1. Introduction

The classical Hardy—Littlewood maximal operator M has proved to be a most useful
analytical tool ever since its introduction in 1930. Of particular importance are its map-
ping properties: the celebrated result that M maps LP space boundedly into itself when
1 < p < oo (cf. [HL]), and the corresponding weak (1,1) boundedness when p = 1 (cf.
[R] and [W]), have had a multitude of applications. For details of some of these and for
further historical remarks see [BS] and [Stnl], [Stn2]. This success, together with the
increasing sophistication of the questions which arise in applications nowadays, makes it
quite natural to try to extend the classical mapping results for M in various ways. One
possibility is to replace M by a closely related operator such as the fractional maximal
operator; another is to consider scales of spaces more general than LP. Of course, much
progress has already been made in both these directions and is well documented in the
research literature. Here we continue this line of work and give mapping theorems which
provide a reasonably complete description of the action of the fractional maximal oper-
ator (and even a more general operator) between Lorentz spaces of classical and weak
type.
For n € N and v € (0,n), the fractional maximal operator M, is defined by

(11) (M, £)(@) = sup |QP/" L\ |f(y) dy, = € R,

Q3x Q
where the supremum is taken over all cubes Q C R™ with sides parallel to the coordinate
axes. The corresponding Riesz potential I, v € (0,n), is given by

(1.2) (L)) = | LW

— Y gy oz eR™
Sy

It is well known that I, satisfies the sharp endpoint estimates

(1.3) L, : LY(R") — LY ("=7)20(R™),

(1.4) I, : L"7HR™) — L®(R™)

(for (1.3) see, e.g., [Stnl]; (1.4) is equivalent to (1.3) since I, is selfadjoint), while
(cf. [CKOP])

(1.5) M, : L}YR™) — L™ (=7):%0(R™),

(1.6) M, : LM77 (R™) — L=(R™).

Using estimates (1.3)—(1.6) and the Marcinkiewicz interpolation theorem [BS, Chap-

ter 4, Th. 4.1], we see that both operators I, and M, are of strong type (p,q), where
l1<p<n/yand 1/qg = 1/p — v/n. While, by (1.3) and (1.5), the mapping properties

(5]
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of I, and M., coincide on L', we deduce from (1.4) and (1.6) that the behaviour of I,
and M, is different on spaces which are close to L™/, Since the Riesz potential L, is
an operator of joint weak type (1,n/(n —);n/v,00) (cf. [BS]) satisfying a convenient
lower estimate (cf., e.g., [EOP1, Section 10]), one can describe its precise behaviour on
certain spaces close to L™ (see again [EOP1]; for further results in this direction we
refer to the recent papers [CP] and [P]). On the other hand, sufficiently general results
describing the behaviour of M, on spaces close to L™ or on spaces which are mapped
by M., into spaces close to L*°, e.g. into exp L, are not mentioned in the literature. To
establish such results, we shall look for necessary and sufficient conditions which guaran-
tee that M., is bounded between classical (cf. [L]) and weak-type (cf. [CS1], [So]) Lorentz
spaces. These scales of spaces are general enough for most purposes and involve many
familiar spaces (e.g. spaces of Lebesgue, Lorentz—Zygmund type, and Orlicz spaces with
power-logarithmic or exponential Young functions—cf. Section 2).

In fact, in this paper we solve the above-mentioned problem for operators more gen-
eral than M,. We consider fractional maximal operators involving logarithmic terms.
Such operators correspond to the potentials with logarithmic smoothness considered in
[OT1,2]. Also the maximal operator appearing in [AV] is a local version of the particular
case of these operators when v = 0. In this limiting situation the maximal operators
mentioned above are purely logarithmically fractional and their behaviour differs from
that of corresponding potentials even on the space L' (cf. [OT2, Remark 3.7(iii)] and
Section 10 below). Our methods also enable us to describe mapping properties of these
operators on spaces close to L' (again cf. Section 10). Although this method gives the
best possible result within the chosen scale of spaces, one can sometimes improve it by
making use of another approach. However, in such a case the improved result involves
spaces which are outside the given scale of spaces. This phenomenon is illustrated in
the Appendix of our paper, where the limiting real interpolation is applied to improve a
particular result (of Section 10), which involves a local version of the fractional maximal
operator M,.

Putting v = 0 in (1.1), we obtain the classical Hardy—Littlewood maximal operator
M, that is, M = My. Note that the boundedness of M on classical Lorentz spaces A9(w)
was characterized in [AM]. It was proved that M : A9(w) — A%(w), 1 < ¢ < oo, if and
only if the weight w belongs to the class B,. Necessary and sufficient conditions for the
boundedness of

(1.7) M : AP (v) — A% (w)
were given in:
e [Sa, Th. 2] if 1 < p,q < oc;
e [Stp, Th. 3(a)] if 0 < ¢ < 1 < p < o0;
e [Stp, Th. 3(b)] and [CS2, Prop. 2.6(b)] if 0 <p < 1 and p < ¢ < o0;
e [SS, Th.4.1]if0<g<p=1;
e [CPSS, Th. 4.1(iv)] if 1 = ¢ < p < 0.
Sufficient conditions for (1.7) with 0 < ¢ < p < 1 can be found in [Stp, Prop. 2]. The
boundedness of M from the classical Lorentz space AP(v) into the weak-type Lorentz
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space A?°°(w) was characterized in:

e [CAS, Th. 23] ifv=wand p=q=1;
e [CS3, Th. 3.9] if 1 < p,q < o0;
e [CPSS, Th. 4.2] if 0 < p,q < 0.

Necessary and sufficient conditions for the boundedness of M : AP*®(v) — AT (w),
0 < p,q < o0, were established in [So, Th. 4.1(ii)].

The boundedness of the fractional maximal operator M, : AP(v) — A%(w), 1 <
p < g < oo, was characterized in [CKOP] and necessary and sufficient conditions for
the boundedness of the power-logarithmic fractional maximal operator .#s .4 (see Sec-
tion 2) from the classical Lorentz space AP(v) into A%(w) were given without proof in
[O1] provided that 0 < p < ¢ < 0.

The results described above on the boundedness of the classical Hardy—Littlewood
maximal operator M rely on the estimate (M f)*(t) ~ t=! Sg f*(r)dr, t > 0, involving
the non-increasing rearrangements f* and (M f)* (cf. [BS, Chapter 3, Th. 3.8]) and
on weighted inequalities for the averaging operator (&/g)(t) = t~} Sgg(T) dr, t > 0,
considered on the class of all non-negative and non-increasing functions. On the other
hand, in the case of fractional maximal operators the role of the averaging operator &7 is
played by the operator (7 g)(t) = sup,., o, u(7) §{; g(c) do, where u(7) is a convenient
weight. Therefore, weighted inequalities for the operator 7 on the class of all non-negative
and non-increasing functions are of basic importance.

The main results of our paper are Theorems 3.1, 4.1, 5.1, 6.1, and 7.1.

2. Notation and preliminaries

Given two quasi-Banach spaces X and Y, we say that X coincides with Y (and write
X =Y)if X and Y are equal in the algebraic and the topological sense (their quasi-norms
are equivalent). The symbol X — Y means that X C Y and the natural embedding of
X in Y is continuous.

We write A < B if A < ¢B for some constant ¢ independent of appropriate quantities
involved in the expressions A and B, and A ~ B if A < B and B < A. We use the
convention 1/0o = 0 and oco/a = oo for 0 < a < oo, and for 0 < ¢ < oo we define ¢’ by
1/¢"+1/qg=1 when ¢ # 1, and ¢’ = 400 if ¢ = 1 (note that ¢’ < 0 when 0 < ¢ < 1).

If E C R™ is a measurable subset (with respect to n-dimensional Lebesgue measure),
we denote by |F| its measure, by xg its characteristic function, and by M(E) the set
of all measurable functions on E. When F = (a,b) C R, we write simply M/(a,b).
By M™(a,b;|) we mean the subset of M(a,b) consisting of all non-negative and non-
increasing functions on (a,b). The set # (a,b) of all weights on (a,b) is defined by

W (a,b) :={w e M(a,b); 0 <w < oo a.e. on (a,b)}.

If g € (0,00), 2 C R" is a domain, and w € #/(0,]12]), then the classical Lorentz space



8 D. E. Edmunds and B. Opic

A?(£2;w) is the collection of all f € M(S2) such that the quantity
1] 1/q
1 lLaacorwy = (§ L @1w() dt)
0

is finite (cf. [L]); here
P = inf (A > 0 [z € 2 [f@)] > A <), £20,

is the non-increasing rearrangement of f. Moreover, a weak-type modification of the space
A?(§2;w) is defined by (cf. [CS1], [So])

¢ 1
ALX(Qw) = {f € M(92); || fllaase(@25w) := sup f*(t)(gw(T) d’l’) & < oo}.
0<t<|92] 0
One can easily see that A9((2; w) — AT (2;w). If 2 =R", we write simply A9(w) and
AP (w) instead of A7(R™;w) and A9*°(R"™; w), respectively.
Recall that classical and weak-type Lorentz spaces include many familiar spaces. In
particular:

(i) If w(t) = 1, then A9(§2;w) is the Lebesgue space LI(£2) and A (§2;w) is the
weak Lebesgue space LT (12).

(ii) If w(t) = t9/?=1 t € (0,]92]), p € (0,00], then A9(£2;w) is the Lorentz space
LP9((2) and, moreover, if p < oo, then A2 (£2;w) is the Lorentz space LP*°((2).

(iii) If w(t) = t¥/P=109%(t), t € (0,]2]), p € (0,0¢], B € R and £(t) := 1 + [logt|,
then A%(§2;w) is the Lorentz—Zygmund space LP(log L)?(£2) introduced in [BR] and,
moreover, if p < oo, then A% (£2;w) is the LorentzZygmund space LP>(log L)?(£2)
(see again [BR]).

(iv) If [2] < oo, B < 0 and w(t) = t~19~1(t), t € (0,]92]), then AT>®(2;w) co-
incides with the exponential space exp L=Y/P(£2) (cf. [BR, Theorem 10.3] or [EOPI,
Lemma 2.2(iv)]), which is the Orlicz space Lg(§2), where the Young function & sat-
isfies @(t) = expt~/P for large t. (Note that our space exp L~'/#(£2) corresponds to
Li5(92) of [BS].)

(v) If w(t) = £95(t), t € (0,]2]) and B € R, then A9(£2;w) is the Lorentz-Zygmund
space L% (log L)?(£2) and A% (£2;w) is the Lorentz-Zygmund space L% (log L)?(2).
Moreover, if ¢ € (1,00), or ¢ = 1, § > 0 and |£2| < oo, then A9(2;w) coincides with
the Zygmund class L(log L)?(2), which is the Orlicz space Lg(£2), where the Young
function @ satisfies ®(t) ~ t1¢94(t), t € (0,00) (cf. [OP, Section 8]).

Throughout the paper we denote by || - ||s, s € (0,00], the usual quasi-norm in the
Lebesgue space L*(R™) and by |- ||5,(4,5), —00 < a < b < 400, the usual L*-quasi-norm in
the Lebesgue space L*((a,b)). Moreover, if s € (0,00) and A = (Ag, As) € R?, the symbol
| - |ls.a stands for the quasi-norm in the generalized Zygmund class L*(log L)*(R") :=
A3 (R™; w) = A% (w), where

s Ao (), te (0,1,
w(t) = () = {esAJ&), te El,o]o).

By [OP, Theorem 8.8], the space L*(log L)*(R") coincides with the Orlicz space Lg(R™),
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where
B(t) ~ to05AA) () >0,
provided that either s € (1,00) and A = (Ag, As) € R?, or s =1 and A, < 0 < Ay.

Let s € (0,00), v € [0,n) and A = (Ag, Ax) € R% The fractional mazimal operator
Ms a3t f € M(R™) is given by

(2.1) (Myrinf)(x) = sup __Mfxolls g,
Q3 ||XQ||sn/(n7'y);A

where the supremum is extended over all cubes @ in R™ with sides parallel to the coor-
dinate axes.

Since the estimate || Xq |l sn/(n—r)a ~ |Q|1/F A=/ ¢A(|Q]) holds for all cubes @ C R™,
we have

1/s
(22 (MaruP)@) & [sp [QPTQ) () ay] xR
Q3z 0

Hence, if s = 1, v = 0 and A = (0,0), then ., 4 is the classical Hardy-Littlewood
mazimal operator M. If s = 1, v € (0,n) and A = (0,0), then .#,  is the usual
fractional mazimal operator M., from (1.1). Moreover, if s = 1, 7 € [0,n) and A € R?
then .# ~.a is the fractional maximal operator which corresponds to potentials with
logarithmic smoothness treated in [OT1] and [OT2]. In particular, if v = 0, then .#; ~.a
is the maximal operator of purely logarithmic order. Local versions of this operator were
considered in [OT2] and also appeared in [AV]. Finally, the maximal operators considered
in [MO] correspond to local versions of . o.4 with s € [1,00) and A = (a, @), a € [0, 00).

Throughout the paper we use the abbreviation LHS(x) (RHS(x)) for the left (right)
hand side of the relation (x).

3. Sharp estimates of (. # .. f)*

While the results of [AM] and [Sa] rely on the estimate
t
(3.1) (M) (1) = f(t) ==t [ fo(r) dr,  t € (0,00),
0
in our situation the role of (3.1) is replaced by the following assertion (which is consistent
with (3.1) if s=1, vy =0 and A = (0,0)).

THEOREM 3.1. Let s € (0,00), v € [0,n) and A = (A, As) € R? satisfy
(3.2) either v € (0,n), or y=0 and Ay > 0> A.

Then there exists a positive constant C depending only on n, s,y and A such that for all
f e M®R"™) and every t € (0,00),

T

(33) (Mo §) (1) < €[ sup () [ () (o) do]

t<T<o0 0
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Inequality (3.3) is sharp in the sense that for every ¢ € M™(0,00; |) there exists a func-
tion f € M(R™) such that f* = ¢ a.e. on (0,00) and for all t € (0,00),

T 1/s
(3.4) (Moinf)*(8) = c| sup 77" L) [ (£) (@) do|
t<T<o0 0
where ¢ is a positive constant which again depends only on n, s, v and A.

The proof of Theorem 3.1 will be carried out in several steps. First we establish
endpoint estimates for the operator .#; ..

LEMMA 3.2. Let v € [0,n) and A = (Ap, Aso) € R? be such that (3.2) holds. Then
(3.5) Mg T (log D) ~H(R) = L=(R™),
(3.6) M s 2 LHR™) — L (=729 (Jog L)A(R™).
Proof. (i) To prove (3.5), take f € L"/7"*°(log L)~*(R™) and a cube Q@ C R". Then the
Hardy—Littlewood inequality (cf. [BS, Chapter 2, Theorem 2.2]), the Holder inequality
and the fact that the fundamental functions of the spaces L™ ("=7):1(log L)*(R") and
LV (=7 (log L)*(R™) are equivalent (cf. [OP, Lemma 3.7]) imply that

Ifxell < 1F*x5

~ HXQHn/(nfv);AHan/MOO;fA

|1,(O,oo) < HXQHn/(n—’y),l;AHf”n/’y,oo;—A

and (3.5) follows.
(ii) To prove (3.6), take f € L*(R™), A > 0 and put

EQ) ={z e R"; (M yaf)(x) > A}.
Then, for any = € E(\), there is a cube @ = Q(z) containing x such that

(3.7) AIXQ@) ln/nyia < | 1£ @) dy.
Q(z)

The collection of all such cubes covers E(\) and we claim that

(3.8) sup{diam Q(z); z € E(\)} < 0.

Indeed, putting ¢ = (1 — «/n)/2, we see that € > 0 and, since t°¢*(t) — oo as t — oo,
there is T = T(e,A) such that ¢4(t) > ¢ for all t > T. Hence, if |Q(z)| > T, then
A(1Q(x)]) > |Q(x)|~¢, which in turn yields
(3.9) Q)" M1Q()]) = Q).
Since LHS(3.9) ~ [|X@|ln/(n—~);a, we infer from (3.9) and (3.7) that
Q@)IF A | 1@l dy < A7MIf ]l

Q(x)

and so

dinm Q(x) = Q)" S (A £l Vi
Consequently, for all cubes Q(z), z € E(X),

diam Q(x) < max{T"/", (A~ £}y
and (3.8) follows.
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Condition (3.8) allows us to apply the Besicovitch covering theorem (see [G]) which
asserts that one can choose, from among the given cubes Q(z), z € E(\), a sequence
{Q} (possibly finite) such that

(3.10) EX) cJ@x,
k
(3.11) Zka (x) < pon, forevery z € R"
(0r is a number which depends only on n).
Putting X := L™/ ("= (log L)*, we deduce from (3.10) that
(3.12) Ixemllx < 11Xy, @ullx-

Since the space X is (equivalent to) a Banach function space (cf. [OP, Theorem 7.1]),

(3.13) RHS(3.12) <) [Ixqullx-
k

Now, by (3.7) and (3.11),

(3.14) RHS(3.13) < A7 > | 1£(w)ldy S A7VIf s
kE Qk

On the other hand, since the fundamental function ¢ x of the space X satisfies px (t) ~
t1=/mpA (), t € (0,00) (cf. [OP, Lemma 3.7(i)]), we see that

(3.15) LHS(3.12) ~ |[E\) [/ A(|E(V))).
Summarizing estimates (3.12)—(3.15), we arrive at

[EQ A ENDA S -
Therefore,

11l 2 sup | B/ (BN DA = sup ¢4 () (M 30 )" (1)
A>0 t>0

and (3.6) follows. =
Our next lemma states that estimate (3.3) holds if s = 1.

LEMMA 3.3. Under the assumptions of Lemma 3.2, there is a positive constant C de-
pending only on n,7y and A such that for all f € M(R™) and every t € (0,00),

(3.16) (M f) () <O sup TVA(T) (7).
t<T<o00
Proof. Let t € (0,00) and f € M(R"™). We may assume that
(3.17) sup 77/"CA(7) f(r) < o0
t<T<o00

(otherwise (3.16) holds trivially). Define functions g; and h; on R™ by

go(x) = max{[f(2)] — F(8), 0 sgn f(z),  hale) = min{|f(@)], £ (1)} sgn ().
Then
(3.18) f= g+ he
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and, for all 7 € (0, 00),
(3.19) 9: (T) = X lf*(7) = f*()],  hi(7) =min{f*(7), f*(t)}.
Since, by (3.19),

(3.20) lgell = § g7 () dr = [f*(r) = fr () dr < | f*(7) dr,
0 0 0

we infer from (3.17) that g; € L'(R"). Together with (3.6), this implies that

(3:21) | Sup TV () (M i 96)(7) S Mgl
<7 <00

Analogously, by (3.19) and (3.2),
(3.22) 1Ptlln/y,00—a = sup T'Y/"E_A(T)hf(T)
0<T<00
= max{ sup 77/"H(r) f5(t), sup 7T () ()}
o<r<t t<T<o0

~ma{ /A (0 (1), sup MR (7))

t<1T<oo

< sup VM7 (T).
t<T<00

Thus, inequality (3.17) implies that h; € L™/7>(log L)~*(R™). Together with (3.5), this
yields

(3.23) sup (M ;ahe)" (1) S M1Relln oy 001
0<7<00

Using (3.18) and [BS, Chapter 2, Proposition 1.7], we obtain

(3.24) (M1 n f)7 (1) < (M in 90)"(E/2) + (M 4i0he)" (2/2).

Thus, combining estimates (3.21), (3.23), (3.20) and (3.22), we arrive at
(M1 f) (1) S (£/2)07 2 E/2) ] gell 1+ el 0054

t
SEOTER @) [ () dr 4 sup TR () £ (r)
0 t<T<oo

and (3.16) is proved. m

REMARKS 3.4. (i) There is another way of proving Lemma 3.3: First, the endpoint esti-
mates (3.6) and (3.5) imply that
(3.25) K (M onf,t; LV 702 (log LYA(R™), L= (R™))

S K(f,t; L' (R™), L7 (log L) "*(R"))
for all f € LY(R™) + L™/ (log L)™*(R™) and every ¢ € (0,00); here K is the Peetre

K-functional.
Second, by [EvO, (8.12)],

LM (=29 (1og LYA(R™) = (LY2°°(R™), L(R™)) (1 /2)(14+/n) 00
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(Here, for a compatible couple of quasi-Banach spaces X and X7, the interpolation space
(X0, X1)o,g:0, 0 =[0,1], ¢ € (0,00] and A € R?, is the set of all f € Xo + X such that
£ llo.q: == [0~ K (f, 8 Xoy X1)llg,0,00)

is finite.)

Hence, applying [EOP2, Theorem 6.6] (with X, = L'/2>°(R") and X; = L>®(R")),
we arrive at
(3.26) K (M onf, 17708 (t); L/ (=2 (log L)A(R™), L>®°(R™))

~ sup T VA (T) (M yn )(T), € (0,00).

o<r<t
On the other hand,
Ln/’y’oo(log L)iA(Rn) = (Ll(Rn)v Lm(Rn))lf'y/n,oo;fA~
Thus, applying [EOP2, Theorem 6.10] or [EOP2, Theorem 6.5], respectively, if v = 0 or
v € (0,n), we obtain
(3.27)  K(f,t"7/"04(); LY (R™), L7 (log L) "*(R™))

~ TR L) sup TR () ()
t<T<o0

and (3.16) follows from (3.25)—(3.27).

(ii) Since the proof of (3.16) is based on the endpoint estimates (3.5) and (3.6) (cf.
part (i)), inequality (3.16) holds not only for the fractional maximal operator .4 -4 but
for any quasi-linear operator satisfying the same endpoint estimates.

Now, we are going to verify estimate (3.4) provided that s = 1.

LEMMA 3.5. Let the assumptions of Lemma 3.2 be satisfied. Then for every i €
MT(0,00;]) there is f € MT(R™) such that f* =1 a.e. on (0,00) and

(3.28) (M1 in ) (t) > ¢ sup T/ (7) £ (1)
t<T<o0o
for all t € (0,00), where ¢ is a positive constant depending only on n,y and A.

Proof. For a € (0,00) put Q(a) = {z € R"; |z;] < a, i=1,...,n} and B(a) = {z € R™;
|z| < a}. Let w, = |B(1)|]. Then

|B(CL)| a/n _ wnan e/ _ 1=y /noy—m __. _
(3:29) (aen) =) =err=a=amo
Since the function
(3.30) g(t) = L (wat™) /L2((20)"),  t € (0,00),

is positive and continuous on (0, 00) and satisfies g(t) — 1 as ¢t — 0+ or t — oo, there is
a positive constant co = co(n, A) such that

(3.31) g(t) > ¢y forallt e (0,00).

If p € MT(0,00;]) and f(z) := Y(wy|z|™), 2 € R™\ {0}, then f* =4 a.e. on (0, 00).
Moreover, we deduce from (3.29)-(3.31) and from the definition of .#, ;s that for every
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z,y € R” with |y| > |z|,
(A ])(@) 2 crea(wnly") "R walyl™) | f(2) dz
B(|yl)

Since the definition of f and spherical coordinates give

|yl

S f(z)dz = S S Y(wpr™) do dr
B(lyl) 0 {|z|=r}
|yl wn|y|™
= S P(wpr™) wpnr™ L dr = S Y(o) do,

0 0

we arrive at the estimate

(A yinf) (@) 2 creaH (wnlyl™),
where H(7) = 77/~ U=A(1) T (o) do, T € (0,00), and (3.28) follows. m

0
Proof of Theorem 3.1. Since for all f € M(R™) and any cube @ in R,
s 1/s 1/s
HfXQHS = |Hf| XQHI/ and HXQHsn/(nf'y);A = ”XQ”n//(nfv);sA’
we have
(332) %S,’Y;Af = [(%l,w;sA|f|s)]1/s'

Therefore, using Lemma 3.3, for all ¢ € (0,00) we obtain

(Mo yinf)* (8) = [(Mrisnl 1) (O
<[C sup TR f1) ()

t<T<o0

=CYs| sup /() | (£1) (o) do
t<T<o00 0
(where C' = C(n,~,sA)) and (3.3) is verified.
To prove (3.4), take p € M1 (0, 00; |) and put 1 = ¢*. Then ¢ € M™(0, 00; |) and, by
Lemma 3.5, there is F' € M™(R™) such that F* = a.e. in (0, 00) and, for all ¢ € (0, 00),
(3.33) (M saF)*(t) > ¢ sup 77052 (1) F**(7),

t<T<oco

]1/5

where ¢ = ¢(n, 7, sA). Moreover, on putting

(3.34) f=FYs,

we obtain

(3.35) F*=(f")* and F**(r)=r71"" X (f)°(o)do, 7>0.
0

Consequently, by (3.34), (3.33) and (3.35),

T

(3:36)  (Mron [fI))(8) = (Mrpsn F)' (1) 2 ¢ sup 7" R(r) [ (f*)*(0) do

t<T<o0o 0

for all t € (0,00). Estimates (3.36) and (3.32) imply (3.4). Moreover, f* = (F*)1/* =
wl/s =¢. n
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We conclude this section with some results related to Lemma 3.3. In the proof of
Lemma 3.3 (cf. also Remarks 3.4) we have seen that inequality (3.16) is a consequence of
the endpoint estimates (3.6) and (3.5). The next assertion shows that the converse holds,
that is, inequality (3.16) implies that the endpoint estimates (3.6) and (3.5) are satisfied.

LEMMA 3.6. Let v € [0,n) and A = (Ap, As) € R? be such that (3.2) holds. Assume
that for all f € M(R™) and every t € (0, 00),

(3.37) (M7 f)" () S sup TMHT) (),
<T<0o0

Then

(3.38) My s 2 LHR™) — L (=729 (Jog L)A(R™),

(3.39) M s L7 (log L)™4(R™) — L®(R™).

Proof. First, we verify (3.38). Let f € M(R™). Using estimate (3.37), we obtain
(3'40) ”j/LW;Aan/(nf'y)po;A = O<Sll<p t(n_’Y)/néA(t)(%l,’y;Af)*(t)

< sup tTA@RY sup TR () ()

0<t<oo t<T<00
= sup VTR () sup TR,
0<T<00 o<t<r

Since v < n, we see that for all 7 € (0, c0),

sup tPTI/MpR (1) 2 7 (N/pA (7)),

o<t<r
Thus,
(3.41) RHS(3.40) =~ . sup Tf (1) = S f (o)do =|flh
<7< 0

and (3.38) is a consequence of estimates (3.40) and (3.41).

Now, we are going verify (3.39). Taking f € M(R™), applying (3.37) and the fact
that the non-increasing rearrangement of any function is a right-continuous function on
[0, 00), we obtain

(342)  |Myafle= S (Maynf) (1) = (raf)(0)

T

< sup 77/”€7A(T)f**(r)= sup Ty/niléiA(T)gf*(U)dO'.
0<T<00 0<T<0 0

Since v < n,

\ (o) do =\ (7"t (0) f* (o))" (o) do
0

O e

T

< ( S J*V/WA(U) do) sup 07/”67‘&(0)]”*(0)

0 0<o<o0o

~ Tl_V/nEA(T> Hf”n/%OO;fA
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for all 7 € (0, 00). Consequently,
RHS(342) S Hf”n/v,oo;fA
and (3.39) follows. m

Assuming additionally in Lemma 3.3 that v > 0, we are able to prove the following
variant of (3.16).

LEMMA 3.7. Let v € (0,n) and A = (Ay, Ax) € R?. Then there is a positive constant C
depending only on n,7y and A such that for all f € M(R"™) and every t € (0,00),

(3.43) (M ya f) () < C sup T'Y/"E_A(T)f**(r).

t<T<o0o

Proof. For p,q € (0,00] and A € R? define the quasi-norm || - || 4:4) on M(R™) by

11l p.gsy = [1E/27H2L%(0) 5 (1) g, 0,000

and put

L(p,q;A) (Rn) = {f € M(Rn)a ||f||(p,q;A) < OO}
By [OP, Theorem 3.8(i)],

LP9(log L)*(R™) = Ly ) (R™)

(and the corresponding quasi-norms are equivalent) provided that p > 1. Hence, if v €
(0,n), then

Ln/(n—'y),OO(log L)A(Rn) — L(n/(nf'y),oo;A) (Rn)7
which in turn means that the endpoint estimate (3.6) is equivalent to
(3.6%) Mimin t LNR™) = Ly (n—ry),00in) (R™).
For t € (0,00) and f € M(R") let g; and h; be functions from the proof of Lemma 3.3.
As g; € L'(R"), estimate (3.6*) implies that

(3.217) | Sup TR (1) (M ysn 90) (1) S gl
<T<00

Similarly, one can replace estimate (3.23) with

(3.23%) sup (A yinhe)™ (1) S Wellnsy 00
0<T<00

Moreover, by (3.18) and [BS, Chapter 2, Theorem 3.4],

(3.247) (A yin )7 () < (M yin 96)™ (8) + (A a0 he)™ (1)

Therefore, (3.24*), (3.21*) and (3.23*) imply that
(M i ) () S ETT @) gelly el 000-
Hence, by (3.20) and (3.22),

t

(M An ) (1) S tO=m/np=h () ‘ f(r)dr+ sup A (T) ()

0 t<T<00
< sup PR,
t<T<00
which is the desired result. m
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One can easily see from the proofs of Lemmas 3.3 and 3.6 that the following assertion
holds.

COROLLARY 3.8. Let v € [0,n) and A = (Ap, As) € R? be such that (3.2) is satisfied.
Let T be a quasi-linear operator on M(R™) with values in M(R™). Then the following
statements are equivalent:

(i) There is a positive constant C' such that for all f € M(R™) and every t € (0, 00),
(Tf)(t) < C sup 774 (7) f*(r).
t<r<o0
(ii) The mappings
T : LY(R") — L™= (log L)X (R") and T : L7 (log L)~ *(R") — L>®(R")
are bounded.
Similarly, if v € (0,n), we arrive at the next result.

COROLLARY 3.9. Let v € (0,n) and A = (Ag, As) € R2. Let T be a quasi-linear operator
on M(R™) with values in M(R™). Then the following statements are equivalent:

(i) There is a positive constant C such that for all f € M(R™) and every t € (0, 00),
(T)*(t) <C sup 77/™4(r) f**(7).
t<r<oo
(ii) There is a positive constant C' such that for all f € M(R™) and every t € (0, 00),
(TH7W=<C suwp TV () (7).

(iii) The mappings
T : L'R") — LY (=) (1og L)*(R™) and T : L™/ (log L)™*(R") — L= (R")

are bounded.

4. Boundedness of .Z; ., : AP(v) — Al(w), 0 <p < g < o0

Using Theorem 3.1 and the definition of the quasi-norms in classical Lorentz spaces, one
can see that the operator

(4.1) M yin 2 AP (V) = A(w),  0<p, g < oo,
is bounded if and only if

(4.2) {Oso( sup ﬂ/”*le*%ﬁ[so(rf)rda)q“w@)dt}”q
0

t<T<o0

oo

< { S [o(t)]Po(t) dt}l/p for all ¢ € M™(0,00; ).
0
Putting

(4.3) Yp=¢° and P=p/s, Q=q/s,
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we can rewrite (4.2) as
@y {Tizvoem e}’ < {Tperow e}’ o v e mr(0.00 ).
0 0

where the operator .7 is given on the set M™*(0,00;]) by

(4.5) (TY)(t) = t<s;1£)00 T/M=SB (D) (1), t € (0,00).
Now we claim that for all ) € M™(0,00;|) and all ¢ € (0,0),

(4.6) (TY)(t) = (FLP)(t) + (%)),

where the operators . and Z are defined on M™(0,00; |) by

(4.7) (L)) = R (B (8), t € (0, 00),
(4.8) (ZY)(t) = t<s;1<poo P/ ()(r),  te (0,00).
Consequently, (4.1) is satisfied if and only if both inequalities

(19) (Nienoruma”’ s { Tporma)’”
and i O

(4.10) { E[(%w(m%(t) a} " < O(Sj[wt)]%(t) at} "

hold on M™ (0, 00; |).

To verify (4.6), first note that 7 2 . + % on M*(0,00;|) since the estimates
T > S and Tp > R are evident for any ¢ € MT(0,00;|). On the other hand,
since for all 1) € M™(0,00;]) and all ¢ € (0, c0),

t T

(4.11) (Z9)(t) = sup 7V/""Lgmsh(r) Hz/)(a) do + | 4(0) dg}
t<T<o0 o "
and since 7 < n, we have
t
(4.12) sup /"R () V(o) do ~ (9)()
t<T<oco

0

and
-

(4.13) sup 1V/"LmsA(7) S (o) do

t<T<oco :

T

< sup /") ([ sup O R () (€)lo /M (0) do

t<T<o00 t t<&<oo
S (#Y)(t) sup TR () oMM (o) do ~ () (1)
t<T<o00 0

Thus, the estimate Ty < S + % for all p € MT(0,00;]) is a consequence of
(4.11)—(4.13).
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Our main result in this section is the following theorem which provides us with a
characterization of (4.1) in the case when 0 < p < ¢ < 0.

THEOREM 4.1. Let s € (0,00), n € N, v € [0,00), A = (Ap, As) € R? and v,w €
#(0,00). Assume that 0 < p < ¢ < 0o and

(4.14) either v € (0,n), or y=0 and Ay > 0> Aw.
Then the following statements are equivalent:

(i) The operator My .a @ AP(v) — A?(w) is bounded.
(ii) For all ¢ € M™(0,00; ),

(4.15) {OSO Lf}fwTwn_lé_SA(T)gzb(U) dU}q/sw(t) dt}l/q < {ogo[w(t)]p/s'v(t) dt}l/p.

0 0 0

(iii) For all r € (0, 00),
1/ (8) g=A Tw 1/q TU 1/p
(4.16) = ( )(E (1) dt) < (§ (t) dt)
and either
(4.17) (Ogot(q/ /=D g0 (1) (1) i) e
x [g (t‘liv(ﬂ T)p/(s_p)u( ) }1/5_1”’ <1 ifs<p,
0 0
o (T daorm=Dg-ah gy iy ) < (Lo a)””  ifp<s.

(4.18) (St 0B () w(t) dt) < (é (t) dt) fp<

To prove Theorem 4.1, we shall characterize the validity of inequalities (4.9) and (4.10)
on M™T(0,00; ]). To find necessary and sufficient conditions under which (4.9) holds on
MT(0,00; |), we shall use the following assertions.

LEMMA 4.2 (cf. [Sa, Theorem 2]). Suppose that v,w € #(0,00) and 1 < P < Q < 0.
Then the inequality

(1.19) (3 ] “awa)” < {Tworaoa) "
holds for all ¥ € ./i/l"'(O,(;o; 1) if and only if, for all : € (0,00),

(4.20) <§717(t) dt)l/ ©< <§17(t) dt)l/ "

and O O

(4.21) (?FQ{E(t) dt) e [g (fl §a;(¢) dT)iPlT)(t) dt] ey

T 0 0
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LEMMA 4.3 (cf. [HM, Theorem 3.2(b)]). Let 0 < P < 1, P < Q < 0. Suppose that
v,w e #(0,00) and & € MT((0,00) x (0,00)). Then the inequality
/P

(4.22) { i [Ogogp(t, o) dr) i) dt}l/ “<{ T o)) at}’
0 0

0
holds for all 1 € M™(0,00; ) if and only if
T 1/P

(4.23) {Ogo Hqﬁ(t,ﬂ dT}Q@(t) dt}l/Q < H'ﬁ(t) dt} " for all v € (0, 00).
0 O 0

In the next lemma we present a characterization of inequality (4.9) on M™(0,00; |).

LEMMA 4.4. Let all the assumptions of Theorem 4.1 be satisfied and P =p/s, Q = q/s.
Then inequality (4.9) holds on M™(0,00;]) if and only if either s < p and, for all
r € (0,00),

(4.24) (ﬁtvq/ ()=t () (t) dt < (§v(t) dt) v
0 0

and

oo T t — s—
(425) ( S t(q/s)(’y/nfl)équ(t)w(t) dt) I/Q[S (t71 S’U(T) dT>P/(S p)v(t) dt} 1/s=1/p S 1,
0
2

r 0

(4.26) rl/s(OSOt‘q/sﬂv/"—”e—qf*(t)w(t) dt)l/q < <§U(t) dt)l/p
0

Proof. 10 < s < p,then 1 < P < @ < oo and inequality (4.9) can be rewritten as (4.19)
with
w(t) = tO/MRU=sRA(t), T(t) =v(t), te (0,00).

Thus, by Lemma 4.2, inequality (4.9) holds on M™(0,00;]) if and only if (4.20) and
(4.21) are satisfied. However, (4.20) and (4.21), respectively, can be rewritten as (4.24)
and (4.25).

If p<s,then0 < P <1and P <@ < oo and inequality (4.9) can be rewritten as
(4.22) with

@(t) =t (), B(t) = o(t), P(t,T) = xon(T), t,7 € (0,00).

Thus, by Lemma 4.3, inequality (4.9) holds on M™(0,00; |) if and only if (4.23) is sat-
isfied. However, for any fixed r € (0, 00), the integral Sgo ...dt in (4.23) can be written
as S; codt+ Sfo ...dt. This in fact shows that (4.23) is equivalent to two conditions; the
first (resp. second) of them is obtained on replacing Sgo ...dt in (4.23) by Sg ...dt (resp.
S(:o ...dt). Finally, it is easy to see that the first (resp. second) condition coincides with
(4.24) (resp. (4.26)). m

We now turn our attention to (4.10).
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LEMMA 4.5. Let all the assumptions of Theorem 4.1 be satisfied and P = p/s, Q = q/s.
Then inequality (4.10) holds on M™(0,00; |) if and only if for all r € (0,0),

(4.27) 71/ (09 = () (gw(t) dt) V< (gv(t) 0 v
0 0

Proof. Necessity. Since, for any r € (0, 00),
(4.28) Bx 0. ~ TR (1) X (0.0

the necessity of (4.27) follows by testing (4.10) with ¢ = x(q ).
Sufficiency. (i) Assume additionally that
x
(4.29) Sv(t) dt < oo for any z € (0,00).
0
(i-1) First, consider the case when

(4.30) either v € (0,n) and A € R? or y =0 and Ag > 0 > A.
Then lim, o, 7?7/ ™) ¢(=2(r) = co. Together with (4.27), this implies that
(o)
(4.31) | v(t)dt = o
0

Then there is an increasing sequence {ry}rez C (0,00) such that
Tk

(4.32) | v(t)dt = 2",

0
It is clearly sufficient to verify (4.10) for continuous ¢ € M™(0,00;|) having compact
support in [0, 00) and ¢ # 0. For such ¢, the set B C Z given by

(4.33) B ={k € Z; (ZY)(ri-1) > (%) (rk)}
is not empty. Take k € B and define

{o if (#9)(t) = (#Y)(re-), t € (0,74-1),
(4.34) =1 .
min{r;; (Z¢)(r;) = (ZY)(rk—1)} otherwise.
Together with the fact that £ € M™T(0,00; ]), this implies that
(ZY)(t) < (%)) (re-1), k€ B, t € [zk,7k).

Moreover, by the definition of B, the supremum appearing in the definition of (%) (r—1)

is attained in [ry_1,7%). Therefore, for every k € B and all ¢ € [z, i),

(4.35) (@)1 < (@) (k) = sup  RE)P(r) S re)rl " ().
Th—1<T<Tk

Thus, by (4.35), (4.27), (4.32), the monotonicity of ¢ and the inequality Q/P > 1, we
obtain

(4.36) V(@) ()] Fw(t)dt = §[(%20) (1) %wl(t) dt
0 kEB 2z

Tk

SN -]y M0 ) § () dt
keB Zk
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< S @ § o) =49 S | v )"
keB 0 keB Tk—2
<25 (] porima)” <@ (T worvoa)
k€B rTi—2 k€EBTK—2

and (4.10) follows.
(i-2) Second, consider the case when

(4.37) v=0 and Ay >0=A.

Then lim, o, 7?7/ (") ¢=4(r) = 1, and hence, (4.27) does not yield (4.31). If (4.31) holds,
then the previous method gives the result. Therefore, we now assume that

(4.38) | v(t)dt < oc.
0
Then there exists kg € Z such that
(4.39) 2ko < | w(t)dt < 280t
0

Put Zo = {k € Z; k < ko} and define the increasing sequence {ry}rez, C (0,00) by
(4.32). Moreover, put

(440) By = {k € Zo; (%1/))(7%,1) > (%1/))(7”]9)}
Note that now it can happen that By = 0.

(i-2.1) Assuming that By # ), we assign to any k € By the point z; just as in (4.34).
Let ks = max By. Proceeding as above, we obtain (cf. (4.36))

(L41) | (@R a <@ ( Y| wenroo )
0 kEBo Tk—2

Put I = [rg,,,00). If » = 0 in I, then Z1 = 0 in I as well and the result follows from
(4.41). Therefore we assume that ¢» £ 0 in I. We deduce from the definitions of By
and ks that

(Z))(t) = (#))(rr,)  for all £ € [rry, 7o)
Hence, since Zvy € M™(0, c0; |),

(4.42) (B0)(1) < (B)(r,)  iftE L
As
(143) (@) = swp @) < Ur,) s 7R,

S ap(ry,) lim 7Y/m05R (1),
estimate (4.42) implies that
(4.44) (Z))(t) S b(ry,) lim 7/"0~52(1)  forall t € 1.
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Moreover, by (4.27), (4.39) and (4.32),

(445)  (lim /7 A(7)@ ogo w(t)dt = Tim TW”)Qe—SQA(T)( § w(t) dt)
Tk Y
< lim <§U(t) dt)Q/P < (2hot1)Q/P
0
Thko—1
:<8 g v(t)dt)Q/P.

Applying (4.44), (4.45) and the monotonicity of ¥, we obtain

o0 o0

(4.46) | [(0) (0] Qw(t)ydt < [(r,)|2( Jim /"4 ()D | w(t) dt
<897 ( T wor an)?",

which, together with (4.41) and the fact that Q/P > 1, yields the result.
(i-2.2) Assume now that By = (). Then the function % is constant in (0, ry,] and
thus

(4.47) (RY)(t) < (%) (rk,) for all ¢ € (0,00).
Together with (4.43), this implies (4.44) with I = (0, c0). Consequently,

(4.48) J[(20) ()] %w(t) dt < [ib(ri,)|°(lim 77/7¢4(7)) § w(?) dt.
0 0
Proceeding analogously to (4.45) and (4.46), we obtain

RHS(4.48)§8Q/P( | [qp(t)]Pv(t)dt)

Tko—2

Q/P

and the result follows.
(ii) Assume finally that condition (4.29) is violated.
(ii-1) If §j v(t) dt = oo for any = € (0, 00), then AP(v) = {0}. Consequently,

My 2 AP (v) — A% (w) is bounded.

Since also condition (4.27) is satisfied, Lemma 4.5 holds in this case.
(ii-2) Suppose that there exist zy € (0, 00) such that

x

=oo forany z € (xg,00),
(4.49) Xv(t) dt { < oo forany z € (0,x).
Let ¢ € M*(0,00;1), 1 # 0, be a continuous function. If {°[¢)(¢)]Fv(t) dt = oo, then
(4.10) holds trivially. On the other hand, if §°[¢)()[Pv(t)dt < oo, then, by (4.49),
supp® C [0,x0], which implies that Zv¢ = 0 on (z(,00). Now, defining the sequence
{rk}rez by (4.32), we have {ri}rez C (0,20) and analogues of the approaches used in
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(i-2.1) and (i-2.2) (where the role of the interval (0,00) is now played by (0, z)) yield
the result. m

Proof of Theorem 4.1. The proof that parts (i) and (ii) of Theorem 4.1 are equivalent is
clear from what we said at the beginning of this section. This also shows that part (i)
is equivalent to the validity of inequalities (4.9) and (4.10) on M™(0, co; | ). However, by
Lemmas 4.4 and 4.5, this is equivalent to the conditions mentioned in part (iii). m

REMARK 4.6. If f € M(R")\ Lj,.(R™), then there is a cube Q9 C R™ such that f ¢
L?(Qp). Now, if x € R™, we take a cube @ such that € @ and @y C Q. Hence
| fxolls = oo, which implies that (.#s~.af)(xz) = oco. Since z € R™ was an arbitrary
point, we have .#, ,af = oo on R™. Consequently, (s .af)* = oo, and so, there
are no ¢ € (0,00) and w € #/(0,00) such that A, ,.af € A%(w). This shows that if
AP(v) ¢ L (R™), then the operator (4.1) is not bounded for any ¢ € (0,00) and any
w e #(0,00).

On the other hand, if the operator (4.1) is bounded and p < ¢, then it should be
somehow hidden in the conditions of Theorem 4.1 that

(4.50) AP(v) C LS, (R™).

To see it take a cube @ C R™ with T' = |Q|, and f € AP(v). Substituting ¢» = (f*)*® in
(4.15), we get

(451) {§ (tfffm P () ([ (0)) do) ") dt}l/ < { V1 @prow dt}l/ g
However,
T 1/s T 1/q
LHS(4.51) = (17" e*) [ [ @) dy) © (fwyar)
0 0
which, together with (4.51), implies that
1/s T 1/s
(452 (Vi@ ae} “or < { T wra)or < 1l
Q 0

with Cp = T/90/m=D =4 @) ({w(t) dt) /9, and (4.50) follows.

We now turn our attention to the conditions of part (iii) of Theorem 4.1. Again, let
@ C R™ be a cube with T' = |Q)|.

First consider the case when p < s. Then (4.18) implies that

(4.53) (Eldt)l/s < cT(gu(t) dt)l/p for all r € (0,T),
0 0

where Cp = ({7 ¢(9/9)00/n=Dg=ah(¢)o(t) dt)=1/9. However (cf. [Stp, Proposition 1(a)]),
(4.53) yields AP(v) — L*(Q) and (4.50) follows.
Consider now the case when s < p and put 1/r =1/s —1/p. Then

[ (e Totmar)” ura] ™ < [§ (Trar) ™ (Fowrar)™ " vty al] "
0 0 0 0

0
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and, by condition (4.17),
(4.54) ﬁ (§ 1dT)r/s(§u(T) dT)_r/s'u(t) dt}l/r < COr <0
. ~ YT )
00 0

where Cp = ({7 tla/8)(v/n=1) p=ah (t)oy(t) dt)~1/9. But, by [Stp, Proposition 1(b)], (4.54)
implies that A?(v) — L*(Q), and (4.50) follows.

5. Boundedness of .Z; ., : AP(v) — AP*°(w), 0 < p,q < 00

Theorem 3.1 and the definitions of the quasi-norms in the classical and weak-type Lorentz
spaces imply that the operator

(5.1) Msyin A (V) = AP (w),  0<p,q< oo,

is bounded if and only if
t

(5.2) 21;10) { t<s;1£)m T’Y/n_lf_SA(T) g[go(a)]s da}l/s ( S w(T) dT) Ha
0 0
< {Oso[go(t)]pv(t) dt}l/p for all ¢ € MT(0,00; |).
0

On using (4.3) and (4.5), we can rewrite (5.2) as

(5.3) sup(mb)(t)(gwm dT)l/Q < { [ (e Po() dt}l/P for all v € M*(0,00; |).
0 0

>0
Together with the estimate (4.6), this shows that (5.1) is satisfied if and only if both
inequalities

t [}

(54) sup (#0)0) (Juwtr)ar) ™ s { oo ary
>0 0 0

and

5.5 sup (#0)(0)(Jwr)ar) ™ € { oo )
>0 0 0

hold on M™(0, 003 |).
Our main result in this section is the following theorem, which provides us with
a characterization of (5.1).

THEOREM 5.1. Let s € (0,00), n € N, v € [0,n), A = (Apg, Ax) € R? and let v,w €
#(0,00) satisfy

(5.6) Sv(t) dt < oo and Sw(t) dt < oo for every x € (0,00).
0 0

Assume that 0 < p,q < oo and
(5.7) either v € (0,n), or y =0 and Ay > 0> Ax.
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Then the following statements are equivalent:

(1) The operator Ms .n = AP(v) — AT (w) is bounded.
(ii) For all ¢ € M*(0,00; ),

i 1/s ¢ 1/q T 1/p
n—1p—s /s
f‘i%’{tfllfooﬁ/ . A(7)§¢(a)da} ((S)w(T)dT) <{ §[¢(t)]p o(t)dt} "
(ili) For all r € (0, 00),
¢ 1/q ‘ 1/p
(5.8) /) =8 ey (N w(t) dt S \w(t)dt
()" 5 (00
and either
(5.9) rWCm DA (fut) dt)l/ !
0
T t L s—
x [g(flgv(f)dT)p/( p)v(t)dt}l/ P ifs<p,
or ’ ’
1/s (7 dT)l/q
5.10 7/ (ns) —h (t) Qou(mydr)™ .
(5.10) ' (r)tes(%}))r) r (SBU(T)dT)l/p ~ ¥p=é

To prove Theorem 5.1, we shall characterize the validity of inequalities (5.4) and (5.5)
on M™(0,00; |). To find necessary and sufficient conditions under which (5.4) holds on
MT(0, 005 |), we shall use the following lemma, which is an obvious consequence of [CS2,
Theorem 3.3].

LEMMA 5.2. Suppose that 0 < P,Q < oo and that v,w € # (0, 00) satisfy Sg v(t) dt < oo,
§o w(t)dt < oo for all x> 0. Let € MT((0,00) x (0,00)) and let

(5.11) OSOQS(t,T)w(T) dr € MT(0,00;])  for every 1 € MT(0,00;|).
0
Then the inequality
o] t 1/Q o] 1/P
(512)  sw (Je e ar)(Jamar) " < { Sww)oe at
¢ 0 0 0
holds for all 1 € M™*(0,00; ) if and only if either P > 1 and for all v € (0,0),
oo 1 p b —p’ 1/p 7 1/Q
(5.13) b(r,7)dr () dr o(t) dt w(T) dr <1
[ (ferin)” (fsr) 500" (00
and
(5.14) ( | @(r,7) dT)( [ o(r) dT) (55(7) dT) <1,
0 0 0

or P <1 and for all r € (0,00),

§£15(t,7') dT) (E’ﬁ(T) dT)il/P} (§1TJ(T) dT) e <1.

0 0 0

(5.15) {sup (

t>0
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Now, we are able to characterize inequality (5.4).

LEMMA 5.3. Let all the assumptions of Theorem 5.1 be satisfied and P =p/s, Q = q/s.
Then inequality (5.4) holds on M™(0,00;]) if and only if either s < p and, for all
€ (0,00),

o (Lo Vi _ ot 1/p
(5.16) = )(é (t)dt) < (é (t)dt)
and
/) (r/n—1) g . Tw Vare /. ) T p/(s—p)v 1/s=1/p
(5.17) ¢ ()(é (t)dt) [(g)(t é (7) dr) (t) dt] <1,
(

or p < s and, for all v € (0,00), condition (5.16) holds and
1/s d 1/q
(5.18) /) g=A(r) sup <3> M
Lo ) (el dryi

Proof. Our intent is to rewrite (5.4) in the form (5.12) and then apply Lemma 5.2.
First, to satisfy the monotonicity demand (5.11), we put ®(t,7) = x(o,1)(7)/t for t,7 €
(0,00). Then

(5.19) LHS(5.4) = §1>1%) (OSOQS(t, T)(T) dT)t'Y/”E_SA(t) ( § w(r) dT) l/Q.

Next, the function g given by g(0) = 0 and g(t) = ¢7/™4=5A(t), t € (0,00), is absolutely
continuous and equivalent to a non-decreasing function on [0, 00). Hence, there is w €
# (0, 00) such that for all ¢ € (0, c0),

t t

/e
S w(r)dr ~ t'Y/"E_SA(t) ( S w(T) dT) .
0 0
Together with (5.19), this shows that
e8] t
LHS(54)~sup(§gb )S
>0 \ g 0

Therefore, applying Lemma 5.2 (with ¥ = v and @ = 1), we find that (5.4) holds on
MT(0,00;]) if and only if either P > 1 and, for all r € (0,00), (5.13) and (5.14) are
satisfied (with @ = 1), or P < 1 and (5.15) holds (again with @ = 1) for all » € (0, c0).
However, after some calculations one can verify that conditions (5.13) and (5.14) are
equivalent to (5.16) and (5.17) while condition (5.15) is equivalent to (5.16) and (5.18). =

We now turn our attention to inequality (5.5).

LEMMA 5.4. Let all the assumptions of Theorem 5.1 be satisfied and P = p/s, Q = q/s.
Then inequality (5.5) holds on M™(0,00; ) if and only if, for all v € (0, 0),

(5.20) 71/ (1) g=h (1) (§w(t) dt) V< (§v(t) dt) v
0 0
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Proof. Necessity. Using (4.28), we obtain (5.20) by testing inequality (5.5) with ¢ =
X(,r), T € (0, 00).

Sufficiency. (Note that the result follows from the embedding A% (w) — A9 (w)
and Lemma 4.5 provided that p < q.)

(i) First consider the case (4.30), which (together with (5.20)) implies (4.31). Define
{ri}rez C (0,00) by (4.32). Again, it is sufficient to verify (5.5) for continuous ¢ €
M™T(0,00; |) having compact support in [0,00) and v # 0. Define the set B by (4.33)
and the sequence {zx }rep by (4.34). Then, by (4.35), (5.20), (4.32) and the monotonicity
of 1),

t t

(5.21) sup(,%)(t)(gw(T)dT —sup sup (%¢)(t)(§w(7)d7)l/Q

)1/Q
t>0 0 kEB t€(zk,rk) 0

. ¢ 1/Q
Ssup sup (rp)ry E_SA(T’“)(S“’(T)‘”)
keB te(z,rk) 0

Tk

/Q
= sup w(rk,l)rz/né_m(rk)( ‘ w(T) dT)l
keB o

Tk 1/P

< sup 1/)(rk_1)( § v(t) dt)

keB

Tk—1

l/PSu PU /P
<47 sup (rLWt)] (1) dt)

and the result follows.

(i) Second, consider the case (4.37). If (4.31) holds, then the method of part (i) gives
the result. Therefore we assume now that (4.38) is satisfied. Put Zy = {k € Z; k < ko},
where kg is given by (4.39), define the increasing sequence {ry}rez, C (0,00) by (4.32),
and the set By by (4.40).

(ii-1) If By # 0, we assign to any k € By the point z; just as in (4.34) and put
kn = max By. Then the method of part (i) implies that

0<t<rk,, keBo

(5.22) sup (%1#)(15)(810(7’) dT)l/Q 541/P sup ( g [¢(T)]PU(T) dq—)l/P.
0 Tk—2

Put I = [rg,,,00). If » =0 in I, then Z1 = 0 in I as well and the result follows from
(5.22). Thus we assume that ¢ # 0 in I. Since, by (5.20) and (4.32),

(623 (tim 2 h ) (Jurar) = im0 ) (o) do

0 0

)1/Q

T

< lim (S’U(O’) da)l/P < (2hot1y1/P

T—00
0

_ 81/P<W§1 w(t) dt) v

Tko—2
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applying (4.44), (5.23) and the monotonicity of 1, we obtain

t
' < qup () (lim ) (fulr) dT)l/ ¢
tel T—00

—

0 0

(5.24)  sup (#2v)()( § w(r) dT>1

tel

o0

= (ri) (tim 77/ () ([l ar)

T—00
0

Tkog—1
< w87 ( ] o)
Tko—2

ko1 1/P
<sUP( ] e )
Tko—2
which, together with (5.22), yields the result.
(ii-2) Assume now that By = (). Put I = (0,00). Estimates (4.47) and (4.43) imply
(4.44). Consequently, using also (5.23) and the monotonicity of 1, we arrive at
t

1/Q . inges ‘ 1/Q
sup (970 (1) Ju(r) dr) " S supwlry,)(Jim 777 Am)(éwm dr)
S w7 (| )’
<sr(f worrma)’”

and the result follows. m

Proof of Theorem 5.1. The proof that parts (i) and (ii) of Theorem 5.1 are equivalent
is clear from the remarks at the beginning of this section. This also shows that part (i)
is equivalent to the validity of inequalities (5.4) and (5.5) on M™(0, 00; | ). However, by
Lemmas 5.3 and 5.4, this is equivalent to the conditions of part (iii). m

6. Boundedness of .Z; ., : AP"*>(v) — A2*(w), 0 < p,q < o0

By Theorem 3.1 and the definition of the quasi-norms in weak-type Lorentz spaces, the
operator

(6.1) M yin AP (V) = AT (w), 0<p,q < oo,

is bounded if and only if
t

(6.2) sup { sup 1V/mTLmsA(r) § [p(0)])? da}l/s ( S w(T) dT)

t>0 N t<r<oo 0 0

1/q

; 1/p n
< sup @(t)(‘v(r) dT) for all ¢ € M™(0,00;|).
>0 )
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On using (4.3) and (4.5), inequality (6.2) can be rewritten as
L 1/Q t 1/P
(6.3) sup(yw)(t)<8w('r) dT) < sup w(t)(SU(T) dT) for all ¢ € M*(0, 003 |).
>0 o >0 0
Our main result in this section provides a characterization of (6.1) and reads as follows.

THEOREM 6.1. Let s € (0,00), n € N, v € [0,n), A = (Ag, Aso) € R? and let v,w €
W (0,00) satisfy

(6.4) Sv(t) dt <oo and ‘w(t) dt < oo for every z € (0,00).
0 0

Assume that 0 < p,q < oo and

(6.5) either v € (0,n), or y=0and Ag>0> Ay

Then the following statements are equivalent:

(1) The operator My .n @ AP>°(v) — AT (w) is bounded.
(ii) For all ¢ € M*(0,00; ),

sup{ s 01540 [0y ao} (o) ar) "' sup i (fuie) ar)

t>0 Nt<r<oo t>0

(ifi) supyso £7/" 102 (1)(§y w(r) dr)*/ §, (1§ v(0) do) /P dr < oo,

To prove Theorem 6.1, we shall apply the next lemma, where the following notation
is used. If 0 < p < 0o and v € #/(0, 00) is such that
(6.6) Sv(t) dt < oo for every z € (0,00),
0
we put
t

67) L) = {7 € M (0,00 1 Iflliger oy = sup 5(0)(foryr) " < oo},
> 0

dec

LEMMA 6.2 (cf. [So, Proposition 2.7]). Let N be a non-negative functional defined on
M(0,00) and

(6.8) ={f € M(0,00); || fl|x := N(f) < o0}
Assume that N satisfies:

(i) There exists C > 0 such that N(f) < CN(g) if f,ge X,0< f<g.
(ii) There exists C > 0 such that N(Af) < CAN(f) if fe€ X and X > 0.
Let 0 < P < o0, let v € #(0,00) satisfy (6.6) and let
L Ly (v) — M*(0,00)
be an operator with the property:
(iii) There exists C > 0 such that Z(f) < CZL(g) if 0< f <g.
Then & : LE°(v) — X is bounded, that is,

(6.9) | L00x S Wl roeyy  for all & € L5 (),
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if and only if

(6.10) N(Z(VYP)) < oo,
where V() := Sg v(r)dr, t € (0,00).
Now, we are able to characterize inequality (6.3).

LEMMA 6.3. Let all the assumptions of Theorem 6.1 be satisfied and P =p/s, Q = q/s.
Then inequality (6.3) holds on M (0,00;|) if and only if condition (iii) of Theorem 6.1
1s satisfied.

Proof. Define the operator % : L}22°(v) — M*(0,00) by . = .7, where 7 is given by
(4.5), and the non-negative functional N on M (0, 00) by
‘ 1/Q
(6.11) N(f):= sup|f(t)|<§w(7') dr) .
>0

0
By Lemma 6.2, the operator .£ : L">°(v) — X is bounded, that is, (6.9) holds, if and

dec
only if (6.10) is satisfied. But, by (6.8), (6.11), (6.7) and the definition of .Z, estimate
(6.9) coincides with inequality (6.3). Moreover, since

t

N(ZL(V~YP)) =sup (ﬁ(Vfl/P))(t)(Sw(a) do) e

t>0 o
=sup| sup 7/ ”_lf‘SA(T)g (Sv(o) ar) ] (Sw(a) a)"
=sup [ s S““’) i) ") "‘15‘3‘*(7)5 (S%) ar) "
e (Futoran) " (fteran)

’ 0 0 0

we see that (6.9) and statement (iii) of Theorem 6.1 coincide. m

Proof of Theorem 6.1. Theorem 6.1 is a consequence of Lemma 6.3 and the facts stated
at the beginning of this section. =

REMARKS 6.4. (i) Note that statement (iii) of Theorem 6.1 is equivalent to the following
pair of conditions: For all r € (0, 00),

T 1/ T 1/
(6.12) M/("S>e—A(r)(§w(t) dt) < <Sv(t) dt) '
0 0
and
(1/5)2/m=1) g=h () ( { art RGP
(6.13) r v 1 (r)(‘w(t) dt) “ (Sv(o) da) dt} <1
0 00
Indeed, using (4.6), we see that (6.3) is satisfied if and only if both

t>0

(6.14) sup (F9)(t) ( fwir) df)l/ ©< iugw(t)( {o(r) dT) v
0 > 0
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and

t t
(6.15) sup (Zv)(t (‘w ) < sup ¢(t)(§v(7) dT) v
>0 o >0 5

hold on M™(0,00;]). Now, applying Lemma 6.2, one can show that (6.15) or (6.14),

respectively, holds on M7 (0, c0; |) if and only if (6.12) or (6.13) is satisfied for all r €
(0, 00).

(ii) To characterize (6.15) on M™(0, 00; |) one can also proceed similarly to the proof

of Lemma 5.4. Indeed, necessity of (6.12) follows by testing (6.15) with ¥ = x(0,n),

€ (0,00). To prove sufficiency of (6.12), consider, for example, the case (4.30). Then,

proceeding as in (5.21) without applying the monotonicity of ¢ in the last step of this

estimate, we arrive at
1/P
t>0 t>0

cup (20)0) () ar) " 5 sp i) (§ )" < swpwte) (ot )
0 € 0 0

and (6.15) follows. The proof in the case (4.37) is left to the reader.

(iii) Suppose that the assumptions of Lemma 5.4 are satisfied. Then Lemma 5.4 and
part (i) of this remark imply that any of inequalities (5.5) and (6.15) holds on M* (0, 003 |)
if and only if (6.12) is satisfied for all » € (0,00). Moreover, by Lemma 4.5, the last
condition also characterizes the validity of (4.10) on M™(0,00; |) provided that 0 < p <
q < oQ.

7. Boundedness of .# ., : A7*°(v) — A% (w), 0 < p,q < o0

As in the previous sections, we observe that the operator
(7.1) M yin AP (V) = AT (w), 0<p,q < oo,
is bounded if and only if

(7.2) {OSO( sup ﬂ/”*le%m§[so<o>rda)q“w<t>dt}
0

0 t<T<o0

1/q

t>0

¢ Y
< sup (p(t)(S’U(T) dr) " forall © € M1(0,00; ).
0

On using the notation (4.3) and (4.5), we see that (7.2) is equivalent to
¢

T /e 1/P
(7.3) { [ (7e)0)%w() dt} < supw(t)(Sv(T) dT) for all » € M*(0,00; |).
o >0 o

Our main result in this section is the following theorem.
THEOREM 7.1. Let s € (0,00), n € N, v € [0,n), A = (Ag, As) € R? v,w € #(0,0)
and let

(7.4) \o(t)dt < oo for every x € (0, 00).

O 8
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Assume that 0 < p,q < 0o and
(7.5) either v € (0,n), or y=0 and Ay > 0> Aw.
Then the following statements are equivalent:

(i) The operator Ms ~.p = AP (v) — A%(w) is bounded.
(ii) For all v € M™*(0, 005 ),

T sup /"L sA (1 i o)do q/sw i - 1/s tq; T)dT e
{ Lifoo 0 )§)w< ydo| " "w(t) dt} < suplw (1) ((g) (rydr) "
() 125Dy o0 70O/ () (7 (7 0(6) dE) /P der)/Juo(t) it < .

To prove Theorem 7.1, we shall characterize the validity of inequality (7.3) on

MT(0, 005 ]).

LEMMA 7.2. Let all the assumptions of Theorem 7.1 be satisfied and P =p/s, Q = q/s.
Then inequality (7.3) holds on M™(0,00; ) if and only if condition (iii) of Theorem 7.1
1s satisfied.

Proof. We apply Lemma 6.2 with

N () = { § 1@ Cuyar}

0
and . = .7 (recall that .7 is given by (4.5)). First we observe that
(7.6) £ L2 (v) — X is bounded,
that is,

N(2) S [l (v)  for all ¥ € M* (0,005 ),
if and only if (7.3) holds. Second, by Lemma 6.2, statement (7.6) is equivalent to (6.10).

Since

N v = { (7w @u a)

g oe—2Q

o

- {§ [ sup Tv/nflefsA(T)ﬁ(gu(g) dg)_l/Pda}Qw(t) dt}l/Q,
0

t<T<00 00
we see that (6.10) and statement (iii) of Theorem 7.1 coincide.

Proof of Theorem 7.1. Theorem 7.1 is a consequence of Lemma 7.2 and the facts stated
at the beginning of this section. m

REMARK 7.3. Just as in Remark 6.4(i), we can see that statement (iii) of Theorem 7.1
is equivalent to the following pair of conditions:

(oo} T

(7.7) | [Ksup 19/ =k (1) ([ (o) da)iq/ p}w(t) dt < oo
o t<T<eo 0
and
(7.8) ?t(q/s)(v/nfl)é*q‘&(t) H (§v(a) da)iS/p dT} q/sw(t) dt < oco.

0 0 O
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Note that (7.7) characterizes inequality (7.3) with .7 replaced by & while (7.8) is equiv-
alent to (7.3) with .7 replaced by 7.

8. Boundedness of .Z, .., : A’(v) — A%(w), 0 < g <p< o0

We have already seen in Section 4 that (4.1) is satisfied if and only if inequality (4.4) holds
on M*(0,00; |) and that the latter statement is satisfied if both (4.9) and (4.10) hold on
MT(0,00; |). In contrast to Theorem 4.1, we now consider the case when 0 < ¢ < p < oco.
In such a case characterization of the validity of inequality (4.10) on M™ (0, co; |) is a more
difficult problem than that with 0 < p < ¢ < co. Nevertheless, in [GOP] an even more
general result was proved. The next lemma is a particular case of [GOP, Theorem 3.4].

X

LEMMA 8.1. Let v,w € #(0,00) and suppose § v(t)dt < oo for every x € (0,00).
Assume that 0 < Q@ < P < oo and 1/R =1/Q — 1/P. Then inequality (4.10) holds on
MT(0,00; ]) if and only if

(T A e A B E
0 0 0

Using known results on weighted inequalities for the averaging operator

(8.2) (P)(t) =t \ap(r)dr
0

on M*(0,00; |), one can find characterizations of (4.9) on M™*(0,00;|) when 0 < Q <
P < oo with the exception of the case 0 < Q < P < 1. Combining these results with
Lemma 8.1, one can obtain a characterization of (4.4) on M™(0,00;]) when 0 < Q <
P < oo with the exception of the case 0 < @ < P < 1. We omit details since this is a
particular case of [GOP, Theorem 3.5 and Remark 3.6]. In such a way we arrive at the
following theorem.

THEOREM 8.2. Let s € (0,n), n € N, v € [0,n), A = (Ag,As) € R? and let either
v € (0,n), ory=0 and Ag > 0> A,. Assume that v,w € #(0,00) and

xz xT
Sv(t) dt <oo and Sw(t) dt < oo  for every z € (0,00).
0 0

Let 0 < g < p < oo, P=p/s,Q =q/s and 1/R = 1/Q — 1/P. Then the following
statements are equivalent:

(i) The operator My ~.p : AP(v) — A%(w) is bounded.
(ii) For all ¥ € M™*(0,00; ),

(8.3) {Ogo[ sup 77/”*1€*SA(7)§w(0)d0r/ Sw(t)dt}
0 0

1/q 1/p

< { T a

t<T<o0 0

Moreover, if P > 1, then the statement (ii) is equivalent to:

o0

(8.4) { ‘ (§w(t) dt)R/Pw(x)(W/nfSA(x))R(§v(t) dt)*R/de}l/R e
0o 0

0
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and either
co oo R/Q x t _p’ R/Q'
(8.5) tO/n=DQp=sQh 4y (t) dt t=\o(r)dr () dt
(i o) "[§ (= fotrar)
X (afl Sv(t) dt)_Plv(:E) d:c}l/R <oo if Q#FL<P,
or ’
o0 xr / xr oo P/_l
(8.6) tO/mMQp=3Qh 1y (1) di+a | tO/M=Lg=5QA (t)aw(t) dt
{3 (oo™ (i | )
X ( | £0/mQ1g=sQA (1yu(r) dt) dx}l/P <oo ifQ=1,
or

/

(8.7) { Ogo (OSOM/”—D%—SQA@) w(t) dt) B

t ’ ’
Q -1/Q
X ( sup t7! S”U(T) dT) g (/M=DRp=sQA (1) () d:c} <oo if P=1.
o<t<zx 0
REMARK 8.3. There is a gap in Theorem 8.2 since no characterization of (ii) is given if
0 < @ < P < 1. This corresponds to the fact that a characterization of the weighted
inequality, involving the averaging operator 7 from (8.2),

(8.8) {ViwvorRowa} ™ < { Tww) o a |

0 0
on M™(0,00;|) is not available in the literature when 0 < Q < P < 1. In this case
only sufficient conditions for the validity of (8.8) on M™(0,00;]) are known (cf. [Stp,
Proposition 2]). Using this result, one can obtain conditions that guarantee the validity of
(4.9) and, at the end, (8.3) on M™(0,00; ). In such a way one can prove that statement
(i) of Theorem 8.2 holds if 0 < @ < P < 1 and both condition (8.4) and

1/P

(8.9) { OSO (?twnil)QfsQA(t) w(t) dt) R/Q(§v(t) dt) S R dx}l/R <0
0 T 0

are satisfied.

9. Local results

Now we indicate the changes which result from the assumption that we consider the local
version of the fractional maximal operator .# . given by

(9.1) (Moo f)(x) = sup — Xl o) pen
ng ||XQ||sn/n ¥)sa

Here s € (0,00), v € [0,n), @ € R and the supremum is extended over all cubes @ (with
sides parallel to the coordinate axes) contained in a domain {2 C R™ with |£2| < oo, and
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gia = || - llga,2, 0 < ¢ < 00, stands for the quasi-norm in the space
Li(log L)*(£2) :== A1(2;u), we #(0,]02)), u(t) =£2(t), t € (0,]02)).

If 2 C R™ is a domain, |£2| < oo, we denote by #4(0, |{2]) the subset of all weights
w € #(0,]42|) which have singularities or degeneracies only at the origin, that is, w €
#(0,|£2]) belongs to #5(0,|82|) if and only if for any a € (0, |f2]) there is a positive
constant ¢ = ¢ (a,w) such that ¢=! < w(z) < ¢ for all z € (a,|$2]).

We can see that our global results of Sections 4-8 can be easily adapted to give analo-
gous local results provided that the weights v and w belong to #4(0, |§2]). This essentially
involves replacing the intervals (0, 00), (r,00), (x,00) by (0,1), (r,1), (x,1) respectively,
the vector exponents by their first components, and omitting all the assumptions on their
second components. For example, the local result corresponding to Theorem 4.1 reads as
follows.

THEOREM 4.1*. Let s € (0,00), n € N, v € [0,n) and o € R. Let 2 be a domain in R™,
[2] < o0, and v,w € #,(0,]82]). Assume that 0 < p < ¢ < oo and

(4.14%) either v € (0,n), or v =0 and a > 0.
Then the following statements are equivalent:

(i) The operator Ms .o : AP(£2;v) — A4(2;w) is bounded.
(ii) For all ¥ € M™(0,1;]),

(4.15%) { § [tiup TY/nlpmse(r) §1/)(0) do] q/sw(t) dt}l/q < { § [ (]P0 (t) dt}l/p
r<l 5 5
(iii) For all r € (0,1),
. /) g rw 1/q TU 1/p
(4.16%) o )((S) (t)dt) < ((S) (t)dt)

and either

1 Y
(4177) ([0 1) w(r) at) !

T t _ s—

X H (til S’U(T) dT)p/( p)v(t) dt} e <1 ifs<p,
0 0

or

1 r
wisy (e a) < (oo a) " gp<s

T 0
In the case of general weights v,w € #/(0,|f2|) the above-mentioned replacement
yields only sufficient conditions for the boundedness of the operator .#; .. since an
analogue of the lower estimate (3.4) is available only for small ¢.
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10. Applications

In this section we apply our general results to describe mapping properties of some
maximal operators in a limiting situation. For simplicity, we restrict ourselves to a local
case.

Our first theorem deals with a local version of the usual fractional maximal operator
M, from (1.1); we use the same notation for this local operator.

THEOREM 10.1. Let £2 be a domain in R™, |£2| < 0o, v € (0,n) and o € [1,00).
(i) Let 6,0 € R. Then the operator
(10.1) M, : L7 e(log L)’ (£2) — L>¢(log L)’~Y/¢(02)

is bounded if and only if 6 <0 and § > 6.
(i) Let 6 € R and 6 < 0. Then the operator

(10.2) M, : L™ 2(log L)°(£2) — exp L™Y9(02)

1s bounded if and only if § > 0.
(ili) Let 6 € R and 6 < 0. Then the operator

(10.3) M., : LV7*°(log L)°(2) — exp L™%(2)

18 bounded if and only if 6 > 6.
(iv) Let 8,6 € R. Then the operator

(10.4) M, : L'V7*°(log L) (22) — L*¢(log L)?(12)
is bounded if and only if either § <0 and 3 <6—1/0, or§ >0 and < —1/p.

COROLLARY 10.2. Let £2 be a domain in R™, |2] < oo, v € (0,n), 0 € [1,00), § <0 and
B <0 —1/9p. Then the following operators are bounded:

(10.5) M, : L"7(log L)?(£2) — L>=¢(log L)?~1/2(02),

(10.6) M, : L72(log L)% (2) — exp L™Y9(2),

(10.7) M., : L"7=(log L)?(2) — exp L~Y%(2),

(10.8) M., : L'V7*°(log L)% (£2) — L*¢(log L)?(£2).

Proof of Theorem 10.1. (i) Since

(10.9)  L™72(log L)’ (£2) = A2(£2;v) with v(t) = t27/"7102% (1), t € (0,]12]),

(10.10)  L>>¢(log L)?~Y2(02) = A2(2;w)  with w(t) =t~ 10O~V (#) t e (0,]02]),

and

(10.11) M, = M ~;0,0)5

the result follows on applying (a local version of) Theorem 4.1 (cf. Section 9) with p =

g=o0,s=1, A=(0,0) and the weights v and w from (10.9) and (10.10), respectively.
(ii) Since

(10.12) exp L7V (02) = AV (2;w)  with w(t) =t~ 071(t), t € (0,]|92]),

the result follows on applying (a local version of) Theorem 5.1 with p =9, ¢ =1, s =1,

A = (0,0) and the weights v and w from (10.9) and (10.12), respectively.
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(iii) Since
(10.13) L™ (log L)’ (£2) = AV (2;v)  with v(t) = /"7 10(t), t € (0,]02]),
the result follows on using (a local version of ) Theorem 6.1 (cf. Section 9) with p = ¢ = 1,

s=1, A =(0,0) and the weights v and w from (10.13) and (10.12), respectively.
(iv) Since

(10.14) L>®¢(log L)P(02) = A°(2;w)  with w(t) =t~ (t), t € (0,]02)),

the result follows on applying (a local version of) Theorem 7.1 (cf. Section 9) with p = 1,
g=o0,s=1,A=(0,0) and the weights v and w from (10.13) and (10.14), respectively. m

Compare Corollary 10.2 with the next sharp results on the Riesz potential I.,, v €
(0,m), defined by
f(y)

[z =y

(I f)(@) = |

9]

THEOREM 10.3. Let £2 be a domain in R™, |2] < oo, v € (0,n), ¢ € [1,00), 8 < 0 and
8 <80 —1/p. Then the following operators are bounded:

dy, x¢€ {2

(10.15) I, : L"/¢(log L)€' (2) — L>*(log L)’ ~"/¢(12),
(10.16) I, : L"/7¢(log L)Y (0) = exp L/0(02),
(10.17) Ly : L7 (log )" (02) — exp L71/°(92),

(10.18) L, : LV (log L)*+1(2) — L°¢(log L)*(£2).

Proof. Assertion (10.15) follows from [EOP1, (12.2.1)] with p = n/(n —~), r = ¢ and
B = 0. Similarly, (10.17) is a consequence of [EOP1, (12.2.1)] with p =n/(n — ), r =
and 3 = 0 since
(10.19) exp L™Y0(02) = L= (log L)?(2)
(cf. [EOP1, Lemma 2.2(iv)]). Assertion (10.16) follows from [EOP1, Theorem 4.5(ii)] with
pr=1,q¢q =n/(n—"7), p2 =n/v, g =00, r = p, s = oo and § = 0. Finally, (10.18) is a
consequence of [EOP1, Theorem 4.2(ii)] with p1 =1, ¢1 =n/(n —7), p2 = n/7, g2 = 00,
r=o00,s=p,6=0+landy=0. =
REMARK 10.4. Note that (10.6) is a consequence of (10.5) and the embedding

L>¢(log L)?=1/¢(02) — exp L™1/%(12)
(cf. [EOP1, Theorem 6.3]). Similarly, (10.8) follows from (10.7). On the other hand, (10.6)
follows from (10.7) since L™/ 72 (log L)?(£2) < L™/ (log L)?(£2). Finally, using (10.19),
we see that (10.7) (and hence (10.8)) remains true if § = 0 since then statement (10.7)
coincides with the endpoint estimate M., : L™/7>°(0) — L>(£2) (cf. (1.6)).

In our next result we establish the behaviour of the local maximal operator M%® :=
M1 01405 @ > 0 (cf. (9.1)), on spaces close to L1(£2), where 2 is a domain in R” with
|£2] < oo. This operator satisfies the following endpoint estimates (cf. Lemma 3.2):
(10.20) MO LN02) — LY (log L) (92),

(10.21) MO L (log L)1 ~*(02) — L>(92).
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It is worthwhile to compare (10.20) and (10.21) with the sharp endpoint estimates for

the corresponding Riesz-type potential operator 1%, o > 0, defined by
f)

10.22 1% f)(z) = dy, x¢€ .
(1022 e | R (P

By [OT2, (3.34)], for any domain {2 in R™ with || < oo,

(10.23) 1% LN2) = L(1,00,0) (2),

(10.24) 1% 1 log L)™' (0) — L>(92).

Here the symbol L, ;.5)(§2), p,q € (0,00], 3 € R, stands for the space given by
Lipg:p) (£2) = {f € M(2); || fll pgspy. 2 := 17775 (@) 7 (8) [ g,(0,121) < o0}
ok —1 ¢t px
(recall that f**(t) :=t='§  f*(r)dr).

While the operators I, and M., v € (0,n), have the same behaviour on the space L'
(cf. (1.3) and (1.5)), in the limiting case when v = 0 the behaviour of 1%% and M%% on

the space L'(£2) is different since, by [OP, Theorem 3.16(iii)],
Ll’oo(logL)lJra(Q) ; L(l,oo;a)(“o)'

THEOREM 10.5. Let £2 be a domain in R™, |£2] < oo, « >0, 3,5,0 € R and ¢ € [1,00).

(i) The operator
(10.25) MO® : LV(log L) H1/¢ (2) — LY¢(log L)*H0+1/2 (12)

is bounded if and only if § >0 and 0 <9, or p=1,9 =0 and 6 < 0.
(ii) The operator

(10.26) MO : L1e(log L)€ (£2) — L1 (log L)***1(02)

is bounded if and only if § >0 and 0 <9, or p=1,9 =0 and 6 <0.
(iii) The operator

(10.27) M%* - LM (log L)’ (£2) — L"*(log L)***(%2)

is bounded if and only if 6 > 1 and 6 < 4.
(iv) The operator

(10.28) MO L1 (log L)°(2) — L%¢(log L)? (£2)
is bounded if and only if § > 1 and B <a+d—1/p.

COROLLARY 10.6. Let 2 be a domain in R™, |2]| < oo, a >0, g € [1,00),0 >0, > 1

and B < a+ 3§ —1/0. Then the following operators are bounded:

(10.29) MO Lhe(log L)™1/2 (12) — L ¢(log L)**+1/¢'(12),
(1030) M** : LM¢(log L) /¢ (02) — L' (log L)*++1(02),
(10.31) MO . LY (log L)?(2) — LY (log L)*+°(£2),

(10.32) MO LV>°(log L) (£2) — L"*(log )" (£2).

Proof of Theorem 10.5. (i) Since

(10.33)  L“2(log L)t (2) = A2(2;v)  with v(t) =t~ 1020+ (1)t € (0,]42)),
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(10.34)  LY°(log L)* 012" (2) = A2(2;w)
with w(t) =t 1eeet0+1/e) 4yt < (0,]02)),

(10.35) MY = A1 0145
the result follows on applying (a local version of) Theorem 4.1 (cf. Section 9) with p =
g=0,s=1,v=0, A= (14 a,1+«a) and the weights v and w from (10.33) and (10.34),
respectively.

(ii) Since
(10.36)  LY*°(log L)1 (02) = AV (2;w)  with w(t) = £2TT1(¢), t € (0,]02)),
the result follows on applying (a local version of) Theorem 5.1 with p =9, ¢ =1, s = 1,
v=0,A=(1+a«,1+a) and the weights v and w from (10.33) and (10.36), respectively.

(iii) Since
(10.37)  LY*®(log L)’(£2) = AV (2;v) with v(t) = £°(t), t € (0,]92]),
(10.38) LY*®(log L)+ (2) = AV (2;w)  with w(t) = £2%9(t), t € (0,|12)),
the result follows on using (a local version of) Theorem 6.1 withp=¢g=1,s=1,~v =0,
A= (14 a,1+ «) and the weights v and w from (10.37) and (10.38), respectively.

(iv) Since
(10.39) LY2(log L)% () = A2(2;w)  with w(t) = t2~ (1), t € (0,]92),
the result follows on applying (a local version of) Theorem 7.1 with p =1, ¢ = o, s = 1,

v=0,A = (1+q, 1+a) and the weights v and w from (10.37) and (10.39), respectively. m

For the Riesz-type potential 1% we have the following sharp result (see [OT2, The-
orem 6.8 (a)]).

THEOREM 10.7. Let 2 be a domain in R™, |£2| < co, a > 0, g € [1,00], and § > 0. Then
the operator

(10.40) 190 LYe(log L)'V (2) — Lt praro—1/0)(92)
1s bounded.

REMARKS 10.8. (i) By [EOP1, Theorem 6.3], there is no embedding between the target
spaces in (10.29) and (10.30). Consequently, under the assumption of Corollary 10.6,

MO Ll’g(log L)9+1/Q'(Q) N Ll’g(log L)a+9+1/g/(9) n Ll,oo(log L)a+9+1(9).
In particular,
(10.41) MO LY(log L)Y (£2) — L'(log L)*+?(£2) N LY (log L)1 (02).

This should be compared with [EOP1, (12.3.6)] which asserts that the local version My,
of the classical Hardy—Littlewood maximal operator M satisfies

(10.42) Mg : L'(log L)%(2) — L'(log L)?~*(2) n LY*(log L)?(22)  if § > 0.
(ii) By [EOP1, Theorem 6.3],
LY (log L)**°(2) — L"(log L)’ (), ¢ € [1,00),
if and only if 8 < a+ § — 1/p. Consequently, (10.32) follows from (10.31).
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(iii) Since, by [OP, Theorem 3.16(ii)],
L(l,l;a+071) (*Q) = Ll(logL)a+g(Q>7
the source and target spaces in (10.40) and (10.29) coincide if o = 1. On the other hand,
the target spaces in (10.40) and (10.29) (resp. in (10.40) and (10.30)) are different if
0 € (1,00) (resp. if p = o0) since, by [OP, Theorem 3.16(iii)],
LY2(log L)V (2) G Lt grato-1/0)(2)  if 0 € (1,00].
(iv) Compare (10.31) (and (10.27)) with the following result involving the local version

Mg, of the classical Hardy—Littlewood maximal operator M:
Let {2 be a domain in R™, |£2| < oo, and let 8, € R. Then the operator

(10.43) Mg : LV (log L)°(22) — LY*(log L) (1)
is bounded if and only if 6 > 1 and 8 < § — 1. In particular, the operator
Mg : LM (log L)°(2) — LY (log L)°~1(2)
is bounded if and only if § > 1.
Note that (10.43) is a consequence of the next assertion.
LEMMA 10.9. Let 2 be a domain in R™, |£2] < oo, let s € (0,00) and (3,6 € R. Put

(Mef)(@) = s % FeM©), zen.
0ce s

Then the operator
My g : L5%(log L)} (2) — L (log L)’ (22
is bounded if and only if § > 1/s and 8 <6 —1/s.
Proof. Since
(10.44) L5 (log L)°(2) = A*(2;v)  with v(t) = £5°(t), t € (0, |12]),
(10.45) L5 (log L)?(02) = A*(2;w)  with w(t) = £°(t), t € (0,]92),
the result follows on applying (a local version of) Theorem 6.1 with v = 0, A = (0,0),
p = q = s and with the weights v and w from (10.44) and (10.45), respectively. m

REMARK 10.10. Let {2 be a domain in R™, [{2| < oo, and consider the operator . o,1(0)
= M1 0.1 given by (9.1). (Note that it coincides with the operator M%® from Theo-
rem 10.5 provided that o = 0.) Applying Theorem 4.1, one can prove that

///170;1(9) : LZ(Q) - Lz(log L)ﬁ(g)
is bounded if and only if 3 < 1. In particular,
(10.46) M (0 2 LP(2) — LP(02)

is bounded.
Now, let G = 2 x {2. Using (10.46) and Fubini’s theorem, one can show that the
operator

e///1,0;1(f2) : LQ(G> - L2(G)
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is bounded. Consequently, for any f € L?(G), the function Moo f € L?(G). Note
that this result corresponds to that of [AV, p. 1189].

11. Appendix

In the previous sections we have found necessary and sufficient conditions for the bound-
edness of fractional maximal operators between classical and weak-type Lorentz spaces.
Therefore, our results are the best possible within these scales of spaces, which are general
enough for most applications.

The aim of this section is to show that some of our results can be improved if we
consider spaces which are outside the scales mentioned above. For simplicity, we shall
consider the local version of the usual fractional maximal operator M, from (1.1) (cf.
also (9.1)); we use the same notation for this local operator.

Putting ¢ = p and § = a+ 1/¢ in (10.5)—(10.7), we see that the operators
(11.1) M, : LV(log L)*F1/49(0) — L°>(log L)*(£2), q € [1,00),

(112) M, : L"/79(log L)**+1/9(2) — L=(log L)**'/9(02), g € [1, 5],
are bounded provided that 2 C R" is a domain with |£2| < oo, v € (0,n) and a+1/¢ < 0.
On the other hand, making use of the endpoint estimates (cf. (1.5) and (1.6))
(11.3) M, : L}2) — LV =12 (0),
(11.4) M, : LV7°°(0) — L™=(£),
and the limiting real interpolation involving logarithmic functors, we arrive at
(11.5) M, (LY(92), L7 (2))1,gia — (LY 772(02), ()1,
for all ¢ € [1,00] and a € R. Here, for a compatible couple of quasi-Banach spaces X
and X, satisfying X; — Xy, the interpolation space (Xo, X1)g,4:0, € € [0,1], g € [1, 0],
a € R, is the set of all f € X such that
(11'6) Hf”G,q;a = Htieil/q[a(t)K(fat;XOaXl)Hq,(OJ) < 00,
where K is the Peetre K-functional. Note that, by [EOP2, Sect. 9, Th. 2.2*], (X0, X1)1,g:a
#{0}ifa+1/¢ <0, or ¢g=o00 and a = 0.
Since
Ln/(n—w),oo(ﬂ) = (Ll(Q)’LOO(Q»v/n,oo;Oa
we deduce from [EOP2, Th. 7.1(v) and Sect. 9] (cf. also [D]) that
(Ln/(n_’Y)’oo(Q)’ LOO(‘Q))LQVX = ((Ll(Q)? LOO(‘Q))’Y/TL,OO;O’ LOO(Q»Lq;a
= (LI(Q)vLOO(Q))Lq;a
if a+1/¢g <0, or g=ocand a = 0. Moreover, one can easily prove that
(11.7) (L1(£2), L®(2)1,g:0 = L>(log L)*(£2)

if «4+1/g <0, or q=o00and a =0. Consequently, (11.7) implies that the target space
in (11.5) coincides with the space L°?(log L)*(2), which is a member of the scales of
classical and weak-type Lorentz spaces.
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Now, we are going to identify the source space in (11.5). Since
LY72(92) = (L'(£2), L(92)) (n—) m,00:0-
we infer from [EvO, Th. 5.9* (page 950), Lemma 8.6 and Section 7] (cf. also [D]) that
(11.8) (LY(92), L ()10 = Xa,
where
(11.9)  Xo={f € L") [Ifllx, = 79Ol £ (7)lloo,6,1) l0,(0,1) < 00}
Thus, by (11.5), (11.7)—(11.9), the operator
(11.10) M, : Xy — L>%(log L)*(2)
is bounded provided that 2 C R™ is a domain with |{2] < co and the numbers ¢ € [1, x]
and « € R satisfy
a+1/g<0, or g=ocand a=0.

On the other hand, the source space in (11.1) and (11.2) is

(11.11) X, := LV (log L) +/a(02).

Consequently, a natural question arises: What is the relationship between the spaces X3
and XQ?
First, by [EvO, Lemma 4.9, (6.3) and Sect. 9], we observe that

(1112) X1 :X2 if q—=0o0 aHdO(SO.
Thus, in this case (11.10) reads
(11.13) M, : L7 (log L)*(2) — L= (log L)*(2) if a <0,

which is also a consequence of (11.2) and (11.4).
Second, by [EvO, Th. 4.7(i), (6.3) and Sect. 9], we have

(11.14) X1 — Xy ifgefl,o0)and a+1/¢ <O0.

We would like to know whether X; & X5 in (11.14). To this end, first we compare the
fundamental functions ¢y of the spaces X;, 1 = 1,2 (for the definition of this notion we
refer to [BS, p. 65]). By [OP, Lemma 3.14(i)], ¢, () &~ t7/™2F1/4(t) for all t € [0, ]12]].
Moreover, after some calculations one can arrive at

(11.15) Ox, & Px,-
Thus, we still do not know whether
(11.16) X1 G Xy ifgefl,o0)and a+1/¢<0.

But (11.15) shows that the spaces X; and X3 are very close to each other.

If we really can prove that (11.16) holds, then (11.10) gives a better result than (11.1).
Since (11.1) is the best possible result within the scale of Lorentz—Zygmund spaces, this
means that the space X5 is outside that scale.

To verify (11.16), it is sufficient to show (cf. (11.14)) that X5 \ X3 # (). To this end,
we shall need a very careful analysis. We start with the following assertion.
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LEMMA 11.1. Let n € N, v € (0,n), ¢ € [1,00) and a +1/q < 0. Assume that {a;}52,
and {bj};?';l are two strictly increasing sequences of positive numbers with by = 1. Put
Aj=e%, t; = e~b, j €N, and define the function g by

(11.17) 9(t) =D AiXity ) (t): - £ E[0,00).

Moreover, let

(11.18) ||g||1 — ||t’Y/n—1/f1€a+1/q( ) *(t)

PRCESE
(11.19) lgll = [[e=H/ 2@l (D] 1.1l 0.0
If cj = e%=(0/Mbi | j € N, then
o b \ !
(11.20) lgllf =~ Z(cjb?)q b; [1 - e_('Y/n)Q(bj+1—bj)< J ) ]
= bj+1
and
(11.21) lgll2 = V(9) + W(g),
where
o b \ ™
(11.22) [V(g)]? = Z(Cjb?)q [1 — e~ (/m)albjr1-b;) <—j) },
=1 e
(11.23) W(g) = Il () sup{ezs 5 € N & 1> 1} 0,)-

REMARK 11.2. Let all the assumptions of Lemma 11.1 be satisfied. Then, since b;/b; 11
< 1and a+1/g <0, estimate (11.20) implies that

(11.24) llg]|¢ Z 59)b; 1 — e~ (v/malbiri=bs)],

Jj=1

Similarly, from (11.22) we obtain

(11.25) [V(g)]* <Y (e;05)
j=1
Proof of Lemma 11.1. It is clear that g* = g. Together with (11.17), this yields
00 t;
(11.26) g => " A2 | t/ma=tpeati () dr.
' tj+1
Moreover, for all j € N|
t; t; tjt1
| to/matpeatigyar =\ at— | ...dt
tj-+1 O 0

~ (t) 0T = (£30) T 14)
= (t) 0T )L~ (kg3 ) U 30) ),
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Aj(tj)’)’/n — %~ (V/M)b; — ¢, g(tj) =1—-Int; =14+b; = ;,
(tjq1/t;) /M = e=(1/m)aira=bi)
and (11.20) easily follows.

To verify (11.21), we define operators .7,. and # on the set M™*(0,1;|) by (cf.
(4.5), (4.7) and (4.8))

(11.27) (Zo)(t) = tigglfw”w**(r),
(11.28) (Fo)(t) = /"™ (1),
(11.29) (Zo)(t) = tilTlng'Y/”gp*(T).

Then (cf. (4.6))
T~S+R% on MT(0,1;]).
Since
lglle = [t~ /96> ($)(Z 9) (t)lla, 0.1
we see that
(1130)  llglls ~ £~ 4 () (L 9) (D)l g 01) + 196 (£)( %) (E) g 0,1y = T+ 1L
By (11.28),
L= [l ()" g™ (8) g,(0,1):
which, together with the inequality n/v > 1, implies that (cf. [OP, Th. 3.16(i)])
L [[E7/7= 190 ()" (8) ], 0,1)-
Moreover, using the fact that g* = g and (11.17), we arrive at

oo

(11.31) Z S tO/ma=tpedyy d,

- tj+1
and the same arguments as those used to calculate ||g||; (cf. (11.31) and (11.26)) show
that

(11.32) I~ V(g).
If we prove that
(11.33) II=W(yg),

then (11.21) is a consequence of (11.30) and (11.32).
To verify (11.33), we use (11.29) and (11.17), which imply that for all ¢ € (0, 1),

(11.34) (Zg)(t)=sup  sup  TV"A;
JeEN Te(t,)N[tj4+1,t5)

Let t € (0,1) and N(¢) = {j € N; t; > t}. Then
(t,1) N [tj41,t;) #0 if and only if 5 € N(¢).
Together with (11.34), this yields

(Zg)(t) = sup A; sup /M = sup Aj;(t;)".
JEN(t) T€(max{t,tjy1},t5) JEN(t)



46 D. E. Edmunds and B. Opic

Hence,

II= ||t_1/q€0‘(t) sup A;(t;) "/ "Ig,0.1)
JEN(t)

and (11.33) follows since Ajt}/” =cjforalljeN. u
Now, we construct a function g given by (11.17) and such that
(11.35) llgllh =00 and |g|2 < 0.

LEMMA 11.3. Let n € N, v € (0,n), ¢ € [1,00) and a+ 1/q < 0. Take ¢ € (0, min{1/q,
—(a+1/q)}), put

(11.36)  bj=j, a;j=(y/n)j+(-a—1/g=e)lnj, ¢;=;5"T/79  jeN,
and define g by (11.17). Then (11.35) is satisfied.

Proof. 1t is easy see that the sequences {a;}52,, {b;}72; and {c;}32, given by (11.36)
satisfy the assumptions of Lemma 11.1. Moreover, c; bf = j (1/‘1+5), j € N, which,

together with the fact that 1 4+ eq > 1, implies

oo

ey = 3o <o
j=1

This estimate and (11.25) show that

(11.37) V(g) < oc.

Furthermore, (c;b5)7; = j=9, j € N, and, since e¢ < 1, we obtain
oo

(11.38) D (b)) b; = oo.
j=1

Our choice of b;, j € N, implies that
1—e (/malbini=bi) — 1 _¢=7/" >0 forall j €N,
which, together with (11.38) and (11.24), shows that ||g||; = oo
Let t € (0,1) and N(t) = {j € N; t; > t}. Since
) 1

>t & j< ln?

we have
1
sup{c;; 7 € N(t)} = sup {cj; jeN&j<In Z}

Thus, if j € N(t), then

1)—<a+1/q+e>

¢j = jlatt/ate) o <1n - < ()~ att/ate),

This implies that
(11.39)  W(g) = [t~/ 9*(t) sup{c;; 5 € N(&) 0.1y < 7Y U= 91)]| 4 0,1) < 00
since € > 0. The inequality ||g||2 < oo now follows from (11.37), (11.39) and (11.21). =
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Finally, we are able to verify that
(11.40) Xo \ X1 # 0.

Indeed, let g be the function from Lemma 11.3. Without loss of generality, we can assume
that |£2| = 1. By [BS, Chapter 2, Corollary 7.8], there is a function f € M({2) such that
f* = g. This implies that | flx, = llgls and | fllx, = llgl>. Therefore, (11.40) is a
consequence of (11.35).

As mentioned above, (11.10) gives a better result than (11.1) since (11.16) holds. The
next theorem provides an interesting characterization of the space Xs. In the proof of
this assertion we shall use the following notation: Let f € M(R"™) and let 2 C R™ be a
domain. Then the symbol f* stands for the non-increasing rearrangement of f while f¢,

is used to denote the non-increasing rearrangement of the restriction fg, of the function
f to £2.

THEOREM 11.4. Let n € N, v € (0,n) and let £2 C R™ be a domain with |2] < co.
Assume that the numbers q € [1,00] and o € R satisfy a+1/q < 0, or ¢ = 00 and oo = 0.
Put Y(£2) = L*9(log L)*(£2) and let Xo = X5(£2) be the space from (11.9). Then X5 is
the largest rearrangement-invariant Banach function space (abbreviation r.i. B.f.s.) which
is mapped by M, into the space Y (2).

Proof. First, it is clear that X5 is an r.i. B.f.s. Moreover, by (11.10), X5 is mapped by
M, into Y (£2). Thus, it remains to show that Xy is the largest r.i. B.f.s. with such a
property. To this end, consider another r.i. B.f.s. X = X(£2) which is mapped by M,
into the space Y (£2). Let f € X. Put ¢ = f*, choose some point 2y € {2 and define the
function g by

(11.41) g9(x) = p(wn|z — 2o|"), = €R",

where w,, := [{z € R"; |[z| < 1}|. Then gj, < ¢* = f*, which implies that |g,| x(02) <
I fllx(2) < oo. Consequently, g, € X (£2) and, since M, maps X (£2) into Y ({£2), we have
My gy (o) < oo. In other words,

(11.42) [E=1/ 90 () (Mo 90)* () lg,0,1) < 00

(Note that M., g, is defined only on £2; cf. (9.1).) On the other hand, since {2 is open,
(11.41) and the fact that ¢ = f* imply that there is € € (0, [{2|) with

go(t) = f*(t) forallte (0,¢).

Making use of the ideas of the proof of Lemma 3.5, one can show that there is § € (0,¢)
such that for all ¢ € (0, d),

T

(Mygq)*(t) 2 sup T”/”*lggg(a)doz sup TV () 2 sup /().
t<T<0 0 t<T<o t<r<1

Together with (11.42), this yields

0o > [[t=9e2(t) sup " (1) lg,0,0) 2 1 llx-
t<r<1
Since f was an arbitrary element of X (£2), we have proved that X (£2) C X5(f2) and the
proof is complete. m
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We conclude this section with the following remark.

REMARK 11.5. We have found the space Xo = X5(f2) by means of limiting real inter-
polation. On the other hand, the proof of Theorem 11.4 clarifies the structure of the
space X2(2) (that is, the structure of the largest r.i. B.f.s., which is mapped by M, into
Y (£2)) and shows that the expression defining the norm || - | x,() (and involving the
sharp estimate of the non-increasing rearrangement of M, f) is quite natural. We have
(cf. (11.9))

(11.43) 1Fllxac2) = 6797 (8) sup 777" F** ()l g,0,1),
t<T<1

and so (recall that |2 < o0)

(11.44) 1fllxai) 2 I sup 7 (D) v

where Y (£2) stands for the (one-dimensional) representation space of the space Y (£2) (cf.
[BS, pp. 62-64]).

Having in mind formula (11.44) (and its analogues for other operators of harmonic
analysis), the characterization of Xs given in Theorem 11.4 (and its analogues for con-
venient spaces Y (2)) and the well known mapping properties of M, on some classical
spaces (e.g., on the Lebesgue spaces LP({2) or the Lorentz spaces LP'9({2)), one can
discover equivalent (quasi-)norms on a variety of familiar spaces simply by considering
convenient spaces Y (£2). For example, such an approach has led to interesting results
mentioned in [EdO], [O2] and [O3].
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