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Abstract

Let P be a poset on the set [m] x [n], which is given as the disjoint sum of posets on ‘columns’
of [m] x [n], and let P be the dual poset of P. Then P is called a generalized Niederreiter—
Rosenbloom—Tsfasman poset (gNRTp) if all further posets on columns are weak order posets of
the ‘same type’. Let G (resp. G) be the group of all linear automorphisms of the space Fy**"
preserving the P-weight (resp. P—Weight). We define two partitions of Fy**", one consisting of
‘P-orbits’ and the other of ‘P-orbits’. If P is a gNRTp, then they are respectively the orbits
under the action of G on F;"*™ and of G on FJ"*™. Then, under the assumption that P is not an
antichain, we show that (1) P is a gNRTp iff (2) the P-orbit distribution of C' uniquely determines
the P-orbit distribution of C* for every linear code C' in FJ**™ iff (3) G acts transitively on
each P-orbit iff (4) F**" together with the classes given by ‘(u,v) belongs to a class iff u — v
belongs to a P-orbit’ is a symmetric association scheme. Furthermore, a general method of
constructing symmetric association schemes is introduced. When P is a gNRTp, using this, four
association schemes are constructed. Some of their parameters are computed and MacWilliams-
type identities for linear codes are derived. Also, we report on the recent developments in the
theory of poset codes in the Appendix.
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1. Introduction

The poset codes were introduced in [4] by Brualdi et al. in connection with Niederreiter’s
problem in [27] and have received considerable attention in recent years (cf. [10], [12],
[T6HI8], [20], [21]). The reader is referred to the Appendix for the recent developments
in the theory of poset codes. The Niederreiter—Rosenbloom—Tsfasman weight (metric),
introduced in [29], [B1] and further developed, for example in [§], [28], [32], is a good
example of a poset weight which corresponds to the poset consisting of finite disjoint
sums of chains of equal finite lengths.

Let I, be the finite field with ¢ elements, and let n,m,...,m; be positive integers
with m = m +- - - +my. Assume that P = Py +- .-+ P, is the poset given by the disjoint
sum of posets P; whose underlying set and order relation are given by

[m] x {j} = mi19 U Um0,
m'r']-(j) :{(ml+"'+mr—1+13.j)7"'a(m1+"'+mr—1+m7“7j)}7
a <p, b & ac m,-l(j), be msl(j) for some 7, s with 1 <r < s <t

(cf. (2.4)). Such a P will be called a generalized Niederreiter—Rosenbloom—Tsfasman poset
for the reason to be explained below.

Let wp be the corresponding P-weight. Namely, for w in the space F;**™ of all m x n
matrices over Fy, wp (u) is defined to be the cardinality of the smallest ideal containing the
support of u (cf. (2.1)). Then wp is nothing but the Niederreiter-Rosenbloom—Tsfasman
weight for m; = -+ = m; = 1 (cf. [§], [23], [31], [32]), while it is the P-weight corre-
sponding to the weak order poset for n = 1 (cf. [T6HIS], [20], [21]).

Assume for the moment that P is any poset on [m]. Then it has been shown that
(1) P is a weak order poset on [m] < (2) (P,P) is a weak dual MacWilliams pair
(wdMp) <« (3) the group Aut(FF;*,wp) acts transitively on each P-sphere Sp(i) =
{z € F | wp(z) = i} (0 < i < m) & (4 & = (F\R = {Ri}]%,), with
(r,y) € R; & x —y € Sp(i), is a symmetric association scheme. Here P is the dual
poset of P; (P,P) is called a wdMp if the P-weight distribution (enumerator) of C
uniquely determines the P-weight distribution (enumerator) of C*, for every linear
code C in Fy'; Aut(Fy',wp) is the group of all linear automorphisms of Fy* preserv-
ing wp; and here Sp(i)’s are defined for any P, but they are the orbits under the ac-
tion of Aut(Fy',wp) on " if P is the weak order poset. (1)=-(2) is shown indepen-
dently in [I6] and [21], (2)=-(1) in [21], (1)=-(3) in [I6], (3)=(1) in [I7], and (1)<(4)
in [22].
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The main purpose of this paper is to generalize the above results to the case of
generalized Niederreiter—Rosenbloom—Tsfasman posets. Our main result is the following

theorem.
THEOREM. Let P =P +---+ P, be the poset given by the disjoint sum of posets P; on
the underlying set [m] x {j}, for j =1,...,n. Assume further that P is not an antichain.

Then the following are equivalent:

(1) P is a generalized Niederreiter—Rosenbloom—Tsfasman poset.

(2) (P,P) is a weak dual orbit pair.

(3) The group G = Aut(Fy ", wp) acts transitively on each set Op(B) C Fy*"
(B € Im,n/Sn)-

(4) Xp = (FZ]"X”7RP = {RP,B}ﬁEIm,n/Sn)i with (x,y) S Rp’ﬁ & T — Y € Op(ﬁ)
(B € In.n/Sn), is a symmetric association scheme.

Here P is the dual poset of P just as before, (P,P) is a weak dual orbit pair if
the P-orbit distribution {|Op(8) N Cl}ser,, /s, of C uniquely determines the P-orbit
distribution {|Op(8) N C*|}ser,, /s, of C* for any linear code C C Fy*", and
{0p(B)}sernnss, 10p(8)}ser,,../s, are certain partitions of Fy'*™; they are respec-
tively the orbits under the action of G and G = Aut(F;"*",wp) on F**" if P is a
generalized Niederreiter—Rosenbloom—Tsfasman poset.

The proofs of (1)<(3), (1)<(4), (2)=(1), (1)=(2) will each occupy one chapter. The
proofs for (2)=-(1), (3)=(1), and (4)=(1) are very similar to one another in spirit, while
(1)=(3) is trivial. (1)=-(4) is a special case of Theorem 3.1, which says that, for any poset
P on [N] and a subgroup H of Aut(F}, wp) containing the involution + € Aut(F)) given
by u — —u, and the orbits {On,;}¢, under the action of H on FY, with Oy, = {0},
Xy = (FéV7RH = {Ru.}L,), with (z,9) € Rg; & v —y € Op,, is a symmetric
association scheme. This gives a general method of constructing association schemes,
even though its proof is easy.

The proof (1)=(2) requires a longer explanation. We will show that G'=Aut(F;**", wp)
= QP" xy Sy, (cf. (417)) when P = Py 4 --- + P,, is the generalized Niederreiter—
Rosenbloom—Tsfasman poset with ¢ > 1 (i.e., P is not an antichain). From the three
naturally arising subgroups H, K, L (cf. (4.18)) of G, and G itself, we will construct
the corresponding association schemes Xpg, Xk, X and Xp. To show (1)=(2), we
only need to consider Xp, which coincides with the ordered Hamming scheme [25] for
my = --- = my = 1. Borrowing some idea from [25], we compute the usual parameters
of the association schemes such as the adjacency matrices, the irreducible idempotents,
g-numbers, and p-numbers. Further, we will show that (F;"*", Rp = {Rp s}ser,,../5,)
is isomorphic to &P, where the former is the scheme corresponding to G and the lat-
ter is the dual scheme to AXp. Similar results also hold for the subgroups H, K, L of G.
These results rest on Theorem 3.3, which gives some equivalent conditions for such an
isomorphism to exist. Delsarte’s well-known result (cf. (3.12), (3.13)) can now be in-
voked in order to get MacWilliams-type identities for linear codes in the association
schemes Xp, Xy, Xk, and Xy, and thus, in particular, the proof for (1)=(2) will be
completed.
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2. Preliminaries

Let F, be the finite field with ¢ elements, and let P = ([N], <) be a poset on the underlying
set
[N]={1,...,N}

of coordinate positions of vectors in IE‘(]IV . For any such poset P, the P-weight wp(u) of
u € FY is defined in [4] to be

wp (u) = [(Supp(w))|,

where
(Supp(u)) = {j € [N] | j <4 for some i € Supp(u)} (2.1)

is the smallest ideal (a subset I of [N] is an ideal if a € I, b < a = b € I) containing
Supp(u), with
Supp(u) = {i € [N] | u; # 0}.

Then one shows that wp(u) > 0 with equality if and only if u = 0, wp(u) = wp(—u),
and wp (u+v) < wp(u) +wp(v), for all u,v € FY, i.e., dp(u,v) = wp(u—v) is a metric,
called the P-metric.

A linear code C of length N over F, equipped with wp is called a linear P-code (or
a linear code on P) of length N over F,. In particular, the space IF(]]V equipped with wp,
denoted by (Fé\’, wp), is called a P-weight space. If P is an antichain, then wp = w is the
Hamming weight and (Fév,w) is the Hamming space. By a linear automorphism of IF,]]V
preserving wp we mean a nonsingular linear map ¢ of Fév satisfying wp (du) = wp(u),
for all u € Fév . The group of all such automorphisms will be denoted by Aut(IFf]V , WP ).

Let n,my,...,m; (¢ > 1) be positive integers with m = m; + - -+ + m;. For each j
(4 € [n]), let P; be the poset whose underlying set and order relation are given by

[m] x {j} = mi19 U um19),
me19) = {(my 4+ 4+ me14+1,5),....(m1+ -+ M1 +my, j)}, (2.2)
a <p, b & ac mrl(j), be msl(j) for some r,s with 1 <r < s <t.
Also, let Py be the poset whose underlying set and order relation are given by
[m] =mi1U---Uml,
ml={mi+- - 4+me—1+1,...om +--+m._1+m,},
a<p, b & ae€m,1,b€ m,l for some r,s with 1 <r < s <t.

Then Py, Py, ..., P, are all isomorphic to one another under the obvious maps.

Unless otherwise stated, for the rest of this paper, P = Py + - + P, will denote the
poset given by the disjoint sum of the posets Py, ..., P, defined in (2.2). In more detail,
P is the poset on the underlying set [m] x [n] of indices of matrices in Fy**", with the
order relation given by

a<pb < aem19 bemy1Y for some r,s, ] (2.4)

with 1 <r <s<tandjé€n]
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In accordance with the poset structure of Py, we write

Fir=F"o---oF", z=(z1,...,7), 2, €FJ'", forzeF, (2.5)
so that x, is the rth block of coordinates of z. If, for x = (x1,...,2¢) € F}, s is the
largest integer with x4 # 0, then

s—1
wp, (.’L‘) = w(‘rs) + Zmra (26)
r=1
where w(z) is the Hamming weight of x¢ (cf. (2.1), (2.3)). The map
7 ¢ (B, wp,) — (FI U wp ) (2.7)
given by (z1,...,@m) = "z1 -+ @p] = Y@y -+ Tmy] is an isomorphism of weight

spaces, i.e., 7; is an isomorphism of vector spaces and wp, () = wp, (7;z) for all x € Fy’
(cf. (2.2), (2.3)).
For u = [u' --- u"] € FJ"*™, with 4 the jth column of u,

wP(u) = prj (uj)v (28)
=1

and we set 4
wj(u) =wp,(w) (j=1,...,n), (2.9)
so that

wp(u) = Z w;(u). (2.10)

wp will be called the generalized Niederreiter—Rosenbloom—Tsfasman weight.
Whenever it is convenient, we will view F;**" as

mxn mXx1
Fron = [T Fe (2.11)
=1
So, for w',...,u™ € Fy™™, [u' -+ w"] = u € F;**", and we may still write wp(u) =
Z?Zl w;(w) with w;(u) = wp,; (u?).
REMARK 2.1. (1) If my =--- = m; = 1, wp is the well-known Niederreiter—Rosenbloom—

Tsfasman weight (cf. [8], [31], [32]).
(2) If n = 1, wp is the P-weight corresponding to the weak order poset P (cf. [T6HIS],
[20], [211).

A indicates the transpose of the matrix A, and S(Y') denotes the group of all permu-
tations of the set Y. Also, we denote by P the dual poset of P having the same underlying
set as P but with the reversed order relation.

3. Construction of association schemes
Here we will first briefly go over some basic facts about association schemes (cf. [2], [3],

[6] for details) and then prove Theorem 3.1 about how to construct association schemes
associated with subgroups of the full automorphism group. Finally, we will show Theo-
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rem 3.3 giving some equivalent conditions for the existence of an isomorphism between
the scheme associated with the automorphism group for the dual poset P and the dual
scheme to that for the poset P.
A pair (X,R = {R;}L,) consisting of a finite set X and d + 1 subsets of X x X is
called a d-class (symmetric) association scheme if
(i) R ={Ro, R1,...,Raq} is a partition of X x X
(ii) Ro = Ax = {(z,2) | z € X},
(iii) R; ='R; for i = 0,1,...,d, where 'R; = {(x,y) | (y,7) € R;}, (3.1)
(iv) for any 4,4,k (0 <1i,7,k < d), there are numbers pfj such that, '
for any (x,y) € Rk, the number of z € X with (z,2) € R;
and (z,y) € R; equals pfj.
Let A; be the adjacency matrix of R;, fori = 0,1,...,d. Then Ay, Aq,..., A4 generate
a (d + 1)-dimensional commutative algebra over the reals under the usual multiplication
of matrices, which is called the Bose—Mesner algebra of X = (X, R) and denoted by .A.
The algebra A has a basis of irreducible idempotent matrices Ey, E1, ..., Eg4, uniquely
determined (up to ordering) by the conditions:

(1) EkEl = 5klEk for 0 < k,l < d,

. d

(i) YO F = T, (3.2)
(iii) Eo, En,..., E4 are linearly independent over the reals.

These two bases are related by

d d
1
A5 = E pijEi,  Ej = @ E qij Ai-
i=0 i=0

pij’s and ¢;;’s are respectively called the p-numbers and g-numbers of X = (X, R), and
(pij) and (gi;) the first and second eigenmatrices of X. Further, they satisfy (p;;)(qi;) =

(4i;)(pij) = | X|I.

Now, let X = (X,R = {Ri}fzo) be a translation association scheme, i.e., X is a d-
class association scheme, (X, +) is an abelian group, and (z,y) € R; = (z+2,y+2) € R;
for all z€ X and ¢ (0 <i <d). Then

X;={reX|(0,2)eR} (0<i<d (3.3)
gives a partition of X, and
(zy)eR & y—zeX; (0<i<d).

The dual association scheme X* = (X*,R* = {R{}L,) of X = (X,R = {Ri}%,)
consists of the group X™ of characters on X, together with the d+1 classes R} determined
by

(v.¥) € R & ox' € X]. (3.4)

Here
X7 ={xeX" | Eix=x}, (3.5)

where x is viewed as a column vector with the zth entry given by x(z) (z € X).
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Then the idempotents, p-numbers and g-numbers can be expressed in terms of char-
acters:

1
Jo — tx .
XGX]’.*
Dij = Z x(xz) for x € X7, (3.7)
reX;
gij = Z x(z) forzelX; (3.8)
xEX;‘

(cf. (3.3), (3.5)).

Let Y be an additive code of the translation association scheme (X, R). This means
Y is just a subgroup of (X, +). The dual Y of Y is the additive code of (X*,R*) given
by

Y9={xeX*|x(z)=1foralxz €Y} (3.9
The weight distributions of Y and of YO are respectively defined by
(@i(Y) =Y N Xil)io, (3.10)
(ai(Y?) = [Y° N X7 ()io- (3.11)
Then the generalized MacWilliams identities of Delsarte say that
1
(a;(Y))j=0 = m(ai(Y))?:o(qm)» (3.12)
1
(a;(Y))j=o = W(ai(Yo))?:o(Pij) (3.13)

Let P be any poset on [N], and let H be a subgroup of G = Aut(]FfIV, wp) containing
the involution ¢ € Aut(F}) given by

L(Uh...,’u,N):(—’U,l,...,—’U,N). (314)

Let {Op,i}{_, be the orbits under the action of H on FY, with Op ¢ = {0}.
The following theorem provides us with a general method of constructing symmetric
association schemes.

THEOREM 3.1. Xy = (FY,{Rp}l_y) is a symmetric translation association scheme.
Here the classes Ry ; are given by

(Q?,y) ERH)Z‘ < r—YyeE OHJ‘ (iZO,l,...,d). (315)

Proof. (i), (ii) of (3.1) are clear. As v € H (cf. (3.14)), u € On,; = —u € Op 4, and hence
we have (iii) of (3.1). So we only need to show that given any k,4,j (0 < k,4,j < d) and
z,y,x,y € IFfIV with ¢ —y € Ogp, 2’ —y' € On i, we have

‘{ZGF(J]V|Z‘—Z€OH,i,Z—yEOH,j}‘=|{Z€F(JZV|$/—ZEOH7i,Z—y/€OH,j}‘.
Put u =2 —y, v =2’ —3'. Observe that the map
{z|z—2€0u,,2—y€0n,}—{z|u—2€0u,;, z€0n,} (3.16)
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given by z — 2z — y is a bijection. As this holds with x,y,u respectively replaced by
z',y', v, we only need to show that

H{z|lu—2€0n,, 2€0u}={z|v—2€0ny, z2€On;}l.

As the action of H on each orbit Op ; is transitive and u,v € Op i, there is ¢ € H such
that ou = v. Now, the map

{z|u—2€0n,;, 2€0n,} >{2|v—2€0n,, 2€On;}
given by z — o0z is a bijection. =

REMARK 3.2. (1) Let H be a subgroup of G = Aut(F}’, wp). Then we will index by H
everything related to H, such as the orbits under the action of H on IF(]]V , the association
scheme related to H, and parameters of the association scheme like adjacency matrices,
irreducible idempotents, p-numbers and g-numbers, etc., but objects related to G itself
will be indexed by P.

(2) One could construct, in the same manner as above, association schemes for any
subgroups of Aut(FY), not just those of Aut(F),wp). However, it seems that the asso-
ciation schemes constructed from subgroups of G are more interesting.

Two d-class association schemes (X, {Rx;}L ) and (Y,{Ry;}L ) are isomorphic if
there exists a bijection 7 : X — Y such that

(z,y) € Rxi < (7(2),7(y)) € Ry,

for i = 0,1,...,d (after renumbering Ry 1,...,Ry,q). In particular, two d-class transla-
tion association schemes (X, {Rx;}¢ ) and (Y, {Ry,}{_,) are isomorphic if there is an
isomorphism 7 : X — Y of groups such that

reX;, & 71(x)€Y; (3.17)

for i =0,1,...,d. Here X; = {z € X | (0,z) € Rx;} and Y; = {y € Y | (0,y) € Ry},
fori=0,1,...,d. In case two d-class association schemes are isomorphic, we may assume
that all the parameters of the schemes are the same.
Recall from [I6] that the orbits under the action of Aut(Fy',wp,) on Fy' are the
Po-spheres
Sp, (i) ={u € Fy" [wp,(u) =i} (i=0,1,...,m).

Let Xp, = (F;",Rp, = {Rp,.i}io) be the association scheme constructed as in The-
orem 3.1, ie., (z,y) € Rp,; & = —y € Sp,(i) & wp,(z —y) = i. Let Ap, =
(]FE]”]X“ }, {Rp,,i}i%0) (7 € [n]) be the analogously constructed association schemes. Then
Xp, = (F', Rp,) = Xp, = (IE‘t[zm]X{j},Rpj) given by 7; in (2.7) on the underlying sets is
an isomorphism of schemes. So we may assume that all the parameters for the schemes
Xp,, Xp,,...,Xp, are the same.

Let A be a fixed nontrivial additive character of F,. Then the group of characters of
FY is given by {A; | # € FY'}, where A.(y) = A(z - y), with z - y the usual inner product
of x andyinFéV.
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THEOREM 3.3. Let P be any poset on [N], H a subgroup of G = Aut( wp) containing
the involution « € Aut(FY) (cf. (3.14)), and let {Op }i_ be the orbzts under the action
of H on IF , with O o = {0}. Also, let H be a subgroup ofG Aut( wp) containing

the mvolutzon t, and let {(’)Hl o be the orbits under the action of H on FY, with
Og o = {0}. Then the following are equwalent.

(1) (X =F Ry = {Rpto) = (X5 Ry = {Rjy;}io) given by & — Ao is an
isomorphism of translation association schemes.

(2) We have
€0y, & A\ €Xjy, (ch (3.15)) for j=0,1,....d. (3.18)
(3) The elements
Z ANde  (G=0,1,...,d)

are the irreducible idempotents for the association scheme Xy = (X = FN Ry =

{Rmi}io)-
4) fj: X — C given by

Z AMa - x)

wEOFI,j
is constant on each O ; (1 =0,1,...,d) for all j =0,1,...,d.
Proof. (1)=-(4). As (1)<(2) by definition, (3.18) is satisfied. Then, from (3.8),

qH,ij = Z Ma-z) forae€Ogyy

J)EOH‘j

is the g-number of X, and hence is constant on each O ;.
(4)=(3). Let 3 co, Aa-x)={qn,; for a € Op,;. Then

Z AN, = |X|ZqH”AHZ, (3.19)

xGOHJ
and hence (3.19) belongs to the Bose-Mesner algebra of the association scheme Xp. Set
Z A Ae,  i=0,1,...,d.
mGOHJ

We need to show conditions (i)—(iii) of (3.2). One can see that

(EwiBuj)a = 5 > ol Auhy- (3.20)
IGOH,
yeOy
Note here that
5 0 T Fy
Xy = Mz (y—2x)) = { ’ ’ (3.21)
’ ZF:N (X[=q¢", z=y.
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Thus (3.20) equals
0 if £ 7,
Z Mz - (a—0b)) = (Bgi)ap, ifi=j.

erH

This shows condition (i) of (3.2). Next, (ii) is easy to see. Finally, assume that Zz 0B
=0 (o; € R). Then o;E; = 0 for all i, by (i). So it is enough to see that Ep,; # 0 for
all 7. In view of (3.21),

_ Az, €Oy .,
Em ) = L (3.22)
07 €T ¢ Oﬁ,j’
and hence, in particular, £ ,; 7 0.
(3)=(2). By (3.22) above,
€0y, & Eujdi=X e & A€ Xp

(2)=(1). This follows from the definition, as noted above. m

4. Automorphism group and orbits

Let e;; € Fy**™ be the matrix with 1 at position (4,7) and 0 elsewhere, so that {e;; |
i € [m], j € [n]} is a basis for Fy**".
REMARK 4.1. (1) For i € [my +---+my]\ [m1+---+my_1], j € [n], we have w;(e;;) =
my+---+my_1+1, and wj (e;;) = 0 for j' # j. So wp(e;5) =my + - +my_1 + 1.

(2) Let w € F**", j € [n]. Then w;(u) < my + -+ +my < Supp(u) N (Im] x {j}) C
[my + -+ 4+my] x {j}. In particular, w;(u) = 0 < Supp(u) N ([m] x {j}) = 0.

(3) For I € [t], put

Hl:<6¢j |i€ [m1+~-~+ml],j€ [TLD (41)

Then, in view of (2) above, we have

ue H & wj(u) <mqg+---+my for all j. (4.2)

LEMMA 4.2. Let ¢ € Aut(Fy**", wp). Then ¢(H;) C H; (cf. (4.1)), and ¢|n, : Hy — H,
is a linear automorphism of H; (I € [t]).

Proof. Assume, on the contrary, that ¢(H;) ¢ H; for some [. Then there are i €
[mi+---+my], j € [n] such that ¢(e;;) ¢ H;. Then, by (4.2), w;(¢(e5)) > ma+---+my+1
for some j, so that wp(¢(e;;)) > mi + --- + my + 1. However, by Remark 4.1(1),
wp(eij) <my+---+my_1 + 1. This is a contradiction. =

LEMMA 4.3. Leti € [my+---+my]\[mi+---+m_1], j € [n], and ¢ € Aut(F;"*", wp).
Then

wi(P(eiz)) =mi+---+my_1+1  for somek € [n],
wi (P(ei;)) =0 for all k' € [n] with k' # k.
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Proof. By Remark 4.1, wg(¢(e;;)) < mq + --- + my_1 + 1 for all k. Suppose that
wi(é(eij)) < mq+---+my_q for all k. Then, by (4.2), ¢(e;;) € Hi—1. So, by Lemma 4.2,
there is w € H;_; such that ¢(u) = ¢(e;;). Now, ¢(u — e;5) = 0, but wp(u — e;5) >
my + -+ my_1 + 1, which is a contradiction. m

COROLLARY 4.4. Let ¢ € Aut(Fy"*" wp), i € [my+---+my]\[mi+---+my_1], j € [n].
Then there exist i’ € [mq + -+ +my] \ [m1 +--- +my_1] and j' € [n] such that
my+-t+mp_q
Ble) = alewy + Y (Fieny (4.3)
k=1

for some al € Fx, (T5)ki € Fy.

Unless otherwise stated, from now on we will assume that t > 1. This means that P
is not an antichain.

LEMMA 4.5. Let ¢ € Aut(Fy"*" wp). Then there exist e S(my + - 4+ my) \
[mi+ - +m_1]) (I € [t],j € [n]) and o € S, such that, for all i € [mq + ---
+my] \ [m1+---+my_1] and j € [n],
mi+-+mp_a
$leig) = aley,mt D (Flkicko() (4.4)
k=1
for some al € Fx and (7)) € Fy.

Proof. We first show the assertion for [ = 1. By Corollary 4.4, o(e;) = CL161/ for some
1 € [my], j' € [n], and o) € FX. We claim that, for all i € [m1], ¢(ei;) = ajeq ;o for some
aj € IFX, € [m4]. The point here is that j' depends only on j and not on i. Suppose
that, for some i € [mi], d(ei;) = aleyjn with some 57 € [n], j” # j'. Then we consider
U = e1;+ €5+ €m,+1,;- Note here that the assumption ¢ > 1 is used and wp(u) = mq +1.
By (4.3), we have

mq

o(u) = alay v+ al e o+ am1+1e(m1+1) 5+ Z k.(m1+1)€k;

k=1
for some (my +1)" € [m14+ma]\ [m1] and j € [n]. If j # 5" and j # j”, then wp(¢(u)) =
my + 3. On the other hand, if j = j/ or j = j”, then wp(¢(u)) = m; + 2. In any event,
this is impossible.

So far we have shown that, for ¢ € [m4], j € [n], there are i’ € [m1] and o(j) € [n]

such that ¢(e;;) = ajezfg( ) Now, we will show that o € S,, and the assignment 7 + 4’,
denoted by g7, is a permutation in S([m]) = S,,,. Assume that

dle1;) = alev oy, dleir) = aker o)

with j # k and o(j) = o(k). Here 1'(j),1'(k) € [m1] depend respectively on j and k.
Then

oM dlevow) = €15, ¢ (afer o) = €1k
Certainly, 1'(j) # 1'(k), and, to derive a contradiction, one can consider the vector
u = a]lelf(j)g(j) + a’felf(k)g(k) + €mi+1,0(j), Just as at the beginning of this proof. Thus
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o € S,. Let j be fixed, and assume that
dleis) = Giepiwoty  Plers) = Ueswot)

with 7 # k and 7 (i) = pl(k). Then wp(ale;; — aler;) = 2, but ¢(ale; — aler;) =
al¢(ei;) — ald(ex;) = 0, a contradiction.

Next, we assume that [ > 1. By Corollary 4.4, there exist ¢’ € [mq + -+ + my] \
[mi+ -+ +my_1] and j' € [n] such that

. mi+-t+mp—1
dleig) =alewy+ Y (F)kiery
k=1
for some al € Fx and (7j)g; € Fy. Then j° = o(j) for the o € S, appearing in the
I =1 case. Assume, on the contrary, that j # o(j). Then we consider ej; + e;;. We have
wp(elj + eij) = m + L + mp_1 + 1, but
, my+-+mp_q
dler +eij) = afey 1o Faley + Y (Fuieny
k=1
has P-weight mq + -+ +my;_1 + 2, a contradiction. So
) mi+-tmyp_q
Pleij) = aleyq(j) + Z (Tj)ki€ko(j)-
k=1

It only remains to see that i — ¢’, depending on j and denoted by ,6{ , is a permutation
in S(fm1 + -+ +my] \ [m1 + -+ my_1]). This can be proved in the same manner that
we used to show p] is a permutation. m

For any m x m matrix X over a field, let »X (resp. X”) denote the matrix obtained
from X by permuting the rows (resp. columns) of X according to p € S,,. Soif X1,..., X,

(resp. X1,..., X™) are the rows (resp. columns) of X, then
Xp-1)
PX — : . XP = [X/fl(l) X/fl(m)].
Xp=1(m)

Then we have the following lemma whose proof is elementary.

LEMMA 4.6. Let X, Y be m X m matrices over a field, and let p,p € Sy,. Then, with
1 =1,,, we have the following.
(1) PX =r1X, XP = X17.
(2) H(PX) =FPX, (XP)H = X1P.
(3) P117 =1, (1)t =1 = 9711, (1)L =r1 =17
(4) PXPY = PH(X,Y), XPYH = (XY, )0
Here X, = WX1RT L In addition, for X = diag{z1,...,xm}, we have X, =
diag{xﬂ(l), N ,Iﬂ(m)} and (XM)P = Xup'

We write, for b= (b1, ...,bm) € (F;)™

diag b = diag{by, ..., by}

1
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For p1 € Spys--spt € Smyy ar € (FX)™, 00 ap € (FX)™, let Iy, a1),....(ps,a,) D€ the
block diagonal matrix given by
/i (diagay) --- 0
l(Pl,al) ..... (perae) = . , (45)
0 oo Pr(diag ay)

and let M be the group of all such matrices so that

ayp € (FX)™ ... ap € (FX)™
M=Mp,. . ..;m =3 pra)....(or.a a a . 4.6
Tyees { (p1,a1),---,(pt,ar) p1 € Smla---7pt c Smf, ( )
One can show that
T (Smy 0, (F)™) X - X (S, g, (F7)™) = M (4.7)
given by
((p1,01)s -5 (peyae)) = Lpyar),s(pisar)
is an isomorphism. Here 0; : S,,, — Aut((F,)™7) is given by
p—(a—0bi(p)a=ap),
where a, = (a,1), .-, p(m;)) for a = (a1,...,an,). Also, let U be the unipotent radical
of a maximal parabolic subgroup of GL(m, q) given by
1, * * *
0 1, *
U= Uml,mg ..... my — 0 0 . (48)
: 1, , *
0 0 0 Lin,
Put
QP = QPml,A..,mt =M x U, (49)
QP =QP,,, . m =MxU, (4.10)

where M, U are as in (4.6), (4.8), and U = Uy, ms.....m, is the opposite unipotent radical
obtained by transposing all the elements in U. Then, transposing everywhere, we have
shown in [16] that

Aut(F", wp,) = QP. (4.11)

Here we view the elements in Fi* as column vectors.
The group QP™" given by the n-fold direct product of QP acts on F;"*" as

Tu = [rnu' - U,

where 7 = (71,...,7,) € QP" and u = [u' --- w"] € FJ"*". The map u ~— Tu is in
Aut(Fy*"™, wp). In fact, for all j,

wj(tu) = wp, (tju’) = wp, (v/) = w;(u) (4.12)
(cf. (4.10)). Also, note that the map

QP™ — Aut(F"* ", wp) (7 (v Tu))
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is injective; the map u — 7u will simply be denoted by 7, and QP"™ will be identified
with its image.

The group S, acts on Fj"*" as

ou = [ugil(l) . uail(")L
where 0 € S, u = [u' --- u"] € F"*™. The map u +— ou is in Aut(F}"*", wp). Again,
Sp — Aut(F"" wp) (0 (v ou))

is injective, the map u — ou will be denoted by o, and S,, will be identified with its
image.

Let ¢ € Aut(F;"*™, wp), and assume that the images ¢(e;;) are as in (4.4). For each
J € [n], define 7; € F7"*™ as follows. It is given by (7;)x; for I € [t], i € [mq + -+ +my] \

[my +---+my_1], k € [m1+---+my_1], and 0 elsewhere. So 7; is a block strictly upper
triangular matrix. Also, for each j € [n], we put

bj =(a j,..., ml) eF™,

bJ (a m1+17""a277«1+m2)€F2n27

bj = ( m1+ tmy_ 41000 7aZﬂ1+'“+mt—1+mt) € FZ%,

b =g i), ety (cF (4:5)), (4.13)

where p{ is the permutation in S,,, uniquely determined by
p{(z) +my+-+Fmp :ﬁ{(ierl +--4+my_q) fori € [my.
Finally, for j € [n] we let
T =1l; +7; € QP. (4.14)

Now, for u ="

mXn
ij Wij€ij EIF ,

u) = Z uijo(eiz)

mi+-+mi_1+my ] n m m
vy oy @ty a0 T 20 D (ki) enaty
j=11=1i=mq1+---+m;_1+1 j=1k=1 i=1
= D> G hkeno) + Y D (Ful hwero(s)
j=1k=1 j=1k=1

I
M3
NE

(rju))keroy  (cf. (4.14)),

<
I
—
bl
I
—

where [; is as in (4.13), and (*); denotes the kth component of (x). Let

T = (To-1(1)s -+ To-1(n)) € QP". (4.15)
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Then

1 —1
To(u) = [T,-1(1yu” M ... To—1(n) U’ ()]
n m . n m
= (-1 gyu” Dhkens = 32 3 (750 ko)
j=1k=1 =1k=1
Thus ¢ = 70 for 7 = (T,-1(1),- -+, To-1(n)) € QP" (c . (4.14-15)) and o € S,, (cf. (4.4)).
So

Aut(Fy"", wp) = QP" - S
Also, for o € Sy, (71,...,7) € QP",
-1

O.(Tlv"wT’rL)O' = (Td’l(l)v"w’ra’*l(n))a

and hence
QP™ < Aut(Fy"™", wp).

Finally, for example, by using (4.12), it can be shown that
QP" NS, ={id}.
Thus we have shown that, for t > 1,
QP" xy Sp — Aut(F"", wp) ((1,0) = T0)
is an isomorphism, with
Y Sy = Aut(QP") (0= (7= (T1,...,Tn) = (To-1(1)s -+ s To-1(n))))- (4.16)

If t = 1, P is just an antichain. Our results so far are summarized in the following
theorem.

THEOREM 4.7. Let P be the generalized Niederreiter—Rosenbloom—Tsfasman poset
(cf. (2.4)). Then

QP" xy S, if t>1,
(FX)™ %19 Sy if £ = 1.

Here QP is as in (4.9) (cf. (4.5-6), (4.8)), ¢ is as in (4.16), and 0 : Sy, — Aut((F;)™")
is given by

Aut(Fy"", wp) = { (4.17)

p=(a= (a1, .., amn) = 0(p)a=a, = (ay1,- - Ap(mn)))-
REMARK 4.8. (1) The above theorem for n = 1 was proved in [16], while that for
my =---=my; =1 was shown in [23].
(2) The two groups QP" Xy S, with t = 1 and (Fy)™" g Sy, are not isomorphic
unless m =1orn=1.

Let H, K, L be the subgroups of G' = Aut(F**",wp) given as the respective images

of
(m((Fg)™ x - x (Fg)™) x U)",

QP", (4.18)
(m((Fg)™ x - x (Fg)™) < U)™ xy Sy,
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(cf. (4.7), (4.9)) under the isomorphism
QP" Xy Sp — Aut(Fy" ", wp).
Also, we let H, K, L be the subgroups of G = Aut(F7 " wp) corresponding to H, K, L
respectively. In more detail, for ¢ > 1 one shows that
(QP)" X S — Aut(F ™ wp)  ((1,0) = T0) (4.19)
is an isomorphism, where ¢ : S, — Aut(QVPn) is the map defined similarly to (4.16)
(cf. (4.10)). Then H, K, L are respectively the images of
(r((F)™ x - x (FX)™) % O)",
QP", (4.20)
(m((F5)™ x - x (FF)™) ) U)" 31y Sy,
(cf. (4.7), (4.10)) under the isomorphism (4.19). Note here that the involution ¢ €
Aut(Fy*™) given by t(u;j) = (—u;;) belongs to H, K,L,G,H,K,L,G.
Let
I=Ih,n={=1,...,0,) €Z"|0< B; <m, j € [n]}. (4.21)
S, acts on I as

O'B = (Boh .. 7ﬂan) (422)
for o € Sy, 8= (B1,...,8n) € I. The set I, /Sy, of orbits can be identified with

For 8 € I, n/ Sy, the stabilizer ST(LB) of A is
SV ={0 € Su| 0B =B} = Sny X Sny X -1+ X S,
where ng, =ni(8) = [{i € [n] | Bi = k}| (0 <k <m).

For convenience, we put

w0, 1} ifl=1,
{0.1p" = {{0, 1A {00} if1<i<t, (4.23)

where 00) is the all-zero vector in {0,1}™; and
0,1}m if 1=t

{0,115 = 0.1y 1 ’ (4.24)
{0, 13\ {0W} if1<<t
Then we put

J=dmsrmem = = AW XY NG € {0,135 1; € [t], 5 € 0]}, (4.25)

J = Jos e = A= (), u @) | a0 € {0,110 45 €[], j € [n]}. (4.26)
S, acts also on J and J as

ox= (Al Ay gy = (pler) L pten)) (4.27)

for o € Sp, A= (AN, X)) e g = (u), . u)) € J. The respective sets
of orbits are denoted by J/S, and .J/S,. The stabilizers of A € J and of u € J are
respectively denoted by S and S{.
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For I € [t], AW, u® € {0,1}™, the fragments F(A®)) and F(u®") are defined by

FOWY = {Hzy - a4] € ]Fg"Xl | 2141 = -+~ = ¢ = 0, Supp(z;) = Supp(AD)}, (4.28)
F(u) = {'[z1 - @) € B @1 =+ = 21 = 0, Supp(z;) = Supp(p))}  (4.29)
cf. (2.5)). Viewing IFZ“VX" as Ty = [T Bt for A = (AW, ) € J and
p=(u"), ... ul)) € J we introduce the sets
Ou(\) = [[FOW). 05 = [T F(") (4.30)
j=1 j=1
(cf. (4.28-29)). Also, for A\ € J/S,, and pu € J/S,,, we define
0= | Oulon, 0= | Oulow (431)
o€Sn /S HESn /S
(cf. (4.27)).
For j € [n] and 0 < r < m, we put
Sp,;(r) ={u e ]Fg”Xl | wp, (u) =}, (4.32)
Sp,(r) = {u e ]F;"Xl | wp, (u) =r}. (4.33)

Then, for 8 = (51,...,0n) € I (cf. (4.21)), we let

Ox(8) = [ 5e,(8) = {u=[u" - w"] € By [ w;(u) = we, () = B, j € [n]},

= (4.34)
O (B) =11 5p,(8) = {u= [u' - u"] € TP [ j(u) == wp, (u!) = Bj, j € [n]}
= (4.35)
(cf. (4.32-33)). So they are products of spheres. Also, for 8 € I, /Sy, we put
op(B)= |J Ox(B), O0pB)= |J OxloB) (4.36)

€S, /5P c€S, /S
(cf. (4.22)).

ProproOSITION 4.9. Let P be the generalized Niederreiter—Rosenbloom—Tsfasman poset
(cf. (2.4)) with ¢ > 1 (i.e., P is not an antichain). Let H,K,L be the subgroups of
G = Aut(Fy*", wp) in (4.18), and let H,K, L be those of G = Aut(Fy" wp) in (4.20).
Then the following hold:

(1) The orbits under the action of H on Fy**™ are the Op(A)’s, where A € J (cf. (4.30),
(4.28), (4.25)). Those of H on =™ are the O (11)’s, where ju € J (cf. (4.30), (4.29),
(4.26)).

(2) The orbits under the action of L onFy**" are the Or(\)’s, where A € J/ Sy, (cf. (4.31),
(4.27)). Those of L on Fyr>™ are the O (1) ’s, where ju € J/Sn (cf. (4.31), (4.27)).

(3) The orbits under the action of K on Fy**™ are the O (B)’s, where 8 € I (cf. (4.34),
(4.32), (4.21)). Those of K on ™ are the O (B)’s, where 3 € I (cf. (4.35),
(4.33), (4.21)).
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(4) The orbits under the action of G on Fy**™ are the Op(B)’s, where 3 € I/S,
(cf. (4.36), (4.22)). Those of G on FI'™*™ are the Op(B)’s, where 3 € I/S, (cf.
(4.36), (4.22)).

5. Equivalent condition I (transitivity of actions)

Here the title of the chapter refers to the equivalence (1)< (3) in Theorem 8.7.

Let P; be any poset on the underlying set [m] x {j}, for j € [n], and let P =
P, +---+P,. Foreachje[n]and u=[u' --- u"] € F;"*", just as we did when P is a
generalized Niederreiter—-Rosenbloom—Tsfasman poset, we define

wy(u) = we, (w),  y(u) = wp, (u?), (5.1)
so that wp = w1 + -+ + Wy, wp = W1 + -+ + Wy,
Let I = I, be as in (4.21), and let S, act on I as in (4.22). Then, for § =
(B1,.-.,Bn) € I, we define
Sp(B)={u=1[u' --- u"] € IE‘;"X” | w;(u) = B}, j € [n]}, (5.2)
Sp(B) = {u=[u" -+ u"] €F" [ b;(u) = B, j € [n]}. (5:3)
For each g € I, Sp(B) and Sp(f) are not empty (see Remark 5.1(3)), and {Sp(8)}ger,
{Sp(8)}ser are partitions of F"*". Also, for each 3 € I/S,,, we put

op(B) = |J Se@p)., Op(B)= J Seloh) (54)
0€S, /S 0€S, /8P
Then obviously {Op(8)}se1/s,, {Op(8)}se1ys, also form partitions of Fy**™. Note here
that, when P is a generalized Niederreiter-Rosenbloom-Tsfasman poset, Sp(3)’s, Sp(5)’s
(B eI, Op(B)s, Op(B)s (B € I/S,) are respectively the orbits under the action of
K, K,G = Aut(F7*" wp), G = Aut(F™" wp) (cf. (4.34-36)). However, (5.2), (5.3),
and (5.4) are now defined for any poset P described at the beginning of this chapter.
Even so, we will call Op(8)’s the P-orbits and Op(3)’s the P-orbits.
REMARK 5.1. (1) If Supp(u) C P; for some j, then wp(u) = w;(u) and wg(u) = 0 for
all k # j. Note that wy(u) = 0 < Supp(u) NPy = 0. So, if wi(u) =0 for all k # 7, then
Supp(u) C P, and wp (u) = w;(u).
(2) Let us denote, by abuse of notation, the underlying set of the poset @ also by Q.
Define P;), : = 0,1,..., inductively as follows:
P(O) = P, P(z) = P(i,l)\min P(ifl) for 4 > 1.

Here min P(j) denotes the set of minimal elements in P(j). Then

Py 2Py 2Py 2+, Pu=minPyUPq. (i>0),
P(i) = U Pj,(i) (Z > 0), minP(i) = U minPjv(i) (Z > 0)
j=1 j=1

(3) Let @ be a poset on [N]. Then
Sq(r) = {u e Fy | wo(u) =1} #0
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for all r (0 <r < N). Indeed, Q = U;lzl min Q;), with all min Q ;) # 0, for some d > 0.
If we choose u € Fév with Supp(u) = Uf:_g min Q) US = I for a subset S C min @),
then I is an ideal of [N], and hence

e—1

wq(u) = Imin Q)| + |S| = [Supp(u)].

i=0
THEOREM 5.2. Let P = Py + --- + P, be the poset described at the beginning of this
chapter with P # minP. Then P is a generalized Niederreiter—Rosenbloom—Tsfasman
poset (cf. (2.4)) if and only if G = Auwt(Fy*", wp) acts transitively on each Op(j)

(B € Iy n/Sn) (cf. (5.2), (5.4)).

Proof. When P is a generalized Niederreiter—Rosenbloom—Tsfasman poset, Op(3)’s
(B € Ln/Sn) are the orbits under the action of G' on F;**", and so one direction is
clear. The other direction requires a lengthy proof.

some k. Note that wp(u) = 1 < [Supp(u) C minP, |Supp(u)| = 1]. So [Supp(u) C
min P;, |Supp(u)| =1, ¢ € G] = Supp(¢u) C min P (cf. Remark 5.1(2)). Next, we show
that [Supp(u) C minP;, ¢ € G] = Supp(¢u) C minP. For this, we may assume that
u # 0. Let Supp(u) = {(i1,7), ..., (is,7)} € minP;. Then we may write v uniquely as
U= vyt 40, vp € FIX0 Supp(uy) = {(ik, )} Now, ¢u = ¢vy +- -+ dv,, Supp(duy)
C minP. Thus Supp(¢u) € min P. Assume now Supp(u) C minP; with |Supp(u)| =b
and ¢ € G. Then u € Sp(0,...,0,b,0,...,0) (with b at the jth place), and so u € Op(5)
= Sp((b,0,...,0)) USp((0,b,0,...,0))U---USp((0,...,0,b)) with 8=(0,...,0,b). As
G acts transitively on Op () we have ¢u € Op(3), and so ¢u € Sp((0,...,0,b,0,...,0)),
with b at the kth place for some k. By Remark 5.1(1), Supp(¢u) C Pg. Then Supp(du) C
min P NP, = min Py.

STEP 1. Here we show that [Supp(u) € minP;, ¢ € G] = Supp(¢u) C minP;, for

STEP 2. Here we claim that |minP;| = --- = |minP,,| = m;. For this, we may assume
that
[minP;| < -+ < |minP,|.

Choose u € Fy**" with Supp(u) = minP,. Let |[Supp(u)| = b (> 1). Then u €
Sp((0,...,0,b)). Choose any v € Sp((b,0,...,0)). This is possible by Remark 5.1(3).
As G acts transitively on Op(8) (8 = (0,...,b)), and u,v € Op(f), there is ¢ € G
such that ¢u = v. By Step 1, we know that Supp(¢u) = Supp(v) C min Py, for some k.
As Supp(v) C Py by Remark 5.1(1), we must have Supp(¢u) C minP;. So |minP,,| =
wp(u) = wp(¢u) = |Supp(¢u)| < |min P4|. This shows our claim.

STEP 3. Here we show that, for each j € [n], [(i1,]) € minP; ), (i2,7) € minP;] =
(i1,4) >p, (i2,7). It is enough to show that [((i1,7))p,;| = m1-+1. Assume, on the contrary,
that |((i1,7))p,| < mi. Then choose ui,us € ™ such that Supp(u1) = {(i1,7)},
Supp(uz) € minPy, [(Supp(ui))p;| = [(Supp(uz))p,;| = b. Then ui,us € Op(B) with
B =(0,...,0,b). So there exists ¢ € G such that u; = ¢uz. Then {(i1,j)} = Supp(ui) =
Supp(¢us) € min Py for some k, by Step 1. This is a contradiction, since this implies
that (i1,j) € minPy NminP C Py Nmin P = ().
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These steps can be continued. In Step 4, one shows that [Supp(u) € minP; (1), ¢ € G]
= Supp(¢u) € min Py, (1) Umin Py for some k. In Step 5, by using Step 4 one shows
that [minP; ()| = --- = |minP,, (;)|. Again, by exploiting Step 4, in Step 6 one shows
that, for each j € [n], [(i1,7) € minPj (o) and (iz, j) € minP; )] = (i1,J) >p, (i2,])-
The details are left to the reader. By continuing in this fashion, we can show that P is a
generalized Niederreiter-Rosenbloom—Tsfasman poset. m

6. Equivalent condition II (association scheme)

Here the title of the chapter refers to the equivalence (1)< (4) in Theorem 8.7.

THEOREM 6.1. Let P =Py +--- + P, be the poset described at the beginning of Chap-
ter 5 with P # min P. Then P is a generalized Niederreiter—Rosenbloom—Tsfasman poset
(cf. (2.4)) if and only if Xp = (Fy*",{Rp g}ser,../s,) 15 a symmetric association
scheme. Here

(u,v) e Rpg & u—v e Op(P)

(ct. (5.2), (5.4)).

Proof. Assume that P is a generalized Niederreiter—Rosenbloom—Tsfasman poset. Then
the result follows from Proposition 4.9 and Theorem 3.1. The other direction needs a
lengthy proof.

STEP 1. Here we show that |minP;| = --- = |minP,| = my. Let |minPy| = I4,...,
lminP,,| = 1,. Let 1 < i < j < n. Choose uy,uz € "™ such that Supp(uy) C Py,
Supp(uz) € Py, [(Supp(u1))p,| = [{(Supp(uz))p,;| = m (cf. Remark 5.1(3)). Then u; =
up — 0, ug =us — 0 € Op(B) with 8 =(0,...,0,m). So we must have

H{v e F"" |up —v € Op((0,...,0,1)), v € Op((0,...,0,1,m))}| (6.1)
=[{v e Fy"" Juz —v € Op((0,...,0,1)), v € Op((0,...,0,1,m))}[.  (6.2)
Observe that u —v € Op((0,...,0,1)) & v = u — w with Supp(w) C min P, |Supp(w)|
= 1. Let v = w; — wy with Supp(w;) € minP, |Supp(wy)| = 1, so that u; —v €
Op((0,...,0,1)). Now, v = ug — w1 € Op((0,...,0,1,m)) = erSn/Sﬁfﬂ Sp(oB) with
B=(0,...,0,1,m) < Supp(w;) € min P\ min P; and |Supp(w;)| = 1. So the cardinality
in (6.1) equals (¢ —1)(I1 +---+li—1 + li41 + - - - + ;). Similarly, the cardinality in (6.2)
equals (¢ —1)(lh +--- +lj—1 + lj41 + --- + ;). This implies I; = [;. So we have shown
what we wanted.
STEP 2. Here we claim that, for each j, [(i1,7) € min P; (1, (i2,5) € minP;] = (i1, j) >p,
(i2,7). It is enough to show [((i1,7))p,| = m1 + 1. Suppose, on the contrary, that b =
[((i1,5))p,| < mi. Then 2 < b < my. Choose ui,uy € Fy"*™ such that Supp(ui) =
{(i1,5)}, Supp(uz) € min P, [(Supp(us))e, | = [(Supp(uz))p, |- Then uy = uy — 0, up =
uz — 0 € Op(B) with 8= (0,...,0,b). So we must have

{v e FV" |ug —v € Op((0,...,0,1)), v € Op((0,...,0,b4 1))} (6.3)
={v e F" |ug —v € Op((0,...,0,1)), v € Op((0,...,0,b+1))}. (6.4)
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Let v = w3 —wy with Supp(w;) C min P, |Supp(w)| = 1. Sous—v € Op((0,...,0,1)). Let
<(i1;j)>Pj = {(il,j), (ig,j), N (’Lb,])} with (ig,j), ey (ib,j) € min Pj. Then v = U1 —wq
€ 0p((0,...,0,0+1)) < Supp(w1) € minP; and Supp(w1) C ([ma]\ {32, ..., }) X {j}
Here we assumed that minP; = [my] x {j}. Thus the cardinality in (6.3) equals
(m1—b+1)(¢—1). Let v = ug —wsy with Supp(wz) € min P, |[Supp(ws)| = 1, so that ug —v
€ 0p((0,...,0,1)). Then v = ug —ws € Op((0,...,0,b+1)) < Supp(wz) € minP; and
Supp(ws) C [m1] x {4} \ Supp(uz). So the cardinality in (6.4) equals (m; —b)(¢—1). This
is a contradiction. These steps can be continued. We will briefly sketch the next two steps.

STEP 3. Let |minPy ()| = Il1,...,|minP, )| = [,. Let 1 < i < j < n, and choose

uy, ug € Fg*™ with Supp(u1) € Py, Supp(uz) € Py, [(Supp(ui))e,| = [(Supp(u2))p,| =
m. Then u; = u; — 0,us = ug — 0 € Op(B) with 8= (0,...,0,m). Then we must have

{v e F" |ur —v € Op((0,...,0,m1 4+ 1)), v € Op((0,...,0,m1 +1,m))}| (6.5)
={veF" " |ug —veOp((0,...,0,m;+1)), ve Op((0,...,0,m1+1,m))}[.  (6.6)

Proceeding as in Step 1, one shows the cardinality in (6.5) is (¢ — 1)(ls + - + lLi—1 +
liyi+---+1,)¢™, and that in (6.6) is (¢ — 1)(l1 + -+ i1+ L1+ -+ 1,)¢™ . Thus
li = lj, and hence min Py 1)| = --- = [minP,, ()| = ma.

STEP 4. Here we show that, for each j, [(i1,7) € minPj g), (i2,7) € minP; )] =
(i1,4) =>p, (i2, 7). It is enough to show that [(i1, j)p;| = m1 + ma + 1. Assume, on the
contrary, that [(i1, j)p;| < m1 +ma. Then [(i1, j)p,;| = m1 + b with 2 < b < my. Choose
uy,ug € FP*" such that Supp(ui) = {(i1,7)}, Supp(uz) € minP; (1), [Supp(uz)| = b.
Then [(Supp(u1))p,| = m1 + b = [(Supp(uz))p,|, and hence u; = uy — 0, uz = uz — 0 €
Op(B) with 8 =(0,...,0,m1 +b). So we must have

{v e FV" |ug —v € Op((0,...,0,my + 1)), v € Op((0,...,0,m1 +b+ 1))} (6.7)
= {veF " [ug—v € Op((0,...,0,m1+1)), v€Op((0,...,0,m1 +b+1))}. (6.8)
Then one shows that the cardinality in (6.7) is (mg — b+ 1)(q — 1)¢™*, and that in (6.8)

is (mg — b)(¢ — 1)¢™*. This is a contradiction. m

7. A half of equivalent condition III (wdop)

Here the title of the chapter refers to the implication (2)=-(1) in Theorem 8.7.
Let P = Py 4 --- + P, be the poset described at the beginning of Chapter 5. Then
we put, for any linear code C' C Fy**", and all 8 € L, n/Sn,

ap5(C) = |Op(B)NC|,  ap 4(CT) =[0p(8) N C|

(cf. (5.2), (5.4)). Here C* is with respect to the usual inner product u - v = Y u;;v;;
for u = (ui;),v = (vi;) € F*™. The pair (P, P) is called a weak dual orbit pair (wdop)
if the P-orbit distribution {ap 5(C)}ser,, /s, of C uniquely determines the P-orbit
distribution {ap 5(C*)}ser,, /s, of C*, for every linear code C C Fy**™. For the poset
P as above with P # minP, in this chapter and the next we will show that P is a
generalized Niederreiter-Rosenbloom-Tsfasman poset if and only if (P, P) is a wdop.
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REMARK 7.1. For u € F* ™,

u € Op((m,...,m)) < Supp(u) D minP. (7.1)
Indeed,
u€Op((m,...,m))=5p((m,....,m)) & wp (u')=m,...,wp (u")=m
& Supp(u') D max Py, ..., Supp(u”) D max P,
& Supp(u!) D min Py, ..., Supp(u")D min P,
< Supp(u) 2 min P.

Here max P; denotes the set of maximal elements in P; (cf. Remark 5.1(2)). The idea of
the proof of Theorem 7.2 originates from [21].

THEOREM 7.2. Let P = Py+---+P, be the poset described at the beginning of Chapter 5
with P # min P. If (P,P) is a wdop, then P is a generalized Niederreiter—Rosenbloom—
Tsfasman poset (cf. (2.4)).

Proof. We argue in several steps.
STEP 1. Here we show that, for each j € [n], [(i1,j) € minP; 1), (i2,j) € minP;] =

(i1,J) >p, (i2,7). Assume that [minP;| = Iy,...,|minP,| = [,,. We claim that, for
u € F*™ with Supp(u) € min Py,

g™ Pl Givides [{v € F>" [u-v=0,veO0p((m,...,m))} (7.2)

If u = 0, then the cardinality of the set in (7.2) is (g — 1)™n Plgmn=Imin Pl \in view of the
observation in (7.1), and we are done. So we assume that u # 0. Then we may assume
that

minP = {(1,1),...,(l1,1),(1,2),...,(2,2),...,(1,n),...,(,n)},
w=[ul - u"] with u¥ = 0 for k # j, v/ = *(a1,...,a4,0,...,0), where 1 < ig < I,
aj, € Fy (1 < j < idg). Now, one can see that the cardinality of the set in (7.2) is
|B|(q — 1)minPl=iogmn=|minP| (cf (7.1)), where
B = {(b17~"7bio) €]Féo |a1l)1 +"’+ai0bi0 :O, bj 7£0 for 1 S]S’Lo}

This shows our claim. It is enough to see that |(i1,j)p,| = [; + 1. Assume, on the
contrary, that b = |(i1,j)p,;| < l;. Then we choose u1,uy € Fy**™ such that Supp(u,)
= {(i1,4)}, Supp(uz) € minP;, [(Supp(u1))p,| = [(Supp(uz))p,|- Then (u1) and (uz)
have the same P-orbit distribution. Indeed, ap (... 0)((u1)) = ap (o,...,0)({u2)) = 1 and
ap (o,....00) ((u1)) = ap (o,..0,5)({u2)) = ¢ — 1. So the two sets

By = O0p((m,...,m))N{(u)* ={v e Fy ™ [v-u; =0, v € Op((m,...,m))}

={v e F"*" | v, j = 0, Supp(v) 2 min P},

By = Op((m,...,m))N (ux)* = {v e Fo " [v-uy =0, v € Op((m,...,m))}
have the same cardinality. As (i1,j) ¢ minP, |B;| = (q — 1)minPlgmn—|minP[=1 " Ag
qmnf\minP\HBﬂ by (72)’ and (qmn7|minP|7 (q _ 1)\minP\) =1, qmn7|minP\ divides
g~ minPl=1 - which is a contradiction.
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STEP 2. We show that |[minP;| = --- = |min P,,|. For this, we may assume that
[minP;| =1 < |minPy| =1y < - < |minP,| =1,.

Then we claim that [; > [,,. Assume, on the contrary, that [ < l,,. Choose us € quxn with
Supp(uz) = minP,,, and u; € F;**" such that Supp(u1) C Py 1y, [Supp(u1)| = I, — 1,
wp, (u1) = l,. Note that I, —1; < m —l; and such a choice of u; is possible in view
of Remark 5.1(3) and Step 1. Observe now that (u1) and (us) have the same P-orbit
distribution. Indeed, ap (o,...0)({u1)) = ap,(o,...0)((u2)) = 1 and ap (o,...0,1,,)({u1)) =
ap (o,....0,,)({u2)) = ¢ — 1. So the two sets

By = O0p((m,...,m))N{(u)t ={v e Fy" [v-u; =0, v € Op((m,...,m))}

={veF*" |v-u; =0, Supp(v) 2 min P},

By = Op((m,...,m))N (ux)t = {v e Fo*™ [v-ug =0, v € Op((m,...,m))}

have the same cardinality. As Supp(uz) = minP,,, in the same way as in Step 1 one sees

that

qmn7|minP| | |B2|

Write IFZIX”, with the obvious meaning, as
anxn — F([Zm]x[n]fminP @ F;ninP (’U — (Ul,UQ)).
Then
By = {(v1,v2) € F"" | v1 - ug = 0, Supp(vz) = minP}.

As Supp(u;) € Py = P\minP = [m] x [n]\min P, and Supp(u1) # 0, E[Zm]x[n]_minp —
F, (w + w-uy) is a nonzero linear functional. Hence |B;| = (¢—1)/mnPlgmn—lminP|=1 g,
we can derive the same contradiction as in Step 1. So I3 > [,,, and we obtain |minP4| =
-+ = |minP,| = m;.

STEP 3. Let C7, Cj be linear P (;)-codes in Fémfml)xn with the same P (;)-orbit distri-

bution. Then
C1 = {m € Fn
v

Cy = {[u} S F;nxn
v

are linear P-codes with the same P-orbit distribution. By Step 1, for each j € [n],
[(i1,7) € Pj ), (i2,5) € minP;] = (i1, ) >p, (i2,). From this observation and Step 2,
we indeed have, for R = (r1,...,7,) Z0 with 0 < ry,...,7, <m —my,

ue T " ve C{},

ueF>" ve Cé}

- )(Cl> — qnzl\Supp(R)\(q _ 1)M1(n—‘SUPp(R)|)

’
ap,(mi+ri,..., ap 4y, (r1,..., Tn)(cl)

_ qml\SuPp(R)\(q _ 1)m1(n—\SuPP(R)DaP(l)’(Tl’m’rn)(Cé)
= aP,(ml—&-rl,...,ml—&-rn)(02)7

and, for 0 < ry,...,r, < mq,

m
(€)= 180/581 (T Y (g - 1
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So Cf-, C4 have the same P-orbit distributions. As C;- = {[2} S ‘ vE C’Z{l}, for

1=1,2, C{J} CéJ' have the same P(l)—orbit distributions. By induction our proof is now
complete. m

8. A half of equivalent condition ITI (MacWilliams-type identity)

Here the title of the chapter refers to the implication (1)=-(2) in Theorem 8.7.

The following results were obtained in [22], and the reader is referred to their paper
for the details. Recall from [14, Ch. 5, (53)] that the Krawtchouk polynomial Py (z;n, q),
for any positive integer n and prime power ¢, is defined as

Pue) = P, ) = Y (1= 1 (D (327 e=onm.

° J
7=0
THEOREM 8.1 ([22]). Let Xp, = (X =F*, Rp, = {Rp,,i}i~,) be the association scheme
given by
(x,y) € Rp,; < wpy(x—y)=1i(i=0,1,...,m)
(cf. the paragraph below (3.17)). Then
(1) (X =F",Rp, ={Rp,;}i%0) = (X*,Rp,) (x> Az) is an isomorphism of associa-
tion schemes (cf. (3.17)).
(2) E; = |X|7! pro(m):j MotAe 5 =0,1,...,m) are the irreducible idempotents for the
scheme Xp,.
(3) Let j=mi+--+m_1+jo (1 <I<tand 1 <jo<my, orl=1and jo=D0).
Then the p-numbers are given by

0 if P> m4 e+ my,
qm1+‘..+ml71PjO (Z _ (ml+1 + .4 mt);mhq)
Pij = ifml+1+---—|—mt<i§ml+-~-—|—mt, (81)

qm1+~"+mz—1 (ml > (q _ 1)jo
0 .
/ if i <y 4+ my.

(4) Let j=mi+--+mp1+jo A1 <I<tandl <jo<my, orl=t and jo =0). Then
the g-numbers are given by

0 if i>mq+ - +my,
gt Py (i = (ma A+ )i, q)
Qi = if mit o <@ <my o+, (8.2)

qml+1+"'+mt (ml ) (q _ 1)j0
Jo

if i<my+--+m_1.

We obtain the following MacWilliams-type identity from the above theorem and Del-
sarte’s well-known results in (3.12) and (3.13). Previously, this result was obtained in-
dependently and in different manner in [I6] and [2I] by using the Poisson summation
formula as the main tool.
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COROLLARY 8.2. Let C be a linear code in Fy', ap, ;(C) = |Sp,(i) N C|, ap, ;(C*) =
Sp, (i) N C*H, fori=0,1,...,m. Then
Lyym 1 m m 1 Lyym
(aPO,j(C ))j:O = @(aPo,i(O))i:O(QiJ’)a (aPo,j(C))j:o = @(GPM(O ))izo(Pij),
where (p;j) and (¢;;) are the matrices given by (8.1) and (8.2), respectively.

For the rest of this chapter, we will assume that P is a generalized Niederreiter—
Rosenbloom—Tsfasman poset and determine some parameters for the association schemes

X = (F"" R = {Rrs}pern )

Xp = (F7""", Rp = {Rp.s}tser,../s.);
at the same time. Here (u,v) € Rix g < u—v € Og(B) (cf. (4.34)), and (u,v) € Rp g <
u—uv € Op(B) (cf. (4.36)).

Let Xp, = (Fi',Rp, = {Rp,:}y), Xp, = (Fy""V) Rp = {Rp, ;}1,) be the
association schemes described in the paragraph below (3.17). Then, as we mentioned
there, via the maps 7; in (2.7), Ap,, Xp,, ..., Xp, are all isomorphic, and we may assume
that the parameters of them are all the same.

Keeping P;’s momentarily, assume that Ap,; (i = 0,1,...,m) are the adjacency
matrices for Xp, (j =1,...,n). Then, for u = [u' --- u"], v =[v' --- v"] € F7"*", and

ﬂ = (ﬂlw"aﬂn) S Im,nv
(Apl,ﬁl - APnﬁn)uU = (Aplﬁl)ulvl T (APnan)u"U"

)it (u*,v') € Rp, gys- .., (u™,0"™) € Rp, 5.,
0 otherwise

1 ifwe, (ut =) =By, wp, (Ut —0") = B,
0 otherwise

_ 1 ifuf’UEOK(ﬂ), (8 3)
0 otherwise. .
So we also have
1 ifu—veO0p(h),
( Z APlsBdl ® e ® APnyBon) = . P( ) (84)
uv 0 otherwise.
c€S, /s

Denote the adjacency matrices for Xp, by Ao, A1,..., An (suppressing Py). Then, by
the above remark and (8.3-4), the adjacency matrices for Xx and Xp are respectively
given by

AK’g =A51 ®~-~®A5n (ﬁz (ﬂl,...,ﬂn) S Im,n)7 (8.5)
App = Z Ak o8

oS, /5

= Z Ap,, @ @Az, (B=(B1,---,Bn) € Ln.n/Sn)- (8.6)

UGSV,L/S?)
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Let us denote the irreducible idempotents of Xp, by Eg, E1, ..., En (again suppress-
ing Pg). Then the irreducible idempotents for X and Xp are given by

Expg=FEz @---®@Ez, (B=(B1,-..,0n) € Lnnn), (8.7)
Ep g = Z Ex o
c€8, /S
= Y Ep® - ®Es, (B=1..0) € Lnn/S).  (88)
0€S,/SP

Let gi; (i,j =0,...,m) be the g-numbers of Xp,. Then it is easy to see that

1
Erp = P Z 4K,08AK o (8.9)

a=(a,...,an)EI

with
QK,a,B = Qal,ﬂl e qanﬂn) (810)
and
1
Epp=—0r Z qp,apAp,a (8.11)
a:(alx‘-wan)el/sn
with
Pop= O, Kacp= Y, Garfor Gonfon- (8.12)
€S, /8P €S, /8P

This shows, in particular, that Ex g (8 € Iym,n) and Ep g (8 € Ip.n/Sy) are respectively
contained in the Bose—Mesner algebras of X and Xp. Next, one checks easily that
{Exp}per,,... and {Ep g}ser,, /s, respectively satisfy conditions (i)-(iii) in (3.2). So
they are the irreducible idemponents for Xx and Xp, and (8.10) and (8.12) are the
respective g-numbers.

Let A be a fixed nontrivial additive character of IF;, as before. Then
X=F"" X" (urr Ay)
is an isomorphism, where

Ao (V) = Atrufv) = Mtuto! 4+ - + Tu"o™),

for u=[u' --- w"],v=[v! --- v"] € F}**". Then, in addition, we have
1 -
Ekp=— > MNA (BELnn), (8.13)
u€OK(B)
1 -
Epg=—= Y N (BELnn/Sn). (8.14)
u€0p (B)

So Theorem 3.3(3) is satisfied for Ex g and Ep g, and hence we may invoke Theorem 3.3
for the association schemes Xk and Ap. Indeed, restoring the indices Py,..., P, and
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using Theorem 8.1(2), we have

Bpsg= > Bz, @ --®Eg,,
€8, /s

SHCIIRCO B

oc€SL/S Wp, (ul)=ps1 q wP~n(u"):ﬁan
1 1 -
T e, /st u=lut - w]e0(o8) 7 weop(s)

Let pi; (4,7 =0,...,m) be the p-numbers of Xp,. Then one easily shows that

PK,af = Paip1 *** Pan By (8.15)
for « = (a1,...,an), 8=(51,...,Bn) € I, and
PPas= Y, DPKap= D Paifor " Panfon (8.16)
o€S, /8% o€S, /S

for o = (a1,...,00), B=(01,...,0n) € I/Sy.

We now summarize our results in this chapter as the following theorems. Here, as
before, A(),Al,.. .,Am, Eo,El,.. -7Em7 Dij (27] = 0,17...,m), qij (7,,_] = O,l,...,m)
are respectively the adjacency matrices, the irreducible idempotents, p-numbers, and g¢-
numbers of the association scheme Xp, = (F{",Rp, = {Rp,,i}{~;), which are given in
Theorem 8.1.

THEOREM 8.3. Let Xx = (F"*", Rk = {RKk g}per,,..) be the association scheme given
by

(u,v) € Rgkp & u—ve Okg(B)
(cf. (4.34)). Then

(1) Ak p=A43 ® ---®@Ag, (8= (P1,---,0n) € Imn) are the adjacency matrices.

(2) Exp =Ep ® @ Ep, = (1/q") Lycop g Mu'ru (B = (Br,....Bn) € Imn) are
the irreducible idempotents.

(3) dK,0f = Goifs " Ganp, (@ = (1, 0m), 8 = (B1,.--,0n) € Inn) are the g-
numbers.

(4) PK,ap = PaiBi " PapBn (a = (0417...,0171),5 = (51;-~-7ﬂn) S Im,n) are the p-
numbers.

(5) (X = F", Rg = {Rg ptper,.,.) = (X*,RE) (u = A\,) is an isomorphism of

association schemes. Here

(u,v) ERz 5 & u—v € Og(B)

(cf. (4.35)).
THEOREM 8.4. Let Xp = (F"*", Rp = {Rp g}ser,..,./s.) be the association scheme
given by

(u,v) ERpg & u—veOp(h)

(cf. (4.36)). Then
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(1) A = Xpes, /s AKos = Dpes, s A @ @ Ag,, (B= (b1, n) €
In/Sn) are the adjacency matrices.

(2) Bpp=>cs, /50 Exios=20cs, 5 B ® @ Ep,, =(1/q"") Yveo,
(B=(B1,---,58n) € Inn/Sn) are the irreducible idempotents.

B) aP.as = X,es, /5 IKaos = 2ipes, 50 Qarfor * danfon (@ = (@150 an), f =
(B1,---yBn) € Imn/Sn) are the g-numbers.

(4) PP.ap = D,es, /5 PRach = 2pes, 50 Parfor = Panfon (@ = (a1, an), B =
(B1,---,Bn) € Lmn/Sn) are the p-numbers.

(5) (X =F7*", Rp = {Rp slpetn.n/s.) = (X7 Rp) (u > \y) is an isomorphism of
association schemes. Here

-
() Au Au

(u,v) € Rpy & u—ve Op(B)
(cf. (4.36)).

From Delsarte’s results in (3.12) and (3.13), we obtain the following corollaries and
thus complete the remaining half of the equivalent condition. To apply Delsarte’s results,
we have to use Theorems 8.3(5) and 8.4(5).

COROLLARY 8.5. Let C be a linear code in F**", and let ax g(C) = [Ok(B) N C|,
ag 3(CH) =0k (B)NCH, for B € Iy . Then
1
(ak,ﬂ(cl))ﬁelnl,n = @(G’K;a(c))ael'm,n (qK7a5)7

1
(aK,B(C))BeIm,n = W(GK,Q(CL))aeIm,n(PK,QB)’

where (¢x.ap), (PK.ap) are Tespectively given by (3) and (4) of Theorem 8.3.

COROLLARY 8.6. Let C be a linear code in Fy**™, and let ap g(C) = |Op(8) N C|,
aP”@(CJ‘) = |0p(B)NC*|, for B € Ly n/Sn. Then
1
(apaﬁ(CL))ﬂelm,n/Sn = @(aP705(C))QEIV,,L,V,L/S" (QP,aﬁ)a

1
(GP,B(C))Belm,n/Sn = W(ai),a(cl))aelm,n/sn (pP,aB)a

where (qp,ag) and (pp,ap) are respectively given by (3) and (4) of Theorem 8.4.

We are ready to state our grand theorem by combining Theorems 5.2, 6.1, 7.2, and
Corollary 8.6.

THEOREM 8.7. Let P =Py +---+ P, be the poset given by the disjoint sum of the posets
P; on the underlying set [m] x {j}, for j = 1,...,n. Assume further that P is not an
antichain. Then the following are equivalent:

(1) P is a generalized Niederreiter—Rosenbloom—Tsfasman poset.

(2) (P,P) is a weak dual orbit pair.

(3) The group G = Aut(Fy ", wp) acts transitively on each set Op(B) C Fy*"
(B € Im,n/Sn)-

(4) Xp = (F7™", Rp = {Rpslser,,./s,) with (x,y) € Rpp < z —y € Op(P)
(B € Lyn/Sn) is a symmetric association scheme.
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9. MacWilliams-type identity for fragments

Let Hy be the subgroup of Gy = Aut(Fy’,wp,), and Hy the subgroup of Gy =
Aut(F', wp, ), given by
Hy = m((F; )™ x--- x (FX)™) x U, (9.1)
Ho=m((F})™ x - x (F)™) x U (9.2)
(cf. (4.7), (4.9), (4.10)). In [8, Proposition 2.4], it is shown that the orbits under the
action of Hy on FI* are given by the fragments F(A(!)) with A" € Jy (cf. (4.28)), where
Jo={DOAD efo, 13 1=1,...,t} (9.3)
(cf. (4.23)). Also, the orbits under the action of Hy are given by the fragments E'(u))
with u® € Jy (cf. (4.29)), where

Jo={u" | p e {0,130 1=1,...,t} (9-4)

(cf. (4.24)).

THEOREM 9.1. Let XHU = (X = ]F;n, RHO = {RH07)\(l)})\(l)€JO) and XHO = (X = F;n,

RHO = {RHO,M”}M(”EJO) be the association schemes given by

(z,y) € Ryy o) & T—yE€ FOAD),
(J:,y) € RHO,;L(Z) < r—ycE F(:u(l))
(cf. (9.1)—(9.4)). Then
(1) (X =F7, Ry, =Ry, uotpwes,) = (X* Ry, = {Ry, ,otuwes,) (@ A2) is
an isomorphism of association schemes.
(2) Eg, .o = |X|7! Do e F(u®) Mo Ae, for pM) € Jo, are the irreducible idempotents for

the scheme Xy, .
(3) The p-numbers are (here and below A% € Jy, uM € Jp)

0 if k>1,
qm1+---+mk—1(,1)\SUDp(/\(k))ﬂSupp(u““))l

I RONCES % (g — 1)/8mPpO®)=Supp (A ) NSupp(u®)| 4 g — . 95)
gt Ema (g — 1)ISupp A if k<l
(4) The q-numbers are
0 if 1<k,
! i
o = gm+tEme (1) 1Supp(A)NSupp ()| 9.6)

x(q — 1)ISupp(u(”)—Supp(k(”)ﬁSupp(u(”)\ if 1=k,

gt (g 1)|SUPPH(Z>\ if 1>k.

Proof. One shows first by computation that f,a (a) = Zzeﬁ(ml)) A(a - z) has constant
value on each F(A®) (\*) ¢ J;). Invoking Theorem 3.3 gives (1), (2) and (4). The
p-numbers can be computed from (3.7), which, in view of the isomorphism in (1) above,
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says 3
Pt = Z Ma-x) forae F(uWY),
zeF(A(F))

Theorem 8.1 could be proved along the same lines. =
The following corollary follows from Delsarte’s results in (3.12) and (3.13).

COROLLARY 9.2. Let C' be a linear code in 7', and let ag, o (C) = [F(A®) N C]|
(AR € Jy), aHO,H(U(CL) = |E(pW)ynCH (W € Jy) (cf. (9.1)-(9.4)). Then
1

(GHO,,L(Z)(CL))Ml)eJU = @(GHO,A(")(C))A(’“)EJQ(Q)\(’“);L(”)v (9.7)
1
(agy 20 (C))awregy = @(GHO,HU)(CL))H(Z)EJO(pu(”)\("))v (9.8)

where (p,a\x ); (qaw ,m) are respectively given by (9.5) and (9.6).

REMARK 9.3. (1) As the orbits F'(u())) under the action of Hy on FI" are indexed by
p) € Jy, it is natural to denote the relations and idempotents in (1) and (2) of Theo-
rem 9.1 by Ry o) and By 0.

(2) The p—numbers and ¢g-numbers in (9.5) and (9.6) are respectively the same as
the ones in (4.16)—(4.19) and (4.21)—(4.24) of [16], while the MacWilliams-type identities
in (9.7) and (9.8) are respectively the same as the ones in (5.3) and (5.2) of [16]. Those
are derived there by using Poisson summation and a suitable linear change of variables.

Let {Axm Famesy, {Eum }uwe g, be the adjacency matrices and the irreducible idem-
potents for the association scheme Xy, = (X =F}", Ry, = {Ry, \0); }awes,)- Then, by
proceeding just as in Chapter 8, we have the following results of which the details are
left to the reader.

THEOREM 9.4. Let Xy = (F"*", Ry = {Rua}res) be the association scheme given by
(u,v) € Ry < u—ve Oy

(cf. (4.25), (4.28), (4.30)). Then

(1) Apy= Aoy @ @ Ay (A= (AED L XER)) € T) are the adjacency matrices.

(2) EH)\ = Eu(ll) R R Eu(zn) (,u = (,U,(ll), S ,,u(l")) € J) =q ™ Zueog(u) )\ut>\u are

the irreducible idempotents (cf. (4.26), (4.29), (4.30)).

(3) aH A = o) ) D) iy (A= AFD N EDY e T = (uh) L)) e )
are the g-numbers, with qyu) o) given by (9. )
(4) PHuA = Ppaoren * Putmaten (A= AE) o XEDy e = (ut) )y e )
are the p-numbers, with p,a ) given by (9.5).
(5) (X =F*" Ry ={Ry . }ei) = (X', Ry = {Ry .} es) (W= A) is an isomor-
phism of association schemes. Here
(u,v) € R, & u—v€ Og(p).
THEOREM 9.5. Let X, = (Fy"*", R = {Rrx}xcuyss,) be the association scheme given
by
(u,v) € Rpyx & u—ve Or(\)
(cf. (4.27), (4.31)). Then
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(1) Apy = Egesn/sw Afon = desn/sw Ay g @ - @Ay (homy (A= (AFD A Rn))
€ J/S,) are the adjacency matrices.
(2) BLu=2,cs, /500 Eoon=20cs, 150 Buton® - @B 00 = ¢ "™ Y uco, Au' Ay
(= (p"), ... ut))y e J/S,) are the irreducible idempotents (cf. (4.31)).
B) dron = Xpes, /500 WHAon = Des, /5 D putian) =+ Gatn yaam (A =
o AEDY € g8, = (p) ) ut)) € J/8S,) are the g-numbers, with A (1)
given by (9.6).
(4) PLax = Xyeg, /s PHuoA = Dpeg, /sO Putnaton = Putmatan) (1= (p), ...
Copy € J/S, A= (AR NEDY € J/S,) are the p-numbers, with p,w a0
given by (9.5).
6) (X =Fy" Ry = {Rf ubueiss,) = (X7 Ry = {R] L hueiss,) (wi= Au) is an
isomorphism of association schemes. Here

AED

(u,v) € R, & u—v e O(p).
COROLLARY 9.6. Let C be a linear code in T *", and let apg A (C) = |Og(A\)NC| (A € J),
aH’M(CL) = |0gz(u)NC| (ue J). Then

(s, (CH))es = ‘féﬁaH,A(c»Ag(qH,A,‘),

1
(arA(C))res = W(“HM(CL)),\Q(PHW\),
where (qm x,) and (pr,ua) are respectively given by (3) and (4) of Theorem 9.4.
COROLLARY 9.7. Let C be a linear code in Fy™*™, and let ap x(C) = [Or(\) N C|
(A e J/S,), aL’#(CL) =10;(u)NC*| (ne€ J/S,). Then

1
(@7, (C N yess, = ] (ar (C))resss, (arau)s

1
(aL7/\(C>)/\€.]/Sn = m(@L,H(CL))MeJ/S,L (PL.ur)s

where (qrap) and (pr,un) are respectively given by (3) and (4) of Theorem 9.5.



Appendix: Recent developments in the theory of poset codes

1. Introduction

Let Fy be the finite field with ¢ elements and Fy be the vector space of n-tuples over F,.
Coding theory may be considered as the study of Fy when Fy is endowed with the
Hamming metric. Since the late 1980’s several attempts have been made to generalize
the classical problems of coding theory by introducing a new non-Hamming metric on
the vector space Fy (cf. [27, 28, 26]). These attempts led Brualdi et al. [4] to introduce
the concept of poset codes. We start our journey with a brief introduction to the basic
notions of poset codes. We refer to [4] for details.

Let P be a partially ordered set (abbreviated as a poset) on the underlying set [n] =
{1,...,n} of coordinate positions of vectors in . As usual the partial order relation of
P is denoted by <. A subset I of P is called an order ideal if x € I and y < x imply
y € I. For a subset E of P, (E) will denote the smallest order ideal of P containing E.
The P-weight of a vector u = (ug,...,u,) in Iy is defined as the cardinality

we(u) = |(Supp(u))|

of the smallest order ideal of P containing Supp(u), where Supp(u) = {7 | u; # 0}. The
P-distance between elements v and v in Fy is defined as

dp(u,v) = wp(u — v).

If P is an antichain in which no two elements are comparable, the P-weight and P-distance
become the Hamming weight and Hamming distance of the classical coding theory. It is
known that the P-distance dp(-,-) gives a metric on Fj;. The metric dp is called the PP-
metric (or simply a poset metric when P is not specified). If Fy is endowed with the
P-metric, then a subset C' of Fy is called a P-code (or simply a poset code).

In the theory of poset codes, one is interested in coding-theoretic properties of poset
codes. In principle, one can try to generalize any result in Hamming metric spaces to
poset metric spaces. However some concepts can be generalized nicely while the others
cannot. The purpose of this paper is to report some important recent results in the theory
of poset codes mainly done by the second author and his colleagues within the activities
of the Combinatorial and Computational Mathematics Research Center.

In Section 2, as a foundation of our investigation, we study metric properties of poset
metric spaces. We first determine the structure of the automorphism group of a poset
metric space. Next, we classify the posets which force the linearity of isometries.

(35]
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In Section 3, we study MDS poset codes. As will be demonstrated, most of the prop-
erties of classical MDS codes can be generalized to an arbitrary MDS poset code. We first
introduce the Singleton bound for poset codes and define MDS poset codes as linear codes
which attain the Singleton bound. Secondly, we introduce the concept of I-perfect codes
and relate MDS poset codes to I-perfect poset codes. Thirdly, we show that the weight
distribution of an MDS poset code, as in the case of an MDS code in the Hamming metric
space, is completely determined. Finally, we prove the duality theorem which states that
a linear code C' is an MDS P-code if and only if C* is an MDS P-code, where C'* is the
dual code of C' and P is the dual poset of P.

In Section 4, we study perfect poset codes. As will be seen, the theory of perfect codes
becomes rich in poset codes. In the first subsection, the classification of perfect codes over
a crown poset metric is studied. In the second subsection, we classify the posets which
admit the extended binary Hamming code or the extended binary Golay code as a perfect
code.

In Section 5, we study the MacWilliams identity for poset codes. All poset structures
which admit the MacWilliams identity are classified. It is proved that being a hierarchical
poset is a necessary and sufficient condition for a poset to admit the MacWilliams identity.
An explicit relation is also derived between the P-weight distribution of a hierarchical
poset code and the P-weight distribution of the dual code.

2. The poset metric space (I, dp)

In this section, as a foundation of our investigation, we study metric properties of poset
metric spaces. We first determine the structure of the automorphism group of a poset
metric space. Next, we classify the posets which force the linearity of isometries.

A map of Fy into Fy is called a P-isometry if it preserves P-distance. It is easy to see
that every P-isometry is a bijection. A linear P-isometry is called a P-automorphism. We
denote by Isop(Fy) (resp. Autp(IFy)) the group of P-isometries (resp. P-automorphisms)
of (Fy,dp), i.e.,

Isop(Fy) = {f : Fy — Fy | dp(f(u), f(v)) = dp(u,v) for all u,v € Fy'},
Autp(Fy) = {f : F; — Fy | f is linear and wp(f(u)) = wp(u) for all u € F{'}.

Our goal is to study the structure of these groups.

2.1. The structure of automorphism groups. In [§] the authors developed a coding
theory over the p-metric which is a poset metric where the poset is given by the disjoint
union of chains of the same cardinality. They determine the structure of the automorphism
group of a p-metric space implicitly. This result is explicitly verified in [23]. In [5], the
authors computed the automorphism group of a poset metric space when the poset is a
crown of cardinality 2m (see Figure 1).

In [30] the authors determined the structure of the group Autp(Fy) for a general
poset P. A bijection o : P — P is called an automorphism if o and o~ preserve the order
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m+1 m+2 m+3 2m-1 2m

Fig. 1. The crown poset of cardinality 2m

relation of P. The group of automorphisms of IP is denoted by Aut(PP). Let M, «,, (F,) be
the set of all n x n matrices over F,. The main result of [30] is

THEOREM 2.1. The automorphism group of a poset metric space (F:;7d]p) is an internal
semidirect product of the automorphism group of P by G(P), i.e.,

Autp(Fy) ~ G(P) x Aut(P),

where
F, if i <pj
G(P) = { (aij) € Mypxn(Fy) | ay; €F; if i=j
{0} otherwise

2.2. Classification of posets forcing the linearity of isometries. Since the struc-
ture of the automorphism group of a poset metric space is determined, our next concern
is the structure of the isometry group Isop(Fy ). Let O denote the zero vector in Fy. Since
every P-isometry g of Fy can be written uniquely as g = f+¢(0), where f is a P-isometry
which fixes the origin, it is enough to investigate the P-isometries which fix the origin.
Set

IsoHO»(IFZ) ={f:F; = Fy | f is a P-isometry and f(0) = 0}.

It is clear that Autp(IFy) is a subgroup of ISO]%(IE‘ZIL) and it is known ([T4]) that Autp(Fy) =
Iso]%(]FZ}) if P is an antichain and ¢ = 2, 3. This motivates the following definition.

DEFINITION 2.2. Let IP be a poset on [n]. It is said that P forces the linearity of isometries
over Fy if Autp(F?) = Isop(F2).

In [14] the authors classified all posets which force the linearity of isometries over F,.
To describe their main result, we need some terminology from the theory of posets.

DEFINITION 2.3. Let P = (X, <) and Q = (Y, <) be two posets.

(a) The disjoint union PUQ of P and Q is the poset on X UY such that z <y in PUQ
if one of the following conditions holds:

(z,yeXanda<yinP, (ii)z,y€Y and x <yin Q.

(b) The ordinal sum P @ Q of P and Q is the poset on X UY such that 2 <y in P& Q
if one of the following conditions holds:

(r,yeXande<yinP, @{)z,yeYandz<yinQ, (li)zecX andyeY.

We now state the main result of [I4].
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THEOREM 2.4. Let P be a poset on [n].

(a) A poset forces the linearity of isometries over Fy if and only if it is a disjoint union
of chains of cardinality 2 and an antichain.

(b) A poset forces the linearity of isometries over F3 if and only if it is an antichain.

(c) There is no poset which forces the linearity of isometries over Fy if ¢ > 3.

We close this section with some additional research problems. The structure of the
isometry group of a poset metric space is determined only for special cases. We refer to
[9) for the classical case. We mention that in an unpublished paper [I5], the structure of
the isometry group is determined when P is the chain of cardinality n.

PROBLEM. Determine the structure of Isop(Fy).

So far, we have considered the structure of automorphism and isometry groups of
the total space. We can generalize this concept to an arbitrary poset code, namely, if
C C (Fy,dp) is a poset code, we define its P-automorphism (resp. P-isometry) group by

Autp(C) = {f : Fy; — F} | f is linear, f(C) = C, wp(x) = wp(f(x)) for all z € C},
Isop(C) = {f : Fy = Fy | f(C) = C, wp(x) = wp(f(z)) for all z € C}.

PROBLEM. Determine the structure of Autp(C') and Isop(C).

3. MDS poset codes

In [8] and [32], the authors introduced the notion of a maximum distance separable (or
simply MDS) code in the p-metric space and studied the properties of such codes. Since
the p-metric is a special type of a poset metric, it is natural to generalize the concept
of MDS code to general poset metric spaces. This is done in this section. It turns out
that most of the properties of MDS codes with respect to the p-metric discussed in [§]
and [32] can be generalized to an arbitrary MDS poset code. We first introduce the
Singleton bound for poset codes and define MDS poset codes as linear codes which attain
the Singleton bound. Next, we introduce the concept of I-perfect codes and relate the
MDS poset codes to I-perfect poset codes. We study the weight distribution of an MDS
poset code. We show that the weight distribution of an MDS poset code, as in the case
of an MDS code in the Hamming metric, is completely determined. We also prove the
duality theorem which states that a linear code C'is an MDS P-code if and only if C* is
an MDS P-code, where C* is the dual code of C' and P is the dual poset of P. We first
fix some notation which will be used throughout this section.

The minimum P-distance between two distinct elements of C' is denoted by dp(C'). In
particular, if C' is a subspace of of dimension k (resp. with dp(C) = dp), then C' is called
an [n, k], (resp. [n,k,dpl,) P-code. Sometimes it is necessary to think of C' as a code in
the Hamming metric space. We use the term [n, k], (resp. [n,k,dg]q) code for a linear
code of length n and dimension k (resp. with the minimum Hamming distance dp).

We start with a proposition which is called the Singleton bound for poset codes.
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PROPOSITION 3.1. Let P be a poset on [n] and C (C Fy) be a P-code. Then
O] < g,
DEFINITION 3.2. Let P be a poset on [n]. A linear code C over F, is called a mazimum

distance separable P-code (or simply MDS P-code) if it attains the Singleton bound.
Consequently, an [n, k], code is an MDS P-code if and only if dp(C) =n — k + 1.

We now introduce the notion of I-ball (resp. I-sphere) and r-ball (resp. r-sphere)
which will be useful in our investigations.

DEFINITION 3.3. Let P be a poset on [n], I an order ideal of P, and r a nonnegative
integer. For u € IFy/, we define the I-ball (resp. I-sphere) centered at u to be the set
Bi(u) = {v € B2 | (Supp(u — v) I},
(resp. () = {v € F} | (Supp(u —v)) = 1))
Similarly, we define the r-ball (resp. r-sphere) centered at u to be the set
By (u) = {v € Fy | [(Supp(u —v))[ < r}
(resp. Sp(u) = {v € Fy | [(Supp(u — v))| = 7}).
In [1], [13], the authors defined an r-error-correcting perfect poset code as a code for
which the r-balls centered at the codewords cover the whole space without overlapping.

We modify this notion and introduce the notion of I-perfect poset codes, where I is an
order ideal of PP.

DEFINITION 3.4. Let P be a poset on [n] and I an order ideal of P. A linear P-code C'
over I, of length n is called I-perfect if the I-balls centered at the codewords of C are
pairwise disjoint and their union is Iy, i.e. Fy = (J

sccBi(x), where the union is disjoint.

Now, we are in a position to relate MDS poset codes to I-perfect poset codes. We
denote by Z°(P) the set of order ideals of P of cardinality s.

THEOREM 3.5. Let P be a poset on [n] and C' an [n, k], P-code. Then C is an MDS
P-code if and only if C is an I-perfect P-code for all I € T *(P).
Let P be a poset on [n| and C' be a P-code of length n over F,. The number of
codewords of P-weight r is denoted by A, p(C), i.e.,
Arp(C) =z e Clwp(z) =71} =|Sp(0)NC|.
We call the (n + 1)-tuple {Aop, A1p, ..., Anp} the P-weight distribution of C. The

next theorem states, as in the case of the Hamming metric, that the P-weight distribution
of an MDS P-code is completely determined.

THEOREM 3.6. Let P be a poset on [n] and C' an [n, k, dp|, P-code. Suppose that C is an
MDS P-code. Then

1 if r=0,
0 if 1<r<dp—1,

(@-1 Y Z’(—l)j <|M(I?| a 1) ¢TI i v > dp.

IeTr(P) j=0
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To describe the main result of [I3], we need some terminology from the theory of
posets.

DEFINITION 3.7. For a given poset P, the dual poset P is defined as follows: P and P have
the same underlying set and 2 <y in P <y < x in P.

The main result of [13] is

THEOREM 3.8. Let P be a poset on [n] and P be its dual poset. Let C be an [n, k], P-code.
Then the following statements are equivalent:

(a) C is an MDS P-code.
(b) C is an I-perfect P-code for all I € I"*(P).
(c) Ct is an MDS P-code.

Moreover, the P-weight distribution of an MDS code is completely determined.

In [7] the authors introduced the concept of near-MDS codes and showed that many
good properties of classical MDS codes can be extended to the class of near-MDS codes.

PROBLEM. Develop the theory of near-MDS poset codes.

4. Perfect poset codes

A code is called perfect if the spheres of the same radius centered at the codewords cover

the whole space without overlapping. The problem of classifying all perfect codes is one

of the basic research problems in coding theory, and it still contains many interesting

unsolved problems. One drawback in the theory of perfect codes is that perfect codes are

very rare. As will be seen, the theory of perfect codes becomes rich in poset codes.
There are two types of problems in the theory of perfect poset codes:

(a) Let {P,,} be a family of posets parameterized by n € N. Classify all perfect P,,-codes.
(b) (dual of (a)) Let C' be a subset of Fy of ‘good’ shape. Classify all posets which admit
C as a perfect code.

We start with the definition of a perfect poset code.
Let = be a vector in Fj and r a nonnegative integer. The P-sphere with center z and
radius 7 is defined as the set

Sp(z;r) ={y € Fy | dp(z,y) < r}.
DEFINITION 4.1. A poset code C is called an r-error-correcting perfect P-code if the IP-
spheres of radius r centered at the codewords of C' are pairwise disjoint, and their union
is Fg.

Let C be a perfect P-code and P’ be a poset equivalent to P (resp. let C be a perfect
P-code and C’ be a code equivalent to C'). Then, in general, it is not true that C is also
a perfect P’-code (resp. C’ is also a perfect P-code). We say that C' is a strongly perfect
P-code if every code equivalent to C' is a perfect P-code (or equivalently, C' is P'-perfect
for every poset P’ which is equivalent to P).
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The following proposition gives a necessary and sufficient condition for a given linear
code to be an r-error-correcting perfect P-code. We refer to [13] for a proof.

PROPOSITION 4.2. Let C be an [n, k] binary linear code. Then C is an r-error-correcting
perfect P-code if and only if the following two conditions are satisfied:

(i) (the sphere packing condition) |Sp(0;7)| = 2"~F,
(ii) (the partition condition) for any nonzero codeword ¢ and any partition {x,y} of c,
either wp(z) > r+1 or wp(y) >r+ 1.

In the next two subsections, we treat each type of problems separately.

4.1. Classification of perfect codes over the crown poset metric. In this sub-
section, we wish to classify all perfect P,,-codes where {P,} is a family of posets pa-
rameterized by n € N. If P, is the antichain of cardinality n, the problem is reduced
to the classical problem of the classification of perfect codes (cf. [24]). From now on, we
consider the case where P, is a crown poset described in Section 2. In the remainder of
this subsection, P denotes a crown poset.

For the single-error-correcting case, we have the following theorem. We refer to [I] for
a proof.

THEOREM 4.3. Ewvery 1-error-correcting perfect linear P-code over F, has parameters
[2m,2m — 1], m = (¢ —1)/(¢g—1) and | > 2. Furthermore, for | > 2, there erists a
1-error-correcting perfect linear P-code over F, with parameters [2m,2m —1,3].

For the double-error-correcting case, we can derive the following two theorems by
solving Ramanujan—Nagell type Diophantine equations which are derived from the sphere
packing condition.

THEOREM 4.4. Every 2-error-correcting perfect linear P-code over Fo has parameters
[4,2] or [10,6]. Moreover, there is a 2-error-correcting perfect linear P-code over Fo with
the given parameters.

THEOREM 4.5. FEwvery 2-error-correcting perfect linear P-code over Fs has parameters
[4,2] or[22,17]. Moreover there is a 2-error-correcting perfect linear P-code over Fz with
the given parameters.

By an analysis of the parity check matrix and an application of the Johnson bound, we
obtain the following result for the triple-error-correcting case. We refer to [20] for a proof.

THEOREM 4.6. There are no triple-error-correcting perfect binary linear P-codes.

By an extension of techniques developed in [20], one can prove that there are no
4-error-correcting binary perfect P-codes (cf. [19]). This suggests the following problem.

PrOBLEM. Classify all perfect linear codes with a crown poset structure.

4.2. Classification of posets for which a given code is perfect. In [4], the authors
gave an example of a poset for which the extended binary Hamming code of length 8
is a double-error-correcting perfect code. This example motivates the following problem
which is the theme of this subsection:
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For a given poset code C, classify all posets for which C' is a perfect code.

We present some result along these lines for the case when C' is the extended binary
Hamming code or the extended binary Golay code. To state the result, it is necessary to
fix some notation.

Let P be a poset with the ground set [n] = {1,...,n}. As usual we use a Hasse
diagram to represent P graphically. To describe P in words, we introduce the following
subsets of P. For an integer ¢, 1 <i < n, and elements ay, ...,a; of [n], we define

r(P) = {z eP| |(x)| =i},
TopaP)={ze€P|z>a,;,j=1,...,1},
e (P)=TOP)NT,,... aP).

ay,...,ay

The extended binary Hamming codes. In this subsection, we classify up to equiv-
alence the poset structures on [n], n = 2™, for which the extended binary Hamming
code H,, (m > 2) is a double-error-correcting perfect P-code.

Before considering the double-error-correcting case, we give a simple observation on
the single-error-correcting case. Note that Sp(c;1) C Su(c;1) for any poset P, where
Su(c;1) denotes the Hamming sphere of radius 1 centered at c¢. Since the Hamming
spheres of radius 1 centered at the codewords of PNIm do not cover the whole space Fy in
the Hamming metric, there are no poset structures on [n] for which the extended binary
Hamming code is a single-error-correcting perfect P-code.

We now state the main result on the double-error-correcting case.

THEOREM 4.7. Let m > 3 be an integer, and fi:m denote the extended binary Hamming
code with parameters [n = 2™ 2™ — 1 —m,4]y.

(a) H,, is a double-error-correcting strongly perfect P-code if and only if P is equivalent
to a poset depicted in (1) or (ii) of Figure 2.

(b) H,, is a double-error-correcting perfect but not strongly perfect P-code if and only if
P is equivalent to a poset depicted in (iii) of Figure 2.

am—1 m—2 2k 2m —2k -2
() () (i)

Fig. 2. The poset structures for which the extended binary Hamming code is a double-error-
correcting perfect code

We next consider the triple-error-correcting case. It is well-known (cf. [24]) that the
codewords of H,, of weight 4 form a Steiner system S(3,2™,4). Let P be a poset on [n],
n = 2™ for which H,, is a 3-error-correcting perfect P-code. For a positive integer r > 3,
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we define a set M,.(P) (or simply M,) as follows: M, = {x | = is an r-subset of [n] such
that wp(z) < r}. Using the fact that the codewords of H,, of weight 4 form a Steiner
system, we define a map ® : Mz — [J;°, T'¥) as follows: For @ = {i,j, k} € Mj, there
is a unique [ such that {i,j,k,1} is a codeword of f[m. By the partition condition in
Proposition 4.2, I € | J;2, . We define ®(z) = L.

The following theorem is useful in our classification.

THEOREM 4.8. The extended binary Hamming code H,, is a 3-error-correcting perfect
P-code if and only if the following conditions are satisfied:

(i) [P <3,
(ii) the map ® : Mz — |52, T') gives a one-to-one correspondence,
(iii) for any codeword ¢ ome of weight 4, and any partition {x,y} of ¢ such that wy (x) =
wi(y) = 2, we have either wp(z) > 4 or wp(y) > 4.

As an illustration of our theorem, we classify the poset structures for which the ex-
tended binary Hamming code .FNIm is a 3-error-correcting perfect P-code when m = 3,4.
It follows from Theorem 4.8 that P-perfectness of H,, mainly depends on the substruc-
ture U L TO(P) of P. Therefore, we introduce the structure vector (a,b,c) of P, where
a=|r® |, b= [T, ¢ =|T®)|. By an analysis of structure vectors, we can list all possible
poset structures for which the extended binary Hamming code I;fm is a 3-error-correcting
perfect P-code when m = 3. Recall that ﬁg is an [8,4,4]y code with the parity check
matrix Hs, where Hs is given by

O OO = =
—_ o O = N
O = O = W
= O =
S O = = WL
= =)
O~ = = 3
= = = = 00

We summarize our calculation as in the following theorem.

THEOREM 4.9. Let ﬁg denote the binary extended [8,4,4] gy Hamming code with the parity
check matriz given in (1). Then ﬁg is a 3-error-correcting perfect P-code if and only if
the Hasse diagram of U?Zl r@ (P) is equivalent to one of the seven possibilities depicted
in Figure 3 below.

Y r W Y. WV K

Fig. 3. The T UT® UT® structure of posets for which Hs is a 3-error-correcting perfect code

Finally, we list all possible poset structures for which the extended binary Ham-

ming code H,, is a 3-error-correcting perfect P-code when m = 4. Recall that H, is an
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[16,11,4] 5 code with the parity check matrix Hy, where Hy is given by

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
111111111 1 1 1 1 1 1 1
0oooo0o00001 1 1 1 1 1 1 1
oo0o0011110 0 0 0 1 1 1 1 (2)
06061100110 0 1 1 0 0 1 1
601ro601o01o010 1 0 1 0 1 0 1

We summarize our calculation in the following theorem.

THEOREM 4.10. Let Hy denote the binary extended [16,11,4]y Hamming code with the
parity check matriz (2). Then Hy is a 3-error-correcting perfect P-code if and only if
the Hasse diagram of U§:1 T')(P) is equivalent to one of the 17 possibilities depicted in
Figure 4 below.

T Y e N
YU e W Y
RVAZRN 2V AN o4
Y& .

Fig. 4. The T UT® UT® structure of posets for which Hy is a 3-error-correcting perfect code

The extended binary Golay code. In this subsection, we classify up to equivalence
the poset structures on [24] = {1,2,...,24} for which the extended binary Golay code is
a 4 or b-error-correcting perfect code.

As in the case of extended Hamming code, one can easily verify that there are no
poset structures on [24] for which the extended binary Golay code is an r-error-correcting
perfect code when 1 < r < 3.

THEOREM 4.11. Let Goy denote the extended binary Golay code of length 24. Then Gay
18 a 4-error-correcting perfect P-code if and only if P is equivalent to Py for some s,
1 < s < 4. Moreover, the perfectness is strong.

23 22 21 20
—

Fig. 5. The poset structures for which the extended Golay code Ga4 is a 4-error-correcting perfect
code
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The following is the main theorem of [I1].

THEOREM 4.12. There are no poset structures for which the extended binary Golay code
is a b-error-correcting perfect poset code.

It is known that there is a poset for which the extended binary Golay code is an
r-error-correcting code when r = 10,11, 12.

PROBLEM. Classify posets on [24] = {1,2,...,24} for which the extended binary Golay
code is a perfect code.

5. MacWilliams identity for poset codes

In this subsection, we study the MacWilliams identity for poset weight enumerators. All
poset structures which admit the MacWilliams identity are classified. It will be proved
that being a hierarchical poset is a necessary and sufficient condition for a poset to
admit the MacWilliams identity. An explicit relation is also derived between the P-weight
distribution of a hierarchical poset code and the P-weight distribution of the dual code.
Let C C Fy be a linear code in the Hamming metric space. One useful way to study
C is to study its weight enumerator
n
We(z) = Z zwr®) = Z A,
uecC =0
where A; denotes the number of codewords of weight . We introduce the P-weight enu-
merator of C' by

n

WC,P(x) = Z ﬂ?wp(u) = ZAi7Pl‘i,
ueC =0

where A;p = [{u € C' | wp(u) = i}.

The MacWilliams identity for linear codes over F, is one of the most important
identities in coding theory; it expresses the Hamming weight enumerator of the dual code
Ct of a linear code C over F, in terms of the Hamming weight enumerator of C. Since
the Hamming metric is a special case of poset metrics, it is natural to attempt to obtain
MacWilliams-type identities for certain P-weight enumerators. Essentially, what enables
us to obtain the MacWilliams identity for the Hamming metric is that the Hamming
weight enumerator of the dual code C* is uniquely determined by that of C. The following
example suggests that we need some modification to generalize the MacWilliams identity
to poset weight enumerators.

EXAMPLE 5.1. Let P = {1,2,3} be a poset with order relation 1 < 2 < 3and P = {1, 2,3}
be a poset with order relation 1 > 2 > 3. Consider the following binary linear P-codes:

¢ ={(0,0,0),(0,0,1)}, C2=4{(0,0,0),(1,1,1)}.
It is easy to check that the P-weight enumerators of C; and Cy are given by
Wcl,[p(l‘) =14+2%= WCQ,P(x)-
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The dual codes of C; and Cy are

" = {(0,0,0),(1,0,0),(0,1,0),(1,1,0)},

Cy ={(0,0,0),(1,1,0),(1,0,1),(0,1,1)}.
The P-weight enumerators of Ci- and C5 are

Wes p(2) = 1+ z + 222, Weys p(z) = 1+ 2% + 223,
while the P-weight enumerators of Ci- and Cy are
Wer p(a) =1+ a® + 2% = W, 5(2).
As it is seen above, although the P-weight enumerators of the codes C; and Cs are the

same, the P-weights of the dual codes may be different. Fortunately, however, the P-weight
enumerators of the dual codes are the same. This motivates the following definition.

DEFINITION 5.2. Let P be a poset on [n]. We say that P admits the MacWilliams identity
if the P-weight enumerator of the dual code C* of a linear code C over F, is uniquely
determined by the P-weight enumerator of C, where P denotes the dual poset of P.

Our first goal is to derive a necessary condition for a poset to admit the MacWilliams
identity. A hierarchical poset is introduced as an ordinal sum of antichains. Let nq,...,n;
be positive integers with ny + --- + n; = n. We define the poset H(n;ny,...,n;) on the
set {(i,7) | 1 <4<t 1<j<n;} whose order relation is given by

(i,j) < (lLbm) < i<l

The poset H(n;nq,...,n:) is called a hierarchical poset with ¢ levels and n elements. For
each 1 <14 < t, the subset {(i, j) ’ 1 <j<n;}of H(n;n,...,n:) is called the ith level
set of H(n;ny,...,n:), and it is denoted by I'*(H). Note that T'*(H) is an antichain with
cardinality n;.

Using combinatorial and inductive arguments, we obtain the following theorem.

THEOREM 5.3. If P admits the MacWilliams identity, then P is a hierarchical poset.

Next we will derive the MacWilliams identity for a hierarchical poset code. Since hi-
erarchical poset codes have multi-levels, it makes the problem difficult. To overcome this,
we first introduce the ‘leveled’ P-weight enumerator We p(z : yo,91,--.,¥:) and obtain
an equation which relates W, Lﬁ(x : Zt41, Zt, - - -, 21) to variations of the leveled P-weight
enumerator of C. By specializing this equation, we can obtain the MacWilliams identity
for a hierarchical poset code, and prove that our necessary condition in Theorem 5.3 is
also sufficient.

The following theorem is the main theorem of [21].

THEOREM 5.4. A poset P admits the MacWilliams identity if and only if P is a hierar-
chical poset.

In [22] the authors proved that P is a hierarchical poset if and only if it admits the
association scheme. They use this fact to derive the second proof of Theorem 5.4.

PROBLEM. Derive the proof for the MacWilliams identity for hierarchical posets codes
using the theory of matroids.
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Finally we give an explicit relation between the P-weight distribution of a hierarchical
poset code and the P-weight distribution of the dual code.

Let P = H(n;ny,...,n¢) be a hierarchical poset of n elements with ¢ levels and P be
its dual poset. Let C be a linear P-code of length n over F,, and let {A4;p}i=o,...n (resp.
{4 ZIP,} —0....n) be the weight distributions of the P(resp. P)-code C (resp. Cl) that is,

Aip = [{u € C | wp(u) = i}| while A’ 2 = [{veC | wp(v) = i}|.

THEOREM 5.5. Let P = H(n;ny,...,n:) be a hierarchical poset of n elements with t levels
and C be a linear P-code of length n over F,. Then, for each 0 <i <t—1,1 <k < ngqq,

n7+1

Nit1 ni+---+n; n
1 i+1 k
Ant+...+ni+2+kﬁ C| ( E :Pk J i) Any o rgp E ( k )7 AJJP’)v

where Pg(x : n) denotes the metchouk polynomial.

REMARK 5.6. In [I6], the author derived the MacWilliams identity for hierarchical poset
codes by a different method.
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