Contents

Introduction. . ... ...
Background and notation ............. i
Examples of Banach Spaces ... ...ttt
Semigroups and WeIghts .. ... ...ttt e
Sets determining for the topological centre ............ ... .. i i
Examples of weights .. ... ...
Algebras on subsets of L. . ... .
Continuous weights on R ... ...

© 0N ok W=

Conditions for Arens regularity ........ ...
CA welght On N Lo e
. A strange weight on Qb ...

— = e
N = O

L OPEN QUESTIONS . . o oottt e
13 SUIMIMATY .ottt e et
References . ... ..o

3]



Abstract

In this memoir, we shall consider weighted convolution algebras on discrete groups and semi-
groups, concentrating on the group (Q, +) of rational numbers, the semigroup (Q**, +) of strictly
positive rational numbers, and analogous semigroups in the real line R. In particular, we shall
discuss when these algebras are Arens regular, when they are strongly Arens irregular, and when
they are neither, giving a variety of examples. We introduce the notion of ‘weakly diagonally
bounded’ weights, weakening the known concept of ‘diagonally bounded’ weights, and thus ob-
taining more examples. We shall also construct an example of a weighted convolution algebra
on N that is neither Arens regular nor strongly Arens irregular, and an example of a weight w
on Q" such that liminfs_o+ w(s) = 0.
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1. Introduction

Let A be a Banach algebra, and regard A as a closed subspace of its second dual A”. Then
there are two natural products on A”; they are called the first and second Arens products,
and are denoted by O and <, respectively. We now briefly recall the definitions; for some
notations, details, and history, see below. As usual, A" and A” are Banach A-bimodules.
For \€ A’ and ® € A”, define \-® € A  and ®- A€ A" by

(a,A- D) =(P,a-N), (a,®-N)=(P,A-a) (a€A),
and, for ®, ¥ € A”, define
(@O N) =(D,T-)), (POTYN)=(T\-D) (Aed).
Then (A”,0) and (A”, ©) are both Banach algebras containing A as a closed subalgebra.
DEFINITION 1.1. Let A be a Banach algebra. The left and right topological centres of A”
are defined by
DAY ={2eA: 20T =0T (T e A"},
3NA) = {De A TOP=TOD (Ve A"},
respectively.
Thus A C 3,(52) (A”) and A C 3tr) (A”). The map
Ly:®—00®, A" A",
is weak-* continuous if and only if ¥ € BEZ) (A").
See [12, 13, 53, 56, 57, 58] for extensive discussions of these centres.
DEFINITION 1.2. Let A be a Banach algebra. Then A is Arens reqular if
319(47) = 307(A") = A",
A is left strongly Arens irreqular if 35/@)(14”) = A, right strongly Arens irreqular if
SET)(A” ) = A, and strongly Arens irregular if it is both left and right strongly Arens

irregular. A subset V of A” is determining for the left topological centre of A” if ® € A
whenever ® € A” and POV =9 O T (Ve V).

In the case where A is commutative, as it will be in most of this memoir, we have
POV=0CP (D,0eA),

so that (A”, <) is just the opposite algebra to (A”,0) and 3,@ (A”) and BET) (A”) are each
just the centre 3(A”) of (A”,0); in this case, A is strongly Arens irregular whenever it
is left strongly Arens irregular.

5]



6 H. G. Dales and H. V. Dedania

Clearly A is left strongly Arens irregular if and only if A” is determining for the left
topological centre.

A closed subalgebra and a quotient of an Arens regular Banach algebra by a closed
ideal are themselves Arens regular.

Our aim in this memoir is to determine the topological centre of various weighted
convolution algebras on Q and on Q*°, and also, to some extent, on Z, N, R, and R™*
(where each of these sets is regarded as a discrete subsemigroup of (R, +)), showing the
possibilities that can arise. For example, let S be Q or Q**. By [10, Corollary 1], there
exists an Arens regular weight w on S; see Examples 9.14 and 9.17, below. We shall show
in this memoir that £1(S,w) is not Arens regular for many weights w on S, and that it
is strongly Arens irregular for a large class of weights w.

In this work, certain known proofs are repeated for the sake of completeness.

In Chapter 2, we shall summarize some history concerning Arens products on the
second duals of Banach algebras, Arens regularity, and strong Arens irregularity; we
shall introduce some notation to be used throughout the memoir.

In Chapter 3, we shall introduce the Banach space £*(S,w) for a non-empty set S and
a function w : S — R1*. We shall also refer to the Stone—Cech compactification 85 of S.

In Chapter 4, we shall define a weight w on a semigroup S, and then introduce the
weighted convolution algebra (£1(S,w),*) as a Banach algebra. We shall establish some
basic properties of these algebras; some of these results are repeated from [18].

Let A be a Banach algebra. In Chapter 5, we shall explain what it means for a subset
V of A” to be determining for the topological centre of A”. Let w be a weight on a
semigroup S, and let T" be a subset of S. We shall recall the definition of ‘w is diagonally
bounded on 7”7, and introduce the important notion of ‘w is weakly diagonally bounded
on T°. We shall find that, in the case where A, := £1(S,w) for a weight w on a semigroup
S and w is weakly diagonally bounded on a suitable subset of .S, there is a finite subset
of A” that is determining for the topological centre of A”. These results are extensions
of those in [13]. We shall note that every weight on the group (R, +) is strongly Arens
irregular.

In Chapter 6, we shall give various examples of weights on subsemigroups S of the
group R. A key point is that several of them are weakly diagonally bounded, rather than
diagonally bounded, on suitable subsets of S.

In Chapter 7, we shall consider algebras on subsets of the unit interval I, rather than on
semigroups; these algebras are quotients of the weighted convolution algebras considered
earlier. The results are proved mainly because they will be required in Chapter 8, which
is devoted to a proof of the fact that ¢'(R**,w) is strongly Arens irregular for each
continuous weight w on R**°.

In Chapter 9, we shall consider conditions for the Arens regularity of an algebra
01(S,w); such conditions were first given by Craw and Young in [10]. A considerable
number of examples of weights are given in this chapter. Also, we shall show that there
is no weight on R™® such that £1(R**® w) is semisimple and Arens regular; we leave open
the possibility that there is a weight on R**® such that £}(R**® w) is radical and Arens
regular.
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In Chapter 10, we shall construct a weight w on N such that the algebra £(N,w) is
radical, but is neither Arens regular nor strongly Arens irregular; we have not found a
weight w such that £!(N,w) is semsimple, but neither Arens regular nor strongly Arens
irregular.

Finally, in Chapter 11, we shall construct a weight w on the semigroup (Q%*, +) with
liminf, o4 w(s) = 0, and shall investigate its properties; again the fact that our weight
is weakly diagonally bounded, rather than diagonally bounded, on a suitable subset of
Q™* will be important.

A list of questions that we think are open and a summary of the results known to us
are given at the end of the memoir.

We are grateful to Dona Strauss for some valuable discussions.

2. Background and notation

We first give some more background, some notation that we shall use, and some history
of our problem; for further details, see [11, 12, 13].

Let E be a Banach space. Then the closed unit ball of £ is denoted by Ejj; the dual
space of F is denoted by E’, and the second dual by E”; we regard E as a closed subspace
of E” via the canonical embedding. The action of A € E' on x € F and the action of
A € E” on A € E’ are denoted by

(x,A) and (A,N),
respectively. However, because of the profusion of dual spaces below, we cannot maintain
full consistency in this.
The Banach algebra of all bounded linear operators on a Banach space E, with the

usual operator norm, is denoted by B(E).
Let A be an algebra (always over the complex field C). Then we set

AP = {ab:a,be A} and A% =1lin AP,
the linear span of A, The (Jacobson) radical of A is denoted by rad A; the algebra A
is semisimple if rad A = {0} and radical if rad A = A. For a € A, we set
Lo(b) =ab, Rq(b)=ba (beA).

In the case where A is a Banach algebra, we see that Lo, R, € B(A) for each a € A. We
say that a € A is [weakly] compact if both L, and R, are [weakly] compact operators
on A. It is a theorem of Watanabe (see [59, Proposition 1.4.13]) that A is an ideal in
(A”,0) if and only if each element of A is weakly compact.

Let A be a Banach algebra. Then A’ and A” are Banach A-bimodules with respect
to the maps defined as follows: for a € A and A € A’, we define a- A and \-a in A’ by

(bya-A) = (ba,\) and (b,A-a)= (ab,\)

forbe A;forae Aand A € A”, we define a- A and A -a in A” by

(a-A,N) = (A, N-a) and (A-a, )= (A,a-N)
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for A € A’. Thus we see that the two Arens products, defined above, are bilinear maps
A" x A” — A" that extend these natural module actions, which are defined as maps
Ax A" — A" and A" x A — A”.

The two Arens products O and & on A” are determined by the following formulae,
where all limits are taken in the weak-x topology o(A” A") of A”. Let ®,¥ € A" and
take nets (aq) and (bg) in A with & = lim, a, and ¥ = limg bg. Then

POV = limli}gn agbg, POV = liénlimaabg.

The maps
Ry:2— 00U, A" - A",

are weak-* continuous on (A”,0) for each ¥ € A”.

A criterion for the Arens regularity of a Banach algebra A has been given by Pym [60]
(see also [11, Theorem 2.6.17] and [12, Chapter 3|, where more details are given). Indeed,
A is Arens regular if and only if, for each pair {(a,), (b,)} of bounded sequences in A
and each A € A’, the two repeated limits

lim lim {(a;,b,,A) and  lim lim {(a;,by,, )

are equal whenever they both exist.

For further discussions of these products, see [11, 12, 13], for example.

The pioneering work on what are now called the Arens products on the space A” for
a Banach algebra A is that of Richard Arens in 1951 [1, 2]. For example, Arens proved
that (¢1,-) is Arens regular, but that (¢1,%) is not Arens regular.

The first systematic study of Arens products is due to Civin and Yood in 1961 [9]; in
particular, they proved that, in the case where G is a locally compact abelian group, the
group algebra (L!(G), %) is Arens regular if and only if G is finite; this was established for
an arbitrary locally compact group G by Young in 1973 [65]; for shorter proofs, see [62]
and [54, Proposition 5.2]. It was finally proved by Lau and Losert in 1988 that L(G) is
strongly Arens irregular for each locally compact group G [50], following an earlier proof
for the compact case in [48]. For another proof in a special case, see [33].

We are indebted to Craw and Young [10] for the seminal study in 1974 of the second
duals of weighted group algebras; we shall recall some of their results below.

Now let S be a semigroup, with corresponding semigroup algebra (£1(S), %) (see Chap-
ter 4). It was shown by Young in [64] that £1(S) is Arens regular if and only if there
do not exist sequences (S,,) and (t,,) in S such that the two sets {s;,tn : m < n} and
{Smtn : m > n} are distinct; see also [5]. We shall discuss this result in Chapter 9.

The first result on the strong Arens irregularity of £1(S) seems to be that of But-
cher [8], who proved that £1(S) is strongly Arens irregular whenever S is a countable,
cancellative, abelian semigroup such that S* is the union of two disjoint left ideals of 3S.
Lau proved in [49] that £1(S) is strongly Arens irregular whenever the semigroup S is
cancellative.

Once we know that an algebra is strongly Arens irregular, it is natural to ask which
sets are determining for the left topological centre; one seeks the ‘smallest possible’ sets
with this property. This is the topic of Chapter 5 of the present memoir, where we shall
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discuss such sets for weighted convolution algebras ¢1(S,w), and also recall the earlier
results on this topic for the algebras £1(S). The ‘best’ result is that certain subsets
of 3S of cardinality 2 are determining for the left topological centre of £1(S); see [13,
Chapter 12] for an extensive account.

Now let G be locally compact group. One would like to know which subsets of L!(G)”
are determining for the left topological centre. It was proved by Neufang in [56] that a
set which consists of the continuous linear extensions to L!(G)” of the points of Gy is
determining for the left topological centre. This result is strengthened in [14], where it
is proved that the spectrum (or character space) of L°°(G) is determining for the left
topological centre of L'(G)". However, it is so far left open whether or not there is always
a finite subset of L'(G)” which is determining for the left topological centre.

It is a related open question to determine whether or not the measure algebra M (G) of
a locally compact group G is strongly Arens irregular; this question is discussed in [25]. Tt
is proved by Neufang in [57, Theorem 3.5] that this is the case when G is a locally compact
and non-compact group (with non-measurable cardinal). However, the case where G is
a compact group, and especially the case where G is the circle group T, appears to be
open; some partial results are given in [14, Chapter 9.

Let G be locally compact group, and denote by A(G) the Fourier algebra of G for
the definition, see [11, Definition 4.5.29]. Then A(G) is a Banach function algebra on G;
in the case where G is abelian, A(G) is isomorphic to the algebra (L!(T),x), where T is
the dual group to G.

First, we consider when A(G) is Arens regular. The first result on this question is
that of Lau and Wong in [54]: for an amenable locally compact group G, A(G) is Arens
regular if and only if G is finite. It is proved in [52] that G is discrete whenever A(G) is
Arens regular; further, in the case where G is discrete and G contains an infinite amenable
subgroup, A(G) is not Arens regular. This latter result subsumes a result of Forrest [22,
Corollary 3.8] that A(G) is not Arens regular whenever G contains Fa, the free group on
two generators. It remains an open problem whether or not A(G) is Arens regular in the
case where GG is an infinite group that does not contain any infinite amenable subgroup;
such groups exist.

Second, we consider when A(G) is strongly Arens irregular. Lau and Losert proved in
[51] that A(G) is strongly Arens irregular whenever G is amenable and discrete (and in
some other special cases), and this is proved in some further cases in [52]. See also [44]
for an extension of this result, and [63, Corollary 2.4] for a different proof that A(G) is
strongly Arens irregular when G is amenable and discrete. However, it is proved by Losert
in [55] that A(G) is not strongly Arens irregular whenever G is a group containing Fo;
Losert explores the nature of BEZ)(A(G)”) in this paper.

Viktor Losert has announced in lectures some further remarkable results in this area;
for example, A(G) is strongly Arens irregular when G is the compact, connected group
SU(2), but A(G) is not strongly Arens irregular when G is the related group SU(3).
Further, A(G) is not strongly Arens irregular whenever G is the locally compact group
SL(n,R) (where n > 2). Indeed, Losert gives a description of the topological centre of
A(G)" at least in the case where n = 2; the description involves ‘radial functions’.
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Again, let G be locally compact group. Then there is a generalization of the Fourier
algebra A(G): this is the Figa-Talamanca—Herz algebra A,(G), defined for p > 1, so that
the Fourier algebra A(G) is now A2(G). For the definition, see [11, Definition 4.5.29].
Again, A,(G) is a natural Banach function algebra on G. It is shown by Forrest in [22]
that G is discrete whenever A,(G) is Arens regular; it is further shown in [22] that, for
many classes of discrete groups, in fact G is finite whenever A,(G) is Arens regular. This
latter result is extended in [23], where it is proved that every abelian subgroup of G is
finite whenever G is a group such that A,(G) is Arens regular.

There is a further generalization of the algebras A,(G). Let G be a locally compact,
non-compact group, and denote by Aj(G) the Banach function algebra A,(G) N L"(G),
where p > 1 and r > 1. These algebras are commutative, regular (in the sense of [11,
Definition 4.1.6]), natural Banach function algebras on G with respect to the norm which
is the sum of the norms in A,(G) and L"(G), and they are dense ideals in A,(G). It is
shown by Granirer in [35] that G is necessarily discrete whenever A7 (G) is Arens regular.

Further results on the Arens regularity of quotients of some of the above algebras are
given by Graham in [29-32].

It is an important fact that every C*-algebra A is Arens regular and that (A”,0) is
also a C*-algebra; this was first shown by Civin and Yood in [9]. A proof of this result
is given in [11, Corollary 3.2.37], a different proof is given in [7, 38.19], and there is a
discussion of the result in [12, Example 4.2]. It was shown by Young in [66] that the
Banach algebra IC(FE) of all compact operators on a Banach space E is Arens regular if
and only if F is reflexive; see [11, Theorem 2.6.23] for a more general result. A study of
the topological centres of the algebras K(E) in the case where the Banach space E is not
reflexive is given in [12, Chapter 6].

It is also proved in [66] that a Banach space E is reflexive whenever the Banach
algebra B(E) is Arens regular. It was proved by Daws in 2004 [15] that the converse is
almost true, in that B(F) is Arens regular whenever E is super-reflexive. Thus the Banach
algebras B(¢P), defined for 1 < p < oo, are Arens regular if and only if 1 < p < co. For
a discussion of this result, see [12, Chapter 6]. It is interesting that, for 1 < p < oo, the
second dual algebra (B(¢?)”,0) is semisimple if and only if p = 2 [17].

Important surveys of Arens products were given by Duncan and Hosseiniun in [19)
and by Filali and Singh in [21].

The two topological centres of the space A” were first systematically studied by Lau
and Ulger in 1996 [53], where they are denoted by Z; and Zs, respectively; some questions
that were raised in [53] were answered in [24] and [28]. Two recent preprints that present
the theory of topological centres in an abstract setting are those of Hu, Neufang, and
Ruan [46, 47]. Paper [46] concludes with a useful list of the 11 open problems concerning
topological centres that were posed by Lau and Ulger in [53], and the present situation
regarding their solution; most of these problems have now been resolved.

A number of other examples involving second duals is given in [12, Chapter 4].

A notion related to that of ‘strong Arens regularity’ is that of ‘extreme non-Arens
regularity’, as introduced by Granirer in [34]; for more on this topic, see [42, 43, 45].

We now record some notation that we shall use.
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We define the sets N, = {1,2,...,n} and Z} = {0,1,...,n} for n € N. However, Z,
denotes the set {0,1,...,n — 1}, regarded as a quotient group of (Z,+). We shall also
write P for the set of prime numbers. For p, ¢ € N, we write p | ¢ if p divides ¢ in N and
p 1 qif p does not divide ¢ in N. Let Q be the set of rational numbers. Here when we say
that p/q € Q, we understand that p € Z and ¢ € N and that p and ¢ are coprime, written
(p,q) = 1. Throughout this memoir, we shall discuss Banach algebras on semigroups S;
we shall concentrate on the case where S is the group (Q, +) or the subsemigroup

Q" ={p/g€Q:p,qeN}
of (Q,+) (so that 0 ¢ Q™*). Of course the semigroup Q** is countable, cancellative, and
abelian.

We also set Rt = {z ¢ R: 2 >0}, R = {z ¢ R: 2z > 0}, I = [0,1], and
D={zeC:|z| <1}

We write |V| for the cardinality of a set V; in particular, |R| = c.

Let S be a non-empty set. For a function f € C°, we define

supp f = {s € 5: f(s) # 0}.
For each s € S, d, is the characteristic function of the singleton {s}, so that supp d, = {s}.
Let f be a function on R* with f # 0. Then we set
a(f) = inf supp f.
Let f € C%. As in [12], we write
Lim f(s) =,

where ¢ € C, if, for each € > 0, there is a finite subset F' of S such that

[f(s) =¢l<e (seS\F),
so that f € ¢(9) if and only if Lim, .. f(s) = 0. In the case where f € R, we also
define
Limsup f(s) and Liminf f(s)

§—00 §—00

in RU {oo} U {—o0} similarly.

3. Examples of Banach spaces

We now introduce the Banach spaces that we shall refer to.
DEFINITION 3.1. Let S be a non-empty set, and let w : S — R*® be a function. Then

Ay = 0 (Sw) = {F =37 F)85: 1f o = D If(5)leo(s) < o0}

seS SES

Clearly (£1(S,w), || - |l.) is a Banach space. The dual of this Banach space is
Al =1(8,1/w) = {\ € C¥ : sup{|\(s)|/w(s) : s € S} < o0},
with the norm also denoted by || - ||.,, so that
Al = sup{[A(s)[/w(s) : s € S} (A € £7(S,1/w)).
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The duality (-, -),, between A, and A[, is defined as follows: if f = Y ¢ f(s)ds € A,
and A =>"__oA(s)ds € A, then

(f: X )w =D F($)A(s)-

seS

ses

The space
B i=co(8,1/w) = {f € C: Lim f(s)/w(s) = 0}

is a closed subspace of A/, and A, = E!,. The second dual space of A, is (A”,] - |lv),

w??

and the annihilator of E,, in A” is denoted by E2, so that
A=A, ®E

as a Banach space.

In the special case where w(s) = 1 (s € S), we write £1(S) for £1(S,w), £°°(S) for
£2(8,1/), ||+ 1 for | - s and () for (-,

We remark that a bounded linear operator on such a space ¢!(S,w) is compact if and
only if it is weakly compact [20, Corollary IV.8.13].

The following definition is given in [12, p. 96].

DEFINITION 3.2. For s € S, the normalized point mass at s is defined to be d5/w(s), and
is denoted by ds.

Clearly ||d,]lo =1 (s € S).

The Stone-Cech compactification of a non-empty set S is 45; 35 is regarded as a
compact, totally disconnected space and is identified with the collection of ultrafilters
on S in the standard way. We shall write SRy for the Stone-Cech compactification of R
when R has the discrete topology. For T C S, we identify ST with T, the closure of T in
BS, and we set T* =T \ T, the growth of T. Let w : S — R**® be a function. Then we
denote by (T, the weak-* closure of {gt :t €T} in AY; we regard T as a subset of 5T,,;
we set T% = 0T, \ T, the growth of T in $S,,. Thus 8T, is a closed subset of the unit
ball (A7) (in the weak-+ topology), and so it is a compact space.

As Banach spaces, we identify £°°(S) with C'(35) and £*(S)” with M (3S), the Banach
space of complex-valued, regular Borel measures on 5. For details, see [13]. The sets
of positive and real-valued functions in C(8S) are denoted by C(3S)* and Cgr(3S),
respectively, and the support of A € C(8S5) is supp A. The sets of positive and real-valued
measures in M(3S) are M(3S)T and Mgr(8S), respectively. Each measure u € Mg(3S)
has the unique Hahn decomposition u = p1 — pa, where u1, o € M(3S)T, the measures
p1 and po are mutually singular, and ||u|| = ||pd|| + || p2l-

DEFINITION 3.3. Let S be a non-empty set, and let w : S — R**® be a function. We
define
aw:f'_)f/wa gl(S)Hszel(va)'
Clearly the map 6, is a linear isometry, and 6,,(05) = gs for each s € S. The dual of
0., is the map

0, : X MNw, £2(S,1/w) = A, — £>2(S) = C(8S),



Weighted convolution algebras 13

and the second dual is the isometry 0" : M(8S) — A/ In fact, we shall usually write 6,
for 0”; we set (A”)r = 0,(Mg(3S)), so that
Al = (AR +i(A))r.
Clearly the map 0,,|6T : BT — (T, is a homeomorphism for each T' C S.
We further note that, if p, v € M(4S) are mutually singular measures, then

16 (1) + 0w () |lo = 10 (1) o + ([0 () - (3.1)

4. Semigroups and weights

We now introduce the notion of a weight on a semigroup and of the associated weighted
convolution algebras.

DEFINITION 4.1. A semigroup is a non-empty set S with an associative product, initially
denoted by juxtaposition.

In this case, we shall write L, : ¢t +— st and R : t — ts for the left and right translation
operators on S for each s € S. An element s € S is left (respectively, right) cancellable
if the maps Ly and Rs, respectively, are injective; s is cancellable if it is both left and
right cancellable; S is cancellative if each s € S is cancellable. The semigroup S is weakly
cancellative if the equations xs = t and sz = t have only finitely many solutions for x
for each s,t € S. For much more on semigroups (and semigroup algebras), see [13]. For
example, we shall frequently consider the semigroups (N, +), (Q**,+), and (R™*, +); of
course, each is abelian and cancellative.

Let U and V' be non-empty subsets of a semigroup S. Then

UV={w:uelveV}
we set U? = UU.

EXAMPLE 4.2. Here is a further example of a semigroup. The set S = (Z1)<¢ is the
family of all sequences
Tr = ($1,$2,...,1‘k,0,0,...),

where k € N and x1,22,...,2, € ZT; the set S is a semigroup with respect to coord-
inatewise addition, and is denoted by ((Z*)<“,+).

DEFINITION 4.3. Let S be a semigroup. A semi-character on S is a map 6 : S — I such
that
O(st) =0(s)0(t) (s,t€59)

and 0 # 0. The space of semi-characters on S is denoted by ®g.

DEFINITION 4.4. Let S be a semigroup. A weight on S is a function w : § — R**® which
is submultiplicative on S, in the sense that

w(st) <w(s)w(t) (s, t€9). (4.1)
A weight w on a group G is symmetric if

wis™H =w(s) (se€q).



14 H. G. Dales and H. V. Dedania

In the case where S has an identity eg, we require also that w(eg) = 1.

Let wy and wy be weights on a semigroup S. Then wjws is also a weight on S.

Two weights w; and we on a semigroup S are said to be equivalent if there is a
continuous isomorphism from ¢1(S,w;) onto £1(S,ws). Properties involving topological
centres and Arens regularity are unaffected by a change to an equivalent weight.

DEFINITION 4.5. Let w be a weight on RT or RT®. Then w is a continuous weight if w
is a continuous function (for the usual topology), and w is a measurable weight if w is a
measurable function (with respect to Lebesgue measure).

PROPOSITION 4.6. Let w be a weight on a semigroup S. Then (1(S,w) is a Banach
algebra with respect to a product x that satisfies the condition that

55*5t:65t (S,tES) | ]

The above product * is the convolution product on £1(S,w). At least in the case where
S is a group, the weighted convolution algebras

(€ (S, w), % Il L)

are called Beurling algebras [12, 61]. We shall term the Banach algebras £1(S,w) the
weighted convolution algebras on S; the Banach algebra £1(S) is also called the semigroup
algebra on S. These Banach algebras have been much discussed recently; see, for example,
[13] and [16].

It is standard and easily seen that, for each semi-character § € ®g, the map

S F()5 = S f()8s),  £1(S) - C,

is a character on the Banach algebra £1(S), and that each character on £1(S) arises in this
way; the topology of pointwise convergence on ®g coincides with the Gel’fand topology
when @5 is viewed as the character space of £1(S).

Let S be an abelian semigroup. Then £1(S) is semisimple if and only if ®g separates
the points of S, in the sense that, for each s,t € S with s # t, there exists ¢ € &g such
that ¢(s) # ¢(t) [39, Theorem 3.5], and this holds if and only if S is separating, in the
sense that s = t whenever s,t € S with st = s? = t? [39, Theorem 5.8]. These conditions
are certainly satisfied in the case where S is cancellative.

We shall now discuss weighted convolution algebras on a semigroup S.

Let w be a weight on S. Then an algebra ¢1(S,w) is commutative if and only if S is
abelian.

DEFINITION 4.7. Let w be a weight on a semigroup S. Then w is radical or semisimple
if A, = ¢'(S,w) is a radical or semisimple Banach algebra, respectively.

Let w be a weight on a semigroup S. For s € S, we set

ve = inf{w(s™)Y/™ : n e N}.
Thus v, = lim,,— o w(s”)l/ " and v, is the spectral radius of d5 in the Banach algebra
A; s is quasi-nilpotent if v, = 0, so that &, is quasi-nilpotent in A,,. Suppose that w is a
radical weight on S. Then clearly vs = 0 (s € S). It is shown in [11, Example 2.3.13(ii)]
that A, is a radical Banach algebra whenever vy, = 0 (s € S) and w(st) = w(ts) (s,t € S).
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For example, let Sy be the free semigroup on two generators, and let |w| be the length of
a word w in Ss. Set

w(w) = exp(—|wl?) (w € Sy).

Then w satisfies the above conditions, and so w is a radical weight on S,.

Note that we do not necessarily suppose that a weight w on a semigroup S is such
that w(s) > 1 (s € S), written ‘w > 1’. However, let G be an amenable group, and let w
be a weight on G. Then there is a weight w on G which is equivalent to w and such that
@ > 1 [12, Theorem 7.44].

Let G be a group. Then it is a famous conjecture that ¢1(G,w) is semisimple for each
weight w on G; this is proved in [12, Theorem 7.13] whenever G is a maximally almost
periodic group and w is an arbitrary weight on G and whenever G is an arbitrary group
and w is a symmetric weight on G, but the conjecture is open in the general case.

PROPOSITION 4.8. Let S be an abelian semigroup, and let w be a weight on S. Then w
is a semisimple weight if and only if S is separating and vs >0 (s € 5).
Proof. Set A, = (1(S,w). Let s € S. Of course, since A,, is commutative, d, € rad A4,, if
and only if v, = 0, and

vs = sup{[p(ds)| : ¢ € Do},

where @, is the character space of A,,. Clearly |¢(ds)| < w(s) (s € S) for each ¢ € D,,.

First suppose that S is separating and that vs > 0 (s € S). We take f € rad A, so
that ¢(f) =0 (¢ € ®,). Now take t € S. Since v, > 0, there exists ¢ € @, such that
©o(d¢) # 0. Define

g9(s) = f(s)po(ds) (s €9),
so that g € £1(S). For each § € &g, define

o :h > {h(s)po(6.)0(s) : s € S}, A, —C,
so that @y € @,,. We have

D {9(9)0(s) s € St =pa(f) =0 (0 € Ps),

and so g € radf!(S). Since S is separating, it follows that g = 0, and so f(t) = 0.
This holds for each t € S, and so f = 0. It follows that A, is semisimple, and so w is
semisimple.

Conversely, suppose that w is semisimple. Let s € S. Since d5 & rad A,,, necessarily
vs > 0. Now take elements s,t € S with st = s = t2. Then

0(6:)0(01) = 9(0:)* = 0(6:)*  (p € D),

and so ¢(ds) = ¢(d;) (p € D). Since A, is semisimple and commutative, it follows that
ds = 0y, and so s = t. Thus S is separating. m

DEFINITION 4.9. A difference semigroup in R**® is a subsemigroup S of (RT*,+) such
that a — b € S whenever a,b € S and a > b.

For example, Q** is a difference semigroup in RT°.
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PROPOSITION 4.10. Let S be a difference semigroup in RT®, and let w be a weight on S.
Then exactly one of the following two possibilities occurs:

(i) w is a radical weight;
(i) there is a weight @ on S with @ > 1 such that £1(S,w) is isometrically isomorphic
to £1(S,@); further w is semisimple.

Proof. Suppose that (i) fails, so that w is not a radical weight. Then there exists s € S
such that vg, > 0, and so there exists ¢ in the character space of £1(.S,w) with ¢(ds,) # 0.
Define

a(s) =¢(0s) (s€9),
so that a(st) = a(s)a(t) (s,t € S) and |a(s)| < w(s) (s € ).

Assume towards a contradiction that a(s) = 0 for some s € S. For t € S with t > s,
we have t — s € S because S is a difference semigroup, and so a(t) = a(t — s)a(s) = 0.
For t € S with ¢t < s, we have nt > s for some n € N, and so a(t) = a(nt)"/™ = 0. Thus
a(t) =0 (t € 9), a contradiction. Hence a(s) #0 (s € S).

Define (s)

~ w(s
w(s) = (o) (s€9).

Then @ is a weight on S with @ > 1. For f € £1(S,), set

(s €89).

Then 0 : £1(S, &) — £1(S,w) is an isometric isomorphism. Since @ > 1, we see that v, > 1
(s € S), and so, by Proposition 4.8, £1(S,&) is semisimple. Hence w is semisimple, and
(ii) holds. m

We conclude that each weight on N, on Q*, and on R™* is either radical or semi-
simple.
DEFINITION 4.11. Let w be a weight on a subsemigroup S of R*®. Then

vy = inf{w(s)/* : s € S}.

PROPOSITION 4.12. Let w be a weight on QT*. Then:

(i) v =12/ (s € QF*);

(ii) the weight w is semisimple if and only if v, > 0, and w is radical if and only if

v, =0.

Proof. (i) (This is part of [18, Lemma 2.5].) Clearly v, < e (s € QT*). Now take
s € Q**. For each € > 0, there exists t € S with w(t)'/* < v, +¢. Choose m,n € N with

ms = nt. Then
w(ms)V/™ = wnt)/™ <wt)t <, +¢,
and so V;/S < v, + €. This holds for each € > 0, and so ui/s < 1,.

(ii) This is now immediate from Proposition 4.8 and some earlier remarks. m

We shall see in Example 4.18 that the above result does not necessarily hold for a
weight w on RT®.
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PROPOSITION 4.13. Let S be a difference semigroup in RT®, and let w be a weight on S.
Then the following conditions on w are equivalent:

(a) lims_ oo w(s)/* = 1,;

(b) there exist a,b € RT® with 0 < a < b such that

sup{w(s) : s € SN(a,b)} < 0.
The conditions imply that inf{w(s) : s € SN (0,¢)} > 0 for each ¢ > 0.

Proof. The result is trivial if SN (0,e) = @ for some € > 0, and so we can suppose that
S is dense in R*®.
The equivalence of (a) and (b) is [18, Lemma 2.6]. Indeed, it is immediate that (a)
implies (b). We recall the proof that (b) implies (a).
Suppose that (b) is satisfied, with
sup{w(s) : s € SN(a,b)} =M < o0,
say. Assume towards a contradiction that w is unbounded on S N [b,d] for some d > b.
Then there is a sequence (s,,) in S N [b,d] with w(s,) — 0o as n — oo; by passing to
a subsequence, we may suppose that s, — to as n — oo, where ty € [b,d]. Since the
semigroup S is dense in RT®, there exists t; € S with ¢; € (to — b, tg — a). Since S is
a difference semigroup, we have s,, —t; € S (n € N), and so, for each sufficiently large
n € N, we have s, —t; € SN (a,b). Hence
W(sn) <w(sp — t1)w(t) < Mw(ty),

a contradiction. Thus w is bounded on S N [b, d] for each d > b.
Now fix ¢ > 0. Suppose first that ¢ > b, and set
M. =sup{w(s) : s € SN(c,20)},
so that, by the previous paragraph, M, < oo. For large s € S, there exist m € N and
r e S with ¢ <r < 2c¢cand s = me + r. Thus
w(s)'* < w(e)™ M7,
and so limsup, . w(s)"* < w(c)'/¢. Now suppose that ¢ < b. Then there exists n € N

with nc > b, and so
limsupw(s)* < w(ne)/™ < w(c)t/e.

§— 00

Thus lim sup,_,._ w(s)'/* < v,,. Since w(s)*/* > v, (s € S), we have established clause (a).

Now take ¢ > 0. Assume towards a contradiction that there exists a sequence (sy,)
in SN (0,c) such that w(s,) — 0. By passing to a subsequence, we may suppose that
sp — 2 €[0,c]. Take t € S with z < ¢t < x + (b — a)/4. Then we may suppose that

[sn —t| < (b—a)/2 (ne€N).
Set s = (a+b)/2. Then s+t — s, € SN(a,b) (n € N), and so
0<w(s+t) <w(spw(s+t—s,) < Mw(s,) =0 as n— oo,

a contradiction. Thus inf{w(s):s€ SN (0,¢)} >0. m
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The following proposition is [18, Lemma 2.7]. A weight on S = Q** which does not
satisfy these equivalent conditions will be discussed in Chapter 11.

PROPOSITION 4.14. Let S be a subsemigroup of R*®, and let w be a weight on S. Then
the following conditions on w are equivalent:

(a) there exist a,b € RT® with a < b such that
inf{w(s):s € SN(a,b)} > 0;
(b) there exists c € RT® such that
inf{w(s) : s € SN(0,¢)} > 0;
(c) liminfs oy w(s) > 1;
(d) liminfs_ oy w(s) > 0.
Proof. The result is trivial if SN (0,e) = @ for some £ > 0, and so we can suppose that
S is dense in RT*.
(a)=(b). Since S is dense in R™®  we may suppose that a,b € S and that there exists

¢ € SN(0,b—a). Assume towards a contradiction that there is a sequence (s,,) in SN(0, ¢)
with w(s,) — 0 as n — co. For each n € N, we have a + s, € SN [a,b] and

w(a+ sn) < w(a)w(sy),
and so inf{w(s) : s € SN (a,b)} =0, a contradiction. Thus (b) holds.
(b)=(c). Set £ =liminf, o4 w(s), and take (s,) in S with s,, — 0 and w(s,) — £ as
n — oo. Then
¢ < liminf w(2s,) < liminf w(s,)? = £2.

n—oo n—oo

By (b), £ >0, and so ¢ > 1.
(c)=(d)=(a). These are immediate. m

COROLLARY 4.15. Let S be a difference semigroup in RT®, and let w be a weight on S
such that

liminfw(s) < 1.
s—0+

Then sup{w(s) : s € SN (a,b)} = oo for each a,b € R with 0 < a < b.

Proof. Assume towards a contradiction that sup{w(s) : s € SN (a,b)} < oo for some
a,b € Rwith 0 < a < b. It follows from Proposition 4.13 that inf{w(s) : s € SN(0,¢)} > 0
for each ¢ > 0, and so clause (b) of Proposition 4.14 holds. Hence clause (c¢) of that
proposition holds, a contradiction. m

COROLLARY 4.16. Let w be a weight on QT* such that
liminf w(s) < 1.

s—0+
Then w is a radical weight.
Proof. Assume towards a contradiction that w is not a radical weight. By Proposition
4.12(ii), v, > 0, and so there exists § € (0,1) such that w(s) > 6% (s € QT*). But now
inf{w(s) : s € Q** N (0,1)} > 4, and so, by Proposition 4.14, liminf, .oy w(s) > 1, a
contradiction. m
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We prove the following standard result; more general results are given in [40, §7.4].

PROPOSITION 4.17. Let w be a measurable weight on RT®. Then:

(i) sup{w(s):s € (a,b)} < oo for each a,b € RT*® with 0 < a < b;
(ii) inf{w(s):s € (0,¢)} >0 for each ¢ > 0;
(iii) liminfs_o4 w(s) > 1.

Proof. (i) Take n with expn = w, so that n : RT™® — R is a subadditive function. For
a >0, set
Eo ={t€(0,a):n(t) = n(a)/2}.

Then each set F, is a measurable subset of RT, and (0,a) = F, U (o — E,) because
n(a) < n(s) +n(t) whenever s,t € (0,«) with s +t = . Hence m(E,) > a/2, where m
denotes Lebesgue measure.

Assume towards a contradiction that 7 is not bounded above on the interval (a, b) for
some a,b € R with 0 < a < b. For each n € N, set

F, = {t € (a,b) :n(t) > n},

so that F), is a measurable subset of RT, and then choose t,, € (a,b) with n(t,) > 2n.
Thus, for each n € N, we have E; C F,, and so

m(F,) > m(Ey,) > tn/2 > a/2.

Set F' = ({F, : n € N}, so that F is a measurable subset of R with m(F) > a/2 > 0.
For each t € F, we have n(t) > n for each n € N, a contradiction.

Thus sup{w(s) : s € (a,b)} < oo for each a,b € R with 0 < a < b.

(ii) and (iii) follow from Propositions 4.13 and 4.14.

ExXAMPLE 4.18. Let H be a (Hamel) basis for the linear space R over the field Q; we
may suppose that 1 € H. Then, for each x € R®, there exist a unique oy € Q and unique
numbers ay,...,a, € Q® and elements hq,...,h, € H such that

r=aoaol +arht +- -+ ayhy,.

Now define w(z) = exp(ap). Then clearly w is a weight on R with liminf, o4 w(s) = 0.
In this case liminfg_ oy w(s) =1 on Q**°.

However, 1 = e, and so w is not a radical weight; indeed, it is semisimple. This shows
that Corollary 4.16 does not necessarily hold for weights on R*®. Further, v,, = 1, and
so clause (i) of Proposition 4.12 fails in this case.

More generally, we can define n(h) arbitrarily for h € H, and extend 1 to be an
additive function on R*®. Set w = expmn, so that

w(z+y) =w@w(y) (r,yeRT?),

and hence w is a weight on R*®. Clearly v, = expn(h) (h € H), and so w is semisimple.
However,
v, < inf{exp(n(h)/h): h € H},

and so we can arrange that v, = 0. This shows that clause (ii) of Proposition 4.12 fails
in this case.



20 H. G. Dales and H. V. Dedania

For a discussion of compact elements in weighted semigroup algebras, see [18]; we shall
give an elementary proof of the following proposition, which is part of [18, Corollary 3.6].
More general results were given by N. Grgnbaek in his thesis [36].

Let S be an abelian semigroup, and let w be a weight on S. Then it is clear that the
collection of compact elements of A, forms a closed ideal in A,,. For further remarks on
this closed ideal, see [18].

PROPOSITION 4.19. Let w be a weight on a cancellative, abelian semigroup S.
(i) Let f € £1(S,w). Then f is a compact element of £1(S,w) if and only if

) w(s+1t)
Lim » [f(s)]————
ti}ooses w(t)

=0.

(i) The only compact element of £1(S,w) is 0 if and only if 65 is not a compact
element of {1(S,w) for each s € S.

Proof. Set A, = {1(S,w).

(i) Suppose that Ly is a compact operator on A,,. For each sequence (t,) of distinct
points of S, the sequence (J;, ) is contained in the unit ball of A, and so the sequence
(8¢, * f)/w(tn) : n € N) has a convergent subsequence, corresponding to (n;), say. Since
S is cancellative, the only possible limit of such a subsequence is 0. Hence

s—|—tn) 16¢,., * fllw
hm |f — 2~ = lim — =
It follows that letﬂoo ZSES |f(s)\w(s +1t)/w(t) =
For the converse, first take s € S such that Lim;_, o w(s 4+ t)/w(t) = 0.
To show that J, is compact, it suffices to suppose that S is countable. Choose finite
subsets S; of S such that S; C ;41 (j € N) and {5, : j € N} =5, and define

Qj:9—glS, Av—As (JeN).

Then each @); is a finite-rank operator on A,,, and hence is compact. Thus each operator
Ls, o Q); is compact.

Now fix € > 0, and choose jy € N such that w(s +t)/w(t) < € whenever t € S\ Sj,.
For each j > jo and g € (Au)p), we have

D 16 % Qg)(w) — (6 * g)( =" 1(Qjg — 9)(®)|w(s + 1)

u€S tes
< Y lootn 2ot
teS\S;
Sga

and so ||0s * Q; — ds|| < e (4 > jo). Thus Ls, = lim;_.o, Ls, o Q; is a compact operator
on A, and §, is compact in A,,.
Now suppose that f € A, is such that

Lim [ f()eo(s + ) fw(t) =

ses
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Then Lim; o w(s + t)/w(t) = 0 for each s € supp f, and so J, is compact for each such s,
whence f is compact.
(ii) This is now immediate. m

Let w be a weight on a semigroup S. Then the module actions on A/, = £°°(S,1/w)
are determined as follows: for each s € S and A € A, we have

(s-N)(t) = Ats), (\-8)(t) = A(st) (teS). (4.2)

DEFINITION 4.20. A weight w on a semigroup S is Arens regular or strongly Arens irreg-
ular on S if the algebra £1(S,w) has the corresponding property.

The seminal discussion of the Arens regularity of weighted semigroup algebras was
given by Craw and Young in [10]; we shall give their condition for a weight on a cancella-
tive semigroup to be Arens regular in Theorem 9.4.

EXAMPLE 4.21. Let w be a weight on a semigroup S, and again set A, = £(S,w).
Suppose further that T is a semigroup and that 6 : S — T is a semigroup epimorphism.
Define

O(z) = inf{w(s): 0(s) =z} (zeT),

so that @(z) > 0 (z € T). In the case where w(xz) > 0 (x € T), we see that @ is a
weight on T} it is called the induced weight. Set Az = (*(T,o). Clearly 6 induces a
continuous algebra epimorphism 6 : A, — Ag such that 6(0,) = dg(s) (s € ), and Az
is isometrically isomorphic to A, /ker 6. Further, @ is Arens regular whenever w is Arens
regular.

Following [10], we shall also use the following standard notation: for a weight w on a
semigroup S, we set

_ w(st)
Qs t) = SE)e® (s,t €8). (4.3)
Thus 0 < Q(s,t) <1 (s,t € S). Let G be a group. Then we see that
1
> ——— . .
Q(s,t) > RO (s,t € G) (4.4)

Let w be a weight on a semigroup S. For each s € S, the function t — Q(s,t), S — 1,
has a continuous extension to a function 35 — I; the value of this function at v € 35 is
denoted by (s, v). Next, the function s +— Q(s,v), S — I, has a continuous extension
to a function 3S — I; the value of this function at v € 85 is denoted by Qg(u,v). Let
u,v € S, say u = lim, s, and v = limg tg. Then we express Qn(u,v) by the repeated
limit

Qo (u,v) = licrvn lién Q(sa,tp); (4.5)
of course the repeated limit is independent of the nets (s, ) and (¢g). Similarly, we define

Qo (u,v) = lién lim Q(sq, t3).

The following well-known result is proved in detail in [12, Proposition 3.1].
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THEOREM 4.22. Let w be a weight on a semigroup S, and let uw,v € BS. Then there are
sequences (Sm,) and (t,) in S such that

Qa(u,v) = lm lim Q(sp,t,) and Qo(u,v) = lim  lim Q(spy,t,). =

m—00 N—00 n—od m—0o0
Let S be a semigroup, let w be a weight on S, and let A, = ¢1(S,w) and E, be
as above. The first and second Arens products on A/ are now denoted by O, and <,
respectively; however, we write just O and < in the special case where w = 1. Suppose
that S is a weakly cancellative semigroup. Then, essentially as in [13, Theorem 4.6], we
see that F,, is a submodule of A/, so that A, is a dual Banach algebra, and that

(A7, 0,) = A, x E2

as a semidirect product; in this case, the Banach algebra A, is left strongly Arens irregular
if and only if 3@ (A'YN E2 ={0}.

We remark that A, may be a dual Banach algebra even when S is not weakly can-
cellative: see Example 9.13, below.

DEFINITION 4.23. Let V' be a semigroup which is also a compact topological space. Then
V is a compact right topological semigroup if the map R, is continuous on V for each
velV.

For the theory of compact right topological semigroups, see [6, 13, 41], for example.

Let S be a semigroup. Then (4S5,0) is a compact right topological semigroup that is
a subsemigroup of (M (8S5), 0). This structure is discussed extensively in [13] and in the
monographs [6, 41]. For u € 35, we shall often identify u with the element &,,, regarded
as a measure in M(8S). For example, we may regard 6,,(u) as an element of 35, C A/,
when w : S — R™* is a function on S.

Let w be a weight on 5, and take elements u,v € 35, say u = lim, s, and v = limg tg,
where (so) and (tg) are nets in S, and let A € C(3S). Then

(0., (u) o, 0, (v), \w)y, = 1irnli[13n<gsCY *gtg,)\(@w = 1imli,£n Q(Sastg){uov, ),

and so
(0,(u) 0y 0, (v), Aw)y = Qa(u,v){(uo v, A) (4.6)
and
16, (w) o, 0, (V) ||w = Qo (u, v). (4.7)
It follows from (4.6) that
(0,(1) 0w 0,(v), Aw) =0 (4.8)
whenever u € M(8S), v € 8S, and A € C(8S) are such that (supp A) N (3S o) = 0.
Similarly, (6, (u) <y, 6, (v), Aw), = Qo (u, v){uov, A) for u,v € S and A € C(8S), and
so we have
{0 (1) 00 00 (v), Aw)eo| < || sup [{z o v, N[ < ([l Al (4.9)

for each p € M(5S), v € 85, and A € C(BS).
The question when £1(Z,w) has the above-mentioned properties of Arens regularity
and strong Arens irregularity is discussed in detail in [12, Chapter 9]. For example, whilst
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(Y(Z) is strongly Arens irregular, the algebras ¢1(Z,w,) are Arens regular whenever
a > 0 [10], [12, Example 9.1]; here

wa(n) =1+ n))* (ne). (4.10)

In this latter case,
Qa(u,v) = Qo(u,v) =0 (u,v € Z%).

Further, there are several examples (e.g., [12, Examples 9.7, 9.8, 9.15, 9.16]) of weights w
on Z that are neither Arens regular nor strongly Arens irregular; however, no such weight
on N was given in [12]. Necessary and sufficient conditions for w to be Arens regular are
specified in [12, Theorem 8.11], but such conditions for w to be strongly Arens irregular
are not known; some specific open questions are raised in [12]. For example, it is known,
as we shall see below, that ¢1(Z,w) is strongly Arens irregular whenever

lim inf w(n)w(—n) < oo, (4.11)

but it is open whether or not £1(Z,w) is necessarily strongly Arens irregular whenever w
satisfies the weaker condition that

liminfw(n) < oo and liminfw(—n) < co.

n—oo n—oo

5. Sets determining for the topological centre

The following definition is taken from [13, Definition 12.3]. Recall that we regard a Banach
algebra A as being a subset of A”.

DEFINITION 5.1. Let A be a Banach algebra. A subset V of A” is determining for the
left topological centre of A” if ® € A whenever ® € A” and OV =0 U (Ve V).

Clearly A is left strongly Arens irregular if and only if A” is determining for the left
topological centre. In the case where A is commutative, we say that V is determining
for the topological centre, and so V is determining for the topological centre if ® € A
whenever ® commutes in (A”,0) with each element of V.

Let S be a semigroup, and set A = ¢1(S). In [13, Chapter 12], it is shown that
certain ‘small’ subsets of 35 C M(3S) are determining for the left topological centre of
A" = M(BS). For example, it is proved in [13, Theorem 12.15] that, for each infinite
semigroup S such that S is ‘weakly cancellative and nearly right cancellative’ (which
includes the case where S is cancellative, and, in particular, where S is a group), there is
a two-element subset V' = {a, b} of 85 such that V is determining for the left topological
centre. (It follows that A is strongly Arens irregular whenever S is cancellative; however,
[13, Example 7.33] shows that this is not necessarily the case when S is just weakly
cancellative.) Properties of such points a and b are investigated; for example, it is shown
in [13, Theorem 12.8] that, in the case where S is infinite, countable, and cancellative
and P and @ are infinite subsets of S, we may choose a € P* and b € @Q*. In this
section, we shall show that a modification of the arguments in [13] gives a similar result
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for certain Beurling algebras ¢!(G,w) and more general weighted convolution algebras
on semigroups.
The following definition was given in [12, Definition 7.41].

DEFINITION 5.2. Let G be an infinite group, let w : G — RT* be a function on G, and
let T be a subset of G. The function w is diagonally bounded on T if

dp = sup{w(t)w(t™) : t € T} < . (5.1)

In the case where w is a weight on G, it follows from (4.4) that condition (5.1) is
satisfied if and only if

1/dp <Q(s,t) <1 (seG,teT). (5.2)

This condition has proved to be significant in several contexts. For example, a Banach
algebra ¢1(G,w) is amenable if and only if G is an amenable group and w is diagonally
bounded on G [38]; for a new proof of this latter result, see [26].

Clearly a weight w on Z is diagonally bounded on an infinite subset of Z if and only
if

lim inf w(n)w(—n) < oo,

n—oo
as in (4.11).
We now extend the above definition.

DEFINITION 5.3. Let S be a semigroup, let w be a weight on S, and let T" be a subset
of S. Then:

(i) w is diagonally bounded on T, with bound dr > 0, if
1/dr <Q(s,t) <1 (se€S5,teT); (5.3)
(il) w is weakly diagonally bounded on T, with bound cr > 0, if
1/er < Qo(u,v) <1 (uweS*, veTr).

Clearly a diagonally bounded weight on a semigroup is weakly diagonally bounded,
and a weight on a group G is diagonally bounded on a subset T" of G in the sense of
Definition 5.3(i) if and only if it is diagonally bounded on T in the old sense. Trivially
the weight w = 1 is diagonally bounded on each semigroup S.

Let S be a semigroup. A weight w is weakly diagonally bounded on a subset T' of S,
with bound c¢p > 0, if and only if

Liminf Liminf Q(s,t) > 1/er;
seS, s—oo teT, t—oo
explicitly, this holds if and only if, for each € > 0, there is a cofinite subset Sy of S such
that, for each s € Sy, there is a cofinite subset T of T" with
Ci (1)< Qs,t)<1 (teTy). (5.4)
T
We shall give a variety of examples of weakly diagonally bounded weights below.

Let w be a weight on an infinite, countable, cancellative semigroup S such as Q or
Q™*, and suppose that w is weakly diagonally bounded on an infinite subset of S. We
do not know whether or not there is always a weight equivalent @ to w on S such that @



Weighted convolution algebras 25

is weakly diagonally bounded on an infinite subset T of S, with bound ¢y < 2, or even
CT = 1.

Let S be an infinite semigroup, and let w be a weight on S that is weakly diagonally
bounded on an infinite subset T' of S, with bound ¢z > 0. Suppose that A € C(5S),
u € S*, and v € T* are such that (uowv,A) > 0. Then it follows from (4.6) that

(8 (1) B B (0), Yoy > —= (w v, \),
cr

and so, since
n
{E a0y, :oq,...,ozn€R+,u1,...,uneS*,neN}
i=1

is weak-* dense in M (S*)" and the map Ry is continuous on (A”,0O) for ¥ = 6,,(v), we
see that

(B (1) B B0 (1), M)y > iT (1o v, A) (5.5)

for each p € M(S*)*, v € T*, and X € C(3S)*.

Now take p € Mg(S*), and suppose that p has the Hahn decomposition p = pq — pa,
say. Take € > 0. Then there are vy, v, € M(S*)T, with supports K7 and Ks, respectively,
in S such that K1 N Ky = 0 and ||p1 — v1]] + ||pe — v2]| < €. Take open neighbourhoods
U; and U of K; and Ks, respectively, in 3S such that U; N Uy = (), and then take
functions A1, Ay € C(ﬂS)H] with supp A; C U; and (v, A;) > (1 —¢)||y;|| for j = 1,2. Set
A= A1 — Ao, so that A € Cr(3S)p) and

<V1 — V2, A> = <V17>\1> + <V2a)\2>-
We have
(ks A) > (v, Aa) + (v2, Ag) —e > (1 = e)[|ul| — de. (5.6)

Let p € Mg(8S) have the Hahn decomposition u = 1 — p2, and take a € T* such
that a is right cancellable in (3S5,0). Then poa € Mg(5S), and the Hahn decomposition
of poais py oa— peoa. By [13, Proposition 4.4(iii)], we have ||poall = ||p||. Take € > 0.

Then there exists an element A = Ay — Xy € Cr(83S)};) with the above properties. We
have

M

(0 (1) 0w Ou(a), Aw)e (0w (1) Do Ou(a), \jw)w by (4.8)

1

<.
I

2
1
>~ D (ujoa,r;) by (5.5)
j=1
1—c¢ 4e
> [poall—— by (5.6)
CcT cr
1—c¢ 4e
=l -
T cT

Let K be a clopen subset of 55 with Soa C K. It follows from (4.8) that, by replacing
A by A\|K, we may suppose that supp A C K.
Thus we have obtained the following result.
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PROPOSITION 5.4. Let w be a weight on an infinite semigroup S such that w is weakly
diagonally bounded on an infinite subset T of S, with bound cr. Let u € Mg(8S) with
lull = 1, and let a € T* be right cancellable in 58S, with Soa C K, where K is a clopen
subset of 5S. Set ® = 0,(n) € A and v = 0,(a). Then, for each ¢ > 0, there exists
A € Cr(BS)p) with supp A C K such that

1
—(1—-e)<(Po, v, W)y < [|[Poy, v, <1. = (5.7)
cT

We shall now generally restrict ourselves to consideration of countable, cancellative
semigroups, but we shall make a few remarks about the uncountable semigroups R
and R**; some more general definitions and results for arbitrary locally compact groups
and more general semigroups are given in [13] and [58].

It is noted in [12] that a straightforward modification of the proof [12, Theorem 11.9]
shows the following (the result is also given in [58] with a different proof). Let G be an
infinite, countable group, and let w be weight on G such that w is diagonally bounded
on an infinite subset of G. Then w is strongly Arens irregular. We shall modify a proof
given in [13] that shows that, under the same hypotheses, there is a finite subset of A/
that is determining for the left topological centre.

In fact, we shall prove our result under the weaker hypothesis that w is weakly diag-
onally bounded, rather than just diagonally bounded, on an infinite subset of G; examples
to be given below will show that this change considerably extends the collection of weights
for which the result is known. In particular, we shall show in Example 6.4 that there is
a weight w on the group (Q, +) such that w is weakly diagonally bounded on an infinite
subset of Q, but that w is not diagonally bounded on any infinite subset of Q.

The preliminary proposition is proved by modifying part of the proof of [13, Theorem
12.7]; we give the details. (The result in [13] is exactly the case n = 2 of the following
proof.)

PROPOSITION 5.5. Let S be an infinite, countable, cancellative semigroup, let T be an
infinite subset of S, and let n € N. Then there exist ay,...,a, € T* and pairwise disjoint,
infinite subsets Uy, ..., U, of S such that aq,...,a, are right cancellative in 5S and

(BSoa;)N(BSoaj)=0 (i,j € N, withi# j),
and S oa; C U; fori € N,. Further, for each x € S*, the set (x o S)NU, is non-empty
for at most one value of r € N,,.
Proof. Indeed, for this we may suppose that S has an identity eg.

We enumerate S as a sequence (si, : k € ZT), where so = eg. For s = s; and t = s,
inS,weset sxtifj<kands<tifj<k;forteS weset[t]={se€S:s=xt};fora
subset F of S, we set

[F] = J{lt] : t € F},
so that [F] is finite whenever F is finite.

We shall construct a certain sequence (t;) in S by induction. First, set ¢y = sp = eg.
Once tg, ..., tr have been defined, set

Tk:{SQ,...,Sk,to,...,tk}.



Weighted convolution algebras 27

The sequence (t)) will satisfy the following two conditions for each k € Z*:

(i) sTx N [Tg] = @ whenever s € S with {311 < s;
(ii) rs < tty4+1 whenever r,s,t € T.

Take k € Z*, and assume that tg,...,t; have been specified in S. Since S is cancell-
ative, the set )
U{s€ S:tjse Ty}
i<k

is finite. We choose t;1 to be any element of S that is not in the above set. It is clear
that clauses (i) and (ii) are satisfied, and so the inductive construction continues.

Note that s, <ty (k€ Z1), and so | J{[tx] : k € ZT} = S.

Define ¢ : S — ZT by setting

o(s) =min{k € Z* : s € [tx]} (s€S).

Suppose that ¢(s) = j € N. It follows from (ii) that we have tp_1 < sty < tgi1
whenever k£ > j, and so
o(sty) e {k,k+1} (k> j). (5.8)
Now suppose that j > 2 and k < j — 2. Then u < ss; for each u € Tj_5 by (i),
above, because sT;_o N [T;_2] = 0; further, ssy < ty41 by (ii), because s € T;. Thus
o(ssk) € {j —1,7,7 + 1}, and so we can conclude that

p(ssk) €{j— 14,5 +1}  (k+2<)). (5.9)
For each s € S, set y(s) = p(s) taken modulo 4n. Then v : S — Zy, is a (continuous)

map into a finite set, and so it has a continuous extension, also denoted by =, to a map
v : 8BS — Zyyp. Tt follows from (5.9) that

v(zos)e{y(z)—1,y(x),y(x)+1} (ze€S5% se€Sf), (5.10)

where addition and subtraction in Zy4,, are taken modulo 4n.
For r=1,...,n, define
A ={tg :y(tk) =4(r = 1)+ 1}, U, = A; U{tgx : y(tx) = 4(r — 1) + 2},
so that each of Aq,..., A, is an infinite subset of S, A, C U, for each r € N,,, and the
sets {Un,...,U,} are pairwise disjoint. For each r = 1,...,n, choose a, € A¥.

We claim that each a, is right cancellable in (55, O). Indeed, let u; and ug be distinct
points of 35, and take N1, Ny C S such that Ny N Ny = (), u; € N1, and us € Ny. For
7 =1,2, set

Y}‘ = {Sitk 1S € Nj, tr € AT, 1< k‘},
so that }/j € Uj O Q. Take il,ig,k1,k2 € N with 3; < ]ﬁ, 19 < kQ, and i, 7é i5. Then
Siytk, 7 Siytr,; this holds for k1 < ko by (ii), and for k1 = kg because S is cancellative.
It follows that Y; NYs = 0, and so w1 0 a # us © a, as required for the claim.

It follows from (5.8) that Soa; C U; for i € N,,.

Take x € S*. Then y(z) = i for some i € Zy,. Take s € S, and suppose that zos € U,
where r € N,,. Then it follows from (5.10) that

ie{4(r—1),4(r—1)+1,4(r—1)+2,4(r — 1) + 3}
Thus there is at most one value of r € N,, such that (x o S)NU, # 0. m
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THEOREM 5.6. Let S be an infinite, countable, cancellative semigroup, and let w be a
weight on S such that w is weakly diagonally bounded on an infinite subset T of S, with
bound cr. Take n € N with n > cr. Then there is a subset V' of T, with |V| = n such
that V' consists of right cancellable elements of (8S,0) and V is determining for the left
topological centre of £1(S,w)".

Proof. Let a1,...,a, € T* and Uy,...,U, C S be as specified in Proposition 5.5.
For r € N,,, we set v, = 0,(a,) € A, and we define V = {vy,...,v,}, so that |V| = n.
Let ® € (A”)r with ||®||, = 1, take € > 0, and let r € N,,. It follows from Proposi-
tion 5.4 that there exists A, € Cr(8S)p) with supp A, C U, such that

1
— (1—¢) < (Do, v, \w)ew. (5.11)
er
Let f €lin{d, : u € S*} with || f||1 < 1. Then we can write
f=Ft b

where, for each r € N,,, we have f, € lin{6, : v € S*} and uo S C U, whenever
u € supp fr; we have >, ||fr][1 <1, and so there exists j € N,, such that || f;||; < 1/n.
It follows from (4.9) that

{0 (f) 0w Ou(s), Ajw)w| <1/n  (s€ ). (5.12)
Now take p € M(S*)p, say p = limg g, where
Jo € lin{d, : u € S*}
with ||ga|l1 <1 for each a. For each «, there exists j, € N, such that (5.12) holds (with
go for f and j, for j), and so, by passing to a subnet, we may suppose that there exists

j € N,, such that (5.12) holds (with g, for f) for each a. Since the map ® — P o, 0,,(s)
is weak-* continuous on A/ for each s € S, it follows that there exists j € N,, such that

{0 (1) 00 0u(5), Ajw)u| < 1/n - (s €5).

The map ® — 6, (u) o, P is weak-* continuous on A" for each p € M(S*), and so we see
that, for each ® € (E2)g with ||®||, < 1, there exists j € N,, such that

(P oy, vj, Ajw)o| < 1/n. (5.13)
Take ® € E2 with ®o,v=Po,v (ve V), say & = Py +iDy, where &1, Do € (E2)r.

Assume towards a contradiction that ®; # 0, say ||®1|, = 1. It follows from (5.11) and
(5.13) that there exists j € N,, such that

(1 —e)/er <(®1 04 5, Ajw)w = (P 0w vj, Ajw)w| < 1/n,

which is indeed a contradiction for suitably small € > 0 because n > c¢p. Thus ®; = 0.
Similarly, ®3 = 0, and so ¢ = 0.
We have proved that V is determining for the left topological centre of £1(S,w)”. =

We have proved in the above theorem that there is an appropriate subset V' of T7;
with |[V] = n > cp. We do not know if we can always find sets with smaller cardinality
with the required properties.
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COROLLARY 5.7. Let S be an infinite, countable, abelian, cancellative semigroup, and let
w be a weight on S such that w is weakly diagonally bounded on an infinite subset of S.
Then w is strongly Arens irregular on S. In particular, £1(S) is semisimple and strongly
Arens irregular.

Proof. By the theorem, £!(S,w) is left strongly Arens irregular. Since ¢!(S,w) is com-
mutative, w is strongly Arens irregular on S. m

We state as a further corollary a result that is contained within a trivial modification
of the above proof.

COROLLARY 5.8. Let S be an infinite, countable, cancellative semigroup, and let w be a
weight on S such that w is weakly diagonally bounded on an infinite subset W of S, with
bound cyy . Suppose that p € Mg(S*)1) and € > 0. Then there exist elements a € W* and
A €00 (S,w) with ||A]|w =1 such that

1
<9w(u) Hw ew(a)v)\>w > @ (1 - 5) and |<0w(:u) Quw ew(a)v)\>w| <é m
The following is a special case of the above corollary.

COROLLARY 5.9. Let W be an infinite subset of Q. Take e > 0 and pp € Mr((QT*)*)p).
Then there exist a € (QT*)* and A € £g°(Q1®) with ||A|| = 1 such that

(moa,A)>1—¢ and |{aop, N <e. =

Finally, we make some remarks concerning uncountable semigroups. It can be checked
that a modification of the proof of [13, Theorem 12.15] by the introduction of a weight,
in the same manner as in the modification of [13, Theorem 12.7] to give Theorem 5.6,
will give the following two results.

THEOREM 5.10. Let S be an infinite, cancellative semigroup, and let w be a weight on S
such that w is weakly diagonally bounded on a subset W of S for which |W| = |S|. Then
w 1is strongly Arens irreqular. m

Before giving the next theorem, we clarify some terminology. We have taken the real
line R to have the discrete topology, and have formed the Stone-Cech compactification
ORy. Take an element a € SR, such that a € I*. Then a is an ultrafilter on I, and so
we have the notion of whether or not this filter is convergent. Since I is compact (in the
usual topology on I), a must converge in this topology to a point of I, say a — sg. This
means that each open interval in R that contains sq is a member of a.

THEOREM 5.11. Let & > 0 and pp € Mg((RT*)*);1). Then there exist elements a € T* and
A € LR°(RT®) with ||\|| =1 such that ||poal| = ||p|| and a — 0 and such that

(noa,A)>1—¢ and |{aop,N)| <e. (5.14)
In particular, poa # ao u.

Proof. The modification of the proof of [13, Theorem 12.7] consists in dividing the set T’
of that proof into n parts, rather than two parts (as in Theorem 5.6), where 1/n < e. The
proof gives an element a € I* such that a is right cancellable in (R4, 0) and an element
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A € £g°(R) with ||| = 1 such that A and a satisfy (5.14). Since a is right cancellable, it
follows from [13, Proposition 4.4(iii)] that ||x o all = ||p|-

Since a is an ultrafilter on I, there is a point sy € I such that a — sg. By replacing
a by a — sp (which does not change any of the above properties), we may suppose that
a — 0. Since a is an ultrafilter on R and (—1,1) € a, either [0,1) € a or (—1,0] € q;
in the latter case, we replace a by —a (which again does not change any of the above
properties). Thus we may suppose that [0,1) € a, and hence that a € I*.

Since pu € Mg(R**), we may suppose that A € /°(RT®). m

In fact, the following weaker result than Theorem 5.10 is sufficient to obtain a result
about the group R. Theorem 5.12 was already proved in [12, Corollary 11.10]; the result
in Corollary 5.13 generalizes [10, Corollary 1], which states that w is not Arens regular
for each weight w on R.

THEOREM 5.12. Let G be a group, and let w be a weight on G such that w is diagonally
bounded on a subset W of G for which |W| = |G|. Then w is strongly Arens irreqular. m

COROLLARY 5.13. Let w be a weight on the group (R,+4). Then w is strongly Arens
irregular.

Proof. For n € N, set R, = {t € R : w(t)w(—t) < n}. Assume that |R,| < ¢ for each
n € N. Then

IR| = ‘U{Rn:nEN} <,

a contradiction. Thus w is diagonally bounded on a subset W of R for which |W| = «,
and so w is strongly Arens irregular. m

The above result does not apply to weights on the semigroup (R**,+); in Example
9.10, we shall give a weight on R™® which is neither Arens regular nor strongly Arens
irregular. However, we shall prove in Theorem 8.1 that a continuous weight on R* is
strongly Arens irregular, and in Corollary 9.19 that a semisimple weight on R**® cannot
be Arens regular.

6. Examples of weights

We now give some examples of weights on the semigroups that we are considering. For a
large collection of weights on Z, see [12].

EXAMPLE 6.1. Let S be a subsemigroup of RT or R*® such that S contains a sequence
(tn) with t,, \, 0, and set T = {t,, : n € N}, an infinite subset of S. Suppose that w is a
continuous weight on R, so that w|S is a weight on S.

We claim that w (as a weight on S) is weakly diagonally bounded on T, with bound
cr = 1. Indeed, fix € > 0. For each s € S, there exists ny € N such that

w(s+ty) > 1 —c)w(s) and w(t,) <1l+e
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for each n > ng, where we recall that w(1) = 1. Let Ty = {t,, : n > n4}, so that Ty is a
cofinite subset of T'. For each t € T, we have
w(s+1t) S 1—¢

st) = Zi5om 2 Tre

giving the claim.

In the case where S is countable, it follows from Theorem 5.6 that there is a two-
element subset of T'* that is determining for the topological centre of £1(S,w)”, and so
w is strongly Arens irregular.

For example, set w(s) = exp(—s?) (s € QT*). Clearly w is a continuous weight on R*,
and w is radical; by the above remarks, w is strongly Arens irregular as a weight on QT°.

However, we cannot apply this argument and Theorem 5.10 to the weight function
w : s — exp(—s?) on RT* because this function is not weakly diagonally bounded on any
uncountable subset of RT*. Indeed, note that

Q(s,t) = exp(—2st) (s,t € RT*).

Assume towards a contradiction that T is an uncountable subset of RT® such that w is
weakly diagonally bounded on T, with bound ¢ > 0. Then there exists ¢y > 0 such that
T N (tp,00) is infinite. There is a cofinite subset So of R*® such that, for each s € S,
there is a cofinite subset Ty of T with exp(—2st) > 1/2¢ (¢t € Ts). Choose sy € S with
exp(—2soty) < 1/2¢, and then choose t; € Ts, N (tg,00) with exp(—2spt1) > 1/2¢c. We
have

1 1
% < exp(—2spt1) < exp(—2sptp) < 50
a contradiction.
This leaves open the question whether or not the weight
w: s exp(—s?), R =R
is strongly Arens irregular; this will be resolved in Example 8.2, below.

EXAMPLE 6.2. An interesting example of a weight w on Z is given in [12, Example 9.17];
it is due to J. F. Feinstein. Each n € Z \ {0} can be written in the form

n = ZEanj, (6.1)
j=1

where ¢; € {—1,1} and a; € Z* for each j € N, and where
ay 2 e 2 Q.

We define n(n) to be the minimum value of » € N that can arise in (6.1), and take
7(0) = 0; we set w = exp7, so that w is a semisimple weight on Z. Set T = {2* : k € N},
an infinite subset of Z. Then n(n) = 1 (n € T), and so w is diagonally bounded on T
with dr = e?. However, w is unbounded on Z.

We claim that w is weakly diagonally bounded on 7" with bound ¢y = 1. Indeed, take
n as in (6.1), with 7 = n(n). For each k € N with 2¥ > 29171 we have n(n +2%) =r + 1,
and so Q(n,2%) = 1, giving the claim.
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We conclude from Corollary 5.7 that ¢1(Z,w) is strongly Arens irregular, a fact that
was already proved in [12, Example 9.17], and now that there is a two-element subset of
Z7, that is determining for the topological centre of £1(Z,w)".

We remark that it was left open in [12] whether or not, with this particular weight w,

the Banach algebra (¢1(Z,w)”,0) is semisimple; this is still an open question.

EXAMPLE 6.3. We next consider a special weight on the group (Q, +) (or the semigroup
(Q**,+)). Let f: N — R be an increasing function with

f)=1 and f(mn) < f(m)f(n) (m,n€N).
For example, we can take
fn)y=n or f(n)=1+logn forneN. (6.2)
Then define
wip/g) = flg)  (p/q€Q%), (6.3)

where we recall that we are supposing that (p,q) = 1 in the expression p/q. Also set
w(0) =1.

Clearly each such w is a symmetric weight on Q with w > 1; also w|Q™* is a semisimple
weight.

For each n € Nand p/q € Q°, we have w(n+p/q) = w((ng+p)/q) and (ng+p,q) = 1,
and so Q(n,p/q) = 1. Thus w is diagonally bounded on N, with dy = 1.

We conclude that each such Banach algebra of the form ¢1(Q,w) or £1(Q**,w) is
strongly Arens irregular; further, there is a two-element subset of Q or (Q1*), respec-
tively, that is determining for the topological centre of £1(Q,w)” or of £}(Q**,w)".

Now set T = {1/r : r € P}. In the case where f(n) = n (n € N), the weight w is not
diagonally bounded on T'. Indeed, take r € P with r > 2, and set s =¢ = 1/r. Then

w(s+t)=r and w(s)=w(t)=r,

and so Q(s,¢) = 1/r. Thus inf{Q(s,t) : s,t € T} =0, and so (5.3) fails for any dr > 0.

However, we claim that w is weakly diagonally bounded on T, with bound ¢y = 1.
Indeed, given s = p/q € Q, let Ts = {1/r : r € P, r > ¢}, a cofinite subset of T. For
t=1/r € Ts, we have

stt=P*4

with  (pr+gq,qr) =1,

and so w(s +t) = gr = w(s)w(t). Thus Q(s,t) =1 (s € S, t € T), giving the claim. The
fact that inf 7" = 0 will be important later.

EXAMPLE 6.4. We consider another special weight on the group (Q, +) (or the semigroup
(@Q**,+)). Let

wlp/a) =1+1pl+q¢ (p/a€Q®), (6.4)
and set w(0) = 1. Again w is a symmetric weight on Q with w > 1; also w|Q™® is a
semisimple weight. The weight w is not bounded, and hence not diagonally bounded, on
any infinite subset of Q.
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Again set T = {1/r : r € P}. We claim that w is weakly diagonally bounded on T,
with bound c¢p = 1. Indeed, given € > 0, we see that
pl+4q
1+ p[+q
for all save finitely many p/q € Q, say for p/q € Sp, where Sy is a certain cofinite subset
of Q. Given s = p/q € Sy, take t = 1/r, where r € P with r > ¢. Then

_ Ltlpr+al+ar Pl +4q
Q(s,1/r) = — as r — oo,
I+ lpl+9)2+r)  1+[pl+q
and so Q(s,1/r) > 1—¢ (s € Sp, t € Ts) for a certain cofinite subset Ts of T, giving the

claim.

>1—¢

We again conclude that there is a two-element subset of QF or of (Q**)X that is
determining for the appropriate topological centre, so that £!(Q,w) and £}(QT*,w) are
strongly Arens irregular. However,

w(n) =2+|n| (neZ\{0}),
and so the closed subalgebra ¢1(Z,w) of £}(Q,w) is Arens regular.

EXAMPLE 6.5. It is clear that a radical weight w on N cannot be diagonally bounded
on any infinite subset of N. For let w be a radical weight on N, and assume towards a
contradiction that Q(1,n) > § > 0 for infinitely many values of n € N. Then
1
Ve = lim w(n)/™ > liminf w(n—|—)) > w(1)d >0,

n—o00 n—oo wln

a contradiction of the fact that w is radical.

However, we shall now exhibit a radical weight w on N such that w is weakly diagonally
bounded on an infinite subset of N.

We first inductively define a sequence (my : k € N) in N by setting m; = 1 and
mi+1 = 2my + 1 (k € N), and then we define a function  : N — N by setting (1) =1
and by using the inductive formula

n(mg + 1) = max{2n(my), (2my + 1)k},
n(my +1+7) =n(me +1)+n0(r) (1€ Npy,),
for k € N. Clearly 7 is an increasing function on N.
We claim that n(m+n) > n(m)+n(n) (m,n € N). This is trivially true for m =n = 1.
Assume that it is true whenever m + n < my, where k € N, and take m,n € N with

m + n < mgy1; we may suppose that m +n > my + 1. First, suppose that m,n < my.
Then

n(m+mn) > n(my + 1) > 2n(my) > n(m) +n(n).

Second, suppose that m > my + 1, say m = my + 1 +r, where r € Zjﬁk- Then n < my
and

n(m+n) =n(my + 1) +n(r +n) > nlmy + 1) +n(r) +n(n) = n(m) +n(n).

This establishes the claim.
Set w = exp(—n). Then, by the claim, w is a weight on N.
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Let k € N. For each n € N with my +1 < n < mg41, we have

n) o nlmi+1)
no Mitl 2my + 1

n(mg + 1) >k

1/n 1/n

and so w(n)'/™ < exp(—k). Thus lim, . w(n)'/™ = 0, and w is radical.
Let T = {mi + 1 : k € N}, so that T is an infinite subset of N. For each m € N, set
T ={n €T :n>m}, a cofinite subset of T. For m € N and n = my + 1 € T,,,, we have

Q(m,n) = exp(n(m) +n(my, +1) —n(mg + 1+ m)) =1,

and so w is weakly diagonally bounded on T, with c¢p = 1.

We conclude from Theorem 5.6 that there is a two-element subset of N} that is
determining for the topological centre of £1(N,w)”, and then from Corollary 5.7 that w
is strongly Arens irregular.

7. Algebras on subsets of I

Throughout this section, we take S to be either (Q**,+) or (R™®,+) and T'= SN (0, 1],
and let w be a weight on the semigroup S. We denote by A, and B, the Banach spaces
01(S,w) and £1(T,w), respectively, and we regard B,, as a closed, complemented subspace
of A, so that B/ is a closed, complemented subspace of A; as usual, (4, %) is a weighted
convolution algebra on S. We write A and B for A, and B, respectively, in the special
case where w = 1.

Set

Lo={f €A, :alf)>1, f(1) = 0} U{0},

so that I, is a closed ideal in A,. We define the product xg on B, by identifying B,
with the quotient Banach algebra A, /I,. Thus, for s,t € T, we have 05 xg 0; = 0544 if
s+t<1land dsxpd =0if s+t > 1. Each f € B, with a(f) > 0 is nilpotent, and so
B, is a radical Banach algebra.

We remark that, although the Banach algebra B has a rather innocent appearance,
there are apparently challenging open questions about it. For example, it is not known
whether or not B = B2. Further, it is not known whether or not B contains a non-zero
semigroup over Q* (in the terminology of [11]).

It is easy to see that the only compact element of B is 0, and so certainly B is not an
ideal in (B”,0).

The first Arens products in A”, and B’ are denoted by O,, and 02| respectively. Set

Fw = CO(Ta 1/(.«))7

so that B, is a dual Banach algebra, with predual F,,, and hence B!, = B, x F2, as
before, where F? is the annihilator of F,, in B/.. To show that B, is strongly Arens
irregular, it suffices to show that, for each p € F with p # 0, there exists v € F with
poB v #voB . We shall do more than this in the case where S = Q*® under a mild
condition on w.
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Let p € F2, say p = lim, fo, where (f,) is a net in B,,. We may suppose that supp f,
is finite for each «. Further, we have

lim f,(t) =0 (teT),
and so we may suppose that supp fo C (0,1).

THEOREM 7.1. Let w be a weight on the semigroup Q1. Suppose that w is weakly diag-
onally bounded, with bound cy < 2, on a subset W of QT* for which inf W = 0. Set
B, =(Y(T,w), and let u € F° with p # 0. Then there exists v € W} such that

B B
[og, v v, [
In particular, B, is strongly Arens irreqular.

Proof. We may suppose that p € (F9)r and that ||u|l, = 1, and we may regard p as an
element of A” in the above notation. Since inf W = 0, we may also suppose that W is a
sequence that decreases to 0. Choose i € Mg ((Q**)*);1) with 6, (1) = u; we have i # 0.
Fix € > 0 with
2 2
= l)e< = -1 (7.1)
‘w ‘w
By Corollary 5.8, there exist a € W* and A € (A/))r with ||Al|, = 1 such that
1
—(1l-¢g)<r<1 and |s]<e5¢,
‘w
where we set r = (0, (1) 0, 0., (a), N, and s = (0,(a) 0, 0, (1), A)w. Set v =0,,(a) € W,
so that
r={(uo,v,\), and s=(v0y ).

Finally, set Ay = A|(0,1] and Ay = A|(1, 00), so that \y € B/,.
We first claim that r = (0B v, \1),,. Indeed,

r = lim 1im<fm * gtn, /\>w

for certain sequences (f,) in B, and (t,) in W. We may suppose that supp f, C (0,1)
for each m € N, and so, for each fixed m € N, we have supp(f, xd:,) C (0,1) eventually
because t,, — 0. It follows that

r= lim lim (fm*gtn7>\>w

m—00 N—00

= lim lm (fp*5 0, A) = (108 v, A1),

as required.
Now set a = (v, p, A1) = (voB p, A1) and B = (v o, u, A2), so that a + 3 = s. For
each ¢ € T, we have ||A; + (A2l = 1 in A],. But

la+ ¢8I < A+ ¢zl

because ||vo, i, < 1, and so we have |a+ (3| <1 (¢ € T). This shows that |a|+|5] < 1.
Assume towards a contradiction that o = r. Then

2
12 |a[+[8l=r+|s—r|22r—|s| > —(1-¢)—¢,
w
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a contradiction of (7.1). Thus « # r. This implies that
<,LL Df U, >\1>w # <U E’f My >‘1>w’

and so poB v # v o p, as required. m

We do not know whether or not the constraint ‘cyy < 2’ is necessary in the above
theorem.

We claim that an amalgamation of the proof of Theorem 7.1 with results in Exam-
ple 6.1 proves the following result. We omit the details, which are notationally compli-
cated.

THEOREM 7.2. Let wy be a continuous weight on RY, and let wy be a weight on QT*
such that wy is weakly diagonally bounded, with bound cyy < 2, on a subset W of Qt*
for which inf W = 0. Set w = wyws. Then A, is strongly Arens irreqular. m

We remark that it will be shown in Example 9.16, below, that it is not sufficient to
suppose that wy is weakly diagonally bounded on N for the conclusion to hold.

EXAMPLE 7.3. For s =p/q € QT*, set
w(p/q) = qexp(—s?) or w(p/q) = (1+p+ q)exp(—s?).

Then w is a radical, strongly Arens irregular weight on the semigroup (QT°, +).

We now give a similar result to Theorem 7.1 in the case where S = R*®, rather than
S = Q™*; we cannot apply Corollary 5.8 directly because RT® is not countable. We give
the result only in the case where the weight is 1. As before, set B = (£1(I), x5 ) and
F = ¢o(I); Op denotes the first Arens product in B”.

THEOREM 7.4. Let B = (£'(I),*p), and take u € F° with u # 0. Then there ewists
a € (0,1)* witha — 0 and pog a # aop . In particular, B is strongly Arens irregular.

Proof. We may suppose that p € Fg and that ||u]| = 1; we regard p as an element of
Mg(R*) \ £1(R).
By Theorem 5.11, there exists a € I* such that a — 0 and
lnoall =l =1, (7.2)
and poa # ao p, where O denotes the first Arens product in M (8R).
We first claim that
joa=poga. (7.3)
Indeed, fix € > 0, and take f € £1(]0,1)). Then there exists n > 0 such that
1f %6, — (fxo)lll <= (O0<r<n).

Since a — 0, it follows that ||foa— fogal| < e. Since £1([0,1)) is weak-* dense in M (T*),
it follows that ||uoa — pop all < e. But this holds true for each £ > 0, and so the claim
is proved.
Assume towards a contradiction that popg a = aopg p. Then it follows from (7.2) and
(7.3) that
laosull =1 (7.4)



Weighted convolution algebras 37

Our second claim is that, given € > 0, there exists ¢ € (0, 1) such that |u((¢,1)*)| < e.
Indeed, assume that this is not the case. Then there exists € > 0 such that |u((¢,1)*)| > e
for each t € (0,1). Thus we have |[(d,  p)|I]]| < 1 — €. Since the map R, is weak-*
continuous on (B”,0Op), it follows that |ja op || < 1 — e, a contradiction of (7.4). We
have established the second claim.

For each ¢t € (0,1), set u = p|(0,¢)*. By the second claim, lim¢_,;_ ||u: — || = 0, and
0

f,EHl— lecp us —aoppl|=0 and tl—i>ql— laopu —aoul|=0.

But a op ur = a oy for each t € (0,1), again because a € I* and a — 0, and so
aopp=aou.

Since o a # a o u, we conclude that a op pu # pop a, and so B is strongly Arens
irregular. m

8. Continuous weights on R

Let w be a continuous weight on R+ or R**. In this section we shall prove that £1(R**, w)
is strongly Arens irregular.
In the following proof, we shall use a function x : RT® — I, defined by

k(t) = limsup Q(s,t) (t € RT®).

§— 00

Let (r,) be a sequence in R*® such that 7, N\, 0. We note that, by passing to a subse-
quence, we may suppose that there are two cases: either

(i) there exists ng € N such that x(r,) > 4/5 (n > ng), or
(ii) k(rn) <4/5 (n € N).

For example, cases (i) and (ii) arise when
w(s)=1+s and w(s)=exp(—s’) forsecRT*,

respectively.
We again set A = (£1(RT),x) and B = (£1(I), %) in the notation of Chapter 7.

THEOREM 8.1. Let w be a continuous weight on RY, and set A, = £*(R**,w). For each
p € ES with p # 0, there exists an element v € (RY®)* with po,v # vo, u. In particular,
A, is strongly Arens irreqular.

Proof. Assume towards a contradiction that there exists p € (E2)r with |||, = 1 such
that g o, v=wvo, pu for each v € (RT*)*.
We make a first reduction. For each t > 0, set
I ={f €A, :a(f) =2t f(t)=0}U{0},
so that I; is a closed ideal in A,,. The quotient map is

e Ay — Ay /I =: Ay,
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and this map extends to a map 7} : A’ — AY. Since w is continuous on the closed interval
[0,t] of R, there exist constants m, M > 0 such that

m<w(s) <M (0<s<t).

This shows that A, is isomorphic to £1(QN(0,¢]) by a linear homeomorphism, and hence
Ay is isomorphic to B by a linear homeomorphism.
Assume towards a contradiction that there exists ¢ > 0 with

v = (n) # 0.

Then v € A} \ A;, and so, by Theorem 7.4, there exists a; € (0,t)* with voa; #a;ov
in AY. Choose v € (0,t)* such that 7”(v) = a;. Then necessarily po, v # v o, p in A”,
a contradiction. Thus we may suppose that we have 7’ () = 0 for each ¢ > 0.

Take i € (A”)r such that 8,,(11) = p; we have ||| = 1.

By Theorem 5.11 (with ¢ = 1/10), there exist elements a € I* with a — 0 and
X € L°(R*®) with || A| = 1 such that

(ioa, ) >9/10, |{aof,\)| < 1/10.
Set A = Aw and v = 6,,(a), so that A € A/, with |||, = 1 and v € I*. We have

(floa,\) — (uog v, A) = n}gnoo nILH;O Z s 4 70) f () (1 = Q(s,70)) (8.1)

and

(aop,A) — (vo, u,A) = lim  lim Z A8+ 1) fm(8)(1 — Q(s, ) (8.2)
nTeemTeo S

for some sequence (f,,) of real-valued functions in Ay of finite support and some sequence

(rp,) in (0,1) with r,, \, 0; the details of the construction of these sequences are given

in [12, Proposition 3.1], and inspection of that proof shows that we may suppose that

rn \ 0 and that r1 < ¢y in case (i), above. By our first reduction, lim,, o a(fm) = co.
By the hypothesis on w, we have lim; g4 Q(s,t) = 1 (s € RT®), and so, for each £ > 0

and m € N, there exists ng € N such that

|1 —Q(s,rn)| <e (n>mng, s €supp fm).
It follows that
(00, )~ (uog v, N)| <limsupe Y |Ju(s)| =<

m— 00 S€R+.

The above holds for each £ > 0, and so (fio a, \) = (o, v, ). Thus (1o, v, \) > 9/10.
We now compare {a o i, \) and (v oy p, A).
First, suppose that case (i) occurs. Then it follows from (8.2) that
(000 W] < (a0 75 0] + limsuplimsup 3 [fm(5)I(1 = s, 7))

n—oo m— 00
sERte

IN

1 . .
7o limsup limsup g{: [fm(8)[(1 = Q(s,70)).



Weighted convolution algebras 39

For n € N, choose m,, € N so that Q(s,r,,) > 4/5 whenever m > m,, and s € supp fy;

this uses the fact that lim,, . a(fm) = co. Thus
1 1 3 9
w ;A < — T = 1A — < w 7>‘ )
{000 m ] € 75+ 5 = 20 < o < (uou v, )
and so p o, v # v o, i, a contradiction.

Second, suppose that case (ii) occurs. Then we see directly that

(AR

9
[(v oy w, AY| <limsup limsup Q(s, t,) = limsup k(t,) < = < 0 <{po, v, \),

n—oo §— 00 n—oo
and so again p o, v # v 0, i, a contradiction.
This concludes the proof. m

ExAMPLE 8.2. The following question was left open in Example 6.1: Is the weight
w:s—exp(—s?), RF* =R,

strongly Arens irregular? We now see from the above theorem that this is the case. The
weight w is a radical weight.

9. Conditions for Arens regularity

A condition for the Arens regularity of weighted convolution algebras on cancellative
semigroups was given as [5, Corollary (3.8)(i)]; results for more general semigroups are
given elsewhere in [5]. The first definition is from [12, Definition 3.2(ii)]; more general
versions are given in [5].

DEFINITION 9.1. Let X and Y be non-empty sets, and let f : X x Y — C be a function.
Then f 0-clusters on X x Y if
lim lim f(zm,yn) = Um lim f(zm,yn) =0

whenever (z,,) and (y,) are sequences of distinct elements of X and Y, respectively, and
both repeated limits exist.

Suppose that f : X x Y — RT is bounded and that (z,,) and (y,) are sequences
in X and Y, respectively. Then, by taking successive subsequences of (z,,) and (y,), we
can suppose that the two repeated limits of (f(zm,yn) : m,n € N) exist. Thus f fails
to O-cluster on X x Y if there exist sequences (x,,) and (y,) of distinct elements in X
and Y, respectively, such that

lim inf lim inf f(zm, yn) > 0.

m— 00 n—oo
In particular, f fails to O-cluster on X x Y if there exist 6 > 0 and sequences as above
such that
f(@m,yn) >0 whenever m,n € N with m < n.

The following theorem is proved by exactly the argument of [12, Theorem 8.8]; the
result originates in the work of Craw and Young in [10, Theorem 1].
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THEOREM 9.2. Let w be a weight on a semigroup S, and let X and Y be infinite subsets
of S. Suppose that Q0 0-clusters on X xY, and let p € M(X}) and v € M(Y}). Then
poy,v=0.m
COROLLARY 9.3. Let w be a weight on an abelian semigroup S, and let X be an infinite
subset of S. Suppose that Q2 0-clusters on X x S. Then w is not strongly Arens irreqular.
Proof. Since S is abelian, Q) also 0-clusters on S x X.

Let p € M(X}). Then po,v=wvo, p (v € A,) and

po,v=vo,u=0 (veE).

There exists p € M(XJ)\ {0}, and then p € 3(A”)\ A,. Thus A, is not strongly Arens
irregular. m

The following theorem of Craw and Young is [10, Theorem 1]; see [12, Chapter 8] for
related results.

THEOREM 9.4. Let w be a weight on a cancellative semigroup S. Then w is Arens regular
if and only if Q0 0-clusters on S X S. m

COROLLARY 9.5. Let wy be an Arens regular weight on a cancellative semigroup S, and
let wo be any weight on S. Then wiws is an Arens regular weight on S.

Proof. Since wy is an Arens regular weight, the corresponding function 2; 0-clusters on

S x S. But then 9,05, which corresponds to wiws, O-clusters on S x S, and so wyws is
Arens regular. m

The corollary below contrasts with [27, Theorem 2.2], which states the following.
Let w be a continuous weight on RT such that every element of the Banach algebra
(LY(R*,w), %) is compact. Then L'(R*,w) is strongly Arens irregular.

COROLLARY 9.6. Let S be a subsemigroup of (R,+), and let w be a weight on S such
that each element of £1(S,w) is compact. Then w is Arens regular.
Proof. By Proposition 4.19(i),
grglow(s +t)/w(t)=0 (seb).
Let (s,,) and (t,) be sequences of distinct elements of Q™®. Then
lim Q(sp,tn) =0 (meN),

n—oo

and so 2 O-clusters on S x S; by the theorem, w is Arens regular. m

COROLLARY 9.7. Let S be a dense, difference subsemigroup of RT®, and let w be a weight
on S such that w is bounded on S N (a,b) for some a,b € R with 0 < a < b. Then w is
not Arens regular.

Proof. By hypothesis, there exists M > 0 with w(s) < M (s € SN (a,b)). By Proposi-
tion 4.13, there exist § > 0 such that w(s+1¢) > 6 (s,t € SN(0,b)). Let (s,,) and (t,) be
sequences of distinct elements of SN (a,b). Then

Qsp,tn) > 6/M?* >0  (m,n €N),

and so € does not 0-cluster on the set S x S. By Theorem 9.4, w is not Arens regular. m
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Example 9.15, below, will show that such a weight w is not necessarily strongly Arens
irregular.

EXAMPLE 9.8. Let w(n) = exp(—n?) (n € N). Then w is a radical, Arens regular weight
on N. Indeed, we see that

Q(m,n) =exp(—2mn) (m,n € N),
and so ) 0-clusters on N x N.

EXAMPLE 9.9. Let wa(n) = (14 |n|)* (n € Z), where @ > 0. Then w,, is a weight on Z.
Clearly w, is Arens regular, as remarked in [10]. Similarly, w,|N is a semisimple, Arens
regular weight on N. Of course, £1(Z) and ¢!(N) are strongly Arens irregular.

ExXAMPLE 9.10. Let w(s) = exp(1/s) (s € Q™*). Then w is a semisimple weight on Q**,
and

Qs,t) < exp(~1/s) (s € Q).

It follows that w is not weakly diagonally bounded on any infinite subset of Q**.

Since w is bounded on the set [1,00), w is not Arens regular by Corollary 9.7.

Set X = {1/m : m € N}, an infinite subset of Q**. For t € Q** and m € N, we have
Q(1/m,t) < exp(—m). Thus Q O-clusters on X x Q**, and so, by Corollary 9.3, w is not
strongly Arens irregular.

Now let w(s) = exp(1/s) (s € RT®), so that w is a semisimple weight on R**. By the
same argument, w is neither Arens regular nor strongly Arens irregular on RT*.

By replacing w by the weight given by

w(s) = eXp(—82 + i)

we obtain a radical weight on Q** or RT® that is neither Arens regular nor strongly
Arens irregular.

We give another example of the same phenomenon; it is a preliminary to the more
important Example 9.12.

EXAMPLE 9.11. For m € Z* and p/q € QT* N (0, 1), set
wim)=1+m, w(m+p/qg)=1+m+gq.

First, we claim that w(s +t) < w(s)w(t) for s,t € Q. This is immediate in the case
where s,t € ZT. Now suppose that s = m + p/q and t = n + u/v, where m,n € Z* and
p/q, u/v € QT* N (0,1). Then

wis+t)<24+m+n+qu<(2+m)(1+n)+q(l+v)
<A+m+qg)(1+n+v)=w(s)w(t).
Similarly our inequality holds when s = m € Z* and ¢t = n + u/v, with n € ZT and
u/v € QT* N (0,1). Thus the claim holds.

Since w(s) > 1 (s € Q1), the weight w is semisimple on Q.

Second, we claim that Q does not O-cluster on QT x QT, and hence, by Theorem
9.4, w is not Arens regular. Indeed, let (g,,) be a strictly increasing sequence of prime
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numbers, and set z,, = ym = 1/¢m (m € N). Then Q(z,,yn) = 1 whenever m,n € N
with m # n, and so the claim holds.

Third, we claim that Q does O-cluster on the set N x Q*, and hence, by Corollary 9.3,
w is not strongly Arens irregular. Indeed, for each n € Z* and p/q € QT* N (0, 1), set

en+p/g) =n+q

(with ¢(n) = n); we note that ¢(y,) — oo as n — oo for every sequence (y,,) of distinct
elements of Q. Let (x,,) be a sequence of distinct elements of N, so that z,, — oo as

m — o0o. Then
L4 2m + ©(Yn)

Lt 2m)(1+ ¢(yn))’
and so both repeated limits of (Q(xy,, yn) : m,n € N) are 0.

Q(.’L‘m, yn) = (

We conclude that w is a semisimple weight on Q1 or QT* that is neither Arens regular
nor strongly Arens irregular.

EXAMPLE 9.12. Let w be the weight on Q* specified in Example 9.11, and extend w to
Q by setting w(—s) = w(s) (s € QT*). Thus

w(-n+p/g)=n+q (neN, p/ge Q™ n(0,1)).
To show that w is submultiplicative on Q, we must verify that
wis—t) <w(s)w(t) (s,t€QT*). (9.1)
Certainly w|Z is submultiplicative. Take s = m + p/q and ¢t = n + u/v, as above. Then
wis—t)<l+m—-n|+qu<l4+m+n+qu
S(@T4+m+q)(l+n+v)=w(s)w(d).
Similarly (9.1) holds in the cases where s = m and ¢ = n + u/v and where s = m + p/q
and ¢ = n. Thus we have verified (9.1).
As before, 2 does not 0-cluster on QT x Q%, and hence, by Theorem 9.4, w is not
Arens regular.

We already know that 2 0-clusters on N x Q7. Again as before, take (z,,) and (y,)
to be sequences of distinct elements of N and QV, respectively. Then

T+am, + @(yn)
L+ 2m)(1+¢(yn)

in the earlier notation, and so both repeated limits of (Q(2y,,y,) : m,n € N) are 0. This

Q(xm’ _yn) S (

shows that € O-clusters on N x @, and hence that w is not strongly Arens irregular.
We conclude that w is a symmetric weight on Q that is neither Arens regular nor
strongly Arens irregular.

ExXAMPLE 9.13. For m,n € N, set m A n = min{m,n}. Then
N/\ == (N, /\)

is an abelian semigroup, as in [13, Example 3.36]. The semigroup N, is not weakly
cancellative.
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Let w: N — [1,00) be any function. Then w is a weight on N. Set E, = ¢o(N, 1/w),
as before. For m € N and A = (A, : n € N) € E,,, we have

lim sup M = limsup ———— < limsup HAHW
n—oo  w(n) n—oo wWM)w(n) = nooo w(n)

m

(9.2)

Now suppose that w(n) — oo as n — co. Then

bm-A€EE, (meN).
Thus E,, is an A,-submodule of A/, and so A, is a dual Banach algebra.
Further, let (s,,) and (¢,) be two sequences of distinct elements of N, so that

lim s,, = lim ¢, = co.

For each fixed m € N, we have
. . 1
hrrlnﬂsolip Q(sm,tn) = hrrlILSng m =0,
and so 2 0-clusters on N x N. By Theorem 9.4, A, is Arens regular.
On the other hand, suppose that liminf, . w(n) < oco. Then there exist C > 0
and an infinite subset T' of N such that w(n) < C (n € T). For each m € N, set
T, ={n €T :n >m}, a cofinite subset of T. Then

Q(m,n) =1/w(n) >1/C (n € Tpn),

and so w is weakly diagonally bounded on T. By Corollary 5.7, w is strongly Arens
irregular on N.
The present example generalizes [13, Example 7.3.2].

The following example, giving a radical, Arens regular weight on Q**, slightly extends
[10, Corollary 1]; a more explicit example of such a weight will be given in Example 9.17,
below.

EXAMPLE 9.14. Let S be the semigroup ((ZT)<%,+), as above. Set
wE)=1+z +2x2+ -+ krr (z=(x1,22,...,7%,0,0,...) €5).

Then it is immediately checked that w is a weight on S and that w(2™) — oo as m — o0

for each sequence (™) of distinct elements of S.
We have

w(z) +wly) -1
w(z)w(y)

and so 2 0-clusters on S x S. Thus w is Arens regular on S.

Q(z,y) = (z,y € 9),

The map
k
T
0:(x1,22,...,2x,0,0,...) — Zo 55 QT
‘j; ]

is a semigroup epimorphism. Clearly w(z) > 1 (z € 5), and so we obtain an induced
weight @ which is Arens regular on QT*, as in Example 4.21. Since @ > 1, the weight @
is semisimple.
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Similarly, the map
k — X
9:(1'1,1'27"'axk70703' Z 2] 1; S_)Qv

is a semigroup epimorphism, and so we obtain an Arens regular weight on the group Q.
By multiplying the above weight @ on Q**® by the weight s — exp(—s?), we obtain a
radical, Arens regular weight on QT*.

EXAMPLE 9.15. We give an example of a bounded, radical weight w on Q** such that w
is neither Arens regular nor strongly Arens irregular.
Indeed, set w(s) = 1/(m+ 1)! whenever m < s < m+ 1 for some m € Z*. To see that
w is a weight on QT*®, let s, € QT*, and take m,n € Z* such that m < s <m + 1 and
n<t<n+1l.Thenm+n<s+t<m+n+2, and so
1 < 1 1
(m+n+1)!~ (m+1)!(n+1)!

w(s+1t) <

= w(s)w(t),

as required.

For m,n € N, set s, = 1/m and ¢, = 1/n. Then Q(s;,,t,) = 1 for m,n > 2, and
so Q does not O-cluster on QT* x Q™*; by Theorem 9.4, w is not Arens regular. Since
Q(m,t) <1/m (m €N, t € Qt*), it is immediate that Q 0-clusters on N x Q**, and so,
by Corollary 9.3, w is not strongly Arens irregular.

EXAMPLE 9.16. Let wy(s) = exp(—s?) (s € RT). Then w; is a continuous weight function
on RT. Let

wa(p/q) =1+1logq (p/q € Q™).

Then, as in Example 6.3, wy is a weight on QT® with ws > 1, and wy is diagonally
bounded on N, with dy = 1; by Corollary 5.7, wy is strongly Arens irregular. (Indeed,
by Theorem 5.6, there is a two-element subset V' of N7  that is determining for the
topological centre of A,,.)

However, we claim that w := wyws is not strongly Arens irregular on QT*; cf. a remark
in Chapter 7. To see this, we apply the condition of Corollary 9.3, taking

X ={1+1/n:ne N},

an infinite subset of Q.

Let (z,,) and (y,) be two sequences of distinct elements of X and Q**, respectively,
84y T = Dm/Gm (m € N) and y,, = r,,/s,, (n € N). We have z,,, > 1 (m € N), and so

1+ log g, + log sy,
e

(1+1loggm)(1 +logsy,)
for each m,n € N. Necessarily ¢,, — co as m — oo. By passing to a subsequence, we
may suppose that (y,) either converges to a point of Rt or diverges to co.

Uz, yn) < xp(—2y,) < exp(—2y,)

First, suppose that lim,,_, ¥y, = 00. Since Q(z.,, yn) < exp(—2y,,), certainly

lim lim Q(zp,yn) = lim lim Q(zy,,y,) = 0.

m—00 N—00 n—oo Mm—0o0
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Second, suppose that lim, .., y, < co. By passing to a further subsequence, we may
suppose that s, — oo as n — 0o, and so
1
lim sup lim sup Q(2,, yn) < limsup =

Thus limy, o0 limy, 00 (2, ¥r) = 0. Similarly,

lim lim Q(zp,yn) =0.

n—oo Mm—0o0
It follows that  0-clusters on X x Q**, and so, by Corollary 9.3, w is not strongly Arens
irregular, as claimed.
We also claim that the weight w is not Arens regular on Q*®. To see this, we take
Tm = 1/pm (m € N), where (p,,) is a strictly increasing sequence of prime numbers, and
let y, = n (n € N). Then

Q@m, yn) = exp(—2n/pm)  (m,n € N),
and so

lim Q(xm,yn) =1 (meN) and lim Qxm,yn) =0 (m eN).

n—oo
Thus both repeated limits of the double sequence (Q(z,,yr) : m,n € N) exist and they
are unequal, so that Q does not O-cluster on Q1® x Q**. By Theorem 9.4, w is not Arens
regular on Q*°.
In summary, the weight

wip/q (1+logg)exp(—p?/¢®), Q7" —R**,
is a radical weight on QT* that is neither Arens regular nor strongly Arens irregular.

We cannot see an example in which w; is a continuous weight function on RT, wsy is
a strongly Arens irregular weight on Q7°®, and w;ws is Arens regular on Q*°.

EXAMPLE 9.17. We now show that there are a continuous weight function w; on RT*®
and a strongly Arens irregular weight wo on QT* such that w := wywy is Arens regular
on Qt°.
First, set
wi(s) =exp(—s*+1/s) (s € RT*),

as in Example 9.9, so that w; is a continuous weight function on R**®, and take

wo :p/g— 1+logq

to be as in Example 9.16, so that wy is a strongly Arens irregular weight on Q%*. Set
w = wiwy; we must show that w O-clusters on QT* x Q.

Again, we take (z,,) and (y,) to be two sequences of distinct elements of QT*, say
T = Pm/Gm (m € N) and y, = 1,/s, (n € N), as above. For each m,n € N, the number
Q(xm, yn) is not greater than

1+ log ¢ + log sy, 1 1 1
(14 loggm)(1 +log s,) xp (2Imyn N T+ Yo Tm yn>

By passing to subsequences, we may suppose that both of (x,,) and (y,,) either converge

to a point of RT or diverge to oc.
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The argument of Example 9.16 shows that the function  O-clusters on Q1® x Q**
in the case where lim,, . T, < 00, and so we may suppose that lim,, . =, = occ. But
now

lim sup Q(2m, yn) < limsup exp(—22,,y,) = 0

m—00 m— 00
for each n € N, and so lim,,—, o0 limy,— 00 Q(Zm, ¥n) = 0. In the case where lim,,_, o ¥, > 0,
it follows similarly that

lim lim Q(zp,,yn) =0.

m—00 N—00
In the case where lim,, .~ ¥, = 0, we have

1 1 1
lim sup Qo Yn) < 1imsupexp( - — ) =0,
x

n—oo n—oo

and so lim,,— 0o limy, 00 (T, yn) = 0.

Thus Q 0-clusters on QT x QT*, and so w is Arens regular.

We conclude this section by considering whether or not there can be an Arens regular
weight on the semigroup (RT®, +); this question was left open in the seminal paper of
Craw and Young [10]. Our partial answer is given by essentially the proof of Theorem 5.12.

THEOREM 9.18. Let w be a weight on R such that liminfs_ o4 w(s) > 0. Then w is not
Arens regular.

Proof. By Proposition 4.14, (d)=(b), there exist ¢ € R** and ¢ > 0 such that
inf{w(s) : s € (0,¢)} > 4.

For n € N, set R, = {t € (0,¢) : w(t) < n}. Since |(0,c)| = ¢, there exists ng € N such
that |Ry,| = ¢; in particular, R, is infinite, and so there exists a sequence (ry,) of distinct
points in R,,,. Clearly,

Qrm, ) = §/n(2) (m,n € N).

This shows that Q fails to O-cluster on R** x R**, and so, by Theorem 9.4, w is not
Arens regular. m

COROLLARY 9.19. Let w be a weight on RT® that is either measurable or semisimple.
Then w is not Arens regular.

Proof. Suppose that w is measurable. Then it follows from the theorem and Proposition
4.17 that w is not Arens regular.

Suppose that w is semisimple. Then it follows from Proposition 4.10 that there is
a weight @ on RT® with @ > 1 such that £!(R*® w) is isometrically isomorphic to
(Y(R**,0). By the theorem, @ is not Arens regular, and hence w is not Arens regular. m

We believe that it is true that no weight on RT* is Arens regular, but we cannot see
this yet.
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10. A weight on N

In this section we shall exhibit a radical weight on N that is neither Arens regular nor
strongly Arens irregular. We observe that no such example is given in [12]. A somewhat
related example is given in [4, Chapter 2] (see also [3]), but that example can be shown
to be Arens regular.

We proceed through some preliminary results and notation.

A base point in N is a number of the form 2¥, where k € Z*, together with numbers
of the form 2% 427, where k € N and j € Zz_l, so our initial base points are

1,2,3,4,5,6,8,9,10,12,16,....
The special base points are
my =28+ 2871 (ke N),

and we set X = {my, : k € N}. We also fix an increasing sequence (o : k € Z") in RT,
with ag = 0. In fact, (ay : k € ZT) is rapidly increasing, in that we require that oy = 4
and that

g1 > (2% L Dy, (k€ ZT). (10.1)
We note that ay > 4 (k € N). For convenience, we also set

Or = 2k+2041€ >apt+ap—1 (keN).
We define a function 7 at our base points by
n2)=ar (keZ®), N2 +2)=or+a; (keN jeLL,)

We then define (the graph of) n to be linear between (by,7(b1)) and (b2, n(b2)) whenever
by and by are adjacent base points, save that we define n(t) for t € (my, 2¥*!) by linear

interpolation between (my,n(my)) and (2541, 3;). We also set n(t) = 0 (¢ € I). Thus we
have defined n : Rt — R*. Clearly # is an increasing function on RT. Note that

Q1 — P > (223 — 2k 2y, > 2302 (ke N), (10.2)
and so 1 has a ‘big jump’ from 2¥+1 — 1 to 2¥*! for large k € N.
LEMMA 10.1. Let k € N, and let s,t € N with s +t < 28, Then

(2" + s +1) = 0(2" + 5) = n(t) > max{n(s/4),n(t/4)} > 0.
Proof. We set C' =n(2F +s+1t) —n(2% +s) —n(t).
First, suppose that 27t + 272 < 5 < 291 4 272+1 and that
oF1 4 okz <t < ok 4 okt
where j, < j1 < k and ko < k1 < k. We also suppose that j; > k;, that s+t — 271 < 271,
and that j; < k — 1. Then
ok 454+t e (28 4 291 2k 4 20ty

where 2 4+ 271 and 2 + 271*! are adjacent base points (and 2% 4+ 271+1 & {27 . n € N}),

and so )
s+t — 201
N2k +s+1t) =ap +aj + —— (@ — ).
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Further, 2% + s € (2F + 271 2% + 271+1) "and so

s — 20

77(2k + S) = +aj + QT (aj1+1 - ajl)‘

Finally, n(t) < Bk, < 2/172q;,. Thus
c> 2% (41— aj,) — 27720, > 2% AT e
by (10.1), and so C > n(s/2) in this case, noting that s < 2171, It follows that we have
1(s/2) <n(2") =y,
We continue to suppose that we are considering the case where
21 422 < g < 2t 4902 gnd 2R 4 9F2 < p < ok okt

where jo < j1 < k and ko < ki < k, that j; > kq, and that s +¢ — 271 < 27 but we now
take j; = k — 1. Then essentially the same estimates give

t
C> o1 (Br — ap—1) — 2" oy > — 2"t

> (220 _ 2k yqy g > 2Ry 1 > n(s/2).

We continue to suppose that 271 +272 < s < 27142721 and 2F1 4 2k2 <t < 2k1 4 gk2+1
where j, < j1 < k and ks < k1 < k, and that j; > ki, but we now allow s 4t — 27t > 271
(necessarily 292 + 2%t - 2k2 < 3.271). Then n(2¥ + s+ t) > ay + a;, 41, and the estimates
for n(2* + s) and 7(t) are unchanged, and so we see that

1 . 1 .
= Qjy+1 — Ay — 5 (Olj1+1 - aj1) - 2]1+1aj1 > 5 Qjy+1 — (2J1+1 + 1>aj1

> (229%2 — 2 ay, > 2oy,

(2k+2

SE=T Qg — ag-1) k-1

by (10.1), and so again C' > n(s/2) in this case.

Finally, it may be that s has the form 2/ or 2t + 1, where j; < k, rather than
satisfy the inequalities 271 + 292 < s < 271 4 2/2+1 and still j; > k;. In this case, we
carry through all the above estimates, replacing the term 272 by 0 to obtain the same
conclusions. Similarly, in the case where ¢ has the form 2*' or 2%t + 1, where k; < k, we
replace the term 2*2 by 0 in the above.

In all the above cases, we have C > n(s/2) > n(s/4). But t < 2s (because j1 > ki),
and so n(t/4) <n(s/2) < C. Thus the lemma holds in this case.

The formulae are not symmetric in s and ¢, but nevertheless essentially the same
estimates apply in the case where j; < k; to imply the same conclusion. m

THEOREM 10.2. There is a radical weight on N that is neither Arens regular nor strongly
Arens irregular.

Proof. Let n be the function n : N — R defined above.
We first verify that

n(s+1t) >n(s) +n(t) (s,teN). (10.3)

The result is vacuously true when s + ¢ = 1. Now assume inductively that (10.3) holds
whenever s,t € N with s+t < 28 —1, where k € N, and suppose that 28 < s+t < 2k+1 1.
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We may suppose that s > t. First, consider the case where s < 2¥ — 1. Then

n(s+t) >n(2%) = ap > 2" 21 +1> 28,1 > 2n(28 — 1) > n(s) +n(t).

+

ok_1- Then r+1 < 2% and so

Second, suppose that s > 2* say s = 2% 4 7, where r € Z
Lemma 10.1 shows that

n(s+1t) —n(s) —n(t) = 02" +r+t) = 92" +r) —n(t) >0,

as required. Thus (10.3) is proved by induction on k.

We set w = exp(—n), so that w is a weight on N.

We have 7(2%)/2% = a3 /2% > 2F, and so lim,, .., w(n)'/" = 0. Thus w is a radical
weight.

We claim that w is not Arens regular. Indeed, take x,, = y.,, = 2™ for m € N. Then
(m) and (yn) are sequences of distinct elements of N with Q(z,,,y,) = 1 whenever
m,n € N with m # n, and so € fails to O-cluster on N x N. By Theorem 9.4, w is not
Arens regular.

We next claim that Q 0-clusters on X x N, and so, by Corollary 9.3, w is not strongly
Arens irregular.

Take y, k € N, and set

Cye = n(mu +y) — n(mg) —ny) = 02" + 257" +y) —n2" + 271 — n(y).

First, fix y € N, and consider liminfj_, Cy . We may suppose when calculating Cy, 1.
that y < 2*~! and n(y) < ax_1, and so

Y

Bre — au
Cyr > Sh=T (Be — o — ag—1) — Qg1 > ——5—

o 20001 > Tag, — 3ag—1 2> 4oy

Thus limy_,oc Cy 1 = 00.

Second, fix k € N, and consider liminf,_,o, Cy 5. We may suppose that y = 27 + s,
where j > k+ 2 and s € N with s < 2/. Then Lemma 10.1 applies with j for k and with
t = my, in the case where s + my < 27 to show that

Cyr = (2 + s +my) —ny) — n(my) > nlmi/4) > n(2"7?) = aj_.
In the case where s + my, > 27, we have
Cyr > o1 — B —op —ag—1 > 4oy — o — 0y

by (10.2). It follows that, in each case, Cy r > aj—2. Thus

lim liminf Cy 1 = oo,
k—oo y—oo ’

and so indeed €2 0-clusters on X X N. =

We should like to find a modification of the above weight w to give a semisimple
weight on N that is neither Arens regular nor strongly Arens irregular. Unfortunately we
cannot see how to manufacture such a weight.
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11. A strange weight on Q**

In this section, our main goal is to construct a weight w on Q** with liminf, o4 w(s) = 0.
In Proposition 4.14, we gave equivalent conditions for this property. We prove directly in
clause (i) that our weight w is radical, but it follows from Corollary 4.16 that any weight
on Q7* satisfying clause (iii) must be radical.

An attempt to exhibit such a weight is given in [11, p. 159]. Unfortunately, the attempt
fails, and the construction indicated is not correct; we apologise for this.

A Banach algebra (A, || - ||) is uniformly radical (see [11, Definition 2.3.11]) if

lim sup{||a”(|"/" :a € Ay} = 0;

a weight w on a semigroup S is uniformly radical if the Banach algebra ¢!(S,w) is
uniformly radical.

THEOREM 11.1. There exists a weight w on QV® with the following properties:

(i) w is radical, but not uniformly radical;
(i) limsup, o, w(s) = co;

(iii) liminfs—04 w(s) = 0;

(iv) inf{w(s):s € Q**N(a,b)} =0 for each a,b with 0 < a < b;
(v) sup{w(s) : s € QT* N (a,b)} = oo for each a,b with 0 < a < b;
(vi) the only compact element in £1(QT* w) is 0;

(vil) w is strongly Arens irreqular.

The proof of this theorem will be given in several steps, in which we maintain the same
notation. We shall obtain various other properties of w en route to the main theorem.

First, we define our weight w. To attain our main aim of (iii), it is sufficient to exhibit
a mapping 1 : QT® — R such that

n(s+1t) <nls)+n(t) (s,t€Q*)
and

lim inf n(s) = oo,

for we then set w = expn. In this case, clause (iv) of Theorem 11.1 will follow from
Proposition 4.14 and clause (v) will follow from Corollary 4.15.
Choose a strictly increasing sequence (g;) of prime numbers with ¢; > 3 such that

¢i/q+1 0 as j—oo and g¢j11>(j+1)g; (jeN).

Of course, g, > n (n € N).
As before, set S = (ZT)<¥; we again suppose that, in the representation of

m

a=(a1,...,qn) =Zaj5j €S,
j=1

we have a,, > 1 (unless a = 0).
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Given two elements o = (aq,...,am,) € S and 8= (f1,...,0,) € S, we set
m n
N(a,B) =Y aie’ =Y jB
i=1 j=1

(thus defining m and n when « and 3 are non-zero), and

mOéz' Z q;
0. B)=) —+D Bi—.

We note that, for each z = a/b € QT*, there exist a, 8 € S such that 6(«, 3) = z. Indeed,
we can take o = ad, and 3 = 0.
As a preliminary remark, we note that the function ¢ : t — e* —t? on R has derivative

2 1 1
Pt)=e —2>1—t+—-==-((t-1*+1)> —,
2 2 2
and so ¢ is increasing on R. In particular, et —t2>1fort>0. Also
o(s) > p(2t) >e"  (s>2t, t>1) (11.1)

because ¢(2) > 0 and every derivative of the function ¢ +— e? — 4t> —ef at t = 1 is
positive.
LEMMA 11.2. Let x € Q*® and take o, 8 € S with 6(c, 8) = x = a/b, where a,b € N and
(a,b) =1, and set r = [z].

(i) Suppose that 1 <n < z. Then

N(a,8) =2 —952(1r+1/q7~~
(ii) Suppose that g, > x. Then

n
ﬁn S Zﬁ] < dn+1-

j=1
(iii) Suppose that n > 1 and b > qpi1. Then

a

N(a,p)>=> jB;i = —a) j.
j=1

j=1
(iv) Suppose that n > x and qn111b. Then
N(a, 8) > exp(gnr1) = gnyr > 1.

(v) Suppose that k € N, that qi41 is the largest prime factor of b, and that x < n < k.
Then N(a, 3) > 1.

Proof. (i) We have

2 (L) 2 (Sa)

j=1 j=1 dn+1 qr+1

because r > n > 1, and so

n n 2
. LTqr+1 L7qr41
N(o,B) > =Y jBi=—rYy fB;>— qr > —— .
j=1 j=1 "

dr



52 H. G. Dales and H. V. Dedania
(i) Assume that >37_) Bj > ¢n+1. Then
—~ . g - q
p2 30 = (3 8)- 2 =g
2.0 g 2 (P 2

a contradiction. Hence the result holds.
(iii) For each j € N,,, we have

4dj q
6] — = ﬂj B .
qj+1 Gn+1
But b > gn41, and so a > Bq, > /8]'. In particular, a > 8,¢» > qn > n. Hence

n n a
—Y iz —a)y jz-a)y j
j=1 j=1 j=1

(iv) First assume that @ = 0 or that a # 0 and m < ¢,41. Then we multiply both
sides of the equation 0(«, 8) = a/b by b - g,+1! and rearrange to see that

n—1
!
a-gni1! —b E qn“ -b E Bia; (gn“l = Bnbgn(gns1 — 1)
= G+

The left-hand side of this equation is a multiple of ¢, 1. However, ¢,+1 is certainly not
a factor of ¢, (gn+1 — 1)!, gn1 is not a factor of b by hypothesis, and g,+1 > 8, by (ii).
Thus the right-hand side of this equation is not a multiple of ¢,,+1, a contradiction. Hence
m > qpe1 (and ay, > 1).

As above, we have

Zﬂi < x%:rl

Since z <n and n < ¢, < ¢ny1, We have

NTqn+1
Zjﬂj SnZﬂj <" <y
n

Therefore
N(a,B) = ame™ = g1 2 exp(dn+1) = G 2 1
by the preliminary remark.
(v) First, assume that o = 0 or that a # 0 and m < g1 — 1. Then

m

(g1 — 1) 0(e, B) = Z (qr1 — D!+ Zﬁ; O (qe+1 — 1!
a

i=1

is an integer, but (qx+1 — 1)! - a/b is not an 1nteger because gg+1 is not a factor of
a - (gg+1 — 1), a contradiction of the fact that 6(«, 3) = a/b. Hence m > qx11. By (ii),

Z;;l B; < gn+1, and so

> " iBi < ngnya < gi-
j=1

Thus N(a, 3) > exp(qr+1) — 3 > exp(qri1) — qu > 1, as required. =
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COROLLARY 11.3. For each x € QT*, there exists f(z) € R such that N(o, 3) > f(x)
whenever O(a, §) = x.

Proof. If 8 =0, then N(a, ) > 0, and so we may suppose that 3 # 0, and hence that
n>1.If x > n, then N(a, 8) > —2%¢,41/q- by (i). If x < n, then N(a, 3) > —a > i1
by (iii) and (iv). =

DEFINITION 11.4. For each x € Q**, set
n(z) = inf{N(a, B) : 0(c, B8) = x}.

The above corollary shows that 7(z) € R for each x € Q**. It is immediate that 7 is
subadditive on QT*, and so w = exp7 is a weight on QT°.

LEMMA 11.5. The weight w is radical.
Proof. Let k € N. Take a = 0 and 8 = gg+10x € S. Then 0(«, 3) = qx, and so we have
n(qk) < N(a, 8) = —kgy+1. Thus

w(gr)'/ % < exp(—kqrr1/ar) < exp(—k),

and so v, = 0. By Proposition 4.12(ii), w is radical. =

LEMMA 11.6. Let k € N.

(i) n(1/k) = €*, and so limsup,_,, w(s) = co.
(i1) n(qr/qr+1) = —k, and so liminfs o4 w(s) = 0.
Proof. (i) Certainly n(1/k) < e*; we must show that n(1/k) > e*.
Take «, § € S with 6(«, 8) = 1/k. If B =0, then a # 0 and m > k, so that
N(a,8) >e™ > ek,
Thus we may suppose that n > 1 > 1/k. We have
2
> [ ;
k n+1 Qn-‘rl
and so 2k < ¢,4+1. By Lemma 11.2(iv) (with @ =1 and b = k) and (11.1), we have

N(a, B) = exp(gn+1) = Gni1 > €

by a preliminary remark, as required.
(ii) Certainly n(qr/qx+1) < —k, which already implies that

hsrgér}rf w(s) =0.

We shall show that n(qx/qr+1) > —k.

Take a, 8 € S with 0(a, 8) = qr/qe+1. If B = 0, then clearly N(a, ) > 0 > —k,
and so we may suppose that n > 1. Since (gj/¢j+1) is a strictly decreasing sequence,
necessarily n > k and 81 = -+ = fBr_1 = 0 (in the case where k > 2). If n = k, then
a=0and B =1, and so N(a,3) = —k. If n > k, then n > qx/qr+1 and ¢ni1 1 qri1,
and so, by Lemma 11.2(iv), N(«, 8) > 1. Thus n(qr/qx+1) > —k, as required. =

We denote by @ the set of elements in QT* of the form g /qx41 for some k € N, where
(gx) is our specified sequence.
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LEMMA 11.7.

(i) Let s,t € Q. Then w(s+1t) = w(s)w(t).
(ii) Let s1,...,8, € Q with s1+ -+ s, < 1. Then
w(st+ -+ 8n) =w(s1) w(sn).
Proof. (i) We may suppose that s = qx/qr+1 and ¢ = g¢/qey1 for some k,¢ € N with
k < ¢, so that n(s) + n(t) = —k — £. We must show that n(s +1¢) > —k — .
Choose a, 8 € S with
qe

a
9(0‘75):8+t: I +7:77
Qk+1 Qer1 b

where a = qrqet+1 + qeqr+1 and b = gg1qe+1 with (a,b) = 1 because gg4+1 > 3.

First, suppose that 8 = 0. Then N(a,3) > 0> —k — /L.

Second, suppose that 8 # 0. Then n > 1 > s+ t because we have s,t € (0,1/2). If
Gn+1 1 Qk+19e+1, then N(a, 8) > 0 by Lemma 11.2(iv), and so certainly N(«, 8) > —k—/¢.
If ¢nt1 | Gr+19e+1, then either n = k or n = £. Suppose that n = k. Then

m k—1
Z&Jrzfé’j?ijJr(ﬂk*l)qik:iy
- v o U+ Ak+1 Qe41
and so N(a, ) + k > —¢, whence N(a,3) > —k — {. A similar argument applies in the
case where n = /.

(ii) This proceeds by induction on n € N. The case where n = 2 is proved in (i), and

the inductive step is essentially the same. m

The following result will be strengthened later.
COROLLARY 11.8. The weight w is not Arens regular.
Proof. Take x,, = Ym = Gm/qm+1 (m € N). Then
Qzm,yn) =1 (m,n e€N)
by Lemma 11.7(i), and so 2 does not O-cluster on Q** x Q**. m

COROLLARY 11.9. The weight w is not uniformly radical.

Proof. For n € N, choose k € N with ngi/qr+1 < 1; such a k exists because ¢;/gj4+1 \, 0
as j — o00. Set a = J,/w(s), where s = qr/qry1, so that a € (A,)p). Then clearly
la™]|, = w(ns)/w(s)™, and so, by Lemma 11.7(ii), ||a"|, = 1. It follows that A, is not
uniformly radical. m

LEMMA 11.10. The only compact element in £1(QT* w) is 0.

Proof. By Proposition 4.19(ii), we must show that no element d5 for s € Q** is compact.
Since d;, is compact whenever dg, is compact and sy > s1 in Q7*, it suffices to show that
ds is not compact whenever s = ¢, for some ¢ € N.

Fix such an element s. By Proposition 4.19(i), we must show that there exists M > 0
such that

{te Q™ :n(t) —n(s+1t) < M}
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is infinite. In fact, we shall take M = (s + 1)?qs41/qs, and show that

n(t) —n(s+t) =nla/qr1) = 0(qe + e /ars1) <M (t € Q)

for each k € N. By Lemma 11.6(ii), 7(¢x/qr+1) = —k (k € N), and so we must show that
n(qe + qr/qr+1) > —M — k (k € N).
Let k € N, and suppose that 0(«, 3) = q¢ + qi/qr+1, where, again,

mai - q;
0o =3 2+ > 50
=25t by
i= j=
If 3 =0, then N(o,3) >0.If 1 <n < s+t then

N(e, ) = = (s +t)*qs41/4s

by Lemma 11.2(i), and so N(a, 8) > —M. If n > s+t and ¢n41 1 gk+1, then N(«o, 5) > 1
by Lemma 11.2(iv). Finally, suppose that n > s+t and ¢,+1 | gx+1. Then necessarily
n=kand s = 0(a, f—0). By Lemma 11.2(iv), 1 < N(«, 8— ), and so N(«, 5) > 1—k.
Thus, in each case, N(a, 8) > —M — k, and so 1(qe + qx/qr+1) > —M — k, as required. =

LEMMA 11.11. The weight w is weakly diagonally bounded, with bound cqg = 1, on the
infinite subset @ of Qt°.

Proof. Tt is sufficient to show that, for each s € QT*®, there exists k, € N such that

n(s +ar/qer1) + k=n(s) (k> k), (11.2)
where we recall that n(qx/qk+1) = —k (k € N) by Lemma 11.6(ii).
In fact, set s = a/b, and choose ks € N such that
ks > (s + 1)QQT+1/QT + 77(8) + b,
where r = [s + 1] € N. We fix & > ks, and set £ = s + qi/qx+1; the denominator
of x is bgry1. We note that 0 > n(s) — k, and also that [x] < [s 4+ 1] = r, so that
Qa)+1/ U] < Cr41/ -
Take a, § € S with 6(«, 3) = x: we shall show that
N(a,B) > n(s) — k.
If =0, then N(a,3) > 0.
If 6#0and 1 <n <z, then N(a,3) > fxzq[w]+1/q[w] by Lemma 11.2(i), and so
N(a,B) = —(s+ 1)2QT+1/QT > n(s) — k.
If n > x and gp41 1 bgr+1, then N(«, 3) > 1 by Lemma 11.2(iv).
If n > 2 and gn41 | bgg+1, then either g,41 | b and n < k or n = k, noting that

we have qxy1 > k+ 1 > b. In the case where n < k, certainly ¢x11 is the largest prime
factor of bgx41, and so N(«, 8) > 1 by Lemma 11.2(v). In the case where n = k, we have

BO(c, 3 — 0k) = * — qi./qr+1 = s, and so
77(5) < N(aaﬂf(sk) = N(Ol,ﬂ) + k.
Thus N(a, 8) > n(s) — k.
We have verified the required inequality in each case. m
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COROLLARY 11.12. The weight w is strongly Arens irregular.

Proof. This now follows from the above lemma by using Corollary 5.7. =

Proof of Theorem 11.1. This is contained within the union of the above results. =

12. Open questions

We believe that the following questions are open.

1.

Let w be a weight on an infinite, countable, cancellative semigroup S such as Q or
Q™*. Suppose that w is weakly diagonally bounded on an infinite subset of S. Is
there an equivalent weight @ to w on S such that w is weakly diagonally bounded
on an infinite subset T" of S, with bound ¢y < 2, or even ¢ = 17
Let G be a group, and let w be a weight on G. Is the Banach algebra ¢1(G,w)
always semisimple?
Let w be a weight on Z such that

liminfw(n) < co and liminfw(—n) < co.

n—oo n—oo

Is £(Z,w) necessarily strongly Arens irregular?

. Let w be a weight on S = Q or S = Q**. Suppose that there is a finite subset V

of S* such that V is determining for the topological centre of £1(S,w). Is there a
subset W of S such that [W| = 2 and W is determining for the topological centre
of £1(S,w)?

Is the constraint ‘cyy < 2’ in Theorem 7.1 necessary?

Is there an example such that w; is a continuous weight function on R*, ws is a
strongly Arens irregular weight on QT*, and wyws is Arens regular on Q**?

Is there a semisimple weight on N that is neither Arens regular nor strongly Arens
irregular?

Is there an Arens regular weight on R™*? Such a weight must be radical and
non-measurable.

13. Summary

We conclude with a summary of the examples that we have found. Usually, references are

to examples in the present memoir, but there are some references to the memoir [12]. The

word ‘neither’ means ‘neither Arens regular nor strongly Arens irregular’. All semigroups
are subsemigroups of (R, +). Recall that each weight on each of the semigroups N, Q**,
and R** is either radical or semisimple, and that each weight on each of the groups Z,
Q, and R is semisimple.
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’ S is ‘ w is w is Examples
Arens regular Example 9.8
N radical strongly Arens irregular Example 6.5
neither Theorem 10.2
Arens regular Example 9.9
N semisimple | strongly Arens irregular Zl(N), Example 9.9,
neither Not known
Example 9.9
Arens regular [12, Examples 9.1, 9.13]
[12, Example 9.14]
Z semisimple | strongly Arens irregular Examples 6.2, 9.9
[12, Example 9.6]
neither [12, Examples 9.7, 9.8]
[12, Examples 9.15, 9.16]
Arens regular Examples 9.14, 9.17
Qt* radical strongly Arens irregular Examples 6.1, 7.3
Theorem 11.1
neither Examples 9.10, 9.15, 9.16
Arens regular Example 9.14
QT* | semisimple | strongly Arens irregular | £'(Q*"*), Examples 6.3, 6.4
neither Examples 9.10, 9.11
Arens regular Example 9.14
Q semisimple | strongly Arens irregular ¢'(Q), Examples 6.3, 6.4
neither Example 9.12
Arens regular Not known
RT* radical strongly Arens irregular Example 8.2
neither Example 9.10
Arens regular Not possible,
by Corollary 9.19
R™* | semisimple | strongly Arens irregular LH(RT)
neither Example 9.10

’ R ‘semisimple strongly Arens irregular

Always, by Corollary 5.13

R. Arens, Operations induced in function classes, Monatsh. Math. 55 (1951), 1-19.
—, The adjoint of a bilinear operation, Proc. Amer. Math. Soc. 2 (1951), 839-848.
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