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Abstract

General position properties play a crucial role in geometric and infinite-dimensional topologies.
Often such properties provide convenient tools for establishing various universality results. One
of well-known general position properties is DD", the property of disjoint n-cells. Each Polish
LC" '-space X possessing DD™ contains a topological copy of each n-dimensional compact met-
ric space. This fact implies, in particular, the classical Lefschetz—Menger—No6beling—Pontryagin—
Tolstova embedding theorem which says that any n-dimensional compact metric space embeds
into the (2n + 1)-dimensional Euclidean space R*"™!. A parametric version of this result was
recently proved by B. Pasynkov: any n-dimensional map p : K — M between metrizable com-
pacta with dim M = m embeds into the projection pr,, : M x R* ™™™ _ M in the sense
that there is an embedding e : K — M x R* ™™ with pr,, o e = p. This feature of R*"T!+™
can be derived from the fact that the space R?"*1*™ gatisfies the general position property
m-DD" = m-DD{™"}, which is a particular case of the 3-parameter general position property
m-DD"*} introduced and studied in this paper. We shall give convenient “arithmetic” tools for
establishing the m—ﬁ{”’k}—property and on this base obtain simple proofs of some classical and
recent results on (fiber) embeddings. In particular, the Pasynkov theorem mentioned above, as
well as the results of P. Bowers and Y. Sternfeld on embedding into a product of dendrites, follow
from our general approach. Moreover, the arithmetic of the m—ﬁ{"’k}-properties established in
our paper generalizes some results of W. Mitchell, R. Daverman and D. Halverson.

The paper consists of two parts. In the first part we survey the principal results proved in
this paper and discuss their applications and interplay with existing results in this area. The
second part contains the proofs of the principal results announced in the first part.
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Part I. SURVEY OF PRINCIPAL RESULTS

First, we fix some notation that will be often used in the subsequent text. Throughout
the paper m,n, k will stand for non-negative integers or co. We extend the arithmetic
operations from w = {0,1,2,...} onto wU{oco} letting co = co+o00o=00+n=n-+o0o =
oo —n for any n € w. I denotes the unit interval [0, 1] and Q the set of rational numbers
on the real line R. By a simplicial complex we shall always mean the geometric realization
of an abstract simplicial complex equipped with the CW-topology. All topological spaces
are assumed to be Tychonoff and all maps continuous.

A topological space X is called submetrizable if it admits a continuous metric (equiva-
lently, admits a bijective continuous map onto a metrizable space). A topological space X
is called completely metrizable if its topology is generated by a complete metric. A Polish
space is a separable completely metrizable topological space.

By an ANR-space we mean a metrizable space X which is a retract of every metrizable
space M containing X as a closed subspace. It is well-known (see [I2] or [41]) that a
metrizable space X is an ANR if and only if it is an ANE[cc] for the class of metrizable
spaces. We recall that a space X is called an ANE[n] for a class C of spaces if every map
f A — X defined on a closed subset of a space C' € C with dim C' < n can be extended
to a continuous map f : U — X defined on some neighborhood U of A in X.

Following [31], we define a subset A of a space X to be relative LC" in X if given
x € X, k < n+ 2, and a neighborhood U of x there is a neighborhood V' C U of x
such that each map f : 9IF — ANV extends to a map f :I¥ — UnN A. A space X is
an LC"-space if it is relative LC™ in X. According to [4I] V.2.1], a metrizable space X
is LC™ for a finite number n if and only if X is ANE[n + 1] for the class of metrizable
spaces.

By dim(X) we denote the covering dimension of a topological space X. For a map
f : X — Y between topological spaces its dimension dim(f) is defined as dim(f) =
sup{dim(f~1(y)) : y € Y}. Maps f with dim(f) = 0 are called light.

Other (undefined here) notions can be found in the corresponding sections of Part II.

1. m-DD"-property and fiber embeddings

We recall that a space X has the DD"P-property, the disjoint n-disks property, if any
two maps f,g : I — X from the n-dimensional cube I" = [0,1]™ can be approximated
by maps with disjoint images. A parametric version of this property says that the same
can be done for a continuous family f,, g, : I — X of maps parameterized by points z
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of some space M. More precisely, given a compact space M, we shall say that a space X
has the M -parametric disjoint n-disk property (briefly, the M-DD™-property) if any two
maps f,g : M x I" — X can be uniformly approximated by maps f/,¢' : M xI" — X
such that for any z € M the images f'({z} x I") and ¢'({z} x I") are disjoint.

We are mostly interested in the particular case of this property with M = I being
the m-dimensional cube. In this case we write m-DD" instead of I"*-DD". In the extremal
cases when m or n is zero, the m-DD"-property turns out to be very familiar. Namely,
the 0-DD™-property is nothing other than the classical disjoint n-disks property, while
the m-DD%property is well-known to specialists in fixed point and coincidence theories:
a space X has the m-DDP-property iff any two maps f,g : I — X can be approximated
by maps with disjoint graphs!

It is well known (see [68] or [30]) that all one-to-one maps from a metrizable n-
dimensional compactum K into a completely metrizable LC™" '-space X possessing the
DD"-property form a dense Gs-set in the function space C(K, X). Our first principal
result is just a parametric version of this embedding theorem.

THEOREM 1.1. A completely metrizable LC™ " -space X has the m-DD™-property if and
only if for every perfect map p : K — M between finite-dimensional metrizable spaces
with dim M < m and dim(p) < n the function space C(K,X) contains a dense Gs-set of
maps f: K — X that are injective on each fiber p~1(2), z € M.

The function space C(K, X) appearing in this theorem is endowed with the source
limitation topology whose neighborhood base at a given f € C(K, X) consists of the sets

B,(f.e)={g € C(K,X):p(g, f) <e},

where p runs over all continuous pseudometrics on X and € : K — (0, 00) runs over con-
tinuous positive functions on K. Here, the symbol p(f, g) < € means that p(f(z),g(z)) <
g(z) for all x € K. To the best of our knowledge, the notion of source limitation topology
was introduced in the literature (see, for example, [44], [55], [50]) only for metrizable
spaces X. In this case, for a fixed compatible metric p on X, the sets B,(f,¢) with
e € C(K,(0,00) and f € C(K,X) form a base for a topology 7, on C(K,X). If K is
paracompact, then the topology 7, does not depend on the metric p [44]. Moreover, 7,
has the Baire property provided K is paracompact and X is completely metrizable [55].
According to Lemma below, 7, coincides with the topology obtained from our def-
inition provided K is paracompact and X metrizable. Therefore, the source limitation
topology on C(K, X) also has the Baire property if K is paracompact and X is com-
pletely metrizable. We will use our more general definition (in terms of pseudometrics)
and, unless stated otherwise, all function spaces will be considered with this topology.

In fact, finite-dimensionality of the spaces K, M in Theorem can be replaced by
the C-space property. We recall that a topological space X is defined to be a C'-space if
for any sequence {V,: n € w} of open covers of X there exists a sequence {U,: n € w}
of disjoint families of open sets in X such that each U, refines V,, and | J{U,: n € w}
is a cover of X. It is known that every finite-dimensional paracompact space (as well as
every hereditarily paracompact countable-dimensional space) is a C-space and normal
C-spaces are weakly infinite-dimensional (see [32] §6.3]).
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THEOREM 1.2. A completely metrizable locally contractible space X has the m-DD"-
property if and only if for every perfect map p : K — M between metrizable C-spaces
with dim M < m and dim(p) < n the function space C(K,X) contains a dense Gs-set of
maps f: K — X that are injective on each fiber p~1(2), z € M.

2. A-dimension of maps

There is a natural temptation to remove the dimensional restrictions on the spaces K, M
from Theorems [I.1] and [[.2} This indeed can be done if we replace the usual dimension
dim(p) of the map p with the so-called A-dimension dima (p) (coinciding with dim(p) for
perfect maps p between finite-dimensional metrizable spaces.)

By definition, the A-dimension dima(p) of a map p : X — Y between Tychonoff
spaces is equal to the smallest cardinal number 7 for which there exists a map g :
X — I7 such that the diagonal product f Ag: X — Y x I7 has dim(f A g) = 0.
The A-dimension dima (p) is a well-defined cardinal function not exceeding the weight
w(X) of X (because we always can take g to be an embedding in the Tychonoff cube
Hw(X)>.

The following important result describing the interplay between the dimension and /-
dimension of perfect maps is actually a reformulation of results due to B. Pasynkov [58],
M. Tuncali and V. Valov [71], and M. Levin [47] (see Section [L9).

PROPOSITION 2.1. Let f: X =Y be a perfect map between paracompact spaces. Then

(1) dim(f) < dima(f);

(2) dima(f) =0 if and only if f is a light map;

(3) dima(f) <w if X is submetrizable;

(4) dima (f) = dim(f) if X is submetrizable and Y is a C-space;

(5) dima(f) < dim(f) + 1 if the spaces X, Y are compact and metrizable.

We know no example of a map f : X — Y between compacta with dim(f) < dima (f)

(cf. [47]). The following theorem is a version of Theorem with dim(p) replaced by
dima (p).
THEOREM 2.2. A completely metrizable ANR-space X has the m-DD"-property if and
only if for every perfect map p : K — M between submetrizable paracompact spaces with
dim M < m and dima(p) < n the function space C(K,X) contains a dense Gs-set of
maps f: K — X that are injective on each fiber p~1(2), z € M.

3. The m-DD"-property and a general fiber embedding theorem

In fact, it is more convenient to work not with the m-DD"-property, but with its homo-
topical version defined as follows:

DEFINITION 3.1. A space X has the m-DD"-property if for any open cover U of X and
any two maps f, ¢ : I"™ x I" — X there are maps f’, ¢’ : I'™ x I — X such that



General position properties 9

e [’ is U-homotopic to f;
e ¢’ is U-homotopic to g;
o f'({z} xI")Ng'({z} xI") =0 for all z € I".

We recall that two maps f,g : K — X are said to be U-homotopic (briefly, f ; q),

where U is a cover of X, if there is a homotopy h : K x [0,1] — X such that for every
x € K we have h(z,0) = f(z), h(z,1) = g(z) and h({z} x [0,1]) is contained in some
U € U. Tt is clear that any U-homotopic maps f,g : K — X are U-near (i.e., for each
point z € K the set {f(z),g(z)} is contained in some U € U).

The notion of a U-homotopy has a pseudometric counterpart. Given a continuous
pseudometric p on X and a continuous map ¢ : K — (0, 00) we shall say that two maps
f,g : K — X are e-homotopic if there is a homotopy h : K x [0,1] — X such that
h(z,0) = f(z), h(z,1) = g(z) and diam, h({z} x [0,1]) < e(2) for all z € K. In this case
h is called an e-homotopy.

The relation between the m-DD™-property and its homotopical version is described
in the next proposition.

PROPOSITION 3.2. Each space X with the m-DD"-property has the m-DD"-property.
Conversely, each LC" ™ -space X with the m-DD"-property has the m-DD™-property.

Proposition follows from the well-known property of LC"-spaces which asserts
that for any open cover U of an LC"-space X with n < oo there is another open cover V
of X such that two maps f, g : I" — X are U-homotopic provided they are V-near (see
Lemma .

Thus, in the realm of LC™"-spaces both the m-DD"™-property and the m-DD"-
property are equivalent. The advantage of the m-DD"-property is that it works for spaces
without a nice local structure, while the m-DD™-property is applicable only for LCk-
spaces with sufficiently large k. In particular, using the m-DD"-property, we can establish
the following general result implying Theorems [I.1] 2] and 2:2]

THEOREM 3.3. Let p: K — M be a perfect map defined on a paracompact submetrizable
space K. If a subspace X of a completely metrizable space Y possesses the m-DD™-
property for m = dim M and n = dima (p), then

E,Y)={feCK,Y):pAf:K— MXxY is an embedding}

is a Gs-set in C(K,Y) whose closure E(p,Y) contains all simplicially factorizable maps
from K to X. More precisely, for any continuous pseudometric p on Y, a continuous
function € : K — (0,4+00) and a simplicially factorizable map f : K — X there is a
map g € E(p,Y) and an e-homotopy h : K x [0,1] — Y connecting f and g so that
h(K x[0,1)) Cc X.

A map f: K — X is called simplicially factorizable if there exist a simplicial complex
L and maps o : K — L and 8 : L — X such that f = 8o «a. It turns out that in many
important cases simplicially factorizable maps form a dense set in the function space
C(K, X). To describe such cases, we need the notion of a Lefschetz ANE[n]-space that is
a parameterized version of a space satisfying the Lefschetz condition (see [12], V.8]).
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Let U be a cover of a space X and K be a simplicial complex. By a partial U-realization
of K in X we understand any continuous map f : L — X defined on a geometric
subcomplex L C K containing all vertices of K and such that diam f(c N L) < U for
every simplex o of K. If L = K, then the map f is called a full U-realization of K in X.

A topological space X is defined to be a Lefschetz ANE[n] if for every open cover U of
X there is an open cover V of X such that each partial V-realization f : L — X of a simpli-
cial complex K with dim K < n can be extended to a full U-realization f K — X of K.

Lefschetz ANE[n]-spaces are tightly connected with both ANR’s and LC"-spaces and
have all basic properties of such spaces.

PROPOSITION 3.4. Let n be a non-negative integer or infinity.

(1) A metrizable space X is a Lefschetz ANE[n] if and only if X is an ANE[n] for the
class of metrizable spaces.

(2) If n is finite, then a regular (paracompact) space X is a Lefschetz ANE[n] (if and)
only if X is LC" 1.

(3) Each convex subset X of a (locally convex) linear topological space L is a Lefschetz
ANE([n] for any finite n (is a Lefschetz ANE[oo]).

(4) There exists a metrizable o-compact linear topological space that fails to be a Lefschetz
ANE[o0].

(5) A neighborhood retract of a Lefschetz ANE[n]-space is a Lefschetz ANE[n]-space.

(6) A functionally open subspace of a Lefschetz ANE[n] is a Lefschetz ANE[n].

(7) A topological space X is a Lefschetz ANE[n] if X has a uniform open cover by
Lefschetz ANE[n]-spaces.

(8) A metric space (X, p) is a Lefschetz ANE[n] if for every e > 0 there is § > 0 such that
each partial B,(6)-realization f : L — X of a simplicial complex K with dim K <n
extends to a full B,(¢)-realization f : K — X of K in X.

(9) For each continuous pseudometric n on a paracompact Lefschetz ANE[n]-space X
there is a continuous pseudometric p > n such that for every r € (0,1/2] each
partial D,(r/8)-realization f : L — X of a simplicial compler K with dimK < n
extends to a full D,(r)-realization f : K — X of K in X.

(10) Each map f: X =Y from a paracompact Lefschetz ANE[n]-space to a metrizable
space Y factorizes through a metrizable Lefschetz ANE[n|-space Z in the sense that
f=goh for some mapsh: X —Z andg:7Z —Y.

Here by D,(¢) we denote the cover of a metric space (X, p) by all open sets of diameter
< . With the notion of Lefschetz ANE[n]-space at hand, we can return to simplicially
factorizable maps.

PRrROPOSITION 3.5. The simplicially factorizable maps from a paracompact space K into a
Tychonoff space X form a dense set in the function space C(K, X) if one of the following
conditions is satisfied:
(1) X is a Lefschetz ANE[k] for k = dim K;
(2) K is a C-space and X is a locally contractible paracompact space.

Observe that Theorems 2] and 2:2 follow immediately from Theorem [3:3] and
Propositions [3.5] [3:4] and 2.1}
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Combining Theorem [3.3] with Propositions[3.5(1),[3.4/2) and [2.14), we obtain another
generalization of Theorem

THEOREM 3.6. Let p: K — M be a perfect map between finite-dimensional paracompact
spaces with K being submetrizable. If X is a completely metrizable LCk_l-space POSSESSING
the m-DD"™-property, where k = dim K, m = dim M and n = dim(p), then the function
space C(K, X) contains a dense Gs-set of maps injective on each fiber of p.

4. Approximating perfect maps by perfect PL-maps

The proof of Theorem heavily exploits the technique of approximation by PL-maps.
By a PL-map (resp., a simplicial map) we understand a map f : K — M between
simplicial complexes which maps each simplex ¢ of K into (resp., onto) some simplex 7
of M and f is linear on o.

THEOREM 4.1. If p: X — Y is a perfect map between paracompact spaces, then for any
open cover U of X there exists an open cover V of Y such that for any V-map B:Y — M
into a simplicial compler M there are an U-map o : X — K into a simplicial compler K
and a perfect PL-map f: K — M with foa = fop and dima (f) = dim(f) < dima (p).

Since for each open cover V of a paracompact space Y there is a V-map 5 : Y —
M into a simplicial complex with dim M < dimY, Theorem implies the following
approximation result.

COROLLARY 4.2. Ifp: X — Y is a perfect map between paracompact spaces, then for
any open covers U and V of X and Y, respectively, there exist a U-map o : X — K
into a simplicial complex K with dim K < dimY + dima (p), a V-map 8 :Y — M to
a simplicial complex M with dim M < dimY, and a perfect PL-map f : K — M with
dim(f) < dima (p) making the following diagram commutative:

X 23 K

i |
vy 2 m

For light maps p : X — Y between metrizable compacta this corollary was proved
by A. Dranishnikov and V. Uspenskij in [27] and for arbitrary maps between metrizable
compacta by Yu. Turygin [72].

Let us mention that Theoremcan be applied in different situations (see for example
181, [, [76]).

5. m-DD{"*}_properties
Because of the presence of the m-DD"-property in Theorems [3.3/3.6, it is important

to have convenient methods for detecting that property. To establish such methods, we
introduce the following three-parametrer version of the m-DD"-property.
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DEFINITION 5.1. A space X is defined to have the m-DD{"*}_property if for any open
cover U of X and two maps f : I™ xI" — X, g : I™ x I¥ — X there exist maps [’ :
ImxI" — X, g’ : "™ xI¥ — X such that f’ ~ fd ~ 9, and f/({z} xI")Ng' ({z} xT¥) = ()
for all z € I™.

By m-DD{"*} we shall denote the class of all spaces with the m-DD{"*}-property. It
is clear that the m-DD"-property coincides with the m-DD{""}-property. If some of the
numbers m, n, k are infinite, the detection of the m-DD™¥}-property can be reduced to
the detection of m-DD™*} with finite m, n, k.

PROPOSITION 5.2. A Tychonoff space X has the m-DDY™*} -property if and only if it has
the a-DD < _property for alla <m+1,b<n+1, ¢ < k+1.

The proof of Theorem [3.3]is based on the following simplicial characterization of the
m-DD{™F} property.

THEOREM 5.3. A submetrizable space X has the m-DDYF} _property if and only if for
any

o simplicial maps py : N — M, px : K — M between finite simplicial complexes with
dim M < m, dim(py) < n, dim(pg) < k,

e open cover U of X, and

e maps f: N> X,g: K - X,

there exist maps f': N — X, ¢' : K — X such that [’ ~ 5 9q ~ g and, for every z € M
we have f'(py'(2)) N ¢ (Pg' (2)) = 0.

Using the above simplicial characterization, we can establish the local nature of the
m-DD{"*}_property.

PROPOSITION 5.4. Let m,n,k be non-negative integers or co.

(1) If a space X has the m-DD{F} _property, then so does each open subspace of X.
(2) A paracompact submetrizable space X has the m-DD™F} -property if and only if it
admits a cover by open subspaces with that property.

The m—ﬁ){"’k}-property is also preserved by taking homotopically n-dense subspaces.
We define a subset A of a topological space X to be homotopically n-dense in X if the
following conditions are satisfied:

e for every map f : I — X and an open cover U of X there is a map f' : I" — A that
is U-homotopic to f;

e for every open cover U of X there is an open cover V of X such that if two maps
f,g: 1" — A are V-homotopic in X, then they are {/-homotopic in A.

By Toruriczyk’s Theorem 2.8 in [67], each dense relative LC"-subset X of a metrizable
space X is homotopically n-dense in X. The following useful proposition follows imme-
diately from the definitions and the above mentioned theorem of Toruriczyk.

PROPOSITION 5.5. A homotopically max{m+n, m+k} dense subspace X of a topological
space X has the m-DD{™k} -property if and only if X does. Consequently, a dense relative
Lemtmadnkl oot X in a space X has the m-DD™*} -property if and only if X does.



General position properties 13

This fact will be often applied in combination with Proposition 2.8 from [22] asserting
that each metrizable LC™-space X embeds into a completely metrizable LC™-space X asa
dense relative LC"-set. This enables us to apply Baire category arguments for establishing
the m-DD{"*}_properties in arbitrary (not necessarily complete) metric spaces.

Next, we elaborate tools for detecting the m-DD{™*}-properties. Recall that a space
X has no free arcs if X contains no open subset homeomorphic to a non-empty connected
subset of the real line. In particular, a space without free arcs has no isolated points.

PROPOSITION 5.6.

(1) A topological space X has the 0-DD{%%} property if and only if each path-connected
component of X is non-degenerate.

(2) An LC%-space X has the 0-DD{%O} -property if and only if X has no isolated point.

(3) A metrizable LC'-space X has the 0-DD%Y -property if and only if X has the
1-DDOOY property if and only if X has no free arc.

(4) Any metrizable LC™-space X with the 0-DD%™} -property and with dim X < n has
the 0-DD0:°°} _property.

(5) A Polish ANE[max{n, k}+1]-space X has the 0-DD{"*}_property if and only if there
are two disjoint dense o-compact subsets A, B of X such that A is relative LC" ™
and B is relative LC*~1 in X.

Ttems (3) and (4) of Propositionimply that each one-dimensional LC!-space with-
out free arcs has the 0-DD{%>}_property. In particular, each dendrite with a dense set
of end-points has that property.

The last item of Proposition [5.6]is a particular case of a more general characterization
of the m-DD{™¥}-property in terms of mapping absorption properties.

Let M, X be topological spaces. We shall say that a subset A C M x X has the absorp-
tion property for n-dimensional maps in M (briefly, M-MAP") if for any n-dimensional
map p : K — M with K being a finite-dimensional compact space, a closed subset
CCK,amap f: K — X, and an open cover U of X there is a map f' : K — X such
that f’ is U-homotopic to f, f'|C = f|C and (p A f)(K\C) C A. If M =1™, then we
write m-MAP"™ instead of I"™-MAP".

THEOREM 5.7. Let m, n, k be non-negative integers or infinity and d = 1+m-+max{n, k}.
A (Polish ANE[d]-)space X has the m-DD™*} _property if (and only if) for any separable

polyhedron M with dim M < m there are two disjoint (o-compact) sets E;F C M x X
such that E has M-MAP"™ and F has M-MAP*.

Let us observe that the existence of such disjoint sets F, F' is not obvious even for a
dendrite with a dense set of end-points. Such a dendrite D has the 1-DD{%% _property
and thus the product I x D contains two disjoint o-compact subsets with 1-MAP°.

6. A selection theorem for Z,-set-valued functions

Many results on m-DD{"*}_properties are based on a selection theorem for Z,-valued
functions, discussed in this subsection.
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A subset A of a topological space X is called a (homotopical) Z,-set in X if A is closed
in X and for any an open cover U of X and amap f:I" — X thereisamap g : 1" — X
such that g(I") N A = @) and g is U-near (U-homotopic) to f. Each homotopical Z,-set
in a topological space X is a Z,-set in X. The converse is true if X is an LC"-space (see
Theorem .

A set-valued function ® : X — Y is defined to be compactly semicontinuous if for
every compact subset K C Y the preimage ® }(K) = {z € X : ®(z) N K # 0} is closed
in X.

THEOREM 6.1. Let ® : X — Y be a compactly semicontinuous set-valued function from
a paracompact C-space X into a topological space Y, assigning to each point © € X a
homotopical Z,-set ®(z), where n = dim X < oco. If X is a retract of an open subset of a
locally convex linear topological space, then for any map f: X — 'Y and any continuous
pseudometric p on'Y there is a map f' : X =Y such that f'(z) ¢ ®(x) for all z € X
and f' is 1-homotopic to f with respect to p.

In particular, this theorem is true for stratifiable ANR’s X (which are neighborhood
retracts of stratifiable locally convex spaces, see [62]). Theorem can be seen as a
generalization of Selection Theorem 1.4 of Uspenskij [75].

7. Homotopical Z,-sets and m-DD{"*}-properties

It turns out that homotopical Z,-sets are tightly connected with the m-DD™*}-proper-
ties. A point z of a topological space X is called a (homotopical) Z,,-point if the singleton
{z} is a (homotopical) Z,-set in X. By Z,(X) we shall denote the set of all homotopical
Zn-points of a space X.

Let

e Z, be the class of Tychonoff spaces X with Z,(X) = X;
e Z, be the class of Tychonoff spaces X with Z,(X) = X;
e AZ, be the class of Tychonoff spaces X whose diagonal Ay is a homotopical Z,-set
in X2
For example, R"T1 € Z, N AZ,.
Besides the classes of spaces related to Z-sets, we also need some other (more familiar)
classes of topological spaces:

e Br, the class of metrizable separable Baire spaces;
e II9, the class of Polish spaces;
e LC", the class of all LC"-spaces.

THEOREM 7.1. Let m,n, k be non-negative integers or infinity.

(1) A space X has the n-DD{%%} _property if and only if the diagonal of X? is a homo-
topical Z,,-set in X?2. This can be written as

AZ, = n-DD{%:0}
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(2) An LC%-space X has the 0-DD1O"} -property provided the set Z,(X) is dense in X.
This can be written as

LC’NZ, c 0-DD{on}

a metrizable separable Baire -)space as the 0-DD10m -property then the
3) If izabl ble Baire (LC" X has the 0-DD10:} hen th
set of (homotopical) Z,-points is a dense Gs-set in X :

BrNLC" n0-DD{®"} ¢ Z,

(4) If each point of a space X is a homotopical Z,,1x-point, then X has the m-DD{0:k}_
property:

Zy0ip C m-DDIOK)

(5) If a topological space X has either the n-DD™0 - or the 0-DD™™} -property, then
each point of X is a homotopical Z,-point:

0-DD{"" Un-DDI™% C Z,

(6) If a Tychonoff space X has the 2-DD1%:%} _property, then each point of X is a homo-
topical Z1-point:

2-DD{00} ¢ 2,

8. Arithmetic of m-DD{"*}-properties

In this subsection we study the behavior of the m-DD{"*}-properties under arithmetic
operations. The combination of the results from this subsection and Propositions
provides convenient tools for detecting the m-DD™¥}-properties of more complex spaces
(like products or manifolds).

For a better visual presentation of our subsequent results, let us introduce the following
operations on subclasses A, B C Top of the class Top of topological spaces:

AxB={AxB:A€A, BeB},
g:{Xe Top : 3B € B with X x B € A},

AP ={AF:Aec A} and VA={Ac Top: A* c A}.

A space X will be identified with the one-element class {X}. So X x A and £ mean
{X} x A and %.
We recall that m-DD{™*} stands for the class of all spaces possessing the m-DD{™*}-

property and LC" is the class of LC"-spaces.

THEOREM 8.1 (Multiplication formulas). Let X,Y be metrizable spaces and ki, ko, k, ny,
na, M, mi,ma, m be non-negative integers or infinity.
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(1) (First multiplication formula) If X has the m-DDI™*} property and Y has the
m-DD{k2} _property, then the product X x Y has the m-DDUwkitkat1} property.
This can be written as

m-DD1"#1} 5 i DD{mk2} ¢y DDInk1 ke +1)

(2) (Second multiplication formula) If X has the m-DD"t*1} _property and Y has the
properties m-DD{"k2} gnd m-DD{"2k} form=mni+ns+1and k = k1 + ko + 1,
then the product X x Y has the m-DD{™¥} -property. This can be written as

MDD kY 5 (mDD) (i DDA ) € DD

(3) (Multiplication by a cell) If X has the m-DD{™*} property, then for any d < m + 1
the product 1 x X has the (m — d)-ﬁ){d"‘”’d"’k}-pmperty. This can be written as

I DDk} ¢ (m — d)-DD{d+ndtk}

REMARK 8.2. Let us mention that, since R € 0-DD1%%} the second multiplication for-
mula implies the following result of W. Mitchell [54, Theorem 4.3(3)] (see also R. Daver-
man [I6, Proposition 2.8]): If X is a compact metric ANR-space with X € 0-DD{P-»+1}
then X x R € 0-DD{P+1r+1} Moreover, by Theorem (2), for any metrizable space
X € m-DDU"F 0 m-DD{n+P+LE=1} we get X x R™HPHL ¢ mp-DD{"+P+LE} The par-
ticular case of this result when m = 0 and p = 1 was proved by W. Mitchell in [54]
Theorem 4.3(2)]. Similarly, we can see that Theorem 3) generalizes the following re-
sult of D. Halverson [39]: If X is a locally compact ANR with X € 1-DD{"'}, then
X xR € 0-DD{Z2},

We can express the m-DD"¥} _property via O—W{"Ivk'}—properties for sufficiently
large n', k'
THEOREM 8.3 (Base enlargement formulas). Let X be a metrizable space and n, k, m,
my, Mo be non-negative integers or infinity.

(1) If X has the 0-DD{ntmuktmat_ "y DDinktm=mit_ " gnd my-DDIntm=m2k} o
perties simultaneously with m = my +ms + 1, then X has the m-DD™*} _property.
This can be written as

0-DD{nt+mik+m2} ml_ﬁ){n,k+m—m1} N mZ_ﬁ){n—i—m—nw,k} C m-DD{nk}

(2) If X € 0-DD{mF+m+1}t 0 DDA then X has the (m 4 1)-DDUF} property.
This can be written as

0-DD{mk+m+1} () B} © (4 1)-DDAH)

(3) X has the m-DD{™*} _property if X has the 0-DD" 4+ +3} _property for all i,j € w
with 1 +j < m+ 1. This can be written as

MNitjcmyr 0-DDImTEEEIY € DDA
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The second base enlargement formula implies that if X is a metrizable space with
X € 0-DD{"?} then X € 1-DD{"'}. This result was established by D. Halverson [39] in
the particular case when X is a separable locally compact ANR.

9. m-DD{"*}_properties of products

In this subsection we apply the arithmetic formulas from the previous subsection to
establish the m-DD{"*}_properties of products.

THEOREM 9.1. Let m,n,k,d,l be non-negative integers and L, D be metrizable spaces
such that L has the 0-DD1%%} -property and D has the 0-DD{%4+8 _property. If m+n+k <
2d + 1, then the product D% x L' has the m-ﬁ){"’k}-property. This can be written as

(0-DD{03)" x (0-DDOH+H) ¢ DD
m+n+k<2d+1

Combining Theorem with Theorem Proposition and Proposition [5.6| we
obtain

THEOREM 9.2. Let l,d be non-negative integers or infinity and L, D be completely
metrizable locally path-connected spaces such that L has no isolated points and D is 1-
dimensional without free arcs. Then the product D* x L' has the m-DD"-property for all
m,n € w with m + 2n < I + 2d. Consequently, if p: K — M is a perfect map between
paracompact submetrizable spaces with dim M + 2 dima (p) < [+ 2d, then any simplicially
factorizable map f : K — D% x L' can be approximated by maps which are injective on
each fiber of p.

The case m = 0 from Theorem [9.2] yields

COROLLARY 9.3. Let L, D be completely metrizable AN R’s such that L has no isolated
points and D is 1-dimensional without free arcs. Then the product D* x L' has the DD"P
for all n < d+1/2. Consequently, for any compact space X with dim X < d+1/2 the set
of all embeddings is a dense Gs in the function space C(X, D% x LV).

REMARK 9.4. Corollary generalizes many (if not all) results on embeddings into
products. Indeed, letting L = R be the real line and D be a dendrite with a dense set of
end-points we obtain the following well known results:

e the case d = 0 and | = 2n+1 is the Lefschetz—Menger—N6beling—Pontrjagin embedding
theorem that R?"*! has DD"P;

e the case d = n+ 1 and [ = 0 is the embedding theorem of P. Bowers [13] that D"*!
has DD"P;

e the case d = n and I = 1 is the embedding theorem of Y. Sternfeld [66] that D™ x I
has DD"P;

Also, for d = 0 and m = 0 Theorem is close to the embedding theorem of T. Banakh
and Kh. Trushchak [7] while for I = 0 and m = 0 it is close to the one of T. Banakh,
R. Cauty, Kh. Trushchak and L. Zdomskyy [5].
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REMARK 9.5. Letting d = 0 and L = R in Theorem [9.2} we obtain Pasynkov’s result [57]
asserting that for a map p : X — Y between finite-dimensional metrizable compacta the
function space C'(X, R4imY+2 dim(p)“) contains a dense Gs-set of maps that are injective
on each fiber of the map p.

Therefore, Theorem can be considered as a generalization of [57]. However, Theo-
rem [0.2] does not cover another generalization of Pasynkov’s result due to H. Torunczyk
[70]: If p : X — Y is a map between compacta, then the space C(X,RdmX+dim(p)+1)
contains a dense Gs-set of maps that are injective on each fiber of the map p.

Taking into account that the Euclidean space R% has the m-DD{"*}-properties for
all m,n, k with m+n+ k < d, we may ask whether this theorem of H. Torunczyk is true
in the following more general form.

PROBLEM 9.6. Let p: K — M be a map between finite-dimensional compact metrizable
spaces and X be a Polish AR-space possessing the m-DD*} -property for all m,n, k with
m+n+k <dim K + dim(p). Does p embed into the projection pr: M x X — M ?

Let us also note that the above mentioned result of H. Toruriczyk would follow from
our Theorem if the following problem had an affirmative answer.

PROBLEM 9.7. Let f : X =Y be a k-dimensional map between finite-dimensional metriz-
able compacta. Is it true that there is a map g : Y — Z to a compact space Z with
dim Z < dim X — k such that the map g o f is still k-dimensional ?

10. A short survey on homological 7 ,-sets

The most exciting results on m-DD{"*}-properties (like multiplication and k-root formu-
las) are obtained by using homological Z,-sets. In this subsection we survey some basic
facts about such sets, and refer the interested reader to [4] where all these results are
established. We use singular homology with coefficients in an Abelian group G. If G = Z,
we write Hy(X) instead of Hy(X;Z). By H.(X; @) we denote the singular homology of
X reduced in dimension zero.

It can be shown that a closed subset A of a topological space X is a homotopical Z,,-set
in X if and only if for every open set U C X the inclusion U\ A — U is a weak homotopy
equivalence, which means that the relative homotopy groups (U, U \ A) vanish for all
k < n + 1. Replacing the relative homotopy groups by relative homology groups, we
obtain the notion of a homological Z,,-set.

A closed subset A of a space X is defined to be

e a G-homological Z,-set in X for a coefficient group G if H(U,U \ A;G) = 0 for all
open sets U C X and all K <n + 1;

e an JG-homological Z,-set if A is a G-homological Z,-set in X for some coefficient
group G

e a homological Z,-set if A is a Z-homological Z,-set in X (equivalently, if A is a G-
homological Z,,-set for every coefficient group G).
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In [I9] homological Z..-sets are referred to as closed sets of infinite codimension. On the
other hand, the term “homological Z,-set” has been used in [42], [4], [3], and [6].

The following theorem whose proof can be found in [4, Theorems 3.2-3.3] describes
the interplay between various sorts of Z,,-sets.

THEOREM 10.1. Let X be a topological space.

1) Fach homotopical Z,-set in X is both a Z,-set and a homological Z,-set.
Each Z,-set in an LC"-space is a homotopical Z,,-set.

only if it is a homological Z,, -set.

The last item of this theorem has fundamental importance since it allows application
of powerful tools of algebraic topology for studying homotopical Z,-sets and related
m-DD{"*}_properties. The study of G-homological Z,,-sets for an arbitrary group G can
be reduced to considering Bockstein groups. Denote by II the set of all prime numbers
and consider the following groups:

e Q, the group of rational numbers;

e 7, = Z/pZ, the cyclic group of a prime order p € II;

e Q,={2€C:3keN P = 1}, the quasicyclic p-group;
e R,={m/n:m € Z and n € N is not divisible by p}.

The Bockstein family o(G) of a group G is a subfamily of {Q,Z,,Q,, R, : p € II}
such that:

e Q€ o(G) iff G/Tor(G) # 0 is divisible;

o Z, € o(QG) iff the p-torsion part p-Tor(G) is not divisible by p;
o Q, € 0(G) iff p-Tor(G) # 0 is divisible by p;

e R, € 0(G) iff the group G/p-Tor(G) is not divisible by p.

Here
Tor(G)={r€G:IeNn-2=0} and p-Tor(G)={recG:3kcZp z=0}
are the torsion and p-torsion parts of G. In particular, 0(Z) = {R, : p € II}.

THEOREM 10.2. Let A be a closed subset of a space X, G be a coefficient group, and p
be a prime number.

(1) A is a G-homological Z,,-set in X if and only if A is an H-homological Z,-set in X
for all groups H € o(G).

(2) If Ais a Ry-homological Z,,-set in X, then A is a Q-homological and Z,-homological
Zn-set in X.

(3) If A is a Z,-homological Z,-set in X, then A is a Q,-homological Z,,-set in X.

(4) If A is a Qp-homological Z,+1-set in X, then A is a Z,-homological Z,,-set in X.

(5) A is a R,-homological Z,,-set in X provided A is a Q-homological Z,,-set in X and
a Qp-homological Z,,11-set in X.
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By analogy with multiplication formulas for the m-DD{™*}-properties, there are mul-
tiplication formulas for homotopical and homological Z,,-sets (see [4, Theorem 6.1]).

THEOREM 10.3. Let A C X, B CY be closed subsets in Tychonoff spaces X,Y .

(1) If A is a homotopical Z,-set in X and B is a homotopical Z,-set in X then A x B
is a homotopical Zy ymy1-set in X X Y.

(2) If A is a homological Z,-set in X and B is a homological Z,,-set in X then A x B
is a homological Zp ymy1-set in X X Y.

Surprisingly, the multiplication formulas for homological Z,-sets can be reversed:

THEOREM 104. Let n,m € wU {o0}, k € w, and A C X, B C Y be closed subsets of
Tychonoff spaces X and Y. Let ® = {Q,Q, : p € II} and for every group G € D let
Bg CY be a closed subset which fails to be a G-homological Z,,-set in Y .

(1) A is a homological Z,,-set in X if and only if A* is a homological Zyp 41 —1-set in X*.

(2) If A x B is an F-homological Z,,1m-set in X XY for some field F, then either A is
an F-homological Z,-set in X or B is an F-homological Z,,-set in'Y .

(3) If A x B is a homological Zy, 1 -set in X XY, then either A is a homological Z,-set
i X or B is an AG-homological Z,,-set in'Y .

(4) A is a homological Z,,-set in X provided A x Bg is a homological Zy 1, -set in X XY
for every group G € D.

Theorem is the principal tool in the proof of the k-root and multiplication for-
mulas for the classes m-DD{"*}. We first discuss these formulas for the classes Z,, Z,,
and ZZ because they are tightly connected with the classes m-DD{™F},

Let us start with some definitions. A point = of a space X is defined to be a homological
Zn-point if the singleton {z} is a homological Z,-set in X. By analogy, we define G-
homological and 3G-homological Z,,-points.

Let Z¢(X) denote the set of all G-homological Z,-points in the space X and let 25
(resp., Z5) be the class of Tychonoff spaces X such that the set Z&(X) is dense in (resp.,
coincides with) X. We also recall that Z,, (resp., Z,) stands for the class of Tychonoff
spaces X such that the set Z,(X) of homotopical Z,,-points of X is dense in (resp.,
coincides with) X. Using these notations, Theorem can be written in the following
form.

THEOREM 10.5. Let n € wU {00} and G be a non-trivial Abelian group. Then:
1) 2, C 2L c 28,
2) Zo= 2L = Z§;
) LC' N 28 c 2y;
4) LC'N2ZyN 2L C Z,;
5) LC*'NBrn 2, m?f CZ,.
The last item of Theorem follows from the fact that each of the sets Z,,(X) and
ZL(X) is Gs in X provided X is a separable metrizable LC"-space [4, Theorem 9.2].

In its turn, Theorem implies multiplication formulas for the classes Z,, Z,,
and Z,ZL:
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THEOREM 10.6 (Multiplication formulas). Let n,m € w U {oco}. Then:

(1) 20 X 2 C Zimgnsrs
ZEx 25 C Z%+m+17'

(2)
4) 2 X§f@ CzierJrl'

The multiplication formulas can be reversed, which yields division and k-root formulas
for the classes Z% (we recall that, for a class A, we put VA= {X : X*¥ € A}).
THEOREM 10.7 (k-root formulas). Let n € wU {co} and k € N.

(1) A space X belongs to the class ZZ if and only if X* belongs to Z%n+k71.'

Z _ k|77
Zn - anjtk:fl

(2) A metrizable separable Baire LC*""*~1_space X belongs to the class ?,ZL if and only
if X* belongs to ?an%l:

—=7Z —=7Z
Z, D\ Zgnan_1 NLC™HTE1 A By

To state the division formula for the classes ZZ and ?ﬁ we need some more notations
(which will be used for the classes m-DD{™*} as well). Consider the following classes of
topological spaces:

e Us 28 = U{Z¢ : G is a non-trivial Abelian group};
e Ug ?S = U{?S : G is a non-trivial Abelian group};
. EIOUst, the class of spaces containing a non-empty open subspace U € J 25.

For example, the space R™ belongs to none of these classes.

Now, we can state the division formulas for the classes ZZ and Zf (recall that if A
and B are two classes, then 3 stands for the class {X € Top : 3B € B with X x B € A}).

THEOREM 10.8 (Division formulas). Let n € wU {oo} and k € w.

(1) A space X belongs to the class ZZ if and only if X x Y € ZrZL—i-k for some space
Y ¢ Ug Z5. This can be written as

Z
2’7n+k _ 27

_ Ondk gz
Top \ Ug Z2¢

(2) A metrizable separable Baire LC"-space X belongs to the class ??L if and only if
XxYe §i+k for some space Y ¢ 3.\ Jq Z(f, This can be written as

zZ
Top \ FoUgZ+
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Because of the division formulas, it is important to detect spaces X ¢ (Jo Z5. It
turns out that this happens for every metrizable space X with dim X < n, or more
generally with transfinite separation dimension trt(X) < n+ 1. The latter dimension can
be introduced inductively (see [2]):

o trt(X) = —1iff X = 0;
o trt(X) < a for an ordinal « if each closed subset A C X with |A| > 1 contains a closed
subset B C A such that trt(B) < o and A\ B is disconnected.

A space X is called trt-dimensional if trt(X) < « for some ordinal «.. For a trt-dimensional
space X we let trt(X) be the smallest ordinal « with trt(X) < a.

By [2], each compact metrizable trt-dimensional space is a C-space. On the other
hand, a Cech—complete space is trt-dimensional if it can be written as the countable
union of hereditarily disconnected subspaces (see [59]). It is easy to see that for a finite-
dimensional metrizable separable space X we get trt(X) < dim(X). Moreover, if X is
finite-dimensional and compact, then trt(X) = dim(X) (see [63]).

The following theorem was proved in [4] and [3].

THEOREM 10.9. Let X € (Jg ZS for some n € wU {oo}.

(1) If n < oo, then trt(X) > n.
(2) If n = oo, then X is not trt-dimensional.
(3) If n =00 and X s locally compact and locally contractible, then X is not a C-space.

Consequently, for any metrizable separable space X € |J Z% we have
dim X > trt(X) > n.

A similar inequality holds for cohomological and extension dimensions of X. We recall
their definitions.

For a space X and a CW-complex L we write e-dim X < L if each map f: A — L
defined on a closed subset A C X admits a continuous extension f : X — L; see [25]
and [26] for more information on extension dimension theory. It follows from the classical
Hurewicz—Wallman Theorem [32] 1.9.3] that e-dim X < S™ iff dim X < n. The cohomo-
logical dimension with respect to a given Abelian group G can be expressed via extension
dimension as follows: define

dimg X <n if edim X < K(G,n),

where K (G, n) is the Eilenberg-MacLane complex of type (G, n), and let dimg X be the
smallest non-negative integer with dimg X < n. If there is no such integer n, we put
dimg X = oo.

THEOREM 10.10. Let n € w and X € ZZ be a locally compact LC™-space. Then:

(1) dimg X > n for any Abelian group G.
(2) e-dim X £ L for any CW-complex L with a non-trivial homotopy group w(L) for
some k <n.
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11. Homological Z,-sets and m-DD{"*}_-properties

In this subsection we discuss the interplay between the classes Z&¢ and m-DD{™#} The
following two theorems present homological counterparts of the formulas

n-DDOY -z m m-DD{%*}  and
m+k<n

BrNnLC" N0-DD%"} « .C°NZ, c 0-DDO
from Theorem [T.1]
THEOREM 11.1. Let X be a Tychonoff space and n € w U {oo}.

(1) If an LC!-space X has the 2-DD1%2} _property, then each homological Z,-point in X
is a homotopical Z,-point:

LC'N2-DD{®2 0 2Z ¢ z,

(2) If a metrizable separable Baire LC™-space X has the 0-DD1%2} _property and contains
a dense set of homological Z, -points, then X contains a dense set of homotopical Z,, -
points and X € 0-DD107}

LC" N Brn0-DD*2 N Z" ¢ Z, n0-DDn}

(3) If X has the (2n + 1)-DD{%C} property, then each point of X is a homological Z,, -
point:

(2n +1)-DD{0.0} ¢ zZ

(4) If X has the 2n-DD1%0} _property, then each point of X is a G-homological Z,,-point
for any group G with divisible quotient G/Tor(G). Consequently,

2n- DD ¢ 2% NN, (22" N Z37)

THEOREM 11.2. Let m,m, k be non-negative integers or infinity.

(1) If each point of an LC!-space X with the 2-DD{%2} -property is a homological Zy, -
point, then X has the m-DDO*} _property. This can be written as

LC' N 2%, N2 DD} ¢ i DDA}

(2) If a metrizable separable LC*-space X has the 0-DD1%:2} _property and contains a
dense set of homological Zy,-points, then X has the 0-DD%*} _property. This can be
written as

LC* N Z, N 0-DD{%2} ¢ 0-DD{O*

(3) If each point of a metrizable separable LC?-space X is a homological Zpyyp1-point
and X has the m-DD{mmax{n.2}} _property, then X has the m-DD™ R} _property. This
can be written as
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2 Z
LC?NZE, .

& N m_ﬁ){nvmax{zn}} C m_ﬁ){nvk}

(4) If each point of an LC'-space X is a homological Z,,-point and X € 2-DD{%} then
X has the m-DD{%9} property. This can be written as

LC' N 2% N 2-DD{%%} ¢ 1m-DDI00}

(5) If each point of an LC%-space X is a G-homological Z-point for some group G, then
X has the DD'P. If in addition X is a metrizable LC'-space containing a dense set
of homotopical Zy-points, then X € 2-DD{9-0},

LCY N (Ug 28) € 0DDUY  and  LC N2y N (g 2§) € 2-DDI00)

12. Homological characterization of the 0-DD{"*}-property

In this subsection we prove a quantified version of the homological characterization of
the 0-DD1>**}_property due to Daverman and Walsh [19].
First, we provide a homotopical version of the Daverman—Walsh result.

THEOREM 12.1. Let n,k be finite or infinite integers (with n < k). A Polish (LCF)-
space X has the 0-DDY™F} property if (and only if) there is a countable family F of
(n-dimensional compact) homotopical Zy-sets in X such that each compact subset K C
X \UF is a homotopical Z,-set in X.

Under some mild assumptions on X it is possible to replace the homotopical conditions
in Theorem by homological ones.

THEOREM 12.2. A Polish LC™*{"*} _space X € 0-DD{22} has the 0-DD{"+} -property
provided each point of X is a homological Zyypaxin, k}-point and there is a countable
family F of homological Zy-sets in X such that each compact subset K C X \ JF is a
homological Z,,-set in X.

This theorem implies another characterization of 0-DD{™*}_properties in terms of
approximation properties defined as follows. We shall say that a topological space has
the n-dimensional approximation property (briefly, AP[n]) if for any open cover U of X
and a map f : [" — X there is a map g : [" — X such that g is /-homotopic to f and
trt(g(I™)) < n+ 1. Here we assume that o < oo + 1 for each ordinal a (which is essential
if n = 00).

Observe that each LC-space has AP[0] and each LC!-space has AP[1].

THEOREM 12.3. If each point of a Polish LC™¥*} space X is a homological Ltk -point
and X has the properties AP[n] and 0-DD{Zmin{2.n}} “then X has the 0-DD{™*} -property.
This can be written as

g nLemaxtmkl 0 22 0 AP[n] N 0-DD2min{2n}} ¢ 0-DD{m#
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13. m-DD{"*-properties of locally rectifiable spaces

There is a non-trivial interplay between m-DD{™¥}-properties for spaces having a kind
of homogeneity property. We recall that a space X is topologically homogeneous if for
any two points xg,z € X there is a homeomorphism h, : X — X such that h,(zo) = z.
If the homeomorphism h, can be chosen to depend continuously on z then X is called
rectifiable at xg.

More precisely, we define a topological space X to be locally rectifiable at a point
xg € X if there exists a neighborhood U of xg such that for every x € U there is a
homeomorphism h, : X — X such that h,(z¢) = 2 and h, continuously depends on x in
the sense that the map H : U x X — U x X, (z,2) — (z,h;(2)), is a homeomorphism.
If U = X, then the space X is called rectifiable at xg.

A space X is called (locally) rectifiable if it is (locally) rectifiable at each point
x € X. Rectifiable spaces were introduced in [37] and studied in [48]. The class of
rectifiable spaces contains the underlying spaces of topological groups but also con-
tains spaces not homeomorphic to topological groups. A simplest such example is the
7-dimensional sphere S” (see [74]). It should be mentioned that all finite-dimensional
spheres S™ are locally rectifiable but only S', S% and S” are rectifiable (this follows
from Adams’ famous result [I] detecting H-spaces among the spheres). It can be shown
that each connected locally rectifiable space is topologically homogeneous. On the other
hand, the Hilbert cube is topologically homogeneous but fails to be (locally) rectifiable
(see [37]).

By LR we denote the class of Tychonoff locally rectifiable spaces.

THEOREM 13.1. Let X be a locally rectifiable Tychonoff space.
(1) If X has the m-DDOK _property, then each point of X is a homotopical L4 k-point:

LR Nm-DDOF c z

(2) If X has the m-DDOF} _property, then X has i-DD%7} _properties for all i,j with
i+j<m+k:

LR Nm-DD* ¢, ., ., i-DD{0}

(3) Ifeither X € Zpyp or X E?TZn_H,ﬂLCl, then the product XxY has the m-DD{mF+p+11

property for each separable metrizable LCk-space Y possessing the m-DD{"*}_pro-
perty with n < k. This can be written as

(LRNLC' NZ,

map) X (LCY Nm-DD{™#}) € m-DD{mr+p+1}

REMARK 13.2. Since R? € Z,_; is rectifiable, Theorem 3) implies that the product
X x R™*P has the m-DD{"**P}_property for any separable metrizable LCF-space having
the m-DD{"*}-property with n < k. This result was established by W. Mitchell [54,
Theorem 4.3(1)] in the case X is a compact ANR and m = 0. Moreover, a particular case
of Theorem [13.1(1) when X is an ANR and m = 0 was also established in [54].
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14. k-Root and division formulas for the m-DD{"*}-properties

In this section we discuss k-root and division formulas for the m-DD{"*}-properties, one
of the most surprising features of these properties.

THEOREM 14.1 (k-Root formulas). Let n be a non-negative integer or infinity and k be
a positive integer.

(1) If X is an LC-space with X € 2-DD{*%} and X* € (kn+k—1)-DD1%} then X has
the n-DD{%:0} _property. This can be written as

LC' N2-DD 1 {/(kn + k — 1)-DD100) € nDDO)

(2) If X is a separable metrizable LC*" ™"~ _space with the 0-DD*2} -property and X*
has the 0-DDi0Fn+k=1} _property, then X has the 0-DD%™} -property. This can be
written as

LCktE=1 1 0. DD{%2} 0 V/0-DD{0kntk-1}  0-DDI0n}

To write down division formulas for the m-DD{”’k}-property7 let us introduce two new
. .. =G
classes in addition to the classes J, 25 and .U Z,, :

e Z2C the class of spaces X with all € X being 3G-homological Z,,-points in X;
e AZ3Y the class of spaces X whose diagonal Ax is an 3G-homological Z,,-set in X2.

Note that any at most n-dimensional polyhedron belongs to none of the last two classes.

THEOREM 14.2 (Division formulas). Let n < k be non-negative integers or infinity and
m a non-negative integer.

(1) An LC! -space with the 2-DD{%%} _property has the n-DD%} -property provided X xY
has the (n 4+ m)-DD%%} _property for some space Y whose diagonal Ay fails to be a
3G -homological Z,,-set in Y2. This can be written as

(n + m)-DD{0.0}

Top \ AZJG < n-DDM

LC' N 2-DD1%0} 0

(2) A separable metrizable LC" ™ -space X € 0-DD{%2} has the 0-DD{%™}_property
provided X x Y has the 0-DDO ™} property for some metrizable separable Baire
LC™ ™ _space Y that contains no non-empty open set U € U ?i.

0-DD{0:n+m}

n+m =G
BrnLC"™\ .U 2,

LC™™ N 0-DD1%2} 0 c 0-DD{0:n}

(3) A separable metrizable LC**"-space X € ZZ_, with X € 0-DD?2?} has the
0-DD™F} _property provided X x Y € 0-DD{*+"-k+m} for some metrizable separable
LC*™ space Y ¢ Z3C. This can be written as
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— 0-DD{n+m.k+m} —
k+m 2,2 Z n,k
LC"™N0-DDZ2 0 22, N Lo z30 © 0-DD{m:+}

(4) A separable metrizable LCF T -space X € ZL i, with X € 0-DD{22} has the

0-DD™F} _property provided X x Y € 0-DD{n*tmn+m} for some metrizable separable
LC™" ™ space Y ¢ Uy Z5. This can be written as

O_ﬁ){n-&-m,n—i—m}
N
+k+m Lcn+m \ UG Zﬁ

LCk™ [ 0-DD22) 0 27 c 0-DDInH)

15. Characterizing m-DD{"*}-properties with m,n, k € {0, 00}

In this subsection we apply the results obtained in the preceding subsections to the
case of m-DD{™*}_properties with m,n,k € {0,00}. Let us note that 0-DD{%%} has
been characterized in Proposition while co-DD{>:>} is equivalent to 0-DD{>>},
So, it suffices to consider only the properties: 0-DD{%°} 50-DD{0:0} 50-DD1%:2°} and
0-DD{>>}, These can be characterized in terms of homotopical or homological Z.-
points as follows:

COROLLARY 15.1.
(1) A topological (LC'-)space X has the oco-DD{%} property if and only if all points of

X are homotopical Z-points (resp., if and only if all points of X are homotopical
Zy-points and X € oo-DD10:0});

Z5 N oo-DD00} N L,CY € 0o-DDI0>} = Z

(2) An LC'-space X has the co-DD%%} _property if and only if X € 2-DD{%%} and all
points of X are homological Z.,-points:

2Z n2-DD®% NLC! € co- DD} ¢ 2Z

(3) A Polish LC™®-space X has the 0-DD1%>}_property if and only if X has a dense set
of homotopical Zs-points if and only if X € 0-DD1%2} and X has a dense set of
homological Z.-points:

Z” 10-DD2 ALC® ¢ 0-DD1%} and 0-DD1>} ALC™® NI € Zap

(4) If each point of a metrizable separable LC™ -space X is a homological Z-point and
X has the properties AP[oo] and 0-DD{22} | then X has the 0-DD>>°} _property:

2Z 10-DD22 A LC™ N AP[oo] C oo-DD{o} — 0D}

According to the famous characterization of Hilbert cube manifolds due to Toruriczyk
[68], a locally compact ANR-space X is a Q-manifold if and only if X has the 0-DD{>->}_
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property. Combining this characterization with the last item of Corollary we obtain
a new characterization of Q-manifolds.

COROLLARY 15.2. A locally compact ANR is a Q-manifold if and only if

e X has the disjoint disk property;

e cach point of X is a homological Z..-point;

e cach map [ : I*° — X can be uniformly approximated by maps with trt-dimensional
mage.

Next, we discuss k-root formulas for m-DD™*}-properties with m,n, k € {0, 00}.

COROLLARY 15.3 (k-Root formulas).

(1) An LC'-space X has the co-DD%% -property if and only if X € 2-DD{%0} gnd
XF* € 00-DD10%} for some finite k. This can be written as

00-DD{%0} 5 V/00-DD{%:0} N 2-DD{00} N LC!

(2) A metrizable separable LC™ -space X has the 0-DD%:>} _property if and only if X €
0-DD1%2} and X* € 0-DD1%°} for some finite k. This can be written as

0-DD{%>} 5 /0-DD{0:>c} n0-DD{0:2} N LC™

(3) An LC!-space X has the co-DD%°°} _property iff X has the 2-DD1%2} -property and
XF* € 00-DD10%} for some finite k. This can be written as

00-DD{%>} 5 V0o-DD10:>e} 1 2-DD{%2} N LC!

(4) A metrizable separable LC™-space X has the 0-DD1>>}_property if X has the
0-DD{22} _property, X € AP[oo] and X* € 0-DD{>>°} for some finite k. This can
be written as

0-DD{ee:>} 5 v/0-DDf.c} 1 0-DD{%2 N LC™ N AP[x]

Finally, we turn to division formulas for the m-DD{"*}_properties with m,n,k €
{0, 00}.
COROLLARY 15.4 (Division formulas).
(1) An LC!-space X has the co-DD{%9} _property provided X € 2-DD{%%} and the product

X x Y has the co-DD{%% -property for some space Y ¢ Uq ZG . This can be written
as

DD{o.,0}
5o DD100) o DDy mR 00y A1t
Top \ Ug 2$

(2) An LC!'-space X has the 0co-DD1%%°} _property provided X € 2-DD1%2} and the prod-
uct X XY has the co-DD{%} _property for some space Y ¢ Ug 2%. This can be
written as
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0o-DD10:>0}
Top \ Ug Z8
(3) A metrizable separable LC™-space X has the 0-DD{}_property provided X €

0-DD22} and X x Y has the 0-DD°>°}_property for some separable metrizable
LC>-space Y ¢ Uy Z5. This can be written as

00-DD{0:2} 5 N 2-DD1%2} N LY

LC> N 0-DD{ee:00}
Top \ U 2&

(4) A metrizable separable LC™-space X has the 0-DD1%%°}_property provided X €
0-DD1%2} and the product X x Y has the 0-DD%} _property for some metrizable

separable LC™ -space Y ¢ EIOUG§OGO. This can be written as

0-DD{o} 5 0-DD{22}

LC> N 0-DD{0:>}

Top\ FUgZ o,

0-DD1{0:2} 5 N 0-DD{0:2}

The third item of Corollary combined with Toruniczyk’s characterization of Q-
manifolds implies the following division theorem for -manifolds proven in [3] and im-
plicitly in [19].

COROLLARY 15.5. A space X is a Q-manifold if and only if the product X XY is a
Q-manifold for some space Y ¢ Js 25

16. Dimension of spaces with the m-DD"-property

In this section we study the dimensional properties of spaces possessing the m-DD"-
property.

THEOREM 16.1. If a metrizable separable space X has the m-DD"™-property, then dim X
>n+(m+1)/2.

This theorem combined with Theorem [9.1] allows us to calculate the smallest possible
dimension of a space X with m-DD". For a real number r let

Ir] =max{n € Z:n<r}, [rl=min{ne€Z:n>r}.
COROLLARY 16.2. Let n,m be non-negative integers and D be a dendrite with a dense

set of end-points.

(1) If m is odd and d = n + (m +1)/2, then the power D is a d-dimensional absolute
retract with the m-DD™-property.

(2) If m is even and d = n + (m + 2)/2, then the product D' x 1 is a d-dimensional
absolute retract with the m-DD™-property.

Consequently, n + [(m + 1)/2] is the smallest possible dimension of a compact absolute
retract with the m-DD"-property.
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Theorem implies that dim(X) > m + 1 for each metrizable separable space X
with the (2m+ 1)-DD-property. A similar inequality also holds also for cohomological
dimension.

THEOREM 16.3. Let X be a locally compact metrizable LC™ -space having the property
(2m+1)-DD°. Then dimg X > m + 1 for any non-trivial Abelian group G.

In some cases the condition X € (2m+1)-DDY from Theorem can be weakened
to X € 2m-DD.

THEOREM 16.4. Let X be a locally compact LC*™-space with the 2m-DD°-property and
let G be a non-trivial Abelian group. The inequality dimg X > m+ 1 holds in each of the
following cases:

(1) G fails to be both divisible and periodic;
(2) G is a field;
(3) X is an ANR-space.

Theorem implies the following estimation for the extension dimension of spaces
X € m-DD{0:0};

THEOREM 16.5. Let X be a locally compact LC™-space such that e-dim X < L for some
CW -complex L. If X € m-DDY, then we have:

(1) The homotopy groups m;(L) are trivial for all i < m/2. B
(2) Forn = |m/2]| the group m,(L) is both divisible and periodic, and m,(L) = H,(L).
(3) mi(L) =0 for all i < m/2 provided X is an ANR-space.

Finally, we discuss the dimension properties of spaces X € co-DD{0:0},

THEOREM 16.6. Let X be a locally compact metrizable LC™ -space possessing the property

00-DD10:0},
(1) All points of X are homological Zs-points.

(2) X fails to be trt-dimensional.

(3) Ife-dim X < L for some CW -complex L, then L is contractible.
(4)

4) If X s locally contractible, then X is not a C-space.

The first item of this theorem follows from Theorem [7.1|7). The last three items follow
from Theorems [10.9(1) and [10.10}

17. Some examples and open problems

First, we discuss the problem of distinguishing between the m-DD™*}-properties for
various m, n, k. Let us note that if an Euclidean space E has the m-DD{"*}-property for
some m,n, k, then E has the a-DD1"¢}-property for all non-negative integers a, b, ¢ with
a+b+c <n+m+ k. This feature is specific for Euclidean spaces and does not hold
in the general case. For example, each dendrite D with a dense set of end-points has the
0-DD{%2} -property (and in fact, 0-DD{%>}) but does not have the 0-DD!'}-property.
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The next example from Daverman’s book [I7] shows that the properties 0-DD{%2} and
0-DD{"1} are completely incomparable.

EXAMPLE 17.1. There is a 2-dimensional absolute retract A C R® with 0-DD%1} -pro-
perty that fails to have the 0-DD12} property.

QUESTION 17.2. Does the space A from Example have the 2-DD{%-%} _property?

It follows from Theorem 1) that a Polish LC™-space X has the oo-DD{%:0}.
property provided X x R € 0co-DD{%%} and X e 2-DD{%:%}. We do not know if the latter
condition is essential.

QUESTION 17.3. Does a compact absolute retract X possess the oo-DD%0t_property
provided X X 1 has that property? (Let us observe that X x 1 € 00-DDOO} implies
X x T € co-DDito})

This question is equivalent to another intriguing one.

QUESTION 17.4. Does a compact absolute retract X contain a Zs-point provided all points
of the product X x 1 are Z..-points?

PROBLEM 17.5. Let X be a compact AR with the co-DD%%} -property.

(1) Is there any Zy-point in X7
(2) Is X strongly infinite-dimensional?
(3) Is X x I homeomorphic to the Hilbert cube?

PROBLEM 17.6. Is a space X € 0-DD{22} homeomorphic to the Hilbert cube Q provided
some finite power of X is homeomorphic to Q7

There are three interesting examples relevant to these questions. The first of them
was constructed by Singh in [63], the second by Daverman and Walsh in [19] and the
third by Banakh and Repovs in [6].

EXAMPLE 17.7 (Singh). There is a space X with the following properties:

(1) X is a compact absolute retract;

(2) X contains no topological copy of the 2-disk 12;
(3) X x I is homeomorphic to the Hilbert cube;

(4) all but countably many points of X are Zs-points;
(5) X € 0o-DD100};

(6) X ¢ 2-DD{%2} y0-DD{*2};

(7) X x I € co-DD{ee>0},

EXAMPLE 17.8 (Daverman—Walsh). There is a space X with the following properties:

(1) X is a compact absolute retract;

(2) X x I is homeomorphic to the Hilbert cube;
(3) each point of X is a Zy-point;

(4) X € co-DD10} n0-DD{oe},

(5) X ¢ 0-DD{22};

(6)

6) X x I € oo-DD{e:0},
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EXAMPLE 17.9 (Banakh-Repovs). There is a countable family X of spaces such that

(1) the product X XY of any two different spaces X, Y € X is homeomorphic to the
Hilbert cube;
(2) no finite power X* of any space X € X is homeomorphic to Q.

Note that there is no uncountable family X possessing the properties (1) and (2) from

Example [I7.9] (see [6]).
It may be convenient to describe the m-DD{™*}-properties of a space X using the
following sets:

+-DD*}(X) = {(m, n, k) € w® : X has the m-DD{"*}-property},
0-DD™*}(X) = {(n, k) € w? : X has the 0-DD{"*}-property},
*-DD*(X) = {(m,n) € w? : X has the m-DD"-property}.
PROBLEM 17.10. Describe the geometry of the sets »-DD{**}(X), 0-DD**}(X) and

*-DD*(X) for a given space X. Which subsets of w® or w? can be realized as the sets
#-DDU*}(X), 0-DD*}(X) or +-DD*(X) for a suitable X?

In fact, we can consider the following partial pre-order = on w3: (m,n, k) = (a,b,c)
if each space X with the m-DD{™*}_property also has the a-DD{"¢}-property.
PROBLEM 17.11. Describe the properties of the partial preorder 3 on w3.

By Proposition 2), a paracompact space X is Lefschetz ANE[n] for a finite n if

and only if X is an LC" *-space. Consequently, the product of two paracompact ANE|[n]-
spaces is an ANE[n]-space for every finite n.

PROBLEM 17.12. Is the product of two (paracompact) Lefschetz ANE[oo]-spaces a Lef-
schetz ANE[oo]-space?



Part II. PROOFS

18. Preliminaries

This section is of a preliminary character and collects some notion, conventions and
auxiliary results.

18.1. Topological spaces. Since we often deal with perfect maps, let us describe their
interplay with the class of proper maps. We recall that a map p : X — Y between
topological spaces is called perfect if p is closed and the preimages p~1(y), y € Y, are
compact; p is proper if the preimage p~1(K) of each compact subset K C Y is compact.
Each perfect map is proper [33, 3.7.2]. Conversely, each proper map f : X — Y into a
k-space Y is perfect [33], 3.7.18].

We recall that a topological space X is a k-space if a subset F' C X is closed if and
only if its intersection F'N K with each compact subset K C X is closed in X. It is well-
known that each first countable (in particular, metrizable) space is a k-space. On the
other hand, CW-complexes also are k-spaces. Therefore, to check that a map f: X — K
into a CW-complex is perfect it suffices to check that the preimage of each compact
subset of K is compact.

For a subset A C X and a cover U of X we write diam A < U if A C U for some U € U.
Sometimes, we also write A < U to denote that diam A < Y. For two families I/, V of sub-
sets of X we write i < Vif diamU < V for all U € U. In this case we say that U refines ),
or U is inscribed in V. For two covers U,V of X let U ANV ={UNV :U U,V € V}.

A partition of unity on a space X is a family of continuous functions {)\; : X —
[0,1]}iez such that the family {\;*(0,1]}iez is locally finite and > ier Ai(z) = 1 for all
x € X. Let U be a cover of X. A partition of unity {A\y : X — [0, 1]}vey is subordinated
to U if A\;'(0,1] C U for all U € U. We shall often use the fact that for each open cover
U of a paracompact space X there is a partition of unity {Ay}yey subordinated to U
and such that for any z € X at most dim X + 1 values Ay (z) are strictly positive.

A subset A of a topological space X is called functionally open (resp., functionally
closed) if A = f~1(B) for some continuous function f : X — R and some open (resp.,
closed) subset B C R. A subset A of a normal space is functionally open if and only if A
is an open F,-set in X.

18.2. Uniform covers. For a cover U of X and a subset A C X let St(A,U) =
H{U e U : UN A # 0} be the star of A and St(U) = {St(U,U) : U € U} be the
star of the cover U. Also we put St°(U) = U and St"TH(U) = St(St"(U)) for n > 0.

33]
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Given a pseudometric p on a set X, by B,(zo,e) = {& € X : p(z,x0) < €} we
denote the open e-ball centered at a point xg € X. For a family U of subsets of a
set X and a pseudometric p on X we let mesh, U = sup{diam,U : U € U}, where
diam, U = sup,. ,cp p(,y) is the p-diameter of U.

An open cover U of a topological space X is called a uniform cover of X if there exists
a continuous pseudometric p on X such that U is refined by the cover {B,(z,1) : z € X }.

The following fundamental result is due to J. Tukey (see [33] 5.4.H]).

LEMMA 18.1. Each open cover of a paracompact spaces X is uniform.
This result can be partly generalized for Tychonoff spaces.

LEMMA 18.2. For any open cover U of a Tychonoff space X and any compact set K C X
there is a continuous pseudometric p on X such that the family {B,(x,1) : v € K} is
inscribed in the cover U.

Proof. Embed X into a Tychonoff cube I* for a suitable cardinal k. For each = € K find
a finite index set F'(x) C & and an open set W, C I¥'(®) whose preimage V,, = pr;éw)(Ww)
under the projection prp(,) : X — I7(*) contains the point x and lies in some U € U.
By the compactness of K, the open cover {V, : x € K} of K has a finite subcover
{Vary..., Ve, }. Now, consider the finite set F' = |J~, F(z;) and note that each set V,,
is the preimage of some open set W; under the projection prp : X — If". Let d be any
metric on the finite-dimensional cube I*". By the compactness of C = prp(K) C U;~, W;,
there is € > 0 such that each e-ball centered at a point z € C lies in some W;. Finally,
define the pseudometric p on X letting p(x, ') = (1/¢) - d(prp(z), prp(z’)) for z, 2" € X.
It is easy to see that each 1-ball centered at any point x € K lies in some U € . =

18.3. Homotopies. When working with ¢/-homotopies it is convenient to consider their
metric counterpart, e-homotopies. If p is a continuous pseudometric on a space M, then
two maps f,g: X — M are called e-homotopic if there is a homotopy h : X x [0,1] = M
linking f and g such that for each x € X the set h({z} x [0,1]) has diameter < . Thus
e-homotopies are precisely U/-homotopies for the cover of M by open sets of diameter
< e. Conversely, for any open cover U of a Tychonoff space M and a map f: X — M
with f(X) C K for some compact set K C M, we can find a continuous pseudometric
p on X such that each map g : X — M which is 1-homotopic to f is U-homotopic to f
(see Lemma [18.2)).

The following standard fact from the theory of retracts allows us to extend homotopies.

LEMMA 18.3 (Borsuk’s homotopy extension lemma). Let K be a normal space and L be
a neighborhood retract of K. Let f: K — X be a map into a space X and U be an open
cover of X. Then any map g : L — X U-homotopic to f|L can be extended to a map
g: K — X U-homotopic to f.

Usually, this lemma will be applied to pairs (K, L) consisting of a simplicial complex

K and its subcomplex L.

18.4. Function spaces. In this subsection we collect some information concerning the
function spaces C(K, X). Let us observe that in the definition of the source limitation
topology we can consider only positive functions ¢ with e(z) < 1 for all x € K, i.e., ¢ €
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C(K, (0,1]). This restriction implies another one: we can suppose that all pseudometrics
pon X are < 1. In the case of metrizable X and paracompact K there is an equivalent
description of the source limitation topology on C(K, X).

LEMMA 184. Let f € C(K,X), where X is a metrizable space and K paracompact.
Then, for every metric d on X generating its topology, the neighborhood base at f in the
source limitation topology consists of the sets Bq(f,€), e € C(K,(0,1]).

Proof. Let Metr(X) denote all compatible metrics p for X with p <1 and £(K) be the
collection of all continuous positive functions ¢ < 1 on K. We are going first to show
that the sets B,(f,¢), p € Metr(X) and € € £(K), form a base for the source limitation
topology on C(K, X). It suffices to prove that for any continuous pseudometric p; < 1 on
X there exists a metric p € Metr(X) such that B,(f,e) C B,, (f,¢) for all f € C(K,X)
and all € € £(K). Indeed, just take p = max{p;, d}, where d is any metric from Metr(X).

Let us prove now that, under our hypotheses, the source limitation topology coincides
with the graph topology 7 on C'(K, X). The graph topology was introduced in [56] and
its base consists of all sets of the form Ug = {f € C(K,X) : I'(f) C G}, where G is an
open set in K x X and I'(f) denotes the graph of f. Let V' C C(K, X) be open with respect
to the source limitation topology and f € V. Then there exists a metric p € Metr(X)
and € € £(K) with B,(f,e) C V. Obviously, G = {(z,y) € K x X : p(y, f(z)) < e(x)}
is open in K x X and f € Ug C B,(f,¢). Next, suppose V C C(K, X) is open with
respect to 7 and f € V. So, there is an open set G in K x X with f € Ug C V. We
fix a metric p € Metr(X) and, as in the proof of Theorem 2.11 from [21], we can find a
function € € £(K) such that B,(f,e) C Ug.

Hence, the source limitation topology on C(K, X) coincides with the topology 7r.
On the other hand, according to [2I, Theorem 2.11], for any metric d € Metr(X), the
topology 74 on C(K,X) whose base consists of all sets By(f,¢), ¢ € E(K), coincides
with 7. Therefore, for any metric d € Metr(X) the family of all sets By(f,¢), € € E(K),
is a base for the source limitation topology on C(K, X). m

Lemma implies that, for a metric space (X,d) and a compact space K, the
source limitation topology on C'(K, X) coincides with the uniform convergence topology
generated by the metric d. In particular, we have the following lemma.

LEMMA 18.5. For a compact (metrizable) space K and a metrizable (separable) space X
the function space C(K,X) is metrizable (and separable).

18.5. V-maps. This subsection contains some information on V-maps.

A map f : X — Y between topological spaces is called a (uniform) V-map, where V is a
cover of X, if there is a (uniform) open cover U of Y such that f~1(U) = {f~Y(U) : U € U}
refines the cover V. This notion has a metric counterpart: a map f : M — Y from a metric
space (M,d) is an e-map if each point y € Y has a neighborhood U, whose preimage
f71(U,) is of diameter < e.

The following characterization of closed V-maps is well known.

LEMMA 18.6. A closed map f: X — Y is a V-map with respect to an open cover V of
X if and only if diam f~1(y) <V for any point y € Y.
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The next lemma shows that, in some situations, V-maps between topological spaces
X and Y form an open set in the function space C(X,Y) endowed with the uniform
topology. A neighborhood base of this topology at a given f € C(X,Y) consists of the
sets

Bp(fve) = {g € C(X7Y) : p(f’g) < 5}

where p runs over the continuous pseudometrics on Y and € over the positive real numbers.
It is clear that the source limitation topology on C(X,Y’) is stronger than the uniform
topology. So, a subset of C'(X,Y) is open in the source limitation topology if it is open
is the uniform topology.

LEMMA 18.7. Let V be an open cover of a space X. Then, for any space Y, the set of all
uniform V-maps from X into Y is open in C(X,Y) equipped with the uniform topology.
In particular, if Y is paracompact, the same conclusion is true for the set of all V-maps.

Proof. Suppose that f : X — Y is a uniform V-map. Then there exists a uniform
open cover U of Y with f~1(U) refining the cover V. Since U is uniform, there is a
continuous pseudometric p on Y such that diam B,(y,1) < U for any point y € Y. We
claim that B,(f,1/2) consists of uniform V-maps. Obviously, it suffices to prove that for
any g € B,(f,1/2) each set g7'(B,(y,1/2)), y € Y, is contained in some V, € V. By
the choice of p, for every y € Y there exists U, € U containing B,(y,1). Consequently,
F~YB,(y,1)) c f~Y(U,) CV, for some V, € V. To show that g~(B,(y,1/2)) C V,, take
any point « € g~'(B,(y,1/2)) and note that p(f(z),y) < p(f(x),g(2)) + p(g(x),y) <
1/2+1/2=1,ie,z € f1(B,(y, 1)) CV,.

The second half of the lemma follows from the fact that every open cover of Y is
uniform provided Y is paracompact (see Lemma [18.1)). m

18.6. Abelian groups. In this subsection we collect some information on Abelian
groups. Recall that an Abelian group G is divisible by a prime number p if for any
g € G the equation p - x = ¢ has a solution in G. A group G is divisible if it is divisible
by any prime number p. By Tor(G) = {z € G : nz = 0 for some n € N} we denote the
torsion part of G. A group G is periodic if G = Tor(G). The torsion part decomposes into
the direct sum Tor(G) = @, p-Tor(G), where p-Tor(G) = {z € G : pkz = 0 for some
k € N} is the p-torsion part of G. It is easy to see that each group p-Tor(G) is divisible
by any prime number ¢ # p.

A subgroup H of an Abelian group G is complemented in G if there is a subgroup
H* C G such that HN H+ = {0} and H + H = G. A subgroup H C G is servant
provided, for any h € H and n € N, the equation nx = h has a solution in H if and
only if it has a solution in G. By [34, 27.5], if G is an Abelian group and H its cyclic
subgroup generated by any element from Tor(G), then H is complemented in G provided
H is servant.

In the following notations of some standard Abelian groups, p is always a prime
number:

e 7 denotes the group of integer numbers;
e Q is the group of rational numbers;
o Z, = Z/pZ is the cyclic group of order p;
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e Q,={2€C: 2P* =1 for some k € N} is the quasicyclic p-group;
e R, ={m/n € Q:n is not divisible by p}.

Next, we need to recall some information on the tensor product G® H and the torsion
product G x H of Abelian groups G, H. The definitions of these operations can be found
in any textbook on homological algebra or algebraic topology (see e.g. [64] or [40]). In
some textbooks (e.g. [40]) the torsion product G * H is denoted by Tor(G, H).

The only information about torsion products we need is that the torsion product Gx H
contains an element of order n iff both groups G and H contain such an element (see
Exercise 6 on [40] p. 267]). We need a bit more information on tensor products.

LEMMA 18.8. For any non-trivial Abelian groups G and H we have:

(1) G ®Z is isomorphic to G;

(2) G® H is periodic if either G or H is periodic;

(3) G® H #0 if both G and H contain elements of infinite order;

(4) G® H #0 if G, H are cyclic groups of the same order;

(5) if ¢: G — H 1is an epimorphism with a periodic kernel and H contains an element
of a prime order p, then G also contains an element of order p;

(6) if H® H =0, then H is a periodic divisible group;

(7) if G/Tor(G) is divisible and H is periodic and divisible, then H ® G = 0.

Proof. The first four items are well known and can be found in [40], Exercises, p. 267].
The fifth item follows easily from the definitions. To prove (6), let H ® H = 0. Then
H is periodic according to (3). Assuming H = Tor(H) = P, p-Tor(H) is not divisible,
we conclude that the p-torsion group p-Tor(H) is not divisible by p for some prime p.
This means that there is an element h € p-Tor(H ) such that the equation h = px has no
solution in H. Then the cyclic group C' generated by h is servant in H, and consequently
complemented in p-Tor(H) by [34, 27.5]. Since C is a quotient group of H, the equality
H ® H = 0 would imply that C ® C = 0, which contradicts (4).

To prove (7), suppose that H and G/Tor(G) are divisible and H is periodic. To show
that H ® G = 0, take any x € H, y € G and consider their tensor product =z ® y. If
y € Tor(G), then ny = 0 for some n € N. Since H is divisible, there exists z € H with
nz=2z. Then z ® y = (nz) ®y = 2 ® (ny) = 0. If y ¢ Tor(G), then the periodicity of H
implies the existence of m € N with ma = 0. Because G/Tor(G) is divisible, there exists
z € G such that mz —y = g € Tor(G). Repeating the preceding argument, we can show
that t® g=0. Then 2 @y=2® (mz—g) =@ (mz) —2@g=(mz)®z—-0=0. =

19. A-dimension of maps

In this section we discuss dimensional properties of maps and will prove Proposition
This proof is divided into several lemmas. Our first lemma provides the proof of item (1)
of Proposition [2.1

LEMMA 19.1. dim(f) < dima(f) for any perfect map f : X — Y between Hausdorff
topological spaces.
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Proof. The inequality is trivial if dima (f) > w. So assume that dima (f) = n < w and
take a map g : X — I™ such that the diagonal map f A g : X — Y x I"™ is light.
Then for every y € Y the preimage f~1(y) = (f & g)~*({y} x I") is a compact space of
dimension < dim({0} x I"") + dim(f A g) = n by Theorem 3.3.10 on dimension-lowering
mappings from [32]. This yields the desired inequality dim(f) = sup,cy dim f~'(y) <
n = dlmA(f) |

The second item of Proposition is trivial and follows from the definition of dima ( f).
The proof of the third item is provided by the following lemma [58].

LEMMA 19.2. For any perfect map f : X — Y defined on a paracompact submetrizable
space X we have dima (f) < w.

Proof. Pasynkov [58, Proposition 9.1] proved this fact in the case X is metrizable, but
his proof remains valid also for paracompact submetrizable spaces. m

The fourth item of Proposition [2.1] follows from a result of M. Tuncali and V. Valov
[71, Theorem 1.3]. This result concerns the so-called o-perfect maps. Following [71], we
callamap f : K — M o-perfectif K can be written as the countable union K = (J,~ | K,
of closed subspaces such that each restriction f|K, : K, = M, n € N, is a perfect map.
In particular, every map defined on a o-compact space is o-perfect.

LEMMA 19.3. Let f : K — M be a o-perfect n-dimensional map from a paracom-
pact submetrizable space K onto a paracompact C-space M. Then the function space
C(K,I"™) contains a dense Gs-set of maps g : K — 1™ such that f Ag: K — M xT" is
0-dimensional.

This lemma has been established in [7I] for metrizable space K. But the proof works
for submetrizable K as well.

The final item of Proposition [2.1] can be easily derived from the following result of M.
Levin [47]:

LEMMA 194 (Levin). Let f : K — M be an n-dimensional map between metrizable
compacta. Then C(K,1"Y) contains a dense Gs-set of maps g : K — 1" such that
fAg: K — MxIt s light.

20. Simplicial complexes and PL-maps

Since simplicial complexes and PL-maps play a significant role in our further considera-
tions, we collect the necessary information on this topic.

By an abstract simplicial complex we understand any set K such that each element
o € K is a finite non-empty set with all non-empty subsets of ¢ being also in K. Elements
of the set K are called simplezes while elements of the set | J K are called vertices of K.
A subset L C K is a subcomplex of K if L itself is an abstract simplicial complex. The n-
skeleton, n > 0, of the abstract complex K is its subcomplex K™ = {0 € K : card(o) <
n + 1}. Identifying each vertex v € | J K with the singleton {v} € K9, we can identify
U K with the O-skeleton K(©) of K.
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The geometric realization | K| of a simplicial complex K is the set |K| of all functions
x:JK — [0,1] such that there is a simplex ¢ € K with ) __ x(v) = 1 and z(v) =0
if v ¢ o. Hence, each function x € |K| takes non-zero values only on a finite subset
of |JK which necessarily is a simplex of K. Because of that, the geometric realization
|K| of K can be considered as a subset of the Banach space {1 (|J K) of all functions
z: JK — R with norm ||lzf| = 3, ¢ g [#(v)| < co. For each vertex v € (JK of K we
denote by pr, : |K| — [0,1] the canonical projection assigning to a function z € |K|
its value z(v) at v. It is clear that each projection pr, : |K| — [0, 1] is continuous with
respect to the metric topology on | K| inherited from the Banach space [1(|J K). The set
St(v) = pr, 1(0,1] is called the open star of v in |K|.

If L is a subcomplex of K, then we can identify the geometric realization |L| of L
with the set {z € |K|: z(v) = 0 for all v € |JK \ |JL}. Thus, for each simplex ¢ € K
we can consider its geometric realization |o| C | K| which is called a geometric simplex. It
is clear that |o| is a compact subset of |K| with respect to the metric topology inherited
from {4 (| K). The combinatorial interior of a geometric simplex |o| is the set

|6 ={z € |o|: z(v) > 0 for all v € o}.

The complement dlo| = |o| \ |o| is called the combinatorial boundary of |o|. Let us
observe that the star of any vertex v € |J K is the union of the combinatorial interiors of
all simplexes containing v, i.e., St(v) = U, cocx [0

Each geometric simplicial complex | K| contains a canonical dense set Qx = |K|NQU K
consisting of all functions x € |K| with rational values. Such functions z € |K| will be
called rational points of |K|. Observe that, for any countable subcomplex L C K, the set
|L| N Qum = Qr is countable and dense in |L|.

The geometric realization of any abstract simplicial complex K can be described
more geometrically as follows. Identifying finite subsets of | J K with their characteristic
functions, we can consider the complex K as a subset of [*(|J K). In this description, the
0-skeleton K9 of K coincides with the standard unit basis of the Banach space 11 (| K).
Now, it is easy to see that

K| = | conv(c®),
ceK
where conv(A) stands for the convex hull of a given set A C I1(J K).

Besides the metric topology, every geometric simplicial complex |K| carries the CW -
topology which is the strongest topology on | K| inducing the original metric topology on
each geometric simplex |o| C |K|, 0 C K.

Unless stated otherwise, all geometric simplicial complexes | K| will always be equipped
with the C'W-topology. This topology has many nice properties. For example:

|K| is a stratifiable space [35], and hence it is hereditarily paracompact;

| K| is submetrizable (because the [;-metric is continuous on |K|);

|K| is a k-space;

each compact subset of |K| is contained in the geometric realization |L| of some finite
subcomplex L C K.
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A typical example of an abstract simplicial complex is the nerve N(U) of a cover U
for a given space X. By definition, N(I/) consists of all finite subsets 7 C U such that
(F # 0. Thus, the non-empty sets U € U are the vertices of the complex N(U). Every
partition of unity {Ay : X — [0, 1]}yeys subordinated to the cover U determines a map

A X = INU)|, z—= Av@)veus

called the canonical map into the nerve of U. This map is continuous with respect to the
CW-topology on | N (U)| because {\;;*(0,1]}rey is a locally finite cover of X. Moreover,
since A"1(St(U)) C U for all U € U, the canonical map A : X — N (U) is a U-map.

A map f:|K| — L from a geometric simplicial complex to a linear space L is called
a PL-map if it is linear on each geometric simplex |o| C | K|, i.e.,

f(@) =2 a(v)f(v)
veo
for all z € |o|. We recall that each vertex v € |J K is identified with the characteristic
function of the singleton {v}. In particular, the identity inclusion i : |K| — 1(IJK)
is a PL-map. Every PL-map is uniquely determined by its values on the set |K()| of
geometric vertices of |K|. Conversely, each map f : |JK — L to a linear space induces
the canonical PL-map |f|: |K|[ = L, x =}, ¢\ g z(v) - f(v).

A map f : |K| — |M]| between two geometric complexes is said to be a PL-map
if its composition with the embedding |M| C I3(|UM) is a PL-map. It can be shown
that if f : |K| — |M| is a PL-map and |o| a geometric simplex of K, then f(|o]) is
contained in some geometric simplex |7| of M. A PL-map f : |K| — |M] is called rational
if f(Qk) C Qu, where Qi and Qj are the rational points of |K| and | M|, respectively.

The next lemma is very useful when working with PL-maps.

LEMMA 20.1. Let f: |K| — |M| be a PL-map and L a subcomplex of M. Then f~1(|L|)
is a subcomplex of |K]|.

Proof. Tt suffices to show that f~1(|L|) is the union of all simplexes |o| from |K| with
f(lol) € |L|. So, let z € f~Y(|L]) and |o| € |K]|, |7| € |L| be the unique simplexes
such that = belongs to the combinatorial interior of |o| and f(x) is contained in the
combinatorial interior of |7|. Since f is a PL-map, there exists a simplex |7/| from |M|
which contains f(|o|). Observe that |7’| contains also |7|. Taking into account that z lies
in the combinatorial interior of |o|, we conclude that f(v) € |7| for every vertex v of |o],
and hence f(|o|) C |7|, which completes the proof. m

A PL-map f: |K| — |M] is called a simplicial map if f(|o|) is a geometric simplex of
| M| for each geometric simplex |o| of K, i.e., f maps each geometric simplex of |K| onto
a geometric simplex of |M]. It can be shown that a PL-map f : |K| — |M]| is simplicial
if and only if f(|K©|) c |M(|. Hence, every simplicial map is uniquely determined
by its restriction f(© : |[K©| — |M©)|. Obviously, f(*) can be identified with a map
fO . UK — M. Moreover, a map f© : |JK — |JM induces a simplicial map
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f:|K| — |M]| if and only if (o) € M for each simplex o € K. Clearly, any simplicial
map is a rational PL-map.

Next, we discuss some formalism related to subdivisions of simplicial complexes. By
a subdivision of a geometric simplicial complex |K| we understand an abstract simplicial
complex M such that [ J M C |K| and the canonical PL-map |e| : |[M| — {3 (U K) induced
by the embedding e : |[JM C |K| C I3( K) is a homeomorphism between the geometric
complexes | M| and | K| endowed with the C'W-topologies. Using the properties of these
topologies, one can check that the preimage |e|~(|o|) of each geometric simplex of K
coincides with the geometric realization of some finite subcomplex of M. A subdivision
M of |K| is called a rational subdivision if | JM C Qk-.

We shall say that the triangulation of a geometric simplicial complex |K| refines a
cover U of | K| if each geometric simplex |o| of K is contained in some set U € U.

We need the following well-known fact concerning the existence of fine subdivisions.

LEMMA 20.2. For each open cover U of a geometric simplicial complex |K| there is a
rational subdivision M of |K| such that the cover {St(v) : v € UM} refines the cover
h=tU) = {h=*(U) : U € U}, where h : |M| — |K]| is the canonical homeomorphism.

We recall some information on dual skeleta of geometric simplicial complexes. To this
end, we need the notion of barycentric subdivision.

The barycenter of a geometric simplex |o| is the function b, = 23 _ x,, where
card(o) = n and X, are the characteristic functions of the singletons {v}. The barycentric
subdivision B, of a geometric simplex |o| is defined by induction on the cardinality of o.
If card(o) < 1, then B, = {|o(?)|}. Assume that the barycentric subdivision B, is defined
for all simplexes of size card(o) < n. Given a simplex o with card(c) =n + 1, let

B, ={r,7U{b,} : T € B for a proper subset ¢ C c}.

Let |o| be a geometric simplex and n € w. The dual skeleton to the n-skeleton o™ of
o is the complex

Oy ={7€Bs: TN lo™| = 0}

consisting of all simplexes of the barycentric subdivision of ¢ which are disjoint from the
geometric n-skeleton of o.

The dual skeleton K(,) to the n-skeleton K (") of a simplicial complex K is the com-
plex K,y = U,cx 0(n)- The geometric dual skeleton to the n-skeleton K™ of K is the
subcomplex

| Kyl = U conv(o)
0EK (n)
of the barycentric subdivision (the latter is simplicially homeomorphic to the geometric
realization of K (,)—that is the reason we use the same symbol | K| for both of them).

In the following figure we draw two possible pairs of dual (non-empty) skeleta of the

two-dimensional simplex.
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(1)

The importance of dual skeleta [0(™)| and |o(,| lies in the possibility to write each
point z € |o| as a convex combination z = (1 — t)z" + tz,,, where 2" € |¢(™| and
Zn € |o(y)|- The parameter ¢ is uniquely determined, ¢t = 0 iff z € lo™|, and t = 1 iff
z € |o(n)|. Moreover the point z, (resp. 2") is also uniquely determined iff z ¢ lo ()]
(resp. z ¢ |0(ny]). This means that the simplex |o| has the join structure lo ()] x |0 () -

We recall that the join X *Y of two topological spaces is the quotient space X x Y x
[0,1]/~, where ~ is the equivalence relation whose non-degenerate equivalence classes are
the set {z} x Y x {0} and X x {y} x {1} for z,y €Y.

We finish this section with a lemma describing a property of the [;-metric on simplicial
complexes.

LEMMA 20.3. Let f : |A| — |o| be a surjective simplicial map between geometric sim-
plexes. Then

(1) the map f is non-expanding, i.e., dist(f(x), f(z')) < dist(x, 2") for all x,z’ € |A[;
(2) for any points x € |A| and y,y € |o| with y = f(x) there is a point ' € |A| such
that f(2') =y and dist(z, ') = dist(y,y’).

Proof. Denote by fo: A — |Jo the map on vertices of the simplexes A and o, induced
by the simplicial map f.

The map f, being simplicial, maps a point € |A| to the point y € |o| such that
y(w) = Zvefo—l(w) x(v) for w € |Jo. Then for any points z, 2’ € A we have

dist(f(0), f@) = Y )~y @l = 3| > aw) - Y o)

welJ o welo wvefy ! (w) vEfy H(w)
< SN k) -2 = Y |ew) - o' (v)] = dist(z,2'),
wel o ve fit (w) velJA

which proves the non-expanding property of f.

Now, take any points z € |A| and y,y’ € |o| with f(z) = y. Since f(z) =y, y(w) =
Zvefgl(w) x(v) for all w € |Jo. For each w € |Jo find non-negative real numbers z’(v),
v € fy ' (w), such that

® Zvefo*l(w) z'(v) = y'(v);
e 2/(v) < z(v) for v € fit(w) iff ¥ (w) < y(w).



General position properties 43

Since Y- ,cya ' (V) = Xpeyo Z,Uefgl(w) z'(v) = X peyo ¥ (w) = 1, the function 2’ :
UA — [0, 1] belongs to the geometric simplex |A|. Then

dist(a/,2) = > 2/(0) —az() = Y Y |2'(v) —x(v)
velUa wellovefit(w)
=3 | Y @)= X W) - yw)] = dist(y, ). =

wel o vefy !t (w) welJo

A topological space X is called a polyhedron if for some simplicial complex K there
is a homeomorphism A : |[K| — X. In this case the family 7' = {h(|o|) : ¢ € K} is called
a triangulation of X while h(|K (™)) is the n-skeleton of the triangulation.

A map f: X = Y between topological spaces is called a PL-map if there is a PL-map
g: |K| — |M] between two simplicial complexes and two homeomorphisms « : X — | K|
and 8 :Y — |M]| such that goa = o f.

In the proofs below we shall not distinguish between abstract simplicial complexes
and their geometric realizations. So, by a simplicial complex we shall always understand
the geometric realization |K| of an abstract simplicial complex K equipped with the
CW-topology. Let us also mention the following well-known fact: each (rational) PL-map
p : K — M between finite simplicial complexes is simplicial with respect to suitable
(rational) subdivisions of the complexes K, M.

21. LC"-spaces

In this subsection we provide the necessary information on LC"-spaces. U-near and
U-homotopic maps into LC™-spaces are closely related according to the following stan-
dard lemma that can be found in [41, V.5.1] (recall that two maps f,g : K — X are
U-near with respect to a cover U of X if diam{ f(z),g(x)} < U for any = € X).

LEMMA 21.1. For any open cover U of a metrizable LC™-space X there is an open cover
V of X such that any two V-near maps f,g : K — X defined on a metrizable space K
with dim K < n are U-homotopic.

The following Tychonoff version of Lemma is a key ingredient of the proof of
Proposition [3.2]
LEMMA 21.2. For any open cover U of a Tychonoff LC™-space X and a map f: K — X,

where K is a compact polyhedron with dim K < n, there is an open cover V of X such
that any V-near map g : K — X to f is U-homotopic to f.

Proof. Let Uy =U and k = dim K. Since X has the LCk—property, there is an open cover
Vo of X such that each map « : OI¥*! — X with diam a(9I¥*!) < V, has a continuous
extension & : I*1 — X with diam a(I**!) < Uy. By Lemma there is a continuous
pseudometric pg on X such that diam B, (z,1) < Vy for all z € f(K). Let U; be the
cover of X by open pg-balls of radius 1/8.

By a finite induction of length k, we can construct sequences (U;)i<k, (V;)i<k of open
covers of X and a sequence (p;);<x of continuous pseudometrics on X such that the
following conditions hold for every i < k:
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(1) Usss = (B, (2, 1/8) 2 € X |

(2;) each map o : 9IFF1~% — X with diam a(d1**1~%) < V; has a continuous extension
a: P11 5 X with diam a(I¥17%) < U;;

(3;) diam B,,(z,1) <V, for all z € f(K).

We claim that the cover V = V), satisfies our requirements. Let g : K — X be a map
V-near to f. We should prove that g is U/-homotopic to f.

Select a triangulation 7' of the complex K so fine that for any simplex o of this
triangulation and for every i < k we have diam,, f(¢) < 1/4 and diam,, g(o) < 1/4. By
K@ we denote the i-skeleton of K (with respect to the triangulation T'). It is convenient
to assume that K1 = . Consider the map H"Y : K x {0,1} — X defined by
HY(2,0) = f(x) and HV(2,1) = g(x) for z € K.

We shall construct by induction a sequence of maps

H® (KW xT)U(K x {0,1}) = X, i<k,
such that
(4;) HO(x,t) = HO=Y(z,t) for any (2,t) € (KO~Y xT) U (K x {0,1});
(5;) diam H® (o x ) < Uy,_; for any i-dimensional simplex o of K.

Assume that for some i < k the map H~1) has been constructed. We need to extend
this map to a map H® defined on (K x I) U (K x {0,1}). Take any i-dimensional
simplex ¢ € K and let (=1 = ¢ N K@~ be the (i — 1)-dimensional skeleton of . It
is the union of all (¢ — 1)-dimensional faces of o. By the inductive assumption, for each
(i — 1)-dimensional face T of o we have diam H '~V (7 x I) < Uy_(;—1) and hence

diam,, , HO~Y (7 x 1) < 1/4
according to condition (1g—;). The product o x I can be considered as an (i + 1)-
dimensional cube with boundary d(c x I) = (¢~ x I) U (o x {0,1}). Observe that
diam,, , H*"Y(d(o x 1)) < diam,, _, H*"Y (o x {0}) + diam,, , H"V (0 x {1})
+2 max diam,, |, HOD (7 % 1)

TColi=1)
diam,, , f(o) +diam,, ,g(o)+2+ <141 421,

Then, by condition (3;_;), diam H=Y (9(o x I)) < Vi_,. So, condition (2;_;) shows
that the map H(~Y|9(c x I) admits a continuous extension HY: 6 x I - X with
diam HS (0 x I) < U,_;.

Finally, define a map H® : (K x T) U (K x {0,1}) — X letting

IN

f(z) ift =0,
HD (2,t) = < g(a) if t =1,
HY (x,t) if (z,t) € o x L.
It is clear that the map H() satisfies conditions (4;) and (5;).

Completing the inductive construction, we obtain a map H = H®) : K x I — X such
that
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e H(z,0)= f(z) and H(x,1) = g(x) for z € K and
o for any z € K diam H({z} xI) <Uy =U.

Hence, H is a U-homotopy linking the maps f and g. m
We also need the following completion result (see [22 Theorem 2.8]).

LEMMA 21.3. For any metrizable LC"-space X there is a completely metrizable LC™-
space X containing X as a relative LC"-set.

Relative LC™-sets are tightly connected with locally n-negligible sets in the sense of
H. Torunczyk [67]. A subset A C X is called locally n-negligible in X if given k < n + 1,
x € X, and a neighborhood U C X of x there is another neighborhood V' C U of z
such that for each map f : (I¥,01F) — (V,V \ A) there is a homotopy (k) : (I¥,91F) —
(U,U \ A) such that hg = f and hy(I*¥) C U\ A. The metrizable case of the next result
is due to Toruriczyk [67, Theorem 2.8]. The general case has a similar proof.

LEMMA 21.4. If X is a dense relative LC"-subset of a Tychonoff space X, then the
complement X \ X is locally n-negligible in X.

The following property of locally n-negligible sets, established in [67, Theorem 2.3],
indicates their importance.

LEMMA 21.5. A subset A of a Tychonoff space X is locally n-negligible if and only if given
a simplicial pair (K, L) with dim K < n, a continuous pseudometric p on X, a continuous
function e : K — (0,1] and a map f: K x{0}UL x1 — X with p(f(x,0), f(z,t)) < e(z)
and f(x,1) € X \ A for all (z,t) € L x 1, there is a map f: K x1— X which extends f
and satisfies p(f(z,0), f(x,t)) < e(z) and f(zx,1) ¢ A for all (z,t) € K x L.

This lemma implies the following one which is the second part of Proposition [5.5)

LEMMA 21.6. Each dense relative LC™-subset X of a Tychonoff space X is homotopically
n-dense in X.

22. Constructing pseudometrics with nice local properties

In this section we shall establish that paracompact spaces with nice local properties also
admit nice pseudometrics (see also [22] for a similar result in the realm of metrizable
spaces).

For a metric space (X, p) and a real number € > 0 let

o B,(¢) ={B,(z,e) : € X} be the cover of X by open e-balls;
e D,(e) be the cover of X by open subsets of diameter < .

Let X be a space and < be a binary relation on the set cov(X) of open covers of X.
We say that < is admissible if it satisfies the following conditions:

e V < U implies V < U for any covers U,V € cov(X);
o f V<V «U <U,then V < U for any U,U', V',V € cov(X);
o for every U € cov(X) there exists V € cov(X) such that V < U.
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LEMMA 22.1. Let X be a paracompact space and < be an admissible binary relation on
cov(X). Then, for any continuous pseudometric n on X there is a continuous pseudo-
metric p > 1 such that B,(r/4) < D,(r) for every r € (0,1/2].

Proof. Using the paracompactness of X and the properties of the relation <, we construct
inductively a sequence (V;)5°, of open covers of X so that the following conditions are
satisfied:

(1) mesh, V; <271 i >0;
(2) St(Vi) <L Vi_1,i>1.

Let Vo = X x X and V; = | J{V xV : V € V;} for i > 0. Since St(V;) < Vi_1, we have
3V, € V;_1, where

3V; = {(2,y) € X*: Ja,b € X with (z,a), (a,b), (b,y) € Vi}.
By Theorem 8.1.10 of [33], there is a continuous pseudometric d on X such that
{(z,y) € X? :d(x,y) <27} CV; C {(z,y) € X? :d(z,y) <27}

for all i € w.
We claim that By(r/4) < Bg(r) for every r € (0, 1]. Choose i € N with

27l < p/a< 27

and note that i > 2 because 27~ < r/4 < 1/4. It follows from the inclusion {(z,y) €
X2 1 d(x,y) < 27%} C V; that By(w,r/4) C By(z,27%) C St(z,V;) for every x € X. So,
by (2), we have By(r/4) < St(V;) < V;—1. On the other hand, the inclusion

Vior € {(z,y) € X2 : d(z,y) < 2_(i_1)} C {(z,y) € X*:d(z,y) <r}

implies that V;—1 < Dy(r). Hence, By(r/4) < St(V;) < Vi—1 < Dq(r).
Therefore, from the properties of <, we obtain

(3) Bd(r/él) < Dd(T).

We claim that the pseudometric p = max{d, n} satisfies our requirements. This will follow
from (3) if p(z,y) = d(x,y) for any points z,y € X with p(x,y) < 1/2 (indeed, in such a
situation we would have B,(r/4) = Bq(r/4) < Dg(r) = D,(r) for every positive r < 1/2).
Assume there are two points x,y € X with d(z,y) < p(z,y) = n(z,y) < 1/2 and choose
i € wwith 27" < n(x,y) < 27" Note that i > 1. Then d(z,y) < 27", so (x,y) € V;_1
and hence diam{xz,y} < V;_1. Since mesh,(V;_1) < 27%, we conclude that n(z,y) < 27"
The last inequality is not possible by the choice of i. Therefore, p(z,y) = d(z,y) for all
x,y € X with p(z,y) <1/2. m

Applying Lemma to LC"-spaces or locally contractible spaces, we obtain

LEMMA 22.2. For any continuous pseudometric n on a paracompact LC"-space there
exists a continuous pseudometric p > n such that any map f: OIF — X with k < n+1 and
diam, f(9I*) < 1/10 extends to a map f: I¥ — X with diam, f(I¥) < 5diam, f(91%). If,
in addition, X is locally contractible, p can be chosen such that B,(x,r/4) is contractible
in By(x,r) for every x € X and every r < 1/2.
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Proof. Suppose X is LC" and consider the following binary relation <, on cov(X):
V <, Uiff V < U and any map f: OIF — X with k < n+1 and diam f(91¥) < V extends
toamap f: I¥ — X with diam f(I*¥) < U. Obviously, <,, is admissible. So, we can apply
Lemma [22.1] to find a continuous pseudometric p > 7 on X such that B,(r/4) <, D,(r)
for every positive r < 1/2. Let us show that this pseudometric satisfies our requirements.
Take any map f: I — X with k < n+1 and diam,, f(0I*) < 1/10. If diam, f(91F) = 0,
then f is a constant map and hence admits a constant extension. So we can assume that
diam,, f(01F) > 0 and choose a real number r < 1/2 with

diam,, f(0I*) < r < 2 diam, f(9I*) < 1.

Then diam f(9I*) < B,(r). Since B,(r) <, D,(4r), the map f admits a continuous
extension f :I¥ — X with

diam,, f(I*) < 4r < 5diam, f(9T*).

If X is locally contractible, then we can produce the pseudometric p applying The-
orem to the relation U <. V on cov(X) defined by U <. V iff each set U € U is
contractible in some set V€ V. m

23. Lefschetz ANE[n]-spaces

In this section we study Lefschetz ANE[n]-spaces and prove Proposition We recall
that a topological space X is called a Lefschetz ANE[n] if for every open cover U of
X there is an open cover V of X such that each partial V-realization f : L — X of a
simplicial complex K with dim K < n can be extended to a full U-realization f K —- X
of K.

The items of Proposition will be established in the next 12 lemmas (Lemma
and Lemma are auxiliary for the proof of Lemma [23.8] and Lemma respec-
tively).

LEMMA 23.1. A metrizable space X is a Lefschetz ANE[n] if and only if X is an ANE[n]
for the class of metrizable spaces.

Proof. For n finite this lemma follows from Theorems 2.1 and 4.1 of [4I], Ch. V] charac-
terizing metrizable LC™ !-spaces as both ANE[n]’s and Lefschetz ANE[n]’s.
For n = oo this lemma is due to Lefschetz and can be found in [41l Theorem IV.4.1]. m

LEMMA 23.2. A regular (paracompact) space X is a Lefschetz ANE[n| for a finite n (if
and) only if X is LC"!,

In the realm of metrizable spaces this lemma has been proved in [41, V.4.1] but the
proof remains true for regular (paracompact) spaces as well.

The following lemma (establishing the third item of Proposition is also known
and can be proved by a standard method due to J. Dugundji (see [41], §II.14]).

LEMMA 23.3. Each convex subset of a (locally convex) linear topological space is a Lef-
schetz ANE[n| for every n (a Lefschetz ANE[x]).
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Answering an old problem of Borsuk in the negative, R. Cauty [I5] has constructed a
o-compact metrizable linear topological space L which is not an ANR. By Lemma [23.1
Cauty’s space is not ANE[oco]. Thus, we have

LEMMA 23.4. There exists a metrizable o-compact linear topological space that fails to be
a Lefschetz ANE[oo].

Following [12] we define a subset A of a space X to be a neighborhood retract of X if
Ais closed in X and A is a retract of some open set U C X containing A.

LEMMA 23.5. Fach neighborhood retract of a Lefschetz ANE[n]-space is a Lefschetz
ANE(n]-space.

Proof. Let X be a Lefschetz ANE[n]-space and Y a neighborhood retract of X. Fix a
retraction 7 : Oy — Y of an open neighborhood Oy of Y in X. Given an open cover U of
Y consider the open cover U = {X\Y YUr—'(U) of X, where r—*(U) = {r~'(U) : U € ut.
Since X is a Lefschetz ANE[n], there is an open cover V of X such that any partial V-
realization f : L — X of a simplicial complex K with dim K < n extends to a full
U-realization of K in X. Consider the open cover V= {Y NV : V € V} of Y. The proof
will be completed if we check that every partial V-realization f : L — Y of a simplicial
complex K with dim K < n can be extended to a full U-realization f K —-Y of K
in Y. We may consider the map f as a partial V-realization of K in X. Then the choice
of the cover V guarantees that it extends to a full {-realization f K - X of Kin X.
It easy to see that f(K) COyand f=rof:K —Y is a full Y-realization of K in Y
extending the partial realization f. m

LEMMA 23.6. A functionally open subspace of a Lefschetz ANE[n]-spaces is a Lefschetz
ANE[n]-space.

Proof. Given two open covers U,V of a Lefschetz ANE[n]-space X we write V <« U if
V < U and any partial V-realization f : L — X of a simplicial complex K with dim K <n
extends to a full U-realization f : K — X of K.

Let U be a functionally open subspace of X and U be an open cover of U. Since U is
functionally open, there is a sequence (U;);>0 of open subsets of X such that U = |J,,, Us
and clx (U;) C Uj4q for all 4. It will also be convenient to put U; = @) for negative 3. For
any i < j consider the “ring” U7 = U; \ U; and note that R = {U/*] : i € w} is an open
cover of U.

For every ¢ € w consider the open cover

U ={X \Tis2} UUAR)

of X and find an open cover V; of X with V; < U;. The covers V; can be chosen so
that V11 < V; for all i € w. Using the Lefschetz ANE[n]-property of X, find an open
cover W; of X with W; <« V;y3. Finally, take an open cover V < R of U such that
{(Vev:VcUty <w,foralicuw.

We claim that each partial V-realization f : L — U of a simplicial complex K with
dim K < n extends to a full U-realization f : K — U of K in U. For every i < j consider
the subcomplex K7 = {0 € K : f(¢(®) ¢ U’} and observe that K = |J,., K:*} because
f is a partial R-realization of K.

P1EW



General position properties 49

Next, we show that for every ¢ € w the map f restricted to LNK ng’ is a partial W;-rea-
lization of the complex K/*3 in X. Given any simplex o € K/ 13, note that f(cNL) C V
for some V' € V because f is a partial V-realization of K. Since f(o(®) Cc V N U3 and
VY < R, we conclude that V C Uﬁf. Now, the choice of V implies that V' C W for some
W € W;, which means that f restricted to L N K3 is a partial W;-realization of K '3
in X.

Since W; < V43, the partial Wj-realization f|(L N K/ *3) extends to a full V;3-
realization f; : Kng’ — X of Kfjg’ in X for every i € w. Now let L' = L U Uiew Kg;fg
and consider the map g : L' — X defined by g(x) = f(x) if z € L and g(z) = f5;(x) if
x € K2It2 i € w. Because K2it5 ¢ K23 for every i and Koit3 ﬁKggfg = () for distinct
1,7, the map g is well-defined.

We claim that for every i € w the map g restricted to Kff% N L' is a partial V;-
realization of K fj% in X. Indeed, given any simplex ¢ € K Zf% there exists a number j € w
with o € K]Jfll (recall that K = {J,,, Kjfll) Observe that |i—7| < 1 and there is a unique
number m € w such that 5m —2 <7 <5m+2. Then bm —-3<j7—-1<j+1<5m+ 3.
So, o € K2 *3. Since L' is the union of L and all K;’gfé and p € w, we have

KEEENL = (K30 D) U (R 0y W) = (K3 0 ) U .
Consequently, g(cNL') = fs,,(cNL') C f5m(0) with f5,,(c) being a subset of an element
of Vsmys. Because i < j+1 < 5m+ 3, Vspys < Vi. Hence, g restricted to Kfle NL'is a
partial V;-realization of K/*) in X.

By the choice of V;, each partial realization g| K| Zf21 N L' extends to a full U;-realization
gi + K[} = X, i € w. It follows from K = (U, KJ7} that K = L' U, K5I
Moreover, for distinct 7,j the complexes ngif and ngjf are disjoint. So, the map
f:K = U, f(z) = g(z) for every 2 € L' and f(z) = gsips(x) for every z € K21, is
well-defined.

It remains to prove that f is a full -realization of K in U. Take any simplex o € K.
Since K = |J,., K} 1] there is ¢ € w such that either 0 € K2/*2 or o € Kg’:_tf In the
first case

1EW

f(o) = f5i(0) < Vsiys < Usits = {X \ Usiss} U(RAU).
On the other hand, o € K2/*2 implies f(0(*)) C UY'*2 C Us;y5. Hence, f(o) < RAU
< U. In the second case f(0) = g5i43(0) < Usirz and f(o®@) C Ugf_tf C Usiys, which
again implies f(o) <U. m
LEMMA 23.7. A space X is a Lefschetz ANE[n] if X = XoU X3 is the union of two
functionally open subspaces that are Lefschetz ANE[n]-spaces.

Proof. The complements F; = X \ X;_,, ¢ € {0,1}, are disjoint functionally closed
subsets of X. So, we can find continuous functions & : X — [0,1] such that F; = £;1(0)
for i € {0,1}. Letting

§o(z)

o) = 20—,
SRR
we obtain a continuous function & : X — [0, 1] such that F; = £71(i) for i € {0,1}. For a

real number ¢ € R let U; = £71([0,¢)). Define also a continuous pseudometric p on X by
p(‘rvy) = |§($) - é(y)|, T,y € X.
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To show that X is a Lefschetz ANE[n], fix any open cover U of X. Take an open cover
U, of X such that U < U and mesh, U; < 1/8. Since the space X is a Lefschetz ANE[n],
there is an open cover V; of X such that each partial V;-realization f : L — X; of a sim-
plicial complex K with dim K < n extends to a full ¢;-realization f : K — X;. Next, take
an open cover Uy of Xg such that Uy < U, mesh, Uy < 1/8, and Uy < V1 U{U;s}. Choose
an open cover Vy of Xy such that each partial Vy-realization f : L — X of a simplicial
complex K with dim K < n extends to a full Uy-realization f : K — Xj of K in X.

Finally choose an open cover V of X such that

e mesh,V < 1/8;
o V<V U{X\Urs}
e V<V U {UI/S}

We claim that each partial V-realization f : L — X of a simplicial complex K with
dim K < n extends to a full U-realization f: K — X of K in X. Let

Ko = o€ K : §(o9) C Uy}
Kf={oceK: f(0@) ¢ Us/ats
Ky ={oceK: f(o9) c X\ Uy}

It follows from mesh,) < 1/8 that K = Ko U K; and f(L N K{) C Uy/s. Since V <
VoU{X \Uz/s}, the map f restricted to LN K{ is a partial Vy-realization of K in Xj.
By the choice of the cover V), this map extends to a full Uy-realization g : KO+ — X of
K¢ in Xo. Now let L’ = LUKy and h : L' — X be a map defined by h(z) = f(x) for
x € L and h(x) = g(x) for x € K.

It can be shown that h restricted to L' N K is a partial V;-realization of K; in X;.
By the choice of the cover V;, this map extends to a full U;-realization h:K 1 — X3 of
K in X;. Finally, define a full ¢-realization f : K — X of K in X letting f(ac) = g(x)
for z € Ko and f(z) = h(z) for z € K;. m

LEMMA 23.8. A topological space X is a Lefschetz ANE[n]-space provided X has a uni-
form open cover by Lefschetz ANE[n]-spaces.

Proof. Assume that W is a uniform open cover of X by Lefschetz ANE[n]-spaces. Then
there exists a continuous pseudometric p on X such that the cover {B,(z,1) : € X}
refines W. Consequently, there is a metric space (M, ) and a continuous map p: X — M
with p(z,y) = p(p(x),p(y)) for all z,y € X. So, without loss of generality, we can
assume that every W € W is of the form W = p~1(Uy/), where Uy is open in (M, p).
Moreover, since the cover {Uw : W € W} € cov(M) admits a o-discrete open refinement,
according to Lemma we can additionally assume that the cover W is o-discrete
ico YVi as the countable
union of discrete collections of functionally open sets. It is easy to see that the union
W; = W, being a topological sum of Lefschetz ANE[n]-spaces, is a Lefschetz ANE[n]-
space. Hence, X = (J;,, W; is a countable union of functionally open subspaces WW; that
are Lefschetz ANE[n]-spaces. Then Lemmam guarantees that for every ¢ € w the space
X; = U;<; Wj is a Lefschetz ANE[n]. Since the sets X; are functionally open, we can find
an increasing sequence (U;);e,, of functionally open subspaces of X such that U; C X;,

in X and consists of functionally open subsets. Write W = |
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Uiy1 CU; i €w, and X = Uiew U;. Arguing as in Lemma we prove that X is a
Lefschetz ANE[n]-space. m

The following lemma due to Lefschetz is proved in [12] V.8.1] for compact metric
spaces. The proof still remains true for arbitrary metric spaces.

LEMMA 23.9. A metric space X is a Lefschetz ANE([n]-space if for every e > 0 there
is 0 such that each partial D,(d)-realization f : L — X of a simplicial complex K with
dim K < n extends to a full D,(e)-realization f : K — X of K in X.

We recall that D,(e) stands for the cover of X by all open subsets of p-diameter < e.
According to Lemma [2271] the above lemma can be reversed:
LEMMA 23.10. Let n be a continuous pseudometric on a paracompact Lefschetz ANE[n]-
space X. Then there is a continuous pseudometric p > n such that any partial D,(r/4)-
realization f : L — X of a simplicial complex K with r € (0,1/2] and dim K < n extends
to a full D,(r)-realization f : K — X of K.

To prove the last item of Proposition [3.4] we shall need the following technical lemma.
LEMMA 23.11. Let p be a continuous pseudometric on a topological space X such that
for every r € (0,1/2] any partial D,(r/4)-realization of an n-dimensional simplicial com-
plex into X extends to a full D,(r)-realization. Suppose K is a simplicial complex with
dimK <n, e: K© — (0,27%) a function, and f : K9 — X a partial realization of K
such that

supe(c®) < 2inf (o) and  diam, f(0¥) < 4supe(c®)
for every simplex o of K. Then f extends to a full realization f: K — X such that
diam, f(o) < 23 supe(a?)
for every simplex o of K.
Proof. For every i < j consider the subcomplex
Kf ={oeK:e(c®)c (277,279}

and note that K = Kg° = Ui29 Kffll because supe(c(?) < 2infe(c(?) for all o € K.

According to our hypothesis, for every simplex o of K f we have

diam, f(0¥) < 4supe(c®) < 4-270 =272,

This means that the map f restricted to KO N K7 is a partial D, (27 "*?)-realization of
the complex K. In particular, fIK© N KZf;’ is a partial D,(27""°)-realization of KZi‘;’
for all i > 8. Hence, by the choice of the pseudometric p, f|K© N Kffg extends to a full
D, (27" )realization g; : K15 — X of K3, i > 8. Let

L=K9u ) K3
m=2

and consider the map g : L — X defined by g(z) = f(z) if x € K© and g(x) = gsm(x)
if z € K2M2. Since K212 N ngfg = () for distinct i, j, the map g is well-defined.
We claim that for every ¢ > 10 the map g restricted to LﬂKﬁf is a partial Dp(2fi+7)-

realization of Kfjrrf Indeed, any simplex o of Ki’if lies in Kjfll for some j € w with
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i+1 < j <i+4. Find a number m > 2 such that 5m—2 < j < 5m+2. Then o C K5577Z+§)

and g coincides with gs,, on o N L. Since gs,, is a full D,(275"+8)-realization of K2""3,
we have

diam, g(o N L) < diam,, g5, (0) < 277 < 27749 < 97T,

Now we can extend the partial D, (27" 7)-realization g|L N Kz_s_1 — X of KH4 to a
full D,(27"9)-realization f; : K:_tf — X It follows that K = LU r_ Kg’gif Since
for distinct 4, 7 the complexes Kgfif and K +1 are disjoint, the map f : K — X defined
by f(z) = g(z) if x € L and f(x) = fsi(z )lfxng;+1 is well-defined.

It remains to check that diam, f(0) < 2'3 supe(a(?)) for every simplex o of K. To this
end, choose i > 9 with ¢ C K/, which implies e(c(®)) C (2771,27"1). There exists
m > 2 such that either 5bm+1 <i—1<i+1<dm+4ordbm—-2<i—1<i+1<5m—+2.
Then

diam, f(o) = diam,, fsp,(0) < 275+ < 27112 < 93 qup (6()

in the first case, and
diam, f(o) = diam,, gsp, () < 27°™+7 < 27148 < P9 qupe(a(?)
in the second case. m
Finally, we can prove the last item of Proposition [3.4]

LEMMA 23.12. Let g : X — Y be a map from a paracompact Lefschetz ANE[n]-space
to a metric space Y. Then there exist a metrizable Lefschetz ANE[n]-space X and maps
e X—)Xg X—>Ysuchthatg—gow

Proof. The metric of Y induces a continuous pseudometric 7 on X defined by n(z,y) =
dist(g(x),g(y)), z,y € X. By Lemma there is a continuous pseudometric p > 7
such that any partial D,(r/4)-realization f : L — X of a simplicial complex K, where
r € (0,1/2] and dim K < n, extends to a full D,(r)-realization f : K — X of K in X.
Consider the metric space (X, 3), where X = X/ is the quotient set with respect to the
equivalence relation z ~ y iff p(z,y) = 0 and p is the quotient metric. The metric topology
on X may not coincide with the quotient topology, but the quotient map = : X — X
is continuous. Since p > 7, the map g : X — Y induces a non-expanding (and hence
continuous) map g : X — Y such that g = jo.

It remains to prove that the metric space (X, p) is a Lefschetz ANE[n]. According
to Lemma this is equivalent to showing that X is an ANE[n]-space for metrizable
spaces. Let A be a metrizable space with dimA < n and h : B — X be a continuous
map defined on a closed subspace B of A. Using the Hausdorff Theorem [33], 4.5.20(c)]
on extension of metrics, we can choose a metric d on A turning f : B — X into a
non- expandmg map. Let h : B — X be any (not necessarily continuous) function with
7o h = h. Then h is still non- expanding with respect to the pseudometric p on X.

To construct a neighborhood extension h of h we use the classical approach of Dugun-
dji (see [28]). Choose a locally finite open cover U of A\ B of order <n+1=dimA+1
such that for every U € U,

diamU < 1 dist(U,B) and dist(U,by) < 2 dist(U, B)
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for some point by € B. Consider the subcollection V = {U € U : dist(U, B) < 278} and
note that the union O(B) = |JV is an open neighborhood of B in A. Since the cover
U has order < n + 1, the nerve K = N(V) of ¥ has dimK < n. Let A : O(B) — K
be the canonical map induced by some partition of unity {Ay : O(B) — [0,1]}vey
subordinated to V. Next, define two functions f : K© & X and e : K© — (0,278)
letting f(U) = h(by) and £(U) = dist(U, B) for every U € KO =V,

We claim that the functions f and e satisfy the conditions of Lemma [23.11] Take any
simplex ¢ in K and fix a point = € (., U. Choose two vertices V,W € o©) with
e(V) =infe(o®) and (W) = supe(c(®) and observe that

supe(cV) = (W) = dist(W, B) < dist(z, B) < dist(V, B) + diam V'
< dist(V, B) + L dist(V, B) < 2dist(V, B) = 2¢(V)) = 2infe(c?).
Observe also that for every vertex U € o(®) we have
dist(z, byy) < dist(U, by) + diam U < 2 dist(U, B) + L dist(U, B) = 2¢(U) < 2supe(a(?).
Thus,
diamg{by : U € 0V} < 4supe(a®).
Taking into account that the map his non-expanding, we conclude that

diam, f(c'?) = diam,{h(by) : U € 'O} < diamy{by : U € 0P} < 4supe(c?).

Now, we can apply Lemma [23.11| to find a full realization f : K — X of K such that

diam, f(o) < 23 supe(a?)

for every simplex ¢ of K. Finally, define a map h : O(B) — X letting h(z) = h(z) for
r € Band h(z) = mo fol(z) for x € O(B) \ B. It is clear that h is continuous at the
points of O(B) \ B. It remains to check that A is also continuous at each point b € B.
Given an arbitrary positive § < 371278, it suffices to show that p(h(z), h(b)) < (2'* +5)8
for any point € O(B) with d(z,b) < ¢. To this end, fix z € O(B) with d(z,b) < § and
consider the simplex ¢ = {U € V : Ay(x) > 0} of K whose geometric realization contains
the point A(x). Observe that

infe(c(?) = [}rgy disty(U, B) < d(x,b) < 6 and supe(c®) < 26.
For any U € o the choice of by guarantees that
dist(z, by) < dist(U, by) + diam U < 2 dist(U, B) + 3 dist(U, B)
=2¢(U) < 2supe(0V) < 4infe(0?) < 44.
Then

p(h(x),h(b)) = p(f o A(x), h(b)) < p(f o A(x), h(br)) + p(h(bur), h(D))
< diam,, f(0) + d(by,b) < 23 supe(o®) + d(x,b) + d(z, by)
<28.2.5404+45= (2" +5)0. m
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24. Density of simplicially factorizable maps in function spaces

The aim of this section is to prove Proposition [3.5] The first item of this proposition will
be derived from

LEMMA 24.1. Let f : Z — X be a map from a space Z into a Lefschetz ANE[n]-space X
and O(f) be its neighborhood in C(Z,X). Then there is an open cover V of Z such that
for any V-map « : Z — P into a paracompact space P with dim P < n there is a map
B:G — X with foa € O(f), where G C P is an open neighborhood of the closure of
a(Z) in P.

Proof. Since O(f) is a neighborhood of f in C(Z, X), there exist a continuous pseudo-
metric p on X and a positive function ¢ : Z — (0, 1] such that B,(f,e) ={g € C(Z,X) :
p(f,g) < e} C O(f). We may assume that e(x) < 1 for all x € X. Using the Lefschetz
ANE[n]-property of X construct inductively a sequence (U )re., of open covers of X such
that:

e mesh, U < 2-k=2,

o U1 < Uy;

e cach partial Uy -realization of a simplicial complex K with dim K < n extends to a
full Uy-realization of K.

Let V = Ukew Vi be an open cover of Z, where the V; are open families in Z satisfying:

® Uyey, V=eH(@Fh27M ) kew;
o f(Vk) < Ukts and mesh, f(Vy) < 27%72 for every k € w.

We claim that the cover V of Z satisfies our requirements. Take any V-map o : Z — P
to a paracompact space P with dim P < n and find a locally finite open cover W of P
such that a=1(St(W)) < V. Since dim P < n, we may additionally assume that the order
of W is < n+ 1. Hence, the nerve N(W) of W is of dimension < n. Replacing P by a
suitable closed neighborhood of a(Z), we can also assume that each set W € W meets
the image a(Z). So, there exists a point zy € a~*(W) for each W € W.

Let {A\w : P — [0,1]}wew be a partition of unity subordinated to the cover W
and let A = (Aw) : P = N(W) be the canonical map. It suffices to construct a map
B:NW)— X with p(f,foloa) <e.

Denote by K the nerve N(W), and for any integers i < j let

Kf = {U ={W,...,WnteK: 6(0&71(Ug)) C (2*]’7271‘)}’

where Jo = UL, Wi. It follows from a~}(St(W)) <V < {e7 (271,277 1§ € w}
that K = (J,,, Kt

Letting r({W}) = f(zw) for W € W, we define a partial realization r : K(©) — X
of the complex K = N(W). We shall extend this partial realization to a full realization
B : K — X of K in X such that for every ¢ € w the map 3 restricted to Kﬁ% is a full
U;-realization of K/} in X.

First, we show that for every i € w the map r restricted to K© N K2 is a partial
U; s-realization of the complex K3 in X. Given any simplex o € K/*3, note that
a N Ue) < a7H(St(W)) < V and hence a~}(Jo) C V, for some V, € V. So, &(V,)




General position properties 55

intersects the interval (27973,27143) Since L2 {V : V € Wi} = e 1((27773,27113))
and e(Vg) C (271, 27%+1) for every V € Vy, and k € w, e(V,) C (27974,27"4). Then
V, € U;;?;?) Vi, and, by the choice of the covers Uy and V, we have f(V,) < Uiys.
Consequently,

r(@) = f({zw : W €0}) C fla™ (Uo)) C F(Vo) < Uiss.

Hence, r restricted to K73 N K = (K/*3)() is a partial U;s-realization of the
complex K/*3 in X. So, by the choice of U5, 7|(KT3)©) can be extended to a full
U, 1 4-realization r; : Kffg’ — X of Kﬁ;’ Let L = KOy Uicw Kg’ffg and consider the
map 7 : L — X defined by #(z) = r(z) if z € K and 7(x) = rs; () if x € K2I*3. This
map is well-defined because K272 ¢ K3 and K213 N ngfg = () for distinct 4, j.

Let us show that for every ¢ € w the map 7 restricted to Kﬁ; N L is a partial U;41-
realization of Kffg in X. Indeed, given any simplex o € Kffg there exists a number
j € wwith o € ijll (recall that K = [, Kjfll) Observe that |i — j] < 1 and
there is a unique number m € w such that 5m — 2 < j < 5m 4+ 2. Then 5m — 3 <
j—1<j+1<5m+3. So, o€ K23, Since L is the union of K(© and all K2F*2,
b€ w, K80 L = (KEnH 0 KO U (I3 0 Uye,, K72 = (KEEHO U KT,
Consequently, #(c N L) = 5y, (0 N L) C 5 (0) < Uspmra (recall that rs,, is a full Us,44-
realization of Kg:,’ffg) Because i+1 < j+2 < 5m+4, Usym+a < U;+1. Hence, 7 restricted
to Kﬁ; N L is a partial U;;-realization of Kfle in X.

Therefore, f|K:'_"§ N L extends to a full U;-realization 7; : Kﬁ; — X of Kff% Finally
define a map 8 : K — X by B(x) = 7(x) for every € L and f(x) = 75,43(x) for every
T € K?;If Since K = LU J;¢,, Kgfif and the complexes Kg’fif and Kg’jif are disjoint
for distinct 4, j, the map [ is well-defined. It is easy to check that for every i € w the
map [ restricted to K:fll is a full U;-realization of the complex K Zfll in X.

We claim that the map v = oA : P — X has the required property: p(yo«, f) < €.
Indeed, take any point z € Z and put a = a(z) € P, b= Aa) € K. Let c ={W e W :
a € W} be the simplex of K = N(W) whose geometric realization contains the point b.
Since a~1(St(W)) < V, there is a set Vo € V with a=1({Jo) C V. By the choice of
the cover V there is a number k € w such that £(Vp) C (27771, 27%*+1). For this k we
also have o € K,’jfll and diam, f(Vp) < 2-k=2_ Since mesh, Uj, < 2752 and B(c) < Uy,
diam, B(0) < 27F72.

Take any vertex W € o of ¢ and let w € o(®) be its geometric realization. Note
that {z,zw} C a~}(W) C V; and hence p(f(z), f(zw)) < diam, f(Vo) < 2752, Since
B(w) = r(w) = f(z2w) and v o a(z) = B(b), we obtain

p(f(2),70a(2)) < p(f(2), f(zw)) + p(B(w), B(b)) < 27572 4 diam,, 7(0)
< 27F2 4 27k2 — 07kl <inf (V) < e(2). m
We are now able to prove the first item of Proposition [3.5

LEMMA 24.2. If X is a paracompact space and Y is a Lefschetz ANE[k]-space with k =
dim X, then the simplicially factorizable maps g € C(X,Y) form a dense set in C(X,Y).

Proof. Take any map f € C(X,Y) and a neighborhood O(f) of f in C(X,Y). By
Lemma [24.3] there exists an open cover V of X such that for any V-map a : X — K
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into a paracompact space K we can find a map 8 : G — Y defined on an open neigh-
borhood G of a(X) in K with 8o« € O(f). Because of the paracompactness of X,
the cover V can be assumed locally finite and of order < k + 1, where £k = dim X.
Take any partition of unity {Ay : X — [0,1]}vey subordinated to the cover ¥V and
consider the canonical map A : X — N(V) to the nerve of V. It is clear that X is a
V-map. Now, the choice of the cover V implies the existence of a map f : G — Y
defined on an open neighborhood G of a(X) in N(V) such that S oa € O(f). The
space (G, being an open subspace of a simplicial complex, is homeomorphic to a simplicial
complex [49, p. 473]. So, B o « is a simplicially factorizable map, which completes the
proof. m

Our final lemma in this section provides a proof of the second item of Proposition [3.5]

LEMMA 24.3. Simplicially factorizable maps from a paracompact C-space X into a locally
contractible paracompact space Y form a dense subset in C(X,Y).

Proof. We fix a map f € C(X,Y) and its neighborhood B,(f,¢) in C(X,Y’), where
e: X — (0,1] is a continuous function and p is a continuous pseudometric on Y. By
Lemma [22.2] we can suppose that p has the following property: for every y € Y and
every r € (0,1/2] the ball B,(y,r/4) is contractible in B,(y,r) to the point y. For any
point x € X choose a neighborhood G, C X of z such that supe(G,) < 2¢,, where ¢, =
inf £(G,) > 0. Now, for every n > 1 consider the open families o, = {B,(f(x),e,/12"71):
z € X} and 3, = {B,(f(z),3,/12") : . € X} in Y, and the open covers a,, = {G, N
F B (f(@),e2/12771) < 7 € X} and B = {Ga 0 [N (B,(f(x),32:/12)) : & € X}
of X.

For simplicity, we denote the balls B,(f(z),e,/12""!) and B,(f(z),3e,/12") by
U, (x) and V,,(z), respectively. By the choice of the pseudometric p , for every z € X and
every n > 1 there exists a homotopy Hy ,,: V,,(z) x I — U,(z) such that:

e cach H, , contracts V,, (z) in U, (z) to the point f(z), i.e., Hy »,(y,0) = y and H, ,,(y, 1)
= f(z) for all y € V,,(z).

Since X is a paracompact C-space, there exists a sequence (g, ),>3 of open disjoint
families in X such that

e each pu, refines 3,;
° 1= U7123 In 18 a locally finite open cover of X.

For every n > 3 and W € p,, fix a point 2y € X such that W C Gy, N f (Vi (2w)).
CLAIM 24.4. Let W € py, and W’ € pi, where n <n'. If WNW' #£, then

degy,
12n

Hence, €,,,, < e(2)

Exy < 25zw and p(f(xW’)vf(‘rW)) <

Proof. Indeed, suppose that z € WNW'. Then z € G,,, NG
sup €(Gayy ) < 264y, -

To show the second part of this claim, observe that z € f=(V,,(zw))Nf 1 (Vi (zw)).
Thus, f(z) € Vup(zw) N Vi (zw). The last inclusion implies that p(f(2), f(zw)) <

IN

Tyt
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3eay /12" and p(f(2), f(zw)) < 3aww//12"/. Since £,,,, < 264y, and n' > n + 1, we

finally obtain
3, 3z, 3¢, 6e, 4e,
p(f(zw), flzw)) < Ton T 1w S Jon T {gnet < g ™
Now, consider the nerve N(u) of the cover 1 and the canonical map 6: X — |N(u)|
generated by some partition of unity subordinated to p. Observe that any simplex o =
{Wo, W1, ..., Wi} from N(u), where W; € p,,, can be ordered so that ng<nj <---<ng.
This is possible because ﬂf:o W; # 0, so n; # n; for i # j (recall that each p,, is disjoint).
We are going to define a map g: |[N(p)| = Y with go# € B,(f,¢). To this end, we define
by induction maps gi: [N (u)®| — Y such that g||N(u)*~V| = g_1 and for every
simplex o = {Wy, Wi,..., Wi} € N(u)*) and its face o = o \ {Wp} we get:

o f(Wo) Ugr(lol) C Uno—1(zws);
* gk(loo]) C Vao—1(zws );
e for any z € |og| and t € [0,1] we get gr (L{Wo} + (1 —t)2) = Hy o no—1(9k-1(2),1).

To start the inductive construction, define a map go: [N (1) = Y by go({W}) =
f(zw) for each vertex W € u of N(u). Suppose that for some k € w a map gy, satisfying
the above conditions has been defined. Fix a simplex o = {Wy, W1, ..., Wi, Wii1} C
N (p) D with Wi € pip,, i € {0, ..., k+1}. Then its combinatorial boundary o VN (p)*)
consists of the simplexes o; = {Wo, ..., W;_1,Wit1,..., W11}, 1 <i < k+1, and the
simplex o9 = {W1, Wa,..., Wii1}.

Cram 24.5. f(Wo) U gi(|oi]) C Ung—1(zw) for every i € {1,2,...,k+ 1} and f(W) U
9k(00) C Vg—1(zws )

Proof. The first part of the claim follows from the inductive hypotheses. By the same
reason, f(W1) U gi(loo]) C Un,—1(xw, ). To prove the second part, observe that Wy C
f_l(vno (xWO)) Hence, f(WO) C VWO(Z‘WO) C Vno—l(xwo)'

So, it remains to show that gi(Jog|) C Vipo—1(2w,). To this end, let y € gi(|oo|)-
Then y € Upn,—1(zw,) and hence p(y, f(xw,)) < €ayy, /12"72. Since Wo N Wy # 0,
Claim @ yields gy, < 2€4,, - Consequently, p(y, f(zw,)) < 2€4,, /12" 2. Moreover,

again by Claim we have p(f(zw,), f(zw,)) < 4ezy,,/12"°. Combining the last two
inequalities and taking into account that ng < n; — 1, we obtain

o fowa)) < Sy Aorwy 2wy | Ao, _ oo, 3o,
P ya Wo = 12n1—2 12”0 - 12n0 12n0 - 12n0 12”0—1.

Therefore, y € Vio—1(zw,). =

Let us return to the definition of the map g¢x41. It suffices to define g1 on the

geometric realization of every (k + 1)-dimensional simplex o = {Wy, W1, ..., Wiy1}. We
fix such a geometric simplex and observe that its points are of the form t{Wy} + (1 —t)z
for some t € [0,1] and z € |og|, where o9 = {W1,..., Wit1}. Now, we define

Gt (H{Wo} + (1 — 1)2) = Hey no—1(9x(2),1).
This definition is correct because gi(|oo|) C Viy—1(2w,) according to Claim Since
Ho v no—1(Vig—1(xw,) X 1) C Upng—1(zws), we get f(Wo) U gr+1(|o]) C Ung—1(zwy)-
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To complete the inductive step, it remains to show that gii1||c®| = gi||oc®| and
gkr1(|00]) € Vig—1(zwy,). Fix any point € [o®)|. If 2 € |og|, then = 0- {Wo} +1-z
and hence gg41(x) = H$W07n0_1(gk (),0) = gi(x) € Vy—1(xw, ) according to Claimm
This implies gr+1(|oo]) C Vag—1(zw,) and geia ool = g

If © ¢ |og|, then x = t{Wy} + (1 —t)z € op for some ¢ € (0,1] and some z €
loo N ;| C [0*=2)| where i € {1,...,k+ 1}. The inductive assumption guarantees that
gk (z) = gr—1(z) and hence

9re4+1(2) = Hayy no—1(95(2),t) = How no-1(9k-1(2), 1) = gr(z).

Therefore, gk+1’|a(k’1) = gk“J(k’l).
After completing the inductive construction we obtain a sequence of maps (gr)rew
composing a map g : |[N(u)| — Y defined by g||N(u)(k)| = gj, for k € w. We claim that

go6 € B,(f,¢e). This is equivalent to

plgr(0(2)), f(z)) < e(x)
for any £ > 0 and = € 0~ (N(u)*). Let o = {Wo, Wy,..., Wi} = {W € u: 0(x)
€ W} be the largest simplex of the nerve N(u) whose geometric realization |o| con-
tains the point (). The inclusion Wy C Gy O f 71 (Vi (2w,)) implies f(x) € Vi, (2w,)
and p(f(z), f(zw,)) < 3esy,/12"°. On the other hand, according to our construction,
9x(0) C Uny—1(xw,) and hence, p(gr(0(x)), f(xw,)) < €ay, /12" . Combining the last
two inequalities, we get

p(f(x), gr(0(x))) <

because ng > 3 and x € er0~ n

Eau, (3+122)

19m < e(x)

25. Proof of Theorem 4.1]

This section is devoted to the proof of Theorem on approximation of n-dimensional
maps by PL-maps.

Recall that a PL-map (resp., a simplicial map) is amap f : K — M between simplicial
complexes that maps each simplex o of K into (resp., onto) a simplex 7 of M and is linear
on o. A PL-map f : K — M is rational if f(K NQUX)c M nQUM,

The proof of Theorem [£.1] will be established in three steps: for light maps p, then for
maps p with dima (p) < w and finally for maps p with dima (p) > w.

To prove the initial step we need a simplicial version of the notion of V-map. Let V
be a cover of a space X. A map f: X — K to a simplicial complex K is called a strong
V-map if for each vertex v € |J K of K the preimage f~!(St(v)) of the open star of v lies
in some V € V.

LEMMA 25.1. Let p: X — Y be a perfect U-disjoint map between paracompact spaces,
where U is an open cover of X. Then there exists an open cover V of Y satisfying the
following condition: for any strong V-map B:Y — M into a simplicial complex M there
are a strong U-map o : X — K into a simplicial complex K and a perfect light simplicial
map f: K — M such that f oa = [ op.



General position properties 59

Proof. Since p is U-disjoint, every y € Y has a neighborhood G,, in Y such that p~*(G,)
is the union of a disjoint open in X family U, refining U. Since the fibers p~!(y), y € Y,
are compact and p is a perfect map, we can assume that i, is finite. Now, using the
paracompactness of Y, we choose a locally finite open cover V of Y refining the cover
{G, : y € Y}. Obviously, the preimage p~!(V) of each set V € V is the union | JUy of a
finite disjoint collection Uy of open subsets of X which refines the cover U.

We are going to show that the cover V satisfies our requirements. Take any strong
V-map B : Y — M into a simplicial complex M. Then for any vertex v of M we have
V, = B71(St(v)) C V for some V € V. The choice of V guarantees that p=1(V,,) is the
union of a finite disjoint collection U, of open subsets of X inscribed in the cover ¢/. Then
U =U,e m Uv is a cover of X refining U. Write U’ as the disjoint union U = |, 5 Uy,
of finite families U/, C U, and consider the finite-to-one map f. : U’ — |J M assigning to
each set U € U’ the vertex v € |J M such that U € U]

Now, let K = N(U’') be the nerve of the cover U’'. We claim that if {Uy,...,U,}
form a simplex in N(U’), then {f.(U1),..., f«(Un)} form a simplex in M. For every
i < nlet v; = fiu(U;). The sets Uy,...,U, form a simplex in N(U’) and hence, have a
common point « € Uy N --- N U,. Consider the point z = B(p(z)) € M and note that
p(z) € <, p(Uj) C BL(St(v;)) for all i < n. Thus, z € St(v;), i < n. Moreover, z can
be treated as a function z : |JM — [0, 1] such that there is a simplex 0 C M with v € o
provided z(v) # 0. Since z € St(v;) is equivalent to z(v;) > 0, all vertices vy, ..., v, lie in
the simplex o. Therefore, {f(U1), ..., f«(Un)}) = {v1,...,v,} form a simplex in M and
the map f. : U’ — |J M determines a simplicial map f: N(U’) — M.

The map f is perfect since f, is finite-to-one. Let us show that f is light. This will
follow as soon as we show that f. is injective on the vertices of any simplex of N(U').
Take any simplex o of N(U') with vertices Uy, ...,U, and let v; = f.(U;) for i < n.
Assuming that v; = v; for some indices i # j, we deduce that U;, U; are two intersecting
elements of the disjoint family ,, , a contradiction. So, f : N(U') — M is a perfect light
simplicial map between the simplicial complexes N (') and M.

It remains to define a map o : X — K = N(U’) so that f o« = o p. For every
vertex U € U’ of K let v = f.(U) and consider the map uy : X — [0,1] defined by
pu(z) = pr,(B(p(x))) if © € U and py(z) = 0 otherwise (here pr, : M — [0,1] is
the coordinate projection). It can be shown that uy is a well-defined function and the
cover {ug;'(0,1]}vewr of X is point-finite and subordinated to the cover U’. Moreover,
> vew M = 1. So, we can consider the map

a:X—>N(Z/{’), :L"—>(,U,U(£L'))U€u/.
It is easy to check that foa = Fop.

Let us show that the map « is continuous. For any z € N(U’) consider the canon-
ical open neighborhood N(z) = ({St(U) : U € U’ and z € St(U)} and note that
a Y (N(z)) ={U €U’ : z € St(U)} is an open subset of X. Fix any point g € X and
take any open neighborhood O(zg) of zp = a(zg) in K. Replacing O(zp) with a smaller
neighborhood, if necessary, we can assume that O(z9) C N(zp). Consider the open neigh-
borhood N = O(z) UU{N(2) : 2 € f~1(f(20)) and z # 2} of the fiber f=1(f(20)).
Then K\ N is a closed subset of K and f(K \ N) is a closed subset of M, not containing
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to = f(z0). The complement O(ty) = M \ f(K \ N) is an open neighborhood of ;. Now,
the continuity of the map 8 : Y — M at yo = p(xo) yields the existence of a neighborhood
O(yo) C Y of yg such that 8(O(yo)) C O(to). Then O(xg) = p~1(O(yo)) N a1 (N(z0)) is
an open neighborhood of zg with a(O(zg)) C N(20) N f~1(O(ty)) C N(20) NN C O(zp)
because the sets N(z) are pairwise disjoint for distinct points z € f=1(f(z0)).

The continuity of the map « is established. Finally, since a=*(St(U)) C U for any
Ueld,a: X - K=N(U) is a strong U-map. =

The following PL-version of Lemma [25.1] provides a proof of Theorem [£.1] for light
maps.

LEMMA 25.2. Let p: X — Y be a perfect U-disjoint map between paracompact spaces,
where U is an open cover of X . Then there is an open coverV of Y satisfying the following
condition: for any V-map B :Y — M into a simplicial complex M there exist a U-map
a: X — K into a simplicial complex K and a perfect light rational PL-map f: K — M
such that foa = [ op.

Proof. We apply Lemma to find a cover V of Y such that for any strong V-map
B Y — M’ into a simplicial complex M’ there exist a UY-map o : X — K into a
simplicial complex K and perfect light simplicial map f': K — M’ with f'oa = ' op.

We claim that the cover V satisfies our requirements. Indeed, if 5 : Y — M is a V-map
into a simplicial complex M, then there exists an open cover W of M whose preimage
B~L(W) refines V. By Lemma the complex M admits a rational subdivision M’
such that the cover {St(v) : v € UM’} of M’ by open stars refines h=1(W), where
h : M’ — M is the canonical homeomorphism. Then 8/ = h™' o3 :Y — M'is a
strong V-map. So, the choice of V guarantees the existence of a UY-map o : X — K
into a simplicial complex K and perfect light simplicial map f' : K — M’ such that
floa=p op. Then f = ho f' : K — M is a perfect light rational PL-map with
foa=pfop. n

Next, we prove Theorem for maps p with dima (p) < w.

LEMMA 25.3. Letp: X — Y be a perfect map between paracompact spaces with dima (p)
=n < w. Then for every open cover U of X there is an open cover V of Y satisfying
the following condition: for any V-map B :Y — M into a simplicial complex M there
erist a U-map o« : X — K into a simplicial complex K and a perfect rational PL-map
f:K—= M withpoa=pFof and dim(f) = dima(f) < dima(p).

Proof. Let U be an open cover of X. According to the definition of dima (p), there is a
map g : X — I such that the diagonal product p A g: X — Y x I" is U-disjoint.

Applying Lemma [25.2] for the perfect map pAg: X — Y x I", we find an open cover
V' of Y x I" satisfying the following property: for any V'-map 8’ : Y x I — M into a
simplicial complex M there exist an /-map « : X — K into a simplicial complex K and
a perfect light rational PL-map f: K — M such that foa =80 (p A g).

Since for every y € Y the set {y} x I" is compact, there exists a neighborhood V,, C Y
of y such that every point z € I" has a neighborhood W, with V,, x W, being a subset of
some V € V. Choose V to be a locally finite open cover of Y refining {V,, : y € Y'}.
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Let us show that the cover V satisfies our requirements. Take any V-map 5:Y — M
to a simplicial complex M and consider the map xid : Y xI" — M xI", Bxid : (y,t) —
(B(y),t). It is easy to see that 8 x id is a V'-map. Next, choose a triangulation of the
product M x I" such that the projection pr: M x I — M is a rational PL-map. Then,
by the choice of the cover V', there exist a U-map « : X — K into a simplicial complex K
and a perfect light rational PL-map h : K — M x I" such that hoa = (8 xid) o (p A g).
Finally, let f =proh: K — M. It is clear that f o a = § o p. Since f is a composition
of the light map h and the perfect n-dimensional map pr : M x I" — M, dim(f) < n.
According to Proposition 1(4), dima (f) < n (we can apply Proposition 1(4) because K
is submetrizable and M is a C-space). Moreover, f, being a composition of two rational
PL-maps, is a rational PL-map as well. m

Finally, we treat the case dima (p) > w.

LEMMA 25.4. Let p: X — Y be a perfect map between paracompact spaces. Then for
every open cover U of X there is an open coverV of Y satisfying the following condition:
for any V-map 5 :Y — M into a simplicial complex M there exist a U-map o : X — K
into a simplicial complex K and a perfect rational PL-map f : K — M with poa = o f.

Proof. Let U be an open cover of X. Fix a cardinal 7 and an injective continuous map
g: X =>1".Then p/Ag: X — Y x1I" is a perfect embedding. So, p A g is a U-disjoint
map. By Lemma there is an open cover W of Y x I” such that for any VW-map
B Y xI™ — M into a simplicial complex M there exist a U-map « : X — K into a
simplicial complex K and a perfect rational PL-map h : K — M with hoa = 8/ o(pAg).

Next, for any y € Y take an open neighborhood V,, C Y of y and a finite open cover
W, of I" such that the family {V,, x W : W € W, } refines W. Let V' be a locally finite
open cover of Y refining {V,, : y € Y}. For every V € V' there exists y(V) € Y with
V C Vyvy and let Wy = Wy(y). Then W = {V x W : W € Wy, V € V'} is a locally
finite open cover of Y x I" refining W. Let {A\w : Y xI" — [0, 1]}wewr be a partition of
unity subordinated to W’ and let

A:Y xTIm = NW),  (y,t) = Qw(y,t)wenwr,

be the canonical map into the nerve of W’. It is easy to check that X\ is a W-map.

Let V be a locally finite open cover of Y refining V' and such that each V' € V meets
only finitely many sets V/ € V'.

We claim that the cover V satisfies our requirements. Take any V-map 5 : Y — M into
a simplicial complex M. According to Lemma[20.2] we may assume that the triangulation
of M is so fine that the preimage 3~!(o) of any simplex o C M lies in some V € V. Then

BY xI" = Mx NV, (y.t) = (B(y), Ay, 1)),

is a W-map because so is A\. Now, triangulate the product M x N(W’) such that the
projections onto M and onto N(W') are both simplicial maps, and consider the sub-
complex L C M x N(W') of all simplexes intersecting (Y x I"). Let us show that
the projection pr : L — M is a perfect map. It suffices to check that the preimage
pr=1(o) of any simplex ¢ C M is a finite subcomplex of L. By assumption, f~1(o) is
contained in some Vy € V), so it meets only finitely many sets V' € V’. Consequently,
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= {V xWy : VeV, B o)NV # (0} is finite and so is the subcomplex N(W,)
of N(W') cousisting of all simplexes whose vertices belong to W,,. Now, it is easy to see
that pr=1(o) C 0 x N(W,), which implies that pr: L — M is perfect.

Since 8’ : Y x I" — L is a W-map, the choice of W implies the existence of a U-map
a: X — K to a simplicial complex K and perfect rational PL-map h : K — L such that
hoa = "o (pA g). Finally, consider the perfect rational PL-map f =proh: K - M
and note that foa=prohoa=prof o(pAg)=Lop. nu

26. Simplicial characterization of the m-DD{"*}_property

This section is devoted to the proof of Theorem [5.3] The “if” part is trivial. To prove
the “only if” part, we suppose that X is a submetrizable space having the m-DD{™}-
property, U is an open cover of X, py : N — M and px : K — M are simplicial
maps between compact simplicial complexes such that m = dim M, n = dim(py) and
k = dim(pk). For any maps f: N — X, g : K — X we are going to construct two maps
f'*N—= X, ¢ : K'— X such that f’ ~ f, q ~ g and f'(py'(2)) Ng'(px'(2)) = 0 for
all z € M.

By Lemma [18.2] we can assume that U consists of open e-balls with respect to a
suitable continuous pseudometric p on X. Since X is submetrizable, we can also assume
that p is a metric. So, it suffices to construct maps f' : N — M and ¢’ : K — M,
e-homotopic to f and g, respectively, such that f’(pjvl (2)) ﬂg’(pl}l(z)) =(forallze M.
This will be done in three steps.

First, we assume that M, N, K are simplexes and py, px are affine functions mapping
vertices of N, K to vertices of M. Let M© N© KO he the sets of vertices of the
simplexes M, N, K, respectively, and o,,, o) simplexes with dimo,, = dim(py) = n and
dim oy, = dim(pk) = k.

Since dim(py) = n, the preimage py'(2) N N(© of each vertex z € M© contains at
most n + 1 points. Consequently, we can find a map e, : N(© — crﬁl ) which is injective
on each set px,l(z) AN©, 2 e M©, This map induces an affine map é, : N — o,,. Then
en =pn D éy: N = M X o, is an affine embedding. So, ey (V) is a retract of M X oy,.
Hence, there exists a map rn : M x 0, — N such that ry o ey is the identity.

We can do the same for the simplex K to find an affine map é; : K — o} such that
the diagonal map éx = px A e, : K — M X o is an affine embedding, and a map
ri : M X o, — K with rg o ex being the identity.

Now, consider the maps fory : M xo, — X and gorg : M xo, — X. The m- DD{mk}.
property of X allows us to find two maps f : M x g, — X and § : M x o — X such
that f forn, g ~gorg and f({z} x 0,) N §({z} x o) = 0 for all z € M. Then the
maps f’ = fo(pn Aen) :N = X and ¢’ = go (px A ér): K — X have the desired
properties: f’ ~ fd ~ g and f(py'(2)) Ng'(pgt(2)) = 0 for all z € M. This completes
the proof of the particular case with M, N, K being simplexes.

At the second step we consider the case when M, N, K are disjoint unions of simplexes.
Write M = | | M as a disjoint union of a family M of simplexes. We can find similar
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representations for the complexes N and K: N = | [N and K = | |K. Enumerate the
product M x N x K as M x N x K = {(M;, N;, K;) : 1 <i <}, where | = |/M XN x K.

Let 1 = ¢/2, fo = f and go = g. Using the implication of the m-DD{"*}_property of
X established at the first step, we can construct (by finite induction of length [) sequences
of maps f; : N - X, g, : K — X, i <[, and a sequence (¢;);<;+1 of real numbers such
that

(1) f; is ;-homotopic to f;_1 and g; is e;-homotopic to g;_1;
(2) min.cny, dist(fi(py' (2) NNy, gi(py' (2) N K3)) > Beipa;
(3) eit1 <e&i/2.

Then the final maps f;: N — X, g; : K — X have the desired properties:

(4) f; is e-homotopic to fo and g; is e-homotopic to go;
(5) min.en, dist(fi(py'(2) NNy, i(px' (2) N K;)) > i1 for all i < L.

Since for each triple (z,z,y) € M x N x K there is a number ¢ < [ with (z,z,y) €
(M;, N;, K;), the latter condition implies f;(px'(2)) N gi(px' (2)) = 0 for all z € M.

At the third step we prove the general case by induction on s = dim M 4 dim N +
dim K. The second step allows us to start the induction with s = 0.

Now, suppose the assertion has already been proved for all triples M, N, K with
dim M + dim N + dim K < s for some s. Assume that dim M +dim N +dim K = s > 0
and X has the m-DD{™*}-property for m = dim M, n = dim(py), k = dim(px). Given
any € > 0 we should construct maps f' : N — X, ¢’ : K — X such that f’ is e-homotopic
to f, ¢’ is e-homotopic to g and f(py'(2)) Ng(px' (2)) = 0 for all z € M.

Let 1 = ¢/2 and M’, N, K’ be the codimension one skeleta of the simplicial com-
plexes M, N, K, respectively. If one of the complexes, say M, is zero-dimensional, then
we set M’ = ().

In case M’ = (0, let f; = f and g; = g. Otherwise apply the inductive hypothesis
and the fact that dim M’ 4+ dim N + dim K < s to find two maps f; : py' (M) — X,
g1 : prt (M') — X such that

(6) f1 is e1-homotopic to flpy' (M),
(7) g1 is e1-homotopic to g|py'(M’) and
(8) Aip3 (=) N ga(p(2) = 0 for all = € M.

By the Borsuk homotopy extension lemma the maps fi,g; can be extended to
maps fl :N — X, g1 : K — X such that f1 is e1-homotopic to f and g; is e;-homotopic
to g. Take any positive real number g5 < e1/2 with
(9) 5ea < min.epr dist (f1(py' (2), 91 (P (2))-

Applying the inductive hypothesis to the maps fi|N': N’ — X, g; : K — X combined
with Lemma we find two maps fo : N = X, go : K — X such that

(10) fo is eo-homotopic to fi, g2 is eo-homotopic to §; and
(11) fa(py'(2) N N') N Ga2(p' (2)) = 0 for all z € M.
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Next, take any positive real number e3 < e5/2 with

(12) 5es < minzep dist (f2(py' (2) N N'), g2 (P (2)))-
Applying the inductive hypothesis to the maps f> and go| K’ and using Lemma [18.3] we
find two maps f3: N — X, g3 : K — X such that

(13) f3 is e3-homotopic to fa, g3 is e3-homotopic to go and
(14) fs(py'(2) NG3(pi () NK') = for all z € M.

Now, take any positive real number &4 < £3/2 with

(15) 521 < minzcar dist (a3 (2)), 35 (0 (=) 0 K).
Let M be the family of open simplexes of dimension dim M in the complex M. Ob-
serve that the simplexes from M are disjoint and |JM = M \ M’. For each ¢ € M
denote by & its closure in M and set M = {5 : 0 € M}. Let | JM be the disjoint
topological sum of the closed simplexes from M and pr,, : | | M — M be the natural
surjective map (whose restriction to | | M is a homeomorphism between | |[M C | [M
and M\ M').
Having defined the family M, we define families of simplexes N and K:
N={oCN:o¢ N, px(o) ¢ M},
K={ocCK:0¢ K, px(oc) ¢ M'}.
Letalso N ={6:0 e N}, K={6:0€ K}, and pry : | JN — N, prg : | JK = K be
the natural maps.
The simplicial maps py : N — M and px : K — M induce simplicial maps py :
LN = | M and pg : | |K — | | M making the following diagrams commutative:

LN 2% N LK 25 K
PN lPN and 171{ lpk
LM 2% M LM 2% M

Since | | M, | |N, | |K are disjoint unions of cells, we may apply the implication of
the m-ﬁ){”’k}—property7 established at the second step, to find maps f; : [ JN — X,
ga : | JK — X such that

(16) f4 is e4-homotopic to f3 o pry,
(17) g4 is e4-homotopic to gs o pry,
(18) fa(Pn'(2)) N ga(p'(2)) = 0 for all z € [ | M.

Let payr,pN, px be the canonical [1-metrics on the geometric simplicial complexes
M, N, K, respectively. By the uniform continuity of the maps f;, g;, i < 3, there is § €
(0,1/2) such that

mac{dist (i (), £(a")). dist(3:(5). /) < =4
for any points z, 2’ € N and y,y’ € K with py(x,2") < 49, pr(y,y’) < 45. Consider the

d-neighborhood Os(M\|UM) ={z € M : 32" € M\|JM with pp(z,2") < ¢}. Similarly,
we define neighborhoods Os(N \ JN) and Os(K \ JK).
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Using (16), (17) we construct maps f' : N — X and ¢’ : K — X such that

(19) f’ is e4-homotopic to f3;

(20) fIN\NUN = f5IN \UN;

(21) fIN\Os(N\NUN) = ful N\ Os(N \ UN);
and

(22) ¢’ is e4-homotopic to gs;

(23) ¢'IK\UK =gs| K \UK;

(24) ¢'[K\ Os(K\UK) = ga| K\ O5(K \ UK).

The choice of the numbers ¢; and the conditions (6), (10), (13), (16), (19) imply that
the map f’ is e-homotopic to f. Similarly, ¢’ is e-homotopic to g. It remains to prove that
F'(on' (2)) N g (pi*(2)) = 0 for any z € M. Take any points = € py'(z) and y € pg'(2)
and find maximal simplexes 0, C M, 0, C N, 0y C K containing the points z,z,y,
respectively. Now, consider the following cases:

(i) z € M'. Then
dist(f' (), ¢'(y)) > dist(f1(py' (2)), 91 (px' (2))) — dist(f', f1) — dist(g', 1)
> 5eg —2(62+€3+<€4) >e9 >0

(ii) z € Os5(M') \ M'. Then the maximal simplex o, containing z belongs to the
family M and pps(z,2") < § for some 2’ € o, N M’. Taking into account that py(x) =
z € 0, \ M’ we conclude that pN( (o )) = o, By Lemma there exists a point
x' € o, such that py(2') = 2/ and pn(x,2') = pm(z,2") < 0. Analogously, there
exists a point ¥’ € o, such that px(y') = 2’ and pr(y,y’) = pm(z,2") < 0. Then

max{dist(f1(z), f1(2")),dist(g1(y), g1(v'))} < €4 by the choice of §. Now,

dist(f'(x),9'(y)) > dist(f1(2), 91 (y)) — dist(f', 1) — dist(g’, 51)
> d1st<f1< 0,91 (4)) — dist(F ("), Fu(2)) — dist(g1(3), 51 (3)) — 2(es + €5 + )
> dist (f1(py' (2)), 51 (pE' (') — 264 — 2(e2 + €5 + €4) > Hea — dea > 0.
(iii) 2 ¢ Os(M’) and x € N\ |JN. Then 2 € N’ (because py(z) = z ¢ M') and
dist(f'(2),¢'(5)) > dist(a(), 92(3)) — dist(f", ) — dist(g', 32)
> beg — 2(ez +¢e4) > 0.
(iv) z ¢ Os(M') and x € O5(N \ UN). In this case we can find 2’ € N’ with py(z,z’)

T
< 8. Then letting 2’ = py(2’), Lemma [20.3] implies pps(2,2') = pu(pn(z),pn(a’)) <
pn(z,2") < §. Applying again Lemma we find a point ¢’ € o, with px(y,vy') =
pm(z,2") < 6. Hence,

max{dist(f2(2"), f2(z)), dist(g2(y), g2 (y')} < ea
and
dist(f'(),¢'(y)) > dist(f2(x), g2(y)) — dist(f', f2) — dist(g’, g2)
f:

> dist(fa(2"), f2(y")) — dist(fa(2"), fo()) — dist(G2(y"), G2(y)) — 2(ca +€3)
> diSt( 2(p;, ( ) N N) §2(pK ( /))) — 2e4 — 2(83 + 54) > beg —4e3 > 0.
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(V)z¢ Os(M'), x ¢ O5(N\UN) y € Os(K\|JK). In this case, we can choose y’ € K’
with pic(1/,1/) < 6. Then letting = = pic(s/), we have pas(2.') = pas o (). i (1) <
pr(y,y") < 0. According to Lemma [20.3] “ there exists a point 2’ € o, with py(z,2') =
pu(z,2') < 6. Therefore,

dist(f'(x), g

"(y)) > dist(f3(2), s(y)) — dist(f', f3) — dist(g', 75)
(f:

> dist(f3(x ) ( )= dist(f3(2), fa(@))— dist(73(y), 73(y)) —2e4

> dist(f3(px' (), G3(pr (2') N K')) — des > Bey — 4ey > 0.

(vi) z ¢ Os(M"), z ¢ O (N\UN) y ¢ Os(K\JK). In this case f'(z) = fa(z) #
94(y) = g'(y) by (18), (21) and (24).

27. Approximations by simplicially factorizable V-maps

The main result of this section is Lemma which is the principal (and technically
the most difficult) ingredient of the proof of Theorem This lemma asserts that if
p: K — M is a perfect map between paracompact spaces, V is an open cover of K
and X is a submetrizable space possessing the m-DD"-property with m = dim M and
n = dima (p), then each simplicially factorizable map f : K’ — X can be approximated
by simplicially factorizable V-maps.

Lemma [27.4] has a technical proof preceded by three other lemmas.

LEMMA 27.1. Letp: K — M be a PL-map between compact polyhedra and let f : K — X
be a map into a submetrizable space X possessing the m-DD"™-property with m = dim M
and n = dim(p). Then for any continuous pseudometrzc p on X and any open cover V
of K there is a map f : K — X such that f is 1-homotopic to f (with respect to p) and
pAf.K—>M><XzsaV map.

Proof. Since X is submetrizable, we can suppose that p is a continuous metric on X.
Fix a continuous metric d on K such that the cover {By(y,1) : y € K} refines V. We
assume that T is a triangulation of the polyhedron K so fine that each simplex ¢ € T
is of diameter < 1/3 with respect to the metric d. Moreover, we also assume that p is a
simplicial map, where K carries the triangulation 7" and M is equipped with a suitable
triangulation. Let {o; : 1 < ¢ <1} be an enumeration of maximal closed simplexes of K.
The star St(o) of any simplex ¢ € T in K is the set St(c) = |J,c, St(v). Since the
diameter of each 0 € T is < 1/3, St(o) is of diameter < 1.

Let fo = ho = go = f and g9 = 1, &1 = 1/2. Using Theorem and Lemma [I8.3] by
finite induction of length I, one can construct three sequences (f;, g, h; : K — X);<; of
maps and a sequence (g;);<; of positive real numbers satisfying the following conditions
for each ¢ > 1:

fi and g; are g;-homotopic to h;_1;
minens p(fi(p~1(2), 9i(p~(2))) > Deiga;
gir1 < €/2;

hi(x) = fi(z) for each x € oy;

hi(x) = g;(z) for each x € K \ St(0;);

h; is e;-homotopic to h;_1.
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Then f = h : K — X is eg-homotopic to fo = f. It remains to show that p A f: K —
M x X is a V-map. This will follow as soon as we show that it is a 1-map with respect
to d. Assuming that this is not the case, we could find z,z’ € K with distq(x,2’) > 1 and
(p(z), f(z)) = (p('), f(z')) = (2,y) for some (z,y) € M x X. The point z lies in some
simplex o;, 7 < [. Since diamy(St(0;)) < 1 < distyq(z,2’), ' ¢ St(o;). Then h;(x) = fi(x)
and h;(z") = g;(«’). It follows from the inductive construction that dist,(h;(x), hi(z')) =
dist, (fi(2), gi(2")) = dist,(fi(p~"(2)), 9i(p~ ' (2))) > 5eis1. Hence,
p(f(@), f(@") = p(hu(z), hi(2")) = p(hi(x), hi(2")) — 2p(he, hi) = Beit1 — deir1 > 0.

On the other hand, p(f(x), f(z')) = 0 because f(x) = f(z'). This contradiction completes
the proof. m

LEMMA 27.2. Letp: K — M be a PL-map between compact polyhedra and let f : K — X
be a map into a submetrizable space X possessing the m-DD™-property with m = dim M
and n = dim(p). Assume that for some open cover V of K and some closed subset F C K
with F = p~*(p(F)) the restriction p/A f|F : F — M x X is a V-map. Then, for any open
cover U ofX there is a map f : K — X such that f is U-homotopic to f, f|F fIF,
(mdpAf.K—)MxXzsaV map.

Proof. Since p A f|F is a V-map, there exists a closed neighborhood O(F) C K of F
such that the restriction (p A f)|O(F) is also a V-map (this follows from the closedness
of the map p A f). Because F' = p~1(p(F)) is a complete preimage, we can assume that
sois O(F) = p~1(p(O(F)). By Lemma the V-maps form an open set in the function
space C(O(F),M x X). Consequently, we can find a continuous metric p on M x X
such that any map g : O(F) - M x X with p(g,p A fIO(F)) < 1 is a V-map. By the
compactness of O(F'), there is an open cover U’ of X such that for any z € O(F) and
any U € U’ the set {p(z)} x U has p-diameter < 1. Without loss of generality, we may
assume that the initial cover U of X refines U’.

Now, using Lemma and Lemma we find a V-map f’ : K — X, U-homotopic
to f and such that p A f/ : K — M x X is a V-map. Let h : K x [0,1] — X be an
U-homotopy linking the maps f and f’. Take any continuous function A : K — [0, 1] such
that A(F) = {0} and A(K'\ O(F')) C {1}, and define a U{-homotopy h: K x|0, 1] = X by
the formula h(x t) = h(z, A(x)t). Finally, consider the map f:K—X, f(z)= h(:c 1). It
is clear that f is &{-homotopic to f and f|F f|F. It remains to show that p A f:K—
M x X is a V-map. Since K is compact, it suffices to check that for any (z,2) € M x X
the set (p A f)~'(z,2) = p~1(2) N f~(x) lies in some V € V.

Since f and f are U-homotopic, (p A f)|O(F) is 1-near to (p A f)|O(F) with respect
to p. Hence, by the choice of p, (pA f)|O(F) is a V-map. Consequently, (p A f)~!(z,z) C
O(F) lies in some V € V provided z € p(O(F)). If z ¢ p(O(F)), then (p A f)~'(z,z) =
(p A f)~Y(z,7) is also contained in some V € V because p A f’ is a V-map. m

LEMMA 27.3. Letp: K — M be a perfect PL-map between polyhedra and f : K — X
be a map into a submetrizable space X possessing the m-DD™-property with m = dim M
and n = dim(p). Then, for any continuous pseudometric p on X, any continuous map
e: K — (0,1] and any open coverV of K, there is a map f : K — X which is e-homotopic
tofandpA f: K — Mx X is a V-map.
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Proof. Let M®), i > 0, denote the i-dimensional skeleton of M and M~ = (). We put
f-1 = f and construct inductively a sequence (f; : K — X);>¢ of maps such that

o filp M (MUTY) = fi[p~t (MY,
o fiis 5/2Z+2—homotop1c to fi_1;
e p A f; restricted to p~ (M @) is a V-map.

Assuming that the map f;_1 : K — X has been constructed, consider the complement
M®\ M1 = |_|j€JA 0j, which is the discrete union of open ¢-dimensional simplexes.
According to Lemma the preimage p‘l(oj) of any simplex o; is a compact subpoly-
hedron of K. Therefore, we can apply Lemmato find maps g; : p~1(0;) = X, j € J;,
such that

e g; coincides with f;_; on the set p—l(gj(?*l));
e g, is £/2""2-homotopic to fi_1|p~*(0;);
e (plp~'(0;)) A g; is a V-map.

Now, define a map g : p~(M®) — X by the formula
fici(z) ifx€p Y (MO-D),
g9(x) =

gj(x) ifx€p (o) for some j € J;.

It can be shown that g is £/2"*2-homotopic to f;_1|p~*(M®). Moreover, it follows from
Lemma [18.6| that the diagonal product (p|p_1(M(i))) A g is a V-map. Since p~ (M)
is a Subpolyhedron of K (see Lemma , it is a neighborhood retract of K. So, we
can apply the Borsuk homotopy extension lemma [I8:3] to find a continuous extension
fi : K — X of g which is £/2i"2-homotopic to f;_;. This completes the inductive step.

Then the limit map f = lim;, f; : K — X is well-defined, continuous and &-
homotopic to f (the last two properties of f hold because f|o has these properties for
any s1mplex o C K and because of the definition of the CW-topology on K). Moreover,
pAf K—>MxXisaV- map since it is perfect and, for each point (z,x) € MO x X c
M x X, the preimage (p A f)~(z,2) = (p A fi) " (2, 2) lies in some set V € V. =

LEMMA 274. Let p : K — M be a perfect map between paracompact spaces, V be an
open cover of K and X be a submetrizable space possessing the m-DD™-property with

=dim M and n = dima(p). Then, for any simplicially factorizable map f : K — X,
any continuous pseudometric p on X and any functzon e € C(K,(0,1]) there exists a
szmplzczally factorizable map f: K — X such that p A f: K — M x X is a V-map and
f is e-homotopic to f.

Proof. Since f is simplicially factorizable, it can be written as f = f¥ o f; for some
maps fr, : K — L and f¥: L — X and a polyhedron L. The pseudometric p induces a
continuous pseudometric d : (z,y) — p(f*(x), f*(y)) on L.

By [62] and [14], the polyhedron L is a neighborhood retract of a locally convex space.
Hence, L is a Lefschetz ANE[oco]. Taking into account that sufficiently near maps to L
can be linked by a small homotopy and applying Lemma we can find an open cover
V1 <V of K such that for each V;-map « : K — K’ into a paracompact space K’ there
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is a map 7 : O(a(K)) — L defined on a neighborhood of the closure of a(K) in K’ such
that yo« is €/2-homotopic to fr with respect to the pseudometric d. Moreover, the cover
V; can be chosen so fine that infe(V) > 0 for each V € V.

Next, applying Corollary [£.2] we choose a V;-map « : K — K’ into a polyhedron K’,
amap S : M — M’ into a polyhedron M’ with dim M’ < dim M, and a perfect PL-map
p : K" — M’ with dim(p’) < dima (p) such that p’ o & = 8 o p. The choice of the cover
V) guarantees the existence of a map 7 : O(a(K)) — L defined on a neighborhood of the
closure of a(K) in K’ such that yo« is £/2-homotopic to fr. Replacing the triangulation
of K’ by a suitable subdivision, we may assume that no simplex of the triangulation of
K’ meets both the set a(K) and the complement of O(a(K)). Then the union N of all
simplexes of K’ meeting a(K) is a subpolyhedron of K’ containing «(K) and lying in
O(a(K)).

Now, we are going to construct a continuous function 6 : N — (0,1] with doa < .

Since « is a Vi-map, there is an open cover V' of K’ such that the cover a=1(V') =
{a71(V) : V € V'} refines V;. So, for each V € V' the number infe(a=1(V)) is
strictly positive (we put inf@ = 1). Then, using the paracompactness of the simpli-
cial complex N, we may construct a positive continuous function § : N — (0, 1] such
that §(y) < infe(a"!(y)) for all y € N. Indeed, we can assume that V' is locally fi-
nite and consider the lower semicontinuous set-valued map ¢: N — (0, 1] defined by
o(y) = U{(0,infe(a=(V))] : y € V € V'}. Then, by [60, Theorem 6.2, p. 116], ¢ ad-
mits a continuous selection 6: N — (0,1]. Obviously, ¢ is the required function with
doa <e.

According to Lemma we can approximate the map fL o~ : N — X by a map
g:N — X such that p’ Ag: N — M’ x X is a V'-map and g is §/2-homotopic to f£ o7y
(with respect to p). Since d o < ¢, the maps f = goa : K — X and fLoyoa are
¢/2-homotopic. On the other hand, since f7, and 7 o a are £/2-homotopic with respect
to d, so are f = fL o f; and fE o~ o a. Consequently, f and f are e-homotopic.

L
PO LI N
pla\xNV/g'

M

N

M/

It remains to verify that p A f : K — M x X is a V-map. Since this map is perfect, it
suffices to check that the preimage (pA f)~1(z,x) = p~*(2)Nf~1(z) of any point (z,z) €
M x X is contained in an element of V. Indeed, since p’ A g is a V'-map, (p' Ag) 1 (B(2), z)
lies in some set V'’ € V'. Then, by the choice of the cover V', a~1(V') C V for some V € V.
So, a7 ((p' A g)71(B(2),x)) C a1 (V') C V and consequently,

(AN M=) =p (2)N [N (z) C
C(Bop) (B N(goa)(z) = oa) (B(2)) N (goa)  (z)
=a ()T BR) Ny (@) =a (' A g) T (B(2), ) C V. m
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28. Proof of Theorem [3.3]

Suppose p : K — M is a perfect map with K being a submetrizable paracompact space,
Y a completely metrizable space and X C Y a subspace with the m-DD"-property, where
m =dimY and n = dima (p). We need to prove that the set

EP,Y)={feCK,Y):pAf:K— MxY is an embedding}

is a Gs-set in C(K,Y) having the approximation property from Theorem

Because K is submetrizable, it admits a continuous metric d. Everywhere in this proof,
when considering e-maps defined on K, we shall always refer to the metric d.

Since p is perfect, sois p A f: K =+ M x Y for any f: K — Y. Consequently, p A f
is a closed embedding if and only if it is injective. Therefore, £(p,Y) = (g~ &, where
E={feCK,)Y):pA fisal/kmap}, k> 1.

The following lemma implies that each & is open in C(K,Y), so E(p, X) = Nrey &k
is a Gs-set in C(K,Y).

LEMMA 28.1. For any open cover V of K the set {f € C(K,Y) : pA f is a V-map} is
open in C(K,Y).

Proof. Let p be a metric on Y generating its topology. Fix any map f : K — Y such
that p A f : K — M x Y is a V-map and take an open cover U of M x Y whose preimage
(p A f)~L1(U) refines the cover V.

By the continuity of the maps p and f, for every point z € K there exists an
open neighborhood W, C K of z and a positive real number e, such that p(W,) x
B,(f(W,),2e.) C U, for some U, € U. Let W be a locally finite open cover of the
paracompact space K refining {W, : z € K}. For each W € W choose z(W) € K
with W C W, w) and let ew = e, w). Then p(W) x B,(f(W),2ew) C U.w). Let
{Aw : K — [0,1]}wew be a partition of unity subordinated to W, i.e., >y cpp Aw =1
and ;! (0,1] € W for all W € W. Finally, consider the continuous function

e: K — (0,1, z+ Z () - ew.
wew

We claim that for every « € K there exists a neighborhood U(x) € U containing
the product {p(z)} x B,(f(z),2¢(x)). Indeed, use the definition of e(z) to find W € W
containing = with e(z) < ew. Then {p(z)} x B,(f(z),2e(x)) C p(W) x B,(f(W),2ew)
C Uz(W)~

Let us show that p A g : K = M x X is a V-map for any g € B,(f,¢). Because of
Lemma it suffices to check that the preimage (pAg)~1(z,y) = p~1(2)Ng~1(y) of any
(z,9) € M x X lies in some V € V. There is nothing to prove if this preimage is empty.
So, assume that p~1(z) N g~1(y) # 0. Since the last set is compact, there exists a point
xo € p~1(2) N g~ (y) such that e(zg) = max{e(x) : x € p~1(2) Ng~(y)}. As we already
proved, there is U(xg) € U such that {p(zo)} x B,(f(z0),2¢(x0)) C U(xo). Then the
choice of U implies that (pA f)~1(U(z)) lies in some set Vo € V. We are going to establish
that (p A g)~%(z,y) C Vo, which will complete the proof. Fix any = € p~1(2) Ng~(y)
and observe that g(z) = g(zo). Then p(f(x), f(z0)) < p(f(x), 9(x)) + p(g(z0), f(z0)) <
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e(x)+e(rg) < 2e(xo). Consequently, (p(z), f(z)) € {p(z0)} x B,(f(z0),2e(x0)) C U(zo).
Hence, z € (p A f)"Y(U(z0)) C Vp. m

Therefore the set £(p,Y) is of type Gs in C(K,Y). It remains to prove that for any
continuous pseudometric p on Y, a continuous map ¢ : K — (0,1] and a simplicially
factorizable map f : K — X there is a map fo € &(p,Y) and an e-homotopy h :
K x [0,1] = Y connecting f and f so that h(K x [0,1)) C X. Since Y is completely
metrizable, replacing the pseudometric p by a larger complete metric, we may assume
that p is a complete metric on Y generating its topology.

Let fo = f and g9 = £/3. We shall construct by induction a sequence (f; : K — X);>1
of simplicially factorizable maps, a sequence (g; : K — (0,1]);>1 of positive continuous
functions, and a sequence (h; : K x [0,1] — X);>1 of €;,_1-homotopies satisfying
e hi11(2,0) = fi(2) and hijr1(2,1) = fix1(2) for every z € K;;

o pA fiy1: K — M x X is a g-map;
o cip1 <¢&i/2;
e for each map g € B,(fi+1,3¢i+1) the diagonal product p A g is a —-map.

i+l
Suppose for some i we have already constructed simplicially factorizable functions
fi,.-., fi, positive functions €1,...,&;, and homotopies hq,...,h; satisfying the above

conditions. By Lemma there exists a simplicially factorizable map f; 11 : K — X ¢;-
homotopic to f; such that pA fi11: K - M x X isa Z.J%l—map. Let hjpq : K x[0,1] = X
be an e;-homotopy connecting the maps f; and f;;1. According to Lemma the set
O(fir1) ={g € C(K,X) : p/Agis a 77-map} is open in C(K, X). Consequently, there
is a positive function €,41 < €;/2 such that B,(fit1,3€i+1) C O(fi+1). This completes
the inductive step.

It follows from the construction that (f;);>1 converges uniformly to some continuous
function foo : K — Y. Obviously, p(foo, fi) < Z;‘;l gj < 2g; for every i. Hence, by
the choice of the sequences (g;) and (fi), p A foo : K =& M x Y is a 1/i-map for every
1> 1. So, p A f is injective. Moreover, the €;_;-homotopies h; lead to an e-homotopy

h: K x[0,1 - X,
h(zt) = hi(z,2i(t— 14 2LL,l)) ifte[l— 2%1,1 — %] for some ¢ > 1,
’ foo(2) ith=1,
connecting f and f,, and having the property h(K x [0,1)) C X.

29. Proof of Proposition

The aim of this section is to prove Proposition This proposition asserts that a Ty-
chonoff space X has the m-DD{"*}_property if and only if X € a-DD1*<} for all a < m+1,
b <n+1and ¢ < k+1. This is trivial if all three numbers m, n, k are finite. The “only if”
part of this assertion is also trivial. To prove the “if” part, assume that a space X has the
a-DD{-<}_property for all a < m+1,b < n+1and ¢ < k+1, and fix maps f : I xI" — X
g: 1™ xI¥ — X and an open cover U of X. By Lemma there is a continuous pseu-
dometric p on X such that diam B,(z,1) <U for any z € f(I™ x I") U g(I"™ x I¥).
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For any integers i < j + 1 we identify the i-dimensional cube I with the subset
I* x {0}/ of the j-dimensional cube I/ and denote by prg : IV — I’ the natural projection
of I7 onto I’.

Fix any continuous metric d in I x I having convex balls with respect to the natural
convex structure of I x I" C R™ x R™ and find § > 0 such that p(f(z), f(y)) < 1/2 for
any x,y € I™ x I" with d(z,y) < 4.

If a<m+1and b <n+ 1, we also consider the product map

proy* 1™ < I" = 1° < I, (x,y) = (pry(z), pri) (y)),
which tends to the identity map of I x I" in C(I"™ x I",I™ x I") as a — m and b — n
(recall that 1% x I® is a subset of I"™ x I"*). Using this convergence, we find ag < m+1 and
b < n+1 such that dist(z, pr, ;" (z)) < ¢ for any x € I x I" and any a € [ag,m + 1).
Since pr);™ is homotopic to the identity of I x I", the choice of § implies that fopr],"
is 1/2-homotopic to f (with respect to the pseudometric p on X) for any a € [ag, m+1).

By analogy, we find a € [ag,m+1) and ¢ < k+ 1 such that gopr™* is 1/2-homotopic
to g, where pr™* = pr™ x pr¥ : I™ x I¥ — I x I° is the projection corresponding to a
and c.

Since X has the a-DD{“-property, there exist maps f' : I* x I’ — X and ¢ :
¢ x I¢ — X such that f’ and ¢’ are 1/2-homotopic to f|I* x I” and g|I® x I¢, respectively,
and f'({z} xI*)Ng'({z} x1¢) = { for all z € I*. Then f = f opr™® and § = ¢’ opr”* are
1-homotopic to f, g, respectively. It remains to prove that f({z} x ") Ng({z} xT¥) =0
for all z € I™. Assuming that this is not the case, we find z € I" and y € I* such that
f(z,x) = §(2,y). Let 2/ = pr’™(z), 2’ = prj(z), and y' = pr¥(y). Then

mk

f/(zlvxl) = f/ opr(%"(z,a:) = f(Z,J}) = §<Zay) = g/ O Prye (Zvy) = g/(zlay/)a

which contradicts the choice of the maps f’,¢’.

30. Local nature of the m-DD{"*}-property

The aim of this section is to prove Proposition on the local nature of the m-DD{"*}-
property. According to Michael’s theorem on local properties [52] this will be done as
soon as we check the following three conditions:

(1) Any open subspace of a space with the m-DD{™#} _property has this property.

(2) A space has the m-DD{™#} _property provided it is a discrete topological sum of
spaces with the m-DD{"*}

(3) A paracompact submetrizable space has the m-DD{™#}_property if it is the union of
two open subspaces with the m-DD{™+},

The first two conditions trivially hold. So, it remains to check the last one.

Assume that a paracompact submetrizable space X is the union X = Xy U X; of
two open subspaces Xo, X; C X with the m-DD{"*}-property. To check the m-DD{"*}-
property of X, fix an open cover U of X and two maps f : I™ xI" — X, g : I™ xI¥F — X.

Choose two open sets Wy, Wi C X such that X = Wy UW; and W; ¢ W; C X; for
i € {0,1}. Using Lemma we can find a continuous metric p on X such that
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o dist(X \ Wy, X \ Wq) > 1;
e B,(W;,1)C X, for i € {0,1};
e cach set of diameter < 1 in (X, p) lies in some U € U.
Let T,,, T}, be triangulations of the cubes I"™ x I and I"™ x I¥, respectively, such that
diam, f(o,) < 1/2 and diam, g(ox) < 1/2 for all ¢,, € T}, and oy, € T.
For every i € {0,1} consider the sets

N; = U{Jn €T, : flon)NW,; #£0}, K, = U{Uk €Ty : glog) NW; # 0}

It is clear that NO U N1 =1 x Hn, KO U Kl = 1" x ]Ik, and f(Nl) U g(Kl) C Xi for
i € {0,1}. Moreover, N; and Kj, i € {0, 1}, are polyhedra.

Since X possesses the m—ﬁ){"’k}—property, we can apply Theorem to find two
maps fo : No = Xo, go : Ko — Xp such that fy is 1/4-homotopic to f|No, go is 1/4-
homotopic to g| Ky and fo(z,x) # go(z,y) for any (z,x) € Ny, (z,y) € Ko. Take a positive
number ¢ < 1/4 such that

36 < min{dist(fo(z,x),90(z,v)) : (z,2) € No, (2,y) € Ko}.
Next, using the Borsuk homotopy extension lemma [18.3] we extend the maps fy, gg to
maps fo: I™ xI" — X and g : I x I¥ — X such that f is 1/4-homotopic to f and go
is 1/4-homotopic to g.

We claim that fo(N1) U go(K1) C Xi. Indeed, given any point € N; we can find a
simplex o, € T}, containing = such that f(o,) intersects W,. Take a point z € o, with
f(2) € W1. Then dist(fo(x), f(2)) < dist(fo(x), f(x)) + dist(f(z), f(2)) < dist(fo, f) +
diam f(0y,) < 1/4+1/2 < 1. Consequently, fo(x) lies in the 1-neighborhood of W;. Since
W1 C Xy, fo(z) € Xy. Thus, fo(N1) C X;. By analogy, go(K;) C X;.

Now, applying Theorem to the space X; and the maps fy|N; and go|K1, we find
fi: N1 — X1, g1 : Ky — X1 such that f; is 6-homotopic to fo|N1, g1 is J-homotopic to
Jo| K1 and f1(z,2) # g1(z,y) for any (z,2) € Ny and (z,y) € K;. Using again the Borsuk
homotopy extension lemma, we extend fi,¢1 to f/:I"™ xI" = X and ¢/ : I™ x IF — X
such that f’ is é-homotopic to fy and ¢’ is d-homotopic to go.

Then [’ is (6 + 1/4)-homotopic to f and ¢’ is (6 + 1/4)-homotopic to g. The choice of
the metric for X ensures that the map f’ is U-homotopic to f while ¢’ is U-homotopic
to g. It remains to check that f'(z,x) # ¢'(z,y) for all (z,y,z) € I" x IF x I™. To this
end, we consider all possible cases for (z,z) and (z,y).

1. If (z,2) € Ny, (2,y) € K1, then f'(z,2) = f1(2,2) # g1(2,9) = ¢'(2,y) according
to the construction of the maps f1,¢;.

2.1f (z,z) € Ny, (2,y) € Ko, then

dist(f'(z,7), 9 (z,)) > dist(fo(z,2), Go(z,y)) — dist(fo, f') — dist(go, g’) > 36 — 25 > 0.
3. If (z,x) ¢ Ny and (z,y) ¢ Ko, then f(z,z) € X \ Wy and g(z,y) € X \ Wp. Thus,
dist(f/ (2, 2), ¢ (2,2)) > dist(f(2,2), (=) — dist(f", f) — dist(g', g)
> dist(X \ Wi, X \ Wp) —dist(f', f) — dist(¢', g)
>1-2(6+1/4) >0.
4. The case (z,x) ¢ No and (z,y) ¢ K; is analogous to the third one.
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31. Proof of Theorem 5.7

The “if” part follows from the definition of the M-MAP"-property. To prove the “only
if” part, take any finite or infinite numbers m and k£ < n, and assume that X is a Polish
ANE[m + n + 1]-space possessing the m-DD{"*}_property. Given a separable simplicial
complex M with dim M < m we should construct disjoint o-compact subsets E, F' C
M x X such that E has M-MAP™ and F has M-MAP*.

Fix any complete metric p generating the topology of X and consider the open cover
W = {B,(x,t/18) x (2t/3,4t/3) : (z,t) € X x (0,1]}

of the product X x (0, 1]. Since X x (0,1] is a metrizable (Lefschetz) ANE[m + n]-space,
there is a cover Wy of X x (0, 1] such that each partial Wy-realization f : L(®) — X x (0, 1]
of an at most (m + n)-dimensional simplicial complex L extends to a full W-realization
f:L— X x(0,1] of L. Let W; be an open cover of X x (0, 1] with St(W;) < W).

Let @ denote the set of rational numbers on (0,1] and let Qp = {x € M : x(UM) C
{0} U@} be the canonical countable dense subset in the complex M (recall that we iden-
tify the abstract complex M with its geometrical realization |M|). Fix also any countable
dense set Qx in X. Let J = (0, 1] and denote by pr,;, pry, pry, pry; the natural projec-
tions of M x X x (0,1] onto M, X, (0,1], and X x (0, 1], respectively.

Consider the abstract simplicial complex L of dimension m + n consisting of all at
most (m+n+1)-element finite subsets 0 C Qar x Qx X @ such that pry (o) < Wy and
pry; (o) C 7 for some simplex 7 € M. The geometric realization of the abstract simplicial
complex L will be denoted by the same letter L.

Define a function U(®) : L) — M x X x (0, 1] assigning to each singleton {(y,z,t)} €
L) the point (y,z,t) € Qum x Qx x Q. This map can be represented as ¥ =
(W w0 v where ;L —» M, 9P L - X and ¥\ L — (0,1] are the
coordinate maps of (%), Extend the maps \IJS&) and \I/J(IO) to PL-maps Wy, : L — M and
Uy : L — (0,1] by linearity (which means that the maps ¥, and Uy are affine on each
geometric simplex of L).

Next, we extend the partial realization \I/g?) to a full realization ¥y : L — X of L
such that

(1) diam, ¥x(0) < $ min Wy(o) for every simplex o of L.

This can be done as follows: According to the definition of the complex L, the function
Pryyy o WO L0 — X % (0,1] is a partial Wy-realization of L. So, it can be extended
to a full W-realization ¥ : L — X x (0,1] of L. Let ¥x : L — X and ¥ : L — (0,1]
be the coordinate functions of ¥. We claim that the map ¥y = U x satisfies (1). Indeed,
for every geometric simplex o of L, we can find W € W containing ¥ (o). The element
W is of the form W = B,(z,t/18) x (2t/3,4t/3) for some (z,t) € X x (0,1]. Then
Ux (o) =Ux (o) C By(z,t/18) and hence

diam, Ux (o) < l%t < %minﬁj(o(o)) = %min Uy(o0) = %min V(o).
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Next, we consider the subcomplexes N and K of L defined by
N={c€eL:dimo—dim(¥y(c)) <n}, K={c€L:dimo—dim(¥, (o)) <k}.

Let py : N — M and pg : K — M be the restrictions of the PL-map ¥,; the subcom-
plexes N and K. It is clear that dim(py) < n and dim(pg) < k.

For any two simplexes o € N and 7 € K consider the open subset
Do ={(f,9) € C(N,X) x C(K,X) : (px & f)(0) N (px & g)(7) = 0}
of C(N, X)xC(K, X). By Theorem|[5.3] this set is dense in C(N, X)x C(K, X). The space
C(N, X)x C(K, X), being homeomorphic to C(NUK, X), is a Baire space. Here, NUK
is the disjoint topological sum of N and K. Since the complexes N, K are countable, the

intersection D = [, <y ,e i Do,r is dense in C(N, X) x C(K, X). Consequently, there are
functions ¥ : N — X and ¢ : K — X such that

(2) (’l/)Na’l/)K) € D7
(3) p(Un(z), Ux(z)) < §¥s(z) forall x € N,
(4) p(Vr (), Ux(x)) < §¥y(x) forall x € K.

Finally, let E = (pn A ¢Yn)(N) and F = (pg A ¥k )(K). Note that E, F are disjoint
o-compact subsets of M x X. It remains to check that E has the M-MAP"-property
in M x X and F has M-MAP*-property in M x X. We shall only prove that E has
M-MAP"; the M-MAP*-property of F can be established similarly.

To prove the M-MAP"-property of the set E, take any at most n-dimensional map
p: A — M of a finite-dimensional metrizable compactum A, a closed subset B C A,
amap f: A — X, and an open cover U of X. We need to find a map g: A — X,
U-homotopic to f, such that g|B = f|B and (p A §)(A\ B) C E. The image p(A),
being a compact subset of M, lies in some compact subcomplex M’ of M. Observe
that dim A < dim(p) + dim(M’) < n+ m. Since X is an ANE[m + n + 1]-space, there
exists € < 1 such that a map f' : A — X is U-homotopic to f provided f’ is e-near

to f.

CLAIM. There is a map € : A — [0,¢] such that £~1(0) = B and the diagonal map
pAE: A— M x|0,¢] restricted to A\ B is (n' — 1)-dimensional, where n’ = dim(p) < n.

Indeed, take any map & : A — [0,e] with 5’1(0) = B and put & = §~|(A \ B).
Since the restriction p’ = p|(A \ B) is a o-perfect n’-dimensional map, we may apply
Lemma [19.3] to conclude that the function space C(A\ B, [0,¢]) contains a dense subset
of maps € : A\ B — [0,¢] such that p’ A £ is (n’ — 1)-dimensional. Consequently, there is
amap & : A\ B — [0,¢] such that p’ A : A\ B — M x Iis (n’ — 1)-dimensional and
£(a) — €(a)| < %g’(a) for all a € A\ B. Then (A \ B) C (0,¢] and £ can be extended
to a continuous map from A to [0,¢] (which is denoted again by &) with £(B) = {0}.
Obviously, £71((0,¢]) = A\ B. Hence, £|(A \ B) is a perfect map.

Being a metrizable ANE[m +n]-space, X is a Lefschetz ANE[m +n]-space (see Propo-
sition [3.4). So, by Lemma there exists an open cover V of A\ B with the following
property: for any V-map « : A\ B — P into a paracompact space P with dim P < m+n
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there is a map v : O(a(A \ B)) — X defined on a neighborhood of the closure of a(A\ B)
in P such that p(yoa, f|A\ B) < £/6.

Because ¢|(A\ B) is a perfect map, so is pAE|(A\B) : A\ B — M’ x (0, 1]. Moreover,
(p AE)|(A\ B) is an (n’ — 1)-dimensional map. Consequently, we can apply Lemma [25.3]
(for the map (p A &)|(A\ B) and the identity map on M’ x (0,1]) to find a V-map
a: A\ B — S to a simplicial complex S and a perfect (n’ — 1)-dimensional rational
PL-map p: S — M’ x (0,1] such that poa =p A . Then

dim S < dim(M’ x (0,1]) + dim(p) <m+1+ (' = 1) <m+n.

Represent p as p = ¢ A ¢ for two rational PL-maps ¢ : S — M and ¢ : K — (0,1].

The choice of V guarantees that there is a map v : O(a(A\ B)) — X defined on a
neighborhood of the closure of a(A\ B) in S such that

() p(yoa, flA\ B) <£/6.
Replacing S by a polyhedral neighborhood of a(A\ B) with respect to a suitable rational

subdivision of S, we can assume that S = O(a(A \ B)). Thus, v is defined on the whole
space S. Moreover, taking a finer rational subdivision of S, we may also assume that for
any simplex o € S we have

(6) (v A ) (o) < Wh.

Since Wi < W, the condition (6) implies that (y A 0)(0) C B,(x,t/18) x (2t/3,4t/3).
Hence,

(7 diam, y(0) < 2t/18 < mind(0) and max (o) < 2mind(o).

Consider the map @ : §0 — L) assigning to each vertex v € S the triple
(q(v), x4,0(v)) € Qum X Qx X Q (recall that ¢ is a rational PL-map, so 6(v) € Q), where
a point z, € Qx is chosen so that

(8) {(20,0(v)), (v(v), 6(v))} < Wi

Taking into account that WW; < W and repeating the preceding argument we can check
that

(9) p(v,7(v)) < 6(v)/6.

We claim that (9 extends to a simplicial map 8 : S — L. To prove this claim, it
suffices to check that 3(9(c(?)) is a simplex of L for any o € S. Since py(3©) (@) =
q(0) lies in some simplex of M, we need only show that pry,; (8 (¢(?)) lies in some
element of the cover Wj. This follows from (6), (8) and St(W;) < Wy. Thus, 3(9) extends
to a simplicial map 8 : S — L. Since both ¢ A § and (Vs A ¥y) o 8 are PL-maps whose
restrictions on S coincide, they are identical. Hence,

(10) UyopB(b) =6(b) and Wy o0pB(b) =q(b) forallbeS.
Recall that ¢ A § is (n’ — 1)-dimensional, so ¢ : S — M is n’-dimensional. This,

according to the definition of the complex N, implies that 8(S) C N. Hence, we obtain
the following diagram which is commutative except for the arrows going to X:
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Consider the map g = ¥y ofoa: A\ B — X. It is easily seen that (10) and the
equality p|[(A\ B) = go «a imply (p A g)(A\ B) C (py A ¢Yn)(N) = E. It remains to
show that p(g(a), f(a)) < &(a) for each a € A\ B. Indeed, then we could extend g to a
continuous map g : A — X letting g|B = f|B. Moreover, since {(a) < ¢ for all a € A\ B,
the map g would be U-homotopic to f by the choice of €. So, the proof will be complete.

To prove that p(f(a),g(a)) < &(a) for a given a € A\ B, find a simplex ¢ € S with
b = afa) € o and fix any vertex v of o. Observe that ¥y o 5(b) = £(a). Taking into
account (5), (1), (3), (7), (10), we obtain

p(f(a),g(a)) = p(f(a), ¥n o B(b)
< p(f(a),y o afa)) + p(v(b),7(v)) + p(7(v), ¥x 0 B(v))
+p(¥x 0 B(v), ¥x 0 B(b)) + p(¥x o B(b), b o B(D))
) + diamy(e) + p(y(v), 70) + 5Py 0 B(b) + 550 B(D)
a) + g mind(0) + $6(v) + 2£(a) <
a) + £ mind(o) + + max (o)
)

5&(a
&(
S&(
£(a —s—%miné(a)—l—%min(S( ) < %f( )+%5(b):§(a).

IN |/\ IA |/\

32. Proof of the multiplication formulas

In this section we shall prove the multiplication formulas from Theorem [B.1] Let X, Xy
be two metrizable spaces and pg,p; metrics generating their topologies. The metric
p((zo, 1), (xy, 2})) = max{po(xo, x1), p1(z(, 1)} on Xo x X7 will be considered.

The next lemma provides the proof of the first multiplication formula.

LEMMA 32.1. If Xy has the m-DD{™*} _property and X1 has the m-DD{"*1} _property,
then Xo x X1 has the m-DDUF} _property for k = ko + k1 + 1.

Proof. Given any £ > 0 and maps f = (fo, f1) : I™ xI" —» Xo X X1, g = (90,91) :
™ x I¥ — Xg x Xy, we need to find f/ = (f§,f]) : I xI" = Xy x X; and ¢’ =
(gb,95) : I™ x I¥ — X, x X7 such that f’ is e-homotopic to f, ¢’ is e-homotopic to g and
({2} xI")Ng' ({2} x I¥) = () for all z € T™.

Take a triangulation 7' of the cube I* so fine that, for any simplex o € T and any
points z € I, the image g({z} x o) is of diameter < £/3 (with respect to the metric p).
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Let Ky be the ky-dimensional skeleton of the triangulation 7" and K; be the dual to K
skeleton in the barycentric subdivision of T. Obviously, K; is k;j-dimensional.

Since each X;, ¢ € {0,1}, has the m-DD{"*:}_property, by Theorem combined
with the Borsuk homotopy extension lemma, there exist two maps f; : I x I" — X,
and g7 : I™ x IF — X; such that f/ is e-homotopic to fi, g/ is £/6-homotopic to g; and
fl{z} xI™) x g/ ({z} x K;) =0 for all z € I".

Since I* is a subset of the join Ky * Ki, each point € I*¥ contained in a maximal
(closed) simplex o € T can be written as x = (1 — A(z))xo + A(z)x; for some points
x; € K;No, i€ {0,1}, and a unique number A\(z) € [0,1] called the join-parameter of .

The numbers A\o(z) = A(x), A1(x) =1 — A(z) will be called the join-coordinates of x.
Note that z = A\o(z)z1 + A1 (z)z0 With z; € K; for i € {0,1}. Moreover, a point z € I¥
belongs to K; iff A\o(z) =1 for i € {0,1}.

Consider the piecewise-linear map ¢ : [0,1] — [0,1] determined by the conditions
£(0) = 0 = £(1/2) and £(1) = 1. For every ¢ € {0,1} define the piecewise-linear map
hi : IF — IF, assigning to a point = A\jzg + Mgz with join-coordinates (g, A1) the
point h;(x) = p1xo + pox1 with join-coordinates p; = £(N\;) and p1—; =1 — ;.

The crucial property of the map h; is that for any point x with X\;(z) < 1/2 its image
h;(x) belongs to K;. Moreover, the map h; is S-homotopic to the identity map with respect
to the cover S of I¥ consisting of all maximal simplexes of the triangulation 7. Observe
that, for each maximal simplex o € T, we have diam g/ (o) < 2dist(g/, g;) +diam g;(0) <
2¢/6 +¢/3 =2¢/3.

Finally, for every i € {0,1} and (z,x) € I™ x I¥, let gl(z,7) = ¢/ (2, hi(z)). Then
g, is 2e/3-homotopic to g/ because h; is S-homotopic to the identity map on I* and
diam g/ (o) < 2¢/3, 0 € S. Since g/ is €/6-homotopic to g;, the map g, is e-homotopic
to g;. So, the diagonal map ¢’ = (g}, q;) : I™ x I¥ — Xy x X is e-homotopic to g.
Moreover, by the choice of fj, f1, the diagonal map f' = (f, f1) : I x I" — Xy x X7 is
also e-homotopic to f.

It remains to show that, for any z € I™, the sets ¢/({z} x I¥) and f'({z} x I") do
not intersect. Take any point 2 € I¥ and consider its join-parameter A(z). If A(z) < 1/2,
then hg(z) € Ky which yields g)(z, ) = g (2, ho(x)) ¢ fi({y} x I™). If A(z) > 1/2, then
A1(z) =1—=A(z) < 1/2. Hence, hy(z) C K and ¢1(z,2) = ¢{(z,h1(z)) ¢ f1{y} xI1"). m

We turn now to the second multiplication formula.

LEMMA 32.2. Let m, kg, k1,n9,n1 be non-negative integers with k = kg + k1 + 1 and
n = ng + ni + 1. Assume that Xo has the m-DD{"0:%0} _property and X, has both the
m-DD{*1}_ and m-DD" ¥} _properties. Then Xy x X1 has the m-DD1™*} property.

Proof. Given any ¢ > 0 and two maps f = (fo,f1) : I™ xI" — Xy x X; and g =
(g0,91) : I x IF — Xy x X1, we have to find f/ = (f}, f1) : I™ x I" — Xy x X; and
g = (gh,g7) : ™ x I¥ — X, x X; such that f’ is e-homotopic to f, ¢’ is e-homotopic to
gand f'({z} xI")Ng'({z} x I¥) = 0 for all z € I"™.

Take triangulations 7},, T} of the cubes I", I¥ so fine that, for any simplexes o,, € T},
oy € Ty, and for any point z € I, the images f({z} x 0,,) and g({z} x o}) have diameter
< /3 (with respect to the metric p on X x X7). Let Ky be the ko-dimensional skeleton
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of the triangulation T} and K7 be the skeleton in the barycentric subdivision of T}, dual
to K. Also, let Ny be the ng-dimensional skeleton of the triangulation 7,, and N its
dual skeleton in the barycentric subdivision of T,,. Clearly, K; is ki-dimensional and Ny
is ni-dimensional.

Since Xo has the m-DD{"0:ko}_property, by Theorem |5.3[ and the Borsuk homotopy
extension lemma there exist f§ : I™ x I" — X and g§j : I™ x I¥ — X such that f{
is £/6-homotopic to fo, gi is £/6-homotopic to go and f§({z} x No) Ngf({z} x Ko) =0
for all z € T™.

Similarly, since X; has the m-DD{"*1}_property, we can find f}” : I x I" — X, and
gl : ™ x I¥ — X, such that f]" is ¢/12-homotopic to fi, g}’ is €/12-homotopic to g
and

1 = min dist(f{" ({2} x ), 64" ({=} x K0))

is strictly positive. Let o = min{e;/3,¢/12}. Using again Theorem Lemma and
the m-DD{"1"*}_property of X;, we choose f/ : I™ x I" — X; and ¢/ : I™ x IF — X
such that f{' is ego-homotopic to fi”, g{ is e2-homotopic to g{’ and fi({z} x N1) N
g ({z} x I¥) = () for any z € I™. Then f/', g} are ¢/6-homotopic to fi,g;, respectively,
and

Helgnl dist(f{'({z} x I"), g7 ({2} x K1)) > €1 — 262 > &1 > 0.

Using the join structure of 1" C Ny * N1, we represent each point € I" contained in
a maximal simplex o, € T, in the form z = (1 — v(x))zo + v(x)z1, where x; € N; N oy,
i =0,1,and v(x) € [0, 1] is the join-parameter of z. Let vo(z) = v(z) and v1(x) = 1—v(x).
Observe that a point = € I" belongs to the subcomplex N;, ¢ € {0,1} iff v;(z) = 0.

Similarly, since I* C Kj * K1, we represent each point y € I¥ which is contained
in a maximal simplex o} € Ty in the form y = (1 — k(y))yo + x(y)y1 for some points
yi € K;Nog, i = 0,1, and some number k(y) € [0,1], the join-parameter of y. Let
ko(y) = k(y) and k1 (y) = 1 — k(y). Then a point y € I*¥ belongs to the subcomplex K;,
i€{0,1}, iff k,(y) = 0.

Let £:[0,1] — [0, 1] be the piecewise-linear map determined by the conditions £(0) =
0 = £(1/2) and £(1) = 1. For every i € {0,1} consider the piecewise-linear map h? :
[ — I"™ assigning to a point * = vy1x¢ + vox; with join-coordinates (vg,r1) the point
R (z) = vixo + v{z1 with join-coordinates v, = £(v;) and v|_;, =1 — V.

The crucial property of the map Al is that hl'(z) belongs to K; for any = € I" with
v;(z) < 1/2. Moreover, h}" is S-homotopic to the identity map with respect to the cover
S of I™ consisting of all maximal simplexes of the triangulation 7T;,. Observe also that,
for each maximal simplex o € T}, we have diam f/'(¢) < 2dist(f/, fi) + diam f;(¢) <
2e/6 +¢/3 =2¢/3.

Finally, for every i € {0,1}, let f/ = f/’ o (id x ") : I x I" — X;, i.e., fl: (z,2) —
fI(z,h?(x)). Note that f/ is 2¢/3-homotopic to f/’. Since f!’ is £/6-homotopic to f;, the
map f/ is e-homotopic to f;. Then the diagonal map [’ = (f{, f1) : I™ x I" — X x X3
is e-homotopic to f.

As above, for every i € {0,1}, we consider the piecewise-linear map h¥ : T¥ — T¥,
assigning to a point y = k1Yo + Koy1 with join-coordinates (ko, 1) the point h¥(y) =
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Kiyo + Kyy1 with join-coordinates k) = {¢(x;) and w}_;, = 1 — £(x;). Put g, = g/ o
(id x hE) 1 I™ x TF — X5, gb : (2,9) = ¢/ (2,h¥(y)), and check that the diagonal map
g = (gh,97) : I™ x IF — X x X is e-homotopic to g.

It remains to show that, for any z € I"™, the sets f/({z} x I") and ¢’({z} x I¥) do not
intersect. Take any points x € I”, y € I¥ and consider their join-parameters v(z) = vy(z)
and x(y) = ko(y)-

If vo(x) < 1/2 and ko(y) < 1/2, then hi(x) € Ny and h§(y) € Ko. The definition of
71 and gf yields f§(z,) = 42, b (2)) # g (22 hE(3)) = g () because f({z} x No) N
90 ({z} x Ko) = 0. Hence, f'(z,2) # ['(z,y).

If vo(z) > 1/2, then vi(x) < 1/2 and hf(z) € Ni. So, fi(z,z) = fi'(z, h}(z)) #
gl (z, k¥ (y)) = g1 (2, y) because fi'({z} x N1) N gy ({z} x I¥) = (). Similarly, we can show
that f1(z,z) # ¢'(z,y) provided ro(y) > 1/2. m

The next lemma yields the final item of Theorem [81]

LEMMA 32.3. If a submetrizable space X has the m-DDU*} _property, then the product
14 x X has the (m — d)-DDH™d4E} _property for any d < m + 1.

Proof. By Proposition [5.2] it suffices to consider the case of finite m,n, k. To this end, we
fix an open cover U of I% x X and two maps f : I™+t" — 1% x X, g : I™*+F — 19 x X . Here,
we identify the cubes I™*" and I"** with the products ™~ x [9+" and I™~¢ x J4+F,

Write the maps f and ¢ in the form f = fi A fo, g = g1 A go for suitable maps
fi:Imtn S0 gy IR ST £y T 5 X gy TP S X

By a standard compactness argument, find an open cover U; of I¢ and an open
cover Us of X such that diam(U; x Us) < U for any Uy € Uy, Us € Us. According
to Lemma there is a continuous metric p on X (recall that X is submetrizable) such
that diam B,(z,1) < Uy for each z € fo(I™*™) U go(I™TF).

Fix any continuous metric of """ whose balls are convex and find ¢ > 0 such that the
images f2(B(z,¢)) and g2(B(z,¢)) of any e-ball have p-diameter < 1/2. By Lemma [24.1]
there is an open cover V of I such that for any V-map « : ™™™ — K into a para-
compact space K there is a map 3 : o(I"™") — I"™*" such that the composition 3o « is
e-homotopic to the identity map of I™*™,

Consider the projection prﬁfg cImHn 5 Im=d. Since dim(prﬁ*_‘fj) = d+ n, we can
apply Lemma m to find a map f] : I™*" — I¢ which is U;-homotopic to f; and such
that the diagonal product pr::f_'z A ff T 5 T4 x 14 = ™ is n-dimensional.

Fix a triangulation of I'". By Theorem (applied for the n-dimensional map pr%fgﬁ
fi o Im*t™ — I™), there is a V-map ay : I™"" — K/ into a compact polyhedron and
an n-dimensional PL-map py : Ky — I"™ such that py o ay = przfs A f1. The choice
of the cover V guarantees the existence of a map 3 : ay(I™*™) — I"™*" such that the
composition 3 o ay is e-homotopic to the identity. Since I"*™ is an AR, we may extend
the map 8 to a map Sy : Ky — I"*™. Finally, consider the map v5 = fa0 85 : Ky — X.
Since S o ay is e-homotopic to the identity on I"™*", the choice of £ implies that vfoay
is 1/2-homotopic to fa. In this way, we have constructed:

e amap f] : I"™*t" — ¢ which is ¢;-homotopic to fi;
e amap ay: ™™ — K into a compact polyhedron K;
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e an n-dimensional PL-map ps : Ky — I"™ such that pfoas = przfg A f1;
e a map s : Ky — X such that v, o ay is 1/2-homotopic to fp with respect to the
pseudometric p.

m—+k

m—d

: Im+k 5 Tm=4 and the maps g1, g2
f1 and fs, respectively, we can construct:

Similarly, considering the projection pr
instead of pr:Z'_*'g,
e amap g) : I™* — 19 which is U;-homotopic to gi;

e a map oy : [tk K, into a compact polyhedron K;
e a k-dimensional PL-map py : K, — I'" such that p, o ag = przfz A gi;
e amap v, : K, = X such that v, o oy is 1/2-homotopic to go with respect to p.

Replacing the triangulations of the polyhedra Ky, K, and I"* with suitable subdi-
visions, we may assume that the maps py and p, are simplicial. Hence, we can apply
Theorem (recall that X has the m-DD{™*}-property) to find two maps v Kp— X,
Yy + Ky — X such that 7} is 1/2-homotopic to v, 74 is 1/2-homotopic to v, and
7}(]);1(2)) NPy (2)) = 0 for all z € T™. Consider the compositions f; = 7} o af
and g5 = 7, © ag. Since 7} is 1/2-homotopic to vy and ¢ o ay is 1/2-homotopic to fz,
f% is 1-homotopic to fo. Similarly, ¢4 is 1-homotopic to go. Then, by the choice of the
pseudometric p, f4 is Us-homotopic to f2 and g4 is Us-homotopic to gs.

Finally, consider the maps f' = f{ A f5 : I™" — 19 x X and ¢ = ¢} A g} :
Itk — 17 x X. Observe that f’ is U-homotopic to f and ¢’ is U-homotopic to g¢.
To prove that I¢ x X has the (m — d)-DD{¢+™4+*} property, we need to show that
({2} x4y N g/ ({2} x 147%) = () for any 2z € I~ 4.

Assuming that this is not the case, we find two points € I9t", y € [9F with
f'(z,2) = ¢'(z,y) for some z € I™~%. So, fi(z,z) = ¢}(2,y) and fi(z,2) = g4(z,y). Let
¥ =ayp(z,x) € Ky and y = ay4(z,y) € K4. Since

(Pt & f)(z,2) = (2, fi(2,2)) = (2,91(2,9) = (Prtg A g1)(2,9)
we have
pr(a') = (proag)(z,z) = (prp TG A fi)(2,2)
= (P25 2 g1)(2y) = (pg 0 ag)(y, 2) = py(y).
The last equality and the choice of the maps 7}, v, imply that v (z’) # 7, (y’). Therefore,
folz,m) = (Vpoap)(z,2) =73 (") v, (y) = (7, 0 ag)(z,x) = g(2,9),

which contradicts f}(z,2) = g4(z,y). m

33. Proof of base enlargement formulas

This section is devoted to the proof of Theorem The first item of this theorem follows
from the next lemma.

LEMMA 33.1. Let n, k,mg, my1 be non-negative integer numbers and m = mg + mq + 1.
A metrizable space X has the property m-DDI™F} provided X € 0-DD{ntmoktmi} X ¢
mo-DD{mk+1+mi} gng X €y DD+l +mo.k}
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Proof. Let p be a metric generating the topology of X. Given any ¢ > 0 and maps
f:ImxI" - X, g:I™xI¥ - X we are going to construct two other maps f’ :
I™ xI" = X, ¢’ : I™ x I¥ — X such that f’ is e-homotopic to f, ¢’ is e-homotopic to
gand f'({z} xI")Ng'({z} x IF) = @ for all z € I"™. These maps will be constructed in
four steps using the join structure of I™.

Select a triangulation T" of the cube I so fine that, for any simplex ¢ € T' and points
r €I, y €T the sets f(o x {z}) and g(o x {y}) have diameter < £/3. Let M be the
mo-dimensional skeleton of the triangulation T and M; be the dual (m;-dimensional)
skeleton of the barycentric subdivision of T'. Since I is a subset of the join My x My,
each point z € I"™ lying in a maximal simplex ¢ € T can be represented in the form
z = (1 — p(2))z0 + pu(z)z for some points z; € M; No, i € {0,1}, where u(z) € [0,1] is
the join-parameter of z. If z ¢ Mj, then the point zg is uniquely determined and will be
denoted by pry(z); if z ¢ My, then the point z; is unique and will be denoted by pr; (2).
Thus, each point z € I™ \ (Mo U M) can be written as z = (1 — u(2))pry(2) + p(2)pry (2).
For a point z € I™ let po(z) = pu(z) and py(z) =1 — po(2).

Since X has the 0-DD{motmmi+k}_property, by Theorem and Lemma m there
exist maps f1 : I™ x I" — X and g; : I™ x IF — X such that

f1 is €/18-homotopic to f, ¢1 is €/18-homotopic to g (33.1)

and fl(MO X Hn) n gl(Ml X ]Ik) = @
The continuity of f1,¢; implies the existence of closed neighborhoods O(My) and
O(M) of the subcomplexes My and M; in I"™, respectively, such that

e1 = dist(f1(O(Mp) x I™), g1 (O(M;) x IT¥)) > 0.

Put g2 = min{e;/5,¢/18} and find a positive 6 < 1/2 such that each point z € I"™ with
join-parameter p(z) < d (resp., u(z) > 1 —40) belongs to the neighborhood O(My) (resp.,
O(My)).

Consider the cone Cone(M;) = My x[0,1—0]/(M; x{0}) over M; and observe that the
subspace M<1_s = {z € I : p(2) <1 — 6} C I"™ is homeomorphic to the product My x
Cone(M;) via the homeomorphism z — (2, (21, (2))~), where (z1, pu(2))~ € Cone(My)
stands for the equivalence class of the pair (z1, p(z)). This homeomorphism maps the set
M<i_sN prgl(zo) onto the fiber {zp} x Cone(M;) for each zy € M.

Now, since X has the mo-DD{™F+1+m1} property, by Theorem there exist two
maps fg My xI" = X and go : M<i_s X I* — X such that
° fg is ea-homotopic to f1|My x I™;
® §o is eg-homotopic to g1|(M<1—5 % %),

o fo({z} xI")N G2 ((M<1—s Nprg '(2)) x I¥) = 0 for each 2 € M.
By the Borsuk homotopy extension lemma, the maps fg, gs can be extended to maps
fo:I™ xI™ - X and go : I™ x IF — X such that
f2 is eo-homotopic to fi and go is eo-homotopic to ¢;. (33.2)
Then
s = min dist(£o({2) X 1), 92(Mar s 15 () % 1)) > 0

and let ¢4 = min{e3/3,¢e2}.
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Consider the subspace M>s = {z € I : u(z) > §} and note that it is naturally hom-
eomorphic to the product M; x Cone(Mpy). Since X has the mq-DDknt14+mo}_property,
we can repeat the arguments from the construction of the maps fs, g2 to find two maps
f3:I™ xI" — X, g3 : ™ x I¥ — X such that

f3 is e4-homotopic to f, g3 is e4-homotopic to go (33.3)

and f3((M>s Npry*(2)) x I") N gs({z} x I¥) = 0 for all z € M;.

Now, we estimate the distance from f3 to f; and f. Recall that ¢4 + g5 < 2e9 <
2min{e; /5,¢/18}. Taking into account the homotopical nearness from (33.1)—(33.3), we
conclude that the map f3 is (g4 + £2)-homotopic to f; and £/6-homotopic to f. Conse-
quently, for any point € I" and any simplex o of the triangulation of 1", the image
f3(o x {z}) has diameter

diam f3(0 x {2}) < diam f(o x {z}) + 2dist(fs, f) < % + 2% = §€~ (33.4)
Similar estimates hold for the map gs.

Next, consider the piecewise-linear map ¢ : [0, 1] — [0, 1] determined by the conditions
£(0) = £¢(1/2) = 0 and ¢(1) = 1. Define two piecewise-linear maps hg, hy : I"™ — I"™ such
that the map h; assigns to any point z = u12¢ + poz1 € I"™ with join-coordinates (uo, p1)
the point h;(z) = plzo + oz, where p; = €(p;) and pj_, = 1 — pl. Note that each
map h; : [ — I is S-homotopic to the identity map with respect to the cover S of I™
consisting of all maximal simplexes of the triangulation 7.

Finally, define maps f’ : I™ x I" — X and ¢’ : I™ x IF — X by letting f'(z,z) =
fa(ho(2),z) for (z,2) € I™ x I" and ¢'(z,y) = g3(h1(2),y) for (z,y) € I™ x I¥. We
claim that they have the desired properties. Observe that, according to , fis 2¢/3-
homotopic to f3. Hence, f’ is e-homotopic to f because f3 is €/6-homotopic to f. The
same argument yields that ¢’ is e-homotopic to g.

It remains to check that for any z € I the sets f/({z} x I") and ¢’({z} x I¥) do not
intersect, or equivalently, that f/(z,z) # ¢'(z,y) for any z € I" and y € I¥. We consider
separately two cases.

1. u(2) = po(z) < 1/2. In this case, since ho(z) = (1 —1(1(2)))2z0 +1(p(2)) 21, we have
p(ho(2)) = l(u(2)) = 0. So, ho(z) = pro(z) = 20 € Mo and f'(z,z) = fs(z0, 7).
Next, we consider the point hy(2) = I(p1(2))z0 + (1 = l(p1(2)))z1. If p(he(2)) < 1-16,
then hy(2) € M<y_5 Npry ' (20). Thus, dist(f2(z0,2),g2(h1(2),y)) > 3. Then
dist(f'(z,2),9'(2,y)) = dist(f3(20, 2), g3(h1(2),))
> dist(f2(20, %), g2(h1(2),y)) — dist(f3, f2) — dist(g2, g3)
>e3—2e4 > ¢e3/3>0.
If u(hi(z)) > 1 =46, then hy(z) € O(My) by the choice of 4. Hence,

diSt(f/(Z,.’t),g/(Z,y)) = diSt(f3(ZOax)’g3(hl(z)7y))
> dist(f1(20,2), g1(h1(2),y)) — dist(f1, f3) — dist(g1, g3)
>e1—2(eqg+e2) >e1—4dega >e1/5>0.
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2. pu(z) > 1/2. In this case p1(z) < 1/2, s0 l(p1(2)) = 0 and hy(2) = I(p1(2))z0 +
(1 —1(1(2)))z1 = 21 € Mi. Hence, ¢'(2,y) = g3(21,9).
Consider now the point ho(z). If u(ho(2)) > 6, then ho(z) € M>s N pry*(z1). Thus,

dist(f'(z,2),4'(2,y)) = dist(f3(ho(2), ), g3(21,¥)) > 0.
If u(ho(z)) < 6, then ho(z) € O(My) by the choice of §, and hence

dist(f'(z,2), '(2,y)) = dist(fs(ho(2), ), gs(21,9))
> diSt(f1 (ho(z), 17),91 (Zl, y)) — diSt(fl, f3) — diSt(gl, gg)
>e1—2(eq4+eg) >e; —4des >61/5>0. m

The particular case of Lemma when my = m and m; = 0 provides the second
item of Theorem [B.3]

LEMMA 33.2. Let n,k,m be non-negative integers. If a metrizable space X has both the
0-DD{rtm+LEb . gnd m-DDIF+1} _properties, then it has the (m + 1)-DD{»*} _property.

The final item of Theorem [8.3] will be derived from Lemma [33.3] below.

LEMMA 33.3. If a metrizable space X has the 0-DD{"*+3}property for all i,j € w
with i +j < m+ 1, then it has the m-DD™¥} _property.

Proof. Because of Proposition [5.2] it suffices to consider the case of finite m,n,k. By
induction on m’ < m, we shall prove that the space X has the m/-DD{"t4k+i}_property
for all integers 7,j € w with m’ +7 + 7 < m + 1. Observe that our lemma follows from
the above statement with m’ = m and i = j = 0.

Let us prove this statement. For m’ = 0 it follows from our hypothesis. Assume that
for some my < m the statement has been established for all m’ < mg. We shall prove it
for m’ = myg. Take any integers i, 7 € w with mg+i+5 < m+1. According to Lemma/|33.2
the mo-DD{"*%++7} _property of X will be proved as soon as we check that X has both the
0-DD{nt+itmok+i}t_property and the (mg — 1)-DD{"+5k+i+1} property. But this follows
from the inductive hypothesis since i+mo+j < m+1and (mg—1)+i+j+1<m+1. m

34. Proof of Theorem [9.1]

The proof of Theorem [0.1]is divided into a few lemmas.

LEMMA 34.1. Let L be a metrizable space with the 0-DD%%} property. Then, for any
non-negative integer i < 1, L' has the 0-DD{!=1=% _property.

Proof. The statement is obviously true if [ = 1. Assume that, for some number [ — 1, the
power L'~ has the 0-DD%"/=2=%_property for all i < [ — 1. We are going to show that
the power L! = L x L'~ has the 0-DD{"!~1=%}_property for all i < [.

If i = 0, then L has the 0-DD{%% -property and L'~! has the 0-DD1%:/=2}_property. So,
by the first multiplication formula, L x L'~! has the 0-DD{%:0+(=2)+1}_property. Because
{0,1 —1} = {I — 1,0}, L' has the 0-DD{*!~1=% property for i € {0,1 — 1}.
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If 0 < i < I —1, then the 0-DD»!~1=#_property of the product L! = L x LI=!
follows from the second multiplication formula and the fact that L has the 0-DD{%-0}-
property and L=, according to the inductive hypothesis, has both the 0-DD{#—1i—i—1}.

and 0-DD{"/—i=2}_properties. m

LEMMA 34.2. Let d, k be non-negative integers with d > 0 and D be a metrizable space
with the 0-DD{%*} _property. Then D? has the 0-DDH(@=D(k+D=1}_pyroperty for all i < d.

Proof. The proof is by induction with respect to d. The statement is trivial for d = 1.
Assume that, for some d > 1, D! has the 0-DD{H(@=1=D(k+) -1} property for all
1<d—1.

Let us check that D? = D x D41 has the 0-DD{»(d=)(*k+1)=1}_property for all i < d.

We shall consider separately the cases i =0,1=d—1,and 0 <7< d— 1.

For i = 0, we use the inductive assumption to conclude that D? ' possesses the
0-DD{0-(d=D(E+D) =1} _property. Since D has the 0-DD{%*} -property and k+ (d—1)(k+1)
—1+4+1=d(k+1)—1, by the first multiplication formula, the product D% = D x D!
has the 0-DD{%-4(h+1D)=1}_property.

The case i = d — 1 is treated similarly. By the inductive assumption, D?! has the
0-DD14=2*}_property. Taking into account the 0-DD{%*}-property of D and applying
the first multiplication formula, we conclude that D% = D x D41 has the 0-DD{¢-1:k}_
property.

For 0 < i < d — 1, we use the inductive assumption to conclude that D?~! has
both the 0-DD{(d=1=0(k+1)=1}_ 5pq 0-DDV—1.(d=D(+1)=1}_properties. Since D has the
0-DD{%*}_property, the second multiplication formula implies that D? has the property
0-DD15(d=D(k+1)=1} (here, we use that k+((d—1—4)(k+1)—1)+1 = (d—i)(k+1)—1). m

LEMMA 34.3. Letd € N, | € w and L, D be metrizable spaces with L € 0-DD{%%} gnd
D € 0-DDO4H | Then, for any non-negative integer i < 1+ 1, the product D* x L' has
the 0-DDd—140d+H=i} _property,

Proof. The proof is by induction on I.

To start the induction, consider the case [ = 0. By Lemma (with k& = d and
i =d— 1), the power D% has the 0-DDt¢~ 14} _property. This completes the proof of the
assertion when [ = 0.

Assume that for some [ > 1 the product D¢ x L'"1 has 0-DD{d—1+id+(-1)~i} for
all 0 < ¢ < I. We should prove that the product D¢ x L' = (D% x L'~') x L has the
0-DDtd—1+4d+1—=i}_property for all 0 < i <[+ 1.

Let i = 0. Then applying Lemma [34.2] (with K = d 4+ [ and ¢ = d — 1), we find that
D has the 0-DD{4=1d+} _property. So does the product D x L!. This also yields the
0-DD{d~1Hid+=} _property of D x L! for i = +1 because {d—1+4(1+1),d+1—(1+1)} =
{d+1,d—1}.

Assume that 1 < i < [. Then, by the inductive hypothesis, the product D¢ x
L1 has both 0-DD{d-1+id+(=-1)=i} apq 0-DDId-1+(=1).d+U=1)=(=D} Gince L has the
0-DD{%9}_property, applying the second multiplication formula to the product D% x L} =
L x (D4 x L'=1), we conclude that D? x L! has the 0-DD{¢=1+4d+=t}_property. m

Finally, we are in a position to complete the proof of Theorem [9.1]



86 T. Banakh and V. Valov

LEMMA 34.4. Let m,n,k,d,l be non-negative integers, L be a metrizable space with the
0-DD{%% _property and D be a metrizable space with the 0-DD%41 _property. If m +
n+k < 2d+ 1, then the product D% x L' has the m-DD{™*} -property.

Proof. Suppose first that d = 0. By Lemma L' has the 0-DD»/="—1}_property
for every i < I. Let us show that L' has the 0-DD{"t%k+i}_property for all 4,5 with
i+ 7 < m. Indeed, fix i, with ¢ + j < m. Then n + 1 < [ and, by Lemma [34.1
L' € 0-DD{ntil=n=1=1} ‘Since m +n+k <1, k+j <1 —n—i— 1. The last inequality
and L! € 0-DD{n+ul=n=i=1} imply that Lt € 0-DD{"+tok+3} for all 4,5 with i + 5 < m.
Consequently, Lemma implies that L' has the m-DD{™*} -property.

If d > 1, according to Lemma it suffices to show that D% x L! has the 0-DD"*}_
property for all n,k € w with n + k < 2d + [. To this end, we fix integers n,k with
n+ k < 2d + 1 and assume that £ > n. There are two cases: n < d—1or n > d.

Suppose n < d—1. By Lemma D has the 0-DD{ (=) (d+l+1) =1} _property. This
implies that D has the 0-DD{™*}_property because k < 2d-+I—1—n < (d—n)(d+1+1)—1.
Hence, the product D¢ x L' also has the 0-DD{"*}-property for all n, k with n+k < 2d+l.

When n > d, we have n = d — 1 4+ i for some ¢ > 1. The last equality yields i < [.
Indeed, otherwise we would obtain n > d—14(I+1) = d+1. Hence, k+n > 2n > 2(d+1),
which contradicts n + k < 2d 4 [. Since i < [, we can apply Lemma to conclude
that D¢ x L' has the 0-DD{4—1+éd+l=i}_property. Finally, since k < 2d+1—1—n =
2d+1—1—(d—1+1i)=d+1—1i, D x L also has the 0-DD{™*}_property. m

35. Proof of Proposition [5.6

The first two items of Proposition [5.6] are trivial and their proofs are left to the reader.
To prove the third item, we need to show the equivalence of the following statements,
where X is a given metrizable LC'-space:

(a) X has the 0-DD{%'}-property;
(b) X has the 1-DD{%:%} _property;
(¢) X has no free arc.

The implication (a)=-(b) follows from the second base enlargement formula, while
(b)=(c) trivially follows from the fact that the interval (0, 1) fails to have the 1-DD{%:0}-
property. To prove that (c)=(a), take an open cover U of X and two maps f : I° — X,
g : I' = X. By Lemma X admits an open cover V < U such that every map
g : T — X is U-homotopic to g provided it is V-near to g. For every point z € X fix a
set V. € V containing = and its open neighborhood W, C V, such that any two points
y,z € W, can be linked by an arc in V, (recall that X being LC' is an LC’-space). By
the uniform continuity of g : I — X, there is a partition 0 =ty < t; < --- < t, =1 of
[0,1] such that for every i < n the image g([t;—1,t;]) lies in W, for some point z; € X.
The choice of the set W, guarantees the existence of an embedding g¢; : [ti—1,t:;] — Vi,
such that g.(t;—1) = g(t;—1) and ¢'(¢;) = g(¢;). The maps g, compose a single continuous
map ¢’ : [0,1] — X equal to g on each interval [t;_1,¢;]. It is easy to see that ¢’ is V-near
to g. Hence, ¢’ is U-homotopic to g.
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Let us now construct a map f' : I — X such that f’ is U-homotopic to f and
/(1% & ¢'(I'). Observe that ¢’(I) is a finite union of arcs. Since X contains no free arc,
¢'(I) is nowhere dense in X. Therefore, there exists #’ € W, \ ¢'(I), where z is the point
f(I%). Consider the constant map f’ : I — {2’} C X. The choice of the neighborhood
W, guarantees that f’ is V-homotopic to f. Moreover, f'(I°) N ¢/(I') = (. So, X has the
0-DD{% 1 property.

To prove the fourth item, assume that X is a metrizable n-dimensional LC"-space
possessing the 0-DD1%™}-property. We are going to show that X has the 0-DD{%-°}.
property. To this end, take any open cover U of X and two maps f : I — X and
g : I*° — X. By Lemma X admits an open cover U’ < U such that any two
St(U')-near maps from an n-dimensional polyhedron into X are U-homotopic.

The space X, being an n-dimensional LC"-space, is an ANR (see [41] V.7.1]). Hence,
X is a Lefschetz ANE[oo] (see Proposition [3.4), and we may apply Lemma to find
an open cover VW of X with the following property: for any W-map « : X — K into
a paracompact space K there is a map 8 : O(a(X)) — X, defined on a neighborhood
of a(X), such that the composition S oa : X — X is U'-near to the identity map.
Choose now a W-map « : X — K to an n-dimensional polyhedron K (recall that
dim X < n, so such a map « exists). The choice of the cover W guarantees the existence
of amap 5 : O(a(X)) = X with 8o «a being U'-near to the identity map. Consider the
compact set C = a o ¢g(I*°) C K and find a compact polyhedral subset N C K with
C C N C O(a(X)). Tt is clear that dim N < dim K < n. Since X has the 0-DD{0"}-
property, we may apply Theorem to find maps f' : I° = X and 8/ : N — X such
that f’ is U-homotopic to f, B is U'-homotopic to B|N and f/(I°) N B'(N) = (). Then the
composition ¢’ = f'oaog: I°° — X is U'-near to the map S oaog which is U’ -near to g.
Thus, ¢’ is St(U')-near to g and by the choice of U’, ¢’ is U-homotopic to g. Obviously,
J/(1°) & ¢’ (I°°), which completes the proof of the fourth item.

Let us prove the fifth item of Proposition The “only if” part follows from Theo-
rem with M being a single point.

To prove the “if” part, assume that A and B are disjoint dense subsets of X such that
A is relative LC™ ! in X and B is relative LC*~! in X. We also assume that k <n,soX
is LC™. Given any open cover U of X and two maps f : I" — X, g : IF — X, it suffices to
find U-homotopic maps f' : I" — A, ¢’ : I¥ — B to f and g, respectively. Since X is LC",
there exists an open cover V of X such that any two S¢())-near maps from I" to X are
U-homotopic. The set A, being relative LC™" ™! in X, is LC" ™. Then, by Proposition
A is a Lefschetz ANE[n]-space. Hence, A has an open cover Vy4 refining V such that if K 4
is a simplicial complex of dimension < n, then any partial V4-realization ho: L4 — A of
K 4 extends to a full V-realization hy: K4 — A of K4. Similarly, B has an open cover
Vp refining V such that if Kp is a simplicial complex of dimension < k, then any partial
Vp-realization hp: L — B of K can be extended to a full V-realization hg: Ky — B
of Kp. Now, we choose a triangulation T4 of I" so small that f(o) is contained in some
V, € V for all 0 € Ty. Let K4 be 1" with the triangulation T4 and take any map
ha: Kﬁf) — A which is V4-near to f|K£‘O) (this can be done because A is dense in X).
Obviously, h 4 is a partial V4-realization of K 4. Hence, by the choice of V4, hy extends
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to a full V-realization ha: K4 — A. It is easily seen that f’ = ha and f are St(V)-close.
Hence, the choice of V implies that f and f’ are U-homotopic in X. The same procedure
applied to I¥ and ¢ produces a map ¢': I¥ — B which is &/-homotopic to g.

36. Proof of Selection Theorem [6.1]

This section is devoted to the proof of Theorem for homotopical Z,-sets. Let us recall
that a closed subset A of a topological space X is a homotopical Z,-set if for any open
cover U of X and a map f : I™ — X there is a map g : I — X \ A, U-homotopic to
f- The following property of homotopical Z,,-sets can be proved by a standard inductive
argument (see [67]).

LEMMA 36.1. Let A be a homotopical Z,-set in X, and (K,L) be a pair of compact
polyhedra L C K with dimK < n. Then for any open cover U of X and any map
f: K — X with f(L)YNA = 0 there is a U-homotopy h : K x [0,1] — X such that
MK x{1})NA=0 and h(z,t) = f(z) for all (z,t) € K x {0} UL x [0,1].

Everywhere in this section, for a sequence U, . .. ,U,, of open covers of X, we denote
by N (U, ..., Uy) the simplicial complex consisting of finite subsets o C J, ., {7} X U;
such that

e [oN({i} xU;)| <1 forall i <m and
e the set Rg(0) = ({U : (i,U) € o for some i < m} is not empty.

It is convenient to consider the simplexes o € N(Uo,...,U,,) as functions with domain
dom(o) C {0,...,m}, assigning to each number i € dom(o) some element o(i) € U;.
In this case Rgn(0) = MNicdom(o) o(i). It is important to observe that the complex
N (U, . ..,Up) has dimension at most m.

As usual, for a set-valued map ® : X — Y andaset A C X we put ®(4) = J, .4 ().

Now, we are ready to prove Theorem [6.1] Let X be a paracompact C-space and
® : X —o Y be a compactly semicontinuous set-valued map into a topological space Y
assigning to each point € X a homotopical Z,,-set ®(z) in Y, where n = dim X is finite
or infinity. Assume that X is a retract of an open subset Wy D X of a locally convex
linear topological space L and fix a retraction r : Wy — X.

Given a map f : X — Y and a continuous pseudometric p on Y, we need to find a
map f': X — Y which is 1-homotopic to f and f'(x) ¢ ®(x) for all z € X.

Fix a cover W of W, by open convex subsets such that diam,(f o r(W)) < 1/2 for
all W € W. According to Lemma the space X admits a continuous pseudometric d
such that the cover {By(x,1) : © € X} of X refines W.

By induction, we shall construct for every m < n + 1, m > 0, a locally finite open
cover Uy, of X and two maps p,, : K, = Wy and hy, : Ky X [0,m + 1] = Y, where
K., = N(Uoy, - .. ,Uy,), such that the following conditions are satisfied:

(1) Pm : Km — W is a PL-map with pm|Km_1 = Pm_1;
(2) U C By(pm(m,U),1) for every vertex (m,U) of K,,;
(3) hm(x,t) = hp—1(z, min{t,m}) for (z,t) € K,—1 x [0,m + 1];
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(4) hp(2,0) = foropy,(x) for all x € K,y;
(5) hm is a (1/2 — 1/2™*2)-homotopy;
(6) hm(oc x{m+1})N®(c(m)) =0 for every simplex o € K,,, with m € dom(c).

To start the construction, for every x € X fix a path h, : [0,1] = Y with diam,, h,(I)
< 1/4, h;(0) = f(x) and h,(1) ¢ ®(z). Such a path exists because ®(x) is a homotopical
Zp-set. Since ® is compactly semicontinuous, every point z € X has a neighborhood
O, C By(z,1) such that h,(1) ¢ ®(O,). Let Uy be an open locally finite cover of X
refining {O, : * € X}. For every U € Uy fix a point z(U) with U C O,y and let
p0(0,U) = zy. Then U C O,y C Ba(x(U), 1), which completes the construction of U
and pog-

As for the map hg : Ko x [0,1] = Y, just let ho((0,U),t) = hyw(t) for (0,U) € Ko
= N(Up). Then ho((0,U),0) = hy@(0) = f(x(U)) = forope(0,U), demonstrating (4).
Moreover, because diam, h,(I) < 1/4 for all € X, hg is a 1/4-homotopy. So, (5) is also
satisfied for m = 0. On the other hand, ho((0,U),1) = hy(1) ¢ ®(Oyw) D ®(U),
demonstrating (6).

Now, assume that the covers Uy,...,U,_1 and the maps p,,_1, h,_1 have been
constructed for some m < n+ 1. For every x € X consider the subcomplex B,,(z) = {0 €
K1 : 2 € Rgq(0)} of K1, where Rg(0) = Niedom(o) o(i). This complex is finite
because the covers Uy, ...,Un,—1 are locally finite. Moreover, its geometric realization
By, (z) is a compact subset of K,,_;. Condition (6) from the inductive construction
guarantees that hy,—1(Bm(z) x {m}) N ®(z) = 0.

Consider the simplicial complex Cy,(z) = By (x) U {{z}Uoc : 0 € By (z)} whose
geometric realization Cy,(z) is a cone over By, (z) with vertex {«}. Unifying those cones
we obtain the simplicial complex K, (X) = K1 U, cx Om(2).

Let py, : K (X) — L be the PL-map determined by the following conditions:

b ﬁm‘Kmfl = Pm-1;
e pm({z}) =z (here {z} with the vertex of the cone Cy,(z)).

We claim that p,, (K, (X)) C Wy, which is equivalent to p,,(c) C Wy for every
o € K,,. This is true if o € K,;,_1 because Py, (0) = ppm_1(0). If 0 € K, \ Kpp—1, then
o € Cyp () for some x € X. Consequently, o = 7 U {x} with 7 € B,,(z). So, * € Rgn(7)
and, by (2), for any (i,U) € 7 we have x € U C Bg(pm(i,U),1) (here we use that
P (i,U) = pp_1(i,U) for all (i,U) € 7). Hence, p,(i,U) € Bg(z,1) and p,(7?) C
By(z,1) € W, for some convex set W, € W. Since p,,,({x}) = =, pm(c®) € W,. Then
P (0) C conv (P () € W, € Wy. So, py, is a map from K,,(X) into Wp.

Since py, coincides with p,,—; on K,,_1, condition (4) implies that h,,_1(z,0) =
foropm_1(z) = foropny(z) for all z € K,,_1. Applying the Borsuk extension lemma
to each pair (Cy,(z), Crn(x) N Kp_1), we extend the (1/2 — 1/2™+1)-homotopy hy,_1 :
K1 x [0,m] = Y toa (1/2 — 1/2™")-homotopy h' : K,,(X) x [0,m] — Y such that
h(z,0) = foropny(z) for all z € K, (X).

Condition (6) yields A/ ((Cr(2) N K1) X {m}) N ®(z) = @ for any = € X. Therefore,
since each ®(z) is a homotopical Z,-set in Y and K,,(X) is a simplicial complex of
dimension < m < n, we can apply Lemma to any pair (Cp,(x), Cp(z) N Kp—1) to
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obtain a (1/2 — 1/2™%2)-homotopy h : K,,(X) x [0,m + 1] = Y such that:

e h extends h';
(z,t) = W(z,m) = hyp—1(z,m) for all (z,t) € K,,—1 X [m,m + 1];
(C(z) x {m+1}) Nd(x) = 0.

For every z € X, the compact semicontinuity of ® yields a neighborhood V, C X of
x with h(Cy(z) x {m 4+ 1}) N ®(V,) = 0. We can take V, so small that V, C By(z,1)
and V, NRg~(7) = 0 for any simplex 7 € K,,,_; with = ¢ Rg(7) (at this point we use
the local finiteness of the covers Uy, ... Upm—1).

Let U,,, be a locally finite open cover of X refining the cover {V,, : x € X}. For every
U € Uy, pick a point z(U) € X with U C V) and consider the map e : K9

o h
o h

K, (X)© which is identity on K,(,?)_l and assigns to each new vertex (m,U) € {m} x Uy,
of K, the vertex x(U) of K,,(X). Let us verify that the image e(o) of any simplex
o € K, is a simplex in K,,(X). This is obviously true if 0 € K, 1. lf 0 € K,;, \ Kp—1,
then o = 7U {(m,U)}, where 7 is a simplex from K,,_; and U € U,y,. If suffices to show
that 7U {x(U)} forms a simplex in K,,(X) because in that case e(c) = 7| J{z(U)}. This
is equivalent to x(U) € (\Rg(r). Assuming x(U) ¢ (N Rg(r), we have ) # Rgn(0) =
U NRg,(7) C V) NRgn(T) =0, a contradiction. So, e(0) € K (X).

The map e : K\ — K (X)© induces a PL-map é : K,, — K,,(X) between the
corresponding geometric realizations. Now, we can define the maps p,, : K,, — X and
Bm : Ko X [0,m~41] = Y letting pp (2) = P 0&(2) and hp, (2, 1) = h(é(2),t) for z € K,,.

Let us check that the maps p,, and h,, satisfy conditions (1)—(6). Since p,, maps
K, (X) into Wy, p,, is a map into Wy. Moreover, p.,|Km—1 = pm—1 and é|K,,_1 is
the identity. So, the first condition is satisfied. For the second one, take any vertex
(m,U) € K, and note that U C V) C Ba(z(U),1) = By(pm(m,U),1). So, (2)
holds as well. Conditions (3)—(5) follow immediately from the definition of h,, and h.
It remains to check (6). Take any simplex o € K, with m € dom(c) and observe that
(m,U) € o, where U = o(m). Let us first show that é(c) C Cy, (2(U)). This is true if o is
the single vertex (m, U) because é(o) = z(U) € Cp,(2(U)). Suppose 7 = o\ {(m,U)} # 0.
It follows from the preceding discussion (concerning the map e) that 7 € B, (x(U)). Then
the definition of € yields é(c) C C,,(«(U)). Hence, in both cases we have

B (o x {m 4+ 1}) N ®(a(m)) = h(é(c) x {m +1}) N ®(0)
C h(Cin(2(U))) x {m +1}) N@(V,w) = 0,

which witnesses (6) and completes the inductive step.
Completing the inductive construction, we let

* Kn =Uncnss Km;
e p= Um<n+1 Pm K, — Wy;

¢ h=Unens1 hm : Unenit Km x [0,m+1] =Y.

Observe that p and h are well defined because Ky,—1 C Ko, b | (Kin—1 X [0,m]) = By
and py|Km—1 = pm—1 (see (1) and (3)). Moreover, h is defined on K, x J,, where
Jn = [0,n + 1] if n is finite and J = [0, 00) if n is infinite. The vertices of the complex
K, are pairs (m,U) with U € U, and m < n + 1.
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Since X is a paracompact C-space of dimension n, according to a generalized version
of the Ostrand theorem [38, Theorem 5.2], there exists a sequence (Vi )m<n+1 of discrete

families of open sets in X such that each V,, refines U,,, and | J Vi is a locally finite

m<n+1
cover of X. The sequence (V,,) enables us to construct a partition of unity {0y : X —

[0,1] : (m,U) € K,(P)} such that

° )\Zm U) (0,1] C U for every (m,U) € K7(10);

o the family {\! ; (0,1]: (m,U) € K"} is locally finite in X;
o for every m < n+ 1 the family {A(*ni ) (0, 1] : U € Uy, } is discrete in X.

Observe that for any « € X the set o, = {(m,U) € K Xm0y (2) > 0} is a simplex
of K,,. Hence, the canonical map

N X > K, zx+— ()\(m7U) (x))(m,U)eKﬁf’)’

is well-defined.

Finally we can define the desired map [’ : X — Y. If n is finite, we let f'(x) =
h(A(z),n+1), z € X.

Suppose n is infinite. First, we show that there exists a continuous function £ : X —
[0,00) with 0, € Kj¢(,) for every 2 € X, where [{(x)] stands for the integer part of the

real number £(x). To this end, for every x € X we put m(z) = max{m: x € /\(_nlb U)(O, 1]}.

Since the cover {A(n}b’U) (0,1]} of X is locally finite, so is {)\(}IL’U)(O, 1]}. Hence, m(x) is a
finite integer for every & € X. Next, consider the set-valued map ¢: X —o [0, 00) defined
by ¢(z) = [m(z), ), z € X. It is easily seen that ¢ is lower semicontinuous. Hence, by
the Michael selection theorem [53], ¢ has a continuous selection £: X — [0, 00). Because
0r € Kpy(ey and §(x) > m(x) for every x € X, we have 0, € K¢(y). Now, we define
X =Y by f'(z) = h(M=),&(x) + 1).

It remains to check that the map f’ : X — Y has the desired properties, i.e, f’ is
1-homotopic to f and f'(x) ¢ ®(z) for all z € X. In order to unify both cases (n < oo and
n = oo), we consider the constant function £: X — [0, 00), £(x) = n, provided n < co.

To prove that f’ is 1-homotopic to f, consider the intermediate map fo : X — Y
defined by fo(x) = h(A(z),0). It follows from (5) that fy is 1/2-homotopic to f’. So, it
suffices to check that fj is 1/2-homotopic to f. By (4), fo(z) = h(A(x),0) = foropo(x).
We define a map H : X x [0,1] = Y by

H(z,t) = for((1 - tha +t-poA(x)).

Obviously, H(z,0) = f(z) and H(z,1) = fo(x) for all z € X. So, H is a homotopy
connecting f and fy. Let us check that H is a 1/2-homotopy. Given any « € X consider
the simplex o, = {(i,U) € KO . A@,uy(x) > 0}, which obviously contains the point A(z).
According to (2), for every (i,U) € o, we have x € U C By(p(i,U), 1). Consequently,
p(i,U) C By(x,1) for all ¢ with (i,U) € o,. Hence, p(oéo)) C Bg(z,1) C W, for some
convex set W, € W. Then po A(z) € conv(p(ag(go))) C W,. Moreover, W, contains x.
So, (1 —t)x +tpo A(z) € W, and H({z} x [0,1]) C f o r(W,). Thus, H({z} x [0,1])
has diameter < 1/2 by the choice of W. Therefore, f and fy are 1/2-homotopic, which
implies that f and f’ are 1-homotopic.
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Finally, we verify that f'(x) ¢ ®(x) for any € X. Suppose m < &(z) < m + 1 for
some m < n. Then K¢,y = K. Since o, is a simplex of Ki¢(,) and contains \(z),
AMz) € K C Kppy1. On the other hand m + 1 < £(z) + 1 < m + 2. Hence, f'(x) =
h(M(x),&(z) + 1) = hpmp1(AM(x),&(z) + 1). Then, by (3), we have A1 (A(x),&(x) +1) =
B (A(z), m+1). Now, let m, = maxdom(o,). Since K¢(,) = K, contains o,, m, < m.
Moreover, for every (i,U) € o, we have x € U. If m, < m, we choose an element U, € U,,
containing = and consider the simplex 7, = o, U {(m,U,)} from K,,. If m, = m, we
just take 7, to be o,. In both cases 7, is a simplex from K, containing A(z) such that
m € dom 7, and z € 7,(m). Then, by (6), hy (7 X {m+ 1}) N ®(7,,(m)) = . Therefore,
(@) =hm(A(x),m+1) & ®(x) for all x € X.

37. Proof of Theorem [7.1]

In this section we provide a proof of Theorem

LEMMA 37.1. A Hausdorff space X has the m-DD{%} -property if and only if the diagonal
of X2 is a homotopical Z,,-set in X2.

Proof. Assume that X has the m-DD{%%} property. To show that the diagonal Ay is
a homotopical Z,,-set in X2, fix a cover V of X? and a map (f,g) : [ — X2. By a
standard compactness argument, we can find open covers U;,Us of X such that for any
Uy € Uy, Uy € Us the product Uy x Us lies in some U € V provided Uy x Us meets the set
f(I™) x g(I™). Let U be an open cover of X refining both ¢, and Us. The m-DD{0}-
property of X yields two maps f’, ¢’ : I™ — X such that f’ ~ 7, d ~9g and f'(z) # ¢'(x)
for all z € ™. Then the diagonal product (f/,¢’) : I™ — X2 maps I"™ to X2\ Ax and is
V-homotopic to (f, g), demonstrating that Ay is a homotopical Z,,-set in X?2.

Now, assume that Ax is a homotopical Z,,-set in X?2. To show that X has the
m-DD{%%}_property, fix an open cover U of X and two maps f,g : I — X. Consider
the open cover W = {U x V : U,V € U} of X2. Since Ax is a homotopical Z,-set in X?,
there is a map (f',¢’) : I — X2\ Ax which is W-homotopic to (f,g). Then f’ ~ f,

g ~9g and f'(x) # ¢'(x) for all 2 € I, demonstrating the m-DD{%%}-property of X. m

LEMMA 37.2. An LC%-space X has the 0-DD{%"} property provided the set of its homo-
topical Z,-points is dense in X.

Proof. To prove that X has the 0-DD0"}_property, we take an open cover U of X and
two maps f : I" — X and g : I — X. Fix a set U € U containing the singleton
{z} = g(I°). Because X is LCY, there is a neighborhood V C X of z such that any point
2’ € V can be linked with z by a path lying in U. Since the set of homotopical Z,,-points
is dense in X, there exists a homotopical Z,-point 2’ € V in X. By the choice of V, the
constant map ¢’ : I — {2} is U-homotopic to g. Moreover, 2’ being a homotopical Z,-
point implies that f is #/~-homotopic to a map f’ : I" — X \ {2’}. Then f'(I")Ng'(1°) = 0,
demonstrating the 0-DD{%"}-property of X. m
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LEMMA 37.3. If a metrizable separable Baire (LC™) space X has the property 0-DD{0n}
then the set of (homotopical) Z,-points is dense and G in X.

Proof. Let p be a metric generating the topology of X. By Lemma the function
space C(I", X) is separable, and hence contains a countable dense subset {fx : k € N}.

For every m, k € N consider the set Uy, of all points = € X satisfying the following
condition: there is a map f’ : I — X \ {z} such that f’is 27™-near to fj. It is clear that
the Uy ., are open in X. The 0-DD{0"}_property of X implies that each Uj,m is dense
in X. Since X is a Baire space, the intersection U = ﬂk,meN Uj,m is a dense G5-set in X.
It is easily seen that every x € U is a Z,-point in X and each Z,,-point belongs to U.
Thus the set U of all Z,,-points is dense G in X.

If, in addition, X is an LC"-space, then Theorem [10.1}2) implies that each Z,-set is
a homotopical Z,-set. So, the set of all homotopical Z,-points in X coincides with the
set U of all Z,,-points, which completes the proof. =

LEMMA 37.4. A Tychonoff space X has the m-DD%*} _property provided each x € X is
a homotopical Z 41 -point.

Proof. Assume that each point z of X is a homotopical Z,,;-point. To check the
m-DD{%*}_property for X, fix an open cover U of X and two maps f : I — X,
g :I™ xI* - X. By Lemma there exists a continuous pseudometric p on X
such that each ball B,(z,1), x € g(I™ x I¥), is contained in some set U € U.

Consider the map ® : I'™ x I¥ — X assigning to each (z,z) € I"™ x I¥ the singleton
®(z,2) = {f(2)}. Since each ®(z,z) is a homotopical Z,,1i-set in X, we may apply
Selection Theorem to find a map ¢’ : I™ x I* — X which is 1-homotopic to g
and such that ¢'(z,z) # ®(z,2) = {f(2)} for all (z,2) € I"™ x I*. The choice of the
pseudometric p ensures that ¢’ is U-homotopic to g. Then the maps f' = f and ¢
witness the m-DD{%*}_property for X. m

LEMMA 37.5. If X has either the 0-DD{"™} -property or the n-DD{™%} property, then
each point of X is a homotopical Z,-point.

Proof. First assume that X has the O—ﬁ){"’”}-property. Given a point xg € X, an open
cover U of X and a map f : 1" — X, use the 0-DD{"™}-property of X to find two maps
fo,f1 : I" — X that are U-homotopic to f and have disjoint images. Then for some
i € {0,1} the image f;(I") does not contain z,, demonstrating that z( is a homotopical
Zn-point.

Next, assume that X has the n-DD{%"}_property. Suppose there exists 2o € X which
is not a homotopical Z,-point in X. So, we can find a map ¢g: [ — X and an open
cover U of X such that xg € ¢'(I"™) for any map ¢': I — X which is &/-homotopic to g.
Consider now the map f: I" X I" — X defined by f(z,y) = g(y), (z,y) € I" xI". Since X
has the n-DD{™%}_property, there are two maps f’: I x I — X and ¢’: I" — X which
are U-homotopic to f and g, respectively, and ¢'(z) € f'({z} x I") for every z € I". By
the choice of g and U, we have ¢'(zg) = xo for some zg € I". Hence, xg & f'({z0} x I").
On the other hand, the map h: I" — X, h(y) = f’(20,¥), is U-homotopic to g because f
and f’ are U-homotopic. Therefore, h(I"™) = f'({zo} x I") contains z¢, a contradiction. m
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LEMMA 37.6. If a Tychonoff space X has the 2-DD%9} -property, then each point of X
is a homotopical Z1-point.

Proof. Assume that some point zy € X fails to be a homotopical Z;-point. Then there
is a cover U of X and a map fy : I — X such that zy € f/(I) for any map /' : 1 — X
which is U-homotopic to fy. By Lemma [18.2] we can find a continuous pseudometric p
on X such that the family {B,(z,1) : 2 € fo(I)} refines U.

By the uniform continuity of the map fy : I — (X, p), there is a sequence 0 = tg <
t; < - - <ty =1 such that each set fo([t;i—1,t:]), ¢ < m, is of p-diameter < 1/4.

Obviously, X, being a space with the 2-DD{%% _property, also has the 0-DD{%:0}-
property. So, for every point x € X and its neighborhood U, there exists a path ~ :
[0,1] = U with 4(0) = z and (1) # x. Then, we can find a map f; : I — X such that f;
is 1/16-homotopic to fo and f1(t;) # xo for all i < m. Choose a pseudometric d > p on
X such that d(xo, f1(t;)) # 0 for all ¢ < m and choose a positive number € < 1/16 with
d(fl (ti),xo) >e,1<m.

Let pry,pry : 12 — T be the coordinate projections and f = f; opr; : 2 — X,
g = fiopr, : I = X. The 2-DD1%%} _property of X implies the existence of maps
f,g 112 — X such that f/(z) # ¢'(2) for all z € I2 and f’ and ¢’ are e-homotopic to f
and g, respectively, with respect to the pseudometric d.

For every ¢ < m consider the sets

Ay ={(z,y) € :a € [ti,t], f(z,y) =20},

By ={(z,y) €1®:y € [ti_1,ti], ¢ (x,9) = z0}.
By the choice of € and f/, ¢, A; N ({ti=1,t:} x ) =0 and B; N (I x {t;—1,¢;}) = 0 for all
i <m.So, A; C (ti—1,t;) x Land B; C I x (t;—1,t;), i < m.

Let us show that the set A; separates the sets {t;_1} xI and {¢;} x I for some ¢ < m. If
this is not the case, then for every i < m we could find a path v, : [t;—1,¢;] — [ti—1,t:] X1
such that v;(ti—1) = (ti—1,0), 7i(t:) = (t:,0) and v;([t; -1, t:;])NA; = . The maps v;, 7 < m
compose a single continuous map v : [0, 1] — [0, 1] x I such that v|[¢;_1,t;] = ;. Then, the
composition f” = f'ov:[0,1] — X is a continuous map with f”(I) C X\ {x¢}. We claim
that f” is 1-homotopic to fy. Indeed, the map  : I — I x I is homotopic to the embedding
e:1—Ix {0} CI? via the homotopy h : I x [0,1] = 12, h: (z,t) = (1 —t)y(z) + te(x).
Hence, f'oh:1x[0,1] — X is a homotopy between f” and f’ oe. Observe that, for each
x € [ti—1,t;], the set h({z} xI) C [t;—1,%;] x T and thus f' o h({z} xI) C f'([ti-1,t;] X I).
Therefore,

diam f' o h({z} x I) < diam f'([t;_1, ;] x I) < diam f([t;_1,t;] x I) + 2dist(f’, f)
= diam f1([ti—1,t;]) + 75 < diam fo([ti—1,t;]) + 2dist(f1, fo) + 5
<i+&+i=3
This means that f'oh is a 1/2-homotopy between f” and f’oe. Since f’ is 1/6-homotopic
to fiopr;, the map f” is (1/2+1/16)-homotopic to f; opr; oe = f1. On the other hand,
f1 being 1/16-homotopic to fy implies that f” is (1/2+ 1/8)-homotopic to fo. Hence, f”
is U-homotopic to fy. Finally, the choice of fy and U implies that xg € f”(I), which is
not the case.
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This contradiction shows that, for some i < m, the set A; separates the sets {t;_1} x I
and {t;} x I. For the same reason, there exists j < m such that B; separates the sets
Ix {tj—1} and I x {¢;}. It is well known from dimension theory that A; and B; must
intersect at some point (z*,y*) € [t;—1,t;] X [tj—1,t;]. Then f'(z*,y*) = xo = ¢'(z*, y*),
which contradicts the choice of f/, g’. Therefore, g is a homotopical Z;-point in X. m

38. Homological Z,-sets

In our subsequent proofs we heavily rely on the machinery of homological Z,-sets. Some-
times it will be necessary to consider homologies with an arbitrary coefficient group G.
This leads to two specifications of homological Z,,-sets, G-homological and IG-homolo-
gical Z,,-sets.

In what follows we consider singular (relative) homologies with coefficients in a non-
trivial Abelian group G called a coefficient group. If G = Z we shall write Hy(X) and
Hyp(X,Y) instead of Hy(X;G) and Hy(X,Y;G). By Hp(X) we denote the homology
groups of X, reduced in dimension zero. Below, n will stand for a non-negative integer
or infinity.

DEFINITION 38.1. A closed subset A of a topological space X is defined to be

e a G-homological Z,-set in X if for any open set U C X and any k < n + 1 the relative
homology group Hy(U,U \ 4;G) is trivial;

e a JG-homological Z,-set in X if A is a G-homological Z,-set for some coefficient
group G,

e a homological Z,-set in X if A is a Z-homological set in X (equivalently, A is a G-
homological Z,,-set in X for all coefficient groups G).

The following fact concerning homotopical and homological Z,-sets is of crucial im-
portance (see Theorem 5)): a homotopical Zs-set in an LC-space is a homotopical
Zy if and only if it is a homological Z,,-set.

The following lemma was established in [4, Proposition 3.5, Proposition 3.6, Theo-
rem 4.3 and Theorem 4.4 using the methods of R. Daverman and J. Walsh [19].

LEMMA 38.2. Let X be an arbitrary space.

(1) Any closed subset F of a G-homological Z,-set in X is a G-homological Z,-set in X.

(2) The union of any two (homotopical) G-homological Z,-sets in X is a (homotopical)
G-homological Z,-set in X.

(3) A closed set A C X is a G-homological Z,-set in X if and only if H,(U,U\ A;G) =0
for allk <n+1 and all sets U which belong to some fizved base for the topology of X.

(4) A closed trt-dimensional subset A C X is a G-homological Z,,-set in X provided each
point a € A is a G-homological Zy,1q-point in X with d = trt(A).

(5) If X is a homotopically n-dense subset of a space X, then a closed subset A C X is
a (homotopical) G-homological Zy-set in X if and only if AN X is a (homotopical)
G-homological Z,-set in X.
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Theorem reduces the study of homotopical Z,-sets to detecting homological Z,,-
sets. In the latter case there is a wide arsenal of powerful tools of algebraic topology.
Among these tools, two are the most important in our subsequent study: the universal
coefficients formula and the Kiinneth formula.

The universal coefficients formula expresses homology with an arbitrary coefficient
group via homology with coefficients in the group Z of integers. The following form of
this formula is taken from [40, 3A.4].

LEMMA 38.3 (Universal coefficients formula). For each pair (X, A) and all n > 1 there
is a natural exact sequence

0— H(X,A)®G — H,(X,4;,G) = H,_1(X,A) xG — 0.

The relative Kiinneth formula expresses relative homologies of a product pair via
relative homologies of the factors. The following form of this formula is taken from [64]
5.3.10].

LEMMA 38.4 (Relative Kiinneth formula). For open sets U C X, V. C Y in topological
spaces and a non-negative integer n the following exact sequence holds:

0= [HX,U)@HY, V)], = Hy (X xY, X xVUUXY) = [H(X,U)«H(Y,V)]_1 — 0.

Here,
[HX.U)@ HY, V)l = D Hi(X,U)® H;(Y,V),
it+j=n
HX,U)«HY,V)lao1= €D Hi(X,U)«H;(Y,V),
i+j=n—1
where G ® H and G x H stand for the tensor and torsion products of the Abelian groups
G and H, respectively.
We also need the Kiinneth formula for fields.

LEMMA 38.5 (Kiinneth formula for fields). Let A C X and B C'Y be closed subsets of the
topological spaces X and Y, and let F be a field. Then for every integer n the homology
group H, (X x Y, X x Y \ A x B;F) is isomorphic to
P Hi(X. X\ AF) ex Hy(Y.Y \ BiF),
i+j=n
where each Hy(X, X \ A;F) @p H;(Y,Y \ B;F) is the tensor product over F.

Our final lemma, proven in [4, Theorem 9.2], describes the set of all (homotopical or
G-homological) Z,,-points in LC™-spaces.

LEMMA 38.6. Let X be a metrizable separable space and G be a coefficient group.

(1) The set of Zy,-points in X is a Gs-set in X.
(2) If X is an LC"-space, then the set of homotopical (resp., G-homological) Z,-points
is a Gg-set in X.
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39. Proof of Theorem [11.1]

The items of Theorem follow from the following four lemmas.

LEMMA 39.1. If each point of an LC'-space X is a homological Z,-point, and X has the
2-DD102} property, then each point of X is a homotopical Z,-point.

Proof. By Theorem 5), the 2-DD1%2}-property of X implies that each point of X is a
homotopical Z5-point. Theorem 5) shows that each point of X, being a homological
Zn-point and a homotopical Zs-point, is a homological Z,-point in X. =

LEMMA 39.2. If a metrizable separable Baire LC"-space X has the 0-DD02} _property
and contains a dense set of homological Z, -points, then it contains a dense set of homo-
topical Zy,-points and X € 0-DD107},

Proof. For n < 2 the assertion follows from Theorem 3). So, we assume that n > 2.
By Theorem 3), the set Z5(X) of homotopical Z,-points is dense and Gs in X and
by Lemma the dense set ZZ(X) of homological Z,-points is G5 in X. Moreover,
according to Theorem 5), each point of Z5(X)NZZ%(X) is a homotopical Z,-point in
X . Since X is a Baire space, Z(X )N ZZ(X) is dense in X. Hence, X contains a dense set
of homotopical Z,-points. Finally, by Theorem (2), X has the 0-DD{%™} -property. m

LEMMA 39.3. If X has the (2n + 1)-ﬁ){070}-property, then each point of X is a homo-
logical Z,-point.

Proof. By Theorem [7.1)(1), the diagonal Ax is a homotopical (and hence homological)
Zon+1-set in X x X. Then each (z, ), being a point of the homological Zs,11-set Ay in
X x X, is a homological Zs,,+1-point in X x X. Hence, by Theorem 1), every x € X
is a homological Z,,-point in X. =

LEMMA 39.4. If X has the 2n-DD10:0} _property with n > 1, then each point of X is a
G-homological Z,-point for any group G having a divisible quotient G/Tor(G).

Proof. Let G be a non-trivial group with a divisible quotient G /Tor(G) and X be a space
possessing the 2n-DD0:0}_property. We need to prove that each z € X is a G-homological
Z,-point, i.e., the homology group Hy(U,U \ {z}; G) is trivial for every k < n and every
open neighborhood U C X of x.

The triviality of the above groups will follow from the universal coefficients formula
as soon as we prove that H;(U, U\ {z}) ® G =0and H;({U, U\ {z})*G=0foralli <n
and j < n. Since X has the (2n — 1)-DD{%% _property, according to Lemma, every
x € X is a homological Z,,_;-point in X. Hence,

0=H;(U,U\{z}) = H;(U,U\{z}) G = H;(U,U \{z}) ® G
for all j < n. So, it remains to check that H,(U,U \ {z}) ® G = 0.

By Theorem 1)7 the 2n-DD{%%} _property of X implies that the diagonal Ax is a
homotopical Z,-set in X2. Consequently, (z, z) is a homological Zs,-point in X 2. Hence,
H,(U,U\ {z}) ® H,(U,U \ {z}) = 0 by the Kiinneth formula [38.4] Since G/Tor(G) is
divisible, items (6) and (7) of Lemma imply H,(U,U\{z}) @G =0. n
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40. Proof of Theorem [11.2|

The first item of Theorem [11.2 _ follows immediately from Theorems [7.1{(5) -(5 ) and

[71)(4). The second item has been proved in Lemma
The proof of the third item is more complicated and requires some preliminary work.

LEMMA 40.1. Let p : K — M be a map between compact polyhedra, X be a metrizable
separable space with m-DD*} _property for m = dim M and k > n = dim(p), and (X, p)
be a complete metric space containing X. Then for every map f : K — X there are a
map fso : K — X and a 1-homotopy (hy) : K — X such that

(1) h’O = f7 hl = foo; ht(K) cX fOTt € [071)7
(2) the restriction foo|p~1(2) is injective and foo(p~(2)) N X is a Zy-set in X for every
ze M.

Proof. The proof follows the idea of the proof of Theorem [3.3] Since X is separable, the
function space C'(I*, X) is also separable and contains a countable dense subset D. Let
D = {g; : i € w} be an enumeration of D such that for every g € D the set {i € w : ¢g; = g}
is infinite.

Let fo = f, 0 = 1/3, and let pr : M x I* — I* stand for the natural projection.
By induction, we shall construct sequences {f; : K — X}i>1, {gi : M x I¥ — X}i>1,
a sequence {¢;};>1 of positive real numbers and a sequence {h; : K x [0,1] = X};>1 of
g;-homotopies satisfying the conditions:

(a) hity1(2,0) = fi(2) and hi+1(z,1) = fix1(z) for every z € K

(b) gi+1 and g;41 o pr are g;-homotopic;

(©) firs (7" (2)) N Gosa ({2} x T¥) = 0 for all = € M

d) pA fiyz1: K—>Mx X 1s a (1/(i+ 1))—map,

(e) 141 <e;/2and g;1; < 1 5 min ¢y dlSt(fZ( L2),q:({z} x I[k))

(f) for each map g € B (flﬂ, 3ei4+1) the diagonal product p A g is a (1/(i + 1))-map.

Assume that, for some i, we have already constructed functions fi,..., fi, g1,---, i,
positive numbers €1, . . ., €;, and homotopies hq, ..., h; satisfying the above conditions. By
Theorem (5.3} there are maps f{,; : K = X, i1 : MX]I — X which are &;/2-homotopic
to f; and g;41 o pr, respectively, and are such that f/,,(p~'(2)) N Gip1({z} x I*) = 0 for
every z € M. Pick a positive number &} < ¢;/2 such that

< S mindist (4, (07 (), giva ({2} < 1)),

Since k > n, X has the m-DD{"}-property. Then, by Lemma- there exists a map
fi+1: K — X ej-homotopic to f;, ; such that the diagonal product pA fiyq : K — M x X
isa (1/(i+1))-map. It follows from the choice of €, that f;;1 has property (c) and can be
connected with f; by an e;-homotopy h;y1 : K x [0,1] — X. According to Lemma
the set O(f;11) = {9 € C(K,X) : p/Agisa (1/(i + 1))-map} is open in C(K,X).
Consequently, there is a positive number ¢;41 < ¢} such that B,(fi+1,3gi4+1) C O(fit1)-
This completes the inductive step.

Repeating the argument from the proof of Theorem [3.3] we can show that the sequence
{fi}i>1 converges uniformly to some continuous function fo, : K — X which is 1-
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homotopic to fo via a homotopy (h;) : K — X satisfying condition (a) of our lemma
and such that f. is injective on each fiber p~1(z), z € M. The choice of the numbers ¢;
implies also that fo(p™1(2)) N gir1({z} x I¥) = for all z € M and i € N.

We claim that for every z € M the intersection X N foo(p~1(2)) is a Zg-set in X.
Indeed, given g : ¥ — X and € > 0, there exists i > 2 such that &; < /2 and p(gi+1,9) <
£/2 (such an i exists due to the choice of the enumeration of D). Then the map §;41 is
(¢/2)-near to g;11 o pr. Consequently, the map ¢’ : I¥ — X defined by ¢'(y) = gi11(z,v)
is (¢/2)-near to g;11. So, ¢’ is e-near to g. Moreover, we have ¢'(I¥) N foo (p~1(2)) =
Gir1({2} x I¥) N foo (p~1(2)) = 0, demonstrating the Zj-property of X N foo(p~1(2)). m

The following lemma yields the third item of Theorem [L1.

LEMMA 40.2. If each point of a metrizable separable LC*-space X is a homological
Zmtn+tk-point and X has the m-DD{mmax{n2Y} _yyroperty, then it has the m-DDUF}-
property.

Proof. The lemma is trivial if & < max{n,2}. So assume that k¥ > max{n,2}. Given an
open cover U and two maps f: I x I" — X and g : I"™ x I¥ — X we have to find maps
f I xI" = X and ¢’ : I™ x I¥ — X which are U-homotopic to f and g, respectively,
and such that f/({z} x I") N g'({z} x I¥) = 0 for all z € I'"™. By Lemma there is
a metric p on X such that any two 1-homotopic maps are U-homotopic. Let X be the
completion of the metric space (X, p).

By Lemma there is a 1-homotopy (h¢) : I™ x I x [0,1] — X such that

e ho=f, he(T™ x1I") C X forallt €0,1);
e the restriction hi|{z} x I" is injective and the intersection hy({z} x I") N X is a Zo-set
in X for every z € I'.

Since X € LC?, the last condition implies that h;({z} x I") N X is a homotopical
Zo-set in X for all z € I"™.

Consider the set-valued map ® : I™ x I¥ —o X assigning to each point (z,y) € I x I¥
the homotopical Zs-set ®(z,y) = X N hy({z} x I") in X. The continuity of hy implies
the compact semicontinuity of ®. Since h1|{z} x I" is an embedding, dim ®(z,y) < n
for every (z,y) € I™ x I¥. As all points of X are homological Z, . ,-points, we can
apply Lemma [38.2(4) to conclude that ®(z,y) is a homological Z,,j-set in X. Being a
homotopical Zs-set and a homological Z,,1-set, ®(z,y) is a homotopical Z,,1x-set in X
according to Theorem [10.1f(5).

Now, we can apply Selection Theorem to find a map ¢’ : I'™ x I¥ — X which is
1-homotopic to g and such that ¢'(z,y) ¢ ®(z,y) for all (z,y) € I™ x I*. So, ¢’ ({z} x I¥)
Nhi({z} x1?) = () for every z € I"™ and § = min,epn dist(g/ ({2} x I¥), hy ({2} x 1)) > 0.
Pick t < 1 so large that p(h¢, h1) < 6/2. Then the maps f' = h; and ¢’ are 1-homotopic
to f and g, respectively, and f'({z} xT")Ng'({z} x I¥) = (). Thus, X has the m-DD{"*}
property. m

Next, we prove the fourth item of Theorem

LEMMA 40.3. Suppose that X is an LC'-space with the 2-DD1%%} _property and each point
of X is a homological Z,-point. Then X has the n-DD{%} _property.
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Proof. According to Theorem (1)7 it suffices to check that the diagonal Ax is a ho-
motopical Z,-set in X2. By Theorem 5), this will be done as soon as we prove
that Ay is both a homotopical Zs-set and a homological Z,,-set in X?2. Since X has the
2-DD{%%} property, Ay is a homotopical Zs-set in X2 by Theorem 1).

So, it remains to prove that Ax is a homological Z,-set in X?2. Since each point of
X is a homological Z,,-point, Theorems [10.1{(3), [10.3} and [10.1{5) imply that each point
of X x I is a homotopical Z,1-point. Then, by Theorem (4), the space X x I has
the (n + 1)-DD{%} property. So, according to Theorem|[7.1[1), the diagonal A x g of the
square (X xI)? is a homotopical Z,, 1-set in (X xI)?. Consequently, A x 7 is a homological
Zps1-set in X2 x I2. Since ((X x )2, Ax ) is homeomorphic to (X2 x 12, Ax x Ay), the
product Ax x Ay is a homological 7, y1-set in X2 x 12

Since H;(I2,12 \ A;;G) = Ho(I? \ A;G) = G for every coefficient group G, the
diagonal Ay fails to be a 3G-homological Z;-set in X2, so we can apply Theorem 3)
to conclude that Ax is a homological Z,-set in X2. =

Our next lemma yields the first part of Theorem 5).

LEMMA 40.4. Let G be a non-trivial Abelian group. If each point of an LC°-space X is
a G-homological Z-point, then X has the DD'P.

Proof. To show that X has DD'P, fix an open cover U = {U, : x € X} and two maps
f,g : T — X. Since X is LCY, it admits an open cover V = {Vp : x € X} refining U
with the following property: any two points y, z € V, can be linked by an arc in U, for
every © € X. Now, take a partition 0 = tg < t; < --- < t, = 1 of [0, 1] such that the
family {[t;—1,%;] : 0 <i < n} refines f~1(V). Then f([t;—1,t]) lies in V,, for some point
z; € X, 0 <4 < n. The choice of the set V,, guarantees the existence of an embedding
Il [tie1, t;) = Uy, such that f{(t;—1) = f(t;—1) and f'(¢;) = f(¢;). The maps f] compose
a continuous map f’ : [0,1] — X. Obviously, f’ is U-near to f and f’(I) is a finite union
of arcs and hence dim f/(I) < 1. Since all points of X are G-homological Zs-points, we
may apply Lemma 4) to conclude that f/(I) is a G-homological Z;-set in X. So, by
Theorem 4), f'(I) is a Z1-set in X. Consequently, there exists amap ¢’ : I — X\ f/(I)
which is U-near to g. m

Lemma [10.4] yields the following non-trivial statement.

LEMMA 40.5. Let X be a metrizable LC*-space with the 0-DD{%2} _property and any point
of X is a G-homological Zs-point in X for some coefficient group G. Then X has the
2-DD1%:%} _property.

Proof. By Lemma X has the DD'P-property. Then, being an LC'-space, X has
the 0-DD{ 1} _property. So, X has both the 0-DD{%2}-property and 0-DD{"}-property.
Now, we can apply the base enlargement formula from Theorem 3) to conclude that
X has the 2-DD{%% property. m

Combining Lemma with Theorem [7.1}2), we obtain the next lemma providing a
proof of the second part of Theorem 5).
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LEMMA 40.6. Let X be a metrizable LC-space containing a dense set of homotopical
Zs-points. If for some group G each point of X is a G-homological Zs-point, then X has
the 2-DD%0} property.

41. Proof of Theorem [12.1]

The proof of Theorem is divided into two lemmas.

LEMMA 41.1. Let (X, p) be a complete metric space containing a countable family F of
homotopical Zy-sets such that each compact set K C X\ F is a homotopical Z,-set in X.
Then X has the 0-DD{™} _property.

Proof. Fix two maps f :I¥ — X and g : I" — X. We have to show that these maps are
1-homotopic to maps f':1¥ — X, ¢’ : I" — X with disjoint images.

Using that F is a countable family of homotopical Zj-sets in X, we can construct a
map f' : I¥ — X \ |JF which is 1-homotopic to f. Then f’(I¥) is a homotopical Z,,-set
in X. Consequently, g is 1-homotopic to a map ¢’ : I" — X \ f/(I¥). m

LEMMA 41.2. Let X be a separable (complete) metric LCk—space X possessing the
0-DD"™*} _property with n < k. Then there exists a countable family F of at most n-
dimensional (compact) Zy-sets in X such that each compact (closed) subset K\ |JF is a
homotopical Z,-set in X.

Proof. The separability of X implies the separability of C(I", X), so we can fix a count-
able dense subset D = {f; : i € w} in C(I", X). By Lemma 21.3] X embeds into a Polish
LCF-space X as a dense relative LC*-subset. If X is complete, then we may assume that
X = X. Let p be a complete metric on X. According to Proposition for every
i,j € w there exists a 2--homotopy (hi?)ser : I" — X such that

o hg! = fi

e h7(I") C X for all ¢ € [0,1);

e W7 1" - X is an embedding with X N h%7 (I") being a Zg-set in X.

Since h}7 are embeddings, each set Xi;=XnN R (1) is of dimension < n.

We claim that each compact subset K C X \ U” Xi,j is a Zy-set in X. Given any
map f : 1" — X and ¢ > 0, find i,j € w with p(f, f;) < /2 and 277 < ¢/2. Since
R (I")YNK = 0, there is a § € [0,1) such that 2y’ (I") N K = . Then the map f' = h%” :
I" — X is e-near to f and the image f'(I") misses K. This means that K is a Z,-set.
Since X is an LC"-space, K is a homotopical Z,,-set in X.

If X is complete, then X = X and the same argument shows that each closed subset
K C X missing U” X;,; is a homotopical Z,-set in X. u

42. Proof of Theorem [12.2]

We shall closely follow the proof of the homological characterization of the 0-DD{>-°}_
property due to Daverman and Walsh [I9]. Their technique is based on the notion of a
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Cech carrier for a homology element z € H,(U,V) where V C U are open subsets of a
metrizable LC™-space X. For such a space X every singular homology group H,(U,V),
g < n, coincides with the Cech homology group Hq(U, V). So, for any compact pair
(C,0C) C (U,V) we have an inclusion homomorphism i, : Hq(C, oC) — Hq(U, V) =
H,(U,V). If z € H,(U,V) belongs to Im(i,), then the pair (C,dC) is called a Cech
carrier for z.

The following lemma is a quantified version of Lemma 3.1 from [19] and its proof is

analogous.

LEMMA 42.1. Let X be a metrizable LC"-space and B be a base of the topology of X
which is closed under finite unions. A closed subset A of X is a homological Z, -set in X
if and only if for any open sets V-C U from B each z € Hi (U, V) with k <n has a Cech
carrier (C,0C) with C N A = 0.

We also need Lemma below which is a counterpart of [19, Lemma 3.3] and has a
similar proof.

LEMMA 42.2. Let F be a countable family of homological Z,-sets in a Polish LC™-space
X. Then for any pair (U, V) of open subsets of X any element z € H,(U,V), k < n, has
a Cech carrier (C,0C) with C C U\ JF.

With Lemmas and [42:2]in hand, we are now ready to prove Theorem [12:2] Let X
be a Polish LC™-space each of whose points is a homological Z,,1o-point and let n, k < m
be any (finite or infinite) numbers. Suppose that X has the 0-DD{*>2}-property and F is
a countable family of homological Z,,-sets in X such that each compact subset of X \ |JF
is a homological Zj-set. We have to prove that X has the 0-DD{"*}_property. There is
nothing to prove if m < 2. So, we suppose that m > 2.

It follows from Proposition m (and the 0-DD{22}-property of X) that C(I?, X)
contains a countable dense subset D consisting of embeddings such that f(I?) is a Zo-
set in X for every f € D. Since each point of X is a homological Z,,,o-point, any set
f(I?), f € D, being a 2-dimensional Zs-set in X, is a homological Z,,-set in X (see
Lemma, 4)). Hence, by Theorem 5), all f(I?), f € D, are homotopical Z,,-sets.
Thus, the countable family & = {f(I?) : f € D} consists of homotopical Z,,-sets in X.

Let B be a countable base for the topology of X, closed under finite unions. Since
X is an LC"-space, the set {(U,V,q,2) : V C U, VU € B,q < n,z € H (U, V)}
is countable and can be enumerated as {(U;, V;,q(4), %) : @ € w}. By Lemma each
2 € Hy(iy (Ui, Vi) has a Cech carrier (C;,dC;) C (Us, Vi) such that C; misses | J F and | J €.
Then every C; is both a homological Zg-set (because it misses |J F) and a Z3-set (because
it misses | J£). Since X is an LC%-space, each C; is a homotopical Zs-set in X, and hence
a homotopical Zg-set (by Theorem [10.1]5)). Thus, C = {C; : i € w} is a countable family
of homotopical Zj-sets in X.

We claim that each compact subset K C X \ |JC is a homological Z,,-set. According
to Lemma this will follow as soon as we show that, for any open pair (U, V) with
U,V € B and any z € Hy(U,V) with ¢ < n, there exists a Cech carrier (C,00) for z
such that C N K = . To this end, we choose ¢ with (U;, Vi, q(i),2;) = (U,V,q,2). Then
(C;,0C;) is a Cech carrier for z; = z with C; N K = 0.
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Now consider the family C U & consisting of homotopical Z-sets in X. Note that each
compact set K C X disjoint from (J(C U £) is a homological Z,-set in X (because K is
disjoint | JC) and a homotopical Zs-set (because K is disjoint | J£). Hence, K is a homo-
topical Z,-set in X. Finally, Theorem implies that X has the 0-DD{™*}-property.

43. Proof of Theorem [12.3]

Assume that each point of a separable metrizable LC™*{™*}_gpace X is a homological
Zn+k-point and X has the properties AP[n] and 0-DD{2min{2,n}} We have to check that
X has the 0-DD{™*}_property. Let m = max{n, k}. By Lemma X embeds as a
dense relative LC™-subset in a Polish LC™-space X. Fix a complete metric p on X.

We consider three cases depending on the value of n.

Assume that n = 0. There is nothing to prove if k& < 2. So, we assume that k > 2.
In this case the 0-DD{% 2}—proper‘cy of X yields the same property for X because X is
homotopically m-dense in X and m > k > 2. By Theorem . the set Zo(X ) of
homotopical Zs- pomts is dense in X. Since X € ZZ and X is homotoplcally k-dense in
X (see Lemma , Lemma (6) implies that X € ZZ. Applying Theorem 2),
we conclude that X has the 0- DD{O *#}_property. Then, by Proposition the space X,
being homotopically k-dense in X , has also the O-E{O’k}-property.

Next, assume that n = 1. In this case X has the 0-DD{2 } -property. If k& < 1, then
we are done. So, let m > k > 1. Then X is an LC%-space. According to Proposmon
the space X has the 0-DD{21}-property. Consequently, by Theorem X contains a
countable family F = {F : 1 € w} of at most one-dimensional closed Z2 subsets such
that each compact K C X \ F is a homotopical Z;-set in X . The homotopy 2-negligibility
of X in X implies that any intersection X N F; is a homotopical Zs-set in X. Since each
point of X is a homological Z;x-point, Lemma 4) shows that every F; N X is a
homological Zi-set in X. Therefore, the sets F; N X, being homotopical Zs-sets in X, are
homotoplcal Z-sets in X. Then, according to Lemma (6) every F; is a homotoplcal
Zj-set in X. Because each compact subset of X \ |JF is a homotopical Z;-set in X,
we can apply Theorem m to conclude that X has the 0-DD{* *}_property. Hence, by
Proposition [5.5, X also has the 0-DD{"*}_property.

Finally, consider the case n > 2. In this case X has AP[n] and 0-DD{*2?}. Fix a
countable dense set {f; : ¢ € w} in C(I", X). Using AP[n], for every i € w and j € w we
can find a map f;; : I" — X which is 277-homotopic to f; and trt f; ;(I") < n+ 1. Since
each point of X is a homological Z,,;-point, all f; ;(I") are homological Zj-sets in X
(see Lemma 4)). It is clear now that each compact set K C X missing U, ¢, fi;(I")
isa homotoplcal Z,-set in X. Hence, by Theorem [12.2 X has the 0-DD{"*}_property.

44. Proof of Theorem [13.1]

The first item of Theorem [13.1] follows from the next lemma.

LEMMA 44.1. If a Tychonoff space X with the m-DD%*} _property is locally rectifiable
at a point xg € X, then x¢ is a homotopical Z,4-point in X.
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Proof. Being locally rectifiable at z(, the space X possesses a homeomorphism H : U x X
— U x X, where U is a neighborhood of xg, such that for any point x € U there
is a homeomorphism H, : X — X with H,(z9) = = and H(z,z) = (z,H;(2)). The
homeomorphism H generates the map

H:UxUxX—>X, (2,y,2)— HyoH; (),

such that H(z,y,z) =y and H(z,z,2) = z for all (z,y,2) e U x U x X.

To show that zg is a homotopical Z,,,,-point, assume that X has the m-DD10:k}
property and fix an open cover U of X and a map f : I x I¥ — X. We have to construct
amap f': 1™ xI¥ — X \ {x} which is &-homotopic to f. To this end, consider the
constant map ¢ : I'™ — {z} and observe that the map

hgp:ImxTF = X, (2,9) = H(g(2), %0, f(2,7)),

coincides with f. By a standard argument, using the continuity of H and the compactness
of g(I™) = {x¢} and f(I"™ x I¥), we can find an open cover V of X with St(z,V) C U
and such that for any ¢/ : I"™ — X and f’ : I™ x I¥ — X that are V-near to g and f,
respectively, hgs ¢ is U-near to f = hg .

Since X has the m-DD1%*}_property, g and f can be approximated by ¢’ : I'"™ — X
and f’': ™ x I¥ — X that are V-homotopic to g and f, respectively, so that ¢’({z}) N
F'({z} x IF) = 0 for every z € I"™. Let (g¢)ter : I™ — X be a V-homotopy linking g
and ¢’ and (f;) : I™ x I¥ — X be a V-homotopy linking f and f’. Then the homotopy
(h¢) : ™ x TF — X defined by

he(z,y) = H(g:(2), w0, fi(2,y)) for (z,y) € I™ x I*

is a U-homotopy connecting hg = f with hy = hy ;. The homotopy (h;) is well-defined
because g;(I") C St(x,V) C U for all t € [0,1]. We claim that zo ¢ hy(I™ x I¥). Indeed,
if 2o = hyi(z,y) for some (z,y) € I'"™ x I*  then according to the definition of H, we
would have zg = H(g'(2), 0, f'(2,9)) = Hy, © Hg_,(lz)(f’(z, y)). Applying to this equality
the homeomorphisms H ! and then Hy () we obtain zy = H!(xo) = Hg_,(lz)(f’(z,y))
and then ¢'(z) = Hy(z)(w0) = Hy (2 0 Hg_,(lz)(f’(z,y)) = f'(z,y), which contradicts the
choice of ¢/, f’. Thus, hy : I™ x I¥ — X is U-homotopic to f and its image misses zg,

demonstrating that z( is a homotopical Z,,x-point in X. m

Combining the above lemma with Theorem [7.1(2), we obtain the second item of
Theorem [[3.1}

LEMMA 44.2. If a locally rectifiable Tychonoff space X has the m-DD{®F} -property, then
it has the i-DD\%7} properties for all i,j with i+ j < m + k.

We need an auxiliary result for the proof of Theorem [13.1)(3).
LEMMA 44.3. Let K be a compact polyhedron in a Tychonoff space X and f: K=Y be
a continuous map into a Tychonoff space Y. Assume that Y is locally rectifiable at each
point y € f(K) and satisfies one of the following conditions:
o cachy € f(K) is a homotopical Zy,-point in'Y ;
e Y is an LC'-space and each y € f(K) is a homological Z,-point in'Y .
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If X is a subset of X such that K = KN X is a homotopical Zy-set in X, then the graph
Gr(f|1K) ={(z, f(y) : . € K} of f|K is a homotopical Zjm41-set in X x Y.

Proof. First we check that K x {yo} is a homotopical Zjim,41-set in X x Y for every
Yo € f (f{ ). When yo is a homotopical Z,,-point in Y, this follows immediately from
Theorem 1). When Y is an LC'-space and yo is a homological Z,,-point, we argue
as follows. If kK = m = 0, then y(, being a homological Zy-point in Y, is a homotopical
Zo-set in Y by Theorem 3). Consequently, according to Theorem 1), K x {yo}
is a homotopical Z;-set in X xY and we are done. If k4+m > 1, then both K and {yo} are
homotopical Zy-sets (being homological Zy-sets) and one of them is a homotopical Z;-set
(K is such a set in case k > 1, and m > 1 implies that {yo} is a homotopical Z;-set in Y as
a homological Z;-point in the LC!-space Y, see Theorem 2,4)). By Theorem 1),
the product K x {yo} is a homotopical Zy-set. Taking into account that the latter set
is a homological Zj,+1-set (by Theorem [10.3|2)) and applying Theorem [10.1f(5), we
conclude that K x {yo} is a homotopical Zj ., 41-set in X x Y.

Now, we are ready to prove that Gr(f|K) is a homotopical Z4my1-set in X x Y.
By Lemma [38.2(2), it suffices to construct a closed finite cover of Gr(f|K) consisting
of homotopical Zn+m+1 sets in X x Y. The existence of such a cover will follow from
the compactness of K as soon as, for every xg € K, we construct a closed neighborhood
C C K of zq such that Gr(f|C) = Gr(f|K)NCxY is a homotopical Zy, 4, 1-set in X x Y,
where C' = C'N X. To this end, fix 2o € K and use the continuous homogeneity of Y at
yo = f(xo) to find a neighborhood U C Y of yy and a homeomorphism H : UxY — UxY
such that for every y € U there is a homeomorphism H,, : Y — Y with Hy(y) = yo and
H(y,z) = (y,Hy(z)) for all (y, ) € U x Y. By continuity of f, the point xg has a closed
nelghborhood C C K with f (C) C U. Since K is a polyhedron, we can additionally
assume that C is a compact absolute retract, so there is a retraction r : X — C. Obviously,
the range of g = rof : X — Y is contained in U. Hence, the homeomorphism h : X XY —
X XY, (2,y) = (v, Hyz)(y)), is well defined. Observe that for every x € C' we have

W, f(2)) = (2, Hy(a)(f(2))) = (2, Hp (@) (f(2))) = (2, yo)-
Therefore, h(Gr(f|C)) C C x{yo} C K x {yo}. As we already proved, the latter set is a
homotopical Zgi,+1-set in X x Y.
Since (X x Y,Gr(f|C)) and (X x Y,h(Gr(f|C))) are homeomorphic, Gr(f|C) is a
homotopical Zjmi1-set in X X Y. m

LEMMA 44.4. Let X be a Tychonoff locally rectifiable (LCl-)space with X € Zp4p
(resp., X € Zrznﬂ)). Then, for any n < k and any separable metrizable LCk—space
Y € m-DDU"*} | the product X x Y has the m-DD{F+P+1} property.

Proof. To show that X x Y has the m-DD{"**P+1}_property, fix an open cover U and
maps f = (fx, fy):ImxI" - X xY, g: ™ x [P+l & X x Y. Let p be any metric
generating the topology of Y. The compactness of I x 1" implies the existence of an ¢ > 0
such that for any fi : I™ xI" — Y e-homotopic to fy the map (fx, f{,) : I xI" - X xY
is U-homotopic to f = (fx, fv)-

Let Y be the completion of the metric space (Y,p). Since Y has the m-DD{F}-
property, Proposition yields an e-homotopy (h;) : I x I" — Y such that
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b hO = fY7
o (I xI™) CY forallt €[0,1);
o hql{z} x I" is injective and K, =Y Nhy({z} xI") is a Zy-set in Y for every z € I".

Because Y is an LCk—space, the latter intersection is a homotopical Zj-set in Y.

For every t € [0,1] consider f; = (fx,hs) : I™ xI" — X x Y and note that fo = f. We
claim that for every z € I the intersection B, = (X xY)N f1({#} xI") is a homotopical
Zitmipt+1-set in X x Y.

The subspace K, = hi({z} x I") of Y, being homeomorphic to I", is an absolute
retract. Consider the continuous function £ = fx o hl_l : f(z — X and observe that B,
is the intersection of X x Y with the graph Gr(¢). Since K, = K, NY is a homotopical
Zy-setin Y and X € Zp4pU (Z,Zn_HD NLC'), we may apply Lemmam to conclude that
B, is a homotopical Zym4pti1-set in X x Y.

Now consider the set-valued map ® : I™ x I¥tP+1 — X x Y assigning to each pair
(z,t) € I™ x TFFP*! the homotopical Zyikipr1-set B, = (X x Y) N f1({z} x I"). The
continuity of f; implies the compact semicontinuity of ®. Applying Selection Theorem|[6.1}
we can find a map ¢’ : I x I¥*P+1 5 X x Y which is 4-homotopic to ¢ and such that
g'(z,t) ¢ ®(z) for every (z,t) € I'™ x I¥*P+1 This means ¢’ ({z} x I¥TP+H1) N f1 ({2} x I*)
= () for every 2z € I". By continuity of the homotopy (h;), there is a § < 1 such that
g ({2} xTFPIO N f5 ({2} xI) = @ for every z € I, where fs = (fx, hs) : ™ xI" — X xY.
Then ¢’ and f’ = fs are the required maps demonstrating the m-DD{™#+P+1} _property
of X XY. m

45. Proof of the kth root formulas from Theorem [14.1]

In this section we establish the k-root formulas from Theorem [14.1]

LEMMA 45.1. Let X be a space whose power X* has the (nk +k — 1)—ﬁ){0’0}—pmperty.
Then

(1) the diagonal Ax is a homological Z,-set in X?;
(2) X has the n-DD{O} property provided X is an LC'-space having the 2-DD{%:0}-
property.

Proof. According to Theorem (1), the (nk + k — 1)-DD{%%} _property of X* implies
that the diagonal A y» of X* x X* is a homotopical (and hence, homological) Zx x_1-
set in X* x X*. Since (X* x X*, Axx) is homeomorphic to (X x X)¥ Ak), Ak is a
homological Z,,;4x_1-set in (X x X)¥. Applying Theorem [10.4{1), we conclude that A
is a homological Z,,-set in X x X.

Now, assuming that X is an LC'-space with the 2-DD{%% _property, we shall prove
that X has the n-DD{%%}_property. By Theorem 1)7 the diagonal A x is a homotopical
Zay-set in X2. Then Ax, being a homological Z,-set in X2, is a homotopical Z,-set in X2
(see Theorem 5)). The last conclusion, according to Theorem [7.1|(1), implies that X
has the n-DD{%%} _property. m

Now, we turn to the second item of Theorem [I4.1]
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LEMMA 45.2. Let k.,n € N and X be a metrizable separable LC™* " =1 _space with the
0-DD{%2} _property such that X* has the 0-DDO" +k=1} property. Then X has the
0-DD{%"} _property.

Proof. The lemma is trivial if n < 2 or kK = 1. So, let n > 2 and k > 1. Let us note
that, since X is an LCnkth-l -space, sO is X*. By Lemma [2 . X can be embedded
into a Polish LC"k+F~1 -space X as a relative LC™***~!_gubset. Then X* is a relative
LC™*=1_subset in X*. Consequently, the Polish space X* has the (nk + k — 1)-DD{%0}
property according to Pr0p051t10n For the same reason, X has the 0-DD{%2}_property.
Then Theorem .(3 1mphes the following two facts: the set Z5(X ) of all homotopical
Zo-sets is dense Gs in X and X% € an+k 1 Applying Theorem 2), we conclude
that X € Z ThlS means that the set ZZ( ) of homological Z,-points is dense in X.
By Lemma [38.6] ZZ(X ) is of type G5 in X. Then Z5(X) N ZZ%(X) is also a dense G
in X. Since X is an LC -space, the latter intersection coincides with the set Z, (X ) of
all homotopical Z,-points in X. Hence, X € Z, and, by Theorem( ), X has the
0-DD{* "}—property. Since X is a relative LC"-set in X, Proposition

X also has the 0-DD{%™}_property. =

guarantees that

46. Proof of the division formulas from Theorem [14.2

We divide the proof into four lemmas corresponding to the division formulas from The-

orem [14.2)

LEMMA 46.1. Letn € wU{oo}, m € w, X be a topological space, and'Y be a space whose
diagonal Ay fails to be a IG-homological Z,,-set in Y?2. If the product X x Y has the
(n + m)-DD1%} property, then:

(1) the diagonal Ax of X is a homological Z,-set in X?;
(2) X has the n-DD1%%} _property provided X is an LC'-space with 2-DD{%%} -property.

Proof. Because X x Y has the (n + m)—ﬁ{oﬁ}—property, its diagonal A x«y is a homo-
topical Z, 1 m-set in (X x Y)? (see Theorem 1)) Since ((X x Y)?, Axxy) is home-
omorphic to (X2 x Y2 Ax x Ay), the product Ax x Ay is a homotopical Z, ,-set
in X2 x Y2, Taking into account that Ay is not an 3G-homological Z,,-set in Y2 and
applying Theorem M(S), we conclude that Ay is a homological Z,-set in X2. This
proves the first item.

To prove the second item, assume that X is an LC'-space with the 2-DD{%%}-property.
Consequently, A x is a homotopical Z,-set in X? according to Theorem 1). Then Ay,
being a homotopical Z-set and a homological Z,-set in X? € LC?, is a homotopical Z,,-
set in X? by Theorem This implies that X has the n-DD{%.%} _property, in view of

Theorem 1). n

We turn now to the proof of the second division formula from Theorem [14.2]
LEMMA 46.2. Let X be a separable metrizable LC" " -space such that X x Y has the
0-DD{O+™} _property for some metrizable separable Baire LC" ™ -space Y containing
no non-empty open set U € UG ?m
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(1) If X is a Polish space, then it contains a dense set of homological Z,-points.
(2) If X has the 0-DD{%2} -property, then it has the 0-DD{*™} -property.

Proof. The spaces X and Y, being LC™" ™ can be embedded as relative LC™""-subsets
into Polish LC" ™ -spaces X and Y, respectively (we assume that X = X if X is Polish).

Then X x Y is a relative LC"T™-set in X x Y and the 0 DD +m} _property of X x Y
implies the same property for X xY (see Proposition . Hence, by Theorem .(3
the set Z,Hk(X X Y) of all homotopical Z,, 1 ,-points is dense and Gy in X xY.

Next, we shall show that the set Z2¢(Y) of 3G-homological Z,,-points is meager in Y.

By Theorem [10.2] a point y € Y is a dG-homological Z,,-point if and only if it
is a G-homological Z,,-point for some Bockstein group G from the countable family

={Q,Zy, Qp, Ry : p € T} Thus, Z3¢(Y) = Ugeg Z5(Y), where Z5(Y) stands for
the set of all G-homological Z,,-points in Y. By Lemma ( ), the latter set is G5 in Y.
We claim that ZG(Y) is nowhere dense in Y for any group G € 8. Indeed, otherwise
we could find an open set U C Y such that U N Z5(Y) is dense Gs in U. Since Y is a
Baire space, Y NU N Z& (f’) isdense in UNY and consists of G-homological Z,,-points
nY (bee Lemma ( )). Consequently, U € z¢ m» which is a contradiction. Therefore,
all Z&(Y ), G €D, are nowhere dense sets in Y and Z)6(Y) = Ucen ZG(Y) is a meager
subset of Y. Then X x Z¢(Y) is meager in X x Y. Hence, Z,, (X xY)\ (X x ZJ4(Y))
is dense in X x Y.

To show that the set ZZ(X ) of homological Z,-points is dense in X, fix ‘any non-empty
open set U C X and pick (, y) € (U x Y)n Zn+m(X xY)\ X x ZHG( ). Taking into
account that (z,y) € Z,1m(X x Y) while y ¢ Z39(Y) and applying Theorem 3),
we find that z is a homological Z,-point in X. Thus, the set of homological Z,,- pomts is
dense in X. This completes the proof of the first item of our lemma because X = X.

To prove the second item, assume that X has the 0-DD{%2}-property. If n < 2, then
X has the 0-DD{%™}_property and we are done. So, let n > 2. Since X is a relative
LC%set in X, by Proposition the completion X of X has the 0-DD{0:2}- -property.
Then Theorem . ) implies that the set Z5(X) of homotopical Zs- pomts is dense and
Gs in X. As we have already established, Z%(X) is also dense in X and Gj according
to Lemma m Then the Baire theorem implies that Z(X) N Z%(X) is dense in X,
while Theorem [10.1(5) ensures that this intersection coincides with the set Z, (X ) of
homotopical Z,,- pomts in X. Finally, by Theorem .(2 X has the 0-DD{07}- -property.
So, X also has the 0-DD{%™}-property (see Proposition

LEMMA 46.3. Let X € Z[* , be a separable metrizable LCM™ _space with the 0-DD{2:2}-
property. Then X has the 0-DD™} _property with n < k provided the product X xY has
the 0-DD{tmk+m} _yyroperty for some metrizable separable LCF™ _space Y ¢ 236,

Proof. In light of Proposition and Lemma 6), we may assume that X and Y are
Polish spaces. Since X x Y has the 0-DD{*+"k+m}_property, we apply Theorem m to
find a countable family F = {F; : i € w} of homological Z,,;,-sets in X x Y such that
any compact subset K C X xY that misses | JF is a homological Z.,-set in X x Y. By
our hypothesis, Y contains a point yg which is not a 3G-homological Z,,-point in Y. For
every i € w consider the closed subset E; = {z € X : (z,y0) € F;} which is a homological
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Zn-set in X according to Theorem 3). We claim that each compact subset K C X
icw Fi is a homological Zg-set in X. Indeed, otherwise Theorem 3)
would imply that K x {yo} fails to be a homological Zy,-set in X x Y, which is not
the case because K x {yo} misses |JF. Now, we apply Theorem to conclude that X
has the 0-DD{"*}_property. m

disjoint from |

LEMMA 46.4. Let n,m,k be finite or infinite numbers with n < k. A separable metriz-
able LCH™ -space X € Z~ with the 0-DD{22} -property has the 0-DD™k} _property

n+k+m
provided X x Y has the 0-DD™ ™ -property for some metrizable separable LC™T™

Y ¢ Ug 25

Proof. By Theorem Uea Z% coincides with the countable union Uces ZG where
B = {Q,Zy,Q,, R, : p € II}. Because of Proposition and Lemma we may
assume that X and Y are Polish. Since Y ¢ |, 25, for every group G € B there exists
a point yg € Y \ Z&(Y).

Since X xY has the 0-DD"™*™-property, we can apply Theoremto find a countable
family {F; : i € w} of compact (n + m)-dimensional subsets in X x Y such that any
compact subset K C X x Y that misses |J, F; is a homological Z,,-set in X x Y.
For every i € w and G € B consider the set E; ¢ = {x € X : (z,y¢) € F;}. Then
£ ={Eig:1€w G € B} is a countable family of at most (n + m)-dimensional
compacta. We claim that each compact K C X \ |J€ is a homological Z,,-set in X. This
follows from Theorem 4) and the fact that, for every G € B, the product K x {yg}
is a homological Z,,;n-set in X x Y (because K x {yq} is disjoint from [ J; F;) while yq
is not a G-homological Z,,-point in Y.

Since X € Z’r%+m+k and dim E; ¢ < dim F; < n + m, Lemma 21.2(4) implies that
each set E; ¢ is a homological Zi-set in X. So, £ is a countable family of homological
Zy-sets in X such that each compact subset of X \ €& is a homological Z,-set in X.
Now, the 0-DD{™*}_property of X follows from Theorem provided X € ZZ 9. The
last condition holds if n +m > 2. If kK +m > 2 and n < 2, then the O—ﬁ){mk}—property
of X follows from Theorem (3) If k+m <1and n <2, then X € 0-DD{2>2} implies
the 0-DD{™*}-property of X. m

-space

47. Proof of Corollaries 15.1H15.4]

Proof of Comllary The first item of this corollary follows from Theorems (4,5),
IT13) and

The second item follows from Theorems [I1.1|(3) and [T1.2|4).

The third item follows from Theorems[7.1[3) and [T1.2]1).

The fourth item can be derived from Theorem and Lemma 5) using the
argument from the proof of Theorem [12.3

Proof of C’orollary The first two items are particular cases of Theorem (1,2).
To prove the third item, assume that X is an LC!'-space with the 2-DD{%2}-property

and some finite power X% of X has the co-DD{%%}property. By Theorem ), X

has the co-DD1%:%}_property, and by Theorem M(B), all points of X are homological
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Zoo-points. On the other hand, the 2-DD{%2}-property of X implies that all points of X
are homotopical Zo-points (see Theorem [7.1](5)). Hence, according to Theorem 5),
all points of X are homotopical Z..-points, being homotopical Zs-points and homological
Zso-points. Finally, Theorem 4) implies that X has the co-DD{%>}-property.

To prove the fourth item, assume that X is a metrizable separable LC*-space with
AP[oo] and 0-DD22} and suppose that some finite power X* of X has the 0-DD{>:>}-
property. Then X* has the co-DD1>:°}_property and, by Theorem 1), X has the
00-DD{%:%} _property. Consequently, Theorem 3) shows that all points of X are homo-
logical Z..-points. Applying Theorem 4), we conclude that X has the 0-DDfoeo0}.

property.

Proof of Corollary The first item of Corollary will follow from Theorem 1)
as soon as we prove that if Y ¢ |Jg 25 then Y does not belong to AZJY. Assuming the

converse, find a coefficient group G such that Ay is a G-homological Z,.-set in Y2. By
Theorem we can assume that G € {Q,Z, : p is prime} is a field. Since Y ¢ Z$,
there is a point yg which is not a G-homological Zi-point in Y for some k. The Kiinneth
formula for coefficients in a field implies that (yo,yo) is not a G-homological Zs-
point in Y2, This is not possible because (yo,¥o) is a point of the G-homological Z.-set
Ay in Y2.

To prove the second item, assume that X is an LC'-space with 2-DD{%2} and X x Y
has the co-DD1%>}_property for some Y ¢ Ue ZG . Then X has the co-DD1%%} by the
preceding item. So, each point of X is a homological Z,,-point by Theorem 3).
The 2-DD1%2}-property of X implies that all points of X are homotopical Zy-points
(see Theorem 5)) Hence, all points of X are homotopical Z.,-points according to
Theorem [10.1}(5). Finally, by Theorem (4), X has the co-DD{%°}_property.

To prove the third item, assume that X is a metrizable separable LC®-space with the
0-DD{22}-property and X x Y has the 0-DD{>>}-property for some LC™-space Y ¢
Ue Z¢ . Consequently, X x Y has the o0-DD{>:} property and X has the 2-DD{0:0}-
property. Then the first item of this corollary implies that X has co-DD{%°}, Hence,
X € ZZ by Theorem 3). Now, we can apply Theorem 4) to conclude that X
has the 0-DD{>:>}_property.

The fourth item is a particular case of Theorem 2). m

48. Proof of Theorem [16.1]

We need to show that any separable metrizable space X with the m-DD"-property has
dim X > n + (m+ 1)/2. Assuming the converse, find a metrizable compactification X
of X with dim X = dim X < n + (m + 1)/2. By Theorem (3), the m-DD"-property
of X implies the 0-DD"*"-property of the product X x I"™. Applying Theorem we
conclude that the product X x I™ contains a topological copy of each (n+m)-dimensional
compactum.
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Now consider two cases.

If m is odd, then dim X = dimX < n+ (m+1)/2 —1 = n+ (m —1)/2 and hence
the compactum X embeds into R¥ where k = 2(n + (m —1)/2) + 1 = 2n + m. Then
X x I"™ embeds into R2**2m and consequently R2%+2™ contains a topological copy of
each (n 4+ m)-dimensional compactum, which is not true (see [32, 1.11.H]).

If m = 2k, them dimX < n 4+ m/2 = n + k and hence X embeds into the
(n + k)-dimensional Menger cube p"**. Since X x I"™ contains a copy of each (n + m)-
dimensional compactum, so does p"** x I2*. By [61], the latter product quasi-embeds
into R?"*%* in the sense that for every open cover V of u"t* x I?¢ there is a V-map
fopnth < 128 — R2H4k Since u" % x 12* contains a topological copy of each (n + 2k)-
dimensional polyhedron, we conclude that all (n+2k)-dimensional polyhedra quasi-embed
into R2n+4k
1.11.H]).

, which is not true because of a classical example due to Flores (see [32

REMARK 48.1. For n = 0 the fact that "+ does not embed into ™% x I?* was proved
by Melikov and Shchepin in |51} 4.1].

49. Cohomological and extension dimension of spaces with m-DD’

In this section we shall prove Theorems [I6.3HI6.5 All spaces in this section are supposed
to be metrizable.

In some case the results are true not only for LC"-spaces but also for the wider class
of lc"-spaces.

We recall that a space X is called an l¢"-space if for each x € X and a neighborhood
U C X of z there is a neighborhood V' C U of x such that the homomorphism H (V) —
Hy(U) is trivial for every k& < n. This property is a homological version of the LC"-
property. It is known that a space (resp., an LC'-space) X is an lc"-space if (resp., and
only if) X is an LC™-space (see [73]).

We need the following property of locally compact lc"-spaces, established in [4, Lem-
ma 1.6].

LEMMA 49.1. Let X be a locally compact 1c"™ -space and x be a homological Z,,-point in X .
Then, for any neighborhood U C X of x and any k < n + 1, there exists a neighborhood
V C U of © such that the homomorphism Hy(X,X \ U) — Hp(X,X \'V) induced by
inclusion is trivial.

The next lemma provides a proof of a bit more general statement than Theorem [16.3

LEMMA 49.2. Let X be a locally compact 1c™-space having the (2m + 1)-DD°-property
for some m € w. Then dimg X > m for any coefficient group G.

Proof. Assume that dimg X < m and let n = dimg X. Then, by Theorem 2 of [45] (or
Theorem 1.8 of [24]), the space X contains a point z* having an open neighborhood
U C X with compact closure satisfying the following property: for any neighborhood
W C U of z* the homomorphism iy : H*(X, X \ W;G) — H"(X,X \ U;G) in the
relative Cech cohomology groups, induced by the inclusion (X, X \ U) C (X, X \ W),
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is non-trivial. Since X is an lc"-space, the Cech cohomology groups in this assertion can
be replaced by singular cohomology groups (see [64, VI.§9]).

Singular cohomology groups relate to singular homology groups via the following exact
sequence which splits (not naturally, see [40, §3.1]):

0 — Ext(H,-1(X,A),G) - H"(X,A;G) — Hom(H, (X, A),G) — 0.

Since X has the (2m + 1)-DDproperty, according to Theorem (3)7 z* is a homo-
logical Z,,,-point in X. Then, by Lemma[49.1] there are neighborhoods W C V of z* such
that V' C U and the inclusion-induced homomorphisms Hy (X, X \ U) — Hp(X, X \V)
and Hi(X, X\ V) = Hp(X,X \ W) are trivial for all & < m.

These trivial homomorphisms induce trivial homomorphisms

evy : Ext(Ho_1(X, X\ V),G) — Ext(H,_,(X, X \U),G)

and
hwy : Hom(H, (X, X\ W),G) = Hom(H, (X, X \V),G).

Now, consider the commutative diagram

Ext(H,_1(X,X \W),G) —— H"(X,X\W;G) —— Hom(H,(X,X \W),G)

J/CW,V J{Z‘W,v J/hW’V

Ext(Hp-1(X,X\V),G) —— H"(X,X\V;G) —— Hom(H,(X,X\V),G)

lev,u J«iV’U lhv,U
Ext(Hn 1 (X, X \U),G) —— H"(X,X\U:;:G) —— Hom(H,(X,X\U),Q)

The rows in this diagram are exact sequences and the homomorphisms ey, and
hw,y are trivial. Therefore, the homomorphism iw y = iy,y oiw,y : H"(X, X\ W;G) —
H"(X,X \U;Q) is also trivial. The last conclusion contradicts the choice of z* and its
neighborhood U. m

Next, we turn to the proof of Theorem [16.4] First, we prove a particular case of this
theorem with G € {Q,Z,,R,, : p € II}.

LEMMA 49.3. Let X be a locally compact 1¢*™ -space possessing the 2m-DD°-property for
some m € w. Then dimg X > m for any group G € {Q,Z,, R, : p € I1}.

Proof. Assume that dimg X < m for some group G € {Q,Z,, R, : p € II}. Since X €
(2m — 1)-DD, Lemma implies dimg X > m — 1. Consequently, dimg X = m. As
in the proof of Lemma [49.2] we can find a point 2* € X and an open neighborhood
U of x* having compact closure in X such that for any neighborhood W C U of x*
the inclusion-induced homomorphism iy, : H™(X, X \ W;G) - H™(X, X \U;G) is
non-trivial.

By Theorem[11.1{(3), the (2m — 1)-DD°-property of X implies that z* is a homological
Zm—1-point in X. Since X is a locally compact 1™ -space, we may apply Lemmato
find a neighborhood V' C U so small that the homomorphism Hy (X, X\U) — Hp (X, X\V)
is trivial for every k < m.
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Because X € 2m-DD?, according to Theorem 1), the diagonal Ax is a Zgp,-
homological set in X2. So is the point (z*,z*). Hence, Hap, (X2, X2\ {(2*,2*)}) = 0.
Since X? is a locally compact 1c*™-space, we can apply Lemma m to find an open
neighborhood W C V of x* such that the inclusion-induced homomorphism

hom : Hopm (X%, X2\ V?) = Hy,p (X2, X2\ W?)
is trivial.

Now, let us consider the commutative diagram
Ext(Hp—1(X, X\W),G) —— H™(X,X\W;G) —— Hom(H,, (X, X \W),G)

leW,V liw,v lhw,v

Ext(Hp,—1(X, X\V),G) —— H™(X,X\V;G) —— Hom(H,(X,X\V),G)

leV,U J/iva J{hV'U

Ext(Hp,-1(X,X\U),G) —— H™(X,X\U;G) —— Hom(H,,(X,X\U),G)

In this diagram the homomorphism ey s is trivial because it is induced by the trivial
homomorphism H,,_1(X, X\ U) = H,,—1(X, X \ V), while iy, = iv,y o iw,y is non-
trivial. Therefore,

hw,v : Hom(H,, (X, X \ W),G) — Hom(H,,(X, X \ V), G)

is also non-trivial. This means that, for some homomorphism ¢ : H,,,(X, X \ W) — G,
the composition & o4 of £ with the inclusion-induced homomorphism i : H,, (X, X \ V)
— H,,,(X, X \ W) is not trivial. Since for any non-zero element = € G the tensor product
x ® x is non-zero (at this point we use the special feature of the group G € {Q,Z,, R, :
p € 11}), the tensor product

((o0i)®(£o0t): Hp(X, X\ V)R H,p (X, X\V)=> GG
of the homomorphism & o ¢ with itself is non-trivial. Moreover,
(€0i)®(€0i) = (EBE) o (i@i).
So, we will obtain a contradiction as soon as we check that the homomorphism
1®1: Hp(X, X\ V)Q Hp(X, X\ V) = Hpy (X, X\ W) Hp (X, X \ W)
is trivial.
The triviality of this homomorphism follows from the diagram
0 —— Hp(X, X\ V)@ H, (X, X\V) —— Hop,(X2, X2\ V?)

J{ l’i@i J/th
0 — Hp(X, X\ W)® Hp(X, X\ W) — Hopn(X2 X2\ W?)
having exact rows with ho,, being a trivial homomorphism. =
We are now in a position to derive Theorem [16.4]from Lemma[49.3| using the Bockstein
formula for cohomological dimension (see [24]). This formula asserts that

dimg X = sup dimg X
Heo(G)

for any locally compact space X, where o(G) is the Bockstein family of the group G.
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The following lemma provides the proof of a stronger version of Theorem ).

LEMMA 49.4. Let X be a locally compact 1c>™ -space X with the 2m-DD°-property and
G be a non-trivial Abelian group. Then dimg X > m + 1 in each of the following cases:

(1) G fails to be both divisible and periodic;
(2) G is the additive group of a ring with non-zero multiplication;
(3) X is an ANR-space.

Proof. Suppose G is either not divisible or not periodic. If dimg X < m, then applying the
Bockstein formula, we obtain dimyg X < m for any group H € ¢(G). Now, Lemma [19.3]
implies that the Bockstein family o(G) of G contains only quasicyclic groups Q,. It
follows from the definition of o(G) that Tor(G) = G and all p-torsion parts p-Tor(G) of
G are divisible by p. Since each p-group is divisible by any prime ¢ # p, we infer that
G = @, p-Tor(G) is both divisible and torsion, a contradiction.

To prove the second item, suppose that G is the additive group of a ring with non-
zero multiplication G X G — (@G. This multiplication determines a non-trivial bilinear
form on G, and hence G ® G # 0. Then, by Lemma[I8.8] G is either not divisible or not
periodic. So, we can apply the preceding item to obtain dimg X > m + 1.

If X is an ANR-space, then dimg X > dimg X by Theorem 12.3 from [24] (Dranish-
nikov established this theorem in [24] only for ANR-compacta, but without any changes
his proof holds also for locally compact ANR-spaces). Since, according to Lemma m
dimg X > m + 1, we are done. m

Finally, we shall prove Theorem [16.5| on extension dimension of spaces possessing the
m-DD{%%}_property. We recall its formulation:

LEMMA 49.5. Let X be a locally compact LC™-space such that e-dim X < L for some
non-contractible CW -complex L. If X € m-DDP, then:

(1) the homotopy groups m;(L) are trivial for all i < m/2;
(2) the group m,(L) = H,(L) is divisible and periodic for n = |m/2];
(3) mi(L) =0 for all i < m/2 provided X is an ANR-space.

Proof. We consider separately the cases m < 1 and m > 2.

If m <1, then it suffices to check that L is connected. By Proposition 1), X con-
tains an arc C connecting two distinct point a,b € X. Assuming that L is disconnected,
consider any map f : {a,b} — L sending a,b to different components of L. Because
C C X is connected, f does not extend to X, which contradicts e-dim X < L.

Next, consider the case of m > 2. First, we prove that L is simply connected. Since X
is an LC?-space with the 2-DD{%%}_property, dim X > 2 by Theorem Consequently,
there is a point z € X such that any neighborhood U C X of x has dimU > 2. Since X
is a locally compact LC'-space, z has a closed compact neighborhood N such that any
map f :S! — N is null homotopic in X. Moreover, we can assume that N is a Peano
continuum because X is an LCYspace. Then N, being a continuum with dim N > 1,
is not a dendrite. Consequently, it contains a simple closed curve S C N which is null-
homotopic in X. Assuming that the CW-complex L is not simply connected, we can find
amap f: S' — L that is not homotopic to a constant map. Since e-dim X < L, f extends
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toamap f: X — L. This fact, combined with the contractibility of S in X, implies that
f is null-homotopic in L. This contradiction shows that L is simply connected.

Since L is not contractible, 7;(L) # 0 for some ¢ € N. Let n be the smallest number 4
with this property. The simple connectedness of L yields n > 1. Consequently, H, (L) =
mn(L) # 0 according to the Hurewicz isomorphism theorem. Finally, because e-dim X
< L, we may apply a result of A. Dranishnikov [23, Theorem 9] (see also Theorem 7.14
of [29]) to conclude that dimg, (1) X < n. Then Theorem completes the proof. m
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