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Abstract

We consider the motion of an incompressible magnetohydrodynamic (mhd) fluid in a domain
bounded by a free surface. In the external domain there exists an electromagnetic field generated
by some currents which keeps the mhd flow in the bounded domain. Then on the free surface
transmission conditions for electromagnetic fields are imposed. In this paper we prove existence
of local regular solutions by the method of successive approximations. The Lo approach is used.
This helps us to treat the transmission conditions.
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1. Introduction

In this paper we show local existence of solutions to a free boundary problem for the
incompressible magnetohydrodynamics. The motion of an incompresible magnetohydro-
1

dynamic fluid is considered in a domain ©; C R3 bounded by a free surface S; as being
2 1
caused by an electromagnetic field in a domain 2; exterior to 2, generated by some
1

2
currents located on a fixed external boundary B of ;. In £; the motion is described by
1 -
v +v - Vo —divT(v,p) — div(u, T(H)) = f in QF,
dive =0 in QF,

1 11 1 1 .
w(Hi+v-VH—H-Vv)— —AH =0 in QF,
g1

1 .

divH =0 in QF,
. 1
where Qf = g, < Qe x {t}, v = v(z,t) = (v1(z, 1), v2(2, 1), v3(x,)) € R? is the velocity
of the fluid, p = p(x,t) € R is the pressure, = (21,22, r3) the global Cartesian coordi-
nates, H = H(x,t) = (Hy(z,t), Hy(z,t), Hs(z,t)) € R3, i = 1,2, is the magnetic field,
f=f(z,t) = (fi(z,t), f2(z,t), f3(x,t)) € R3 is the external force field, j; is the constant
magnetic permeability coefficient and o7 the constant electric conductivity coefficient
1

in Q;. By T(v,p) we denote the stress tensor of the form
(1.2) T(v,p) = vD(v) - pl,
where v is the constant viscosity coefficient, I is the unit matrix and

(1.3) D(v) = {viz; + Vju, }ij=1,2,3,

1
is the dilatation tensor. Moreover, we denote by T(H) the stress tensor of the magnetic
field described by

1 11 H?

(1.4) T(H) = {HHJ - 5”} :
2 i,j=1,2,3
2
In ©; there is no fluid motion but there is a fluid under a constant pressure py and the
magnetic field is described by the system of equations
2 1 2 -

poHYy, — —AH' =0 in QF,
(1.5) ) 72
divH =0 in QF
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Where 09, l42 are the constant electric conductivity and magnetic permeability coefficients

in Qt and QF = U0<t<T Qt X {t} We assume the following initial conditions hold:

1

(1.6) V]t=0 = o, Hlt:O = Ho in Q,
2 2 2

H/|t:0:H6 in Q.

On S; we impose the following boundary conditions:

1
n-T(v,p) +pmn-T(H) = —pon on Sy,

(L.7) V= — Pt
Vel

on Sy,

where 7 is the unit outward vector normal to fllt and o(z,t) = 0 describes S; at least
locally. Since the fluid considered is incompressible we can set po = 0. This also means
that p — pg is p.

Finally, we assume that

2
(1.8) H'|p=H

In view of the relation between the current and the magnetic field, for simplicity we
assume that the magnetic field is given on B.
To derive transmission conditions on the free surface S; we recall the Maxwell equa-
1

tions in the form appropriate for mhd. In €2, the field equations take the form

1 1
wHy = —rot B,

1 1 1
(1.9) rot H = 01(E + pv x H),
1
div(u1 H) =0,
2
and in €,
2 2 2 2
(1.10) peH, = —tot E, rot H = 02F,

12
where E, E are electric fields. Eliminating the electric fields, equations (1.9) and (1.10)
take the form

1 1 1 1
(1.11) uwrHy = ——rotrot H + py rot(v x H),
01
2, _ i 2
(1.12) poH, = ——rotrot H'.
o)

For the divergence free vectors H we have

(1.13) rotrotH = —AH i=1,2.

Hence, we obtain equations (1.1)3 4 and (1.5).
To obtain energy type estimates we need homogenous boundary conditions on B.
Therefore, we construct a divergence free extension of H, denoted by H. such that it
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vanishes in a neighborhood of S;. Then the function
2 2

(1.14) H=H -H,

is a solution to the problem

2 1 2 1 2
psHy + —rotrot H = —pusH., — — rotrot H, = G,

g2 (o)
2

(1.15) div H = 0,

2

H|p =0.
From [5] [3] we have the following transmission conditions on S;:

1 2 1 2
(116) HT :HTa /f’len :,UQHny M1 = U2,
1 2

(117) ET = ET7

where the subscript 7 means the tangent coordinates to .S; and the subscript n the normal
ones.
In view of (1.9)2 and (1.10)3 condition (1.17) takes the form

g1 g2

1 1 1 1 2

(1.18) (rotH—Mlva) = —(rot H),.
T
Since the electric currents are determined by the relations
1 1 2

(119) jl ZUl(E—f—/Ll’U XH), j2 :O'QE‘7
continuity of the tangent components of the electric field for different conductivity coeffi-
cients means that the tangent components of currents are not continuous across S;. Hence,

there are different electric currents on different sides of S;. Summarizing, we formulate
our problem in compact form as

1 1 1 ~
vt+v-Vv—div']I‘(v,p)—ulH-VH+%VH2 —f mQF,

diveo =0 in QIT,
1
a-T(v,p)+mn-T(H)=0 on S,
(1.20) 1 11 1 1 -
pi(Hy +v-VH — H-Vov)+ —rotrot H =0 in QT
o1
1 _
divH =0 in QF,
1 1 1 1 .
V|i=0 = v(0), Hl|t=0 = H(0), in Q
and
2 1 2 2 ~
poH; + —rotrot H =G in QF,
o2
2 .
. _ . T
(1.21) d;vH =0 in Q5
H=0 on B,
2 2 2
H|i—o = H(0) in Q.

Moreover, on S; we have the transmission conditions (1.16), (1.18).
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The equations of mhd (magnetohydrodynamics) describe mutual interaction between
the magnetic field and the fluid. Therefore the motion of a highly conducting fluid under
the electromagnetic field (the Lorentz force) and generation of electromagnetic field by
the motion of currents are considered. To describe the above interaction in the mhd
description we recall the Maxwell equations

div F = g,

divH =0,
(1.22)

rot B = —uHy,

rot H = j + Ej,

where p is the magnetic permeability, j is the current density, g, is the charge density.
Equations (1.22); 4 imply the charge conservation

(1.23) et +divj =0.

Moreover, the incompressible and divergence free fluid motion is described by the Navier—
Stokes equations with the external electromagnetic force of the form

(1.24) fom = 00 +j x H.
Finally, we have the Ohm law
(1.25) j=o(E+vxH).

For simplicity, we assume that B = H and D = E, where B and D are, respectively, the
magnetic and electric inductions.

In the mhd framework the electric force g, F is minute by comparison with the Lorentz
force, so it is cancelled. Moreover, the displacement currents are negligible, so one sets
0et = 0. This means that electric currents move in closed circuit. This also means that the
concentration of charges does not influence the fluid motion because the charge density
is negligible, unlike the current density j.

The above properties of conducting fluids imply the following electrodynamic equa-
tions used in mhd:

roo H=3j, divj=0, upuH;=-rotE, divH =0,

(1.26) ) )
j=0(E4+vxH), fem=ujxH.
Then
1

(1.27) fem:urotHxH:—N(QVHQ—H~VH>.
Finally, H satisfies

1 1
(1.28) Hy = ——rot (rotH—va).

I o

The above description implies problem (1.20) under some changes of constants. The aim
of this paper is to prove

1 i 1
THEOREM 1.1. Assume that vy € H*(Q), Hy € H?*(Q), i = 1,2, OFv|;—o € L2(9),

i
i 1 L 1 2 2 2
OFHli—g € Lo(R), i = 1,2, k <2, 0if € Ly(Q7), i <2, G, Gy € Lo(QT), S € H/? and
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Sépd:ﬁ =0, where QT = Q x [0,T], i = 1,2. Assume the transmission conditions (1.16),
(1.18) hold on Sy and uy = pe. Then for T sufficiently small there exists a solution to
problem (1.20), (1.21), (1.16), (1.18) such that

. 1 o1
i1 € Loo(0,T; H*1(Q)) N Lo (0, T; H>~H(Q)), i<2,

OfH € Loo(0,T; H*F(2)) N Ly(0,T; H*H(Q)) = X(QT), k<2, i=12

and

2
(129) 1ol g, + 191 0z D0 1
i=1
2

2 .
< | Y10 vh—oll o) + D I0F Hle-oll -, )

k=0 i=1
I o a1t oy + 1l

2 2 2
G, o ey TG, &ey + ||GttHL2(§22T):| =D,

2
where G is given by (1.15) and ©, H, p are expressed in lagrangian coordinates (see (2.2)).

Theorem follows from Lemmas and Moreover, for D small, the existence
time T can be chosen large (see Remark .

The paper is organized as follows. In Section 2 the notation is introduced. Moreover,
the lagrangian coordinates are recalled and the Navier—Stokes equations are formulated
in these coordinates. Finally, in Remark[2.4] the relations between the norms used in this
paper, expressed in both the lagrangian and eulerian coordinates, are proved. In Section 3,
by the Galerkin method, existence of solutions to the linearized problem (1.20)—(1.21) is
proved. Then we prove local existence of solutions to problem (1.20)—(1.21) by the method
of successive approximations in Sections 4-8. In Sections 4, 5 we derive appropriate
estimates for velocity using the formulation of the Navier—Stokes equations in lagrangian
coordinates. In Section 6 similar estimates are shown for the magnetic field. In this case
we use eulerian coordinates because in these coordinates the transmission conditions are
much simpler. For sequences constructed by the method of successive approximations,
boundedness is shown in Section 7 and convergence is shown in Section 8.

2. Notation and auxiliary results

First we introduce the notation employed in this paper. We do not distinguish between
norms of scalar and vector-valued functions. Let w be a vector, w = (w1, ...,wy,). Then

ol = (D) "
i=1

Let L,y (€Q) = {u: |, [ul? dz < oo}, p € [1,00]. The space of functions with the norm

||UHV20(QT) = [lullL 0,725 + 1ull L0158 (02))
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is denoted by V3 (Q71). We shall use the notation

||UHF§€(Q) = Z HatiuHHl*i(Q)v l,k €N,
i<l—k

where H'(Q) = {u: o<t 1DZully0) < oo} and

HUHI‘L‘T(QT) = HU”LT(O,T;F;(Q))-
Let
HUHL’;(Q) = Z ||D§UHLP(Q), ||U||L;(Qt) = ||Uw||L2(Q‘) + ||Ut||L2(Q‘)a
la|=k
where @ = (g, a2,a3) and |a] = a1 + as + a3, a; € Ng = NU{0}, i = 1,2,3, D¢ =
001 0%20%s,

x1 Yxo Y3

We denote by c a generic constant which changes its value from formula to formula.
Similarly we denote by ¢ a generic function which is always positive and increasing.

To examine free boundary problems in hydrodynamics we use lagrangian coordinates
which are the initial data to the following Cauchy problem:

(2.1) & v@t), theo =gt
Therefore,

t
(2.2) (&) = €+ | o€, 5) ds,

0

2
where 7(&,t) = v(x,(&,t),t). To define lagrangian coordinates in §2; we need

1 1
LEmMA 2.1 ([9]). Let X () be some Sobolev space. Let v € X () be divergence free.
12

Then there exists an extension v’ of v on QU such that v’ is divergence free, 1/\512 =v
t
and there exists a constant ¢ such that

(2.3) lv

/
HX(&ZtUéf,) S CH’UH)(({]zt)'

In view of the definition of lagrangian coordinates we have
1 1
G={reR:z=212,61),6€Q}, S ={zcR®:2=u,t),cS},
1 2 12
QU ={reR:2=1,(61),6€cQUQL

To formulate our problem in lagrangian coordinates we need the notation

& 0
Vo= 2o,
(2.4) Oz O&
T@(a7ﬁ) = D@(ﬂ) 7131[7 diV{) v = ax1§k;8£k'l_}z = v@ : 1_}7

Dyt = Vi + (Vya)T,

where summation over repeated indices is assumed, £ = £(x,t) is the inverse transforma-
tion to x = x5(&,t). From [11] [10] we have

LEMMA 2.2. Let Q C R? be a given bounded domain. Let v € La(€2) be such that

(2.5) Eo(v) = | (v, + via,)? da.
Q
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Then there exists a constant ¢ such that

(2.6) [0 @) < c(Ealv) + [[0]F,0))-

LEMMA 2.3. Let (2.2) describe the relation between the eulerian x and the lagrangian £
coordinates. Then

t
(2.7) e — 11 < | Jue€, 5) ds,
’ t
(2.8) €] < exp | [e(€,5)] ds.
0

Proof. Expressing (2.2) in the form that
t

(2.9) v=¢+\0(¢ 5)ds,

0

we see that (2.7) is obvious. To show (2.8) we obtain from (2.9) the relation

)
t

- =1 \5e(&,5)6 ds,
0

S0
d

2.10 L = —5ee,.
(2.10) gpbe = T
From (2.10) it follows that

1d
2.11 -—1 2< 0w
(.11) Sl < e,

0 (2.8) holds. =

To show higher space regularity of velocity we express equations (1.1) in lagrangian
coordinates

Uy — V'D : TT}(EJB) = f - v17§7

divi V= 07
(2.12) i 7 o
Ny ~Tf,(v,p) = —png - 8§,
l¢=0 = vo,
where
2
(2.13) § - §(H) = {5;(H)} = {HiHJ - %H 6ij}i,j:1,2,37

Continuing, we linearize (2.12) in the form

= Ve Te(0,p) = —(VE = VE)o + (Ve = Va)p + f = Va§ = F,
(2.14) (ilng v :7d17V§ v j divg Ti 57 g, ) -
T - Tf(vap) =n¢ - Tf(vvp) — Ny - Tﬁ(v7p) —Ng - § = ha

Ul¢=0 = o,
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where fi¢ is the unit outward vector normal to S = 9Q, T¢(0,p) = D¢(0) —pl and @ is a
given function. Finally,

De(0) = Ve + (Veo) L.
To show higher regularity with respect to space var1ables we need local conblderatlons

For this purpose we introduce a partition of unity {Qk, Ck}, Q U Qk, supp Ck C Qk,
1=1,2.

i

Let Q be one of the Qk and C(f) = (x(§) the correspondmg function. If Q) is an interior

subdomain we introduce &° such that &' C Q and C(f) =1for £ € &%, i = 1,2. Otherwise

l

we assume that QNS £0,0'NS #0, 0" C Q, i =1,2. In this case we introduce a local
1

coordinate system y = (y1, y2, y3) with origin in the middle of S = SN Q obtained from
the lagrangian coordinates by translation and rotation. In these local coordinates we can

N 1
express S by y3 = F(y1,y2) with the y3 axis directed into 2. Then

={y: I <NFWY)<ys <F@)+ X\ v =1, 52)}

={y: W <A FW)-A<ys <F(y)}.

Having coordinates y = (y1,y2,ys) we introduce a new system of coordinates z = z(y)
by the relations

(2.16) zi=1vy;, 1=12, 23=y3—F().
In these coordinates S is described by the equation z3 = 0. Let

(2.17) z2=®(&) =T(y).

In view of the above transformation we have

(2.15)

Do e

(2.18) Q=0(Q), i=12
where by (2.15) we derive
1 2
(2.19) Q={z:]2| <\ 0<z3<A}, Q={z:]Z| <) —\<z <0},

where z' = (21, 22).

Let @ = @(,t) be any vector in lagrangian coordinates. Then
(2.20) a(nt) = @@ (e) 1), (e t) = (s 1C(2).
For the interior subdomain € we have
(2.21) (&, t) = u(&, 1)¢(E)-

Moreover, we introduce

~ 822
2.22 V., =
( ) J 65]

To derive the space regularity of weak solutions we restrict our considerations to neigh-

V...

borhoods of S, because proofs of estimates in interior subdomains are simpler. Necessary
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1 2
estimates in the whole domains 2 and €2 follow from the properties of the partition of

unity.
1
Next, we transform problem (2.14) to the local coordinates z and localize it to supp C.

Then problem (2.14) takes the form
1
¥ —vdiv. D (9) + Vap = F + (V. = V)j+ VEp
1 1
— (V2 = V)5 — v(2V(EVD 4 0V3(0) = Fy,

2.23 A N
(2.23) V, 5=V, - 5-V-5+ V0 +3= go,

1 1
where B( ) {V <5 E+ V Cézk,‘}z,] 1,2,3-

Finally, we formulate results describing relations between eulerian and lagrangian
coordinates.

REMARK 2.4. Let © = £ + S(t)z’)(fﬂf’)dt’ = x(¢,t) and € = = — Sgu(%t’)dt’ = &(x,t).
Let a(v) = t'/2||0|| £,(0,4:12(2))- Let ¢ be some increasing positive function. Let w be any
function. Then

w(x,t) :w(§($>t)7t)7 @(§7t) :w(x(§7t)7t)'

First we have

{02 de = [w2(a(e t), )at de < |lwe|3 o) | w2 de,
(2.24) “ ¢ o
| w2de = | @(e(x,0), )2 du < |63 _ o) | @2 de,
Q4 Q Q
where
t
ve =0+ \0e(& 1), so |aellr. @) < c(l+a(D)
0
and

t

’ / d -
gz =0— (S)@{(fat )Ex dt , SO %51 = 7“5517

where ¢ is the unit matrix.
Then
t
< eXpS |0 (&,1')] dt’ < exp ca(D).
0
Next we calculate
@55 = wmxg + Wy Tee.

Hence

(2.25) I@eel|7, ) < ellwllzre g, (@),
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because
t
lzec| La) < e @)l dt’ < ca(®).
0
Moreover p
Wyy = wggfg + (ngm:v and %5&093 = —(175553 + 1_)§£zx)
Hence
t t
[acllzac@) < exp(§ 17l ) §17ec ey ¥ sup 6] < (a(e)).
0 0
Therefore, we have
(2.26) lwsall 2,0, < cllolFe@ye(a@)).

Next, we calculate

(Dgg{ = wmxxg + 2wmz£x§§ + WeTeee,

where Teee = SZ Ugee dt’.

We have
(2.27) |weeellna ) < llwllms@,)p(a(v))
and for the inverse transformation
(2.28) |wazall Lo < 600l 23 o) p(a(D)).
Next,
Wi (§,t) = wa(x(€, 1), )v(x(§,1), 1) + wi(z, 1),
wt<x7 t) = @5 €(.’17, t)a t)gt + a)t(£7 t)v
gt = _1_)(57 )
Then
(2.20) [©ellra(0) < ellwallr@ollvllm2@) + lwtll a0

|will Loy < ell@ell Lo 10llz20) + 0t Ly

Next, we calculate the second time derivatives:

Wit = Wez0? + 2wV + Wy (V0 + 0p) Fwre, Wi = 51555? + 2046t + Weks + WOy
Hence, we have
[@etl| o) < ellwllzz o ([0l 0, + ol @)
(2.30) + f||th||L2(Qj)!UHHQ(Qt)jF weell Lo (00)s
wetll zo(00) < cll@lmz@) (10152 + 10 m1(0)

+cll@etll o) 10l H2 Q) + 1@t | 2o () -
Next we calculate the third derivatives:
Wire = wwmv%g + 2w VU Te 4 2504 VTg + WatVp T

+ W (VU + 1) Te + W (Vp¥ + Vi) 2T + Wia T
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Then
(2.31) [@etel| o) < elllwllas @ ([0llFr2 g0, + lvell i cen)

+ lwell 2o 0l 200 + lwtte || 2o 00 (D).
Similarly,

Wite = Weeelali + 2eelarls + Deerbalt + Derbar

+ Oeelair + 0ebtta + Opiele,
where ftt = *T)t, Ettr = *1_)§t§$ Hence
(2.32) lwetellocny < elllllas @) (10l @) + 106l )

+ @t 2 @) |0 2 (@) + @ee | Ly @)l p(a(D)).
Consider the relations

Gre = Wae(2(E,1), )v(@(€,1), ) me + wo(2(E, 1), ) (@(€, 1), ) Te + wia (x(E, 1), ) e,
wie = Wee (&(2,1),0)0(§(2,1),1)E0 + WeVels + Wrea-

Then

(2.33) el Lo () < elllweellLo@nllvllz2(00) + llwell m @) 1Vl 21 (00)
+ lwizll L, (0,)) (D)

and

(2.34) |zl Lo 00) < clll@eell Lo @) 101 22(0) + l@el| 2 ) 106l 2 (o)

+ [ @tell Lo @) (@),

Finally, we calculate

Dee = Wana TV + WapTeet + 2Waa Vs + Walea Ty + Walalee + WinaTy + Wealee,
Wipr = @ggg{i'f} + (;)ngmjf) + 2&)5553@5 + @5175553 + @Eﬂgfzrz + a)tggfg + (Dtggzm.
Then we have
(2.35) [weeel| Loy < clllwllmz @ vllaz(9,) + lwiellm10,))e(a(0)),
(2.36) |wWtzallLo0) < el ms@llvlla20) + @l o (0)) (D).
Consider the problem
rot H = § inQ, i=1,2,
div(,uile) =0 in ét, 1=1,2,
(2.37) 1 9 1 9
H,.=H;, MlHn:,U/QHn on St7
2
H|p =0,

where ¢ is fixed. From [5, Theorem 6] we have

15
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LEMMA 2.5. Assume that g € Lg(Qt) 1 = 1,2. Then there exists a solution to problem
(2.37) such that He H(Qt) 1=1,2, and

2

2
(2.38) SSIA Z 91,6,

i=1

3. Existence for the linearized problem

To prove existence of solutions to problem (1.16), (1.18) (1.20), (1.21) we formulate
it in the form of integral identities. This approach implies a natural treatment of the
transmission problem for the electromagnetic field. Moreover, the formulation restricts
our considerations to the La-approach.

Now we present an integral formulation of problem (1.20)— (1 21). Multiplying (1.20),
by a divergence free function ¢, integrating the result over Qt and using the boundary
conditions (1.20)3 we get

31 @ +v - Vopd+ | D) -D()de= | f-odz—p | T(H) - D(p) da.

1 1 1 1
Q Qy Q Q¢

1
Multiplying (1.20)4 by a function <,10 and integrating over €; we obtain

1 1
(3.2) ulg(Ht+v-VH)~g10dx—u1§H Vo - goda:—o—SAH <pda:—0
1
Sl)t Qt glzt
2
Multiplying (1.21); by a function c% and integrating over §2; implies

2

(3.3) S Ht godx—o— S AH godx— S G~g20dx.

To prove existence of solutions to integral identities (3.1), (3.2) and (3.3) we first
transform them to lagrangian coordinates. Passing to lagrangian coordinates in (3.1)
yields

_ 1 0
34) (o pde+ | D) Di(p)de = | f-@de— | T(H)-Dy(7) d¢ = | K (0)
0 g 0 o 0
To prove estimates and existence of solutions to integral identities (3.2)—(3.4) we trans-

form identities (3.2) and (3.3) to the forms

1 1 1
(3.5) S(Ht—I—v VH) <pdx—|—— S rotrotH-glodx:ul S H-Vv-&)da:
0—1 1 1
Qt Q Q

and
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2,2 1 2 5
(3.6) o S(Ht—i-v -VH)~gadx+U— S rotrot H - pdx
2
Szlt ét 2

2

= 2 S v’~VH'g20dx+ S G’-gzadx.
o, a,

Adding (3.5) and (3.6) and applying the transmission conditions (1.16), (1.18) we get

2 .
1 1 1 2 1 i j
— S rotrotH&vdm—i—U— S rotrotHw,%dx:ZU— S rotH-rotglod:v
2 — 0 ;
Q gh =1 Q

1 11 1 2 2
+—SrotH~ﬁxg10dSt+—SrotH~ﬁxédSt
g1 0'25
t t

:Z% S rot]%motgédxfmva]}{wlLXsOdSt,

=1 i
i &, Sy

1 2
where we have used the facts that n = —n, 7i is the unit normal vector to S; outward to
i 1 2 .
Q; and ¢, = @, = . on S;. Then we obtain

2

7 . i . 1 i .
(3.7) Z[uiS(Ht—l—f)-VH)-afodm—&— SrotH-rotaZJda:]
: : a;
g, o
1 11 2 2 9 2 2
= 1 S H-Vv-pdr+ pe S v-VH - pdx + S G-pdx
O, G &
111 1 2, 3
+m \oxH-nxpdSy= | K-pdo+ | K-gdu+ | K-pdS,,
Sf 1 2 Sf
' a, 3, /
where we have used the notation
(3.8) v=v, v=1.

i
In (3.7) the quantities K, i = 1,2, 3, are treated as given.
To prove existence of solutions to (3.4) and (3.7) we introduce the lagrangian coordi-
T2

nates &, £ as the Cauchy data to the problems

(3.9) % = f)(x,t), Zlt=o = %, S Kllt, 1=1,2.
In this section we prove existence of solutions to linearized integral identities (3.4) and
(3.7) by the Galerkin method. Existence of solutions to the nonlinear equations will be
proved in Sections 4-8 by the method of successive approximations.
Let 4 be given. Then the linearized (3.4) takes the form

1 1 0 1
(3.10) Vo gde + | Da() - Da(p) de = | K(0) - @
Q Q Q

Il
—~
S+
S
:_/

<

Il
==

SN
:_/
Il

12
To linearize (3.7) we introduce the notation: H = (H, H), ¢
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1 2 1 2
(KaK)u g = (f»g)u Q

compact form as

12
QUQ, p = (p1,p2), 0 = (01,02). Then we express (3.7) in

_ 1 _ _ _ 3
(3.11) MgHt-wngrf SrotﬁH-rotﬂwdfz SK-¢d§+SK-¢dS.
Q 70 Q 5
Now we prove the existence of solutions to the integral identities (3.5)—(3.7).
0 1 _
LEMMA 3.1. Assume that K € LQ(QT), v(0) € Lo(2 ) H(0) € Ly(Q), K € Ly(Q7),
1
K € Ly(ST), u € Ly(0,T, H3(Q)), u € L2(0,T; H3( )) and T is sufficiently small.
Assume the transmission condition (1. 16) (1.18) hold. Then there exist solutions to the
integral identities (3.10), (3.11) and

(312) ol IV L < (B

: FIRIE )
0 (0,T;L2(2)) Ly(QT) L2 (Q) 2(Q2

)
_ _ _ _ 3
(313) NHIZ_ o120 T IVHIZ,0r) < c(IHO)Z,0) + 1K1, @r) + 1K]17,57)-

Proof. To prove existence of solutions we use the Galerkin method. Therefore we are
looking for the approximate solutions to system (3.10)—(3.11) in the form

= Z g () er(§)
k=1
(3.14) By = Ban(bel€) Hu =3 Bnd3(6), 50
k=1 k=1

Hy = Brn(t)r(6),
k=1

; i
where supp o1 C Q, i =1,2. Inserting (3.14) in (3.10)—(3.11), respectively, and replacing
» by ¢k, glb by cfok, 1 = 1,2, we obtain the system of ordinary differential equations:

d di P i
(3.15) 2 Qe = QkiCtin + d, Mi%ﬁkn = agBin +di, 1 =1,2,
where £ = 1,...,n, and the summation convention over repeated indices is assumed.
Moreover
0 1
agl = SD%L(W) Di(pr)dE,  dp = S Koy d¢,
S12 1
i 1
(3.16) ap = — S roty ¥, - oty Yy dE, i = 1,2,
‘o
i _ 3 4 1
dp = | K- prdg+ | K- ppds, i=1,2.
Q s

Finally, we have the initial conditions

(317) akn't:O = akn(o)v ﬂkn|t:0 = ﬁkn(o)v 1= ]-v 23
which follow from (1.6)2 3.
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Existence of solutions to the ordinary differential equations (3.15) with initial condi-
tions (3.17) is evident.

To prove the existence of solutions in L. (0, T} Lz(é)) N Ly(0,T; Hl(é)), only corre-
sponding estimates will be shown. Multiply (3.15) by akn, Bkn, respectively, next sum
the results with respect to k and add. Adding the expressions with respect to k, inte-
grating with respect to time, letting n — oo and using Lemma we obtain (3.12),
(3.13). =

Similarly we can prove

0 1 _
LEMMA 3.2. Assume that K 6 H?(0,T; Lg( ), OFv(0) € Lo(Q2), OFH(0) € Lo(),
_ 1 1
k=1,2, K € B(0,T; Lo(Q)), K € H2(0,T; Lo(S)), & € La(0,T; H($2)), % € La(0,T;
1 1

HQ(Q))7 u e LQ(OvaHS(Q))7 U € LQ(OaTvHZ(Q))7 U € LQ(OaTyHZ(Q))7 }_It S LQ(OaTa
H?%(Q)) and T is sufficiently small. Assume the transmission conditions (1.16), (1.18)
hold. Then a weak solution to problem (3.10), (3.11) satisfies

£i>—‘ d\

(318) 101, o oyt 171
()

< c(a@(Jol? 1 +f§||ut||2 AL

Lo (0,T;H2(R)) oo(OTHZ(Q))

0
2 2 k(o012
+lo tHL (OTHl(Q))> 1 ||H2(OTL(Q ZH@ ” Q))
(3.19) HH”%}VOQO(O,T;LQ(Q)) + HFI”%P(O,T;Hl(Q))

T
< (@@ (1 ooz + VT § ellirs g @t V3o 2,02
0

_ _ 3
+ | Hell OT'Hl(Q))) + ||K||§{2(0,T;L2(Q)) + HKH?{?(O,T;LZ(S))

+Z 10FE ()13, ).

1
where (@) is given by Remark

4. Space regularity of solutions to (2.14)

1 1
LEMMA 4.1. Assume that F € Lo(Q), g € T{,(QY), h € La(0,4;H2(S)) N

1 1
Loo(0,t; Lo(S)), he € La(S?), t < T, v(0) € H'(Q). Moreover, vg; € Lo(QY), t < T.
Then a weak solution to problem (2.14) satisfies
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VI (O] R H2

2
2 + 11

L(Q) Lo (0,6 H($2))

SEHUEtHZLz(l +e(1/e)(IFI2 "

2
" + gl

Qt) e L)

2 2
FRIT, 0,611 72(8)) L (0,6522(5)) T el s50y) + C||'U(0)||Hl(§2),

where t <T, e € (0,1).

1
Proof. Multiplying (2.14) by v, integrating the result over Q and integrating by parts we
obtain

(4.2) %szdf—i—ys (D)2 d¢ = \ 7 - T(5,p) - 5dS — | pgdg = | Fode.

1 1 1 1
Q Q o Q Q

1
2

Applying the Korn inequality (2.6) to the second integral, the boundary condition (2.14)5
and the Holder and Young inequalities we obtain

4. 2 2
@3) gl o vl .
2 2 2 2
<92 g + ) +IFIE o) +elBl? g +e1/olgl? o

where € € (0,1), ¢(1/e) ~ 7%, a > 0.
Integrating (4.3) with respect to time and employing the Gronwall inequality yields

t

@4) eI o v lo@))?, o dt
0

L2(Q) HI(Q)
t t
< / 2 / 2 / =4/ 2 /
< o0 J RO + PO, )+,

t

N2 / 2
+e/e oI, g 4+ O

where ¢(t) and ¢(1/e,t) are increasing functions of .

1
Multiplying (2.14); by o; and integrating the result over € implies

=\ 12 2
@s)  fetde+g dtS'D@)' de < c|FIf} o+ \(ho)ds
Q Q
_ = =112 . 2 N
éhtvds elpl? o e/l

Integrating (4.5) with respect to time and applying the Holder and the Young inequalities
we get

— 2 v 2
@6) a2 g, + 51001, o)

< 2 —112 .
L1012 vty 112, ) + (/) UAel sty + el )

2 2 2
FeFIE o+ B )+ WO, o+, 4 ).
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Adding (4.4) and (4.6) and assuming that ¢ is sufficiently small we obtain

@) IO g I g+ B0, 0 + 1012 e
< el g, +<U/2gl? g +ll? g+ Weelese)
P g+ IR o masy + 0OV, 4 )
To estimate pressure from the r.h.s. of (4.7) we introduce a function ¢ such that
(4.8) divyy =p, ¢|ls =0.
Then [] implies the existence of such a function in H 1(S1)) and the estimate
(4.9) 1950 < Il 4.

1
Multiplying (2.14) by ), integrating the result over Q! and using (4.9) yields

(4.10) 191, &y < el o + 197, 30 + 11, g0)
In view of (4.7) and (4.10) and sufficiently small ¢ we derlve
2 2 2
@1 @R, g +1wl? g+ 02 e R,
2 2
<cllgl? g+ ol g+ el +IFI2 o

H1RIZ 0.1 Lagsyy + 10 < L

To estimate higher derivatives we use the local coordinates. Therefore we shall re-
strict our considerations to examine problem (2.23) only because estimates in interior

subdomains are simpler. Finally, the estimate in the whole 2 follows from the properties
of the partition of unity. Therefore, we consider problem (2.23) in the half-space z3 > 0.
1 1

In reality we consider it in €2 because all functions in (2.23) have compact supports in Q.
Differentiating (2.23); with respect to 2, multiplying the result by 9., and integrating
1

over ) we get

(412) S low)® o = v howe dS + 2§ ID.(52)? dz — | fargor dz = | Fovrde.
L2(Q 2

2 g i 1
Q Q Q

2dt

>

By the Korn inequality and some imbedding we obtain

d . - - 1/2
@13)  Zlool? o vl s <cllol® o+ 10 ol s + IR s )
2 (2 2(§2) Ly (2

+ellp1? s

2 2

L+ e(1/e)llgox P x
Q)
Let 1 be a solution to the problem

dive) = B, inQ,
(4.14) v=p

=0 on Jf).
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1
Then by [4] there exists a solution to (4.14) such that ¢» € H*() and
4.15 < cl|p. .
(1.15) I,y < clil, 2
!
Multiplying (2.23); by 1, integrating the result over © and using (4.15) we get

(4.16) 1?0 <ellloed® o +lol? o+ Fl? ).
Lo QQ) Hl(Q) Lo

Employing (4.16) in (4.13) and assuming that ¢ is sufficiently small we obtain

(4.17) [ o (7 [ 1727
H1(Q) L

o,
dt” L (€2) 0 2(€

).

~ ~ 1/2
<c(lml? 15?2+ 102 hold, e + IF P 1+ llgow P
Ly() L2() L2() L2 ()

Let us express (2.23); in coordinates
(4.18) Ui — VAD; + Vip =vV;g0 + Foi, 1=1,2,3.

From (4.18) for i = 1,2, we calculate

(4'19) H’DiZSZSHQ 1
L2(2)

<c(lol® s T s 1P 2 Fllgox P 2+ 1)
Ly () L Q) L

2 2 2 2 2(
Differentiating (2.23)s with respect to zs yields
(4.20) [T32020l” 1 < ellgosall® 1 + 11Tzl ).
L2 () L2(Q) Ly(S2)
Finally from (4.18) for i = 3 we have

1

(4.21) 1517 1 < c(lT3zazll® 1+ + 1052 * o
L2 () L2 () L2 ()

+oel? s +IFl® o+ + lgosll® 1)
Lo Lo Lo
Using the inequality
d, . -
Ellvzsll2 Sl 0 e(l/e) ol
L2(Q) L2(Q2) L2(Q)
in (4.17) yields

d
4.22) =5 1 A+ 0]E 1+ [P
@2) Gl o+ o+l

Selltagel® 1 +e@/)ol? o FelllTl® o +llE? )
L2() L2 () L2(2) L2(Q)

1/2
FelBl? o+l o+ 10 hollEs):

2 2

Adding (4.19)—(4.22) and integrating the result with respect to time we obtain
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(4.23) Hf)z()ll2 o] LA IB? s
2(Q2 Lo (0,t;H () Lo (2%)

Sfllvthi L Fe(l/e)]o:)? .

2 2(2%)

+e(lo? +||17z||2 1)
La(0) L2(0%)

2 2 2
FellBI? o Flal? ol asagsy) + RO, o

From (2.23) and the properties of the partition of unity we have

(4'24) ||FO|| 1 < C)\H'DzzH 1+ C)\HZN)zH 1
L2 (Q%) Lo (Q2%) Lo(Q2t)
C
— ~ 1 N F
FUR, a AN e el F
425 < >\ ~zz N
@25) ol o <eMlbal a SR
4.26 h . < c)\|v A|p
(426)  holluygorm sy < ||vzz|\L2(ét)+c 181, o
+ S| + |l
AL 0,481 () La(OHYA(S)):

Employing (4.24)—(4.26) in (4.23), passing to variables £, summing over all subdomains
of the partition of unity and using that A is sufficiently small we have

2 2 2
(@.27) 0O, &) H 11, o ey TIPIL, 0 s @)
< 2 2 2 Ut |?
/N iy TP, ey T 0 ) Fellvell? o
2 2 2 2
+c(||F|| & ||g|| LOLE ) + AL, 0.6m172(5)) +c”v(0)”H1(5)‘

Finally, inequalities (4.11) and (4.27) imply

(4.28) o2, o +l7l? o+ o] ]

H1(Q) 2(Q21) Lo (0,6 H'(2)) La(0,6:H ()
<
ellv §t||L &0
2 2 2
+C(1/€)(||FHL @ T H!JHLQ(OtHl(Q)) Hgt||L @9

N2, 0001725y + 1Rl 0,050 (sy) + I1RellT (50))
2
+ C||U(0)||H1(512)> t<T.

Inequality (4.28) gives (4.1). m

Next, we need estimates for the third derivatives.

1 1
LEMMA 4.2. Assume that F € Ly(0,T;T§(2)), g € T7,(Q7), h € Ly(0,T; H3/2(S)),
1 1 1 1
he € Ly(0, T HY2(S)), vo € HX(Q), 0 € T3 ,(QT), vy € L2(0,T; H'(R)), p € T§ 5(Q7).
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Then a weak solution to problem (2.14) satisfies

(4.29)  [oee(t)]? & + oI o+ vlieel?

2
& oot 1Pell”, e

)

< 2 2
el g, +elI0IZ, g + 1012, 2,
2 2 2 2 2
FeFIR i HIFIR 12, o I sy IRl )
2 2
+elllee )1 o +loaO)I )
where t <T.

Proof. Differentiating (2.23); twice with respect to 2/, multiplying the result by v,/ and
1

integrating over Q we get,

1d ¢, o .
(4.30) 3% § 02, dz+v § |D(0yr 0 )|* dz = éh()z/z/vz/zl ds
Q Q
- Sﬁz’z’gOz’z’ dz + S FOz’z’i)z’z' dz.
o o

Applying the Korn inequality and performing some integration by parts yields

d . _
(4.31)  — |0 |? o +V||'Uz2’|| 1
dt L>(Q) HY(Q)
~ ~ 1/2
Aol o) Fellpel o T NF0l o 10 ox sy + 1/ Mgows I o)

where € € (0,1).
Let us introduce a function ¢, such that

1
div = ~z’z’ in Q,
(4.32) e

1
p1 =0 on 950

1

Assuming that p.... € Ly(€), [4] implies existence of solutions to (4.32) such that ¢; €
1

H'(Q) and

4.33 < ~z’z’ )
(433) lerll,,, g Sl &

where p./., means that only one derivative is chosen from the derivatives p.,.,, i,j = 1,2.

Differentiating (2.23); twice with respect to 2/, multiplying the result by ¢1, integrat-
1

ing over 2, next integrating by parts and using (4.32) and (4.33) we obtain

(4.34) 1522 1? 1 < elllTer|® 3 + VOl 1 + [[Foar | 1)
L 2) ¢ Q)

2 2 2 2

Using (4.34) in (4.31) and assuming that ¢ is sufficiently small we obtain
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d, . 5 -
(4.35) %”1&’2’“2 1+ V””Z’Z’”2 1+ ||pz’z’H2 1
Lo H(Q) 2(€2)

<cllol? o ol o + 1ol 2 Fllgorl? o+ 102 hos |7, s)-
L2() La(Q) ) Q)

2 2

1
Consider (4.18) for ¢ = 1,2. Differentiating it with respect to 2z’ and integrating over Q
we get the inequality

(436 Wisol? o S clltwal? o +lpl? o

2 2 2

);

0wl s A ol 5 A [ |
La(Q)

2 2 2

A
Dm
=

where i = 1, 2.
1

Differentiating (2.23), with respect to z’ and z3, integrating the result over QO we
derive

2
(4.37) HU323232’” 1 Z ||Uzz/2’23|| 1+ C”!JOZ:;Z/HQ 1
Pt La(Q) La(9)

Differentiating the third component of (4.18) with respect to z’ and integrating the result
1

over € yields
(438)  pse 1?1 S cllBzeear | s + Nl 1 +llgoxl® + +lFoxl® 1)

2 2 2 2 2 )

Adding appropriately (4.35)—(4.38) gives

d, . N -
(4.39) %”UZ’Z’Hz JrV””Z’ZZ”2 }+||p2’2|‘2 1

1
La() La(Q) La(Q)
(ol 1+||17z'z/||2 erIIFoZII2 1
Lo (€ Q)

2 Lo Lo

1/2
+ lgo-r |2 ot o= 12 &7t 102 2 hoxr |12, s))-

2
Differentiating the first two components of (2.23); with respect to z3 and integrating the
1
result over ) implies
(440)  |Pizyzez | 1 S elllTizrarzgl® 1 + [Bzazsll® 1+ [Fozl® s
L () Lo () Ly ()

2(£2 Lo

-

+lgozrzsl? 1+ e 1),
La(S) La(9)

where i = 1, 2.
1

Differentiating (2.23), twice with respect to z3 and integrating the result over Q) we
get

2

2
(4.41) T [ 0 R ey P L B
Ly() e L2() L2(Q2)

Finally, differentiating the third component of (4.18) with respect to z3 and integrating
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1
over ) we have
(4.42) [ogzs? 1 < elllTzeazg® 2 +11Te:l® 2 +[1Fo:l* 1)
L () Ly L2(2) L2 (2)

Adding (4.39)-(4.42) yields

d, . 2 ~ 2 S 2
(443) vz |” 1 Fvlve]” o Pl s

dt L2 () Ly () La(€2)

~ ~ 1/2
< C(”Utz”2 1 +H'UzzH2 1 +||FOZ||2 ! +H90z||2 ! +||9022||2 1 +||8z// hOz’”%Q(S))'
L2 () L2(Q) L2() L2(2) L2 (2)

2
Employing the inequality

d - -
12 0 <elleall® 1 +e(l/e)]vae]
Ly($2

N Hﬁzz
dt L2(Q2) 2 Ly(£2)

(4.44)

in (4.43) gives

Lo(Q2 Lo

d, . 5 -
(4.45) %””22”2 1 +VHUzzzH2 1+ ||pzzH2
() Lo

ol
=

(
<elvazl® o A el 2 +e/e)|v]? o
L2 ($2) L2($2) L2 ($2)

1/2
+||FoZ||2L ! +H90z||i : +||90zz||2L 1)+H3Z/ hoz | 7,(s)):

where € € (0,1).
Now we have to find an estimate for the first term on the r.h.s. of (4.45). Adding
(4.19)—(4.22) we obtain

d . _ - _
(4.46) w12 1 Fl15e]? 2 B2
Lz Q) Lz Q) L2
el o« e/ o ol o)
La(2 L L

2 2 2

1/2
wellFol? 1+ lgoll? 1+ 110 o2, s))-
L2 () L2 (€2)

2 2

Differentiating (2.23) with respect to time and repeating the considerations leading to
(4.46) we have

d. . N 3

(447) |0l 2 +vlvel? 2+ 1Bl o
dt L2 () 2 2(2)

<elltul® 1 +e@/e)1Tll> 1+ Tl 1)

2(92) L2(2) L2 ()

1/2
+ellFocll? 1+ llgowdll® 1+ 10 hoell3y(s)-
Lo L2 ()

Adding (4.45) and (4.47) and assuming that ¢ in (4.45) is sufficiently small we derive

d . . -
(448)  — (19201 5 +11Fe)? 1)
dt L2(Q) Lo

+V(||7~)ZZZ||2 1 +H6tZZ||2L

L2 () 2 2 2

R /75 R 79 L
Q) L2() L2()
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Selltael® 1 +e(/e)(Ioal? 1+ Tul® 2+ 1T )
La(©) La(® @) (@)

2 2 2 2

+e(lFo:ll> 1+ +I1Foell® 3 4 llgoz=l* 1 + llgoe=lI* 1
L2(@) La(9) L2(9) La(9)

2
1/2 1/2
110 hos |12, ) + 102 2 hoel 2, 5))-

Using the form of Fy, go, ho from the r.h.s. of (2.23) we estimate the last term in paren-
theses on the r.h.s. of (4.48). Then we have

(4.49) 1Forll, o S AUBasal, o+ 1Bl 2)

+c(1/A)(Hv|| & +||p|| ) TENEDL
(4.50) 1Foll g < cAllozill 2 +||pzt||L &)

el o+ ol 2 )+elBll o
(451) lgosell, & < eMpsacl o +c(1/A)IlvHH2 ellgzell o
(452) looisll, o S eMlBell, o /Nl 2 el s
(453) 10 0wl < Alloaell, 2+ 18, 0 )

1/ 0 (| 5 Y%h., :
/N0l o+, 300+ €0 Bl

(450 0 horllnas) < Aall, o 1B 20

. _ 1/27
U/ 2t ) + 1Bl 2acs) + €llO el acs)

Employing (4.49)—(4.54) in (4.48) and using that A is sufficiently small we have

d . -

— (1520 3 + [5ael® 1)

dt Lx(9) La(9)

+V(H6zzzH2 1 + |02zl 2 "’Hﬁzz”z 1 "’Hﬁzt“2 })
L L2(2) Q)

(4.55)

2 2 2 2

2 2 2

elltanel® 2 +e(/e)([oal? 1 Hloal® 2 Tl 1)
Ly () L

e e o e [ N o /1)
H2(Q) H(Q) H(Q) L

SR (13 (R 1Y o [ o 12
( @ )

Lo Lo Lo Lo
1/25 1/25
102 2Rt | s) + 102 2Rl ),
where we have used that
15e17,(s) < ellzell® 1+ +c(/)el® s
L2($2) L2 ()

and € € (0,1) is sufficiently small and ||p:]| 1 <|pl 1 .
La(Q) La(Q)

2 2
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Integrating (4.55) with respect to time, passing to variables £ and summing over all
neighborhoods of the partition of unity we obtain

(4.56)  [vee(t)]? 1+||175t(t)||2 !

2(Q) Ly ()
+1/(||v§5§||L (ét +|lo ggt”i @& + ||P££Hi &0 + HP&t”L (Qt))
<5||U5tt||L &0 + ([l ”1(0:&1{2(9)) [0 t||2Lz(0tH1(Q)) lo ttHL (Qt))
+elllpl o sy T 1PN )
+ellEl,, b +||Ft||2 2 () +”9“2 2(0,:H2($2)) +“gt”2 2(06H ()

+ HhHQLz(o,t;HS/Z(S)) + ||ht||L2(O,t;H1/2(S)) + [lvge (0 )||iz(512) + [lvge (0 )||2L2(512))-

Hence we obtain (4.29). =

Finally, we formulate the lemma which summarizes all estimates concerning velocity
and pressure.

LEMMA 4.3. Assume that the following quantities are finite:

20\ _ 2 2
AO=IF o I8 o+ I o)
2
+ ||htHL2(o,t;H1/2(s)) + Hh”LOO(O,t;Lz(S)) + ”U(O)Hrg(é)’
2 2
20\ _ i i 2
Az(t) = Z;@tFlaatsz(ét) + zz: Hf||H1(0 bl (Q))7
1=
where t < T and
L
(F10), 4 =m0 | T(H) Dy (@) dEdt’
Qt
Then
(4.57)  |lv ()II2 + 9|2 + |12l < c(Af(t) + A3(1), t<T.

L2(0,t; F3(Q L (0,t; FZ(Q))

Proof. Consider problem (2.14). For sufficiently small ¢ inequality (4.1) implies

2 2 2
@458) 100, g+ oI, g+ 02 a
(HFH2 ét ‘*‘HgHi1 ((12, +Hh||2Lz(o,t;H1/2(s))
IR 0,65L0(5)) + el Ty sy + 100 )||H1(Q))
where t < T and F, g, h are defined in (2.14).
Inequality (4.29) can be expressed in the form
- 2 - 2
@59) o, + Il g +locl?, o, + I8l
< ellzenl? | 2 2 2 2
_5||U£tt||L2(Q) (|| tt|| Qt + v HF2 (Qt ||Pt|| S () ||P||L (OtHl(Q)))
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2 2 2
PP iy T IFIE g 612, g

HRIT 0,020y + 1l 5 0,072

0% . 0Oz ).
g2 o +leaOl )

Adding (4.58) and (4.59) yields

(4.60) o@)2, o + 1Tl o+ 002

H2(Q) La() 2(0,6:H3(<2))
2 2
+ v tHL 0. HEY) HP||L2(MH2(Q)) ||P£t\|L &)
< 5H77§tt||12(§12) (]| ztt||2 Lo + ||10t||2L (Qt))

+cA3(t), t<T.

Employing (3.18) in (4.60) and assuming that T is sufficiently small we get

2 2 2
(461)  NOOIT, ) F IO ooy TIPIE ey
< _ 12 2 2 k 2 <
<ellpilly g, +c(AT(E) + A3 +Z||3 OIF & t<T

To estimate the first term on the r.h.s. of (4.61) we use (2.14); in the form
(4.62) 0y — dive De(0) + Vep = F.

Differentiating (4.62) with respect to ¢ gives

(4.63) Ty — dive De(9;) + Vepe = Fi

Let ¢ be a function such that

(4.64) dive =, ols =0.

1
Heving p: € Lo(2 ) [4] implies existence of solutions to (4.64) in H'(Q) and the esti-
mate

(465) Il 0 gy < ellzl, g,

1
We multiply (4.63) by ¢, integrate the result over €, integrate by parts using (4.64), and
next apply (4.64);. Finally, employing (4.65) we get
(4.66) (2l < c([loe]
Exploiting (3.18) in (4.66) and assuming that 7" is sufﬁ(nently small, we get

— 2 2
@ST) o2y Il Il

HIEN, an)-

La(Qt) = Ly (Otrl(Q

2
% T T £12 7 2 2
< e (OO0, g + WIS o, + IOHOIN, ) + A

From (4.61) and (4.67) we obtain (4.57). m
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5. Method of successive approximations. Estimates for velocity

We prove the existence of solutions to problem (1.1) by the method of successive approxi-

mations. We restrict ourselves to proving estimates only because convergence is then easy
1

to show. In this section we derive estimates for velocity and pressure. For given v,,, H,
we calculate vy, 41, pnt1 from the following problem:

Unt1t + Un - Vopar — divT(vpe1, Pne1) = — 1 div']I‘(Il{n) +f
in Upeier (12m x {t} =0T |
(5.1) divopy; =0 in QF
ATt pos) =~ - () on Ugerer Su x {t} = 51,
Unt1lt=0 = v(0) in Sll,

1 1
where Q,; = {z € R3 : 2 = £ + Sg@n(ﬁ,t')dt’, EeQ, Sy ={reR:2=¢+
{oon(et)dt', € € S}

To show convergence of the sequence we have to use lagrangian coordinates.

Using the notation introduced in Section 2 we express problem (5.1) in lagrangian
coordinates in the form

1
Un41t — diV@n T'Dn (ﬁn—&-l;ﬁn—&-l) = —H1 diV@n T(Hn) + f7
(5.2) divg, Unt1 =0, 1
Ny, * Tﬁn (T]n—i-lvpn+1) = _NlﬁﬁnT(Hn)a
Un1lt=0 = v(0).
To apply Lemma we express (5.2) in the form
Tpt1¢ — dive Te(Tngt, Pnt1)
1 —
= —(dive Te(Vn+1,Pnt1), — dive, To, (On41, Pn1)) — pa dive, T(Hy) + f,
(53) d1V£ 17n+1 = leg T]n-‘,-l — diV{,n ’Dn_»,_l,
1
Ne » Te(Ont1,Pns1) = Ne - Te(Ont1,Pnt1) — Mo, To, (Vng1, Prs1) — pane, T(Hy),
'Dn—&-l‘t:O = 1}(0)
Comparing (5.3) with (2.14) we have
1 —
F = —(dive Te(On41, Prnt1) — dive, Ts, (Ont1;Pnt1)) — 1 divs, T(Hy) + f,
g = leE ’l_]nJrl — din,n ’l7n+1,
1
h = e - Te(Uns1, Pnt1) — N, - To, (Ung1s Pnt1) — panig, T(Hy),
1
(Fi,tn41) a0 = i | T(Hp) - D, (0n41) € dt'.
1

Qt
Let us introduce the quantities

Xi(u,t) = Jla,
Dy =||f]

Lg(Sllt)

coarady TIl o padyy Pl =Nl by

(5.5) )
Il g, + 110(0)

1 1 .
Lo (0,673 (02 Hrg(sz)
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1
LEMMA 5.1. Assume that Dy < oo, X1(v,) < 0o, X1(H,) < oo. Then for sufficiently

small t there exists a positive increasing function ¢ such that
1

(5.6) X1(Ong1,t) + Py(Pry1,t) < @(t* X1 (0n, 1)) D1 + @(t* X (H,,t)) Dy + cDy,

where a > 0.

1
Proof. We take some extension of v(0) and H(0) as a zero approximation. Then p(0) is
a solution to the problem

Ap(0) = div(H(0) - VH(0) — H(0)VH(0)) — div(v(0) - Vo(0)) + £(0),
p(O)]s = - D(v(0)) + - (F(0) - VH(0) — H1(0) - VH}(0)).

1
Since v(0), H(0) € H?(2) we have p(0) € H*().

To prove the lemma we use Lemma In view of (5.4) we use assumptions of Lemma
[4:3] Consider the expression

(5.7)

2 — _
|| ||L2(0 & Hl(Q)) = ||V§D5(Un+1) - VﬁnDTm (Un+1)||L2(0,t;H1(Sll))
L
+ vapn-l-l - vUer’l’L"l‘lHL (O t: Hl(fll + Hdlv’ljn T(Hn)”Lg(O,t;Hl(Sll))

4
2 =
Iy = 2 T

Hence,
Il < ||(1 — §x(vn))vévn+1||L2(O N Hl(fll + ||§x(vn)§acx(vn)v,fvn+1“ 2(0,; Hl(Q))
< ol
< a(”n)‘ﬂ(vn)”%HlHL (0.t H3(Q))
=+ <)0(()4('ETL))”595107171-"-1 €€||L2(£12t) + (,O(Oé(’l)n))nfxxzvn—i-lfn Qt) = Ill’

where a(on) = 2 oall, -

Using

6ol < pla(@), €l < plal@a)] o [€azal < ola(@)| {7
0 0

we obtain

I} < a(0n)p((Bn))[Tn |2 SO LH)

Hence for «(@,) sufficiently small, so for ¢ sufficiently small because ||”DnHL 0.HY) is
PACSLY
bounded by a given constant, in view of inductive assumption, we see that I} is absorbed
by the second term on the Lh.s. of (4.57).
Similarly we have

1 11
[diva, T(Hy)l < (@) (1HnHngell | 6,00 + 1 H nEH

1
+ (@) €] [ Hanl \Hms\ I

)

L(0,6:H (€2)) Lo(&)

LQ(slzt)'
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Consider the integral

t t
(Srattcel? g a)"™ < (V12 g 1cl? g at)"”
0 0

La(Q) L4(Q)
1 1 ¢ 1 1
< S%P(&IIHnHHl(é)+c(1/61)||HnHL2<Ez))H(52” neell? @ +C(1/62)IIH H )dt
0
1 t 1
< sup (51||H ol ey +c(1/51)H§HW dtf+H(0)]L2(;z))
0
toq , / bt , 1 2 1/2
' [E2S”H"55”H1(é) a +C<1/€2)tH8H”” a +H(O)‘ Lz(fll)}
O 0
(L IT ;
< Hypp dt' + H(O H 1/e1)(tV/2||H., H(0
= Sltlp[ H[S) ' © Hl(f12)+0( [N el ) +IH O, )
L 12 # ;
[eallHall, o, mm)) +e(V/e)t(E P Hpll g +IHON 8]

1
< (T3 (H) + [HOI, )

Similar considerations can be applied to the other terms in I3. Finally, we have

1
Iy < @ (E) (X2 (Host) + [HOE,, )

Applying similar considerations to the other terms on the r.h.s. of (5.3) we obtain (5.6). m

6. Method of successive approximations.
Estimates for magnetic fields

i
The functions H, 1, ¢ = 1,2, are solutions to the problems
1 1 1 1 1 1 1
Hl(Hn+1t +v, - VHu1 — Hy, V'Un) - ;AHn+1 =0 inQ]
1

in»
1
(61) div Hn+1 =0 in an,
1 1
Hiyi1li=0 = H(0) in 97
and

2 5 2 1 2 9 2 2
,uZ(Hn+1t + U - v}In—‘,-l) - ;AH'rH—l = oV - VH, + G
2

2
(62) ) in UO<t§TQnt X {t} = an,
divH,+1 =0 in QQTn,
2 2
Hopp1t=0 = H(0) in 97

=y Q= {2 €RP i w =g+ (L0 (& ) dt, E€ Q) i=1,2,

nt
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Assume the following transmission conditions hold:
[7_— . Hﬂ-‘rﬂ =0, [:U'ﬁ : Hn+1] =0,

6.3 1 1 1 1 2 -
(63) < rot Hyi1 — p1v, X Hn+1> = —(rot Hy41)r on Sg.
02

o1 -

Moreover, we have
(6.4) [v,] =0, [F-H, =0, [pA-H, =0, onST,

where [pfi - H] = pfi - I}I — Uom - I2{ and p1 = po.

In this section we perform calculations in eulerian coordinates because the trans-
mission conditions in these coordinates are clearer. In virtue of Remark 2.4] the derived
estimates in eulerian coordinates will be easily transformed to lagrangian coordinates.

Let us introduce the quantities

XZ(’LL,TL) HUHVO Qt + ”ut”‘/o at, + H ” 0o (0,15 F2(Q +)) * Hu”H?”l(étf)7 =12
where
[ull s ary = llull gz @, x0,0) + [l ag0,653 20
Moreover 9 2
Do =11, 0 oy 1l ey NG 3y + NG a0
+Z 5Ol g, + IO, 4

where we use the notatlon
2 - i
lullzyp = el Lobra@),  Xo(n) = (Xi(0n,n) + Xi(Hn,n)).
i=1

LEMMA 6.1. Assume that Xo(n) < oo, Dy < co. Then
2

(65) X Hullyg, )+ Hnsel
i=1

Vo) S L Xo(m))(1+ DY) + D3,

Proof. The subscript n 1n Qm will be omitted for snnphmty Multiply (6.1) by H n+1 and

integrate the result over Qt, next multiply (6.2) by H,1 and integrate over Qt Adding
the results, using the transmission conditions and Lemma yields
2

i /
66 3 (| fades SHHWH i @)

i=1 i
Q
1

t
|| ﬁn Ny - Hpyy dodt!
0

tt
+cH | %n-vﬁn-ﬁnﬂdmt"ﬂ‘ | GH
0

O ey

2
t/ Qu

2
Q
t

+M1‘S S ’UnXHn_H nXHn+1St/dt’+Z,LLIL||H )”2 Q)
0

Sy =1
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The first term on the r.h.s. of (6.6) is estimated by

t t
1 1
2 ’ L2 2 '
Wil o, @ +eO/e0mmlonll, g I g ) dt'

where

t

t t
1 1 1
2 ’ < 2 / 1 H 2 ’
Ul g < e Ul et/ L

t
1 1 1
< eol| H, +e1/zt (et Y w2 o
0 t

Lo (0,6:H1 (%)) )

FHwl? o a2, s ydr + [HO)P ).
ML) M H2(Q,) L(2)

Summarizing, the first term on the r.h.s. of (6.6) is bounded by

1 1 1 1
e1lHpa +e(1/e)to(t X1 (vn, n) [ X1 (Hpym) + [ H(O)]|

Lo (0,6, H () Lz(ill)}'

The second term on the r.h.s. of (6.6) is estimated by

. t
2 2 2
Hyi|? ‘te(l H, ; '
52§)|| n+1HL6(§22t,)dt +C( /52)512»13“ n”Hl(ét)gH’UnHLB(ét,) dta
where
t t
2 2 / 2 2 !
<
SH””HLS(&»dt _53(8)”%”H1(5t/>dt

t

2 2 2 2 2
re(1/ea)tp(a@) (t§ (B2 o+ 1Bual? o Wl 2 Yt +[EOI? 5 ).
0 t t/ t/

Hence the second term on the r.h.s. of (6.6) is bounded by
il a1/l XaGa ) Xa(Ba ) + [FO)IE_5 ]
" Lo 0.6H (1) " " L1(Q)

Finally, the third term on the r.h.s. of (6.6) is bounded by

2 2
callHunl? g, +e(/e)GI 5,
and the fourth term by

t

1
2
§)[e4||Hn+1||Hl(5

1 1
2 / a =
,t 0(1/64)||Hn+1||L2(5t,)] dt'o(t* Xy (Un, 1))

+

Employing the above estimates in (6.6), using the fact that ;-4 are sufficiently small
and the Gronwall inequality we get
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2

6.7 D (oillHusal® o ] o | )

— La($2) LZ(OtHl(Q ))

< At (t X (b, 1)) X (Hmsm) + | H(O I3, &)

0 tea 2 2 2 2 2
+t" (1 X By 1)) Xa(H ) X (B ) + IO 5 1+ €IGI2

1 1
Differentiate (6.1) with respect to ¢, multiply by H,.1; and integrate over ;. Next,
2 2

differentiate (6.2) with respect to ¢, multiply by H,.1; and integrate over ;. Adding
the results and using the transmission conditions we get

. t .
68) 3 (m ) Hridwt [ Hoa ol o ')
i=1 ; 0 v
Q

2

=1

\ Oner - VHpp1 - Hypr v dadt!

7
Qt'

Ot

1

t
1
+/ffls S (Hn -Vzl)n)t/ 'Hn+1t’ d.’L’dtl
Oslll
t t
2 2 2 , 2 2 ,
+/~"28 S (Un'VHn)t’ 'Hn+1t’dxdt +S S Gy 'Hn+1t/dl'dt
06/ 05/
¢ 1 1 2 i
+M1§SS (Vn X Hps1)p -1 X Hypqp dSy dt’ + ;“iHHt(O)HiQ(é)'

Now we examine the particular terms from the r.h.s. of (6.8). The first integral is bounded
by

2t 2t J
2 / 2 : 2 '
EZS| wirvlly g dt (1)) ZSHUM 1} oo IV Hnll gt
i=10 =10
where the second integral is estimated by
2 b
H 2 5 ’ 2 i dt/
leup‘lv n+1H S”Unt ||L3(Qu)
i ’o
t ‘
< H 2 Onpra |2 i 1 Ut || i dt’
;Supuv wil? é(‘?'”’“”mu) + c(1/)||vne IILQ(Qt,))
. ,
< Hpiq|? 1/e)t butll? &
< ZstipHV ’I’L+1HL2 [ellv ”MHLZ(Oth(Q ) +e(1/e) SlipHU”tHLz(Qt)]

< ZsupHVHnHH e X2 (0, ).

=1
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The second integral on the r.h.s. of (6.8) is bounded by

t
1 1
‘S S Hnt/-v’(l)n-Hn+1t/dedt/‘+‘ S n V’Unt/~ n+1t/d.’L’dt _Il +_[2
01l
Q

1
t Qq

O ey o+

First, we examine

ho< €||Hn+1tHL2(O L6 ()

t

1
2 21 2 /
1/ Hml oV EITHI g +e1/en)onl? o e

= EHH”“HL <0tH1<s5t>>

2 2 2 1
FeU/sup ol o [V 0 e/ tp(atb)

t

1 1 1
N GG e = PN A T S O]
0 !

H2($2,0)
a 1 a 1 L
<elHnirl? )+ X ) XE ) X (H ),

Next, we have

O ey o+

S(S ntu+ﬁ1m%;n)dt"+1§n(0)) Vot - Hoer v dE dt
(12 0

’

Lot 1 1 1 1 1 1 ,
< \VV\ e + Hog0n) dt” Ny Hop oy de dt
010
Q
t
+’SS vvnt" n+1t’d€dt’—12 +12,
O
where
t 1 )
1 < , 2 /
I < 6§||Hn+u 17, % +c(1/6)||va||L @y fea(on)
t
S(HHWH . ||Hm||2 lonlir,)) de
0 t,’ f
¢ 1
<el ||Jarn+1t||qu(sl2 )dt/
0 ¢

+ c(1/e)tp(6n)) X (0, )S(IIHnt/II2 L 1 AT ) dt’,

0 H(Q41) La(S,0) H?(,1)
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and

1 7/10
\ 12(0) V0,07 da dt’)

1
I22 = HHnJrl t”Llo/s(fll%) (
Qu

O ey

t

! 1 10/7 10/7 7/10
< Wnsaell, g (VOIS 19027 0 )

1 1 10/7 )\ 7/10
il o IHO,, Q)(S Vo171 at')

15/8(Q )

1
<WHuerel,, oo FHON 1950l g

< ; ax? 2.
s||Hn+1tHVO(Qt) /X b | HOIZ, o
Finally, we examine the third term on the r.h.s. of (6.8). We express it in the form
9 2 2 By 2 2
\ Onpr - VHy  Hpsrpdodt +\ \ On VHpp - Hygy o daodt' = Jy + Ja.

2 2
Qt/ 0 Qt/

O e

First, examine
t
2 2 / 2 2 /
I < e§IHnrel? o di +e(1/e) sup [0l §||VH 17 @,
0 Lﬁ(Qt’) t
To find an estimate for J; we examine
t t

2 2
VIVE.? - at <51§||v2H ||2 4 dt +c<1/51>§||Hn|\2 . dt,
o L3(82,) 0 Qyr L2(82,)
where
¢ 2
V.2 . at’
Lo (92,)
0
¢ 2
a 2
< tpla) (| (1wl g +1Hwl? 5 [, )it +IHOIE 5 ).
0 2(©2 t/ t’ ()
Summarizing,
t
2 2 /
71| < S |Hnsrel, 8 dt
a 2 a 2 2
o1/t X3 (B ) (X (B 1) (EXE(H ) + | H(0 I3, 8)-

Next, we examine

¢

t
\J2|<HS( [ @t + Daadn) dt” + (0 )) VHp - Hopp dé dt’
04

37
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’

t ot
2 2
< ‘ S S S(%nt” + 72}"9072}") dt" -V Hpy - Hpyqp d€ dt/‘
020

¢ 2 2 ,
—|—HS “VHyy  Hpp1p d€dt
0 2
Q
=J;+J3,
where
t
2 2
F<efIuaol? 5 e+ 1/ THulf yapytietaltn)
0 t
2 2 2 2 ’
(” "t”L (0,6:H (00)) + §) HU”HLQ@,)Hv””fp(ét,) di )
and

2
Bl o BOVH,

2
S elHup1el, 2, +C(1/E)t“X2(Hmn)||v( )2
V3 (927)
where similar estimations to those used in the bound of I3 are employed.
The last but one term on the r.h.s. of (6.8) is estimated by
Loy
2
JelHnsael, g, * /o) Hpr o
Employing the above estimates in (6.8) and using the Gronwall lemma yields

(&)

av /1
F o(t* X1 (v, n))] dt’.

2 .
7
(6.9) ZHHnHtH itégz”Hn-i-ltHQO

f

c(1/e) ZsupHVH wl2 g X am)

=1
(1))t X (b )X () (X3 () + | (O )Hip(m)

a a 2 : z
o1/t p(t" Ko, m)) X3 (H o) (X3 (0, m) + [8O)2, )

2 2 2
+c<1/s>t%o<tax2<vn,n>>X§<vmn>||H<0>H21@>
2
2 2 2

+Z|| H 4 +CHGH 2(0) +C||Gt”Lz(5t)

From (6.9), for sufﬁmently small e, we obtain

2

2
(6.10) ;”HnHtHVU(Q, §chupHVHn+1|| ; )taX (vn, n)

2
+ ep(t X (Vn, 1), t“Xl(Hn, 1), X (i, n), 1 Xo (H 1))
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) 2 2 2 2 2 a
[+ (RO, g + IHOIE, o +IHOIR, 2]

2
+ZCHHt 2 FAGI? o+ elGil?

Loy AL, @ La(§)’
From (6.7) and (6.10) we obtain (6.5). m

We need local considerations to obtain estimates for space derivatives. For this purpose
we make

i

REMARK 6.2. Let us introduce a partition of unity (x(z), i = 1,2, k € MUN, where
i i i

supp (x, k € M, is an interior subdomain of €; and supp(y, k € N, is a boundary

subdomain. Then ¢, k € N, are equal to 1 in some neighborhood of S;. Moreover,

ék(ﬂ?) = zk(x), resS, keN.

Let & € Si, k € N, be in suppé;c NS, ¢ =1,2. In the subdomain suppék, ke N, we
introduce local curvilinear coordinates 71 (), 72(x), n(x) such that for x € Sy, 71 (z), T2(x)
are tangent coordinates to S; and n(z) is the normal coordinate. With these coordinates
there is connected a system of orthonormal vectors such that 7i(x), T2(x), x € Sy, are
vectors tangent to S; and n(x), x € Sy, is the unit outward normal vector to S;. Moreover
we assume that V1, = 7, Vn = 7, |To] = 1, |#| = 1, @ = 1,2, and 7y, T, 7i are
orthogonal. o

To localize problems (6.1) and (6.2) we introduce the notation H = IZ{Z,“;C, i=1,2
ke MUN.

To obtain an estimate for second space derivatives for solutions to (6.1) and (6.2) we
restrict our considerations tzo a neighbourhood of S;. For this purpose we take a partition

of unity such that {; and (j are equal to one near S; and they vanish at some positive
distance from S;. Moreover, in a neighborhood of S; there exists a curvilinear system of
orthonormal vectors 71 (), Ta(z), nn(x) for z from this neighborhood.

1

Multiplying (6.1) by (i we obtain

1,k 1 1,k 1,k 1,k
ul(Hn+1t+vn VHanH an) —rotrot H 11
o1
1 1 1 1 1 1 1 1 1 1 1
(6.11) :,Ulen+1<k-t+,U1Hn+lvn'v<k+;r0t(v<kXHn+1)+;v<kXI'OtHn+17
1 1
1,k

1,k
H i yi1li=0= H(0).

2
Similarly, multiplying (6.2) by ( yields
2,k 9 1 2,k
(6.12)  po (Hn+1t + Uy - VHnH)—i——rotrot Hn+1
2
5 2 1 2 2
= ﬂ2Hn+1th + p2vy, - VCanH + - rot(VQp X Hpy1)

1.2 2 ) 2 2 &
+ ;VCI@ X 1ot Hpy1 + paVn - VH(k + G.
2
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LEMMA 6.3. Let Xo(n) < 00, Dy < c0. Then

2
(613) S sl g, < t0(t Xa(n) [t X3 () + D]+ cDE.
i=1
Proof. We need
ik i,k

7-VHy = Tt — Ty VH ,
7-V(v VH)fvT VHJrv VH fv V(r- V)%, .
(6.14) 7.vAH = V(T VVH) V( V)VH AH _A(-V)H - V(7 V)VH,
7 (levH) V(7T- VH) V(7T - V)dlvH .
= Vdiv I}CT -V({(V,;7-V)H kj) —V(T-V) diVZ’Hk.
Applying the tangent derivative to (6.11), multiplying the result by 1I§n+1 - and integrat-
ing over (12k = §12t N supp ék and using (6.14) we get

1k 1 1k 1k 1 1k 1k
(6.15) S (Hps17t+ 00 - VHpr17) Hpprrde + p— S rotrot Hyy1, Hpv1 . de
1
SI)k (lzlc
1,k 1 1,k 1 1,k 1,k
= \F VHup =7 V() VHpr+ 00 V(7 V) Hpp1) - Hgrrda
o
1 1k
+ 11 S o-(H n+1§kt+H VUan+Hn+1Un VCk) Hyqrde
512]9
1 1 1 1 1 1k
+ - S Or(rot(VCk X Hpq1) + VCk X tot Hyy1) - H g1 da
1
o
1 1,k 1,k 1,k
- — S [(rotrot H py1)r —rotrot Hpy1,] - Hpprr de.
g1 h
Qp

Similarly we obtain
2,k 9 2,k 2,k 1 2,k 2,k
(616) Mo S (H7l+17—t—|—vn'VHn+17—)- H,4 d$+;2 S rot rot H7L+1T'Hn+17—dl‘
ék 6k
2,k 5 2,k 5 2,k 2,k
=p2 \ (7 VHup1 =7 V() VHpir+ 00 V(7 V) Hpi1) - Hpgrrda
2

Qp
2 2 2 2,k

+ 2 S 0-(H n+1th+Hn+1 VUan-FHnHUn VCk-H)n VH,.( k) Hpg1,dx

2
Qk
2 2,k

2 2 2
+ S 0: (10t(VCpo X Hyp1) + VCio X 10t Hpg1) - Hpyr 7 d

2 k 2,k 2.k 2,k

6

k 1

S G, Hpy1-dr — . S [(rotrot H 41)r —rotrot H 11 7] Hpg1 - d,
2

G G

2 2 2
where Q = Q; N supp (k.
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Adding (6.15) and (6.16) and integrating with respect to time we obtain

2 ) 2 t _ A
i i,k 1 ik ik
(6.17) Zl 0l S |Hn+1r‘2 dx + Zl J—ZS S rotrot Hyy17 - Hypp1 - dodt
1= O = OQk
2t ik ; ik ; ik ik
= > w\ \ o - VH 0 =7V (00) - Vi1 + 0 - V(7 V) H 1) - Hygo 7 dov dt!
i=1 0

o

i z k
n-‘rlet + Hn+1 V'Uan + Hn-‘rlvn VCk) n+1r dz dt/

+
i
F
OL/‘:H.
" —

Q
Il
-

2 2 2,k
Oy (0 - VHuCr) - Hpirrdedt!

—+

=

[\
[

jelN
=

_|_
M .

@

i

I\
A=

¢ i 7 7 i i,k
V| 0-(00t(VCk x Hpy1) + VG x 10t Hypgr) - gy 1 da
0

Do

k

2.k
: / Hi 2
7 Hppirdudt +Z ||H (0 )||L2(52

=1

+
Q=

OV ey

k

1 i,k ik ik

— S [(rotrot Hp41)r —rotrot Hpq1+] - Hpg1r dadt.
o;

Mw

=1

o

Now, we estimate the terms from the r.h.s. of (6.17). The first term is estimated by

2 t .
> (= el g it
0

- 2 t Lk 2 / g 2
+e(1/z) sup 67, o (§)||Hn+u/||H1(ék)dt +HOIZ, o ).

and the second by

2

t
Z (52 S ”Hn—HTHHl(Q )dt/

=1 0

t .
e /e swplibal?, o t(VIHnerol?, o +IHOI, )
0
6.

In view of (6.14) the last term on the r.h.s. of (6.17) is bounded by

t

2 t i,k , 7 2 ‘ bk /
2538\\Hn+17||m(6k>dt +C(1/53)t§H”””m(émdt'gH "“”H?(Q )9t
1= 0 0 0

The other terms in (6.17) can be estimated in a similar way.
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Next we examine the last two terms on the Lh.s. of (6.17). Integrating by parts they
are equal to

271k ik 1L ik ik ;
(6.18) > {S | ot 2 dwdt’ — =\ \ vot Hyp1r - Hpsrr x ndSp dt’|.
=1 LT 04 i 0 Sk

By applying transmission conditions the sum of the last two terms becomes

1,k 1,k
(6.19) | o-(c

67(1}” X Hn+1) S TuTp =M X Hn+17—d5k dt’ = I,
Sk

O ey

1
where S = S; Nsupp (k. Hence
1k )
< 1
|IO| ~ €||Hn+1THL2(O,t;H1(Qk))
t 12 Lk 2 12 Lk o ’
+(1/8) V ([0nllF g (s |1 H nt1 =y (s0) + 10nr 1F (s |1 H 1750
0

1,k
2
S 5” Hn+1THL2(O,t;H1(§IZk))

1 2 { Lk 2 / Lk 2 ]
+e(l/e)sup fonr g e (S) M nsrrly, g At +e@/e)tsup [ Hnpr |l o -
Using —A + V div = rot rot we express problems (6.11) and (6.12) in the form

1,k 1 1,k 1,k 1 1 1,k
,Ul(Hn-i-lt + U - an-i—l - Hn : an) - ;AHn-l-l
1

11 1 11 1 1 1 11 1
(6.20) = 1 Hpp1Crt + p1vn - Ve Hpg1 — ;an+1ka - ;Hn+1ACk7
1 1

1,k 1

Hn+1|t:0 = H(O)
and

2,k ) 2,k 1 2k k 2 2
po(Hpt1e+0n - VHpyr) — ;AHn+1 =G+ poH 1 Cre
2
9 2 2 5 2 2 1 2 2 1 2 2

(6.21) 20+ Vi1 + 1200 - VHnCr = VGV Huir = —Hug1 A,

2.k 2,k 2
H|p=0, Hl|i=0=H(0).
Using curvilinear coordinates we have
AU = Upp + Ur,r, + ATaUr, + Anuy,

where the summation convention over o = 1,2 is assumed. Then (6.20) implies
1,k 1,k 1,k 1,k

(622) HnJrl nn — Hn+1 TaTo ATa HnJrl Ta AnH'rH»ln
1k L 1,k 1k 1
+ Ulﬂl(Hn+1t +v, VHpp1— Hy - vvn)

11 ) 11 1 1 1 1
— o1 (Hpg1Cht + 0 - VCiHpy1) + VH 1V + Hp 1 Ak
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and (6.21) gives

2,k 2,k 2,k 2,k
(623) Hytinn = — Hyt1rama — ATo H iy Ta AnH,q1n

2.k 9 2,k k
+oopo(Hpt1t + Vn - VHipg1) — 020G

) 2 2 9 2 2

- 02M2(Un . kaHn—i-l + vy VHan)
2 2 2 2

+ V(i VHu1 + Hpp1ACk.

We estimate (6.22), (6.23) in a similar way to (6.39). Now using the expression

1 d i i i '
*uzdt S Hi—o—lzdl':ﬂi S(Hn+len+lzt+Un VHn+1z~Hn+1z)d$, i=1,2,

Qt ét
and summing up over all neighborhoods of the partition of unity, taking ¢, ¢; sufficiently
small and using (6.5) we derive (6.13). m

Let
(Un, U, Hn, "’n’t)_;(H "HL (0.6T2(620)) o nHL2(OtF3(Q )
P i
(6.24) +IH ””L (Oth(Q))+H n||L2(0tF3(Q )>)
2
2 _ 2 2 2 2
D _Z(H“( )”rm ”H( )Hrzm)) Hf”Lz(om(Q ) ” HLz(omm )’

i=1

1 2
LEMMA 6.4. Let X (Un, v, Hp, Hp,n,t) < 00, D < 00. Then
2

(6.25) Z(HH”H”HQ

[
i—1 VO(Qt) T HH”-H 1t||2 + H n+1 J:IH )
1=

VO(Qt) (Qt)
< tw(taX(én,%m H,, Hn,n,t)) + (D).

Proof. Differentiate (6.1); and (6.2); with the operator —A replaced by rot rot twice
1 2 1

with respect to time, multiply by H,11+ and H, 14, respectively, integrate over €y

2
and €, and with respect to time. Adding we get

2 . t .
7 1 7
(6.26) > (Ni J H2 rpde+ —§ ] ot Hyprpo P da dt’) + I
. N 1 .
=1 Q 0%,
L 1 1 1 1 )
< |t S (Unpre - VHypq1 +20n - VHpy1v) - Hyprpe dodt ‘

or
2

1 1 1 1 1
+ ’Ml Hoppryr - V’Un + QHnt’ Ve + Hy - Vopey) - Hpgqpe de dt/’
Q
5 2 5 2 2 .
+ ‘MQ S (Unprer - VHpyr + Vg - VHyp1¢) - Hypgr g dadt ‘

St
2
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44
9 2 9 2 9 2 2 ,
=+ ‘MQ S (Untrer - VHp + g - VHpyr +0n - VHppryr) - Hyg1 o dadt ’
£
2 2
+ ‘ G - Hoyir o dac dt! ] n ZJZHH“ I ZL,
Qf =1
where
¢ 1 2
Iy = — rot Hypq14gr - X Hyyp14p0 dSy + — | rot Hypq1pg -0 X Hy 1 e dSy
+ + + +
01 02
0S,/ S,
1 2
Since n = —n = i we express I in the form
t
Iy = 78 S rot H oy ¢ TuTyp -1 X H,p1pp dSy dt
01
08,
¢ 2 2 ,
— 78 S rot Hypqpp - TuTy - X Hyqpqpp dSy dt’,
o2

05,
where 7, u = 1,2, is a tangent vector to S;, 71, T» are linearly independent and the

summation convention over repeated indices is assumed.

Continuing,
16 1 1
Iy = |:0_ S S (I‘Ot Hyyq - 7_'N)t/t/7_'u X7 Hypyyqpe dSy dt’
1 O Stl
16 2 2 .
— ;2 S S (I‘Ot Hn+1 . Tu)t’t’Tu xXn- Hn+1 tt! dSt/ dt
O St/
16 1 1 1 ,
— OT S S (I‘Ot Hn-i—l CTut't + 2rot Hn+1 ¢ Tpt’)Tu Xn- Hn+1 t't dSt/ dt
0 Stl
16 2 2 2
+ 072 S S (I‘OtHTH_l . %Ht/t/ + 2I'OtHn+1t/ . %Mt') . 77_“ XN - Hn-l—lt’t’ dSt/ dt/
0 Stl
=15+ 15+ 13,
where
¢ 1 1
(627) Il = S S ('Un X Hn+1 . ’T_'M)t/tﬂ_-# X - Hn+1 trt! dSt/ dt/
0 St/
Hence

13| < 5||Hn+1tt||

t
1
(/) V(1 ns1 00135, loml13 s,
0

La(0,6:H ()

1 1
F I Hpvr o175, lvne 1255,y + Hnsa 175, 1onere 174cs,)) 4
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45
where
t
S HHnHt’t/HLs ||”nHL3(st,) dt'
0
t L 1
< H w])? 1 H |2 dt’
supH ,L||H1(Q ) S[€1|| n+1t't |‘H1(512t/)+6( Je ) Hnt1et HLz(ét/)]
b
< csupanHHl(Q ) 1§) |:||Hn+1t/t/||§{1 & +c(1/en)t’ SupHHn-‘rlt/t/H La(h, J at’.

Let us consider I2. Then we have
t
5 1 1 1 1 1 ,
151 < e§ § (Husral [one |+ | Hotar| [0n )| Hre1 | dSe dt
058,
‘ ! 2 d !
H t
<eVlHnrvely, 8 |
0
t

1 1 1 1
(1/e) S Hnt1 27 s, 10nt 175 5,0y + 1Hns 120 17505, 10nll7(s,,9) 4
0

where the second integral is bounded by

t
1 2 2 L 2 L 2 ’
0(1/5)(831)”%"'111(5%)Jrs up o n”Hl(Q ))[§(61”H"+1HH2(6H)+€1”H"+“/”H2<s5t/>)dt

1
+ c(1/e1)tsup(||H s |I? +
(10t sup([Honl? o + 118
The other terms in Iy can be estimated in a similar way.

To obtain an estimate for the r.h.s. of (6.26) we restrict ourselves to I; only, because
the other integrals can be treated in a similar way. We have

t

Lol g )

t

1 1 1
< 14! 2 ! 141 2 2
B el MHnvoelly g @+ e /o) Warely g IV Hml

At
2(Q,r)
0

!
t

reti/en)] bl g Hasiorl® ot
where the second integral in bounded by
t
(= S buorel? a4 e/ sup ol o ) -sup |Haal?,
Continuing, assuming that ¢ is sufficiently small and applying Lemma we get

i W a1 2 12
Z”H"J"ltt”i%ét) <t (,O(t X(Unvvann’Hﬂ.,nvt))+90(D)' .
- 2 (844
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1 2
LEMMA 6.5. Let X (Un,vm, Hp, Hpym,t) < 00, D < 00. Then
2

(6‘28) Z(HHnJrlxzrr”QLzb +|| n+1|| )

— () L2(0,t; H*(Q )

9 1 2
< ta@(tax(%)na Uy Hpy Hpym, t)) + QO(D)
Proof. As in the proof of Lemma [6.3] we restrict ourselves to neighborhoods of S;. First

we differentiate (6.11) twice with respect to 7. To obtain an energy estimate, we need

Lk Lk L,k Lk L,k
7-V(T- VHt) H e —7-V(T)- VH—% V(7 - VH)+% V(ﬂ)~VH,

-V(7-V(v- H))—?-V(?-V() VH)—i—T V(v;7 - VV; H)

=0, (uﬁ \ H)+T V(UJ)T vV, H-‘r’UJT V(T vV, H)

=v- VHTT+8 (vjr - VH)+T V(U])TVV i v;V; (m)leH

V(7 V)AH v (T V(7 V)V; H) V(T V(- V))VH

= A(F-V(7- V) ) V(V (T V(T V)) )
fVZ—(ﬁV(%V))VH AHTT+A

V(7 V)Vdiv% Vi(7- V(- V)VH) Vi(7- V(7 V))VH

—leVHTTfV(VT V(7 V))H Vi V(7 V))v’

L,k
—levHTT—FB =12,

\l |

\1|

(6.29)

~1|

where the summation convention over repeated indices from 1 to 3 is assumed.
In view of (6.29) we obtain from (6.11) the equation

1,k 1,k 1 1,k
(630) M1 (Hn+17—7-t + vy - VHn+17-7-) - o—rotrot Hn+17-7-
1

1,k 1,k 1,k
=7 -V(7T) VHu11+7- V(7 -VH 1) —T7-V(7) - VHn_H
1,k 1k
— aT(Uan . Vj Hn+1) -7~ V(Unj)f' . ij Hn+1
Lk 1k

1,k
+U7LjV‘(TlT¢)VlV‘Hn+1 - A-B

1 1,k
+ 3 <M1Hn+1<kt + p1vn - VCan + p1 H -V,

1 1 1 1 1 1
+*I‘Ot(v€-k XHnJ,_l)"'iVCk XrOtHn+1).
01 01

1,k 1
Multiplying (6.30) by H,+1,- and integrating over Q; we get

1,k 1,k

1
(6.31) |Hn+1TT| dr + — Srotrot Hos1rr Hipi1rrde
o1

i )
Qk, Qp
1,k 1,k
= \ (7 V() VHu1 =7 V(7)) VHup

1
Qp
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1,k 1,k 1,k
-7~ V(an)i' . VVanJrl + UnjVj(TlTi)vlviHn+1) . Hn+1 +rdr
1,k 1,k 1,k
+ S 87'(?1& “VHp1—vnjrV; Hn—i—l) “Hyy1rrdx

1
Qp

1,k 1,k 1,k ) 11 11 1,k
-~V (A+B)- Hyprrrdo+ | 02 {(ulanmwwn-vcanlen~Wn

1
Qp Qk

1 1 1 1 1 1,k
+ ;(rot(vck X Hn+]_) + VCk X rot Hn+1)):| . Hn+l T dl‘
1

Now we estimate the terms from the r.h.s. of (6.31). The first term is estimated by

1,k
[ 2
)||Hn+1||H2(§12_-

1k
51||Hn+1'rf||2LG(1 +C(1/51)an”2 )

1
Qi) H2(Qp

Integrating by parts in the second term we can bound it by

1k
&2/ H g1 TTTHi (1 + 0(1/52>||Un||2
2

H 2
%) a1l g

()
We estimate the third term by

1,k 1,k
63||I—In-&-17"r||2 S +C(1/€3)||Hn+1”2 o s \?
L2(Q%) H2(Q)

and the last one by

1 1
Fet/ea)(oall, g IHal, 0+ Il 0 ).

1,k
H 2
54“ n+17—7—'r||L2(1 H2( )

Employing the above estimates in (6.31) yields
1,k 1,k 1,k

d, x 1
6.32)  —||Hng1rr|? — trot H,, - H,.d
( ) dt” +1 ||L2(512k) + o 18 rotro T

Qp,

1,k 9
S sHHn+1 TTHHl(ék)

1 1 !
2 2 2
FIHl, g ) T IHIE g ) Il g -

1
+e(1/e)(lonl, o (Hnaly, g

2,k
Expressions (6.29) hold also for H, where v is replaced by v’. Then from (6.12) we obtain

2,k 2,k 1 2,k
(633) ,LLQ(Hn_H rrt + v - VH, 1 7—7—) + ; rotrot H 41,7
2
2,k 2.k 2,k
= pp(7 -V(F) - VHpy1 +7-V(F - VH,1) —7-V(7) - VHui1)
2k 2k
- MQ@T(U;.LJ»T : Van_‘_l) — WaT - V’U,;Ljf . VVanH

2.k 2k k2
+ p2v,; (nm)ViViH i — (A + B)

g 2 2 L2 2 L2 2
+6T(G+N2Hant+M2U “VCrHpi1 + pov' - VH (i,

1 2 2 1 2 2
+ —rot(V(k X Hpq1) + — V(i X rot Hn+1)~
[op)] 02
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2,k 2
Multiplying (6.33) by H 1., and integrating over € we obtain

d 2,k ) 1 2,k 2,k
(6.34) pn QS |H g1 07|° do + - QS rotrot H 417 Hpy1rr dx
Qk Qk
2k 2,k
= | (R V) VHp —7-V(R) - VHu
&
2,k 2,k 2.k
- T V(’U;Lj)’I_' . VV] Hn+1 + v;jvj(Tm)VlViHnH) . Hn+1 T dx
2,k 2,k 2,k

+ S MQar(%t : anJrl nj‘rv HnJrl) Hn+1 TT dx

&

2k 2,k 2,k

-~V (A+B)H 1 orda

&

5k 2 2 . 2 2 , 2 2

+ | O2(G + pa(Ha G+ 0 Vi1 +v), - VI Cr)

o

1 2 2 2 2 2,k
+ —(rot(VC¢k X Hpy1) + Vi, Xrot Hpy1)) - H-r dx.

o2

Now, we estimate the terms from the r.h.s. of (6.34). We estimate the first term by
2,k 2,k
51||Hn+1rr||2LG(6k) +e(1/e)onl?, 12 (o )”H"“”;(ék)'
Integrating by parts in the second term we bound it by

2,k

2k
2 Hn+1wr|| o T 0(1/52)||712||22(gzk)|\ Hutill g )

The third term is estimated by

2,k 2,k
€3||Hn+1rr||2Lz(5k) +c(1/es)| Hn+1|\22(5

Integrating by parts in the last term we bound it by

2,k k 2
2 2 2 2 2
Sl Huvireel? o+ ez 1GI2  +I0l, a IHIR, 5+ Hasl, )

Employing the above estimates in (6.34) yields

1 2.k 2.k
(6.35) ||Hn+1TT||L @0t o | rotrot Hpirrr+ Hpprrrda
2
Qg

2.k
< el Hurirel?, i /)62 5

il 2 ).

2 2
+ [lvnl (1. [ il 12 ()

H2(Q ) 2(Q) H2(ﬂ
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Adding (6. 32) and (6.35) implies

636 Hn TT 2 N Hn TT
636) Sl g+ 2l Hupirel? 5
1 Lk 1,k 1 2,k 2k
+ — S rotrot H 177 Hpt1rrde + — S rotrot H py177 Hpgp10rdo
g1 A (o) 5
Qk Qp
< Hn TT
szlu el o
2
2 2 )
+c<1/e>§;<||vn||m)<u s, +IH nﬂnmm )
2 2
ol g+l g )+ /IG5

Next we examine the last two terms on the Lh.s. of (6.36). Integrating by parts they are
equal to

1 1,k 9 1 2,k 9
(6.37) [ | [vot o py e de+ — | frot Hopyyrr | da
g1 A 09 5
Q Qi
1,k 1,k 1 2,k 2,k 2

+ S |:U rot Hpj17r - Hpp100 X0+ ;rOt Hyy17r - Hog177 x| dSy

Sp t0t 2
= Il + Ig.

I can be estimated as in (6.27), where ¢ is replaced by .
From the above inequalities we obtain

2 /4 ik ) ik
©39) 3 (Gl g+ el )

<

'Mwﬁ

©
Il
-

n 1? iw 2 i Il{ 2 d
e ||HL+1H o) + c(1/e)|jv L||H2(Qk)(€1(|| nHHB(Qk)

i,k
2
+ i mum L nﬂnm )

2 2
+e(1/en) (1] (é)+|| ol o+l s )
. k
? 2 Lk 2 2 2 2
nTT i n n 4 Hn 2 TT 4
el st s + 1l o 4 Wil o 0+ ellGorl?,

1 2
where v = v, v/ = ©.

From (6.20) and (6.21) we have

2 ik
2 2
. E H g H + ||H
(6.39) . [ n+1nn||H1(Q )= <c) n+1TT||H1(Q ) [ n+1t||H1(Q )

02 Hol? .
I g+ Ml

2 2 : 2 2
Un Hn i Hn i
ol g (sl g+ VA, o D+ elGIR, 5
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Then we calculate the derivatives with respect to time of the second derivatives with
respect to space variables:

2 . 2 .
d g, & d v
r_ @ i 2 _ a 2
(6.40) I= g G Hel? §: i SHmdrc

< Y (Hawall? o+ 1Hewtl? o)

i=1

FeUD SO Vel g+ IHaal? o)

i La($2) La(@)

Repeating the considerations leading to (6.38) for interior subdomains we obtain

2 .
d ik
(041 ;(dt” + “L2<m>+” “”Hm))

2
<ec 12 P i,
< ;[ll e iy (H o g ) +1||H2(Q N
i _ 2 2
I Hnll )+ I1H n+1“H2(z ]+C||G”||Lz(5k)'

Integrating (6.41) with respect to time we obtain (6.28). m

LEMMA 6.6. Let the assumptions of Lemma 6.5 be satisfied. Then
2

2
(642) ;(HHn-i-lwt” é + || n"rlthL (OTHI(Q)))

102
< et QX (U, O, Hpp, Hopy 1)) + (D).
The proof is similar to the proof of Lemma [6.5]

7. Boundedness

From Sections 5 and 6 we have

LEMMA 7.1. Let (6.24) for lagrangian coordinates be introduced. Let D < oo. Then there
exists a constant M such that for t sufficiently small we have

_1 2 L1 2
(71) X(l_}naﬂan?HHﬂ?n? t) S M
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Proof. From Sections [} [f] and Remark [2.4] there exists an increasing positive function ¢
such that

1 2 L 2 _ 2 1L 2 _ _
X(5n+1an+17Hn+17Hn+17n+lyt)Sta ( X(Un,’Un,Hn,Hn,’fl,t),D)+<,0(D),

where a > 0. Let M be such that t¢(0, D) + ¢(D) < M. Then there exists ¢ so small
that

(7.2) t*(t*M, D) + p(D) < M.
This implies (7.1). =

REMARK 7.2. Since M can be calculated in terms of D, inequality (7.2) for D small
implies (7.1) for large time.

8. Convergence

Let us introduce the quantities
i

i i
(81) Vi = vn — Vp-1, Pn:pn_pnfly Hpn=H,—Hp1, 1=12
The functions, after passing to lagrangian coordinates, are solutions to the problems
VnJrlt dinn Tvn (Vn+1a Pn+1) (vvnTvn - V'anlT'l—)n—l)((Dn7pn)
1 1 1

+H VUT,H +Hn 1° vvnH +Hn 1° vf)n_l)Hn—l
1

(Vs

1

+7-{, Vo, H +Hn 1V, ’H +Hn 1V, Hp—
divy, Vg1 = —(divy, dlvvnfl)vn,

Ny, - Tv (Vn+17 Pn+1) _(ﬁinTﬂn - ﬁﬁanﬂnq)(@naﬁn)
1 1

1 1
+ Hn+1ﬁfzn : V-H'n+1 - E[n'ﬁlf)n,l . v-E[n
(8.2) 1 g2 o
+ §(n7n, v]—In+1 — Ny, - VHn)’
1 1 1
0'17'_[7,4,_“ - V% 7'_[n+1 = V%,ﬁn - (V% — V1 )Efn
L vnl L 1 N "
+ Ul(HnV%n@n - anlv%n71@n71)7
2 2 2 2
0—27:[n+1t - v% lﬁanrl = _V% gn - (v% - V% )-Hn
2 v 2 2 vn 2 v o
+02(17n V%an—@n,1 v%nle”%)
Let

B3 Tal0) = Vol + Vol + 0l gy + Pl

LEMMA 8.1. Let the assumptions of Lemma[71] hold. Then
(8.4) Vir(t) < t%(M, DYVo(t), a> 0.

The proof can be conducted similarly to Sections 4—6.
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