1. Introduction

If J is an open subinterval of R and f is a real-valued function defined on J then for each
self-adjoint operator A on a finite-dimensional complex inner product space, the spectrum
of which is contained in J, there is defined a self-adjoint operator which is denoted by
f(A). One refers to the “operator function” f. If J and J’ are open subintervals of R
and F' is a real-valued function of two variables defined on J x J’ then for each pair A,
B of self-adjoint operators on finite-dimensional complex inner product spaces X and
Y respectively, with spectra contained in J and J’ respectively, there is defined a self-
adjoint operator F'(A, B) on the tensor product space X ® Y. One refers to the “operator
function” F' of two variables.

There is a substantial literature concerning these operator functions and their prop-
erties. A function f : J — R is said to be operator monotone if f(A) < f(B) whenever
the terms are defined and A < B. There is also a natural concept of operator convezity
which for functions of one variable is intimately related to operator monotonicity. (For-
mal definitions are given in subsequent sections.) The present paper is concerned with
the Fréchet differentiability and operator convexity of operator functions.

In 1934 Lowner [13], in a celebrated paper, characterised those functions f : J — R
which are operator monotone; they are, in particular, analytic. Several proofs of Léwner’s
central result are presented in a monograph by Donoghue [5]. More recently Hansen and
Pedersen [9] have obtained yet another and very interesting proof and their development
is followed in [4]. Part I of this paper is in part a response to their paper; it prompted
the present authors to ask to what extent the results of the theory of operator monotone
and operator convex functions can be obtained by exploiting the calculus. Theorems
2.1 and 4.2 include the results that, in both the one and two-variable situations, if a
real-valued function is continuously L times differentiable then the associated operator
functions are L times Fréchet differentiable with continuous Fréchet derivatives. These
theorems fill a longstanding gap in the theory. They allow straightforward and direct
uses of the calculus in contexts where in the past ad hoc substitutes for the calculus have
often been used. In particular the elementary differential conditions for monotonicity and
convexity of real-valued functions extend naturally to operator functions (Theorems 3.1
and 3.2). Theorems 4.2 and 3.2 are exploited in Part II of the paper. Matrix forms of these
results, previously obtained in the two-variable case by relatively ad hoc methods, follow
immediately. The Fréchet differentiability of operator functions on infinite-dimensional
Hilbert spaces is the subject of a paper by Hansen and Pedersen [8] but the overlap with
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the present paper is very slight. (Readers are referred to [6] for a systematic presentation
of the Fréchet differential calculus and for the notation which we use.)

The most novel result in Part I is Theorem 2.5 in which the operator functions corre-
sponding to a continuously differentiable function f : J — R are expressed algebraically
in terms of their (first) Fréchet derivatives.

Part II of the paper is concerned with operator convex functions of two variables.
Operator convex functions of one variable were characterised by Bendat and Sherman
[3]; an alternative and elegant treatment is given in [9]. Little has been known about
operator convex functions of two variables. The one-variable developments in [3] and
[9] both exploit the relation between operator monotonicity and operator convexity for
which there is no two-variable analogue.

Let OC; denote the set of operator convex functions f : (—1,1) — R; it is a convex
cone. A function f : (—1,1) — R is in OC; if and only if it has an integral representation

82

7(s) = 7(0) + F'(0)s + 37" (0)] dM (a)

for some (unique) probability measure M on [—1, 1] (stated as Thm. 5.1). The cone OC;
has a base K1 (defined by f(0) = f'(0) =0, f”(0) ) and its set of extreme points is
the topological interval of functions s?(1 — as)™!, [ 1,1].

1—as

Let OC5 be the set of operator convex functions f : (—1,1)? — R. It is a convex cone.
It is known [2] that if |a| < 1,]|8| < 1 then f(s,t) = (1 — as)™1(1 — Bt)~t € OCy (see
Section 4). These are functions which in each variable separately are “extremal” in the
convex cone OC;. The investigation in Part II stems from this fact. Any such function
has representations

Fls08) = M)+ (o)t 4 v(8) =
and ,
F(s,t) = 1(t) + m(t)s + n(t)%“(t)s.

These equations are solved in Section 6 under the assumption that the functions «(t) and
B(s) have continuous second derivatives: if f is such a function then for some (a, 3, ¢) € R?
satisfying the inequalities
(1.1) la+8l—1<e<1l-|a-0,
(which implies that |a| <1, |8] < 1), f must be of the form
Ast + X5 + Iot? + X15%t 4 I't?s 4+ Gs*t?

1—as— (t+est

(1.2)  f(s,t)=A+Bs+Ct+

(Thm. 6.5 and Prop. 6.2). It is an open question whether the smoothness assumption is
redundant.

Let F(a, 3, €) be the set of functions of this form which are operator convex; it is a
face of the convex cone OCs (Thm. 6.4).

Functions f : (—1,1)? — R given by (1.2), subject to (1.1), are infinitely differentiable
and so, by Thm. 4.2, their operator functions are infinitely Fréchet differentiable. In Sec-
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tion 7 their second Fréchet derivatives (more precisely, the operators d?f(A, B)(H, K)? €
S ((CM & (CN)) are calculated. The calculations are not entirely straightforward; a simple
power series expansion of f(A+H, B+ K) involves products in the algebra of operators on
CM @CY and yields a formula for d*f(A, B)(H, K)? which is not apparently self-adjoint.
It is a non-trivial matter to find and establish a tractable form for d*f(A, B)(H, K)2.
This is done in Thm. 7.1, and in Thm. 7.2 the differential criterion for convexity, of
Thm. 3.2, is used to characterise those functions of the form (1.2) which are operator
convex: the function must be convex on (—1,1)? and the coefficients in (1.2) must satisfy
the equations
206+21a:F0+F1ﬁ:G=O.

This characterisation permits a detailed analysis in Section 8 of the faces F(a, 3, ¢)
of the cone OC;y. The analysis is not entirely complete but a considerable amount of
information is obtained. Thm. 8.1 is concerned with the set of (a, (3, e) € R? for which the
face F'(a, 3, €) is non-trivial, i.e. of dimension greater than three. For each («, 8) € [—1, 1]
the set {e : dim F(«, 3, €) > 3} is closed and non-empty and contains a non-trivial interval
unless either max{|«/|, |8]} = 1 or af = 0, in which cases the set is the single point /3.
However the description of these sets is not yet complete.

The cone OC; has a natural closed convex base K2 (see Prop. 5.3). (It is an important
open question whether Ko is compact.) Thm. 8.2 states that the intersections of the
faces F(a, 8,€) N Kz of Ko are almost all empty, the non-empty intersections being single
extreme points of Ky. Thm. 8.3 establishes that a face F(a, 8, e) of OCs is of dimension
3, 4, 6, 7 or 8 and that all these cases occur.

Theorem 8.4 is concerned with the set of extreme points of F(a, 3,¢e) N Ky, which
can be determined in most, possibly all, cases. The typical cases are those in which
dim F(«, 8,e) = 6. If, considering the first («, f)-quadrant, 0 < « < 1, 0 < 8 < 1
and max{0,a + f — 1} < e < af then dim F(a, 5,e) = 6 and F(a, 5,e) N Kq is a two-
dimensional convex set; if also a + 3 — 1 < e then each point of the relative boundary
is an extreme point of Ko. Thus ext s contains four (one for each (a,)-quadrant)
disjoint families of pairwise disjoint topological circles, each family indexed by the points
(o, B,€) of a non-empty open subset of R®. The results provide a sharp contrast with
the one-variable situation and disappoint any expectation there may have been that
operator convex functions of two variables might have a characterisation analogous in a
straightforward way to the characterisation of operator convex functions of one variable.

I. THE CALCULUS

2. Operator functions of one variable

For a positive integer N let CY be the standard N-dimensional complex linear space
equipped with its natural inner product (-, ). The natural coordinate system of CcV will
play no role. Let £(C™) denote the space of linear operators on CV and let S(CV) =S
be the real linear space of self-adjoint operators defined on CV. If .J denotes a subinterval
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(usually open) of R let S;(CY) = S, denote the set of operators in S with spectrum
contained in J. If J is open then S; is a convex open subset of S.

DEFINITION. To each real-valued function f : J — R defined on J there corresponds an
operator function f : Sy — S defined in the following way. An operator A € Sy has a
spectral decomposition

(2.1) A=Y "\Ex

in which Aq, Ao, ... are the distinct eigenvalues of A and E1, Es, ... are the corresponding
orthogonal projections onto eigenspaces of A. An operator, denoted by f(A), in S is
defined by

FA) =" FOw) Br
k=1

If N =1 then f(AI) (where I denotes the identity operator) can be identified with
f(A). It is natural to regard the operator functions f (one for each integer N) as extensions
of f: J — R and to use the same symbol for all. However it will be convenient to denote
an operator function f also by Of and to think in terms of the mapping O.

The first theorem asserts that Of inherits differentiability properties from f. Let
C(J) = C°(J) denote the space of continuous functions f : J — R. For any positive
integer L let C'¥(.J) denote the space of functions f € C(J) such that the derivative f(%)
exists and is continuous on J. Then for each L > 0 the space C*(I) is a Fréchet space
[16]. If X and Y are real normed linear spaces and {2 is an open subset of X then for
each integer L > 0 we denote the space of functions F' : {2 — Y such that F' and its
Fréchet derivatives dF,...,d"F exist and are continuous on 2 by CL(£2,Y). If X is a
finite-dimensional space and Y is a Banach space then C*(£2,Y) is a Fréchet space with
respect to the topology defined by the seminorms

|d' Fl| e = sup [|d"F(z)]],
rEK

where 0 <[ < L and K is a compact subset of 2. This fact can be proved by an extension
of an elementary proof of the special case in which X =Y = R. The extension depends
upon basic results of the Fréchet differential calculus for which we refer to [6]. Our first
concern is with the case X =Y = S(C") and 2 = S;(C"). In this case the topology is
determined by the seminorms
|d'Flls, = sup [ld'F(A)]|
AeS,,

where 0 < [ < L and J’ is a closed subinterval of J.

The Ith divided difference of a function f € C*(.J) on points X, ..., \; (not necessarily
distinct) will be denoted by fl(Xg,..., ;). We refer to [5] for information concerning
divided differences.

The case L =1 of the first theorem is largely contained in [5] (p. 79). The case L = 2
is in part contained, in matrix form, in [11].

THEOREM 2.1. Let f € CL(J), where L > 0. Then Of € CY(S8;,8). The mapping
O :CE(J) — CL(S;,8) is continuous.
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If fe€CHJ),A €Sy and ey,...,ex is an orthonormal basis of CN consisting of
eigenvectors of A corresponding to eigenvalues A1, ..., Ay then, for 1 <1 < L, the matriz
of d'f(A)(Hy,..., H;) with respect to this basis is given by

(2.2)  (d'f(A)(Hy,...,H)ej,,ej)
l
= Z f[l]()‘joa"'7)‘jz)< Z H<HU(T)6jT,6jT_1>)
1<j1,--Ji—1<N ceS;r=1

for all jo,ji € {1,...,N}, where S; denotes the symmetric group of permutations of

{1,...,1}, and the outer summation is omitted in the case l = 1.
If Ae Sy and sp(A) C J', where J' is a closed subinterval of J, then, for 0 <1 <L,
(2.3) I’ f(A) | < N'ud £l

The result will be proved first for polynomial functions and will then be extended
by continuity to all of C¥(J). The operator O is linear so we begin by considering the
monomials pr € C*°(R) defined for k = 0,1,... by pi(t) = t*. It is easily seen from the
definition of py(A) that pi(A) = A* for all A € S. We can regard Opy as a mapping of
L£(CN) into itself. The space £(CV) is a complex Banach algebra.

LEMMA 2.2. Let A be a Banach algebra and let k € N. Then the mapping py : A — A,
defined by
pr(A) = A
for all A € A, has Fréchet derivatives of all orders given, for 1 > 1, by
(24) dlpk(A)(Hl, ey Hl) = Z Z AT Hg(l)AmHg(g) ces ATLHU(l)ATHI
ogEeS; rit..Aripi=k—1

(where, in the summation, 0 < rq1,...,0 < 7rp4q).

PRrROOF. First note that

k
(25)  pr(A+tH) = (A+tH)* = Ztl( Y ATHATH.. A HA”+1)
=0 rittripi=k—1
A direct calculation now shows that py : A — A is Fréchet differentiable and that dpy is
given by (2.4) with [ = 1.
We now outline a proof by induction that: d'py exists for each | > 1 and the value
d'pr(A)(Hy, ..., Hy) can be expressed as a finite sum of terms each of the form

(2.6) T(A) (Hl, . 7]‘Il) = ArlHa(l)ATQHU(Q) . ATZHU(I)ArHl

where 0 < r1,...,0 <7y, + ...+ 141 =k —1 and o € S;. We have seen that this
statement is true in the case [ = 1.
Let My, : A — L(A) and Mg : A — L(A) denote left and right multiplication; that
is, for each A € A,
My, (A)(x) = Az, Mg(A)(z) =zA

for all x € A. Then My, and My are linear and Fréchet differentiable. The mapping
T:A— Li(AA)
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into the space of multilinear mappings of A' into A defined by (2.6) can be regarded as
a composite

A LSS A 22 A A) 2 (A, A)
in which
$1(A) = (A™, ..., A",
¢2(By, ..., Bis1) = (ML(B1), ..., My(Bi_1), Mg(Bi1) © Mi(By)),
o5(Th, ..., T))(Hy,..., H) =T H,...T,H,.

Elementary arguments show that ¢, ¢ and ¢3 are all Fréchet differentiable. (For ex-
ample, ¢3 is shown to have continuous partial Fréchet derivatives and so ([6], p. 197) is
differentiable.) Thus T is Fréchet differentiable.

Now
AT (A)(Hypr)(Hy, ... H)
d
- _T(A+tHl+1)(Hla . 'aHl)
t=0
d
dt(A+tHl+1) 'H o(1) - ..(A—I—tHlJrl)m U([)(A+tHl+1)Tl+1

t=0
The last term is the coefficient of ¢ in the expansion of the product as a polynomial in ¢,
which is a finite sum of the form (2.6) (with [ replaced by [ +1). The italicised statement
above now follows by induction.

It remains to identify the derivatives d'py,. Let DWpy, (A)(Hy, ..., H;) be the right hand
side of (2.4). Then D®p;, is a mapping of A into £;(A,.A). For each A € A both d'py(A)
and DWp,(A) are symmetric multilinear mappings of A’ into A. Now, for all H € A,

dl 1
o (AY(H,....H) = —pi(A+tH
doe(A)H, - H) = Gmn(A+tH)| = Gl

=1 > A" H .. AT H AT
rit.oAripi=k-1
= DWpy(A)(H,..., H)
(the first equation is by 3.6.1 of [6], the second and third terms on the right are, by (2.5),

both 1! times the coefficient of # in the expansion of (A + tH)* as a polynomial in t). Tt
follows that d'py(A) = DWp(A). The proof of Lemma 2.2 is complete.

A+ tH)*

t=0

If we now apply Lemma 2.2 to A = £(C") and consider the restriction p;|S(C") we
conclude that the operator function py : S(CV) — S(CY) is infinitely Fréchet differen-
tiable with derivatives given by equation (2.4).

Now suppose that A € S and that eq,...,eny and Aq,..., Ay are as in the statement
of the theorem. Then it follows from (2.4) that

<dlpk(A)(H1’ EER Hl)ejzﬂej0>

= Z ( Z H )\7m+1) ( Z H Ho ()€ €5 1>)

1<j1, i1 SN 4. 4rip1=k—1lm=0 oeS; m=1
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The equation (2.2) in the case f = py now follows from the next lemma.

LEMMA 2.3. For all \,..., \i41,
(2'7) pg]()\l,...,)\lﬂ) = Z )\;1 )\;“Jl:f
rit..+rip1=k—1

PROOF. The divided differences of an analytic function have integral representations ([5],
p. 2) which for the monomial py can be written as

1 S ck

— =
271—2 I Hrill (C - )\T)
where I' is a (large) circle containing all of Ay,..., \jy1. Let K =k —[. Then

PO Ng) = d,

! :l(1+ﬁ+...+§+£>.
C=XA ¢ ¢ N ()
Let N A A
G.=1+ c —l—...—i—CK, RT_CK«*)\T).
Then
ck 141 I+1

= TG+ R = (T 6+ R)
1
L (=) r:[l r:[l
where R is a finite sum of 2/*! — 1 terms, each a product of [ + 1 factors at least one of
which is one of Ry,..., Riy1. If A = max|\;| and |¢| > 24 then |G,| < 2 and

2AK+1

Therefore
2AK+ 1

|R(<)| < (2l+1 - 1)2l |<‘|K+1 :

Now let I" be a circle with centre 0 and radius ¢ > 2A. Then

L[t (e de

211
r

< (21+1 _ 1)2l+1AK+1Q—(K+1—k+l)

and the term on the right hand side tends to zero as ¢ — oco. Also
I+1

1 L Ar AE
%Sg’c ! 1H<1+f+“'+g_f<)d<
r=1

r
is equal to the coefficient of 1/¢ in the expansion of the integrand, that is, to the term
on the right of (2.7). The proof of the lemma is complete.

The case | = 0 of (2.3), for all f, follows from the definition of f : S; — S. Note that
if (gx)r>1 is a sequence in C(J) convergent in C(J) to f then, by (2.3),
If = aklls, —0

for any closed subinterval J’ of J; consequently, Of € C(S,,S) and (Ogy)i>1 is conver-
gent in C(Sy,S) to Of.
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The divided difference fl is bounded by the derivative d'f ([5], p. 6) and it follows
that if f € C!(J) and equation (2.2) holds then, if A € Sy,

1" f(A)|| = sup ld' f(A)(Hy, ..., H))|
IHLI<1,... | Hy || <1
< sup N  sup |(dlf(A)(H1,...,Hl)ejl,ejo>| SNll!HdlfHJ/.

IH <1, I H YIS <50, SN

Thus for [ > 1 the inequality (2.3) is a consequence of equation (2.2) which has been
shown to hold if f = px (k=0,1,...). Let P be the space of real polynomial functions.
Then, by linearity, if f € P then f € C*°(S,S) and (2.2) and (2.3) hold. It follows easily
from the inequality (2.3) that, for each L > 1, the mapping

O:P (CCER)) - CE(S,S)

is continuous.

Now consider g € CE(J) and let (gx)r>1 be a sequence of polynomials convergent
to g in the space CL(J). Then (Ogy)r>1 is a sequence in CL(S,8S). Let J' be a closed
subinterval of J. Then, for A € Sy, and 0 <[ < L, by (2.3) for polynomials,

ld'(Oqr — Og;)(A)]| < N'|d" (a — g5)ll.r-
Thus
[d'(Oqx — Ogj)lls,, < N'U[|d" (g1 — ;)l|.7-
The sequence (gx)r>1 is a Cauchy sequence in CL(J) and it now follows that (Ogk)k>1

is a Cauchy sequence in CL(S;,S). Let ¢ be the limit in C*(S;,S) of (Og)k>1. Then,
for each A € Sy,

g(A) = lim Ogi.(A) = Og(A).

Therefore Og = q € C*(S;,S) and Og = limy,_, o Ogqy. Furthermore, for [ =0,..., L,

M _ 7 U
o= Jim o
The formula (2.2) holds for f = ¢, k = 1,2,..., and it follows that it holds for f = g.

The proof of the theorem is complete.

The matrix representation (2.2) of the first Fréchet derivative dOf of the operator
function Of is well known and appears frequently in the literature. However there is an
equivalent operator-theoretic form which shows that there is a sense in which, if N > 2,
the derivative of the operator function O f contains both the operator function Of’ and
the operator function O f. Note that for A € S each operator T' € S can be represented
in the form K + i(HA — AH) where K, H € S and KA = AK; with the notation of
equation (2.1) one can take

K =3 ETE; and H=3 ﬁEjTEk.
J J#k
If the eigenvalues of A are distinct this decomposition of T corresponds to the decompo-
sition of a matrix into its diagonal and off-diagonal parts.
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THEOREM 2.4. Suppose f € CY(J) and A€ S;. If K,H €S and KA = AK then
(2.8) df (A (K +i(HA — AH)) = f/(A)K +i(Hf(A) — f(A)H).

PRrROOF. For the monomials p, (k = 0,1,...) the formula (2.8) follows by direct calculation
from the case [ = 1 of 2.4, and it extends by linearity to all polynomials and then, by
Theorem 2.1, by continuity to all f € C*(J).

Using the preceding theorem it is possible to recapture the operator functions O f
from their derivatives dO f algebraically.
For notational purposes regard an h € CV as a column vector. For H € S ((CN e C)
let M (H) denote the natural (block) matrix of the operator H. Let
T:CY - SV a0)
be the real linear mapping defined by
0 h
2. M(Th) =
(2.9 = o]
and let
P:S(C"eC)—CV
be the left inverse of T" defined by
(2.10) P(H)=h if M(H)= {2‘ ﬂ
If B is an operator on a space let g denote the derivation on the space of operators
defined by

(2.11) §5(H) = HB — BH.
It follows from Theorem 2.4 that if f € C!(J) and A € S then
(2.12) df (A)dia = dig(a)-

In the following theorem we require that 0 € .J in order that A®0 € S;(CN*!) whenever
A€ SJ((CN). The identity operator on C" is denoted by I.

THEOREM 2.5. Suppose 0 € J. If f € C1(J) and A € S then
F(A) = F(O)T — iPdf(A & 0)d;4c0)T,
where T, P and ¢ are as defined in (2.9)—(2.11).
The proof is a simple calculation using (2.12) and the fact that f(A@0) = f(A)® f(0).

The operators Th occur in Lemma 3.7 of [9].
3. Operator monotonicity and convexity

DEFINITIONS. A function f :J — R is said to be operator monotone if

(3.1) ABeS;, A<B = f(A) < f(B).
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The condition is equivalent to the condition that, for each N € N, the real function
(f(A+tH)E,€) of t is increasing on the set {t e R: A+tH € Sy} forall Ac S;,He S
such that H > 0 and € € CY. In Section 4 we consider operator functions of two variables
and here we define convexity in a suitably general context. Let W be a convex subset of
a real linear space X. A mapping

F:W— S((CN)
will be said to be convex if
(3.2) F(1-t)A+tB)<(1-t)F(A)+tF(B)

for all A, B € W and all t € [0, 1]. The condition (3.2) is equivalent to the condition that
(F(A+tH)¢, &) is a convex function of ¢ on the convex subset 2 = {t: A+tH € W} of
Rforall Ac W,H € X and ¢ € CV.

A function f : J — R is said to be operator convez if each of the mappings Of :
S;(CY) — S(CN) (N € N) is convex. The function f : J — R is said to be operator
concave if — f is operator convex.

There is an intimate relation between operator monotonicity and operator convexity
which features prominently in [9], and operator convex functions are also analytic. It is
natural to seek to apply the calculus to the consideration of operator monotonicity and
operator convexity.

At several points in the discussion we will appeal to the fact that, by 3.1.4 and 3.6.1
of [6],

1

(33 (W FCAYH, . )€ = T (f(A+ tH)E.€)
t=0

For sufficiently differentiable functions the elementary differential characterisations of

monotonicity and convexity extend immediately to operator functions.

THEOREM 3.1. If f € C*(J) then f is operator monotone if and only if , for each N € N,
df (A)(H) > 0 whenever A€ S;,H € S and H > 0.

PrOOF. The second condition of the theorem is equivalent, by equation (3.3), to the
condition that

d
GAHHEE 0

The latter condition is easily seen to be equivalent to the operator monotonicity of f.

For convexity it is appropriate to formulate a theorem in the general context.

THEOREM 3.2. Let W be an open convex subset of a real normed linear space X . Suppose
that F € C*(W,S(CN)). Then F is convex if and only if

d*F(A)(H,H) >0
forall Ac W and H € X.
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PROOF. The second condition of the theorem is equivalent, by equation (3.3), to the

condition that )

d

oz \F(A+tH)EE) . > 0.

forall Ae W, H € X and £ € CN. The latter condition is easily seen to be equivalent to
the convexity of F.

Matrix forms of Theorem 3.1 and of Theorem 3.2 in the case of operator functions now
follow immediately from equation (2.2) of Theorem 2.1. In the monograph [5], Chap.VII,
Theorem 3.1 appears implicitly and its matrix form explicitly. A matrix form of Theo-
rem 3.2 is given in [11].

In the rest of this section we are concerned with two examples: the functions 1/t and
t* (a > 0).

PROPOSITION 3.3. Let p_1(t) = 1/t for t € R\ {0}, and consider either J = (—00,0) or
J =1(0,00) and p_1 € C>=(J). Then, for eachl > 1,

(3.4) dp_1(A)(H,... H) =1(-1)(ATH)A™!

for each A € S5 and each H € S.

PRroOOF. Equation (3.4) follows from the Neumann series
pi(A+tH) => (1)t (A7 H)'A™!
1=0
together with equation (3.3).
From the cases | =1,
dp_1(A)(H)=-A"'HA™,
and [ = 2,
dp_(A)H, H)=2A""HAT'HA™ = 2(HA HY* A=Y (HA™Y)
of (3.4) together with Theorems 3.1 and 3.2 the following well known facts follow imme-
diately.

COROLLARY 3.4. The function —1/t is operator monotone on both (—00,0) and (0, c0),
is operator convexr on (—o0,0) and operator concave on (0, 00).

Next we consider the functions p, € C*((0,00)), for o > 0, defined by
Pa(t) =1t = exp(alogt).

It follows immediately from Lowner’s characterisation of operator monotone functions,
by considering the analytic extension of p, to C\ (—o0,0), that p, is operator monotone
on (0, 00) if and only if 0 < av < 1. The most elegant and elementary proof of this result is
due to Pedersen [15]. It does not seem possible to obtain a simple direct proof of the result
by considering the Fréchet derivatives of the operator functions Op,. We obtain instead
conditions which are equivalent to the operator monotonicity of p,. Using Theorem 2.4
we obtain the following theorem.
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THEOREM 3.5. Let a > 0. Then the following three conditions are equivalent:

Ho<a<l.

(2) The function p,, is operator monotone on (0,00).

(3) For each N € N,

K+ é(B*aHBO‘ —B“HB ) >0
whenever B € S(9,«), K,H €S, KB = BK and
K +i(B"*HB - BHB™ ') >0.
PROOF. The equivalence of (1) and (2) is well known (see above). Let A, B € 89,0, K, H
€ Sand A= B? H = BH;B. Then
K +i(B"'HB—-BHB )= K +i(HiA— AH))
and, by Theorem 2.4,
K+ é(B_“HBa — B“HB™*) = éBl_adpa(A)(K +i(H A~ AH,))B*~°.

The equivalence of (2) and (3) now follows from Theorem 3.1.

There is a second approach to the operator monotonicity of p,,. It is enough to consider
rational a. If m,n € N then p,,/, = p;* © pm.

If f, g, h are real-valued functions defined on open subintervals of R and f = goh then
Of = OgoOh.If g = h=! then Og = (Oh)~L. If f, g, h are continuously differentiable then
so are the corresponding operator functions and d(Of)(A) = d(Og)(h(A)) o d(Oh)(A). It
follows that if m,n € N then for each A € S(g,) the derivative dp,(A) is invertible and

dpm/n(A) = (dpn(Am/n))il o dpy, (A).

The derivatives of Op,,, and Op,, are given by equation (2.4) and so using the equivalence
of (1) and (2) of Theorem 3.5 together with Theorem 3.1 we obtain the following result.

THEOREM 3.6. If n € N then for each A € Sy, and H € S the equation
n—1
S ATKA"YT=H
r=0

has a unique solution K € S.
If m,n € N then the following statements are equivalent:
(1) m < mn.
(2) The function py,,, is operator monotone on (0, 00).
(3) If B€ S(p,00) and H/K €S, H>0 and

n—1 m—1
Z BmTKBm(nflfr) _ Z BnrHBn(mflfr)
r=0 r=0

then K > 0.

In the case m = 1, n = 2 the theorem is contained in a result known as Lyapunov’s
theorem (see [14] for references). If m = 1, n = 3 then assertion (3) is contained in results
of Kwong [12].
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4. Operator functions of two variables

In this section the definition of operator functions of two variables due to Kordnyi [10]
is recalled, the analogue for two variables of Theorem 2.1 is obtained and we begin the
consideration of operator convexity of functions of two variables. It is shown that the
calculus provides a natural proof of a theorem, deduced by Aujla [2] from a result of
Ando [1], which identifies certain operator convex functions of two variables.

DEFINITION. Let J and J’ be open subintervals of R and let M, N € N. For a function
f:J x J — R there is an associated operator function

f=0f:8,(C") xS (CV) - S(CM gcCM)
defined in the following way. If (A, B) € S;(CM) x §;(CY) and

A=Y "NE;, B=Y umF
J k

are the spectral resolutions of A and B respectively then

FA,B)=> "> f(Nj, ) B @ F.
7 k

The tensor product CM @ CV has inner product defined by
(a@b,a’ @) = (a,a')(b,b').
For the purposes of our calculations the space S(C™) x S(CV) will be normed by

(4.1) I(H, K)|| = max{[| H]], [ K]}

The main result of this section is a two-variable analogue of Theorem 2.1 concern-
ing functions f € C*(J x J'), the space of L times continuously Fréchet differentiable
functions defined on the open subset J x J' of R?. If f € CL(J x J') and [ +m < L let
fm) denote the (equal) partial derivatives of f in which f is differentiated ! times with
respect to the first variable and m times with respect to the second variable. For such a
function f we will denote by

f[l)m]()‘la e A B - ey )

the repeated divided difference of f, with respect to the first variable on the points
AL, ..., Ai+1 in J and then with respect to the second variable on the points p1, ..., thmt1
in J'. The following lemma is required.

LEMMA 4.1. Suppose f € CE(J x J') and | +m < L. If Jy, J| are closed subintervals
of J and J' respectively, and Ai,...,\y1 € J1, 1, hmt1 € Ji then, for some
(gag) € Jl X J{7

1
FEM O, N B s 1) = Mf(l’m)(fad

PROOF. The proof is by deduction from the one-variable result. By the Lemma of [5],
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p. 6, there exist ¢ € Jj and & € J; such that

f[l7m]()‘1a .. '7)\Z+1;/~l/la .. '7,U/m+1) = f[l70]()‘la .. '7)\l+1;M)[m](ula .. '7,U/m+1)
am

= %aumf[l NNty Nigas o) .
) 0
S Yo
_Lli(am_f )
m! I ON \ dum pec/ r=¢
= M0

(where the central equality expresses the fact that the divided difference operator in the
first variable commutes with the partial differential operator in the second variable).

It follows immediately from the definition of the operator function that if f(s, ) =
g(s)h(t) for (s,t) € Jx.J' then f(A, B) = g(A)®h(B) for all (A, B) € S;(CM)x S, (CV).
It is easily seen that for such a function f € C(J x J'), if [ + m < L then

(42) f[l’m](Ah PN /\H_l;,ul, R 7,um+1) = g[l]()\l, ey )\H_l)h[m](,ul, ce ,um+1).

THEOREM 4.2. If f € CL(J x J') then
Of € CH(S(CM) x Sy (CM), s(CM o ).
The mapping
O:CHJ x J) — CESHCM) x S5 (CM), S(CM o CV))
18 continuous.
If feCl(JxJ) and Jy and J| are closed subintervals of J and J' respectively
then for 0 <[ < L,

l

(4.3) 1d" flls s, x5, < D et (MNP ey,
r=0

for some coefficients ¢; (M, N).
PRrROOF. The pattern of proof is similar to that of Theorem 2.1 but begins with the

consideration of functions of the form f(s,t) = g(s)h(t). For these functions there is a
straightforward lemma.

LeEMMA 4.3. Suppose that g € CL(J), h € CE(J') and that f(s,t) = g(s)h
(s,t) € Jx J'. Then Of € CL(S;(CM) x Sy (CN),S(CM @ CN)) and, for 1

d'f(4, B)((H1,K1) - (Hi, K1)

(t) for all
<I<L

= Z Z l—’l“ A)(Hg(l),...,HU(.,.))®dlirh(B)(Kg(r+1),...,Ka(l)).
r= OO'ES[

The proof of the lemma is a technical exercise and is omitted.
The case | = 0 of the inequality (4.3) follows, for all f, from the definition of the
operator function. Now suppose that f is as in the lemma. If A € SJ((CM) and B €
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Sy ((CN) let ai,...,ayn be an orthonormal basis of CM consisting of eigenvectors of A
corresponding to eigenvalues Aq,..., Ay and let by,...,by be an orthonormal basis of
cV consisting of eigenvectors of B corresponding to eigenvalues p1, ..., ux. Then a; ® by,
j=1,...,M,k=1,...,N,is an orthonormal basis of C¥ @ C". For 1 < | < L we obtain
the matrix of d'(A, B)((Hy, K1) . .., (H;, K;)) with respect to this basis from the equation
of Lemma 4.3, equation (2.2) applied to each of the terms of that equation involving g
and h, the definition of g(A) and h(B), and equation (4.2):

(4.4)  (d'f(A,B)((Hy, K1), ..., (H;, K}))aj @b, aj @ byr)

DI SRS SRt

r=00€S; 1<g1,sJr—1 <M 1<k, k-1 SN
where, if r > 2 and [ — 7 > 2,

F= f[?“,l—?“] ()‘j’a )\jI? B )‘j7~717)\j;uk’7uk1a R /’Lkl—r—l’uk)

and
r—1
¢ = ( > (Howyas, ay) H(Ho@(s))ajs’aj371><Ha(u<r>>aj,ajr,1>)
veS, s=2
l—r—1
><( Z (Ko (rgr(1)) bk s k) H <K0(r+-r(t))bk,abkt,1><Ka(r+T(l—r))bk,bkl,r,1>)~
TES|— 1 t=2

The factors F' and C are of a similar form in the other cases. Formula (4.4) extends by
linearity to the set F of all functions f € CF(J x J') which are finite sums of products
of functions of one variable. In the “general” case the coefficient C is a sum of r!(l — r)!
products each of I = r + (I — r) terms. Each product involves just one of each of the
pairs (Hy, K1), ..., (H;, K;). Now, using Lemma 4.1 and the norm (4.1), it follows that,
for (4, B) € S5, (CY) x S5 (C),

(d'f(A, B)((Hy, K1), .., (H;, K;))a; @b, aj @ by)|

! !
<Y A N ey T 1 (Hons Ko
r=0 m=1
for certain coefficients ¢ (M, N). The inequality (4.3) for f € F now follows, with
¢ = MN¢. This proves that the mapping of F into CL(S;(CM)x Sy (CV), S(CM oCN))
is continuous. The proof of Theorem 4.2 is now completed in the same way as was the
proof of Theorem 2.1 using the fact that F is dense in the space CF(J x J').

It is an open problem to determine which functions f : J x J' — R are operator
convex. An operator convex function of two variables is necessarily operator convex in
each variable separately and is itself convex on J x J' (the case M = N = 1). However,
the verification that a function of two variables is operator convex may not be easy. The
following interesting theorem was deduced, in a slightly more restricted form, by Aujla
[2] from a more limited result obtained by Ando [1]. It will be shown that the calculus
provides a natural and straightforward proof of the theorem, quite different from the
original proof.
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THEOREM 4.4. Suppose that g € C%(J), h € C*(J') and that g and h are both positive
and operator concave. Then the function

f(5,0) = ——

g(s)h(t)

is an operator convex function of two variables on J x J'.

The proof of the theorem requires the following lemma.

LEMMA 4.5. If g € C?(J), g is positive and G(s) = 1/g(s) = (p_1 0 g)(s) then, for all
A e S;(CM) and all H € S(CM),

(4.5) dG(A)(H) = —g(A) ™ dg(A)(H)g(A)~
and
(4.6) d*G(A)(H, H) = g(A)~"(~d*g(A)(H, H) + 2dg(A)(H)g(A)~'dg(A)(H))g(A)~".

PROOF. The operator O respects composition of functions: OG = Op_; o Og. Equation
(4.5) is given by the chain rule for partial derivatives together with equation (3.4). The
proof of equation (4.6) is a more involved technical exercise which we omit.

PRrROOF OF THEOREM 4.4. Suppose that f, g and h are as in the statement of the theorem.

Let
1 1

G(s)=—, H(@) = 0k
so that
f(s,t) = G(s)H(?).
Then by Theorem 3.2 and Lemma 4.1 the function f is operator convex on J x J' if
and only if for each M, N € N and for all A € S;(CM), B € §5(C"), H € S(CM) and
K e s(ch),
(4.7) 0<d’f(A,B)(H,K),(H,K))
= G(A) ® d*H(B)(K, K) + 2dG(A)(H) ® dH(B)(K)
+d*G(A)(H,H) ® H(B).

By Lemma 4.5,

(4.8)  (9(4) @ h(B))d*f(A, B)((H,K), (H, K))(9(A) @ h(B))
= g(A) ® (—d*h(B)(K, K) + 2dh(B)(K)h(B)~'dh(B)(K))
+2dg(A)(H) ® dh(B)(K)
+(—d’g(A)(H, H) + 2dg(A)(H)g(A)~dg(A)(H)) ® h(B).
By the positivity of g and h, condition (4.7) is equivalent to the condition that the

operator (4.8) is non-negative. By the positivity and operator concavity of g and h the
first and fourth of the five summands in (4.8) are non-negative. However, the sum of the
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remaining terms is
9(A) ® dh(B)(K)h(B) ™ dh(B)(K)
+dg(A)(H) ® dh(B)(K) + dg(A)(H)g(A) " dg(A)(H) @ h(B)
=I®dhB)(K)g(A)®h(B)"'I®dh(B)(K)+I®dh(B)(K)dg(A)(H)® I
+dg(A)(H)® 1 g(A)~! @ h(B)dg(A)(H) ® I

= {1 ® dh(B)(K) g(A)Y? @ h(B)~Y/% + %dg(A)(H) @Ig(A) 1?2 h(B)l/Q}
X {g(A)l/z ® h(B)"Y2 I ® dh(B)(K) + %g(A)*l/2 ® h(B)/? dg(A)(H) ® 1]

+ %dg(A)(H) ®Ig(A)~' @ h(B)dg(A)(H)® 1.

The first term in the latter sum is the product of an operator and its adjoint and so
is non-negative; the second term is non-negative because g and h are non-negative and
dg(A)(H) ® I is self-adjoint. The proof of the theorem is complete.
COROLLARY 4.6. If («a,3) € [—1,1]? then the function

1
(1 —as)(1—pt)

is an operator convex function on (—1,1) x (=1,1).

f(sat) -

Hansen [7] has extended the result of the corollary to any number of variables with
a different proof. The result of the corollary, and the extension, can be proved by a
straightforward calculation of the second Fréchet derivative and application of Thm. 3.2
in the following way.

Suppose a1, .., € [0,1] and that for j = 1,..., k the function f; : (=1,1) — R is
defined by f;(t) = (1 — a;t) L. Let f: (—1,1)* — R be defined by

k
fty, ...ty H

Then the operator function
k
of : [IS-11n(C¥) — @s(Ec™)
j=1 j=1

is given by
k
Of(Ar,..., Ax) = Q) OF;(4;)

The operator functions O f; are infinitely Fréchet differentiable and it follows that Of is
infinitely differentiable. Now put B; = (I — a;A;)"Y/2, K; = B;H;B; and

Ki=1I®.. . 9Il9K;I®...01



22 A. L. Brown and H. L. Vasudeva

for j =1,...,k. Then, for small Hy,..., Hg,

o0

k
A+ e Agt ) = QB2 (0 H;BY)
j=1

J r=0

- @Bj)@iww)(égj).

The second derivative of the operator function f is given by the terms which are of degree

two in H1,..., H; in the expansion of the inner tensor product; that is,
k k k
D2f(Av,... A (H, ... Hy)? = 2(®Bj)( 3 i KUK + Zafo) (@Bj)
j=1 1<i<j<k j=1 j=1

~(@2)((Sem) s Xoetk)(m) 2o

from which it follows that f is operator convex.

II. OPERATOR CONVEX FUNCTIONS OF TWO VARIABLES
5. Preliminaries

First we must present that information about operator convex functions of one variable
which is necessary to the subsequent discussion.

Let OC; denote the set of operator convex functions f : (—=1,1) — R, and let £
denote the set of linear functions on (—1, 1), i.e. functions of the form

I(t)y=a+0bt foralte(-1,1)

where a,b € R. Thus OC; is a convex cone and £ C OC;. Operator convex functions of
one variable are described by the following representation theorem.

THEOREM 5.1 (see [3] and [9], Thm. 4.5). If f € OC;y then f is analytic on (—1,1). If
f & Ly then there is a unique probability measure M on [—1, 1] such that

, 1., t?
()= FO) + 7O+ 5070 | 1

dM (o)
forall t € (—1,1).

Let K1 = {f € OCy : f(0) = f'(0) =0, f”(0) = 2}. Let P be the set of probability
measures on [—1,1], and regard P as a subset of the space C([—1,1])*, equipped with
the weak* topology. Then P is a compact convex set and its set of extreme points is the
set {da : @ € [—=1,1]} of atoms of measure one. If T : P — K; is the mapping defined by

2
(Tt =+

fort € (—1,1), then T is continuous with respect to the topology of pointwise convergence
on K; and, by the theorem, it is bijective. So the following proposition is a consequence

dM (),
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of the theorem (although in the development of [9] facts closely related to those of the
proposition are preliminaries to the theorem rather than consequences of it).

PROPOSITION 5.2. The set Ky is convexr, compact in the topology of pointwise conver-
gence, and its set of extreme points is the set of functions of the form t*(1 — at) ™1 with
a€[-1,1].

It follows from the theorem that OC; = £ + R*Kl, and that the representation of
feOC as f =14k where l € £, and k € RTK; is unique.

The two-dimensional space £ is a (trivial) face (closed convex extremal non-empty
subset) of the convex cone OC;, and any face of OC; contains £q. If F' is a non-trivial
face of OCy, that is, F' # Ly, then F' N Ky is a face of 1; and this correspondence is a
bijection between the non-trivial faces of OC; and the faces of 1. If G is a face of K
then £1 + RTG is the corresponding face of OC;. For a function f € OC; \ £ it will be
convenient to say that f is an extremal function of OCy if £1 +R™ f is a face of OCy, or
if, equivalently, the function

2 /
f,,—(o)(f(t) — f(0) = F(0)1)
is an extreme point of ;.

As an example with which we shall be concerned, note that if « € [—1,1] then the
function t2(1 — at)~! is an extreme point of Ky and if o # 0 then (1 — at)~t =1+ at +
a?t?(1 — at)~! is an extremal function of OCy.

Theorem 5.1 characterises completely operator convex functions on (—1,1). The re-
sults which follow are a contribution towards solving the corresponding problem for op-
erator convex functions of two variables. First an appropriate notation is introduced.

If a function f: (—1,1)% — R is an operator convex function of two variables then for
each s and each ¢ in (—1, 1) the functions f(s,-) and f(-,t) are operator convex functions
of one variable and so are analytic on (—1,1); that is, f is separately analytic in each
variable. Let OCs be the set of operator convex functions f : (—1,1)2 — R. Let Ko be
the set of f in OCs such that

£(0,0) = f19(0,0) = fOV(0,0) =0, f9(0,0)+ f*2(0,0) = 2.
Let L5 be the set of linear functions [ : (—1,1)? — R, that is, functions of the form
I(s,t) =a+bs+ct forall (s,t) € (—1,1)%
where a,b,c € R.

PROPOSITION 5.3. If f€OCa, (s0,t0) and (s1,t1) are points of (—1,1)% and f30)(sq, to)
= f02(sy,t1) = 0 then f € Ly. Consequently,

OCy = Lo +RTKC,
and the representation of f € OCo as f =1+ k, where | € Ly and k € RT Ko, is unique.
PROOF. Suppose f € OCy and f0)(sq,ty) = f(©2)(s1,¢;) = 0. Then, by Thm. 5.1,
the functions f(s1,-) and f(-,to) are linear and the graph of f contains line segments

above {s1} x (=1,1) and (—1,1) x {to}. Therefore the support plane IT to the graph of
f through the point (s1,to, f(s1,%0)) is unique and contains the two line segments. The
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graph of f lies above IT but, by the convexity of f, that part of the graph which is above
the convex hull of ({s1} x (=1,1)) U ((—1,1) x {to}) lies beneath IT, and so in IT. Thus
the restriction of f to the open quadrilateral co(({s1} x (=1,1)) U ((—=1,1) x {to})) is
linear. It follows by the separate analyticity of f that it is linear on (—1,1)2. This proves
the first assertion of the proposition, and the second is a straightforward consequence.

The three-dimensional space L5 is a face of the convex cone OCs, any face of the cone
contains Lo. There is a bijection between the faces of Ko and the non-trivial faces of
OCs. An extreme point of Ky corresponds to a four-dimensional face of OCy. A function
f € OCy\ Lo will be said to be an extremal function of OCy if Lo+ R™ f is a face of OCy;
thus an extremal function of OCs determines an extreme point of /Cs.

Suppose that a, 3 € [~1,1]. Then the functions (1—as)~! and (1—3t)~! are extremal
functions of OC;. The function (1 — as)~(1 — Bt)~! is in OCy by Cor. 4.6 and one can
describe it as being separately extremal. It is natural to ask whether it is extremal in OCs.
The results in the rest of this paper flow from this question, the answer to which is “no”
if a8 # 0 (Thm. 8.3(3)).

Consider, more generally, a function f € OCy which is such that for each s € (—1,1)
the function f(s,-) is extremal in OCy, and for each ¢ € (—1,1) the function f(-,¢) is
extremal in OC;. Then f can be represented in each of the two forms

2
(5.1) Fls08) = M)+ (o)t 4 (8) = s
and
(5.2) F(s,8) = 1(t) + m(t)s + ”(”1%.4(15)5'

It should be noted that if f : (—1,1)2 — R is separately operator convex in each variable
then it has representations
2

(5.3) F(s,t) = A(s) + ()t + v(s) | ey dM(3)
and
(5.4) J(s,6) = 1(t) + m(t)s +n(t) | 5 - ~dNi(a).

The representations (5.1) and (5.2) are the special cases of the representations (5.3) and
(5.4) in which the measures M and N, are atoms.

The next section is devoted to the solution of the pair of equations (5.1) and (5.2)
under the assumption that the functions «(t) and ((s) have continuous second derivatives.

6. Separately extremal functions of two variables

We will consider the following pair of equations of which equations (5.1) and (5.2) are a
particular case:

(6.1) F(s,8) = Ms) + u(s)t + v(s) k. (1)
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and
(6.2) f(s,t) = 1(t) + m(t)s + n(t)s*hs(s)
where hy(s) and ks(t) are defined for (s,t) € (—1,1)2.

AsSUMPTIONS. It will be assumed that the functions h.(s) and k,(t) satisfy the following
conditions:

(CO)  hy(s) is separately continuous in s and ¢. Here and in the next three conditions it
is to be understood the the corresponding condition for k obtained by replacing
h by k and interchanging s and ¢ is included.

(C1) %ht(s) exists and is separately continuous in s and ¢.

(C2) g—;ht(s) exists and is separately continuous in s and ¢,
g—;ht(s) exists and is a continuous function of s, and
%ht(sﬂ(oﬂ) exists.

(C3) 6‘?—522 (%ht(s)) |t=0 exists and is a continuous function of s.

(C4)  hy(s) # 0 and ks(t) # 0 for all (s,t) € (—1,1)%

In the present context the following condition is a convenient normalisation which
lightens the calculations a little:

(C5) hy(0)=1forallte (—1,1), ks(0) =1 for all s € (—1,1).

For notational convenience we write

82
Hy(s) = th(s) : Hy(s) = 5

t=0
By (L, 5) — %(ht(s) — ho(s)), Pa(t,s) = %(ht(s) — ho(s) — <%ht(5) _O>t>.

The corresponding functions defined in terms of ks(t) will be denoted by K;(t), Ka(t),
U (s, t) and Ya(s,t).

ht(S)\t=o,

THEOREM 6.1. Suppose that hi(s) and ks(t) are functions which satisfy conditions (C0)—
(C5). Then a function f:(—1,1)> — R can be represented both in the form (6.1) and in
the form (6.2) for some functions A\, p, v, I, m, and n if and only if there are constants
A, B, C, A, Iy, I, Xy, X1 and G such that

(6.3) f(s,t)=A+ Bs+ Ct+ Ast
+ X0 (ho(s) + Hi(s)t + ks (t)Ha(s)t?) s> + X1 (ho(s) + ks (t) Hy(s)t)s%t
+ Ttk (t) + I st?ky(t) + LGhy(t)ho(s)s*t?
and
(6.4)  To(Wals,t) — Shi(s)Ka(t)) + Iy (W (s, t) — hy(s) K1 (1)) + LGy (t)ho(s)
= Xo(Pa(t, 5) — 5hs(t)Ha(5)) + X1 (P1(t, 8) — ks (1) Hi(5)) + 5 Ghe(s)ko(t),
for all (s,t) € (—1,1)%

PROOF. Suppose that f is both of the form (6.1) and of the form (6.2). It will be shown
that u’(0), m'(0),2"(0) and n”(0) exist and that the relations (6.3) and (6.4) are satisfied
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by
A=X0)=100), B=m(0), C=p0), A= ,L"/(O) = ml(o)a

(6.5) Lo =v(0), IN=0(0), Yo=n(0), X =n(0), G="0)=n"(0).

It follows from (6.1) and (6.2) together with (C2) that

2 . . . . 2 . . .
(C6) % f exists and is a continuous function of s, and % f exists and is a continuous
function of ¢.

Letting s = 0 and ¢ = 0 in turn we deduce that
(6.6) 1(t) = £(0,) = A(0) + p(0)t + v(0)t?ko(1),
(6.7) A(s) = f(5,0) = 1(0) +m(0)s + n(0)s>ho(s).
Thus, by (C2),
(C7) N and l” exist and are continuous.

Substitution for [ and A, given by (6.6) and (6.7), in (6.1) and (6.2) gives

(6.8) f(s,t) = 1(0) + m(0)s + n(0)s”ho(s) + p(s)t + v(s)t*ks(t),
(6.9) f(s,t) = A0) + p(0)t + v(0)t%ko(t) + m(t)s + n(t)s*he(s).
The equality of the right hand sides of (6.8) and (6.9) leads to the equations

w(s) — p(0) + (v(s)ks(t) — v(0)ko(t))t
m(t) —m(0) n(t)he(s) —n(0)ho(s)
= ; S + p S

_m(t)—m(0) |, nlt) - n(0), ha(s) = ho(s) o

; ; +(5)s% 4+ n(0) ;

By (C0), for each s the left hand side is convergent to p(s) — u(0) as t — 0, and, by (C1),
the third term in the final sum is convergent to n(0) 2 hy(s)

‘t:OSQ as t — 0. It follows

that m’(0) and n’(0) exist and that

(6.10) p(s) = 1(0) + ' O)s + - (n(Dhe(s)| 5
t=0

In the same way we obtain

(6.11) m(t) = m()+ § O + (1) 2

It now follows from either (6.10) or (6.11) that x/(0) = m/(0). It also follows, by (C2)
and (C3), that

(C8) " and m” exist and are continuous.

Now, by (6.1) and (C4)
- L0 = A) s
2k, (t)

and so, by (C6)—(C8) and (C2), and by the corresponding argument for n,

(C9) " and n” exist and are continuous.
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Substitution for u, given by (6.10), in (6.8) gives
(6.12)  f(s,t) = 1(0) +m(0)s + pu(0)t + m/(0)st + n(0)ho(s)s* + v(0)ko(t)t*

L mh)| 2 L k)

25
ot

s=0
+(v<s>ks<t> o Oo(t) — - (s)e(8) _) 3

The sum has been written (adding and subtracting the second terms of the second and
third row) so that the first row contains the trivial terms and the second and third rows
are symmetric in the two variables (that is, they are invariant under interchanges of s
and t, h and k, and n and v). The corresponding form for f given by (6.11) and (6.9)
differs from (6.12) only in the final summand. The equality of the two forms is therefore

s_OS)t
= (1Ol =m0V - G n(0)ku(5)

It now follows, by (6.13) and C(1), (C2), (C9), (CO) and (C5), that

t=0

equivalent to the equation

(6.13) (u<s>ks<t> —H(Oko(t) — - ((3)hs (1)

t> s2.
t=0

O] = lim 5 () = nOho(s) = O] 1)
= P_r% <1/(s)ks(t) —v(0)ko(t) — %(V(S)k’s(t)) szos) =v(s) —v(0) —'(0)s
and so
6.14) (5) = (0) + V(s + 5 2 (n(O)hi(s))
(6. - 2 012 g N

It follows from 6.14, by (C9) and (C0)—(C2), that v"(0) = n"(0).
Now, by (6.14), using (6.5),

(615)  w(s)hks(1) — v(Oho(t) — - (v(s)h (1)

V) = Oho) = 5 (0)8. 1)

S
s=0

t=0

B Ot t) —
_ V(o2 (ks(t) —21@0@ — k() 5_05) 0 (0)s(ks () — Ko(t))
+% <n(0) th )|+ 2n’(0)%ht(s) o n”(O)ho(s)> ks (t)

= (FQLPQ(S, t) + I, (8715) + <;20H2(5) + ZlHl(S) + ;Gho(s)) ks(t)) s2.

Using the corresponding formula for the right hand side of (6.13) we deduce that
(6.13) is equivalent to (6.4). Substitution from (6.15) into (6.12) gives f in the final form
(6.3). The proof of Theorem 6.1 is complete.
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Theorem 6.4 below shows that the smooth solutions to equations (5.1) and (5.2) form
essentially one three-parameter family. First we describe it.
For (o, 8,¢) € R® let D : [~1,1]> — R be the function defined by

D=1-—as— (t+est.

Our concern is with the application of Theorem 6.1 to functions

1—pt 1
ht(s) = = )
(6.16) ) _Das 1—(a— etl)s/(l — 0t)
ks(t) = =

D 1—(B—es)t/(1—as)
The condition which («, 3, €) must satisfy in order that these functions be defined on the
open square (—1,1)? is given by the next elementary proposition, whose proof is omitted.

PROPOSITION 6.2. The three conditions
(i) D(s,t) =1—as— pt+est >0, for all (s,t) € (—1,1)%,
(ii) D(s,t) =1 —as— Bt +est > 0, for all (s,t) € [-1,1]%, and
(iii) ja+ Bl -1 <e<1—|a—p,
are equivalent. If condition (iii) is satisfied then max{|al,|B|} < 1.
If |a] < |B] # 0 then condition (iii) is equivalent to

(iv) le —ap/|Bll <1 — 5]

Throughout the subsequent discussion («, 3, ) will always denote a triple which sat-
isfies condition (i) of the proposition.
If hi(s) and ks(t) are functions of the form (6.16) then the Assumptions (C0)—(C5)
are satisfied and one calculates that
Dy (t,s) —ks(t)H1(s) =0, Dao(t,s) — 3
Uy (s,t) — he(s)K1(t) =0, Wy(s,t) — 2he(s)Ka(t) =

and
ks(t)ho(s) = 1/D = hs(t)ko(t),
so that, for these functions, (6.4) places no restriction on the coefficients A, Xy, ¥, I,
It and G. Thus Thm. 6.1 has the following immediate corollary.
COROLLARY 6.3. A function f: (—1,1)2 — R can be written both in the form

1—as

(6.17) F(5:6) = As) + u(s)t + v(s)t* 1—as—ft+est

and in the form

1- Bt

(6.18) f(5,6) = U(t) + m(t)s + n(t)s’ 1—as—pt+est

if and only if it is of the form

(Zo+ Z1t)(1 = Bt)s? + (Lo + I's) (1 — as)t?> + 5 Gs?t?
1—as— f[t+est ’

f(s,t) = A+ Bs+ Ct+ Ast +
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which can also be written as
Ast + (Xo + X1t)s% + (Io + I s)t? + G's?t?
1—as— ft+est '

(6.19) f(s,t) = A+ Bs+Ct+

The two forms for f are related by the equations
E{:El—Eoﬂ—Aa, F{:Fl—Foa—Aﬁ, G’:%G—ﬁﬂl—aﬂ—i—Ae.

Calculations in Section 7 will use the form (6.19) and the primes will be dropped from
the X1, Il and G'.

DEFINITION. For (o, 3,¢) € R? satisfying condition (i) of Prop. 6.2 let F(a, 3,e) be the
set of those functions of the form (6.19) which are operator convex. Then F(«, 3, e€) is
a finite-dimensional convex cone which contains £,. That it is often non-trivial will be
seen in Section 8, which is devoted to an investigation of the sets F(«a, §,e). Cor. 6.3 has
as a consequence the following result.

THEOREM 6.4. For each (a, 3,¢€) the set F(a, B,¢) is a face of the convex cone OCs.

PROOF. Suppose that f € F(a,B,e), that fo,f1i € OCy, 0 < # < 1 and that f =
(1—6)fo+0f1. The function f can be represented in each of the forms (6.17) and (6.18),
and so also in the forms (5.1) and (5.2) with
a—et B —et
)= — —
o) = S5, 8)

Thus for each s € (—1,1) the function f(s,-) and for each ¢t € (—1,1) the function f(-,t)
are extremal functions of OC;. Therefore fy and f; are also of the form (6.17) and of the
form (6.18). Then, by Cor. 6.3, they are also of the form (6.19) and so lie in F(a, 3,¢).
This shows that F(a, 3, ¢e) is an extremal subset of OCs; it is also closed and convex and
so is a face of OC,.

T 1-as

The next theorem shows that the functions of Cor. 6.3 provide the only nice solutions
to equations (5.1) and (5.2).

THEOREM 6.5. If f:(—1,1)2 — R is a function, not of the form f(s,t) = A+ Bs +
Ct + Ast, which has representations

(6.20) Fls:1) = Als) + pls)t + V(S)lfiﬂ(s)t
and

2
(6.21) Fs,t) = 1(t) +m(t)s + ﬂ(ﬂm

in which the functions a(t) and B(s) have continuous second derivatives, then for some

(o, B,€) € R? the function f(s,t) is of the form

Ast + (20 + 2175)82 + (Fo + F18>t2 + Gs?t?
1—as— pt+est

(6.22) f(s,t) = A+ Bs+ Ct +

)

where A, B,C, A, Xy, X1,10,11,G € R.
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PROOF. Write
1 1

=———— ki) = ———.

1—a(t)s’ s() 1—8(s)t
Then h and k satisfy conditions (C0)—(C5) and so, by Thm. 6.1, f is of the form (6.3),
the cofficients Xy, X1, I'n, It and G are not all zero, and h, k satisfy the relation (6.4).
Rearranging (6.4) so that ks(t), either explicitly or implicitly in ¥; and Ws, appears only
on the left, and h;(s) appears only on the right, we obtain the equivalent relation

ht(S)

(6.23) LWy + Wy + 2Gks(t)ho(s) + 2 ok, (t)Ha(s) + Z1ks(t) Hi(s)
=P+ 31D + %Ght(s)ko(t) + %Foht(S)Kg(ﬂ + Flht(S)Kl(t).

We now calculate the left and right hand sides of (6.23) in terms of the functions «(t)
and ((s) explicitly. Let

I I} 1 1
Ri(s) = =2+~ + =Gho(s) + 5 ZoHa(s) + Z1 Hi(s)
s s 2 2
(the subscript “1” in R) is for “left”). Then
1
Ry(s) =

(1 — a(0)8)382 Ql(s)a

where g)(s) is a polynomial. Let

Ql(s,t) = % <k0(t) + Kl(t).S) + %ko(t)
Then

1
t) = 5——=5Q1(s,¢
G0 = a A
where Q{(s,t) = (Lo + I1s)(1 — B(0)t) + I6(0)st is a polynomial, of degree at most
one in each of s and ¢. The left hand side of (6.23) is ks(t)Ri(s) — Qi(s,t). There are
corresponding functions and polynomials for the right hand side of (6.23) (with subscript
“r” for “right”) and the equation can now be written as

(6.24) ks (D Ri(s) — Qi(5,) = he($)Ru(t) — Qu(t, 5).

If R; is zero then Iy = I'1 = G = 0. Therefore, by the assumption that f is non-trivial,
Ry and R, are not both zero. There is a symmetry between the left and right of (6.24)
and we may assume that R) is non-zero. From (6.24) it follows that

_ hu(s)Re(t) — Qult, s) + Qi(s, 1)

ks(t) Ri(s)
and
1L 1 ()R — Qults) + Quls 1) — Rals))
(625)  Bls)= ¥<1 - ks<t>) - R = ) T O

Equation (6.25) holds for all s,t € (—1,1) \ {0}, so 3(s) is the limit as ¢ — 0 of the
right hand side of (6.25). It follows that Rj(s) is the limit as ¢ — 0 of the denominator
on the right of (6.25) and that the numerator is convergent to a limit Lg(s), say. Then
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substituting for R,, @, @ and R, we obtain

Lg(s) = lim 20%3 (ht(s) — ho(s) — Hy(s)t — %HQ(S)R)

I G
+X1Hy(s) + 6'(0) <?° + Flho(s)) + B8"(0)%ho(s) I + 3 (Hl(s) + ho(s)ﬁ(0)>.
The limit on the right (the first term of the sum) must exist and it follows (by laborious
calculation) that if Xy # 0 then

lim = (a(t) — a(0) = o/ (0) — %o/’(O)t2>

t—0 t?’

exists and that, whatever X,

1

(6.26) Lg(s) = Wpﬁ(s)

where Pj is a polynomial. Thus, taking the limit as ¢ — 0 in (6.25) we obtain the following
expressions for ((s) and k(t):

Ly Pals) (- a(0)s)als)
620 8= e T Ta0war) YT T a0sae) - Bo)E

In particular, 3(s) is a rational function. Note that the denominator in the expression for

ks(t) is never zero.

If R, # 0 then there are corresponding expressions for a(t) and h(s) for which a
symmetric notation will be used: P, (t), o,(t) and Q.(¢, s).

Let M(s) be a greatest common divisor of the polynomials (1—c«/(0)s)ei(s) and Ps(s).
If (1 —-6(0)t)oc(t) and Pg(s) are not both zero let M, (t) be a greatest common divisor.
Let
(1= a(0)s)arls)  Pals)

M(s) M(s)

There are now two cases to be considered.

CASE 1: R} # 0, R, = 0. In this case Xy = Xy = G = 0. The relation (6.24) becomes, on
substituting for k4(t) from (6.27),

(6.28)  t2ai1(s)*(1 — B(0)t)?
= Mi(s)II(s,1)(Q](s, )t*(1 — a(0)s)* — Qi(t, 5)s*(1 — B(0)t)?)

If Ps = 0 then 8(s) = 0 = 5(0). Suppose Pz # 0. If the second factor on the right
of (6.28) is of degree zero in s then, by (6.27), 8(s) = 8(0); if it were of degree > 1 in s
then it would be an irreducible polynomial in the unique factorisation domain R[s, t] and
would consequently divide one of the factors on the left of (6.28), which is not possible.
Therefore 3(s) = 3(0) and, if we put 3 = 3(0), ks(t) = (1 — 8t)~1. Then by (6.3), f(s,t)
is of the form

t, II(t,s) = (1= p5(0)t)oc(t) B P, (1) .

II(s,t) = M, (t) M,(t)

f(s,t) = A+ Bs+ Ct + Ast + (Iot* + I st?)

1
1-pt
and is linear as a function of s. The function «(t) is indeterminate but does not enter
into the representation (6.21). The representation (6.22) holds with («, 8, ¢e) = (0, 5,0).
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CASE 2: R # 0, R, # 0. It will be shown that in this case

ds dt
> H=al0) + ——
s W =20+ 155
where d = o/(0) = 5/(0), so that, by (6.19) of Cor. 6.3, the conclusion of the theorem is
satisfied by (a, 3, ) = (a(0), 5(0), 2(0)3(0) — d).
It follows from the conditions of Case 2 that g; # 0 and g, # 0. The functions 3(s)

and «a(t), ks(t) and hs(s), are given by (6.27) and the corresponding right hand version.
The relation (6.24), on substituting for k() and h:(s), becomes

(6.29) B(s) = B(0) +

(6:30)  ai(s)*(1 = B0)1)** My ()1 (t, 5) — ee(£)* (1 — (0)s)*s* M () Iy (s, 1)
= M:()IT:(t, s) Mi(s) (s, ) (Q{(s, )t (1 — a(0)5)* — Qy(t, 5)s*(1 = B(0)t)*),

which is a polynomial identity.

There are now three subcases to be considered.

(a) Suppose P3(s) =0, P,(t) =0. Then §(s) =0, a(t) =0 and the equalities (6.29)
are satisfied.

(b) Suppose Ps(s) =0, P,(t) # 0. Then 8(s) =0 and k4(¢) = 1. The identity (6.30)
becomes

o1(8)t2 M, () IT (t, 8) — 0:(t)%(1 — (0)5)>s?

= M;()1L:(t, 5)(1 — a(0)s)(Qi(s, )t*(1 — a(0)s)* — Q1(t, 5)5%).

Then I1,(t, s) is an irreducible polynomial in R[s, t] and is a divisor of the second summand
on the left; it has to be an associate of (1 — a(0)s):

o:(t) P, (1)

M(t) ()"
for some 6 € R. It follows that a(t) = «(0). Thus the equalities (6.29) are again satisfied.

c) Now suppose that S , Pol(t . Let 0, be the degree in s of IIj(s,?); 1ts
N hat Pg(s) # 0, P, # 0. Let 4; be the d i f 11 i
degree in t is one.

=0(1 — a(0)s)

If & > 1 then IIi(s,t) is an irreducible polynomial in R[s, ], it is a divisor of two of
the products in (6.30), so is a divisor of the third, in which only the factor IT,(s,t) can
be of positive degree in both s and ¢. The factor I, (s, t) is also irreducible and therefore
II,(s,t) and II;(s,t) are associates:

(1-a)s)als)  Psls), ((1-BO0alt)  Palt)
Mi(s) ‘Ml<s>t‘9( )

(6.31) AG) () s

for some 6 € R\ {0}. It follows that IT)(s,¢) and Il (¢, s) are in this case both of degree
one in each of s and ¢. Thus

% =1 + T128, ;ZEZ; =Yn + Y28,
(1_#()3&@) = Tr1 + Trot, ;Z((?) = Yr1 + Yr2l
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for some constants xj1, 212, ... Then by (6.27) and its companion
_Yn +Yi2s Y1+ Yot
§) =" at)= /7"
o+ 1128 Tr1 + Trol

and, by equating coefficients in (6.31),

i = 0x1, T2 = —Oyr1, Yy = —0zr2, Y12 = Oyra.

It follows that n

—Tr2 Yr2s T2 Yr1
§) = ————, 0)=——, «a0)= ,

6( ) Tyl — Yr1$ ﬁ( ) Tr1 ( ) Tr1

and the equations (6.29) are satisfied by d = «(0)5(0) 4+ yr2/2r1. It follows that d =
o/(0) = §'(0).
Suppose finally that 6; = 0. If é,, the degree of IT,(t,s) in t, were at least one then

it would follow, as in the previous case, that d; > 1. So ITj(s,t) is of degree zero in s
and IT.(t,s) is of degree zero in ¢. Consequently, 3(s) = 5(0) and «(t) = «(0) and the
equalities (6.29) are again satisfied.

The proof of Theorem 6.5 is complete.

REMARK. Suppose now that f € OCy and that for each s the function f(s,-) and for
each ¢ the function f(-,¢) are extremal in OC;. Then f can be represented in each of
the forms (5.1) and (5.2). If the functions «(t) and F(s) which occur are twice con-
tinuously differentiable then the hypotheses of Thm. 6.5 are satisfied and therefore f
is of the form (6.19) for some («,f,e) € R®. However, in the representation (5.1),
A(s) = f(s,0), u(s) = fOV(s,0) and v(s) = 1 f(0D(s,0). If f(©P(s,0) is nowhere zero
then 3(s) can be expressed in terms of f and its derivatives, and if these are sufficiently
differentiable then ((s) will be twice continuously differentiable.

In Section 7 those functions of the form (6.19) which are operator convex will be
characterised. In Section 8 the faces F(«, 3,€) of OCy will be described.

7. A characterisation of functions in F(a, 3, e)

Suppose that f: (—1,1)2 — R is a function of the form (6.19):

Ast + (Xo + Dit)s? + (Ip + I's)t? + Gst?
D(s,t)

where D(s,t) =1 — as — Ot + est and («, 3, e) satisfies the condition of Prop. 6.2. Then
f € C?((—1,1)%), by Thm. 4.2 the operator function f is also a C? function, and so, by
Thm. 3.2, f € OCs if and only if d2 f(A, B)(H, K)? > 0 for all (A, B) € S;(CM)xS;(CV),
for all (H, K) € S(CM) x S(CY) and all M, N € N. The operator f(A+ H, B+ K) has a
series expansion as a sum of terms each of which is homogeneous in (H, K). The operator
+d*f(A,B)(H,K)? is the sum of those terms which are homogeneous of degree two.
However, this procedure, or, alternatively, the use of extensions of the elementary rules
of the calculus, yields a formula for d? (A, B)(H, K)? which is not apparently self-adjoint.
The formula, in order to be tractable, must be recast. We do not have an algorithm for

(71)  f(s,;t) = A+ Bs+Ct+
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doing so. The formula (7.2) below was initially found by direct, exploratory and lengthy
calculations which, with hindsight, it is possible to abbreviate.

In the statement and proof of the next theorem the following notation will be used.
If P is an operator then {P + %} will denote the sum P + P* of P and its adjoint. In
terms which are of the form D(A, B), p(A, B), %(A, B), ... the operator variables A and

B may be suppressed and we will write simply D, P, %, ... It will be clear from the
context whether the arguments of D, P, %, ... are to be read as (A, B) or (s,t).

THEOREM 7.1. Suppose f:(—1,1)2 — R is a function of the form (7.1). Then
(7.2) D%d2f(A,B)(H,K)2D

=HRII®S(B) D 'HI+I19KSy(A)®ID'IeK
+{H®IS(A,B)D'I® K + }
—(Zoe+D10)AQITHROKARI — (Ipe+ NBIRBH®KI® B

+G{A®BH®K<D—§A®B>+*},

where the functions Sy, Sz, and S are given by

_1,30°f _ 1 50%f
(7.3) Si(t) = 5D @(Sat)a Sa(s) = 3D W(Sat)
and
1.40°f D s D 9 1
S(s,t) = §D 5501 + 5(2064—2105)8 + §(F06+F1ﬁ)t — GDst| D — Eest .

PROOF. Let p denote the numerator of the quotient in (7.1). It is a polynomial in s and
t of degree at most two in each of s and ¢. The second Fréchet derivatives of the operator
functions f and pD~! coincide.

First consider the derivatives of the operator function p. If ¢(s) is one of the functions
1,s and s? then

2

(7.4) a(A+ H) = q(A) + {%%(A)H + *} + %%(A)HQ.

If r(t) is one of the functions 1, ¢, t? and p = qr then p(A+H, B+K) = q(A+H)®r(B+K)
and, substituting for ¢(A + H) from (7.4) and for (B + K) from the corresponding
equation, one obtains the equation

_ 1op Lop
(7.5) p(A+H,B+K)_p+{<2asH®I+28t1®K>+*}

10%p 16%p 5
+ SR e+ SR Te K

1 0%p 1 0%p

LOP gek ‘el ok
+{4856t © +*}+{4 R TR ”}

+ terms of higher degree in (H, K).

The equation (7.5) extends by linearity to any polynomial p of degree at most two in
each of s and t.
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One can write

D D
D(A+H,B+K):D+—% H®I+—aatl®K+eH®K,
s

and a geometric series expansion of D(A + H, B + K)~! gives the equation

(7.6) D' (A+H,B+K)=D"" —D—l(%—l;H@IJr %—?I@K)D‘l

D 2
+D‘1<%—) HRID 'HID™!
S

2
+D1<a£) IKD 'ToKD™!
+D1<{H®I%—§%—?DII®K+*} —eH@K)D1

+ terms of higher degree in (H, K).

Now 1d?(pD~')(A, B)(H, K)? is the sum of terms of degree two in (H,K) in the
expansion of the product p(A + H,B + K)D (A + H, B + K), where the factors are
replaced by the expressions of (7.5) and (7.6). Thus

(7.7) D%d2f(A, B)(H,K)?D = Ty + Toz + Ti2

where T71 and Thy are the sums of those terms which are of degree two in H and K
respectively, and T}s is the sum of those terms which are of degree one in each of H and
K. The first two of these summands are easily dealt with:
OD\> _10poD
Th=|pl=—) - D-r——|H®ID'H®I
" [p<38> 20s 85] @ @
10%p 19p oD

DHeI|=—2D--Z2——ID'HaI
+ @ [2852 2 0s 38] ©

The derivative with respect to s of the function of the second square bracket on the right
is zero, so the function is a function of ¢ alone, and the term in square brackets commutes
with H ® I. So

OD\> 10pdD 18%p _, 10pdD .
Tﬂ—[p(g) ~D3as0s T2a22” ‘%%D}Mw Al

The derivative of the function of the term in square brackets with respect to s is zero, so

the function is a function of ¢ alone, and we will denote it by S1(¢). The term in square
brackets is then I ® S1(B) and it commutes with H ® I. Therefore

Thw=H®II®S(B)D'H®I,

and there is a corresponding form for T5s.

The summand T}, is a sum of eleven terms, each a product; we can write

Typ =T{ + T35 + T3
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where
T3 =p H®I%—D%—DD I®K
7§Dg§H®I%DD I®K — DH®I§§88€)D I®K,
TZ =p I®K%—D%—DD H®I
—iDZfI(gKaafD H®If—DI®Kg‘TZ%€)D Hel,
ng’):—epH®K+DHi§2§tH®K+*} {H@IiaantI@KJr*H

In the course of the reduction of T75 to the form stated in the theorem bookkeeping
is not necessary for terms of the form H @ I$(A,B) I K or I KW(A,B)H®I. A
sum of such terms will be denoted by (BIN).
The function p(s,t) can be written as
p(s,t) =10+ 7115+ T08% = 00 + o1t + oat?

where 79, 1, T2 and 0y, 01, 09 are quadratic functions of ¢t and s respectively. One can

write
D
(7.8) D:I®(176B)+A®I%—S
and so
0D
(7.9) DHI=HQII® (I - BB)+A®IH®IB—

. . 1 . .
If, now, in the expression for T1(2) one substitutes for p and % in terms of g, 71, T2,

for D in the second term from (7.8), and for D H ® I in the third term from (7.9), and
expands the products then the term involving 79 and three of the terms involving I — 6B
can be assigned to (BIN), the terms involving 71 and A% ® 75 cancel, and the remaining
two terms combine (going from right to left in (7.8)) to give the equation

(7.10) T = A®m(B)H® K (BI — eA) ® I + (BIN).
In a similar way one obtains the equation
(7.11) T? = 55(A)® BH ® K1® (al — eB) + (BIN).

Now suppose that p(s,t) = s¥!. Then

(712) TY = @D(A, B{A* '@ B"'H® K + *}
kl
4
Substituting in turn (k,1) = (1,1),(2,0),(0,2),(2,1),(1,2) and (2,2), with the corre-
sponding functions 7, and o3, one obtains from (7.10)—(7.12) a simple expression for T,
for each of the functions p = st, s2,t2, s?t, st? and s?t?. Taking the linear combination for

DAB{I@B" '"Heo KA 1ol ++} —eA*@ BBH® K.
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the general polynomial p of (7.1) one obtains the equation
—lve+NPB)IQBH®KI®B

+G{A®BH®K<D;A®B> +*}.

However, the left hand side of (7.7) is self-adjoint and so also are T7; and Thy. Therefore
T4 is self-adjoint and so the term (BIN) is self-adjoint. Thus (BIN) can be replaced by
2{(BIN) + *} and hence T}» is obtained in the form implicit in (7.2). The form (7.2) is
now established.

In the case in which M = N =1 the equation (7.2) becomes, if we replace (A, B) by
(s,t) and (H, K) by (h, k),

1
Dide(s, t)(h,k)*D
= Sl(t)D_th + SQ(S)D_lk‘Q
+(25(s,t) D™t — (Zpe + Y1a)s? — (Ipe + I B)t2 + G(2D — est))hk,
from which the expressions for Sy, Se and S follow. The proof of Theorem 7.1 is complete.

It is now possible to characterise those functions of the form (7.1) which are operator
convex.

THEOREM 7.2. Let f : (—1,1)2 — R be defined by equation (7.1). Then the following
conditions are equivalent:

(1) f € OC,.
(2) Yoe+ Xia=Tpe+T1B=G =0 and f: (—1,1)2 — R is convez.
(3) Yoe+ Xra=Ipe+11=G=0 and

Si(t) >0, Sy(s)>0 and Sy(t)Sa(s) > S(s,t)?
for all (s,t) € [—1,1]2, where S1,S2 and S are the functions of Thm. 7.1.

PrROOF. By Thm. 4.2 the operator functions of f are infinitely differentiable and, by
Thm. 3.2, f € OCs if and only if

(7.14) D(A, B)%de(A, B)(H,K)>D(A,B) >0

for all A € S;(CM), B e §;(CN), all H e S(CM), K € S(CV) and all M, N € N.
Henceforth we will suppress the variables A, B and H, K in the expressions S1(B),

D(A,B),... and write simply S1, D, ... when it is not inconvenient to do so.
(1)=(2). Suppose that f € OCy. Condition (7.14) is equivalent to the condition that
(7.15) (Did?fDx,z) >0

for all relevant A, B, H, K and all z € C™ @ C" and all M,N € N.
Suppose that Ype+ X1 a # 0. It will be shown that the condition (7.15) is not satisfied.
Let B = 0 and suppose that H,x have been chosen so that H ® Iz = 0. Then

(DidfDz,z) = (Sa®ID "1 ® Kz,1 ® Kz)
—(Zoe+ D10) (I @ KA® Iz, HO I A® Ix).
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The first term on the right is of degree two in K, the second is of degree one. If for some
choice of the variables the second term is non-zero then, replacing K by ¢K where ¢ is
small and of appropriate sign, we obtain a choice which violates the condition (7.15). If
1,6 € CM\ {0} is an orthonormal pair (so M > 2), n € CV\ {0},2 = & ® 7, and
H € 8§(CM) is chosen so that HE; = 0 and Héy = &, K =T € S(CV) and A € S;(CM)
is chosen so that Ay = 0&; where 0 < 6 < 1 then
(I@KA®Iz,HRIA®Iz)=07|%|?|n|? # 0.

This proves that if f € OCy then Yye + X1 = 0, and so, by symmetry, Iye + 13 =0
also.

Now suppose that f € OCy and that Yye + X1 = I[ge + 16 = 0. Suppose that
G # 0. It will be shown that the elements A, B, H, K and x can be chosen so that the
condition (7.15) is violated.

Suppose that a # 0. Again suppose that H, z have been chosen so that H ® Iz = 0.
In this case

1
<D§d2fDx,x> =($@ID ' T Kz, I®Kz)

—20GRe(A®BI® Kz, HRITA® Ix)
+eG(A® BH® KA® Bz, ).

The first term on the right is of degree two in K, the others are of degree one. So it is
enough to show that the elements can be chosen so that the sum of the second and third
terms is non-zero. But the second term is of degree one in B and the third is of degree
two, so it is enough to show that the elements can be chosen so that

Re(A® BI® Kz, HO IA® I z) # 0.

This is achieved by choosing B = ¢I with 0 < ¢ < 1 and A, H, K as before. This proves
that if @ # 0 then G = 0. Similarly, if § # 0 then G = 0.

Now suppose that f € OC; and that a = g = 0 but that e # 0. Then in the same
way it follows that G = 0.

Finally suppose that « = § = e =0, but that G # 0. Then D = I ® I and

DifPfD=H®II®S H®I
+IRQKS@IIQK+{HRQISI®K +*} +G{A® BH® K + *}.

Let M > 2, N > 2. Choose orthonormal pairs &, & € CV, N1,M2 € CV. Leta =& N1,
To =& ®ny and © = exy + x2. Choose A, B, H, K so that

Ay = —sgnGo&y, 0<||A|l=0<1,
Bry =ém, 0<|[B|=d<1,
H& =&, H=0; Kn=m, Kn=0.
Then
<D%d2fDx7x>
= —2|Gled® + 2((I @ S1z1, 1) + (So @ Ty, 1) + 2Re(Sxz1, 1) + 2G Re(A ® By, 1)),
which is negative if € > 0 is small. This completes the proof that if f € OCy then G = 0.
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If M = N =1 then the operator function of f can be identified with f and so an
operator convex function is a convex function. The proof that (1)=-(2) is complete.

(2)=(3). The functions S7, Sz and S are continuous so that the inequalities of (3) are
satisfied for all (s,t) € [—1,1]? if and only if they are satisfied for all (s,t) € (—1,1)2.
The inequalities of (3) are therefore a consequence of the elementary condition for the
convexity of f:(—1,1)2 = R.

(3)=-(1). Suppose that (3) is satisfied. It will be shown that (7.14) is satisfied.

The function S; is a polynomial and so the set of B € S;(CY) such that S;(B) is

invertible is dense in S;(C™). Hence it is enough to show that condition (7.14) is satisfied
by those relevant B for which S;(B) is invertible. By Thm. 7.1, if S1(B) is invertible,
DifPfD=H®II®S D '"HRI+I®KS:®ID 'I®K
+{H® SD'Ie K+1®KSD 'H®I}
—(HoI(I®S8; D HY24+ToKSD ™Y IoS D™1)~/?)

(TS D HWY2HoIl+(IT®S8 DY) /28D @ K)

+IQK(So®@ID ' —SD ' I® S8, DY) 'SDHI®K.
(The operators S (B) and D(A, B)™!, being operator functions of (A4, B), commute and

are both non-negative self-adjoint.) In the latter sum the first term is the product of an
operator and its adjoint and so is non-negative. It now remains to show that

So®@ID™'—SI®S'SD™! >0,
which, by the commutativity of the operator functions, holds if and only if
Sy ® 81 —8%>0.

A finite-dimensional self-adjoint operator is non-negative if and only if its eigenvalues

are non-negative. The eigenvalues of (5251 — S?)(A, B) are of the form (5257 — 5?)(s,t)

where s € sp A and ¢ € sp B (and similarly for S;(B) and S3(A)). It therefore follows from

condition (3) of the theorem that S1(B) > 0, So(A) > 0and So(A)®S1(B)—S(A, B)?2 >0

for all A € S;(CM), B € §;(CY) and all M, N € N. Hence condition (7.14) is satisfied.
The proof of Theorem 7.2 is complete.

8. The faces F(a,f3,¢e) of OC,y

In order to use the characterisation of Thm. 7.2 to investigate the faces F(«, 3,¢€) of
OC, it is now necessary to calculate the second order partial derivatives of functions
f:(=1,1)2 — R of the form

(8.1) f=A+ Bs+ Ct+ (Ast + Xos* + ot + Zy1s°t + I st®)D(s, )7,
where A, B,C, A, Xy, X1, [y, [1 € R and the conditions
(8.2) Yoe+ Yia=Ige+11=0
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are satisfied. For these functions one obtains, by Thm. 7.1 and elementary calculation,
the following formulae:

_1.30%f
(83) Si=;D'55

= Ala —et)(1 = Bt)t + (X + Z1t)(1 — Bt)? + (Tpa + 1)t (a — et).
One can obtain Sy = (1/2)D3 (2 from (8.3) by interchanging X and I', o and 3,
and s and t. Next,
3 0%f
0sot

= A(%D + (af - e)st) + (ZoB + X1)s(1 — Bt) + (T + I1)t(1 — as).

1

It follows in particular that f(29(0,0) = 2X, and f(®2)(0,0) = 20y, so that if f €
F(a,B,e) then f € Ky ifand only if A=B=C=0and Xy+ [y = 1.
By Thm. 7.2, the function f is operator convex if and only if

(8.5) S1(t) >0, Sy(s) >0, Si(t)Sa(s) > S(s,t)?

for all (s,t) € [—1,1]%.
Recall that, by Prop. 6.2, equation (8.1) defines a function f:(—1,1)2 — R if and
only if

(8.6) la+ 8] —1<e<1—|a—0]

and then max{|a|,|8|} < 1; furthermore, if max{|«|,|5]|} = 1 then e = af.

Four questions will now be considered: (1) For which («, 3, €) are the convex cones
F(a, 3, e) non-trivial (i.e. F(«, 3,€) # Lo or, equivalently, dim F'(«, 3,€) > 3)7 (2) What
is the intersection of two distinct members of the family? (3) What is the dimension of
F(a, B,e)? (4) What is the set of extreme points of the set F'(a, 3,e) NK2? The authors’
present state of knowledge will be presented in four composite theorems. The analysis is
elementary, sometimes lengthy but surprisingly calculable. Some details and some proofs
will be omitted.

THEOREM 8.1. (1) {e: F(a, B,e) # La} is a closed subset of the interval [|a+ 0| —1,1—
|ao—B|]. Let ex, and en denote the minimum and mazimum of {e : F(a, B,e) # Lo} when
the set is non-empty.

(2) Suppose F(a,B,e) # Lo. Then le| < min{|al,|8|}. If |e|] = min{|al, |3]} then
e = af and either aff = 0 or max{|a|, |F|} = 1.

(3) If aff >0 and max{|al,|5|} <1 then

(8.7) af < ey <min{|al, 8]} <1 —|a— g
and

(8.8) la+8l—1=en if la+p]>1,
(8.9) la+8l—1<en if la+8] <1

There is a corresponding statement for af < 0.

(It is not known whether {e : F(«, (3, ¢e) # L2} must be either empty or an interval.)
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THEOREM 8.2. If («,(,e) # (¢, 5',¢') and F(a,B,e) N F(/, 3, ¢) N Ky is non-empty
then e = af3, ¢ = o/’ and either 3 = 3 and the intersection is {t*(1 — Bt)~1}, or
a = o and the intersection is {s*(1 — as)~'}. Consequently, the functions t*(1 — 3t)~1
and s*(1 — as)~! are extreme points of Ka.

The proof of Theorem 8.2 is omitted.

THEOREM 8.3. (1) Suppose a8 # 0, and max{|«/|, |8|} < 1.
(a) For each e, the convex cone F(a, 3,€) has dimension 3 (the trivial case), 4 or 6.
(b) {e : dim F(e, 8,€e) = 6} is a relatively open subset of the interval [Ja + 5| — 1,
1 —|a = B|] and contains aB[0, 1] N[Jla+ G| — 1,1 — |a — F]].

If af > 0 then dim F(a, B,em) = 4.

If af >0 and |a+ 8] <1 then dim F(«, B, em) = 4.

There are corresponding statements for af < 0.

(2) If aff # 0 then dim F (o, 3,a8) = 6 and the function (1 —as)~ (1 — Bt)~1 is in
the relative interior of F(a, 3,a03).

(3) If a# 0 then dim F(«,0,0) = 17.

(4) dim F(0,0,0) = 8.

It is not known whether the sets {e : dim F'(a, 3,€) = 4} can contain points other
than those identified in (1).

THEOREM 8.4. If af # 0, max{|a|,|f|} <1 and [a+ 5] —1 < e < 1—|a— g then
each point of the relative boundary of the convex set F(a, 3,¢e) N Ky is an extreme point

Of IC2.

The authors’ further analysis of the extreme point sets of F'(a, 3,e) N Kq is lengthy,
though incomplete, and at present of insufficient interest to merit inclusion in this paper.
We only mention that in Cases (2) (max{a, S} = 1), (3) and (4) below, the relative
boundary of F(a, 3,e) N Ky contains non-degenerate line segments.

The rest of this section discusses the proofs of Theorems 8.1-8.4. Additional theorems
are technical in nature.

THEOREM 8.5. If («,f,¢e) € R3, F(a,B,e) # Lo, a function f given by (8.1) is in
F(a,B,e)\ L2 and S1(to) =0 for some tg € [-1,1], then e € o]0, 1].

PrOOF. By Prop. 6.2, if 1 — 8tp = 0 then |5] = 1 and e = af, so the conclusion is
satisfied.

Suppose 1 — Sty # 0. By condition (8.5), S(s,t9) =0 for all s € [-1,1] from which it
follows that

- —2(F0a + Fl)to
(8.10) A= W7
_ (Tpa+ )t (ap —e)
YoB+ X = (1= Bto)?

Substituting for A in the expression for Si(tg) = 0 we deduce that
(FQO( + Fl)tg(a — eto)
(1= pBto)?

2o+ Xitg =



42 A. L. Brown and H. L. Vasudeva

From the latter two equations one finds that

(Iva + IN)téa
11 o= ——-—""S+
(8 ) 0 (1 — ﬂtO)Z )
(lFpa + Iy )tE (—e)
12 X =
(8 ) 1 (1 — ﬁt0>2
and
S0t Syt — (Foa + 1)t (o — et)

(1= pBto)?
Substituting for A and Xy + X1t in the formula for S; we obtain
(Fpa + Iy ) (t — to)* (o — et)
(1— pBto)? ‘
Substituting for A and X3 + X} in the formula for Sy, and using the relation

(loa+11)(B—es) = Lo+ Ins)(af —e)

S1(t) =

(a consequence of (8.2)), we obtain

(Fo + Fls)D(S, t0)2

$208) = T G

Similarly,
(F()Oé + Fl)D(S, to)(t — to)

Set) = (0~ fto)?

Therefore, for all (s,t) € [—1,1]?,

(t —to)?
(1 - Bto)*
The condition 1 — Bty # 0 entails that D(s,t) # 0 for some s € [—1, 1]. Consequently,

0 < S1(t)Sa(s) — S(s,t)? = —(Ipa + 1)1 D(s,t9)*D(s, 1)

0< —(Loa + )1
If I'voe were zero then it would follow that It = 0 and then, by (8.10), (8.11), and (8.12),
that f € Lo, which is a contradiction. So I'y # 0 and, by (8.2),
0< —(Ipa+ N)NG%=TE(aB e
and therefore e € a3[0, 1].
PrROOF OF THEOREM 8.1(1), (2). For (1) notice that the functions Si,S2 and S are

continuous functions of all the variables. The assertion is given by a simple compactness
argument.

(2) Now suppose that f € F(«,3,e)\ L2 and that 0 # |e|] > |a|. Then Xy + X1t =
Yi(a—et)/e, afe is a zero of S1 and a/e € [—1,1]. Therefore e € a3[0, 1] by Thm. 8.5.
The statement (2) now follows.

The four cases of Thm. 8.3 require separate discussion. In Cases (1) and (2) one can
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substitute Xy = —eXy/a, It = —elp/F and regard Sp, Se and S as linear functions of
T = (A, Xy, Io) € R In Cases (2)(4) condition (8.5) for the convexity of the function
f of (8.1) can be simplified. We introduce a notation which is common to the four cases,
but first we state a simple proposition.

PROPOSITION 8.6. Let C' = {(x,y,2) € R®: 2 >0, y >0, 2y = 22}. Then C is a closed
convez cone and each boundary ray of C is an extremal subset of C.

The four cases are now described.

CasE (1): af # 0, max{|al,|8]} < 1. Let d; = 3. For 7 = (4, X, I[p) € R* = R™ let

(8.13) fr= <Ast + 2032(1 - §t> + It (1 - %s))D(s,t)_l

and write
a—et

(8.14) Ti(m;t) = Si(m;t) = <Aa(1 — Bt)t+ Zo(1 — Bt)? + Fo%(ozﬂ - e)tQ),

Ty (m; ) = Sa(m; s) for the corresponding expression for D2 f7(,0’2) and
1
(8.15) T(m;s,t) = S(m,s,t) = A<2D(S, t)+ (af — e)st)
af —e
p

(0%
+ 2

—e
t(1— as).

@

Define @glt) :R3 — R? by

)

(8.16) oY) (r) = (T1(m; 1), To(m; 8), T(ms 5, 1)

+Z ~—

with j = 1 on the left. In Cases (2)—(4) below the mappings (ng
in the same way.

for j = 2,3, 4 are defined

CASE (2): e = a8 # 0. Note that this case overlaps Case (1), though the principal concern
here is when max{|al,|5|} = 1.
In this case D(s,t) = (1 — as)(1 — 5t).
Let dy = 3. For m = (A, Xy, Iy) € R®* = R% the equation (8.13) now becomes
(8.17) fr=Ast(l—as) (1 —pt) 1 + Xps?(1 — as) ™' 4 Tot*(1 — )~ L.
Let
Ti(m;t) = Aat + Xo(1 — Bt), sothat Sy(mt) = (1 — Bt)*Ty(m;t),
Ta(m;s) = ABs + Io(1 — as), sothat Sy(m;s) = (1 — as)?Tu(m;s),
T(m;s,t) = 1A, sothat S(m;s,t)=(1—as)(l—pt)T(r;s,t).
CASE (3): a #0,e = 3=0. Let d3 = 4. For 7 = (A, Xy, Iy, I1) € R* = R% write
(8.18) fr = (Ast + Xos? + Tot* + Ist?) (1 — as) L.
(The right hand side is obtained from the right hand side of (8.1) by putting A = B =
C' = 0 and substituting X} = —eXy/a =0.)
Let
Tl(’l'('; t) = Sl(ﬂ',t) = Aot + 20 + (F()a + Fl)atQ.
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Next let
Ty(m;s) = Ip +Iys sothat  So(m;s) = (1 — as)?Ty(m; s),
T(m;s,t) = AJ24+ (Tpa+ I1)t so that S(m;s,t) = (1 —as)T(m;s,t).
CASE (4): (o, B,€) = (0,0,0). Let dy = 5. For 7 = (A, Xy, [y, ¥1, 1) € R® = R% write
fr = Ast + Xos? + Tot? + X1 5%t + I'it®s
and let
Ty (m;t) = S1(m;t) = Xo + X4t
Ty(m;s) = Sa(m;s) = Io + Is,
T(m;s,t) = S(m;s,t) = %A + Xis+ It.

Now let j be any one of 1, 2, 3 and 4. If 7 € R% then the condition (8.5) for fr to be
convex and operator convex reduces to:
(8.19) Ti(m;t) >0, Ta(ms) >0, (TyTh—T2)(m;s,t)>0
for all (s,t) € [—1,1]%.
If («, 8, ¢) belongs to Case (j) let
mY9 = {x eRY : fr € F(a, B,€)}.
Note that
F(a,B,e) = Lo+ {fr:me D},
dim F(a, 3,€) = 3 4 dim [T\,
Fla,B,e) N Ky = {fr:m € TV 54Ty =1}.
Condition (8.19) can now be expressed in the form

(8.20) nv= N 297 0).
(s,t)e[—1,1]?

Information about the mappings @i{t), 7 = 1,2,3,4, is given by the next lemma. The
next two lemmas are primarily concerned with formulae for which there exist pedestrian
verifications.

In Lemma 8.8 it will only be assumed that af # 0 (Case (1) or Case (2)) and
51,8 and S will be regarded as functions of 7 = (A, Xy, ) € R, as in Case (1). For
m = (4, Xy, Iy) we will write

2 I
0,.4(7) = Ast + 305(1 —Bt) + Eot(l — as).
LEMMA 8.7. (1) Suppose that a3 # 0. Then
(8.21) det 3!) = la=e)B=es) g pys.

200
If (s,t) € [-1,1]? then det @glt) =0 if and only if either
(i) max{|al,|0]} =1, e=af and (1 —as)(1 — Ft) =0, or
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(il) max{|a|,|8]|} < 1, D(s,t) = 0, either e = |+ 0| —1 ore =1 — | — G| and
|s| = |t| = 1. (Compare Thm. 8.1(3).)

If |s|=t| =1, D(s,t) =0, and m = (4, Xy, [,) then
(8.22) P2 (m) = 0sa(m)(1 = 5%, (1 = as)%, (1 = as)(1 = B)st).

(2) The mappings @232 : R* - R® and @gﬁ? : R% — R® are surjective for each
(s,t) € [-1,1]%.
LEMMA 8.8. Suppose a3 #0, m = (A, Xy, Iy) € R®. Then

(152 — 8%)(m; 5, 1)

A2

= D(e(aﬁ —€)0s,4(m)% + AeDO; 4 (7) + D(Eﬁ(aﬁ —e+eD) — T) )

(Note that af —e+eD = (o —et)(0 — es).)

The next theorem is the key to the analysis of the facial structure of the convex
cones F(q, 3,¢). In particular, Thm. 8.4 is an immediate consequence of part (3) of the
theorem.

THEOREM 8.9. Suppose (a, B, ¢e) belongs to Case (j) for j =1,2,3 or 4.

(1) If 7 € RY and 4582(77) € intC for all (s,t) € [~1,1]? then 7 € int ITY) and
dim ITV) = d;.

(2) Suppose 7 € 1) and let E, be the minimal extremal subset of ITY) containing
7. If (s,t) € [-1,1)%, the mapping @St’ :RY — R? is surjective, x = @gjt)(w) € bdy C,
H, is a support hyperplane to C' at x (unique if x # 0), then w € bdy 9 and E, C
@) (Hy) N ITY).

(3) If (a,f3,€) belongs to Case (1) and |a+ ] —1 < e < 1 —|a— | then dim [T s
0, 1, or 3. If dimIIM = 3 then each boundary ray of IV is an extremal and exposed
subset of T,

(4) Suppose that j =2 or 3 and that diim [IV) = d;. If 7 € ITY) then 7 € bdy I\
if and only if 45(j)( ) € bdy C for some (s t) € [-1,1)2. If (s,t) satisfies this condition
and Hy is a support hyperplane to C' at 435 t( ) then @St (H,)NITY) is a face of MY
which contains E.. Every mazimal face of ITY) is of this form.

PRrOOF. (1) The hypothesis of (1) is equivalent to the inequalities of (8.19) being strict
for each (s,t) € [~1,1]2. The functions 71,75 and T are continuous functions of = and
(s,t) and so the inequalities remain strict after small perturbations of 7. This proves (1).
It follows that if 7 € bdy ITU) then 4592 (m) € bdy C for some (s,t) € [-1,1]%

(2) Let H, be the null space of a linear functional x* on R®. Then, since 4382 is
surjective, x*@(Jt is a non-zero linear functional on R% and its null space @gjt) _1(H,r) is
a hyperplane in R% and IT) is contained in one of its closed half-spaces. The bet E.
is the union of those line segments in I7U) which pass through 7 and 7 € QP(J ) - Y(H,).
Therefore E, C @gz (H.)N IO,

(3) By Lemma 8.7 and the hypothesis of (3) the mapping @i is bijective for each
(s,t) € [~1,1]%. Suppose 7 € bdy II'") and (s,t) is such that @S)( ) € bdy C (there is
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such by (1)). Then, by (2) and Prop. 8.6,
Rfr C B, C o) " (H) n1I® C o) N (R () N 1TV = R 7.

If dim 7™M < 3 and 7 € relint I7(Y) then 7 € bdy 1Y) and E, = IIW.

(4) By Lemma 8.7 the mappings @S’t) and @g‘}t) are surjective for each (s,t) € [-1,1]2.
Suppose that m, (s,t) and H, are as stated, and so as in (2). Then by (2), ¢g7't)—1( )
is a support hyperplane to ITU) at 7 so that the first conclusion of (42 holds. If F is a
maximal face of IT\9) and 7 € relint E then it follows that E = E, = & jz 71(H7T) NITW,

S)

The proofs of Theorems 8.1 and 8.3 can now be completed.

CASE (1). One may restrict attention to the first quadrant of the (a, 3)-plane. Results
for the other quadrants can then be obtained by means of the reflections s — —s and
t— —t. So, suppose that 0 < a < 1, 0 < B < 1.

Then min{a, 8} < 1 — |a — B8] and, by Thm. 8.1, eyy < min{«, 8}. Thus two of the
inequalities of (8.7) hold. If « + f — 1 < e < ey then, by Thm. 8.9(3), dim F(a, §8,€) =
34+dimI™M = 3,4, or 6.

Suppose that « + 3 — 1 = e and F(«,3,e) # Lo. Then D(s,t) = 0 if and only if
(s,t) = (1,1), so, by Thm. 8.1(2) and Lemma 8.7(1), det @g}t) =0ifand only if s =¢ = 1.
By (8.22) of Lemma 8.7(1),

(8.23) (8182 — S?)(m;1,1) =0
for all m € R®. Now one calculates that
(8.24) %(5152 — 8H)(m;1,1) = —eby 1(m)%(1 — a)*(1 — ).

If m € F(a, 3,€)\ L2 then condition (8.5) requires that 2 (5152 —S?)(m;1,1) < 0, so that
either 61 1(m) = 0 or e > 0. However, if 61 1(7) = 0 then Si(m,1) = 0 by (8.22) and so
e € af[0,1] by Thm. 8.5. This proves that o+ > 1. The assertion (8.9) of Thm. 8.1(3)
follows.

Now suppose further that e = a + 8 —1 > 0 and ©# = (0, X, Iy) where Xy >
0, Iy > 0. Then Sy(m,t) > 0 and Sa(m,s) > 0 for all s,¢ € [-1,1] and, by Lemma 8.8,
(818 — S?)(m; s,t) > 0 for all (s,t) # (1,1). Also, by (8.24) (and its companion)

(8.25) %(5152 —5%)(m;1,1) < 0, %(5152 — 5%)(m;1,1) < 0.

The inequalities (8.25) continue to hold after small perturbations of 7 so there exists an
open neighbourhood N of (1,1) in [~1, 1]? and a neighbourhood W of 7 in R?® such that
(8182 — S?)(n';s,t) > 0 for all (7’;s,t) € W x N. Then there exists a neighbourhood W’
of 7 such that (5152 — S?)(n’;s,t) > 0 for all (7’;s,t) € W x ([=1,1]>\ N). This proves
that € int [TV and dim F(a, 8, + § — 1) = 6.

Ife=a+3—1=0 then (0,X, 1) € I if ¥y >0, I, > 0; one also verifies that
(as+ pt)2(1 —as — Bt)~! € F(a, 3,0) so that again dim F(a, 3,0) = 6.

Thusif0<a<1l,0<f<lande=a+ [ —12>0 then dim F(«, 3,0) = 6. Hence
(8.8) of Thm. 8.1(3) is established.
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Now suppose that 0 < a <1, 0 < < 1, that e € af[0,1]] and e+ -1 <e. If 7 =
(0, 2o, Iy), where Xy > 0, Iy > 0, then, by Lemma 8.8, 7 € IT™). Thus dim F(a, §8,¢) > 2
and so, by Thm. 8.9(3), is = 3.

Suppose that 0 < a < 1, 0 < S <land a+3—-1<e < ey. If dimIa® = 3
and m € int II") then, by Lemma 8.7(1), det@i}t) # 0 for all (s,t) € [-1,1]? and, by
Thm. 8.9(2), @glt) (m) € int C for all (s,t) € [~1,1]2, which is to say that the inequalities
in (8.5) are all strict. They remain strict under small perturbations of e. Part (1)(b) of
Thm. 8.3 now follows, by using Thm. 8.9. The first inequality of (8.7) also follows.

CASE (2). Suppose ¢ = aff # 0,

1
— =1 4 N
(1= as) (1= 3D +as+ Bt + fr(s,1)
where 7 = (af,a?, 3?). Then 95222(77) = (a?,%, 3ap) and the conditions (8.19) are
satisfied with strict inequalities. Part (2) of Thm. 8.3 now follows from Thm. 8.9(1).

CASE (3) and CASE (4). The proofs of (3) and (4) of Thm. 8.3 follow that of (2). If
Yo > 0 and Iy > 0 then (0, X, I,0) € int II®). If Xy > 0, Iy > 0 and 45,1 > A?
then 7 = (A, Xy, I,0,0) € int ITM),

The proofs are now complete.
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