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Abstract

Optimal lower bounds for discrepancy in Besov spaces with dominating mixed smoothness are
known from the work of Triebel. Hinrichs proved upper bounds in the plane. In this work
we systematically analyse the problem, starting with a survey of discrepancy results and the
calculation of the best known constant in Roth’s Theorem. We give a larger class of point sets
satisfying the optimal upper bounds than already known from Hinrichs for the plane and solve
the problem in arbitrary dimension for certain parameters considering celebrated constructions
by Chen and Skriganov which are known to achieve the optimal Li-norm of the discrepancy
function. Since those constructions are b-adic, we give b-adic characterizations of the spaces.
Finally results for Triebel-Lizorkin and Sobolev spaces with dominating mixed smoothness and
for the integration error are concluded.
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Introduction

The analysis of uniformity of point distributions and the search for very well-distributed
point sets play an important role in the context of so-called quasi-Monte Carlo meth-
ods. In numerical integration, point sets with low discrepancy can sometimes provide a
significant improvement over so-called Monte Carlo methods, which generate point sets
randomly. The discrepancy function measures deviation of a concrete given point set
from a hypothetical perfectly uniform distribution. Low discrepancy guarantees a small
integration error, as can be established by Koksma-Hlawka type inequalities.

Since the much celebrated result by Klaus Roth, the discrepancy theory has become
a very popular subject of study. While only L,-spaces have been studied initially, results
for other function spaces (BMO, weighted L,-spaces etc.) are emerging now. Nevertheless
there is still much work to do for the classical spaces, especially on Li-discrepancy and
star discrepancy.

In this work we concentrate on spaces with dominating mixed smoothness, namely
Besov spaces Sy, B([0,1)%), Triebel-Lizorkin spaces 57, F([0,1)%) and Sobolev spaces
ST H([0,1)%). The best possible lower bounds for the spaces Sy, B([0,1)%) have been es-
tablished by Hans Triebel in [T10a] while his upper bounds were not optimal. There
were gaps between the exponents of the lower and the upper bounds which have been
closed in the plane by Aicke Hinrichs ([Hil0]). We completely solve this problem for
a certain interval of the smoothness parameter r, closing the gap in the exponents for
arbitrary dimension. To do so, we calculate the norm of the discrepancy function for
the explicit constructions of Chen and Skriganov, which are known to achieve the best
possible asymptotic behavior for the L,-discrepancy (Theorem . Additionally, we
prove upper bounds in the plane for a much larger class of point sets than has been
given in [Hil0], thereby generalizing Hinrichs’s result (Theorem . Using embeddings
of spaces with dominating mixed smoothness we get results for Triebel-Lizorkin spaces
and Sobolev spaces as well (Corollaries and [1.22)).

From [T10a] we have Koksma—Hlawka type inequalities for Besov spaces with dom-
inating mixed smoothness. Therefore, another important result is Theorem [5.10] on the
integration error.

Many prerequisites have to be established and used. Most significant are the char-
acterizations for the Besov spaces with dominating mixed smoothness which generalize
Triebel’s results for higher dimension and greater bases (Theorem . The proof is
equivalent to Triebel’s proof, therefore, we just follow the original proofs without giving
complete calculations in detail, which would go beyond the scope of this work.

5]



6 Introduction

The point sets used for our purpose (generalized Hammersley and Chen—Skriganov
point sets) are b-adic, i.e. in higher base, hence b-adic Haar bases must be used for
calculation.

Additionally, we give a slightly modified proof of Roth’s theorem, calculating the best
constant known so far (Theorem improving the former one significantly.

This work is arranged in the following way. The first chapter gives the necessary
definitions, explanations (including well known facts, proofs and examples), alternatives
and historical remarks. Also, literature recommendations are given. In that chapter we
define the discrepancy function, spaces with dominating mixed smoothness, b-adic Haar
and Walsh bases, digital nets and their dual counterparts.

The second chapter deals with the characterization of the Besov spaces with domi-
nating mixed smoothness using b-adic Haar bases. We give a proof that they are a basis
for Lo-spaces. Then we find equivalent b-adic definitions for the S B-norms and finally
prove the characterizations.

The third chapter summarizes the known results on L,-discrepancy, including star
discrepancy. Also the calculation of the constant for the lower bound of Ls-discrepancy
can be found there. Additional historical remarks are given.

The fourth chapter deals with the calculation of upper bounds for the discrepancy
in Besov spaces with dominating mixed smoothness of generalized Hammersley point
sets and Chen—Skriganov point sets. Results for other spaces with dominating mixed
smoothness are derived.

The last chapter contains results on integration errors for spaces with dominating
mixed smoothness.



1. Preliminaries

1.1. Basic notation. Let N denote the set of the natural numbers and Ny = NU{0} and
N_; = NU{-1,0}. Let Z denote the set of all integers, R the set of all real numbers and
C the complex plane. For a positive integer b we mean by Z; the ring of residue classes
modulo b, identified with {0,1,...,b — 1} with addition and multiplication modulo b. If
b is a prime power, then [y is the finite field of order b. We will only use it for b prime so
we can identify it with Z;. Fp[z] will stand for the set of polynomials over Fp.

By d € N we will denote the dimension. We will either use the Euclidian space
R? or the d-dimensional unit cube [0,1)?. The scalar product of z,y € R? is given by
xy=x1y1+ ...+ xqyq for x = (x1,...,24),y = W1, Yd)-

Let a,b € R%. Then by [a, b) we will denote the rectangular box [a1,b1) X ... X [ag, ba)
whenever a; < by,...,aq < bg where a = (a1,...,aq) and b = (b1,...,bq) and call it an
interval. We will denote 0 = (0, ...,0) € R, but it will always be clear from the context
if the real number 0 or the vector (0,...,0) is meant. For a measurable set Q C R? we
denote by || the volume of Q. For instance, |[a,b)] = (by —ay) - ... (bg — aq) is the
volume of the interval [a, b). Measurability or integration will be considered with respect
to the Lebesgue measure. For any finite set A we denote by # A the cardinality of A. Let
Q C R?. Then by yq we will denote the characteristic function of the set  defined as

(2) 1 if z€Q,
€Tr) =
xe 0 if z¢0

for € R%. By log we denote the natural logarithm, by log, the logarithm in base b.

We will use many constants which we will denote either by ¢ if we need only one or
by ¢; and ¢o or ¢ and C if we need two. If the constant changes in a proof we will use
indices as well, increasing the index every time the constant changes. If we want to stress
the fact that the constant depends on the dimension d, we use the notation cg.

Since we are going to deal with irregularities of point distribution it is clear that we
will use point sets in [0,1)%. By N € N we will denote the cardinality of a point set. An
arbitrary point set with NV points will be denoted by P.

We call a function on R rapidly decreasing if for all multi-indices o, 3 € N? we have

sup |z Dﬁf(x)| < 00

z€Rd
where D? is the derivative of order 3. Let S(R?) denote the Schwartz space of all complex-
valued, rapidly decreasing, infinitely differentiable functions on R? and S'(R?) its topo-
logical dual, the space of all tempered distributions on R%. Let D([0,1)?) consist of all
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8 1. Preliminaries

complex-valued infinitely differentiable functions on R? with compact support in the in-
terior of [0,1)¢ and let D’([0,1)%) be its dual space of all distributions in [0,1)?. For
0 < p < oo we denote the Lebesgue spaces on R? by L,(R?), (quasi-)normed by

1/p
1L, @0 = ([ r@rdn) . 0<p<,

| F1Loo(RY)]| = esssup | ()| =inf { sup |f(x)|: 2 R, |2] = 0}.
z€R4 z€RI\Q
For 1 < p < oo these spaces are Banach spaces, for 0 < p < 1 quasi-Banach spaces. Here
ess sup stands for essential supremum. Analogously we define L, ([0, 1)9). It is well known
that for 1 < p < ¢ < oo we have the embedding

Lq([0,1)7) = Ly([0,1)7).

Let M; and My be two (quasi-) normed spaces. Then by M; < M, we mean that
My C My and there exists a constant ¢ > 0 such that, for any € My, we have ||z|Mz|| <
¢ ||| M.
For any quasi-Banach space V' we denote by V' its dual space, i.e. the set of all linear
functionals V' — C. For any 1 < p < oo and
1 1
—+—=1
p p
we have (L,(RY)) = Ly (RY) and (L, (10,1)4))’ = Ly ([0, 1)%).
For 1 < p < oo and k € Ny we denote the Sobolev spaces by W}¥([0,1)?), normed by

1/p
LWL ) ) = (D2 1D 71L, (10, 1))
la| <k
for f € L,([0,1)9) satisfying D*f € L,([0,1)?) for all « € N with |a| < k. For a =
(a1,...,0q) € Nd we put |a] = a1 + ... + ag. By D* we denote the weak derivative of

order a, which is defined in the following sense. A measurable function g on [0,1)¢ is the
weak derivative of order « of f if

/ o(x)p(e) dz = (—1)° / f(2)D? () da
[0,1)¢ [0,1)@

for all infinitely differentiable functions ¢ with compact support in [0,1)¢. The spaces
L([0,1)4) and W¥([0,1)9) are Hilbert spaces. The inner product of Lo ([0,1)9) is given
by

o= [ s

for f,g € La([0,1)?). The inner product of Wk ([0,1)9) is given by

Foghwe = 3 /0 D f(2)Dog(x) da

d
laj<k /[0:1)

for f,g € W§([0,1)%). For any p we have L,([0,1)%) = W2 ([0,1)%).
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For ¢ € S(R%) we denote by

Fo(€) = m) " [ plo)e e de, R,

the Fourier transform of ¢. The inverse Fourier transform is given by

Flpw) = 2m [ o g, ae R,
R4

We extend F and F~ ! in the usual way from S to S’. For f € S'(R?),

Fflp) = f(Fo), »eSRY,
and

F (@) =f(F o), ¢eSRY.

1.2. Irregularities of point distribution. In different contexts one often asks what
is the most uniform way of distributing a finite point set in [0,1)? and how big is the
irregularity of such a distribution. Questions of this kind were motivated by problems in
number theory. But to answer such questions one has to clarify the notion of uniformity
and irregularity first. In this section we give an introduction to some of the concepts
concentrating on the discrepancy of left lower corners since it is central to the results
given in this work. We advise the interested reader to study monographs such as [DPI0],
[M99], [NWT0], [KNT74] and the references given there.

1.2.1. Discrepancy function of left lower corners

DEFINITION 1.1. Let N be some positive integer and let P be a point set in the unit
cube [0,1)4 with N points. Then the discrepancy function Dp is defined as

1
Dp(w) = > X (2) — w1 2 (1.1)
z€P

for any @ = (z1,...,24) € [0,1)%

We will also call it the discrepancy function of left lower corners if we have to dis-
tinguish it from other kinds of discrepancy functions though it will be the one used
throughout this work. The term ) x0,2)(2) is equal to #(P N [0, )). The discrepancy
function measures the deviation of the number of points of P in [0,z) from the fair
number of points N|[0,z)| = Nzj - ... zq which would be achieved by a (practically
impossible) perfectly uniform distribution of the points of P, normalized by the total
number of points. The following image shows the 2-dimensional case.

There, we have a point set P with 21 points and 5 points of P are in the interval [0, z)
of volume 0.26. So we have Dp(z) = 2 — 0.26 ~ —0.02.



10 1. Preliminaries

0 T 1

Sometimes instead of Dp the discrepancy function is introduced as N - Dp. Usually
one is interested in calculating the norm of the discrepancy function in some normed
space of functions on [0, 1)d to which the discrepancy function belongs. Then there are
two major tasks to work on with the discrepancy function. Before we describe them we
need the following notation.

DEFINITION 1.2. Let M ([0,1)%) be some Banach space of functions on [0,1)? such that,
for every positive integer N and every point set P in [0, 1)¢ with N points, the discrepancy
function Dp belongs to M ([0,1)4). Then we call

DM(N) = inf ||Dp|M([0,1)¢ 1.2
the M-discrepancy.

The aforementioned tasks are to find functions f; and f; such that there exist con-
stants c¢1,co > 0 and for every positive integer N, we have

c1 fi(N) < DM(N) < ¢z f2(N).
The first task is to prove that for every N and every point set P in [0,1)¢ with N points

we have

DR (M ([0, D)) = e1 f1(NV).
The second major task is to find point sets with the best possible discrepancy, i.e. to
prove that for every N there exists a point set P in [0,1)¢ with N points such that

[Dp|M([0, )T < e f2(N).
Ideally, we want f; = fo.
In the case d = 1 nothing beats the set of N equidistant points

1 k
— 4+ —:k=0,...,N—1,.
{op+y k=0 v -1}

One easily calculates the value of the discrepancy function.
1.2.2. Generalized discrepancy functions. The definition of the discrepancy func-

tion given above is not a very general one. In fact, it is very specific. There are several
other ways to study irregularity of point distributions. For instance we introduced it only
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for left lower corners [0, 2) while we could have defined it for any other class of geometrical
figures. Let A be such a possible class, e.g. the class of all axis-parallel rectangular boxes,
the class of all rectangular boxes, the class of all balls and so on; then the discrepancy
function of a point set P in [0,1)¢ with N points could be defined for A € A as

=+ 3l - 1AL

z€P
For more information on other approaches of this kind the reader is referred to [M99]
and the references given there. In this context we only consider the discrepancy function
of the class of all axis-parallel rectangular boxes of the form [a,b) for a,b € [0,1)¢. The
discrepancy function

D ([a,b)) Zxab ) = [la, b))

zEP
seems to be more general than the discrepancy function of left lower corners. But after
considering the following well known fact, it becomes clear that the discrepancy function
of left lower corners and the discrepancy function of all axis-parallel rectangular boxes are
connected and will give us at least in sup-norm the same results if we are not interested
in the exact constant of proportionality.

PROPOSITION 1.3. For any finite set P in [0,1)% and any rectangular boz [a,b) there
exists a point x € [0,1)? such that
Dp(z) < DF¥([a,b)) <29 Dp(x).
Before we prove this fact we consider another well known fact that shows that the

discrepancy function can be interpreted as an additive signed measure.

LEMMA 1.4. Let A be some class of geometric figures as above and A, B € A. Then, if
A and B are disjoint, then

|D5(AUB)| < |D3(A)| + D7 (B)|
while, if A C B, then

|D7(A\ B)| < [D5(A)| + | D5 (B)|-
Proof. Clearly, #(PN(AUB)) =#(PNA)+#(PNB) and |[AU B| = |A| + |B| so the
first part follows. The second part follows analogously. m

Proof of Proposition[1.3. We give the idea for d = 2. The general case will follow analo-
gously. We represent the rectangular box as

[a1,b1) X [az,b2) = ([0,b1) x [0,b2) \ [0,a1) x [0,b2)) \ ([0,b1) X [0,a2) \ [0,a1) X [0,az))
and the proposition follows from the previous lemma. m

Another generalization of the discrepancy function is the so called weighted discrep-
ancy function, which can be defined as follows. Let a = (a.).cp be a system of real
numbers associating a weight a, with a point z € P. Then the weighted discrepancy
function is defined as

Dp a Z azX[O J:‘) cXd. (13)
z€P
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The discrepancy function defined by Definition [I.1]is obtained in the case that all points
of P have weight % Of course there are other approaches to discrepancy functions; some
can be found for example in [M99)].

1.2.3. Uniform distribution of infinite sequences. As a conclusion of this section
we want to consider the uniform distribution of infinite sequences in the one-dimensional
case. For more information on this topic we refer to [KN74]. Let u = (u1,us,...) be an
infinite sequence of points in [0,1).

DEFINITION 1.5. The sequence u = (uy, us,...) is called uniformly distributed in [0, 1) if
for each x € [0, 1) we have

lim <]1V|{u1,...,uN}m [o,x)|) .

N—o0

One easily proves the following equivalent formulation ([W16]) using standard meth-
ods. A sequence u = (u1,us,...) is uniformly distributed in [0, 1) if and only if for any
Riemann-integrable function f: [0,1) — R,

Jim_ (}ijﬂu)) -/ fle)de.

Another equivalent formulation is the so called Weyl criterion. A sequence v = (uq,ug, . ..)
is uniformly distributed in [0,1) if and only if for all integers k # 0,

1 N
: E 2miku; —
]\;E)noo(lv _ 1e > 0.
J:

We can use this criterion to prove the following fact.

PROPOSITION 1.6. Let 0 be an irrational number. The sequence uw = (u,us, ...) given by
up, = {0n} is uniformly distributed in [0,1).

By {z} we mean the fractional part of z. We quote the proof from [M99].

Proof. We have e2™ikun — ¢2mikon apq
i 27ikO(n+1) _ 2miko
o2miku; _ € (n+1) _ e

- e2mikd _1

Jj=1

Since k6 is not an integer, we have
e?ﬂik@(n-‘rl) _ eQﬂ'ik:G 2
= | e2mike |

e2mikd _ 1

giving us the condition of the Weyl criterion, and therefore, the uniform distribution of
the sequence. m

Having seen a uniformly distributed sequence, it is necessary to compare the unifor-
mity and nonuniformity of sequences.
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DEFINITION 1.7. The discrepancy function of an infinite sequence w in [0, 1) is the func-
tion

1 n
Au,n(x) = n Z X[0,z) (u]) - Z.
j=1

There is a strong connection between uniform distribution of infinite sequences and
uniformly distributed finite point sets. The following well known (e.g. [M99]) result sum-
marizes this connection. We mention that a similar connection can be established between
d-dimensional finite point sets and (d — 1)-dimensional infinite sequences.

PrROPOSITION 1.8. Let N be a positive integer.

(i) Let u be an infinite sequence in [0,1). Then there exists a point set P in [0,1)? with
N points such that
N sup [Dp(z)| < sup max kA, r(z)+ 1.
z€[0,1)2 z€[0,1) 1Sk<N

(ii) Let P be a point set in [0,1)% with N points. Then there exists an infinite sequence
w in [0,1) such that
sup max kA, p(z) <2N sup |Dp(z)|

z€[0,1) 1SE<N z€[0,1)2

Proof. We put
P={(k/N,ux) : k=1,...,N}.

Then for z = (x1,73) € [0,1)? we find an integer m such that m < Nx; < m + 1 and we
have

NDp(z)=#{k=1,...,N: k/N < 21, up < 29} — Nxy22
=#{k=1,...,N: k< Nxy, up < z2} — Nx129
= #{u1,...,upN[0,22) — Nzq22
=#{u1, ..., um} N[0, 22) — mza + (Mm — Nz1)x2
=mAym(r2) + (m—Nxi)xs
<mAym(z2) + 1.
Clearly, 1 < m < N — 1. Analogously, we prove N Dp(x) > —m Ay my1(z2) — 1 and
taking the supremum on both sides gives us (i).
For (ii) we denote z; = (z;,y;) € P for j =1,..., N. Then we put u; = y;. Without
loss of generality suppose that 0 < z; < -+ < xny < 1. Then the statement follows
analogously to the proof of (i). m

In [W16] one finds results on uniform distribution of infinite sequences in [0, 1)<.

1.2.4. Historical remarks. The question of uniform distribution of infinite sequences
was first raised by Weyl in his article [W16] at the beginning of the last century. Therefore,
the roots of discrepancy theory lie in number theory. Since then it has affected differ-
ent mathematical branches like function theory, probability theory, numerical analysis,
functional analysis, topological algebra and more. In the 30s and 40s today’s theory of
point distribution emerged through the work of such mathematicians as van der Corput,
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van Aardenne-Ehrenfest and others. Van Aardenne-Ehrenfest gave a negative answer to
the question if there exists a sequence whose discrepancy function stays bounded as N
approaches infinity. Roth proved maybe the most famous result in 1954, his lower bound
for Lo-discrepancy. Roth was also the one who introduced the discrepancy function of
left lower corners. His motivation was to improve van Aardenne-Ehrenfest’s lower bound
for sequences. In the early 70s the 2-dimensional problem was already solved quite satis-
factorily while in arbitrary dimension the problem is far from being solved by now.

The possible applications that emerged throughout the years were in financial calcu-
lations, computer graphics, computational physics and quasi-Monte Carlo methods. The
generalizations of the discrepancy function were animated by Erdés in the 60s. The star
discrepancy in the 2-dimensional case was solved by van der Corput and Schmidt while
in arbitrary dimension improvements came throughout the years with most recent results
by Bilyk, Lacey and Vagharshakyan. The best upper bound is by Halton. L,-discrepancy
was improved by Davenport, Roth, Schmidt, Haldsz, Chen, Beck and others. We will
present these results in much detail later on.

The starting point of quasi-Monte Carlo methods for numerical integration was the
Koksma—Hlawka inequality ([K43] in the one-dimensional case and [H61] in arbitrary di-
mension). First constructions of digital nets were given by Sobol’, Faure and Niederreiter
in the 60-80s. Niederreiter’s paper [N87] from the late 80s is regarded as the initiation
of the theory of nets. The explicit constructions for the best possible Ls-discrepancy
have been given by Chen and Skriganov in 2002. Other notable constructions are due to
van der Corput, Halton, Hammersley, Zaremba, Faure, Sobol’ and many others. Triebel
started to study discrepancy in the context of function spaces ([T10al) recently and Hin-
richs added results in this direction. Spaces with dominating mixed smoothness, Hardy
spaces, Orlicz spaces, weighted L,, spaces, BMO spaces and others are subjects of study
(see also [B11]). So the topic continues to attract interest of researchers from different
points of view.

1.3. Uniformly distributed point sets for numerical integration. The problem
of numerical integration occurs in many practical and theoretical contexts, ranging from
computer graphics and physics over engineering to chemistry and biology. Often it is not
possible to calculate an integral analytically. Then one tries to approximate it aiming
to reduce the error while using as little data as possible. Suppose we have a function
f :[0,1)* = R and our goal is to approximate the number

/ f(z)dx
[0,1)4

with quadrature formulas of the form

1 N
— ;) ~ d
MR /[wa(x) .

where x1,..., 7y are some points in [0,1)%. The question then arises how many points
are necessary and how they should be distributed to ensure that the integration error is
not greater than some given € > 0. The Koksma-Hlawka inequality ([K43] and [H61])
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gives the connection between the integration error and the discrepancy of a point set. Let
P ={z1,...,zn}. It states

1 N
‘ /H o) de = 3 5w

where V,/(f) is determined solely by f and p. The interested reader is referred to [HG1]
or [KNT4, Chapter 2] for more information on V,/(f). We just mention that in the one-
dimensional case we have V,/(f) = || f'|Ly||-

< Vi (ND»ILy([0, )| (1.4)

This makes it clear that in order to guarantee best possible results for numerical
integration it is important to find point sets that are good in the sense of discrepancy.
If we compare this approach with Monte Carlo methods where one uses random points
then typically the star discrepancy of such point sets is 1/v/N for d = 2 (see [M99]) and
with high probability even much worse, while, as we will see later, one can find point sets
of far better discrepancy.

1.4. Function spaces with dominating mixed smoothness. A significant part of
this work deals with the discrepancy function in spaces with dominating mixed smooth-
ness. This section will give a necessary introduction, containing definitions and embed-
dings which will be used later. The spaces with dominating mixed smoothness go back to
the 60s when Nikol’sky introduced the Sobolev spaces with dominating mixed smoothness
as well as the Besov spaces with dominating mixed smoothness, though not yet in full
generality. The theory of Besov spaces with dominating mixed smoothness goes back to
Amanov with preliminary work by Lizorkin, Dzabrailov and many others. The references
for this topic are [I'10al, [AT6] and [ST87] as well as the references given there. One also
finds some more historical remarks there.
Let g € S(R) satisfy pg(t) =1 for |t| < 1 and ¢o(t) = 0 for |t| > 3/2. Let

Pk (t) = @o(277t) — po(275111)
where t € R, k € N and
oi(t) = pr, (t1) - - - @iy (ta)

where k = (ki,...,kq) € N&, t = (t1,...,t5) € R% The functions ¢ are a dyadic
resolution of unity since
> erla) =1

keng
for all # € R%. The functions F~1 (¢ F f) are entire analytic functions for any f € S’'(R).
DEFINITION 1.9. Let 0 < p,q < co and r € R. Let (¢x) be a dyadic resolution of unity.
(i) The Besov space with dominating mized smoothness S’;qB(Rd) consists of all f €

S'(R%) with finite quasi-norm
: _ 1/q
17185, B | = (32 297 (o F ) L (RY)]1)
keNgd

with the usual modification if ¢ = oo.
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(ii) The Besov space with dominating mized smoothness Sy, B([0,1)%) consists of all f €
D’(]0,1)?) with finite quasi-norm
17185, B0, 1)) | = inf{lgIS3, BRY)| : g € S5, BRY, glio.ys = I}
DEFINITION 1.10. Let 0 < p < 00, 0 < g < oo and r € R. Let (¢x) be a dyadic resolution

of unity.

(i) The Triebel-Lizorkin space with dominating mized smoothness S’Z’;qF(Rd) consists of
all f € 8'(RY) with finite quasi-norm

7155, @) = | (3 2F (e F RO L, @)
keNg

with the usual modification if ¢ = co.
(ii) The Triebel-Lizorkin space with dominating mized smoothness Sy, F([0,1)%) consists
of all f € D’'(]0,1)%) with finite quasi-norm
1185, F ([0, )| = inf{llglS5, FRY)| : g € S5, PR, glio.uye = ).
The spaces Sp,B(R?), Sy, F(R?), ¢ B([0,1)%) and S}, F([0,1)%) are quasi-Banach
spaces. They are independent of the choice of the dyadic resolution of unity since different
resolutions give equivalent quasi-norms. We will give some characterizations for the spaces

S7,B([0,1)?) in the next chapter. We will see that the dyadic definition is equivalent to
a b-adic definition.

DEFINITION 1.11. Let 0 < p < o0 and r € R. Then
SpH([0,1)7) = 55, F([0,1))7)
is called a Sobolev space with dominating mized smoothness. For r € Ny it is denoted by
SyWw([o, 1)9) and is called a classical Sobolev space with dominating mized smoothness.
An equivalent norm for SyW ([0,1)%) is
> DAL, )Y
aENg; 0<a; <r
Of special interest is the case r = 0 since
SyW ([0,1)") = Ly([0, 1)) (1.5)
For the following embeddings the reader is referred to [T10a, Remark 6.28] and [Hn10l
Proposition 2.3.7].
PROPOSITION 1.12. Let r € R.
(i) For 0 <p <00, 0< g < oo we have
S;,min(p,q)B([O7 1)d) — S;qF([O? l)d) — S;,max(p,q)B([O? l)d)
(ii) For 0 < ps < q < p1 < 00 we have
T d T d T d
S F'([0,1)%) — Sg,B([0,1)%) — S, F([0,1)%).

For our purposes the following embeddings will be helpful.
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COROLLARY 1.13. Let 0 < p,q < 0o and r € R. Then
ST B([0,1)%) < 87, F([0,1)) < S, B([0,1)9).

max(p,q),q min(p,q),q
Proof. First suppose that p > ¢. Then from the first part of Proposition we get
r d r d
SpeB([0,1)%) = Sp F([0,1)%)
and from the second part we get
d d
Sy, F([0,1)%) =S¢, B([0,1)%).
If instead p < ¢ then analogously we have
SrF([0,1)%) = S B([0,1)%) and S}, B([0,1)%) < S, F([0,1)%). =
For 1 <p,q < o let
1,1_1
p P q
In [Hnl0, Proposition 2.3.15] and [T10al (1.75), (2.272), (6.36)] we find results on duality
for function spaces with dominating mixed smoothness.

1

PROPOSITION 1.14.
(i) Let 1 < p,q < oo and let r € R. Then
(Sp,BRY)) = 5" B(RY),
(ii) Let 1 <p,g<oc andletl/p—1<r <1/p. Then
r d _ Q- d
(Squ([Oa 1) ))/ - Sp’q’B([()? 1) )a
(ili) Let 1 < p,q < oo and let r € R. Then
(Sp F(RY) = 5,7 F(R?),
(iv) Let 1 <p < oo and let r € R. Then
(SpH(RY)) = S"H(R?).

1.5. b-adic bases. We will deal with the discrepancy function in function spaces with
dominating mixed smoothness. Our approach will be to consider constructions given by
Chen and Skriganov which are digital nets. As can be seen later one has to use large
bases b for such constructions. Therefore, we cannot use dyadic Haar bases but need to
use generalizations.

1.5.1. Haar bases. Let b > 2 be an integer. We start by fixing some notation. We put
D; ={0,1,...,0 =1} and B; = {1,...,b—1} for j € Ny and D_; = {0} and B_; = {1}.
For j = (j1,...,ja) € N4y let D; = Dj, x ... x D;, and B; = Bj, x ... x B;,. We put
s=#{i=1,...,d: j; # —1} and choose the unique subsequence (1,)5_; of (1,...,d)
such that, for all v = 1,...,s, we have j,, # —1 while all other j; are equal to —1. We
generalize notation from Section writing |j| = jy, + ...+ Jjn,. We continue with the
definition of b-adic intervals.
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DEFINITION 1.15.

(i) For j € N_; and m € D; we call the interval
Lim = [b77m, b7 (m + 1))

the mth b-adic interval in [0,1) at level j.

(if) For j € No, m € Dj and any k = 0,...,b — 1 we call the interval I]]?m = Lif1,bmtk
the kth child of I;,,. The interval I;,, is then called the parent of Ifm.

(iii) We put 1:11,0 =1_10=1[0,1) and call I_; ¢ the 0th b-adic interval in [0,1) at level
—1 and the parent of its only child I :1170.

(iv) For j € N, and m = (myq,...,mq) € Dj we call Ij,, = Ljim, X ... X Ljm, the mth
b-adic interval in [0,1)¢ at level j.

(v) Let j € N, and k = (ki,...,kq) where k; € {0,...,b— 1} if j; € Ng and k; = —1 if
ji=—1forany ¢=1,...,d. Then I]km = Ij]-cllm1 X ... X Ij]-cddmd will be called the kth
child of I}, and I;,, the parent of I]’-“m.

(vi) Let j € N4,. For any m € D; we call the number |j| the order of the b-adic inter-
val Ijm-

REMARK 1.16. Let j # —1. The b-adic interval I}, has length b=/ while the length of
its children is b=7~!. The children are disjoint, the union of all children of one interval
gives the parent itself so the parents are partitioned into their b children. For j € N%
the volume of a b-adic interval is b~1|. Again the children are disjoint and their union
gives the parent.

DEFINITION 1.17.

(i) Let j € No, m € D; and | € B;. Let hjy, be the function on [0,1) with support in
I;m and the constant value e’ ¥ on 15, for any k = 0,...,b— 1. We call hjp; a
b-adic Haar function on [0, 1).

(i) We put h_1,01 = x1_,, on [0,1) and call it a b-adic Haar function on [0,1) as well.

(i) The functions hj,, j € N_y, m € D;, | € By, are called the b-adic Haar system on
[0,1).

(iv) Let j € N¢,,m €D, and l = (I,...,ls) € B;. The function hj,,; given as the tensor
product hjmi(z) = Bjymyn (1) -« Rjymgry (Ta) for o = (z1,...,24) € [0,1)% is called
a b-adic Haar function on [0,1)%.

(v) The functions Ajm, j € Ne,, me D;, | € B; are called the b-adic Haar system on
[0, 1)

In the dyadic case, i.e. b = 2 for j € Ny there is only one value taken by [, which is 1.
Therefore, we omit / in the notation in that case and write A, instead of hjy,;.

THEOREM 1.18. The system
{2|j‘/2hjm 1 j € Nil, m e DJ} (16)

is an orthonormal basis of Lo([0,1)?), an unconditional basis of L,([0,1)?) for1 < p < oo
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and a conditional basis of L1([0,1)%). For any function f € Lo([0,1)?) we have

IFIZ2(O, DD = > 2P0 37 |yl (L.7)

jGN‘il meb;

where
im = tm(£) = [ f(a )y (a) da. (19)
[0,1)¢
REMARK 1.19. The expression ([1.7)) is Parseval’s equation. The dyadic Haar system was
given first by Haar in [Hal0]. Schauder proved in [S28] that it is a basis of L,([0,1)¢). We
refer the reader for a complete proof to [W97] or [LT79] (for a very nice one-dimensional
proof) though we will get this result as a special case in the next chapter.

DEFINITION 1.20. The system (1.6) is called a dyadic Haar basis. The sequence (ftjm (f))
is called the sequence of dyadic Haar coefficients of f.

Normalized in Ly([0,1)9) the functions hj,, for arbitrary b > 2 are an orthonormal
basis as well, as we will see in the next chapter.

For technical reasons we will give an additional definition of b-adic Haar bases on R%.
They will not be needed very much throughout this work but they find an application in
the lemmas before Theorem [2.11]stating a characterization of the Besov spaces with dom-
inating mixed smoothness. Even there they are not necessary but make the understanding
of the proofs easier.

DEFINITION 1.21.
(i) For j € Nog,m € Z we call
L = [b77m, b7 (m + 1))

a b-adic interval in R. We define additionally /_; ,, for m € Z and d-dimensional
b-adic intervals in R according to the definition above. Also the children I ]’?m of Ijm
are defined according to the definition above.

(ii) For j € N_i,m € Z, | € B; we define the function hj,,; as a function with support in
I, and constant values (as above) in I]’?m. For j € N%,,m € Z%, | € B, the function
hjmi is defined as tensor product as above.

THEOREM 1.22. The system of dyadic Haar functions hjy,, j € N4, m € Z%, is an
orthogonal basis of La(R?), an unconditional basis of L,(R?) for 1 < p < oo and a
conditional basis of Li(R%).

We refer the reader again to [W97] and the references given there.
1.5.2. Walsh bases. Let b > 2 be an integer.
DEFINITION 1.23.

(i) For a € N with b-adic expansion a = oy + aib + ... + aj,_1b"! with digits
ag,aq,...,ap—1 € {0,1,...,b — 1} such that, ap—1 # 0, the Niederreiter—Rosen-
bloom-Tsfasman (NRT) weight is given by o(«) = h. Furthermore, o(0) = 0.

(ii) The number of non-zero digits «,,, 0 < v < g(«), is the Hamming weight ().
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(iii) For a = (al,...,a?) € N¢, the NRT weight is given by

d
o'(a) = Z o(a)

i=1

and the Hamming weight by

w(a) = Z s(at).

i—1

~

REMARK 1.24. Clearly, o(«) = 0 if and only if & = 0. Also the triangle inequality is easy
to verify. Hence, g defines a norm on Nj.

DEFINITION 1.25.

(i) For o € Ny with b-adic expansion o = ag+ b+ - ~+a9(a),1b9(a)_1 the ath b-adic
Walsh function wal, : [0,1) — C is given by

27i
wal,, (1-) = eT(aoam-5-051224-‘‘~-i-0tg(a),la:g(o())7

for x € [0,1) with b-adic expansion z = 1671 + 22672 + -+ .

(ii) The functions wal,, o € Ny are called the b-adic Walsh system on [0, 1).

(iii) For a = (al,...,a?) € N¢ the b-adic Walsh function wal, on [0,1)% is given as the
tensor product wal, (z) = walai (2!) ... walya(2?) for z = (2, ..., 2%) € [0,1)%

(iv) The functions wal,, o € Nd are called the b-adic Walsh system on [0,1)%.
The following well known results can be found for instance in [DP10, Appendix A].

PROPOSITION 1.26. Let o € No. Then wal, is constant on b-adic intervals Iyq),m for
any m € Dyo). Further, waly is the characteristic function of [0,1).

Proof. Let x € 1 . Hence its b-adic expansion can be written as

Q(O‘)/m’
z=mb™ ) 2y b7 T

where

m=my +mob+ -+ mg(a)bg(a)_l.

Then

27i

waly(z) =e’®

(@oma(e -+ 1) — wal (@), u

PROPOSITION 1.27. For a € Ny,

1 ifa=0
/ waly (z)dz = Zf ="
[0,1) 0 if a#0.

PROPOSITION 1.28. Let o, 3 € N&. Then

—— !
/[071)(1 waly (z)walg(z) dz = {0 if ot B

THEOREM 1.29. The system
{wal, : @ € N¢} (1.9)

is an orthonormal basis of L([0,1)%).
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REMARK 1.30. The system ([1.9) will be called a b-adic Walsh basis. Without going into
details we mention that Walsh functions are characters on the Cantor group. We refer to
the monograph [SWS90| for much more information on Walsh functions.

1.6. Digital nets. The idea of (v, n,d)-nets is the central property of uniform distribu-
tion that all intervals of the same order have to contain an approximately proportional
number of points of a set. To achieve that goal we choose a large class of intervals and
make sure that a constructed point set is distributed in a way that all the intervals from
the chosen class contain the right number of points. We are interested in so called digital
(v, n,d)-nets since we are going to work with constructions by Chen and Skriganov.

For a finite point set in [0, 1)¢ we can always find subsets of [0, 1)¢ that do not contain
a proportional number of points. For example we can even always find an interval that
contains no points at all.

DEFINITION 1.31. For an integer N and a class J of subsets of [0,1)? we call a point set
P in [0,1)¢ with N points fair (with respect to J) if

#(INP)/N = I
forall I € J.

It is desirable to consider a class J as large as possible. We are going to work with
the class of b-adic intervals. Then we can define the nets.

DEFINITION 1.32. For a given dimension d > 1, an integer b > 2, a positive integer n and
an integer v with 0 < v < n, a point set P in [0,1)¢ with b" points is called a (v, n, d)-net
in base b if the point set P is fair with respect to the class of all b-adic intervals in [0, 1)? of
order n—v. The number v is called the quality parameter of the (v, n, d)-net. A (v, n, d)-net
in base b is called strict for v =0 or for v > 1 if it is not a (v — 1,n,d)-net in base b.

REMARK 1.33. The definition for a (v,n,d)-net P in base b means that every b-adic
interval in [0, 1)¢ of volume b~"" contains exactly b” points of P.

Every b-adic interval of order k for k£ > 0 is the union of b disjoint b-adic intervals of
order k+ 1. Every (v,n, d)-net in base b with v <n—1is also a (v+1,n,d)-net in base b.
Every point set of ™ points in [0,1)¢ is an (n,n, d)-net in base b. The condition is then
trivial. The following results can be found in [DP10, Chapter 4].

LEMMA 1.34. For 1 <i < let P; be (v;,n;,d)-nets in base b with ny,...,n, such that
b"t 4 .- + 0" = b for some integer n. Then the point set P = Py U---UP, is a
(v,n,d)-net in base b with
v=n— min (n; —v;).
1<i<r
Proof. Let I be some b-adic interval in [0,1)? of order n — v. For every 1 < i < r, I
contains exactly b= points of P;. Therefore, I contains exactly b points of P and
P is a (v,n,d)-net in base b. »
LEMMA 1.35. Let P be a (v,n,d)-net in base b. Let 1 < d < d. We put
P= {(x1,...25) : (@1,...,2q4) € P}.
Then P is a (v,n,d)-net in base b.
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Proof. Let I be some b-adic interval in [0,1)? of order n — v. Then I = I x [0,1)4-¢

a b-adic interval in [0, 1) of order n — v. Therefore, I contains exactly b” points of 73
If we now fix the first d coordinates of the points of P then exactly bV points of P are
contained in I. Hence, P is a (v,n, d)—net in base b. m

[DP10, Corollary 4.19] also gives us an existence rule for nets which will be important
for our purposes later.

LEMMA 1.36. A (0,n,d)-net in base b cannot exist if n > 2 and d > b+ 2.

We mention briefly that there is also a concept of (v, d)-sequences and (V, d)-sequences
which is closely connected to (v,n,d)-nets. A sequence (1, z2,...) in [0,1)¢ is called a
(v, d)-sequence in base b if for all integers n > v and k > 0, the point set consisting of
the points Zgpn, - .., Tgpntpn—1 18 a (v, n, d)-net in base b. The (V, d)-sequences are a more
general concept.

Such sequences have a very ordered structure. For an integer N > 1 with b-adic
expansion N = Ny + Nib+ - -+ a,b" the point set {z1,...,zy} consisting of the first N
points of a (v, d)-sequence in base b is the union of N,, of (v, n,d)-nets in base b, N, _1 of
(v,n—1,d)-nets in base b, ..., Ny1 of (v,v+1, d)-nets in base b and Ng+ N1b+- - -+ N, b”
points without a special structure.

Additionally, every (v, d)-sequence is uniformly distributed.

Now we come to the main goal of this section. Though (v, n, d)-nets have nice proper-
ties we have not given a method so far to construct them. And here digital nets come into
play. For the rest of the section the base b will be a prime. The construction of digital
nets is then clearer because there exists a finite field of order b and it can be identified
with Z;. But there are also digital nets in non-prime bases and for prime power bases the
construction works in the same way. We describe the digital method to construct digital
nets.

Let n € Ny. Let Cq,...,Cq be n X n matrices with entries from F,. We generate the
net point z, = (x},...,2%) with 0 < r < b". We expand r in base b as

r=ro+ribd - Fr,_ 1"t
with digits 74 € {0,1,...,b6—1}, 1 <k <n—1. We put 7 = (rg,...,7n—1) € F} and
hpi=Ci7 = (hrits- - hrin)’ €Fy, 1 <i<d. Then we get zl as

i hr,i,l hr,i,n

Z‘ZT = 2 4+ o
DEFINITION 1.37. A point set {xq,...zpm—_1} constructed with the digital method is
called a digital (v, n,d)-net in base b with generating matrices C1,...Cy if it is a (v, n, d)-

net in base b.

The definition makes sense because, as we found out before, every point set of b™
points is at least an (n,n,d)-net in base b. So the question is only what is the connection
between the quality parameter v of the digital (v, n,d)-net and the generating matrices.

DEFINITION 1.38. Let b be a prime power and C1,...,Cy be n X n matrices with entries
from Fy. Let o(Cy,...,Cq) be the largest integer such that for any choice of ~1,...,74
€ Ng with v1 + -+ + 74 = 0(C4,...,Cq), the first v; row vectors of C; together with
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the first v, row vectors of Cy together with ... together with the first ~4 row vectors of
Cy (ie. o(C1,...,Cyq) vectors), are linearly independent. We call o(CY, ..., Cqy) the linear
independence parameter.

Now we can quote a result connecting the quality parameter with the generating
matrices from [DPI10].

PROPOSITION 1.39. Let b be a prime power and C1,...,Cyq be n xn matrices with entries
from Fy,. The point set constructed with the digital method using the matrices Cy, ..., Cy
is a strict (n — o(C4,...,Cq),n,d)-net in base b.

Now we quote again from [DP10] a result establishing a connection between digital
nets and Walsh functions. It will be of importance later.

DEFINITION 1.40. Let b be a prime. For a digital net with generating matrices C1,...,Cy
over Iy, we call the matrix C' = (C{|...|C]) € F}*%" the overall generating matriz of
the digital net. The corresponding dual net is

D(Cy,...,Cp)={te{0,....0" =1} :C/ t, +---+CJ t; =0}

where t = (t1,...,tq) and for 1 < i < d we denote by ; the n-dimensional column vectors
of b-adic digits of t;. We also put

D'(Cy,...,Cq) =D(Ch,...,C) \ {0}

LEMMA 1.41. Let b be a prime and let {xg,...,xpn_1} be a digital (v,n,d)-net in base b
generated by the matrices Cy,...,Cq. Then fort € {0,...,b" —1}%, we have

= b if t€D(Cy,...,Ca),
Z waly(zp) =
h=0

Proof. Since wal; is a character, we have

0 otherwise.

b"—1 b if wali(ap) =1 for all 0 < h < b™,
0 otherwise. .

Z waly(zp) =
h=0

We have waly(zp) = 1 for all 0 < h < b™ if and only if

d
> Lz, =0
=1

for all 0 < h < b™. By definition of the digital nets we have E}L = C; h. Hence, we have
wals(xp) =1 for all 0 < h < b™ if and only if

d
> ti-Cih=0
i=1
for all 0 < h < b™, which is equivalent to
Clti+ - +C]tg=0.m

We mention the concept of digital (v,d)- and (V,d)-sequences just briefly again. In-
stead of n x n matrices one uses N x N matrices. Instead of n-dimensional vectors one uses
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sequences. Every digital sequence is a (v, d)-sequence. More information on this topic can
be found in [DP10l Chapter 4] and the references given there.

1.7. Duality theory. In this section we deal with the simplification of the constructions
of digital (v, n,d)-nets. Instead of constructing them directly one constructs certain Fy-
linear subspaces of Fg”. We mainly quote from [DPI0, Chapter 7]. We start with some
definitions. Let b be a prime. By the standard inner product in Ff” we mean

A~B:Zaijbij
i,J

for A = (aij)ij,B = (b”)w S an

DEFINITION 1.42. Let C be some Fy-linear subspace of Fg”. Then the dual space Ct
relative to the standard inner product in Fg" is

Ct={AcF": B-A=0forall BeC}.
REMARK 1.43. We have dim(Ct) = dn — dim(C) and (C*+)+ =C.
Recall that we have defined NRT and Hamming weights. We now give dual versions.
DEFINITION 1.44.
(i) For a = (ai,...,a,) € F} let
0 if =0,
vp(a) =
max{v: a, #0} if a #0.

(ii) Let s¢(a) be the number of indices 1 < v < n such that, a, # 0.
(iii) For A = (ay,...,aq) € F{" with a; € F} for 1 <i < d let

d d
vd(A) = Zvn(ai) and x4 (A) = Z n(a5).

We call v,, and v? NRT weights, s, and »x? Hamming weights.
DEFINITION 1.45. Let C # {(0,...,0)} be an Fy-linear subspace of F¢n.
(i) The minimum distance of C is given by

6,(C) = min{vd(A): AeC\{(0,...,0)}}.

Furthermore, let 6,,({(0,...,0)}) =dn + 1.
(ii) The Hamming weight of C is

3, (C) = min{s,(4): A€ C\{(,...,0)}}.
PROPOSITION 1.46. For any Fy-linear subspace C of an we have
1<6,(C) <dn—dim(C) + 1.

This fact is part of [DP10, Proposition 7.3]. Our goal is to transfer the subspaces C
into point sets in [0,1)?. To do so we need the following tool.
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DEFINITION 1.47. Let the mapping ®¢ : F¢" — [0,1)¢ be given in the following way. For
a=(aq,...,ap) € Fy, let

D, (a) =a1/b+ -+ a,/b"
and for A = (aq,...,aq) € 2", let
dl(A) = (B, (ar),. .., Pn(aq)).
The following result is [DP10, Theorem 7.14] and is our important duality tool.
PROPOSITION 1.48. Let n,d € N, n > 2. Let C and C* be mutually dual Fy-linear sub-

spaces of F¢"™ of dimensions n and nd—n, respectively. Then ®(C) is a digital (v, n,d)-net
in base b if and only if 6,(C+) >n —v+ 1.

REMARK 1.49. The point set ®%(C) is always at least an (n,n,d)-net in base b. So we
can call ®2(C) the corresponding digital (v, n,d)-net in base b.



2. Characterization of S7, B([0,1)?)-spaces with b-adic Haar bases

2.1. The b-adic Haar basis. We give a b-adic generalization of Theorem [1.1§
THEOREM 2.1. The system
{0192 h 0y - j €N m €Dy, 1 € By} (2.1)

is an orthonormal basis of Lo([0,1)%), an unconditional basis of L,([0,1)) for 1 < p < oo
and a conditional basis of L1([0,1)4). For any function f € Lo([0,1)%) we have

AL, DDIP= >0 67 > gl (2.2)

jEN meD;, lEB;
where
it = 1) = [ F@hya(e) d (2.3)

Proof. We start by proving that the system is a Schauder basis of L,([0,1)%) for
1 < p < oo. The orthonormality is trivial, therefore, we will prove that is a con-
ditional basis of L;([0,1)?) (since every basis in L([0,1)9) is conditional, see [W91]
Theorem I1.D.10]) and an orthonormal basis of Ly([0,1)). In a second step we prove the
unconditionality of the basis for p > 1. The formula is Parseval’s equation.

Let 1 < p < oo and f € L,([0,1)%). We denote by s, f the partial sum of the Haar

series of f
n
dng s
snf = § : b=z E Himl Pjmi.
Jiseenja=—1 meD;, lEB;
We denote . = (n,...,n). The function s, f is constant on all intervals Iy, for m € D,

and one proves inductively that for every n € Ny and any m € Dy we have
sf@) =1 [ gy

for all x € I5,,. Now we assume that f is a continuous function. For every € > 0 we can
find an ng(e) such that, for all z,y € Iy, for any m € D; we have

|f(z) = fy)l <e,

and therefore,

vm—%mmsw/'vm—ﬂmw<s

Iﬁm
for all n > ng(e). Hence,

Hf - 3nf|Loo([07 l)d)” <eE.

(26]
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This means that the linear span of the Haar functions is dense in the space of continuous
functions on [0,1)? with respect to the sup-norm which in turn is dense in L,([0,1)%)
which gives us L, ([0,1)%)-convergence of s, f to f. Therefore, we have completeness.
Hlder’s inequality gives us additionally

snf 1Ly ([0, D)D) < 1 £1Lp([0, )]

since
1 P
/ suf@Pdz= 3 / suf@Pde= 3 / dev| [ fy)dy
0 meDj, Inm meD,, Iim Inm
1
< 3wy [ pg)ray = [ 1wl
mEDﬁ Iﬁ'm 0

Now, let p > 1. The unconditionality of the basis follows for the case p > 2 from the
results in the next section and Corollary since in this case we have

SpeB([0,1)%) = S, F([0,1)%)
and by we have
S;?QF([O? 1)d) = LP([O> 1)d)'
Therefore, we get unconditionality from the unconditionality in S0, B([0,1)%) which we
prove in the next section. In the case 1 < p < 2 unconditionality follows from duality. m

DEFINITION 2.2. The system (2.1)) is called a b-adic Haar basis. The sequence (f;mi(f))
is called the sequence of b-adic Haar coefficients of f.

Analogously one proves the following result.

THEOREM 2.3. The system of b-adic Haar functions hjm, j € N4, m € Z4, 1 € B;, is
an orthogonal basis of L2(R?), an unconditional basis of L,(R?) for 1 < p < oo and a
conditional basis of Li(R?).

The interested reader is referred to [RW98] for much more information on b-adic
wavelets, especially b-adic Haar functions.

2.2. Equivalent norms for 57 B([0,1)%). The definition of the spaces Sy, B([0,1)%)
and S, F([0, 1)?) is not applicable for practical problems. Since we are going to calculate
the norms of the discrepancy function, we need some equivalent norms. In [T10al Theorem
2.41] Triebel gave such norms for the Besov spaces with dominating mixed smoothness
for d = 2 using dyadic (i.e. b = 2) Haar bases. We generalize this theorem to arbitrary
dimension and arbitrary base b. We will get results for the spaces S}, F([0,1)%) using the
embedding results given by Corollary [[.13]

The definition of the spaces Sy B([0, 1)?) was dyadic making it difficult to gain any
b-adic results. Hence, we have to change the base first.

Let g € S(R) satisfy ¢o(t) =1 for |t| < 1 and ¢o(t) =0 for [t| > %. Let

Qi (t) = @o(b™"t) — o (b™"1't)
where t € R, k € N and
k() = @r, (t1) - - - pry (ta)
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where k = (ki,...,kq) € N& t = (t1,...,tq) € RL The functions ¢y are a b-adic resolu-

tion of unity since
> ) =1
keNg

for all z € R%. The functions F~!(pyF f) are entire analytic functions for any f € S’'(R?).

DEFINITION 2.4. Let 0 < p,q < oo and r € R. Let (¢x) be a b-adic resolution of unity.
The b-adic Besov space with dominating mized smoothness S;qu(Rd) consists of all
f € 8'(R?) with finite quasi-norm

/
17155, @) = ( 3 vrie| 7 (o )|, Y o)

keNg
with the usual modification if ¢ = co.

LEMMA 2.5. Let0 < p < oo andl > m — % Then there exists a constant ¢ > 0 such

that, for every M € S,W (R?), all positive Bu, . .., Bq and every f € L,(R?) for which F f
has compact support in [—f1, 51] X ... X [—Ba, Ba], we have
|FHMFNILR| < e[ M(Br-,- ., Bar)[SW (R F1Lp (R
This is [Hnl0, Proposition 2.3.3].
PROPOSITION 2.6. Let 0 < p,q < oo and v € R. Then for all f € S'(R?) we have
that f € Sp,B(R?) if and only if f € Sy, B*(R?) and the norms || - |S5,B(RY)|| and
|- 155, BY(RY)|| are equivalent on S5, B(R?).
Proof. We will prove the following fact from which the proposition can be deduced. The
spaces S;qu(Rd) and S;qu“(]Rd) are equal and their norms are equivalent.
Let the functions ¢ be a b-adic one-dimensional resolution of unity and the functions
¥y, a (b+ 1)-adic one-dimensional resolution of unity. We observe that
supp gy C [=0" b U R 0
and
supp ¥ C [—(0+ 1) —(0+ DF U (b + D) (b + 1P
Now we check that for every j € Ny there are at most two k& € Ny such that
[F oMU B [0+ DML =0+ DF U0+ DR (0 DML

It is sufficient to check [b¥~1 b¥*1] C [(b+ 1)*~L, (b+ 1)**!] (because of symmetry). But
this is easy since (b+ 1)771 < b*~1 and b*+1 < (b + 1)7*! is equivalent to

. log(b+1) ) log(b+1)
—1)———+1<k< 1) ———————= — 1. 2.4
(-1 logh) T 1S <@+1 =0 (24)
The fact that the cardinality of the set of such k is at most 2 follows from
1
logb+1) 5 o
log(b)
which is equivalent to
log(b+1) <9

log(b) ’
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which is equivalent to 0 < b2 — b — 1, which is clearly satisfied since b > 2. Therefore, we
know that for every j there are no more than two k£ such that

supp ¢r C supp ;.
For every j € Ny we denote by A(j) the set of such k that

supp px Nsupp iy # 0.
Suppose that supp ¢ C supp ¢; and supp @i+1 C supp ¢;. Then (for k > 2)
AG)y={k—-2,k—1,k,k+1,k+2,k+ 3},
and therefore the cardinality of such sets is at most 6 but for sure they are not empty.
Conversely, for every k € Ny, there are at most three j € N_; such that
supp ¢k N suppy; # 0
and they are of the form j — 1,5,7+ 1 (if j > 1). The cases j = 1 or k < 2 are to
be modified just slightly. We denote by (k) the set of such j. Additionally, we put for
j €Ng,
A(G) = AQGr) x -+ x A(ja)
and for k € N¢,
Q(k) = Qk1) x -+ x Qkq).
Hence, for all € R? we have
or(z 2) Y i(x) and ¥i(z) =v(x) Y ek(a).
J€Q(k) keA(d)
Now let j, k € Nd. Then we have
F Y erFf) = Z F Y onF(F 1 (W F 1)),

JjeQ(k

T Ff) = Z F “(erFf))).

keA(y)

Let | > m — 1. From Lemmafor M = ¢ and By = b1 +2 . By = bFat? we

get (with a constant ¢ > 0)

IF = onF (F (1 F )| Lp(RY |
< cllr(®F 2 bR SEW (R || F T (0. F £) | Ly (R
d
< e [ llsow, (052 ) [WHR) (| F " (2, F £)| Lp(RY)|.

i=1

Since g, € S(R) there exists a constant co > 0 such that for all ¢ we have
low, (0% F2) W3 (R)[| < 2.

Consequently,

1F = onF (FH s FONILp RO < esllF~H (@ F )Ly (R
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for 7 € Q(k) and analogously (using Lemmafor M =1pjand By = (b+1)172 ... By =
(b+1)7+2)
1F = @ F(FHonF HNILp RO < eall F~H (onF )ILp(RY)|
for k € A(j). So we have proved for every k € N¢ that
IF " (exFAILpRD < e > I1F (@ FFILpRY)]-
jeQ(k)

Multiplying with b"/*17 and summing over k will obviously give us || f[S5, B*(R%)|| on
the left side. On the right side we get at most three identical summands which we can

incorporate into the constant. The norming factor can be easily estimated with a constant
since the difference of j and k is limited by (2.4). Conversely, for every j € Nd we have

IF W FNIL RN < e D IIFH (onFHILpRY).
kEA()

Multiplying with (b+1)"117 and summing over j will obviously give us || f|S5, B*™! (R?)||
on the left side. On the right side we get at most six identical summands which we can
incorporate into the constant. The same applies again to the norming factor. m

REMARK 2.7. Analogously one could define b-adic Triebel-Lizorkin spaces with domi-
nating mixed smoothness and prove the equivalence of dyadic and b-adic norms.

From now on we will omit b in Sj, B*(R%) and write Sy, B(R?) instead. Having proved
the equivalence of the norms for all bases b enables us to generalize all the results from
[T10a]. The proofs can be rewritten, replacing 2 by b. We will give the results with a
minimum of comments.

We denote by x;m, the characteristic function of the b-adic interval I, for j € Ny
and m € Z. For j = (j1,...,ja) € N&,m = (mq,...,mq) € Z% we put xjm(z) =
leml(wl)'-“'demd(xd) forx:(acl,..., )ERd.

LEMMA 2.8. Let 0 < p,q < o0 and max(1l/p,1) — 1 < r < min(1/p,1). Let the sequence

(11jm) satisfy
(Z plil(r—1/p+1)q ( Z jm]? )q/p>1/q

ENd meZd
Then

F=S0 ST i xim (2.5)

jENd meZzZd
belongs to Sy, B(R?) and there is a constant ¢ > 0 independent of (fijm) such that
q/p
17185, BRY | < o S phle=t/mna( Z )" (2.6)
jeNd
Proof. This result is a counterpart of [T10a, Proposition 2.34]. In order to prove it we
will follow closely Triebel’s proof. Let (1;,,,) be a sequence satisfying

(Z ( Z "ujm|p)q/p)l/q

jENE meZd
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and let

jENE mezd

We prove that f € S; B(RY) and

st <e( 5 (£ o))

jENd  mezd

which is an equivalent formulation of the lemma making it easier to follow the proof of
[T10a, Proposition 2.34]. One should keep in mind that we are dealing with a b-adic case
though it works in the same way. Let ¥y, ¢ be real compactly supported Lo-normed
b-adic Daubechies wavelets on R analogous to [T10al (1.55-1.56)]. Their existence is
guaranteed by [RW98, Theorem 5.1]. We will not define wavelets here. For basic and
advanced facts on dyadic wavelets we refer to [W97], on b-adic wavelets to [RW98]. We just
state here that they give an orthonormal basis. We now expand X j,m, (1), - - - s Xjuma (Td)
in the wavelet representation according to [T10al (2.51-2.53)] and obtain for 1 <i < d,

Xjim ($2) = Z )‘?;F(lemb(xz))wF i — i) + Z Z )‘k“M ijml xz»wM( ‘T — li)

1,EZ ki=01;€Z
with
A Qi 030) = [ Xm0 (= 1)
N O 0) = U [ g (a9 = 1)
Then we insert X;m(z) = Xjym. (T1) .. Xjyma(®a) into (2.7). We split the result-

ing expansions as in [T10a, (2.56-2.60)]. Now we have 2¢ terms sorted into the cases
(j1 = k1, da = ka),-- s (J1 < k1y-..,da < kq). We get a b-adic version of [T10a),
(2.54)] and [T10al (2.55)]. This guarantees counterparts of [T104, (2.62-2.66)] and [T10al
(2.73-2.74)]. This observation leads to the norm estimate of the lemma, and therefore
proves it. m

LEMMA 2.9. Let 0 < p,q < o0 and max(1/p,1) =1 < r < min(1/p,1). Then there exists
a constant ¢ > 0 such that

) q/p\1/q
17185 BRI = e 32 we=emna( ST s (f)F) )
jENd, mezd, IEB;
forall f €8S (Rd) The sequence (ljmi(f)) of b-adic Haar coefficients is given by

i) = [ F@hymila) da

Proof. This result is a counterpart of [T'10al, Proposition 2.37] and the proof is straight-
forward because the generalization of [T10a, Theorem 1.52] to our case is straightforward
and we use it with A=0and B=1. u
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PROPOSITION 2.10. Let0 < p,qg < oo andq>1ifp=oc. Let1/p—1 <r <min(1/p,1).
Let f € S'(RY). Then f € S;qB(Rd) if and only if it can be represented as

f= Z b! Z jmi Pjmi (2.8)

JENT meZd, 1€B;

for some sequence (ftjmi) satisfying

( Z blj\(r—l/p-irl)q( Z |ujml|p)q/p)l/q < 0. (2.9)

jeNd meZd, leB;

The convergence of ([2.8) is unconditional in S'(R?) and in any Sp,B(RY) with p < r.
The representation (2.8)) of f is unique with the b-adic Haar coefficients

Hjml = /Rd f(@)hjpmi(x) de.

The expression (2.9) is an equivalent quasi-norm on S;qB(]Rd).

Proof. This result is a counterpart of [T10a, Theorem 2.38] and again we closely follow
Triebel’s proof. Let 0 < p,q¢ < oo and max(1/p,1) — 1 < r < min(1/p,1). Let f be
given by . We represent the b-adic Haar functions with characteristic functions. Let
j €Ng,m € Z,l €Bj;. Then

b—1
1= ZQTM Xj+1bm+k, P—1,0,1 = X0,0-

k=0
So, f can be given in the form . Therefore, by Lemma we have f € S;qB(Rd)
and holds.

Conversely, if f € SIT,qB(]Rd)7 then we have Lemma The representability of f
as in follows from the fact that the b-adic Haar system is an orthogonal basis
in Ly(R?). Therefore, one obtains the equivalence of the norms. All further technicalities
can be found in the proof of [T10a, Theorem 2.9] and the references given there. The
unconditionality is clear in view of

The assertion can be obtained for 1 < p,q < oo with 1/p — 1 < r < 0 as explained in
Step 2 of the proof of [T10a, Proposition 2.38] using duality of spaces (Proposition |1.14]).
It is also explained there how to prove the generalization of duality. [T10a, Theorem 1.20]
is here helpful as well.

hjm

The remaining cases with ¢ < oo can be obtained by real interpolation as explained in
Step 3 of the proof of [T10al Proposition 2.38]. One finds the necessary references there.
We will not define it here. Instead we just state that the point is that by interpolation it
suffices to prove the assertion for S;gOB(Rd) with 1 < p<o0,0< gy <o00,0<rg<1/p
and S;}hB(Rd) with 1 < ¢; < 00, 1/p —1 < ry < 0 to obtain the assertion for any space
Sr, B(RY) with 7 = (1 — 0)rg + 0r1, % = 1q;00 + q%, where 0 < 6 < 1. But the spaces

S0 B(RY) and ST} B(R?) are already covered.

Pdo a1
All other cases 1 < p < o00,1/p—1 < r <0,q =00 can be handled by duality again. m

We are now ready to state the main result which we will use later for the discrepancy
function. It is the counterpart of [T10a, Theorem 2.41].
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THEOREM 2.11. Let 0 < p,g < o0 and q¢>1ifp=o00. Let 1/p—1 < r < min(1/p,1).
Let f € D'([0,1)%). Then f € Sy, B([0,1)%) if and only if it can be represented as
F=> 003" i B (2.10)
JENT meD;, leB;
for some sequence (ftjmi) satisfying
1/q

. q/p
( Z bIJ\(r—l/pﬂ)q( Z |Mml|p> ) < 0. (2.11)
JEN, meDy, leB;
The convergence of (2.10) is unconditional in D'([0,1)?) and in any S5, B([0,1)?) with
p <. The representation (2.10) of f is unique with b-adic Haar coefficients

Hjmil = / f(@)hjmi(x) de.
[0,1)¢

The expression ([2.11)) is an equivalent quasi-norm on S5, B([0,1)%).

Proof. Once again we follow Triebel’s proof. First we restrict ourselves to max(1/p,1) —
1 <r <min(1/p,1) and put

Sr.B([0,1)") = {f € S;,B(R?) : supp f C [0,1]"}.

Let f € S'ngB([O7 1)4). Then by Propositionwe get the representation (with D;
instead of Z%). The space S;qB([O, 1)) can be identified with S, B([0,1)%). Conversely,
let f be given by . Then again Proposition can be used and we get f €
Sp,B (R%) while of course supp f C [0, 1]?. Unconditionality follows from Proposition
Further technicalities are explained in the proof of [T10a, Proposition 2.41] and the
references given there. All other cases are handled by duality. =

REMARK 2.12. There is no necessity to go through R¢ as we did it here since we do not
need this case for later calculations. Instead one could have considered only [0,1)? right
away. We did it for completeness.



3. L,-discrepancy

We now come to concrete results on irregularities of point distribution, giving new results
as well as historical results illustrating the development of the theory. We deal with general
lower bounds, point sets with best possible discrepancy or just pure existence assertions
with concrete constants of the bounds. In this chapter our topic is L,-discrepancy which
also includes star discrepancy and can be considered as the starting point and most
practically applicable area of research in the context of discrepancy.

3.1. Ly-discrepancy. Practically all results on L,-discrepancy are based on one sole idea
by Klaus Roth. In Ly the idea is based on orthogonality arguments, in L, Littlewood—
Paley can be applied to replace orthogonality. But not only L,-discrepancy is based on
Roth’s work. In the next chapter we will introduce discrepancy in spaces with dominating
mixed smoothness and also there similarity in the methods will be obvious. Even upper
bounds are connected with Roth’s method.

3.1.1. The lower bounds. The first and final result on asymptotical lower bounds for
the Lo-discrepancy was given by Roth in 1954 ([R54]). It was final because it was the
best possible and in the same paper Roth was also the first to state this problem in the
plane or in higher dimensions. This paper can be regarded as the starting point of the
modern theory of discrepancy. He referenced van Aardenne—Ehrenfest’s result from 1949
concerning the distribution of sequences, improving it significantly. The actual proof
was for the plane but in a remark he explained a possible generalization to arbitrary
dimension. A recent paper ([B11]) by Bilyk deals mostly with Roth’s result and surveys
it and its implications in much detail. In this subsection we will give a slightly modified
version of Roth’s proof using b-adic Haar bases. As a result we will obtain the best
constant in Roth’s lower bound known so far. This result can also be found in [HM11].
For a positive real number = we denote by [z] the smallest integer that is greater than x.
We need some easy calculations for the result.

LEMMA 3.1. Let f(z) =1+ ... xq for x = (z1,...,24) € [0,1)%. Let j € Nd, m € D,
I € B; and let pjmi be the b-adic Haar coefficient of f. Then
p—2lil—d
ot = ) (1)

One easily checks the one-dimensional case and concludes by using tensor products.
The next result is again easily derived from the one-dimensional case.

(34]



3.1. Lo-discrepancy 35

LEMMA 3.2. Let z = (21,...,24) € [0,1)? and g(x) = Xjo.2)(2) for x = (%1,...,7q) €
[0,1)%. Let j € N&, m € D;,1 € B; and let jijm; be the b-adic Haar coefficient of g. Then
timi = 0 whenever z is not contained in the interior of the b-adic interval I}, supporting
the function hjpm,.

The following result is an analytical masterpiece. We give a proof because of its beauty
and because we cannot give a reference.

LEMMA 3.3. For any natural b > 2 we have
b—1

ot 2 Ir_ (2b=1(b-1)

20 3

1=1
Proof. Forl=1,...,b—1 we have

(—1)l—(82ibi)2b— cosl——i—lslnlI Qb—ib: 2 cosl—ﬂ ' isinl—ﬂ- o
B B 2b )  =\k 2b 2b '

We consider only the imaginary part

b—1 2r41 2b—2r—1
2b I lm
— -1 b—r+1 o i
0 Z( ) (27‘ N 1) (cos 2b> (sm 2b)

r=0
and, after dividing by (cos %)(sm 12—7;)2”_1, we get
b—1 2r
2b I
0=>) (1>~ t— ] .
;)( ) 2r+1)\ " 2
So, for I =1,...,b— 1 the pairwise distinct terms cot? % are roots of the polynomial
b—1
2b
_ -1 b—r+1 T
) =30, )

r=0
Since p has degree b—1, these are all the roots and they are simple. From Vieta’s formulas
we get

b— 2b
Z ot2 Im o 2b73) o (20 —-1)(b—1) .
- ( 2b ) - 3 '
=1 2b—1

LEMMA 3.4. For any natural b > 2 we have

bi ol (2-3)0b-1)
l:1CO % = .

-1 3
The proof is analogous to that of Lemma

PROPOSITION 3.5. For any natural b > 2 we have
b—1

5 1 -1
l 2mi _1|2 - 12 :

— e

Proof. From Lemmas [3.3] and [3.4] and from the fact that

1

sin? z

-1

cot?z =
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we get, for any natural b > 2,
b—1

1 2(b2 -1 2b(b — 1)
— T = and
Z n2 l2b 3 Z 3

-1 S1

Forl=1,. b—lwehave0<l7g<§and0<2b1 g.Forl:b+1,...,2b—lwe
havef< 7 < mand for [ = b,.
symmetry of the sine function we get

2b—1 b—1
1 1 (20)% — 1
Z 21w:22-2m+1: 3

1= ST g =1 S 9p
Eanc | =1 abb-1) (2b-12-1
Z 2 Ir 22 -2 Ix 3 = 3 .
=1 26— =1 2b—1
Hence, for any natural b > 2 we have
— 1 -1
= sin? %’ 3
Then
— 1|2721711 cos%liﬁli 2 "

REMARK 3.6. The last proposition can be regarded as a property of diagonals of a regular
polygon if we define the two sides in an edge to be the first and the (b — 1)th diagonal.
Then the term |e%l — 1] is the length of the Ith diagonal.

We are now ready to state and prove the celebrated theorem of Roth and calculate
the best known constant.

THEOREM 3.7. For any positive integer N and all point sets P in [0,1)¢ with N points,

log N)(@—1)/2
1Dl La(l0, 1)) > e BN

with
1

Cq = .
17 V21 2241 f{d — 1)l(log 2)(d—1)/2

Proof. Let N € N and let P be a point set in [0,1)¢ with N points. Let j € N& and
m € D; be such that no point of P is contained in the interior of Ij,,. Let [ € B;. Using
Lemmas@and@ one concludes that the b-adic Haar coefficient ji;,,,; of the discrepancy
function can then be given as

p—2lil—d
(el —1).... (el —1)
For fixed j € N¢ the cardinality of D, is blil. This implies that there are at least blil — N

such m € D; for which no point of P lies in the interior of I;,,. We abbreviate M =
[log, N|. We use Parseval’s equation (2.2)), including only j € N&, therefore, reducing the

Himl = —
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norm and using Proposition

|1 Dp| Lo ([0, 1)) > Z plil b|]| p—A4lil—2d Z| T 12| e —1 2
191> M I€B;
2
<f’12—bzl> S b2bl(1 - Ny,
712 M

Before we continue to estimate we have to insert some calculations. It is well known that
for any positive integer K the cardinality of the set {j € N¢ : |j| = K} is

<K+d1)(K+d1)!
d—1 ) Kl(d-1)!"

We also need that for any ¢ > 1,

7M+1

o0
P
We continue keeping in mind that for any integer K > M we have 0 < Nb~™ < 1, hence

p2—1\* 1 i (K +d—1)!
2 dy)2 > 2 —2K(q _ np—EKy S T ad—1)0
N0 2 (Mt ) gty 3 v B

S (Bl g N? ib*”ﬂ-Nb*K)Kd*l
S\ ) d-1n &

> Md—l b2 —1 I 1 N2 i (b—2K _ Nb_3K)
= 1202 ) [d—1)
K=M

B2 1 d 1 p—2M+2 p—3M+3
= M4 N? - N
<12b2) (d—1)! <b2—1 b3—1)
B Mdfl bZ -1 d b3 (Nbe[)Z (Nbe)B
N 1202 ) (d—1)!|b(b2—1) B-1 |

Now let t = M —log, N so that 0 <¢ <1 and Nbv™M = p=t. We put
2 d 3
B b 1 b .
1262 (d—1)!

NZ||Dp|Ls([0,1)h)]1> > y(log, N)*~!

Then we will have proved that

for all N € N if we can verify that

a1 b b d-1
M*"B - >~(M —t)%
(b(b2—1) b3—1) z (M —1)

for all M € Ny and 0 <t < 1. The last inequality is equivalent to

VM = (M - 2 M {7 - B(b(zi_%l) ) bg_?’tl)}’
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which is certainly satisfied whenever v > 0 and

b—2t b—St
<B -
7= (b(b21) b31>

for all 0 <t < 1, since clearly M1 — (M —¢)4=1 > 0, or alternatively

2 3
Y Y
<B — 3.1
7= (b(b21) b31> (8-1)
for all b~! < y < 1. The minimal value of the right-hand side is easily seen to be
1 (b — 1)4

= B == -
TP+ D)@ — 1) 22430524-2(b 1 1)(b3 — 1)(d — 1)
for y = b=! or y = 1. To get the constant, we have to find the optimal base b. We easily
verify that

\/T (B2 — 1)4/?
Cq = =
¢ (logb)d=1 24 3d/2 pa—1 | /(h+ 1)(b% — 1)(d — 1)!(log b)(d—1)/2

is nonincreasing in b, so the optimal constant is obtained for b = 2. =

REMARK 3.8. The best constant so far for arbitrary dimension from [DPI0] is here
3
Vel

REMARK 3.9. We consider again (3.1]) from the proof of the last theorem. The maximal
value of the right-hand side is easily seen to be

improved by a factor of

—_pt O +b+1)2 (B -1+ b+ 1)?
T Db+ 1363 | 224-238F3p2d(h 1 1)2(d — 1))
for
20+ b +1
VT30 1)
We put
D*2(N)

_ .
T INER (log )@ D72

Analogously to above we get

2 B 7
(log2)d=1  97.924-1 /(d —1)! (log 2)(d-1)/2
3.1.2. The upper bounds. Theorem gave lower bounds for the Ly-discrepancy and
these bounds are asymptotically best possible. This means that there exist point sets with
asymptotical Lo-discrepancy of the same rate.

Cd =

THEOREM 3.10. There exists a constant Cy > 0 such that, for any positive integer N,
there exists a point set P in [0,1)¢ with N points such that
(10g N)(dfl)/2
R va—

This result was first proved for d = 2 by Davenport in [D56]. Davenport used the
following construction. Let 6 be any irrational number having a continued fraction with
bounded partial quotients and let {«} denote the fractional part of any real number .

|Dp|L2([0, 1)%)]| < Ca
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For an even number N, the coordinates of the points can be given by xf = {+v6},
Yy = 2v/N. Then the point set used by Davenport is

P={(x}, ), (@, ,y): v=1,...,N/2}.

Davenport proved that these point sets satisfy the upper bounds of the theorem. He also
speculated about a possible generalization to d = 3, though the conditions for such a
generalization are equivalent to the falsity of Littlewood’s conjecture, which is a famous
open problem.

In [R76] Roth gave an alternative proof for the case d = 2. He did not give explicitly a
point set satisfying the upper bound but used probabilistic methods. Instead he proved in
[R76] that there must exist a permutation ng,ny,...,ny—_1 of the numbers 0,1,... , N—1
such that for
n; J

N YTN
where j = 0,1,..., N — 1, the point set P} = {(z;,y;) : j =0,1...,N — 1} can be
shifted so that the shifted point set satisfies the upper bound. By a shifted point set
P (t) where ¢ is some real number we mean that every point (z,y) from P} is shifted
horizontally by ¢ (mod 1). If (x,y) € Pk, then ({z +t},y) € Px(t). Roth proved that
there is a constant ¢ > 0 such that

Tj =

1
N? [ 1Dy |22(0, D) dt < ¢ log .
0

Therefore, there must exist a real number ¢ such that
N?||Dpy 1| L2([0,1)*)]|* < ¢ log N.

In [R79] he realized that his proof could be simplified significantly, starting the transla-
tions with Hammersley type point sets and improved it to the 3-rd dimension. In [R80]
Roth finally generalized the approach to arbitrary dimension.

Another alternative proof for the 2-dimensional case was given by Halton and Zaremba
in [HZ69] by an alternative explicit construction.

The search for an explicitly given point set in arbitrary dimension satisfying the upper
bound remained an open problem for a long time and was solved only in 2002 by Chen
and Skriganov. They constructed the point set as a digital net and proved the upper
bounds in [CS02]. In this work we will analyze the discrepancy in function spaces with
dominating mixed smoothness of the point sets of Chen and Skriganov. Therefore, we
will explain them in detail in the next chapter.

The best value known so far for the constant C5 of the 2-dimensional case of Theorem
can be found in [FPPSI0] where generalized scrambled Hammersley type point sets
were used. Hammersley type point sets will be explained in a later chapter of this work.
The constant from [FPPS10] is

278629
Co=\ro——.
28110721og 22

The best constant in arbitrary dimension can be obtained via digital shifts and can be
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found in [DP10} Section 16.6]. Its value is given by
224
V@D log a7
So, for example in the case d = 2 the value is
222
2y/log2’

which is much worse than the constant from [FPPST0].

Cq=

3.1.3. Conclusion. If we compare the constants from the lower and the upper bounds
we realize that the 2-dimensional case is not that bad anymore. The constant from the

lower bound is )

T V21-8log2

the constant from the upper bound is

[ 278629
02 - m —O~179070...7

so they differ only by a factor of around 5.
We recall Remark for the case d = 2. We have

e = 0.032763. ..,

&>

7
~ 216 +/log 2
which indicates a better constant. We would like to call attention to [BTY12] where the
authors made numerical experiments with Ls-discrepancy of Fibonacci sets and obtained
a slightly better value for C5 of ca. 0.176006. Though they do not prove it, it is a hint
that Fibonacci sets might have the best possible Lo-discrepancy.

= 0.038925 ...,

In arbitrary dimension the constant of the upper bound is bad and the difference in
comparison to the constant in the lower bound is huge.

We recall the weighted discrepancy function as defined by (L.3). Thanks to Lemmal[3.2]
the Haar coefficient with respect to a Haar function whose support does not intersect
P does not depend on the weights. So one gets the same lower bound with the same
constant for the weighted Lo-discrepancy as in the case without weights. Hence we have
the following generalization of Theorem to the weighted discrepancy.

THEOREM 3.11. For any positive integer N, all point sets P in [0,1)® with N points, and
all weights a = (a,).ep, the inequality

log N)(d—l)/Q

1Dl 20,19 2 e WEN

with
1

Cq = .
47 V212241 /{d — 1) (log 2)(d-D/2

3.2. L,-discrepancy for 1 < p < oo. Some results for L,-discrepancy can be transferred
directly from Lo-discrepancy, thanks to embeddings of Lebesgue spaces. Other cases have
to be adapted to the more difficult situation where we do not have orthogonality.
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3.2.1. The lower bounds. Schmidt proved in [S77] the following result.

THEOREM 3.12. Let 1 < p < co. Then there exists a constant cq > 0 such that, for any
positive integer N and all point sets P in [0,1)¢ with N points, we have

(log N)(d—l)/2

|1 Dp| Ly ([0, D)) > cq ~

This result is nontrivial for 1 < p < 2 (for 2 < p < oo this follows from Theorem|[3.7) via
embeddings). Schmidt’s idea to substitute orthogonality can be improved and shortened
using the well known Littlewood—Paley theory. We will quote the corresponding results
from [B11]. For j € N_qy, m € D; let hj,, = hjm be the dyadic Haar functions, i.e. Haar
functions with b = 2. Then the function

o) 4 b —1 2\ 1/2
Sf@) = (3 V(X timhim(@)))
j=-1 m=0
is called the dyadic square function of f. The Littlewood—Paley inequalities then state
that for 1 < p < oo there exist constants 0 < ¢, ¢ < Cp 4 such that, for every function
f € Ly(]0,1)), we have

Cp,al[SFILp([0, I < I FILp ([0, ] < Copall SFILp ([0, D).

Without going into details, we just state that this approach applied coordinatewise,
similarly to Roth’s method, yields Schmidt’s result (see [B11] and the references given
there).

3.2.2. The upper bounds. The lower bounds from Theorem [3.12|are the best possible.
This is clear for 1 < p < 2, thanks to embeddings of Lebesgue spaces. Chen proved it for
2 < p < oo in [C80]. He remarked that the 2-dimensional case could be easily deduced
from [R76], which indeed is possible though “easily” might not be the right word. But it is
not difficult. The proof changes where the function is being squared. One gets additional
terms. Davenport’s proof of the case p = 2 from [D56] cannot give the general case, since
Parseval’s equation was used.

THEOREM 3.13. Let 1 < p < oo. Then there exists a constant Cq > 0 such that, for any
positive integer N, there exists a point set P in [0,1)? with N points such that

log N)(d=1)/2
1DplL ([0, 1)) < € WEN T

Chen uses similar methods to Roth in [R76], [R79], [R80], translating point sets
mod 1 and calculating the expectation of the norm of the discrepancy function of such
translations. Proving that the expectation satisfies the upper bounds shows that there is
a translation that satisfies the bounds.

In [S06] Skriganov proved that the constructions from [CS02] satisfy the upper bounds
of Theorem [3.13] therefore, they are explicitly given point sets with best possible L,-
discrepancy.
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3.3. Star discrepancy. In this section we are going to deal with the L.,-discrepancy
which is usually called star discrepancy and denoted by

Dy = ||Dp|Los([0, )Y
It is often considered the most important case in the theory.
3.3.1. The lower bounds. Of course Roth’s lower bound from Theorem B.12]is also true
for the star discrepancy. The star discrepancy was what Roth actually had in mind when
he worked on [R54]. But this bound turns out not to be the best possible. The following
result for d = 2 is known from [S72] though Schmidt proved it for the equivalent problem
of one-dimensional sequences.
THEOREM 3.14. There exists a constant ¢ > 0 such that, for any positive integer N and
all point sets P in [0,1)? with N points, we have

log N
Dy > .
pZC N

We will see that this result is the best possible. But higher dimensional analogues do
not exist so far. For a long time Roth’s bound was the best known lower bound. Beck
improved it for d = 3 in [B89|] proving that for any € > 0 there exists a positive integer
Ny such that, for any point set P in [0,1)® with N > Ny points, we have
log N (loglog N)'/8~¢

N .
Bilyk and Lacey improved this result in [BLO8]. They proved that there exist constants
¢>0and 0 < n < 1/2 such that, for any positive integer N and all point sets P in [0, 1)3
with N points, we have

D; >

(log N) ™7

N .
Later they generalized it together with Vagharshakyan in [BLVO§| for arbitrary d > 3,
which is the best known lower bound by now.

Dy >c¢

THEOREM 3.15. For any dimension d > 3 there exist constants cq > 0 and 0 < ng < 1/2
such that, for any positive integer N and all point sets P in [0,1)¢ with N points, we

have
(log N)(d—l)/2+nd

N

3.3.2. The upper bounds. Point sets with best possible star discrepancy in the plane
are known for a long time though the early examples were given in the form of one-
dimensional infinite sequences. Although van der Corput proved the upper bound in [C35],
the general ideas go back to the beginning of the 20th century, to i.a. Ostrowski, Hardy,
Littlewood and even Lerch. The generalization of van der Corput’s point set to arbitrary
dimension was proposed by Hammersley [Hm60] and the bound was calculated by Halton
[HI60].

THEOREM 3.16. There exists a constant Cyq > 0 such that, for any positive integer N,
there exists a point set P in [0,1)% with N points such that
(log N)*~*

N .

DL > cq

DL < Cq4
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As mentioned above, the point sets satisfying this theorem are the Hammersley—
Halton point sets (called van der Corput point sets in the 2-dimensional case). We will
use their slightly generalized 2-dimensional version in the next chapter. For the definition
of the point sets we define the bit reversal function for any prime b as

) {
Tb(z):£+f+...

where i = 0,1,... N — 1 is given in its b-adic expansion i = ig +41 b+1is b*> +- -+ (meaning
that ig,41,%2,... € {0,1,...,b — 1}). Then we choose d — 1 distinct primes b1, ...,bg_1.
Then the point set consists of the points

i,?“bl (@), ooy Toy, (4)
(3 )

fori=0,...,N — 1. Van der Corput’s version was for b; = 2.

3.3.3. Conclusion. In view of Theorems[3.14]and [3.16] the case d = 2 is perfectly solved
while for arbitrary dimension the gap in the exponent is still huge (compare Theorems
and . There are several conjectures about the best possible lower bound, the
following three possibly being the most popular ones:
(log N)d/27 D;; S (lOg ]V)d—l7 ;; - (lOg N)(d—l)/2+(d—1)/d

N N N

Dy > ¢

3.4. Li-discrepancy. This section deals with yet another unsatisfactorily solved case
for the discrepancy. The lower bound is due to Haldsz.

THEOREM 3.17. There exists a constant cq > 0 such that, for any positive integer N and
all point sets P in [0,1)% with N points, we have
Vieg N

N

This result is from [H8I]. Since the results in cases before depended on the dimension,
one is not surprised that this result is not believed to be the best possible for d > 2. It is
conjectured by several people that the best lower bound is
(log N)(d—l)/2

N

which fits with the upper bound that can be deduced from Theorem |3.10] using simple

1Dp|L1([0, 1)) > ea

1Dp|La([0, )| > ¢

embeddings.

THEOREM 3.18. There exists a constant Cq such that, for any positive integer N, there
exists a point set P in [0,1)? with N points such that

(10g N)(dfl)/2

| Dp|L1 ([0, 1)) < Cq 5

3.5. Conclusion. We want to summarize the results of this chapter and present them
in an easily understandable form as a table. We will give the bounds and the references.

The content of this chapter can be abstracted in the following way. Let 1 < p < 0.
There exist constants ¢, 4, Cp, ¢ that depend only on p and on the dimension d and o, 3
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such that, for any positive integer N, we have
(log N)*

Cp,d

3. Lp-discrepancy

log N)A
SDLP(N) Scp’dw

where DZ»(N) is the L,-discrepancy as defined by Definition
D*r(N)

The exponents « and § are shown in the following table sorted by p. There is an
additional row for the lower and the upper bounds respectively, giving the references in
historical order. In the case of the upper bounds we differentiate between proofs using
probabilistic methods and explicit constructions. Cases that follow from a smaller or
greater p by simple embedding arguments are labeled by an arrow in the corresponding

inf ||Dp|L 1)4
#gllel P|Lp([0,

direction. The constant 0 < 1y < 1/2 depends only on the dimension.

o B
_ d=2: 1 [S72] _ d=2: [C35] (expl.)
P=o 1 g>3 414y, | BV d—1 d>3: [HI60 (expl.)
d=2: [RT6] (prob.)
2<p<oo % 1 % d>3: [CR0] (prob.)
[S06] (expl.)
d=2: [D56] (expl.)
_ d—1 d—1 d=3: |[R79] (prob.)
p=2 2 [54] "2 | d>4: [RS0] (prob.)
[CS02] (expl.)
d—1 d—1
_ 1 d-1




4. Discrepancy in spaces with dominating mixed smoothness

Discrepancy in spaces with dominating mixed smoothness was first considered by Triebel
([T10b], [TT0a]). The main results of this work are upper bounds of the S}, B-discrepancy.

4.1. Lower bounds. In [T10a, Theorem 6.13] one finds the following result.

THEOREM 4.1. Let 1 < p,g < o0 and ¢ < co if p =1 and g > 1 if p = oco. Let
1/p—1 <1 < 1/p. Then there exists a constant ¢ > 0 such that, for any integer N > 2
and all point sets P in [0,1)¢ with N points, we have

r d r—1 d—1
| Dp|SL,B([0,1)%)]| > cN"*(log N)( 4= 1/a,

This bound is best possible for » > 0 as can be seen in the next section. We want to
take advantage of the embeddings given by Corollary

COROLLARY 4.2. Let 1 <p<oo. Let 1 <qg< o0 and g < oo if p=1. Let 1/min(p,q) —
1 <r < 1/p. Then there exists a constant ¢ > 0 such that, for any integer N > 2 and all
point sets P in [0, 1)? with N points, we have

T d r—1 d—1
|Dp| S5, F([0,1)%)] > eN"! (log N)“@= 1/,

Proof. Let ¢ < oo. From Corollary we have 57 F([0,1)%) — Shin(p.a) qB([O,l)d).
—l<r<

) () from the last theorem if
we can guarantee that Dp makes sense in 7 F([0,1)?). By [T10a), Proposition 6.3] this
is only the case for r < 1/p.

From the first part of Proposition we have Sy F([0,1)%) — 57  B([0,1)%),
therefore, we get the assertion for 1/p—1<r <1/p. m

Therefore, we get the assertion for

In Definition [1.11] we mentioned Sobolev spaces with dominating mixed smoothness
SpH ([0, 14 = SpF'([0, 1))?). We state discrepancy results for these spaces as well. They
follow from the last corollary.

COROLLARY 4.3. Let 1 < p < oo. Let 1/min(p,2) — 1 < r < 1/p. Then there exists a
constant ¢ > 0 such that, for any integer N > 2 and all point sets P in [0,1)¢ with N
points, we have

|Dp|S,H([0, 1)) = eN"~" (log N) =172,

REMARK 4.4. We recall that SJH([0,1)?) = L,([0,1)%), therefore, we get Theorem
as a consequence of the last corollary. The case L1([0,1)?) is not included.

We would like to point out that there is a counterpart of Theorem [£.1]for the Triebel-
Lizorkin spaces in [T10a, Remark 6.28], which is not supported by the arguments given

(45]
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due to the fact that the embeddings of the spaces give changed conditions on r, as could
be seen in this section. By the same argument we see that also the conditions on r for the
integration errors of the Triebel-Lizorkin spaces change. We will give a corrected version
of this statement in the next chapter.

4.2. Upper bounds. In [T10a, Theorem 6.13] Triebel proved that for 1 < p,q < co and
g<ocifp=landg>1lifp=ocand 1/p—1<r < 1/p, there exists a constant C' > 0
such that, for any positive integer N there exists a point set P in [0,1)? with N points
and we have

IDp[Sp, B(0, 1)?)[| < ON"~"(log N)(@- D att=r),

Hinrichs conjectured that the correct upper bound might be the same as the lower
bound and proved it in [Hil0] in the 2-dimensional case.

THEOREM 4.5. Let 1 < p,q < oo. Let 0 < r < 1/p. Then there exists a constant C > 0
such that, for any integer N > 2 there exists a point set P in [0,1)? with N points such
that

1P| S5, B(0,1)*)] < CN"*(log N)'/1.

The point sets used to prove the last theorem are the Hammersley type point sets.
We will consider a generalization of these sets in the next subsection. The last theorem
will follow as a consequence of our result.

4.2.1. Discrepancy of generalized Hammersley type point sets. We will general-
ize Theorem 4.5} and though the bound will be the same, we will have a much larger class
of point sets satisfying the optimal bound of S}, B-discrepancy. This result can also be
found in [M13a]. The generalization will not be straightforward, it will require many ad-
ditional calculations. Our goal is to close the gap in the exponents of the lower and upper
bounds. We will prove results for arbitrary dimension in the next subsection using b-adic
constructions. As a preparation we use much simpler 2-dimensional b-adic constructions
to demonstrate the possibility of such an approach.

DEFINITION 4.6. For any positive integer n the point sets

_J(tn tnn host s2 S
Rn—{<b+62+ to g T T +b")

where, for any ¢ = 1,...,n either s; = t; or s; = b — 1 — t;, are called generalized
Hammersley type point sets.

tl,...,tne{o,l,...,b—l}}

The point set R,, contains exactly N = 0™ points. For b = 2 one obtains original
Hammersley type point sets proposed by Hammersley in [Hm60]. The generalized Ham-
mersley type point sets were defined by Faure in [F81] and used in [FP09] and [FPPS10]
to calculate their Lo-discrepancy. We denote additionally, for any R,

an:#{z:L,nsl:tz}

In [Hil0] Hinrichs used only such point sets with a,, = |n/2]. The following results are
nothing but easy exercises.
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LEMMA 4.7. For any integer b > 2 and for any l € {1,...,b— 1} we have

b—1 _ b—2 b1
E ket — 7—2 E el
k=1 b k=0 r=k+1

LEMMA 4.8. Let f(z) = z122 for x = (z1,22) € [0,1)%. Let j e N2, m € D;, l € B; and
let pjm; be the b-adic Haar coefficient of f. Then

(i) If j = (j1,j2) € N then
b*2j172j272

@ DT )

Himl =

(ii) If j = (j1,—1) with j1 € Ny then

1 p=2n-1
Himl = 5 ez;—ill 1
(iil) If j = (=1, j2) with jo € Ny then
1 p—272—1
Hjml = 5 ezwilz 71'

(iv) If j = (—1,—1) then pjm = 1/4.
LEMMA 4.9. Let z = (21,22) € [0,1)? and g(z) = Xjo,2)(2) for @ = (x1,22) € [0,1)%.
Let j € N2, m € D;, I € B; and let pjm be the b-adic Haar coefficient of g. Then
timi = 0 whenever z is not contained in the interior of the b-adic interval I, supporting
the functions hjm. If z is contained in the interior of 1, then we have:
(i) If j = (j1,j2) € NZ then there is a k = (k1, ko) with k1,ke € {0,1,...,b— 1} such
that, z is contained in I j’-“m. Then

Hjml = b_jl_j2—2 (bml +h+1— bj1+121)€2’7’rik1l1 + Z
ri=k1+1

)

X {(bmz Foky 41— bi2tlyy) % kale o Z }
ro=ko+1

(ii) If j = (j1,—1) with j1 € Ng then there is a ky € {0,1,...,b — 1} such that z is
- - lk1,—1
contained in I, . Then

frimi = 077 (b 4+ 1= by R Z i1 - ).

ri=ki+1
(i) If j = (—1,42) with jo € Ng then there is a ko € {0,1,...,b — 1} such that z is
contained in I;;l’k”. Then
pgmi = b1 = 21) [(bmz thy 1 betlzy) e T el Z ”12]
ro—=ko+1

(iv) If j = (=1,-1) then pjm = (1 — 21)(1 — 22).

The following results are the biggest hurdle in this subsection.
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LEMMA 4.10. Let R, be a generalized Hammersley type point set and let j € N2 be such
that, j1+jo<n—1, meD;, [ €B; . Then

b—1
- 27i 27i
E [(bml +k+1 bty )eT Rl 4 E ed mh }
2€RnNIjm ri=ky+1

b—1
; 2mi 27i
X [(me ko +1 =2l y) e Felz 4 E e’s ”12}
ro=ko+1
pr—ii—jz 4 pir1tiz—n+2

(0 1) (e 1)

2

The sign £ in the numerator is either + or — depending on j.

Proof. Let z € Ij,. Then there is a k € {0,1,...,b— 1}? such that, z € Ij’-“m. We have
0 <m; < b, i=1,2. Hence we can expand m; in base b as

m; = b"ﬁlmgi) + bji*Qméi) +- mgl)

Since z € R, N Ifm we have

. t tpn— t ;
b_jl_l(bﬂh +k) < f + 221 4+ 4 bTIL < b_“_l(bml + k1 +1).
Inserting the expansion of m; in the last inequality gives us
(1) (1) (1)
MMy M Rt e T
b+b2+ +bj1+bj1+1§b+b2+ +b"
(1) (1) (1
m ms My ki +1
<t Tt
Analogously we have
b2 (bmg + ky) < %1 + Z% +o 4 Z*Z < b2 (bmg 4+ ko + 1),
Hence,
(2) (2) (2)
M My e ke s s e
ettt gt <y Tttt
2
mgz) m;2) mg_z) ky + 1
<T+ b2 +t bis + I
So one gets a characterization of z € R,, NI j’?m in the form
t, = mgl), tp—1 = mél)a RS tn7j1+1 = m;i); tnfjl = k1
and
s1 = m?), S9 = mgz), ceey 8y = m§§)7 Sju4+1 = ko.
Hence ti,ta,...,t;, and t,—j +1,...,tp—1,t, are determined by the condition z €

R N Ijm, and t,_j, and t;, 1 are determined by k = (k1, k) for which z € IF, , while
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tist2s - stn—ji—1 € {0,1,...,b— 1} can be chosen arbitrarily. Then we calculate

by + ki + 1= =140, + 6+ b1+ ey

— Vit =V T, — = b Ty
=1-b Yy j 1 — - — by
—1— b—ltn7j171 = bj1+j2_"+2tj2+2 _ bj1+j2—n+1tj2+1 — &
where
e = VT, e 0T Y
and

bmo + ko +1— bj2+122 =1+ bj251 + bj27182 —+ -4 b5j2 + Sjo+1

— V25 — b2 sy — o - 2T
R T
=1— b_18j2,2 . bj1+j2_n+28n7j171 _ bjl+j2_n+13n7j1 — &9
where
g9 = bjl+j2_n8n—j1+1 4+t bjl_n"rlsn.
This means that
by +ky + 1 — b1 Ty = pp/r 2 nd2 ity gy (4.1)
for h = 1,...,b" 7175272 Tt is clear that there must be some permutation o of {1,...,
bn—I1=32=2} guch that
bmg + ko + 1 — b2 2y = g(R)b1 T27 2 _piitiantly e (4.2)
We abbreviate X =n — j; — jo — 2. Then
b—1
- 27i 2mi
I T D Vi)
2ERNjm ri=ki+1
b—1
- 27i 27i
X [(bmg +ho+1— b2t zy)e s kel Z e ”12]
ro=ko+1
b—1 b—1
- Y [xL]
k1=0 k2=0 zeRnﬂI;?m
b—1 b—1 b* b—1
27i 27i
= Z Z Z [<hb_X — b My —er) e By e rlll}
k1=0 k2=0 h=1 ri=ky+1
b—1
27i 2mi
X [(U(h)b_x — b X s, —eg)et Py Z eT”b]
ro=ko+1

After having expanded the product and changed the order of summation we analyze
the summands separately in a suitable order. We recall that s,,_;, depends on %, and
tj,+1 depends on ky. Except the last two, all summands are equal to zero because each
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has the sum of unity roots as a factor. The summands are the following:

bx b—1 b—1
SO =) (o)X =) ST HE R Y ket =,
h=1 k1=0 ka=0
bX
fZ(hb*X DX Z Snjy € okl Z ksl —
h=1 k1=0 ka0
b* b—1
S (o(m)hX —eg)p X Z tirret el 37 % b = g
h=1 k2=0 k1=0
bX b—1 b1
Z(hb*X —£1) Z Z Z etk = ¢
h=1 ko=0ro=ko+1 k1=0
bX b—1  b—1 b—1
SCDTED I SRS SD SPL R
h=1 k1=0 7=k, +1 k2=0
N D M D
k1 =071 =k;+1 k2=0
b—1  b—
SIS0 DENHS T oS )
k2=0ra=ko+1 k1=0
b b-1  b— b—1  b— n—j1—ja
12D DEDDIRSD DD DI e
h=1k1=0r =k1+1 k2=0ro=ko+1 (e vt —1)(e%

by Lemma [£.7] Finally, the last summand is

b b—1 b—1

oy oy 2mi 2mi
Z Z Z bX 1t b XL, e kil o Fhala

h=1k;=0k2=0

— b]1+32— E Sn—j, € 2rik E t2+1e

1—O kz 0

We know that ¢,_;, = ki and that either s; =t; or s, =b—1—1¢; forall i =1,...

Hence s,_j, is either k; or b — 1 — k;. Since

b—1

S - yene

k1=0

we have

2y b
E Sp—jp et = iﬁ
k=0 er -

(4.3)

using Lemma [£.7] and the sign depends on ji. Also we know that sj, 11 = kp and that
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either s;,41 = tj,41 or s5, =b—1—t;,41. Hence

2mig g b
§ :tj2+leb =4 27r1l
k2=0 21

and the sign depends on js. So altogether our last summand is
piritiz—n _ ib22 _ = = ibj1+j2_27lj"‘2 ,
@R 1) (@ e )
and the sign depends on j. Adding both summands which are nonzero gives us the stated
result. m

LEMMA 4.11. Let

n b—1 n
Ty, = Z Zb‘jtj and Yy, = Z Zbiti

b1yt =0 j=1 b1 eyt =0 i=1
for any positive integer n. Then

T, =10"-1) and vy, =b""a, =" —1).
Proof. Clearly, 1 = %(b — 1) and inductively

weX ¥ S ¥ Y

t1,.tn—1 j=1 ti,eetn—1 tn

@ =b3(0" = 1)+ 5(b—1) = 3(b" — 1)

One sees that y,, = b"*'z,, simply by checking that

n n n
Z biti _ bn—i—l Z bi—n—lti — bn—i—l Z b_ithrlsz
=1 =1 =1

Summing over tq,...,t, will give us y, on the left side. On the right side it will give
us "1z, although the order of the t; is reversed with respect to the definition of the
numbers z,,. =

=bx, 1 +b b

REMARK 4.12. We will use the fact that the order of the ¢; is irrelevant in further proofs.
But not only the order is irrelevant but even the concrete index of the ¢;. For example

b—1 n
Z Z b_j thrn

tnt1,-ston=0j=1

the value of

is the same as the value of z,,.
LEMMA 4.13. Let

Cn = Z sz Itit;

t1,..,tn=01,5=1

for any positive integer n. Then

1 n 1 n 1
= 7b2n+1 7bn+2 _ 7bn+1 _pn Zb.
¢ 4 + 12 2 12 + 4
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Proof. Clearly, (1 = ¢(b—1)b(2b — 1) = 6> — £b? + £b. Then inductively we get

n—1ln—1

n—1
=D > DN vt +b"2t Z > bty
tn ti,.tn—1 i=1 j=1

t1,tn—1 j=1

+b—";tn Z Zb1t+ Z >t

t1,..tn—1 =1 ti,..tn—1 tn

1 1
=0Cpoy + 0" = (b —Dba, 1 +b" 3 (b — )by, +b" 1 5 (b—1)b(2b—1)

—1 1
_ b<4b2n 1 + D bn-‘rl 7bn o 7112 -1, - b)

+b" % (b— l)b(;(bnl - 1)) + b*”% (b— 1)b<; br(pnt — 1))
+ b”*lé (b—1)b(2b— 1)

1 ont1 nopra 1
o 4b * 12b 2

1
L S
120 T

LEMMA 4.14. Let R, be a generalized Hammersley type point set and z = (21, 22) € Ry
Then

b—1 n
Z (1 — Zl)(l — 22) =1 + binil Z Z biijtiSj.

ZER, ti,.tn i,5=1
Proof. We first calculate, for some z € R,
(1—21)1—20)=(1=b"Yp—---=b"t)) (1 =b "ty —--- = b "sy,)
n
=1=b = b M b s b s Y b T s
i,j=1
Now we sum over all z € R,,, which corresponds to summing over all ¢1,...,t, €
{0,1,...,b— 1}, and get
> (1—2)(1—2)
ZER,
n
3 (1 e T T P SO bl_jtisj)
t1,..tn ij=1
—1 b—1 b—1
=p —p—pn—1 Z t, — p—lpn—t Z S — e — p—rpn—t Z t
=0 t1=0 t1=0
— by an+b‘" ! Z Z bt
tp,=0 i1, tn i,j=1

7 n— —1 —n— 72—
=b (b ? (b—1)b+---+b12(b—1)>+b ' Z Zb Ttis;

..... tnt,9=1
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- (b= DO e )0 Y b s

tyeenstn 4,5=1
=1+4+b ! Z sz Itis;. m

t1,..tn 1,5=1

LEMMA 4.15. Let R, be a generalized Hammersley type point set. Then

b—1 n
i—7 _ 1 2n+1 1 n+1 1 b2_1 n
> ‘Zb Tisj = 07— Db b (200 —n) =
t1,..,tn=017,j=1
Proof. We can assume that s; = ¢1,...,84, = ta,,Sa,+1 = 0—1 —ta, +1,...,50, =

b—1—t,. Otherwise we would rename the ¢;. This assumption allows us to split the sum
in a compact way. We have

Zn: bi_jtiSj = i bi_jtitj + f: Zn: bi_jti(b -1- tj)

ij=1 ij=1 i=1 j=an+1
n an n
+ Y D VTt Y b h(b—1—ty)
i=an+1j=1 ij=an+1
n
Zbl Tt + b—1)z > v —Z Z biItit,
2,j=1 i=1 j=an,+1 i=1 j=an+1
An n n n n
- Z Dbt (b—1) > Y b= Y > bt
i=an+1j=1 i=an+1j=an+1 i=an+1j=an+1
Summing over ti,...,t, and analyzing every term separately will give us

> i b Ity = ",

t1,..0tn i,7=1

as well as (using y,, = b"*1x,)

an n

(b-1) bt = (b— 1)y bI = by, (b — b,
ORCEEOID'S >

t1,..0tn 1=1 j=an,+1 Jj=an+1
and
PR ID LTSS D SLED SR SR

1yee5tn =1 j=an+1 tap+1s-otn j=an+1

n

=Ya, Y. b D bt =20, T a,b,

tap+1s-5tn Jj=an+1

since we have already seen that the indices of ¢; are irrelevant (Remark [4.12). We also
get, with a similar argument,
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an

) S S Y Y YYD b

t1, tp i= an+1j 1 t1 ;uwtan J=1 ta”+1y~~7tni:an+1
n
§ : § bty Y b Y BT = 0, b Yn—a, = Ta, Tna, DT
tan j=1 tan+17--<7tn i=an+1
and
n n n n
Soo-1) > D b= Y Y b Y b
t1,.05tn i=an+1j=a,+1 tap41s--tn i=an+1 Jj=an+1

— ba"’ynfa"ba”(b_a” _ b—n) = Zn_a, (bn-',-l _ ban-',-l)
and
n n n
t1,entn i=an+1j=an+1 tap+1s5tn i=an+1j=an+1

So what we have is

Z Zb’ ]tsj

t1,..0tn 4,5=1
e = b Gy + a0, BO" T = 1)+ T, T, BB — 1) 2, DT (BT 1),

Inserting the values of (4, , Cn—a,; Ta,, and Tp_,, and simplifying will give us the stated
assertion. m

PROPOSITION 4.16. Let R, be a generalized Hammersley type point set and jijm; the
b-adic Haar coefficients of its discrepancy function. Then

2 —1

b=t
12

1, 1
H(=1,-1),(0,0),(1,1) = Eb n oy §b + (2a,, —n)

Proof. Using Lemma we have

b—1 n
i—g . 1 2n+1 1 n+1 1 bz -1 n
t1,..,tn=017,j=1
Hence using Lemmas and we get
1
H(=1,—1),(0,0),(1,1) = b~ " Z (1=21)(1 —22) — 1
ZER,
1 1 1 b2 —1 1
_1—n —n—1( ~12n+1 _ ~n+l1 - o n -
— b <1+b (46 SV b+ (20, — ) T b>) :
1 1 -1
— 7b72n —pn ) n — bfnfl'
LA L e "

LEMMA 4.17. Let R, be a generalized Hammersley type point set and let j = (j1,—1) for
j1 € Nog with j; <n—1, m = (my,0) with 0 < my < bt and | = (I1,1) with 1 <y < b.
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Then
b—1
- 2mi 27i
> [(bm1 th+1=b Tz )e s by 3" e “ll](l — 22)
ZGanIj'nl ri=ki+1
_ b9 (1 — 2¢) F o wj,

b

= + e
2 1) (e 1)

where wj, is either el or —1 and the sign F depends on j1 and we have eb™ 71 < b,
An analogous result holds for j = (—1, ja) where jo € Ng with jo <n—1, m = (0,ms)
with 0 < mo < b2 and 1 = (1,1y) with 1 <ly < b.

Proof. Let z € Ry, N Ljy,. Then there is a k = (k1, —1), k1 € {0,1,...,b— 1}, such that
z € R, NI}, We use the methods from Lemma for the proof. We have

bmi +k1+1— bj1+12’1 =1- b_ltn_j1_1 — = bjl_n+1t1

which means that
by + ky + 1 — b 2y = pp/r !

for h = 1,...,b" 71~ The numbers th—ji+1s---,tn are determined by the condition
2 € RpN1jy and t,_;, = k1. The numbers #q,...,t,_;, 1 can be chosen arbitrarily. We
also have

1-— Z9 = 1-— b_181 — e — bjl_n+15n_j1_1 — bjl_nsn_j1 — €&

where e = b1 "1, i g + oo+ b7 "s,. Clearly, b7t < b.
So there must be a permutation o such that

1—zg =a(h)p T — i, o — e

Hence

> [(bml k41— bt e T by Z T”ll] (1— 2)
2ERNIjm ri=ki1+1

b—1
= Z Z |:hbj1*n+1 i1y + Z T”r1l1:| (h)bj17n+1 o bj17nSn_j1 . 6).
k1=0 h=1

ri=ki1+1

We analyze the summands separately after expanding the product and changing the
order of summation. We have

p— J1—1
27\'1
Z hO’ b]l n+1b31 n+1 Z e kily _ 0
k1=0
pn— Jj1—1
hb]l n+1b]1 n Sy 27”](,‘1[1
E : § : -1 ©
k1=0

N
__7bn—j1—1(bn—j1—1+1)b2j1—2n+1 N e o |

1 1)
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using (4.3),

p— Jj1—1
—¢ Z hbi1— "HZeb th —
k1=0
pr—di1—1 b—1 _
TR S i
h=1 k1=0r1=k1+1
n—Jji
_ Lot o b Y
27i 27\—.
2 -1 20 —1)]
n— 1
b J1— b—1 — L b —Ebn_‘h
—¢ Z s p— = .
ezf,”h 1 62'7;][1 _17

h=1 ki1=0ri=ki1+1
1

b1 b—1 b—1
N 27i
- A PPN DS L
h=1 k1=0 ri=k1+1

For the last term we use the fact that s,,_;, is either ky or b—1—k;. In the first case
we have

b—1 b—1 2m(k1+1)l1
Sk Y oy ploeitt
k1=0 ri=ki+1 ki=1 -1
b—1
1 1 i
— i (5020 1= X0 - peshe )
e 't —1 o
o ]- ]- b 27rll 27r|l
e21:“l ) (2(b—2)(b—1)— <e2bﬂll 1 —eb 1) —|—(O—1—e b 1)>
B 1 b2—3b7 b ) (b—3)b 7 b
T\ 2 oFh_1)  20eFh_1) (Bl _1)2
In the other case we have
b—1 b—1
(b —1— k‘l) Z e%rlll
k1=0 ri=ki1+1
b—1 - b—1 b—1
27i
S VD SRS R SIS SIS
k1=0r1=k1+1 k1=0 ri=ki+1
(b—1)b _ (b—3)b b _ b(b+1) n b

= (ezgill _1) 2<e2ml1 _1) (ezgill _1)2 - 2( 27r1l1 _1) (ezgill _1>2
So the last term is either
1 b—3 b+1 1
(62§i11 _1)2 Q(ezgill or -

-1) e’ —1) (el —1)2
Now combining the results we get in the case s,_;, = ki,
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Z [(bm1+k1—|—1—b71+1

2ER N jm

while in the case s,_;;, =b—1— kK,

S [emi k1
2ERnNIjm

as stated in the lemma. m

2w1k111+ Z } 1— 2)

ri=ki1+1
b1 (1 — 2e) — bl efh
= 27 + = )
2T 1) @ 1)
2mik iy + Z Tlllj| 1 _ 22)
ri=ki+1
(1 2e) 4 o |
= 2( 2xiy, _1) (e2gill _1)2

We now summarize the results of this subsection.

PROPOSITION 4.18. Let R, be a generalized Hammersley type point set and let (1jmi be
the b-adic Haar coefficient of its discrepancy function for j € N%2,, m € D; and | € B;.

Then:

(i) if j € N2 and ji + j2 <n —1 then

ljmi| =

b72n

[ [

(ii) if j € N3, j1+J2 > n—1 and j1,j2 < n then |wjm| < b 791792 for some constant

c>0 and

|Mjml|

or all but b™ coefficients jm,
J

b*2j1*2j2*2

(iii) if j € N2 and j1 > n or jo > n then

|.u]ml‘

e —1[ e 1
p—291—2j2—2
P Ye )

(iv) if j = (j1,—1) with j1 € Ng and j1 < n then |pjmi| < cb™"7I for some constant

¢ > 0 (independent of j1 and n),

(v) if 5 = (=1,42) with j2 € Ny and jo < n then |pjm| < cb™"792 for some constant

¢ > 0 (independent of jo and n),

(vi) if j = (j1,—1) with j; € Ny and j1 > n then

1

p—2i1—1

)

-1

(vii) if j = (=1, j2) with j2 € Ny and jo > n then

1
Wyml| =3 |

1 _
(viii) |M(—1,—1),(0,o),(1,1)| = ’41) n oy (

b2j21

m,

b—b '\
—n) 1 )b

+ (2ay,
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Proof. Let j € N2, be such that j; > n or jo > n. Then there is no point of R,, which
is contained in the interior of the b-adic interval I;,,. Therefore (iii), (vi) and (vii) follow
from Lemmas .8 and 9l

The set R,, contains N = b" points and, for fixed j € N2, the interiors of the b-adic
intervals I;,, are mutually disjoint. Therefore, there are no more than b" b-adic intervals
which contain a point of R,,. This gives us the second part of (ii). The first part of (ii)
follows from Lemmas and because the remaining intervals contain exactly one
point of R,, and the terms in brackets in Lemma can be estimated by using

and (4.2).
Part (i) follows from Lemmas and
The last part is actually Proposition

Finally (iv) (and analogously (v)) follows from Lemma combined with Lemmas
and We get

b (wjy, — e b9 (e D 1)) b=2n

27i :l: 2mi
(CaaEs e 2(e i —1)

\tjmi| =

where w, is either el or —1. Clearly,
|wj, —eb™ ™ (e*Th ~1)|<a
for some constant ¢; > 0 (independent of j; and n) since eb" /1 < b. Hence (using

jl < ’I’L),

|/J/jml| < CQb_n_jl~ u
We are now ready to state and prove the main result of this subsection.

THEOREM 4.19. Let 1 < p,q < o0 and 0 < r < 1/p. Then there exists a constant C > 0
such that, for any n € N and any generalized Hammersley type point set R, with a,
satisfying |2a, — n| < cg for some constant ¢y > 0 (independent of n), we have

DR, 1S5, B([0,1)?)[| < Co™r=Dpt/a,

Proof. Let R,, be a generalized Hammersley type point set with a,, satisfying |2a,, — n|
< ¢p for some constant ¢y > 0. Let p.,; be the b-adic Haar coefficients of the discrepancy
function of R,,. Theorem gave us an equivalent quasi-norm on Sy, B([0, 1)?) so that
the proof of the inequality

( Z b(j1+j2)(r—1/17+1)q( Z |Hjmz|p>q/p)1

JENZ | meD;, lEB;

/a < Obn(rfl)nl/q

for some constant C' > 0 establishes the proof of the theorem (for better readability we
give a slightly different form with j; + jo in the exponent of b which can be estimated
easily).

We use different parts of Proposition [£.18] after splitting the sum by Minkowski’s
inequality. We have
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( Z b(j1+j2)(r71/}7+1)q( Z |,Ujml|p)q/p> 1/q

JENZ; j1+ja<n—1 meD;, IEB;

ca( X ey S b72np>"/”)”q

JENZ; j1+j2<n—1 meD;

n—2
—a( Y dGres-) Y, (3 pher-2nlar 4 1) &
JENG; j1+ja<n—1 A=0

n—2
< ent/d ( Z b[)\(r+1)*2n]q) Ha < cont/apn(r=1)
A=0

from of Proposition i). From (ii) of the same proposition we have (using the fact
that 1/p —r > 0)

Z b(j1+jz)(r—1/p+1)q< Z |/1'jml|p) q/p) 1/q
0<j1,j2<n; j1+je2=2n—1 meD;, I€B;
< 03( Z plir+i2)(r=1/p+1)q yna/p b(_n_jl—jZ)q) e

0<j1,j2<n;j1+j2=>n—1

+ C4( Z plar+i2)(r=1/p+1)q p(s1+352)a/p b(*2j172jz)q) 1
0<g1,52<n; j1+j22n—1
— o 3 Bl 301/ /=) Ha
0<J1,j25n; j1+j22n—1
+ 04( Z b(j1+j2)(r—1)q>l/q
0<j1,52<n; j1+j22n—1

2n

= 03( Z (2n — X+ 1)1,[/\(T71/p)+n/pfn]q) /e
A=n—1
2 1/q
+ 64( Z (2n — A+ 1)b’\(7’_1)q>
A=n—1
n+2 1/ n+2 /q

— czb"/Pn ( Z )\b[(2n+1—/\)(r—l/P)]Q> ? +ey ( Z )\b(2n+1—>\)(r—1)q> !
A=1 A=1

n+2 n+2

< cgbr=DHn(r=1/p) ( 3 AbA(l/p—r)q)” 4 b1 ( S )\b)\(l—r)CI)l/ !
A=1 A=1

< n(r—1)+n(r—1/p) 1/q 3 (n+3)(1/p—r) 2n(r—1) 1/q p(n+3)(1—r)
< csb (n+2)"90b + cgb (n+2)"/9b

< C7b7l(rfl)n1/q.

Proposition iii) gives us (using the fact that r — 1 < 0)
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( Z b(j1+j2)(r71/P+1)q< Z |Hjml|p)q/p)1/q

JENZ; j1>n meD;, lEB;

<cs( Z b(j1+j2)(7’—1/p+1)qb(—2j1—2j2)‘1b(j1+j2)q/p>1/q
JENZ; j1>n

1/q
= CS( E A+ 1)b)\(7'*1)Q> < cgn/apn(r=1)
A=n

and an analogous result for those j € NZ with jo > n. From Proposition iv) we
conclude

> b<h+j2><r71/p+1>q( 5 |N'jml|p>q/p)1/q

0<j1<n; jo=—1 meDy, I€B;
< ClO( Z plr+i2)(r=1/p+Dap(d1+iz)a/p b(—ﬂ—ﬁ)q) e

0<j1<n; j2=-1

1

n—1 1
_ Cllbin< Z bjlqr> q < Cllbinbnr — Cllbn(rfl) < Cllbn(rfl)nl/q.
j1=0

Analogously one estimates the sum for those j € N2, with j; = —1 and 0 < j, < n.
From of Proposition vi) we have

(3 w5 pmr)™)

n<ji1;j2=—1 meD;,leB;

qu( > b(jlJsz)(T*1/P+1)L]b(j1+j2)q/pb72j1q>1/q

n<gi; je=—1
Sl 1/a
- 613( 3 le(T—l)Q) < 15b™ D) < gDyl
ji=n

again with analogous results for the sum with those j € N2 | where j; = —1 and n < js.
In the cases where p = oo or = oo the calculations have to be modified in the usual way.
Finally, the last part of Proposition m gives us (using [2a,, —n| < ¢p)

l(=1,-1),0,0),1,1)| < crab™" < b Hnt/e,

and the theorem is proved. m

REMARK 4.20. We have already mentioned that in [Hil0] Hinrichs used point sets with
an = |n/2]. So a possible value for ¢y in that case would be 1.

Analogously to the last section we want to take advantage of embeddings and get
results for Triebel-Lizorkin and Sobolev spaces.

COROLLARY 4.21. Let 1 < p,q < o0 and 0 < r < 1/max(p,q). Then there erists a
constant C' > 0 such that, for any n € N and any generalized Hammersley type point set
R, with a, satisfying |2a, —n| < ¢ for some constant ¢y > 0 (independent of n), we
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have
1D, 1S5, F([0,1)%)[| < Co"r—Hnt/a,

Proof. From Corollary [1.13| we have S” B([0,1)?) < 57 F([0,1)?). Therefore, we

max(p,q),q
get the assertion for 0 <r < 1/max(p, q) from Theorem ]

COROLLARY 4.22. Let1 <p < oo and 0 < r < 1/max(p,2). Then there exists a constant
C > 0 such that, for any n € N and any generalized Hammersley type point set R, with
ay, satisfying |2a, —n| < co for some constant ¢y > 0 (independent of n), we have

||DR,I,|S;H([O, 1)2)H < oy (r=1,1/2.
Proof. The assertion follows from Corollary for g =2. m

REMARK 4.23. We recall that SJH([0,1)?) = L,([0,1)?), therefore, the point sets R,
have best possible L,-discrepancy.

4.2.2. Discrepancy of Chen—Skriganov type point sets. We begin this subsection
with the definition of point sets of Chen—Skriganov type, first suggested in [CS02]. Those
point sets are b-adic constructions and digital nets. Therefore, we are now perfectly
prepared to work with them. The reader is referred to [DP10] for more information. Chen
and Skriganov constructed those sets as an example of point sets with best possible Lo-
discrepancy. In [S06] Skriganov proved that they also have best possible L,-discrepancy.
Our goal is to analyze their discrepancy in spaces with dominating mixed smoothness
with focus mainly on spaces Sj, B([0,1)%).

We will repeat some notation that has already been introduced. An element A from
Iﬁ‘g" for b prime will be given in the form A = (a1,...,a4) and for each i we have
a; = (ai1,...,ai,) € F'. The mapping ®¢ : Fé" — [0,1)? is defined by Definition as
®d(A) = (®,(a1),...,Pn(aq)) and

a;1 Qin

Dolag) = T4t G

Finally, v, (a;) = max{v : a;, # 0}.
Let b > 2d? be a prime number and n € N divisible by 2d, i.e. n = 2dw for some
w € N. For some positive integer h let

f)=fo+ fiz+-+ fa_12"7!

be a polynomial in Fy[z]. Its degree is deg(f) = h— 1, assuming f,_1 # 0 and deg(0) = 0.
For every A € N the Ath hyper-derivative is

h—1 ,.
17 .
6)\ _ z—)\.
=3 (3)

We use the usual convention for the binomial coefficient modulo b that (;\) =0
whenever \ > i. There are 2d? distinct elements Biv €Fp, 1 <i<d,and 1 <v <2d.
For 1 <i < d let

2d

a'z(f) = ((8>\_1f(5i,u))7;\l):1)y:1 € ]Flr71
We define C,, C F" as

Co ={A(f) = (ar(f), -, aa(f)) = f € Fo[2], deg(f) < n}.
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Since there are b™ polynomials with deg(f) < n in Fp[z] and A(f) # A(g) if f # g, Cn
has exactly b elements. The set of polynomials in Fy[z] with deg(f) < n is closed under
addition and scalar multiplication over F;, and A : Fy[2] — Fy[2] is linear, hence C,, is an
Fj-linear subspace of F¢". Instead of working with point sets directly, we will work with
such Fy-linear subspaces of F{" and use their duality properties. The point set which is
a dual counterpart of such a subspace can be obtained through the mapping ®¢.

DEFINITION 4.24. Let C,, be as above. Then the Chen—Skriganov type point set is the set
CS, = ®(C,).

The set CS,, contains exactly b™ points. The following is the main result of this work
and we also refer to [M13b].

THEOREM 4.25. Let 1 < p,q < co. Let 0 < r < 1/p. Then there exists a constant C > 0
such that, for any integer N > 2, there exists a point set P in [0,1)? with N points such
that

1Dp|S5,B(10,1)%)]] < CN™! (log N)“@=/4.

We will prove it later because we need to do some preliminary work first.

REMARK 4.26. The point sets in the theorem are the Chen—Skriganov point sets. It was
conjectured in [Hil0] that they might satisfy the desired upper bound. The restrictions
for the parameter r are necessary. The upper bound r < 1/p is due to the fact that
we need characteristic functions of intervals to belong to Sy, B([0, 1)4) and the condition
given by [T10a, Theorem 6.3]. The restriction r > 0 comes from the point sets. Anyway,
there is a restriction of r > 1/p — 1 from the fact that we require S5, B([0,1)%) to have a
b-adic Haar basis (see Theorem . We have an additional restriction r > 0 which is
due to our estimations which might not be optimal.

The proof of Theorem [£.25] will work as follows. The discrepancy function can be
decomposed as Dp = Op + Rp where Op is obtained by truncating Walsh series ex-
pansions and Rp is the rest. Because of the special properties of CS,,, Rcs,, is pointwise
small enough. We can estimate the b-adic Haar coefficients of ©¢s, and use the charac-
terization of the norm of Sy, B([0,1)%) in terms of b-adic Haar bases given by Theorem

21T

Again we deduce results for other spaces with dominating mixed smoothness.

COROLLARY 4.27. Let 1 < p,q < oo. Let 0 < r < 1/max(p,q). Then there exists a
constant C > 0 such that, for any integer N > 2, there exists a point set P in [0,1)¢ with
N points such that

|Dp[Sy, F([0, 1)) < ONTF (log N)@=1/a,
Proof. From Corollary |1.13|we have Sf._ . B([0, 1)) — 87 F([0,1)). Therefore, we
get the assertion for 0 < r < 1/max(p, q) from Theorem "
COROLLARY 4.28. Let1 < p < oo. Let 0 < r < 1/max(p,2). Then there exists a constant
C > 0 such that, for any integer N > 2, there exists a point set P in [0,1)% with N points

such that
|Dp|Sp H([0,1)Y)]| < CN™! (log N)(@=1)72,
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Proof. Let r > 0. Then the assertion follows from Corollary for ¢ = 2. We recall
that SJH ([0,1)%) = L,([0,1)%), therefore, the assertion in the case r = 0 is Theorem
and Theorem 313l =

The next result is [DP10, Theorem 16.28].

PROPOSITION 4.29. For every w € N the set C,, is an Fy-linear subspace of Fi" of di-
mension n. Its dual space C;- has dimension nd — n and it satisfies

un(CH)Y>2d+1 and 6,(Cr)>n+1.
THEOREM 4.30. The Chen—Skriganov type point set CS,, is a digital (0, n,d)-net in base b.
Proof. This result is a direct consequence of Propositions [£:29] and [T.48] =

Before we turn to the computation of the Haar coefficients of the discrepancy function
of the point sets CS,,, we give some very easy lemmas which have already been stated in
less generality: sce Lemmas 47 We recall the notation that has been given
at the beginning of Subsection By 0 < s < d we denote the number of coordinates
of j € N%, which are not —1 and by Jn, for 1 <4 < s we denote such coordinates of j
which are not —1. We write [j| = jp, + -+ jy.-

LEMMA 4.31. Let f(x) = o1 ... -2q for v = (21,...,24) € [0,1)%. Let j € N4, m €
D;,l € B; and let pjmi be the b-adic Haar coefficient of f. Then
p—2lil—s
Himi = Qd*S(ezgilm —1)-...- (e2§ilns —1)7
and therefore
|tjmi] < b2l

with a constant ¢ > 0.

LEMMA 4.32. Let z = (21,...,24) € [0,1)* and g(x) = X[0,0)(2) for x = (z1,...,2q) €
[0,1)%. Let j € N, m € D;,l € B; and let pjm; be the b-adic Haar coefficient of g.
Then pjmi = 0 whenever z is not contained in the interior of the b-adic interval I,
supporting the functions hjmi. If z is contained in the interior of I, then there is a
unique k = (k1,...,kq) with k; € {0,1,...,b—1} if j; # =1 or k; = —1 if j; = —1 such
that z is contained in Ij’?m. Then

pim =b" 0 I A =2)

1<i<d; ji=—1

s b—1
- 27i 27i
X H [(bmnu+knu+1_bh”+lzm)e 5 Ky oy E e Twlny ,
v=1 Ty =kn, +1
and therefore
|| < cb™ !

with a constant ¢ > 0.

One easily calculates the one-dimensional case and concludes via tensor products.
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LEMMA 4.33. Let A € Ny and s € N. Then
#H1,d) NG i+ + i =A< (A+ 1)

Proof. For s =1 the assertion is trivial. Inductively we get

#{(1s - dsr1) ENGTH s i+ e = A}
A A
=> #{0rd) ENS it je= A= <Y (A—i+1) T < (A1) -
P i=0
We consider the Walsh series expansion of the function x|g ),

o

X(0.)(T) = > X[o,y)(t) waly(z), (4.4)
t=0

where for t € Ny with b-adic expansion t = 79 + b+ --- + Tg(t),lbg(t)_l, the tth Walsh
coefficient is given by

1 y
X[o,y)(t):/ Xo,y) (z)wals () dx:/ waly(z) dz.
0

0
Fort>0weputt=t+ Tg(t),lbg(t)_l.
LEMMA 4.34. Let b > 2 be an integer and y € [0,1). Then

1 1
X O = = = + T alz a—
X0.)(0) =y = 5 ;; ey e 1(y)
and for any integer t > 0 we have
1 1 _ 1 1
X = : 1;/ —_— — 1
X () be(®) (1 e () + (e_QmTQ(t)l —1 * 2)wa t(v)
co b—1
$YY e e ) )
a=1z=1 -

This is called the Fine-Price formula and was first proved in [F49] (dyadic case) and
[P57] (b-adic version). One often finds it in the literature: see e.g. [DP10, Lemma 14.8]
for an easy understandable proof.

For n € Ny we consider the approximation of x|g ) by the truncated series

b —1
x) = Z X[0,) (1) walg (). (4.5)
t=0

Now let y = (y1,...,94) € [0,1)%. Then we put

X[o (@ HX[O v (i)
where z = (z1,...,24) € [0,1)¢ to approximate X[o,y)- Let N be a positive integer. Then
for some point set P in [0,1)¢ with N points we put
(n)
73 NZX et Yq- (46)

z€P
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We decompose the discrepancy function as

Dp(y) = Op(y) + Rp(y) (4.7)

with the main part ©p and the rest Rp which will be handled separately. We now
restrict ourselves again to the case where b is prime. The reader might want to recall
Definition [L.40]

LEMMA 4.35. Let C be an Fy-linear subspace of Fi™ of dimension n and let P = ®%(C) de-
note the corresponding digital (v,n,d)-net in base b with generating matrices Cy, ..., Cyq.
Then

Op(y) = Y Row®):

te/(Cy,....Ca)
Proof. For t = (t1,...,tq) € N&d and y = (y1,...,vy4) € [0,1)¢, we have

X0, () = Xjo,50) (t1) - -+ X{o,y) (ta)-
By Lemma [T.41] we get

b —1
1 . N
OrW) =7 > D Xow®wal(z) = X0y ((0....,0))
zEP t1,...,t4=0
bt —1

= > X[o,y)(t)in > waly(z) = Y Row®). =
b

t1,...,tq=0 z€P tE@'(Cl,..A,Cd)
(b1, 1) £(0,..-,0)

The next results give us pointwise estimates for the rest term, so that only the main
term ©p has to be considered.

LEMMA 4.36. There exists a constant ¢ > 0 such that, for any n € Ny and for any Fy-
linear subspace C of F{" of dimension n with dual space C* satisfying 6,,(Ct) > n + 1
with the corresponding digital (0,n,d)-net P = ®2(C) and for every y € [0,1)%, we have

[Rp(y)| < .
The fact that P is a (0, n, d)-net is a consequence of Proposition m For a proof of

this lemma the interested reader is referred to [DP10, Lemma 16.21].
We recall the following notation. For functions f,g € L([0,1)¢) we write

sa=[ g

PROPOSITION 4.37. Let j = (—1,...,—1),m = (0,...,0),1 = (1,...,1). Then there
exists a constant ¢ > 0 independent of n such that

<cb™™.

lttjmi(Des,,)

Proof. Asin (4.7) we partition D¢s, (y) = Ocs,, (y)+Res,, (y) and we know from Proposi-
tion and Lemma that there exists a constant ¢ > 0 such that |Res, (v)] < ¢b™™.
Using Lemma [4.35| we can calculate the Haar coefficient

timi(Des, ) = (Ocs, + Res,,, hjmi)-
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To do so we use the fact that hj,; = wal(,. . o). Now we consider the one-dimensional
case first. From the first part of Lemma we get
(X[0,-)(0), walg) = 1/2.
Now let ¢ > 0. Then from the second part of Lemma [£.34] we have
1 1

<)%[07.)(t),walo> = bet) | _ o= Flromy—1’
0, t' #0.

¢ =0,

This means that we can find a constant ¢; > 0 such that, for any integer ¢ > 0 we have
(X0, (t), walo)| < c1b=e®
and
(X[0,(t), walg) = 0

if¢>0and t' #£0.
Now suppose we have some t € ©'(C1,...,Cy) such that

(X[0,)(t), wal(o,...0)) # 0.
Then for all 1 <3 < d we have
(X0, (ti), walo) # 0.
Then necessarily t; = T,(,)—1 be(t) =1 (since t;, = 0) or t; = 0 for any i = 1,...,d, which
means that either s(t;) = 1 or s(¢;) = 0. In any case we have »%(¢) < d, which contradicts

3,(Ct) > 2d + 1 as must be the case according to Proposition m Therefore, for all
te®'(Cy,...,Cq) we have

{(X[0,9(t), wal(o,...0)) =0
and Lemma yields (Oc¢s,,, wal(,...0y) = 0. Hence we have
[wimi(Des, )| < [(Ocs,,, walo,....0))| + [(Res,,, walo,....0))| < cb™". =
LEMMA 4.38. Let j € N_y, m €Dy, [l € B; and o € Ng. Then
(1) if j € Ng and o(o) = j+ 1 and o; =1 then
[{jmt, wala)| =077,
(i) f j=-1, m=1=0 and a =0 then
(i, wala)| =1,
(iil) if o) #j+1 or a; # 1 then
[{(hjmi, waly)| = 0.
Proof. The second claim and the third for j = —1 are trivial so let j > 0. Let y € [0, 1).
We expand o and y as
a=ay+ab+---+ ag(a)_lbg(o‘)*l and y=yb L 4+yb 4.

Hence

waly () = eF (U1t H @) —1Ve(a)



4.2. Upper bounds 67

The function wal, is constant on the intervals
(b2 g, b2l (§ 4 1))
for any integer 0 < & < b2(®) according to Proposition The function A, is constant
on the intervals
15, =7 bm+ k), b~ (bm + k + 1))
for any integer 0 < k < b. Now suppose that either j + 1 > p(a) or j 4+ 1 < g(«). This
would mean that either
Lim = [b77m, b7 (m + 1)) C [b~9®)5, 572 (5 4 1))
in the first case or
el pmel) (5 4+ 1)) C 1L,
for some k in the second case or in both cases
b9 m, b= (m + 1)) N [b=25 b= (5 + 1)) =0
In any case
(hjmi, waly) = 0.
Hence, (iii) is proved and the only remaining case is j + 1 = p(a). Then either again
[b=7m, b= (m+ 1)) N [b~ 25 b= (§ 4 1)) =0
or
el p=el) (5 4+ 1)) = IF,
for some k. We consider the last possibility. The value of Ay, on I fm is e’ % To calculate
the value of wal, we expand m as
m = mj +m2b+~~~+mjbj*1.
Clearly, 0 < bm + k < b+, Hence,
b7 Y om + k) = mjlfl 4o meb T b + kb
So,

27mi

waly (b7 (bm + k) = e (aomj+-taj1mitazk)

Now we can calculate

b—1
Tl = [ Ty wala()dy =3 [ Bl wal (o) dy
jm k=0""jm

b—1

 pL Y B ot (g -OR)
k=0
— pI—1 o (comy+-taj_1ma) § o2 (i —D)k
k=0
b ezgi (Ommj.|....+ozj_1ml)7 o = 1
07 Qj 7é la

and the lemma follows. m
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LEMMA 4.39. There exists a constant ¢ > 0 with the following property. Let t,a € Ny.
Then if a =t' or o =t 4+ 7 b2 +2=1 for some integers 0 <7 <b—1 and a > 1 then

|<>2[o,~)(t), waly )| < cb™ max(e(t),0(a))

If o # t' and there are no integers 0 < 7 < b—1 and a > 1 such that o = t—i—TbQ(tHa_l,
then
<)A([0’.)(t),wala> =0.
Proof. We use Lemma First let ¢ > 0. Suppose that o =/, so p(a) < o(t). Then
1

= |pe®) < gpme®)
1— eiim"'e(t)—l -

(o (8), wal >|—\

If & = ¢ meaning that o(a) = o(t) then

1

[(X[0,) (1), Wala)| < | —m———
e b Te(t)y-1 —1

n 1‘ el < el
5 <

Now let o = t + 752 +e=1 for some 1 <7 < b—1 and a > 1. Hence o(a) = o(t) + a.

Then

[(X[0,) (1), wala)| = -
e -1

For any other «, clearly
(X0, (t), waly) = 0.
Now we consider the case t = 0. Then for @ = 0 (meaning p(«) = 0) we have
(R0 (8), walla)| = 1/2 < b4,

Let a = 767! for some 1 <7 <b—1and a > 1. Then g(a) = a and

|(X[0,)(t), walg)| =

‘b_“ < chel@)
For any other «, again clearly
<)A([07A)(t),wala> =0. =
We now need an additional notation. For any function f : F¢" — C we call f given
by
> e
AeFgn

for B € F{" the Walsh transform of f.
The following two facts can be found in [DP10]. The first lemma is [DP10, Lemma
16.9] while the second is [DP10, (16.3)].

LEMMA 4.40. Let C and C*+ be mutually dual Fy-linear subspaces of Fl‘f”. Then for any
function f : Fl‘f" — C we have

> fA) bdn °Y s

AecC Bec+t
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LEMMA 4.41. Let C and C*+ be mutually dual Fy-linear subspaces of F¢". Let B € Fi".

Then
ZGZTTHA.B_ #Cv BGCJ_?
0, B¢ct.

We will now introduce some notation, slightly changed from what can be found in
[DPI0, 16.2]. Let 0 < 71, ...,v4 < n be integers. We put v = (71, ...,74). Then we write

Vv, = {A T . 3,(A) € f[[o,b%)}.

Hence, V, consists of all A€F{" such that a;=(0,...,0,a;~,+1,---,a,) for all 1<i<d.
For all 1 <i <dlet 0 < \; <+, be integers and let A = (A1, ..., Ag). Then we write Vi
for the set consisting of all A € F" such that a; = (0,...,0,a; 5,41, -+, @ir;—1,0, Qi it 1,
., Gin). The case \; = ~; is to be understood in the obvious way as a; = (0, ..., 0, a; ~;+1,
,@in). Therefore, Vi~ consists of A € F{" such that a; = (ai1,...,a4,,0,...,0) and
VL/\ consists of A € Fd” such that a; = (a;1,...,a:,,0,...,0,a;,,0,...,0).

For a subset V' of ]Fd" we denote the characteristic function of V' by xy. The next
result is a slight generalization of the corresponding assertion from [DP10, Lemma 16.11].

LEMMA 4.42. Let v1,...,7d, A1,---,Aq be as above. Let o be the number of i such that
Ai < ;. For all B € IFg" we have

2 (B) = b oy L (B,
Proof. We use Lemma [.41] to obtain

~ 27r1AB
XVWA E eb w)\ E eb

AE]Fdn AEV»Y A
= #Vya)xve, (B) = bdn*l)\‘faXvw{A(B) .

The following fact is a generalization of [DP10, Lemma 16.13].

LEMMA 4.43. LetC and C* be mutually dual Fy-linear subspaces ongn. Letyy,...,7%4, A1,
., Ad,0 be as above. Then

C
#CNVy) = T HEt VL)

Proof. We use Lemmas [£.40] and [£.42] to get

#CNV0) =D xv, . (4) bdn vaM

AeC BecL
#C dn—|\|—o #C 1 1
= g 2 VTN s (B) = s #CT V5.
Bect

The proof of the following fact is contained in the proof of [DP10, Lemma 16.26].

LEMMA 4.44. Let C be an Fy-linear subspace of F{" of dimension n with dual space of
dimension dn — n satisfying 5,(Ct) > n + 1. Let 0 < 71,...,74 < n be integers with
|v| > n+1. Then

#{A=(a1,...,a0) €CT: vp(a;) =7 1 < i <dy <77
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For our purposes this result is not strong enough. We use the following instead.

PROPOSITION 4.45. Let C be an Fy-linear subspace of F{" of dimension n with dual space
of dimension dn — n satisfying 5,(C+) > n+ 1. Let 0 < \; < ; < n be integers for all
1<i<dwithl|y|>n+1and |\ +d<n. Then

#{A = (a1,...,0aq) ect: vn(a;) <y ai =0V <k <7 1<i<d} < v,
Proof. Let A € C*+ with v,,(a;) < ; and for all \; < k < 7; with a;, = 0forall 1 <i < d.
Let v = (y1,---,7a) and A = (A1,..., Ag). Then A € V. Let o be the number of i such
that \; < ;. Analogously to the proof of [DP10, Lemma 16.26] using Lemma we get
#{A = (a1,...,aq) ect: Up(a;) <y ai =0V <k <y 1 <i<d}

<H#CENVy,) =bATTTRE Y, L), (48)
Now suppose A € V5 x. Then for all 1 <4 < d we have

_ @it Bigi=1 | Bipyi41 Gin 1
P, (a;) = prit+1 T bri—1 + brit+l oot ra < bAi

in the case where \; < ~;, and
Qin 1

_ ai,)\iJrl
(I)n(az) - b>‘i+1 + -+ b < W

otherwise. Hence, ®%(A) is contained in the b-adic interval
d

[Tio.67)

i=1
of volume b=, By Proposition ®4(C) is a digital (0,n,d)-net in base b, and there-
fore, according to Remark contains exactly 4"~ points which lie in a b-adic interval
of volume b~ A, Therefore, we have

#C NV, <on W
and the result follows from (4.8)) since 0 < d. m

PROPOSITION 4.46. There exists a constant ¢ > 0 with the following property. Let CS,,
be a Chen—Skriganov type point set with N = b™ points and let pjm be the b-adic Haar
coefficient of the discrepancy function of CS, for j € N*, m € D; and | € B;. Then

(i) if j=(-1,...,—1) then
|| < eb™",

(ii) if j # (—=1,...,—1) and |j| < n then
gt < eb=H7m,

(ili) if j # (—1,...,=1) and |j| > n and jy,,,...,Jn. <n then
|t < cb=HI7m,

and
|tjmi] < b2V

for all but b™ coefficients fijm,
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(iv) if j # (—1,...,=1) and j,, > n or ... or j, > n then
|ttmi| < b2,
Proof. Part (i) is actually Proposition [4.37]
To prove part (ii) we use again the decomposition
Dcs, = Ocs,, + Res,,-
Let j € N4, j # (~1,...,-1), |j| <n,m € D;, ! € B;. The Walsh function series of
hjmi can be given as

Pyt = Z (hjmi, waly) waly . (4.9)
aeNg
By Lemma we have
[(Res,, hjmi)| < eb™"|Lim| = cb~lil-n,
We recall that
<hjml,Wala> = <hj1m1l1,wala1> e <hjdmdld,walad>
and
<>A<[O7y) (t),wala> - <X[O’y1)(t1)’walo‘l> Tt <X[O,yd)(td)7wa‘1ad>'

We will apply Lemmas and to each of the factors. Lemma gives us
|(Rjymats > Wala, )| < 0797 if j; # —1 for all i. For all a with o(a;) # j; + 1 for some i
we have (Rjnm;, wala) = 0. We also always get 0 if the leading digit in the b-adic expan-
sion of ay is not I; for some 7. In the case where j; = —1 we can get b~/ by increasing the
constant. From Lemma m we have [(X[0.y,)(ti), waly, )| < b~ max(e(@).e(t)) Invoking

Lemma and we get
= [Ocs, himd = [ D0 ooy ®), D (hjmi, wala) wala )|

te®/(C1,...,Cq) aeNd

> D 1Ko, (8), wala)[[ (i, waly)|

te®’(Cy,...,Ca) aeNG

|tjmi(Ocs,,)

IN

< p=dr——Ja Z p~ max(ji,0(t1))—--—max(ja,o(ta))
te®’(Ch,-..,Ca)

The summation over « disappears due to the following facts. The application of Lemma
leaves only all those o with g(a;) = j; + 1 and with [; as leading digit in the b-adic
expansion of ; for all 4. The application of Lemma [£.39]leaves then at most one « per ¢,
namely the one with either a; =t} (if o(t;) > j; + 1) or o = t; + 1; b/ (if o(t;) < js + 1)
for all 4. In the cases where there is an ¢ with o(¢;) > j; + 1, it is possible that no « is
left in the summation, since we still have the condition on «; that the leading digit in
the b-adic expansion is [;, which cannot be guaranteed for t;.

Our next step is to break the sum above into sums where for every ¢ every coordinate
either has bigger NRT weight than the corresponding coordinate of j or a smaller NRT
weight. Let 0 < 7 < d be the integer that is the number of 1 < ¢ < d such that the NRT
weight is smaller. Without loss of generality we consider for every r only the case where
for 1 < i < r we have o(t;) < j; while for r + 1 < ¢ < d we have o(t;) > j;. All the



72 4. Discrepancy in spaces with dominating mixed smoothness

other cases follow by renaming the indices and we will just increase the constant. In the
notation we split the sum

Y ey Y

te®’(Cy,...,Ca) r=0t€®’ (C1,...,Cq)

where by ©/(Cy,...,Cy) we mean the subset of ©'(C1,...,Cy) according to what we
explained above (with ordered indices and other cases incorporated into the constant,
r coordinates have smaller NRT weight). So we have

d
gmt(@cs, )| < exb ™= 73037 et~ et
r=0t€®’(C1,...,Cq)

d
=c3 g I A A R [ E peltr1)——o(ta)
r=0 te®’ (Ci,...,Ca)

Instead of summing over ¢, we can sum over the values of g(t), considering the number
of t such that o(t;) = 7;, 1 <14 < d. We recall that CS,, = ®%(C,,). Then we denote

Wey :#{AEC#: Un(a;) =7 YiNayp =0V5; <k <~v;r+1<i<d},

Oy =#{A€CH: vala) <viViNaiw =0V5 <k <vy;r+1<i<d}.
Let T consist of all v = (v1,...,74) such that 0 <~; < j; for 1 <i <7, j; <7 <n for

r+1<i<dand |y| >n-+1 Then we have
d

|ijl(®CSn)| <3 Z p=291— =2 —r 1= —Jd Z b*'\/rﬁ»l*'”*'\/dw’y.
r=0 ~yel

We can apply Proposition .45 with \; = v;, 1 <i <7 and \; = j;, r + 1 <4 < d. Thus,
we get @, < b®. An obvious observation is that
Z Wy < Wy
0<k;<vi, 1<i<d
with kK = (k1,...,kq). Recall the notation 7 = (n,...,n). For all v € T we have —v,. 41 —
i yg <Y1y —n—1, 50

d
‘Mjml(@CSn)l < e Z p=2i1— = 20r—Jrp1— Z b—n—1+’Y1+---+’7rw’Y
r=0 yel’
d
< C4Zb_2j1_"'_ZjT_jT+1_"'_jd_n Z pritte Z W
r=0 0<7:i<ji, 1<i<r Ji<vi<n,r+1<i<d

d T Ji
< ey E b*2J1*“'*2jr*Jr+1*'“*Jd*nH E pri E max W
0 0<;<ji, 1<i<r
r=

i=1r;=0 Ji<vi<n,r+1<i<d

d
5 NI S
r=0

0<v:<n, 1<i<d

< CGb*jl*"'*jd*na)ﬁ < Cﬁb*jlf”'*jd*nbd < c7b*|ﬂ*n'
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For (iii), let [j| > n and jy,,...,j,, < mn. We recall that CS,, contains exactly N = b"
points and for fixed j € N, the interiors of the b-adic intervals I m are mutually disjoint.
There are no more than b" such b-adic intervals which contain a point of CS,,, meaning
that all but ™ intervals contain no points at all. This fact combined with Lemma
gives us the second statement of this part. The remaining boxes contain exactly one point
of CS,, (Theorem [4.30)). So from Lemmas and we get the first statement of this
part.

Finally, let j,, > nor ... or j, > n. Then no point of CS,, is contained in the interior
of the b-adic interval I;,,. Therefore part (iv) follows from Lemma@ "

REMARK 4.47. Proposition together with (2.2]) gives us yet another alternative proof
for Theorem [B.13

We are ready to prove the main result of this work.

Proof of Theorem [[.25. At first, we assume that N = b" for n = 2dw for some w € Ny.
Then the point set satisfying the assertion is the Chen—Skriganov type point set CS,,. Let
timi be the b-adic Haar coefficients of the discrepancy function of CS,,. Theorem m
gave us an equivalent quasi-norm on Sy B([0, 1)?) so that the proof of the inequality

( Z b|j|<r—1/p+1)q( Z |’ujml‘1?)q/p)1/qSCbn(r—l)n(d—l)/q

JENE, meD;, IEB;

for some constant C' > 0 establishes the proof of the theorem in this case.

To estimate the expression on the left-hand side, we use Minkowski’s inequality to
split the sum into summands according to the cases of Proposition .46 We denote

, 1/p
g = bIJI(rfl/pH)q( 3y IMjmz\p)
meD;, leB]‘

and get

(=) <z [(Z2) (T2 - (=)

JENT s=1 jeJl JjEJ2 =1 jeJ3

where J! is the set of all j # (—1,...,—1) for which [j| < n, J2 is the set of all j #
(—=1,...,—1) for which 0 < ji,,...,j,. <n—1and |j| > n, and JZ, is the set of all j for
which j,, > n.
We will show that each of the summands above can be bounded by C y™("~Vp(d-1)/a,
which finishes the proof.
Proposition [£.46{1) gives us, for j = (=1,...,-1), m = (0,...,0), I = (0,...,0),
Zj = |pjmi| < e1b™™ < epb™ T Ypld=/a,

Let now 1 < s < d. We will use Proposition ii) and Lemma [4.33] The summation
over | € B; can be incorporated into the constant and we recall that #D; = blJl. Hence
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(using the fact that r < 0) we have

( Z E;J) 1/q < CS( Z b|j|(T71/p+l)q( Z b(,|j|7n)p>q/p)l/q

je‘]sl jEJsl mEDJ‘
q n 1/q
— 03( Z b(|J|T*n)Q> < C4<Z b(AT*n)q(A + 1)871>
jeJ! A=0
<espnts/ap=n ( > b’\Tq) v < conld=D/apnr=1),
A=0

From (iii) in the same proposition (using the fact that » —1/p < 0 and r — 1 < 0) we
have

( Z Eg) 1/q

JEJZ
< C7< Z plil(r=1/p+1)q yna/p b(*lj\fn)q) 1/ + Cs( Z plil(r=1/p+1)q plila/p b72‘j|q> /4
jes? jeJz
_ 07( 3 b[lj|<r—1/p>+n/p—n1q)”q n CS( > bljl(r—l)q)l/q
jeJ? jegz
s(n 1) 1/q sz D) 1/q
< 07( Z (A + 1)8_1b[/\(r_1/p)+n/p_n]q> + 08( Z A+ l)s_lb)‘(T—l)q)
A=n+1 A=n-+1
< an(sfl)/Qb"/P*n ( S("z:l) b)x(rfl/p)Q) 1/q + er0 ns—1/a ( S("z:l) b)\(rfl)q) 1/q
A=n+1 A=n+1

< epnls=D/apn/p=npn(r=1/p) 4 o, p(s=D/apn(r=1) < ¢ p(d=1/a pyn(r=1)
Proposition iv) gives us, for any 1 <i <,

1/q . 4 o \1/q
( Z Eg) < 014( Z plilr=1/p+1)q plila/p b—2IJ\q>

IETE JEI3,
< C15< S+ 1)3—1bx(r—1)q) ! < eygntd=D/apn(r=1),
A=n

The cases p = co and ¢ = co have to be modified in the usual way.
Now let N > 2 be an arbitrary integer. Then we find w € Ny such that

b2d(w—1) <N< b2dw

and for n = 2dw we construct the point set CS,,. Since CS,, is a digital (0,n, d)-net, the
point set

P =CS, N ([0, N/b") x [0,1)%1)
contains exactly N points. We define the point set

b" 5
P = {(le,xg,...,md) . (961,---71‘11) EP}'
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Then N
Dp(y) :#<{O’bny1> % [0,y2) X -+ % [Ovyd)mﬁ> —Ny1-... ya.

Therefore, by scaling the first coordinate with the factor N/b™ € (1/2,1], we estimate
(with a certain constant ¢; > 0)

1F = (erF D) Lp([0, )| < er| F~H(orF Des, )Ly ([0, 1)Y)]]-
Finally, we get
1Dp|Sp,B([0,1)%)]| < 1| Dp| Sy, B([0,1)7)]| < ea N™~" (log N)“=1/4. w

REMARK 4.48. We remind the reader of Lemma which already required b to be large
to ensure the existence of (0, n, d)-nets. But this dependence was linear, namely b > d—2.
The construction of CS,, demands that b be even larger, namely b > 2d2.

4.3. Conclusion. We summarize the discrepancy results for spaces with dominating
mixed smoothness. Especially we would like to give the cases where the lower and the
upper bounds coincide. The following combines results from Theorems and

Corollaries
THEOREM 4.49.
(i) Let 1 <p,g<ooandg< oo ifp=1andqg>1ifp=o00. Let 0 <r < 1/p. Then
there exist constants c1,C1 > 0 such that, for any integer N > 2, we have
et N""Y(log N)4=V/1 < D%aB(N) < Oy N (log N)(4=1/a,
(ii) Let 1 < p,q < 00. Let 0 < r < 1/max(p,q). Then there exist constants ca,Cy > 0
such that, for any integer N > 2, we have
caN""Y(log )41/ < D%l (N) < Oy N™ " (log N)(@~/a,
(iii) Let 1 <p < oo. Let 0 <r < 1/max(p,2). Then there exist constants cz, C3 > 0 such
that, for any integer N > 2, we have
csN""Llog N)4=D/2 < DS H(N) < C3N™ " (log N)@=D/2,

REMARK 4.50. The constants in Theorem [£.49] depend only on the dimension and on
the parameters b, p, g, r. In particular they do not depend on N. We point out that the
conditions on 7 in Theorem [4.49| are better in the case of the Besov spaces. For the
Triebel-Lizorkin spaces in the case 1/g < r < 1/p for p < g the upper bound is still an
open problem. Therefore, for the Sobolev spaces in the case 1/2 < r < 1/p for p < 2 the
upper bound is an open problem.



5. Integration errors

In this chapter we are going to deal with applications of discrepancy theory. We have
already mentioned the connection between the discrepancy function and the integration
errors. Now we will deduce concrete results. For spaces with dominating mixed smooth-
ness this connection is given by [T10a, Theorem 6.11, Remark 6.28]. We start with the
definition of the error.

DEFINITION 5.1. Let N be a positive integer and M ([0,1)?) be some Banach space of
functions on [0,1)%. Let M{([0,1)%) be the subset of the unit ball of M ([0,1)?) with the
property that the extensions of all elements of Mg ([0, 1)?) vanish whenever one of the
coordinates of the argument is 1. The error of quadrature formulas in M ([0, 1)¢) with N
points is

erry (M) = inf sup
foran 0D ferrd (f0,1))

/[0,1)dfz dxf—Zf ;)

We now quote the aforementioned result and then apply it to the results from The-
orem The reader might be confused by the different notation in [T10a]. In [T10a}
(3.182), (3.187), (5.5), (5.88), (6.7), (6.32)] the necessary definitions and facts can be
found.

Let

1 1
-+ -~ = -+ - =1.
p p q q
PROPOSITION 5.2. Let 1 < p,q < oo and 1/p <r < 1/p+ 1. Then there exist constants
c1,co > 0 such that, for any integer N > 2, we have
1—r 1—nr
a1 D% P(N) < errn(Sh,B) < eoD%' o P (N).

Hence, we can deduce bounds for the integration error. We start with lower bounds.

THEOREM 5.3. Let 1 < p,gq < oo and ¢q < co if p =1 and q > 1 if p = co. Let
1/p <r <1/p+ 1. Then there exists a constant ¢ > 0 such that, for any integer N > 2,
we have

(log N)(q—l)(d—l)/q

erry (S,,B) > ¢ N

Proof. From Proposition [5.2] we have
1—7r
erry (Sp,B) > c1 DSP’Q’B(N)

[76]
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for 1/p < r < 1/p+ 1. From Theorem [£.1] we have
D5a B(N) > N1 (log N)(@-D/4

for 1/p'—1 < 1—r < 1/p/, which is equivalent to 1/p < r < 1/p+1. So the lower bounds
follow. The additional conditions for p and ¢ also come from Theorem "
COROLLARY 54. Let 1 <p,q < co. Let 1/p < r < 1/max(p,q) + 1. Then there exists a
constant ¢ > 0 such that, for any integer N > 2, we have
(log N)(qfl)(dfl)/q

NT ’
B([0,1)4) < Sy _F([0,1)%), therefore

erry (S, F) > ¢

Proof. From Corollary we have ST

max(p,q),q

. . (log N)(q—l)(d—l)/q
errn (SpeF') = et (Shax(p.q),qB) = € G

for 1/max(p,q) < r < 1/max(p,q) + 1 from Theorem [5.3] But we also need to guarantee
pointwise evaluation for the integration, therefore we get the restriction » > 1/p (see
[T10al, Section 4.2.1]). m

We add results for the Sobolev spaces (¢ = 2).
COROLLARY 5.5. Let 1 < p < oo. Let 1/p < r < 1/max(p,2) + 1. Then there exists a

constant ¢ > 0 such that, for any integer N > 2, we have

- log N)(d=1)/2
errN(SpH) Z C%.
Now we turn to upper bounds.

THEOREM 5.6. Let 1 < p,q < oco. Let 1/p < r < 1. Then there exists a constant C > 0
such that, for any integer N > 2, we have
(log N)(a—1(d=1)/q

N7 '

errN(S;qB) <C
Proof. From Proposition [5.2] we have
errn (ST, B) < ¢; D% B(N)
for 1/p < r < 1/p+ 1. From Theorem [£.25 we have
D5 B(N) < ONY="=Y(log N)@-D/d
for 0 <1 —r < 1/p/, which is equivalent to 1/p < r < 1. Hence, the bounds follow. =

REMARK 5.7. Recently Ullrich [U13] proved the same upper bound in the case 1 < r < 2
for the plane. He used dyadic Hammersley point sets.

COROLLARY 5.8. Let 1 < p < co. Let 1 < g < oo. Let 1/min(p,q) < r < 1. Then there
exists a constant C > 0 such that, for any integer N > 2, we have

(log N)(a=1(d=1)/q
NT '

erry (S, F) < C
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Proof. From Corollary we have S7 F([0,1)) < Shin(p.a).a B ([0; 1)4), therefore
(log N)(q—l)(d—l)/q

erry (Sp,F7) < erfN(SrTnin(p,q),

qB) é C NT

for 1/min(p, q) < r <1 from Theorem

From the first part of Proposition we have Sy F([0,1)%) — 57  B([0,1)%),
therefore we get the assertion analogously to the case above for 1/p <r < 1. m
COROLLARY 5.9. Let 1 < p < oo. Let 1/min(p,2) < r < 1. Then there exists a constant
C > 0 such that, for any integer N > 2, we have

log N)(d=1)/2
erI'N(S;H) S C%

Proof. The assertion from Corollary forg=2. m

Again we summarize the results for the cases where we have the same lower and upper
bounds.

THEOREM 5.10.

(i) Let 1 <p,g<ooandg< oo ifp=1andqg>1ifp=oc0. Let 1/p <r < 1. Then
there exist constants c1,C1 > 0 such that, for any integer N > 2, we have
(log N)(a=1)(d=1)/q (log N)(a=D(d=1)/q
NT N7 '
(ii) Let 1 < p,q < oo. Let 1/min(p,q) < r < 1. Then there exist constants c2,Cy > 0
such that, for any integer N > 2, we have
(log N)(a=D(d=1)/q (log N)(a=1)(d=1)/q
N7 NT '
(i) Let 1 <p < oo. Let 1/min(p,2) < r < 1. Then there exist constants cz,C3 > 0 such
that, for any integer N > 2, we have
(log N)(d=1)/2 (log N)(d=1)/2
REMARK 5.11. The constants do not depend on N but they do depend on d,b,p,q,r.
The reason that we have parameters p’,q¢’,1 — r in Proposition is that those results
come from duality arguments. Part (iii) in Theorem is the d-dimensional counterpart
(for r < 1) of the first part of [T03, Theorem 4.1].

c1 <erry(S5,,B) < C1

cs < errN(S;qF) < Oy

c3 < errN(S;H) < (C5

For Triebel-Lizorkin spaces in the case 1/p < r < 1/q for p > ¢ the upper bound is
still an open problem. Therefore, for Sobolev spaces in the case 1/p <r < 1/2 for p > 2
the upper bound is an open problem.
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