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Abstract

We prove explicit, i.e. non-asymptotic, error bounds for Markov chain Monte Carlo methods.
The problem is to compute the expectation of a function f with respect to a measure 7. Different
convergence properties of Markov chains imply different error bounds. For uniformly ergodic and
reversible Markov chains we prove a lower and an upper error bound with respect to || f||2. If
there exists an La-spectral gap, which is a weaker convergence property than uniform ergodicity,
then we show an upper error bound with respect to ||f||, for p > 2. Usually a burn-in period is
an efficient way to tune the algorithm. We provide and justify a recipe how to choose the burn-in
period. The error bounds are applied to the problem of integration with respect to a possibly
unnormalized density. More precise, we consider integration with respect to log-concave densities
and integration over convex bodies. By the use of the Metropolis algorithm based on a ball walk
and the hit-and-run algorithm it is shown that both problems are polynomial tractable.

Acknowledgements. 1 want to thank Aicke Hinrichs, Thomas Miiller-Gronbach, Erich Novak,
Klaus Ritter and Mario Ullrich for several suggestions and helpful hints. This research was
supported by DFG Priority Program 1324 and the DFG Research Training Group 1523.

2010 Mathematics Subject Classification: Primary 60J05; Secondary 60J10, 37A25.

Key words and phrases: Markov chain Monte Carlo, spectral gap, uniform ergodicity, geometric
ergodicity, burn-in, error bounds, Metropolis algorithm, ball walk, mean square error, log-
concave density, hit-and-run algorithm.

Received 17.12.2010; revised version 24.7.2011.

(4]



1. Introduction and results

In numerous applications one wants to compute the expectation of a function f: D — R
with respect to a probability measure 7 defined on a measurable space (D,®). The goal

is to approximate
0= [ s, (11)
D

where we assume that it is not possible to sample 7 directly with reasonable cost. In other
words, we assume that there is no random number generator which generates a sample
with respect to m reasonably fast. This might happen if the available information on 7 is
incomplete or one has a complicated measurable space. However, many applications have
in common that one knows enough about 7 to design a Markov chain which approximates
the desired distribution. Hence we assume that we cannot sample 7 directly, but we can
run a Markov chain to get close to .
Let us briefly illustrate such problems:

e Let A C R? be an arbitrary convezr body Suppose that we can sample the uniform
distribution on

AN{¢ for an arbitrary line 4.

The goal is to simulate the uniform distribution on A, say p4. For a complicated A it
might be impossible to generate a uniformly distributed sample with reasonable cost.
But the hit-and-run algorithm (see Section provides a Markov chain which has the
limit distribution 4.

e Let D C R? be a convex body. Suppose that f: D — R is an integrable function with
respect to m,, where p is an unnormalized positive density and

mo(A) = M, AcCD.

fD o(x) dzx

/ F()mo(d _foDg dx.

By the Metropolis algorithm based on the ball walk (see Section one can construct

a Markov chain which has the limit distribution m,. It might be impossible to sample
7, directly, in particular if g is a complicated density function.

The goal is to approximate

(*) A convex body is a bounded convex set with non-empty interior.
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6 D. Rudolf

One can ask the following questions. How does the error of numerical integration based
on Markov chains behave? And, how long does the Markov chain need to get close to the
limit distribution?

The thesis deals with the first question and, because of the close relation, touches
briefly the second one. The Markov chain Monte Carlo method for approximating the
expectation plays a crucial role in computer science, in statistical physics, in statistics,
and in financial mathematics (see e.g. [GRS96) Mar99| [Liu08, [Dia09, BGIMI11]). Suppose
that the function f: D — R is given by an oracle which provides function values of f.
The goal is to approximate S(f). The integral simplifies to a sum if the state space D is

finite, such that
H=Y fla)n(e). (1.2)
xzeD
We assume that the distribution 7 can be simulated by a Markov chain (X,)nen with
transition kernel K and initial distribution v. The distribution 7 is the limit distribution,
in particular it is stationary, i.e.

:/ K(z,A)n(dz), AeD.
D

Under weak assumptions on the Markov chain we find that after sufficiently many steps
m > ng, the distribution of X, is close to w. The number ng determines the number of
steps to get close to m; it is called the burn-in or the warm up period. Afterwards, we
approximate S(f) by

3

n
1
n no - E J+no

It is well known that an ergodic theorem @ holds which says that

n—oo

lim Sy, (f) = lim %if(Xme) = / f(z)m(dx) = S(f) almost surely.

This means that the algorithm is well defined but does not imply an error bound. It is
a qualitative rather than a quantitative result. We study the mean square error of .S, .
For a function f, integrable with respect to m, it is given by

eV(Sn,nm f) = (EV,K‘Sn,no (f) - S(f)|2)1/2a

where E, i denotes the expectation of a Markov chain with transition kernel K and
initial distribution v.

The main topic of the thesis is the presentation of old and new explicit error bounds
for computing the expectation by Markov chain Monte Carlo. These bounds are in terms

(?) Suppose that (D,®) is countably generated. Let the Markov chain (X,)nen be -
irreducible (¢ is a non-trivial o-finite measure, for all A € © and for all z € D there exists an
n € N such that ¢(A) > 0 implies K" (z, A) > 0). We assume that 7 is a stationary distribution.
Furthermore for all A € © and for all z € D we have Pr(X,, € A infinitely often | X; = z) = 1.
Then limy 00 Sn,ne (f) = S(f) almost surely. For a proof of this fact see [MT09, Theorem 17.1.7,
p. 427]. For a simple approach to a similar ergodic theorem we refer to [AGI0|. For a central
limit theorem and fixed-width asymptotics of Markov chain Monte Carlo see [Gey92] [JTHCNOG].



Explicit error bounds for Markov chain Monte Carlo 7

of the || - ||,-norm of the integrand f,
1/p
([ @prean) . pepw),
I1fllp = D
m-esssup | f(x)], p = o0.
z€D

The kernel K of the Markov chain determines the Markov operator
/ fly) K(z,dy), =z € D,

and S(f) = [, f D m(dz) can be considered as an operator mapping into the constant
functlons. If Pis self—adjomt acting on Loy then the Markov chain is called reversible. The
asymptotic error is completely known if the underlying Markov chain is reversible, the
initial distribution has a bounded density with respect to 7 and one has | P —S||1, 1, <
Mo/ for an o € [0,1) and M < oo (Corollary [3.37). One obtains

1 +A 2
lim n- sup e,(Spn ,f < —) 1.3
and 1+A  2A(1—A™) 2
+ _ n
li v Snn ) = - < 5 1.4
e Sp e (Snno I = TR T AT AR S a4 (14)

where A = sup{a | @ € spec(P — S)}. Similar asymptotic estimates are shown in [Sok97]
Mat99, Bré99, Mat04, [RRO8]. However, we want to have explicit error bounds The
desired error estimate should behave asymptotically as described in and ( . For
A close to 1 the rlght hand sides of the equalities of the asymptotic error can be very well
estimated by = A and n(l N
bounds with respect to || f||, of the form

The main goal is to prove non-asymptotic, explicit error

) 9 2 Cyppy™
R T e VI )
where C,;, and v < 1 should be known. If the initial distribution v of the Markov chain
is the stationary one, say 7, then the influence of the initial part resulting from v should
vanish, i.e. €, = 0. We give more details in the following.

First we consider the special case where the state space is finite. Let the cardinality
of D be astronomically large, say for example |D| = 103, so that an exact computation
of the sum might be practically impossible. Suppose that we have a Markov chain
with transition matrix P and initial distribution v. All definitions, such as stationarity,
irreducibility, aperiodicity and all relevant facts of Markov chains on finite state spaces

are provided in Section 2.1l The Markov chain is reversible if the transition matrix P =
(p(,Y))z,yep is such that, for a probability measure 7,

m(2)p(z,y) = 7(y)p(y.x), =x,y € D.
If the Markov chain is reversible, then let us define
B = HP - SH52~>€2 = max{ﬁla |6|D|71|}a

where f(; is the second largest and 3p|_; the smallest eigenvalue of P. We consider
reversible and ergodic Markov chains, i.e. 8, the second largest absolute eigenvalue of P,
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is less than 1. Hence also 31, the second largest eigenvalue of P, is less than 1. Section
contains the first error estimate. The explicit error bound is developed with respect to
the /3-norm of the integrand f € R”. For

C =Vl llv/m— 1|2
we find in Theorem [2.20] that
2 20 8mo

. 2
T T T (e

Obviously C is 0 if v is m and the asymptotic estimates of and hold true.
However, the factor ||1/7||~ is unsatisfactory for an extension to general state spaces.
Furthermore we also provide a lower bound of the error (see Remark . In Section
we suggest a choice of the burn-in. The main result is as follows.

(1.5)

THEOREM [2.25] Suppose that

e

Then

1+ 5 4 9 2 2
- S sup €y, Sn,n 7.f S + .
n(l _ Bl) n2(1 _ ,8)2 Ifll2<1 ( 0 ) n(l _ 6) n2<1 _ ﬂ)Q
The suggestion of the burn-in is optimal in the following sense. For n > 0 let the
number of steps N = n+ng of the Markov chain be large enough, let 8 = 8; and assume
that C' and § obey an additional less restrictive condition. Then the burn-in 7y, which
minimizes the upper error bound of ([L.5)), satisfies nopy € [0, (1 + n)n0).

In many examples an estimate for § is available. In Section we consider some
illustrating examples where all eigenvalues and eigenvectors are known, so that the exact
error is computable. Then we compare the lower and upper estimates with the exact
error. It turns out that the estimates are sharp depending on the available information
on the eigenvalues. Similar estimates can be found in [AId87| and [NP(09]. However, the
suggestion of the burn-in and the lower bound seem to be new.

After the study of Markov chains on finite state spaces let us introduce the general
state space setting. Assume that the measurable space (D, D) is given. Then the desired
expectation becomes an integral (see ) Suppose we have a Markov chain with transi-
tion kernel K and initial distribution v. Let us recall that the transition kernel K defines
the Markov operator

x)Z/Df(y)K(m,dy), z €D,

and S(f) = [, f D m(dzx) can be considered as an operator mapping into the constant
funCthnb. It is well known that reversibility of K is equivalent to self-adjointness of P
acting on Ls. In Section [3.I] we provide all definitions such as stationarity and reversibility
in detail. Furthermore it contains all relevant convergence properties of Markov chains.
Mainly the two convergence properties of Definitions [3.14] and are essential:
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e Let a € [0,1) and M < oo. The Markov chain is called Lj-exponentially convergent
with (a, M) if
||P7_S||L14)L1 SMaJa jGN
For reversible Markov chains L;-exponential convergence with («, 2M) is equivalent to
m-a.e. uniform ergodicity with (a, M), see Proposition
e The Markov operator has an Lso-spectral gap if

B = ||P - S”Lz%Lz <1,
where the gap is given by 1 — . The existence of an Lo-spectral gap implies an expo-

nential convergence of P7 to S with respect to the Lo-operator norm for j — oo.

Section [3.2] contains the error estimates for S, n,. We explain the main results in the
following. Let A be the largest element of the spectrum of P — S acting on Lo, i.e.

A =sup{a | a € spec(P — S)}.

Suppose that the Markov chain is reversible and L;-exponentially convergent with (o, M).

Furthermore assume that there exists a bounded density j—;’r of the initial distribution v

with respect to w. For

d
c=lz ]
dm o
we show in Theorem [3.34] that the error obeys
2 2C ™Mo
sup e, (Snng, f)? < + :
||f|\2§1 ( 0 ) ’I’L(l — A) TL2(1 — 04)2

Note that the error bound is of the same form as for finite state spaces except for the fact
that the « of the Li-exponential convergence appears. If the transition kernel is reversible
one has A < f and in Proposition [3.24] it is shown that 5 < «. Hence one can further
estimate the leading term of the error bound by using (1 — A)~! < (1 — a)~!. Then a
reasonable choice of the burn-in can be obtained by the same arguments as for finite state
spaces. In Section [3.3] we also justify the choice of the burn-in by numerical experiments,
which confirm the theoretical result.

THEOREM [3.45(1). Suppose that we have a Markov chain which is reversible with respect
to m and Lj-exponentially convergent with («, M). Let

o[22}

Then

2 2
sup e, (Snng, f)? < :
i O IS i) e = ap?

The condition that the Markov chain is L;-exponentially convergent with (o, M) is
rather restrictive. This motivates the study of Markov chains with a weaker convergence
property, namely we assume that there is an Ls-spectral gap. Let us provide the main
result.
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THEOREM 11) Suppose that we have a Markov chain with Markov operator P which
has an Lg-spectml gap, 1 — > 0. Forp € (2, 0] let ng(p) be the smallest natural number
(including zero) which is greater than or equal to

P 32p || dv
— 1 —— -1 2,4

1 2(p - 2) Og(pQ‘dﬂ ‘,,2) pey.
log(B 1) d ’
og(57) log (64de -1 ), p € [4,00].

m 2
Then
sup e, (S, f)?< 2 + 2
Wlpzr = (1= B) T (1 - B

For further details we refer to Section [3:3] There we justify the choice for the burn-
in ng(p) by numerical experiments. Briefly summarized, by weakening the convergence
property we get an estimate of the error for a smaller class of functions. Namely, we prove
an error bound for integrands f which satisfy || f||, < co where p > 2.

The last chapter deals with applications. The problem of integration with respect
to log-concave densities is the following. For a function f: D — R and a convex body
D c R? the goal is to approximate

S(fa )W?

where o is an unnormalized density. The problem is linear in f but not in p. Suppose
that the domain D is the d-dimensional Euclidean unit ball B¢. Furthermore assume that
o is log-concave and log p is Lipschitz continuous with Lipschitz constant L. Hence we
consider the class of densities

RY(B?Y) = {0 > 0| ¢ is log-concave, [log o(z) — log o(y)| < L||z — y|l&},

where || - ||g denotes the Euclidean norm. We analyze the Metropolis algorithm based
on a ¢ ball walk (see Algorithm 1] on page [80] and for the Procedure see page
. The algorithm generates the desired sample. The sample, say (Xfmﬂv e 7XT5Lan),
is used to compute

n
s, lz
n no J+no

For an adapted § = min{(d + 1)~', L™} Mathé and Novak showed in [MNO7] that the
Markov chain which is defined by the Metropolis algorithm based on a ¢ ball walk has
an Ls-spectral gap. This result is used to get an explicit error bound. We state the result
for the unit ball and for simplicity we consider integrands f with || f|ls < 1. For

3

ng = d L max{d,L?}

the error obeys

sup e(S2 1o (f:0)) < \/gmax{\/g, L} + %max{d7 L2},

Iflls<1, 0€RE(B4)
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where d € Nand L > 0 @ The geometry of the unit ball is essential for the estimate
of the Lo-spectral gap of [MNO7], since the ball walk might get stuck on domains which
have corners. However, the results of Section are slightly more general. There we treat
balls with arbitrary radius » > 0 and the result is with respect to || f||, for p > 2. We refer
to Theorem for the details. The number of function evaluations to obtain an error
smaller than ¢ is polynomially bounded in the dimension d and the Lipschitz constant L.
Hence the problem of integration with respect to a log-concave density is tractable (see
Novak and Wozniakowski [NW08, NW10]).

The problem of integration on a convex body is as follows. Let A C R? be a convex
body. The goal is to compute

S(.4) = so [ F(A)de,

where vol;(A) denotes the d-dimensional volume of A. In other words the goal is to
approximate the expectation of f with respect to the uniform distribution, say p4, on A.
The problem is linear in f but not in A. Let B* C A C rB¢ where rB? is the Euclidean
ball with radius r around 0. We assume that there is an oracle Or4(¢) which returns a
uniform distributed state on AN £ for an arbitrary line £. Hence we consider state spaces
from the class

Sa(r) = {A c R convex | B¢ ¢ A c rB?}

and we assume that Or,(¢) is available for any A € S4(r). We analyze the hit-and-run

algorithm, see Algorithm [2 on page 85 and for the Procedure see page [84]

It generates the desired sample, say (Xf;g‘j_l, .. X};ffno) Afterwards we compute
h h
Shing (f Z FX5Eno)-

The Markov chain generated by the hit-and-run algorithm has the right stationary distri-
bution (see Lemma [£.10]or [Smi84]). A result of Lovész and Vempala presented in [LV06]
provides an estimate of 1 — 8. Hence there exists an Lo-spectral gap and we can apply
the error bound of Theorem [3.45|(ii). For simplicity suppose that | f||3 < 1. For

no < d*r?log(r)
the error obeys

dr  d?r?
sup  e(Sh L (fA) < —=+ —.
Iflls<1, A€Sa(r) 0 NG n

For the general result with respect to ||f||, with p > 2 we refer to Theorem The
number of function evaluations to obtain an error smaller than ¢ is polynomially bounded

in the dimension d and the radius r. Hence the problem of integration on a convex body
is tractable (see [NWO08, NW10]).

(3) We use the notation < and < as follows. Let (an)nen and (bn)nen be positive sequences.
We write a, < b, if there exists an absolute constant ¢ such that a, < ¢b, for all n € N. We
write an < b, if ap < b, and b, < an.



12 D. Rudolf
2. Finite state spaces

In the following we study the mean square error of Markov chain Monte Carlo methods
on finite state spaces. In Section [2.I] the basic definitions and properties of Markov chains
on finite state spaces are stated. The estimate of the mean square error is shown in
Section [2.2] We suggest and justify a recipe how to choose the burn-in. Afterwards the
error bound is applied to illustrating examples and finally we discuss how the results fit
into the published literature.

2.1. Markov chains. In this section the basics of Markov chains on finite state spaces
are provided. Let D be a finite set and P(D) the power set of D, so that the measurable
state space (D, P(D)) is given.
DEFINITION 2.1 (Markov chain). A sequence (X,,)nen of random variables on a proba-
bility space (€, F,Pr) mapping into (D, P(D)) is called a Markov chain with transition
matriz P = (p(x,y))syep if for all n € N, all ,y € D and all z4,...,z,_1 with

PI‘(X1 =T1,...,Xpn 1 =Tp_1,Xp = -77) >0
one has
Pr(Xpr1=y|Xi=21,..., Xn1 =2p-1,Xn =2) =Pr(Xp11 =y | Xn =2) =p(z,y).

All entries of the transition matrix P are non-negative and the rows sum up to 1. For
z,y € D the value p(z,y) is the probability of jumping from state x to state y in a single
step of the chain. The distribution

v(z) =Pr(X; =z), zeD,

is called the wnitial distribution.

Suppose that we have a transition matrix P and a probability measure v. Any tran-
sition matrix P has a random mapping representation [LPW09, Proposition 1.5, p. 7].
A random mapping representation of P on state space D is a function ®: D x [0,1] — D
which satisfies

Pr(®(z,Z) =y) = p(x,y), =z,y€ D,

where Z : (Q, F,Pr) — ([0,1],B([0,1])) is a uniformly distributed random variable and
B([0,1]) denotes the Borel o-algebra. Then a Markov chain can be constructed as follows.
If (Z,)nen is a sequence of i.i.d. random variables with uniform distribution, and X; has
a distribution v, then it is easy to see that (X,,)nen defined by

XYL - (I)(Xn—len)a n Z 27
is a Markov chain with transition matrix P and initial distribution v.
In the following we assume that we have a Markov chain (X, ),eny with transition

matrix P and initial distribution v. The expectation E, p is taken with respect to the
joint distribution of (X, ),en, say W, p, which is defined on (D", o(A)) where

DN:{w:(xl7x27...)‘J}iEDfOI‘&HiZl},
A= U{Alx"'XAkXDX"'|Ai€P(D), Z:].,,k}

keN
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For k € N one has, with A; x --- x A, C D¥,
Wyp(Ar X oo x Ag x D x o) = > w0 Y Pr(Xy =a1,..., Xp = zp).
T1€A; T EAR
If the initial distribution v is §,, the point mass at x € D, we say that the Markov chain
starts at x. By

)= f)p(xy) =Y fy)Pr(Xa =y | X1 =) = By, p[f(X2)]
yeD yeD

one has the expectation of f € R” after a single step of the chain which starts at = € D.
The probability to get from z to y in k > 2 steps is

Pr(Xpp=y|Xi=a2)= Y > - > pl w)p(xa,3). .. plek,y) = p*x,y),
zo€D x3€D zreD
where P* = (p¥(x,y))s yep denotes the kth power of P. Then
=Yt " @y =D f@)Pr(Xepr =y | X1 =) = By, p[f(Xps1)]
yeD yEeD

is the expectation after k steps of the Markov chain which starts at x. Similarly we
consider the application of P to a probability measure v, i.e.

vP(x) =Y ply,x)v(y) = Y Pr(Xo ==z | X1 = y)v(y) = Pr(Xs = x).
yeD yeD
This is the distribution which arises after a single transition where the initial state is
chosen by v. The distribution which arises after k > 1 steps is given by

Z/Pk Zp y,z)v(y) = Z Pr(Xgi1 =2 | X1 =y)v(y) = Pr(Xp41 = ).
yeD yeD

In the following we present properties of transition matrices.

DEFINITION 2.2 (irreducibility, aperiodicity, periodicity). A transition matrix P is called
wrreducible if for all x,y € D there exists a k € N such that

p*(z,y) >0, where P* = (p"(,9))syen-
A transition matrix P is called aperiodic if for all x € D,
ged({k € N | p*(z,z) > 0}) =1,
where gcd denotes the greatest common divisor. If P is not aperiodic we call it periodic.

If a transition matrix is irreducible, then one can reach every state y from every state
z in finitely many steps. Aperiodicity ensures that the number of steps to return to an
arbitrary state is not in {m,2m,3m,...} for m > 1.

DEFINITION 2.3 (stationarity). Let 7 be a probability measure on D. Then 7 is called a
stationary distribution of a transition matrix P if

wP(z) =n(x), x€D.

If the initial distribution of a Markov chain with transition matrix P is a stationary
one, say m, then after a single transition the same distribution as the initial one appears,
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i.e.

Pr(X; =z)=mn(z) =7nP(z) =Pr(Xy =2), x€D.
DEFINITION 2.4 (reversibility). Let 7 be a probability measure on D. A transition matrix
P is called reversible with respect to  if

m(x)p(z,y) = 7(y)ply,x), =,ye€D.
If a transition matrix P is reversible with respect to a probability measure 7, then 7 is
a stationary distribution (see [LPWQ09, Proposition 1.19, p. 14]). If the initial distribution
of a Markov chain with transition matrix P is m, then reversibility with respect to 7 is
equivalent to

Pr(Xi =z, Xo=y) =Pr(X; =y, Xo=2), z,y€eD.

DEFINITION 2.5 (lazy version). Let P be a transition matrix and let I be the identity
matrix. Then we call

P=1(I+P)
the lazy version of P.

Let 7 be a stationary distribution of a transition matrix P. Then 7 is also stationary
with respect to P.IfPis irreducible, reversible with respect to m and periodic, then one
can pass over to the lazy version P and find that P is irreducible, reversible with respect
to m and aperiodic.

A Markov chain is called irreducible, periodic, aperiodic and reversible with respect to
7 if the corresponding transition matrix is irreducible, periodic, aperiodic and reversible
with respect to m, respectively.

Let us state some well known implications of the different properties. For proofs
or more details see [Bré99l [Str05, LPW09|. For every transition matrix there exists a
stationary distribution and if the matrix is irreducible then there exists a unique station-
ary distribution, which is positive ([JLPWO09 Proposition 1.14, p. 12 and Corollary 1.17,
p. 14]). Note that if £ is an eigenvalue of a transition matrix P, then || < 1 ([LPW09,
Lemma 12.1(i), p. 153]). Furthermore, for irreducible transition matrices 1 is a simple
eigenvalue (JLPWO09, Lemma 12.1(ii), p. 153]). If the Markov chain is aperiodic and irre-
ducible, then —1 is not an eigenvalue of P ([LPW09, Lemma 12.1(iii), p. 153] or [Str05]
Theorem 5.1.14, p. 113]). These eigenvalue results are also known as consequences of the
Perron—Frobenius Theorem (see [Sen06]).

In the following we always assume that the Markov chains are irreducible, aperiodic
and reversible with respect to a probability measure 7. Hence 7 is a stationary distribu-
tion. Aperiodicity is not essential. For a Markov chain with periodic transition matrix P
and initial distribution v we may consider a lazy Markov chain, i.e. a chain with aperiodic
transition matrix ?, the lazy version of P, and initial distribution v.

Let us define a weighted inner product for f,g € R” by

(f9) =" fla)g(x)m(x)
xeD
and let || f||2 = (f, f)*/2. By considering the inner product it is easy to see that reversibil-
ity is equivalent to P being self-adjoint. Applying the spectral theorem for self-adjoint
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transition matrices and the fact that the Markov chain is irreducible one finds that P
has real eigenvalues

1=p5y>p1>-2>2Pp-1=>-1

If the transition matrix is aperiodic, then 3;p|_; > —1. There exists a basis of orthonormal

eigenfunctions (vectors) {uo,u1,...,up|-1}, i.e. for 4,5 € {0,...,|D| — 1} one has
1, i=j
f = P ) =0 = {0, i

Clearly, ug(z) =1 for all z € D and S(u;) = (u;,up) =0 for i € {1,...,|D| — 1}. By the
spectral structure of the transition matrix one has

|D|-1

P* = (0" (@, 9))awen = Y BF (wi(@)ui(y) m(y))eyen (2.1)
i=0

(see [Bré99l p. 203] for details).
For p € [1, 00] let

S @) pe o).
7l = § " oeP

sup | f(x)], p = oo.
€D

The weighted vector space ¢, = £,(D, ) is defined to be the normed space (R”, || - ||,).
Furthermore let

ty =Ly(D,m) = {f €4, | S(f) = 0}.
Then
by =030 (1) with (65)r ={f R | f=c, cc R} =Eig(P,1),

where Eig(P, 1) is the eigenspace of P with eigenvalue 1. Note that for the next well
known result it is not assumed that the transition matrix is reversible with respect to .

LEMMA 2.6. Let p € [1,00] and f € RP. For any transition matriz P with stationary
distribution ™ one obtains

IPflly < Ifllp  and [IPlle,~e, = 1.

Proof. By the Jensen inequality (J) @ and stationarity (stat.) one has

S 1P Pa@ < 3 (X 1fwlpey) (@)

zeD zeD yeD
ZZU WPz y)m(z) = D |f(@)Pr(x).
mGD yeD (stat.) z€D

(*) Let (D,®, 1) be a probability space. For any convex function h: R — R and for any
function f: D — R that is integrable with respect to u, the Jensen inequality is h(fD fdu) <
fp(h o f)dpu.
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If p = oo then
IPflloo = sup [Pf(z)] < sup > |f W)l y) = [ f]lo-

xeDyED
Since || Pf|, < ||fll, and Pug = uo with [Jug||, = 1 we have ||P|ls, ¢, = 1. m

Let us briefly explain how to quantify the difference of two distributions. For any

measure v let
(S ) 0)

If v is a probability measure on D, then the quantity ||v/7 — 1|2 is related to the x*-

v

™

contrast, defined as follows.

DEFINITION 2.7 (y?-contrast). The x2-contrast of a distribution v and a positive distri-
bution p is defined by

Pl = 3 G H@)
xeD

The y2-contrast is not symmetric and therefore no distance. By a simple calculation

one obtains )

Y 4

2 _
X (v,m) = -

2
The functional S can be interpreted as an operator which maps into the constant
functions, so one can view

S = (W(y))m,yeD
as a matrix. Furthermore let
B = max{f1, | p|-1]}

be the second largest absolute value of the eigenvalues of P. Now we state a property of
the matrix P — S.

LEMMA 2.8. Let P be a reversible transition matriz with respect to w. Then
[1P™ = Slley—eo = [[P"[legeg = B", neEN. (2.2)

Proof. The self-adjointness of P implies that [[Pllg_ = max{f1,[Bp|-1|} = B, and
consequently || P"[|9_,, = A". From

1P = Sllezse, = sup [[(P" = S)fll2= sup [[P"(f = S(f))ll2

Ifll2<1 Ifll2<1
< sup IIP"9||2 = [|[P"[| g9 e
llgll2<1, S(g)=
and
1P [leg—s09 = sup [P"gll2 = sup P"g —S(g)ll2
llgll2<1, S(g)=0 llgll2<1, S(g)=0
< sup [[(P" = 8)fll2 = [|1P" = Slles—e
Ifll2<1

claim (2.2)) follows. m
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This section is finished by stating a well known fact which shows that v P* converges
to m for increasing k exponentially fast if 5 < 1.
COROLLARY 2.9. Let P be a transition matriz and v a probability measure on D. Let P
be reversible with respect to w. Then
vP*

— 1| <p
™

2 2

ol ()= G )
o (rev.) 7T 2 7T

2.2. Error bounds. In this section explicit error bounds are proven. Let us repeat

14
Z -1
e

, keN

Proof. Indeed,

v Pk
— =1
T

< g% -1

2

2

the idea of Markov chain Monte Carlo. Suppose we have a Markov chain (X,,)nen with
transition matrix P and initial distribution v, where 7 is a stationary distribution, and
we compute

Sn,no(f) = % Z f(Xj-i-no)
j=1

as an approximation for S(f) = > .p f(x)7(x). The error is measured in the mean
square sense, i.e.

€u(Snngs ) = (Bu,p|Snno (F) = S(F)IP)Y2.
Now let us present a helpful result.

LEMMA 2.10. Let (X,)nen be a Markov chain with transition matriz P and initial dis-
tribution v. Then fori,j € N with j <1,

E, p[f(X)f (X)) = Y PI(fP ) (@) v(a). (2.3)
zeD
Moreover, if m is a stationary distribution and v = 7 then
Erp[f(Xi)f(X;)] = (f, P77 f). (2.4)

Proof. The calculation

E, p[f(X:)f(X;)]

D> F) f@) plaio, i) - play, w2)v()

zr1E€D z; €D

Do > fla) P f () plwgoa,wg) - pla, ma)v(an)

1 €D r; €D
=Y PP () v(x)
z€D
proves (2.3) and by using 7P (z) = 7(z) one gets (2.4). m

In the following a special case of the S, ,, method is considered. In this case the
initial distribution is stationary, thus, the distribution after a single transition does not
change. Hence it is not necessary to do any burn-in, i.e. ng = 0. Afterwards the error
representation of the special case is set in relation to the error where the initial distribution
might differ from a stationary one. The techniques which are used are adapted from
[Rud09] and [Rud10].
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In the following S, is always denoted by S,,. Let us start with a result stated in
[BDO6], Proposition 2.1, p. 3].

PROPOSITION 2.11. Let f € RP and let (X,)nen be a Markov chain with transition
matriz P and initial distribution w. Let P be reversible with respect to w. Then
|D|-1

en(Sn, ) = — Z ai W(n, ), (2.5)

where )

n(1—B;) —28,(1 — By)
(1= Br)?

Proof. Let us consider g = f — S(f) € RP. The error obeys

Zg :%EN,P‘Zg(Xj)r
- ZEmP X+ S S B [g(X))9(Xo)

ar = (fyug) and W(n,Bg) =

(Snaf "ELrP

j=1i=j+1
By using the orthonormal basis {ug, u1,...,u pj—1} we have g(z) = Z‘,ﬂ;l apug(z). For
7 <1 one obtains
|D|—1|D|-1
Erplg(X)g(X)] = D> Y akarBrp [un(Xi)u(X;)]
k=1 =1
[D]-1|D[-1
& Z Z apay (ug, P )
€3 k=1
[D]— 1\D\ 1 [D]-1
= > Z aray B (g, w) = Y af B
k=1 1=1 k=1

The last two equalities follow from the orthonormality of the basis of the eigenvectors.
Altogether this gives

D1 n
en (S )2 = — - Z ak[nmz > 6
Jj=1li=j+1
D11 et ID|-1
1 —1 1
nQZaiPwQ(” )/jz;_ggk+ﬁ ]nQZaiW(n,gk),.
k=1 h—1

Let us consider W (n, 8x) to simplify and interpret Proposition m
LEMMA 2.12. Foralln € N and k € {1,...,|D| — 1},
2n
W(n, Bk) < W(n,p1) < :
1-5

Proof. We will show that the mapping x — W (n,x) is increasing on [—1,1), so that
W(n,Bx) < Wi(n,B1). For i € {0,...,n} we have

"<l & 1-2Ya" " <1 -2" & 2"t <1+

(2.6)



Explicit error bounds for Markov chain Monte Carlo 19

This implies
ol fad T I g <2(1 +2™), je{0,...,n—1},

and
[t S Tt 4 , .
(1+ :L‘) Z i = 3 Z(mj R ") < n(1+ xn)
=0 =0
Now
AW U —al4ar)
dr (1 —x)2

and the first inequality of the assertion is proven. Since
n(l+z) — 2zn < 2n

1—=z “ 11—z

l—z ~—1—2’

, x€[-1,0],

€(0,1),
the proof is complete. =

An explicit formula for the error is established if the initial state is chosen by a
stationary distribution. Let us consider the maximal error of S, for f which satisfies

Ifl2 < 1.

COROLLARY 2.13. Let (X,)nen be a Markov chain with transition matriz P and initial
distribution . Let P be reversible with respect to w. Then

o 148 26:(1-57) 2
e, D ) T e S - B >0
Proof. The individual error of f is
) 1713
7r( n7f ’ TL2 I; a’k: ’I’L ﬁk TL22 e 1,rnja|)é\ (n7ﬁk)
_ ||fH2 1+ 5 26:(1 - A7)
2 W(n,B1) = (1= )||f||2 ﬁ”f”%

where aj, is chosen as in Proposition and therefore ZlDl Ya2 < ||f|13. From the
preceding analysis of the individual error we have for | f|l2 < 1 the right upper error
bound. Now we consider f = uj, where |lu||2 = 1. By applying (2.5) we have

1+6  26:(1-57)
n(l—731) n2(1-pB1)%
Thus the equality of (2.7)) is proven, and (2.6 yields the inequality. m

eﬂ‘(s’n)ul)Q =

In Corollary an explicit error bound with respect to || - ||2 is shown. Notice that
the first part of is an equality, which means that the integration error is completely
known if the initial distribution is stationary.

Suppose that the distribution 7 can be simulated directly, i.e. we can apply a Monte
Carlo method with an i.i.d. sample. Then an i.i.d. sequence (X, )nen, where every X, is
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distributed with respect to 7, is a Markov chain with transition matrix S = (7(y))z,yeD
and initial distribution 7. In this setting one has

ex(Sur )2 = 2117 = S

This corresponds to 8; = 0 for all i > 0. In some artificial cases other Markov chain Monte
Carlo methods can do better; for example, if there is a Markov chain where 5; < 0 and
the target is to approximate S(u;) or if all eigenvalues are smaller than zero. A simple
transition matrix which satisfies this eigenvalue condition is given by

1 1

0 [D]-1 [D[—1

1

po|m= 0 ,

: 1

: [D]-1

1 1

LA T ES

where 7(z) = 1/|D| for all z € D (see [FHY92, Remark 3, p. 617]). It turns out that
pr=-=PBp-1= f‘m%l. For large | D| it is unfortunately not possible to construct a

transition matrix where 3 is close to —1.

PROPOSITION 2.14. Let P be an irreducible transition matriz. Then

1
> ——.
P2
Proof. Since 8y = 1 one has
|D|-1 |D|-1
1+ Y Bi= Y Bi=trace(P) =Y p(x,z) > 0.
i=1 i=0 z€D
Then
|D|—1
1< Y Bi<(ID|-1)p1. m
i=1

The error estimates under the assumption that the initial distribution is stationary
seem to be restrictive. If we could sample 7 directly we would approximate S(f) by
Monte Carlo with an i.i.d. sample. However, even if it is possible it might happen that the
sampling procedure is computationally expensive. It can be reasonable to generate only
the initial state by sampling from 7 and afterwards run a Markov chain with stationary
distribution 7. Perfect sampling might be helpful for the construction of such direct
sampling procedures (see [PW96, [Hag02]).

In the following we consider the case where the initial distribution is not necessarily
stationary. Let v be a distribution on D and k& € N. Then we define

i) = ¥ 20w ) =P (£ )0 - 1= (P - 5) (L - 1) @), weD.

= 7(y) 71' ™

If P is reversible with respect to m, then we obtain

v P*
||dk>||2: T_l 9 kENa

2
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thus dj, determines the difference between vP* and the stationary distribution 7. Addi-
tionally by the spectral representation of P* (see (2.1))) one obtains

|D|—1 |D|-1

k o — K[V N
Z B; Z v(y)ui(z) = Z B; <7T,uz>ul(x), x€D. (2.8)
yeD i=1

The next statement gives a relation between e, (Sy no, f) and ex(Sp, f).
PROPOSITION 2.15. Let f € RP and g = f — S(f). Let (X,.)nen be a Markov chain with

transition matriz P and initial distribution v. Let P be reversible with respect to w. Then

n

n—1 n
2 iy
eu(Sn,nw f) = €r Sna f Z J+no + ﬁ Z Z Lj+n0 (ng ]g), (29)

i=1 =1 k=j+1
where

Li(h) = (d;, h) = <(Pi —9) <” - 1)h> heRP,ieN.

™

Proof. 1t is easy to see that

EV,P|S(f) - Sn,no ng Z Z E, ply no+]) (Xno+i)]
Jj=11i=1
n—1 n
n 2 i .
& LSS P )+ 5 3 Y 3 PP g ) ula).
j=1z€D j=1k=j+1z€D

Recall that reversibility with respect to 7 is equivalent to self-adjointness (s-a) of P. For
every function h € R” and i € N the following calculation holds:

3 (P'h)(z) vix) = <Pih, Z> = (P'h,1) + <P"h, % - 1>

ey e <P2 (W B 1) h> — (PPh, 1) + <(Pi _9) (i - 1) : h>

=> (P'h) + (d;, h).

xzeD

Formula (2.9)) is shown by using the previous calculation for h = g2 and h = gP*7g. m

COROLLARY 2.16. Under the same assumptions as in Proposition [2.15] we have, for i €
{1,...,|D| -1},

o L+B 0 28(1- 148 —28077"
eV(Sn,n())ul) — n(l — Bz) 77,2(1 — TL2 Z 1— 51 L]-‘rno(ui)a
where
|D|—1 5 |D|-1
-y 5f<ﬁ,ul> o) = 3 o) i) (210
=1 zeD

Proof. By substituting
1+ 5 26;(1 - B}")

2 o —
er(Sn,ui)” = n(l—3) n2(1—3)?




22 D. Rudolf

and
_ n n—1 n—7+1
i L; n (uf)(ﬁl—ﬁ I+ )
S S S S
J=1 k=j+1 =1 k=j+1 g=1 Z

into (2.9) one obtains the error formula. The equality for Lg(u?) is an implication of

E. =
Equation (2.9) and the result of Corollary are still exact error formulas. To get

an upper bound for the error, we estimate the functional Ly (-). This estimate depends
on the speed of convergence of vP* to 7.

LEMMA 2.17. Let h € RP, k € N and recall that 8 = max{p1,|B)p|-1]}. Then
|Li(h)| < B¥||lv/m = 1ll2l[Rll2 < B*v/m = 12/ 11/7 ]l [|2]]1- (2.11)
Proof. After applying the Cauchy—Schwarz inequality (CS) to L (h) = (dg, h) one obtains
| Li(h)] (CSS) ldxll2llhllz < | P* = Sllez—eallv/m = Ll2]/A]l2-

By Lemma the first inequality is proven and the rest is shown by using [|hlls <
VIL/ 7l A1 =

The last lemma ensures an exponential decay of Ly (-) for increasing k € N. This fact
is used to show that there exists a constant C r g, which is independent of n and ny,
such that

5 ﬁ”

|€V(Sn,nmf) €7T(Snvf) | <Curplflz

An immediate consequence of the inequality is an explicit error bound. The following two
lemmas imply such an inequality and provide C) . 3 explicitly.

LEMMA 2.18. Let (Xp)nen be a Markov chain with transition matriz P and initial dis-
tribution v. Let P be reversible with respect to w. Let f € RP and

ZBJHZ >

=1 k=j5+1
Then

/Bn
lev(Snonos £)* = ex(Sn, 171 S UB, VI 7o /7 = Ul2] £1I7 5 (2.12)
Proof. Let g = f — S(f). The equation (2.9) implies
2 «— _
|6V(Sn7ﬂoa f)2 (Snaf = 2 Z |Lj+no 72 Z Z |Lj+n0 gP i )l

o
Then by (2.11) one gets
|Ljsno (99| < 77 /|17l oo llv/m = 1]12]l9]13,
|Ljtno (9P g)| < B4/ 7]loc v/m = L2l P* gl

By the Cauchy-Schwarz inequality (CS) and [[P*~7||,g_, = 8*77 it follows that

lgP*~ Jg||1 < ||g|| 1P*gll2 < llglZIP* Ny = B llgl13-
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Let g = v/||1/7 |0 Hl//?‘(‘ — 1]|2f™. Then
n
D Ljino (99| + QZ Z |Ljsno (9P* 9| < eollgll3 Zﬂ] + 2e0l9]13 Z Z g
j=1

Jj=1k=j+1 j=1k=j+1
= olll (Zﬁwz > o)
J=1k=j+1

< U(B,n) - collfI3-
The last inequality follows from || f — S(f)ll2 < ||f]l2- =

Note that one can also get a similar estimate as in (2.12)) with respect to || f|l4 by
using the first inequality of (2.11) instead of the second one. In the resulting estimate

the factor \/||1/7||s does not appear.
Let us consider U(8,n). If 5 < 1, then the mapping n — U(8,n) is bounded.

LEMMA 2.19. Let 8 < 1. For all n € N we have

2
B, — 3
e
Proof. By the infinite geometric series one obtains
n n—1 n
; 1+ ; 2
n) <3 B+ e DI e e
S

From Lemmas 2.18 and 2.19] it follows that
2B™ /117l [lv/m — 1|12
2 2 ) 2
eu(‘smnovf) Seﬂ<snaf) + n2(1 — B)? Hf||2
If the initial distribution v is 7 then the error can be represented as in Proposition [2:11]
and bounded as in Corollary [2.13
The next theorem summarizes the main result of this section.

THEOREM 2.20. Let f € RP and let (Xn)nen be a Markov chain with transition matriz
P and initial distribution v. Let P be reversible with respect to m and let B8 < 1. Then

2/3m0 H]_/W”OOHI//'/T_]-HQHf”% (2.13)

l/( nno’f) ( ) ||fH2 n2(17ﬂ)2
For ay, = (f,ux) one has
&1 Br
nlggo neu(sn,nov f)2 = nlgréo neﬂ'(Snv f)2 = Z i 1— Bk (214)
k=1

Proof. By Lemma Corollary and Lemma[2.19] the estimate of (2.13) is proven.
By Lemmas and the first equality of (2.14]) holds. Then, by Proposition m,
|D|-1

lim ney(S,, f)? = Z 2 1+ b

g
n— oo 1 1 ﬁk:

REMARK 2.21. The error bound ([2.13)) can be interpreted as follows: The burn-in ng is
necessary to eliminate the influence of the initial distribution v, while n must be large
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to decrease e;(Sy, f). Unfortunately the dependence of the initial distribution on the
estimate is disillusioning for an extension to general state spaces, because of the factor
v/ 11/7]|so- One can avoid this factor if one considers error bounds with respect to || f||,
with p > 2 (see Section [3.2).

Another consequence of Lemmas and is the following result concerning the
asymptotic error for ||f|l2 < 1.

COROLLARY 2.22. Under the same assumptions as in Theorem |2.20

. 1+ By
lim n sup e,(Spng, f 2=
n=o0 | f|l,<1 (o V=775

and

1+81  25:1(1—p7)

lim  sup e,(Sn.ng, f)? =

mo o0 ]| <1 n(l—=p1)  n2(1-pB1)?
Proof. Let us define
_ 20" V7l [lv/m — 12
n,no nz(l _ IB)Q .

One has lim, oo - ¢pp, = 0 and lim, o0 ¢nny = 0. For || f]l2 < 1, by Lemmas

and 2.19]
|eV(S7L,'fLU7 f)2 - eTr(Sna f)2| S Cn,ng'

Hence
sup e'rr(Snv f)2 — Cn,ng < sup eu(Sn,nm f)2 < sup 67‘((5717 f)2 + Cnng- (215)
Ifll2<1 Ifll2<1 Ifll2<1

By Corollary 2.13] we have

s 1+ 5 B 281 (1 — 1)
Hfs|]|_zp§le7r(snvf) - TL(]— _ 61) n2(1 - 51)2 .

Taking the limits in (2.15]) yields the assertions. m

REMARK 2.23. The number

is called the autocorrelation time of P (see [Sok97, Mat99]). If one could sample from 7
then 87 = 0 so that 7 = 1. Hence 7 is the factor of computing time which quantifies the
asymptotic difference of Markov chain Monte Carlo compared to Monte Carlo with an
i.i.d. sample from the distribution 7.

REMARK 2.24. Observe that one obtains from (2.15)) a lower error bound for S, ,,,. We
have

1 =+ ﬁl 2 . 2
Y (e R T )
with ¢, n, defined as in the proof of Corollary 2.22] For a reasonable burn-in of the
Markov chain the error can be effectively approximated by these estimates. We apply
these estimates to illustrating examples (see Section . Now let us discuss which burn-
in is reasonable.

+ Cnng
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2.3. Burn-in. Assume that computer resources for N steps of the Markov chain are
available, i.e. N = n + ng. The goal is to choose the burn-in ny and the number n such
that the upper error bound is as small as possible. There is obviously a trade-off between
the choice of n and ng. In the next statement the error for an explicitly given burn-in is
stated.

THEOREM 2.25. Suppose that

oo [

Then

1+p5 4 5 2 2
n(l _61) n2(1 _5)2 < Hfs”llzleu(sn,nmf) < ’I’L(l — 61) + n2(1 _5)2

Proof. The assertion follows from Theorem and Remark "

Note that log(8~!) = (1—- ) +325%0 (1;!/5)3' and log(8~1) > 1— 3. One might use this
observation to estimate the suggested burn-in. The choice of the burn-in of Theorem [2.25
is justified by the following.

Let us define

C=VIl/mlos llv/m =12
and assume that 5, = (. If the assumption does not hold we may estimate the error
bound of Theorem by using (1 — $1)7! < (1 — B)7L. For ||f]l2 < 1 we want to

minimize the error estimate

1-p)  n*(1-p)
LEMMA 2.26. Forn >0 let

2 20 mo
est(n,ng) = \/n( + p under the constraint that N = n + ng.

log(ﬂfl) 1/n
C > (1—6) ; (2.16)
N > (1+n)1:§éc3)+2[log(ﬁl) - (1= (2.17)

Then there exists an ©)
log
Nopt € |———~, (1 + 1) ———=< |,
v [bg(ﬁ‘l) 0 F D iog(57)
which minimizes the mapping ng — est(N — ng,ng).
If = 1073, then (2.16) implies for 3 = 0.99 that C' > 152 and for C = 103° that

B > 0.87. Hence the assumptions are not restrictive, since f is usually close to 1, C is
large @ and the computational resources N should be sufficiently large.

Proof. Let

a=N- (1+77)1(i(§éci) and b=N — 1:;%02).

(?) The constant C' might depend exponentially on additional parameters: see the example
“Random walk on the hypercube” in Section or see Section
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Note that (2.17) gives that b > a > 0. It is enough to show that there exists an mop € [a, D]
which minimizes n — est?(n) given by
2 20pN—"

st () = {estln, N =m)* = T g +

We have
2 cphN—

est?(n)’ = % est?(n) = RET R [(1 ey <log(ﬁ_1) - i) — 1}.
We will show for any a < a and b > b that
est?(a)’ <0 and est?(b) >0,

consequently there exists an mop¢ € [a,b] which minimizes est?(n). Let b > b. Then the
inequality est?(b)’ > 0 follows by and

log(C) (@ +(1- %))
log(B8~1) (1 - )
(1= ) log(C) + 2

log(8~1) = (1-5)

& N(og(8~1) — (1— 8)) —l-lOg(C')(l_B _ 1) -

N >

< N>

log(8~1)
1080) Y gty (. 10O Y
o (=t st - (¥ i Ja - >

< blog(B™) —b(1 —B) > 2

= cp (log(ﬁ_l) — ?)) —-1>0.

On the other hand for @ < a we obtain est?(a)’ < 0. This is shown by the following
calculation. By (2.16|) one has

o s log(5~1)

@1e) (1-2)
& log(f~1) — (1— B)C" < 0
= log(5™) ~ (1-p)C" <
& log(57) — > < (1= )C7
—n . _2 B :CﬁN_a o A
© <1—ﬂ>(1°g<ﬁ ) ) ! (1—ﬁ><1g(5 ) ) b0
CﬁN_d
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Altogether this implies that there is an
log(C) log(C)
1
o€ |ty O i1
which minimizes the mapping ng — est(N — ng,ng). m

If an error of at most € € (0, 1) is desired, then the suggested choice of the burn-in ng
is independent of the precision e: we choose

and

1+ /14 4e?
n> ————
- (A-p)e
2.4. Examples. The goal is to compare the upper bounds of Theorems [2.20] and [2:25]

with the exact error for a given function f € RP. It is not known which f with ||f|[> < 1
maximizes e, (S n,, f)?. But by Corollary one has

lim sup eu(Sn,noa f)2 = ew(Snvu1)2a

"m0 fll2<1

to achieve e, (S n,, f) < €.

where u; is the eigenfunction corresponding to ;. This motivates the study of the indi-
vidual error for uy, which gives the maximal error for integrands f with || f|l2 < 1 if ng
goes to infinity. In this section illustrating examples are considered, where the eigenval-
ues and the eigenfunctions are available. The Markov chains are very well studied in the
literature (see [Mei99, [SC04, [Str05, [BD06, LPWQ9]).

Random walk on a circle. Let 7' > 3 be an odd natural number. Let D = Z be the
underlying state space, where Zr = Z mod T denotes the cyclic group of order T'. The
T x T transition matrix of the random walk is
1/2, y=xz+1modT,
pz,y) = .
0, otherwise.
The transition matrix is reversible with respect to the uniform distribution given by

m(x) =1/T for x € D. Since T is an odd number, the transition matrix is aperiodic; for
even T it would be periodic. The eigenvalues of the transition matrix are

BO = 15 ﬂ2j—1 :52]' :COS(27Tj/T), ]:177(T71)/27
and the orthonormal eigenfunctions {ug, u1,...,ur_1} are
up(x) =1, wgj_1(z) = V2co8(2mjz/T), ug;(x) = V2sin(2r ja/T),

where j=1,...,(T—1)/2 and = € D. Clearly 8 = |Sr—1| = cos(n/T'), thus 8 # b1.
Let us consider f = wuy. The initial distribution is chosen as v = §g, so that the initial
state is 0 € D. As (u1)? = ugp + %Uzg we have

1, i =0,
(ui, (u1)?) = (ui, uo) + %(ui,uzﬁ ={1/V2, i=3,

0, otherwise.
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Hence by (2.10) we obtain

Yui (0) = B5.

T—
§ uza

Additionally with 8; = cos(27/T)
1+ cos(27/T) 2cos(2m/T)(1 — cos™(27/T))
B n?(1 — cos(27/T))? '

7 (Sn, ?=
en(Sn; 1) n(1 — cos(2mw/T))
The exact error is determined by Corollary with 83 = cos(4n/T) so that

eu(Sn,nov ul) = (ew(snv ul)
1+ cos(2w/T) — 2cos™ I +1(2n/T) o 12
"4 /T . 2.1
n2 Z( 1 —cos(27/T) o8 (/T) (2.18)
We apply Theorem “ to get a lower error bound and (2.13) of Theorem n to get

an upper error bound, since 5 # ;. Hence the burn-in is chosen as suggested in Theo-

1 log(T?-T) —‘
2 log(cos=Y(x/T)) |

rem [2.27] i.e.
nog = ’V

Then
(Smos 1) < 2 + 2 v (2.19)
e ,up) < .
vAZmnor T n(1— cos(2r/T)) ' n2(1 — cos(x/T))?
107
g
&
10” -
',' < lower bound (2.20)
' —exact error (2.18)
. - - -upper bound (2.19)
10° 10’
N=ng+n
Fig. 1. Random walk on a circle: Exact error and error bounds, 7' = 999 and no =
0o, 2_
(3 ey | = 1396699,
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and

1+ cos(2n/T) 4 1/2
(n(l — cos(2m/T)) a n2(1 — COS(?T/T))Q) < eu(smnmUl). (2.20)

We have an explicit exact error formula (2.18)), a lower error bound ([2.20) and an upper

error bound (2.19)).
In Figure [1] the different bounds of (2.19)), (2.20) and the exact error of (2.18) are

plotted for T' = 999. The curves start at N = ng, since the computational resources
must be larger than the burn-in ng = 1396699. The lower error bound gives a non-trivial
estimate if N > no + 1617911 = 3014610, since for n > % = 1617911 one
obtains a lower bound larger as zero.

Random walk on the hypercube. Let d be a natural number. Let D = {0,1}% be
the state space and |Z| = Z?:l |Z;| for € {—1,0,1}%. The 2¢ x 27 transition matrix is
given by

172,  z=y,
p(z,y) =41/(2d), |z—yl=1,
0, otherwise.

The transition matrix is reversible with respect to (z) = 27 for z € D. Furthermore, it
is aperiodic and irreducible. We use a different notation for the index of the eigenvalues
and orthonormal eigenfunctions, for z € {0,1}% one has

B.=1—|z|/d and w.(z)=(-1)Z=77  zeD.
Set [0] = (0,...,0) and set [1] = (1,0,...,0) so that
Bro) = 1, ug)(z) =1, xeD,
Bpy=1-1/d, up(z)=(-1)", zeD.

Obviously for all indices z € {0,1}% we have 3, > 0 so that 85 = 8.
Let us choose the initial state of the Markov chain deterministically in (0,...,0) € D,
i.e. v = . By (u[l])2 = ujo) one has, for z € {0, 1}
1, z=10]
2 ’ )
Uy, (u =
(e, (un)) {O, otherwise.
This implies
Li((up)®) =0, keN.

The error of S, if the initial state is chosen according to 7, obeys

2d—1  2(d*—d 1\"
eW(Smu[l])Q: n B ( n? )(1_ (1_d) )
Then by Corollary

e,,(Sn,nO, U[l]) = eﬂ(sn, U[l]). (2.21)
The burn-in and the error bounds are determined by Theorem [2:25] One obtains
1 log(2%d —29)
ng=|-———————
2 log(1—1/d)~1!
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such that
2d  2d?
ey(SnJLO,U[l]) S ; + ?, (222)
and
2d —1 4d?
- (2.23)

n ﬁ § eu(Sn,ngvu[l])~

In Figure [2 for d = 50 the exact error (2.21)), the upper error bound (2.22)) and the lower

error bound ([2.23)) are plotted. It can be seen that after the burn-in the curves are close to
each other. The error bounds are polynomial in d which is of the magnitude of log(|D|).

107
:
€3]
10°
1
1
1
1
! <. lower bound (2.23)
! —exact error (2.21)
. - - -upper bound (2.22)
1
10° 10°

N=ng+n

Fig. 2. Random walk on the hypercube: Exact error and error bounds, d = 50 and no =

1 log(22¢—24) 4 _
|—§lo(;g(;171/d)*1.| = 1716.

Random walk on the star. Let T' > 2 be an even natural number. Let the state space
be D ={0,1,...,T}. The (T +1) x (T + 1) transition matrix is given by

0, r=y=0,

1-46

——, =0,y D\ {0},
ple,y)=q T

1 x € D\ {0}, y=0,

0, otherwise,

with a parameter § € (0,1). The transition graph is star shaped since every state is
connected solely to the center 0. The transition matrix is reversible with respect to =

given for x € D by
1

1-6

m s otherwise.
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One obtains 5y = 1, S+ = 6 — 1 and for x € D one has

1, z =0,
up(z) =1, wur(z)=v1-10 1 )
——, otherwise.
0—1
The eigenvalue ; = 0 for ¢ € {1,...,T — 1} is of multiplicity 7" — 1. Without loss of
generality we may assume that for any z € D one has

0, z =0,
2—0
Ul(LE): m, .’L'_l, .,T/2,
2—40
-\ —, x=T/2+1,...,T.
16 /2+
The remaining eigenvectors uo, ..., ur_1 are arbitrarily chosen such that we get an or-
thonormal basis {ug,u1,...,ur}. One has an aperiodic and irreducible transition matrix

where 81 = 0 and 8 = max{f,|Br|} = 1 — 0. We consider the error for f = wu;. The
initial state is the center of the star, i.e. 0. Then v = §y. From (u1)? = ug —
gets

_1
=g UT one

1, i=0,

(. (u1)?) L =T

Uiy (U = - ) =1,

! Vi—46
0, otherwise.
By (2.10) this implies
T
Li((u1)?) =Y Bf (ui, (ua)*)us(0) = —BF = —(6 — D)*.

i=1

The error where the Markov chain is initialized by the stationary distribution obeys
1
T Sna 2= —.
en(Sn,ur)” = —
Then by Corollary [2.16] it follows that
1 (0=t —1)m—1)\"?
v{Pn,ngs =\ - - . 2.24
eulSnn) =+ e (2:24)
Recall that 81 # 8. However, we only use the error bounds of Theorem [2.25] The burn-in

is chosen as
_ [log((2—-06)T
o= 2log(1 —6)~1 |

Then the upper bound is

2 n 2
On = 62n2’

/1 4
ﬁ — m S €V(Sn7n0,’lt1). (226)

eu(Sn,nmul) S (225)

and the lower bound is
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In Figure [3|for & = 0.1 and T = 105 the exact error (2.24)), the upper error bound (2.25))
and the lower bound (2.26)) are plotted. For n > 4/6% we get a non-trivial estimate by the

10
~lower bound (2.26)
—exact error (2.24)
- - -upper bound (2.25)
-3
10°F :
-2
é 10 °F
3
107
10°
10° 10° 10
N=ng+n

Fig. 3. Random walk on the star: Exact error and error bounds, # = 0.1, T = 10° and ng =
|' log((2—0)T) -| — 58.
2log(1—0)—1

lower bound. The upper error bound is shifted down since 8 # 1. One could improve this
by using of Theorem directly. In the present setting one loses asymptotically
a factor of /2/0.

Let us summarize the important facts of this section. The error was considered for
the eigenfunction u; corresponding to 5;. If ng goes to infinity, then wy is the function
which maximizes the error for integrands f with || f||2 < 1. The bound of Theorem [2.25]
applied in this setting gives tight results if 81 = 3. Otherwise Theorem [2.20] achieves
the right asymptotic coefficient if 51 and [ are known. For the examples considered,
one knows the eigenvalues and the eigenfunctions explicitly. In applications it is usually
difficult to estimate (1 or [, but there are different auxiliary tools, e.g. the canonical
path technique, conductance (see [JS89] and [DS91]), log-Sobolev inequalities and path
coupling (see [LPW09]). However, if the eigenvalues ; and j3p|—; are available, then the
error can be approximated by the lower and upper bound.

2.5. Notes and remarks. Let us comment on how the results fit into the published
literature. An elementary and powerful technique to bound the error for S, ,, or S, is
based on Doeblin’s theory (see [Str05, p. 27]). Let Ay = (ar(x,y))s,yep be the kth Cesaro
sum given by
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Assume that

dM e N\ {1}, yo € Dandy >0 such that Vo e D: ap(z,y0) > 7. (2.27)
Then for any ng the error obeys
(M 1)
ev(Snmos )7 < 1113

Condition states that there is a state yq Where the expected value of visiting it, on
average, until M from any other state is uniformly bounded from below with rate . If
the transition matrix is irreducible then there exists an M such that Ay > 0 and is
satisfied (see for example [Beh00, Lemma 7.3, p. 50]). It is difficult to obtain v and M. Let
us state a toy example where one can compute v and M explicitly. Let D = {0, 1}¢. We
consider a Markov chain which independently samples with respect to 7 with m(z) = 27¢
for x € D. This is Monte Carlo with an i.i.d. sample. Consequently, we get best possible
parameters 7 = 27971 and M = 2. The error estimate behaves exponentially badly in
terms of d. In contrast, the estimate of Theorem [2.20]is independent of d. In general, even
if one can get v and M, these constants are often exponentially bad in terms of some
other parameters. Usually v is close to zero and M is huge. However, with this bound
even the periodic case is covered and reversibility is not necessary. But on the other hand
the optimal coefficient % of the leading term of Corollary is not reached and the
burn-in cannot be used to tune the algorithm.

The approach to use the spectral representation of reversible transition matrices is
not new. In [BD06] the result of Proposition is presented. By the same arguments a
slightly worse bound is shown in [AId87, Proposition 4.1, p. 40]. It applies if 3; > 0 and

gives

xS £ < e 1+ 2222 (2.99)

Furthermore if the initial distribution v is not stationary, a different algorithm is consid-
ered. Namely, the burn-in n§ is randomly chosen, independent of (X,)nen, according to
the Poisson distribution with parameter ng, and

n ng Zf J-‘r'fl

Then it is proven in [Ald87, Proposition 4.2, p. 41] that

eu (S ng F)? < en(Sny )2 (1 + [11/7]|c exp{—no(1 = B1)})-

This bound applies also for periodic Markov chains and after applying (2.28) it gives
1+51

an estimate Wlth respect to || - ||2. The optimal coefficient of the leading term (see
Corollary is not reached, also if Corollarymmstead of is applied. The burn-
in n§ is randomly chosen rather than deterministically, since then one can translate the
discrete time Markov chain into a continuous time Markov chain and avoids discussions
of negative eigenvalues. This technique is similar to the idea of considering a lazy Markov
chain.

In [NP09] an explicit error bound is given which also holds for non-reversible Markov
chains with an absolute {>-spectral gap, i.e. 3 = || P|[,9_s < 1. In the proof of the error
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bound the multiplicative reversibilization PP* of P is used, where P* is the adjoint
operator of P acting on ¢s. It follows from [NP09, Corollary 4.2, p. 320] that

1+5 2p 21+ p)p ™ lv/m = 1l
(1-5) (1-5) (1—pB)n?

One obtains an error bound uniformly with respect to || f||2 by using || f|loo < H%H}x/)z 12

1113 +

ey(Sn,noaf)z < n 252 ||fH§ + ||fHOOHf||2

The spectral gap can be implied by aperiodicity and irreducibility of the Markov chain, see
[LPWO09, Lemma 12.1, p. 153]. But it is remarkable that the chain can be non-reversible.
If B = (1 then the error bound has the right coefficient of the leading term. Then it is
essentially the same bound as in Theorem [2.20]

Also confidence estimates of S), », are of interest. The goal is to achieve for given
precision € € (0,1) and confidence parameter o € (0, 1) that

Pr([Snne (f) = S(f)l 2 €) < a. (2.29)
An estimate of the mean square error implies such confidence estimates.

LEMMA 2.27. Let (Xp,)nen be a Markov chain with transition matriz P and initial dis-
tribution v and let € € (0,1). Then

ev(Snnos f)?

Pr([|Spn, (f) = S(f)] =€) < -2

Proof. The result is an application of the Markov inequality. =

Suppose that || f|l2 < 1. If one applies Lemma and the burn-in is chosen as in
Theorem [2.25] then it follows for

log(V[1/m [ [lv/m — 1]l2) da”te™?
ng > — and n >
log(B~1) 1-p5
that (2.29) is true. Note that the burn-in is chosen independently of «. In [LPWQ9,
Theorem 12.19, p. 165] a similar bound is deduced by coupling arguments. It implies a

slightly worse result if the initial state is deterministically chosen. If

no > log(2a7|1/7]|00) and n > 4a~te72

1-p 1-p
then is true. The main difference is the dependence of o on the choice of the burn-
in. One can essentially boost this confidence level by using a median of independent runs
of the Markov chain Monte Carlo method. This is explained in [NP09].

However, both results presented are far away from well known Chernoff bounds. These
exponential inequalities for finite Markov chains are shown in [Gil98] for random walks
on graphs. In [Lez9§|, this Chernoff bound was extended and refined for Markov chains
on finite and general state spaces, furthermore for discrete and continuous time. For
irreducible and reversible Markov chains on finite D and ||f]|cc < 1 one deduces from
[Lez98, Theorem 1.1, p. 850] that

P

Pr(Sun(f) = S(F)| = 2) < 3H

2exp{—n(l - mi}. (2.30)
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In other words, if
_ -2 -1
7 TS o
log(B71) 1-p

then (2.29)) holds true. This is better than using Lemma In [LP04] Hoeffding bounds
for reversible Markov chains are presented.

Such exponential inequalities also imply an error bound of the mean square error by
the following well known formula (see for example [Kal02, Lemma 2.4, p. 26]).

LEMMA 2.28. Let (X,,)nen be a Markov chain with transition matriz P and initial dis-
tribution v. Then

cSnns 2= | T Pr(Sm () = S()] > VE) de.

By Lemma and by (2.30) one obtains the error bound
36(1+ 8" lv/7 — 1)
sup €y Sn;n af 2 < .
1/ lee <1 (Sone: 1) n(l — 1)

The asymptotic coefficient as described in Corollaries and is not reached. How-
ever, the error bound applies also for periodic Markov chains.

Let us provide a conclusion. Different explicit error bounds for finite state spaces are
known. The results presented in Section 2.2 are not entirely new. In the literature one
can find similar estimates where some of the assumptions like aperiodicity or reversibility
are weakened. The justification and discussion of the burn-in in Section 2:3]and the lower
bound of Theorem [2.25] seem to be new. In the following we will extend the results to
general state spaces.

3. General state spaces

In the following we study the mean square error of Markov chain Monte Carlo methods
on general state spaces. The state space can be countable or uncountable. In Section (3.1
we provide the basic definitions and properties of Markov chains on general state spaces.
The estimates of the mean square error are shown in Section We suggest and justify
a recipe for choosing the burn-in in Section Afterwards the error bound is applied
to illustrating examples and finally we discuss how the results fit into the published
literature.

3.1. Markov chains. In this section facts and definitions regarding Markov chains on
general state spaces are stated. The paper [RR04] of Rosenthal and Roberts surveys
various results about Markov chains on general state spaces. For further reading we refer
to [Rev&4l [Num8&4, [MT09].

Let (D,®) be a measurable space. In most examples D is contained in R? and D
is B(D), the Borel o-algebra of D. We now define transition kernels and Markov chains.
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DEFINITION 3.1 (Markov kernel, transition kernel). The function K: D x © — [0,1] is
called a Markov kernel or a transition kernel if

(i) for each z € D the mapping A € © — K(x, A) is a probability measure on (D, D),
(ii) for each A € ® the mapping © € D — K(z,A) is a D-measurable real-valued
function.

DEFINITION 3.2 (Markov chain). A sequence of random variables (X,,)nen on a probabil-
ity space (2, F,Pr) mapping into (D, ®) is called a Markov chain with transition kernel
K if for all n € N and A € © one has

Pr(Xp,t1€A4|Xy,...,X,) =Pr(X,11 € 4] X,,) = K(X,,A) almost surely.
The distribution
v(A)=Pr(X; € A), AecD,
is called the initial distribution.
Suppose that we have a transition kernel K and a probability measure v. For simpli-
city assume that D C R? and ® = B(D). For any transition kernel there exists a random

mapping representation (see for example Kallenberg [Kal02, Lemma 2.22, p. 34]), a mea-
surable function ®: D x [0,1] — D which satisfies

Pr(®(z,Z) € A)=K(x,A), z€D,AeD,

where the random variable Z: (2, F,Pr) — (]0,1],8(]0,1])) is uniformly distributed.
Then a Markov chain can be constructed as follows. Let (Z,)nen, with Z,, : (Q, F,Pr) —
([0,1], B([0,1])), be a sequence of i.i.d. random variables with uniform distribution, and
assume that X; has distribution v. Then one can see that (X,,)nen defined by

Xn - (I)(Xn—lvzn)a n Z 2a

is a Markov chain with transition kernel K and initial distribution v.
The transition kernel K of a Markov chain describes the probability of getting from
state x € D to A € © in one step, i.e. for all k¥ € N one has
K(z,A) =Pr(Xp41 € A| X = x).

The n-step transition kernel is inductively given by

K"z, A) :/

K"y, A) K (z,dy) = / K(y, 4) K" (, dy).
D D

The first equality above is a definition, and for a proof of the second see [Rev84, Propo-
sition 1.6, p. 11] or [MT09, Theorem 3.4.2, p. 61]|. The function K™ is again a transition
kernel. The n-step transition probability from state x € D to A € © is

Pr(Xpin € A| X =2) = K"(z, A).
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This is seen by integrating over the conditional distribution of the previous step:
Pr(Xk-‘rl €A | Xk = Z‘) = K(JZ,A),

Pr(Xk+2 €A | X = ,T) = / Pr(Xk+2 cA ‘ Xk+1 = y,Xk = a:)Pr(X;Hl S dy | X = .%')
D

:/ Pr(Xpio € A| Xpp1 = y) K(z,dy) = K?(x, A),
D

PI‘(Xk+n €A | X = x) = / Pr(Xk+n €A ‘ Xk;Jrn,l = y,Xk = $)
D
X Pr(Xk+n_1 € dy | Xy = x)

- / Pr(Xpin € A | Xpin 1 = y) K" (2, dy) = K" (x, A).
D

In the following let us assume that we have a Markov chain (X,,),en with transition
kernel K and initial distribution v. The expectation E, g is taken with respect to the
joint distribution of (X,)nen, say W, i, which is defined on (DY, o (A)) where

DV = {w=(z1,22....) | ;€ D for all i > 1},

A= U{A1 X XAy xDx---]A€®,i=1,...,k}
keN
(see [MT09, Theorem 3.4.1, p. 60] or [Rev84, Theorem 2.8, p. 17]). For k£ € N one has,
for Ay x --- x A, C D¥,

Wny(Al X oo X A x D x ) :Pr(X1 GAl,...,Xk EAk)
= / / . K(xg—1,Ap)K(xg—2,dxr_1) ... K(21,dz2) v(dx1). (3.1)
Al A2 Ak,—l

Now we present properties of transition kernels. These properties have finite state
space counterparts (see Section .

Denote by M(D) the set of real-valued signed measures @ on (D,®). For any v €
M(D) let us define

VPm(A>:/Km(.’B,A)V(d$), Ae®D, meN.
D

Note that the mapping v — vP™ defines a linear operator on M(D). If v is a probability
measure then vP™ is the distribution of X,,,11, where (X,,)nen is a Markov chain with
transition kernel K and initial distribution v.

DEFINITION 3.3 (stationarity). Let m be a probability measure on (D,®). Then 7 is
called a stationary distribution of a transition kernel K if

TP(A) = n(A), Ae®.

(*) The set function p: ® — R is a real-valued signed measure if 1(f) = 0 and for pairwise
disjoint A1, Az,... with Ay € D for k € N, one has u(Upe; Ar) = 2 peq #(Ak).
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Roughly speaking, this means: if we choose the initial state with respect to a stationary
distribution m, then, after a single transition the same distribution arises, i.e.
Pr(X; € A)=n(A) =7nP(A) =Pr(X, € 4), Ae€D.

DEFINITION 3.4 (reversibility). Let 7 be a probability measure on (D,®). A transition
kernel K is called reversible with respect to w if

/K(&A)w(da:)z/K(m,B)w(dx), A, Be®.
B A

If a transition kernel K is reversible with respect to a distribution 7, then = is a
stationary distribution of K. If the initial distribution of a Markov chain with transition
kernel K is 7, then reversibility with respect to 7 is equivalent to

Pr(Xy €A, Xo€B)=Pr(X,€B,Xo,€4), ABeD.
A Markov chain is called reversible with respect to 7 if the corresponding transition

kernel is reversible with respect to .

DEFINITION 3.5 (lazy version). Let K be a transition kernel and let 14(x) be the indi-
cator function of A € © for x € D. Then we call

K(z,A) = t(1a(z) + K(2,A)), ze€D, AeD,
the lazy version of K.
If 7 is a stationary distribution of K, then 7 is also a stationary distribution of K.
If K is reversible with respect to m, then K is also reversible with respect to w. For a
Markov chain with transition kernel K and initial distribution v we may define a lazy
Markov chain, a Markov chain with transition kernel K and initial distribution v.

Assume that 7 is a stationary distribution of a transition kernel K and let f: D — R
be an integrable function with respect to 7. Let us define

P f(x) = /D fy) K™(2,dy), =€ D,meN.

We call P the Markov operator or the transition operator. If a Markov chain (X,,)nen
with transition kernel K and initial distribution J,, the point mass at x € D, is given,
then P™ f(x) is the expectation of f(X,,11)-

Let us state some well known properties of the operator P acting on functions and
on signed measures.

LEMMA 3.6. Let m be a stationary distribution of a transition kernel K and let f: D — R
be an integrable function with respect to w. Then for v € M(D),

[ 1@ wpman) = [ (P vids), men, (32)
D D
whenever one of the integrals exists. In particular

S(f) = /D f(@) m(da) = /D (P f) (@) r(dz), meN. (3.3)

Proof. Equation (3.3) is an immediate consequence of (3.2) and stationarity. Hence one
has to prove (3.2). The equality holds for indicator functions and for simple functions.
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Then by the standard procedure of integration theory the equality can be extended to
positive and afterwards to integrable functions. m

Note that if a Markov chain (X,,),en with transition kernel K and initial distribution
v is given, then (3.2 can be rewritten as

E, k[f(Xm+1)] = By k [By k [f(Xmy1) | Xu]]-
The following result is well known (see for example [LS93 equation (1.2), p. 365]).

LEMMA 3.7. Let the transition kernel K be reversible with respect to m and let F':
D x D — R. Then

/ / x,y) K™ (z,dy) m(dz) / / (y,z) K™(z,dy) w(dz), m €N, (3.4)
whenever one of the integrals exists.

Proof. The reversibility of the transition kernel K implies reversibility of the m-step
transition kernel K. Hence it is sufficient to show the assertion for m = 1. By using the
reversibility one has

/D/DlAXB(WW(%dy)W(dw)=/D/DleB(y,x)K(a:,dy)n(dx), A,BeD.

The equality of the integrals can be extended to arbitrary sets C € ® ® ®, where ® ® D
is the product o-algebra. This is an application of Dynkin’s Theorem. Then it is straight-
forward to consider the cases where F' is a simple function, a positive function and finally
an integrable one. m

For p € [1,00) let us define

L= 10,0 = {1: D B[ 111 = [ (@) atao) < o .
For p = oo the essential-supremum norm with respect to 7 is defined by

oo :esssup f inf sup |f(y)l,
ISl = esssuplf @) = | _inf swp 17w

and we set

Sometimes it is convenient to consider bounded functions on D, not m-a.e. bounded ones,
thus we define

Lg=Lg(D)= {f: D—R ‘ lf| = sug\f(xﬂ <oo}.
TE
The next result is standard (see for example [BR95, Lemma 1, p. 334]).

LEMMA 3.8. Let p € [1,00]. For any transition kernel K with a stationary distribution ,

IPflp <[l flp  and |IPlz,~z, = 1.
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Proof. If p < oo, then by the Jensen inequality (J) and (3.3) one obtains

[ 1ps@paan) < [ ( IR |dey>) ()
< < [ [ K. ) / @)l n(da).

Since 7 is a stationary distribution of the transition kernel one has, for N € ®,
7(N)=0 & K(,N)=0 m-a.e.

Null sets with respect to 7 are the same as null sets with respect to K(x,-) for almost
all x € D. Hence

Pf() < /D FWIK (@ dy) < ||fle mac.

and we have ||Pf|, < | fll, for p € [1,00]. Let u(xz) =1 for all z € D. Then Pu = u with
lull, =1 and we obtain ||P||z, 5z, =1. =

The closed subspace
Ly={feL,|S(f)=0}

of L, is important. Note that Ly and L3 are Hilbert spaces with inner product

g) = /D f(@)g(x) n(dz).

Ly = LY@ (LYY, where (LYt ={f€Ly|f=c, ccR}.

Then

On the Hilbert spaces Ly and L3 there exists the adjoint operator P* such that
(Pf,g)=(f.P"g).
Furthermore
1PllLg—rg = 1P llrgzg and [|P = S|[,mp, = [1P* = SllLo—L,-

The following facts about adjoint operators are helpful. Let T : L, — L,, with p € [1, 00),
be a bounded linear operator. Then the adjoint operator T* : Ly, — Lg, with g € (1, 00|,
is defined as follows. Suppose that p and g are such that p~' 4+ ¢~ ! = 1. It is well known
that L, is isometrically isomorphic to the dual space (L,)’, where the isomorphism is
given by
Ar Ly — (Ly)', Al9)(f) =(f.9), [€Lyp

Then there exists the dual operator T : (L,)" — (L)’ and the adjoint operator act-
ing on L, can be defined as T* = A7'T*A. This is illustrated by the diagram below.

T*
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Furthermore, for all f € L, and for all g € L, one has
(f,T"g) = (f,A7'T* Ag) = A(A™'T* Ag)(f)
= (T A)(9)(f) = Alg)(Tf) =(Tf,g)-

(dual ogerator)

Then
1T,z = 1T Ny —@py = sup [T Agll,y
I14gll(z,,y <1
= sup AT Aglly = T* L, L,
llglla<1

If T =P — S, then it follows that
1P = Sle,~r, = 1P* = S|lL,~L,-

Let v € M(D). If there exists a density of v with respect to 7 then we denote it by g—;’r
and for ¢ € [1,00] let

dv
df , U < ™,
Ivllq = g
00 otherwise.

)

Set
Mg =My(D,m) ={ve M(D)||v|, < oo}

The function space L, is isometrically isomorphic to the space M, of signed measures,
in symbols L, = M,. The space My of signed measures is a Hilbert space and the inner
product is the Lo inner product of the densities:

_ dv du _Jdv du
v = [ G0 Parntan) = (L), vne e
Furthermore set
M) ={veM,|v(D)=0}.

Then
My =MS®d (ML, where (ML ={reM;y|v=cnr, ccR}

Clearly, M} is also a Hilbert space. We have L3 22 M3 and (L3)+ = (M$)~. Let us recall
that the transition kernel applies to signed measures v € M, as

vP(A) Z/DK((E,A) v(dz), AeD.

LEMMA 3.9. Let K be a transition kernel and let m be a stationary distribution of K.

(i) Let g € (1,00] and v € M. Then

d(g f ) (2) = P* (j;)(a:) r-a.c.

and

1Pl g—rg = 1Pl ag—rag-
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(ii) Reversibility with respect to 7 is equivalent to P being self-adjoint acting on Lo and
Mo, i.e.
(Pf,g)=(f,Pg) and (vP,pu)= (v, uP).
Proof. (1) For all f € L, with p chosen such that p~' + ¢~ = 1 one has

() = frwenn g [entmn = (es. )= (v ()

Hence ma.c.,
dwP) .y _ pr (ii) (2).

dm
By using the previous equation one obtains
d(puP) dp
||P||Mg—>M3 = sup “ar LT sup P .
| 44 ll2=1, u(D)=0 2 |44 12=1,5(§4)=0 2

= HP*||LU—>L0 = ||P||L°—>L°~

(ii) It is clear that self-adjointness implies reversibility. The other direction follows by

(Pf,g) //f K(z,dy) 7 .// K (x,dy) 7(de) = (f, Pg).

The result with respect to My is shown by using (i) and the self-adjointness of P on L. m

In the following we introduce several convergence properties of a Markov chain
(Xn)nen with transition kernel K and initial distribution v. We assume that 7 is a
stationary distribution of K. The goal is to quantify the speed of convergence of vP™ to
7 for increasing m € N. For further details let us refer to [RR97a], [RR04] or [Che05].

DEFINITION 3.10 (Lg-spectral gap). Let P be the Markov operator with corresponding
transition kernel K. Then there exists an (absolute) Ls-spectral gap if
B=IPllrg-ry <1,
and the value of the Ly-spectral gap is 1 — .
Let us briefly explain what this means for a reversible transition kernel. If the transi-
tion kernel K is reversible with respect to 7, then let spec(P|L2) be the spectrum of the

self-adjoint operator P acting on Lo and spec(P|L9) be the spectrum of P acting on LY.
Since || P||L,—L, < 1 the spectrum spec(P|L2) is contained in [—1,1]. Let us define

A =inf{a | a € spec(P|LY)} and A =sup{a|a € spec(P|L)}.
Since P is self-adjoint, it is well known that

A= inf (Pg,g) and A= sup  (Pg,g).
llglla=1, g€ L] lglla=1, g€ LY

Then we have
spec(P|L9) C [\, A] and = ||P||pg_, g = max{A, [A[}.

The existence of an Ls-spectral gap implies that —1 < A < A < 1, so there is a gap
between 1 € spec (P|Lz2) and f3, the second largest absolute value of spec(P|Ls).
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DEFINITION 3.11 (Ls-geometric ergodicity). A transition kernel K with stationary dis-
tribution 7 is called Ls-geometrically ergodic if for all probability measures v € My there
exist @ € [0,1) and C, < oo such that

|vP™ — 7|l < Cp,a", neN.
An Ls-spectral gap implies Lo-geometric ergodicity.

PROPOSITION 3.12. Let K be a transition kernel with stationary distribution w. Assume
that the Markov operator P has an Lo-spectral gap, i.e. 1 — 3 > 0. Then the transition
kernel K is La-geometrically ergodic.

Proof. If v € My and v(D) = 1, then one obtains (v — 7)(D) = 0 and the proof is
completed by

[P = w2 = [[(v = m) Pl < [|P[ g apg v = 7ll2 = Bl = ]2 m

If the transition kernel is reversible with respect to m, then Lo-geometric ergodicity and
the existence of an Lo-spectral gap are equivalent:

ProposITION 3.13 (J[RR97a, Theorem 2.1, p. 17|). Let the transition kernel K be re-
versible with respect to w. Then the following statements are equivalent:

(i) The transition kernel is Lo-geometrically ergodic.
(ii) The Markov operator P has an Lao-spectral gap.

For further details and more equivalents of Lo-geometric ergodicity, see [RR97al,
RTO01]. The next definition is similar to Ly-exponential convergence in [Che05].

DEFINITION 3.14 (L,-exponential convergence). Let p € [1,00], let a € [0,1) and M < co.
Then the transition kernel K with stationary distribution 7 is called L, -exponentially
convergent with (a, M) if

||Pn—S||Lp*>LP§MOén, n € N.

The transition kernel is called L,-exponentially convergent if there exist an M < oo
and an « € [0,1) such that K is L,-exponentially convergent with (a, M).

The Markov chain is called Ly-geometrically ergodic or L,-exponentially convergent
if the corresponding transition kernel K is Ly-geometrically ergodic or L,-exponentially
convergent.

Let p and ¢ be such that p~! + ¢=! = 1. Then L,-exponential convergence implies
convergence of vP" to the stationary distribution 7 in M, for increasing n € N.

COROLLARY 3.15. Let p € [1,00) and v € M, with p~' + ¢~ = 1. Let the transition
kernel K with stationary distribution  be L,-exponentially convergent with (o, M). Then

|vP" —7|q < M|lv — 7| 40", neN.
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Proof. Indeed,
d((v —m)P™)

P = all = o = m) P, = | A

for-af-)

dv
— -1
dm

()

dv
— -1
drm

q

<|[(P" = 8)|z,—L,
q

q

<|[|P"=Slz,~L, < M|y —7l[;a”. =

q

In the following we consider relations between the existence of an Lo-spectral gap and
L,-exponential convergence. First, let us add some helpful inequalities.

LEMMA 3.16. Let 7 be a stationary distribution of a transition kernel K. Then
I1P"lg—rg = IP" = SllLy»r, <B", neN. (3.5)
If p e [1,00] then
1P Lo —rs < IP™ = Slp,»L, < 2IP"|[Lg19, n €N (3.6)

Proof. Note that if P is a normal operator, i.e. PP* = P*P, then ||[P"|o_ 9 = 8",

otherwise one has ||P"||o_ 19 < ||P||’£8_>Lg = f". From
I1P" = SllLymr, = sup [[(P" = S5)flla= sup [[P"(f—S(f))ll2
IFll2<1 IFll2<1
< sup  [[P"gll2 = [|P"|l L9 19
llgll2<1,8(g)=0
and
[P"lLy—ry = sup — [[Pgll, = sup  [[P"g—=S(g)llp
lgll»<1,5(g)=0 lgll»<1,5(9)=0

< sup [[(P" = S)fllp = [P" = Sz, L,

7, <1
claim (3.5)) and the first part of (3.6) follow. Furthermore one obtains
1
P~ Sl o0, = sup |Pf =S5, =2 s | P (500 - 50)
I £llp<1 £, <1

<2 sup  [[Pglly = 211P" ug s,
llgllp<1,S(g)=0

P

which finishes the proof. m

In a general setting it follows that an Lo-spectral gap implies L,-exponential conver-
gence for all p € (1, 00).

PROPOSITION 3.17. Let p € (1,00). Let m be a stationary distribution of a transition
kernel K andn € N. The existence of an Lo-spectral gap, 1— > 0, implies Ly-exponential
convergence. We have

22/p 5%(17*1)/17’ pe(1,2),

22(p=1)/p g2n/p 4 € (2, 00). (3.7)

|P" —S|L,~z1, < {
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Proof. Let p € (1,2). Lemma gives
|P" = Sllpo—sr, <B8" and  [[P" = S|p, 0, <2
We apply Proposition (Riesz—Thorin Interpolation Theorem), where T' = P™ — S and

q1 = 2, g2 = 1 such that 0 = (2 — p)/p. The case where p € (2,00) follows by the same
interpolation argument, since by Lemma [3.16] one has

||Pn - S||L2*>L2 <pB" and ||Pn - S”LOQHLoo <2. =

From Proposition and actually already from (3.5) it follows that an Lo-spectral
gap implies Ly-exponential convergence. With the additional assumption of normality of
P one can prove the converse.

PROPOSITION 3.18. Let w be a stationary distribution of the transition kernel K. Let
the Markov operator P be normal, i.e. PP* = P*P. Then the following statements are
equivalent:

(i) There exists an Lo-spectral gap, i.e. 1 — 3 > 0.
(ii) There exist a«€[0,1) and M < oo such that the transition kernel K is Lo-exponentially
convergent with (a, M).

In particular (ii) implies
= HP SHLQ—)Lz <,

so that
B =min{a | IM < co with||P™ — S||p,—1, < Ma™, n € N}.
Proof. By (3.5), (i) implies (ii) with (o, M) = (8,1). Now we show that (ii) implies (i).
One has
||PH%gﬁLg - ||PP*HLgaLga
where PP* is self-adjoint and (P*)™ = (P™)* for all n € N. Then
[ SH%ZHLQ = HPn||2LO_>L0 = HPH(Pn)*HLO%LO

= [[P"(P*)" |l g rg (PP*)"|| g1

2 (nor lty H
so that

IP" = S|lLasr, < Ma™ & [|(PP)"| gy < M2a®". (3.8)
By the spectral radius formula and the self-adjointness (s-a) of PP* one obtains

1P By = IPP lagong = r1PP)

— 1 *\n /n 2 7: 2\1/n ~ 2
Jim ([[(PP*)"]| g 1g) . Jim (M7)7" < o

Hence the proof is complete. m

By an interpolation argument we deduce that L..-exponential convergence or Li-
exponential convergence imply an Lo-spectral gap if the Markov operator is normal.

PROPOSITION 3.19. Let 7 be a stationary distribution of the transition kernel K. Let K
be Ly -exponentially convergent or Lo, -exponentially convergent with (e, M'). Suppose that
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the Markov operator P is normal, i.e. PP* = P*P. Then there exists an Lo-spectral gap,
in particular

B=IP=SlL,L. < Ve (3.9)

Proof. We show that Li-exponential convergence with (o, M) implies 8 < y/a. For Leo-
exponentially convergent Markov chains the claim follows by the same arguments, where
the roles of Lo, and Ly are interchanged.

By the assumptions of the proposition and Lemma [3.16] one has

|P" = Slle, e, <a"M  and [[P" =S| —r. <2

By Proposition (Riesz—Thorin Interpolation Theorem), where T = P*—S and ¢; = 1,
g2 = 00, = 1/2 one obtains Ly-exponential convergence with (y/a, 25/2M'/?). Then
Proposition implies 8 < y/a, completing the proof. =

Another way to measure the convergence of vP™ to m for increasing n € N is by using
the total variation distance, defined as follows.

DEFINITION 3.20 (total variation distance). The total variation distance between two
probability measures v, u € M(D) is defined by

v = pllev = sup |[V(A) — p(A)].
AeD
The total variation distance can be considered as an Li-norm.

LeEMMA 3.21 (JRR0O4, Proposition 3, p. 28]). Let v,u € M(D) be probability measures.
Then

/D £(z) (v(dz) — p(dz))], (3.10)

1
Iv = pllow = 5 sup
[fI<1

where | f| = sup,ep | f(@)]. If v, p € Mu, then [[v — pllew = 5llv — pll1-
Now we can define uniform ergodicity of a transition kernel K.

DEFINITION 3.22 (uniform ergodicity, m-a.e. uniform ergodicity). Let M < oo and « €
[0,1). Then the transition kernel K with stationary distribution = is called uniformly
ergodic with (a, M) if for all z € D,

1K™ (z,) — 7lltv < Ma™, neN. (3.11)

If the inequality of holds m-a.e., rather than for all x € D, then the transition
kernel K is called 7-a.e. uniformly ergodic with (o, M'). A Markov chain with transition
kernel K is called uniformly ergodic or m-a.e. uniformly ergodic if there exist M < oo
and « € [0,1) such that K is uniformly ergodic or 7-a.e uniformly ergodic with («, M).

Obviously, if the transition kernel is uniformly ergodic then it is also m-a.e. uniformly
ergodic. Note that in other references, e.g. [Che05|, uniform ergodicity is called strong
ergodicity.

Uniform ergodicity is closely related to L..-exponential convergence. An important
relation is presented in the following proposition. Recall that Ly = Lg(D) denotes the
class of bounded functions on D.
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PROPOSITION 3.23. Let a € [0,1) and M < co. Let 7 be a stationary distribution of the
transition kernel K. Then the following statements are equivalent:

(i) The transition kernel K is uniformly ergodic with (o, M).
(ii") The transition operator P satisfies

|IP" — SllLpor, <2Ma™, neN.
Furthermore (i') and (ii") imply the following equivalent statements:
(i) K is m-a.e. uniformly ergodic with (e, M).
(ii) K is Loo-exponentially convergent with («, 2M).
Proof. Lemma[3.21] yields the equivalence of (i') and (ii’). To prove the equivalence of (i)

and (ii), let us first show that 7-a.e.

sup |P"f(z) = S(f)| = sup [P"f(x) — S(f)l-
Ifllo<1 If1<1
Note that
7(N)=0 & K"(,N)=0 m-ae.
for all N € ©® and n € N, since 7 is the stationary distribution. Suppose that f € L.
Obviously, if N € © and 7(N) = 0 then m-a.e.

[P f(x) = S(H = [P"(Anef)(2) = SAnef)].
Let ||flloo < 1,ie. 1{z € D : f(x) > 1}) = 0. Define

oy = L@ 1@ <1,
L flz) > 1,
so that f(z) = g(x) m-a.e. and |g| < 1. Thus, 7-a.e.
[P f(z) = S(f)] = [P"g(z) - S(g)| < sup [P"g(x) — S(9)l,

so that m-a.e.

sup |[P"f(z) = S(f)| < sup [P"g(x) — S(g)]-
Ifllee <1 lgl<1

The inequality in the other direction is clearly also correct, i.e. m-a.e.
sup |[P"f(x) = S(f)| = sup [P"g(x) — S(g)]-
lfllee <1 lgl<1
By applying the essential supremum on both sides of the previous equation and (3.10)
one obtains

||Pn - S||Lm—>Loo = 2esssup ”Kn(x? ) - TrHtv-
xzeD

This completes the proof. m

It is known that there are transition kernels where the Markov operators have an
Lo-spectral gap and the transition kernels are not uniformly ergodic (see [MT96]). Fur-
thermore, uniform ergodicity implies an Lg-spectral gap (see [RR97al). In this sense
uniform ergodicity is a stronger property than the existence of an La-spectral gap.
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PROPOSITION 3.24. Let o € [0,1) and M < oco. Let the transition kernel K be reversible
with respect to w. Then the following statements are equivalent:

(i) K is Ly-exponentially convergent with (o, 2M).

(ii) K is Loo-exponentially convergent with (a,2M).
(iil) K is m-a.e. uniformly ergodic with (o, M).
Each of these conditions implies that the Markov operator has an Lo-spectral gap. We
have

B=1Plry-ry <.
Proof. First we prove the equivalence of (i) and (ii). By reversibility one can see for

f € Ly and h € Ly, that

(P =8)f,h) = (f,(P" = S)h).

The adjoint operator of P™ — S acting on L is P™ — S acting on L.,. Since
1P" = Sllzyry = IP" = SllLoc—Loc»
the equivalence is obvious.
By Proposition (ii) is equivalent to (iii).
The last implication follows by an interpolation argument. Proposition (Riesz—
Thorin Theorem) with ¢; = 00, g2 = 1 and § = 1/2 is applied. Then

pr — |P" -5 <4Ma™, neN. 3.12
P[] Lg— L [ 2,51, <4Ma™, n (3.12)

Because of the self-adjointness (s-a) of P one can apply the spectral radius formula to
obtain
— _ — 1 nl/n < : 1/n _
B=1Pllrg~rg = rlPl= lim [IP"lI5e7, 1 a lim (4M) a m
In Figure[l| we present a survey of the discussed relations between various convergence
and ergodicity notions.

Lo-geometric

ergodicity
T
uniform l
ergodicity
Lo-spectral | _ _ _ _ | Lo-exp.
gap convergence
|
|
L
m-a.e. uniform ||  Loo-exp. e Li-exp.
ergodicity convergence convergence

Fig. 1. Ergodicity notions and their relations. Solid lines represent implications without any
assumption of reversibility. Dashed lines represent implications under the assumption of re-
versibility.
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3.2. Error bounds. In this section we prove error bounds on general state spaces.
We assume that we have a Markov chain (X, )nen with transition kernel K and initial
distribution v, where 7 is a stationary distribution, and compute

n no Z f ]Jrno

as approximation to S(f) = [, f D . The error is measured in the mean square
sense, i.e.

ev(Snnos ) = (Bu kel Snno (F) = S(HF)2.
Now let us present a helpful result.

LEMMA 3.25. Let (Xp)nen be a Markov chain with transition kernel K and initial dis-
tribution v. Then fori,j € N with j <1,

Bkl f(X)F0G)) = [ PP ) (@) v(da), (3.13)
Moreover, if 7 is a stationary distribution and v = 7 then
E. k[f(Xi)f(X;)] = (f, P ). (3.14)
Proof. The calculation
E, k[f(X / / flxi)f(z;) K(zi—1,da;) ... K(x1,dzs) v(dzq)
/ / P P9 f(ay) K (g1, day) . K (21, das) v(dar)

— [ PGP @) i)
D
proves (3.13)), and by (3.3]) one can see (3.14). »

First we assume that the initial distribution of the Markov chain is stationary. Hence
it is not necessary to do any burn-in, i.e. ng = 0. The resulting method is denoted by
Sy, instead of S, o. Afterwards we turn to the general method S, ,, where the initial
distribution might differ from a stationary one.

In the next statement we assume that the transition kernel is reversible with respect

to . Then we can apply the spectral theorem for self-adjoint bounded linear operators
(see Theorem [A.2)).

PROPOSITION 3.26. Let f € Ly and g = f — S(f). Let (Xy)nen be a Markov chain with
transition kernel K and initial distribution mw, let K be reversible with respect to m and
let

=inf{a | a € spec(P|LY)}, A =sup{a|a € spec(P|L)}.

Suppose that A < 1. Then

A
(0.0 = 5 [ Wno)d(Baygg) = W Plgg). (315)
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where E denotes the spectral measure @ which corresponds to P: LY — LY and recall

that

n(l —a?) = 2a(l —am)
(1-a)? ’

Wi(n, o) = €[-1,1).

Proof. Since f € Ly we have g € LJ. The error obeys
1 n 2
=3 Ew,K‘ ZQ(X]')‘
j=1
1 2 n—1 n
= Z;EMWJ-)?] 530D Enlg(Xy)g(X0).
‘7:

j=1i=j+1

er(Sn, f)?

For i, j € N with j < ¢ we obtain

A
E?T,K[g(Xl)g(X])] 3:14 <g7Pl_Jg> = /)\ a'™ d<E{o¢}g7g>u

where the last equality is an application of Theorem [A72] Altogether this gives

eﬂ'(S’n’f)QZ E \ [n+22 Z - J} E{a}gvg>

Jj=11=j5+1

1A (n—1Da —na?+antt

1 A 1
i / W (n,0) d(Eay9.9) = — (W (n, P)g.g). u
n A n

By the spectral theorem we have a representation of the error depending on the
Markov operator P. In this setting one can show a relation between the operator norm of
W(n, P): LY — LY and the maximal error of S, for integrands f which satisfy || f||2 < 1:

COROLLARY 3.27. Let (X,,)nen be a Markov chain with transition kernel K and initial
distribution m, let K be reversible with respect to w and suppose that A < 1. Then

1 1+A  2A(1—A") 2
\Pn 2= w P 0 0o = — < .
T AT O VR (e VAT ey

Proof. The last inequality follows by Lemma The mapping a — W(n, a) of Propo-
sition is increasing (see also Lemma [2.12)). For g = f — S(f) we have

1A 1 A
(5,07 = 5 | W) alBayg.0) < W) [ a0

1 1+A  2A(1—A" ,
— W .9) = (s — g ) Io1B

(?) The definition of a spectral measure and the spectral theorem for linear, bounded self-
adjoint operators are stated in Section
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The assertion is proven by

W(n,A) = max |[W(n,a)| = [[W(n, P)||ro_r0 = sup (W(n,P)g,g)
aespec(P|LY) 277 glle<1, geL8
= sup n? - ex(Sn,g)? <n? sup eﬁ(Sn,f)Q. "
llgll2<1,geLy Ifll2<1

If the transition kernel K is reversible with respect to m and the Markov operator has
an Lo-spectral gap, then

8= Pl 1y = max{A, [A]} < 1.

Note that Proposition [3.26] holds already if A < 1. Hence an Lo-spectral gap is not
necessary. If the transition kernel K is not reversible but one has an Ls-spectral gap,
then the following error bound can be shown.

PROPOSITION 3.28. Let (X, )nen be a Markov chain with transition kernel K and initial
distribution w. Let w be a stationary distribution of K. Let f € Ly and assume that there
exists an Lo-spectral gap 1 — 3 > 0. Then

2
ex(Sn. PP < 111 (3.16)

Proof. Let g = f — S(f). The error obeys

er (S 1)? n2ZEﬁK D2 D B kla(X))g(X0)
Jj=1l1i=5+1

For i,j € N with j <4, by the Cauchy—Schwarz inequality (CS) we have
Erx[9(X:)g(X;)] = (9, P g) (CSS) 1P| g ngllgl3-

Then with W (n, 8) from Proposition one has

2 o ( &)
eTr(STHf) || ||2 . TL( )

The estimates of the error under the assumption that the initial distribution is sta-
tionary seem to be restrictive. If we could sample 7 directly we would approximate S(f)
by Monte Carlo with an i.i.d. sample. However, even if this is possible it might happen
that the direct sampling procedure is computationally expensive, so it is reasonable to
generate only the initial state by sampling from 7w and afterwards run a Markov chain
with stationary distribution 7.

||f||2 u

The error of a Markov chain Monte Carlo method with stationary initial distribution
is related to the error with a not necessarily stationary initial distribution.

PROPOSITION 3.29. Let r € [1,2], let f € Lo, and let v € M, _1y be a probability
measure. Let (X,,)nen be a Markov chain with transition kernel K and initial distribution
v and let ™ be a stationary distribution of K. Then

1 < 2 & w
eV(Sn,nm f)2 = eﬂ'(Snv f)2 + E ZLj"'no ni Z Z Jj+mno gP )’ (317)
j=1 =1 k=j
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where g = f — S(f) and
dv

Li(h) = <(PZ‘ — S)h,%

Proof. The proof is adapted from [Rud09, Lemma 6, p. 17]. One has

—1>, helL, ieN.

n n

Eyk|S(f) = Snne ()" = — Z D By k[9(Xngt)9(Xng i)

j=1i=1

:%Z/Dpnoﬂ‘(g? v(dz) +7Z Z /P"oﬂ (gP" I g)(z) v(dz).

j=1k=j+1

For h € L, and v € M,./(,_1) we see for all i € N that g—;’r - P'h is integrable with respect
to 7. Then

/D(Pih)(fv) v(dz) = <ch fl;> — (P, 1) + <P’h ;L; >

= (P'h,1) + <Pih, % — 1> - <h S(W - 1)>

=0

= (P'h,1) + <(P” — S)h, 37’; - 1>

:Lg%mmmm+«ﬁ—$m$_§'

Formula ([3.17) is shown by using this calculation for h = g% and h = gP*7g. =

Equation (3.17)) is still an exact error formula. The next lemma provides an estimate
of the functional Ly (-) for k € N.

LEMMA 3.30. Letr € [1,2], v € M, (1) and h € L,. Recall that 8 = || P|19_19-
(i) If r € (1,2], then

T

|Li(h)| < 22/7 525

dv
YU gnl., keN 3.18
e T (3.18)

(ii) If r =1 and the transition kernel is Ly-exponentially convergent with (o, M), then

d
[Li(h)] < Ma*|| =

Ihll,, keN. (3.19)

Proof. After applying Holder’s inequality (HI) with conjugate parameter r and s =
to Ly(h) = ((P* — S)h,dv/dr — 1> one has
dv

|Li(h)] (1?1) I(P* - 5) P

By equation (3.7)) the claim of (1) is proven and by the Li-exponential convergence the
inequality of (ii) holds. =

Note that if 7 = 2 then |Ly(h)| < B¥||dv/dr — 1||2||h||2 (see (3.5]). This is better than
(3-18]) by a factor of two, but not essentially different.

T
r—1

<|IP* =S|z, -z,
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In Lemma we have seen that under suitable assumptions one can ensure ex-
ponential decay of L(-) for increasing k& € N. This fact is used to show for reversible
Markov chains which are Lj-exponentially ergodic with («, M) that there exists a con-
stant C o, a, independent of n and ng, such that

«
|eV(Sn,n07 f)2 - eﬂ'(Sna f)2| S CV’CY;MHf”%

An immediate consequence of this inequality is an explicit error bound. The following
lemma and remark imply such an inequality and provide C, s explicitly.

LEMMA 3.31. Let (X,)nen be a Markov chain with transition kernel K and initial dis-
tribution v, where v € My,. Let K be reversible with respect to m and Ly-exponentially
convergent with (o, M). Let f € Ly and

Y ¥ o

Jj=1k=j+1
Then

|eu<sn,n07 f)2 - eTr(Sna f)2| S U(n

Proof. Let g = f — S(f). Equation (3.17)) implies

R R IR CEY

0 (S 17 — (S £ < & Z Lynale®) + i i Lyen(gP*7g)]
By of Lemma one obtains :
Ly ()] < Moo —1H e
Lysnp(aP*g) < Moo H laP* gl

By the reversibility and L;-exponential convergence of K we see from Proposition [3.24]
that 8 = [[P| 19— g < a. Then by the Cauchy—Schwarz inequality (CS),

lgP*~ ngh ||9||2||P'“ Tgll2 < llgl3I1P* g g < o™ lgll3-

Let g = a"°M||d1//d7r - 1HOO. Then

n n—1 n
> Ljno (@) 42D Y 1 Ljime (9P )]
j=1

j=1 k=j+1

n n—1 n
<eolgll3d o +2e0llgl3 Y DY oF
j=1

J=1k=j+1

:sougua(zawz 3 of)

j=1k=75+1
=co-Ula,n)-|lgl3 < €0 Ula,n) - || f]3. =
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REMARK 3.32. The function U(a,n) has already been studied in Lemma Let us
repeat the result. For all n € N we have
2
U < — .
(an) s G2

Then from Lemma [B.31] it follows that

2022 - 1]_a"
2

a3

eu(Sn,noa f)2 < eTr(Sm f)2 + LL

If the initial distribution v is 7 then one has the error formula of Proposition [3.26

REMARK 3.33. Note that in Lemma reversibility of K was essentially used to apply
Proposition [3:24] If the Markov operator is normal, i.e. PP* = P*P, then by Proposi-
tion B = |Pllrg—ry < va. By this observation we get a very similar estimate to
that in Lemma [3.31] for normal Markov operators which are not necessarily reversible.
The only difference with is that o has to be replaced by v/a. Then

2 8
VWem S T 7ap = T=ap

The last inequality follows from 1 — a” > r(1 — «) for r € [0, 1], which is a consequence
of the Bernoulli inequality with a real exponent @ .

The next theorem summarizes the main result for a Markov chain with a reversible
and Li-exponentially convergent transition kernel.

THEOREM 3.34. Let (X, )nen be a Markov chain with transition kernel K and initial
distribution v. Let K be reversible with respect to m and Ly -exponentially convergent with
(o, M). Let f € Ly and assume that v € M. Then

) 2042~ 1] o
2 - 2 dr 0o 2 )
eu(Sn,novf) = TL(]. — A) Hf||2 + 712(]. — a)g Hf||2 (3 21)
and for g = f — S(f) we have
lim ney (Snng, /)* = lim nex(Sn, f)* = (I + P)(I = P)""g,9). (3.22)

Proof. By Lemmas and the first equality of (3.22) holds true. By the reversibility
of the transition kernel Proposition [3.26] applies, so that

lim ner(Sn, )2 = lim ~(W(n, P)g,g) = (I + P)(I - P)"'g,g).

n— 00 n—oco N

The rest follows via Lemma [3:31 Corollary [3.:27] and Lemma [2.19] =

REMARK 3.35. Under the assumptions of Theorem [3:34] Proposition [3.24] shows that
m-a.e. uniform ergodicity with (a, M ) is equivalent to Lj-exponential convergence with
(o, oM ). Hence one can restate Theorem for uniformly ergodic Markov chains and
obtains the same result with M = 2M. This is the general state space counterpart to
Theorem where M is of the magnitude of ||1/7||» and 8 = a.

(3) The Bernoulli inequality with real exponent r € [0, 1] states for any real number z > —1
that (14+2)" <1+ rz.
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Furthermore note that if the Markov operator is normal and not necessarily reversible,
then one can get a similar error bound by using Remark

REMARK 3.36. The error bound of might be interpreted as follows: The burn-
in ng is reasonable to eliminate the influence of the initial distribution, while n has to
decrease e, (Sy, f). For large n the error behaves exactly as the error where one started
with the stationary distribution. Hence the bias of the initial distribution disappears after
sufficiently many steps. If the initial distribution falls together with the stationary one,
then the bias of the initial part vanishes completely.

Another consequence of Lemmas [3.31] and [2.19] is the following result concerning the
asymptotic error for || f|l2 < 1.

COROLLARY 3.37. Under the same assumptions as in Theorem [3.34],
1+A

lim n sup e, (Spn )= ——
n=oe | p]l,<1 (Snnor V7= 128

and

. 9 1+A 2A(1 — A™)
oo S € nonon IV = STy T A
Proof. Let us define
20" M || % — 1|
Cnino = n?(1 — «a)?
One has lim,,_,o0 nCpn, = 0 and lim,, ;00 €pn, = 0. For || f||2 < 1 Lemmas and
yield

|eV(Sn,no7f)2 - eﬂ'(S’ﬂ) f)2| < Cn,ng-

Hence
sup eﬂ'(S?’H f)2 — Cnyng < sup eu(Sn,nm f)2 < sup eﬂ'(Sna f)2 + Cnyng- (323)
Ifll2<1 Ifll2<1 Ifll2<1

Recall that A = sup{« | a € spec(P|L3)}. Then by Corollary we have

1+A  2A(1—A")
sup ex(Sn, f)? = — .
HszI;l (5w 1) n(l—A)  n2(1—A)2

Taking the limits in (3.23)) yields the assertions. m

In many examples it is known that the transition kernel is Li-exponentially conver-
gent or 7-a.e. uniformly ergodic, but it is difficult to obtain reasonable values of («, M)
explicitly. Then at least the asymptotic result can be used. This is similar to results of
[Sok97., Bré99l Mat99].

REMARK 3.38. Observe that we have a lower and an upper bound of the error of Sy, »,.
Exactly as in Remark one deduces by (3.23) that

1+A 2 2
- —c < sup e,(Spng, f)? < ——n
?’l(l - A) n2(1 - A)2 e = Hf”f;l V( o f) - ’fl(l - A)
We showed an error bound of S,, ,, with respect to || - |2 for Markov chains which are
reversible and Lj-exponentially convergent. The condition of L;-exponential convergence
is rather restrictive. This motivates the study of Markov chains which satisfy a weaker

+ Cnyng -
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convergence property, namely we assume that there is an Lo-spectral gap, i.e. 1 — 3 > 0.
This is enough to obtain error bounds for integrands f € L, with p € (2, oo]. The following
lemmas lead to show that there exists a constant C, g5, independent of ng and n, such
that
pe
‘eV(Sn,noa f)2 - eﬂ(Sn’ f)Z‘ S CVﬁ,P”fH;Q)ig'

Note that it is not assumed that the Markov chain is reversible with respect to 7.

LEMMA 3.39. Let (X,)nen be a Markov chain with transition kernel K and initial dis-
tribution v. Let  be a stationary distribution of K. Let f € Ly, let v € Myax{2,p/(p—2)}
with p € (2,00] and

n

n n—1
24/7 " g2 +23”32262j‘“773 SN pe(2,4),

V(Bnp) =44 77 S
225]’ 4275 ZﬂQJ/p Z ka p € [4,00].
7j=1 j=1 k=j7+1
(i) If p € (2,4), then
V(B,n,p) dv
o0 (Snngs £)7 = ex(Sn, )] < =157 B e G

(ii) If p € [4,00], then
V(B,n,p)

no
n?2 b

|61/(Sn,noa f)2 - ew(Sna f)z‘ S

v
21| sz
2
Proof. First, let g = f — S(f) and observe that for p > 1 one obtains
lolly < 171+ 1SCOI < Wl + 1711 < 2051 (3:24)
Equation (3.17) implies

|6V(Sn,nm f)2 — ex(Sn, f)2|

= niz s4nol9 %Z Z |Ljtno (9P* 7 g)l.  (3.25)

k=j+1
Let p € (2,4). Then it follows by (3.18) with 7 = & and r/(r — 1) = 25 that

p=2 o, dv
Ly (9)] < 2472075 g deH ol
=3
L Proig)| < 2/t gt |2l phedg)
| J+no( )‘ dn g lip/2-

p—2

By applying the Cauchy—Schwarz inequality (CS) and (3.7]) one obtains

gpr=1l ok—j
I9P* gl < Nl NP* ol < NFLP*lag sy < 278°5 I,

@
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Let eo(p) = 2"07 |ldv/dm — 1H . Then

n n—1 n
D oALino(@)+2D 0 D Ly (9P* 7))
j=1

j=1k=j+1

- ip=2 3pt2 p=3
< 27y (p) g2 3 65 + 27 colp \g\\pzﬂ2f S g

j=1 k=j+1

n — n
jp=2 3p+t2 jp=3
= co(p)llgll2 (27 Y BYF + 2% Zﬁ% S g
j=1 j=1

k=j+1
V(B,n,p) - o)l f]5-

<
B29)

Thus, claim (i) is proved.
Let us turn to (ii), i.e. p € [4, 00]. Equation (3.18) with r = 2 is used to get

lgll3,
2

||9P’“‘jg\|2~

| Ljno (97)] < 28770 == —

—j e || AV
|Ljino(gP T g)| < 28740 || — —

By Hélder’s inequality (HI) with conjugate parameters § and ~L5 one obtains

o lallpllgll 22,

—L9

-2)

k—j k—j k—j
97 gl < NollIP* gl s, < 1P lug,

2 2E2 o (k—j) 2
<
2 o 19115 = BRI g2

Note that in the third inequality above it was essential that p € [4, co] for using | g|| 2 <
=

<IP* g g

llg|lp- Thus, for eg = 8™ || 9% — 1||5 one has

n n—1 n
D Lino(@9) +2D 0 D | Ljrng (9P )
j=1

=1 k=j+1

p+ p—=2
<€ngH42ZﬂJ+€ollgllp22+ Zﬁzj/” Z G

_]J,»l
n—1
p+ p—2
< eollgll? (2 ZﬂH—Q Z,BW Z g )3324 V(B,n,p) - ol £112.
= k=j+1 [3.24]

Finally, substituting this in (3.25)) completes the proof. m

Let us consider V(8,n,p). If p € (2,00] and 1 - > 0, then we show that the mapping
n— V(B8,n,p) is bounded.

LEMMA 3.40. Letp € (2,00] and 1 — 3 > 0. For alln € N,

64
V(B,n,p) < P

w21 _BF (3.26)



58 D. Rudolf

Proof. The inequalities indicated by (x) below follow from 1— 3" > r(1— /) for r € [0, 1].
First, let p € (2,4). By the geometric series one can estimate

(67” p 24/p252]— 23}7:2 iﬁszp;g Z 62k/p
j=1 k=j+1
n—j—1

2j 222 Z 32k/P

k=0

_ 9i/p Zgw% +2
j=1

n 3pE2 9
< 24/172523'% + w Zﬁ%’%z

24/19 + 52/1724/19(23 2/p 1) 2jr=2 23+2/p n 9jp=2
= 1—p2/p Zﬁ 1-pr 25 ’

< 16 4p? < 16p
veis) (L= B — F0279) (5 (p—2)(AL =B peto) B = DL — AP

For p € [4, 0], again by the geometric series, we can estimate

V(Blln,p) :2;5j+ 3p+2 ZBQ]/QD Z ka

Jj=1 k1+1

_22,3J+23p+2 ZBJ Z 5“
j=

Jj=1

3p+2 p—2 —2 3p+2

§<2 275 )Zi: 2+ﬁ (2 Q)éﬁj

l—ﬁp l—ﬁp
o 82 iff“ 8v2 8v2p

<

velieel 1- g7 20 (1= B)(1-p77) (0 P DA B2 "

The main error bound of S, ,,, for Markov chains with an Lg-spectral gap is presented
in the next theorem.

THEOREM 3.41. Let (X, )nen be a Markov chain with transition kernel K and initial
distribution v. Let 7 be a stationary distribution of K. For p € (2,00] let f € L, and v €

Munax{2,p/(p—2)} - Suppose that the Markov operator has an La-spectral gap, i.e. 1—3 > 0.
Then

, PE(2,4),

B
, . 64p]l £l ‘ s
ev(Sn,nOﬂf) < eﬂ'(Sn?f) + n2<p_2>(1p—5)2 Bno @ -1 p

dm

) pE [4,00],
2

where

——||fllp if K is reversible with respect to m,
ex(Sp p2 < { "I A)
—f otherwise.
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Furthermore

lim ne, (Sp,ny, f)* = lim nex(Sn, f) (3.27)

n—oo

and if K is reversible with respect to w then (3.27)) is equal to
(I+P)I—P)'g,9), where g=f—S(f)

Proof. By Lemmas and the equality in (3.27)) is true. If the transition kernel is
reversible, then by Proposition [3:26 the asymptotic result holds since

i nex(S,, f)7 = Tim = (W(n, Pg,g) = {(I + P)(I ~ P)"g,q).

By Lemmas [3.39| and [3.40| one obtains the estimate of el,(Sn,nO,f)Q. The estimate of
ex(Sn, f)? follows by Proposition |3.28 and for a reversible transition kernel by Corol-

lary "

REMARK 3.42. A large burn-in ng guarantees that the influence of the initial distribu-
tion disappears and a large n makes e; (S, f) small. The condition of L;-exponential
convergence could be replaced by the existence of an Lo-spectral gap by paying the price
of considering error bounds in terms of L,-norms of the integrand for p € (2,00]. If p
converges to 2, then the bound goes to infinity. However, for p > 2 one has an explicit
error bound. If the initial and stationary distribution is the same, then the influence of
the initial part vanishes for all p € (2, o0].

REMARK 3.43. Let

one2=2 || dv 1
P - 9 S 2747
e 64p B ’dﬂ "’2 pe(2,4)
mro T 2 (p = 2) (T = B2 ) oy || '
noll— — 1 4
(PR ¥ pe 4,0

For || f|l, < 1 we have, by Lemmas and [3.40]
lev (Snno> f)? - er(Sns f)2| < Cnno (P)-

Observe that this implies a lower error bound for .S, ,,,. We do not use it because of the
lack of a general lower bound of sup s <1 €x(Sn, f)? for p € (2,<).

REMARK 3.44. Let K be a transition kernel which is reversible with respect to w. We
use the notation S = 8 and Ag = A to indicate the transition kernel. The lazy version
of K is given by K. Then
51? = Af( = %(1 +AK)

If one has an estimate of Ag, then one also has an estimate of 3z and one can apply
Theorem There are some techniques, e.g. canonical paths (see [Yue00]) and the con-
ductance concept (see [LS88] [LS93] and [JS89, [DS91]), which are helpful to estimate Ak.
However, in general it is a challenging task.

3.3. Burn-in. Assume that computational resources for N = n+ng steps of the Markov
chain are available. The burn-in ng and the sample size n should be chosen such that the
error bound is as small as possible. One encounters the same trade-off as for finite state
spaces. In the next statement the error bound for an explicit burn-in is stated.
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THEOREM 3.45.

(i) Suppose that we have a Markov chain which is reversible with respect to m and L1-
exponentially convergent with (a, M). Let

o= ma [ 1107 )

log(a~1)

Then

Sup en(Sume [P S 2 < 2 2
ezt 0o =002 T 21— T a(l—a) | n2(1-a)?
(ii) Suppose that we have a Markov chain with Markov operator P which has an Lo-
spectral gap 1 — > 0. For p € (2,00] let no(p) be the smallest natural number
(including zero) which is greater than or equal to

P 32p || dv
1 — 2,4

) 2 —2) Og(p2 = p), pE(2,4),
1 —1
og(57) log (64‘ Z—Z_ -1 ), p € [4,00].

2
Then
sup e, (S f)?< 2 + 2
st = (=) T e (1- B

Proof. Assertion (i) follows from Theorem and Proposition Claim (ii) is an
application of Theorem [3.41] w

Note that log(8~") = (1 — 8) + 372, (1 — 8)’ /4! and log(6~') > 1 — . This can be
used to estimate the suggested burn-in. Now we justify the choice of the burn-in.
For simplicity we assume that o = 5. Let us define

dv
M| -1 =2
‘d/n- ’OO’ p ,
32p ||dv
B S | fe 2,4
c) =4 2] ‘ pe(2.4)
dv
64| — — 1 , € 4, 00l
‘dﬂ . p € [4,0q]

We consider numerical experiments under the following conditions. Suppose that

e the computational resources are either N = 10° or N = 10°.
e 5=0.9or §=0.99 or 8 =0.999.
e C = C(p) =10, independent of p.

Then the suggested burn-in in Theorem for p=2 and p € [4, 0] has the form
[21Ult.00) _ [bg(cw
ng = —~ |
log(8~1)
whereas for p € (2,4) it still depends on p,

A2 _ { p__ log(C) w
’ 2(p — 2) log(5~1)
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The error for || f]|, <1 where p € {2} U [4,00) is bounded by

2 2C' o
estiajuta. (1 10) = \/ n(i=5) w21 B

whereas for p € (2,4) we have the upper estimate

2 20/82710’7’%2
est(2,4y(n,n0) = nd =5 + 20—

With the restriction N = n 4 ng one can numerically compute a burn-in, which approx-
imates the minimal upper error bound. This is a 1-dimensional minimization problem
with different parameters. Let us denote the numerically computed values of the burn-in
{2}U[4,00) 2,4) .
for p € (2,4) respectively.

by ngpt for p € {2} U4, 00) and n(()pt

Table 1. For C = 10%° and p = 2.1. The numerically computed value ng;,tt which approximately

minimizes the mapping ng + estmi (N — no, no), with either Int = {2} U [4, c0) or Int = (2,4).

4,00 4,00 o ,4 ,4 og
A R o U SR Fret =l
(by Maple) (suggested above) (by Maple) (suggested above, p = 2.1)
10° 0.9 656 656 6655 6885
10° 0.9 656 656 6655 6885
10° 0.99 6873 6874 69642 72169
10° 0.99 6874 6874 69715 72169
10°  0.999 68977 69043 79011 724952
10 0.999 69041 69043 699520 724952
Table 1 gives a collection of nii,}zu[zl’oo) and ng)f ) where p = 2.1. The suggested

ng of Theorem [3.45] is close to the numerically computed values of the burn-in, which
approximately minimize the error bound. For N = 10° and 8 = 0.999 the difference
between ng)’f ) and n82’4) is large. In this situation Theorem gives an error smaller
than 1 for no choice of n and ng with N = 10°. The available resources N = n + ng
are too small for the suggested burn-in to be reached. If the computational resources are

{2}u[4,00) (2,4)

opt and Mopt

large enough, then the computed values n
({)Q}U[47OO) and né2’4).

are of the same magnitude
as the suggested n
If an error of at most € € (0,1) is desired, then the suggested choice né2}u[4’oo) or

n82’4), depending on p, of the burn-in is independent of the precision €. We choose ng as
suggested in Theorem and

14+ V1 + 42
n> ————
= T1-p)
Let the Markov chain be reversible with respect to m and let A = . For different
fixed values ng a plot of

to achieve e, (S n,, f) <e.

1+A 2A(1 — AN)
N(1—A) N2(1-A)?

est{oyu[4,00) (N —ng,n0) and  sup ex(Sw, f) = \/
[Ifll2<1



62 D. Rudolf

is presented in Figure 2l Roughly speaking, one can see that if the burn-in is chosen too
small a vertical shifting takes place and if the burn-in is chosen too large a horizontal
shifting appears. Summarizing one can say that if 3, C and p are given, then one should

-2

10 log(C
- - =g = 0.88 )
_ g log(C)
== 0 = Bty
““““ nog = 0, init by 7

Error bound

10* 10°

N=ng+n

Fig. 2. For f = A =0.99 and C = 10°° the mapping N — est{2}u4,00) (N — N0, n0o) is plotted for
different values of no. The dotted curve is the graph of the mapping N — sup¢,<1 ex(Sn, f).

10~ (0]
ny = —2¢)
0 = Tog(B—1) :
S
““““ ng = 0, init by 7

Error bound

10* 10°
N=ny+n

Fig. 3. For f = A =0.99 and C' = 10%" the mapping N > est{2}u4,00) (N — N0, no) is plotted for
different values of no. The dotted curve is the graph of the mapping N — sup;,<1 €r (Sn, f).

choose the burn-in as suggested above. If there is an estimate of log(C)/log(871), then
one should ensure that it is not smaller than the real quotient. As seen in Figure [2] if it
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is slightly smaller there is already a strong influence. By choosing the burn-in too large
the influence is less heavy.

If nothing is known about 8 or C' another strategy is to choose n = ng = N/2 for
even N. This has the advantage that no information about 3 or C' is needed. In Figure
we plotted

(N—né2}u[4’°°),n52}u[4’°°)) and sup e(Sn,f)

est{2}u4,00) (IV/2, N/2), estiayu4,00) S
2>

where N € [10%,10°]. Asymptotically the price of a factor of v/2 is paid, i.e. asymptotically

the error is v/2 times worse than sup| s, <1 €x (SN, f) (see Figure . This strategy works
well and reaches the same rate of convergence as in Theorem [3.45|

3.4. Examples. For the examples in Section [2.4] one can provide all eigenfunctions and
eigenvalues. Usually it is a challenging task to obtain the necessary information on the
spectral structure of the Markov operator, in particular on general state spaces. This
section contains examples to illustrate the error bounds. The literature provides some
tools which can be applied to estimate the quantities of interest, e.g. A, 5. These tools
are briefly introduced. For further details we refer to the literature. Note that the initial
distributions of the Markov chains of the following examples are to demonstrate the error
bounds and not to minimize the burn-in.

Bounded state spaces. Suppose that the state space D is a measurable subset of R,
The o-algebra © is given by B(D). We say a transition kernel K has a transition density
with respect to a positive measure p if there is a function k: D x D — [0, 00] such that

K(z, A) = Ak(w,y)u(dy), z€D, AcBD).

We write k™ for the transition density of K.

Let D be a bounded set and let g: D — [0,00] be integrable with respect to the
Lebesgue measure, with [, o(x)dz > 0. Then

_ S, o(z)da
Jp o(z)de’

is a probability measure on (D, B(D)). We say g is an unnormalized density with respect
to the Lebesgue measure if | po(x)dr # 1. Let K be a transition kernel with transition
density k£ with respect to the Lebesgue measure and assume that m, is a stationary
distribution of K. Furthermore, let s € [0,1] and define

mo(A) A € B(D),

Ko(x,A)=(1—s)K(z,A)+ sla(x), x€D,AecB(D).

The transition kernel K is called the s-modified transition kernel of K. If s = 1/2 then
the lazy version of K is given and if s = 0 then one has K. For all s € [0,1], 7, is a
stationary distribution of K. The goal is to approximate

S(f) = /D f(@) my(d).
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One finds for n € N that

K™ (x, A) Zs” i1 - ( )Kz(x A)+s"14(z), ze D, AcB(D). (3.28)
The case s = 0 is reasonable if we define 0° = 1. The following lemma gives a condi-

tion which implies L;-exponential convergence of the s-modified transition kernel. For
simplicity let us assume that [, o(z)dz = 1.

LEMMA 3.46. If there exist o € [0,1) and M < oo such that

. —1 i T kl (SC, y)
25”+/ ess sup s" 2(15)’(,) —(1-3s")
D veD ; i) oy)
then the transition kernel K is Li-exponentially convergent with (o, M).
Proof. The Markov operator of K, is denoted by Ps. Then

iz -si= [ | [ f<y>(gs”—i<1—s)l'(’;)ki(x,y) )+ 6" 1(0) = (1) |oo)d
< [ [uw is"-i<1—s>i(?) o) -
45 [ 1@ = S(lol) da

< £l [ esssup IR ()2 oo
+ 50— SO

o(x)dz < a"M, neN,

o(y) dy o(z) dz

o(z) dx

< ||f|1(2s”+/13essesgp an_i(l—S)i(?>W—(l—s”)
y i=1

which proves the assertion. m

o(z) dw) :

For n = 1 and s = 0 one has a criterion for Li-exponential convergence with («, 1)
for the transition kernel K.

COROLLARY 3.47. If there exists an o € [0,1) such that

/ k(z,y)
ess sup
D y€D Q(y)

then the transition kernel K is Ly-exponentially convergent with (c,1).

—1lo(z)dz < a

EXAMPLE 1. Let us present an easy example borrowed from [Ros95, p. 402|. Let D =
[0,1] and © = B([0, 1]). The transition kernel is defined by

K(x,A):A%d z€0,1], A € B(0,1)).

The stationary distribution is given by

T(A) = %/A(x +3/2)dz, A e B(0,1)).
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The transition kernel K is reversible with respect to w. These properties can be checked
straightforwardly. We have

1 1
k(z,y) |z +y —2xy — 1/2]
ess sup — 1| o(x) dx :/ ess sup o(x) dzx
/0 veloa] | o) 0 welo,1] 2(y +3/2)(x +3/2)
1
2 1/2
:/ esssup| ty—2zy—1/ | / |z 71/2|dx*—
0 yelo,1] 4(y +3/2)

Hence Corollary [3.47] gives that the transition kernel is Li-exponentially convergent with
(1/24,1). Because of the reversibility one can apply Proposition to find that the
transition kernel is 7-a.e. uniformly ergodic with (1/24,1/2). Furthermore there exists an
Lo-spectral gap: one has § < a=1/24.

Let 6 € (0,2/3) and let the initial distribution v be given by

A) = %/141[075](:5) dz, A e B(0,1]).

Hence the initial state is uniformly distributed in [0, ¢]. Then
dv 410, (2) _ 1' 4

i 52z +3) R

i, = ess sup oY

o z€[0,1]
Theorem (i) suggests the choice

o Foifi;ﬂ

48 1152 5

such that

174 n,no» = < .
Flogt (Sninor ) < 330+ 53002 <

EXAMPLE 2. It is taken from [Ros03l p. 172]. Let D = [-1,1] and © = B([-1,1]). The

transition kernel is defined by

K(xz,A) = /14(1[—1,0](39)1(0,1](9) +Lo,(@)—10 ) dy, xe€[-1,1], Ae B([-1,1]).

For x € [—1,0] the next state is uniformly distributed in (0, 1] and for = € (0, 1] the next
state is uniformly distributed in [—1,0]. The transition kernel is reversible with respect
to the uniform distribution on D, thus 7, is given by o(z) = 1/2 for z € D. For n € N

we have Ko A "
s ={Z, o
where
K*(xz, A) = /14(1[_170](33)1[_170](34) +10,1(@) Lo, (¥)dy, z€[-1,1], A€ B([-1,1]).
The spectrum of P is completely known: spec(P|Ls) = {1,0, —1} with
Eig(P,1) ={f € Ly | f=c, ce R} = (L))",

Eig(P,0) = {fELQ / f(zx dm—/f .73—0}

Eig(P, —1) = {f € Lo | f(2) = ¢(1[-1,0/(%) = L(0.1)(2)), c € R},




66 D. Rudolf

where Eig(P, \) denotes the eigenspace of the eigenvalue . Clearly spec(P|Ly) = {0, —1}.
To apply the error bounds one has to pass over to K, the lazy version of K. Let P be the
transition operator which corresponds to K. We write 8 = 8z and A = A to indicate
the transition kernel K. We have spec(P|Ls) = {1,1/2,0} and spec(P|LY) = {1/2,0}.
The operator P has an Lo-spectral gap, one obtains
Br =Ag =Pllrg-ry =1/2.
Note that K = K /5. By the special structure of K™ one finds for x,y € D that
(n—1)/2 (n—1)/2

n n
n , . k(z,y) + ( ,>k2 z,y), n odd,
g Z 7 Q(y) - on—1 n/2-1 n/2—1

i=1 > <2izl)k(r,y)+ > (;)kz(w,y)’ n even,

1=0 i=1
Bay) | K@)
= (k@ y) + K (2,) = 520 = 1= 520
It follows that
1 n\ k'(z,y) 1
esssup |— ) —1+4 —|o(x)dz
Lol 32 ()55 1+ e
1 2

k*(z,y) ‘ 1 1
= esssup |— — Zde = —
/_1 yel-1,1] 2" 2n=1 |2 2n

By Lemma with s = 1/2 we see that the kernel K is Ly-exponentially convergent
with (1/2,3), i.e.
~ 3
HPn_S”L1—>L1 S277 n € N.
The parameter o = 1/2 of Li-exponential convergence is optimal, since Sz = 1/2 and in
general for reversible, L;-exponentially convergent transition kernel with (c, M) one has

B <a.
Let 6 € (0,1). Assume that the initial distribution is given by

v(A) = %A1[O,5](x) ds, AeB(-1,1)),

i.e. the initial state is chosen with respect to the uniform distribution in [0, ¢]. Then
2-1
v 2oy 1_2
dm, o 0 0
Theorem [3.45(1) suggests the choice
log(3(2/6 — 1))
nyg=|—————-—
log(2)

such that for S, ,,, which uses a Markov chain with transition kernel K and initial

= esssup
ze[—1,1]

distribution v, one has

4 8
sup e, (Spng, f) <4/ =+ —- (3.29)
Ifl2<1 ’ non?
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By Remark by the Li-exponential convergence of K with (1/2,3) and Ay = Bx
one obtains the lower bound
16

3
o< o (Snnes ). 3.30
- n2_”fﬁ216( o+ ) (3.30)
By Corollary [3.37, for all u € Eig(P, 1) = Eig(P,0) with |lull» = 1,
2
(

ew(Snvu)2 = Ssup eéx Snvf)2 = lim sup el/(Sn,novf)2‘
llfll2<1 mOTO | fll2<1

This motivates the comparison of the lower error bound, the upper error bound and the
exact error for a specific u € Eig(P,1/2). Namely, let

-1, z¢€ [_la_l/Z]U[07 1/2)a
u(z) =
1, we(=1/2,00U(1/2,1].
Since u? = 1 we get
1
Lj(u®) =0 and L;(uP*u)= 2—ij(u2) =0, forj,keN.
Hence by Proposition [3:29] one has

ev(Snong, ) = €x(Sp,u) =1/ — — ————=. (3.31)

10
5
&
i < lower bound (3.30)
i —exact error (3.31)
it - - -upper bound (3.29)
0
10" - )
10 10
N=nyg+n

log(3(2/3-1)7 _
B = 13,

Fig. 4. Example 2: Exact error and error bounds, § = 1072 and ng = [

In Figure {4 for § = 103 the exact error , the upper error bound and
the lower bound are plotted. The lower bound leads to a non-trivial estimate if
N > ng + 6 = 19. The curve of the upper error estimate is shifted down, because the
coefficient of the leading term is worse than the coefficient of the leading term of the
exact error e, (Sy gy, ).
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Lemma provides a tool which can be used to show Li-exponential convergence
for several examples. Unfortunately it is rather difficult to apply for more sophisticated
applications. Next let us present the Metropolis—Hastings algorithm.
Metropolis—Hastings algorithm. The Metropolis—Hastings algorithm, suggested in
IMR 53] and extended in [Has70], is widely used in applications. The following intro-
duction is based on Mengersen and Tweedie [MT96]. Suppose that the state space D is
contained in R? and equipped with B(D). Let 7, be a probability measure on (D, B(D))
given by a possibly unnormalized density o with respect to the Lebesgue measure:

_ Jaolw)dz
-~ [po(x)da’
Let ¢: D x D — [0,00] be such that ¢(z,-) is integrable with respect to the Lebesgue
measure for all x € D and assume that

Q)= [ s a@(i- [ q(x,y>dy), veD, AcB(D),

is a transition kernel. It might happen that for some z € D one has Q(z,{z}) > 0. If
Q(z,{z}) = 0 for all x € D then ¢ is a transition density of Q. The question is how to
modify @ to get a transition kernel with stationary distribution 7,. For z,y € D let

[ o(yaly,x) }
ming ——=———=< 15, o(x)q(z,y) >0,
O(z,y) = ‘hWM%w (z)a(z. )
1, o(z)q(z,y) =0,
be the acceptance probability. Then the Metropolis—Hastings transition kernel K, is de-
fined by

Ko ) = [ 00 Qi) + 1) [ (1= 0000 Qo))

() A€ B(D).

- [ oe.saten dy+1A<x>< [ 4= 06t ay+ Qe {x}>),

where z € D and A € B(D). In this setting @ is called the proposal transition kernel
of K,. If ¢g(z,y) = q(y,z) for all z,y € D, then we call K, the Metropolis transition
kernel. By the construction one can see that the transition kernel K, is reversible with
respect to m,, thus one has the desired stationary distribution.

LEMMA 3.48. The Metropolis—Hastings transition kernel K, is reversible with respect
to m,.

Proof. Tt is enough to show that

/AKg(x,B)T(Q(dIE):/]3K9(1'7A)7T9(d$)

for disjoint A, B € B(D). Then the assertion follows by the symmetry 0(z, y)q(z,y)o(z) =
0(y,x)q(y, z)o(y) and Fubini’s Theorem. m

The Metropolis—Hastings algorithm, which simulates a transition of the Metropolis-
Hastings transition kernel, goes as follows: Let © € D be the current state. Choose a
proposal state y with respect to Q(z,-). Toss a coin whose “head” probability is 0(x,y).
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If “head” then accept the proposal state, i.e. return y. Otherwise reject the proposal, i.e.
return z. Schematically, a single step of the Metropolis—Hastings algorithm is presented

in the Procedure [Metropolis-Step|(z, @, o).

Procedure Metropolis-Step(z,Q,0)

input: current state x, proposal kernel (), unnormalized density o.
output: next state y.

Choose y with respect to Q(z, -);

Compute

oWa(y,z)
0(z,y) = min{ g5ty (r)q(w’ 1}, o(z)g(z,y) >0,
= o(x)q(z,y) = 0;

if rand() > 0(x,y) then

| yi=
end
Return y.

If G(y) = q(z,y) for all 2,y € D then the proposal transition kernel samples indepen-
dently of z. In this situation one can apply the following result.

THEOREM 3.49 (see [MT96, Theorem 2.1, p. 105]). Let G: D — [0, 00] be a function with
fD G(x)dx = 1. Let the proposal transition kernel of the Metropolis—Hastings transition
kernelK be Q(x, A) qu Ydy for x € D and A € B(D). If there exists a v > 0 such
that

i(y)

72’77 yEDv
o(y)

then K, is uniformly ergodic, and
HKZ}(%)—WHWS (1_’)/)”, J?ED, n € N.

REMARK 3.50. The proof is based on the well known equivalence that a transition kernel
K is uniformly ergodic iff the whole state space D is a small set. A set R € B(D) is called
small if there exists a v > 0, an m € N and a probability measure ¢ such that

K™ (x,A) >vp(A), z€R, AecB(D).

The result of Theorem [3.49 will be demonstrated for a toy example, stated in [MT96,
p. 107].

Let D = R and ® = B(R). Note that the state space is unbounded. The desired
distribution is given by the density

ie. 7, is an N(0,1) distribution. By N(p, &%) we denote the normal distribution with
mean 4 and variance £2. Furthermore, assume that the proposal transition kernel samples
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independently from N(0,£2) so that

ity) = ﬂiﬂgexp( y) yeR

Let ¢2 > 1. Then
(z)

x)

‘»Q:
vV

¢

—

0
which implies that

1Ky (z,-) — ol < (11— EHn, zeD,neN

By the reversibility with respect to m, of the Metropolis-Hastings transition kernel, an
immediate consequence is that uniform ergodicity implies Li-exponential convergence,
since m-a.e. uniform ergodicity is equivalent to Lj-exponential convergence. Hence we
have a transition kernel which is L;-exponentially convergent with (1 — ¢=1 1), This
implies that the Markov operator P which corresponds to the transition kernel K, has
an Lo-spectral gap: we have 1 — 3 > ¢~

Let 6 € (0,1) and zo € [0,00). The initial state is chosen uniformly distributed in
[zo — &, 2o + 6]. Then

dv, 1 lay—s20+8/(T) a?
%(x)— 5 5 =5 ) z € D.

i _1Hm: o el kD) [ el +07/2)

The method S, ,,, uses a Markov chain with transition kernel K, and initial distribu-
tion v. The burn-in is almost chosen as suggested in Theorem [3.45(i). We use log(1—¢£71)
> &1 to estimate the burn-in, so we set

no = [€(log(6™1) + (20 +0)*/2 + 0.23)].

‘We obtain

Then

sup €, (Spng, f)? <

Il fllz<1

Contracting normals. The next example is described in [Bax05]; see also [RRI7b

RT99]. Let D =R, ® = B(R) and 6 € (—1,1). Note that the state space is unbounded.
The transition kernel is given by

2 2¢2
-
n n

K(z,A) = (6 — ))) dy, z€R,AcBR),

V2m(1 — 02 / < — 62
so that K(x,-) is an N(fx,1 — 6?) distribution. By some elementary calculation one can
see that a stationary distribution is

m(A) m/exp( )dy, A€ B(R),

ie. m is an N(0,1) distribution. The transition kernel K is reversible with respect
to m. Suppose that 6 € (0,1). Then the Markov operator is positive semi-definite, i.e.
(Pf,f) > 0 for all f € Ly. The next result is an application of [Bax05, Theorem 1.3,
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p. 702] where the Markov operator is self-adjoint and positive semi-definite. The same
example is considered in [Bax05l p. 728] and [EN11l p. 33].

LEMMA 3.51 (see [Bax05l Theorem 1.3, pp. 702 and 728]). Let 8 € (0,1), c € (1,00) and
set

2(1 — 6?)
1+ c2
K =2+60%c-1),

A=0%+

)

o) ()]t - [ om( )

w1t log(1=F)
log(A—1) ’
B =max{\, (1— B)"/*} < 1.
Then

B=1Plrg—rg < 5.

Let us illustrate the last lemma. For any fixed 6 one can numerically minimize the
upper estimate B of B, depending on c. For example let § = 0.5. Then one gets B = 0.8946
for ¢ = 1.6041.

There exists an Lo-spectral gap, so we can apply Theorem for p € (2,00]. Let § €
(0,1) and zg € [0, 00). The initial state is chosen uniformly distributed on [z¢ — 6, zo + ]
The density of the initial distribution with respect to m is given by

dv _ T l[xo_(;@o_,_(;] (Q:) exp<x2>.

3

=" = 5
Then for all g € [1,00] it follows that
s

dv v | _ 7 ew(wt+?/2) | [T expl(@o+6)/2)
e T e

— -1

dm
The burn-in is chosen as suggested in Theorem where we use the previously stated
estimate of ||dv/dm — 1||4. Suppose that the burn-in ng(p) is the smallest natural number
(including zero) which is greater than or equal to

2

1 Q(pp_ 2) [10g<p1§p2> + log(vV2m 671) + (z0 +5)2/2}’ pe(2,4),

108(571) | 10g(5-1) + (20 + 6)2/2 + 4.39, p € [4,00].

2 2
sup eV(Sn,n ;f)Q < — + —.
Ifl,<1 ’ n(l—p) n2(1-p)?
In Table 2 one can see how much resources N are sufficient to obtain an error less than
e =0.01.

3.5. Notes and remarks. In the last decades explicit error bounds and confidence
estimates of Markov chain Monte Carlo methods on general state spaces attracted more
and more attention. Let us present how our results fit into the published literature.
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Table 2. Contracting Normals: The initial distribution v is chosen with o = 0 and § = 0.1.
The burn-in of Theorem is computed for p = 2.1 and n is such that one obtains an error
less than € = 0.01. The estimate S of § is computed by a minimizing procedure of Maple for
c>1.01.

0 c B no n N
(for p = 2.1) (for precision € = 0.01)
0.91 1.12845 0.999664 2.82241 - 10° 5.94614 - 107 5.97437 - 107
0.92 1.11691 0.999816 5.16275-10° 1.08759 - 10® 1.09275 - 108
0.93 1.10499 0.999912 1.08257 - 106 2.28043 - 108 2.29126 - 108
0.94 1.09260 0.999966 2.76738-10° 5.82923 - 108 5.85690 - 108
0.95 1.07964 0.999990 9.60536 - 10° 2.02337 - 10° 2.03297 - 10°
0.96 1.06599 0.999998 5.58578 - 107 1.17624 - 10*° 1.18183 - 10'°

In the seminal work of Lovdsz and Simonovits [LS93] an estimate of e, (S, f)? is
shown. The paper deals with the computation of the volume of a convex body by a
randomized algorithm based on Markov chains. Let us explain the result of [LS93, The-
orem 1.9, p. 375] in detail. Let (X,,)nen be a Markov chain with transition kernel K and
initial distribution v and let K be reversible with respect to a probability measure 7.
Then let us define the conductance as
fA K(z, A°) w(dz)

K = inf
(K, ) 0<7r(11141)§1/2 m(A)

Assume that the Markov operator is positive semi-definite, i.e. (Pf, f) > 0 for all f € Lo.
Then

4
ew(Smf)2 < m

This result is slightly worse than Proposition [3.26] In Proposition [3.:26] one has an exact

error formula for e,(S,, f)?. Mainly the spectral structure of the Markov operator is
used. In Corollary [3:27] this exact error formula is further estimated and one obtains

115 (3.32)

2
ex(Sny f)? < m”f“%, where A = sup{a | a € spec(P|LI)}. (3.33)

The Cheeger inequality 1 — A > @(K,m)?/2 (see Section A.3) provides a relation be-
tween A and ¢(K,7), so that implies . Note that in Proposition and
Corollary it is not assumed that the Markov operator is positive semi-definite, so
the assumptions are slightly less restrictive. But if one has a transition kernel K which
determines a not necessarily positive semi-definite transition operator, then one can pass
over to the lazy version of K to obtain positive semi-definiteness. However, the estimate
of covers the important facts and it seems that the refinement of Proposition
is well known.

The paper of Mathé [Mat99] contains results concerning the asymptotic integration
error for uniformly ergodic Markov chains which are reversible with respect to 7. For
example it is shown that for any initial distribution ¥ € M, one has

1+A
lim n sup e,(Snng, f)? = —r
A e
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and for f € Ly it is proven that
lim ne,(Snn,, f)* = (I = P)"'(I + P)g,g), where g=f—S(f).

The same result is part of Corollary and for individual f part of Theorem [3.34
In [Mat04] the asymptotic integration error is studied for Markov chains not necessarily
reversible and not necessarily uniformly ergodic. It is assumed that the transition kernel
is V-uniformly ergodic (see (3.36)). For further details we refer to [Mat04].

In [Rud09, Theorem 8, p. 19] an explicit upper error bound of e, (S, 5, f)? for general
state spaces is provided. The result is based on [LS93, Theorem 1.9, p. 375] and the
assumptions are the same. Namely, the transition kernel K is reversible with respect to
7w and the transition operator P is positive semi-definite. After a burn-in

tog (1) o100
h .34
02 “EREE theemorobeys (S 1P S 1R (330

The proof is based on Proposition [3:29] which provides the crucial relation between
ev(Snong, f)? and ex(Sp,ng, f)?. By Theorems and one obtains a refined error
estimate and a refined recipe for the choice of ng. Note that positive semi-definiteness and
reversibility are not needed in Theorem [3:41] It is enough that there exists an La-spectral
gap, i.e. 1 — 3> 0.

Independently of [Rud09, Theorem 8, p. 19] in the work of Belloni and Chernozhukov
[BCO9, Theorem 3, p. 2031] a similar error bound for S, ,, is proven. It is also based
on [LS93l Theorem 1.9, p. 375], so that again the transition kernel is assumed to be
reversible with respect to m and the Markov operator must be positive semi-definite.
Then it is shown that

eu(Sn novf)2 S eﬂ'(S’ﬂ7f)2 +8||f||2 ||VPnO - 7r||tV'

Let the initial distribution v be R-warm, i.e. supscp, r(a)>0¥(4)/m(A) < R. Then by
[LS93|, Corollary 1.5, p. 372] one obtains

K 2\ "o
HVPno _ 7T||tv < \/ﬁ(l _ (‘D(’ﬂ-)) .
Hence by [LS93, Theorem 1.9, p. 375] one has

K, m)2\™
Snn 1 = e+ sVR(1- 2T e e

The explicit error bound for Sy, ,,,, when the initial distribution is not the stationary one,
is the same as in [Rud09, Theorem 8, p. 19]. Note that the burn-in depends on the desired
precision. We can choose R = ||dv/dr||s and if one uses || f]|2 < || fllco, then the upper
bound of can be further estimated and one obtains an estimate with respect to
- lloe-

Another result is due to Latuszynski and Niemiro [ENT1IJ. The integration error for
V-uniformly ergodic Markov chains is estimated, where V': D — [1,00) is a drift function.
The weighted class of functions

Ly = Ly(D) = {f: D —>R' |flv = sup |“i((z))| < 00}
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is studied. Let o € [0,1) and M < oo. A transition kernel K is called V-uniformly ergodic
with (o, M) if
IP" = S||pyor,y < Ma™, neN. (3.36)

One can replace the drift function V by V/" for all 7 > 1. Then there exist an a(r) € [0, 1)
and an M (r) < oo such that

1P™ = Sl|L < M(r)a(r)”, neN

yi/r=Llyie =

(see for example [Mat04] or [Bax05]). Now let us state a less general version of the main
result of [EN11, Theorem 3.1, p. 28|. For » = 2 and g = f — S(f) one has

oS0 1) < 1217 (1 " 2%2?;?) (||V||1 T W) (3.37)

where |lv — 7|y = supy,, <1 | [p9(z)(v(dz) — n(dx))|. This seems to be the first ex-
plicit error bound of S, ,,, for integrands f which belong to Ly . If the transition kernel

is reversible, then V-uniform ergodicity with (a, M) is equivalent to the existence of
an Lo-spectral gap (see [RR97al, RT01]). Furthermore if V' € L, for some p > 2 then
Ly C L, and the error bound of Theorem can also be applied. However, in general
Theorem |3.41] cannot be used in this setting.

The paper of Joulin and Ollivier [JO10] based on [OII09] follows a new idea. Let
(D, dist) be a metric, complete, separable state space, with metric dist, and let K be a
transition kernel with stationary distribution 7 on (D, B(D)). Let Pqist(D) be the set of
probability measures p on (D, B(D)) for which there exists an z¢ € D such that

/ dist(zg, y) u(dy) < oo
D

Then we define the Wasserstein distance between py, pio € Paist (D) by
Wi (pa, p2) = inf / / dist(z,y) {(dz, dy),
EE(pr,p2)

where TI(p1, 12) is the set of probability measures ¢ on (D?, B(D?)) with marginals ji;
and po. If there exists a x > 0 such that

Wl(K(l‘,),K(y,)) < (1 _K) dl5t(£7y)7 T,y € Dv (338)
then we say that the transition kernel K has positive Ricci curvature k. Let the function
f: D — R be integrable with respect to 7 and let

fx) — fly
flu= sup LD _TW]
e,y dist(z,y)

The coarse diffusion constant o(x) for x € D of the transition kernel is defined by

/ / dist(y, 2)? K (z, dy) K (z, d2),

and the local dimension n, for x € D is defined by
inf 20(z)”
Ifluw=1 [p [p 1f (W) = f(2)]? K(2,d2) K (2, dy)’

Ng =
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If the transition kernel has positive Ricci curvature, then by [JO10, Proposition 1, p. 2423,
and Theorem 2, p. 2424] one obtains

1 1
65w (Sn,nov f)2 S ( +

o(x)?

K2n  Kk3n? -

)f%ﬁw
xeD

1 — K 2(”0"1‘1)
L)

2
2 .
S ity ([ @it Kan)
The estimate is reasonable for any deterministic initial state x € D, the initial distribution
is 0,. For further estimates and details we refer to [JOI10]. Let p € (2, 00], ||flLip < 00
and assume that there exists an xg € D such that ||dist(-,zo)||, < co. Then f € L, in
particular

171l < 2°7 (1 llusplldist(-, zo)llp + [ £ (o)])-

If the transition kernel is reversible with respect to m and ||o||2 < oo, then one can show
that a positive Ricci curvature £ > 0 of K implies an Lo-spectral gap of P, namely
1 -8 > & (see |OlI09, Proposition 30, p. 831]). In this setting Theorem can be
applied when the initial distribution v belongs to Myax{2,p/(p—2)}-

A regenerative Markov chain Monte Carlo algorithm for the approximation of S(f)
is studied in [EMNQ9]. Roughly speaking, if one has information on a certain small set,
then one can explicitly estimate the mean square error of this regenerative estimator for
uniformly and V-uniformly ergodic Markov chains (see [EMNQ9] for details).

The literature also provides confidence estimates for Sy, ,,. One can apply Lemma@
if an upper bound of e, (S, n,, f)? is available. These estimates can be boosted by a
median trick explained in [NP09] and applied in [ENT11]. However, exponential inequalities
such as Hoeffding or Chernoff bounds for Markov chain Monte Carlo are better (see
[Kr1i98, [Lez0Tl [GO02, [JOT0, Miall]). Asymptotic confidence estimates are discussed in
[EJ11].

Let us provide a conclusion. There are different explicit error bounds of the mean
square error for S, ,, on general state spaces. In some situations these estimates could
be improved. It seems that the error bound with respect to || - [|2 is not known so far.
Let us recall that we assumed that the Markov chain considered is Lj-exponentially
convergent and reversible with respect to m. If we only assume that the Markov chain has
an Lo-spectral gap, then we showed an estimate of the error that is uniform with respect
to || - ||, for p € (2,00]. Upper error bounds with respect to | - ||oc are known but with
respect to || - ||, seem to be new. In this setting it is not assumed that the Markov chain
is reversible with respect to 7, but we require that 7 is the stationary distribution. The
suggested burn-in ng of Theorem [3.45 works well and also appears to be new. All error
bounds hold for bounded and unbounded state spaces whenever estimates of the crucial
parameters, for example A, 8 or («, M), are available.
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4. Applications

In numerous applications one wants to compute for D C R? an integral of the form

/ f(zx) - co(z) dz, (4.1)
D

with density co, where the number ¢ is unknown. Of course ¢ can be defined by

%:/Dg(x) da.

However, it is desirable to have algorithms that are able to compute without any pre-
computation of ¢. Let F(D) be a class of tuples of the form (f, o), where o: D — [0, 00)
is a possibly unnormalized density with [ po(xz)dr > 0and f-pis integrable with respect
to the Lebesgue measure. Then the goal is to compute

_ Jpf@e(x)da
0 = o

The solution operator S is linear in f but not in p. Hence S is a nonlinear functional.

for (f,0) € F(D). (4.2)

We assume that there are two procedures, Ory and Or,, which provide information
on f and p, respectively. These procedures are considered as “black boxes” and we call
them oracles. Let Ory be a procedure which returns for an input € D the function value
f(z), ie. Ory(z) = f(z). Unless stated otherwise we also assume that Or,(z) = o(z) for
x € D. We assume that an oracle call is much more expensive than arithmetic operations.
Hence we count the total number of oracle calls which are needed to approximate S(f, o).

Let Alg, be the class of all randomized algorithms which use at most n calls to the
oracle Ory and n calls to the oracle Or,. More precisely A,, € Alg, is a mapping described
by a function ¢g, : R?" — R such that

An(f,0) = p2n(Ors(X1),...,0rp(X,),0re(X1), ..., Ory(X5)).

The sample (Xi,...,X,) € D" is determined as follows: Let w = (wy,...,w,) be a
random element with some distribution W. Then

X1 = Xi(w),

Xi = X7(OI‘f(X1), ey OI‘f(Xi_l), OI‘Q(Xl), ceey OrQ(Xi_l),wi), 1= 2, I N

The individual error of A, € Alg, applied to (f,0) € F(D) is, as in the previous
chapters, measured in the mean square sense:
e(ATL? (f7 Q)) = (E|S(f7 Q) - An(f7 Q)|2)1/2a

where the expectation is taken with respect to W. The overall error on F(D) is

e(An, F(D)) = sup e(An, (f,0))-
(f.0)€F(D)

The complexity of the problem (4.2) on F(D) is given by
comp(e,d, F(D)) = min{n | there exists A,, € Alg, withe(A,, F(D)) <e}.

Note that d is the dimension of the domain D. We want to quantify the complexity of
a problem with respect to the dimension d. The integration problem (4.2)) for the class
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F(D) is called polynomially tractable if there exist non-negative numbers ¢, q; and go
such that
comp(e,d, F(D)) <ce ™d?” forallde N, e € (0,1).

Roughly speaking, this says that the complexity of computing increases at most
polynomially in the precision e~! and the dimension d. For details of the concept of
tractability we refer to Novak and Wozniakowski [NWO08, NW10].

Let us provide a result which motivates introducing a modified notion of tractability.
We consider the class of functions

Fol0) ={(7.0) | Il <1 302 < €},

nf o
In some applications C' can be very large, such as C = 10%°. Observe that always
S(Fc(D)) = [-1,1], hence the problem is scaled properly. In [MNO07] Mathé and No-

vak proved a lower error bound (see [MNOT, Theorem 1, p. 678]).
THEOREM 4.1. For any A, € Alg,,

C
\ =, m>C -1,
e(An, Fo(D) = Y2 IV 20

6 3C
—_— 2 — 1.
C+2n—-1’ n<C

For an upper error bound Mathé and Novak consider the simple Monte Carlo al-
gorithm: Evaluate the numerator and denominator on a common independent sample

according to the uniform distribution, say (Xi,...,X,) € D", and compute
A;imple(f7 Q) _ Zg:lnf(X])Q(Xj) ]
Zj:l o(X;)

Note that every X; is uniformly distributed. It is essential that one can sample according
to the uniform distribution on D. This might be a restrictive assumption. In [MNOQT,
Theorem 2, p. 680] the following upper error bound is proven.

THEOREM 4.2. For all n € N we have

e(AsmPle/ 70(D)) < 2min{1, 1/2C/n}.
From Theorems [4.1] and 4.2 one finds that the complexity comp(e, d, Fo(D)) of (4.2)
is linear in C' and A3™P' is almost optimal; moreover, for all £ € (0,1/(2v/2)),

0.02Ce™? < comp(e, d, Fo(D)) < 8Ce 2.

Hence all algorithms are bad if C' = 10%°. Mathé and Novak suggest considering a
smaller class of densities. The main goal is to have also tractability with respect to C
on a class of functions, say fC(D), where the possibly unnormalized densities satisfy
sup o/ inf o < C. More precisely, the integration problem is called tractable with
respect to C' if there exist non-negative numbers c, q1, g2 and g3 such that

comp(e, d, Fo(D)) < ce~d?[log C]% (4.3)
foralle € (0,1),d € Nand C > 1 (see [NWI0, p. 541]).
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With Markov chain Monte Carlo algorithms one can achieve this goal on certain
classes of functions. Let (X, )nen be a Markov chain with transition kernel K and initial
distribution v. Assume that the transition kernel has stationary distribution 7,, where

_ J4o(z)da
fD o(z)dz’

Under suitable assumptions on the Markov chain and on (f, ) € Fo(D), the algorithm

mo(A) € B(D), so that S(f,g):/[)f(x)wg(dx).

Snno(Fr0) = = 3" F(Xin,)
j=1

is an approximation of S(f, 0). Suppose that for each step of the Markov chain we use a
single call to Or,. Then it follows that S, ,,, needs n+ng calls to Or, and n calls to Ory.
Consequently, Sy », € Alg, ., -

4.1. Integration with respect to log-concave densities. Let r > 0 and let B(x,r)

be the d-dimensional Euclidean ball with radius r around 2 € R%. Furthermore let B¢ =

B(0,1) and B¢ = B(0,7). The goal is to compute

frBd f(x)o(x)dx
Jrpa oz) dz

for (f, 0) in a certain class of functions. Let us define the class of functions on a convex

body D C R¢ rather than on rB¢. We assume that the state space D is equipped with
the Borel o-algebra B(D). We consider functions (f, o) with the following properties:

S(f.0) = (4.4)

e o is strictly positive and log-concave, i.e. for all z,y € D and 0 < A < 1,

oAz + (1= Ny) > o(x)* - o(y) .

e The logarithm of g is Lipschitz continuous, i.e. there exists an L. > 0 such that

llog o(x) —log o(y)| < Lllz — ylle, =,y €D,
where || - ||g denotes the Euclidean norm.

o The integrand f satisfies || f||, < 1.

For D = rB% one obtains sup o/ inf o0 < 2", Hence C' = €2 and to have tractabil-
ity with respect to C' (see (4.3))), the goal is to show an error bound which depends
polynomially on Lr. In general one has the classes of functions

Fy(D)={(f.0) | 0 € RMD), || fll, <1},
where
RL(D) = {0 > 0] g is log-concave, |log o(x) —log o(y)| < L|lz — y||e}.

The idea is to apply the Metropolis algorithm to obtain a Markov chain with stationary
distribution m, (see Section [3.4). The candidate transition kernel on (D, B(D)) is given
by the ball walk. This random walk is used in [MNO7, Rud09] and studied in different
references on volume computation (see e.g. [LS93, Vem05]).
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The transition kernel of the § ball walk is given by
voly(B(z,0)NA voly(B(x,0) N D
Qs A) = YUBEIOA) (| volalB(z.0) 1 D)
voly(6B9) voly(0B9)
where 6 > 0 and volg(A) denotes the d-dimensional Lebesgue measure of A € B(D).
Schematically, a single step of the § ball walk from state x may be viewed as in the

procedure [Ball-Walk{(z, §).

)1,4(55), x €D, AeB(D),

Procedure Ball-Walk(z, §)

input: current state x, radius 4.
output: next state y.

Choose y uniformly distributed in B(z, d);
if y € D then
‘ Return y;
else
‘ Return x;
end

Let us state some well known properties.

LEMMA 4.3 (see [MNO7, Proposition 1, p. 685]). The transition kernel Qs is reversible
with respect to the uniform distribution on D.

The local conductance of the ball walk is defined by
lg(B(x,0) N D
o) — Yola(B(z.5) 0 D)
VOld((SBd)

We call I a lower bound of the local conductance if I(x) > [ for all x € D. Note that

I might be very small. For D = [0,1]%, the d-dimensional unit cube, one finds even for

small ¢ that [ = 2. However, one can show for D = rB% and § < r/v/d+ 1 that I =0.3
is a lower bound of the local conductance.

zeD.

LEMMA 4.4. Let Qs be the transition kernel of the ball walk on D = rB% for r > 0. If
0 <r/vd+1, thenl=0.3 is a lower bound of the local conductance of the ball walk.

Proof. The assertion follows by the same arguments as in [MNO7, Lemma 7, p. 687 (see
also [Rud07]). The only difference is that »B? is a ball with radius r instead of being the
unit ball. m

The Metropolis transition kernel based on the ¢ ball walk is

Kosle. )= [ 0.9 Q5<x,dy>+1A<x>( / <1—0<x,y>>c25<x,dy>),

where the acceptance probability is 6(z,y) = min{1, o(y)/o(x)} for z,y € D and A €
B(D). The lazy version of K, 5 is denoted by K, 5. The transition kernel K, s is reversible
with respect to m,. In Algorithm [1f we present the integration algorithm S%  which

n,no
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uses the lazy version of the Metropolis transition kernel with the suggested transition
kernel Q5.

Algorithm 1: S¢ o

inI)Ut: n, n07 (f7 Q)
output: nno(f7 0)-

Choose X7 uniformly distributed in D;
for k =1 to n+ng do
if rand() > 0.5 then

‘ KXiy1 = X3
else
v BV . )
if ( )/o(X;) > rand() then
‘ z+1 = Y
else
‘ Xip1 = X33
end
end
end
Compute

nn0<f7 ) . iZf(XlJrno)

It is convenient to use the notation Px = P, 8x = B and Ax = A to indicate the
transition kernel K. The following lemma provides a lower bound of the Ly-spectral gap of
Pf(g The lemma follows from a result of Mathé and Novak [MNQO7, Theorem 4, p. 690],
where an estimate of the conductance of K, 5 is shown.

PROPOSITION 4.5. Forr > 0 let D C R? be a convex body with
diam(D) = sup{|lz —y|lg | z,y € D} <2r.

Let [ be a lower bound of the local conductance of the § ball walk. Then, for all o € R¥(D),
f~0r the lazy version of the Metropolis transition kernel based on a § ball walk, given by

K, s, one has
[2—2L0 T 1252
—  mind- ——— 1%,
~PRus 2 56 mm{8r2(d+1)’ }

Proof. One has Bz == Az s = %(1 + Ak, ;). The conductance of K, 5 is defined by
Ja Kos(w, A) mp(dw)
0<my(A)<1/2 mo(A)
One can use the Cheeger inequality (see Proposition [A.7)
1 — AKQ,(; Z (,O(K[_),(S, 77,9)2/2'

o(Kps,m,) =
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Altogether one obtains

1= ﬁf(@,é = 1/2(1 o AKQJ) Z g@(KQ,lS’ﬂ-Q)Q/ZL (45)
In [MNOQT, Theorem 4, p. 690] it is shown that

P(Kos,m0) 2 mm{\/gr\/ﬁ }

Plugging this lower bound into ) proves the assertion. m

In the previous result one can see that the lower bound of the local conductance is
crucial. This motivates considering D = rB%, since by Lemma a lower bound of the
local conductance is provided. An immediate consequence of the last proposition is

COROLLARY 4.6. For r > 0 let D = rB%, assume that 0 € RY(rB?) and set §* =

min{1/L,r/v/d+ 1}. Then

5. 1.69-1076 . 1 1
min .
Ry = d+1 r2L2 d+1

Proof. This follows from Proposition [L.5] and Lemma [£.4] m

In particular one deduces that the lazy version of the ball walk has an Lo-spectral
gap, since one can consider constant densities where L = 0.

COROLLARY 4.7. Forr >0 let D = rB? and § = r/\/d + 1. Then the lazy version @5 of
the transition kernel of the ball walk obeys

1.69- 1076
1—-8s > "~
ﬂQ& — (d+ 1)2
Now we can apply the error bounds of Section [3.2] The next theorem states an error
bound for S%, (f, o) where (f, ) € Fr(rB?).

n,no
THEOREM 4.8. For v > 0 let D = rB® and let v be the uniform distribution on rB<.
Let ¢ € RL(TBd)N(md 0* = min{1/L,7/vd+ 1}. Let (X,)nen be a Markov chain with
transition kernel K, s« and initial distribution v. The approximation of S(f, 0) is

5*
Sn no Z f Z-‘rno

For p € (2,00] recall that
Fy(rBY) ={(f.0) | e € R*(rBY), | fll, < 1}.
Let ng(p) be the smallest natural number (including zero) greater than or equal to
P 32p )
Lr+0.51o , DE(2,4),
5.92-10° (d 4+ 1) max{r? L% d+1} - { p—2 ( g -2 24)
2Lr 4 4.16, p € [4,00].

Then
* 1089
(sz no(p ]:;J(TBd)) \/» Mmax{TL \/ﬁ}

8.38-10°
— —(d+4 )max{r’L* d + 1}.
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Proof. The initial distribution obeys
VOld(A) 1 Q(y) .
4= - v A€ B(rBY).
T OB Vol B /A/B o) WTelde), A€ BB

Since log g is Lipschitz continuous with Lipschitz constant L we obtain

e < o(y) < €2Lr’ o,y € TBd7
o(z)
so that p p
‘ Yo < ‘ @& 1H < maX{l,eer} = e?lr,
dm, » dm, o

By Corollary we have the crucial lower bound for the spectral gap 1 — 5 o and
consequently Theorem (ii) can be applied, which proves the assertion. m

Note that p € (2, 00] is necessary to apply Theorem (ii). An essential consequence
of the last theorem is the following result concerning the tractability of (4.4)).

THEOREM 4.9. For the integration problem S(f, o) defined over }'ZI; (rBY) with r > 0 and
p > 2 we have

comp(e, d, Fy (rB%)) < (d + 1) max{r*L* d + 1}

48-10%¢2+12-105-{ p—2 p—
2L 7 + 4.16, p € [4, 0]

32
P (Lr+0.510g p2>, pe(2,4)

for alle € (0,1) and d € N.

The last theorem states that the problem (4.4) is polynomially tractable. Roughly
speaking, for fixed p one obtains

comp(e, d, f;(rBd)) < dmax{r?L? d}(e 2 +Lr),

so that the dependence on L, the precision ¢, dimension d and r is polynomial. We also
have tractability with respect to C' = e?": inequality holds with ¢1 = 2, ¢o = 2 and
g3 = 3. For p € [4,00] the complexity can be bounded independently of p, and for fixed
p € (2, 00] we showed that the integration problem on F(rB%) is polynomially tractable

in the sense of (4.3).

4.2. Integration over a convex body. The goal is to compute

SUA) = o [ @) da (4.6)

for A c RY. In other words, S(f, A) is the expectation of f with respect to the uniform
distribution, say p4, on A C R% The domain A and the function f are the input quanti-
ties. This fits in the class of problems described by if we assume that A C D. Then
14 might be considered as given by a density which is an indicator function.

For some domains A it is indeed simple to generate uniformly distributed random
points, e.g. the Euclidean unit ball or the unit cube. Then one can approximate S(f, A)
by Monte Carlo methods with an i.i.d. sample. However, here A is part of the input to
the algorithm, thus the problem S(f, A) shall be solved uniformly for a class of state
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spaces, where we cannot assume that sampling with respect to the uniform distribution
is possible.
Let » > 1 and let

Si(r) = {A c R¥convex | B¢ ¢ A c rBY}.

If A€ S4(r) then A is a convex bounded set with non-empty interior which contains the
origin. The class of input parameters is given by

Fp(rid) ={(f, A) [ I fllp <1, A € Sa(r)}

We assume that for any A € S;(r) there exists an oracle Ory4(¢) which returns for an
arbitrary line ¢ a uniformly distributed random point on A N ¢.

Let us comment on this assumption. Assume that we have a membership oracle of
A € S4(r) which is given by (A)/rA(a:) = 14(z) for any = € rB% The oracle Or4 can be
implemented by using the membership oracle. Let [z,y] = {x +ty | t € [0,1]} be the
segment of x,y € R? with Euclidean distance ||z — y||g. By the convexity of A it follows
that AN/ is a single segment, hence there exist a;,as € R? such that [a;,as] = AN L.
Suppose that ¢ = {Z + tdir | t € R} with £ € A and assume that there is a positive
number €y such that ||a; — az||g > 9. We use that A € S4(r) and T € A. By a bisection
method one can find with at most 3log(2r/eg) + 2 calls to Or, a segment [b1,b2] with
bi,by € R and [ay, as] C [by, b2] such that

gllbr = b2lls < [lar — azlle < [|b1 — ba|lw-

Then choose a uniformly distributed random point in [b1,bs] and accept it if it is in A,
otherwise reject it and repeat the acceptance/rejection procedure. This procedure gives
a uniformly distributed random point in A N ¢ and works reasonably fast, since the
acceptance probability is 1/6. Altogether a call to Ory requires at most an expected
number of 3log(2r/eg) + 8 calls to Or . In the analysis of the error we count the calls to
Or,4 and the function evaluations of f, i.e. the calls to Ory.

Now let us provide a Markov chain on the measurable space (4, B(A)) with stationary
distribution p 4. We consider the hit-and-run algorithm, also called hypersphere directions
algorithm (see [Smi84]). The algorithm is studied and analyzed in [Lov99, [LV06]. The
work of Vempala [Vem05] provides an introduction to geometric random walks.

Fig. 1. Illustration of the generation of X3 and X3 by the hit-and-run algorithm given state X3

The algorithm is as follows. Suppose that the current position is X; € A with ¢ € N.
Then choose a uniformly distributed direction, say dir;, and consider the line which is
defined by ¢ = {X; + tdir; | t € R}. Apply Or4 (")), which gives the next state X;
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chosen uniformly distributed in £(¥) N A. Then, again, a uniformly distributed direction,
say dir; 1, is generated and the next state is chosen uniformly distributed on £0+1) 0 A
by Or(¢¢+1). Two consecutive steps of the hit-and-run algorithm are illustrated in
Figure |1l Recall that the Euclidean unit ball is denoted by B? and its boundary is
denoted by 0B?. Schematically, a single step of the hit-and-run algorithm from z € A is

presented in the Procedure [Hit-and-Run|(x).

Procedure Hit-and-Run(x)

input: current state x.
output: next state y.

Choose a direction dir uniformly distributed on dB%;
Choose y uniformly distributed on
An{z+tdir |t € R};

Return y.

The transition kernel of the hit-and-run algorithm follows. For any z,y € R? let

Int(z,y) = {)\ ER|z+A- 22 ¢ A}.

ly —=le

Since A is convex, Int(z,y) is an interval. Let
A(z,y) = min{a | « € Int(z,y)} and Aa(z,y) = max{a | a € Int(z,y)},

which implies that Int(z,y) = [A(z,y), A2(x,y)]. The length of the chord Int(z,y) is
given by 4(x,y) = Aa(z,y) — M (z,y). Let U(z,y) be a uniformly distributed random
variable in the interval Int(z,y). Then the hit-and-run transition kernel H of the hit-
and-run algorithm is

Jopa Prlz+U(z,z+60)0 € C|df
VOld 1 8Bd

A2 (z,x+0)
_ / / ]-C 93+/\9) d\de
volg—1( aB o84 Iy (z,zr0) LT, 2 +0)
1o(z+ M)
= dxde
vol,_ 1 8Bd _/88d ~/)\1(:v ©+6) .13 x+9)

/ /MTM Lo(@+ M) 4\ 49
VOld 1 aBd oB4 I IE+9)

/ 1dy
vold_l(aBd> c Uz, y)llz -yt

where z € A and C € B(A). The last equality follows by the integral transformation

formula
/ dyf/ / g\, 0)A4"tdrde
oB4

H(z,C) =

(4.7)



Explicit error bounds for Markov chain Monte Carlo 85

with

1o(y)
U,y —ylE
and either g(\,0) = x + A or g(\,0) =z — \d.

LEMMA 4.10. The hit-and-run transition kernel H, given by (4.7), is reversible with
respect to g on A.

Proof. Let k(x,y) be a symmetric transition density of a transition kernel K, i.e. k(x,y) =
k(y,x) for all x,y € A. Then it follows by Fubini’s theorem that

/KwCuAdx // (z,y) pa(dy) pa(dz) = // (z,y) pa(dz) pa(dy)
— [ [ Kuohnatde) wa(y) = [ Ko Bynatds), B.C < Ba).
CJB C

Hence the transition kernel K is reversible with respect to p4. Since £(z,y) = £(y, x), the
transition kernel H has a symmetric density and this implies that it is reversible with
respect to pta. m

The lazy version of H is denoted by H.In Algorithm [2[ we present the integration
algorithm Sharo which uses the lazy version of the hit-and-run transition kernel. We

Algorithm 2: Shar

n,no

input: n, ng, (f, 4).
output: Shar (f, A).

n,no

Choose X uniformly distributed in B%;
for k =1 to n+ng do
if rand() > 0.5 then

‘ KXiy1 = Xy
else
X R X, )
end
end
Compute

n
Shar 1
n no . E 2+n0

use the notation Px = P, g = B and Ag = A to indicate the transition kernel K.
The following lemma provides a lower bound of the Laz-spectral gap of Pg. The lemma
is a straightforward implication of a result of Lovész and Vempala [LV06, Theorem 4.2,
p- 993]. Lovéasz and Vempala show an estimate of the conductance of H.
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PROPOSITION 4.11. Let r > 1. Then, for all A € S4(r), for the lazy version of the
hit-and-run transition kernel, given by H, one has

1-85 > 2752(dr) ™2
Proof. In [LV06, Theorem 4.2, p. 993] it is proven that
$(H, pa) =272 (dr)™!
Then one follows the same arguments as in the proof of Lemma "
Now we can apply the error bounds of Section to obtain the following.

THEOREM 4.12. Let v ﬁe the uniform distribution on B%. Let (X,,)nen be a Markov chain
with transition kernel H and initial distribution v. The approximation of S(f, A) is

har
Sn no Z f z+n0

Forr >1 and p > 2 recall that
Fp(rod) ={(f, A) | Ifllp =1, A € Sa(r)}-

Let ng(p) be the smallest natural number (including zero) greater than or equal to

D 32p
B ——— [ dlogr + lo , €(2,4),
45110 q%r2. 2(p2)< & gp2> pe 24
dlogr +4.16, p € [4,].
Then -
ar dr der
e(Spins(pys Fo(rsd)) < 9.5- 107 Nl 6.4-10'° ——

Proof. Note that the initial distribution v is well defined, since for A € S4(r) one has
B¢ C A C rB®. Furthermore, it follows that
1 1 voly(A)
=———[1 de=——+ /1 ——d A).
v(C) vold(Bd)/C pe(w)de vold(A)/C Bd(z)vold(Bd) 7, CeB4)

One obtains

-,

d
H B lH - volg(rB*)
dp g

— L —
d,UA oo TE[1,00) VOld(Bd)

By Lemma we have the crucial lower bound for the spectral gap 1 — 35 and conse-
quently Theorem [3.45((ii) can be applied. Hence the assertion follows. m

Note that p > 2 is necessary to apply Theorem ii). A consequence of the last
theorem is the following result concerning the tractability of the integration problem (4.6)).

THEOREM 4.13. For the integration problem S(f, A) defined over F,(r,d) withr > 1 and

p > 2 we have
2
(dlogr—i—log 3 p2>7 p € (2,4)
p—

comp(e, Fp(r,d))
_pr
<d*r? [4-10% 72 +5.10° ¢ 2(p—2)
dlogr + 4.16, p € [4, 0]

for alle € (0,1) and d € N.
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The last theorem states that (4.6)) is polynomially tractable. Roughly speaking, for
fixed p one obtains

comp(e, Fp(r,d)) < d*r?(e7% + dlog ),

so that the dependence on the precision ¢, dimension d and r is polynomial. For p € [4, 0]
the complexity can be bounded independently of p, and for fixed p > 2 we showed that
the integration problem is polynomially tractable on Fy4(r, p).

4.3. Notes and remarks. Let us briefly summarize the features of the last sections and
provide additional results from the literature. In Section elementary state spaces were
considered, namely balls, and the distribution 7, determined by o could be complicated.
In Section [£:2] the distribution of interest was simple, namely the uniform one, and the
state space was possibly complicated.

The problem of integration , stated in the form

s(1.0) = /G0,

is formulated as in the work of Mathé and Novak [MNQT7]. There the authors also proved an
asymptotic error bound for the Metropolis algorithm based on the ball walk on F¥(B?).
They studied the algorithm Sf:o and for §* = min{(d+1)~"/2, L'} it is shown in [MNOT,
Theorem 5, p. 693] that

lim ne(SS,, F¥(B))? < 594700 - (d + 1) max{d + 1,L%}.

n—00 ?
The first non-asymptotic error bound is proven in [Rud09] for the class FL (B4). It states
that for ng > 1.28 - 10% - L(d + 1) max{d + 1,L?} the error obeys

e(Szjnu,]:lg(Bd)) < %\/d + 1max{vd + 1,L}.

Theorem extends this result. The integrands f belong to L, for p > 2 and we con-
sidered the domain rB?. The constants in the error bound are of the same order of
magnitude and the dependence on the dimension d, the Lipschitz constant L and the
precision ¢ is the same. The problem is tractable in the sense of .

Apart from the asymptotic result of [MNO7, Theorem 5, p. 693] it is always assumed
that the integrand f belongs to L, for p > 2. The case of f € Ly has not been covered so
far. To apply Theorem it is sufficient to have a transition kernel which is reversible
with respect to the desired distribution and uniformly ergodic with (o, M). It is well
known that the ball walk, the Metropolis algorithm based on the ball walk and the hit-
and-run algorithm are uniformly ergodic (see [Smi84l [KS98, IMNO7]). However, as far as
we know there is no estimate for the parameters a € [0,1) and M < oo of the uniform
ergodicity, guaranteeing polynomial tractability. We get polynomial tractability if there
exist non-negative numbers ¢ and ¢ such that (1 —«)~! < cd?.

Let D = B% and § = 2/y/d + 1. Then the ball walk Qs is uniformly ergodic with
(o, M), where
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0.15
=1- \/m((dJr 1)2d+1)\/ﬁ and M = 100.

1

Unfortunately the crucial quantity (1 — «)~! is exponentially bad in d. Hence, this is
not enough to prove polynomial tractability. It is not clear if one can get a significantly
better a.

The hit-and-run algorithm is studied in various references on volume computation
and optimization. However, as far as we know it has not yet been applied to integration
problems of the form of . There is an immediate generalization of the hit-and-run
algorithm which can be used to sample a distribution given by a log-concave density (see
for example [LV06l p. 987]). This might be used to obtain further error bounds for other

classes of functions.

Appendix

Some aspects of functional analysis are fundamental for the understanding of the error
of Markov chain Monte Carlo. We present the spectral theorem for self-adjoint bounded
linear operators. Then we state the interpolation theorem of Riesz—Thorin for operators
acting on L,. Afterwards the conductance and the Cheeger inequality are recalled.

A.1. Spectral theorem. We state the spectral theorem for self-adjoint bounded linear
operators. For further reading, proofs and details we refer to [KG82l, [Rud91l, [Tri92]. For
an introduction see [Kre89].

Let H be a real or complex Hilbert space and let £(H) be the space of all bounded
linear operators from H to H. Let B(R) be the Borel o-algebra over R.

DEFINITION A.1 (spectral measure). A spectral measure or a projection-valued measure
is a mapping E: B(R) — L(H) with the following properties:

(i) for all A € B(R) the operator E 4 is an orthogonal projection,
(ii) Eg =0, Eg = I, where [ is the identity,
(iii) for pairwise disjoint Ay, As,... € B(R) and for any g € H,

> Ea(9) = Ey=, a.(9).
i=1
If there exists a compact set K C R with Ex = I, then we say that the spectral measure
has compact support.
For f,g € H a signed measure is defined on (R, B(R)) by
w(A)=(Eaf,g9), AcB(R).

If f = g, then the measure w is non-negative. Let P € L(H) be a self-adjoint operator
and denote its spectrum by spec(P). Furthermore let

A= inf (Pg,g) and A= sup (Pg,g).

llgll=1 lgll=1
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The spectrum of P is closed and spec(P) C [A, A]. Additionally A\, A € spec(P), thus
A=inf{a | a € spec(P)} and A =sup{a |« € spec(P)}.
Now we state the spectral theorem for self-adjoint bounded linear operators. It is an

analogue to the finite-dimensional spectral theorem for matrices.

PROPOSITION A.2 (Spectral Theorem). Let P € L(H) be self-adjoint and k € N. Then
there exists a unique spectral measure E with support spec(P) such that

<Pkfg>:/Aakd<E fa). focH (A1)
) \ {a}J59)> g : :

Let F: [A,A] = R be a continuous function. Then by the continuous functional calculus
one has a self-adjoint operator F(P) € L(H) with

/ F E{a}f, >, f,g € H, (AQ)

and

IE(P)ssm = max - |F(a)].
aespec(P)

REMARK A.3. Mostly in the literature the case where H is a complex Hilbert space is
considered. [KG82| handles both real and complex Hilbert spaces. Note that the integral
in (A.1) and (A.2)) is defined with respect to a signed measure.

A.2. Interpolation theorem. We state a version of the Riesz—Thorin theorem. For a
proof and further details let us refer to [BL76, BS88]. Let L, = L, (D, ) for a probability
measure 7 on a measurable space (D, D).

PROPOSITION A.4 (Riesz—Thorin Theorem). Let 1 < p,q1,q2 < oo. Assume that 6 €
(0,1) and

1 1-60 0
= +
p a1 a
Further let T be a linear operator from Lg, to Ly, and at the same time from Ly, to L,

with

2

< M1 and ||T||L,12—>L

a —

< M.

1Tz, »1 o S

Then

1T L,r, < 2M{~°MJ.
REMARK A.5. We can replace the function spaces L, L4, Lq, in the last proposition
by the sequence spaces ¢, {4, , {4, and the result remains the same.

REMARK A.6. Note that we consider real-valued functions. For functions which map into
the complex numbers, the same result holds true and the factor of two is not needed.

A.3. Conductance and the Cheeger inequality. Let (D, D) be a measurable space.
Assume K is a transition kernel defined on (D,®) which is reversible with respect to a
probability measure 7. The conductance of the transition kernel K is defined by
K(xz, A%) n(dx
p(K,7) = inf JaK( At )
0<m(A)<1/2 m(A)
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Let (X, )nen be a Markov chain with transition kernel K and initial distribution 7. Then
the numerator of the ratio above is the probability that X; € A and X, € A°. Hence
fA K(z, A°) w(dx)
m(A) '

The conductance of K is the infimum over sets A € D, with 0 < 7(4) < 1/2, of the
probability that X5 € A¢ under the condition that X; € A.

The Markov operator P given by Pf(z) = [}, f(y) K(x,dy) is self-adjoint on Ly =
Ly(D,m). For f € Ly let S(f) = [, f(x) m(dx) and let

Ly={f €Ly | S(f)=0}.

PI‘(XQ EAC|X1 EA):

Furthermore define
A = sup{a | a € spec(P|L3)}.
The Cheeger inequality provides a relation between A and the conductance p(K, ).
PROPOSITION A.7 (Cheeger inequality). Let the transition kernel K be reversible with
respect to the probability measure w. Then
1—A>p(K,m)?/2. (A.3)

For a proof on finite state spaces we refer to [Beh00, Theorem 11.3, p. 93]. The Cheeger
inequality for general state spaces is proven by Lawler and Sokal in [LS88| Theorem 3.5,
p. 570] and by Lovész and Simonovits in [LS93| Lemma 1.7, p. 374]. Lawler and Sokal
provide different types of inequalities for Markov chains and Markov processes.
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