1. Introduction

We solve the global Cauchy problem for the Dirac equation in Sobolev and weighted
Sobolev spaces. This is first done on classes of globally hyperbolic asymptotically flat
space-times with weak regularity and fall-off at infinity. The theorems are proved for
general first order symmetric hyperbolic systems and then applied to Dirac’s equation.
They are also valid for space-times compact in space or admitting several asymptotically
flat ends. Then we consider in some detail the Schwarzschild and Kerr black holes. They
can be described in such a way that the previous theorems are immediately applicable.
We also choose to consider them from the point of view of an observer static at infinity.
The horizon then appears as a boundary for the spacelike geometry. We prove similar
theorems in this situation.

A space-time is a pair (M,g) where M is a four dimensional manifold without
boundary and g is a Lorentzian metric, i.e. a symmetric two-form on M with signature
(+ — — —). All the space-times we consider are globally hyperbolic. The notion of global
hyperbolicity is naturally required for the concept of Cauchy problem to make sense. To
be more precise, let us consider some relativistic field equation (E) on a space-time (M, g);
the Cauchy problem can be formulated as follows: prove that if we specify the values of
the field at some initial time to, then the solution of (E) can be propagated continuously in
time, from these initial data, onto the whole space-time and the field is thus everywhere
uniquely determined by its values at time ty. There are two implicit assumptions in this
formulation: firstly, there exists a time function ¢ globally defined on M, secondly, the
information contained in the hypersurface X, := {t = ¢o} can be propagated via the field
equation on the whole space-time. Equation (E) being relativistic, this means that any
point of M can be reached from X, along a non-spacelike curve (in fact timelike since
M is assumed to have no boundary). The existence of such a surface, called a Cauchy
hypersurface, is equivalent to global hyperbolicity.

Jean Leray introduced the notion of global hyperbolicity in 1952 (see [41]). In 1970,
Robert Geroch [22] showed that Leray’s definition is equivalent to the existence of a
Cauchy hypersurface. The work of Geroch establishes that a globally hyperbolic space-
time (M, g) has a very precise structure:

e it admits a globally defined time function t,
e the level hypersurfaces X, of ¢ define a foliation of M, all X are spacelike Cauchy
hypersurfaces and are homeomorphic to a given 3-manifold X.

Hence (M, g) possesses two orthogonal foliations: {X}}, and the congruence of the
integral lines of t%, the unit timelike future-oriented vector field normal to the Y. This
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endows M with a product structure M ~ R; x Y. The metric g and covariant derivative
V can also be decomposed into timelike and spacelike parts by projecting them along
the two foliations. Field equations on (M, g) are then naturally expressed as evolution
equations on R; x Y. This is the principle of the 3 + 1 decomposition of a space-time: it
is nothing but the complete use of the structure of globally hyperbolic space-times. This
3 4+ 1 decomposition is also referred to as the ADM decomposition because of the way
Arnowitt, Deser and Misner formalized and used it to obtain a Hamiltonian formulation
of general relativity (see R. Arnowitt, S. Deser, C. W. Misner [1] for a review of their
work, see also C. W. Misner, K. Thorne, J. A. Wheeler [44], Chapter 21).

Another important property of globally hyperbolic space-times is that they admit a
spin structure (1). This is a consequence of the product structure M ~ R; x X and of
the fact that X is 3-dimensional and therefore parallelizable if orientable (see E. Stiefel
1936 [59] and R. P. Geroch 1968 [20] and 1970 [21]). In 1981 and 1982, A. Sen ([56] and
[57]) described the 3 + 1 decomposition of spinor field equations on globally hyperbolic
space-times using Penrose’s abstract indices and two-spinor formalism. He applied this
technique to obtain formulations as evolution equations of the neutrino equation, the
spinor form of Maxwell’s equations and the Dirac form of spin 3/2 massless field equa-
tions. An important feature of Sen’s work is the use of the vector field ¢*: it provides a
natural embedding of the restriction to a hypersurface X of the SL(2,C) spin bundle of
M into the SU(2) spin bundle intrinsic to the geometry of X;. The spin bundle on M
thus inherits a hermitian structure. The quantity conserved by the evolution for a spinor
field equation (Dirac and spin 3/2) is the L? norm of the solution on ¥ induced by this
hermitian structure.

The present work is entirely based on such 3 4+ 1 decomposition techniques. It is
organized in five parts:

Chapter 2. We recall in details the 3 + 1 decomposition of globally hyperbolic space-
times, leaving the purely spinorial aspects until the next chapter. In a recent contribution
in collaboration with L. J. Mason [42], we used this decomposition to define in terms of
weighted Sobolev spaces some classes of globally hyperbolic asymptotically flat space-
times. We reformulate these definitions using the numbering of weighted Sobolev spaces
proposed by Robert Bartnik [5] which has the advantage of indicating explicitly the rate
of fall-off at spacelike infinity.

Chapter 3. In the literature, one finds essentially two ways of expressing the Dirac
equation: one in terms of Dirac spinors and Clifford products by the vectors of a Lorentz
frame (which are interpreted as multiplications by Dirac matrices via a choice of spin-
frame) and the other using the two-spinor formalism and abstract indices. We describe
Dirac’s equation and its 341 decomposition on globally hyperbolic space-times using each

() We have chosen to define space-times as four dimensional manifolds endowed with a
Lorentzian metric. One can perfectly well consider a space-time M of dimension n + 1, for any
positive integer n, with a metric of signature (+ — ... —). Although global hyperbolicity will
always guarantee the existence of a product structure M ~ R; x X, it will not in general entail
the existence of a spin structure. For example, if X' is the n-sphere, it is only parallelizable for
n=13and 7.
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of the two formalisms. We emphasize as often as possible the link between the fundamental
structures of each framework. In particular, the expression of Dirac’s equation in the two-
spinor formalism, when translated into the language of Dirac spinors, corresponds to a
particular form of Dirac matrices. We derive their general expression; for a natural choice
of spin-frame, this gives one of the standard choices for Dirac matrices. After performing
the 3 + 1 decomposition of the Dirac equation, we show it is a first order symmetric
hyperbolic system on R; x X'; we express its spacelike part in terms of the Dirac operator
on the leaves X; of the foliation and of the extrinsic curvature of the X;. We also express
the current vector using two-spinors and Dirac spinors. Proving that it is divergence-free
is particularly simple using the two-spinor formalism.

Chapter 4. On the classes of asymptotically flat space-times defined in Chapter 2,
we solve the global Cauchy problem for Dirac fields in Sobolev and weighted Sobolev
spaces. Regular solutions to Dirac’s equation have been studied on curved space-times
by J. Dimock [16] in 1982 and more recently by A. DeVries [14], [15] with applications
to Kerr-Newman metrics. We adopt here a different approach, centred on minimum
regularity: the fundamental result is the existence and uniqueness of solutions to the
Cauchy problem in L?; the use of identifying operators or successive differentiations of
the equation then allows us to infer the stability of Sobolev and weighted Sobolev spaces
under the evolution. This type of analytic study of the Cauchy problem, based on a
3 + 1 decomposition of space-time, is akin to the techniques used in F. Cagnac and
Y. Choquet-Bruhat [6], Y. Choquet-Bruhat [8], Y. Choquet-Bruhat, D. Christodoulou
and M. Francaviglia [10] and subsequent contributions by Y. Choquet-Bruhat and co-
workers. Theorems 1 and 2 establish the well-posedness of the Cauchy problem in L? and
Sobolev spaces for C* metrics satisfying assumptions slightly broader than asymptotic
flatness. Theorem 3 deals with the existence and uniqueness of solutions in weighted
Sobolev spaces for classes of asymptotically flat space-times and the conservation of the
charge of Dirac fields is proved in Theorem 4. The first three theorems are consequences of
much more general results (Propositions 4.1 and 4.2) valid for large families of first order
symmetric hyperbolic systems with weakly regular coefficients. These two propositions
extend the results of [42] in three important ways:

e They authorize to work with less regular metrics: the difference with a metric, flat
outside a compact set in space, is only required to be in H? on each spacelike slice.

e The maximum regularity allowed for the solutions is improved: H*~! for a metric in
HP. In [42], three degrees of regularity were lost between the metric and the solution. This
was due to the use of Sobolev embedding theorems. Product theorems between Sobolev
spaces enable us to lose only one degree of regularity. One cannot expect to improve
this because of the presence of connection terms in equations such as Dirac, Maxwell,
Rarita—Schwinger or Bianchi.

e They establish the well-posedness in weighted Sobolev spaces of the Cauchy problem
for general symmetric hyperbolic systems. This gives us a control on the behaviour of the
solutions at spacelike infinity at each time. As far as we are aware, no such result can be
found in the literature, even for smooth metrics.
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The proof of Propositions 4.1 and 4.2 relies essentially on the theory of abstract
evolution systems. The research in this domain was initiated by T. Kato in 1953 [30]
and some important contributors have since been M. Da Prato and M. Iannelli [13],
T. J. R. Hughes, T. Kato and J. E. Marsden [28], S. Ishii [29], T. Kato [32, 33, 34, 35,
36, 37], T. Kato and H. Tanabe [38], F. J. Massey III [43], N. Okazawa and A. Unai [49],
J. Priiss [54], H. Tanabe [60, 61] and K. Yosida [65] (this list of references has no claim to
being exhaustive, for example we have almost essentially considered the hyperbolic case;
for a comprehensive list of references in the parabolic case, see for example D. Daners and
P. Koch Medina [12]). We do not need the latest refinements of this theory, references
[32], [33] and [34] are sufficient, together with adequate choices of identifying operators,
to prove the propositions when the topology of space-time is trivial. We take advantage
of the finite propagation speed to extend the results to nontrivial topology.

Chapters 5 and 6. The Schwarzschild and Kerr space-times are asymptotically flat so-
lutions to the Einstein vacuum equations describing respectively a spherically symmetric
black hole and a rotating black hole. The symmetry of the Schwarzschild solution allows
one to adapt to this geometry some standard methods of the analysis of hyperbolic equa-
tions in flat space. In particular, the development of time dependent scattering theories
for linear fields outside a Schwarzschild black hole has been the subject of numerous
studies: see A. Bachelot [2], [3], A. Bachelot and A. Motet-Bachelot [4], J. Dimock [17],
J. Dimock and B. S. Kay [18] and the author [47] (for other analytic studies of linear
and nonlinear equations, see also A. Motet-Bachelot [45] and the author [46], [48]). The
geometry of the Kerr solution is more complex and only one time dependent scattering
construction is known to date (see D. Héafner [23]). The first step is to choose a way
of describing the geometry of the black hole. This can either be guided by the type of
information one wishes to obtain, or imposed by the analytic techniques one uses. Both
are true in the case of the scattering theories referred to above. The point of view they
all adopt is that of an observer static with respect to infinity. Hence, only the exterior of
the black hole is considered and it is described using Schwarzschild or Boyer—Lindquist
coordinates respectively. The first reason for such a choice lies in the history and nature
of scattering theory: its purpose has always been to study how a distant observer per-
ceives the influence of an object on the propagation of fields and to decide whether the
information collected by such observers can be used to describe the object completely. If
experimental measurements of the scattering of fields by a black hole are to be performed,
it must be by good approximations of observers static at infinity (like gravitational wave
detectors on Earth). A second and equally important reason is the analytic convenience
of working with an explicit coordinate system in which the coefficients of the equations
do not depend on time. This time independence is in fact almost compulsory since time
dependent scattering theory relies heavily on the existence of a unitary propagator on a
fixed Hilbert space. We choose two different ways of describing the geometry of the black
hole:

e First we adopt the point of view of an observer static with respect to infinity. Our
purpose is to describe as precisely as possible the implications of such a choice for the
analysis of field equations, more particularly as regards the functional framework for the
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Cauchy problem. The exterior of the black hole is globally hyperbolic and we perform
a 3 + 1 decomposition of the geometry using the time function ¢ of the Schwarzschild
or Boyer-Lindquist coordinates respectively (this decomposition is of course completely
trivial in the Schwarzschild case but not for the Kerr metric). The horizon then appears
as a smooth boundary for the spacelike slices and the lapse function of the space-time
metric vanishes there. Thus, describing the exterior of the black hole by means of the time
function ¢ yields a decomposition of the metric which differs from the general decomposed
form for the classes of asymptotically flat space-times of Chapter 2. This is essentially due
to the fact that the Killing vector field 9/9¢t is not uniformly timelike outside the black
hole but becomes null at the horizon. The practical consequence is that the theorems
of Chapter 4 cannot be directly applied here. We have to define function spaces on
the spacelike slices which take the boundary into account. A natural choice is to use
Sobolev and weighted Sobolev spaces with zero traces on the horizon; this corresponds
to the physical property that no field comes out of the black hole. Analyzing in detail
the geometry of the slices and of the spacelike part of the Dirac equation, we extend
the theorems of Chapter 4 to the exterior of Schwarzschild and Kerr black holes. In
both cases, the crucial step is to show that the successive domains of the spacelike Dirac
operator are the Sobolev spaces and that the norms are equivalent. We also verify the
well-known property: the L? norm of Dirac fields (massive or not) is conserved under the
evolution. The results obtained here concerning the well-posedness of the Cauchy problem
for Dirac fields in Sobolev and weighted Sobolev spaces are new both for Schwarzschild
and Kerr space-times. Note that the description of the exterior of a Kerr black hole
adopted here, based on the 3 + 1 decomposition of the geometry induced by the time
function ¢ of the Boyer—Lindquist coordinates, is often referred to as the point of view of
locally nonrotating observers (see for example C. W. Misner, K. Thorne and J. A. Wheeler
[44] or R. M. Wald [63]). It does away with the time/space cross terms in the metric and
the rotation of space-time simply appears via the extrinsic curvature of the slices. This
gives us a framework for studying evolution systems which is much more agreable than
Boyer-Lindquist coordinates (recall that we use here only the time coordinate t of the
Boyer-Lindquist coordinate system).

e We adopt a second, more global point of view. It is easy to see, using Kruskal—-
Szekeres coordinates or Kerr coordinates respectively, that the horizon of the black hole
is not a singularity of space-time but a regular null hypersurface. The metric can be ex-
tended smoothly accross it and we consider maximal analytic extensions of Schwarzschild
and Kerr space-times. For a natural choice of foliation, we show that the theorems of
Chapter 4 can be applied in this framework.

In a first appendix, we detail some technical aspects of the choice of a spin-frame
adapted to the exterior of Schwarzschild and Kerr black holes described using the time
function t. We also give the calculation of the timelike connection terms appearing in
Dirac’s equation for this choice of spin-frame. A second appendix contains a possible way
of expressing the Dirac equation on the Kerr metric and of writing it in the form of an
evolution system. Although we have chosen in this work to use a more intrinsic form of
Dirac’s equation, we give this analytic formulation for completeness.
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2. Geometrical and functional framework

2.1. Notations. Many of our equations will be expressed using the two-component
spinor notations and abstract index formalism of R. Penrose and W. Rindler [53].
Abstract indices are denoted by light face Latin letters, capital for spinor indices and
lower case for tensor indices. Abstract indices are a notational device for keeping track of
the nature of objects in the course of calculations, they do not imply any reference to a
coordinate basis, all expressions and calculations involving them are perfectly intrinsic.
For example, g, will refer to the space-time metric as an intrinsic symmetric tensor field

2 )
o | 1e. asection of TM © TM (where
® denotes the symmetric tensor product, TM the tangent bundle to our space-time
manifold M and T*M its cotangent bundle).

Concrete indices defining components in reference to a basis are represented by bold

of valence [0} i.e. a section of T* M ® T* M and ¢® will refer to the inverse metric as
an intrinsic symmetric tensor field of valence {2}

face Latin letters. Concrete spinor indices, denoted by bold face capital Latin letters,
take their values in {0, 1} while concrete tensor indices, denoted by bold face lower case
Latin letters, take their values in {0, 1,2,3}. Consider for example a basis of TM, that
is a family of four smooth vector fields on M: B = {eg, e1, €2, €3} such that at each point
p of M the four vectors eg(p), e1(p), e2(p), e3(p) are linearly independent, and the cor-
responding dual basis of T*M: B* = {e% €', e?, €3} such that e?(ep,) = 62, 52 denoting
the Kronecker symbol; g, will refer to the components of the metric g4 in the basis B:
gab = g(€a,ep) and ¢2P will denote the components of the inverse metric g*® in the dual
basis B*, i.e. the 4 x 4 real symmetric matrices (gap) and (g2P) are the inverse of one
another. In the abstract index formalism, the basis vectors e,, a = 0,1,2, 3, are denoted
by ea® or g.®. In a coordinate basis, the basis vectors e, are coordinate vector fields and
will also be denoted by 9, or 9/9x?; the dual basis covectors e* are coordinate 1-forms
and will be denoted by dx?.

Brackets on each side of a group of indices denote symmetrization and square brackets
correspond to skew-symmetrization.

The indexed 1-form dz® € T* M®SA®S4" and the indexed vector 9, € TM®SA®S 4+
(see below for the meaning of the notations S4, SAl, Sa and Sa/) are used to suppress
form and vector indices: dz® maps the 1-form w, as an indexed quantity to the same
1-form w = w,dx® with its index suppressed, d, maps the vector field V¢ to the same
vector field V = V%0, with its index suppressed.
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Most of the function spaces that we use in this work are defined in Section 2.3, where
the general classes of asymptotically flat space-times are described. We define here some
other spaces which will be useful to us but whose definition would not fit naturally in
that section:

e given F and F two Banach spaces, L(E, F') denotes the Banach space of bounded
linear operators from E to F;

e the notation M,,(C) refers to the space of complex n X n matrices;

e given a measure space (X,u) and p > 1, LP(X,du) denotes the space of mea-
surable functions (in fact of equivalence classes of measurable functions, two functions
being equivalent if they are equal p-almost everywhere) such that |f|? is p-integrable
over X. L, (X, du) is the subspace of compactly supported elements of LP(X,du) and
LY (X,dp) the space of (equivalence classes of) measurable functions such that |f[? is
integrable over any compact subset of X;

e the function spaces C*, Cf, CF, C§, H*, HE . Hf ., H} and L} are defined in
Section 2.3.

2.2. The principles of the 341 decomposition. We shall work on a smooth 4-
manifold M equipped with a Lorentzian metric g with signature (+ — ——). (M, g) is
oriented, time-oriented and is also assumed to be globally hyperbolic. We denote by V,
the Levi-Civita connection on (M, g). Global hyperbolicity implies (see Geroch [20]—[22]):

1. (M, g) admits a spin structure and we choose one. M is then endowed with an
SL(2,C) principal bundle Ps of spin-frames. The bundle S of negative or anti-selfdual
spinors (denoted S# in the abstract index formalism) is given by

(2.1) S = Ps x, C?

where o is the standard representation of SL(2,C) on C?; the bundle S of positive or
selfdual spinors (denoted S4" in the abstract index formalism) is

(2.2) S=Psx,C2

i.e. the complex structure in S is simply replaced by its opposite. The complex tangent
bundle is T*M @ C = S* @ S4". Hence, an abstract tensor index a is a couple of abstract
spinor indices, one primed, the other unprimed, clumped together: a = AA’. The dual
bundle $* to S is denoted by S4 in the abstract index formalism and S" is denoted
by Sa.. The symplectic forms on S and S are denoted respectively by e4p and €4/p/
and are referred to as the Levi-Civita symbols. e4p can be viewed as an isomorphism
from S onto S* which to k* associates k4 = kZPepga. The inverse isomorphism, denoted
by 4B to k4 associates k* = 4Bk . Similarly, € 4-p- and the corresponding eA'B" can
be regarded as lowering and raising devices for primed indices. The metric g is expressed

in terms of the Levi-Civita symbols as g, = €apea B’ -

2. There exists a global “time function” ¢t on M. The level hypersurfaces X}, t € R, of
the function t define a foliation of M, all X being Cauchy hypersurfaces and homeomor-
phic to a given smooth 3-manifold X'. Geroch’s theorem does not say anything about the
regularity of the leaves Y; the time function is only proved to be continuous and they
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are thus simply understood as topological submanifolds of M. H. P. Seifert [58] showed
that the time function can be regularized and one can then understand the leaves Y as
C* submanifolds of M if the metric is itself C*. For simplicity, we shall assume that the
time function is smooth on M and the leaves are diffeomorphic to Y. In such a case,
the function ¢ is indeed a smooth time coordinate on M. It is constructed so as to be
increasing along any nonspacelike future-oriented curve and the smoothness of ¢ allows
us to consider its gradient: V¢ is everywhere orthogonal to the level hypersurfaces X,
of t and is therefore everywhere timelike; it is also future-oriented. We identify M with
the smooth manifold R x X' and consider ¢ as a tensor valued function on R x X whose
regularity and fall-off at infinity can be specified. Note that there can be several manners
of identifying points on different hypersurfaces X, i.e. of fixing the product structure
M =~ R x Y. The natural idea is to quotient M by the integral lines of the timelike
vector field V%%, but one could choose other timelike vector fields.

If in addition, our space-time is asymptotically flat, then there exists a compact subset
K of X such that X\ K is diffeomorphic to the exterior of a ball in R3 (assuming that
the manifold X' has only one asymptotically flat end; if X has several asymptotically
flat ends, then X'\ K is the union of a finite number of manifolds with boundary M;,
i=1,...,N, each M; being diffeomorphic to the exterior of a ball in R?).

We use the foliation to perform a 341 (or space/time) decomposition of the metric.
Let T* be the future-pointing timelike vector field normal to X}, normalized for later
convenience to satisfy

TT, =2,

i.e.

(2.3) o V2

B

At each point p € M, the metric g can be decomposed into its orthogonal parts along
T¢ and (T*)* =T, X

Ve, where |Vt| = (guVtV°)/2

1
(2.4) gab = 5TaTb = hab
where —h is the restriction of g to T,X%, whence
(2.5) T%hgp = 0,

and the 1-form T, is given by

V2 V2
2. T,dz* = —V,tdz® = —— dt.
(2.6) T |Vt|v x N

We define the lapse function N(p) by

V2
2.7 T,dz® = Ndt, ie. N=-—
(2.7) x ie il

and the decomposition of the metric g then takes the form

1
(2.8) g= 5N%hf2 —h.
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We now choose to define the product structure using the timelike vector field V¢ (or
equivalently 7%), the vector field 9/0t is then defined independently of the choice of
coordinates on X and is everywhere orthogonal to X;. More explicitly, we have

(2.9) (%)a = gT‘l,

whence

(2.10) hab (;)a =0.

For this choice of product structure, let us consider a coordinate system on M ~ R x X
20 =t 2!, 2% 23, From (2.10), we infer that the expression of h in these coordinates is

as follows: ;

hapdz®da? = Z Rab(t, !, z2, x3)dxadxb.
a,b=1
Thus h is naturally interpreted as a time-dependent Riemannian metric on /.
We use the decomposition of the metric to project the connection V, along 7% and
along (T%)+. We obtain

1 1
(2.11) Vo= iTaTbe — ha"Vy = 57aVr + Do,

where Vp = T%V, is the covariant derivative along T* and D, = —habvb is the part of V,
orthogonal to T%: T*D, = 0. D, is the four-dimensional covariant derivative restricted
(by composition with the projection operator —hab) to act tangent to Xy. It differs from
the Levi-Civita connection on (X, h(t)) by a combination of the extrinsic curvature (or
second fundamental form) of the leaves of the foliation. In particular D, T} = Kap = K(qp)
is /2 times the extrinsic curvature. More precisely we have (1)

10
Nt

(2.12) Kap = DTy = ho“hy 'V Ty = Rab

and obviously T* K, = 0.

Using the spinor form TAA" of the vector T to convert primed indices to unprimed in-
dices and vice versa (2), we introduce modified forms of the spacelike part of the covariant
derivative

(2.13) Dap =T34 Dpar =ThVpya, Dap =T4Dpa =TV a

These will naturally arise when considering the spacelike part of a Dirac or a Weyl
equation.

2.3. Classes of asymptotically flat space-times. Weighted Sobolev spaces are par-
ticularly well adapted to the description of asymptotically flat space-times because they
contain information about both the regularity and fall-off at infinity of functions. We

(*) Note that the expression of the extrinsic curvature as the time derivative of the spacelike
part of the metric is only valid for the product structure defined by the vector field T¢.

(?) The normalization of T implies that TIZ‘,TAB/ =—c48 and Tf/Tﬁ = —c4 5. This shows
that converting indices twice leads to a sign change. Also, the conversion of indices commutes
with the Levi-Civita connection of (X, h(t)) but not with D,.
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shall define classes of asymptotically flat metrics by requiring that they are continuously
differentiable in time up to a certain order with values in some weighted Sobolev space
on Y. Hence, we need to define Sobolev-type spaces on X without explicit reference to
the metric g that we are trying to characterize. To this end, we equip X with a smooth
Riemannian metric & which is euclidian outside a compact set. We denote by D and
dVol; the covariant derivative and the volume element on X' associated with h and by
(,) the positive definite inner product induced by h on tensors and spinors at a point.
The families of function spaces that we shall use are the following:

e C*(X), k € N U {oo}; the space of k times continuously differentiable functions
on X. C¥(X) will denote the subspace of compactly supported functions and Cff(X) the
subspace of functions uniformly bounded on X together with their derivatives.

e Sobolev spaces: H*(X), s € N; the completion of C5°(X) in the norm

5 -~ 1/2
(2.14) 1l = { 3§77, 57 ) avory }
p=0x
The space H°(X) is L?(X, dVol;) denoted simply by L*(X). Hg,,,(X) is the subspace of

2 (X)) the space of functions f € L2 (X)
(or of distributions f on X) such that, for any cut-off function x € C§°(X), we have
\f € H¥(5).

e Weighted Sobolev spaces: Hj(X), s € N, § € R; the completion of C§°(X) in the
norm

compactly supported elements of H*(X') and H}

loc

S

(2.15) HfHHg(Z) = {Z S(l + 7“2)_‘5_3/2"'1’0’51)]07 ﬁpf> dVOlE}lﬂ’

p=0 %

where r(z) is the h-distance from z to a fixed point O € X (the function space is
independent of the choice of O). We are using the numbering of weighted Sobolev spaces
proposed by R. Bartnik () in [5]; the power 3/2 in the expression of the norm is to be
understood as n/2, n being the dimension of the spacelike slices. This numbering has the
advantage of indicating clearly the rate at which the functions in Hj fall off or grow at
infinity, as we shall see shortly. The space HY(X) will be denoted by L%(X).

e CE(X), k € N, § € R; the space of functions in C¥(X) for which the norm

(2.16) 1fllex sy = Sup Z{ (1+7%) (D', D! )}/

is finite. This gives the following control on the behaviour of f and its derivatives at
spacelike infinity:
5lf:O(r5_l) asr — oo, 0<I<k.

(3) The numbering of weighted Sobolev spaces used in [9] and in [42] was the “usual” one
which is different from the one used by R. Bartnik. Whenever we quote results from these sources,
we simply re-express them using Bartnik’s numbering. We also use the notational conventions
of R. Bartnik for C¥ spaces; in [9] and [42], the weight index § for these spaces has the sign
opposite to the one chosen here.
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This is effectively a control on the fall-off at spacelike infinity of f and its derivatives if
0 < 0.

The continuous embedding (see Y. Choquet-Bruhat and D. Christodoulou [9])
(2.17) Hf < CE2(%), 8 >6, k>2,
gives an estimate on the behaviour at infinity of functions in a weighted Sobolev space
and their derivatives. It is important to remark that the correspondence between the
weight and the growth or fall-off at infinity is not quite exact. Indeed, a function f in H §

will not necessarily behave at infinity like r°, but we shall have f = O(r¥) for any v > 6.
We now define the classes of asymptotically flat space-times that we shall consider.

DEFINITION 2.1. We say that the metric g on R x X' is of class (k,d), k € N*, 6 € R if
9- (dt2 —h—o()

(where m is a symmetric 2-form constant outside a compact set, o is a smooth cut-off
function on X such that ¢ = 0 in a neighbourhood of O and ¢ = 1 outside a compact
domain) and if moreover g satisfies the nondegeneracy condition

m

) €C(RyHH(Y)), V0<I<k
r

(H)  There exist two continuous, strictly positive functions on R: Cy, Cs such that for
each (¢t,z) € R x X the lapse function N and the eigenvalues \;(¢,z),7 = 1,2,3, of
h(t,z) as a symmetric form relative to h satisfy Cy(t) < N(t,z) < Ca(t), C1(t) <
)\i(t,l‘) S Og(t).

The intersection of all classes (k,d), k € N*, will be called the class (o0, 9).
Of course, the definition of these classes of metrics is independent of the choice of h.

REMARK 2.1. 1. The quantity m/r, appearing in the comparison metric used to define
the classes (k,0) (in Definition 2.1), allows for the presence of energy (or mass) in our
space-times. It is usually simply the term with 1/r in the asymptotic expansion of the
Schwarzschild metric in powers of 1/r, i.e. for r large enough,

r
This gives, outside a compact set, the following expression for the comparison metric:

- oM oM
At —h—o(z)" = (1 - )dt2 - <1 + >dr2 —r2dw?,
r T r

oM oM
M _ 2P a 4+ 2802
T T

that is, the first two terms (constant and in 1/r) in the asymptotic expansion of the
Schwarzschild metric at infinity.

2. Definition 2.1 is valid for space-times admitting one or several asymptotically flat
ends. One could, in principle, associate different mass terms m/r to each asymptotic end;
though mathematically reasonable, the physical significance of such a choice would be
rather mysterious.

It was remarked in [42] that if g is of class (k,d), k > 3, 6 < 0, we can define the
spaces H'(X;), HL (%), t € R, 0 <1 < k—2, g € R, associated with the metric h(t) on X
and (H) entails that the norms on these spaces are equivalent to the norms on H'(X) and
Hé(Z) respectively, this norm equivalence being uniform on each compact time interval.
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We see from (2.17) that if g is of class (k,d), k > 2, § € R, then
g— (dt2 —h— g(x)@> € CY(R;CE172(R)), VIO 0<1<k—2, 8 >0
T

Note that g compared to the flat metric at infinity satisfies (the fall-off here is weaker
because the Schwarzschild term m /r is no longer present in the comparison metric dt?—h)

(218)  g— (dt? —h) € C'(Ry; HEH(X)),  Vl,v; 0<1<k, v>max(s,—1)
and therefore
g— (dt* —h) € CHRy;;C*172(X)), Vv 0<1<k—2, v>max(,—1).

To express things in a simpler way, a metric g of class (k,d) will be asymptotically flat
as soon as k > 2 and & < 0 in the sense that g will be continuous on R x X' and will
tend to the Minkowski metric at spacelike infinity. Such metrics will be called weakly
asymptotically flat. In order to give a stronger, more physical meaning to asymptotic
flatness, one usually imposes

(2.19) D! <g - (dt2 —h— %)) =03, r— oo

This is guaranteed by any § < —3/2, but as already mentioned, the nature of the embed-
ding (2.17) is such that this correspondence is not exact. Metrics of class (k,§), k > 2,
0 < —3/2 will always fall off at spacelike infinity a little faster than (2.19); conversely, if
g satisfies (2.19), then g will belong to all classes (k,d), 6 > —3/2 (k depending on the
regularity of g). Black hole space-times such as Schwarzschild or Kerr satisfy (2.19) at
infinity and in fact a little more:

D (g - (dt? i %)> =0(r 7, r— 4o

In [11] and [39], a weaker version of asymptotic flatness is considered, with only the
following requirements as r — +00

9- <dt2 —h- %) =o(r7), D (g - (dt2 —h— %)) = o(r~171).

Note that even in the weakest version of asymptotic flatness (k > 2, § < 0) property
(H) is a direct consequence of the fact that g is a nondegenerate continuous Lorentzian
metric on R x X which tends to the Minkowski metric at spacelike infinity.

3. Dirac fields on globally hyperbolic space-times

In this chapter, we only require the space-time (M, g) to be globally hyperbolic and
we shall use the foliation {X}}; to perform a 341 decomposition of the Dirac equation.
Throughout this whole chapter, the product structure will be associated with 7.

3.1. The Dirac and Weyl equations. We first describe the Dirac equation on (M, g)
in terms of Dirac spinors. The bundle of Dirac spinors on M is defined as

(31) SDirac =S @gZSA@SA/.
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We choose on M a local orthonormal Lorentz frame, i.e. a set of four real vector fields
{eo, €1, €2, e3} such that

9oo = —fJaa = 1a a= 172737 gab:Ov a#bv
gab denoting g(ea, ep), i.e. the components of g, in the basis {eg, 1, ea,e3}. We make
the most natural choice for ey here, that is,

1

3.2 e = —=T°
(32) =

and eq, es, e3 are thus everywhere tangent to the hupersurfaces X;. The Dirac operator
on M is defined by

3
(3.3) D=> eaVe,
a=0

where e,. denotes the Clifford product by the vector e, and V., the directional covariant
derivative along e,. The Dirac equation on M is then

(3.4) (D + im)¥ =0,

¥ € Spirac and m > 0 is the mass of the particle. More explicitly, via a choice of spin-
frame, the Clifford multiplication of a Dirac spinor ¥ by each vector e, will be described
as the multiplication by a 4 x 4 matrix v2. The Dirac matrices 7°, v, 72,72 satisfy the
axioms of Clifford multiplication

7P 4P =201y, a,b=0,1,2,3,

and the Dirac equation is then expressed in the following manner

3
(3.5) > Ve U+ im¥ = 0.
a=0

In terms of two-component spinors and abstract indices, the same equation (3.4) takes
the form ) ,
(36) { VAA/QSA = /J'XA ’

VAY Y4 = po?,  p=m/V2.
The structure here is much clearer: we have two Weyl equations (one for anti-neutrinos
and the other for neutrinos) coupled by the mass. We have chosen to express the second
equation in a form which emphasizes the fact that it is the complex conjugate of an
equation of the type of the first one. However, we can equivalently write it
Vaax? = —pda.

It is easy to recover from (3.6) the more broadly used expression (3.5) involving Dirac
matrices. We choose a normalized spin-frame {04,:4} (also denoted {go4,e,4}), that
is, a pair of sections of S4 such that 04¢4 = 1. The dual basis of Sy is {5A0,5A1}
where €4 = —14 and €4 = 04. The choice of {04,114} is usually done by choosing a
Newman—Penrose tetrad: a set of four null vector fields {I*, n® m® m*}, [* and n® being
real and m® complex, such that

n®*=1, m,m*=-1, I;m*=0, n,m*=0.



18 J.-P. Nicolas
The spin-frame {0?,:4} is then fixed, up to an overall sign, by requiring

1°=0%", no=4", me =04, m*=.".
We define the Infeld—van der Waerden symbols gaAAl as the spinor components of the

frame vectors in the spin-frame:
AA’ AA’ A_ A Na  —Ma
(3.7) gt = e = gateafeat = (

(recall that ga® = e,® denotes the vector field e,). We use these quantities to express
equation (3.6) in terms of spinor components:

. / . / . m 7
—iVA pa = —ig**A Vaga = —i—x*

\/ix )

(3.8) A . . ,m
—iVa™ xar =iVaax® =ig®an Vax® = —17§¢A,

where V, denotes V. For a =0,1,2, 3, we introduce the 2 x 2 matrices

(3.9) M® = TgrAA N =gty

and the 4 x 4 matrices

(3.10) VR = (—N%Ma “/%Na).

Putting ¥ := ¢4 ® XA/, the components of ¥ in the spin-frame are ¥ = (¢, ¢1, XO/, Xll)

and (3.8) becomes
3

D 9V, W -+ im¥ = 0.

a=0

REMARK 3.1. The matrix VA2 of the spinor components of a vector V* in a normalized
spin-frame has the important property that

/ 1
det(VAA) = VeV
Indeed,
VoV =VaVlgy, = VAN VBB c ype g = 2(VO0y1 — yoy10

0 1
€AB:8A/B/: _1 0 .

’ 1 ’ 1
det(goAA ) = 57 det(gaAA ) = _57 a= 172a37

and therefore det M? = 1/2, det M® = —1/2, a = 1,2,3. The process for obtaining N2
from M? is first to transpose M? in order to obtain the matrix gaAA/
the two concrete spinor indices. This exchanges the diagonal terms and changes the sign
of the terms outside the diagonal, whence N2 = (det M®)(M?2)~!. Consequently,
) 0 \/iMO —1 a ) 0 ﬁMa —1
’}/OZ<\/§MO ( 0 ) N YT =1 \/§Ma ( O ) s a:1,2,3.

since

Hence, we have

and then to lower
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We clearly see that
(V") == = =0’ = =(7")* = ldu.

We still need to prove that these matrices anticommute in order to see that they form a

set of Dirac matrices.

LEMMA 3.1. The matrices v*, a = 0,1,2,3, defined by (3.9) and (3.10), form indeed a
set of Dirac matrices.

Proof. This is in fact a classic result and a straightforward consequence of the following
identity (see [53], Vol. 1, p. 124)
Jab = 5AB5A’B’gaAA gbBB
which is the component version of g, = € ap€4p/. This identity is equivalent to
bAA’
k)

A ab aAA’

e 9™ = *Ba M + 9%Barg
i.e.

NPM® 4+ N*MP = g°*1d; = gaplds,
as well as to

caBgab — gaAB'gb | bAB'ga

ie.

M3NP + MPN? = ¢?P1d, = gaplds.
This proves the lemma. =

From now on, we shall assume our Dirac matrices to be of the form (3.10), i.e. to be
compatible with the description of the Dirac equation in terms of two-component spinors.

We see that in the formalism of two-component spinors and abstract indices, the
Clifford product by the frame vectors eg, e1, €2, e3 is represented on S* and S as

Ca. 1 ®ES > —ivV2¢244 %, €5,
ea.:xegHiﬂgaAA,XA/ € S*,
and we have

3
—iV2VA 64 =Y ea Ve, 0 = D,

a=0
3
Z‘\/ivAA/XA = Z €a.veaX = DX
a=0

The Weyl equations for antineutrinos and neutrinos, respectively:
VAA/(;SA =0, VAA/XA/ =0 (or equivalently VAA/XA/ =0),
are simply the massless Dirac equations
Dp=0, Dx=0,

where the Dirac operator D is restricted to act on the spin-bundles S* and S respectively
instead of Spirac. The Dirac equation in terms of two-component spinors (3.6) can be
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written as

s 2oz m

REMARK 3.2. The Clifford product by eg, when restricted to act on S* (respectively on S),
takes the form

€.t dES > —iV2¢"4 4 pu = —iTA4 p 4 = —ieVB' T A9, €8,
respectively,
€. X €S i\/igOAA,XA/ = z‘TAA/XA/ = ieBATBA/XA/ IS

This shows that the Clifford multiplication by ey and the conversion of indices are essen-
tially the same operation. They commute with the Levi-Civita connection on each leaf of
the foliation, but not with the connection D,.

We conclude this section with an explicit choice of spin-frame and the corresponding
expressions of Dirac matrices:

REMARK 3.3. A particularly convenient choice of spin-frame corresponds to the New-

man—Penrose tetrad

1 1 1
(3.12) 1= —(ep”+e1?), n*=—4(ep® —e1?), m*=—(ex* +iez?).

V2 V2 V2

The spinor components of the frame vectors (i.e. the Infeld—van der Waerden symbols)

gAA’:L Lo G AN = L0
0 \/i 0 1 i 1 O 71 ?

’ ]_ 0 1 / 0 _Z
AA" AA" _

NG
0 a
(3.14) 7°=i<_00 C;) vazz’(Oa 00) a=123,

are then

Sl Sl

and the associated Dirac matrices are
o

where ¢°, 01,02, 03 are the Pauli matrices:

1 0 1 0 0 1 0 =
0 _ 1_ 2 _ 3 _
(3.15) o —<0 1), o —<0 _1), o —(1 0), o _<—i 0).

3.2. 341 decomposition of the equation. The bundle of Dirac spinors Spirac is
equipped with an SL(2, C)-invariant inner product given by

(3.16)  (D,W) = ipo—idX = i g0” —igaX", for & =¢a® " and ¥ = s x?.

This inner product is of course not positive definite.

We consider the hypersurfaces of the foliation; each X, is equipped with an SU(2)-
principal bundle Ps(t) of spin-frames. The vector field ey gives a natural embedding of
Ps(t) into the SL(2,C)-principal bundle Ps of spin-frames of M and thus realizes Ps
as a lift of the bundles Ps(t). eg thus provides Spirac with a hermitian positive definite
SU (2)-invariant inner product:



Dirac fields 21

(3.17)  (D,¥) = (0.8, ¥) = (iV29° g0V © —iV2¢" W pa, ha B x?Y)
= \/5 [QOAA (ZSA@A’ + gOAA’QA YA] = TAA ¢AEA/ + TAA’QA YA~

We see that eg also induces positive definite hermitian inner products on S and S:

(3.18) (6.9) = Tanwd™ D", (0,%) = Tan o' 3.

The Clifford product by any of the frame vectors eg, e1, €3, e3 is a self-adjoint operator for
the scalar product (-,-). Indeed, for any choice of the spin-frame {04, .4}, the matrices
M?2 /N2 a=0,1,2,3, defined in (3.9) are hermitian and this entails that the matrices 2,
a=0,1,2,3, of (3.10) are self-adjoint for the inner product (-,-). This property implies
that the Clifford multiplication by e is self-adjoint for the inner product (-,-) while the
Clifford product by e, a = 1,2, 3, anticommutes with ey. and is therefore skew-adjoint
for (-,-).

REMARK 3.4. If we choose the spin-frame {0#,:4} such that
(3.19) TAA = Tapr = Ids,
ie.

e0® = —=(1% + n%) = —=(0%6% + A7V,

Sl
Sl

then the matrix 7 is given by

0
(3.20) 702(_00 UO> o0 =1d,

o
and the inner product (-, -) takes the simple form
(3.21) (@,0) =00p  wl =W = (), Wy, U3, 7).
The positive definite inner product takes an even simpler form
(3.22) (®,0) = (1°0,¥) =0T (1°)%® = wTo.
This can also be seen directly in the expression of (@, ¥) involving two-component spinors:
(®,0) = TAN o205 + Tan o™X = do¥y + o1y + " X° + 0" X"
= doto + d191 + 0 XV + 0" XV

In this case, the skew-adjointness of e,., a = 1,2, 3, for this inner product simply means
that the matrices v#, a = 1, 2, 3, are skew hermitian.

Henceforth, we shall systematically work with this type of spin-frame, i.e. we shall
always assume (3.19), (3.20) satisfied and the expressions of the two inner products (-, -)

and (-,-) in terms of components will always be (3.21) and (3.22). We say that such
spin-frames are adapted to the foliation.

We now describe the 3 + 1 decomposition of the Dirac equation. From the expression
of the Dirac operator

3
D= eaVe,
a=0
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we can immediately write equation (3.4) as an evolution system:

3
0. Ve, ¥ ==Y ea Ve, W —imW

a=1
and Clifford multiplying the whole equation by eg, we obtain
3
(3.23) Ve, ¥ = fZeo.ea.VeaW —imey.W.
a=1
We denote
3 3
(3.24) Dy (t) := Z €a.-Ve, = Zea.Dea on .
a=1 a=1

Dw (t) is the Dirac operator on X; associated with the connection D,, we call it the
Dirac-Witten (1) operator. Let us introduce Dyx(t) the Dirac operator associated with
the Levi-Civita connection on (X%, h(t)). The difference between Dy (t) and Dx(t) is
explicitly given by (see A. Sen [56] and [57], also M. Herzlich [26])

(3.25) Dy (t) = Dx(t) + %K@O.

where K = Tr(K,3) = K,* is /2 times the trace of the extrinsic curvature. An interesting
upshot of this is that for a maximal foliation, that is, a foliation for which the extrinsic
curvature of the leaves is trace-free, the Dirac-Witten operator and the standard Dirac
operator coincide on each Y;. Another advantage of such foliations is that dVoly is
independent of ¢. In the present work, however, we will consider general foliations and
not require them to be maximal.

The operator Dy (t) is formally self-adjoint on L?(Xy; Spirac) endowed with the inner
product
(3.26) (®,0) 25,y = | (B, %) dVoly )

b))

i.e. it is symmetric on C$°(X4; Spirac) for this inner product (). We have the Boch-
ner—Lichnerowicz—Weitzenbock—Witten formula (see for example [26] or [51])

(3.27) Dy Dw = D% =D*'D+R

(*) This name refers to the fact that this Dirac operator, associated with the restriction to
Yy of the full space-time connection and not with the torsion-free connection on (X, h(t)), was
used by Witten in his historic paper [64].

(?) K being a real scalar and the Clifford multiplication by eo being a bounded self-adjoint
operator on L?(X;) endowed with the inner product (3.26), the self-adjointness (or the formal
self-adjointness) of Dy is equivalent to that of Dx and their domains are equal. The formal self-
adjointness of Dirac operators is established in [40]. Note that the operator Dw (¢) and the inner
product (3.26) are intrinsic quantities; the property of formal self-adjointness is itself intrinsic.
In the case of space-times which are asymptotically flat, or compact in space, we have in fact
more: Dy (t) is self-adjoint on L?(Xy; Spirac) endowed with the inner product (3.26) with domain
ot (Xy; SDiraC). This can be proved for smooth metrics using the essential self-adjointness of Dirac
operators on complete Riemannian manifolds admitting a spin or a spin® structure, established
in [19], and the formula (3.27) to show that the domain of the closure is H'. The result can then
be extended to C' metrics using the theorem of stability of bounded invertibility (T. Kato [31]).
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where R is the endomorphism of Spj;ac (its restriction to S* or S is also an endomorphism
of S* or S respectively) defined as

3
(3.28) R = %(G(eo, eo) + ; G(eo, ea)eo.ea.)

where Gap = Rap — 1/2Rgqp is the Einstein tensor of (M, g), Rap is the Ricci tensor and
its trace R = R,® is the scalar curvature.

We can write the Dirac equation as

1
— —2KLT/ —1itmeg.W.

2v/2

The operator eg.Dx(t) is formally skew-adjoint on L%(X}), since Dx(t) and eq. are sym-

(329) VeOLP = —eo.Dw(ﬂW —im eO.LZ/ == —eo.Dx(t)W

metric and eg. anticommutes with e,. for a = 1, 2,3 and commutes with the Levi-Civita
connection (%) on (Xy,h(t)). Therefore, the Dirac equation is a first order symmetric
hyperbolic system on Y. We express this property more precisely in the following lemma:

LEMMA 3.2. Given a spin-frame {0?,14} adapted to the foliation, for any coordinate

system on X, equation (3.29) takes the form

3
(3.30) %—f _ N(t2) { ;Aa(t,x)% + (—imA° + B(t,m))W}

V2

where A?, a = 1,2,3, are 4 x 4 hermitian matrices, N is the lapse function and B is a
4 x 4 matriz. The factor N/\/2 comes from the expression of the time derivative
2,0
Ve, = % (015 -+ connection terms).

The coefficients of the matrices A* are coefficients of the metric h(t). This is easily seen
when the orthonormal basis {ep, €1, €2, €3} is proportional to the coordinate basis, i.e.
0
ea:)\a%, a:1,2,3,

no sum being involved here; the coefficients A* are given by

R P} P} —1/2
A _[_g(%a%>:| ) 3—1,2,3,

and the matrices A are then
A2 = _)\3y052 a4 =123,

The coefficients of A* will merely be more complicated combinations of the metric coeffi-
cients when the coordinate basis is mot orthogonal. The matriz B is made of space-time
connection coefficients, i.e. of first order derivatives of the coefficients of the metric g
(and not just h(t) since some connection terms come from the time derivative).

(*) Note however that unless the foliation is maximal, eo.Dw (t) is not formally skew-adjoint
on L?(X}); it is the sum of the skew-symmetric operator eo.Dx(t) and of ﬁK, the latter being
a real bounded scalar potential and therefore symmetric, and even self-adjoint. This comes from
the fact that eg. does not commute with the connection D,.
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These properties are all we shall need to solve the Cauchy problem for the Dirac
equation in the next section.
We also describe the 3+1 decomposition of the Dirac equation in terms of two-compo-
nent spinors and abstract indices. Using the splitting
1 1
Va - §TQVT + Da - ETQVeO + Da,

we can rewrite equation (3.6) as

{ TAYY ypa = —V2DM g0 + /2 x4,
Taar Ve, X = —vV2Daarx? — uv2a.

Multiplying the first equation by 754/, the second by T8 and using the following facts:

TpaDA = T4 DAy = -Dp?, TAP'D4u =DV 4,
we obtain
(3.31) { Verda = V2D dn + mTumx 7,
Veox® = =v2D4 pix? —mTP4 ¢
We denote
(3.32) D(t): b4 — Dalop,  DE):x* — —DY5x", on X,.

We shall call D(t) the Sen-Witten (*) operator on X;. /2D and V2D are the operator
3
—eo.Dw = —ep. Z €a-De,

a=1
restricted to act respectively on the spin-bundles S* and S instead of Spjzac. We have
1 D) 0
— ey Dy (t) = U ).
sarwo=("" 5)
The skew-symmetry of eg. Dy for the inner product (3.26) on L?(X}; Spirac) is equivalent

to the skew-symmetry of both v/2D + ﬁ K and v2 D+ ﬁf( for the respective inner

products on L?(%;; S*) and L?(X}; S) defined by (note that unless the foliation is maximal,
D and D are not skew-symmetric for these inner products)

(3.33) (V) r2(myse) = S T4 § 4% 5 AVolyr), (o, X)r2(5,5) = STAAIQA/YA dVoly, ).
X X

In a local coordinate basis on Y, we see that D and D take the form

- 9
; a®(t, ) 5 + b(t, )

(*) The equation DaZ¢p = 0 is referred to as the Sen-Witten equation in [53]. It is the
equation studied by A. Sen in [56] to find the neutrino “zero-modes” or time independent normal-
izable solutions of the neutrino equation. It is also closely related to the Dirac-Witten operator.
The notation D, in Sen’s paper refers to the Levi-Civita connection on (X, h(t)). His way of
writing the “Sen-Witten” equation is therefore Da®¢p — (7/(2v/2))pa = 0, 1 = K/+/2 being
the trace of the extrinsic curvature. In [53], D, denotes —h,’V,. We have chosen to follow the
notations of Penrose and Rindler which are now the established standard.
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where a®, a = 1,2, 3, are 2 X 2 hermitian matrices made of coefficients of the metric h(t)
and b is a 2 x 2 matrix made of connection coefficients.

Finally, we recall a fundamental property (see for example [52]) of the Dirac equation:
the existence of a conserved current. We give the expressions of the current vector in
terms of two-component spinors as well as Dirac spinors. The proof of this property is
particularly simple in terms of two-component spinors as we shall see.

LEMMA 3.3. Let ¥ := qSA@xA/ be a solution to (3.4) and consider the real future-oriented
nonspacelike vector

—A' ,
(3.34) U =¢%¢" +xx*.
Assume that ¥ has enough regularity to give a meaning to U® and its divergence. A
reasonably minimal requirement is W € Hﬁ;c(Rtf X; Sbirac) (Sobolev spaces on Ry x X can
be defined using the Riemannian metric dt? + h). Then the vector field U is divergence-
free, i.e.
(3.35) VeU, = 0.
Consequently, the 3-form w = *U,dz® s closed. The symbol * denotes the Hodge dual
defined by

1
*Uydaz® = EU“eabcd da® A dz® A dz?
where eqpeq 1S an alternating tensor, i.e. the totally antisymmetric tensor

€abed = 1€EACEBDEA'D'EB'C! — L€ADEBCEA'C'ER! D' -

In a spin-frame adapted to the foliation, the current vector takes the form
138
(3.36) U = =) (01702 %)e, 2.

Proof. Let ¥ € H!

loc

(Rt X X5 Spirac) be a solution to (3.4) and U® the vector (3.34). We
have
VU, = VAAI@’AEA/) + VAL (xXarX4)
=V Pu+ daVAV B0 + XAV x4+ xa VA XY
=PV P4+ GaVAV G4 + XAV X4 + xa VA x40

Using equation (3.6), the divergence of U® becomes

— / A —A
VU, = 1(ax™ +oax™ +Xa0" +xa6")

which is identically zero due to the antisymmetry of the spinor inner product. Hence the
null vector U? is divergence-free and its dual 3-form is therefore closed.

We conclude this proof by obtaining (3.36) from (3.34). The components of U? are
given by

U? = 2, = gaAA/¢AaA' + gaAA/XA’YA

and in a spin-frame, this yields

U = " M2¢+ xTN?x
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where ¢! = ($0,01) = (¢y,d1/) and xT = (X, x¥) = (x°,X"). If the spin-frame is
adapted to the foliation, then

M2 0
O .a __
77_\/5(0 Na)
and we get
a 1

V=5

iy,

This proves Lemma 3.3. =

4. The general Cauchy problem

In this chapter, we work on globally hyperbolic space-times (M, g), M ~ R; x X, where,
outside a compact subset K, the smooth 3-manifold X' is the disjoint union of a finite
number of manifolds with boundary:

N
Z:Ku(UMi), M; ~R3\ B(0,1), My M, =0 if i # .
=1

The product structure R x Y is associated with the vector field T'*. We use the 34+1 decom-
position of Dirac’s equation to solve the Cauchy problem in Sobolev and weighted Sobolev
spaces on the classes of asymptotically flat metrics defined in Chapter 2. The theorems
are obtained (except Theorem 4) as consequences of more general results (Propositions
4.1 and 4.2) proved for first order symmetric hyperbolic systems.

The theorems and propositions of this chapter are valid whether X' admits one or
several asymptotic ends M;. The case with no asymptotic end (X compact) can also be
considered: the results still hold but weighted Sobolev spaces then reduce to ordinary
Sobolev spaces and the expressions of Theorem 3 and Proposition 4.2 are thus slightly
modified.

We give the fundamental theorem concerning the well-posedness of the Cauchy prob-
lem for (3.4). It is valid for a wide family of metrics including the classes (k,9), § < 0,
k > 3.

THEOREM 1. Assume the metric g to satisfy hypothesis (H) of Definition 2.1 and
9 € C(Ry; Gy (X)) N CH(R; G ().
Then, for any real number s, for any initial data Wy € L?(X;Spirac), equation (3.4) has
a unique solution ¥y € C(Ry; L?(X; Spirac)), such that
Vsli=s = Yo.
REMARK 4.1. For such low regularities of g and ¥, as are considered in Theorem 1, we

still have a relatively natural and “strong” notion of solution. The regularity assumptions
on g and ¥, entail in particular

g €CHRy x 2,0, € LE (Ry x X).

We can define the first order partial derivatives of ¥y, with respect to a given coordinate
basis, in the sense of distributions; these derivatives will belong to ngcl (R¢ x X) which is
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the dual of the subspace Hl,,,(R; x ) of compactly supported elements of H'(R; x X).
In equation (3.4), the coefficients of the first order terms are coefficients of the metric,
they are C' on Ry x ¥. These terms are therefore multipliers of H.,, (R; x X) and
by duality multipliers of Hl;}(]Rt x X). The coefficients of the zero order terms are the
mass and connection coefficients, they are continuous on R; x X' and thus multipliers of
L2 (R; x X). It follows that D acts continuously from L2 (R, x X) to H; (R, x X).
Consequently, equation (3.4), for a metric g and a spinor valued function ¥s having the
regularity assumed in Theorem 1, is to be understood as an equality in ngcl (Ry x X).
The initial data condition is completely straightforward because of the continuity in time
of U,.

For all Cauchy problems subsequently considered, the function space F' in which the
solutions take their values will always be embedded in L2 (X) and the coefficients of
the first order part of the equations considered will always be at least C' on R; x X.
Concerning the zero order part, we shall allow for regularities lower than CO(R; x X))
and we shall sometimes consider general (not necessarily local) potentials. However, the
zero order part will always act continuously from C(R¢; F) to L, . (Ry; L (X)), which is
a distribution space. Hence, the notion of solution will be interpreted as it is here (the

equation being understood as an equality in a space of distributions).

Using the well-posedness of the Cauchy problem in L?, we can show for more regular
metrics the existence of more regular solutions.

THEOREM 2. Assume that the metric g satisfies hypothesis (H) of Definition 2.1 and
g €C(R;CTHY)), VLE0<I<Kk,

for some positive integer k, then for any initial data Wy € H™(X; Spirac), 0 <m < k—1,
the solution Wy € C(Ry; L?(X; Spirac)) to (3.4) associated with s and Wy satisfies

W, € C'(Ry; H™ Y2 Spirac)), VI; 0<1<m.

We can also show the existence of solutions with a controlled growth or fall-off at
spacelike infinity. In particular, we obtain, using product theorems for weighted Sobolev
spaces, the existence of solutions with values in H ﬁ_l, w € R, for a metric g of class
(k,0),0 <0, k>3.

THEOREM 3. Assume that g is of class (k,d), k > 3, 6 < 0, and consider some initial

time s € R.

1. For any initial data Wy € Li(E; Sbirac)s 1t € R, equation (3.4) has a unique solution
U, € C(Ry; Li(E; Sbirac)) such that

gps|t:s = ng'
(Note that L2 & L? for p < —3/2 but for i > —3/2 we have L* ¢ L2.)
2. For € R and for m € N such that 0 < m < k—1, if the initial data ¥y belongs to

H,T(E;SDMC) then the solution ¥y € C(]Rt;LZ(E;SDmc)) associated with Wy and some
initial time s satisfies

W, € C'(Ry; H' '(X;Spirac)), VI 0<1<m.
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For metrics slightly more regular than was assumed in Theorem 1, we can prove that
the charge of the solutions is conserved:

THEOREM 4. Assume that the metric g is reqular enough to guarantee that the solution
of (3.4) associated with some compactly supported initial data in H'(X;Spirac), belongs
to

C(Rta Hl(Z; SDirac)) N Cl (Rt; L2(E, SDirac))~

This is in particular true for metrics satisfying hypothesis (H) of Definition 2.1 and
having the regularity

2
geC®RsC(Z)),
1=0

as in Theorem 2, or, taking into account the compact support of the initial data, the finite
propagation speed and the results of Theorem 3, for metrics of class (k,0), k >3, 6 < 0.
Consider ¥ € C(Ry; L?(X;Spirac)) a solution of (3.4). Define the “charge” of W at time t
as

(A1) B = 10025, = | @0, 9(0) dVolyy) = | #(0) Vo).

= =

Then E(t) is constant throughout time.

REMARK 4.2. It is important to note that the measure dVoly ) in the definition of the
charge above is the volume element associated with the metric h(t) on X' and therefore
depends on time. Hence, the conservation of the charge is not to be understood as the
conservation of the norm on a fixed L? space; the norm is tied in with the space-time
geometry which is time-dependent.

If however (M, g) admits a foliation by maximal hypersurfaces Y, i.e. surfaces for
which the trace of the extrinsic curvature vanishes, then, as was already mentioned earlier,
the volume element dVoly,;y on X' will no longer depend on time and the charge will indeed
be the norm on a fixed L? space on X.

REMARK 4.3. 1. The regularity of the metric: if we want a metric of class (p,d) to have
the regularity assumed in Theorem 2, we need to impose p > k + 2 (and of course ¢ < 0)
because of the Sobolev embedding (2.17). This means that for a metric of class (k, ¢),
k> 3,8 < 0, we can only guarantee the existence of solutions with values in H*—3
and this was the case in the results of [42]. In Theorem 3 however, by working entirely
in weighted Sobolev spaces we avoid the use of Sobolev embeddings and we lose only
one rank of regularity between the metric and the solution, which is the minimum loss
possible. A similar result with (nonweighted) Sobolev spaces is given in Proposition 4.2;
note however that assuming the metric to live simply in Sobolev spaces is not so well
adapted to general relativity since we have less control on its fall-off at infinity than if
we use weighted Sobolev spaces.

In Theorem 3 we have assumed g to be of class (k,d) with k& > 3 simply because
we have only defined the classes (k,d) for integral values of k. If we allow k to be any
positive real number, then we can define the class (k, ) as the set of metrics g satisfying
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hypothesis (H) and
~ m -
— <dt2 —h— 7) € CH(Ry; HYH(X)), VI; 0 <1< [K].

Of course, one needs to define Sobolev spaces of nonintegral order on X' but this is eas-
ily done using local charts whose domains are regular open sets of X and the standard
definition of Sobolev spaces on regular open sets of R™. In this new context, imposing
simply k£ > 5/2 and 6 < 0 would just be enough to guarantee the validity of the prod-
uct theorems between weighted Sobolev spaces which are the fundamental tools for the
proof of Theorem 3. Thus the theorem would still hold under these hypotheses with only
the slight modification that m needs to be lower than [k] — 1 instead of k — 1. We see
that for 5/2 < k < 3 we could still guarantee the existence of solutions with values
in H le

2. Weighted Sobolev spaces: there is a strong motivation for proving the existence of
solutions to field equations with values in weighted Sobolev spaces in that it has direct
applications to the analysis of Einstein’s equations. Indeed, as was remarked in [42] (see
Section 7.1 of this reference for more details), controlling the fall-off at spacelike infinity
of solutions to the spin 3/2 field equations is a first step towards the control of the
fall-off at spacelike infinity of solutions to Einstein’s equations. Spin 3/2 field equations
in the framework of weighted Sobolev spaces would hardly be more difficult to study than
Dirac’s equations (see Chapter 7 for more details).

3. Weyl’s equations: all the results given here for Dirac’s equation are naturally valid
for Weyl’s neutrino and anti-neutrino equations

VAA/wA/ =0 and VAA/nA =0

since they are special cases of a massless Dirac equation where one of the two spinors
vanishes.

414} adapted to the foliation

Proof of Theorem 1. We choose a unitary spin-frame {o”,
and a local coordinate basis z!, 2% 2% on X. Equation (3.4) then takes the form (3.30)

which we recall here

3_W:Nta: {ZAa + (—im~° + B(t, m))W}

ot

where A2 a = 1,2,3, are 4 X 4 hermitian matrices made of coefficients of h(t) and B
is a 4 X 4 matrix made of space-time connection coefficients. The Dirac spinor ¥ is now
represented by its components in the spin-frame and is thus to be considered as a function
on R; x ¥, with values in C%.

When the topology is trivial, the theorem is a consequence of known results con-
cerning symmetric hyperbolic systems (see T. Kato [32] and [33]). An extension of these
results to curved space-times with nontrivial topology was given in [42], but the regu-
larity assumptions on the metric were stronger than they are here. We give and prove
a general result for symmetric hyperbolic systems on R x X' with weakly regular coeffi-
cients:
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PROPOSITION 4.1. Consider a symmetric hyperbolic operator 8/0t — A(t) on R x X, ho-
mogeneous of the first order, acting on B, an n-dimensional tensor or spinor bundle on
R x Y. More precisely, this means that after a choice of local coordinates and of Lorentz
frame or spin-frame, each fibre of B is identified with C* and A(t) takes the form

At) = Z a‘(t, x)%

i=1

where the a'’s are n x n _hermitian matrices. Assume that such choices have been made
and consider the sections of B as C™-valued functions. Assume that the coefficients a'
have the regularity

a' € C(Ry; CL(X; M, (T)))
and consider some potential b such that
b€ Ll (Ry; L(L*(Z;C™))).
Then, for any s € R, for any ug € L*(X;C"), the equation
0
(4.2) 8—7: — A(t)u + b(t)u

has a unique solution u € C(Ry; L2(X;C")) such that ul|i—s = ug. The propagator for
equation (4.2), defined by

V(t,s) : up — ult),
where u is the solution to the Cauchy problem as above, satisfies
(i) Vt, s €R, V(t,s) € LIL*(Z;C™)), V is strongly continuous on R ; with values in
L(L*(Z;C")) and V(t,t) = Idr2(s,cn),
(i) Vr,s,t € R, V(t,s) = V(t,m)V(r, s).
Note that by strongly continuous we mean continuous for the topology of strong conver-
gence of bounded operators: if A, and A are bounded operators from a separable Hilbert

space E to another separable Hilbert space F', we say that A, converges strongly to A as
n — 400 if Apd — A¢ in F as n — 400, for any ¢ € E.

Theorem 1 is then an easy consequence of the previous proposition: if the metric g is
as assumed in Theorem 1, then the lapse-function N and the A*’s whose coefficients are
coefficients of the metric, satisfy

N, A" € C(Ry;CH (X)) NCHRy; CP(X)).

The matrix B is made of connection coefficients which are first order derivatives of the
metric, whence

%(B —im7°) € C(Ry; G (X; M4(C))) = Li (Ry; L(L*(X;CY))).

Thus Proposition 4.1 can be applied and entails Theorem 1. m



Dirac fields 31

Proof of Proposition 4.1. We solve the Cauchy problem for the “free” equation (1)

ou
(4.3) T A(t)u,
then we interpret b as a bounded operator on the space of solutions and the proposition
follows by a standard fixed point theorem. We first consider the situation where X' has
trivial topology. In such a case, (Z,E) is diffeomorphic to R? and all (weighted or not)
Sobolev spaces on X are isomorphic to the same spaces on R3. (4.3) then becomes an

equation on R; x R3:

ou _
ot

3

, 9 ,
Zal(t,x)a—;, a' € C(Ry; CL(R3; M, (C))).

i=1

The well-posedness of the Cauchy problem for such an equation is well known in a variety
of spaces and in particular, using the isomorphisms L?(X) ~ L?(R3) and H!(Y) ~
H'(R?), we get from the results of T. Kato in [32]-[34], the existence of a unique family
of operators {U(t, s)} defined on R; x R, and satisfying

a. U is strongly continuous from R? , to £(L*(X;C")) and U(t,t) = Idp2(sicn),

b. U(t, s)U(s, ) =U(t,T),

c. U is strongly continuous from R?  to L(H'(X;C")),

d. OU(t,s)/ot = A(t)U(t,s), OU(t,s)/ds = —U(t,s)A(s) which both exist in the
strong sense in L(H'(X;C"); L*(X;C")) and are strongly continuous from R7 to this
space.

We can also remark that the solutions propagate at a finite speed and the propagation
speed at each time ¢ is estimated uniformly on R? by the continuous function of ¢

(4.4) C(t) = 3sup{|la‘(t,z)||; 1 <i <3, 2 € R3}.

This is a standard result for first order symmetric hyperbolic systems on R3. A proof can
be found in R. Racke [55] for C* solutions. We can prove it in our less regular case by
performing the same estimates as in [55] for a smooth function on R x R? not supposed to
satisfy the equation, extending the final estimate to functions in C(R;; L?(R3)) by density
and simplifying it at last by restricting it to solutions of the equation. Of course (4.4)
implies that the propagation speed on (X, fNL), i.e. for the distance associated with & which
is uniformly equivalent to the euclidian distance on R3, is estimated at each time by

C(t) = XC ()
where ) is a positive constant such that, for each z,y € ¥ ~ R3 we have d; (z,y) <
AMax —yl, | - | being the euclidian distance on R3. This result will be of some technical
importance for solving the Cauchy problem in nontrivial topology and for proving the
conservation of the charge of Dirac fields.

(*) The rather inappropriate denomination “free equation”, which appears several times in
this work, comes from a bad habit that the author has contracted doing scattering theory and
talking with other scattering theorists. What we mean by this is merely a simplified equation,
obtained by removing some potential (“interaction”). We also tend to refer to the propagators
for these “free” equations as “free” propagators.
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If the topology of X' is not trivial, it is in any case necessarily finite: indeed, it is
entirely determined by the (finite) number of asymptotically flat ends and by the (finite
since X' is a manifold) topology of X inside a large enough compact subset. Hence we
can cover X with a finite number of smooth open sets of trivial topology {(2;}1<i<p,
p € N*. We have on each (2; a control on the propagation speed of type (4.4) where the
sup is taken over {2; and this control can be made uniform over X using the fact that
a' € C(Ry;CE(X)). Hence, the propagation speed for the solutions of (4.3) is controlled
on R; x X by a continuous function of ¢: C (t). We use this property to define “domains
of dependence” for the sets {2;. This is done by evolving the boundary 02; of {2; along
the flow of the vector field

~ a 1 a

C(t)v* + \/§T ,
where v? is the interior unit normal to 9f2;, from a certain time ¢35 € R on. For t > t,
we obtain open sets (2;(¢), delimited by the evolved boundary, with 2;(tp) = £2;. The
continuity of C(t) makes it possible to choose the covering {£2;} so that, when evolving
the sets into their domains of dependence from a time ¢, {{2;(t) }1<i<p is still a covering
of X' by trivial topology smooth open sets if tg < ¢ < ty+¢ for a certain € > 0. Moreover,
€ can be chosen independently of ¢ if ¢ is restricted to belong to a compact time interval.

Let us now consider some initial time s € R and some initial data ug € L*(X;C"). We
consider T' > 0 fixed and study the existence of the solution on [s — T, s+ T]. We first put
to = s. Using the well-posedness of the Cauchy problem in trivial topology, we have in the
domain of dependence of each §2; the existence of a unique solution continuous in time
with values in L2. Uniqueness in the trivial topology case guarantees local uniqueness
and allows us to recover a global solution on X from the solutions in the domains of
dependence as long as the 2;(¢) form a covering of X, i.e. at least on [tg,to + ] where
€ > 0 is as above and is fixed on the whole interval [s — T, s + T']. The solution thus
obtained is continuous on [s, s +¢] with values in L?(X): indeed, we have a finite number
of sets in the covering and for each t € [s, s + €], the norm on L?(X) is equivalent (the
equivalence being uniform on [s, s + €]) to the sum of the flat L? norms on each 2;(t),
ie.

@5 Wl = {Jepavep ) = {3 ] r@laww)

z bo2i(t)

where dyuy, is the Lebesgue measure on R?. Then we put ty = s + €. In this manner, by
steps of length e, we propagate the solution forward in time up to time s+ 7T'. Reversing
time in equation (4.3) allows us to propagate backwards down to s — 7. Hence we have
the existence of a unique solution in C([s — T, s+ T]; L*(X; C")) for any T > 0 fixed, that
is, the existence and uniqueness on C(R;; L?(X; C")).

The well-posedness of the Cauchy problem can be expressed in terms of propagators.
In each domain of dependence of a set {2; we have a local propagator inherited from the
flat space propagator and satisfying local analogues of properties a,b,c,d. Local uniqueness
allows us to patch together these propagators to recover the global propagator for the
equation on X', which we shall still denote by U(¢, s). Using the norm-equivalence (4.5)
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and the corresponding equivalence for H' norms

@6) ey = { §(17.4) + (B£. B vy, }

X

={2 | (ver+| e

i2;(t)

2) dHL(l")}l/Q,

we infer from the properties of the local propagators that U(t, s) has properties a, b, ¢
and d. Hence, we can guarantee the existence of solutions with values in H' as well as L.

2+\—<x>

55 (@)

In order to solve the Cauchy problem for equation (4.2) in C(R¢; L?(X)), we express
it as a fixed point problem for an integral functional (this is the so-called Duhamel
principle). Given uy € L?(X) and s,T € R, the following two problems are equivalent:

(4.7) % = A)u+b(t)u, weC([s,T|;L*(X)), uli=s = uo,

and
t

(4.8)  w(t) = Su(t) :=U(t, s)ug + SZ/I(t, mb(r)u(r)dr, weC([s,T); L*(X)),
where U(t, s) is the propagator for the free equation (4.3) constructed above.

Before solving problem (4.8), we justify the equivalence between (4.7) and (4.8). We
work in the case of a source, the extension to the potential being trivial as we shall see.

We consider the equation
(4.9) Ou = A(t)u+ f(¢)
ot
where f € Ll (Ry; L?(X)). The fact that the solutions to the Cauchy problem for (4.9)
in L? are given by the integral formula
t
(4.10) u(t) = U(t, s)uo + \U(t,7) f(7) dr
was justified in an abstract setting by H. Tanabe [61], using the theory of analytic semi-
groups, under the assumption that f is C! in time and for solutions living in the common
domain of the operators A(t). We have here the advantage of dealing with operators
A(t) which are differential operators. This allows us to give to the propagator U on L? a
somewhat stronger meaning than what is possible to achieve in the abstract framework.
We have, in the strong sense on L(L?(X;C"); H-*(X;C")), dU(t,s)/ot = At)U(t, s);
this operator is strongly continuous from R? ; to £(L*(X;C"); H~'(X;C")) as the com-
position of U, strongly continuous from R7, to L(L?(X;C")) with A(t), strongly con-
tinuous from R; to £(L?(X;C"); H-(X;C")). Using this remark, we can show that for
ug € L*(X), the function u € C(Ry; L?(X)) defined by (4.10) satisfies (4.9): since U(t, s)
is closed on L?(X), we have
¢ t
\ut, 7)f(r)ar =u(t, s)\u(s,7) f(r) dr

S S
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and therefore, all time derivatives being strong derivatives on R; with values in H (X)),

;MU:(;QQJO(w+iu@Tﬁhﬁh)+mﬁ@;(&ﬂgﬂﬂﬂdﬂ

S S

:A@u@g@m+

B -

U(s,7)f(7) dT) T Ut s)U(s, 1) f(t) = A)u(t) + f(1).

Therefore v is a solution of (4.9) such that u(s) = ug. Moreover, the uniqueness in
C(Ry; L?(X)) of solutions to (4.9) is guaranteed by the uniqueness for (4.3) in the same
class. This proves that the solutions to the Cauchy problem for (4.9) in L? are given by
(4.10). Now, the equivalence between (4.7) and (4.8) is easily seen. If u is a solution of
(4.8), then by the calculation above with f(t) replaced by b(¢)u(t), we show that it satisfies
(4.2). Conversely, for u solution to (4.7), putting f(¢) = b(t)u(t) € L ([s,T]; L*(X)), we
have

0
Hru(t) = A)u(®) + £(t),  uls) = uo,

whence, by the expression of solutions in the case of a source, u satisfies (4.8).

REMARK 4.4. In the proofs of Proposition 4.2 and Theorems 5 and 6, we shall rely a
number of times on Duhamel’s principle. In each case, the function space where the
solutions live will be embedded in L? or at least in L% . and so, the equivalence between
the Cauchy problem and its integral formulation can be justified just as we did here; the
only slight difference may be that A(¢t)U(t, s) acts continuously from the function space

considered to ngi instead of H~1.

We now proceed to solving problem (4.8). This is easily done by remarking that the
space C([s, T]; L?(X)) is stable under the functional S and for |T — s| small enough, S is
a strict contraction on the closed ball

By = {u € C([s, T1; L*(2)); u®)lz2(s) < 2luollre(s) ¥t € [s, T]}-

Whence the existence of a unique fixed point for S in C([s, T]; L*(X)) for |T — s| small
enough. The uniform boundedness of ¢ and the integrability of b on each compact time
interval imply that any solution to (4.8) on a compact time interval [s,T] satisfies the
inequality (obtained using Gronwall’s lemma):

[u(@)llL2(s) < C(s,T) exp (C(SvT) | Hb(T)||L(L2(2))dT)||U0||L2(2)
[s,T]

where C(s,T) = sup{||{U(t, )| z(z2(xy); t, T € [s,T]}. Hence, any solution to (4.7) on [s, T
is uniformly bounded in L?(X) on this interval, which suffices to ensure the existence of
a unique solution to the Cauchy problem for (4.2) in C(Ry; L?(X)). Properties (i) and (ii)
of the propagator are straightforward consequences of the uniqueness of solutions and of
the integral formulation (4.8) of the Cauchy problem together with the properties of U
and b. This proves Proposition 4.1. m

REMARK 4.5. It is worth noting that in the case where b is simply a matrix valued
potential, as it is the case in equation (3.30), the solutions to (4.2) propagate at a finite
speed with the same bound on the propagation speed as the solutions to (4.3). This
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can be proved by considering the case where the initial data ug is compactly supported
and restricting the functional S to the closed subspace Es 1.4, of C([s,T]; L*(X)), made
of elements u such that supp(u(s)) C supp(ug) and the support of u propagates at
a speed less than 5(t) at each time ¢. This subset is stable under S thanks to the
bound on the propagation speed for (4.3) and S is a strict contraction for |T — s| small
enough on Ey 14, N Bs 14, which is not empty. This shows that the fixed point of S in
C([s,T); L*(X)) belongs to Es 4, and entails the propagation of the solutions to (4.2)
at a speed lower than C(t).

Proof of Theorems 2 and 3. As in the proof of Theorem 1, we prove a general result for
first order symmetric hyperbolic systems on R x X

PROPOSITION 4.2. Consider the same first order symmetric hyperbolic system (4.2) as
for Proposition 4.1.

1. If the coefficients of the equation satisfy: a' € C(Ry;CH(X; My (C))), for some
p€N*, and b € LL (Ry; L(HP(X;C™))), then the propagator for equation (4.2) satisfies

loc

(4.11) V is strongly continuous from ]Rf,s to L(HP(X;C™)).

If moreover a' € Cl(Rt;Cf_l(E;./\/ln(C))) for alll € N such that 0 <1 < p and we also
assume b € CY(Ry; L(HP~H(X;C"); HP~1=L(X;C"))) for alll € N, 0 < 1 < p— 1, then
for any initial time s € R and any initial data up € HP(X;C"), the solution u to (4.2)
associated with s and uy satisfies

(4.12) u € CY(Ry; HP~Y(X;C™)), VI; 0 <1 < p.
2. Given ¢ € R, if a* € C(Ry;C}(Z; My (C))) and b € L, (Ry; L(LZ(X;C™))), for

loc
any initial time s € R and any initial data ug € L3(X;C"), equation (4.2) has a unique
solution u € C(Ry; L2(X;C™)) such that u(s) = ug. Hence the propagator for equation

(4.2) can be defined on L%(X;C") and satisfies
(4.13) V is strongly continuous from Ris to E(LZ(Z; C™)).

3. Consider v < 0, k e N, k>3, 0€ R and m € N, m < k. Moreover, consider

three fived hermitian matrices ay, a3, a3 € M,,(C), corresponding to the limits at spacelike

infinity of a*, a?, a®. If a’—af € C(Ry; HE(X; My (C))) and b € Li (Ry; L(H(X;C™))),
then

(4.14) V is strongly continuous from Ris to L(H'(X;C")).

If moreover we suppose that a® — al € C'(Ry; HE=Y(X; M, (C))) for alll e N, 0 <1 <k
and b € CH(Ry; L(H~H(X;C"); HP—1=H(X;C™))) for alll € N, 0 < 1 < m — 1, then
for any initial data ug € HJ'(X;C") and any initial time s € R, the solution u to (4.2)
associated with s and uy satisfies

(4.15) ue CH Ry HYH(25C™), VL 0< 1< m.
4. This last part extends a result given in [62], p. 364. Similarly to part 3, we consider

keN k>3 meN, m <k and three hermitian matrices a}, a2, a3 € M, (C). If
a’ —aly € C(Ry; H*(X; M, (C))) and b € LL (Ry; L(H™(X;C"))), then

loc
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(4.16) V is strongly continuous from Ris to L(H™(X;C™)).

If moreover a' — af € CY(Ry; HF=1{(X; M,,(C))) for all | € N such that 0 < | < k and
be Cl(Ry; L(H™H(X;Cn); H™I21(X;C))) for alll € N, 0 <1 < m — 1, then for any
initial data ug € H™(X;C™) and any initial time s € R, the solution u to (4.2) associated
with s and ug satisfies

(4.17) u € CH(Ry; H™H(X;C™)), VI, 0<1<m.

It is easy to show that Proposition 4.2 entails Theorems 2 and 3. In Theorem 2, the
regularity of the metric implies that the coefficients of the Dirac equation satisfy

N, A" € CY(Ry;CF7H(X)), VL 0<I<k,

N
5B~ imy°) € C'(Ry; Gy 1 (X, My(C))), VI 0<1<k—1

and
C'(Ry; €171 (3; M4(C))) — CH(Ry; L(HMH(2;CY); HE 1 (E;CY).

Hence, applying point 1 of Proposition 4.2 gives the result and Theorem 2 is proved. =

In Theorem 3, for all v > max(d, —1), we have for a=1,2,3

(4.18) N —V2 e CYRy; HFY(E)), VI;0<1<Ek,
N

(4.19) EAa — A2 € C'(Ry; HEU(D)), VL, 0<1<E,

(4.20) BeCl Ry HF71(X)), VL0<1<k-—1,

where A are the coefficients of the first order terms of the Dirac equation on (R x X,
dt2 —h) in the same coordinate basis. (4.18) and (4.19) are simple consequences of (2.18):
the regularity of the derivatives is clear since they essentially are derivatives of the metric;
the only slight difficulty is to show that (N/v/2)A® — A2 belongs to the right weighted
L? space and this is done using the fact that g — (dt? — ?L) tends to zero at infinity (in
addition to being in the required weighted L? space) and doing an asymptotic expansion
at infinity of (N/v/2)A® — A3.

The important thing is that v is allowed to be strictly negative. The weight v in the
regularity of B is due to the presence of timelike derivatives of the metrics; if we had only
spacelike derivatives, the weight would be v — 1. In order to study the regularity of the
potential, we write it as

\%(B —imA°%) = <\% — 1>B — zm<% — 1)70 + B —imA°.
Using (4.18), (4.20) and the continuous multiplication property (see Y. Choquet-Bruhat
and D. Christodoulou [9])
(421)  HJ (X)) x H2(X) — H;(X) for si,s2>5, s<s1+52— g, > g+ e,
we can easily show that

N
— —1|BeC{(Ry;H"1(X)), VL0<I<Ek-—1.
(J5-1)Bec®im ). wosis
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This is done by proving that for p + ¢ =1 <k — 1, we have

8{{’(% - 1> !B e CY(Ry; HE 171 (%))

which only requires k > 3/2 and v < 0. Consequently,
N
E(B —imA°) +imA° € C'(Ry; H X)), VI 0<1<k—1.
We then show, using (4.21) that, for im e N0 <l <m—-1,1<m <k —1 and for
0€R,
Hy~'H(E) — L(HY () Hy 1),

The term im~" being constant, we conclude that

N . _ -

N imn°) € C'(Ry; L(HY 1 (2); Hy ' 7H(X)))
for0<I<m-—1,1<m< k-1, p € R. We also show in the same manner that, provided
k>5/2,

N . m

3B —im?) € (R L(H(2)))

for 0 <m < k—1 and p € R. Hence, Theorem 3 is a consequence of points 2 and 3 of
Proposition 4.2. =

REMARK 4.6. It is easily seen that the conditions imposed on the a’’s and b in Proposition
4.2 to obtain (4.15) and (4.17) are slightly too strong. However, we have chosen these
conditions because they arise naturally for wave equations such as Dirac or Rarita—
Schwinger and the optimal conditions would make the proposition much less readable.

Proof of Proposition 4.2. We prove the four points of the proposition only in the case
of trivial topology. Since all the spaces in which the solutions take their values have
norms defined by integrals over X if the topology of X is not trivial we can always take
advantage of the finite propagation speed to localize the problem into the domains of
dependence of the open sets in a covering such as in Proposition 4.1. In each case the
norm on the function space on X will be equivalent to the sum of the analogous flat
norms in the sets of the covering. Thus, the results in trivial topology can be extended
to nontrivial topology in exactly the same manner as in Proposition 4.1. We simply work
with the equation on R; x R3:
3

ou ; Ju
4.22 — = (¢ -+ b(t)u.
(422) i~ et g+
We only need to establish the regularity of the propagator for the equation
ou LA ou
4.23 — = g t,r)=—
( ) at — a ( I’ 'r) axl i

the potential term b(t) being treated via a fixed point method. In each case, we have
chosen for b exactly the regularity required to solve the integral problem (4.8) with
values in the right space. Further, the integral formulation allows us to interpret properties
(4.11), (4.13), (4.14) and (4.16) of the propagator V for equation (4.22) as straightforward
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consequences of the same properties for the free propagator (?) U and the regularity of b.
In cases where we assume more regularity on b and the a’s, the properties (4.12), (4.15)
and (4.17) of the solution can be read off immediately from equation (4.22).

Each part of the proposition is deduced from the results of Proposition 4.1, either
through the use of suitable identifying operators, or, in the case of weighted Sobolev
spaces, simply by differentiating the equation.

Point 1: Since a’ € C(R¢;CY(R?)), p > 1, we know from [32]-[34] (see proof of Proposi-
tion 4.1 above) that the free propagator U exists as a bounded operator on L?(R?) and
H(R3). The property

(Pm) U strongly continuous from R | to L(H™(R?*;C"))

is true for m = 0 and m = 1. We now assume p > 2. If we can infer from (P,,) the
property (Ppa2), provided 0 < m < m + 2 < p, then (4.11) is proved for U. Let us
assume (P,,) true and consider some initial data uy € H™2(R3;C") and some initial
time s € R; u being the associated solution, we put

v =(Id— A)u.

Id — A is an isomorphism from H°2(R?) onto H°(R?) for any o € R. Thus, v := v(s) €
H™(R?;C") and v satisfies the equation

W~ O : 0 .
(4.24) 5 = ;a (t,) 5= + ;[Id = 4,a'(t, 7)) 53— (1d = 4) "o,
Since a’ € C(Ry; CY(R3)), p > 2, the commutator [Id — A, a’(¢,z)] is of the form
, 3./ ) 3
[Id— A, a'(t,z)] = ; (c” (t, x)@ +dY(t, $)>

where
¢ € C(R;;CP7H(R?)), d¥ € C(Ry;CP 2 (R?)).
Therefore, the potential satisfies

3
; 0
> lld - A4, a*(t,z)] 5 (Id — A)7H e C(Ry; L(H™(RY))).
i=1
This together with (P,,) implies that equation (4.24) has a propagator W that is strongly
continuous from R?_ to L(H™(R?)). Hence, the free propagator U can be defined on
Hm+2 by
Ut,s) = (Id — A) "' W(t,s)(Id — A)
and is strongly continuous from R?  to L(H™*?(R?)).

Point 2: Given g € R, we use the following isomorphism between Lz and L?:

G:fio (14023225 ¢ 12512

(%) See footnote 1 of this chapter.
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Given ug € L3(R?* C") and s € R, we deduce that u € C(Ry; L5(R?;C")) is a solution of
(4.23) such that u( ) = ug if and only if v := ®(u) € C(Ry; L2(R?;C")) is a solution of

(4.25) Z (t,x ——|—Za t,x [1—1—7") (e+3/2)/2 82: (1 4 r2)let3/2/2,

such that v(s) = vy = P(ug) = (1 + r2)~(@+3/2)/295. The commutator is simply the
smooth function

0
n—=(e+3/2)/2 Z | — _

Therefore the potential satisfies

3
Z ai (t7 .'I;) {(1 + TQ)_(Q+3/2)/2’

(1 +7%)~@F3/2/2) = O(r=(@T5/2)) "as r — +oo.
€Z

ai] (1402)(€F3/22 cC(Ry; CYRY)) — C(Ry; L(L*(RY))).

We infer that equation (4.25) has a propagator W that is strongly continuous from Rf’s
to L(L*(R3;C™)). This allows us to define the free propagator U on L2 by

Ut,s) =D W(L,s)d
and conclude that it is strongly continuous from R? | to L(L2(R?; C")).
Point 4: This part of the proposition will be useful for the proof of point 3, therefore
we prove it first. This is done exactly as for point 1 with the additional tool of product
theorems between Sobolev spaces. We have assumed a' — af € C(Ry; H*(R3;C")) with
k > 3. Consequently a* € C(Ry;C}(R?* C™)) and thus U acts as a strongly continuous
propagator on L% and H'. Then we use (Id—A)~! to go up to H'*2 from H', 0 <1 < k—2;
the commutator [Id — A, a(t,z)] is of the form

[Id — A, a( Z( txi—l-d”(tx))

where
¢ e C(Ry; HF"Y(R?)), d¥ € C(Ry; HF2(R?)).
Using the usual product rule between Sobolev spaces
H' (R?) x H2(R3) < H°(R?) for 01,00 > 0, 0 < 01 + 09 — 3/2,
we find that, for 0 <1 <k — 2, since k >3 > 5/2,
H*Y(R3) x H(R?) — H'(R®) and HF2(R®) x H'TY(R?) — H!(R®).
The conclusion is therefore the same as in point 1:

3

; 0
Z[Id - Av al(ta m)]%ad - A)_l € C(Rtv E(Hl(Rg)))a
i=1
and this allows us to define the propagator & on H'*2. Therefore, by induction, I satisfies
(4.16) for any m such that 0 < m < k and this proves the fourth part of Proposition 4.2.
Point 3: The regularity of the a¥’s (HY — C}(R3) since k > 3 and v < 0) and points
1 and 2 imply that we can define U as a strongly continuous propagator on L? and LZ
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for any p € R. We assume that for some integer m, 1 < m < k, the following property is

satisfied:

(Pm—1) U can be defined as a strongly continuous propagator on H%(R?) for any ¢ € R
and for any integer p such that 0 <p <m — 1.

We wish to show that (P,,—1) implies (P,,); this will prove point 3 by induction. For
a given o € R, we establish, using (P,,—1), that U is a strongly continuous propagator
on H}*(R?). We consider ug € Hl, (R* C"). The finite propagation speed and point 4
entail:

Ut, s)uo € C(RY 33 Hiomp (R% C")) — C(R7,; Hy' (R C")).

comp

If we prove the existence of a positive, continuous function C' on R7 ; such that, for any

up € Hopp, we have

(4.26) (e, Yo ey < C(t, ) [woll .

this will allow us, by density of Hgy,,, into H,", to define U as a strongly continuous prop-
agator on H)". Hypothesis (P,, 1) already gives us the existence of a positive, continuous
function C; on R | such that, for any ug € HJ,.,

(427 et ol s < Cult )l
For ug € H™,(R3), we put u(t,s) = U(t, s)up and v;(t, s) = du(t,s)/0z? for j =1,2,3.

comp

We have vj|i—s = Oug/0z7 € H;”__ll(Rg) and vy, vg, vz satisfy

3

8vj - i 8’1)j
(4.28) o= Zl

txvl, 7=1,2,3.

This is a system of three evolution equatlons whose principal part reduces to (4.23) and
which are coupled by the potentials da’/dz7. The regularity of the a*’s and the continuous
embedding (4.21) imply (since k > 5/2 and v < 1)

da 4

oz
This property together with the assumption that the propagator U for (4.23) is strongly
continuous from R to E(Hm_l(RS)) entail that the system (4.28) admits a strongly
continuous propagator on (H," 1H(R3;€C™))? (this is proved using a fixed point method).
An immediate consequence is the existence of a positive, continuous function Cy on Rt,s’
such that, for any uo € H™ (R C"),

comp
3

(4.29) > i uoH g
i H;n,z

0

8xiu(t’ s)ug
i=1

Putting (4.27) and (4.29) together gives us (4.26) and concludes the proof of Proposi-

tion 4.2. m

€ C(Ry; Hy~} (R* M, (C))) = C(Ry; L(H'7 (R C™))).

3

S 02 (t7 S)
"y i

Proof of Theorem 4. We apply the result of Lemma 3.3 to obtain the conservation of
the charge. Let us consider some initial data ¥y € H 1(2 i Spirac) With compact sup-
port on X and some initial time s. Let ¥ be the corresponding solution to (3.4) in
C(Ry; HY(X;Spirac)) N CH(Ry; L?(X; Spirac)). For T > s, we integrate the closed 3-form
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w = *U,dz® on a closed surface ¢ made of a timelike tube, large enough not to intersect
the support of the solution on the time interval [s, T, and of the spacelike hypersurfaces
Ys = {t = s} and Yp = {t = T}. Such a surface exists thanks to the finite propaga-
tion speed and the integration of w over ¢ has a meaning because the vector field U?,
or equivalently the 3-form w, belongs to Wlicl (R¢ x X) (the Sobolev space on R; x X
of functions in L{ . with their first derivative in L{ ); therefore one can apply Stoke’s
theorem to evaluate the integral of w over the compact, piecewise C! hypersurface o. We

have proved the closedness of w in Lemma 3.3. We obtain

1 1
—T*U, dVol — \ —=T*U,dVolp5) =0
ZST \/§ a h(T) ZSS \/5 a h()

since \%T % and —%T“ are the outgoing unit normals to ¢ on YXp and Y respectively.
We have

Ty =T papar + Taax X' = (0, 0) = |W]2.

Similar arguments can of course be used for T' < s. This proves the conservation of E(t)

for solutions associated with initial data in Hclomp(E). The result then carries over to

solutions with values in L?(X) by continuity on L? of the propagator for equation (3.4)
and by density of H} in L?. This concludes the proof of Theorem 4. m

omp

5. The case of the Schwarzschild geometry

The space-time containing only a spherically symmetric uncharged black hole of mass
M > 0 is described by the Schwarzschild metric whose expression in the Schwarzschild
coordinates t,7,6,¢ on R; x |0, +00[. x S7 , is given by

oM oM\
(5.1) Gapda®da® = (1 — —)dt2 — (l — —> dr? — r2dw?
r T

where dw? is the euclidian metric on S2:

dw? = d6? + sin? 6dy?.

Putting
F(r)y=1-2M/r
we have
(5.2) gapdz®da’ = Fdt? — F~1dr? — r2dw?®.

This metric has two singularities: the horizon {r = 2M} is only a coordinate singularity,
the metric can be extended analytically through it; and the origin {r = 0} which is a
true curvature singularity. The horizon separates the exterior of the black hole {r > 2M},
which is a stationary domain where 9/t is timelike and 9/9r spacelike, from the interior
{r < 2M}, a dynamic region where 9/0t is spacelike, 9/0r timelike, and the inertial
frames are dragged towards the singularity at {r = 0} (the time orientation implicit in
this description is such that the timelike vector field 8/9r is past pointing).
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5.1. The exterior of the black hole. We first consider the Schwarzschild geometry
from the point of view of an observer static with respect to infinity. Such observers only
see the exterior of the black hole and their perception of space-time is described by the
time function ¢ of the Schwarzschild coordinates outside the black hole. To their eyes,
light rays falling into the black hole slow down infinitely as they approach the horizon and
never cross it. One way of seeing this is to calculate the radial null geodesics. Introducing
the Regge—Wheeler variable

r« =1+ 2M Log(r — 2M)

we have
dr

dr. -

and the metric g takes the form
g = F(dt* — dr?) — r2dw?.
The radial null geodesics are the straight lines
w=uwy, t=4r,+C, CEeR, wyes?

and the horizon {r = 2M} (corresponding to r, — —o0) is reached in infinite time ¢.
A remarkable consequence of this property is that if we choose for Dirac’s equation
(or Maxwell’s, or the Klein—Gordon equation alike) some initial data whose support is
contained in {r > 2M + e}, ¢ > 0, then the support of the solution will only reach the
horizon when t becomes infinite.

We shall see that results similar to those of the previous section are still valid in this
framework, but before we can express them properly, we need to study the geometry of
the spacelike slices.

5.1.1. The spacelike geometry of the exterior of the black hole. The exterior of the black
hole is globally hyperbolic. We consider the foliation induced by the time function t, i.e.
the slices are

Yy ={t} x |2M, 400, x S2, tER,
with the induced Riemannian metric
(5.3) h = F~'dr? + r?dw?.
The 3+1 decomposition of the geometry is given by (calling M the exterior of the black
hole):
N2
(54) M=R;xX, XY=]2M,+oc[, xS%, g=Fdt* —h= 7ohf2 —h

with the lapse function N = V2 F1/2_ The exterior of the black hole is static: /0t is a
Killing vector field (since g does not depend on ¢), is timelike outside the black hole and
is everywhere orthogonal to the Cauchy hypersurfaces X;. The time orientation is chosen
by deciding that 9/0¢t is future pointing and the normalized vector field T is then

o 20
T99, = vV2F 122 = 29
Ou = V2 ot Nt
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We consider a generic spacelike slice (X, h). The metric h appears singular at r = 2M.
This is merely due to the choice of coordinates; introducing as the new radial variable
u(r) the h-distance to the horizon, we show that (X, k) is a smooth manifold and that
the horizon is a smooth boundary.

Given p = (R,w) € X, the h-distance from p to the horizon H = {r = 2M} x S2 is
given by

(5.5) wRy= | F 2= |
[2M,R] [2M,R]

oV
vr—2M

This distance is finite and H thus appears as the boundary of (X, h). Since

dr.

du
i AR V2
dr ’
the metric A can be written as
(5.6) h = du? + r?dw?

and
2 =10, 400, x S2.

The function u(r) is continuous and strictly increasing from [2M, 400 onto [0, 4+o00], it is
C® on |2M, +oo] but it is not differentiable at 2. However, the inverse function satisfies

LEMMA 5.1. The function u — r(u) is C* on [0, +o0o[ and all its derivatives are uniformly
bounded on [0, +oc[. In particular, the first derivative dr/du = F'/? (and therefore also
the lapse function) is uniformly bounded together with all its derivatives on [0, +00].

Proof. The first and second derivatives F''/2 and M/r? are continuous on [0, +oo[,
whence r is C? on [0, +0o[,. If r is C* on [0,+o0[,, then so is the second derivative
and the lemma is thus proved by induction. m

This entails that h is smooth on ¥ = [0, +oo[, x S2; (¥,h) is a smooth manifold
with boundary. On (X, h), we introduce Sobolev spaces with all traces equal to zero at
the boundary:

DEFINITION 5.1. H"(X), m € N, is the completion of C§°(X) in the Sobolev norm

m 1/2
(5.7 1l = () 072,07y aven,)
2 p=0

where D, (-, -) and dVol, are the covariant derivative, the positive definite inner product
on tensors and spinors at a point and the volume element on X induced by h. Note that
on spinors, (-, -} is nothing but the hermitian inner product induced by T%. The subscript
0 in HJ*(X) must not be mistaken for a weight subscript; weighted Sobolev spaces on X
with zero traces will be denoted by Hys(X). Hg (X)) is simply L*(X, h).

We wish to prove that the Cauchy problem for the Dirac equation is well-posed in
these spaces. To this end, we establish that the successive domains in L? of the Dirac
operator on Y with homogeneous boundary conditions at the horizon are the Sobolev
spaces H"(X) and that the norms are equivalent.
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We consider the Dirac operator Dy associated with the Levi-Civita connection on
(X, h). It is formally self-adjoint on L?(X};; Spirac) and satisfies

(5.8) Dy Dy =D% =D*D = —A,.

The notation D for the Levi-Civita connection on (X, h) is justified by the fact that the
exterior of the black hole is static: the extrinsic curvature of the slices X is zero, whence
the projection on X of the space-time connection (D, = —habe) coincides with the
Levi-Civita connection on (X, h). Consequently, D* D = —Aj, and Dy coincides with the
Dirac-Witten operator on X embedded in (M, g). Also, the endomorphism R vanishes
here since Go, = 0 (Schwarzschild’s space-time is a solution of the Einstein vacuum
equations) and (5.8) is therefore obtained from (3.27). Note that the equality (5.8) is
true when applied to ¥ € C§°(X; Spirac). The coefficients of Dy and Aj, being smooth
on X, these operators are continuous on D’'(X; Spirac), the space of Dirac spinor valued
distributions on X (that is, the dual of C§°(X;Spirac)). Hence, (5.8) naturally extends
by continuity (!) to an equality of operators acting on D’(X; Spirac), and in particular
on any Sobolev-type space on X. The norm in H%(X) can be defined using Dy in the
following manner:

PROPOSITION 5.1. Consider the following norm on HE(X;Spirac):

k 1/2
(5.9) 12|l = (Z | (Dt L) dVolh) .
p=0%x
The norms || - || gx and ||| - |[|x are equivalent on HE(X;Spirac)-

REMARK 5.1. We consider the operator

o 1
(5.10) D:=e.Ds, €= F*1/2a = ETaaa.

D is formally skew-adjoint on L?(X;Spiac) and satisfies
(5.11) PP =-P°=D3=-A,

Moreover, the norm |||.|||x can be expressed using P as well as Dy;; we have for all ¥ in

(*) One can also think directly in terms of duality. There are different ways of defining
the duality product between D’'(X; Spirac) and C§°(X; Spirac). The most natural is to construct
it as an extension of the positive definite innner product on LQ(Z' ;Spirac) without complex
conjugation. More precisely, to a locally integrable Dirac spinor field ¥ on X' we associate the
distribution T, usually simply denoted by ¥, in the following manner: for all ® € C3°(X; Spirac),

(0, @)1 oo = S(Mm),%) dVoly, = S@T(x)![/(m) dVoly, = S *(2)W () dVoly.

Thus, considering a differential operator L on Y| i.e. involving only derivatives tangent to X its
transposed with respect to the above duality product will be L*, where L* is its formal adjoint for
the positive definite inner product on L?(%; Spirac). Hence the equality (5.8), where the operators
are considered as acting on C§°(X; Spirac), immediately entails by definition of D’(X; Spirac) the
same equality where the operators are now considered as acting on D’ (X; Spirac). Indeed, all the
operators involved being formally self-adjoint, we obtain by duality the complex conjugate of
(5.8) which is equivalent to (5.8).
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H(])€(27 SDirac)a

k 1/2
(5.12) 1 = (3 {@re.pry avol,)”
p=0%
All this is an immediate consequence of the fact that eg. is hermitian for (-,-), anti-
commutes with Dy and eg.eg. = Id. Note that restricting P to S* and S respectively, we
get similar results for D and D*.

Proof of Proposition 5.1. The Bochner—Lichnerowicz—Weitzenbock formula (5.8) gives
immediately that for ¥ € C5°(X; Spirac), and by density for ¥ € H} (X; Spirac), we have

D25y = [ID¥|| 25

and therefore ||| g1 = [||@|||l;. In order to prove the equivalence of higher order norms
using this first result, we prove the following lemma;:

LEMMA 5.2. For any k € N, there exist constants 0 < Cy < Cy < +00 such that, for all
P c H(I)CJFQ(Z; SDirac)a

(5.13) Cll®|Fnre < DI + 1ArBI77x < Col|BlIFpuse

Proof. Let us consider a smooth Riemannian manifold (Z‘ h) such that ¥ = X U K, K
compact, ) topologically trivial and h| s = h. (Z‘ h) is then a smooth asymptotically
flat Riemannian manifold with trivial topology. This entails that Y ~R3. Parametrizing
) by R3, we see that there exist 0 < K; < K5 < 400 such that (Tzab and h2P are here
considered as 3 x 3 matrices)

Ky <deth< Ky, Kilds < hap < Kolds, Kjlds < h?P < K,1ds.

The norms in the Sobolev spaces H k(ff ,iNL) are equivalent to the norms in the usual
Sobolev spaces on R®. The Laplacian A; acting on Dirac spinors is given (with respect
to a spin-frame) by

3
0 0
- 12 9 1/27ab :
As [ g (det h)~ e ((det h)**h 5.0 ﬂ Id4 + connection terms

- 7ab >
= (aélh W)Id4+R,
the remainder R being a first order differential operator whose coefficients are first or
second order derivatives of the metric h and are therefore in LOO(E) together with all
their derivatives. And of course A;L|g =Ay.
The ﬁ~rst immediate consequence is the existence of 0 < C5 < 400 such that, for any
? € C5°(X; Spirac)s

1917 5 + 1125215 5 < C2l12]]7

HE (D) HE+2(5)
Choosing only spinor fields @ in Cg"(E;SDiraC), we obtain one of the two inequalities
(5.13).

The second consequence is that, via a choice of spin-frame, Id — Ay is an isomorphism

from H*"2(R3;C*) onto H*(R?;C*) for any integer k, since (Id — A;)~! is a pseudo-
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differential operator of order —2. Therefore Id — A; is an isomorphism from H k2 (57, C4)
onto H¥ (5’; C*) for any k € N (for a slightly weaker result implying also the second
inequality (5.13), see for example [27], p. 197, Corollary 8.4.7).

We conclude that for each & € N there exists 0 < 51 < +oo such that, for any
@ € H*2(5; Spirac)

01||SZ5HHH2(§) < ”(Id - Aﬁ)ds”Hk(i) < ”@HHk(E) + HAEQSHHHE)-

Choosing @ € C§°(X; Spirac) gives the other one of the two inequalities (5.13) and proves
Lemma 5.2. =m

We now proceed to proving Proposition 5.1 using Lemma 5.2. We already know that
- Nzzesy =M1 Mlos - ey = -l
Lemma 5.2 for k = 0 gives the following:
Cill®[l32 5y < IDXDN72(5) + 19]I72(5) < Coll P32y for all & € HF(X).
Hence, the norm
(Dl Fr2 5y + IPz@Z2 ()2 = (19N Fr2 () + D] 72 (55)) "

(which is clearly equivalent to || - || z2(xy) is equivalent to ||| - [[|2. This proves the result of
Proposition 5.1 for £k = 2. We now suppose this result to be true for 0 < k < m, m > 2
and we prove it for k = m + 1. Lemma 5.2 gives

CIH@H%{mH(z) < HQS”?{m—l(z) + ||D>2:¢||§1m—1(2) < C2H¢||?{m+1(2)
for all ¢ € H" T (X).
Moreover, using the equivalence for kK = m — 1, we deduce that

Bl Frm—1(5) + D% Fm—1 )
m—1
~ H¢||2L2(2) + ||/D243||%2(2) +2 Z ||D§¢||2L2(2) + ||Dg¢||2m(z) + ||Dg+1¢||2m(2)~
p=2

This proves the equivalence for k¥ = m 4+ 1 and Proposition 5.1 follows by induction. m

5.1.2. The global exterior Cauchy problem. We now prove the well-posedness of the
Cauchy problem for the Dirac equation in Sobolev and weighted Sobolev spaces outside
the black hole. We have already introduced the Sobolev spaces H¥(X), k € N; we now
define weighted Sobolev spaces with zero traces at the horizon:

DEFINITION 5.2. For k € N, ¢ € R, the weighted Sobolev space with zero traces at the
horizon: H{ ,(X), is the completion of C§°(X) in the norm

k 1/2
(5.14) Il = (3§ +ut)y o320 (Dr f, D7y avol, )
p=0x
u being the h-distance to the horizon introduced earlier. We could replace 1 + u? by r?
for example without changing the function space, we would simply replace the norm by
an equivalent norm since r ~ v at infinity.
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The following theorem is the analogue of Theorems 1 to 4 in the Schwarzschild space-
time described using the point of view of observers static with respect to infinity:

THEOREM 5. 1. For any initial data Wy € L?(X;Spirac), the Dirac equation outside the
black hole has a unique solution ¥ € C(Ry; L*(X; Spirac)) such that ¥|,—o = Wy. Moreover,
the evolution is unitary in L*(X), i.e.

||!p(t)||L2(2) = HWOHLZ(E) fO?” all t € R.
The propagator for the Dirac equation outside the black hole, U(t, s), only depends ont—s
since the space-time is static. We denote it by U(t — s) and t — U(t) is a one-parameter
group of unitary operators on LQ(E;SDimC).

2. If Wy € HE(X; Spirac), k € N, the associated solution ¥ satisfies
k

v e () C'(Ry; Hy ™' (5; Spirac));
1=0
U(t) is a strongly continuous one-parameter group of bounded operators on HE(X; Spirac)
for all k € N.

3. For any initial data Wy € Lz(E;SDirac), o € R, the Dirac equation outside the
black hole has a unique solution ¥ € C(Ry; L2(X; Spirac)) such that W]i—g = Y. U(t) is
a strongly continuous one-parameter group of bounded operators on LZ(Z; Sbirac) for all
o€ R.

4. If ¥y € Hé“,Q(E;SDimC), k €N, o € R, the associated solution ¥ satisfies

k
k—1
v e () C'(Re; Hy ,'(5; Spirac))i
1=0
U(t) is for all k € N, o € R, a strongly continuous one-parameter group of bounded
operators on H(’)“yg(E; Sbirac)-

Proof. With the notations we have introduced in the previous section, the Dirac equation
outside the black hole takes the form

Ve ¥ = —DP¥ —imey.W.
A

We choose a spin-frame {0#, 14} adapted to the foliation; v° is then given as the constant
hermitian matrix
o . 0 1d,
7=
—Idy O

and expressing more explicitly the timelike derivative, we obtain

v N
1 = (DY + im0 + BW
(5.15) 5 ﬁ(@ +imy Y + )

where the matrix B (not quite the same as the matrix B of Chapters 3 and 4) contains
the connection terms coming from the time derivative; B is of course independent of .
In Appendix A, we describe more precisely the type of spin-frame in which we work
and we calculate a general expression of the matrix B in such a spin-frame; this general
calculation is valid for both Schwarzschild and Kerr metrics. We also give an explicit
expression of B in Schwarzschild’s space-time for a particular choice of spin-frame already
used in [48]. Suffice it to say here that for our choice of spin-frame, we have the following
result, proved in Appendix A:
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LEMMA 5.3. The coefficients of the matriz (N/v/2)B are uniformly bounded on X together
with all their derivatives.

This will be useful for controlling the Sobolev norms of the solutions.

1. The Cauchy problem in L*(X): The essential observation here is that if we choose
the initial data ¥y with compact support in X, the support of the solution will propagate
along null geodesics (i.e. characteristic lines) and will only touch the horizon as t tends to
infinity (according to the remark at the beginning of this section). Therefore, we will never
see the lapse function reach the value zero and we can apply the results of Theorem 1. Let
us develop this argument more precisely. We use the Schwarzschild coordinates (¢,7,w)
for simplicity. For € > 0, we consider on Ry x [0, +00][, X S2 a smooth Lorentzian metric ,
which coincides with g on Ry x [2M + ¢, +00[, x S2, i.e. “outside the black hole and not
too close to the horizon”. For the background metric on Y= [0, +00[,-xS2, we simply
choose the euclidian metric

h=dr? + r2dw?
and we compare g with a metric g on R x b5 which, outside a compact set, is the beginning

of the expansion in 1/r of the Schwarzschild metric (this metric has the form chosen for
background Lorentzian metrics in Definition 2.1):

g= (1 - g(r)m>dt2 - <1 + Q(T)W>d7”2 —r2dw?.
r r

Here p is a smooth cut-off function on [0, +o00[, identically zero on [0,3M] and equal to 1
on [4M, +oo| (for example). We see that for each £ > 0, % is of class (00, d) on R x X for
any 6 > —2 since

D'(g—§) =0("%"), r— +oo, WL EN,

where D is the Levi-Civita connection on (S’ ,l~z), i.e. the euclidian connection on R3.

Hence, it turns out that for any ¢ > 0, the metric °g fits in our classes of asymptoti-
cally flat (and even strongly asymptotically flat) space-times and the results of Theorem
1 can be applied to the space-times (R; x 5’, °g), € > 0. Thus, if we consider some ini-
tial data ¥, in Lz(g’; Sbirac)s the Dirac equation on (R; x g‘,eg) has a unique solution
¥ € C(Ry; L2(X; Spirac)) such that ¥(0) = ¥,. Moreover, the norm of ¥(t) in L2(%}) is
constant throughout time. We now consider ¥, with compact support in |2M, +oc, x S?
and we choose € > 0 small enough so that

[0,2M + €], x S2 N supp ¥ = 0.

The solution ¥(t) coincides on |2M, +oc[,.xS2 with a physical solution to the Dirac
equation outside the black hole on the time interval [T, T5] 3 0 during which the support
of ¥ does not touch [0,2M + €], x S2. As ¢ — 0, we have Tf — —oo and T5 — +00.
This entails that for any initial data Wy € L?(X;Spirac) With compact support in X, the
Dirac equation on (R; x X, g) has a unique solution ¥ € C(Ry; L?(Y; Spirac)) such that
¥ (0) = ¥y and we have

1) 2z = [ (@), () dVoly = [yl (s
z
Hence the first part of Theorem 5 follows by density.
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2. The Cauchy problem in Sobolev spaces: We consider ¥y € C5°(X; Spirac)- Applying
the results of Theorem 2 to the metrics °g, € > 0, we see that the associated solution
¥ is in C*°(R¢; C5°(X; Spirac)). We show by induction that all the norms [[|&(t)]||r are
controlled in the following manner: there exist ay, r > 0 independent of ¥, such that

(&)l < e |-

This will prove this part of theorem 5 by density.
To this end, we apply @k to the expression (5.15) of the Dirac equation for our choice
of spin-frame. We get

(16) 5 (P9) = = TSPPHD) +im P 0 + BPW)
kN ko N kN
+ [ZD ,—ﬁ]ipwr {@ ,—ﬁzmyo]gfﬁ- {@ ,—EB}W.

We see that equation (5.16) has the form
0 .k N
Z(pFw) = -
5P =7
where the term G(t) satisfies (using Lemmata 5.1, 5.3 and then the norm equivalence of
Proposition 5.1)

(P +im~° + B)P*W + G(t)

IGL2(s) < CIEO e < NI

with C' and C’ independent of ¢ and ¥. We shall express ||| (¢)|||x using P instead of Dy
(according to Remark 5.1)

k
@Iz = Z(:) IPPE )Lz s)-

Denoting by U(t) the propagator for the Dirac equation outside the black hole, we have
. . k
the following expression for P& (¢):

Pro(t) =UtyP o + \U(t — 5)G(s) ds.
0

This yields the following estimate:
Il
k k
1P (1) < 1P" W]l 2 + C" | [I1%(5)l1 ds

0
It [t]
k k
<[P T2 +C" | [P 0(s) ]2 ds +C" | [19(5)]l-1 ds.
0 0

Gronwall’s inequality then implies

Il

IP* )12z < (IP*Follze + € § 119(5) k-1 ds ).
0
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Therefore, assuming that we have already established the existence of aj_1,8,—1 > 0
independent of ¥, such that

() k-t < axre® || @0llle—y  for all t € R,
we have
k k / Br—1lt| C'lt
1P ()]l L2(x) < (1P W0l L2 + C'lt|ar—1e 1% llk—1)e
and we infer the existence of ag, Or > 0, independent of ¥, such that

(5.17) &) < are® M@l for all t € R.

Hence, starting from the conservation of the L? norm of the solutions, we prove by
induction that inequality (5.17) is true for all k¥ € N and for all ¥, € C§°(X; Spirac) With
constants ay, Bk independent of ¥y. Of course, inequality (5.17) is very crude, but it is
enough to obtain the qualitative informations we need.

We now consider ¥y € HE(X;Spirac) and a sequence ¥F € C5°(X;Spirac) which
converges towards ¥ in HY(X). (5.17) and the linearity of the Dirac equation imply that
the associated solutions ¥™ converge in C(Ry; HY(X)). Since ¥™ converges towards ¥ in
C(Ry; L?(X)) by continuity of the propagator on L2, we conclude that ¥ € C(Ry; HY (X)).
We can read off directly from the equation the additional regularity of ¥:

k
v e () C'(Ry; H ™' (5; Spirac))-
1=0
Moreover, by continuity, (5.17) is still valid for solutions with values in H%(X) and this
proves that U(t) is a strongly continuous one-parameter group of bounded operators on
HE(X) for all k € N. This concludes the proof of the second part of Theorem 5.

3. The Cauchy problem in weighted L? spaces: We do not detail the proof of the third
part of Theorem 5; it is identical to the proof of the fourth part given below, without the
additional complication due to the control of the regularity.

4. The Cauchy problem in weighted Sobolev spaces: The results of Theorem 3 concern-
ing the well-posedness of the Cauchy problem in weighted Sobolev spaces on space-times
of class (k, 0) together with the second part of Theorem 5 are sufficient to prove the fourth
part of Theorem 5. Let us consider ¥, € H&Q(E;SDMC), k €N, o € R. We introduce a
cut-off function y € C*(X), x =0 for u > 2 and x =1 for u < 1 (for example), where u
is the h-distance to the horizon H = 0X'. We split the initial data ¥ into a part localized
near the horizon and an “asymptotic” part which does not touch H:

Lpo :éo—i-@o, @Q = XWO

Then &y € HY(X; Spirac) and the solution @ to the Dirac equation outside the black hole
associated with @, satisfies

b cC(R;HNY(E)), 0<I<k

Moreover, the support of @ propagates at finite speed, i.e. there exists a smooth increasing
function d on [0, +-00] satisfying

d0)=2, d(t) — +oo ast— 400
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such that, for all t € R,
supp P(t) C {a € X5 u(x) < d(|t])}-
For any R >0, k € N, o € R, and for any f € H¥(X) with support in {u < R}, we have
fe H&Q(Z) and
(5.18)  min(1, (1+ RT3 22)|| || g s
<1 fllzrx () < max(1, (14 R?) 3202 £l
This immediately implies that for any 7" > 0, o € R,

P e ﬂc —T.,T]; Hy ' (2; Sbirac));

i.e.
k

@€ () C'(Ry; H ,'(5; Spirac))-
1=0
Furthermore, using (5.17), (5.18) and Proposition 5.1, we see that

max(1, (1 +d(|t])*) - e3/2tR/2)
(5'19> Hé(t)HHé“_Q(Z‘) <C min(l, 5(,Q,3/2)/2)
As for 6y, we choose 0 < £ < 1; then @y belongs to the space Hg(f]) associated with
the metric g, assumed for convenience, in this last part of the proof, to coincide with g
for u > € instead of r > 2M + €. Using Theorem 3, thib implies that the Dirac equation
on (R; x X, %) has a unique solution €@ € C(]Rt,Hk( %)) such that €©(0) = @y and <O
satisfies

ae H¢0HH§_Q(2)'

k
0 C (R HETH(D)).
1=0
If we denote by “U(t, s) the propagator for the Dirac equation on (Ry x X, ¢g) and introduce
a continuous function K on R; such that

KO = 1TUE O a5
then we obtain
IFOW Ny s) < KONy sy = K (©) ol

Thanks to the finite propagation speed, there exists T1(g) < 0 < Th(e) such that for
Ti(e) < t < Tu(e), the support of O(t) is contained in {u > e}. Therefore, using
the equivalence (locally uniform in time) of the norm || - || HE(E) associated with the
background flat metric and the norms || - || HE(S) associated with the “physical” metric

£g, which coincides with g in {u > ¢}, we have

k
°0 € (N C'([T1(e). Ta(e)]; HE ;' (2: Spisac))
1=0
and
1Ol re () < “CK(8)]|Oollmy (s)-
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We put °C(t) := °C°K(t). Since we have Tj(e) — —oco and Ts(e) — +o0 as € — 0, we
easily infer that the Dirac equation on R; x ¥ has a unique solution ©(t) in C(R¢; Hy ,(X))
such that ©(0) = ©p and moreover

k

6 € [\ C'(Re; HY ' (23 Spirac))-

1=0

O is defined as follows: for any 0 < e < 1,
O(t) :=°0(t) for T1(e) < t < Tx(e).

We now wish to show that the norm of O(t) is controlled by the norm of Oy for all times.
We fix €9 = 1/2. Then, we have for t € [T1(1/2),T(1/2)]
1O 15 () < "CWO)IC0] 1x(52),
where "C' denotes the function °C' associated with &,,. Now putting e; = 1/4, we have
for t € [T1(1/4),T»(1/4)],
||@(t)||H§(2) < lc(t)H@oHHg(z),
and so on for g5 = 1/8, etc.
The sequence T7(1/2™) is strictly decreasing towards —oo and T5(1/2") is strictly
increasing towards +o00. We now choose a continuous function C(¢) on R such that
C(t) = "C(t) for t € [T1(1/27), Ty (1/2" N U [To(1/2" 1), To(1/2™)];
then for all t € R we have

(5.20) ||9(t)||H§(2) < C)|1€ollmrx(x)
and the function C does not depend on @ (that is, does not depend on the choice of ¥p),
it only depends on the choice of the cut-off function y and the definition of the metrics “g.

Now putting the two solutions together, we find that the Dirac equation has a unique
solution ¥ = & + O in C(Ry; Hf (X)) such that ¥(0) = ¥, and

k
¥ € () C'(Re; Hp 5" (5; Spirac))-
1=0

Moreover, for all ¢t € R,

||W(’5)HH[’;Q(2) <le®llay s + ||@(’5)HH(’;Q(>:) < O(1)(

where C (t) is a continuous function on R, independent of the choice of ¥y, whose existence
is deduced from estimates (5.19) and (5.20). Finally, we have

Pollrg =) + 1€oll g ()

1ol sy (=) + 1O0llmz () < ClYollmy ()
where C' is a constant depending only on the cut-off function y, involving the L> norms
of its derivatives of order lower than k on {1 < u < 2}.

Hence, U(t) is a strongly continuous one-parameter group of bounded operators on
H§ ,(X) for all k € N, g € R. This concludes the proof of Theorem 5. m

5.2. Maximal extension of Schwarzschild’s space-time. After having adopted, in
the previous section, the point of view of an observer static with respect to infinity, and
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thus limited our study to the exterior of the black hole foliated using Schwarzschild’s time
coordinate, we describe here briefly the global geometry of Schwarzschild’s space-time.
We define the Kruskal-Szekeres variables inside and outside the black hole. These will
allow us to show that the horizon is not a singularity of the metric. The maximal analytic
extension of Schwarzschild’s space-time will then appear naturally. Most of the material
of this section is standard, it can be found under various forms in [7], [24] and [44] for
example.

5.2.1. Kruskal-Szekeres coordinates. Outside the black hole, Kruskal-Szekeres coordi-
nates (T, X,w), where w denotes the angular variables of the Schwarzschild coordinate
system, are defined by

1 1
(5.21) T = §er*/(4M)(et/(4M) —e /M)y x §em/(4M)(et/(4M) 4 et/ (4M))

where 7, is the Regge-Wheeler variable
r« =71+ 2M Log(r — 2M).

This coordinate system maps the exterior of the black hole R; x ]2M, o0, x S2 onto
the quadrant {X > |T'|} of Rz x Rx x S2. The horizon now appears as the hypersurface
{(T,X,w); T =X >0, w € S?}. The outgoing (resp. incoming) radial null geodesics,
represented in (¢, r.,w) coordinates as the straight lines {(¢,7. = ¢t + s,w); t € R} (resp.
{(t,r. = —t+s,w); t € R}) for fixed s € R and w € S?, are described in Kruskal-Szekeres
coordinates as the straight lines {(T, X =T + S,w)} (resp. {(T, X = =T + S,w)}) for
fixed S and w.

Inside the black hole, the definition is very similar. We consider a Regge—Wheeler
coordinate adapted to this domain

r« =1+ 2M Log|r — 2M| =r + 2M Log(2M — r),
the expression of the variables T and X in terms of ¢ and r, is then given by
Lo,/ —t/(aM t/(4M _ 1 anmy —ty(am t/(4M

(5.22) T = 3¢ [(AM) (o=t/(AM) | ot/(AM)) = ¥ — 5¢ J(AM) (g=t/(4M) _ ot/ (4M)y
The interior of the black hole R; x |0, 2M [, x S2 is mapped onto the domain {(7T', X, w) €
R xR xS% |X| <T < VX2+2M} and the singularity at » = 0 is represented as the
product of S? with the hyperbola in the (T, X)-plane: {(T, X); T? — X? = 2M, T > 0}.

The expression of the metric in Kruskal-Szekeres coordinates is the same inside and
outside the black hole

9= % (1 - g) (AT? — dX?) — r?dw?’.
This can be simplified using the fact that
(5.23) X% -T2 = (r —2M)e"/ (M)
and we obtain
(5.24) g= m_wefr/(ZM)(djﬂ — dX?) — r2dw?

where 7 is determined implicitly in terms of 7 and X by (5.23). The function
(r — 2M)e"/?M) ig analytic in r and strictly increasing from ]0, +o0o[ onto |—2M, +o0].
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It follows that 7 is an analytic function of X2 — T2, and therefore of (T, X), on —2M <
X?-T? < +00. An immediate consequence is the analyticity of the metric g on the whole
Schwarzschild manifold described in (T, X,w) coordinates as {(T, X,w) € R x R x S
T+ X >0, T < VX2+4+2M} (the singularity at »r = 0 is not considered as a subset
of the Schwarzschild manifold). This shows in particular that the metric g is not sin-
gular at the horizon of the black hole; the expression (5.24) of g and the description
of the horizon in (T, X,w) coordinates reveal it to be a smooth null hypersurface of
Schwarzschild’s space-time. Other properties of the horizon can be infered from its de-
scription in Kruskal-Szekeres coordinates and more particularly the fact that it is an event
horizon (for more details, the reader is referred to the references given at the beginning
of this section).

5.2.2. Mazimal Schwarzschild space-time. As we have seen above, the metric (5.24) can
be extended analytically on the region

MF = {(T,X,w) e R x R x §2; X2~ T? > —2M}.

We obtain a new space-time (M”, g) called the Kruskal extension, or maximal analytic
extension, of Schwarzschild’s space-time. It contains the Schwarzschild manifold (M*, g),
where M is the subset of MX

MS ={(T, X,w) e M*; X +T > 0}.
The additional part of (MX, g), which we denote (MS, g), where
MS = {(T, X,w) e MF; X +T <0},

is isometric to (M®, g) with its time orientation reversed: it describes a “Schwarzschild
white hole”. More explicitly, MS is the image of the Schwarzschild space-time, described
in Schwarzschild coordinates, by the transformations (5.21) and (5.22) with the signs of
T and X reversed. The space-time (M g) is best pictured by a Penrose diagram, which
can be constructed by defining the new coordinates:

« = arctan <u> — arctan <H>
V2M VoM )’

(8 = arctan <T + X) + arctan (H)
VoM VoM

(M¥ | g) is globally hyperbolic. We choose a foliation {S; },cr by smooth Cauchy hyper-
surfaces in the following manner:

e We consider the foliations {X}}:cr and {ft}teR of domains I and IIT (see figures
5.1 and 5.2) induced by the Schwarzschild coordinate ¢ in these two regions. In region I,
t is defined in terms of T and X by the inverse of transformation (5.21), in region III
we must use the inverse of transformation (5.21) with the signs of 7" and X reversed. In
both cases, we obtain

t2ML0g<X+T>.

X-T
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Singularity (r = 0)

r=2M

r = constant < 2M

\ r = constant > 2M
r= consta
r=2Mm
X
r=2
»/ =om

KSingularity (r=0 r = constant < 2M

t = constant

Fig. 5.1. The maximal analytic extension of Schwarzschild’s space-time in Kruskal-Szekeres
coordinates: domains I and III correspond to r > 2M, domain II represents the interior of the
black hole and domain IV the interior of the white hole

r = constant < 2M 8 Singularity (r = 0)
B= r=2m

= constant

TN .
ﬂ/‘/‘\\ |

t = constant

B+a=-— \“"' o pen
r = constant > 2M
‘//'/ r = constant > 2M

r=2M

= -T1/2
Sing?ularity (r=0) r = constant < 2M

t = constant

Fig. 5.2. The Penrose diagram of maximal Schwarzschild space-time
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This yields the descriptions of surfaces X; and ¥, in Kruskal-Szekeres coordinates:

et/(2M)_1
Zt = {(TaXaw); X > 07 T= mX, w e 52},
- et/(2M)f]_
Xy = {(T,X,w); X<0, T= mX, wE 52}.

e We only require that the hypersurface S;, outside the domain of dependence of a
neighbourhood of the horizon at T' = 0, coincides with X, if X > 0 and with X_, if
X < 0. Let us explain this requirement more precisely. At 7' = 0, the horizon is reduced
to the two-sphere {(0,0,w)} of Rt x Rx x S2 at which the horizons of the black hole and
of the white hole intersect. The variables 7'+ X and T'— X are null variables: the domain
of dependence of a neighbourhood {(0, X, w); |X| < C} (for a given C > 0) of the horizon
at T = 0 will be the region {|X| < |T'| + C'}. The condition imposed on the surfaces S-
means that for each 7 € R, S; coincides with X, in the region {X > |T'| 4+ C'} and with
Y, in the region {X < —|T| — C}. This condition can be expressed more explicitly in
terms of 7: for a given K € R, S, coincides with X, in the part of region I such that (r
being defined implicitly by (5.23) in terms of T" and X)

re =1+ 2M Log(r — 2M) > ||+ K

and S, coincides with X_, in the part of region III such that r, > |7| + K. We indicate
the typical shape of a surface S; in Figure 5.3.

S

7 i

(N

\ neighbourhood of
the crossing sphere att =0

and its domain of dependeneeé

Fig. 5.3. Foliation of maximal Schwarzschild space-time

For these foliations, the asymptotic behaviour of the metric g at spacelike infinity on
each S; is the same as the behaviour of g for fixed ¢t and r — 400 (this last is described
in the proof of Theorem 5). Hence, using such foliations allows us to show that (MX, g)
belongs to our classes of asymptotically flat space-times (with two asymptotic ends); it
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belongs to all classes (00, d) for § > —2. Thus the theorems of Chapter 4 can be applied
directly to this framework and guarantee the existence and uniqueness of solutions to
the Dirac equation with values in L?, H*, L2, H} (for any k € N and p € R) on
each hypersurface S;. This proves that solutions to the Dirac equation on the maximal
extension of Schwarzschild’s space-time are well behaved as long as they do not reach the

singularity {X? — T2 = —2M}.

6. Dirac’s equation on the Kerr metric

Kerr’s space-time is more perplexing than Schwarzschild’s space-time of which it is a
generalization. The Kerr metric describes a rotating uncharged black hole; in Boyer—
Lindquist coordinates on R; x R, x S2, it takes the form

2MrY |, 2asin?0(r? +a? — A)
5 dt* + 3
o 0

2
guud-r'ud-ru = <1 - dtdyp — gZd’l“2

(6.1) 26— ((r2 + a?)o? +22Mra2 sin? 9) sin? 04,2,
0

0> =r?+a®cos?0, A=r?—2Mr+d?,

where a is the angular momentum per unit mass and M > 0 is the mass of the black hole.
The black hole rotates around the axis going through its North and South poles. This
results into a nonzero coefficient g, that couples the variables ¢ and ¢. The function A is
the analogue of 72(1—2M/r) in Schwarzschild’s space-time; it defines the horizons as the
sets of points where A = 0. These horizons appear as singularities in the expression (6.1)
above, but they are merely coordinate singularities, the metric can be extended smoothly
through them. The only true curvature singularity of the metric is the equatorial ring
defined by ¢ = 0, i.e. 7 = 0 and § = 7/2. There are three types of Kerr space-times
depending on the respective importance of the rotation and the mass:

o Slow Kerr space-time for 0 < |a| < M (the case a = 0 reduces to the Schwarzschild
metric). A has two real roots r_ and r:

(6.2) O<r-=M-—-VM?—-a?><M<ry=M++M?—a%<2M,

so there are two horizons on either side of the sphere {r = M}.

e Extreme Kerr space-time for |a| = M. M is then a double root for A and the sphere
{r = M} is the only horizon.

o Fast Kerr space-time for |a| > M. A has no real root and the space-time has no
horizon. There is no black hole in this case, the ring singularity is a naked singularity.

We consider only the case of slow Kerr metrics. Horizons separate the space-time in
connected regions called Boyer—Lindquist blocks:

Block I is the exterior of the black hole {r > 7 }. It is the simplest of all three blocks.
In this region, the vectors 9/9r, /90, 8/0p are spacelike and, for r > 1, 9/0t is timelike.
However, block I contains a region called the ergosphere in which g;; < 0 and thus 9/9¢
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is spacelike. The ergosphere is the toroidal domain around the outside horizon:
E={(t,r0,p); ry <r <M+ M?—a?cos?0}.

Inside &, the effects of the rotation are extreme and along every future-oriented nonspace-
like curve, the quantity ay is strictly increasing.

Block I, like any Boyer—Lindquist block, is not stationary, i.e. there is no timelike
Killing vector field globally defined on it. However, the exterior of the ergosphere is
stationary, and even absolutely stationary, since 9/9¢ is the unique (up to multiplication
by a constant) timelike Killing vector field globally defined there. Also, every point in
block I, even inside the ergosphere, has a stationary neighbourhood.

Block II is the region between the outer and inner horizons {r_ < r < ry}; it only
exists in the slow case. 9/Jr is timelike there and 9/0t, 9/00, 8/0¢ are spacelike. It is
a dynamic domain where the inertial frames are dragged towards the inner horizon (the
time orientation implicit in this description is such that 9/0r is past pointing).

Block III lies beyond the inner horizon {—oo < r < r_}. It contains another ergo-
sphere

E={(t,r,0,p); M — /M2 —a2cos20 <r<r_},

the ring singularity and a time machine (being the only region where 9/ is timelike)
which allows any two points in block III to be joined by a future-oriented timelike curve.
Hence, not only is block III not stationary, it is not causal either.

For a detailed description of the geometry of Kerr black holes, see [50].

6.1. The exterior of the black hole. In this section, we study Dirac fields in block
I from the point of view of an observer who is static with respect to infinity, as we
did in Section 5.1 for the Schwarzschild black holes. The perception of such observers
is limited to block I and is described by the time function ¢ of the Boyer—Lindquist
coordinates. Just as in the Schwarzschild case, light rays in block I can only reach the
horizon when ¢ becomes infinite. Hence, if the support of a Dirac field (for example)
does not touch the horizon at some particular time %, it will never touch it for finite
values of t, i.e. the distance d(¢) of the support of the field to the horizon at time ¢ is
a strictly positive continuous function on Ry; it may (and usually does) tend to zero
when ¢t — +o00. To explain this property more precisely, we consider the principal null
geodesics (the analogues of radial null geodesics in Schwarzschild’s space-time). They are
the straightest routes to or from the horizon and are defined by

a . r?4a?

— . {=
A’ A

F=+1, =0, ¢=
Introducing a new coordinate 7, such that

dr*_r2—|—a2>0 on |ry, 00|
r A "

we get
T =t
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and therefore, along a principal null geodesic we must have
t==+r,+C.

The horizon r = ry corresponds to r, — —oo and is consequently reached only when ¢
becomes infinite.

In this framework, we solve the Cauchy problem for the Dirac equation in Sobolev
and weighted Sobolev spaces. We first study the geometry of {t = constant} slices; their
extrinsic geometry which is nontrivial and even singular at the horizon will make the
analysis of the Dirac-Witten operator slightly more intricate.

6.1.1. The spacelike geometry of block I. We denote by M the space-time outside the
black hole and we choose the foliation of M by the level hypersurfaces of the time-
function t:

(6.3) Zy = {t} x Jry, ooy x S .

For each t, the hypersurface X is spacelike since at each point, its tangent plane is
spanned by the three spacelike vectors 9/9r, 9/060, 0/0¢p. This shows that ¢ is indeed
a time function, i.e. its gradient V¢ is a timelike vector field, in spite of the fact that
in Boyer-Lindquist coordinates, 9/0t is not everywhere timelike in block I. The time
orientation is fixed by deciding that V?¢ is future pointing.

The 3 + 1 decomposition of the Kerr metric in block I. We perform the 3 + 1 decompo-
sition of the metric g relative to the foliation { X} };cr. We calculate the expression of the

vector
V2
T = —V%
Ve
in Boyer—Lindquist coordinates. To do this, we look for a future pointing timelike vector
field U® orthogonal to X at each point and we normalize it to obtain 7*. The time
orientation yields that ¢ increases along all timelike future pointing curves, hence we

choose U? of the form

N R Y R
Ut0u = g, + g+ Bg + O

and imposing that U® should be everywhere g-orthogonal to 9/dr, /90 and 9/d¢, we
obtain

0 gip, O 0 2aMr 0
6.4 U9, =—=—— T2 = — —.
(6.4) Ot gppO0p Ot + (r2 +a?)o® 4+ 2Mra? sin? 0 Oy
We put
2aM
(6.5) alr,0) = — I — alr

Gop (124 a2)p® +2Mra2sin®6
The norm of U? is then given by
(gts(,)2 —Asin? 6 B Ap?

Ul =U,U" = gy — =
Ul “ g Yop Jee (r?2 + a?)0? + 2Mra?sin® 0

V2
U]

> 0 in block I,

and the vector T is

T = Ue.
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If we introduce the vector fields %, %, ©® defined as

0 0

@ - a a —
704 = |grr| 1/25, 0%04 = |g00|™ 1/2 50 00, = ‘ng‘ 1/2%’

then {1/v/27¢, r®, 6%, ©} is a local orthonormal Lorentz frame in block I; the metric
can therefore be written as
1
Gab = ETaTb - hab; hab =TTy + eaeb + ©ap

and the 1-forms Ty, 4, 6, and ¢, are given by

Tadma:ﬁ‘(ﬂdt:ﬂ et — (‘Z]tsa) dt, ’I“adgga:—|g7,r|l/2dfr’ eadma:_‘g%‘lﬂdgv
e

Pad® =[goo| 2 (g1pdl + gopdp) = —|gpp|/* (dp — adt).
This gives the expression of the lapse function
2\ 1/2 2 1/2
2A
NZ\/§|U:\/5<gtt—M) :( ¢ .2> .
o (r2 4 a?)e? 4+ 2Mra? sin“ 6
In Boyer—Lindquist coordinates, the product structure is associated to the Killing vector

field 9/9¢. If we wish our decomposition of the metric to be useful, we must interpret A,y
as a (time dependent) metric on

Y i=]ry, ool x Sg,q,.

This requires choosing the product structure associated with 7%. An explicit way of doing
this is to define the new coordinates 7, R, ©, &:

T=t, R=r, O0=0, &=¢—(t—1to)a(r,0)(mod2nr)

for a given ¢y € R. We obtain the following expression of g:

N2
(6.6) 9(r) = = dr? — h(r)
2
= (gtt - M) dr? + grrdR2 + geed92
e
da da  \°
+ Gpp <d¢+(r—t0)aRdR+( )%d@>
(9¢0)? da'\”
= (gtt - gz;% dr? + ( grr + (- to)2 R e dR?
o O ? 2 2
+ | goo + (T —to) 90 G de + 9o dP
+o(r — 10222 9% ARAO + 27 — o) dRA®
T aR 007#¢ T aRgW
+2(T — to) a@gw,d@dé
Note that for these new variables, we have
2 2
0 _trag, O _0 0 _0 0 _0 . V20 _ 20
or OR Or’ 06 96’ 9P Oy |[U|or N ot
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The intrinsic and extrinsic geometry of the slices. All slices X, 7 € R, have the same
geometry (both intrinsic and extrinsic) since in Boyer-Lindquist coordinates the metric
g is independent of ¢ (9/0¢ is a Killing vector field). We consider a generic slice (X, h(7g))
and we choose ty = 79 in order to simplify the expression of h(7p):
h(70) = —grrdR? — gpodO? — g,p,d®?
(R? 4 a?)0?® + 2M Ra?sin®* ©
0
0> = R? +a*cos’ 0, A=R?*-2MR+d*.

sin? © dd?,

92
= ZdR2 + 0%de? +

The coefficient ¢?/A is singular at the horizon H = {r,}g x S(%)@; we introduce a new
radial coordinate to show that the metric h(7y) can be extended smoothly through H.
Putting
A 2M  a* (R—ry)(R—r_)
FR)=—=1—— = ,
)= R R R
we define u(R) for R € [r4, +o0[ by

R
u(R) = S F~Y2(s) ds.

T4
(Note that for extreme Kerr space-time, we would have r, = r_ = M and consequently,
the integral defining u(R) would diverge. Hence, the h-distance to the horizon would be
everywhere infinite in block I.) The function u of R is continuous strictly increasing from
[r4+,4o0] onto [0, +oo], it is C* on ]r4, +oo[ but is not differentiable at r4. As in the
Schwarzschild case, we easily show the following result; the proof is identical to that of
Lemma 5.1 and we do not repeat it here:

LEMMA 6.1. The inverse function u +— R(u) is smooth from [0, 400 onto [ry,+oo] and
all its derivatives are uniformly bounded on [0, +o0].

Lemma 6.1 will allow us to prove that each slice is a smooth manifold with boundary
H and that the lapse function is smooth on ¥. The following corollary expresses these
properties as well as the fact that h(7) depends regularly on 7:

COROLLARY 6.1. The manifold
(E = [07+Oo[u X Sé,éﬂh(ﬁ)))

s a smooth manifold with boundary. The lapse function N, which is independent of T,
is reqular and uniformly bounded on X together with all its derivatives. Moreover, the
metric h(T) is a smooth function of T; to be more explicit, we have

Bap € C°(R;C° (25 TupM)),  h® € C®(R,;C°(Z; T M)).

REMARK 6.1. The extrinsic curvature
1 1 0

—Kypy=————
V2 T AN or

is singular at the horizon since N vanishes there but not 9;h.,. However,

NKg € COO(RT;CEO(E; TapM)).

(hab)
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In the Dirac system considered as an evolution equation on block I, K,; will only appear
multiplied by N and will consequently play the part of a bounded potential.

Proof of Corollary 6.1. We write the metric h(7p) in the form
(R? 4 a?)0® + 2M Ra?sin? ©

2 2
h(To)—Q—duQ—l—Qi(l—l—ufd@Q—I— (1+u)?sin” © d”.

R? (14 u)? 0%(1 4+ u)?
The functions
Q_2 0? (R? + a?)0® + 2M Ra?sin”> ©
R2 (1+4wu)?’ 0%2(1 + u)?

are smooth on X, positive, uniformly bounded together with all their derivatives and
uniformly bounded away from zero. Hence, h(7y) is a smooth, symmetric, positive def-
inite 2-form on X, uniformly controlled below and above by the euclidian metric on X
considered as R? \ B(0,1):
du? + (14 u)2d6? + (1 + u)? sin® © dP°.

This shows in particular that (X, k(7)) is a smooth Riemannian manifold with bound-
ary H. Given a regular coordinate system on X, say the underlying euclidian coordinates
on R3 < B(0,1), the 3 x 3 matrices h;; and h%, representing the metric h(7y) and its

inverse in this coordinate basis are smooth and bounded on X together with all their
derivatives. This is expressed more intrinsically by

hap(0) € C°(Z; Tup M),  h®(10) € C°(Z; T M).

The lapse function N is given by

N(R.6) = < 2R2p? )1/2F1/2.
’ (R2 4 a2)0% + 2M Ra? sin* ©

It is the result of the multiplication of F''/2 by a smooth function on X, uniformly bounded
together with all its derivatives and uniformly bounded away from zero. Therefore, as a
trivial consequence of Lemma 6.1 and the equality dR/du = F/2, we have

N e (D).

We now study the regularity of A(7) with respect to 7. Let us consider the expressions
of h(7) and h(7p) in the coordinate system R, ©, & with ¢ty = 7o:

OR
h(10) = —grrdR? — ggpdO? — gwpd@Z.

2
h(T) = —grrdR? — gppdO* — gpy (dqs + (1 — To)a—adR + (1 — To)g_gw) ,

Putting

b=+ (71— 710)(R,0) (mod 27),

we have

h(r) = —grrdR? — gppdO? — gw,dép.

h(7) is obtained from h(7p) by a rotation around the axis of the black hole whose angle
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(depending on 7, R and O) is

Gtp (Ra @)
(1 —10)a(R,0) = —(17 — 10) ————=.
gapap(Ra 9)
The function a(R,©) is smooth on X and bounded together with all its derivatives.
Denote by G(7 — 7p) the C*°-diffeomorphism of X

G(r—1):(R,0,0)— (R,0,P+ (1 — 10)a(R, O)).
Then hay(7) (vesp. h®(7)) is the pullback of hay(7o) (resp. h® (1)) by G(T — 79). This
entails
hap € C°(R,;C°(Z; TipM)),  h™ € C°(R,;C°(Z; T M))

and concludes the proof of Corollary 6.1. m

On Y, we introduce Sobolev spaces with zero traces at the horizon associated with
the metric h(7):

DEFINITION 6.1. For k € N, H¥(X,) is the completion of C§°(X) in the norm

k
_ _ /
s = (32 § (D)7 F. O, 7 ) avo)

p=0x

where Dy is the Levi-Civita connection on (X, h(7)), dVoly, and (-,-), are the volume
element on X and the positive definite inner product induced by the metric h(7). Note
that the volume element dVoly () is independent of 7 as can be seen by an explicit
calculation in R, O, ¢ coordinates:

AVoly(r) = —Grr G909y ARAO AP = dVoly (), VT € R.

This time-independence, which is a consequence of the fact that 9/0t and 9/9¢ are
Killing vector fields, justifies the notation dVoly.

REMARK 6.2. 1. For any 7 € R, the norms in H*(X;) and HJ"(X,,) are equivalent. This
equivalence is locally uniform in time (and the constants in the norm estimates depend
not only on 7 but also on the bundle in which functions take their values). Hence, we
shall simply denote by H{*(X) the Sobolev space of order m on X with zero traces at
the horizon, associated with the metric h. Our standard norm on this space will be that
associated with h(7g); we denote it by || - ||gm(s). When we wish to use explicitly the
norm associated with the metric h(7), we return to the notation || - || gm (s, ).

2. Note that the norm ||| g (x) is equivalent to the flat Sobolev norm on X' considered
as R3 \ B(0,1) (see the beginning of the proof of Corollary 6.1).

3. For Dirac or Weyl spinor fields, the hermitian product (-,-), is that induced by
the vector field T* which is independent of 7. Therefore, for any such spinor field ¥ on
X, we have

1PNz = 1¥lle2sy VT ER

and the conservation of the L?(X,)-norm for solutions to the Dirac equation will in fact
mean the conservation of the fixed standard norm on L?(X).
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On each slice (X, h(7)) embedded in (M, g), we consider the Dirac-Witten operator
Dw (7). The extrinsic geometry of the slices being nontrivial, Dy (7) does not coincide
with the Dirac operator Dx(7) on (X, k(7)) and we have (see (3.25))

1
Dw(t)=Dx(1)+ —=Keyp.
w(r) =Ds(7) + 7 N

K = K,“ is singular at the horizon, however, thanks to Remark 6.1, we have

NK € C®(R,;C2(X)).
In the Dirac system written as an evolution equation, K will be multiplied by N and the
quantity N K will merely be a bounded potential.

We now study the Dirac operator Dx(7) on (X, h(7)). Dx(7) is formally self-adjoint
on L?(X) and satisfies the Bochner—Lichnerowicz—Weitzenbock formula

—x = 1 1
(67) (DZ(T))*DE(T) = (Dg(’]’))2 = DZJTDET + ZScalh(T) = 7Ah(‘r) + ZScalh(T).

Because of the nonzero extrinsic curvature, the scalar curvature Scaly(-y of (X, h(7)) is
not necessarily zero, although the scalar curvature of (M, g) is zero. But we have

Scaly(r) € CP (R C°(X)).

This will be enough to guarantee that, similarly to the Schwarzschild case, the Sobolev
norms can be expressed using Dy:

PROPOSITION 6.1. Consider on HY(X;Spirac) the following norm for v € R:

k 1/2
191 = (3 J(Ds ()0, (Ds(r)yw) avl,)
p=0x
(as mentioned in Remark 6.2, the hermitian product {-,-); on Dirac spinors is indepen-
dent of T and we denote it (-,-)). The norms || - ||gx(xy and || - |[|r- are equivalent on
HE(X; Sbirac), the equivalence being locally uniform in .

REMARK 6.3. The operator
1

P(1) =e9.Dx(1), e = ﬁTaaaa

is formally skew-adjoint on L?(X; Spirac), satisfies

(68) (P P(r) = ~(P(r)* = (Ds(r)) = Ay + Sealyry
and we have for any ¥ € Hf(Y; Spirac)
k
1211k = (3 §(p@yw. @@ypeaven) . vrer
p=0x

Proof of Proposition 6.1. For each 7 € R, we prove that for all £ € N, we have the
following norm equivalence on HE¥(X; Spirac):

(6.9) Il e sy 2= M- Mk,

Owing to the regularity in time of h(7), this equivalence is locally uniform in time and
finally Proposition 6.1 follows from Remark 6.2.
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The proof of equivalence (6.9) follows exactly the proof of Proposition 5.1. We work
on (X, h(r)) for 7 € R fixed. We clearly have

192y = [|@]lo,r for all ¥ € L*(X;Spirac)

and (6.7) implies (6.9) for k = 1 on H(X;Spirac) (this time, we do not have the equality
of the norms because of the nonzero scalar curvature). We then have the exact equivalent
of Lemma 5.2 for A ;) on X: for any k € N there exist 0 < C7 < 3 < +00 such that,
for all ¥ € Hi 2 (%; Spirac),

Cill@l ez < W laxs,) + 1Ann Cllare,) < Call@llarz(s,)-

This immediatly yields the existence for all k € N of 0 < C~’1 < 52 < +oo such that, for
all W € Hi2(2; Spirac),

Crll? || grivas,) < 1 lge s,y + 1P (P)* Pz, < Coll @l mrrecs,)
since the scalar curvature only perturbs || Ay ¥|| + (5, ) by bounded terms of order lower

than or equal to k. This last inequality allows us to prove (6.9) for all k£ by induction and
thus to prove Proposition 6.1. =

6.1.2. The global exterior Cauchy problem. We give a generalization of Theorem 5 to
the exterior of slow Kerr black holes. We first need to define the weighted Sobolev spaces
on Y with zero traces at the horizon:

DEFINITION 6.2. For k € N, p € R, 7 € R, the weighted Sobolev space with zero traces at
the horizon, Hf ,(X7), is defined as the completion of C5°(X) in the norm

k

sy = (30§04 w2y em2/240(D, £ (B, 1), avey )

p=0x
Here w is the function defined earlier

R
u(R) = | F71/2(s)ds.
T
w is not the h(7) distance to the horizon but it is uniformly equivalent to it. Replacing
1 +u? by 7% would replace the norm by an equivalent one. The norms || - || gx(5,) and
|- Ilmx(s,,) are equivalent for any given 7 € R and this equivalence is locally uniform
in 7. Therefore, we simply denote by H(’f’ (&) the weighted Sobolev space of order k and
weight ¢ on X with zero traces at the horizon associated with the metric h. We use the

norm || - ||H§(ET0) as the standard norm on this space and we denote it by || - \|H§(2). For
k=0, we write Hj ,(¥) = L(X). The norm || - 225, in L2(X; Spirac) is independent
of 7. Note that the norm || - || & (x) is equivalent to the flat weighted Sobolev norm on X

considered as R? \ B(0,1).

We have the following theorem concerning the well-posedness of the Cauchy problem
on block I in Sobolev and weighted Sobolev spaces:

THEOREM 6. 1. For any initial data Wy € L*(X;Spirac), the Dirac equation outside the
black hole has a unique solution ¥ € C(R,; L?(X;Spirac)) such that ¥|,—,, = Wo. More-
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over, the evolution is unitary in L*(Y), i.e.
1¥(T)lL2(s) = [Wollz2(zy  for allT € R.
The propagator U(T, o) for the Dirac equation outside the black hole is strongly continuous

on R, x R, with values in L(L?(X;Spirac))-
2. If Wy € HE(X;Spirac), k € N, the associated solution ¥ satisfies

Ve ﬂC -,—,Hk ! 2 SD]raC))

U(T, o) is strongly continuous on R, x R, with values in E(H{f(E;SDiraC)) for all k € N.
3. For any initial data ¥y € LZ(E; Sbirac)s 0 € R, the Dirac equation outside the black
hole has a unique solution ¥ € C(RT;LZ(E;SDiraC)) such that ¥|,—;, = Yo. U(T,0) is
strongly continuous on R, X R, with values in E(Lg(Z; Sbirac)) for all p € R.
4. If ¥y € H&Q(Z;Smrac) k €N, o € R, the associated solution ¥ satisfies

VS ﬂC T,Hggl E SDlrac))

U(T,0) is, for all k € N, o € R, strongly continuous on R, x R, with values in
L(H§ ,(Z;Spirac))-
Proof. The Dirac equation outside the black hole has the form

1
2/2
with eg = (1/v/2)T%0,. We choose a spin-frame {0, 14} adapted to the foliation such as
defined in Appendix A; equation (6.10) becomes

(6.11) g—f N <7p(7) + K (1) +imy° + B(T))W

V2

(6.10) Ve, O = —P(1)¥ — K(1)¥ —imeo.¥

1
2V2

o_.( 0 I
T 21, 0

and B is the 4 x4 matrix containing the connection terms coming from the time derivative.
The following result is a consequence of Appendix A and the regularity of NK(7):

where

LEMMA 6.2. The potential in equation (6.11) satisfies (K is of course to be understood
here as K1dy)

V2\2v2

We now proceed to proving Theorem 6. The proof is very similar to that of Theorem 5
and therefore we simply highlight the parts which differ from it.

N <LK(T) +im~° + B(T)) € C=(R,; C°(X; My (C)).

1. The well-posedness of the Cauchy problem in L*(X): For € > 0, we consider on
R, x X, ¥ := [0, +00[g X 5% .4 & smooth Lorentzian metric % which coincides with g for
R > r; +¢. We choose the same background metrics as in the Schwarzschild case

h=dR?+ R2d(?, d02? =d6O? +sin® 0 do?,



Dirac fields 67

g= (1 - Q(R)%) dr? — (1 + o(R) 2?%4)&%2 R%d62%,

where p is a smooth cut-off function on [0, +o00[ such that ¢ =0 on [0,3M] and ¢ =1 on
[4M, +ool.

For each £ > 0, we show that °g is of class (c0,d) on R, x Y for any 6 > —2. In
{R > ry + ¢}, we have

a 2
e o B o ()

8 2
+ (gae + (1 —70)? (%) gw) d6? + g,,dd°

5 0o O Oa
3R 6@g¢¢de@ +2(r —710) ==

2T —

+ (T 7'0) 8R
Oa

+2(r — To)aegw;d@d@

JppodRAP

We recall that
Jto 2aMR

Joo  (R2+a2)p? +2M Ra?sin® @

and -
2M i
G = <(R2 +a?) + 7RCLQQSID 9) sin® O,

whence, as R — +0o0,

~ e ~, [ O« e
D!(a) = O(R™37Y), Dl<%> = O(R™°7Y),

151(2;‘9 O(R™*7Y),  DYgy,) = O(R*™), 1eN,

where D is the Levi-Civita connection on (S’ , 71) From these properties, we infer that for
any | € N, we have as R — +oc0:

- da O
Dl<g’;@> =D (2(7' - 70)29%*"%%) = O(R™71,

~ ~ O
D! 92 —Difor — R —3—1
(Rsin@ (T=m) gawear) = OF )

N Joo N Yoo Oa —5-1
D! ===2_ ) =D!(2(r -
(R2 sin@) ( (7 TO)RZ sin © 8@) OR™™).
We must remember, in order to understand the formulae above, that the asymptotically
constant 1-forms are not dR, d®, d® but dR, Rd@ and Rsin ©® d®. There remains to
estimate the fall-off of the diagonal terms of g — g. We start with the lapse function:
(g10)* _ A i
[ R? (R? + a2)p% + 2M Ra?sin’ O
The quantity A/R? behaves like 1 — 2M /R at infinity since
A 2M  a?

BT R TR

9rr = gtt —
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also
0> R? 1 a?p? + 2M Ra?sin? ©
(R2 + a2)p? + 2M Ra?sin’ @ (R2? + a?)0? + 2M Ra?sin* @

Therefore,

2M
9rr — <1— ?> :O(R72), R — o0,

and for all [ € N,

]Ajl (gr‘r - <1 - %)) = O(R_Q_l), R — +o0.

The radial term ggrp is

= gor 4 (1 —70)? da 2_—Q—2+(T—T)2 90\
9RR = Grr 0) G oR Y 0) G oR )
The time dependent term satisfies, for all [ € N,

ﬁ(u—qmﬁw(g%)wzzogr“ﬂ, R — +oo0.

As for the time independent term, we have

2 2

0 ( 2M) 0 1 2M
A Ut ) i Mt
A R Rl—%—i—ﬁ R

(1 PeostON (| 2M @\ () 2M
N R2 R R2 R

D'(grr — Grr) = O(R™*), R — 400, l€N.

whence

The time dependent term in gge is also short range:

2
]5l<(7—70)2%<g—g> ) =O(R™1'), R — +oo,

and we simply need to study gp9 — goo:
900 — Joo = —0° + R* = —a®cos” ©

and therefore

1 - o
Dl<ﬁ<g@9_g@9>> =O0[R*", R— +oo, leN

The only remaining term is

R2p2
a?0? + 2M Ra?sin® ©
R202

2 2\ 2 2 i 2
A (LRt T

:—W$¥@<
and this expression entails

~ 1 ~ o
Dl<m(g¢¢g¢¢)> :O(R 2 l), R*)‘i’OO, ZGN
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We conclude that for any I € N, ¢ > 0,
D'(%¢—3)=O(R*"), R— +cc.

The metric %g being smooth on R x S‘, this proves that g is of class (00, d) for any 6 > —2.

Then we follow the proof of point 1 of Theorem 5 to solve the Cauchy problem in
L?(X;Spirac) for equation (6.11) with initial data on the typical slice X, i.e. on any
slice we choose to consider as typical. We also obtain the conservation of the physical
L?(X) norm of the solutions, ||[¥(7)||r2(s,); but since the norm || - ||r2(s,) is the same for
all 7 € R, this shows that the standard L?(X) norm of the solutions is conserved all the
time. The time dependence of the coefficients of the equation prevents the propagator,
U(T,0) : ¥(o) — ¥(T), from being a group; the conservation of the L? norm together
with the strong continuity of the propagators for the metrics ¢g imply that U is strongly
continuous on R, x R, with values in £(L?(X;Spirac)). This proves the first part of
Theorem 6.

2. Well-posedness of the Cauchy problem in Sobolev spaces: For a smooth solution ¥
associated with some initial data ¥y € C§°(X; Spirac), we consider the evolution equation
for (P(7))*¥, k € N, in order to prove by induction estimates on the Sobolev norms of
W. Applying (P(7))* to equation (6.11), we obtain

(612) SO = =5 (P + 5 =K () + i + B() ) (P o(7)

We write equation (6.12) as

0 B K(r) .
2 (e =% (zpm 20 it + B(T)) (P (r) + C(r).

Using Lemma 6.2 and the norm equivalence of Proposition 6.1, we have
IG(M) 2y < COIF () sy < (DN (T) Ik

where C' and C’ are continuous positive functions on R, independent of ¥. The integral

formula
-

(6.13) (P (7) = U(r, 70)(P(70)) %) + | U(r,0)G (o) do

70

then allows us to obtain by induction estimates of the kind

(6.14) 1 (T)lllk,r < ()| %ol

|k7‘ro
where oy, is a continuous positive function on R, independent of ¥,. These estimates

prove the well-posedness of the Cauchy problem in H¥(X) and together with the integral
formulae (6.13), they establish that ¢(7, o) is strongly continuous on R? , with values in
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L(HE(X;Spirac)) for all k € N. The additional regularity of the solutions is then read off
directly from the equation.

3, 4. The Cauchy problem in weighted L? and Sobolev spaces: For this last part, we
follow the lines of the proof of the fourth part of Theorem 5. The only slight differences
are first that we need to take account of the initial time 7y which is not necessarily zero
and second that we must use the estimates (6.14) instead of (5.17). We obtain estimates
of the form

W (T)l2(s) < ap(M)@ollrz(s), 1¥(T)mss) < Bro(T)I¥ollmx(s)
where «, (¢ € R) and [, (k € N*, p € R) are continuous positive functions on R,
independent of Wy. As previously, the strong continuity of U(7,0) on RZ , with values
in L(H ,(X;Spirac)) is a consequence of the strong continuity of the propagators in the
metrics °g and of the estimates above. This concludes the proof of Theorem 6. m

6.2. Maximal extension of Kerr’s space-time. The global geometry of Kerr’s space-
time (and in particular slow Kerr) is far more complex than that of Schwarzschild’s
space-time. An entire chapter of B. O’Neill’s book [50] is devoted to the construction
of the maximal extension. Our purpose in this section is to describe this construction
schematically and to point out the so-called Kruskal domains in maximal slow Kerr
space-time for which, with a natural choice of foliation, the theorems of Chapter 4 can
be applied.

6.2.1. Kerr-star and star-Kerr coordinates. Just as we did in the Schwarzschild case, we
choose a coordinate system which will allow us to represent globally the whole of Kerr’s
space-time. This choice is guided by the following physical considerations: if a particle is
to pass from block I to block II across the outer horizon and then from block II to block
IIT across the inner horizon, its most direct course is to follow an incoming principal null
geodesic. The whole idea of the Kerr-star coordinate system is to turn incoming principal
null geodesics into coordinate lines. Such geodesics are defined on all three blocks in
Boyer—Lindquist coordinates by

r? + a? : a
F=—1, = h=—.
a7 ; 0, ¢=73

Keeping the coordinates r and 6, we introduce two new coordinates t* and ¢* of the form
t'=t+T(r), ¢ " =¢p+A(r)
where the functions T" and A are required to satisfy
dr r? + a? dA  a
dr A 7 dr A
(t*,7,0,¢*) defines a coordinate system in each Boyer-Lindquist block (1), called Kerr-
star coordinates, in which the incoming principal null geodesics are described by

t’:

. . . dT . dA
r=-1, =0, t*=t+—7=0, p*=¢p+—7=0,
dr dr

(*) With the exception of the axis (§ = 0 and 6 = 7); this coordinate singularity can be
dealt with simply (see [50], Lemma 2.2.2); we shall systematically ignore it.
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i.e. they are the r coordinate curves parametrized by s = —r (or —r+ (). The expression
of the Kerr metric in Kerr-star coordinates is given by

(6.15) g = gudt*® + 24, dt*dp* + gppdp™ — 0?df% — 2dt*dr + 2asin® @ dp*dr,

where git, gtp, Gpp and geg = —0? are as defined in (6.1), i.e.
2Mr asin?0(r? + a® — A)
gr=\1——7|, Gto = 3 ;
o 0
2, 2\ .2 2 2
2M 0
ng_<(r +a%)o —|—2 ra® sin )sinQH, 0? =12 + a2 cos? 6.
0

We see from (6.15) that the metric g is smooth on all three blocks, with the exception
of the ring singularity {¢*> = 0} = {r = 0 and # = 7/2} in block III, and across both
horizons (the component g, in Boyer—Lindquist coordinates was the only component of
g to be singular at the horizons and it does not appear in (6.15)).

Kerr-star space-time is defined as the manifold

M =Ry xRy x S5 .\ {(t*,7,0,0%); r=0and § = 7/2}

equipped with the smooth metric (6.15) and with the time orientation such that the null
coordinate vector field —9/90r, defined and smooth on the whole of M* and whose integral
lines are the incoming principal null geodesics, is future oriented. This time orientation is
consistent with the fact that, in Boyer—Lindquist coordinates, the Killing vector field 9/9¢
is future oriented outside the ergosphere in block I and also with the description of block
II given at the beginning of the chapter, with —9/9r (in Boyer—Lindquist coordinates)
future pointing. This space-time contains all three blocks, glued smoothly at the horizons
by the requirement that incoming principal null geodesics should cross horizons smoothly
and that their orientation defines the time orientation. Block II is thus glued to block
I in such a way that it lies in the future of block I and similarly, block III lies in the
future of block II. The horizons {r = r; } and {r = r_} are smooth null hypersurfaces of
(M*, g). The fact that they are null is easily shown considering the metric induced by g
on hypersurfaces of constant r

gr = gudt™® + 2g,,dt"dp* + gppdp*® — 0%d62.
This induced metric has determinant

det(g,) = _Q2(9tt9gw - (9@)2) = 0> Asin? 0

and thus degenerates for A = 0, i.e. at the horizons. See Figure 6.1 for a Penrose diagram
of Kerr-star space-time.

This construction is similar to what we did in Schwarzschild’s space-time, when
we first used Kruskal-Szekeres coordinates to show that the metric could be extended
smoothly across the horizon. In the Schwarzschild case, the maximal extension of the
space-time followed naturally by extending the domain of definition of the Kruskal—
Szekeres coordinate system. This we cannot do here since the domain of definition of
Kerr-star coordinates is already maximal. We shall need to use other coordinate systems
which will allow us to glue Boyer—Lindquist blocks in different manners.



72 J.-P. Nicolas

Kerr-star coordinates were defined by modifying Boyer—Lindquist coordinates so that
incoming principal null geodesics could become coordinate lines. Using outgoing principal
null geodesics instead of the incoming ones, we obtain the star-Kerr coordinate system.
These geodesics are defined on all three blocks in Boyer—Lindquist coordinates by
r? 4+ a? . : . a

A A
Keeping r and 6, we introduce the new coordinates

t=t=T(r), "p=¢—A(r)

{=

where the functions T and A are the same as used to define t* and ¢*. In the star-Kerr
coordinate system (*t,,6,*y), the outgoing principal null geodesics are the r coordinate
lines parametrized by s = r and the Kerr metric takes the form

(6.16) 9= gud("t)* + 200,d(")d(* @) + gppd (") — 0*d6?
+2d(*t)dr — 2asin® 6 d(*)dr.

This gives rise to star-Kerr space-time which is the manifold
M=Re xR x S5\ {(*t,r,0,"¢); r =0 and § = 7/2}

equipped with the smooth metric (6.16) and time orientation such that, in star-Kerr co-
ordinates, the null coordinate vector field 9/9r, which is defined and smooth all over * M
and whose integral lines are the outgoing principal null geodesics, is future pointing. This
space-time contains all three blocks, glued together at the horizons which appear as reg-
ular null hypersurfaces. The gluing is done by requiring that the outgoing principal null
geodesics should cross the horizons smoothly. The time orientation reflects this choice;
it is consistent with the fact that in Boyer—Lindquist coordinates 9/t is future pointing
outside the ergosphere in block I, but incompatible with —3/9r future oriented in block
II: in star-Kerr space-time, the inertial frames in block II are dragged outwards from
the inner horizon to the outer horizon. There is a canonical isometry between the star-
Kerr and Kerr-star space-times. This isometry preserves the time orientation of blocks
I and IIT but reverses that of block II. Star-Kerr space-time can be seen as a block I,
to the past of which is glued a block II with its time orientation reversed, to the past
of which is glued a block III: it describes a “slow Kerr white hole”. See Figure 6.1 for
the Penrose diagram of star-Kerr space-time (II' refers to a block II with reversed time

000 ‘00

Kerr-star space—time Star—Kerr space-tin

Fig. 6.1. Penrose diagrams of Kerr-star and star-Kerr space-times
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Fig. 6.3. First step in the construction of
maximal slow Kerr space-time

Type I-II Kruskal domain

Type lI-lll Kruskal domain

Fig. 6.4. The two different types of Kruskal
domains
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6.2.2. Mazimal slow Kerr space-time. The maximal analytic extension of slow Kerr
space-time is constructed using both Kerr-star and star-Kerr space-times. We start with
Kerr-star space-time: all the incoming principal null geodesics are complete but the out-
going ones are not. The idea is to glue other blocks so as to make the outgoing principal
null geodesics complete. The solution for blocks I and III is simple: we consider them
as belonging to star-Kerr space-times, i.e. we glue to the future of block III a block IT’
followed by a new block I and to the past of block I a block II' preceded by a new block
III. For block II, the situation is trickier; we also wish to understand block IT as part
of a star-Kerr space-time, but this is incompatible with the time orientation of block II.
The solution is to reverse the time orientation of the whole star-Kerr space-time. We are
thus led to gluing to the future of block IT a block IIT" (block III with its time orien-
tation reversed) and to its past a block I’ (block I with reversed time orientation). The
resulting space-time is shown in Figure 6.3. We keep on extending this new space-time
whenever a family of principal null geodesics is incomplete. The extension is done step
by step and is based on the same simple principle: if a family of principle null geodesics
is incomplete, it means that the Kerr-star (in the incoming case) or star-Kerr (in the
outgoing case) space-time which it generates lacks one or two blocks; this is cured by
gluing the lacking blocks, bearing in mind the consistency of the time orientation of
the whole space-time. In this manner, we construct maximal slow Kerr space-time (see
Figure 6.2) as a reunion of four types of space-times: Kerr-star space-times, Kerr-star
with their time orientation reversed, star-Kerr and star-Kerr with their time orienta-
tion reversed. Important objects in this maximal extension are the so-called Kruskal
domains. They are “diamond shaped” reunions of four contiguous blocks. At their “cen-
tre” lies a 2-sphere, referred to as the crossing sphere, where the horizons intersect.
Building this crossing sphere rigorously and extending the metric over it are impor-
tant difficulties in the construction of maximal slow Kerr space-time. This is done by
means of Kruskal-Boyer-Lindquist coordinates (see [50] for a fully detailed account).
There are two types of Kruskal domains, as shown in Figure 6.4. Type II-IIT contains
two copies of block III; it is not causal, therefore not globally hyperbolic, and contains
two timelike singularities (the ring singularity of each block IIT). Because of the lack of
causality, the notion of Cauchy problem is not even meaningful on type II-IIT domains.
Type I-IT domains are much more gentle. They are globally hyperbolic and contain no
singularity. They can be treated in exactly the same manner as maximal Schwarzschild
space-time.

For a type I-IT Kruskal domain, we consider a foliation {S;},cr (see Figure 6.5) by
Cauchy hypersurfaces such that, outside the domain of dependence of a neighbourhood
of the crossing sphere, for each 7 € R the hypersurface S, coincides in block I with the
level hypersurface X, = {t = 7} of the time coordinate ¢t of Boyer—Lindquist coordinates
and in block I’ with ¥_ (suffice it to say that the Boyer—-Lindquist coordinates in blocks
I, II, I’ and II’ are defined unambiguously from the Kruskal-Boyer-Lindquist coordinates
defined on the whole domain). For such a foliation, the asymptotic behaviour of the
metric g at infinity on each slice S; is the same as the behaviour for fixed ¢ and r — 400
studied at the beginning of the proof of Theorem 6. Therefore, the Kruskal domains of
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S; for >0

T for 150 3¢ for t>0

2 gfort<0 5 for <0
S; fort<0

a neighbourhood of the crossing
spheresat t=0

and its domain of dependence

Fig. 6.5. Foliation of a type I-II Kruskal domain

type I-II thus foliated are interpreted as space-times (with two asymptotically flat ends)
of class (00, ) for any 6 > —2. This allows us to apply directly the theorems of Section 4.
We obtain the existence and uniqueness of solutions to Dirac’s equation with values in
L?, Li for all p € R, H* for all k € N, Hl’f for all k € N and 1 € R, on the slices S;.
A simplified interpretation is that Dirac fields are well-behaved at least as long as they
do not cross the inner horizon (either in the future or in the past).

7. Concluding remarks

As was remarked in [42], the fact that the spin-connection of a Ricci-flat space-time
can be regarded as a pair of pure gauge Rarita—Schwinger fields may provide analytic
means of controlling the fall-off at spacelike infinity of solutions to Einstein’s vacuum
equations, assuming we can obtain some precise control on the weighted Sobolev norms
of spin 3/2 fields. For such a project, it is of course vital to have the existence theorems in
weighted Sobolev spaces for solutions to the Rarita—Schwinger equations. The theorems
of Section 4, by giving such existence results for symmetric hyperbolic systems, are a
first step in this direction. They can be applied directly to the Dirac form of the Rarita—
Schwinger equations. In order to work with the Witten form, we would need to control the
nonlocal term. Whether this can be done regardless of the value of the weight remains to
be seen. The next step, namely the precise control in time of the weighted Sobolev norms
of Rarita—Schwinger fields, is difficult and requires detailed hypotheses on the evolution
in time of the spacelike geometry of our space-times.
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Concerning Schwarzschild black holes, it would be interesting to study the behaviour
(explosive or not) of a smooth solution to Dirac’s equation as it approaches the singularity.
This poses the problem of the description of the Dirac field near the singularity. More
precisely, the norm of the spinor at a point is defined in terms of the timelike vector
T* which can be determined by a choice of a foliation or more simply by a choice of
spin-frame. This vector is normalized with respect to the metric, but at the singularity,
the metric blows up. It is therefore necessary to understand what the correct choice
of spin-frame is near the singularity before addressing the question of how Dirac fields
behave there. The noncausal character of block IIT should discourage hopes of attempting
similar studies in Kerr space-time, or at least one should not think of it in terms of the
behaviour of a Dirac field as it propagates towards the singularity.

Another interesting and difficult problem is the construction of a time-dependent
scattering theory for Dirac fields on the exterior of a Kerr black hole. The point of view
would be that of an observer static at infinity. In spite of its ugliness, it may be necessary
to use the form of Dirac’s equation given in Appendix B because it has the advantage of
being independent of time.

Appendix A

A choice of spin-frame and the expression of the time
connection terms in Kerr and Schwarzschild geometries

We consider a general framework of which the exterior of both Kerr and Schwarzschild
black holes is a particular case. On

M=R, x X, X=]0,400[, X Sé@,
we have a Lorentzian metric g of the form
N 2
= (@) (;>) dr? — h(r).
The lapse function N is independent of time and satisfies
NEC()OO(E), N>0 onl, N|ag=0

where ¥ = [0, +00[y X S 4. h(7) is a Riemannian metric on X, depending on time, and
satisfying
h € C®(R,;C°(X)).

Moreover, there exist two continuous strictly positive functions C; and C3 on R such
that, as a quadratic form, the metric h(7) satisfies

Ch (7—)% < (1) < CQ(T)E for all 7 € R,
where h is the euclidian metric on X considered as R3 . E(O, 1):

h=du®+ (1+u)%dR?,  dR? =d6? +sin? O de?.
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The vector field T, timelike, future pointing, g-orthogonal to the foliation {¥, = {7}
x X} rer and normalized so that T, T* = 2 is given by

2 0
T = ——.
These hypotheses are far weaker than the properties satisfied by Kerr or Schwarzschild
metrics outside the black hole, but they will suffice for the calculations we perform here.

A.1. A choice of spin-frame. We describe the choice of a Newman—Penrose tetrad
{1%,n%, m®, m*}, the spin-frame {0, 14} is then fixed up to an overall sign by requiring

’ ! ! !
(A.1) 1* =064, n*=.4%", m®=0"", m*=.4%".

Let us consider a global smooth coordinate system on X: {z!, 22, 23}. For example, we
can take

=(1+u)sinO@cos®, z%=(1+u)sin@sin®, 2°=(1+u)cosO.

With our choice of coordinate u in Schwarzschild and Kerr metrics, replacing © and @
by 6 and ¢ in the Schwarzschild case, this coordinate system is smooth outside the black
hole. We simply assume here that u, © and @ are sufficiently well chosen so that this is
also the case (alternatively, we need not be that explicit and we can simply consider a
given global smooth coordinate system on X). The metric h in this coordinate system

takes the form
3

h(r,z) = Z hab (T, x)dxadxb, hab = hba.
a,b=1

The coefficients hap satisfy the following properties
(AQ) hab € COO(RMCI)OO(E))’
and for any £ € R? (1,2) e R x ¥,

(A.3) ()E* < Z hab(7, 2)§%¢" < Co(7)[¢[.

a,b=1

We consider on (R, x ¥, g) a smooth global orthonormal Lorentz frame

1 _
(A.4) —T“,X“,Y“,Z“) such that X Y Z% € C®(R,; C°(X)).

(7
Such a global frame exists because R, x X' is diffeomorphic to R, x (R?\ B(0,1)) and is
therefore parallelizable. The family {X®, Y%, Z} is for each 7 € R a global orthonormal
section of the principal bundle (the bundle of local frames) of (X, h(7)). Each vector
field is at each point an eigenvector of the matrix h,p, normalized so that its norm with
respect to h is 1. The regularity of h and its equivalence (locally uniform in time and
uniform in space) to the euclidian metric on R3 \ B(0,1) entail that X, Y, Z¢ can be
assumed to have the regularity (A.4).

We then define the Newman—Penrose tetrad as follows:
1 1 1 1 1 1
=T+ =X n"=_T"-—72X" m'=-—2Y"+-—=7°
2 V2 2 V2 V2 V2
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All these vectors belong to C>®(R.; Cs°(X)). We choose the spin-frame (0, :4) by requir-
ing (A.1). It is adapted to the foliation {X; },cr since
T* =1 + n® = oo + .47

A.2. The timelike connection terms. We introduce the directional covariant
derivatives along the tetrad vectors

D :=1°V,, D' :=n°V, 6:=mV,, §:=m"V,.

We consider the Dirac equation on M written in terms of two-component spinors as an
evolution system (see (3.31))

{ Vroa=2Da"¢p +vV2mTap X7,

VrxA = =20 px® —V2m TP .

The timelike connection terms are those coming from the timelike covariant derivatives
Vroa and VTXA/:

Vrga = (D+D)a = (076" + 717 )Vipoa,
Ve x? =D+ D)y = (0%6" + P18 )\Vip?.

(A.5)

Using the Newman—Penrose formalism, we calculate the components of V¢ 4 and VTXA/
with respect to the spin-frame {o?,:4} (see [53], Vol. 1, paragraph 4.5)

€0V ¢a =T Datpo — (¢ + 7)o + (K + 7)1,

e1Vrda =T a1 — (T + v)do + (€ + 7)1,

ea ¥ Vrxd =T°0,x" + E+7XY + (T +7)x",

eat Vox® = T0.x" = (R+7)x” = E+9)x",
where the spin-coefficients ¢, 7, k, 7, 7 and v (we have chosen to denote by 7 the spin-

coefficient usually denoted by 7 in order to avoid confusion with the time variable 7) are
defined by

1 1
€= §(n“Dla +m*Dmy,), = g(n“D’la +m*D'm,), Kk =m"*Dl,,

T=m*D'l,, w=-m®Dn,, v=-m"D'n,.
We have 5
2
T0f = ——
‘" Nor
and therefore, the system (A.5) written in terms of spinor components in the spin-frame
{04,114} has the form

% — ND¢ + %x+ 2 (HV _(’Z;fg) ¢,
Ox ~  mN N /(-E+7) —-(7T+7D)
ar TN ( ) v
where the operators D and D were defined in (3.32) as
D:¢arDaPpp  Dix DV px"
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They are the restrictions of the operator —(1/v/2)eq. Dy to S4 and SA°. In terms of Dirac
spinors, putting ¥ = ¢ 4 B XA/, the system above takes the familiar form

ov N imN N

— = "Dy ¥ - —°% - —B¥
and the matrix B containing the timelike connection coefficients is given by (for our
choice of a spin-frame)

—(e+7v) K+T 0 0

B—i —(m4+v) e+vy 0 0
V2 0 0 t+7 T+T
0 0 —(F+7) —(E+7%)

In order to study the behaviour of N B, we need to study the quantities N(e+7), N(k+7)
and N (7 + v):

1 1
ety = i(na(D + D")ly +m*(D + D"Ym,) = i(naVTla +m*Vrm,),

k+7=m* D+ D)y =mVrl,, wm+v=-m"(D+D)n,=-m"Vrn,.

All the vectors of the Newman-Penrose tetrad belong to C*(R,;C°(X)). Moreover

NVy =NT*V, and NT®9, = 2% € C™(R.; G (X)).

Therefore, we conclude that
N(e+7),N(k+7), N(m +v) € C®°(R,;C;°(2)).
This establishes the regularity of the matrix B:
B € C (R, C3°(5: My (C))).

A.3. Explicit expressions in the Schwarzschild case. Outside the Schwarzschild
black hole, we consider the Newman—Penrose tetrad described in Schwarzschild coordi-
nates as

1 0 0 1 0 0
a = — F71/2_ F1/2_ a = — F71/2__F1/2_
1o ﬁ( ot m)’ n"o \/§< o ar )

1 0 n i 0
mioy=——4=+——).
rv/2\ 00  sinf dp
The coordinate basis is singular for # = 0 and # = 7 and so is the vector m®. The tetrad,
however, is adapted to the foliation and the spacelike part of [ and n® is
0 0 =
FY2— = = ece(X).
or  Ou b (%)
This tetrad in fact gives a smooth matrix B. The spin-coefficients for this choice of null
tetrad were calculated in [48]; in particular, we have

F/F71/2
E=7= ’
Y 12

k=T=1m=v=0
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(we return to the standard notation 7 for the spin coefficient since there is no risk of
confusion with the time variable). Hence, the matrix B has the form

-1.00 0
g_| 0 100 F'F~1/2
0 01 0 4
0 00 -1

and we see immediately that

N _
EB = F'?B e (X).

Appendix B

An expression of the Dirac equation outside a Kerr black hole

In the framework of the Newman—Penrose formalism, Dirac’s equation

VMoa = Tt
VM = S50,
takes the form (see for example [7])
n*dago —m®0a b1 + (1= 7)o + (7 = B)or = =X,
[20a¢1 — M*0ado + (v — )0 + (¢ — 0)P1 = —%XO',

-3 m
n*0axor =" Oaxw + (7= Txor + (7= Fxw = 501,

2

_ _ m
1#0ax1r — m*OaXo + (@ —T)xo + (E—2)x1 = —7%7
where {1% n% m® m®} is a Newman—Penrose tetrad such that
,n® =1, mgm®=—-1, Iy;m* =n,m* =0

and the spin-coefficients involved in equation (B.1) are defined by
1 1 1
e= g(n“Dla +m®Dm,), «a= g(naélla +m%'m,), B= 5(71“5[& +m*om,),
1
v = §(n“D’la +m*D'my), o=ml,, T=m*D'l,, 7=-m"Dng, p=—m"n,.

In block I of a slow Kerr space-time described in Boyer—Lindquist coordinates, we consider
the Newman—Penrose tetrad used in [7]

an _ L[, o 0 0 0

l@aA<(r +a)8t+A8r+ &p)’
ag _ L (22 A9 . ,9
”a“_2g2<(r )5~ A5 g >
“ 0 0 i 0
m®0, = p\/_<zabln0—|-89+9a>
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where p = r+1ia cos 6. The corresponding spin-coefficients, likewise described by S. Chan-

drasekhar in [7], are
1 1 iasin 0
k=oc=A=v=e=0, p=-=, f=—=cotl, 7=—"oc,
P 2pV/2 P°V2
1a sin 6 A . r—M 3
T=——"—T"7—", = - —> = ’ a =m0,
vz T Ty VTR T

where we have denoted by g the spin-coefficient in order to avoid confusion with ¢? =
pp = r24a? cos? §. Thus, we obtain the following expression of the Dirac equation outside
the black hole:
(B.2) r2+a2%_iasm9%_£%_i%+i%_ i %
202 Ot pV2 Ot 20% Or  p2 0 202 0p  p\/2sinfh Op
r—M tasinf  cotd
- o < V2 2p\f>¢1 \/§X1 ’

202
(B.3) 7‘2—|—a28¢1+zabln08¢o+%_;%+g%+i i' %
A 2 ot or  pv2 00 A 0p pﬂsm@ Op
cot@ m
\/—¢0 + ¢1 \/§X0'a
(B.4) r2 +a?Oxo  iasinf Oxy B AaXO’ B 1 Oxv Lax(y n { ox1
' 202 Ot V2 Ot 202 Or  py2 00 20 Dy py/2sinf Op
r—M _(_iasin9+cot9> _ﬂ¢
2% vz o) T T
(B.5) r2 + a? Oy B tasinf dxoy  Oxv B 1 Oxo gaxll B ) Oxo
' A ot p/2 Ot ar  py2 04 A 9y  py2sinh Op
cot 6 1 m
®o-

2p\/§Xo' + pX1' VG
We can express this system as an evolution equation; we do this for the Weyl anti-neutrino
equation, i.e. for equations (B.2), (B.3) with m = 0. This gives also the evolution form
for the Weyl neutrino equation (equations (B.4), (B.5) with m = 0) and for the complete
Dirac equation with a modification of the mass term which we mention below. We write
the Weyl anti-neutrino equation in the following manner:

1 bi(r,0)\ 0¢ -1 0 A 96
o <b2(7"9) 1 )5t+<0 1>T2+a26r

co(r,) 0 )00 (r0) =t ) Op
where
202 iasin 6 A tasin 6
b 7,’9 I R b 7",9 = )
1(r,0) 2 + a2 (1 + iacosf) 2(r9) 72 +a? \/2(r — iacos )
2 2 1 A 1
01(7’,9) = — @ CQ(T., 9) - =

2+ a?V2(r +iacosf)’ 24+ a%\/2(r —iacosh)’
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20? i A i
2 2 . . ,  do (7"7 9) =2 2 . .
72+ a2 \/2sin O(r + ia cos ) 72 +a? \/2sin (1 — ia cosf)

and V(r, 6) is the matrix of all the potential terms in equations (B.2), (B.3) with m = 0.
The matrix in front of the time derivative is invertible since

2 i 2
dot 1 by(r,0) o Aa”sin” 6§
bo(r,0) 1 (r2 4 a?)?

is positive (and even uniformly bounded away from zero and bounded) in block I. There-

fore, putting
A
) (o >—
c1(r,0)
bg 0 ’

2_?_(12 dl(ra 9)
do(r,0) 2 )’

dl(’l“, 9) = —

r2+a?
o ]. 1 (’I’, 9)
P(r,0) = bo(r, ) 1 V(T‘, 0),
we can write equation (B.6) as the evolution equation
¢ 3(25 o¢ 9¢ _
For the full Dirac equation, we obtam the following evolution system:
L) ¢ D¢ ¢
(B.8) ot + B(r, )a +C(r, )60 + D(r, 9)&0 + P(r,0)¢
_( 1 bl(r,e))l m ( 0 292)
b2 (7" 9) 1 \/5(7'2 —+ a2) —A 0 X
X | 7 X | A 0y OX Ix
(B.9) o + B(r,6) ar +C(r,0)= 50 + D(r, 9)380 + P(r,0)x
_ 1 by(r,0) m 0 2 s
— \ ba(r,0) 1 V2(r2 +a2) \ -4 0

Bibliography

[1] R. Arnowitt, S. Deser and C. W. Misner, The dynamics of general relativity, in: Gravita-
tion: An Introduction to Current Research, L. Witten (ed.), Wiley, 1962, 227-265.

[2] A. Bachelot, Gravitational scattering of electromagnetic field by a Schwarzschild black hole,
Ann. Inst. H. Poincaré Phys. Théor. 54 (1991), 261-320.

[3] —, Asymptotic completeness for the Klein—Gordon equation on the Schwarzschild metric,
ibid. 61 (1994), 411-441.

[4] A. Bachelot et A. Motet-Bachelot, Les résonances d’un trou noir de Schwarzschild, ibid.
59 (1993), 3-68.

[5] R. Bartnik, The mass of an asymptotically flat manifold, Comm. Pure Appl. Math. 39
(1986), 661-693.



[24]
[25]
[26]
[27]

28]

Dirac fields 83

F. Cagnac et Y. Choquet-Bruhat, Solution globale d’une équation non linéaire sur une
variété hyperbolique, J. Math. Pures Appl. 63 (1984), 377-390.

S. Chandrasekhar, The Mathematical Theory of Black Holes, Oxford Univ. Press, 1983.
Y. Choquet-Bruhat, Solutions globales des équations de Maxwell-Dirac—Klein—Gordon
(masses nulles), C. R. Acad. Sci. Paris Sér. I Math. 292 (1981), 153-158.

Y. Choquet-Bruhat and D. Christodoulou, Elliptic systems in Hg s spaces on manifolds
which are euclidian at infinity, Acta Math. 146 (1981), 129-150.

Y. Choquet-Bruhat, D. Christodoulou and M. Francaviglia, On the wave equation in curved
space-time, Ann. Inst. H. Poincaré Phys. Théor. 31 (1979), 399-414.

D. Christodoulou and S. Klainerman, The Global Nonlinear Stability of the Minkowski
Space, Princeton Math. Ser. 41, Princeton Univ. Press, 1993.

D. Daners and P. Koch Medina, Abstract Evolution Equations, Periodic Problems and
Applications, Pitman Res. Notes in Math. Ser. 279, Longman Sci. and Tech., 1992.

G. Da Prato and M. lannelli, On a method for studying abstract evolution equations in the
hyperbolic case, Comm. Partial Differential Equations 1 (1976), 585—608.

A. DeVries, The evolution of the Dirac field in curved space-times, Manuscripta Math. 88
(1995), 233-246.

—, The evolution of the Weyl and Maxwell fields in curved space-times, Math. Nachr. 179
(1996), 27-45.

J. Dimock, Dirac quantum fields on a manifold, Trans. Amer. Math. Soc. 269 (1982),
133-147.

—, Scattering for the wave equation on the Schwarzschild metric, Gen. Relativity Gravi-
tation 17 (1985), 353-369.

J. Dimock and B. S. Kay, Classical and quantum scattering theory for linear scalar fields
on the Schwarzschild metric I, Ann. Phys. 175 (1987), 366—426.

T. Friedrich, Dirac operators in Riemannian geometry, Grad. Stud. Math. 25, Amer. Math.
Soc., 2000.

R. P. Geroch, Spinor structure of space-times in general relativity I, J. Math. Phys. 9
(1968), 1739-1744.

—, Spinor structure of space-times in general relativity II, ibid. 11 (1970), 343—-348.

—, The domain of dependence, ibid. 11 (1970), 437-449.

D. Héfner, Quelques résultats sur la théorie de la diffusion en relativité générale: équation
des ondes dans des espaces-temps stationnaires asymptotiquement plats et équation de
Klein—Gordon dans l’espace-temps de Kerr, PhD thesis, Ecole Polytechnique, Palaiseau,
2000.

S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time, Cambridge
Monographs Math. Phys., Cambridge Univ. Press, 1973.

E. Hebey, Sobolev Spaces on Riemannian Manifolds, Lecture Notes in Math. 1635,
Springer, 1996.

M. Herzlich, The positive mass theorem for black holes revisited, J. Geom. Phys. 26 (1998),
97-111.

L. Hérmander, Lectures on Nonlinear Hyperbolic Differential Equations, Mathématiques
& Applications 26, Springer, 1997.

T. J. R. Hughes, T. Kato and J. E. Marsden, Well-posed quasi-linear second-order hyper-
bolic systems with applications to nonlinear elastodynamics and general relativity, Arch.
Rational Mech. Anal. 63 (1976), 273-294.

S. Ishii, Linear evolution equations du/dt + A(t)u = 0: a case where A(t) is strongly
uniform-measurable, J. Math. Soc. Japan 34 (1982), 413-424.

T. Kato, Integration of the equation of evolution in a Banach space, J. Math. Soc. Japan
5 (1953), 208-234.



84

31]

J.-P. Nicolas

T. Kato, Perturbation Theory for Linear Operators, Classics in Mathematics, reprint of
the 1980 edition of Grundlehren Math. Wiss. 132, Springer, 1995.

—, Linear evolution equations of “hyperbolic” type, J. Fac. Sci. Univ. Tokyo Sect. I 17
(1970), 241-258.

—, Linear evolution equations of “hyperbolic” type II, J. Math. Soc. Japan 25 (1973),
648-666.

—, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch. Rational
Mech. Anal. 58 (1975), 181-205.

—, Quasi-linear equations of evolution, with applications to partial differential equations,
in: Spectral theory and differential equations (Dundee, 1974), Lecture Notes in Math. 448,
Springer, 1975, 25-70.

—, Nonlinear equations of evolution in Banach spaces, in: Nonlinear Functional Analysis
and its Applications, Part 2 (Berkeley, CA, 1983), Proc. Sympos. Pure Math. 45, Part 2,
Amer. Math. Soc., 1986, 9-23.

—, Abstract evolution equations, linear and quasilinear, revisited, in: Functional Analysis
and Related Topics (Kyoto, 1991), Lecture Notes in Math. 1540, Springer, 1993, 103-125.
T. Kato and H. Tanabe, On the abstract evolution equation, Osaka Math. J. 14 (1962),
107-133.

S. Klainerman and F. Nicolo, On local and global aspects of the Cauchy problem in general
relativity, Class. Quantum Grav. 16 (1999), R73-R157.

H. B. Lawson Jr. and M.-L. Michelsohn, Spin Geometry, Princeton Univ. Press, 1989.

J. Leray, Hyperbolic Differential Equations, Princeton Inst. Adv. Studies, 1952.

L. J. Mason and J.-P. Nicolas, Global results for the Rarita—Schwinger equations and
FEinstein vacuum equations, Proc. London Math. Soc. 3 (1999), 694-720.

F. J. Massey III, Abstract evolution equations and the mized problem for symmetric hy-
perbolic systems, Trans. Amer. Math. Soc. 168 (1972), 165-188.

C. W. Misner, K. Thorne and J. A. Wheeler, Gravitation, Freeman, San Francisco, 1973.
A. Motet-Bachelot, Nonlinear Dirac fields on the Schwarzschild metric, Class. Quantum
Grav. 15 (1998), 1815-1825.

J.-P. Nicolas, Non linear Klein—Gordon equation on Schwarzschild-like metrics, J. Math.
Pures Appl. 74 (1995), 35-58.

—, Scattering of linear Dirac fields by a spherically symmetric Black hole, Ann. Inst.
H. Poincaré, Phys. Théor. 62 (1995), 145-179.

—, Global exterior Cauchy problem for spin 8/2 zero rest-mass fields in the Schwarzchild
space-time, Comm. Partial Differential Equations 22 (1997), 465-502.

N. Okazawa and A. Unai, Abstract quasilinear evolution equations in a Hilbert space, with
applications to symmetric hyperbolic systems, SUT J. Math. 29 (1993), 263—290.

B. O’'Neill, The Geometry of Kerr Black Holes, A. K. Peters, Wellesley, 1995.

T. Parker and C. H. Taubes, On Witten’s proof of the positive energy theorem, Comm.
Math. Phys. 84 (1982), 223-238.

R. Penrose, Zero rest-mass fields including gravitation: asymptotic behaviour, Proc. Roy.
Soc. A284 (1965), 159-203.

R. Penrose and W. Rindler, Spinors and Space-Time, Vol. I & II, Cambridge Monographs
Math. Phys., Cambridge Univ. Press, 1984 & 1986.

J. Priiss, On semilinear evolution equations in Banach spaces, J. Reine Angew. Math.
303/304 (1978), 144-158.

R. Racke, Lectures on Nonlinear Evolution Equations: Initial Value Problems, Aspects
Math. 19, Vieweg, 1992.

A. Sen, On the existence of neutrino “zero-modes” in vacuum space-times, J. Math. Phys.
22 (1981), 1781-1786.



Dirac fields 85

[57] A. Sen, Quantum theory of spin 3/2 fields in Einstein spaces, Internat. J. Theoret. Phys.
21 (1982), 1-35.

[68] H. J. Seifert, Smoothing and extending cosmic time functions, Gen. Relativity Gravitation
8 (1977), 815-831.

[59] E. Stiefel, Richtungsfelder und Fernparallelismus in n-dimensionalen Mannigfaltigkeiten,
Comment. Math. Helv. 8 (1936), 305-353.

[60] H. Tanabe, On the equations of evolution in a Banach space, Osaka Math. J. 12 (1960),
363-376.

[61] —, Equations of Fvolution, trans. from Japanese, Monographs Stud. Math. 6, Pitman,

1979.

2] M. E. Taylor, Partial Differential Equations, Vol. III, Appl. Math. Sci. 117, Springer, 1996.

3] R. M. Wald, General Relativity, Univ. of Chicago Press, 1984.

[64] E. Witten, A new proof of the positive energy theorem, Comm. Math. Phys. 80 (1981),
381-402.

[65] K. Yosida, Time dependent evolution equations in a locally convez space, Math. Ann. 162
(1965/1966), 83-86.



