1. Introduction

Let N, Z, R and C denote the sets of natural numbers, integers, real numbers and complex
numbers respectively, and let Ng = NU {0}. If F': Z — C we adopt the convention that
F(z) = 0 for « ¢ Z. Throughout this paper § denotes a real number and ¢ denotes a
complex number satisfying |g| < 1. We also set

n

q "ugn = 1o _qun (n €N).

Pp— Pp— un p—
Un.—m, Un—1+qn_

Let f: Z — C. We are interested in Lambert series of the form
- sinnf - sin nf
;unf(n) {cosn@} ’ ;U"f(n) {cosn@}
and
= sin (2n 4+ 1)6
HZ::O van+1/(n) {cos (2n + 1)9} '

As usual we denote the number of (positive) divisors of n € N by d(n) and the sum of

the divisors of n by o(n). In a famous series [8] of eighteen articles published between 1858

and 1865 Liouville stated but did not prove a number of arithmetic identities. Typical
of these is the following identity:

Let n € N. Let F' : Z — C be an even function. Then

> (F(a—b)—F(a+b))
(a,b,z,y)EN?
ax+by=n

2n
=F(0)(o(n) —d(n)) + ) (1 —d+ 7)F(d) —-2) " Y F(k).
dn dln 1<k<d
In 1916 Ramanujan [23, eqn. (17)], [24, p. 139] determined the square of the Lambert
series Y | u,, sinnfd. He proved

1 1 [e) 2
(Z cot 59 + ;un smn9>

2 o) [eS)
1 1 ) 1
=(~cotz0) + > (un+ nf+ 5> 1— .
(4 cot 29) n:1(un us) cosnd 2 2 nun, (1 — cosnd)

Although these two equalities appear to be totally unrelated, we show the surprising
result that they are in fact equivalent, that is, we can deduce Ramanujan’s analytic
identity from Liouville’s arithmetic formula and conversely.

In this paper we examine the relationship between products of Lambert series and
arithmetic identities of Liouville type. Our investigation is based upon three elementary
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analytic theorems, which evaluate products of pairs of Lambert series of the type men-
tioned at the beginning of the Introduction. These theorems (Theorems 2.1, 2.2 and 2.3)
are stated in Section 2 and proved in Section 8. In Section 3 we determine ten products
of pairs of particular Lambert series (Theorems 3.1-3.10), all of which can be deduced
from the three basic theorems. For example we show that

(; Uy, SIN n9) (Zl vy, SIn n9)

e} n—1 [e'S)
1 1
=3 g Un Y (1 —coskf) — 1 E (3u? 4 3u, — 4v2 — 2nv, — v,)(1 — cosnd)
n=1 k=1 n=1

(see Theorem 3.4(a)). The proofs of these ten evaluations are given in Section 9. In
Section 4 we give the cubes and fourth powers of the three Lambert series

oo o0 oo

Z Uy, sinnf, Z vy, sinnf, Z V41 8in (2n 4+ 1)6

n=1 n=1 n=0
(see Theorems 4.1-4.6). These evaluations are proved in Section 10. They are all accom-
plished by repeated applications of the three basic theorems. In Section 5 we give three
arithmetic formulae, which were first stated by Liouville and later proved by others, as
well as seven new arithmetic formulae of Liouville type. In Section 6 we give six more
arithmetic formulae, two of which are due to McAfee [11] and the remaining four are new.
In preparation for the proofs of our results we give in Section 7 some basic properties
of u, and v, that we shall need, as well as some trigonometric identities which will be
useful.

In Section 11 we prove a theorem which we use in Sections 12, 13 and 14, where we
prove the equivalence of the analytic theorems (Theorems 3.1-3.10 and 4.1-4.6) with the
arithmetic theorems (Theorems 5.1-5.10 and 6.1-6.6). In Section 15 we give alternative
forms of Theorems 3.1, 4.1 and 4.4. The first of these (Theorem 15.1) is due to Ramanujan
[23, eqn. (17)], [24, p. 139], the second (Theorem 15.2) to Ramamani [21, p. 104], and the
third (Theorem 15.3) is new. In this section we also prove another identity of Ramanujan
(Theorem 15.4) as well as an identity due to Liu [9] (Theorem 15.5) from Theorems 2.1
and 2.2. In Section 16 we give eleven arithmetic identities which follow from our results.
Finally, in Section 17, we give eighteen new identities which follow from our three basic
theorems.

The ideas in this paper owe their origins to a classical paper of Humbert [7], a research
note of Ou [17], and a thesis of McAfee [11]. The authors are grateful to George Andrews
for bringing Humbert’s paper to their attention.

2. Three basic theorems for products of Lambert series

In this section we state our three basic theorems giving the product of two Lambert series.
These theorems are proved in Section 8.
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It is convenient to assume that the functions f : Z — C and g : Z — C in Theorems
2.1-2.3 satisfy the inequalities

(2.1) [f(n)| < An", |g(n)| < Bn®, neZ,

where A >0, B> 0, r >0, s > 0 do not depend on n, so that all series occurring in the
theorems converge absolutely.

THEOREM 2.1. Let f :Z — C and g : Z — C satisfy (2.1).

(a) If f and g are both even then

(Z Up f(n) sin n@) (Z ung(n) sinn@) = % Z f(n)g(n)u? + % Z ci cos kb,
n=1 n=1 n=1

k=1
where for k € N,

k—UkZ f(n+k)g(n) + f(n)g(n +k)lu _Ukz k) + f(n = k)g(n)]un
S, B+ Fn— Bglen — e 3 Fmlg( —
n=k+1 n=1

+ui[f(k)g(0) + f(0)g(k)].
(b) If f is even and g is odd then

(i up f(n) sin n@) (i ung(n) cos n@) = % i ¢k sin k0,
n=1 n=1 k=1

where for k € N,

Cr = up Z n+k)g(n) — f(n)g(n+ k) w, +u Y [f(n—k)g(n) = f(n)g(n — k)] u,

n=1
b3 [ Bgln) — Fm)gln — K)o+ Zf —n) = ui f(0)g(k).
n=k+1 n=1
(¢) If f and g are both odd then
(Z un f(n) cos n@) (Z ung(n) cos n@) =3 Z f(n)g(n)u;, + 3 Z ¢k cos kb,
n=1 n=1 n=1 k=1
where for k € N,
k= Ukz Fln+k)gn) + f(n)g(n+ k)un +ux Y [f(n)g(k —n) + f(k —n)g(n)] un
n=1
k—1
+ Z k—n) + f(k—n)g(n)] up +ux Y f(n)g(k —
n=k+1 n=1
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Our second basic theorem is the following result.
THEOREM 2.2. Let f :7Z — C and g : Z — C satisfy (2.1).
(a) If f and g are both even then

(Z vp f(n) sin n9) (Z vpg(n) sin n@) = % Z f(n)g(n)v? + % Z v, cos kb,
n=1 n=1

n=1 k=1
where for k € N,

o = Z(f(n)g(n + k) + f(n+k)gn))uzn — > _(f(n)g(n — k) + f(n — k)g(n))uzn
—~ Z F(n)g(k —n) + uzi(f(0)g(k) + f(k)g(0)).

(b) If f is odd and g is even then

(i vn f(n) cos n0> (i vpg(n) sin n9) = % i crvg sin k0,
n=1 n=1 k=1

where for k € N,

k= Z(f(”)g(n +k) = f(n+k)g(n))uzn + Z = f(n—k)g(n))uzn
+Zf k—mn) — ug f(k)g(0).

(¢) If f and g are both odd then

(i vp f(n) cos n9) (i vpg(n) cos n@) = % i f(n)g(n)v? + % i cuk cos ko,
n=1 n=1 n=1

k=1
where for k € N,

o0

o = Z(f(n)g<n+ k) + f(n + k)g(n))uan
k—1
- Z )+ f(n—k)g(n))ug, + Y f(n)g(k -
n=1

Our third and final basic theorem places no restrictions on the parities of the functions
fandg.

THEOREM 2.3. Let f : Ny — C and g : Ny — C satisfy (2.1).

(a) (i Vont1f(n)sin (2n + 1) ) (Z Vant19(n)sin (2n + 1)9)
n=0

9 Z fn v2n+1 + < Z CRUag, cos 2k0,

k 1
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where for k € N,

o= S [F)gln+ k) + Fn+ Bg(m)usnss — 3 [F)g(n — k) + F(n — K)g(n)usnss
n=0 n=k
k—1 k—1
=D gk —n—=1)+ f(k=n—1)g(n)]usnia — Y _ f(n)g(k —n—1),
n=0 n=0
oo oo ) 1 oo )
(b) (Z Vont1f(n) cos (2n + 1)0) (Z Vopt+19(n) sin (2n + 1)9) =3 Z Vo, sin 2k6,
n=0 n=0 k=1

where for k € N,

cr =Y [f(n)gn+k) = f(n+k)gm)]usniz + Y [f(n)g(n — k) = f(n = k)g(n)]uansz
n=0 n=~k

k—1 k—1
+ 3 gk —n — 1) + f(k —n — Dg(n)usnso + 3 f(n)g(k —n - 1).
n=0 n=0

o [e )

) (Z Vans1 f (1) cos (2n + 1)9) (Z vons19(n) cos (2n + 1)9)
n=0 n=0
= % Z f(n)g(n)v%nﬂ + % Z CrUag, cos 2k0,
n=0 k=1
where for k € N,
e =Y _[f()g(n+k) + f(n+k)g(n)uansz — Y [f(n)g(n — k) + f(n = k)g(n)]wans
n=0 n=
k—1 ' k—1
+ Y [f(m)g(k—n—1)+ f(k—n—1)g(n)]uaniz + Y f(n)g(k —n—1).
n=0 n=0

In all likelihood there are similar formulae for “mixed” products such as

(i Uy, f(n) sin nﬂ) (i vpg(n) sin n@).
n=1 —

However we have not pursued finding such formulae as we have been able to determine

products such as
(Z Uy, SIN n0) (Z vy, SIn n@)
n=1 n

=1
(see Theorem 3.4), from our three basic theorems with suitable choices of the functions

f(n) and g(n).

3. Ten products of two Lambert series

In this section we give ten important products of pairs of particular Lambert series
(Theorems 3.1-3.10), all of which can be deduced from Theorems 2.1-2.3. Proofs are
given in Section 9.
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THEOREM 3.1.

oo e’} 0 n—1
(ZunsinnH)Qzlz (ntp — uy — 2u2)(1 — cosnf) + Z Z 1 — coskf).
n=1 n=1 k

n=1 =1

(iozunsinnt?)2 = - Znun + Z (1 - = +un>uncosm9 —cot — Zunsmnﬁ
n=1

Variants of Theorem 3.1 can be found for example in [21, p. 17], [22, p. 287].

THEOREM 3.2.
(Z Up sinn@) =3 Z(val—f—nvn —u? —u,)(1 — cosnb).
n=1 n=1
A slightly different formulation of Theorem 3.2 is given by Ramamani [21, p. 17]. Her

proof uses elliptic functions.

THEOREM 3.3.
(Z Vony1 sin (2n + 1)9) =3 Z nva, (1 — cos 2nd).
n=0 n=1
Replacing g by ¢'/? in Theorem 3.3, we obtain an identity due to Liu [9, Theorem 10].
Liu proves his result using Cauchy’s residue theorem applied to elliptic functions. We
show in Section 9 that it is an immediate consequence of Theorem 2.3(a) and in Section 12
that it is a simple consequence of an arithmetic formula of Liouville (Theorem 5.3).

THEOREM 3.4.

(a) (Z Uy, SN n@) (i sin n@)

n=1
n—1

oo
Z (1 — cosk0)

(b) (Z Up, SIN n@) (

1
onun—l- ZSU +3un—4v —2m)n)cosm9—fcothvnsmm‘)

= n=1

o0
Z (3u2 + 3u, — 402 — 2nv, — v,)(1 — cosnh).

l\DlH
~l>|>—‘

HME%

n SIN n@)

THEOREM 3.5.

(a) (Z Uy, SIN n@) (Z Uopa1 Sin (2n + 1)9)

n=1

=1 Z nun, (1 — cosnd) Z Uzn+1(1 — cos (2n + 1)0)

1 oS} n—1
) Z U341 (1 — cos(2n + 1 Z Uap, Z (1 — cos (2k +1)6)
n=0 k=0

n=1

+ Z U241 Z (1 — cos 2k0) + Z Uani1 Z (1 —cos(2k +1)0).
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(b) (i Uy, sin n9) (i Ugpt1 8in (2n + )9)

= % i Ny + i NUp41 — Z Ny cosnl + — Z Uon41 cos (2n + 1)0
n=1 n=0 =

1 > 1 &
9 nz; ugnJrl(l —cos (2n +1)0) — B nZ:OuQnH cos 2nf

1 > _ 1 > ,
-4 csch Z gy, Sin 2n6 — Z(CSC 0+ 2cot ) Z Ugp 11 Sin 2n6.

n=1 n=0

THEOREM 3.6.

(i U, Sin n@) (i Vopt1 Sin (2n + 1)9)

1 o0
3 g n(1 = cosnd) 1 7;) “2n+1 + Ugni1 — 203,,1)(1 — cos (2n + 1)6).
THEOREM 3.7.
- . 1S
(a) (nz_ouznﬂ sin (2n + 1) ) EZnugn (1 —cos2nb) +Z“2n+12 (1 — cos 2k).
[e%e) 9 1 1 o
(b) (nz_o Uz 1 sin (20 +1)0) =+ +3 EZ: (20 + Duznss

1
NUay COS 2n6 — 3 Z U2p41 COS 2n0

n=1 n=0
1 o0
~3 cot 0 ,;) Ugp+1 Sin 2n6.

THEOREM 3.8.

(a) (i Uy, Sin n9) (i Vap41 sin (2n + 1)9)

1 oo
=1 Z nup (1 — cosnd)
n=1

1 oo
+ 1 2(411%““ + Vang1 — 2U3, 1 — 2u2n11)(1 — cos (2n + 1))
n=0

00 2n
1
+ 3 ;vgnﬂ I;(l — cos kb).



12 A. Alaca et al.

(b) (i Uy, Sin n9) (i Vop41 sin (2n + 1)9)

n=1 n=0
1 — 1o, 5 5
=3 g (2n+ 1)vapt1 — 3 %(umﬂ + Ugnt1 — 2035,,1)(1 — cos (2n + 1)6)

1 & 1 &
+ 1 ;nvn(l —cosnf) — 1 ;U2n+1 cos (2n + 1)0

1 & 1 S
~1 ; V41 COS 2nf — 1 cot 3 ngo Ugp41 Sin 2n6.

THEOREM 3.9.

(a) nt1sin (2n +1)0 , sin né
a (T;)UZ +18n (2n )(nzlv sinn )
i X:J n(1 — cosnfl) — i;(wnﬂ +uZ, 1) (1 —cos (2n +1)0)

n—1
+ = Z Vont1 Z (1 — cos2k0) + Z Von Z (1 —cos (2k + 1)0).
n=1 k=0
(b) (Z Ugpy1 sin (2n + 1) ) (Z vy, Sin né‘)

o0 1 oo
== Zm}n - - Z U3y + Uznt1)(1 — cos (2n + 1)6) — 1 Z N, cos nb
n=0 =

1 & 1 = , 1 = ,
-1 Z V41 €COS 2n6 — 1 cot 6 Z V241 Sin 2n6 — 1 csc Z Vo, Sin 2n6.

n=0 n=0 n=1
THEOREM 3.10.

(a) (i Ugp41 8in (2n + 1)9) (i V41 8in (2n + 1)9)

n=0 n=0

= i nuan (1 — cos 2nd) + Z Von41 Z 1 — cos 2k0).

(b) (Z Ugp41 Sin (2n + 1) ) (i Vap41 Sin (2n + 1)0)

n=0 1=0

1 1 =
=1 ; nv,, — 3 Z N2y, cos 2nd — 1 Z Ugp41 COS 216 — 1 cot 0 Z V241 Sin 2n.

n=1 n=0 n=0
There are many other interesting products of pairs of Lambert series that could be
considered. For example the two products

[e%s} e’} [e%s} e’} n—1
1
(3.1) ( E Uy, SIn n@) ( E Uy, COS n0) =3 E (n — 1)u, sinnd + E Uy, Sin 1O E Uk
n=1 n=1 n=1 k=1
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and
(3.2) (i Up, cosnﬂ) Zu +22un cosn@Zuk - Zun Zcosk@
n=1 ) . n=1
+ nz::lui cosnb + 5 nz::l(n — 1)uy, cosnb

can be deduced from our three basic theorems. For the former take
fn) =1, g(n)=sgn(n), neiz,
in Theorem 2.1(b), and for the latter take
f(n) =g(n) =sgn(n), nez,

in Theorem 2.1(c). Equating coefficients of § and 62 in the former, we obtain the identities

(Zun)(Znun) = Zl n?—n un—l—nZnunZuk

and

(nizun) (gn?’un) —|—3(§;nun) (;;n%bn) = %i; n* —n? un-i-Zn unzuk,

respectively. Taking 6§ = 0 in the latter, we obtain the identity

(Z ) Zun21+2uk

n=1 n=1

4. Third and fourth powers of some Lambert series

In this section we give formulae for the cubes and fourth powers of the Lambert series

oo oo oo
Z Uy, sinnb, Z vy, sinnb, Z Vap41 sin (2n + 1)0
n=1 n=1

n=0
(see Theorems 4.1-4.6). See also the comment by Ramamani [21, p. 17]. All of these
results are obtained by repeated application of Theorems 2.1, 2.2 and 2.3. The proofs
are given in Section 10.

THEOREM 4.1.

AT I S 3,5
(a) (T;unmnn@) zi(Znun) (;unsmn0)2;unsmn9

o0

1
2)u? sinnf — 3 Z(n2 — 3n + 2)u, sinnb

»Jklw

n=1

»PIOJ

PR
& n—1 n—1
Z Z sinkf + — Z nZsmkﬂf —Z(nf 1)unZsink9.

k=1 n=1 k=1



14 A. Alaca et al.
(b) (iu sinn9)3—§(inu )(f:u sinn@)—Eiu sin nf
n=1 " - 2 n=1 ! n=1 " 16 n=1 "
+ § inu sinnf — 2 iuQ sinnf + § imﬁ sin nf
4 " 4 " 4 "
n=1 n=1 n=1
1 o0 3 o0
~3 nz::l n’u, sinnf — 2 nz::l ui sin né

o0

3 0
- ZCOt§ Z ( - Z —I—un)uncosne—l— — cot? = Zunsmne.

n=1

Theorem 4.1(a) is due to McAfee and Williams [12].

THEOREM 4.2.

(iv Sinn9)37 (i )(iv Sinn9)7§§:v3sinn0
n=1 " B ot " 24

OOIH 3

o0 3 o0 )
Z n?—3n+ 2)vy, sinnf + Z Z NV, Uoy, Sin nd.

Theorem 4.2 is due to Ramamani [21, p. 121].

THEOREM 4.3.

(Z Vop41 Sin (2n + 1)9)3 = % (Z(Qn + 1)u4n+2) (Z V41 8in (2n + 1)9)
n=0 n=0 n=0
- % i(n2 + n)vgp41 sin (2n + 1)6.
n=0

Theorem 4.3 is a simpler version of a theorem of Liu [9, Theorem 11, p. 148].

THEOREM 4.4.

(a) (i Uy, SN n9)4 = %(i nun) (i(—3 + 2n — 6uy, ) u, (1 — cos n9))

00 n—1 o] n—1
1 2
(nz_: )(;unz 1—cosk‘9)—zg —12n+5n )unkz_:l(l—c%kiﬂ)
3 o) n—1 1 [es) n—1
+ 3 Z(Qn —3)u? Z(l — cos kb)) + 1 2(571 —6)uy, Z k(1 — cos k)
n=1 k=1 n=1 k=1
1 o) n—1 3 [eS) n—1
fZZun kQ(lfcoskH)fEZui k(1 — cos kb)
n=1 k=1 n=1 k=1
00 n—1 0
=3 ul Y (1—coskf) + %Z(annwn — n3)u, (1 — cosnb)
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(7 — 6n + n?)u? (1 — cosnb)

_|_
=~ =
[M]8

n=1

(3 —n)ud (1 —cosnb) + 3 Z ut (1 — cosné).

N W
NE

+
n=1 n=1
(b) (i U sinn9>4 = 1 i(i%n?’ — 4n*)u, — 1 i n?u?
n=1 ! 16 n=1 " 4 1
1 & 1
+ 15 ;(rﬁ — 120" + 38n — 30)uy cosnf) — ;(2112 — 18n + 29)u2 cosnb

1 oo
—Z 3n—12u cos nb — SZU cosnbd

n=1

\V]

(Z nun) (; 3ui + 3u,, — nuy,) cos n9>

n=1
IR
+ 1 0t 5 nz::(zrﬂ — 12n + 13)u,, sin nd
—§cot€i(n—3)u sinn@—l——cot—Zu sinnf
4 2n f
—§cotg(i )(Zu 51nn9>——cot2 Znu
2 2 — " "

3 0 3 .0« 1 0
— — cot? 5 Z(n — 2)u, cosnb + 3 cot? 3 Z u? cosnf — 16 cot? 5 Z Uy, sin nd.

n=1 n=1 n=1

THEOREM 4.5.

oo

4 1=
( E Up sinn@) =3 E (But + 6u + (4 +n?)u2 + (1 + n*)u,)(1 — cosnh)
n=1 n=1

o0

) (Z(Sui + 3u, — 2nwv, — 6v2)(1 — cos n9))

1 o0
-5 Z 14402 + 72002 + (30 + 120202 + (11n + n®)v, ) (1 — cosnd)

THEOREM 4.6.

(i Vop41 sin (2n + 1)9)4 = % (i@n + 1)u4n+2) (i nwg, (1 — cos 2n9))

n=0 n=0 n=1
1 o, 3
— — Y (n° —n)va, (1 — cos2nb).
48 £~

Theorems 4.4-4.6 appear to be new.
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5. Liouville’s arithmetic identities

In 1858 Liouville [8] stated but did not prove the following three arithmetic identities.

THEOREM 5.1 ([8, article 5, p. 275]). Let n € N. Let F' : Z — C be an even function.
Then

> (Fla—b)—F(a+b)) =F(0)(o(n) —d(n)) + > _F(d)— Y dF(d)

(a,b,z,y)eN dn din
e +23 2 F@) 23 Y Fk)
d
dln djn 1<k<d

Proofs of Theorem 5.1 have been given by McAfee [11], Meissner [15], Pepin [19, p. 93]
and Piuma [20].

THEOREM 5.2 ([8, article 1, p. 144, and article 2, p. 194]). Letn € N. Let F: Z — C be
an even function. Then

n
§ (F(a—0b)— F(a+1b)) = a(n/2) — § dF(d) + § EF(d)
(a,bx,y)eN? dn dn
ax+by=n
o dFd) — S " F(d)
+ ) > y .
dln/2 dln/2

Proofs of Theorem 5.2 have been given by McAfee [11] and Pepin [18, p. 159).

THEOREM 5.3 ([8, article 4, p. 242 |). Let n € N be even. Let F' : Z — C be an even
function. Then

S (Fla—b) - Fla+1b) = F(0) (% o(n) — % U(n/Q))
(a,b,z,y)EN?
b o 1 1
) > dF(d) + 5 > dF(d)
dln dln/2

Proofs of Theorem 5.3 have been given by Baskakov [1, p. 344], Bugaev [2, p. 9],
Deltour [4, p. 123], Humbert [7], Mathews [10], McAfee [11], Pepin [19, p. 94] and Smith
[25, pp. 346-348], [26, Vol. 1, p. 348].

The following seven theorems were not stated by Liouville but can be proved arith-
metically by the method given in McAfee [11]. It is convenient in places to abbreviate

a =b (modm) by a =b (m).
THEOREM 5.4. Let n € N. Let F : Z — C be an even function. Then

S (Fla—b)— Fla+b) = F(O)(% o(n) — %d(n) + %d(n/Q))
(bt | 3 n |
o o 3 F(d) =Y dF(d) + 5> S Fd) -5 Y F(d)
d|n d|n din dn/2

+ Y AR = Y SF@ =Y Y P+ Y > Fk)

dln/2 dln/2 dln 1<k<d dln/2 1<k<d
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THEOREM 5.5. Let n € N. Let F : Z — C be an even function. Then

Y (Fla=b) = F(a+b) = F(0)(o(n) —o(n/2) - d(n) + d(n/2))

(a,b,z,y)EN*
am+b5d:n 1 1 n
+3 > F(d)—§ZdF(d)+ > S F(@)
d| d|n d|n
d=1(2) d=1(2)
>3 PRy -2 Y Y Fk).
dln 1<k<d dln 1<k<d

k=1(2) d=1(2) k=0(2)

THEOREM 5.6. Letn € N. Definer € Ng and m € N, m odd, byn =2"m. Let F : Z — C
be an even function. Then

2r—1 Z d(F(0) — F(2"d)), n even,
d|m

(Fla—b)—F(a+1b)) =
aw—%:n % Z (% — d) P’(d)7 n Odd

,T,y odd
a,r,y o dn

THEOREM 5.7. Let n € N. Let F' : Z — C be an even function. Then

Y (Fla=b)=F(a+b)=F(0)(o(n) - o(n/2) - d(n) + d(n/2))

(a.ba,y)eNt

ax+by=n 1

a,bodd -3 >oodr(d)y-2 Y. > F(k).
d|n dn  1<k<d
d=0(2) d=1(2) k=0(2)

THEOREM 5.8. Let n € N. Let F : Z — C be an even function. Then

> (Fla=b)— F(a+b))

(a,b,z,y)eN*
aw-l—by;ln 1 1 1 1
= F(0)( 50(n) — 5 0(n/2) = 5 d(n) +d(n/2) - 5 d(n/4)
1 1 n
+3 > F(d)—§ZdF(d)+ > S F(@)
d|n dn dln
d=1(2) d=1(2)
_1 3 Fld) + Soar@ - Y F()
2 2 d
din/2 din/2 djn/2
d=1(2) d=1(2)
= > D Fe+ D D Fk).
d| 1<k<d d|n/2 1<k<d

d=1(2) d=1(2)
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THEOREM 5.9. Let n € N. Let F : Z — C be an even function. Then

> (F(a—b)—F(a+b))

(a.b,z,y)EN
aerbyC;n 1 1 1 1
wyo =F(0){ 50(n) — 5 0(n/2) = 5 d(n) +d(n/2) - 5 d(n/4)
IS ar@ S ar@a+ S LR
2 2 2 d
d|n dln/2 dln
d=1(2)
Z > Fk = > > F
dln  1<k<d dn  1<k<d
d=0(2) k=1(2) d=1(2) k=0(2)
DI IRICLID DD
din/2 1<k<d din/2 1<k<d
d=0(2) k=1(2) d=1(2) k=0(2)

THEOREM 5.10. Let n € N. Let F : Z — C be an even function. Then

Z (F(a —b) — F(a+b))

(a,b,z,y)EN*
aztby=n 1 1 1 1
b, odd = F(0) (5 a(n) — 3 a(n/2) — 3 d(n) +d(n/2) — 3 d(n/4)>
3 X Ry ¥ ar
dln/2
d= 0(2) d=0(2)
1<k<d din/2 1<k<d
d= 1(2) k=0 (2) d=1(2) k=0(2)

We close this section by noting that other products of Lambert series also give rise to
Liouville type identities. For example it can be shown (although we will not do so) that
the identity (3.1) is equivalent to the following arithmetic identity:

Let n € N. Let F : Z — C be an odd function. Then
Y (Fla+b)+Fa-b)-2 > Fb)=)Y (d—1)F(d).

(a,b,z,y)EN* (a,b,z,y)EN* d|n
ax+by=n ax+by=n
a<b

Taking F'(x) = « we deduce that

1
> a= g (oaln) o))
(a,b,z,y)EN*
ax+by=n
a<b

This result can also be deduced from Theorem 5.1 by taking F'(z) = |z|.
In this paper we show in Section 12 the suprising result that the arithmetic identity in
Theorem 5.m (m = 1,...,10) is equivalent to the Lambert series given in Theorem 3.m
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(m =1,...,10). Details are only provided of the equivalence of Theorems 3.1 and 5.1 as
the other equivalences can be proved similarly.

6. Further arithmetic identities of Liouville type

We begin by giving three arithmetic identities of Liouville type, which involve the equation
ax + by 4+ cz = n instead of ax + by = n.

THEOREM 6.1. Let n € N. Let F' : Z — C be an odd function. Then
Z (Fla+b+c)—Fla—b+c)—Fla+b—c)+ Fla—b—c¢))

(a,b,c,x,y,2)ENC

T s (e (5 (5 a)ew
+3) 0> (zd%”k)F(k)e > o(m) ) F(d).

din 1<k<d (n1,n2)€EN? d|na
n=ni+nz

Theorem 6.1 was first stated and proved by McAfee [11]. Her proof is completely
arithmetic. Theorem 6.1 has been used to give a completely arithmetic proof of the
formula for the number of representations of a positive integer as the sum of six squares
1], [14].

THEOREM 6.2. Let n € N. Let F : Z — C be an odd function. Then

Z (Fla+b+c¢)—Fla—b+c¢)—Fla+b—c)+ Fla—b—c¢))

(asb,c,a,y,2)EN®
ax+by+cz=n

z,y,z odd
2
1 n n—axr
== 2d* — 6n +3( = 1|F(d)—6 o F(a).
d|n (a,x)EN?
n/d odd ar<n
a=n (mod 2)
x odd

Theorem 6.2 was not given by McAfee [11] and appears to be new.
THEOREM 6.3. Let n € N be odd. Let F : Z — C be an odd function. Then

Z (Fla+b+c¢)—Fla—b+c¢)—Fla+b—c)+ Fla—b—c))

(a,b,c,a,y,2)EN®
ax+by+cz=n

a c,T zZ 0 1
bewy,z odd =3 Z(d2 —1)F(d) -3 Z o(o(n —ax))F(a),
d|n (a,z)EN?

ar<n
a,x odd

where o(k) denotes the odd part of k € N.

Theorem 6.3 was first stated by Liouville [8, sixth article, p. 331]. Nazimov [16,
p. 110] indicates how a proof can be given using elliptic functions but does not give the
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details. The first proof was given by McAfee [11], see also McAfee and Williams [13].
The proof given in [11], [13] is completely arithmetic in nature.

In Section 13 we show that Theorems 6.1, 6.2 and 6.3 are equivalent to the Lambert
series for

© 3 > 3 © 3
(Z Uy, Sin n@) , (Z vy, Sin n0) , (Z Vg1 8in (2n + 1)0) ,
n=1 n=1

given in Theorems 4.1, 4.2 and 4.3 respectively. Details are just given for the equivalence
of Theorems 4.2 and 6.2 as the other two equivalences can be proved similarly.

In Section 14 we show that the following three new arithmetic identities (Theorems
6.4-6.6) are equivalent to the Lambert series for

(ni;l Un S ”9)47 (g:l Up sin n0)4, (g V2p418in (2n + 1)9)4’

given in Theorems 4.4, 4.5 and 4.6. Details are just given for the equivalence of Theo-
rems 4.4 and 6.4.

THEOREM 6.4. Letn € N. Let F : Z — C be even. Then

> (Fla+b+c+d) —Fla—b+c+d) —Fla+b—c+d)

(a,b,c,d,x,y,z,w)eNB
az+by+cz+dw=n —F(a+b—|—c—d)—|—F(a—b—c+d)—|—F(a—b—|—c—d)

+Fla+b—c—d)—F(a—b—c—d))

= F(0) (d(n) + %U(n) +11oa(n) + gog(n) —12nd(n) — 2no(n) =12 Y o >
(r,5)EN?
r4+s=n
1 n n\ 2 n\° n2
+ - <6+ 11d 4 6d> +d® — 24 — 4 36 (—) —24(—) — 12nd—36n—|—36—>F(d)
6 4 d d d d
d—1
+2Z<1—12n+5d2+6< >)ZF —22(5(1 6 — >ZkF
d|n =1
d—1 d—1
+23 S KPPk -4 ) o Z(m 6= +3> (d)—24 > a(r)> Y F(k).
djn k=1 (r,s)EN? d|s (r,s)EN? dls k=1
r+s=n r4+s=n

For k,n € N we set

=de, op(n) = Z d*.

d|n d|n
n/dodd

Recall that o(n) denotes the odd part of n € N and d(n) denotes the number of (positive)
divisors of n € N. If n = 2N, where N = o(n) and «a € Ny, then
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opn) = Y dF =Y "(2%)F = 2"%g,(N)
d|n

e|N
n/dodd
and
k k k
n n N
> (i) () -2(F) -
dln e|N e|N
n/dodd
THEOREM 6.5. Letn € N. Let F : Z — C be even. Then
> (Fla+b+c+d) —Fla—b+c+d) —Fla+b—c+d)

(asb,c.d,z,y,z,w) EN®
aztbyt+cztdw=n — F(a+b+c—d)+ Fla—b—c+d)+Fla—b+c—d)

x,y,z,w odd
+Fla+b—c—d)—F(a—b—c—d))

= F(0) (é( 3(n) —3os(o(n)) + 20™(n) — 6no*(n) + Ino(o(n)) — 3o(o(n)))

4> (- 3x)a(n _2”»

(a,z)EN?
ar<n

 odd
a=n (mod 2)

+% 3 <d3—6nd+2d+9%2—3(%> —3<Z)S)F(d)

4 Y (- 3:10)0(” ;ax)F(a).

(a,z)EN?
ar<n
x odd
a=n (mod 2)

THEOREM 6.6. Letn € N. Let F': Z — C be even. Then
> (Fla+b+c+d) —Fla—b+c+d) —Fla+b—c+d)

(a,b,c,d,x,y,z,w) EN®
ar+by+cz+dw=2n _F(a+b+c_d)+F(a_b—C+d)+F(a—b—|—c_d)

a,b,c,d,z,y,z,w odd
+Fla+b—c—d)—Fla—b—c—d))

= F(0) (—é(o}‘(n) —o*(n))+4 Z ao(o(n — a:v)))
o odd
+ é > (@ —d)F(2d)—4 ) ao(o(n — azx))F(2a).
n/cji‘:}dd Zxofls

It may be possible to prove Theorems 6.4—6.6 by the elementary arithmetic methods
used by McAfee in [11]. However, it seems that the calculations would be extremely
complicated.
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7. Basic properties of u, and v,, and some
trigonometric identities

In this section we state without proof the basic properties of u,, and v,, that we shall use
(often without comment) in the proofs in the following sections. All can be proved in a
straightforward manner. Let k,n € N. Then:

(7.1) q "up =1+ up.

(7.2) q "vp =14 q"vp.

(7.3) Uap = Uy, — Upy.

(7.4) Qi Uon = U2 — Uy, + Uy

(7.5) QU Uy = U2 + Up — V.

(7.6) Qg Vay = V2 — V.

(7.7) V2 = ud, + uop.

(7.8) UnUntk = Uk (Up — Uptk) — Unph-

(7.9) UpUnptk = ¢ Up(Up, — Uptk)-

(7.10) UpUk—pn = Uk(L + up + uk—pn), n<k.

(711)  vpvnik = ve(q"vn — ¢"Fop ).

(7.12) VnVk—n = p(1+q"vn +¢" "0p_0), n <k

(7 13) V2n+1V2(n+k)+1 = V2k (q2n+1v2n+1 - QQ(n+k)+1U2(n+k)+1)~
(7.14) Vot 1V2(k—n)4+1 = V2k2(1 + " gy + q2(k7”)+1vg(k_n)+1), n <k.

k-1 k-1
(7.15) Zunuk,n = uy, (k— 1—|—2Zun), n < k.
n=1 n=1
) k )
(7.16) Z Up Utk = Uk Z Uy, — Z Uy,
n=1 n=1 n=k+1
k-1 k-1
(7.17) Z VpUk—pn = Uk (k; —14+2 Z uQn>, n < k.
n=1 n=1
0o k
(7.18) Z VnUnik = Uk Z U, .
n=1 n=1
(7.19) Z v = Z Ny,
n=1 n=1
(7.20) iuinH:i n—1)v Zv —I—QZuann
n=1

(7.21) Z Uy Z n—1u,
n=1



(7.22)

(7.23)

(7.24)

(7.25)
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k
E V2n4+1V2(n+k)+1 = V2k E Uan+2-
n=1 n=1
k-1 E—1
E V2n+1V2(k—n)+1 = U2k+2 (k —1+2 E u4n+2)~
n=1 n=1

o 0
2
E Vopi1 = E NUy,.
n=0 n=1
o o
E nuan+1 = § Ugn+2UV2n+1-
n=1 n=1

23

Next we state some simple trigonometric identities, which will be useful in what

follows:

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

n—1

1 0
Zsmke——§smn€+ (1 — cosnb) cot 3"
k=1

ZcoskG—f (1+ cosnb) + %sinn@cotg.

Zcos (2k+1)0 = —c50951n2n9

stmk&- 1—2n)smn9—gcosnﬁcotg—i—isinanoth
chosk@-% (1—2n)c0sn9—1)+gsinnecotg+i(cosn9—1)cotzg

1 1
Z k?sin k6 = En(l —n)sinnf + 1 ((1 —2n?) cosnb — 1) cotg

6 1 0
+ %sinn@ cot? = + 1 (cosnf — 1) cot? 3

2

1 1 0
Z k?* cos k) = 3 n(l —n)cosnb + 1 (2n? — 1) sinnd cot 3

0 1 )
—|—g cosnf cot? 371 sin nd cot? 3

From these we immediately obtain the following fourteen useful identities:

(7.33) cothuncoan—cothun Zunsmnﬁ QZunZsmkﬂ
n=1

(7.34)

(7.35)

cot%Zuicosn@zcot%Zu Zu sinnf — 22 Zsmk@
n=1 n=1 n=1

cot g i nu., cosnd = cot g i Ny — Z nu, sinnf — 2 Z Ny, Z sin k6.
n=1 n=1 n=1 n=1 k=1
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(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)

A. Alaca et al.

9 oo 9 oo oo
cot? 3 Z Un sinnf = 2 cot 3 Z nu, cosnf + 2 Z nuy, sin nf

n=1 n=1 n=1

—iunsinnﬂ—i—éliunrisink@.
— el _
cot—ZunsmHG—Zun—l—ZuncosnG—l—QZunZCObk;H
n=1
cot—Znun 81nn0—2nun+2nun cosn9+22nun2c05k9
n=1
cot—Zn unsmnH—Zn un—f—Zn uncosn9+22n unZCOSkG.
n=1 n=1
Zu smn@—Zu —l—Zu cosn9+2z Zcosk@
n=1
cot—Znu slnnG—Znu +Znu cosn@—l—QZnu Zcosk@
n=1
cot—Zu smnG*Zu +Zu cosm9+22 Zcosk@
n=

n=1

cot? = Z Up, cOSNO = (1 + cot? = ) Z Uy — 2 Cot = Z nuy, sin nb

—l—QZnuncosné‘ Zuncosn9+42un2kcosk9.
n=1

cot? = Z nu, cosnf = <1 + cot? = > Z nu, — 2cot = Z n-u, sin nf
n=1
oo _
+2 Zn2un cosnf — Znun cosnb + 4Znun Z k cos k6.
n=1 n=1 n=1 =1

cot? = Zu cosn9—<1+cot2 >Zu —2cot—2nu sin nd

+22nu coanqu cosn0+4z choskﬂ.
n=1

0
cot? = Zunsmn9—2(1+cot2 )Znuncosné'—i—?cot—Zn Uy, SIN MO

nl n=1 n=1

o] 00 e n—1
— cot g Zun sinnf — 2Zn2un cos nb — 4Zun Z k2 cos k6.
n=1 n=1 n=1 k=1



Lambert series and Liouville’s identities

8. Proofs of Theorems 2.1-2.3

We make use of ideas of Ramanujan [23]. We have

(i U, f (M) sin m0) (i Uunpg(n) sin n0>

= Z U U f (M) g(n) sinmf sin nf

m,n=1
1 o0
=5 Z U Up f(m)g(n)[cos (m — n)d — cos (m + n)b ch cos kb,
m,n=1
where
co = Z U U, f (M0 Zu f(n
m,n=1
and ¢ (k € N) is given by
cp = Z UmUn f(m)g(n) + Z U Un f (M0 Z UmUn f(m)g(n)
m—n=k m—n=—=k m+n=~k

:Zunun+kfn+k +Zunun+kf g(n+k)— Zunuk nf(n

0o k—1
= 3" [+ B)gln) + F(mg(n + W) s — 3 F(k = 0)g(m)u .
n=1 n=1
Set
Ak, n) = f(n+k)g(n) + f(n)g(n+ k)
so that

A(k,n— k) = f(n)g(n— k) + f(n —k)g(n) and  A(k,0) = f(k)g(0) + f(0)g(k).

Using (7.9) and (7.10), we obtain

') o k—1
Cr = Uk Z Ak, n)q"un — ug Z Ak, n)q " Uptr — uk Z flk—mn)g(n)

n=1 n=1 n=1

k—1
—uka(k—n) —Uka —n)g(n)uk—n.
n=1

Replacing n by n — k in the second sum, and n by k — n in the last sum, we obtain

(e} [o.¢]
ex =k Y Atk n)g"un —urg ™ D Alkn— k)q"u,
n=1 n=k+1

k—1 k—1 k—1
—uk Y fk=n)g(n) —up > _ f(k—n)gn)un —up » _ f(n)g(k -

25
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= uy, Z A(k,n)q" un — (1 + uyg) Z A(k,n — k)" u,
n=1 n=k+1

7ukZA un*ukz.f 771

= uy, Z A(k,n)q"u, — Z Ak, —k)q"uy, — ug Z A(k,n — k)q"up,

n=1 n=k+1 n=k+1
k—1 k—1

—ug Yy A(k,n—k)(q"un +q") —ux »_ f(k—n)g(n).
n=1 n=1

Combining the third sum and the first half of the fourth sum, we obtain (remembering
that f and g are even)

Cr = Uk Z A(k,n)q"u, — Z A(k,n —k)q"up, — ug Z A(k,n — k)q"up,

n=1 n=k+1 n=1
k—1 k-1
—ug Yy A(k,n— k)" +u” Ak, 0)q" —ur Y f(n—k)g(n).
n=1 n=1

Then by (7.1) we have ¢"u,, = u, — ¢", so

Crp = ug Z Ak, n)u, — Z A(k,n — k)u, — ug Z A(k,n — k)u
— n=1

n=k+1
—ukan— n) + S(k),

where

:—ukZAknq + Z A(k,n — k)q" +ukZAkn—

n=k+1

—ur y_ A(k,n —k)g" + uf A(k, 0)¢*

n=1

=—up Y A(k,n)g"+ Y A(k,n—k)g" +up Y A(k,n—k)q" +uf A(k, 0)¢*

n=1 n=k+1 n=~k

= —uy Z A(k,n)g" + (14 ug) Z A(k,n — k)q" 4 up (1 + ug) A(k, 0)g"
n=1 n=k+1

ZA (k,n)g" ™ + (14 we) Y Ak,n—k)g" + ufA(k,0)
n=k+1

1—qk

1

- Z Ak, n = k)g" + T > A(k,n— k)" + up A(k,0)
n=k+1 q n=k+1
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This completes the proof of part (a) of Theorem 2.1. Parts (b) and (c) of Theorem 2.1
as well as Theorems 2.2 and 2.3 can be proved in a similar manner. =

9. Proofs of Theorems 3.1-3.10

We just give a sketch of each of these proofs.
Proof of Theorem 3.1. Taking # = 0 in Theorem 2.1(a), we obtain

ch =) f(k)g(k)u}
=1 =1

Thus Theorem 2.1(a) can be reformulated as

(i un f(n) sin nG) (i upg(n) sin n9) = —% i ¢k (1 — cos kd).
= n=1 k=1

Taking f(n) =g(n) =1 (n € Z) in Theorem 2.1(a), we find

p = —2 Z Up — ( fluk+2uk
n=k+1

Hence

n—1

(ZunsinnG) = 52 Ny, — Uy — 2u2)(1 — cosnb) +Zunz (1 — coskb),
n=1 n=1

which is Theorem 3.1. m

Proof of Theorem 3.2. Taking 6 = 0 in Theorem 2.2(a), we deduce that

Z UTQL (n)g(n) == Z CnUn
n=1 n=1

Thus Theorem 2.2(a) can be rewritten as

(i v f(n) sin nﬂ) (i vpg(n) sin n@) = f% i crvE (1 — cos kb).
n=1 n—=1

k=1
Taking f(n) = g(n) =1 (n € Z) in Theorem 2.2(a), we find

CkZ—(k—l)—‘rQUQk, ke N.
Hence

Uy, SIn n9> = - 21}2 + nv,, — ui —up)(1 — cosnb),
(;1 P ) )

which is Theorem 3.2. m
Proof of Theorem 3.3. Taking 6 = 0 in Theorem 2.3(a), we obtain

oo

Z f(k)g(k>vgk+l == Z CLU2k-
k=0

k=1
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Thus Theorem 2.3(a) can be rewritten as
oo 1 oo
. (2n+1) )( . P 1,9)::<—— 1 — cos 2k6).
(;vg +1f(n)sin (2n + ng +19(n)sin (2n + 1) 5 ];Ckvgk( cos )

Taking f(n) = g(n) =1 (n € Z) in Theorem 2.3(a), we obtain
c, = —k, ke N.

Hence
(Z Vop41 Sin (2n + 1)0) =— Z nvgy, (1 — cos 2nb),
n=0 2 n=1

which is Theorem 3.3. =
Proof of Theorem 8.4. For n € Z let

s =1, gl = {

Using Theorem 2.2(a), we obtain

14+¢" ifn>0,
1+¢™ ifn<-—1.

ck:—vk_l Z v+ (1 — k) + vk + 3ugg, k>1,
n=k+1
and thus
(Z Uy, Sin n@) (Z vy, Sin n@) (Z vy, Sin n9) (Z(l +¢")v, sin n@)
n=1 n=1 n=1 n=1
1 1 &

[\
M

—Zv + vpUap) —Zl—n vy, cos N
n=1

o0 o0 n—1
fz (v + 3vpusy) cosn@—vaanoskH
n—=1 k=1

n=1

l\Jn—

Using the identities u,, = v, + u2, and 2u,v, = un + u, — v,, this equation can be
rewritten as

(Z Uy, SIN n0) (Z vy, SIn n0)

n=1
1 1 (oo} [ee]
=5 z:(vfz + vplUap) Z Z (3uZ + 3u, — 402 — 2nv, — v,)cosnf — = Z Up, Z cos k6.
— n=1 n=1

Taking € = 0, we obtain

1 oo
5 Z(v% + UnUQn =

o0 1 o0
Z3Ui+3“n*41’721*2m’n*7}n 5211—1

m»a

Thus

(7; Uy, SIN n0) (Z vy, SIn n0)

[e%s} [e%e} n—1
1
gz 3u + 3u, — — 2nv, — v, )(1 — cosnb) + 5 ngzl ,;,1 (1 —coskf). m

4>|r—\
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Proof of Theorem 3.5. For n € Z let

1 if nis even
f(n)=1, gn{ ’
() () 0 if nis odd.

Using Theorem 2.1(a), we obtain

Cop = -2 Z Uop — (k — 1)U2k —+ 2U§k, k Z 17

n=k+1
Coky1 = — Z Un, — KUogy1 + Udj 1 k>0,

n=2k+2

and thus
(Z Uy, Sin n9) (Z Uy, SIN 2n9) = (Z Uy, Sin n9) (Z unpg(n)sin n@)
n=1 n=1 n=1
1 & 1 &
=5 nzz:l - z:: Ny, — Uy, — 2u2) cosnb + 1 ;(21@” + uay ) cos 2nb

Mg

i os2k9——Zu2anos 2k +1 9——Zu2n+1§:cos (2k+1
k=1 n=1

Taking € = 0, we obtain
1 & 1 &
§Zu§n:—2nun n—2u)
n=1 n=1
Z n— 1ug, + = Zm@n + - Znu2n+1
n=1 n=1

n=1

oo
Z 2u2n + uzn

»Jkl’—‘

Thus
o0 o0 1 o0

(Z:l Uy, SIn nﬂ) (Z: Uay, SIN 2n0) =1 z_: Ny, — Uy, )(1 — cosnb)
1 e3¢} o) n—1
~1 Z 2u3, + Uz, ) (1 — cos 2nf) + Z U Z(l — cos 2k0)

n=1 n=1 k=1
1 o] n—1 n—1
+§;uzn I;)(lfcos(QkJrl Z“%HZ (1 —cos(2k +1)0).
Then
(Z Uy, SIN n9) (Z Ugp41 Sin (2n + 1)9)
n=1 n=0

= (g Uy, Sin né‘) ’ - (g U, SIN né‘) (g Uay, SIN 2n6’)
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1 — 1 o
=1 Z nuy, (1 — cosnd) — 1 Z Uon41(1 — cos (2n + 1)0)
= n=0

1 oS} n—1
_ 5Zugn_irl(l—cos (2n+1)0 ZUQ”Z (1 —cos (2k + 1)6)
n=0 k=0

Z Uapt1 Z (1 — cos 2k0) + Z Uapi1 Z (1 —cos(2k+1)0). m

Proof of Theorem 3.6. For n € Z let
1 if nis even,
{ 0 ifn is odd.
Using Theorem 2.2(a), we obtain
—(k—2)/2 4 2ug;, if k is even,
k{—(k;—l)/Q—i—ugk if k is odd,

and
(Z Up, SIn n9) (Z Vo, SIN 2n9)
n=1 n=1
= (Z Uy, Sin n@) (Z vpg(n) sin nQ)
n=1 n=1
_1 in 1 i(m} — U, — 2U9y, Uy, ) cOs MO + ! i(vg + 24y V2y, ) COS 210
2 P 2n 4 Pt n n nUn 4 Pt n nU2n .

Using identities (7.3) and (7.5), we can rewrite this as

(Z Uy, SIn n@) (Z:l Vo, SIN 2n9)

1 o0
= —ngn— ZZ (202 + v, — u? — uy) cosnb +
n=1

Taking € = 0, we obtain

1 o] o0
5 Z v3, 2(21}% + nu, — us
n=1 n=1

»MH

o0
Z u3, + Uz, — 2v3,,) cos 2nd.

o0
Z u3,, + Uy — 203,).

el
»-lklb—‘

Thus
(g Uy, SIn n9) (g Vo, SIN 2n6’)

- 1
Z(?Ui + vy, — uZ — uy) (1 — cosnd) — 1 Z(u%n + Uy — 203,)(1 — cos 2nf).
n=1

n=1

I
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Hence

o o

(nz_:l Up, Sin n@) nz:% Vopnt1 8in (2n + 1)9)
(

i vy, SIn n9> (Z v, Sin n9) (Z Vay, SIN 2n9>

/N

n=1 n=1
1 & 1
=1 Z n(1 — cosné) ~1 Z U1 + Uzpt1 — 205, 1) (1 — cos (2n + 1)6),
n=1 n=0

using identities (7.3), (7.5), and Theorem 3.2. m

Proof of Theorem 3.7. For n € Z let
{ 1 ifnis odd,

0 if nis even.

Then

(Z Ugpt1 8in (2n + 1) ) (Z Up f(n) sin n@) (i unpg(n) sin n@).

Using Theorem 2.1(a), we obtain

Cop = —2 Z Unt1 — kg, k>1, copy1 =0, k=0,

n=k
and thus
oo ) 2 1 oo
(2:0 Ugp41 Sin (2n + 1)9) =3 . 2n+1 Z U, cos 2nl — Z Uana1 Z cos 2k0.
n= n=

Taking € = 0, we obtain

oo oo oo

1 9 1

5 g Udpy1 = 5 g nugy, + g NUp41-
n=0 n=1 n=1

Thus

(Z U2p+1 Sin (2n + 1) ) Z nugy, (1 — cos2nd) + Z Upt1 Z (1 — cos 2k0).
Proof of Theorem 3.8. For n € Z let

1+4q¢" ifn>0, 1 if n is even,
f(n) = s g(n) = o
1+4¢ if n < -1, 0 if nis odd.
Then

(Z Uy, Sin n9) (Z Vap, SIN 2n6’) = (Z(l + ¢")vy, sin né‘) (i vpg(n) sin n9).

n=1 n=1
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Using Theorem 2.2(a) and ¢"us, = v, — ¢", we obtain

—1
Col = —Vyy Z von — (K — 1) + 2ugp + vk, k2>1,
n=k+1
o0
—1
Cok+1 = —Vgpyq Z von, — k + ugp1, k>0,
n=k+1

and thus

(Z Uy, SIN n9) (Z Vs, SIN 2n9)

I
N
NER i

(vgn + UgnV2n) Z Vop Z cos 2k6 — — Z Ny, cos nd
n=1

I
=

n

+ = Z Vo, COS 2n6 + — Z Vopt1cos (2n+ 1) + = Z Uy Uy, COS N

= = n=1
+ Z UapVoy COS 210 — — Z Von Z cos(2k + 1)6
n=1 n=1
Using identities (7.3) and (7.5), we can rewrite this as
(Z Uy, SIN n0) (Z Vo, SIN 2n9>
n=1
1 & 1 & 0
52 V3, + UnVan) + ZZ u? + Uy — v, — vy) cosn
1 e’} 2n—1
5 Z u3,, + ug, — 203, cos 2nf + Z Vopt1cos (2n+ 1)0 — = Z Van Z cos k6.
n=1 n=0 n=1
Taking € = 0, we obtain

[\)

Thus

10
E 2 —
= (Ugn + u4nv2n =
n=1

NH

oo 1 oo
Z u + Uy — NV — Vy) —52 u2n+u2n—2v§n)

*427}271-&-14” Z 271*1 v2n

(; Uy, SIN n0) (Z Vo, SIN 2n9>

1 1 o
= Z u? + Uy — v, — vy)(1 — cosnb) — 3 nzl(u%n + gy — 203,)(1 — cos 2nb)

o'} 00 2n—1
1 1
~ 1 E Vont1(1 — cos (2n 4+ 1)0 +§ E Von E (1 — coskb).
n=0 n=1 k=1
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Hence

(,; Uy, SiN n@) (nz_o Vap41 Sin (2n + 1)9)
= (nz_:l Uy, SIn n9) (nz_:l vy, SIn n9) — (nz_:l Uy, SIN n@) (nz_:l Vo, SIN 2n9)

1 — 1
=1 E nv, (1 — cosnf) — 1 E (2u3,, 1 + 2uont1 — 403,41 — Vant1)(1 — cos (2n + 1))
n=1 n=0

[e%e} 2n
1
+ 3 Z Van+1 ];(1 —coskf). m

n=0
Proof of Theorem 3.9. For n € Z let

q" ifnisoddandn>1,
fn)y=1, gn)=<0 if n is even,
g™ ifnisodd and n < —1.

Then
(i vy, Sin n9) (i Udn42 Sin (2n + 1)9) = (i v, Sin n@) (i " Mg, sin (2n + 1)9)
n=1 n=0 n=1 n=0

= (g v, Sin n@) (g vpg(n) sin né‘) .

Using Theorem 2.2(a) and ¢"us, = v, — ¢", we obtain

oo o0
—1 —1
Cok =~V D Vang1, k=1, Copgr=vaks1 —Uyy D vz, k>0,
n=k n=k+1
and thus
o0 oo
(Z Uy, Sin n@) (Z Ugn+2 Sin (2n + 1)0)
n=1 n=0

1 1
=5 Z Vani1Uania + 3 Z vgnﬂ cos (2n + 1)0

n=0 n=0
1 o0 n—1 1 o n
— 5 nz::l Van kz_o COS (Zk' + 1)9 — 5 nz:;)’ljgn_;rl kZ_l cos 2k6.

Taking § = 0, we obtain

2
B E V2n41U4n42 = B g Uopt1 T B g NV, + 3 g NUp41-
n=0 n=0 n=1 n=0



34 A. Alaca et al.

Thus
(Z vy, sin n9) (Z Ugppo Sin (2n + 1)9)
n=1 n=0
1 0o n—1
_§ngn+1(1—cos(2n+l ZUQ”Z 1 —cos (2k +1)0)
n=0 n=1 k=0

1 oo n
+ 3 nZ:;)vgnH ;(1 — cos 2k0).

Using 49,41 = V241 + Udnt2, which follows from (7.3), we obtain

(Z Uopa18in (2n + 1 ) (Z Uy, SIN n@)
= (i Vopnt1 8in (2n + 1)9) (i vy, Sin n@) + (i Udnt2 Sin (2n + 1)9) (i vy, sin n@)

n=0 1 — ~
1 & 12 )
=1 Z nup (1 — cosnf) — 1 T;)(U%H + u2n+1)(1 — cos (2n + 1)0)
n—1 = "
+ 5 ;wn,;) (1 —cos(2k+1)0) + 5;)02“1 kz::l(l —cos2k0). m

Proof of Theorem 3.10. Replacing ¢ by ¢? and 6 by 26 in Theorem 3.4, we obtain
o0 o0
(Z Uy, SIN 2n0) (Z Vo, SIN 2n0)
n=1 n=1

1 o0
= 521} (1 — cos 2k0)

1 o0
~1 Z(Sugn + 3ug, — 403, — 2nV2, — V2 )(1 — cos 2n6).

n=1
Hence
(Z Ugp41 Sin (2n + 1)9) (Z Vap41 8in (2n + 1)9)
n=0 n=0

= (Z Ugp+1 Sin (2n + 1) ) (Z Uy, SIn n@) — (nz_:l Uy, SIN n@) (nz_:l vy, Sin n9)
(Z Uy, SIN né‘) (Z V41 sin (2n 4+ 1) ) + (; Uy, SIN 2n6’) (nz_o Vay, SIN 2n9)

= n=0

= % i nvgy, (1 — cos2nb) + Z Van+1 Z 1 — cos 2k0).

nl
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10. Proofs of Theorems 4.1-4.6

All of these results are obtained by repeated application of Theorems 2.1-2.3. We just
sketch the details for Theorems 4.1 and 4.4.

Proof of Theorem 4.1. For n € Z let

n
1—=+wu, ifn>1,
fmy =1, gm=J gt !
0 if n =0,

and
g(—n) = —g(n) ifn>1.
By Theorem 2.1(b), and (7.15), (7.16) and (7.21), we obtain

cr = 2up E nu, + E u + E Up,
n=k+1 n=k+1
oo

1 5
— = g un—3ui—4ui+§kui—Zkzuk—i—zkuk—uk,
n=k+1

N |

and thus

(g up f(n) sin n@) (Z

n

=1
= (; Uy, SIN n9) (nz::l

ung(n) cos n0)
1

n
< ~3 +un>un Cosn9>

= (i nun) (i U, sinn@) + % i Z sin kf + — ZunZsmkﬁ
n=1 n=1 n=1 =

f4Zunstmk97—Zu sinnf — ZZunsmnGJr Znu sin nf
n=1
—on U, sinnf + — ZnunsmnG—qunsmnH

n=1 nl

Appealing to (7.26) and (7.29), we obtain
o0 (o] n
(Z Uy, SIN n9) <Z <1 —3 + un) Uy, COS n9)
n=1 n=1
= (i nu )(iu sinn@) — E iu sin nf + § inu sinnf — g iuz sin né
n=1 ! n=1 ! 16 n=1 " 4 n=1 ! 4 n=1 "
+ § ioznu2 sinnf — 1 inQu sinnf — § i u2 sinnb
4 n=1 ! 8 n=1 . 2 n=1 "

1 0 I
_ZCOtQZ(1_g+u")u”cosn9+160t§nzlnu"__COtZ Zunsan

n=1
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Recalling Theorem 3.1(b) we have

(iunsian)Q = Znun — cot— Zunsmne—l— Z ( —l—un)uncoww
n=1 n=1

Then
0o ' 3 oo
(nzl Uy, SIN n@) = (nzl » Sin n9) (Z Uy, SIN n@)
= % (ni_o:l ) (Z Uy, SIN nﬂ) — —cot — (Z Uy, SIN n@)
+ (Ti n sinn@) <§:1 <1 - g + un> Uy, COS n9>

= (i un) (Z Un, smnH) - = Z Uy, sin nf

sinnf — Z;uisinnﬁ—&— Z;nuisinrﬁ

1 3 —
~3 Zn2un sin nf — 3 Zuisinn@
n=1 n=1

+
= W ”
I
3
<
3

3 > 30
JrEcot2 ;unsinnﬂzcot§;<l2+un)uncosn0 [

Proof of Theorem 4.4. This will be accomplished by means of a series of lemmas.

LEMMA 10.1.

(i Up, sinn@) (i Ny, sinn@)
n=1
:—Znu +ZuncoanZkuk—&—ZunZkukCOSkG ZnunZCOSkO
n=1 n=1
+ - ZunZk‘COSkO——Z(n — n)u, cosnb + — Znu cosnb.
n=1

n=1 nl

Proof. For n € Z let f(n) =1 and g(n) = |n|. With this choice the value of ¢; (k € N)
in Theorem 2.1(a) is

ckaUanun+2kuk Z Uy — 2 Z nu, +k Z un—

n=k+1 n=k+1 n=k+1

ug + kui

The lemma now follows from Theorem 2.1(a). m

Taking # = 0 in Lemma 10.1 we obtain

ZZunZkuku n)un—Zinui.
n=1

n=1
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LEMMA 10.2.

(i Uy, SIN n@) (i n?u,, sin n9)

n=1 n=1
00 o) 00 oo n—1 oo n—1

= % Z nzui + 2(2 nun) (Z Uy, COS n9) —Z n2u, Z cos kb —1—2 Ny, Z k cos k6
n=1 n=1 n=1 n=1 k=1 n=1 k=1

1 oo
- = n Yy K k;9—— 3 3n? ncosnd + = 2u? cosné.
nzlu Z cos Z( n n° + n)u, cosn +an Uz COSM,

n=1 n=1

Proof. For n € Z let f(n) =1 and g(n) = n?. With this choice in Theorem 2.1(a), the
value of ¢, (k € N) is

3k% + k

ck—4kuk2nun—2 Z n*u, +2k Z Ny, — k2 Z Uy — U, 2% 76 kzui.

n=k+1 n=k+1 n=k+1

The lemma now follows from Theorem 2.1(a). m

Taking # = 0 in Lemma 10.2 we obtain

(10.1) <§nun)2 = %z_: — 6n% + n)u Zn
which can also be obtained by equating coefficients of §2 in Theorem 3.1.
LEMMA 10.3.

(i Up, Sin n0) (i nu? sin n@)

n=1 n=1

= %inui—iunz kuy, cos kO — —ZunZkCOSk9 ZuncosnGZkuk
n=1 n=1 k=1

n=1

3

+ = ZnunZCOSkG— Znu Zcosk&—f—Znu cos nb
n=1 n=1

3 o0 1 o0
+ 1 Z nuZ cosnf — 1 Z n?u? cosnf.

n=1 n=1
Proof. Forn € Z let f(n) =1 and
Ny, ifn>1,
g(n)=4¢0 if n=0,
—nu_, ifn<-1.

With this choice in Theorem 2.1(a) the value of ¢, (k € N) is

o0
3 k2
—(2kug+k) Z un—Zuanun—l— Z Ny — Z nui—l—Qkuz—l—ﬁkui—?ui.
n=k+1 n=k+1 n=k+1

The lemma now follows from Theorem 2.1(a). m
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Taking # = 0 in Lemma 10.3 we obtain

2Zun2kuk— Znu ——Zn2u2+ Znu + - Zn —n)u
n=1

1 Un Zk;l kuy, gives the identity

Equating our two expressions for > 2
oo

(10.2) i nud = 1 i(n2 — 3n)u’ + 1 Z(n2 — N)Up.
n=1 2 n=1 2 n=1
LEMMA 10.4.
(Z Uy, SIN n@) (i sin n9)
n=1
oo [eS) [e'S) n—1
ZEZui Z(u + up) cosn@Zuk—lZ(ui—un)Zcost
2 n=1 n=1 k=1 2 n=1 k=1
gi chosn0+Zu cosnﬂf—Znu cosnb.

Proof. For n € Z let f(n) =1 and
U, ifn>1,

g(n)=40 ifn=0,
U_, ifn < -—1.
With this choice in Theorem 2.1(a), the value of ¢, (k € N)

k [e%S)

—(2u3 + uy,) Z Uy — Z (u? — up) + 3us + (2 — k)uj
n=1 n=k+1

The lemma now follows from Theorem 2.1(a). m

Taking # = 0 in Lemma 10.4, we obtain the identity
Z(u% + Up) Zuk =2 Z(ufl +u?) - Z nuZ.
n=1 k=1 n=1 n=1

LEMMA 10.5.

(i U, sinn@)( 3 ui sinn@)
n=1 1
_% EOO flﬁ— g u cosn@—i—ZE u cosn@—— g nu cos nb

n=1 nl

——Zuanoskﬁ— (z_:nun) (i; u? + uy, COS?”LQ)

n=1

3 oo n 1 oo n—1
§Zu +un)cosn9’;uk—§;ui;cosk9.

n=1
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Proof. For n € Z let f(n) =1 and
u? ifn>1,
g(n)=4¢0 if n =0,
w2, ifn<-—1.

n

With this choice in Theorem 2.1(a), the value of ¢ (k eN)is

ck:—2(uz+uk)2nun— Z Uy + 3(u? + ug) Zun Zu + (3 — k)up + 4uj.
n=1 n=k+1

The lemma now follows from Theorem 2.1(a). m

Taking § = 0 in Lemma 10.5, and using equations (7.21) and (10.1), we obtain

IR TN
n=1 nzlloo e}
6 Z ’n — 6712 +Tn — 6)“71 - Z n2u72l'

= n=1

Making use of the equation (10.2), we obtaln

nz:lu + up) Zuk——ggui—ggui—;nui+ﬁg(5n3+n—6)un.

Equating our two expressions for Y -, (u2 + u,) Y ,_, u, and appealing to (7.21), we

obtain
oo

o0 1 o0
(10.3) Z ut = -2 Z ud + G Z(n3 -+ 6)u,
=1 n=1 n=1

n—
We are now ready to proceed with the proof of Theorem 4.4. Appealing to Theo-
rem 4.1(b) we have

o0

(Z Uy, SIN n9) = (Z sin n0) (Z Uy, SIN n9)

o0

:2< 1nun)(iunsmn9) —1—2(7121%5111719)2

n=

+ % (2 Uy, SN n9) (i Ny, sin n@) (Z Uy, SN n9) (Z u;, sin n@)

n=1 n=1

+ 2 (Zl Up, Sin n@) (i nu? sin n@) - % (i Up, Sin n@) (i n2u,, sin n0)
g (z:: Uy, SIN n@) (Z u;, sin n@) + — cot2 (nij:l Uy, SIN n9) ’

o5 (G venot) (3 (1= o Jwcne)
— —cot = n 0 1———|— n | Un 0
1 2(;u smn) Z Up, | Upn COSNT
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n=1 n=1 n=1 n=1
3 oo [ee] 1 o0 o0
—3 cot 3 (T; nun) (nz_:l Uy, SIN n@) T nz::l Uy, cOSNO + 18 nz::l N, cos nd

49 §- TN 33 & 1S
——G;uicosne—3—2;n2uncosn9+ﬁnz::1nuicosn9—Z;nzuicosne
—i—iin?’u cosn@—4—5iu3cosn9+§inu3cosn9—3iu4cosn9

48 n=1 " 8 n=1 ! 2n:l ! n=1 !

+ —cot—ZunsmnH— —cot— ZnunsmnO—l— —cot—Zu sin nf

nl n=1

9 3 9
_ 1—600t— Znu sinnf + ﬁcot— Zn Uy, sinnf + —cot— ZunsmnG

- — cot2 Z N, + — cot2 Z Uy, cOSNO — _6 cot? = Z N, cos N

3 00« 3 0
+ = cot? §;uicosn9— —cot3§nzlunsinn9

8 64

1 3 2 2 2 S

§ Z 6u;, + 9u;, — 3nu;, — 3nu, + n-u, — 3uy,) Z cos k6
ot k=1

__Znunchost—i——ZunZchoskﬁ
n=1

n=1

Using (7.22), (7.28), (7.31) and (7.33), we obtain

(iun sinn9)4 = —Z inun + % inui — 1i6 in%ﬂ
n= n=1 n=1 n=1

o0 oo oo

ol e
N
S
+
oo |
N
S
S
+
|
N
N
S
§
v
»Moo

g 16 ;n U,
3 (o)
2 3
+ 1 nz::l Up + (z:: nun) (Z:: 3u;, + 3uy, — nuy,) cos n9)
_ § cot Q (i nun) (i Uy, SIN ne) — § i Uy, COSTH
2 2 — — gn:1
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9 29 1 & 9 =
21 Znun cosnf — 3 Zui cosnf — 1 ZnQUn cosnb + 1 Znui cosnf

ZW,QU cosn@—l——Zn Uy, COSNO — GZU cosnf + — Znu cosnb

n=1 nl

oo

1 0
-3 Z u,, cosnf —|— — cot 3 Z(l?;un — 12nu,, + 2n2u, + 36u? — 12nu? + 24u3) sinnd
n=1 n=1
9 o]
- — Cot2 nz nuy, —|— — cot2 5 7121(611” — 3nu, + 6u? ~)cosnb — — cot3 Zun sinné.
By using (10.1)—(10.3), we obtain
2 2,2 3 3
71;71“” + 16 ;nun ERZIn Uy, — inglun + g;nun + 4(7;111%)
—§iu4—iin2u +§iu :ii(3n3 4n?)u in2u2
4 n=1 ! 16 n=1 " 4 n=1 ! 16 n=1 " n=1 !
Thus
> 4

1 (oo}
-3 Z (2n? — 18n + 29)u? cosnf + 5 Z(Sn —12)u cosnb

n=1
o0 1 o0
4 2
— BZuncosnG 1—600t 3 Znun
n=1 n=
+ 1 cot Qi 13u,, — 12nu, + 2n%u, + 36u 12nu + 2443 o )sinnd
16 24~ " " "
9 o0
2 3
+ 1_6 cot 3 Zl(Gun — 3nu, + 6u? 2)cosnf — — cot Z Uy, SInNG.
Finally, making use of the identities (7.37)—(7.46), we obtaln
1 o0 oo
unsinnﬁ) :—( nun)< 3+ 2n — 6uy)uy, 1—cosn9)
b () ol et
+3(Z ")(Z Z 1—cosk9)
n=1 n=1 k=1

n—1

— i > (T=12n+5n%)u, Y (1 - cosko)

n=1 k=1
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n—1 0o n—1

3 2 1
+ 52(2n—3) nZ(l—COSkG) 1 Z(5n—6)un k(1 — cos k6)
n=1 k=1 n=1 k=1
1 00 - 3 e n—1 oo n—1
ZZ Z (1 —coskb) —521@2/@(1—005/@9)—SZuf’lZ(l—coskG)
n=1 k=1 n=1 k=1 n=1 k=1

_|_
ol =
M8

1 o0
(6 — 11n + 6n% — n®)u, (1 — cosnb) + Zg (7 — 6n + n?)u? (1 — cosnb)
1 n=1

(3 —n)ud(1 —cosnb) +3 Z ul (1 —cosnb). m

n=1

Mz =

DN W

3
Il
-

11. A useful theorem

The following theorem will be used in the next section where the equivalence of Theo-
rem 3.k with Theorem 5.k is established for £ =1, ..., 10.

THEOREM 11.1. Letn € N. Let F : Z — C. Define

R =5 3 0 ()P0 I 6 -0

i=—n j=—n

(i) Fulz) € Clal,

(ii) deg(F,) < 2n,

iii) F, is even if F is even,
)
)

o

(iv) Fy, is odd if F is odd,
(v) Fyo(k) = F(k) fork=-n,—(n—1),...,-1,0,1,...,n

)

Proof. Tt is clear that F,,(x) is a polynomial with coefficients in C of degree at most 2n.
Also

R = g X0 (20 ) F0) T (o=
];;éz'
1< 2n .
_ﬁz( (n—i—z)F (+7)
1=—n j=—n
J#l
R i 2n .
= 5 2 (1 (n )F Iy
375—1
1 < 2n .
_%lzz_n( (n+z>F 2L $+j)

JF—
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n

o e (2 ) pe IT e

i=—n Jj=-n
J#i
2n' Z_X_:n (n —+ Z) F(Z) ]l__[n (.73 - j) = OéFn(l‘)7
J#i
where
{ 1 if F' is even,
o =
—1 if F is odd.
Thus
{ F,(z) is even if F(x) is even,
F,(x) is odd if F(z) is odd.
Further, for k = — ,n, we have
J#i
1 o ( 2n - .
— o CO (2 ) P JIREY
itk
e P PR (1) (0 ()l = F ()
= onl (n+K)l(n — k)! e

This completes the proof of Theorem 11.1. m

12. Equivalence of Theorems 3.1-3.10 with Theorems 5.1-5.10

We just prove that Theorem 3.1 is equivalent to Theorem 5.1, as the remaining theorems
can be treated similarly.

Proof that Theorem 5.1 implies Theorem 3.1. Let n € N. We apply Liouville’s formula
(Theorem 5.1) to the (even) function F'(z) = coszf. We obtain

Z (cos (a — b)f — cos (a + b)0)

(a,b,2,y)EN*

az+by=n =o(n) —d(n) + Z (1 —d+ 2771) cosdf — 22 Z cos k6.

dn dln 1<k<d
As
cos (a — b)f — cos (a + b)f = 2sin af sin bl
we have
2
2 Y sinafsinbd = o(n) — d(n) + Z<1 —d+ 3”) cosdd —23" 3" coskd.
(a,b,x,y)eN dln dln 1<k<d

ax+by=n
Multiplying both sides by ¢ and summing over n € N gives
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2 Z q" Z sin af sin bl

n=1 " (a,bz,y)eN*
ax+by=n

:Zq (o(n)fd(n))+2q Z(lde?)cosdHQZq Z Z cos k8.
n=1 n=1  djn n=1  djn 1<k<d
Simplifying the left-hand side gives

2 i ¢t sin af sin b = 2( i q** sin a9)2 = Q(i sin a@i qaz>2

a,b,x,y=1 a,r=1

=2 (i T zaq sin a9> (Z Uy, Sin n0)

a=1

We consider the three sums on the right-hand side separately.
The first sum is

o0 o0 o0 oo o0 d
> Mo —dm) =Y q" Y [@d-1) =Y ([d-1)Y q* =D (d-1)
n=1 n=1 d|n d=1 e=1 d=1 q
= i(n —Du
n=1
As
i nqdn _ qd
2 1=
the second sum is
Zq”Z(l —d—|—2%> cosdf = Z q%(1 — d + 2¢) cos df
n=1 dn d,e=1
= Z (1- cosd@que +22cosd926q
:ilqdq (1— cosd@—l—QZ 5 cos df)

Y
Il
-

(1 = n)u, cosnb + 2 Z(l + Up ) Uy, cOSNO

n=1

tqu

3
Il
-

(3uy, — nuy, + 2u?) cosnb.

M

3
I
—

The third sum is

[eS) d

_Qiq”ZZcoskﬁ— -2 Z d"ZcoskH——ZZ T ¢’ qucost

n=1 dln k=1 d,e=1

o0

:—QZunZCOSkG——ZZuanosk9—2Zuncosn9.
n=1

n=1
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Therefore the right-hand side is

o] oo n—1
Z(n—l un—i—Zun 1—n+2un)cosn9—22un2005k9
n=1 n=1 n=1 k=1

Equating the left-hand side and the right-hand side gives Theorem 3.1. =
Proof that Theorem 3.1 implies Theorem 5.1. By Theorem 3.1 we have

el n 2 0 n 2n
. 1 q q )
sinnf | = —(n—1 — 1 — cosnb
(nz_:ll—q" > ,;(2( )1—61" (1—gm)? ( )
n n—1
(1 — coskb).

—_
»-Q
3

+Z a
n=1

B
Il
-

Using

oo 2n

qm
A (1 —q")
on equating coefficients of ¢"V (N € N) we obtain

S sinafsinbd = Z(é (d—1)— (% - 1))(1 _ cosdf) +Zd§(1 ~ cos k)

(arb,2,9) EN* dIN dIN k=1
ax+by=N

n

71 mn

Mg

m= m= 1

Next, using the identity
1
sin af sin b = 3 (cos (@ — b)8 — cos (a + b)0)

and the series

> " 7”2M92M
cosrf = MZZO(—l) YR (reZ),

on equating coefficients of (—1)M62M /(2M)!, for M, N € N we obtain

% Y ((a =M~ (a+ M) = Z((—%(d —1) + )dW ka)

(a,b,z,y)EN? d|N
ax+by=N

Let F': Z — C be even. Let Fiy be the even polynomial of degree at most 2N given
by Theorem 11.1, say

N
-3
r=0
By Theorem 11.1 we have
Fy(k) = F(k) for k € Z with |k| < N.

Thus
Ao = Fn(0) = F(0).
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For (a,b,r,y) € N* with ax + by = N, we have
latb <a+b<ar+by=N

so that
Fy(a+b)=F(atb).
Thus
> (F(a—b)—F(a+b))
(a,b,z,y)EN*
ax+by=N N
= > (Fx(a=b)—Fya+b)= > Y A(a—b>—(a+b)?”)
(a,b,z,y)EN* (a,b,z,y)eN* 7=1
az+by=N ax+by=N
N
=>4 > ((a=b)*—(a+b)™)
r=1 (a,b,z,y)EN*
ax+by=N
= XN:A Z((—(d— 1) +25)d2’“ — 22d:k27")
r=1 ' d|N d k=1
N d N
N Z(l - ‘”23) Do AT =23 3TN A
d|N r=1 d|N k=1r=1
N d
= S (1- a2 ) () - F0) - 23 Y (Bl - Fx(0)
d|N d|N k=1
d
= Z<1 _d+2%>(F(d) —F(0))=2> Y (F
d|N d|N k=1
:F(O)(Z<d—1—2—)+22d)+Z(1—d+2—) —2221?
dIN d|N d|N d|N k=1
= F(0)(c(N +Z(1—d+2—) )=2> "> " F(k)

d|N d|IN k<d

which is Theorem 5.1. m

13. Equivalence of Theorems 4.1-4.3 with Theorems 6.1-6.3

We just prove that Theorem 4.2 is equivalent to Theorem 6.2, as the other two equiva-
lences can be proved in a similar manner.

Proof that Theorem 6.2 implies Theorem 4.2. Let n € N. We choose F(x) = sinzf in
Theorem 6.2. We obtain
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Z (sin(a+b+c)f —sin(a—b+c)f —sin(a+b— c¢)f +sin(a — b — ¢)0)

(a,b,e,x,y,2)ENC

a=n (mod 2)
x odd

ax+by+cz=n
x,y,z odd
1 ) n? .
=1 Z 2d —6n+3¥+1 sindf — 6 Z
d|n
n/dodd ax<n
As

sin(a+b+c¢)f —sin(a—b+c)f —sin(a+b—c)f +sin(a—b—c)f

(a,z)EN?

n—ax

> sin af.
2

= —4 sin ab sin bl sin cl

and
n—ax
a( ' ) - Y
(by)eN?
(n—azx)/2=by
we have
4 Z sin af sin bl sin ch
(a,b,c,z,y,2)EN®
ax+by+cz=n 1
z,y,z odd — 1 I
6 Z bsin af 1 Z <
(a,b,z,y)EN* dln
az+2by=n n/dodd

x odd

Multiplying both sides by ¢ and summing over n € N gives

(13.1) 42 Z sin af sin b6 sin cf

n=l (a,b,c,z,y,2)EN®

ax+by+cz=n
z,y,z odd
oo 1 oo
=6 E q" E bsinaﬁfz E q"
n=1 " (a,bz,y)eN* n=1 dln
axr+2by=n n/dodd
z odd

The left-hand side of (13.1) is

oo
4 Z q¥ TPt ginaf sinbf sin ch

a,b,c,c,z,y,2=1
z,y,z odd

2
2% — 6n +3 = +1> sin dé.

d2

2
3 <2d2 —6n+3% +1) sin do.

&0 3 S a 3 e3¢} 3
:4< Z q‘”sina&) :4(Zsina91_qﬁ> :4(Zvnsinn0) .
a=1 a=1

a,x=1
z odd



48 A. Alaca et al.

The first sum on the right-hand side of (13.1) is

o0 o0
6 Z @%b sin af = 6( Z q*" sin a0) ( Z bq%y)
a,b,x,y=1 a,r=1 by=1
z odd x odd

= 6(;::1 sinaf 7 _q(;%) (f: a _qqzy ) = G(Z Un smm‘)) (i vZ)

y=1 n=1
The second sum on the right-hand side of (13.1) is
1 o] n2
. qun > (2d2 —6n+3-5 +1> sin df
n=1 din
n/dlodd oo
= — = > (2d* — 6de + 3> + 1)¢™ sin df
d,e=1
eodd
1 > 3 o -
- 2 . de . de
= —§Zd smd@Zq +§stmd926q
d=1 =1 d=1 =
eodd eodd
3 > 1o -
. 2 de : de
7128111(1926(] —ZZSIHdHZq
d=1 e=1 d=1 e=1
eodd eodd
1 o] ) 2
,qun Z (Qd —6n+3d2 >sind9
n=1 din
n/dlodd
1 oo
= -3 > (2d* — 6de + 3¢* + 1)¢™ sin df
d,e=1
eodd
1 & > 3 S
- 2 . de . de
= —§Zd smd@Zq +§stmd926q
d=1 =1 d=1
eodd eodd
LS 00 ol 0
S Y Y a3
d=1 e=1 d=1 e=1
eodd eodd
e qd dg®(1 + ¢*%)
= — 5;61 1_ smd9+ Z 2d)2 lnde

3 e d]_ 62d 4d 1 0 d
——Zq( o +q )sindG——Zq—stind@
4 — d:ll_q
i 1 2+3n(1—|—q2”) 31+6¢"+q¢*™ 1 nd
= ——n — - = — — v, sinnd.
2 2 1—¢g? 4 (1—¢%m)2 4
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Thus

(gvn sinm9)3 = g(Z )(Z Un, smnH)

n=1

1 n? 4 3n(1—|—q2") 3 1—|—6q2"—|—q4" .
n 0.
+Z< 1-¢ 16 (1—gn)2  16)""
Theorem 4.2 now follows as
1 5, 3 1+¢*™ 3 1+46¢"+q¢" 1
——n"+-n
8 8 1—¢> 16 (1—¢?n)2 16

SN TR B E e L.

8 IT-¢ 16 (1-¢)2 16
1 3n 3 " 1, 5 3n 9

Proof that Theorem 4.2 implies Theorem 6.2. By Theorem 4.2 we have

o) n 3 oo on o] n
q : _3 q q :
(Z 1— q2n Slnn0> - 2 (Z (1 _ q2n)2> (Z 1— q2n smn0>

n=1 n=1 n=1
3 & q?m ) 1 e
2 msmne—gzm —3n+2) —sinnf + — Zn 5 sinnf.
n=1 ( -4 ) n=1
Using
qn - mn q2n S 2mn
_ = s & — m
1— q2n 7nz_ q (1 _ q2n)2 mZ:l q
m odd

i q s _ Z m+1 g2m+on, (1 1 Z mq 2m+1)n

on equating coefficients of ¢"V (N € N) we obtain

Z sin af sin bl sin cf

(a,b,c,z,y,z)EN®

ax+by+cz=N
z,y,z odd 3 3 N N
2y w2 Y (__1>(_+1) sindo
2 (a,b,z,y)EN 16 d|N d d
am+2b(§4d:N N/dodd
xr o
1 N
~3 Z (d2—3d—|—2)sind9+§ Z d(g—l)SindG
d|N d|N
N/dodd N/dodd
3 1 N
=5 D bsmaf-— 37 <3?+2d2—6N+1> sin df.
(a,b,z,y)EN* d|N
az+2by=N N/dodd

z odd
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Using the identity
sin a6 sin bl sin cd
= —i(sin(a—i—b—l—c)@—sin(a—b+c)9—sin(a+b—c)9+sin(a—b—0)9),
we obtain

Z (sin(a+b+¢)f —sin(a—b+c¢)f —sin(a+b—c)f +sin(a —b —c)h)
(a,b,c,x,y,2)ENC

az+by+cz=N 1 N2
©,y,z odd =1 Z <3 v +2d2 — 6N + 1) sindf — 6 Z bsin af.
d|N (a,b,z,y)EN®
N/dodd ax+2by=N
z odd
Next, using the series
> 2M+1p2M+1
. - M r
sinrf = MZ_O( 1) oM r €7,

and equating coefficients of (—1)M@2M+1 /(20 4 1)! for M € Ny and N € N, we obtain
> ((a+b+c)* M —(a—b+e) M (a4 b— )M 4 (a—b—)?MHY)

(a,b,e,x,y,2)ENC

ax+by+cz=N 1 N2
x,y,z odd :Z Z (3ﬁ+2d2_6N+1)d2M+1_6 Z ba2M+1.
d|N (a,b,z,y)eN*
N/dodd ax+2by=N
x odd

Let F: Z — C be an odd function. Let Fy be the odd polynomial of degree at most
2N given by Theorem 11.1, say
N—-1

Fyn(z) = Z Apa®r L,

r=0
By Theorem 11.1 we have

Fn(k)=F(k) for ke Zand |k| <N.
For (a,b,c,x,y,2) € N® with ax + by + cz = N we have
latbtel<a+bt+c<axr+by+cz=N
so that
Fy(atbtc)=F(axbto).
Thus
> (Fla+b+c¢)—Fla—b+c)—F(a+b—c)+ Fla—b—c))

(asb,c,a,y,2)EN®
ax+by+cz=N
x,y,z odd

= > (Fy(a+b+¢)— Fy(a—b+4¢)— Fy(a+b—c¢)+ Fy(a—b—c))

(asb,c,a,y,2)EN®
ax+by+cz=N
z,y,z odd
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N-—1
Yo Y Alatb+ 0T —(a—bto)* !
(a,b,c,z,y,2)eNS =0

ax:zl{:-g(zi:N — (a +b— c)2r+1 + (a — b C)2r+1)

N-1
Z A, Z ((a+b+c)* ™ —(a—b+ )t

r=0 (a,b,c,x,y,2)ENC
azi@%jgid:N —(a+b—0c) M £ (a—b—c)?th
Nz_fA ! Z 3N—2+2d2—6N—|—1 d?r+tl _ g Z ba2rtt
"\ 4 d2
r=0 d|N b et
N/dodd byl
z odd
1 N2 N-1 No1
2 2r+1 _—
S (3?+2d —6N+1)2Ard 6 > b3 4
d|N r=0 (abog)eNt =0
N/dodd aerQZEyd:N
1 N2 )
i > 873 +2d° — 6N +1) Fy(d) ~ 6 S bEw(a)
d‘N (avb7$7y)€N4
N/dodd a;c+2b$d:N
1 N2 )
4 Z 3¥+2d —6N+1)F(d)—6 Z bF(a)
o (a,b,x,y)eN4
N/dodd b el
z odd
. N 2 n —ax
i <3ﬁ+2d —6N+1)F(d)—6 3 0( ' )F(a)’
e (a,z)EN?
N/dodd )€l
a=N (mod 2)
x odd

which is Theorem 6.2. m

14. Equivalence of Theorems 4.4-4.6 with Theorems 6.4-6.6

We just prove that Theorem 4.6 is equivalent to Theorem 6.6. The equivalence of Theo-
rem 4.4 with Theorem 6.4, and of Theorem 4.5 with Theorem 6.5, can be proved similarly.

Proof that Theorem 6.6 implies Theorem 4.6. Let n € N. We choose F(x) = coszf in
Theorem 6.6 to obtain

Z (cos(a+b+c+d)f —cos(a—b+c+d)b

(a,b,c,d,z,y,2,w)EN®

a,b,c,d,x,y,z,w odd

az-+by+cz+dw=2n —cos(a+b—c+d)f —cos(a+b+c—d)f
+cos(a—b—c+d)f+cos(a—b+c—d)b
+cos(a+b—c—d)f —cos(a—b—c—d)b)
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1
= 37 (@ —d)(cos2df —1) =4 > ao(o(n — ax))(cos2af — 1).
d|n ar<n
n/d‘odd x odd

As

(14.1)  8sin af sin bl sin cf sin df

=cos(a+b+c+d)f —cos(a—b+c+d)f—cos(a+b—c+d)f§ —cos(a+b+c—d)b
+cos(a—b—c+d)f—cos(a—b+c—d)f+cos(a+b—c—d)f —cos(a—b—c—d)f
and

o(o(n —ax)) = Z b,

(b,y)eN?
n—ar=by
bodd
we obtain
8 Z sin af sin bl sin ¢l sin df

(a,b,¢,d,x,y,z,w) EN®
az+by+cz+dw=2n
a,b,c,d,x,y,z,w odd

1
=35 Z (d® — d)(cos2df — 1) — 4 Z ab(cos 2ad — 1).
dln (a,b,z,y)€N4
n/dodd ot byen
x,bodd

Multiplying both sides by ¢?, and summing over n € N, we obtain

(14.2) 8 Z " Z sin af sin b6 sin ¢ sin df
n=1

(a,b,c,d,a,y,z,w)EN®
ax+by+cz+dw=2n
a,b,c,d,x,y,z,w odd

1 - n - n
=3 Z q? Z (d® — d)(cos2df — 1) — 4 Z q° Z ab(cos 2a6 — 1).
n=1 dn n=1 (a,b,a,y)EN*
n/dodd az+by=n
x,bodd
The left-hand side of (14.2) is
8 Z g tbyteztdw gin 46 sin bA sin ¢ sin d

a,b,c,d,x,y,z,w=1
a,b,c,d,x,y,z,w odd

[e%s} [e'e] a 4 [e%s}
:8( Z q‘wsina9>4:8( Z sina@l_qq%> :8(ngn+1sin(2n+1)0)4.

a,r=1 a=1 n=0
a,xr odd a,r odd
The first sum on the right-hand side of (14.2) is
L o~ deg 3 IR ¢
5 > g —d)(cos2d0—1):62(d —d)(cos2d0 1) T
d,e=1 d=1 q
eodd
1 o0
=3 Z(n3 —n)(cos2nd — 1)vay,.
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The second sum on the right-hand side of (14.2) is

(o)
—4 Z ?** 2% p(cos 2a0 — 1)

a,b,x,y=1
b,z odd . s B 2by
=—4 Z q“*“a(cos2ad — 1) Z bq
a,rx=1 b,y=1
z odd bodd
> q2a
= —4(2 gt a(cos2ad — 1) ) ( Z b 1 —q2b>
a=1 b=1
bodd
= —4( Z(Qn + 1)u4n+2) (Z nay, (cos 2nd — 1))
n=0 n=1
Hence
( Z Vop1 sin (2n + 1)9) =3 ( (2n + 1)U4n+2) ( Z Ny, (cos 2nb — 1))
n=0 n=0 n=1
1 o0
4— ; n3 — n)vgy (cos2nh — 1),

which gives Theorem 4.6. m

Proof that Theorem 4.6 implies Theorem 6.6. Starting with Theorem 4.6 and expanding
each of the terms in powers of ¢, we obtain

(oo}
Z " Z sin af sin bl sin cf sin df

(a,b,c,d,a,y,2,w)EN®
ax+by+cz+dw=2n
abcdwy,zwodd

oo

1
2n 3 . -
Z q Z —d)(cos2df — 1) 5 Z Z ab(cos 2a6 — 1).
dln n=1 (a,b,x,y)€N4
n/dodd az+by=n
b,z odd

Equating coefficients of ¢?" (n € N) and using the identity (14.1), we obtain

Z (cos(a+b+c+d)f—cos(a—b+c+d)f
a (& xr Z,w 8
(a;ib’j;gf;glw)fi —cos(a+b—c+d)f—cos(a+b+c—d)f

a,b,c,d,x,y,z,w odd

)
+cos(a—b—c+d)f+cos(a—b+c—d)b
+cos(a+b—c—d)f —cos(a—b—c—d)b)
) -

1
=5 Z (d® — d)(cos2df — 1) — 4 Z ab(cos 2ad — 1).
dln (a,b,z,y)€N4
n/dodd aztby—n

b,x odd
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Using

oo 92M
_ _ M.2M
coskﬁfg = E (-D)™"k oI
k0 M=0

and equating coefficients of (—1)™9*M /(2M)! (M € Ny), for M € N we deduce

> ((a+b+c+d)*M —(a—b+c+d)*™ —(a+b—c+d)*M
(a,b,cydyr,yyz,w)GNs 2M 2M oM
az+by+cz+dw=2n _(a+b+c_d) +(a—b_c+d) +(a—b+C—d)
a,b,c,d,x,y,z,w odd
pmme tlat+b—c—d)?M —(a—b—c—d)*M)
1
=z > (@-aMa -4 3 Ml
dn (a,b,a,y)EN?
n/dodd ax+by=n
b,z odd

Let F : Z — C be an even function. Let F5, be the even polynomial of degree at
most 4n given by Theorem 11.1, say

2n
Fo,(x) = ZATJ:%.
r=0
By Theorem 11.1 we have

Fy, (k) = F(k) for k € Z and |k| < 2n.

In particular F(0) = F,(0) = Ag. For (a,b,¢,d, z,y, 2,w) € N® with az +by +cz +dw =
2n we have

latbtctd <a+b+ct+d<axr+by+cz+dw=2n

so that
Fy(atbtet+d)=FlaxbLtectd).
Thus
> (Fla+b+c+d) —F(a—b+c+d)

(gﬁcba;fégfﬂ)ffj —Fla+b—c+d)—Fla+b+c—d)+Fla—b—c+d)
e ol +Fla—b+c—d)+ Fla+b—c—d) - Fla—b—c—d))
- > (Fan(a+b+c+d) — Fop(a—b+c+d)

(@bedeyzw)el _ py(a+b—c+d)— Fyn(a+b+c—d) + Fan(a—b—c+d)

a,b,c,d,x,y,z,w odd

+ Fop(a—b+c—d)+ Fop(a+b—c—d) — Fon(a—b—c—d))

2n
= > > Ala+btetd)® —(a—b+c+d)?
a,b,c,d,x,y,z,w 8 r=0
A AEN ~(a+b-c+d)? —(a+btc—d)¥ +(a—b—c+d)?

a,b,c,d,x,y,z,w odd

+(a—b+c—d) +(a+b—c—d)* —(a—b—c—d)*)
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2n
=2 A > ((a+btet+d)® —(a=b+ec+d)? —(a+b—ct+d)”
r=1 (a,b,c,d,z,y727w)€N8

ax+by+cz+dw=2n - (a’ +b+c— d)ZT + ((l —b—c+ d)QT + (a’ —b+c— d)ZT
a,b,c,d,x,y,z,wodd
+(@a+b—c—d)?* —(a—b—c—d)?*)

2n
- ZAT(é Y@ —adrdr -4 > abQTa’“)
r=1

d|n (a,b,m,y)eN4
n/dodd ax+by=n
b,z odd
1 2n 2n
=5 2 (=Y A2d -4 3 ab) AYd
d|n r=1 (a,b,z,y) EN r=1
n/dodd ax+by=n
b,z odd
1
=2 DO (@ —d)(Fud) ~Ao)—4 Y ab(Fa(2a) — Ao)
dln (a,b,z,y)EN*
n/dodd az+by=n
b,z odd
1
=3 Yo (@ —d)(F2d) - F(0)—4 Y ab(F(2a) — F(0))
dln (a,b,z,y)EN*
n/dodd az+by=n
b,z odd
1
= Y (@ —d)(F2d) - F(0) -4 > ac(o(n— ax))(F(2a) — F(0))
d\n (a,a:)ENQ
n/dodd amen
x odd
1
— (4 > ao(o(n—ax)) - 5 > (d - d))F(O)
(a,z)EN? d|n
amig n/dodd
T o
1
*t5 Z (d* —d)F(2d) — 4 Z ac(o(n — az))F(2a),
dln (a,z)EN?
n/dodd ar<n
z odd

which is Theorem 6.6. m

15. Other identities

The following result is an identity of Ramanujan’s [23], [24, pp. 136-162] (see also
[5, pp. 312-313]).

THEOREM 15.1. If 0 # 2kw (k € Z) then

1 0 o . 2 1 0 2 3} 1 %)
(4cot2+2unsmn9> = (4cot2> + un(un+1)cosn9+§ Znun(l—cosnﬁ).

n=1 n=1 n=1

Proof. This follows from Theorem 3.1(b). =
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Replacing 6 by m — 6 in Theorem 15.1, for 6 # (2k + 1) (k € Z) we obtain

2
( tan -+ Z ) Ly, sin n9>
1 7 1 - -1
= (4 tan — ) Z nUy + = Z " nu, cosnf — 7;(—1)" U (tuy + 1) cosnb,

which was given by Ramamani [21, p. 16]. Our next theorem is also due to Ramamani
[21, p. 104].

THEOREM 15.2. If 0 # 2kn (k € Z) then

1 0 o] 3
(Z cot 3 + Z U, smn0>

n=1

1

0\° 3 0 13 &
64(C0t ) +§cot§nz::1nun—ﬁn§::lunsinn9

1 & 9 &
+ N, sinnf — 3 ZnQun sinnf — 1 Zui sin n@

1 n=1 n=1

u - sinnf — — Z uy sinnf + - (Z nun) (Z Uy, SIN n@)

=~ W
NE

n

+

ING IV
Mg

Il
—

n

Proof. This follows from Theorems 3.1(b) and 4.1(b). =

THEOREM 15.3. If 0 # 2kw (k € Z) then
1 0 o] . 4
(Z cot 2 + Z U, s1nn9>
= 1cot b cot2 Z nuy, —|— — i(?)n?’ — 4n?)u, — ! i nu?
4 2 4 et

n=1
1 1 —
+ 5 > (n® —12n® + 38n — 30)u,, cosnf — 3 > (20 — 18n + 29)u? cos nf
n=1 n=1
1

[\

oo
—Z n—12u cosnb — BZu cos nb
n=1 n=1

( ) (i (3uz + 3un, — nuy,) cos n@).

Proof. This follows from Theorems 3.1(b), 4.1(b) and 4.4(b). =

HM8

Our next identity is again due to Ramanujan [23, eqn. (18)], [24, p. 139]. A proof
using elliptic functions and Cauchy’s residue theorem has recently been given by Liu [9,
Theorem 7, p. 146].
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THEOREM 15.4. For 6 # 2kr, where k is an integer, we have
1 oL,0 1 & 2
(g cot? 3 + - + ;nun(l — cos n9))

1 0 2 1 oo
j— — 2_ —_— —_—
= (800‘5 2—|— ) B gz n(5 + cosnb).

Proof. Taking f(n) = g(n) =n (n € Z) in Theorem 2.1(c), we obtain

( i Ny, COS n@) E n? u + — EOO (n3 — n)uy, cosnd
n=1 n=1
+2 ( nE:I mtn) ( 321 Ny, COS n0) - ngojl Ny, ( :z_:i(n — k) cos k@) :

Taking 6 = 0 we deduce

(i%nun)2 = % i 5n3 — 6n? + n)u, — % inzu%
n=1 n=1

n=1
From (7.27) and (7.30), for 8 # 2kn (k € Z) we obtain

n—1

1 1 0
Z(nf k) coskf = 1 (1 —cosnf) + (Z cot? 5)(1 —cosnf) — —
k=1
so that
! t2g+1 (1— 9)—5( —k) k@—i(l— 0) + =
1ot s+ cosn —k:1n cos B cosn
Then
1,0 1 & 2
- A 1—
(8cot 2+12+;nun( cosn@))
1,0 1N\? (1 ,0 1\ 2
<§cot2§+1—2> +<Zcot2§+6>;nun(l cosnf) + (Znun cosn@))
1 2 o) n—1
=(Zcot? 2+ — — - (1= i
(8(:0‘5 2—1—12) —l—;nun(kz_l(n k) cos k0 (1 —cosnd) + )
() + (3 ) 23 )
+ Znun + Znuncoww Znun Znun cos nb
n=1 n=1
1 1 2 o) n—1
Y 27 _ _ —
_<800t 2—1—12) +nz::1nunk§::l(n ) cos k6 Znunl cosnb)

o0 o0

1 1
+§Znun+52(5n — 60 4+ n)u ——Zn2u2—|— Znu

n=1 n=1
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o0

n % Z(n?, — n)u, cosnb + 2( Z nun> (gnun cosnﬁ)

n=1 n=1

[e'e) n—1

- Z nuy, Z(n — k) cos k8 — 2( i nun) ( Z nuy, cosn@)

n=1 k=1 n=1 n=1

3

(1 t20+1>2+1§:3 (5 + cosnf)
= =cot* =+ — — n uy, cosnb),
12
n=1
which is the asserted identity. m

The next identity is due to Liu [9, Theorem 8, p. 147]. Notice that the first plus sign
in Liu’s theorem should be a minus sign. His proof uses elliptic functions and Cauchy’s
residue theorem. We show that the result is a simple consequence of Theorem 2.2(c).

THEOREM 15.5.

(1 —24 Z Nugy, + 24 Z N, COS n9) =14 240 Z n3ug, + 48 Z n3v, cosnd.

n=1 n=1 n=1

Proof. Taking f(n) = g(n) =n (n € Z) in Theorem 2.2(c), we obtain

(i NV, COS n0)2 _ Z n2v2 +2 (Z ann> (Z nvy COS n0)
n=1

n=1 n=1
+ 1 (i(n3 — n)Vp, COS nG)
12 —~ " '
Hence
(1 — 24 Z Ny, + 24 Z Ny, COS n0>
n=1
oo oo 2
= (1 — 24 Z nugn) + 48(1 — 24 Z nugn) ( Z N, COS n@) + 576( Z Ny, COS n9)
n=1 n=1 n=1 n=1
oo o0 2 oo
=1-—148 Z nugy, + 576( Z nuzn) + 48 Z nv, cosnéd
n=1 n=1 n=1

o0 o0 o0
— 1152( Z nuzn) ( Z NV, COS n@) + 288 Z nQUfL
n=1 n=1 n=1
+ 1152( Z ann> ( Z NV, COS n@) 448 Z(n3 — n)v, cosnb
n=1

n=1 n=1

=1-—48 i nuay, + 576( i nugn) + 288 Z n2v2 + 48 Z n°v, cosnb.
n=1 n=1

n=1

From (10.1) with ¢ replaced by q2 we have

(Znu2n> — 3 (513 — 612 + n)ug, — —Zn u3,.

n=1 n=1
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Thus

(1 - 24inu2n + 24im)ncosn9) -1 +4SZ — 612Uz, — 288271 ul,
n=1

n=1

+ 288 Z n?v? +48 Z n3v,, cos nd.
n=1 n=1

2

The asserted result now follows as v2 = u3, + ug,. =

16. Arithmetic identities

In this section we just mention a few of the arithmetic formulae that can be obtained
from the identities given in Section 6.
Taking F(x) = 22 in Theorem 6.6, we obtain, as

(a+bd+ct+d?—(a—b+c+d)?—(a+b—c+d)?—(a+b+c—d)?

+(a+b—c—d?+(a-b+c—d?+(a-b—c+d?—(a—b—c—d)?=0,
the following new result.
THEOREM 16.1. Let n € N. Then

1 * *
S dololn— ax) = 5 (5(n) — i(n).
(a,z)€EN?

ar<n
x odd

Similarly, taking F(z) = 22 in Theorem 6.5 yields
THEOREM 16.2. Let n € N. Then

S (2d% - 3a%2)0 (" 2‘”)

(a,z)EN?
ar<n
T o 1 1 1 1
amn (a12) = 57 03(0) = 5 (Bn = )3 (n) + = (3n* = n)o™(n) — = n?(o(n)).

Taking F(z) = 22 in Theorem 6.4 yields a linear relationship between the convolution

Z a(r)o(s), Z a(r)os(s), Z so(r)o(s).

(r,s)EN? (r,s)EN? (r,5)EN?
r+s=n r+s=n r+s=n

However the evaluation of each of these sums is known; see for example [6].
Equating coefficients of F'(0) in Theorems 6.4, 6.5 and 6.6, we obtain respectively the
following three results.

THEOREM 16.3. Let n € N. Then

30 Y 1-a % 1:-%( s—a ) +4 S ao(o(n—ax)).

(a,b,e,d,x,y,z,w)EN® (a,b,e,d,x,y,z,w)EN® (a,z)EN?
az+by+cz+dw=2n az+by+cz+dw=2n ar<n
a,b,c,d,x,y,z,w odd a,b,c,d,x,y,z,w odd x odd

a+b=c+d a=b+c+d
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THEOREM 16.4. Let n € N. Then

3 > 1—4 > 1

(a,b.e,d,a,y,z,w)EN® (a,b,c,d,z,y,z,w)EN®
ax+by+cz4+dw=n ax+by+cz4+dw=n
x,y,z,w odd z,y,z,w odd
a+b=c+d a=b+c+d

1

~5 (o3(n) —3o3(o(n)) + 20*(n) — 6ne*(n) + Ino(o(n)) — 3a(o(n)))

+4 Y (Qa—sx)a<"_2m).

(a,z)EN?
ar<n
x odd
a=n (mod 2)

THEOREM 16.5. Let n € N. Then

3 > 1—4 > 1

(a,b,c,d,@,y,z,w)EN® (a,b,c,d,@,y,z,w)EN®
ax+by+cz+dw=n ax+by+cz+dw=n
a+b=c+d a=b+c+d
1 3
=d(n) — 12nd(n) + 3 o(n) —2no(n) + 1loz(n) + = 5 o3(n) — 12 Z d(r
(r,5)EN?
r+s=n

Theorem 16.5 is particularly interesting as it involves the convolution sum
> rend(r)o(n —r), which, as far as the authors are aware, is untreated in the litera-

ture.

Equating the coefficients of F'(k) (k € N) in Theorems 6.1-6.5, we obtain the following
five theorems. For n,k € N we set

5(n k) {1 if k|n,
n,k) =
0 ifkin.

THEOREM 16.6. Let n,k € N. Then

oooo1=3 > 1+3 Y 1

(a,b,c,x,y,z)EN® (asb,c,z,y,2)EN® (a,b,c,z,y,z)EN®
ax+by+cz=n ax+by+cz=n ax+by+cz=n
a+b+c=k a—b+c=k a—b—c=k

_ (; (K 3k+2>+3<§ —1) (% —k))é(n,k)

+3Z (2d—k) —6 Y o(n—kax).

zEN
d>k z<n/k

This result was first proved by McAfee [11, Lemma 3.4.4]. (Note that a “2” is missing
before the d in the first sum.) McAfee’s proof is completely arithmetic.
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THEOREM 16.7. Let n,k € N. Then

>ooo1=3 > 1+3 Y 1

(a,b,e,x,y,2)ENC (a,b,c,x,y,2z)ENC (a,b,c,x,y,2) ENC
ax+by+cz=n ax+by+cz=n ax+by+cz=n
a+b+c=k a—b+c=k a—b—c=k
z,y,z odd z,y,z odd x,y,z odd
1 9 n\? . ‘
17 1+2k*—6n+3 T if k|n and n/k is odd
0 otherwise
—6 Z o n ke if k = n(mod2)
zeN 2 -
+ z<n/k
x odd
0, if k Z£ n(mod2)

This result was not given by McAfee [11] but presumably can be proved in a completely
arithmetic way by her methods.

THEOREM 16.8. Let n,k € N. If n and k are both odd then

oooo1=3 > 1+3 Y 1

(a,b,c,z,y,2)EN’ (a,b,c,z,y,2)EN® (a,b,c,z,y,2)EN®
ax+by+cz=n ax+by+cz=n ax+by+cz=n
a+b+c=k a—b+c=k a—b—c=k
a,b,c,z,y,z odd a,b,c,z,y,z odd a,b,c,z,y,z odd
k-1
= (8—)5(n,k) -3 g o(o(n — kx)).
x<n/k
z odd

This theorem was first proved by McAfee [11, Lemma 2.3.4] (see also [13, Lemma 5.4]).
Her proof is completely arithmetic.

By the argument given in McAfee [11, Theorem 3.5.1] we see that Theorem 16.1
(resp. 16.2, 16.3) implies Theorem 6.1 (resp. 6.2, 6.3). Thus Theorems 16.1, 16.2, 16.3
are equivalent to Theorems 6.1, 6.2, 6.3 respectively.

THEOREM 16.9. Let n,k € N. Then

> 1-—4 > 1+6 > 1—4 > 1

(a,b,c,d,z,y,2,w)EN® (a,b,c,d,z,y,z,w)EN® (a,b,c,d,z,y,z,w)EN® (a,b,c,d,x,y,2,w) EN®
ax+by+cz+dw=n ax+by+cz+dw=n ax+by+cz+dw=n ax+by+cz+dw=n
a+b+ct+d=k a—b+c+d=k a—b—c+d=k a—b—c—d=k

1 2 3 2
= 6<6+111<:+61c2+k:3 724% +36<%> 24(%) - 12nk36n+36%>6(n,k)

+2Z 1—12n+5d2—|—6n—2—5kd—|—6k—n+k2
d2 d

d|n
d>k

—4 > (2k—6x+3)o(n—kr)—24 > o(r)) 1
zeN (r,8)EN? d|s

z<n/k r+s=n d>k
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THEOREM 16.10. Let n,k € N. Then

> 1-4 > 1+6 > 1—4 > 1

(a,b,e,d,@,y,z,w)EN® (a,b,e,d,x,y,z,w)EN® (a,b,e,d,@,y,z,w)EN® (a,b,e,d,a,y,z,w)EN®
ax+by+cz+dw=n ax+by+cz+dw=n ax+by+cz+dw=n ax+by+cz+dw=n
z,y,z,w odd z,y,z,w odd z,y,z,w odd z,y,z,w odd
a+b+ct+d=k a—b+c+d=k a—b—c+d=k a—b—c—d=k

1 n? n n\*
—( k3 —6nk+2k+9— —3-—- -3+ if k|n and n/k is odd
=46 k k k
otherwise
n—kx .
—4 g (2k — 390)0( 5 ) if k =n (mod?2)
zeN
+ z<n/k
x odd
0 if k #Z n (mod2)

Equating coefficients of F'(2k) (k € N) in Theorem 6.6 and recalling that F is even,
we obtain the following result.

THEOREM 16.11. Let n,k € N. Then

> 1-4 > 1+6 > 1—4 > 1

(a,b,c,d,a,y,z,w)EN® (a,b,c,d.x,y,z,w)EN® (a,bc,d.x)y,z,w)EN® (a,b,c,d,a,y,z,w)EN®
ax+by+cz+dw=2n ax+by+cz+dw=2n ax+by+cz+dw=2n ax+by+cz+dw=2n
a,b,c,d,x,y,z,w odd a,b,c,d,x,y,z,w odd a,b,c,d,x,y,z,w odd a,b,c,d,x,y,z,w odd
a+b+c+d=2k a—b+c+d=2k a—b—c+d=2k a—b—c—d=2k
1

— (3 —k) ifk dn/k is odd

=< 6 ( ) kln andn/k is o — 4k Z o(o(n — kx)).
0 otherwise zeN

x<n/k

x odd

17. Further identities

In this section we give a few more identities involving w,, and v,,, which can be deduced
from our results.

THEOREM 17.1.

_ 3 2(, 2 2 2
(a) (;nun>(;nvn) = ﬂ;(Sn +n)v, — g;n (un+un)+§;n vy

(b) (gnun) (gn?’vn) + (gn?’un) (gnvn)

1 5 3 402 1 4.2
= +10n% — - = E +up) + ~ E .
240 (36n On n)vn n (un un) 1 n-v,

n=1 n=1 n=1
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31\:

o0 1 o0
=_—— nﬁ(ui-i-un Z (48n" + 21n° — T3 + n)v 52

(d) (nij:l ann) ( Z n ’Ugn) ( Z n ugn) ( Z nvgn)

1
=510 2(3671 +10n% — n)vg, — 16 Zn41}2 + - Zn V3.

Proof. Identities (a), (b) and (c) follow by equating the coefficients of 62, 94 and 69,
respectively, in Theorem 3.4. Identity (d) follows by replacing ¢ with ¢? in identity (b)
and using v2 = u3, + ug,. =

THEOREM 17.2.

(Z nu, sin n@) =3 Z n?u? + 2 Z(n —n®)u, cosnd
n=1 n=1 n=1
+ 2 Z Uy, COS Y Z kuy, — Z cos nb Z kuy,
k=n+1
+ (14 2uy)n cosnb Z kug,.
n=1 k=n+1
(im} sinn0)2 _1 inzvz + 1 i(n — n®)v, cosnb
n=1 ! 2 n=1 ! 12 n=1 !
+2 Z vy, cos Nl Z Eugp, + 2 Z nw, cosnd Z kuoy.

k=n-+1
Proof. Let f(n) = g(n) = |n\ Identities (a) and (b) follow from Theorems 2.1(a)
and 2.2(a) respectively. m

THEOREM 17.3.

(a) (i nu,, sin n9)2 = % in‘%i ~ %0 Z(n5 — n)u, cosnd
n=1

e’} n—1
( Z ) ( nU,y, COS n9) — Z n4un Z cos k6

+2Zn unchosk:G— Zn unZkZCoskO
n= k=1
e ' 2 1 oo 1
(b) (nz_:ln%n sin n@) =3 Z:: 6_
(o nua)

HM8 [

:l\.’)

(n® — n)v, cosné

i Ny, COS nQ)
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(c) i nun> ( i n?’un) = ﬁ i@ln —30n* + 10n° — n)u i ntu?
n=1 n=1 n=1 n=1

(e) i nuzn) (i n?’UQn) = % i@ln +10n3 — n)ug, — Z n
(t Z ) —of Z ) ( i": ) - L Z(n .
@ i ) i wu,) + ( i W) ( i ) = i 0

Proof. Choose f(n) = g(n) = n? n € Z. Identities (a) and (b) follow from Theo-
rems 2.1(a) and 2.2(a) respectively. Identity (c) follows by taking # = 0 in identity (a).
Identity (d) follows by taking # = 0 in identity (b). Identity (e) follows by replacing ¢
with ¢2 in identity (c) and using (7.7). Identity (f) follows by equating the coefficients of
62 in identity (b) and using ug,, = u, —v,. Identity (g) follows by equating the coefficients
of 6% in identity (b) and using ug, = U, — v,,. ®

THEOREM 17.4.

oo

2
(a) ( 2(271 + 1)ugp41 cos (2n + 1)9)
n=0
1 oo
=3 Z 2n+1)%u3, 1 + = Z 21 + n)ug,, cos 2nd
n=0 n=1
( Z 2n+1) u2n+1) ( Z Ny, COS 2n9)
n=0 n=1
2 Z(2n + Dugpt1 Z k cos 2k — 2(271 + 1)2u2n+1 Z cos 2k0.
n=1 k=1 n=1 k=1
oo 1 o0 oo
(b) (; 271 + 1 UQn+1) 5 7;0 27’L + 1 u2n+1 ;(2,”3 + n2)UQn+1
1 oo o
E Z m3 +n Yu2n —1—4(2(271 +1) u2n+1) (Znuzn)
n=1 n=0

Proof. Identity (a) follows from Theorem 2.1(c) by choosing

n if n is odd,
0 1if nis even.

Identity (b) follows by taking 6 = 0 in identity (a). m
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THEOREM 17.5.

(i n2v,, cos n9) Z n v + — i(rﬁ — n)v, cosnb + 2 i vy, COS nHi ko
n=1 n=1 n=1 k=1
+22n vncoanZk uzk+4vancosn0 Z Eugp.
n=1 k=n+1

Proof. The result follows from Theorem 2.2(c) by choosing
£(n) = g(n) = n? sgn(n). =

THEOREM 17.6.

o0 s 1> 00
(a) (nzl n3v, cos n@) =3 g nSv? 4 m Z(3n7 + 7n3 — 10n)v,, cosnb

6( Z n5u2n) ( Z nv,, COS n9) + 2 ( nz::l ngugn) (T; n3vn cos n@) .
(b) (i n vn) Z 6 2 2520 i(3n7 +7nd — 10n)v,

o0

+§(Z )(Zn vn>+2(§:n un)<§;m}n)—2(§;1nvn>(§;n5vn).

(c) (gn un)(Zn vn) +3(Zn un>(;n3vn> —5(§n3vn)(gn5vn>

1 oo
1680 2(10n3 —n° — 3n°)v,
n=1

Proof. Identity (a) follows from Theorem 2.2(c) by choosing f(n) = g(n) = n3, n € Z.
Identity (b) follows by taking 6 = 0 in identity (a) and using ug, = u, — v,. Identity (c)
follows by equating the coefficients of 2 in identity (a) and using ug, = u, — v,. =

THEOREM 17.7.

= 2 1 & 1 oo
(7;)7%2”“ cos (2n + 1)9) D) ;n%gnﬂ + B ;(n?’ — 3n” + 2n) vy, cos 2nf

[e%s} oo [e%s) n—1
+ 2( Z nu4n+2) ( Z NVap, COS 2n9) - Z Vo, COS 210 Z kuggya.
n=0 n=1 n=1 k=0

Proof. The result follows from Theorem 2.3(c) by choosing f(n) = g(n) =n. »

THEOREM 17.8.

(a) (2(271 + 1)vgpy1 cos (2n + 1) )2 -

Z 2n + n)vay, cos 2nd
n=0 n=1

1
6

+ = Z 2n+1 ’U2n+1 +4(Z (2n+1) u4n+2)(2nv2nc052n9).
n=0

n=0 n=1
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(b) (i(zwr 1)v2n+1>2
n=0
% i 2n + 1)%03, 1 + = nzl (2n® 4+ n)va, + 4(;nv2n) (2(271 + 1)U4n+2>.
© (@04 Domn ) (320 + Douaen)
n=0 =0
= % i o’ +nd Yva, + 8(271 U%) (2(2n+ 1)u4n+2).

Proof. Identity (a) follows from Theorem 2.2(c) by choosing
{ n if n is odd,
0 ifn is even.

Identity (b) follows by taking 6 = 0 in identity (a). Identity (c) follows by equating the
coefficients of 62 in identity (a). =

THEOREM 17.9.

(a) (i@n +1) ’U2n+1) Zn Vo,

Z 2TL +1 U2n+1) ( Z(Q’I’L + 1 U2n+1) Z n- Vo

n=0

(
© ns%)(f;ml UW)_(Zn%n)(i%“%l)

n=1 n=0
Zn?’vgn) 2(271 + 1)5v2n+1) + 5( Z n°va, ) (Z (2n+1) v2n+1>
n=1 n=0 n=0

o0

= 8( Z n7v2n) ( Z(Qn + 1)U2n+1>.
(e) (727’7,51]2”) (Z n U2n> (7;) (2n+1) v2n+1)2.

Proof. Identities (a) and (b) follow by equating the coefficients of #? and 6*, respec-
tively, in Theorem 3.3. Identity (c) follows by multiplying both sides of identity (b) by
>0 o(2n + 1)va,4+1 and appealing to identity (a). Identity (e) follows by multiplying
identity (b) by Y., n’vs, and substituting identity (c). Identity (d): Equating the
coefficients of ¢ in Theorem 3.3, we obtain

3( i(Qn + 1)v2n+1) (i@n " 1)502n+1) + 5(%(271 n 1)302n+1)2 _g i .

n=0 n=0 n=0

8

() 3(

/

Then, the result follows by multiplying both sides of the above equation by the sum
oo o(2n + 1)va,41 and appealing to identities (a) and (b). =
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THEOREM 17.10.

(a) ( i nuy, cos n0) ( i n?v, sin n@)
n=1 n=1

= i i(rﬂ _ n2)vn sin nf + (g nu2n> (g nzvn Sinn@)_
(b) 2(712_:1 m}n) (n_ln%n) — (nz_:lnun) (;n%n) - 2_14 n:1(n5 — Yo

(c) (2‘1 whv, ) = - ni(rﬁ —n®)u,
+%(§nw)(§n%n)——(§ )(van)

Proof. Identity (a) follows from Theorem 2.2(b) by taking f(n) = n and g(n) = n?.
Identities (b) and (c) follow by equating the coefficients of § and 63 in identity (a)
respectively and using us, = 4, — v,. =

THEOREM 17.11.

(a) (Z:lnun) (nz_:lngvn) =3 ;n4(ui +uy,) + o ;(2115 +n3)v, + 1 ;n%i
(b) (Z n3un) ( Z m)n) _ L Z nt(u +uy,) + L Z(l()’n —n)uy,

n=1 n= 16 n=1 240 n=1
(c) (van>(2n vn):—iZn4(un+un)+ian’vn—l——Zn%Z

n= n=1 16 n=1 16 n=1 n=1

Proof. The asserted results follow from Theorems 17.1(b), 17.3(d) and 17.10(b). m

THEOREM 17.12.

o0

(a) ( i n’v, cos n@) ( Z v, Sin n@) 336 i — 7n* 4+ n®)v, sinnd
n2v,, sin n9) ( z:: n uzn) ( Z n-v,, sin n@).
) (Zn vn) — IS(Zn Un) (;n%n)

oo

1

=—Y (6n® —7° +n°)v,
336 ‘

=1
Proof. Identity (a) follows from Theorem 2.2(b) by choosing f(n) = n® and g(n) = n?.
Identity (b) follows by equating the coefficients of 6 in identity (a) and then by using

U2n = Up — Up. A
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THEOREM 17.13.

= 3
( Z nzvn sin n0)

n=1

1 >0 5 - |

=~ g1 208~ g5 (1 504Zn s ) (3 2 sinnd)
20160 — 1008 2
1 ) o
1205 ) (5 o)
n=1 n=1

Proof. By multiplying both sides of the equation in Theorem 17.3(b) by > 7, n?v,, sinnf
and using the equations in Theorems 17.10(a) and 17.12(a) we obtain

(i n2uv,, sin n9)3 =~ 50160 Z n°vy, sinnd — m [5 — 84 Z NUay,
n=1
+ 840 Z n3u2n — 20160( Z nu%) ( Z n u2n)
— 756 Z n’ugy, — 2520 Z n } ( Z n2uv, sin n@)

n=1 n=1

+ % (1 + 240 7;1 n3u2n) (; ntv,, sin n9> .

Then the result follows by substituting the equation into Theorem 17.3(e). m

THEOREM 17.14.

(ni_o:l nun> (in%n) — Q(Ti:1 m}n) (inf’vn) — 6(271%%) (in3vn>

oo

1 :
=—— (8n" —5n° — 3n?)v,
120 =

Proof. The result follows by equating the right-hand sides of the equations in Theo-
rems 17.3(f) and 17.10(c). =

THEOREM 17.15.
o0 (oo} oo (oo}
5 3 3 3 9
n n) — 2( n)( n) = Ena - n-
(;nu)(;nv) nz::lnv va 504 (n n°)v

Proof. The result follows by multiplying the equation in Theorem 17.3(g) by —5 and
adding to the equation in Theorem 17.12(b). m

THEOREM 17.16.

o0 o0
( Z NUgy, COS 2m9) ( Z Vop41 8in (2n + 1)0)

n=1 n=0

i n +n)vopprsin(2n+1)0+ = ( Z NUay — Z ann> ( i V41 sin (2n + 1)0).

n=1 n=0

»Jk |
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Proof. Let

n/2 if n is even, 1 ifnis odd,
n)= n)=
fm {O if n is odd, 9(m) {

Then, by Theorem 2.2(b), we obtain

o0 o0
( Z NUgy, COS 2n9) ( ZIO Vopnt1 8in (2n + 1)0)

n=1

0 if nis even.

i i n + n)vap41 sin (2n + 1)0
" oo oo
( Z NUgy — Z (2n + I)U4n+2) (Z Vap41 sin (2n + 1)0).
n=0 n=0
The result follows by using
(17.1) i(2n + Dugpio = Z NUsy, — 2 Z NUsy,. W
n=0

THEOREM 17.17.

oo

3 1
(ngn+1sin(2n+1 ) :—an + n)vgpt1 sin (2n + 1)0

n=0 n=0

+ 1 (n; NUzp — 2;7116471) <n§=:002n+1 sin (2n + 1)0),

Proof. Multiplying both sides of the equation in Theorem 3.3 by Y | V2,41 sin (2n+1)6
and using Theorem 17.16, we obtain

0o . 3
(;v2n+1 sin (2n + 1)9)

1
=-3 Z(n2 + n)vap41 sin (2n + 1)0

n=0

( Z nug, — 4 Z NUay, + 2 Z nvgn) ( i V41 8in (2n + 1)9).

n=1 n=0

The result follows by using vs,, = U, — U4y,. =
We remark that using (17.1) in Theorem 17.17 we recover Theorem 4.3.

THEOREM 17.18.

oo > 3
> @20+ 1)?va041 sin (20 + 1)0 = 64( > vans1sin (2n + 1)9)
n=0 n=0
o0 o0 o0
+ (1 —24 Z nug, + 48 Z NV, COS 2n9> ( Z Vont1 8in (2n + 1)9).
n=1 n=1 n=0

Proof. The identity follows from Theorems 17.16 and 17.17. m
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Equating coefficients of § in Theorem 17.18, we recover identities due to Liu [9, for-
mulae (8.15), (8.16)].

18. Conclusion

In investigating the relationship between Liouville’s identities and Lambert series, we
have exhibited the connection between the Lambert series for

o 2 o 3 o 4
( Z Uy, SIN nG) , ( Z Uy, SIN nG) , ( Z Uy, SiN nG)
n=1 n=1 n=1
and arithmetic formulae for the sums

E (F(a+b) — F(a—V)),
(a,b,z,y)EN*
ax+by=n

> (Fla+b+c)—Fla—b+c)—Fla+b—c)+ Fla—b—c)),

(a,b,c,x,y,2)€N®

ax+by+cz=n
> (Fla+b+c+d)—Fla—b+c+d)— Fla+b—c+d)
gffﬁgggggﬁs —Fla+b+c—d) +Fla—b—c+d)+F(a—b+c—d)

+Fla+b—c—d)—F(a—b—c—d))

respectively. These results suggest that a Lambert series for

(gun sinn@)k (k>2)

might lead to an arithmetic formula for the sum
Z (Flar+ag+---+ag) — Flay —as+as+ -+ ag)
2k

(alt;‘ll;ilixiakvii)zenN — F(al + as — asg + e+ ak) — e — F(al + as + as + = ak)
+F(ay —as —az+aqg+ -+ ag)
+-~-—|—F(a1—|—a2+---—ak,l—ak)
— ek (=D P —ay — - —ar)),

where n € N and F(—2) = (=1)*F(z).

In this paper we have shown the equivalence of Liouville’s arithmetic identities and
identities of Ramanujan type for Lambert series based on our three theorems for prod-
ucts of Lambert series. Along the way we obtained numerous identities for Lambert
series. We should mention that some of these Lambert series identities can be proved
using properties of theta functions and elliptic functions (see for example Liu [9] and
Venkatachaliengar [27]). We should also mention that Venkatachaliengar [27] has given
a beautiful multiplicative identity for the product of two series of Lambert type called
Jordan—Kronecker functions (see also Cooper [3]). There are many deep and important

connections between Lambert series identities, theta function identities, combinatorial
number theory and modular forms. We encourage the reader to explore this exciting
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area of mathematics. Hopefully in this article we have made clear its connection to the

wonderful arithmetic identities of Liouville.
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