < oo and
A={\meC:jeNy,m=1,...,R;}.
Then we define
00 R;
= {0 IV = (0 (30 n?)™) < o),
j=0 m=1
with the usual modification if p = oo or ¢ = oo and with the abbreviation bg if p=gq.

DEFINITION 4.18. Let I' C R™ be an h-set fulfilling the ball condition. Let ¢ be an
admissible sequence, 0 < € < 1,0 < p < 00, K € Ny and d > c. 2. Then a function
a € CE(R") is called a d-(o, p)-e-atom if

(a) suppa C B(y?™,d27¢7) for some j € Ny and m € Z";
(b) supgepn [D%a(x)] < 0;1 h(27)=1/P2leled for || < K.

Bricchi obtained decompositions with this kind of atoms for the elements of Besov
spaces on h-sets in the particular case where ¢ = 1 and taking atoms located in cubes
dQjm,j € Ng,m e Z",d > 1 (cf. [3, p. 117]). The following theorem is just an adaptation
of that result, obtained from an analogous characterisation for Besov spaces on R™ given
in Theorem 3.14.

THEOREM 4.19. Let I' C R™ be an h-set. Let o be an admissible sequence, 0 < p,q < 00
and 0 < e < 1. Suppose

s(h) > —n and s(o)>—s(h)(1/p—1)4. (4.2.4)

Let d > cep and K > 5(ch*?(n)Y/?). Then Bg (') is the collection of all f € Ly(T")

such that
M

<.

vima?™(x) in L,(T), (4.2.5)

j=0m=1
for some v € bqu and some family of d-(o.,p)% -e-atoms a?™. Furthermore,
o : I
1 1B, g (D) ~ inf [l by, 4,

where the infimum is taken over all representations (4.2.5).
REMARK 4.20. Condition (4.2.4) guarantees that
s(oh!?(m)7) > n(1/p 1),
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oh'/P(n)t/P . o1
so that Theorem 3.14 can be applied to the spaces sz ) (R™). This possibility and
also (4.1.4) were used by Bricchi to obtain Theorem 4.19. As mentioned in Corollary 4.8,
the assumption s(h) > —n implies that T" fulfills the ball condition.

Next, we define what we call non-smooth atoms (on a compact set). As we shall see
later, it is convenient to consider two kinds of non-smooth atoms. Recall the notation
introduced in Assumption 4.16.

DEFINITION 4.21. Let I' C R" be an h-set, 0 < ¢ < 1 and d > c. 2, where ¢, 5 is as in
(4.2.3). Let 0 < p < oo and o be an admissible sequence. Then a Lipschitz-continuous
function a2™ on T is called a d-(o, p)i-e-atom if for j € Ng and m = 1,..., M,
(a) supp al™ C B(y9™,d27) N,

(b) o™ (3)| < 0 L h(2=9) "1/ for y €T,

(c) |al™(y) —al™(0)] < aj_l h(2-59)~1/P2ei|y — §| for 7,6 € T.

DEFINITION 4.22. Let I, ¢, p and o be as in Definition 4.21. Let d > ¢; 2 where c; 5 is as
in (4.2.3) for the 277-approximate lattices {6/*}; (with & = 1). A Lipschitz-continuous
function a{it on I is called a d-(o,p, &) -atom if for j e Ngand t =1, ..., T,

R
(a) supp a{;’t C B(§7¢, d2’j) Nnr,
(b) laf'(7)] < 07" h(29) 17 for y €T,
(c) |akt () — ak'(0)] < 0‘;1 h(279)~1/P2%I |y — §|° for ~,6 € T.
Let he H and I' C R™ be an h-set. Assume that
—s(h) <n and —3(h) >0, (4.2.6)

which corresponds to the condition 0 < d < n in the particular case of d-sets. According
to Corollary 4.8, T' will then fulfill the ball condition. Let § € (0, —35(h)). By Definition
2.9, there exist positive numbers ¢s and cj such that

esA—sWH < h(A) _ -0

= h(t) —° ’
This kind of condition was considered in [14] and [17]. In these papers Besov spaces on
h-sets were defined following the approach of Jonsson and Wallin [15] for d-sets. They
proved the existence of an extension operator for convenient spaces on R™ and of a
restriction operator from these spaces back to function spaces on h-sets. In [14], Jonsson
considered Besov spaces on h-sets which are the traces of spaces on R™ with classical
smoothness, i.e.,

0<A\t<1. (4.2.7)

B (D) = e B (R,

where s is a positive real number satisfying certain conditions in connection with (4.2.7)
(cf. [14, p. 357, Theorem 1]). In [17], Knopova and Zahle considered spaces of generalised
smoothness

By 00(r) = oy By (R),

with 7; = f(227)%/2, j € Ny, where f is a Bernstein function satisfying a list of conditions
and « satisfies conditions also related to (4.2.7) (cf. [17, Theorem 18]). Most of the
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conditions on f were applied to prove the existence and continuity of the restriction
operator.

For our purposes it is convenient not to have so strong conditions for the class of
sequences considered. Furthermore, we only need to work with extension operators acting
in a class of fractals obtained as dilations of a fixed h-set and taking sequences T (o) for
the smoothness. So, we will take extension operators defined analogously but acting in a
larger scale of function spaces.

ASSUMPTION 4.23. Let h € H and I' C R™ be an h-set. Assume c¢q, co > 0 are such that

ch(r) <u(B(y,r)) <egh(r), vel,0<r<1. (4.2.8)
We assume that h satisfies (4.2.6) and, consequently, (4.2.7).
For r > 0, let
B'(r)={yeTl:|y—14° <r} forsome~?ecT. (4.2.9)

For 0 < e <1 and k € Ng, let
Dy :x— 2%z, 2 e R™.

We define
F.;:= DI and T4 := D..B'(2¢027%%).

We consider the image measure

Set also
ek h(2—sk,r)

Mek ‘= 75—~ and hs,k(T) = W, r > 0.

If ¥ = 2%+ then, for all » > 0,
p (B, 1)) = p(B(y,27*r)).
Therefore
crh?p(r) < pe(B(Y,7)) < e2hlp(r), 7 E€Fe, 0<r<1,

where ¢; and ¢y are the same as in (4.2.8), and so independent of k. There are c3, ¢4 > 0,
also independent of k, such that

c3 < pek(Ter) < eq. (4.2.10)
Moreover, (4.2.7) implies that
05)\_§(h)+6 < heyk(kt) < CSA—E(h)—é 0< M\t <1,
— h:,k(t> —= ) ) —

DEFINITION 4.24. In the setting of Assumption 4.23, let 0 < ¢ < 1, N. = (2%)en,,
1 < p < 00, 0 be an admissible sequence and A be an admissible function associated

to 0. We denote by Eg’“(%)’NE (Tek, pter) the collection of all @ such that

U € Ly(Feg, pier),  suppti C Dep B (co2™ %)
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and, for 1 < p < oo,

@] By N Ty, pei)|| = e ol | Lp(Teks pren)|
At =07 1/p
* [i(t) — (o) dpten () dpici(v)
</Fak /Fsk hEk) t_U|) ) )
is finite, or, for p = oo,

[ | BE N T, i) || = 0 k[ | oo (T ek | + sup A2t — o) [a(t) - a(v)|
t,vel g

is finite.
In what follows by cube we mean a closed cube in R™, with sides parallel to the axes.

DEFINITION 4.25. Let Q = {Q;}; be a countable collection of cubes such that
(i) U; Qi =R™ \ Fep,

(ii) the interiors of the cubes @; are mutually disjoint,
(iii) diam(Q;) < dist(Q;, Fex) < 4diam(Q;).

We assume that for each @Q; € Q there is j € Z such that the side length of Q; is 277.

REMARK 4.26. We refer to [23, pp. 167-170] for a proof of the existence of such a de-
composition.

Fix 0 < n < 1/4. We denote by QF the cube with the same center as Q; but expanded
by the factor 1+, i.e.,, QFf = (1+1)Q;.
In [23] the following result was proved.

PROPOSITION 4.27. There exists a countable collection {@;}; C C§°(R™) such that
(i) wi(z) =0ifz ¢ Q7,

(i) >, pi(x) =1ifz € R\ Fqy,

(iil) |D%p;(z)] < Ag(diam Q;)~°! for x € R™ and o € Nj.

In what follows, given a cube @); we will denote its centre by x;, its side length by s;
and its diameter by ;. We set

Ci = (per(B(s,61:))) "
DEFINITION 4.28. Let
I={i:s; <1}
We define, for u € EZ’““’E)’NE (Tek, tek),
Ee () ==Y _pi(2)Ci A(t) dper(t), @ € R™\ Fay. (4.2.11)
iel |[t—2;|<61;

REMARK 4.29. By the conditions on the support of &, we can replace, in (4.2.11),

/ by / .
[t—a;| <6l teley, |t—z;| <61,

REMARK 4.30. Let o be an admissible sequence and A be an admissible function associ-
ated to o. Set

a:=chP()"? and A(z):= A(z)h(z™")/Pa™/P. (4.2.12)
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Then «a is an admissible sequence and A is an admissible function associated to a.

THEOREM 4.31. Let 0 < e <1 and N. = (257)en,. Under Assumption 4.23, let 1 < p
< oo and o be an admissible sequence such that s(o) > 0. Fiz an admissible function A
associated to o and let a and A be given by (4.2.12) and M € N be such that 3(a) < M.
Let w € BT’“(JE) Ne (Cek, ptek). Then & yu € L,(R™) and there is ¢ > 0 such that

| & | sz;k(ag)’NE (R™)|lar == ac i ||z ru | Ly(R™)]]

ek 1 M n du Y
+ (A u[ A (e pt) | Lp(R™)[)?
ul<R ul™
can be estimated from above by
ch(275) 2P | BN (Do i) |
where c is independent of k and v° in (4.2.9). Furthermore,
(6 k)|p,, = U. (4.2.13)

REMARK 4.32. This assertion follows from the proofs of the Extension Theorems in [15,
pp. 109-119] and [14, pp. 360-364], upon suitable modifications.

REMARK 4.33. Let g = &, ru. By (4 2.13) we mean that for pcg-almost all tg € Fey,

x) dx = u(t 4.2.14
B 577, ) = 0 234

We can easily check that
V(B /P ()1
-BZ—‘k(CLE),]V5 (Rn) = BT[sk]( )(hs,k) p( ) p(Rn)’

P
where =j indicates equivalent norms with constants depending on k. In fact, for all
f c ng(ae)st(Rn)

||f | BTk(aE) N, (Rn)H ~ 2nak/ph(2—ak)l/p”f | BT[sk a)(hg, k) R (Rn)||7

where the equivalence constants are now independent of k and where we applied (3.1.1).
So, we can adapt the arguments in the proof of Theorem 3.4.15, pp. 114-116, of [3], to
conclude that, in these conditions, for 1 < p < oo,

tI‘FEk (&Jﬁ) == ’(7, (4215)

where trg_, is given by Definition 4.10. If p = oo, (4.2.15) follows immediately from
(4.2.14), because in this case the trace is the pointwise restriction.

THEOREM 4.34. Let I' C R™ be an h-set. Let 0 < ¢ < 1,1 < p < oo and B be an
admissible sequence. Suppose that

—n < s(h) <3(h) < 0.

(i) Let d > ccp and 0 < 5(8) < 5(8) < 1. Then BJ(T') is the collection of all f € Ly(T')
such that

F=3"3 vhmap™ () in Ly(T), (4.2.16)
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for some v € bF and some family of d-(B.,p)-€-atoms ap’ km . Furthermore,
1f 1By (D)l ~ inf |l |5, ],

where the infimum is taken over all representations (4.2.16).
(ii) Let d > c12 and 0 < s(B) < 3(B) < . Then the corresponding result is true with
d-(8,p, )5 -atoms (with Ty, instead of My, in (4.2.16)).

Proof. Step 1. We will only present the proof for d-(8c, p)j-e-atoms, because the proof
for d-(j3, p, e)1"-atoms is analogous. It follows immediately that each f € By (I') admits a
representation (4.2.16) with ||l [0} (| < || f | IB%'B( )||, because the restrictions of d-(Be,p) K-
e-atoms to I' are special d-(fc, p)f:-e-atoms.

Step 2. Let f € Ly(T) be as in (4.2.16), with v € b} Let us prove that f € BJ(I') and
1 1B < Ml 16, ]1-
Let k € Ng, m € {1,..., M} and a{i’m be a d-(3,p)i-e-atom located in B(y*™, d27¢F),

according to Definition 4.21. Following the notation used in Assumption 4.23, consider
7% = 4%™ and ¢y = d. Recall that

F., = DI and T = Do (B(5™,2d27°%) NT) = F., N B(25FyF™ 2d).
Let a € (0,1 —3(8)), 0 = (a)8 and A be an admissible function associated to o. Then
0<a+s(f)=s(0) <3s(c)=a+35(0) <1.
To simplify the notation, let us temporarily denote by u the function ar "(27¢k.), Then
U € Ly(Fer, ter) and  suppu C DEkBF(d2 Ek).
Consider N; = (2),en,- Let us prove that
[ | BE N (Do, ey )| < ch(27F) 12,

where c¢ is independent of k. We present the proof for 1 < p < co. The proof for p = 0o
is analogous, with the usual modifications. We can easily see that

o k| Ly (T Ek,usmn <ei/Ph ), (4.2.17)
where ¢4 is as in (4.2.10). Let 6 € (0,1 —3(¢)). Then

ek v 1
/ / A2 |t )P [u(t) — w(v)|P dper (t) dpeg (v)

Rzt

25k|t—v| Lyp
< ph‘Ek // t — v|P duck (t) due
B Y S NN [t — v|” dpcy(t) dper (v)

< ﬁs b h(2 ak) / ZA(QE(k+j))p2 ejp dﬂak(t>
’ EFEkJ 0

e \P 4
S P (T 3 (T ) o

=0 Ock

S eekm(amek) 1 Y -eI1=E(0)0) <yt (y-ek) 1
7=0
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Then u € EZ’“("E)’NE (Tek, pter)- By Theorems 4.31 and 3.16 and (4.2.17), we can conclude
that & @i € By "N (R") and
a = k()7 = (a) BB (n) /7,

and
||(§5,kﬂ|ng(aa)7Ns (Rn)H 5 25ak25kn/p.

Let ¢ € C§°(R™) be such that
pl)=1 ifjz|<d and ¢(z)=0 if|z|>2d.
Recalling that u denotes the function alli’m(Q’Ek -, let
A = (2 (AP - £ (al (27)).
Then
lak ™ | Bkl Ne (R || S 250k 25k /P supp e ™ € B(2°FyM™, 2d) (4.2.18)

and
tre., (ap™ (27°F)) = ap™ (278 ). (4.2.19)
We refer to Remark 4.33 for some comments about (4.2.19).
Let
pom = ghm (298,

By Remark 3.20, b¥™ ¢ BSE’NE (R™), and so, applying Proposition 3.4 and Theorem 3.19,
we obtain

64 | Ba(R™) | ~ 6 | BN (RY)]| ~o 27 k0/p ki | IR0 N @7 | 5 2%,

where we have also used (4.2.18). As supp b*™ C B(y¥™,2d27%%) and a = (a)ﬁhl/p(n)l/p,
it follows that, up to multiplication by suitable constants, b*™ are 2d-(3h*/P(n)'/?, p)a-
e-atoms according to Definition 3.22. Let

oo My

g= Z Z Vemb™™(x)  in Ly(R™).

k=0m=1
By Theorem 3.24,

1/p(p)t/P n 1/p(p)t/P n
ge B TMITIRY) and lg] BT RY)| S v by ll-

Let us prove that trpr g = f. Let T' € Ny. Then

T My
I =t g | Ly < £ =30 3 vemal™ | 2,(0)|

k=0m=1
T My oo My
+ H SN vemal™ =t 30N vt ‘ Lp(F)H. (4.2.20)
k=0m=1 k=0m=1

By (4.2.16), the first expression in (4.2.20) converges to 0 as T — oo. The second can be
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estimated as follows:

for 35 3 10 5] 55 8ot o e
k=T4+1m=1 E=T+1m=1
00 My
( D> vkl )
k=T+1m=1

Letting T — oo we conclude the proof. =

REMARK 4.35. Following the same procedure as in Remark 3. 25 we can prove that in the
conditions of Theorem 4.34, if v € by, then Y77 Z LV maF " () converges in L,(T")

for all families of d-(f.,p)f-e-atoms [respectively for d-(8, p, €)5*-atoms] Ili’m, k € Ny,
m € {1,...,Mk}.

5. Besov spaces on quasi-metric spaces

5.1. Quasi-metric spaces and Euclidean charts. In this subsection we collect some
basic assertions about quasi-metric spaces and also the concept of Fuclidean charts. We
recall once more that we follow the approach in [29].

DEFINITION 5.1. Let X be a (non-empty) set. A function p : X x X — [0,00) is a
quasi-metric if

o(xz,y) =0 if, and only if, z =y,
o(z,y) = oly,x) forall z,y € X,
and there is a number A > 1 such that for all z,y, 2z € X,
o(z,y) < Alo(, 2) + o(z, ). (5.1.1)
If (5.1.1) is true with A =1 then p is a metric.
In what follows we will use the notation
BX(z,r):={y€ X :o(z,y) <7}, z€X,r>0.
Useful properties of quasi-metric spaces are given in the next theorem.
THEOREM 5.2. Let o be a quasi-metric on a set X.

(i) There is a number €y with 0 < g9 <1 and a quasi-metric ¢ such that o ~ 9 and, for
any 0 < e < gg, 0°
(ii) Let 0 < e < eg. There is a positive number ¢ such that for all x,y,z € X,

lo(z,y) — oz, 2)| < co(z, y)° [o(z,y) + B(x, )] 5. (5.1.2)

REMARK 5.3. For proofs of part (i) we refer to [13, pp. 110-112, Proposition 14.5] and
[29, p. 25, Remark 3.2]. In the latter it was also remarked that, though (5.1.2) has been
known for some time (cf. [19, p. 259, Theorem 2]), it can also be obtained as a consequence

s a metric.
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of (i). This property plays an important role in the analysis on quasi-metric spaces. It
paves the way for introducing a topology on X, with the balls

X _ -
By (z,r) ={y€ X :0(z,y) <r}, r>0,
as a basis of neighbourhoods of x € X.

DEFINITION 5.4. Let g be a quasi-metric on a set X equipped with the topology as just
indicated.

(i) (X,0,p) is called a space of homogeneous type if 1 is a non-negative regular Borel
measure on X such that there is a constant A’ with

0 < w(BX(z,2r)) < A u(BX(z,r)) forallze X, r>0 (5.1.3)
(doubling condition).

(ii) Let h € H be as in Definition 4.1. Then (X, o, ) is called an h-space if it is a complete
space of homogeneous type as in part (i) with

Diam X = sup{o(z,y) : z,y € X} < o0 (5.1.4)
and w(BX (x,7)) ~ h(r) forallz € X and 0 < r < Diam X.
REMARK 5.5. In the last decade, a lot has been done to develop analysis on spaces of
homogeneous type. In [30, 1.17.4, 8.2] several references are given.

The above notation for d-spaces was introduced in [31] imitating the notation of d-sets
in R™. We refer to [12] where Besov and Triebel-Lizorkin spaces with classical smoothness
on d-spaces were studied in detail. In [32], Yang proved that, under some restrictions,
Besov spaces defined on a d-set regarded as a d-space coincide with Besov spaces defined
on d-sets using Triebel’s methods, based on traces and quarkonial decompositions (cf.
[26] and [27]).

The next theorem enables one to relate quasi-metric spaces and fractal sets in R”.

THEOREM 5.6. Let (X, 0,1) be a space of homogeneous type. Let 0 < €9 < 1 be the
number appearing in Theorem 5.2 and let 0 < ¢ < €g. Then there is an n € N and a
bi-Lipschitzian mapping L : X — R™ from (X, 0, u) into R™. This means that

o*(z,y) ~ |L(z) = L(y)|, @yeX. (5.1.5)
The dimension n and the bi-Lipschitzian constants in (5.1.5) can be chosen to depend
only on € and on the doubling constant A’ in (5.1.3).

REMARK 5.7. This theorem was first proved by P. Assouad (cf. [1, 2]). More information
about this may be found in [13].

If p is a quasi-metric and € < g, for gy as in Theorem 5.2, we say that (X, ¢°, ) is
a snowflaked version of (X, o, u). In particular, if ¢ is a metric, a snowflaked version of
(X, 0,1t) is a structure (X, o, u) with e < 1.

PROPOSITION 5.8. Let (X, o, ) be an h-space and let eg,e and L be as in Theorem 5.6.

Set
haje(r) == h(r'/%), r>0. (5.1.6)

Then T' = L(X) C R™ is an hy.-set.
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Proof. For r > 0 we define
BX(z,r)={y e X : 0%(x,y) <r}.
Hence, for all x € X and r > 0,
BX(z,7) = BX(z,r'/).

As L is a bi-Lipschitzian mapping from (X, ¢%, i) into R™, there are 0 < a3 < ag with

a10°(z,y) < |L(z) — L(y)| < az0®(z,y) forall z,y € X. (5.1.7)
By (5.1.7), (5.1.4) and the assumption that X is complete it follows that T' = L(X) is
compact. Set v = o L™1. Then by (5.1.7) we obtain

v(B(v,7)) ~ hije(r), ~v€Tl,0<r <Diaml. m

.- . L hy e
REMARK 5.9. In the above conditions, h; /. is a measure function in R" and v ~ HFI/ ,

hije . - .
where H."/¢ is the restriction of the Hausdorff measure H"/ in R™ to T.

DEFINITION 5.10. Let (X, o, 1) be an h-space and let 0 < ¢ < gy where g is as in
Theorem 5.2. We say that (X, o, u; L) or, for short, (X; L) is a Euclidean e-chart or an
e-chart if L is a bi-Lipschitzian map from (X, ¢°, 1) onto (T, oy, H}FLI/E), where hy /. is as

in (5.1.6) and p,, denotes the usual metric in R™.

5.2. Function spaces on h-spaces

DEFINITION 5.11. Let (X, 0, 1) be an h-space with an e-chart (X;L). Let v = po L™1,

hy /e the function in (5.1.6) and I' = L(X) C R", where n is chosen large enough so that
1
—s(h1/e) = Z s(h) <mn,

i.e., I satisfies the ball condition (see Corollary 4.8). Let o be an admissible sequence
such that s(o) > 0 and let oy /. be as defined in (2.2.3). Let 0 < p,q < oo. Then

By (X, 0,u:L) :=Bpg* (T, 05, v) 0 L, (5.2.1)
ie, f € By (X,0,u; L) if and only if f = go L for some g € B, (T, 0n,v) and
£ 1By (X, 0,5 L)|| = |lg | Byl (T, 00, )|

REMARK 5.12. We schematise the construction described:
(Xooop)  ~  (X,0%m) — (T on,v)
h-space snowfl. L hqe-set
By (X5 L) Bpy“ ()

The space By (X, 0, p1; L), or just By (X; L), is a quasi-Banach space (Banach space
ifp>1andg>1).

If (X,0,p) is an h-set (T, on,v) in some R™ and if L is the identity, then it follows
immediately from Definition 5.11 that By (X;L) = By (I'). But, if we take different
functions L we may introduce different scales of spaces in (T', g,,, v; L) which might possi-
bly not be obtained from trace spaces according to Definition 4.11. Nevertheless, we will
prove that, under some conditions on h, o and p, for a certain range of values of ¢, the
spaces By (X; L) do not depend on the e-chart considered.
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REMARK 5.13. As already mentioned, the use of Euclidean charts to define Besov spaces
on quasi-metric spaces was introduced by Triebel in [29]. In that paper the spaces
BI(,S)(X7 0,1; L), where s > 0,1 < p < oo and (X, 0, ) is a d-space, were defined us-
ing a kind of quarkonial decompositions (cf. [29, p. 34, Definition 4.6]). The adapted
quarks for BZ(;S)(X ; L) are compositions of quarks for the corresponding space Bz(,s/ ©) ()
with the e-chart L.

It is an immediate consequence of Definition 5.11 and the existence, under some

O1/e

restrictions, of characterisations of B, ¢ (T") in terms quarkonial decompositions (cf. [3]
and [17]) that something analogous could be obtained for the spaces defined above.

THEOREM 5.14. Let 1 < p < oo and o be an admissible sequence. For i € {1,2}, let
(X, 0, p; L;) be g;-charts of an h-space (X, o, ). If

S(h) <0 and 0< s(o) <3(0) < min{eq,ea}, (5.2.2)
then
By (X; L1) = By (X; La). (5.2.3)
Proof. We recall that, for i = 1,2,
(X,0p) (X, 0%,p) = (T, on,» i)
h-space  Snowfl. L; h e, -set
By (X; Ly) By (Ui, 0n, i)

where
I, =L(X)CR™, vy =poL;"

and o, denotes the usual metric in R™. As previously, n;, ¢ = 1,2, are chosen so large
that

1
——s(h) < n;.
~s(h)<n
By (5.2.1), (5.2.3) is equivalent to
Byt (L1, on,,v1) = Bp'/*2(Tg, 0y, v2) © Ly o L7 L. (5.2.4)

O1/eq O1/eg

Let us prove that, given g1 € B, ' (I'1, on,, 1), there is go € By, "2 (g, 0p,, v2) such
that
g1=g20Lyo L' inTy

and
g2 | Bp"*2 (T2, 0ng s v2) || S llgn | Bp (1, 0ny s 1) - (5.2.5)
For all v,,0; € 'y,
0ny (L2 0 LT (1), Lo 0 LT (81)) ~ 052/ (1, 61). (5.2.6)

We assume that €5 < g7 and fix, for all 7 € Ny,
(9™ :m=1,...,M;} CTy
that are 2-°2/¢1_approximate lattices for I's. It follows from Remark 4.15 that
Mj ~ hyje,(27°29/5) = h(279/), j € Np.
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By (5.2.6), for all j € Ny,
{67 m=1,...,M;} with 6™ = (LyoLy")("™),

are 2 J-approximate lattices for I';.
Let g1 € IBZ”“ (T'1, 0n,,v1). By Proposition 2.12 and (5.2.2),

0<5(01/e,) <3(01/¢,) < €2/c1.
Hence, by Theorem 4.34, there is A € bj* such that

o M,
Jj,m :
E E jmag, in L,(T'1,11),

:O m=1
where, for j € Ng and m € {1,..., M;}, a{{" are €2/e1-d-(01/c,, )1 -atoms located in
B(§%™ d277), for a conveniently chosen d, and
INB5 S llgr | Bp“ (D1 0y, 1)
Let
al" i=al™oLioLy', jeNg,me{l,..., M}

The functions af™ are e3/e1-d'~(01/c,,p)f,-atoms located in B(y/™,d'27¢2/517) for
some d’. Then, according to Remark 4.35,

Z Z >\] mar‘2

j=0m=1

converges in L,(I'2,v2) to, say, ga. Again by Theorem 4.34, we conclude that g» €
B,/ (T3, on,,v2) and

lg2 | B5Y** (T2, 0ny, v2)I| S 1N B

Hence go = g1 0 Ly o Ly * and (5.2.5) follows. The reverse inclusion in (5.2.4) is proved
analogously. m

REMARK 5.15. We can interpret Ly o L1_1 as being an e3/e;-chart of the hy /. -space
(T'1, On,,v1). Hence, (5.2.4) can be written as

By (Ty;Loo LyY) = By '/ (Iy),

based on
(F17Qn171/1) ~ (]_"1“9221/61’1/1) 4’71 (FQ;QanQ)
hi1 /e, -space snowfl. LooL; h1e,-set
I/ . -1 I/
By (I3 Lao Ly ) By " (I'2)

So, to prove that the definition of Besov spaces on abstract h-spaces using e-charts is
independent of the charts, under some restrictions, it has been enough to prove that this
construction works (in the sense of being independent of the charts) in the particular
case of h-sets.

The next definition corresponds to the abstract version of Definition 4.14.
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DEFINITION 5.16. Let (X, o, 1) be an h-space and j € Ny. We say that {xj’m}ﬁfil C X,
with j € Ny, is a 2 7-approzimate lattice for X if there exist positive numbers ¢; and ¢y
independent of j such that

o(a?™ ahm2) > 1277, j € Ny, mq # ma,

S

X = | Bjm with Bj,, =BX@"™, c277) for j € N. (5.2.7)
1

REMARK 5.17. Let us note that if we consider a Euclidean e-chart of (X, o, i), L, with
L(X) =T, then

m

1,72 €T & 71 = L(z1) and 72 = L(22), 71,22 € X,
and so _ ‘
|71 — 2] ~ 27 & o(x1,m2) ~ 277,

As a result, the existence of 27 7-approximate lattices for X follows from the existence of
e-charts and 2~%7-approximate lattices for corresponding sets in R™ as in Definition 4.14.
If, for j € Ny,
{y¥™:m=1,...,M;}CT
is a 27 %J-approximate lattice for the hq se-set ', then
{x8™:m=1,.. ., M;} C X with z ™ = L[ (HP™)
is a 2 J-approximate lattice for X. Moreover, according to Remark 4.15, for all j € Ny,
Mj ~ hy(27%) " =n(277)7 N

DEFINITION 5.18. Let h € H, (X, o, 1) be an h-space and ¢ € (0, &¢), for ¢ as in Theorem

M.
5.2. Let {Zjm}mo1
as in (5.2.7). Consider an admissible sequence ¢ and 1 < p < co. A function on X, a’;™,
is called an d-(o,p,e)x-atom if for j € Ng and m =1,..., M;,
(a) supp ay™ C B(x™, d277)
(b) |ak™(z)| < o{l h(279)~YP for x € X,
(c) [a¥™(x) — a¥™ (y)| < ot h(277)7H/P2% * (x,y) for z,y € X.
THEOREM 5.19. Let (X, 0,u; L) be an e-chart of an h-space (X, 0,1). Let 1 < p < o0
and o be an admissible sequence. Assume that

5(h) <0 and 0<s(o) <3(0)<e. (5.2.8)

Let d > ca, where cy is as in (5.2.7). Then By (X; L) is the collection of all f € L,(X)
which can be represented as

j € Ny, be 277-approximate lattices for X and d > ¢y, where ¢y is

oo M
F=Y20 " Ama¥ ™ (x)  in Ly(X) (5.2.9)
j=1m=1
for some X € bL(X), where a’y™ are d- o,p, €)x-atoms according to Definition 5.18. Fur-
P X

thermore,
1£1 By (X L) ~ inf || 5O,

where the infimum is taken over all representations (5.2.9).
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Proof. One can easily see that ag’(m is a d-(0, p, €) x-atom if, and only if, af;{” oL lisa
d'-(01/e,p)p-e-atom, where I' = L(X) is an hy.-set and d’ is conveniently chosen. Hence,
the above result can be obtained by using e-charts and applying Theorem 4.34 to the
spaces B,"/* (). u

REMARK 5.20. If h(r) = r? and o = (s), then (5.2.8) corresponds to assuming d > 0
and 0 < s < g, which coincides with the conditions obtained by Triebel in [29, p. 42,
Theorem 4.22]. In that work, to guarantee the uniqueness of the spaces BI(,S) (X; L) (where
X is a d-space), instead of a direct proof as in Theorem 5.14, transferring everything to
function spaces on special sets in R™, Triebel used a result corresponding to the above
one to conclude that the spaces BI(,S)(X ; L) coincide with the spaces considered by Han
and Yang in [12] and, consequently, are independent of the Euclidean charts.

5.3. Example: entropy numbers. In this subsection we present an example which
shows that this approach to the definition of function spaces allows one to develop a
theory for function spaces on quasi-metric spaces, taking advantage of what is already
known for function spaces on fractals in R™.

DEFINITION 5.21. Let A and B be two quasi-Banach spaces and let T : A — B be a
bounded linear operator. Then for all j € N, the jth (dyadic) entropy number of T is
defined by

211

e;(T) = inf {5 >0:T(Ba) C U (bi + dBg) for some by, ..., byj-1 € B},
=1

where B4 and Bp denote the closed unit balls in A and B, respectively.

REMARK 5.22. If () jen is an increasing sequence of positive numbers we write e,; for
€[a,]; Where [-] denotes the integer-part function.

In the next proposition we give estimates for the entropy numbers of embeddings
between function spaces on h-spaces.

PROPOSITION 5.23. Let h € H be such that 5(h) < 0. Let (X, 0,1) be an h-space with
an e-chart (X; L), according to Definition 5.10. Let o and T be admissible sequences such
that 0 < s(1) < s(0). Let 0 < p1,p2 < 00, 0 < q1,q2 < 00 and assume that
s(ar) > —s(h)(1/p1 — 1/p2)+.

Then the embedding id™ : By (X;L) = B, . (X;L) is compact and

ep-1(id%) ~ 707 (5.3.1)
Proof. Using e-charts this is just a consequence of a corresponding one for Besov spaces
on h-sets, which was proved by Bricchi (cf. [3, p. 130, Theorem 4.3.2]). In the application

of this theorem it may be convenient to choose n sufficiently large, where n stands for
the dimension of the Euclidean space which contains L(X). By (5.2.1),

L f foL:By*(T,0n,v) — By, (X, 0,m1L)
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is an isomorphism. We decompose id”* according to the following commutative diagram:

z~! e
B;17QI(X;L) le,/Q1 (FaQTHV)

idxl J{idr

T . f T1/e
BP27Q2 (X’ L) BP;/AM (Fa On;s V)

Hence,
e,-1(id%) ~ e, 1 (id").
J J
By [3, p. 130, Theorem 4.3.2],
T -1
eh;/ls,j (ld ) ~ 7'1/57]‘ 0'1/51].,

and, after some calculations, we obtain (5.3.1). =
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