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Abstract

Two semigroups are said to be distinct if they are neither isomorphic nor anti-isomorphic.
Although there exist 1373 distinct monoids of order six, only two are known to be non-finitely
based. In the present dissertation, the finite basis property of the other 1371 distinct monoids
of order six is verified. Since it is long established that all semigroups of order five or less are
finitely based, the two known non-finitely based monoids of order six are the only examples of
minimal order.
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1. Introduction

1.1. The finite basis problem for small semigroups. A semigroup is finitely based if
there exists a finite set of its identities from which all its other identities can be deduced. In
1969, Perkins [28] published the first two examples of non-finitely based finite semigroups,
the first of which is the monoid B3 of order six obtained by adjoining an identity element
to the Brandt semigroup

By ={a,b|a*=0b*>=0, aba = a, bab = b)

of order five. The discovery of a non-finitely based semigroup with only six elements fo-
cused much attention upon the finite basis problem for semigroups of order five or less.
This problem was explicitly raised by Tarski [35] in 1966 and attracted the interest of
Bol’bot [4], Edmunds [8], [9], Karnofsky [14], Tishchenko [36], and Trahtman [37]. A so-
lution to this problem was eventually completed by Trahtman [38] [39] in the early 1980s
and published in 1991 [41].

THEOREM 1.1. FEvery semigroup of order five or less is finitely based.

A more complete historical account of the proof of Theorem can be found in the
survey of Shevrin and Volkov [34], §10].

By the late 1980s, two more non-finitely based semigroups of order six were discovered:
A} and Aj. The semigroup A, due to Sapir [33] and Trahtman [40] independently, is the
monoid obtained by adjoining an identity element to the 0-simple semigroup

Ay = (a,b|a* =aba=a, b* =0, bab=1)

of order five. The semigroup AJ, due to Volkov [42], is obtained by adjoining a new
element g to the semigroup A, with multiplication defined by ¢> = 0 and gz = zg = ¢
for all = € A, [(D)]

Two semigroups are said to be distinct if they are neither isomorphic nor anti-
isomorphic. It follows from Theorem that the semigroups Aj, A}, and B3 of order
six are minimal with respect to being non-finitely based. In fact, up to the present, these
three non-finitely based semigroups are the only known minimal examples. Since there
exist 15973 distinct semigroups of order six [29] among which 1373 are monoids [6], it
is very natural to question the existence of non-finitely based semigroups or monoids of
order six that are distinct from AJ, A3, and Bi. The objective of the present dissertation
is to provide an answer to this question for the case of monoids.

(*) The non-finite basis property of the semigroup A3 also follows from Mashevitskii [26].
Refer to Lee and Volkov [24] for an easily described basis of the semigroup A3.
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6 E. W. H. Lee and J. R. Li

MAIN THEOREM. Every monoid of order siz distinct from A} and B3 is finitely based.
Consequently, up to isomorphism and anti-isomorphism, Ay and B} are the only non-
finitely based monoids of minimal order.

The ultimate goal of completely identifying all minimal non-finitely based semigroups
clearly requires the solution of the finite basis problem for all distinct nonunital semi-
groups of order six. This is a nontrivial and potentially daunting task since the number
of such semigroups is 15973 — 1373 = 14600.

1.2. Organization. The set of all chapters in the present dissertation under the pre-
requisite relation constitutes the directed tree in Figure [l Every chapter that follows
Chapter [2| can be read independently.

® Chapter [3]

(® Chapter

Chapter [2]
Chapter [1] (®

(® Chapter
® Appendix [4]

Fig. 1. Prerequisites of chapters

Notation and background information are given in Chapter |2l An outline of the proof
of the main theorem is given in Chapter [3] while the finer details are deferred to Chap-
ters For completeness, multiplication tables of all 1373 distinct monoids of order
six are listed in Appendix [A] Each finitely based monoid is associated with a result from
Chapter [3] that guarantees its finite basis property.

2. Preliminaries

2.1. Letters and words. Let X be a countably infinite alphabet. For any subset )
of X, let YT and Y* denote the free semigroup and free monoid over ) respectively.
Elements of X are referred to as letters and elements of X+ and X'* are referred to as
words. Let x be any letter and w be any word. Then

the leftmost letter of w is denoted by A(w);

the content of w, denoted by con(w), is the set of letters occurring in w;

the number of occurrences of x in w is denoted by occ(z, w);

x is simple in w if occ(z, w) = 1;

the set of simple letters of w is denoted by sim(w);

w is simple if each of its letters is simple in it, that is, sim(w) = con(w);

the initial of w, denoted by ini(w), is the simple word obtained from w by retaining
the first occurrence of each letter.

Define a relation = on X+ by u = v if occ(z,u) = occ(z, v) for all x € X. Equivalently,
u = v if and only if u and v are the same word up to letter rearrangement.
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2.2. Identities for some semigroups. An identity u = v is nontrivial if u and v are
distinct words. For any identity u ~ v, denote by u ~ v the system of all nontrivial
identities that can be obtained from u = v by removing all occurrences of some letters.
For example, zyxzx ~ xyzrz denotes the system

{zyzze ~ zyrz, vyr® ~ ryr, 2’20 ~ 2%z, 2° ~ 2%},

A semigroup S satisfies an identity u ~ v if up = v for any substitution ¢ from X
into S. For any set X of identities, the variety defined by X is the class of all semigroups
that satisfy all identities in ¥; in this case, ¥ is a basis for the variety. A variety is
finitely based if it possesses a finite basis. All varieties in the present dissertation are
varieties of semigroups. Refer to Burris and Sankappanavar [5], Shevrin and Volkov [34],
and Volkov [44] for any concept of universal algebra that appears here but is undefined.

For any semigroup S, let S be the monoid obtained from S by adjoining an identity
element.

LEmMA 2.1 ([2, Lemma 7.1.1]). Let M be any variety generated by a monoid. Suppose
that S is any nonunital semigroup in the variety M. Then the monoid S belongs to the
variety M.

The left-zero semigroup Lo of order two, the null semigroup N» of order two, and the
cyclic group Z, of order n can be given by the following presentations:

Ly={a,b|a*=ab=a,b* =ba=10),
Ny = (a|a®=0),
Zn,={(ala”=1).

LEMMA 2.2. Let u = v be any identity. Then

(i) L satisfies u~ v if and only if ini(u) = ini(v);
(ii) Nj satisfies u~ v if and only if con(u) = con(v) and sim(u) = sim(v);
(ili) Z,, satisfies u ~ v if and only if occ(z,u) = occ(z,v) (mod n) for all z € X.

Proof. These results are well known and easy to verify. m

LEMMA 2.3. Let M be any noncommutative monoid such that the monoid N3 is embed-
dable in M and let u ~ v be any identity satisfied by M. If either u or v is a simple
word, then the identity u ~ v is trivial.

Proof. By symmetry, it suffices to assume that u is a simple word. By assumption, the
identity u ~ v is also satisfied by the monoid NJ. Therefore the word v is simple by
Lemma ii). Since the monoid M is noncommutative, it is easy to see that the words
u and v are identical. m

2.3. Exclusion identities. Let S be any semigroup in a variety V. Suppose that an
identity u & v is satisfied by any subvariety of V that does not contain the semigroup S.
Then u = v is an ezclusion identity for S in V.

LEMMA 2.4. Let S be any semigroup in a periodic variety V such that the monoid S*
also belongs to V. Suppose that u ~ v is an exclusion identity for S in V. Then any
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subvariety of V generated by a monoid that does not contain the monoid S' must satisfy
the identity u ~ v.

Proof. By assumption, the variety V satisfies the identity 2" ~ 2" for some n > 1.
Choose any h € X'\ con(uv). Denote by 1 the substitution z — h"zh™ for all z € con(uv).
Since u & v is an exclusion identity for S in V, it follows from Lee [I8 Theorem 2| that
ut) &~ v is an exclusion identity for S* in V. Therefore any subvariety M of V generated
by a monoid that does not contain the monoid S* must satisfy the identity uy ~ v); it
is easy to see that the variety M also satisfies the identity u ~ v. m

2.4. Precedence. Let z and y be any letters of a word w. Then

e the number of x in w that precedes the first y in w is denoted by occ(zx,y, w);
e write r <, y if every x in w precedes every y in w.

An identity u ~ v is said to preserve complete precedence if con(u) = con(v) and the
following condition holds: x <y y if and only if x < y for any xz,y € X.

LEMMA 2.5 ([8, Lemma 4.2]). Let pur and pu'r be any words such that

(a) u=u’;

(b) occ(z, pur) > 2 for all x € con(u);

(¢) pur = pu'r preserves complete precedence.

Then the identity system {xhytxy ~ chytyx, xyhxty ~ yxhaty} implies the identity
pur ~ pu'r.

3. Proof of the main theorem

The following nine sufficient conditions for the finite basis property are required:
ConDITION 1 (Polldk [30, Theorem 1]). Any semigroup that satisfies the identity
ryx ~ iy
is finitely based.
CoNDITION 2 (Rasin [31]). Any finite orthodox completely reqular semigroup is finitely

based. Specifically, any finite semigroup that satisfies the identities

1’13 ~ o, $12y12w12y12 ~ $12y12

1s finitely based.

CoNDITION 3 (Edmunds et al. [10, Theorem 7.2]). Any monoid that satisfies the identities

Py~ ya®, Pyr~ayr,  wyzy ~ oty

is finitely based.

CONDITION 4. Any monoid that satisfies the identities

2 .22

2yr ~ ayr, wyr® ~ayr, o2y? ~ oyl

is finitely based.
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CoNDITION 5 (Lee [21, Corollary 3.4]). Any monoid that satisfies the identities
TyTYy N YT,  TYT2T N TYLT

is finitely based.
CONDITION 6. Any monoid that satisfies the identities

By~ ayx,  ayic~yrty, ayrze ~ 2lyze
is finitely based.
CoNDITION 7 (Luo and Zhang [25 Theorem 1.1 and Corollary 4.6]). Any monoid that
satisfies the identities

2Tyr ~ zyz, syry ~ iy, zyrze ~ olyzx
1s finitely based.
CONDITION 8. Any monoid that satisfies the identities

zyx® ~ zyx, wyzze ~ xyr’z, chytry ~ chytys

but violates the identity

ryxy ~ x2y>

is finitely based.

CONDITION 9. Any semigroup that satisfies the identities

st~ a2?, Dyrxayr, azya® =By, ayry = oyl

but violates both of the identities
zyzy ~ 22y?,  aytr = ayx

is finitely based.
Conditions [4] [6] [8] and [9] are established in Chapters

With the aid of a computer, it is routine to show that 1360 of the 1373 distinct monoids
of order six are finitely based by Conditions or their dual conditions. The remain-
ing 13 sporadic cases are the monoids A, B,...,K, B3, and Al given by the following
multiplication tables:

Al123456 B|123456 C|123456 D|123456 £/123456
T[111111 I[111111 if111111 1I|f11111 I[111111
2111112 20111112 2111112 2111122 2{111122
3/111123 3111123 3/112143 3|/111133 3/112233
41123434 4/123444 4444444 4]444444 4[112244
5(111125 5(123445 5/555555 5([123456 5/123456
6/123456 6/123456 6/123456 6[132465 6/124365
F|123456 G|123456  H|123456 Z|123456 J[123456
I[111111 I[T11111 Tff11111 1111111 I|111111
20111122 20111123 20111123 2(111123 2(111123
3123333 30111132 3111132 3[{111333 3|/333333
4/124444 4123444 4(444444 4[123444 4[123441
5/123456 5(123456 5(123456 5/123456 5(123456
6/124365 6/123465 6/123465 6/123666 6/666666
K|123456 B3[123456 A3]123456
T[111111 1111111 I|T11111
2111123  2|111223 2111223
3333333 3[123131 3|123233
4/123443  4[111446 4(111446
5/123456 5|123456 5[123456
6/666666 6146161 6[146466
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As mentioned in the introduction, the monoids A} and Bj are non-finitely based. The
monoid C is known to be finitely based [10, Theorem 3.2]. The finite basis property of the
other ten monoids is verified in Chapters The proof of the main theorem is thus
complete.

Multiplication tables of all 1373 distinct monoids of order six are listed in Appendix [A]
The 13 sporadic cases above, together with other monoids satisfying certain special prop-
erties, are explicitly identified.

REMARK 3.1.

(i) The finite basis property of the monoids A and £ was first announced by Edmunds
et al. [I0, Section 3].

(ii) Conditions are all required in the proof of the main theorem since they are
distinguished by the monoids M, ..., Mg with multiplication tables given below,
that is, the monoid M,, satisfies Condition n if and only if m = n:

M;|123456 M3 123456 M3 123456 My|123456 JVI5‘123456
1111111 1111111 1111111 1111111 1111111
2 (111112 21121112 21111122 2 (111122 2 (111122
31111113 31113453 31111133 31111133 31123423
41111114 41444444 41111144 41112124 41444444
51111125 51445135 51123456 51122455 511111585
61123456 61123456 61124365 61123456 61123456
Mg|123456 M7 123456 Mg| 123456 Mg|123456
1111111 1111111 1111111 11111111
21111122 21111112 21111112 2 (111112
31123423 31113153 31111143 31113453
41124324 41444444 41444444 4 (444444
511111585 51113155 51555555 51445135
61123456 61123456 61123456 61123456

4. On Condition [4]

The main aim of the present chapter is to establish the finite basis property of any monoid
that satisfies the identities

2yr ~ zyr, wyr’® ~ayr, oy’ ~ytal (4.1)
The semigroup
Q= {a,b,c|a®*=a,ab=", ca=c, ac=ba=cb=0)
of order five plays a central role. Denote by Q! the variety generated by the monoid Q!.

REMARK 4.1. The semigroup @ has appeared in Almeida’s investigation of minimal
nonpermutative pseudovarieties [2 Chapter 6].

4.1. A basis for the variety Q!
LEMMA 4.2 (|2, Proposition 6.5.10]). The following statements on any identity u =~ v

satisfied by the semigroup Q are equivalent:
(a) zy is a factor of the word u with x,y € sim(u);
(b) zy is a factor of the word v with x,y € sim(v).
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PROPOSITION 4.3. The identities

Sxa? 2Pyr~ayx, xyr® ~ xyr, (4.2a)

22y? ~ %2’ (4.2b)

x

constitute a basis for the variety Q'.

Proof. It is routine to verify that the variety Q' satisfies the identities . It remains to
show that any identity w ~ w’ satisfied by the variety Q' is implied by the identities (4.2)).
Since the monoid Q' is noncommutative and its submonoid {0, b, 1} is isomorphic to the
monoid N, it follows from Lemma that the identity w ~ w’ is trivial if either w
or w’ is a simple word. Therefore assume that the words w and w’ are both nonsimple,
whence it is possible to write

’

m m
w = H(siwi) and w' = H(S;Wé)

i=1 i=1
where
e the letters of s; € X* and s»,...,s,, € XT are all simple in w;
e the letters of wy,...,w,,_1 € Xt and w,,, € X* are all nonsimple in w;
e the letters of 8§ € X* and s},...,s/, € X" are all simple in w’;
e the letters of wi,...,w/ , ; € X" and w/, € X* are all nonsimple in w’.

Since the submonoid {0,b,1} of Q! is isomorphic to the monoid N3, it follows from
Lemma (ii) that (J;~, con(s;) = i~ con(s}) and |J]~, con(w;) = J!, con(w}). Fur-
ther, it follows from Lemma {4.2| that m = m/ and s; = s| for all ¢, whence
w = H(szw;)
i=1

If m = 1, then clearly con(wy) = con(w?}). Therefore assume that m > 2.

CASE 1: con(wy) # con(w}). Without loss of generality, assume that x € con(wy) and
x ¢ con(w]). Let z = A(s2) and let @1 be the substitution h +— 1 for all h € X'\ {z, z}.
Then the monoid Q! satisfies the identity zy(wx)p; ~ xy(w’'z)p;, which is of the form
zyxPzx? ~ xyzz" for some p,q > 1 and r > 2.

CASE 2: con(w,,) # con(w/,). By an argument symmetrical to Case 1, the monoid Q'
satisfies an identity of the form xPyzx?zx ~ x"yzx for some p,q > 1 and r > 2.

CASE 3: con(w;) # con(w}) for some 7 such that 1 < i < m. Without loss of generality,
assume that x € con(w;) and x ¢ con(w}). Let y = A(s;) and 2z = A(s;11), and let 2 be
the substitution h — 1 for all h € X'\ {z,y, z}. Then the monoid Q' satisfies the identity
(xwz) 2 ~ (xw'x)ps, which is of the form zPyzizz” ~ x*yzxt for some p,q,r,s,t > 1.

The three cases just considered are all impossible since by Lemma the monoid Q!
cannot satisfy any identity of the form xPyx9zaz" ~ x*yzz'. Therefore con(w;) = con(w})
for every i € {1,...,m}. Let p3 be the substitution z — 2z for all z € |J]*, con(w;) =
U, con(w}). Then the identities imply the identities wyps ~ w and w3 ~ w'.
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Further, for each 4, since w; 3 and wies are products of squares with con(w;) = con(w),
it is easy to see that the identities (4.2]) imply the identity w;ps ~ wips. Consequently,
@23 ~ " @23
w o~ wps = [[(si(wigs)) = [[(si(wigs)) = w'os = W'
i=1 i=1
that is, the identities (4.2]) imply the identity w ~ w'. =

)

4.2. An exclusion identity
LEMMA 4.4. The identity

TYTZET N TYZT (4.3)
is an exclusion identity for the semigroup Q in the variety Q1.

Proof. Let V be any subvariety of Q! such that @ ¢ V. Then it follows from Almeida
[2) Lemma 6.5.14] that the variety V satisfies either the identity (4.3]) or the identity

TYTYT X TYT. (4.4)
If V satisfies (4.4)), then it also satisfies (4.3]) since

(4.4) (4.22) 9 9 9 o (@20 9 5 o (249 (4.4)
TYTZX R TYTZTYTZT = TYT 27y sz =y r’y rir N TYITYT = TYIX.

Therefore (4.3)) is an exclusion identity for the semigroup @ in the variety Q'. =

4.3. Proof of Condition [4. Let M be any monoid that satisfies the identities (4.1)
and let M be the variety generated by M. It is clear from Proposition that M is
a subvariety of Q!. If Q' € M, then M = Q! and M is finitely based by Proposi-
tion Therefore assume that Q' ¢ M. Then it follows from Lemmas and
that the monoid M satisfies the identity (4.3). It also satisfies the identity zyzy ~ zy?z
since
([.24) 9 9 3 o @E2a)
yry = xyryt = xytrt = xycr.

Therefore M satisfies the identities in Condition [5] and is finitely based.

5. On Condition

It is easily seen that Condition [f]is a special case of the following result.
PROPOSITION 5.1. Any monoid that satisfies the identities
zyr ~ zyr, zylc~yrly, cyzzz ~ olyze (5.1)
is finitely based.
The proof of Proposition [5.1]is given in Section [5.3] The semigroup
Ag=(a,b|a®>=a,b*>=0b, ba=0)

of order four plays a central role in this proof. Denote by A} the variety generated by
the monoid A}.
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REMARK 5.2.

(i) The semigroup Ap is isomorphic to a subsemigroup of As and has appeared in
Almeida [1] as D, in Edmunds [9] and Lee [17] as S(4,22), and in Volkov [43] as V.
(ii) The semigroup Ay is not completely 0-simple, but it is very important to the study
of varieties generated by completely O-simple semigroups [15] [16] 19} 22} 23] [32].
(iii) The monoid A} has appeared in Edmunds [§] as My, while the subvarieties of A}
were extensively investigated by Lee [20].

5.1. A basis for the variety A}V Z,

PROPOSITION 5.3. Let n > 2 be any integer. Then the identities

*

ryrzr ~ olyz, (5.2a)
2"y & ayx, (5.2b)
chytzy ~ chytyx, xyhxty ~ yxhaty (5.2¢)

constitute a basis for the variety Ay Z,.

In this chapter, a nonsimple word
i=1

is said to be in n-canonical form if all of the following conditions hold:

(I) the letters of s; € X* and ss,...,s,, € X' are all simple in w;

(IT) the letters of wy,..., w1 € X" and w,, € X* are all nonsimple in w;

(ITI) occ(z,w) <n+1 for all z € X;

(IV) if occ(z,w) = r + 1 for some r € {1,...,n}, then either occ(z,w;) = r + 1 for
some 4, or occ(z,w;) = r and occ(x, wy) = 1 for some j and k with j < k.

Note that (I) and (II) imply that con(s;) N con(w;) = () for any ¢ and j.

LEMMA 5.4. Let w be any nonsimple word. Then there exists some word w' in n-canonical
form such that the identities (5.2a) and (5.2b) imply the identity w ~ w'.

Proof. It suffices to convert the nonsimple word w, using the identities and ,
into a word in n-canonical form. By gathering adjacent simple letters and adjacent non-
simple letters in the word w, it is easy to see that w can be written in the form that
satisfies (I) and (II). Suppose that occ(x,w) = e > 2. Then any z in the word w, except
the first and last occurrences of x, can be gathered by the identities with the first
occurrence of z, resulting in a word of the form pz¢~!qar, where p,q,r € (X \ {z})*. If
necessary, the identities can then be used to reduce the exponent e —1 to a number
in {1,...,n}. Repeat the same procedure on any letter that occurs more than twice in
the word w. The resulting word then satisfies both (III) and (IV). =

LEMMA 5.5 ([8, Lemma 4.1]). Any identity satisfied by the monoid A} preserves complete
precedence.
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Proof of Proposition . It is routine to verify that the variety A}V Z, satisfies the
identities . It remains to show that any identity w ~ w’ satisfied by the variety
A}V Z, is implied by the identities (5.2)). Since the monoid A is noncommutative and
its submonoid {0, ab, 1} is isomorphic to the monoid N3, it follows from Lemma that
the identity w ~ w’ is trivial if either w or w’ is a simple word. Hence assume that the
words w and w’ are both nonsimple. In view of Lemma these words can be assumed
to be in m-canonical form, say

’

m m
w = H(s7wl) and w = H(S;W;)
i=1 i=1

It follows from (III) and Lemma [2.2)(ii)& iii) that occ(z, w) = occ(z, w’) < n+1 for all
x € X. Further, since the identity w =~ w’ preserves complete precedence by Lemma
it follows that m = m/, s; = s}, and w; = w/ for every 4, whence

m

w = H(slw;)

=1

If w; = w/ for all 4, then the identity w ~ w’ is trivial and so is satisfied by the variety
A}V Z,. Suppose that ¢ is the least integer such that w, # wy. Let

-1 m m
p= (H(siwi)>54, r= H (siw;), and 1’ = H (siw}).
i=1 =41 i=0+1

Then w = pw,r and w' = pwjr’ with r = r’. It is routine to show that the identity
pw,r ~ pw/r preserves complete precedence. Hence by Lemma the identities ([5.2¢))
imply the identity pw,r ~ pwyr, that is,

15.2c])
W =S1W1  SqWy S Wy, N SIWi - SgWy - Sy Wiy,

It is easy to see how the same argument can be repeated on w1, ..., Ww,, to obtain
(.29 , , , ,
W R SIWiSp_ Wy SqWySg Wy g Sy W, = W.

Consequently, the identities (5.2)) imply the identity w =~ w’. =

5.2. Subvarieties of the variety A}V Zg

LEMMA 5.6. Let n > 2 be any integer. Then the identity
is an exclusion identity for the semigroup Ag in the variety Ay N Z,,.

Proof. This follows from Volkov [43| Proposition 1.2]. m

LEMMA 5.7. Let V be the variety generated by any monoid in the variety A}V Zg. If
either Ay ¢ 'V or Zg ¢ V, then the variety V is finitely based.
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Proof. By Proposition the variety V satisfies the identities (5.2)) with n = 6.

CASE 1: A} ¢ V. It follows from Lemmas and that the variety V satisfies the
identity (5.4)). Then V also satisfies the identity xyzy ~ 2%y? since

(©.2) (5.4 (5.2b)
zyzy R 22x8ySx0yBy? B 122852 TR 22y2.

It is easy to check that V is finitely based by Condition [7}

CASE 2: Zg ¢ V. Then either Zs ¢ V or Zs ¢ V. First assume that Zs € V and Z3 ¢ V.
Then by Lemma, iii), the variety V satisfies the identity z* ~ 2. Since
) (5.25)
Byr ~aTyr R ayr,

V is a subvariety of A} V Zy by Proposition If A} ¢ V, then V is finitely based by
Case 1. If A} € V, then V = A}V Z, and V is finitely based by Proposition

Now if Zs ¢ V and Z3 € V, then V is finitely based by a similar argument. Hence it
remains to assume that Zs ¢ V and Z3 ¢ V. By Lemma ili), V satisfies the identity
23 ~ x2; it also satisfies the identity xyzzx ~ xyzz because

G2a) (5.2b)
TYrZr N TYZr R T Y = TYIT.

It is then routine to check that V is finitely based by Condition [5| m

5.3. Proof of Proposition Let M be any monoid that satisfies the identities ([5.1]).
Then M satisfies the identities ((5.2a)) and (5.2b]) with n = 6. Since

chytzry = hyTtxy 2%hyCt(ya?y) S hyStay’a = hy Tty 53) chytyx,
M satisfies the identities xhytxy ~ zhytyx. By a symmetrical argument, M also satisfies
the identities xyhzty ~ yxhxty. Consequently, M satisfies the identities and so
belongs to the variety A} V Zg by Proposition

Let M be the variety generated by M. If A}, Zs € M, then M = A} V Zg and the
monoid M is finitely based by Proposition If either A} ¢ M or Zg ¢ M, then M is
finitely based by Lemma

6. On Condition

Let p denote a fixed prime integer throughout this chapter. It is easily shown that Con-
dition [8is a special case of the following result.

PROPOSITION 6.1. Any semigroup that satisfies the identities

ryrPtt &y, (6.1a)
zyzar ~ wyr’z, (6.1b)
zhytxy ~ rhytyx (6.1c)
but violates the identity
hP (xy)? ~ hPxPy? (6.2)

is finitely based.
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The proof of Proposition [6.1] is given in Section The semigroup
Py = (a,b|a®=ab=a, b’a =b*)

of order four plays a central role in this proof. Denote by P the variety generated by
the monoid Pj.

REMARK 6.2.

(i) It is routine to show that the semigroup Ps satisfies an identity u ~ v if and only if
the words u and v share the same prefix of length two. It follows that the identity
zyz =~ xy forms a basis for the semigroup P.

(ii) The semigroup P, has appeared in Tishchenko [36] as 0563 and in Volkov [43] as L3 1,
while the monoid Pj has appeared in Edmunds et al. [10] as D.

6.1. A basis for the variety P}V Z,. In this chapter, a word

W = H(mzwl) (6.3)

is said to be in p-canonical form if zq,...,z,, are distinct letters and wy,..., w,, are
possibly empty words such that

(D) ini(w) =1 T
(I1) w; € {a" -2 |er,...,e; €{0,...,p}t};

(III) con(w;) Ncon(w;) = () whenever i # j.

It follows that for any x € con(w),

(IV) if x is nonsimple in w, say with occ(z,w) = e > 2, then w = arbz®~!c for some
a,b,c € (X \ {.’IJ})*

LEMMA 6.3. Let w be any word. Then there exists some word w' in p-canonical form
such that the identities (6.1) imply the identity w ~ w'.

Proof. Tt suffices to convert the word w, using the identities (6.1)), into a word in p-
canonical form. The identities ([6.1a)) and (6.1b]) can first be applied to the word w so
that

(a) occ(z,w) <p+1forall z € X;

(b) w satisfies (IV).

Suppose that ini(w) = z1---2y,. Then the word w can be written in the form (6.3)
that satisfies (I) with con(w;) C {x1,...,2;} for all . For each i, the letters in w; are
not first occurrences and so can be ordered by the identities (6.1c|) according to their

indices. Therefore (II) is satisfied in view of (a). It then follows from (b) that (III) is also
satisfied. m

PROPOSITION 6.4. The identities (6.1) constitute a basis for the variety PV Z,,.

Proof. 1t is routine to verify that P}V Z, satisfies the identities (6.1). It remains to
show that any identity w ~ w’ satisfied by P} V Z,, is implied by the identities (6.1]). In
view of Lemma [6.3} the words w and w’ can be chosen to be in p-canonical form. Since
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the submonoid {a,b?,1} of P; is isomorphic to L}, it follows from Lemma [2.2{i) that
ini(w) = ini(w’). Therefore

w = H(x,wl) and w' = H(%W;)

i=1 i=1

Since occ(z, w),occ(x,w') < p+ 1 for all z € X and the submonoid {b,b?,1} of P} is
isomorphic to N3, it follows from Lemma [2.2fii)&(iii) that
(a) occ(z,w) = occ(x,w') <p+1forall z € X.

Suppose that ¢ is the least possible integer such that con(wy) # con(w}). Then
(b) con(wy) = con(w?),...,con(w,_1) = con(w}_,)
and there exists some k& < ¢ such that z; belongs to precisely one of w, and wj; by
symmetry, it suffices to assume that
(c) xr € con(wy) and xj, ¢ con(wy).

Since xy, is a nonsimple letter in w, it follows from (a) that occ(zy, w) = occ(zy, w') = e
for some e € {2,...,p+ 1}. By (IV), both w and w’ are of the form -~-a:k~--xz_1--~.
Within the word w, the factor 2§ ! occurs in w¢ by (c). However, within the word w’, it
follows from (b) and (c) that the factor 2 does not occur in any of wi,...,w}_,, wj.
Therefore the factor J;Z_l must occur in w’; for some j > /. Hence the words w and w’

are of the form
w=azybr{ 'criid and w =a 'z b apcaftd
with 24,1 ¢ con(abca’b’). Let ¢ be the following substitution into the monoid Pj:

b if x =z,
r—qa ifr=uxm,
1 otherwise.

Then we = b°((czr41d)p) = b? and W' = ba((c'z§ 'd")¢) = ba, which implies that the
identity w ~ w’ is contradictorily not satisfied by the monoid Pj.

Therefore the integer ¢ does not exist, whence con(w;) = con(w}) for every 7. It then
follows from (a) and (IV) that w; = w; for every i. Consequently, the identity w ~ w’ is
trivial and is implied by the identities (6.1]). m

6.2. A basis for the variety P}
PRroOPOSITION 6.5. The identities and

23~ 2 (6.4)
constitute a basis for the variety Pi.

Proof. Let w be any word. By Lemma the identities (6.1)) can be used to convert w
into the word (6.3)) in p-canonical form that satisfies (I), (II), and (III). Since

5 (4 p+1 613
Tyr® ® YT ~ Ty

€T,
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any of the exponents eq, ..., e; from (II) that is nonzero can be reduced by the identities

zryz? ~ xyz to 1. In this proof, the word w in ([6.3)) is said to be in Pj-canonical form if
it satisfies (I), (III), and

(IT') w; € {af* - 25" | e1,...,e; € {0,1}}.

(2

As was just shown, the identities and convert any word into PJ-canonical form.

It is routine to verify that the variety P} satisfies the identities and . It
remains to show that any identity w ~ w’ satisfied by P} is implied by the identities
(6.1) and . Convert w and w’ into words in P}-canonical form by the identities
and . By an argument similar to the proof of Proposition the identity w ~ w’
is trivial and hence is satisfied by the variety Pi. m

COROLLARY 6.6. The identities
TYTZT ~ xyrz, xhytry ~ xhytyzr

constitute a basis for the variety P3.

6.3. An exclusion identity
LEMMA 6.7. The identity (6.2) is an exclusion identity for the semigroup Py in P VZp.
Proof. Let V be any subvariety of P}V Z,, such that P, ¢ V. First note that the identity

(zy)? =~ xPy” (6.5)

is not satisfied by the semigroup P since (ba)P? # bPaP. Let Py be the semigroup that
is anti-isomorphic to P,. The semigroups Ag, Bs, and P do not satisfy the identity
ryrzr ~ xyrlz from so that Ag, Ba, P2 ¢ V. It then follows from Volkov [43]
Theorem 2.1] that the variety V satisfies the identity . Therefore the identity
is an exclusion identity for P, in PV Z,.

Now denote by ¢ the substitution z — hPzh? for all z € {z,y}. Then it follows from
Lee [I8, Theorem 2] that ((zy)P)y ~ (xPyP)1 is an exclusion identity for P} in P}V Z,;
it is easy to show that this identity is equivalent to the identity within PV Z,. =

6.4. Proof of Proposition Let S be any semigroup that satisfies the identities
but violates the identity , and let V be the variety generated by S. Then V C PiVZ,
by Proposition and P} € V by Lemma If Z, € V, then V=PiVZ, and S is
finitely based by Proposition Therefore assume that Z, ¢ V. By Lemma iii), the
variety V satisfies the identity so that V C P3 by Proposition Since P} € V,
it follows that V = P}, whence the semigroup S is finitely based by Proposition

7. On Condition

The main aim of the present chapter is to establish the finite basis property of any
semigroup that satisfies the identities

4.2

et ra? Pyrmayr, wy® =By, ayry = oyl (7.1)
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but violates both of the identities

zyxy ~ T2y>, (7.2a)
ryir = ryx. (7.2b)

Let U be the variety defined by the identities

zyx® ~ 23y, (7.3a)
22yx® ~ 22y, (7.3b)
ayrtax & vy, (7.3¢)
zhytry ~ chytyz. (7.3d)

7.1. Identities of U. In this chapter, a word

H x5 wy) (7.4)

is said to be in canonical form if xq,...,z,, are distinct letters and wq,..., w,, are
possibly empty words that satisfy all of the following conditions:
I) ini(w) =0 Ty

(D)

() wi & faf- A fore iy € 011
(ITI) eg,...,em € {1 2 .3}
(IV) if e; = 3, then z; ¢ con(Wij1 - Wy ).

Note that x; ¢ con(wy ---w;) by (II).

LEMMA 7.1. Let w be any word. Then there exists some word w' in canonical form such
that the identities (7.3)) imply the identity w ~ w'.

Proof. Tt suffices to convert the word w, using the identities (7.3]), into a word in canonical
form. Without loss of generality, assume that ini(w) = xg - - - . Then the word w can
be written in the form

H zu;) (7.5)

for some eg > 1 and some uy,...,u,,, € X* such that con(u;) C {zo,...,2;} for all 7.
For each 4, the letters in u; are not first occurrences in the word w so that the identities
can be used to permute them in any manner within u;. Specifically, any occurrence
of x; in ui can be moved to the left and gathered with the x; that immediately precedes
u; in , and any of the letters zg, .. acl 1 in u; can be ordered according to their
1ndlceb The resulting word is of the form ) that satisfies (I) and the condition that
w; € {zp’ - fq vl foses fima > 0}

Let fo,.. .,f,-_l > 0 be such that w; = a:go .- f’ 1. Suppose that f; > 2 for some
jed0,...,i—1},say fj; =2p+r with p>1 and r 6 {O, 1}. Then the identities
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can be used to gather all multiples of x? in w; with the first z; in w:

= 2% W e g plo L plim g2t i i
w = z; W x5t xy N ;T
Wi
(7.34) eit2 . . _
itep e; 0 fi-1_r_ fi+1 fi—1
AR A T A 7 R e A A

For any other k # j, the same argument can be repeated to gather all multiples of z%
in w; with the first z; in w. Hence (II) is satisfied. It is clear that (III) is satisfied by
applying the identity z* ~ 22 from (7.3d). If ¢; = 3 and z; € con(W;41 -+ Wy, ), then the
identities can be used to reduce the exponent e; to 1. Therefore (IV) is satisfied. m

LEMMA 7.2. Let w and w' be any words in canonical form such that

(a) occ(z,w) = occ(z,w’) (mod 2) for all x € X;

(b) sim(w) = sim(w’);

(c) ini(w) = ini(w');

(d) occ(z,y,w) = occ(z,y,w') (mod 2) for all x,y € X.
Then the words w and w' are identical.

Proof. By (c), it can be assumed that ini(w) = ini(w’) = xq - - T,. Since the words w
and w’ are in canonical form,

w=zxy’ | |(z{'w;) and W' = x86 H(x:;w;)

i=1 i=1
for some e;, e, > 1 and w;,w} € X*. Since occ(x,, w) = e, and occ(z,,,w') = e/, by
(II), it follows from (III), (a), and (b) that e, = e/, necessarily. Suppose that £ < m is the
least integer such that e, # €). By symmetry, it suffices to assume that e, > €}, whence
(ee,ep) € {(2,1),(3,1),(3,2)} by (III). Since (II) implies that occ(z¢, xo+1, W) = e, and
occ(zy, xep1,W') = e, it follows from (d) that (es, e}) = (3,1). Hence (II) and (IV) imply
that occ(zy, w) = 3 and

-1 m
e, e; 3 e;
szoo(H(xilwi))szl H (25" W),
i=1 i=0+1
where x; does not occur in any of the factors wi, ..., w,,. Since occ(xy, w) = 3, it follows

from (a) and (b) that occ(zy, w’) is odd and at least three, say occ(xy,w') = k + 1 for
some even k > 2. Since €, = 1, the factor wj, of w’ is preceded by the first =, in w’
and the remaining k occurrences of x, in w’ are spread out in some WZN""W;Zk with
<ty <+ <L <m, that is,

W/:... :L'sz DR xél (..."Ee-..) ... ka (.-.xz...) cee
—_———— —_——
w;,'l wzk

But now occ(zy, z4,, w') = 2 and occ(xy, x¢,, w) = 3 contradict (d). Therefore the integer
£ does not exist, whence (eq,...,em) = (€5, ..., €L,)-

If (Wi, ...,wm_1) = (W],...,w/,_), then it follows from (II) and (a) that w,, = w/,,,
whence the identity w ~ w’ is trivial and is satisfied by the variety U. Thus it remains
to consider the case when (wi,...,Wy,—1) # (Wi,...,w/, ;). Then there is a least
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integer £ < m such that wy # wj, say x, € con(wy) \ con(wy) for some r < ¢. Since

(W1,...,We—1) = (W),...,w}_,), it follows from (II) that
-1
occ(Ty, Tpq1, W) = 0CC (9@7 xg° H(xflwz)) + occ(zy, 2, Wy)
i=1

-1
= occ(aL‘T7 xg’ H(xfwl)) +1,
i=1

—
occ(xy, xp11, W) = occ (mr, xg() H(If;w;)> + occ(zr,xzéwé)
i=1

-1
= occ(ars,,7 xg H(xfwz)) +0,
i=1

whence (d) is violated. Consequently, the integer ¢ does not exist, whence the identity
w ~ w’ is trivial and is satisfied by the variety U. =

LEMMA 7.3. The variety U satisfies an identity w ~ w’ if and only if the four conditions
in Lemma hold.

Proof. By Lemma the words w and w’ can be chosen to be in canonical form.
Suppose that the variety U satisfies the identity w ~ w’. It follows from Lemma [2.2] that
the variety U contains the monoids L}, NJ, and Zs so that (a)—(c) in Lemma [7.2| hold.
It is easy to show that the orthodox completely regular monoid

O={(ab|la*=ab=a,b*=1)
of order four belongs to the variety U and so must satisfy the identity w ~ w'. If
occ(z,y, w) # occ(x,y,w’) (mod 2), then letting ¢ be the substitution
b ifz=uxa,
z— < a if z=y,
1 ifze X\ {x,y},
into O, the contradiction {wy, w/¢} = {a, ba} is deduced. Thus (d) in Lemma [7.2] holds.

Conversely, if the four conditions in Lemma hold, then the identity w ~ w’ is
trivial and so is satisfied by the variety U. m

7.2. Identities satisfied by proper subvarieties in U. An identity w ~ w’ deletes
to an identity u s u’ if, up to letter renaming, the identity u = u’ belongs to the system
WA w.

LEMMA 7.4. Suppose that the identity w =~ w’' deletes to the identity u ~ u’. Then the
identities (7.3) and w ~ w' imply the identity h*u ~ h*u'.

Proof. Suppose that the identity u ~ u’ is obtained from the identity w ~ w’ by deleting
all occurrences of the letters x1,...,z;. Denote by ¢ the substitution z ~ h? for all
z€ X\ {x1,...,zx}. Since

oy T

h (wo) = h3(w'p) = h*u/,
the identities (7.3) and w ~ w’ imply the identity h?u ~ h?u’. m
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LEMMA 7.5. Any proper subvariety of U satisfies some identity from (7.2]).

Proof. Let W be any proper subvariety of U. Then the variety W satisfies some identity
w ~ w’ that is not satisfied by the variety U. By Lemma at least one of the four
conditions in Lemma does not hold for the identity w ~ w’.

CASE 1: occ(z,w) # occ(z,w') (mod 2) for some z € X. Then the variety W satisfies
the identity oy : 23 ~ 2?; it also satisfies the identity (7.2a] m since

([BE) - 3 901

zyzy = zyz’y B zyzly w3y? = 2%yt
CASE 2: sim(w) # sim(w’).

SUBCASE 2.1: con(w) = con(w’). Then the identity w ~ w’ deletes to the identity
z™ = x for some m > 2. It follows from Lemma [7.4] that the variety W satisfies the
identity h22™ ~ h%z and so also the identity o5 : h?x3 =~ h2?z. Since

3 " 3 3 02 3 "

the variety W satisfies the identity (7.2b]).

SUBCASE 2.2: con(w) # con(w’). Without loss of generality, assume that

con(w) \ con(w') ={z1,..., 2} and con(w')\ con(w)={y1,...,yn}

for some m,n > 0. The assumption con(w) # con(w’) implies that (m,n) # (0,0). Then
the variety W satisfies the identity v ~ v’ where

/ /
V=WZI1 Tp¥1 Yo and V =Wx1 - Tply1- - Yn.

It is clear that con(v) = con(v’) and sim(v) # sim(v’). Therefore it follows from Sub-
case 2.1 that the variety W satisfies the identity (7.2b)).

CASE 3: ini(w) # ini(w’). If con(w) # con(w’), say with z € con(w) \ con(w’), then
since the variety W satisfies the identity xw ~ zw’ with sim(zw) # sim(zw’), it follows
from Case 2 that this variety also satisfies the identity . Therefore it can further
be assumed that con(w) = con(w’). The identity w =~ w’ then deletes to an identity of
the form 2zPyu ~ y* 27 u’ for some p,q,p’,¢ > 1 and u,u’ € {z,y}*. It follows from
Lemma that the variety W satisfies the identity h2aPydu ~ h2yp/$q/u’. Denote by ¢
the substitution z +— 22 for all z € X. Since

(7.3b) (7.3b)
=~ hiz?y?

h2zPyu and  (h2y? 27 u’ ~ h?y?z?
(haPyu)e y © yo,
the variety W satisfies the identity o3 : h?z2y? ~ h?y?z2. Since

(7-3d) (7.3b)

(7.3¢) o
zyzy = 2% (2y)?y? R 2%y (zy)

the variety W satisfies the identity (7.2al).

Y2,

CASE 4: occ(z,y, w) # occ(x,y, w') (mod 2) for some z,y € X. In view of Cases 1 and 3,
it suffices to further assume that

(a) occ(z,w) = occ(z,w') (mod 2) for all z € X;

(b) ini(w) = ini(w’).
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Let u =~ u’ be the identity that is obtained from w ~ w’ by retaining only the letters x
and y so that occ(z,y,u) = occ(z, y, w) and occ(x,y,u’) = occ(z, y, w'). By Lemma[7.4]
the variety W satisfies the identity h?u ~ h2u’. By (b), there is no loss of generality in
assuming that ini(u) = ini(u’) = zy, whence occ(x, y, u), occ(z,y,u’) > 1. Let

p = occ(z,y,u), q=occ(zr,u)—p, p =occ(z,y,u’), and ¢ = occ(x,u’)—7p'.
Then p # p’ (mod 2) by the assumption of the present case and

p+ q = occ(x,u) = occ(z, w) = occ(x,w') = occ(z,u’) = p’ + ¢’ (mod 2)
by (a), whence ¢ # ¢’ (mod 2). Let r, s € {0,1} be such that
r+p=0#1=r+p (mod2) and s+¢=0#1=s+q (mod 2).

Denote by ¢ the substitution
2 e
L Jy ifz=y
x ifz=h.
Since

(7.32) xr+2+py20cc(y,u)xq+s " $2y2x2 " 2,2

(7.3a) / N g4 (739 (7.3d)
l’r((hZUI)cp).Ts e~ xr+2+p y2 occ(y,u ):Eq +s g 2 ~

z"((h*u)g)z®

the variety W satisfies the identity (7.2a]). m

7.3. Proof of Condition @. Let S be any semigroup that satisfies the identities ([7.1))
but violates both identities in (7.2)). Then it is easy to show that S satisfies the identities

7.3a)), (7.3D]), and (7.3c). Since

39 (™39 (7.1) 39 (™39
chytxy ~ chyty’xy =2 zchytyx’yzy g chytyz®y’a ~2 zhyty3z =2 chytyx,

the semigroup S also satisfies the identities (7.3d), whence S € U. Since S does not
satisfy any identity in ((7.2)), it follows from Lemma that S must generate the variety
U and is finitely based.

8. The monoid A

8.1. Main result
PrOPOSITION 8.1. The identities
shatr ~ hta?, 2t ~ 23, (8.1a)
zhyz ~ zhay®, 23y3 ~ a3, (8.1b)
zhytzy ~ chytyr, xyhaty ~ yxhaxty (8.1c)
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constitute a basis for the monoid A with the following multiplication table:

All 2 3 4 5 6
11 1 1 1 1 1
211 1 1 1 1 2
3|1 1 1 1 2 3
411 2 3 4 3 4
5/1 1 1 1 2 5
611 2 3 4 5 6

Note that the identity element of the monoid A is 6.

8.2. A canonical form. In this chapter, a nonsimple word

w = [[(siw:) (8.2)
=1

is said to be in canonical form if all of the following conditions hold:

(I) the letters of s; € X* and ss,...,s,,, € X are all simple in w;
(IT) the letters of wy,..., w1 € X" and w,, € X* are all nonsimple in w;
(III) occ(z,w) < 3 for all z € X;

3 in some w;;

)
)
(IV) if occ(x, w) = 3, then all three occurrences of  in w form a factor
) if 2 is a factor of w, then either 3 is a suffix of w or 3 is followed by the first
occurrence of some letter of w;

(VI) if 23y3 is a factor of w, then z alphabetically precedes y in X
Note that (I) and (II) imply that con(s;) N con(w;) = () for any ¢ and j.

LEMMA 8.2. Let w be any nonsimple word. Then there exists some word w' in canonical
form such that the identities (8.1) imply the identity w ~ w'.

Proof. Tt suffices to convert the nonsimple word w, using the identities , into a word
in canonical form. By gathering adjacent simple letters and adjacent nonsimple letters in
w, it is easy to see that w can be written in the form that satisfies (I) and (II). If
occ(x,w) = n > 3, then the identities zhatz ~ htz® from can be used to gather
the first n — 1 occurrences of = with the last z, and the identity z* ~ 23 from can
be used to eliminate all except three occurrences of x. Hence (IIT) and (IV) are satisfied.
It follows that any factor =3 in w that is not a suffix can only be followed by a letter
that is either a first or second occurrence. Suppose that some factor z3 of w is followed

by the second occurrence of y, that is, w = ---y--- 2%y - -- with occ(y, w) = 2. Then
B10)
W:...y...l‘gy... ~ ...y...yw3...
If the factor 22 in the word ---y---yxz3 - - - is followed by another second occurrence, say

of z, then 2% and this z can be interchanged by the identities (8.1b)). This argument can
be repeated sufficiently many times until 22 is either followed by a first occurrence or a
suffix of the entire word. Hence (V) is satisfied. It is easy to see that (VI) is satisfied by

applying the identity 2%y® ~ 3?23 from (8.1b)). =
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8.3. Identities of the monoid A

LEMMA 8.3. The monoid A does not satisfy any of the following identities:

Ty ~yr, Tyr R xly, aoyr Ay, oty ~yx?, 2y~ yad, (8.3a)

2y mayry, 2y myzyz, 2y may’n, 2y myd’y, 2y xy’2® (8.3b)
23y? =3, 23y = yady. (8.3¢)

Proof. The third identity from ({8.3a)) is violated in A by the substitution (x,y) — (5,4).
The other four identities in (8.3a) are violated in A by the substitution (z,y) — (4,2).

LEMMA 8.4. Let

’
m m

w = H(siwi) and w' = H(séwi)
i=1 i=1
be nonsimple words in canonical form. Suppose that the monoid A satisfies the identity
w ~ w'. Then

i) m=m/ withs; =s, and w; = w/ for all ;
(i) i i
(ii) the identity w = w' preserves complete precedence.

Proof. (i) Since the submonoid {1,2,6} of A is isomorphic to the monoid N1, it follows
from Lemma [2.2{ii) that con(w) = con(w’) and sim(w) = sim(w’). Since A does not
satisfy the identity x3 ~ 22, it follows from (III) that occ(z,w) = occ(z,w’) for all
x € X. Further, A does not satisfy any of the identities in so that m = m’ with
s; = s; and w; = wj for all 4.

(ii) Suppose that ¢ <y y for some z,y € X with p = occ(x,w) = occ(z,w’) and
q = occ(y,w) = occ(y,w’) (so that p,q € {1,2,3} by (IIT)). Then there are four cases to
consider.

Caske 1: (p,q) € {(1,1),(2,2),(1,2),(2,1),(1,3),(3,1)}. Since the monoid A does not
satisfy any of the identities in (8.3a)) and (8.3b]), it follows that x < y.

CASE 2: (p,q) = (3,2). Thenw = ---23--.y---y---. If # €y y, then the word w’ is
of the form ---y---y---23--- or of the form ---y---23---y---, whence the monoid A

contradictorily satisfies some identity from (8.3c|). Therefore & < y necessarily.

CASE 3: (p,q) = (2,3). Then w = azbzcy?d for some a, b, ¢,d € (X \ {z,y})*. Working
toward a contradiction, suppose that © € y. If y < «, then the monoid A satisfies
the identity 22y ~ y32? in and so contradicts Lemma Therefore y € = and
it follows that w' = a’zb’y?c’zd’ for some a’,b’, ¢/, d’ € (X \ {z,y})*. By (V), the factor
¢’ can be neither empty nor of the form 23 - - - 23 with 2q,..., 2, € X. It follows that there
exists some letter z with occ(z,w’) € {1,2} such that the first occurrence of z is in c’.
Then y < z so that y <y z by Case 2. It follows that r < 2z and x € 2z, which is

impossible by Case 1.

CASE 4: (p,q) = (3,3). Then w = ar3by3c for some a,b,c € (X \ {z,y})*. Working
toward a contradiction, suppose that 2 € 3. Then w’ = a’y?b’z3c’ for some a’,b’, ¢’ €
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(X \ {x,y})*. Ifb=~h} - -hd and b’ =t3..-t3 for some hy,...,hy,t1,...,ts € X with
r,s > 0, then the following consequences of (IV) constitute a contradiction:

(a) @ alphabetically precedes y because w = az3h3 - - h3y’c;
(b) y alphabetically precedes = because w’ = a’y>t3 - - - t3x3c’.

Therefore by symmetry, assume that b contains the first occurrence of some letter z with
occ(z,w) € {1,2}. Then z <y z and so & <y z by Case 1 or 2. It follows that y € 2
and y <y 2z, contradicting Case 1 or 2. =

8.4. Proof of Proposition It is routine to verify that the monoid A satisfies the
identities . It remains to show that any identity w ~ w’ satisfied by A is implied by
the identities (8.1)). Since A is noncommutative and its submonoid {1, 2,6} is isomorphic
to the monoid N3, it follows from Lemma that the identity w = w’ is trivial if either
w or w’ is a simple word. Hence assume that the words w and w’ are both nonsimple.
In view of Lemma these words can be assumed to be in canonical form. Therefore

by Lemma i)7

m m
w = H(siwi) and w' = H(szw;)
i=1 i=1
with w; = w} for all i. By Lemma ii), the identity w a~ w’ preserves complete
precedence. If w; = w, for all 4, then the identity w &~ w’ is implied by the identities
(8.1). Therefore suppose that ¢ is the least integer such that w, # w}. Let

-1 m m
p= (H(Siwi)>Sg, r= H (siw;), and r' = H (siw}).
i=1 =041 i=0+1

Then w = pwyr and w' = pwjr’ with r = r’. It is routine to show that the identity
pwr ~ pw,r preserves complete precedence. Hence by Lemma the identities (8.1c)
imply the identity pw,r ~ pw)r, that is,

(8.1c) ,
W =S1Wi- SqWy- - SypWyy ~ SIW1 - SpWp Sy Wiy

It is easy to see that the same argument can be repeated on wy1,...,w,, to obtain

(8.1d) / / / /
W = S1Wjp---Sy_1Wy_1S/Wy Sg+1Wz+1 S W,, = W

Consequently, the identities (8.1) imply the identity w =~ w’.

9. The monoid B

9.1. Main result
PROPOSITION 9.1. The identities
zhats ~ hatz, (9.1a)

zhytxy ~ zhytyr, xhxyty ~ rhyxty, xyhxty ~ yxhaty (9.1b)
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constitute a basis for the monoid B with the following multiplication table:

Bl1 2 3 4 5 6
171 1 1 1 1 1
21111 1 1 2
3|1 1 1 1 2 3
411 2 3 4 4 4
51 2 3 4 4 5
6|1 2 3 4 5 6

Note that the identity element of the monoid B is 6.

9.2. A canonical form. In this chapter, a nonsimple word
i=1

is said to be in canonical form if

(I) the letters of s; € X* and ss,...,s,,, € X' are all simple in w;
(IT) the letters of wy,..., w1 € XT and w,, € X* are all nonsimple in w;
(III) for each i, the letters of w; are in alphabetical order;
(IV) occ(x,w) <2 forall z € X.

Note that (I) and (II) imply that con(s;) N con(w;) = () for any ¢ and j.

LEMMA 9.2. Let w be any nonsimple word. Then there exists some word w' in canonical
form such that the identities (9.1) imply the identity w ~ w'.

Proof. It suffices to convert the nonsimple word w, using the identities , into a word
in canonical form. By gathering adjacent simple letters and adjacent nonsimple letters
in w, it is easy to see that w can be written in the form that satisfies (I) and
(IT). For each i, since the letters in w; are nonsimple in w, they can be ordered by the
identities so that (III) is satisfied. For any letter = such that occ(x,w) > 3, the
identities can be used to eliminate all except the last two occurrences of x from w
so that (IV) is satisfied. m

9.3. Proof of Proposition It is routine to verify that the monoid B satisfies the
identities . It remains to show that any identity w ~ w’ satisfied by B is implied by
the identities . Since B is noncommutative and its submonoid {1,2, 6} is isomorphic
to N3, it follows from Lemma that the identity w ~ w’ is trivial if either w or w’ is
a simple word. Hence assume that the words w and w’ are both nonsimple. In view of
Lemma [9.2] these words can be assumed to be in canonical form, say

’

m m
w = H(siwi) and w' = H(S;WZ)
i=1 i=1

It follows from Lemma [2.2[(ii) that con(w) = con(w’) and sim(w) = sim(w’). Further, it
is routine to show that the monoid B does not satisfy any of the following identities:

~ ~ 2 o 0y2 2, o 02
ry = yxr, rTyr~=ryY, ITYr=xYyr, ITY=LYyr.
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It follows that m = m’ with s; = s} and w; = w} for all i. The identity w ~ w’ is thus
trivial and implied by the identities (9.1).

10. The monoids D and H

10.1. Main result

ProPOSITION 10.1. The identities

zyx? ~ 23y, (10.1a)
ryx’ze ~ Tyza, (10.1b)
zhayty ~ rhyxty, (10.1¢)
chytxy ~ xhytyx (10.1d)

constitute a basis for the monoids D and H with the following multiplication tables:

D1 2 3 4 5 6 H|1 2 3 4 5 6
11 1 1 1 1 1 11 1 1 1 1 1
2/1 1 1 1 2 2 211 1 11 2 3
3/]1 1 1 1 3 3 311 1 1 1 3 2
414 4 4 4 4 4 414 4 4 4 4 4
511 2 3 4 5 6 511 2 3 4 5 6
6|11 3 2 4 6 5 611 2 3 4 6 5

Note that the identity elements of the monoids D and H are both 5.

10.2. A canonical form. In this chapter, a word

m
w =[] (ziws) (10.2)
i=1
is said to be in canonical form if xq,...,x,, are distinct letters and wy,...,w,, are

possibly empty words that satisfy all of the following conditions:

(1) ini(w) =21 - Ty

(II) w; € {zf* -2 | er,...,e,-1 € {0,1}, e; € {0,1,2}};
(I11) if occ(x;, w;) = 2, then x; ¢ con(W;t1 -+ Wyy,);
(IV) if w; # 0, then x; 1 is simple in w.

Note that x; ¢ con(wy ---w;_1) by (II).

LEMMA 10.2. Let w be any word. Then there exists some word w' in canonical form such
that the identities (10.1) imply the identity w ~ w'.

Proof. It suffices to convert the word w, using the identities , into a word in canon-
ical form. Observe that (I), (II), and (III) are identical to (I), (II), and (III) in Section[7]
Since the identities contain the identities (7.3)), it follows from Lemma/[7.1] that by
applying the identities (10.1)), the word w can be converted into the word in that
satisfies (I), (II), and (III).
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Suppose that w; # @ and ;11 is nonsimple in w. Let e1,...,e;—1, f1,..., fi € {0,1}
and e;, fi+1 € {0,1,2} be such that w; = z{*--- 2" and w41 = x{l . xflxzfll Since

the letters in w; and w; 1 are not first occurrences in w,

W = ce LW Tip1Wip1 c e

_ X ey €; . 1 fi fi+1
= '/El(xl ...xi )-'L'H-l(lj ...xil$i+1) e

(10.1¢) ) .
= el €; f1 fi fit1
~ $i$i+1($1 ...xil)(xl xz mi+1)

(10.1d) ) ) ’
=zt --~xfl+flefll e (10.3)

Hence the factor w; is combined with the factor w;4 ;. This procedure can be repeated
on any nonempty factor w; that precedes a nonsimple letter x;,,. Hence the word w
can be converted into a word w’ that satisfies (IV). However, the word w’ may no longer
satisfy (II) since, for example, some of the exponents e; + f1,...,e; + f; in may
not be in {0,1}. The arguments in the proof of Lemma can then be used to convert
the word w’ into a word that satisfies (II). m

10.3. Identities of the monoids D and H

LEMMA 10.3. Let M € {D, H} and let w = w' be any identity satisfied by the monoid M.
Then
(1) ini(w) = ini(w’) (so that con(w) = con(w’));
(i) sim(w) = sim(w’);
(iii) occ(z, w) = occ(z, w’) (mod 2) for all z € X.
Further, if © € con(w) = con(w’) and y € sim(w) = sim(w'), then
(iv) occ(zx,y,w) = occ(z,y,w’) (mod 2).
Proof. The submonoids {1,4,5}, {1,2,5} and {5,6} of M are isomorphic to L}, N3, and
Zs respectively. Therefore parts (i), (ii), and (iii) follow from Lemma Suppose that
occ(z,y,w) # occ(z,y,w’) (mod 2) for some x € con(w) = con(w’) and y € sim(w) =
sim(w’), say occ(z,y,w) = 2p + 1 is odd and occ(z,y,w’) = 2¢ is even. By part (iii),
there exists some r € {1,2} such that occ(z,w)+r =0 = occ(z, w') +r (mod 2). Denote
by ¢ the following substitution into the monoid M:
6 if z=ux,
z— <2 ifz=y,
5 otherwise.
Then
(W.IT)QD — 62p+1 . 2 . 6OCC(CE,W)7(2p+1)+’r‘ — 6 . 2 . 6 — 3’
(Wa")p = 620 2. 6°cl=W) =204 = 5. 9.5 =2,

which is impossible. Hence part (iv) holds. =

10.4. Proof of Proposition Let M € {D,H}. It is routine to verify that the
monoid M satisfies the identities ([10.1). It remains to show that any identity w ~ w’
satisfied by M is implied by the identities (10.1). In view of Lemma the words
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w and w’ can be assumed to be in canonical form. It follows from Lemma i)

that m m
w Hmwz and w —H(mw)
i=1
First assume that (wy, ..., Wp—1) = (W,...,w/,_1). Then by (II), there exist expo-
nents ey, ef,...,em—1,€,_1 € {0,1} and e, e}, € {0,1,2} such that w,,, = ' ---a&m
and w/, = z7" --- . Hence (e1,...,em_1) = (€},...,€e,,_;) by Lemma iii). Since

occ(zpm, w) = 1+ e, and occ(x,y,, w') = 1+¢,, it follows from Lemma ii)&(iii) that
em = el.. Therefore w,, = w/ . The identity w ~ w’ is thus trivial and implied by the

identities ((10.1)).
It remains to assume that w, # wj, for some least possible ¢ < m, say
we =2 -2y and wj=af'- -z}
for some ey, €, ...,ep—1,€;_; € {0,1} and e, €} € {0,1,2} with (e1,...,er) # (€},...,€)).
By symmetry, it suffices to assume that
(a) ej > e}
for some j. Then wy # () so that by (IV), the letter xy,1 is simple in w. Hence xp11 is
also simple in w’ by Lemma ii). Since
occ(zj, Tpy1, W) = occ(xj, L1W1 - - - Ty—1Wp_1Z¢) + occ(xj, Wy)

= occ(z;, L1W1 - - - Ty_1We_120) + €5,
( )
( )+

occ(zj, Top1, W) = occ(@j, TIW] -+ Tp_1W)_12¢ +occ(x]7w£)
= ocC(xj, T1W1 * - Tp—1 Wy_12¢

it follows from Lemma iv) that

(b) e; =€ (mod 2).

By (II), the conditions (a) and (b) imply that j = ¢ with e, = 2 and e, = 0. It follows
from (III) that ¢ ¢ con(wWyiq - - - Wiy, ), whence occ(xy, w) = occ(zg, zywy) = 3. Therefore
occ(ze, w') € {3,5,...} by Lemma ii)&(iii). Now e}, = 0 implies that x, ¢ con(wy}),
whence occ(xg, w') = 1+occ(zg, Wy, - - - w,, ). Therefore there exist least possible integers
p and ¢ such that occ(zy, wy,) = occ(zy, wy) = 1 and £ < p < ¢. Then wy, # ) so that by
(IV), the letter 2,41 is simple in w’. Hence @41 is also simple in w by Lemma [10.3](ii).
Now occ(xg, zpt1, W) = 3 and occ(zy, Xpt1, W) = 2 so that Lemma iv) is violated.
Consequently, the assumption w; # wj is impossible.

11. The monoid &€

11.1. Main result
ProrosITION 11.1. The identities
22y ~ yz?, (11.1a)
zhytzy ~ zhytyz, xhzyty ~ chyxty, xyhzty ~ yxhxty, (11.1b)
?hayzts ~ hayate (11.1c)
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constitute a basis for the monoid £ with the following multiplication table:

&

e i ) B
NN = = =N
=W NN~ =W
L B NN~
S T W N | Ut
L WD

U W N

Note that the identity element of the monoid £ is 5.

11.2. A canonical form. In this chapter, a nonsimple word

W = Wy H(siwi) (11.2)
i=1
with nonsimple letters x1,...,x, is said to be in canonical form if all of the following
conditions hold:
(I) the letters of s; € X* and sg,...,s,, € X' are all simple in w;
() wy,..., Wy, € {2zl | f1,..., fr € {0,1}} with wy,..., w,,_1 # 0;
(II) wo = 25t -+ -z for some ey, ..., e, € {0,2,4};

(IV) if occ(zy, Wy -+ - wy,) € {1,2}, then e; € {0,2};
(V) if occ(z;, wy - - wy,) > 3, then e; = 0.

Note that con(s;) N con(w;) = ) for any ¢ and j.

LEMMA 11.2. Let w be any nonsimple word. Then there exists some word w' in canonical
form such that the identities (11.1) imply the identity w ~ w’.

Proof. It suffices to convert the nonsimple word w, using the identities , into a word
in canonical form. Let x1,...,x, be the nonsimple letters of w. By gathering adjacent
simple letters and adjacent nonsimple letters, the word w can be written in the form
w = [[%,(siw;) where wy,..., Wp_1 € {z1,...,2,:}", Wy, € {21,...,2,}*, and the
factors sq,...,s,, satisfy (I). Since the letters in each w; are nonsimple in w, they can
be ordered by the identities so that w; = m{l ---zfr for some fi,..., f, > 0. Any
factor % can be moved by the identity to the left of s; so that the word w is
of the form that satisfies (I) and (II), with wo = z{* --- 2¢" for some ey, ..., e, €
{0,2,4,...}. Tt is easy to show that (III), (IV), and (V) are satisfied by applying the

identities (11.1c). m
11.3. Identities of the monoid £

LEMMA 11.3. Let w &~ w' be any identity satisfied by the monoid £. Then

(i) con(w) = con(w’) and sim(w) = sim(w');
(ii) occ(xz, w) = occ(x, w') (mod 2) for all x € X.

Further, if © € con(w) = con(w’) and y € sim(w) = sim(w'), then

(iii) occ(z,y,w) = occ(z,y, w’) (mod 2).
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Proof. Since the submonoids {1,2,5} and {5,6} of £ are isomorphic to N4 and Zy re-
spectively, parts (i) and (ii) follow from Lemma To establish part (iii), suppose
that occ(x,y,w) # occ(z,y,w’') (mod 2) for some z € con(w) = con(w’) and some
y € sim(w) = sim(w’), say occ(z,y, w) is even and occ(z,y, w’) is odd. Denote by ¢ the
following substitution into the monoid &:

6 if z=u,

z— ¢ 3 ifz=uy,
5 otherwise.

Then wo € 5-3-{5,6} = {3} and w'p € 6-3-{5,6} = {4}, which is impossible. =

11.4. Proof of Proposition It is routine to verify that the monoid £ satisfies the
identities . It remains to show that any identity w &~ w’ satisfied by £ is implied by
the identities . Since £ is noncommutative and its submonoid {1, 2,5} is isomorphic
to N3, it follows from Lemma that the identity w ~ w’ is trivial if either w or w’
is a simple word. Hence assume that they are both nonsimple. In view of Lemma [11.2
these words can be assumed to be in canonical form, say

m m’
W = Wy H(siwi) and w' = w H(S;w;)
i=1 i—

=1

It follows from Lemma i) that con(w) = con(w’) and sim(w) = sim(w’).

CASE 1: sim(w) = sim(w’) = (). Then m = m/ =1 with s; = s} = 0) so that w = wow;
and w' = w{w/. For each z € X, since occ(z, w) = occ(z, wy) (mod 2) and occ(z, w') =
occ(z, w)) (mod 2) by (III), it follows from Lemma ii) that occ(z, wy) = occ(z, w))
(mod 2). Therefore w; = w{ by (II). It is then easy to deduce from (III), (IV), (V), and
Lemma ii) that wo = w{,. Hence the identity w ~ w’ is trivial and is implied by the

identities ((11.1)).

CASE 2: sim(w) = sim(w’) # (. Since the monoid £ is noncommutative, it follows that
S1---Sy, = s} ---s, . It is first shown that the negation of either w,,, = w/_, ors,, =s/,
leads to a contradiction.

SUBCASE 2.1: w,,, # w/, ,. By symmetry, it suffices to assume that z € con(w,,) \
con(w’ ;). Then occ(z,w,,) = 1 by (II) and occ(z,w/ ,) = 0. Let z be the last letter of
sm and s),,. Since occ(z, w) = occ(z, w') (mod 2) by Lemma [T1.3[ii), it follows that
occ(z, 2z, w) = occ(x, w) — occ(x, w,) # occ(z, w') — occ(x, w!,/)
= occ(x, z,w’) (mod 2),
whence Lemma iil) is contradicted.

SUBCASE 2.2: s,,, # s,,,. By symmetry, it suffices to assume that [s,,| > |s] |. Since

S1-+Sy; = 81 ---s.,, there exists some s € con(s,,) Ncon(s,,, ). It follows from (II)

m’—1
that occ(z,w/,,_,) = 1 for some z € X. Hence occ(z, s, w) = occ(z, w) —occ(z, w,y,) and
occ(z, s,w') = occ(z, w') — occ(x, W), _;) — occ(x, W,,/)

= occ(z,w’) — 1 — occ(z, w/,,).
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Now since occ(z, w) = occ(z, w’) (mod 2) by Lemma ii) and w,,, = w,,, as estab-
lished in Subcase 2.1, it follows that occ(x, s, w) # occ(z, s, w’) (mod 2), contradicting

Lemma iii).

Arguments similar to Subcases 2.1 and 2.2 can be repeated to successively show that
W j = Wi, and s,,_; = s, ; for each j > 1, whence [[}Z,(siw;) = [[Z 1(s wi).
It is then easy to deduce from (III), (IV), and (V) that wo = w{. Hence the identity
w ~ w’ is trivial and is implied by the identities ((11.1)).

2. The monoid F

12.1. Main result

ProroOsSITION 12.1. The identities

zha’te ~ zhtz, (12.1a)
zhyxty ~ wha’yty, (12.1b)
xhytzy ~ chytyx (12.1c)

constitute a basis for the monoid F with the following multiplication table:

j.'

SO W N

e el
NN~ PN
NG JUIIN Y JURNEIFEN 30
L R B W
S T W N | Ot
GO =W N~

Note that the identity element of the monoid F is 5.

12.2. A canonical form. In this chapter, a word
m
w = H(a:,wl) (12.2)
i=1

is said to be in canonical form if xq,...,xz,, are distinct letters and wq,...,w,, are
possibly empty words that satisfy all of the following conditions:

(I) ini(w) =1 T
(I1) w; € {af" -2 | er,...,e; € {0,1,2}};
(ITI) if occ(z, w;) = 2, then = ¢ con(Wiq1 -+ Wp,);
(IV) if occ(x;, w;) = 2 for some j < 4, then z; is simple in w.

Note that z; ¢ con(wy ---w;_1) by (II).

LEMMA 12.2. Let w be any word. Then there exists some word w' in canonical form such
that the identities (12.1) imply the identity w ~ w'.
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Proof. It suffices to convert the word w, using the identities , into a word in canon-
ical form. Without loss of generality, assume that ini(w) = 21 ---2,,. Then w can be
written in the form for some wy,...,w,, € X* such that con(w;) C {z1,...,2;}
for all 5. For each i, the letters in w; are not first occurrences in w so that the identities
can be used to permute them in any manner within w;. Hence for each i, the
factor w; is of the form z7* ---z;* where e1,...,e; > 0. The letters z1,...,x; in w; are
not first occurrences in w so that if e; > 3 for some j < 4, then the identities (12.1al
can be used to reduce e; to a number in {1,2}. Therefore (II) is satisfied by every w;.
If occ(z;, w;) = 2 for some j <4 and z; € con(w;y1---W,,), say x; € con(wy) for some
k > i, then

W = Z; .’I;] el Ty Z;
—— N———’
W Wk

and the identities can be used to eliminate the factor m? from w;. Hence (III) is
satisfied by w.

It is clear that the factor wy satisfies (IV) vacuously. Suppose that ¢ > 1 and that
the factors wyy1,...,w,, have been converted to words that satisfy (IV). It suffices to
convert the factor wy into a word that satisfies (IV). Let eq, ..., e, € {0, 1,2} be such that
wy = 7' - - xy’. Suppose that occ(z;, wy) = 2 for some j < ¢ and that x, is nonsimple
in w. Then

N T I e e A V2 v L S AN
W = Z; Tg_1Wp_1 Ty Ty il wia gl Zy
Wy

for some r > 0 such that e, +7 > 0. Now since the letters in w, are not first occurrences,

= o e . B A e e U L N (R
w = Tj oo T Wer e oy x a2 xy
Wy
(12.1¢) 2 e e; j
[~ ... s e e . . . 1 ... ‘171 6‘7+1 DR el DY r DY
= Tj oo T Weot - Tewy - xyt xS e g xy
{2.15) ) . .. _
~ DR s e e . . . 1 .. J71 €J+1 DR e[ .. r ...
= x; To_1(We—127) - 0 - X7 R xy . (12.3)

Since the letters in wy_1 are not first occurrences, the factor a:f in can be moved by
the identities to the left until it is combined with any x; in wy_1. (If this results
in wy_q containing more than two occurrences of x;, then the identities (12.1a)) can be
used to eliminate x? from wy_1.) Hence the factor mf is eliminated from the factor wy.
The same argument can be repeated to eliminate any square factors from wy. Therefore
the factor wy can be converted into a word that satisfies (IV). n

12.3. Identities of the monoid F

LEMMA 12.3. Let w =~ w’ be any identity satisfied by the monoid F. Then

(i) ini(w) = ini(w’) (so that con(w) = con(w’));
(ii) sim(w) = sim(w’);
(iii) occ(z, w) = occ(x, w’) (mod 2) for all x € X.

Further, if © € con(w) = con(w’) and y € sim(w) = sim(w'), then
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(iv) occ(z,y, w) = occ(z, y, w') (mod 2);
(V)  <w y if and only if * <w' y.

Proof. The submonoids {3,4,5}, {1,2,5}, and {5,6} of F are isomorphic to L3, N3,
and Zsy respectively. Therefore parts (i), (ii), and (iii) follow from Lemma Suppose
that occ(x,y,w) # occ(z,y,w’) (mod 2) for some =z € con(w) = con(w’) and some
y € sim(w) = sim(w’), say occ(x,y, w) is odd and occ(z, y, w’) is even. Denote by ¢ the
following substitution into the monoid F:

6 if z=ux,

z— ¢ 3 ifz=uy,
5 otherwise.

Then wp; =6-3 =4 and w'p; =53 = 3, which is impossible. Hence part (iv) holds.
Suppose that z € con(w) = con(w’) and y € sim(w) = sim(w’) are such that z < y
and ¢ € y. Then it follows from part (i) that within w, every z occurs before y, while
within w’, two occurrences of x sandwich y. Denote by s the following substitution
into F:
3 ifz=uz,
z— <2 ifz=y,
5 otherwise.

Then wys = 3-2 =2 and w/gy = 3-2-3 = 1, which is impossible. Therefore part (v)
holds. =

12.4. Proof of Proposition 1271l It is routine to verify that the monoid F satisfies the
identities . It remains to show that any identity w =~ w’ satisfied by F is implied
by the identities . In view of Lemma @L the words w and w’ can be assumed to
be in canonical form. Therefore by Lemma [12.3]i),

w = H(%Wz) and w' = H(%W;)
i=1 =1
First assume that (wq,...,wy,_1) = (w},...,w/. _;). By (II),

’

’
’ e e
W =27 - capr and w,, =]t apy

for some ey, €l,...,em, e, € {0,1,2}. Since occ(xy,, w) = 1 + e, and occ(zy,, w') =
1+ e}, it follows from Lemma [12.3{ii)&(iii) that e, = €],. Suppose that e; > ¢ for
some i < m. Then ¢; = 2 and €; = 0 by Lemma [12.3[iii). The letter x,, is then simple
in w by (IV), whence x,, is also simple in w’ by Lemma ii). Then z; €w Xy and
T; Lw' T, contradicting Lemma v). Therefore i does not exist, whence w,, = w/,.
It follows that the identity w =~ w’ is trivial and so is clearly implied by the identities
(12:9).
It remains to assume that w, # w), for some least possible ¢ < m, say

’ !
wy=ap 2y’ and wj=ai---z,t
for some eq,€),...,ep€p € {0,1,2} with (e1,...,ep) # (€},...,¢ep). Let

w=px,w,q and W =pzw,q
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-1 -1
where p = [[;Z) (zswi) = [[,Z; (ziw}), @ = [,y (xiwy), and o' = [[IZ,,, (ziw)).
Since wy # wy, there is some k < ¢ such that ej, # e},. By symmetry, it suffice to assume
that ey > e}, Since
occ(xg, Xpp1, W) = occ(zy, pxe) + occ(zy, wy) = occ(xy, Pre) + €k,

and similarly occ(z, 241, W') = occ(ay, pag) + €}, it follows from Lemma [12.3{iv) that
er = 2 and e;c = 0. Then there are two cases to consider: £ < £ and k = £. It is shown
below that these cases lead to contradictions. Therefore ¢ does not exist, whence the
identity w ~ w’ is trivial and implied by the identities .

CASE 1: k < ¢ (so that £ > 1). Then

_ e €k—1 2  €k41 e
W =Ppaery’ Ty T Tl %0 d

where zj, ¢ con(q) by (III) and x, is simple in w by (IV) (so that e, = 0), and

w =pzw;q
where xj, ¢ con(w)) by assumption and the letter z is simple in w’ by Lemma [12.3(ii).
Since z € con(p), the simple letter x, in w is sandwiched between two occurrences

of zj. By Lemma i)&(v), the simple letter z,; in w’ is also sandwiched between two
occurrences of zj. Hence xy, € con(q’). Further,

occ(x, W) = occ(zy, pay) + occ(zy, we) + occ(zy, q) = occ(wk, pre) + 2,

occ(xy, W') = occ(xk, pay) 4 occ(xy, Wy) + occ(zy, q') = occ(ay, pre) + occ(zy, q').
Therefore occ(zk,q’) € {2,4,...,} by Lemma iii). Since q' = [[;%, , (z:w}), it
follows that xj, € con(w,.) for some r > £+ 1. There are two subcases.

SUBCASE 1.1: occ(zg, w)) = 2 for some r > £ + 1. Then the letter z, is simple in w’
by (IV) and so is sandwiched between two occurrences of xj. However, x, is simple in w
but is not sandwiched between two occurrences of xj, contradicting Lemma V).

SUBCASE 1.2: occ(zg, wl) < 1forall r > ¢+1. Since occ(zk,q’) € {2,4,..., }, there exist
least possible integers p and ¢ such that occ(mk,w]’o) = occ(xy, W;) =land/+1<p<yq.
Then

occ(xy, x4, W') = occ(xk, ) + occ(wy, TeWy) + 0CC(Tk, Tor1Wpyy - - - Tp W)
= occ(xy, p) + 0+ 1.
However, since zj, ¢ con(q),
occ(zy, xq, W) = occ(zg, p) + occ(zy, xywy) = occ(zy, p) + 2.
Therefore occ(z, x4, W') # occ(xy, zq, w) (mod 2), contradicting Lemma [12.3{iv).
CASE 2: k= {. Then
w =puaxi - ~:cZ”‘_‘11 :17? qa
where z; ¢ con(q) by (III), and
w =pzw;dq

where =, ¢ con(wj}) by assumption. Since the letter z, is nonsimple in w, it is also
nonsimple in w’ by Lemma [12.3{ii), whence z; € con(q’). Further, since occ(z,, w) = 3,
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it follows from Lemma iii) that occ(ze,q') € {2,4,...}. Since ' = [[;Z,,  (z:w}),
it follows that =, € con(w?’.) for some r > ¢ + 1. Contradictions can then be deduced by
applying the arguments in Subcases 1.1 and 1.2.

13. The monoid G
13.1. Main result

PrOPOSITION 13.1. The identities
22y ~ ya®, (13.1a)
zyx’zx ~ TYZT, (13.1b)
xyhxty ~ yrhxty, xhryty ~ zhyxty, xhytxy ~ chytyx (13.1¢)
constitute a basis for the monoid G with the following multiplication table:

g 4 5

T W N~
e e ]
NN DN~ = =N
W W Wk = =lWw
R s ==
S U W N

6

SRS, W= IS \CRYJURY o N

o

Note that the identity element of the monoid G is

13.2. A canonical form. In this chapter, a nonsimple word

w = [[(siw:) (13.2)
=1

is said to be in canonical form if all of the following conditions are satisfied:

(I) the letters of s; € X* and ss,...,s,,, € X' are all simple in w;
(IT) the letters of wy,..., w1 € X" and w,, € X* are all nonsimple in w;
(III) for each ¢, the letters of w; are in alphabetical order with occ(x,w;) < 3 for any
x € A,
(IV) if occ(z, w;) = 1, then occ(x,wq),...,occ(z, w;—1) < 1;
(V) if occ(z, w;) = 2, then occ(z, w;y1) = -+ = occ(z, wy,) = 0;
(VI) if occ(z, w;) = 3, then occ(z,w;) = 0 for all j # 1.

Note that (I) and (II) imply that con(s;) N con(w;) = () for any ¢ and j.

LEMMA 13.2. Let w be any nonsimple word. Then there exists some word w' in canonical
form such that the identities (13.1) imply the identity w ~ w’.

Proof. It suffices to convert the nonsimple word w, using the identities , into a word
in canonical form. By gathering adjacent simple letters and adjacent nonsimple letters
in the word w, it is easy to see that w can be written in the form that satisfies
(I) and (II). For each 4, since the letters in w; are nonsimple in w, they can be ordered
by the identities (13.1d); then (III) is satisfied by applying the identity z* ~ z? from
(I3.1B)). Specifically, each w; is of the form 2§ - - 2¢" where e1,..., e, € {1,2,3}.
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If occ(x, w;) = 1 and occ(z,w;) € {2,3} for some j < i, say w; = w,zw; and

W = W xoce(@w;) w7 where wi, w}', wi, w/ € (X' \ {z})", then the identity (13.1a)) can

be used to gather a factor 22 from w; with the z in w;:

" (13 1a) 1 occ(x,wji)—2 1/

o /.3

occ(Z,Wj) /!

_ / / 1
W= W, T Wi W TW Wy e

Similarly, if occ(z, w;) = 2 and occ(z,w;) € {1,2,3} for some j > i, say w; = w2 w/

and w; = w’, goce(@:w;) w where wi, w}', w/, w/ € (X \ {z})*, then the identity (13.1a)

can be used to gather the factor 22 in w; with the factor z°<(#:W¥i) in wj:

W — . W; :L-Q W”i/ e W/- xOCC(x,W]') W/*/ ..
j J
(13.13) .
~ e W; W,/il e w’, $°CC(I’WJ)+2 w/./ e
J J
@) [--wiw) W) x3w;'~~ if occ(x, wj) =1,
~ I rl! 1 occ(z,w " . )
ewiwy Wi (@, J)wj-~~ if occ(z, w;) € {2,3}.

Hence (IV) and (V) are satisfied. If occ(z, w;) = 3 and occ(x, w;) > 0 for some j # i,
then it is easy to see that the identities (|13.1b)) can be used to reduce the exponent of x
in w; from 3 to 1. Hence (VI) is satisfied. m

13.3. Identities of the monoid ¢

LEMMA 13.3. Let w and w’ be any words in canonical form such that the identity w ~ w’
is satisfied by the monoid G. Then

(i) con(w) = con(w’) and sim(w) = sim(w’).
Further, if x € con(w) = con(w’) and y, z € sim(w) = sim(w’), then

(ii) occ(z, w) = occ(z, w') (mod 2);

(iil) occ(z,y,w) = occ(z,y, w’) (mod 2);

(iv) 2 <w y if and only if © <y ¥;

(v) yz is a factor of w if and only if yz is a factor of w'.
Proof. Parts (i) and (ii) follow from Lemma [2.2]since the submonoids {1,2,5} and {5,6}
of G are isomorphic to Ni and Zy respectively.

(iii) Suppose that occ(z,y, w) # occ(x, y, w') (mod 2) for some = € con(w) = con(w’)
and y € sim(w) = sim(w’), say occ(z,y, w) = 2p+1 is odd and occ(z,y, w') = 2q¢ is even.
By part (ii), there exists some r € {1,2} such that occ(z,w) +r = 0 = occ(z,w’) +r
(mod 2). Denote by ¢ the following substitution into G:

6 if z=u,
z—= 2 ifz=uy,
5 otherwise.
Then
(Z‘war)(pl — 62p+3 .9. 6occ(r,w)—(2p+1)+r —6-2-6=3

(l‘QW/l'r)(pl — 62q+2 .92. 60cc(z7w’)_2q+7’ —=5.2.5= 27

)

which is impossible.
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(iv) Suppose that z € con(w) = con(w’) and y € sim(w) = sim(w’) are such that
T Kw y and ¢ €Ly y. Then w = wiywy for some wi,we € (X \ {y})* such that
x € con(wy) \ con(ws), and w' = wiyw) for some wi,w), € (X \ {y})* such that
x € con(w}). Denote by @2 the following substitution into G:

4 if z=ux,
z— <2 ifz=y,
5 otherwise.

Then wpy =4-2=2 and w'ps =4-2-4 =1, which is impossible.
(v) Suppose that y, z € sim(w) = sim(w’) are such that yz is a factor of the word w
but is not a factor of the word w’. Then since the monoid G is noncommutative,

w =pyzq and w = p'yuzq

for some p,q,p’,q € X* and u € X*. It is easy to see that if the factor u contains some
simple letter of the word w’, then the monoid G is contradictorily commutative. Hence
every letter in the factor u is nonsimple in the word w’. Since the word w’ is in canonical
form, it follows from (III) that u = 7' ---z¢ for some x1,...,2, € con(w’) \ sim(w’)
and some eq, ..., e, € {1,2,3}. Since occ(z;, z, w) = occ(x;, 2z, w') (mod 2) by part (iii),

occ(z;, y, w) = occ(z;, z, w) = occ(z;, 2, w') = occ(x;, y, w') + occ(z;,u) (mod 2).

But occ(x;,y, w) = occ(x;, y, w’) (mod 2) by (iii) so that occ(z;,u) =0 (mod 2). Hence
e; = 2 for all 4. It follows from (V) that z; ¢ con(q’). Therefore x; <y z, whence
x; Kw 2z by (iv). It is then obvious that x; < ¥y, but (iv) is violated since z; €y’ y. =

13.4. Proof of Proposition It is routine to verify that the monoid G satisfies the
identities . It remains to show that any identity w ~ w’ satisfied by G is implied by
the identities . Since G is noncommutative and its submonoid {1, 2,5} is isomorphic
to N3, it follows from Lemma that the identity w ~ w’ is trivial if either w or w’
is a simple word. Hence assume that they are both nonsimple. In view of Lemma [13.2
they can be assumed to be in canonical form, say

’
m m

w = H(siwi) and w' = H(S;Wé)

i=1 i=1
It follows from Lemma v) that m = m/ and s, = s} for every i. Hence

m

w = H(slwi)

i=1
It is easy to show that if m = 1, then w; = w{ by (II), (III), and Lemma 1)&(ii),
whence the identity w ~ w’ is trivial and so is satisfied by the monoid G. Therefore
assume that m > 1 and let £ be the least integer such that w, # wy). Let

w=pwyr and w = pw;r’

o .
where p = (Hizll(Sin‘))Sé, r= H?;Hl(siwi), and ' = HZ’;Hl(siwg).
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CASE 1: £ <m. Then syyq # 0. Since

OCC(:ZZ, A(Sl-ﬁ-l)a W) = OCC(Q:, p) + OCC(z’ WZ)?

occ(z, A(s¢+1),w') = occ(z, p) + occ(z, wy),
Lemma iii) implies that occ(z, w,) = occ(z, wy) (mod 2) for all z € X. By symme-
try, it suffices to assume that occ(x,wy) > occ(z, wy). Then (occ(z, wy), occ(z, wy)) €
{(2,0),(3,1)} by (III).
SUBCASE 1.1: occ(z,wy) = 2 and occ(z,wj) = 0. Then it follows from (V) that
occ(z,r) = 0 so that © <w A(s¢11). Hence <y A(sg11) by Lemma [13.3(iv) so that
x ¢ con(r"). Now z ¢ con(w}) by assumption and = ¢ con(s,) since x is nonsimple in w’,
and it follows that < A(s¢). However, the assumption occ(z, wy) = 2 implies that
x £Lw A(s¢), whence Lemma iv) is violated.
SUBCASE 1.2: occ(z,wy;) = 3 and occ(z,w)) = 1. Then it follows from (VI) that
occ(x, w;) = 0 for all 4 # ¢, whence occ(x, p) = occ(z,r) = 0 by (I) and (II). Specifically,
T <w A(S¢+1). Now the letter x is nonsimple in w’ by Lemma [13.3{(i) so that

1 < occ(z,w') = occ(z, p) + occ(x, wy) + occ(z,r’) = 1 + occ(z, '),

that is, € con(r’). Hence & €w’ A(S¢+1) in violation of Lemma iv).
CASE 2: £ = m so that w = pw,, and w’ = pw/,,. Then it follows from Lemma ii)
that occ(z, w,,) = occ(z, w,) (mod 2) for all z € X. Without loss of generality, assume
that occ(x, w,,) > occ(z, w),). Then (occ(z, Wy, ),occ(z, w!,)) € {(2,0),(3,1)} by (III).

!
m

SUBCASE 2.1: occ(x,w,,) = 2 and occ(x,w

Lemma i),

) = 0. Since = € con(w) = con(w’) by

0 < occ(z, w') = occ(z, p) + occ(x, w),,) = occ(z, p).
Therefore  Lw A(Spm) and & <w A(Sp,) in violation of Lemma iv).

SUBCASE 2.2: occ(z,w,,) = 3 and occ(x,w),) = 1. Then it follows from (VI) that
occ(x, w;) = 0 for all i < m, whence occ(z, p) = 0 by (I) and (II). Since

oce(, w) = occ(z, p) + oce(z, W) = 3,
occ(, w') = oce(z,p) + occ(z, W) = 1,
it follows that sim(w) # sim(w’), whence Lemma [13.3(i) is violated.

Consequently, Cases 1 and 2 are both impossible, whence the integer ¢ does not exist.
The identity w =~ w' is trivial and thus satisfied by the monoid G.

14. The monoid 7

14.1. Main result

PROPOSITION 14.1. The identities

?yr ~ zyr® ~ zyr, o3~ a2, (14.1a)

2yPr ~ 2%y>? (14.1b)
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constitute a basis for the monoid Z with the following multiplication table:

[ B, BT JURN RS
e e )
N NN == =N
W W W = = =W
DR R W= e
S O W N Ot
DO W WO

Note that the identity element of the monoid 7 is 5.

14.2. A canonical form. In this chapter, a word

w =wo [ [(ziw;) (14.2)
i=1
is said to be in canonical form if x1,..., x,, are all the simple letters of w and for each i,

the factor w; is either empty or of the form y? - - - y2 for some distinct nonsimple letters
Y1y .-, Yr Of W.

LEMMA 14.2. Let w be any word. Then there exists some word w' in canonical form such
that the identities (14.1)) imply the identity w ~ w’.

Proof. It suffices to convert the word w, using the identities @ , into a word in canon-
ical form. It is easy to show by induction that the identity (]@ implies the identity
ap 22y oyl ~oa?y? oo y2 forany n > 1. Let 1, .. ., ., be the simple letters of w in
order of first occurrence. Then the word w can be written in the form where each
factor w;, if nonempty, contains only nonsimple letters of w. Apply the identities @
to replace each letter y in each w; by y2. Therefore by applying the identity @ and
its consequences a,, each factor w; is converted to the form y? - --y? where the letters
Y1, ..., Y are distinct. m

14.3. Proof of Proposition It is routine to verify that the monoid Z satisfies the
identities . It remains to show that any identity w ~ w’ satisfied by Z is implied
by the identities . In view of Lemma the words w and w’ can be assumed to
be in canonical form. Since the submonoid {1,2,5} of Z is isomorphic to N3, it follows
from Lemma [2.2(ii) that con(w) = con(w’) and sim(w) = sim(w’). Further, since 7 is
noncommutative, the order of appearance of the simple letters of w and w’ is the same.
Therefore

m m

W = Wy H(a:zwl) and w' = w H(ﬂsz;)
i=1

i=1

where sim(w) = sim(w’) = {z1, ...,z }. Since the submonoid {4, 5,6} of Z is isomorphic
to L3, it follows from Lemma [2.2(i) that ini(w) = ini(w’), whence wo = wy,.
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Suppose that con(w,,) # con(w),), say y € con(w,,) \ con(w/,). Denote by 1 the

following substitution into the monoid Z:

2 ift =z,

t— <4 ift=y,

5 otherwise.
Then wp; € {4,5}-2-4 = {1} and w'p; = 4 -2 = 2, which is impossible. Therefore
con(w,,) = con(w,,). Suppose that con(w;) # con(w}) for some i with 0 < i < m, say
y € con(w;) \ con(w}). Denote by @5 the following substitution into Z:

2 lft:l'z,
s 6 %ft:l'zurh
4 ift=y,

5 otherwise.

Then wepy € {4,5}-2-4-6-{4,5} = {1} and w'¢y € {4,5}-2-6-{4,5} = {3}, which is
impossible. Therefore con(w;) = con(w?) whenever 0 < i < m.
Suppose that w; # w; for some ¢ such that 0 < ¢ < m. Then there exist some

nonsimple letters y and z such that w; = ---y?---22... and w, = --.22...¢y2...
Denote by 3 the following substitution into Z:
2 ift= T,
; 4 ift=y,
6 ift=z,

5 otherwise.

Then wps € {4,5,6}-2-4-6-{4,5,6} = {1} and w'p3 € {4,5,6}-2-6-4-{4,5,6} = {3},
which is impossible. Therefore w; = w}. Consequently, the identity w ~ w’ is trivial and
so is implied by the identities (14.1]).

15. The monoids J and K

15.1. Main result

PROPOSITION 15.1. The identities

zyx? ~ TyT, (15.1a)

zhytzy ~ zhytyz, (15.1b)

2yt & 2y? (15.1c)

constitute a basis for the monoids J and IC with the following multiplication tables:

J|l1 2 3 4 5 6 K|l 2 3 4 5 6
11 1 1 1 1 1 11 1 1 1 1 1
211 1 1 1 2 3 211 1.1 1 2 3
313 3 3 3 3 3 313 3 3 3 3 3
411 2 3 4 4 1 411 2 3 4 4 3
511 2 3 4 5 6 511 2 3 4 5 6
6|6 6 6 6 6 6 6|6 6 6 6 6 6
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Note that the identity elements of the monoids J and X are both 5.

15.2. Identities of the monoids J and K
LEMMA 15.2. Let z,y € X and u € X" be such that x,y ¢ con(u) and sim(u) = 0.

(i) The identities (15.1)) imply the identity u ~ v? for some v € X+,
(ii) The identities (15.1) imply the identities

*

TYrur ~ ryru. (15.2)

Proof. (i) Let ini(u) = x1 - - - 2,,. By assumption, the letters x1, ..., z,, are all nonsimple
in u so that the result clearly holds if m = 1. Therefore assume that m > 2. Write the

word u in the form m
u= H(mlul)
i=1

where uy, ..., u,, are possibly empty words such that con(u;) C {x1,...,2;}. Since the
letter x,, is nonsimple in the word u, all occurrences of x,, in u must belong to the suffix

Ty Uy, Whence u,, # 0. Let v = (H;':ll(miui))a:m so that

u=vu,.

For any word w, let w be the word obtained from w by putting its letters in alphabetical
order. (For example, if w = z7zizirszidzroizivor, then w = af232522.) Tt is clear that
con(v) = {z1,...,Zm}, whence v =z7' - - - 2¢ for some eq,..., €, > 1.

CASE 1: con(u,,) = con(v), say 0, = x{1~

letter in u,, also occurs in v,

-.gfm for some fi,..., fm > 1. Since any

(15.1b) £ ¥ (15.14) 1 e _ ([15:11)
u=vu,, ~< VI Tyt X VI T =VV = VV.

CASE 2: con(u,,) # con(v). Let z, be the last letter in v that does not occur in u,.
Then v = v'zy, v for some v/, v’ € X* such that z,, € con(v’)\ con(v") and con(v") C
con(u,,). Suppose that all distinct letters of v”, when listed in alphabetical order, are

) ) SN .91, .9 e T ST 1)
Tjy, ..., Tj, (so that v/ =z -2 for some g1,...,g, > 1). Then u,, = zj, -+ zj,u;,
for some u), € X*. Since any letter in u,, also occurs in v,
! " 15'1b / 1 " /2 "= !
vu, = VIuviu, ~S VI,vir,ooorju, ~ VI, vvou,
15,;}b 102 M N " 12 1 / 15'NH) 12 M)
~ V(g V'V w, = vy vV, TR vieg vV,
" ! " / 15'1b / "
= Vi vi(ry, oxpu,)r, = Ve, vViugTe, = v,
(15.1) . . .
Therefore vu,,, = vu,xy,. If x4, is the last letter in v that does not occur in u,,xy,,
({i5.1) )
then repeat the same argument to deduce that vu,,z,, = vu,z,,2s,. It is easy to
. . (15.1)
see how this can be continued so that vu,,x¢, - -x¢, , ~= VUpZy, - Ty, ,Te, Where
(15.1)
every letter from v belongs to uy, = w,x¢, - x4, _, ¢, . It follows that u = wvuj,
] ] ([15.1)
with con(u},) = con(v). Repeat the argument in Case 1 to deduce that vuy, =~ vv.

Consequently, u = vv.
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(ii) By part (i), there exists some v € X+ such that u ~~ v?2. Since
, TR, , @O, ,EH)

zyrur = zyrviz = zyrvic o~ zyxv: TR ayav? TR ayzu,
the identities (15.1]) imply the identities ((15.2]). m

LEMMA 15.3. Let M € {T,K} and let w = w' be any identity satisfied by the monoid M.
Then

(i) ini(w) = ini(w’) (so that con(w) = con(w’));
(i) sim(w) = sim(w’).
Further, if ,y € con(w) = con(w’), then
(iii) occ(x,y,w) = 1 if and only if occ(x,y, w’) = 1.

Proof. The submonoids {1,3,5} and {1,2,5} of M are isomorphic to L} and N} respec-
tively. Hence parts (i) and (ii) follow from Lemma [2.2] Suppose that occ(z,y, w) = 1 and
occ(z,y,w') = k # 1 for some z,y € con(w) = con(w’). If k = 0, then ini(w) # ini(w’)
and part (i) is violated. Therefore further assume that k& > 2. Denote by ¢ the following
substitution into the monoid M:

2 ifz=ux,

z—= 6 ifz=uy,
5 otherwise.

Then wyp =2-6--- =3 and wo = 2¥.6--- = 1, which is impossible. Hence part (iii)
holds. =

LEMMA 15.4. Let u,u’ € {x,y, 2}* be such that either u =u’ =0 or A(u) = A\(u') = z.
Then the monoids J and K do not satisfy the identity x"yzu =~ z"yu’ for any n > 1.

Proof. Let M € {J,K} and let ¢ be the substitution (x,y,z) — (4,2,6) into M. Since
(z"yzu)p =1- (up) =1 and

2 ifu' =0
n / — 2 . ! — '
(z"yu')p (u'p) {3 otherwise,

the monoid M does not satisfy the identity z?yzzu ~ z?yzu’. =

15.3. A canonical form. In this chapter, a word

m
w =z’ | [ («fw;) (15.3)
i=1
is said to be in canonical form if xq,...,x,, are distinct letters and wy,...,w,, are
possibly empty words such that

(D) ini(w) =20+ Tm;
(I1) eg,...,em € {1,2};
() w; € {zl° 2l | fo,..., fic1 € {0,1}};
(IV) for any 4 with occ(z;, w) > 3 and any j > 1, if the jth occurrence of x; is in ;" w,,
and the (j + 1)st occurrence of z; is in ¢ w, for some r > p, then there exists ¢
with p < ¢ < r such that e; =1 and x4 ¢ con(wgi1---W,).
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Note that since x; ¢ con(wy - --w;) by (III), it follows from (IV) that
(V) z4 ¢ con(wy ---w,) in (IV).

LEMMA 15.5. Let w be any word. Then there exists some word w' in canonical form such
that the identities (15.1) imply the identity w ~ w'.

Proof. Tt suffices to convert the word w, using the identities (15.1]), into a word in canon-
ical form. Without loss of generality, assume that ini(w) = zq---2,,. Then w can be

written in the form
m

w =z’ | [ («fw;)
i=1

for some eg,...,e,; > 1 and some wy,...,w,, € X* such that con(w;) C {z1,...,2;}
for all 7. For each i, the letters in w; are not first occurrences in w so that the identities
can be used to permute them in any manner within w;. Specifically, any z; in
the factor w; can be moved to the left and gathered with the factor 3’ that precedes w;,
and the rest of the letters in w; can be ordered alphabetically. Hence for each i, it can
be assumed that w; = x(];“ e x{i‘ll. It is then easy to see that (II) and (III) are satisfied
by applying the identities .

It remains to show that (IV) can be satisfied. Let occ(z;, w) > 3 and j > 1. Suppose
that the jth occurrence of x; is in z*w, and the (j + 1)st occurrence of x; is in z& w,
for some r > p. Then it suffices to achieve either one of the following:

(a) e =1 and x4 ¢ con(wgy1 - - - w,.) for some ¢ with p < ¢ <r;
(b) eliminate the (j 4 1)st occurrence of x; from w by the identities ([15.1]).

First observe that

e x; cannot be z,, since ¢ = r > p implies that z; is, by (III), contradictorily not in
xzpwp;

e if 7; = x,, (that is, the factor z),’w,, contains the first and jth occurrences of z; with
j > 1), then it follows from (III) that e, = 2, j = 2, and the factor z;” consists of the
first and second z; of w.

€p _ A— _ ! e xxr!! / " / " *
Therefore z,"w;, = w,z;w;, and w, = w,z;w,’ for some w,,, w/, w,, w; € X*". Denote
by ¢ the substitution 2 +— 22 for all z € X. Since the letters in wy,...,w,, are all

nonsimple in w,

W= (woawy ) (2 W) - (20 W) (2 whaw]) -
N ————
zgPwy, W
(15.10) —
B (W W) (@ W) - (25 W) (@ wiwla)
(15.1a) _ :
e wyt (W) (2 (Wpa19)) - (277 (Wema)) (2 (whp) (W) @y
z
CasE 1: sim(z) # (). Since the letters in w o, Wyy10,..., W10, W, and w/ ¢ are all
nonsimple in z, at least one of the letters x,41,...,%, is simple in z. Therefore there

exists ¢ with p < ¢ < r such that e, =1 and z, ¢ con(w,1 - - - w,), whence (a) holds.
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CASE 2: sim(z) = (). Since the z; that immediately precedes z is the jth occurrence in
w with j7 > 1, the factor z is preceded by two or more occurrences of x;. It then follows
from Lemma [15.2] that

(15.1) ,

~ ...prizxi...
(115.2) '

~ ...priz

o (W;xiwg)(xf;fprﬂ) (@ W) (@ wowl) -

(W) (@ W) - (2 ) (W)

(15.1aj)

U

Hence the (j + 1)st occurrence of z; in w is eliminated and (b) holds. m

15.4. Proof of Proposition Let M € {J,K}. It is routine to verify that the
monoid M satisfies the identities . It remains to show that any identity w ~ w’
satisfied by M is implied by the identities . In view of Lemma the words w
and w’ can be assumed to be in canonical form. Therefore by Lemma m(i)7

w=u2xy’ | |(z{w;) and W' = $§6 H(xfiw;)
i=1 =1
It follows from (IT) and (III) that occ(z,,w) = e, and occ(x,,,w') = e, are in

{1,2}, whence e,, = e}, by Lemma ii). If i < m, then occ(z;, xiy1, W) = e;

and occ(z;, xi41, W) = €} are in {1,2}, whence ¢; = €] by Lemma [15.3{iii). Hence
/

(egy..-yem) = (ep,--.,eh,). Working toward a contradiction, suppose that there exists a
least integer r such that w, # w/.. Then
w=hzi"w,t and w' =hzi"w.t'
with h = 2§’ H:;ll (z{iwy), t = H?er(xf*wi), and t' = H?;Hl(xf"W;L where
(a) t=t'=0if r =m (and A(t) = A(t') = 41 if 7 <m).

Since w,. # w1/, there exists some ¢ such that xy belongs to either w, or w. but not both.
By symmetry, it suffices to assume that x, € con(w,.)\ con(w/.). It then follows from (III)
that

(b) ¢ < r, occ(xyg, w,) =1, and occ(zg, w.) = 0.

Since every letter of w,. is nonsimple in w, the factor h contains some x4, say the last x,
in h occurs in the factor ;" w,,. Then by (IV), there exists some ¢ with p < ¢ < r such
that e, =1 and x4 ¢ con(wg41 - - - W;.). Further, since z, ¢ con(wy ---w,.) by (V),

(¢) xp Kn 4, occ(xq, h) =1, and occ(zy, w,) = 0.
Suppose that z, € con(w).). Then

occ(zq,w') > occ(zg, h) +occ(zg, W) =1+1=2
by (c) so that occ(zy, w) > 2 by Lemma ii). Since

2 <occ(zq, w) = occ(zq, h) + occ(xq, w,) + occ(zg, t) = 1+ 0+ occ(zy, t)
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by (c), it follows that occ(z,,t) > 1. Hence t is nonempty with A(t) = A(t') = x,41. It
follows from (c) that

occ(zq, Tyy1, W) = occ(zg, h) + occ(zg, w,) =14+0=1,

occ(zg, Try1, W) = occ(zy, h) + occ(zg, W) =1+1=2,
contradicting Lemma iii). Thus the condition z, € con(w?.) is impossible, whence
(d) occ(zg, W) = 0.

Let ¢ be the substitution z — 1 for all © € X' \ {z¢, x4, z,4+1} and let n = occ(xy, h).
Then hy = z}z, by (c), w,¢ = x¢ by (b) and (c), and w,.p = 1 by (b) and (d). Therefore

wo = (ho) (277 0)(Wrp) (bp) = afwg - 10 (bp) = 2 wwe(tp),

w0 = (he)(x7m ) (Wo.0) (t'0) = 2wy - 1- 1+ (t'p) = 2wy (t'p),
where tp,t'¢ € {xg, x4, x,41}". Since the identity zjz,zi(typ) = zjxq(t'p) is obtained
from w ~ w’ by eliminating all occurrences of some letters, it is satisfied by M. However,
it follows from (a) that either tp =t = 0 or A(ty) = A(t'¢) = x41, which is impossible
in view of Lemma [[5.4]

A. Multiplication tables of monoids of order six

The multiplication tables of all 1373 distinct monoids of order six are lexicographically
listed in rows 7 below. The underlying set of each monoid is {1,2,3,4,5,6},
and each table is given by a 6 x 6 array where the (4, j)-entry denotes the product of the
elements ¢ and j. Each monoid is identified in one of the following ways:

Commutativity or idempotency@

e The table of a monoid that is commutative or idempotent is labeled with (Com) or
(Idem) respectively.

e The table of a semilattice is labeled with (S.L.). Recall that a semilattice is a semigroup
that is both commutative and idempotent.

e The table of the commutative (cyclic) group of order six is labeled with Zg.

Conditions [TH9l

e If a noncommutative, nonidempotent monoid is finitely based by Condition m or its
dual condition, where m € {1,2,...,9}, then its table is labeled with (m).

e The symmetric group on three letters is finitely based by Condition [2| and its table is
labeled with S5 [(%)]

(*) A commutative monoid is finitely based by Conditionand a finite idempotent monoid is
finitely based by Condition [2] However, it has been known since the late 1960s that a semigroup
is finitely based if it is either commutative [28] or idempotent [3] [IT], [12].

(?) Although the groups Ss and Zg are finitely based by Condition the finite basis property
of every finite group was already established by Oates and Powell in the early 1960s [27].
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Sporadic cases

e The table of each of the 13 sporadic monoids in Chapter [3]is labeled with the monoid’s
symbol.

The following records the rows in which the tables of the 13 sporadic monoids are located:

Monoid A B C D &
Row (A-14) A.15 A.25 (A-46 A .50

Monoid F gH,IT| J,K B; Al
Row (A.57) | (A.62 (A.63) A.72) | (A.73)

The tables of the groups Zg and S5 are located in row (A.137).

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
111112 111112 111112 111112 111112 111112 111112 111112 111112 111112
111113 111113 111113 111113 111113 111113 111113 111113 111113 111113
111114 111114 111114 111114 111114 111114 111114 111114 111114 111114 (AO)
111115 111125 111155 111215 111225 111235 111455 112215 112225 113355
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

(Com) (Com) (Com) (i) () ) () () (i) )

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
111112 111112 111112 111112 111112 111112 111112 111112 111112 111112
111113 111113 111113 111113 111113 111113 111113 111113 111113 111113
111114 111114 111114 111114 111114 111124 111124 111124 111124 111124 (Al)
113455 122255 122455 123455 555555 111215 111225 111235 111245 111315
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

() (1) (1) (1) (1) (Com) (Com) (Com) (Com) (1)

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
111112 111112 111112 111112 111112 111112 111112 111112 111112 111112
111113 111113 111113 111113 111113 111113 111113 111113 111113 111113
111124 111124 111124 111124 111124 111124 111144 111144 111144 111144 (AQ)
111325 112115 112125 112215 112225 112245 111455 113155 113455 122155
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

() () () @ () @ (Com) @ () @

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
111112 111112 111112 111112 111112 111112 111112 111112 111112 111112
111113 111113 111113 111113 111113 111113 111113 111113 111113 111113
111144 111144 111144 111214 111214 111214 111214 111214 111214 111214 (A3)
122455 123155 123455 111125 111135 111155 111225 111235 111325 112115
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

() (4) () (Com) (Com) (Com) () () () ()

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
111112 111112 111112 111112 111112 111112 111112 111112 111112 111112
111113 111113 111113 111113 111113 111113 111113 111113 111113 111113
111214 111214 111214 111214 111214 111214 111224 111224 111224 111224 (A4)
112125 112215 112225 113155 113355 555555 111225 111235 111325 111335
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

() () @ @ () () (Com) (Com) @ ()

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
111112 111112 111112 111112 111112 111112 111112 111112 111112 111112
111113 111113 111113 111113 111113 111113 111113 111113 111113 111113
111224 111224 111224 111224 111234 111414 111414 111414 111414 111414 (A5)
112115 112125 112215 112225 111325 111155 112115 112125 113155 122155
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

() () (1) () (Com) (Com) (1) () () ()

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
111112 111112 111112 111112 111112 111112 111112 111112 111112 111112
111113 111113 111113 111113 111113 111113 111113 111113 111113 111113
111414 111414 111444 111444 111444 111444 111444 111444 111444 111454 (AG)
123155 5555565 111445 111455 111555 112445 113455 122455 123455 111545
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

) ) (Com) (Com) ) ) () () () (Com)



111111
111112
111113
111454
555555
123456

()

111111
111112
111113
112144
123455
123456

()

111111
111112
111113
113444
123455
123456

()

111111
111112
111113
122444
133555
123456

()

111111
111112
111113
123454
132545
123456

()

111111
111112
111123
111214
112135
123456
(Com)

111111
111112
111123
111414
112135
123456
(Com)

111111
111112
111123
112214
112125
123456

(1)

111111

111112

111123

123444

123445

123456
B
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111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111113 111113 111113 111113 111113
112114 112114 112114 112114 112114
112215 112225 121455 122455 555555
123456 123456 123456 123456 123456
(1) (1) (1) (1) (1)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111113 111113 111113 111113 111113
112214 112214 112214 112224 113414
112125 112225 555555 112225 121155
123456 123456 123456 123456 123456
(1) (1) (1) (1) (1)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111113 111113 111113 111113 111113
113454 113454 113454 113454 122414
113455 113545 133455 555555 555555
123456 123456 123456 123456 123456
(1) (1) (1) () (15)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111113 111113 111113 111113 111113
122454 122454 122454 123414 123444
122455 122545 555555 555555 123445
123456 123456 123456 123456 123456
(1) (1) (8]) () (1)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111113 111113 111113 111113 111123
123454 444444 444444 444444 111124
555555 444445 444455 555555 112215
123456 123456 123456 123456 123456
(5) (1) (1) (1) (Com)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111123 111123 111123 111123 111123
111214 111214 111214 111224 111224
112215 112225 112235 112215 112225
123456 123456 123456 123456 123456
@ @ @  (com)  (Com)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111123 111123 111123 111123 111123
111444 112114 112114 112114 112114
112445 111215 111225 112215 112225
123456 123456 123456 123456 123456
(Com) @ () () ()
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111123 111123 111123 111123 111123
112214 112214 112224 112224 112224
112215 112225 111125 111225 112115
123456 123456 123456 123456 123456
(1) (1) (1) (1) (i)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
111123 111123 111123 111123 111123
444444 444444 444444 444444 444444
111125 112115 112125 112135 444445
123456 123456 123456 123456 123456
(1) (1) (1) (1) (i)

111111
111112
111113
112124
112125
123456

()

111111
111112
111113
113414
555555
123456

(5

111111
111112
111113
122444
122445
123456

()

111111
111112
111113
123444
123455
123456

()

111111
111112
111123
111124
112225
123456
(Com)

111111
111112
111123
111224
112235
123456
(Com)

111111
111112
111123
112124
112215
123456

()

111111
111112
111123
112224
112125
123456

()

111111
111112
111133
111134
113355
123456
(Com)

111111
111112
111113
112124
112215
123456

()

111111
111112
111113
113444
113445
123456

()

111111
111112
111113
122444
122455
123456

()

111111
111112
111113
123444
123555
123456

()

111111
111112
111123
111124
112235
123456
(Com)

111111
111112
111123
111234
112345
123456
(Com)

111111
111112
111123
112124
112225
123456

(i)

111111
111112
111123
112224
112215
123456

(i)

111111
111112
111133
111134
113455
123456

(i)

111111
111112
111113
112124
112225
123456

()

111111
111112
111113
113444
113455
123456

()

111111
111112
111113
122444
122555
123456

(&)

111111
111112
111113
123454
123455
123456

()

111111
111112
111123
111214
112115
123456
(Com)

111111
111112
111123
111414
112115
123456
(Com)

111111
111112
111123
112214
111125
123456

(i)

111111
111112
111123
112224
112225
123456

(i)

111111
111112
111133
111134
121255
123456

()

111111
111112
111113
112144
113155
123456

111111
111112
111113
113444
113555
123456

()

111111
111112
111113
122444
123455
123456

()

111111
111112
111113
123454
123545
123456

()

111111
111112
111123
111214
112125
123456
(Com)

111111
111112
111123
111414
112125
123456
(Com)

111111
111112
111123
112214
111225
123456

()

111111
111112
111123
123434
111125
123456
A

111111
111112
111133
111134
123355
123456

()
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(A7)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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111111
111112
111133
111134
123455
123456

()

111111
111112
111133
111414
121155
123456

@

111111
111112
111133
113444
123455
123456

()

111111
111112
111133
444444
113155
123456

()

111111
111112
111223
112214
112125
123456
(Com)

111111
111112
111333
113454
113545
123456
(Com)

111111
111112
111333
123454
123545
123456

(i)

111111
111112
112113
111414
112125
123456

(i)

111111
111112
112113
112224
112225
123456

()

111111 111111 111111
111112 111112 111112
111133 111133 111133
111144 111144 111144
113455 121455 123355
123456 123456 123456
com @ @
111111 111111 111111
111112 111112 111112
111133 111133 111133
111414 111444 111444
123155 113455 121455
123456 123456 123456
() (Com) (4)
111111 111111 111111
111112 111112 111112
111133 111133 111133
121414 121414 121444
111155 113155 121455
123456 123456 123456
() )
111111 111111 111111
111112 111112 111112
111133 111133 111133
444444 444444 444444
113455 121155 121455
123456 123456 123456
() () )
111111 111111 111111
111112 111112 111112
111223 111223 111223
112214 112224 112334
112225 112225 112335
123456 123456 123456
(1) (Com) (Com)
111111 111111 111111
111112 111112 111112
111333 111333 111333
121444 121444 121444
121445 121455 121555
123456 123456 123456
) (B)
111111 111111 111111
111112 111112 111112
112113 112113 112113
111214 111214 111214
111125 111155 111225
123456 123456 123456
(Com) (Com) (1)
111111 111111 111111
111112 111112 111112
112113 112113 112113
111414 111444 111444
555555 111445 111455
123456 123456 123456
@  (com) (com)
111111 111111 111111
111112 111112 111112
112113 112113 112113
444444 444444 444444
444445 444455 555555
123456 123456 123456
() (1) (1)
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111111
111112
111133
111144
123455
123456

()

111111
111112
111133
111444
123455
123456

()

111111
111112
111133
121444
123455
123456

()

111111
111112
111133
444444
123155
123456

D

111111
111112
111233
111234
123455
123456

()

111111
111112
111333
121444
123455
123456

111111
111112
112113
111214
112225
123456

()

111111
111112
112113
111444
111555
123456

()

111111
111112
112123
111224
112225
123456
(Com)

111111
111112
111133
111214
113155
123456
(Com)

111111
111112
111133
113414
111155
123456

@

111111
111112
111133
123414
111155
123456

111111
111112
111133
444444
123455
123456

(5

111111
111112
111333
111444
123455
123456

@

111111
111112
111333
121454
121545
123456

111111
111112
112113
111214
555555
123456

(i)

111111
111112
112113
111444
112445
123456

(1)

111111
111112
112123
111414
112125
123456
(Com)

111111
111112
111133
111234
113355
123456
(Com)

111111
111112
111133
113414
121155
123456

()

111111
111112
111133
123434
111155
123456

()

111111
111112
111133
444444
444455
123456

()

111111
111112
111333
113444
113445
123456
(Com)

111111
111112
111333
123444
123445
123456

()

111111
111112
112113
111224
111225
123456
(Com)

111111
111112
112113
111454
111545
123456
(Com)

111111
111112
112123
111444
112445
123456
(Com)

111111
111112
111133
111344
113455
123456
(Com)

111111
111112
111133
113434
111155
123456

(&)

111111
111112
111133
123444
123455
123456

()

111111
111112
111143
444444
555555
123456

111111
111112
111333
113444
113455
123456
(Com)

111111
111112
111333
123444
123455
123456

()

111111
111112
112113
111224
112125
123456

)

111111
111112
112113
111454
555555
123456

()

111111
111112
112123
112214
111225
123456

(i)

111111
111112
111133
111344
123455
123456

()

111111
111112
111133
113434
121155
123456

(&)

111111
111112
111133
444444
111155
123456

()

111111
111112
111223
112124
112215
123456
(Com)

111111
111112
111333
113444
113555
123456

()

111111
111112
111333
123444
123555
123456

(&)

111111
111112
112113
111224
112225
123456

(i)

111111
111112
112113
112214
112225
123456

(i)

111111
111112
112123
112214
112225
123456

(i)

111111
111112
111133
111414
113155
123456
(Com)

111111
111112
111133
113444
113455
123456

()

111111
111112
111133
444444
111455
123456

()

111111
111112
111223
112124
112225
123456
(Com)

111111
111112
111333
113444
123455
123456

()

111111
111112
111333
123454
123455
123456

()

111111
111112
112113
111414
111155
123456
(Com)

111111
111112
112113
112214
555555
123456

()

111111
111112
112123
112224
112225
123456

()

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)



111111
111112
112123
444444
112125
123456

()

111111
111112
113113
111444
121455
123456

()

111111
111112
113113
444444
444445
123456

()

111111
111112
113133
121444
123455
123456

()

111111
111112
113153
121414
555555
123456

(5

111111
111112
113333
113334
123455
123456

()

111111
111112
113333
113444
123455
123456

(i)

111111
111112
113333
123454
123545
123456

(1)

111111
111112
113443
114334
114335
123456
(Com)

Minimal non-finitely based monoids

111111 111111 111111 111111
111112 111112 111112 111112
112123 112143 112223 113113
444444 444444 112224 111414
444445 555555 112225 111155
123456 123456 123456 123456
(1) C (Com) (Com)
111111 111111 111111 111111
111112 111112 111112 111112
113113 113113 113113 113113
111454 111454 121414 121444
111545 555555 555555 121445
123456 123456 123456 123456
(Com) (1) ) ()
111111 111111 111111 111111
111112 111112 111112 111112
113113 113113 113113 113133
444444 444444 444444 111444
444455 445445 555555 113455
123456 123456 123456 123456
() () () (Com)
111111 111111 111111 111111
111112 111112 111112 111112
113133 113133 113133 113133
444444 444444 444444 444444
113135 113155 113455 115155
123456 123456 123456 123456
() () () ()
111111 111111 111111 111111
111112 111112 111112 111112
113153 113153 113153 113333
444444 444444 444444 113334
113155 115135 555555 113335
123456 123456 123456 123456
@ @ @ (Com)
111111 111111 111111 111111
111112 111112 111112 111112
113333 113333 113333 113333
113344 113344 113344 113434
113455 123355 123455 113355
123456 123456 123456 123456
(Com) (14) (1) (Com)
111111 111111 111111 111111
111112 111112 111112 111112
113333 113333 113333 113333
113454 113454 114444 114444
113545 115555 115555 123355
123456 123456 123456 123456
(Com) (1) (1) ()
111111 111111 111111 111111
111112 111112 111112 111112
113353 113353 113353 113353
113354 113354 113454 113454
115535 555555 115535 555555
123456 123456 123456 123456
(Com) (1) (Com) (1)
111111 111111 111111 111111
111112 111112 111112 111112
113443 113443 113443 113443
444444 444444 444444 444444
444445 444455 445445 555555
123456 123456 123456 123456
() (1) (1) (H1)

111111
111112
113113
111414
121155
123456

()

111111
111112
113113
121444
121455
123456

()

111111
111112
113133
111444
123455
123456

()

111111
111112
113133
444444
123155
123456

(5

111111
111112
113333
113334
113345
123456
(Com)

111111
111112
113333
113434
115555
123456

()

111111
111112
113333
114444
123455
123456

)

111111
111112
113353
114454
555555
123456

(i)

111111
111112
113453
113454
555555
123456

@

111111
111112
113113
111414
555555
123456

()

111111
111112
113113
121444
121555
123456

()

111111
111112
113133
121414
113135
123456

()

111111
111112
113133
444444
123455
123456

(5

111111
111112
113333
113334
113355
123456
(Com)

111111
111112
113333
113434
123355
123456

()

111111
111112
113333
123444
123445
123456

()

111111
111112
113353
123454
113355
123456

()

111111
111112
113453
114354
555555
123456

()

111111
111112
113113
111444
111445
123456
(Com)

111111
111112
113113
121454
121455
123456

()

111111
111112
113133
121414
113155
123456

()

111111
111112
113133
444444
445455
123456

()

111111
111112
113333
113334
113455
123456

()

111111
111112
113333
113444
113445
123456
(Com)

111111
111112
113333
123444
123455
123456

(i)

111111
111112
113353
123454
113555
123456

()

111111
111112
113453
114534
115345
123456
(Com)

111111
111112
113113
111444
111455
123456
(Com)

111111
111112
113113
121454
121545
123456

()

111111
111112
113133
121414
115155
123456

(&)

111111
111112
113153
121414
113155
123456

()

111111
111112
113333
113334
115555
123456

()

111111
111112
113333
113444
113455
123456
(Com)

111111
111112
113333
123444
123555
123456

©

111111
111112
113353
123454
115535
123456

(i)

111111
111112
113453
444444
444445
123456

(&)

111111
111112
113113
111444
111555
123456

()

111111
111112
113113
121454
555555
123456

()

111111
111112
113133
121424
113135
123456

()

111111
111112
113153
121414
115135
123456

()

111111
111112
113333
113334
123355
123456

()

111111
111112
113333
113444
113555
123456

()

111111
111112
113333
123454
123455
123456

()

111111
111112
113353
123454
555555
123456

(&)

111111
111112
113453
444444
445135
123456

@
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(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)



52

111111
111112
113453
444444
445445
123456

()

111111
111112
123133
444444
123455
123456

(5

111111
111112
123333
123344
123355
123456

111111
111112
123333
124444
125555
123456

(5

111111
111112
123443
444444
444455
123456

(5

111111
111112
123453
444444
555555
123456

(5

111111
111112
333333
333454
333455
123456

@

111111
111122
111123
111144
123255
123456

@

111111
111122
111123
122444
122455
123456

()

111111
111112
113453
444444
445455
123456

()

111111
111112
123133
444444
125155
123456

(5

111111
111112
123333
123344
123455
123456

()

111111
111112
123353
123354
123355
123456

()

111111
111112
123443
444444
445445
123456

()

111111
111112
333333
333314
555555
123456

111111
111112
333333
333454
333545
123456

()

111111
111122
111123
111144
123455
123456

()

111111
111122
111123
122444
123455
123456

()

111111
111112
113453
444444
555555
123456

()

111111
111112
123153
444444
123155
123456

@

111111
111112
123333
123434
123355
123456

()

111111
111112
123353
123354
125535
123456

()

111111
111112
123443
444444
555555
123456

()

111111
111112
333333
333334
555555
123456

()

111111
111112
333333
333454
555555
123456

()

111111
111122
111123
111244
122455
123456
(Com)

111111
111122
111123
123414
111155
123456

@)

111111
111112
123113
444444
444445
123456

(&)

111111
111112
123153
444444
125135
123456

@

111111
111112
123333
123434
125555
123456

(&)

111111
111112
123353
123354
555555
123456

(&)

111111
111112
123453
123454
123455
123456

()

111111
111112
333333
333344
333355
123456

()

111111
111112
333333
335554
555555
123456

()

111111
111122
111123
111244
123455
123456

(i)

111111
111122
111123
123424
111155
123456

(&)
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111111
111112
123113
444444
444455
123456

()

111111
111112
123153
444444
555555
123456

()

111111
111112
123333
123444
123445
123456

()

111111
111112
123353
123454
123355
123456

()

111111
111112
123453
123454
555555
123456

()

111111
111112
333333
333344
333455
123456

()

111111
111112
333333
444444
555555
123456

()

111111
111122
111123
111414
122155
123456
(Com)

111111
111122
111123
123444
123455
123456

()

111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
123113 123113 123123 123133 123133
444444 444444 444444 444444 444444
445445 555555 444445 123135 123155
123456 123456 123456 123456 123456
(&) @ () () (&)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
123333 123333 123333 123333 123333
123334 123334 123334 123334 123334
123335 123345 123355 123455 125555
123456 123456 123456 123456 123456
@ @ @ @ (8)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
123333 123333 123333 123333 123333
123444 123444 123454 123454 123454
123455 123555 123455 123545 125555
123456 123456 123456 123456 123456
() @ @ @ (8)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
123353 123353 123353 123353 123443
123454 123454 123454 124454 124334
123555 125535 555555 555555 124335
123456 123456 123456 123456 123456
@ (@ () (@) ()
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
123453 123453 123453 123453 123453
124354 124534 444444 444444 444444
555555 125345 444445 445445 445455
123456 123456 123456 123456 123456
@ (@ (&) (&) (&)
111111 111111 111111 111111 111111
111112 111112 111112 111112 111112
333333 333333 333333 333333 333333
333434 333434 333444 333444 333444
333355 555555 333445 333455 333555
123456 123456 123456 123456 123456
(1) (1) (1) (1) (1)
111111 111111 111111 111111 111111
111122 111122 111122 111122 111122
111123 111123 111123 111123 111123
111124 111124 111124 111124 111144
122255 122455 123355 123455 122455
123456 123456 123456 123456 123456
(Com) @ () () (Com)
111111 111111 111111 111111 111111
111122 111122 111122 111122 111122
111123 111123 111123 111123 111123
111414 111444 111444 122414 122424
123155 122455 123455 111155 111155
123456 123456 123456 123456 123456
() (Com) @ @ (&)
111111 111111 111111 111111 111111
111122 111122 111122 111122 111122
111123 111123 111123 111123 111123
444444 444444 444444 444444 444444
111155 111455 122155 122455 123155
123456 123456 123456 123456 123456
@ @ @ (@ ()

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)



111111 111111 111111
111122 111122 111122
111123 111123 111133
444444 444444 111144
123455 444455 123455
123456 123456 123456
(15) (1) (Com)
111111 111111 111111
111122 111122 111122
111133 111133 111133
111444 112114 112114
123456 121455 122455
132465 123456 123456
(3 (4] (4)
111111 111111 111111
111122 111122 111122
111133 111133 111133
113444 113444 122444
123455 123456 122455
123456 123465 123456
() () (4)
111111 111111 111111
111122 111122 111122
111133 111133 111133
444444 444444 444444
111455 113155 113455
123456 123456 123456
() () ()
111111 111111 111111
111122 111122 111122
111134 111233 111233
111143 112144 112144
123456 123455 123456
124365 123456 123465
(Com) (Com) (Com)
111111 111111 111111
111122 111122 111122
111313 111333 111333
121424 113444 113444
113355 123455 123456
123456 123456 123465
(5) (Com) (Com)
111111 111111 111111
111122 111122 111122
112133 112133 112133
111444 111444 112244
123455 123456 123455
123456 123465 123456
(Com) (Com) (1)
111111 111111 111111
111122 111122 111122
112233 112233 112234
112244 112244 112243
123456 123456 123456
123465 124365 124365
(Com) & (Com)
111111 111111 111111
111122 111122 111122
113113 113113 113113
444444 444444 444444
121155 121455 444455
123456 123456 123456
(i) () (1)

Minimal non-finitely based monoids

111111
111122
111133
111144
123456
123465
(Com)

111111
111122
111133
112124
122455
123456

()

111111
111122
111133
122444
123455
123456

()

111111
111122
111133
444444
122155
123456

()

111111
111122
111233
112244
123455
123456
(Com)

111111
111122
111333
121444
123455
123456

()

111111
111122
112133
112244
123456
123465

(i)

111111
111122
113113
111414
121155
123456
(Com)

111111
111122
113133
111444
123455
123456
(Com)

111111 111111 111111
111122 111122 111122
111133 111133 111133
111144 111244 111244
123456 123455 123456
124365 123456 123465
(3 (Com) (Com)
111111 111111 111111
111122 111122 111122
111133 111133 111133
112144 112144 112244
123455 123456 123455
123456 123465 123456
() () (Hl)
111111 111111 111111
111122 111122 111122
111133 111133 111133
122444 123414 123424
123456 111155 111155
123465 123456 123456
(i) (&)
111111 111111 111111
111122 111122 111122
111133 111133 111133
444444 444444 444444
122455 123155 123455
123456 123456 123456
() () ()
111111 111111 111111
111122 111122 111122
111233 111233 111233
112244 112344 112344
123456 123455 123456
123465 123456 123465
(Com) (Com) (Com)
111111 111111 111111
111122 111122 111122
111333 111333 111333
121444 123444 123444
123456 123455 123456
123465 123456 123465
() (@
111111 111111 111111
111122 111122 111122
112133 112133 112133
444444 444444 444444
123155 123455 123456
123456 123456 123465
(1) (1) ()
111111 111111 111111
111122 111122 111122
113113 113113 113113
111444 121414 121424
121455 111155 111155
123456 123456 123456
(Com) @ (&)
111111 111111 111111
111122 111122 111122
113133 113133 113133
111444 121414 121424
123456 113155 113155
123465 123456 123456
(Com) @ (&)

111111
111122
111133
111414
123155
123456
(Com)

111111
111122
111133
112244
123456
123465

()

111111
111122
111133
123444
123455
123456

()

111111
111122
111133
444444
123456
123465

()

111111
111122
111313
113414
121155
123456
(Com)

111111
111122
112133
111244
123455
123456
(Com)

111111
111122
112233
112234
123355
123456
(Com)

111111
111122
113113
121444
121455
123456

(i)

111111
111122
113133
121444
123455
123456

(i)

111111
111122
111133
111444
123455
123456
(Com)

111111
111122
111133
113414
121155
123456

()

111111
111122
111133
123444
123456
123465

()

111111
111122
111133
444444
123456
132465
D

111111
111122
111313
121414
113155
123456

()

111111
111122
112133
111244
123456
123465
(Com)

111111
111122
112233
112234
123455
123456

(i)

111111
111122
113113
444444
111155
123456

(i)

111111
111122
113133
121444
123456
123465

(i)

111111
111122
111133
111444
123456
123465
(Com)

111111
111122
111133
113434
121155
123456

()

111111
111122
111133
444444
111155
123456

()

111111
111122
111133
444444
123456
444466

()

111111
111122
111313
121414
113355
123456

()

111111
111122
112133
111414
123155
123456
(Com)

111111
111122
112233
112244
123455
123456
(Com)

111111
111122
113113
444444
111455
123456

()

111111
111122
113133
444444
113155
123456

()
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(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)

(A51)



54

111111
111122
113133
444444
113455
123456

()

111111
111122
113333
113344
123455
123456
(Com)

111111
111122
113333
123444
123455
123456

()

111111
111122
113434
114343
123456
124365
(Com)

111111
111122
123133
444444
123456
123465

@

111111
111122
123333
123344
123455
123456

()

111111
111122
123413
123424
111155
123456

)

111111
111122
123433
124344
123456
123465

(1)

111111
111122
333333
333344
121255
123456

()

111111
111122
113133
444444
123155
123456

()

111111
111122
113333
113344
123456
123465
(Com)

111111
111122
113333
123444
123456
123465

()

111111
111122
113434
444444
123456
444466

()

111111
111122
123313
123314
111155
123456

@

111111
111122
123333
123344
123456
123465

()

111111
111122
123413
124314
111155
123456

@

111111
111122
123433
444444
123455
123456

(B

111111
111122
333333
333344
123455
123456

()

111111
111122
113133
444444
123455
123456

()

111111
111122
113333
113434
123355
123456
(Com)

111111
111122
113413
114314
121155
123456
(Com)

111111
111122
123113
444444
111155
123456

()

111111
111122
123313
123414
111155
123456

4

111111
111122
123333
123434
123355
123456

()

111111
111122
123413
444444
111155
123456

()

111111
111122
123433
444444
123456
123465

@

111111
111122
333333
333344
123456
123465

()

111111
111122
113133
444444
123456
123465

()

111111
111122
113333
113444
123455
123456
(Com)

111111
111122
113413
444444
111155
123456

()

111111
111122
123113
444444
111455
123456

(&)

111111
111122
123313
124414
111155
123456

(&)

111111
111122
123333
123444
123455
123456

()

111111
111122
123423
123424
111155
123456

(&)

111111
111122
123434
123443
123456
123465

®

111111
111122
333333
333344
123456
341265

®
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111111
111122
113313
113314
121155
123456
(Com)

111111
111122
113333
113444
123456
123465
(Com)

111111
111122
113413
444444
121155
123456

()

111111
111122
123113
444444
444455
123456

D

111111
111122
123323
123324
111155
123456

()

111111
111122
123333
123444
123456
123465

()

111111
111122
123423
124324
111155
123456

@

111111
111122
123434
124343
123456
124365

()

111111
111122
333333
333434
111155
123456

()

111111
111122
113313
113324
121255
123456
(Com)

111111
111122
113333
114444
123355
123456

()

111111
111122
113433
114344
123455
123456
(Com)

111111
111122
123123
444444
111155
123456

(5

111111
111122
123323
123424
111155
123456

()

111111
111122
123333
124444
123355
123456

()

111111
111122
123423
444444
111155
123456

)

111111
111122
123434
444444
123456
444466

)

111111
111122
333333
333434
113355
123456

(i)

111111
111122
113313
113414
121155
123456
(Com)

111111
111122
113333
114444
123455
123456

()

111111
111122
113433
114344
123456
123465
(Com)

111111
111122
123123
444444
111455
123456

()

111111
111122
123323
124424
111155
123456

()

111111
111122
123333
124444
123455
123456

(5

111111
111122
123433
123434
123455
123456

()

111111
111122
333333
333344
111155
123456

()

111111
111122
333333
333434
121155
123456

()

111111
111122
113313
114414
121155
123456

()

111111
111122
113333
114444
123456
123465

()

111111
111122
113433
444444
113455
123456

()

111111
111122
123123
444444
444455
123456

()

111111
111122
123333
123334
123355
123456

()

111111
111122
123333
124444
123456
123465

111111
111122
123433
123444
123455
123456

)

111111
111122
333333
333344
113355
123456

()

111111
111122
333333
333434
123355
123456

i)

111111
111122
113333
113334
123355
123456
(Com)

111111
111122
113333
114444
123456
124365

(&)

111111
111122
113433
444444
123455
123456

()

111111
111122
123133
444444
123155
123456

(&)

111111
111122
123333
123334
123455
123456

()

111111
111122
123333
124444
123456
124365
f

111111
111122
123433
123444
123456
123465

(i)

111111
111122
333333
333344
113455
123456

()

111111
111122
333333
333434
333355
123456

()

111111
111122
113333
113334
123455
123456

()

111111
111122
113333
123434
113355
123456

@

111111
111122
113433
444444
123456
123465

()

111111
111122
123133
444444
123455
123456

()

111111
111122
123333
123344
123355
123456

@

111111
111122
123413
123414
111155
123456

()

111111
111122
123433
124344
123455
123456

()

111111
111122
333333
333344
121155
123456

()

111111
111122
333333
333444
113455
123456

()

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)



111111
111122
333333
333444
123455
123456

()

111111
111122
333333
444444
123455
123456

()

111111
111123
333333
111143
123456
666666

111111
111222
111223
122444
123455
123456

()

111111
111222
111233
123444
123456
123465

()

111111
111222
112333
123444
123455
123456
(Com)

111111
111222
113133
121444
123456
123465
(Com)

111111
111222
123233
111444
123456
123465

@

111111
111222
333333
111444
111555
123456

()

111111
111122
333333
333444
123456
123465

()

111111
111122
333333
444444
123456
123465

()

111111
111123
333333
111441
123456
666666

(8

111111
111222
111223
122454
122545
123456
(Com)

111111
111222
111333
122444
123456
133666

()

111111
111222
112333
123444
123456
123465
(Com)

111111
111222
113333
123444
123445
123456
(Com)

111111
111222
123333
123444
123445
123456

()

111111
111222
333333
111444
113455
123456

()

111111
111122
333333
333444
123456
333466

(1)

111111
111122
333333
444444
123456
124365

©

111111
111123
333333
123441
123456
666666
J

111111
111222
111223
123444
123445
123456

(1)

111111
111222
111333
123444
123445
123456
(Com)

111111
111222
112333
123444
123456
123666

(1)

111111
111222
113333
123444
123455
123456
(Com)

111111
111222
123333
123444
123455
123456

(1)

111111
111222
333333
111444
121455
123456

(1)

Minimal non-finitely based monoids

111111
111122
333333
444444
111155
123456

()

111111
111122
333333
444444
123456
333366

()

111111

111123

333333

123443

123456

666666
K

111111
111222
111223
123444
123455
123456

()

111111
111222
111333
123444
123455
123456
(Com)

111111
111222
112333
123446
123456
123664
(Com)

111111
111222
113333
123444
123456
123465
(Com)

111111
111222
123333
123444
123456
123465

()

111111
111222
333333
111444
123455
123456

(i)

111111
111122
333333
444444
111455
123456

()

111111
111122
333333
444444
123456
333466

()

111111
111123
333333
333341
123456
666666

111111
111222
111223
123444
123555
123456

()

111111
111222
111333
123444
123456
123465
(Com)

111111
111222
112333
123456
123564
123645
(Com)

111111
111222
113333
123444
123456
123666

()

111111
111222
123333
123444
123456
123666

()

111111
111222
333333
111444
123456
123465

()

111111
111122
333333
444444
113355
123456

()

111111
111123
111132
111444
123456
132465
(Com)

111111
111123
333333
333443
123456
666666

111111
111222
111223
123454
123455
123456

()

111111
111222
111333
123444
123456
123666

()

111111
111222
113113
121444
121445
123456
(Com)

111111
111222
113333
123446
123456
123664
(Com)

111111
111222
123333
123446
123456
123466

(1)

111111
111222
333333
111444
123456
333666

()

111111
111122
333333
444444
113455
123456

()

111111
111123
111132
123444
123456
123465
g

111111
111123
333333
444444
123456
666666

(8

111111
111222
111223
123454
123545
123456

()

111111
111222
111333
123446
123456
123664
(Com)

111111
111222
113113
121444
121455
123456
(Com)

111111
111222
113333
123456
123564
123645
(Com)

111111
111222
123333
123446
123456
123664

()

111111
111222
333333
111446
123456
111466

@

111111
111122
333333
444444
121155
123456

()

111111
111123
111132
444444
123456
123465
H

111111
111222
111223
122444
122445
123456
(Com)

111111
111222
111233
122444
123455
123456
(Com)

111111
111222
111333
123446
123456
132664

3)

111111
111222
113113
121444
121555
123456

(1)

111111
111222
123133
111444
123455
123456

14)

111111
111222
123333
123456
123564
123645

(i)

111111
111222
333333
111446
123456
111664

(i)

111111
111122
333333
444444
121455
123456

()

111111
111123
111132
444444
123456
132465

()

111111
111222
111223
122444
122455
123456
(Com)

111111
111222
111233
122444
123456
123465
(Com)

111111
111222
111333
123456
123564
123645
(Com)

111111
111222
113113
121454
121545
123456
(Com)

111111
111222
123133
111444
123456
123465

(8)

111111
111222
333333
111444
111445
123456

(i)

111111
111222
333333
113444
113445
123456

(i)

111111
111122
333333
444444
123355
123456

()

111111

111123

111333

123444

123456

123666
I

111111
111222
111223
122444
122555
123456

()

111111
111222
111233
123444
123455
123456

()

111111
111222
112333
123444
123445
123456
(Com)

111111
111222
113133
121444
123455
123456
(Com)

111111
111222
123233
111444
123455
123456

()

111111
111222
333333
111444
111455
123456

()

111111
111222
333333
113444
113455
123456

()

55

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)

(A.67)

(A.68)

(A.69)



56

111111
111222
333333
113444
113555
123456

()

111111
111222
333333
121444
123455
123456

()

111111
111222
333333
123446
123456
333666

()

111111
111223
123233
111446
123456
146466
A

111111
112222
123333
123334
123455
123456

()

111111
112222
123333
123446
123456
123664
(Com)

111111
112222
123355
123456
125533
125634
(Com)

111111
121112
113113
111454
555555
123456
(Idem)

111111
121112
113153
444444
115135
123456

()

111111
111222
333333
113444
123455
123456

)

111111
111222
333333
121444
123456
123465

()

111111
111222
333333
123456
123546
333666

()

111111
111223
333333
111446
123456
666666

111111
112222
123333
123334
125555
123456

()

111111
112222
123333
123446
123456
126666

()

111111
112222
123356
123456
125563
126635
(Com)

111111
121112
113113
444444
444455
123456
(Idem)

111111
121112
113153
444444
555555
123456
(Idem)

111111
111222
333333
113444
123456
123465

()

111111
111222
333333
121446
123456
121466

(™

111111
111222
333333
123456
123564
123645

()

111111
111223
333333
123446
123456
666666

111111
112222
123333
123344
123455
123456
(Com)

111111
112222
123333
123456
123546
126666

()

111111
112222
123456
124365
125634
126543
(Com)

111111
121112
113113
444444
555555
123456
(Idem)

111111
121112
113333
113334
113335
123456
(Com)

111111
111222
333333
113446
123456
113466

()

111111
111222
333333
121446
123456
121664

()

111111
111222
333333
123456
333555
333655

()

111111
111223
333333
123456
123546
666666

(&)

111111
112222
123333
123344
123456
123465
(Com)

111111
112222
123333
123456
123564
123645
(Com)

111111
112222
123456
124365
125643
126534
(Com)

111111
121112
113133
111444
113455
123456
(s.L.)

111111
121112
113333
113334
113345
123456
(Com)

E. W. H. Lee and J. R. Li

111111 111111 111111 111111 111111 111111
111222 111222 111222 111222 111222 111222
333333 333333 333333 333333 333333 333333
113446 113446 113446 121444 121444 121444
123456 123456 123456 121445 121455 121555
113664 331664 333666 123456 123456 123456
() (Hl) () () ()
111111 111111 111111 111111 111111 111111
111222 111222 111222 111222 111222 111222
333333 333333 333333 333333 333333 333333
123444 123444 123444 123444 123446 123446
123445 123455 123456 123456 123456 123456
123456 123456 123465 123666 123466 123664
(@ (i) () () @ ()
111111 111111 111111 111111 111111 111111
111222 111222 111222 111222 111223 111223
333333 333333 333333 333333 111332 123131
123456 123456 123456 123456 123446 111446
333555 333555 333556 333556 123456 123456
333656 333666 333656 333665 132664 146161
(@ ) @ () (Com) B,
111111 111111 111111 111111 111111 111111
111223 111233 111233 112222 112222 112222
333333 333333 333333 123333 123333 123333
123456 123456 123456 123334 123334 123334
333556 555555 555555 123335 123345 123355
666666 555656 666666 123456 123456 123456
(8) (18) (3] (Com) (Com) (Com)
111111 111111 111111 111111 111111 111111
112222 112222 112222 112222 112222 112222
123333 123333 123333 123333 123333 123333
123434 123434 123444 123444 123444 123444
123355 125555 123445 123455 123456 123456
123456 123456 123456 123456 123465 123666
(Com) (1) (Com) (Com) (Com) (1)
111111 111111 111111 111111 111111 111111
112222 112222 112222 112222 112222 112222
123333 123333 123336 123336 123336 123355
123456 123456 123346 123446 123456 123456
125555 125555 123456 123456 123546 125533
125634 126666 126663 126663 126663 125633
(19) (1) (Com) (Com) (Com) (Com)
111111 111111 111111 111111 111111 111111
121112 121112 121112 121112 121112 121112
113113 113113 113113 113113 113113 113113
111414 111414 111444 111444 111444 111454
111155 555555 111445 111455 111555 111545
123456 123456 123456 123456 123456 123456
(s.L.) (Idem) (Com) (s.L.) (Idem) (Com)
111111 111111 111111 111111 111111 111111
121112 121112 121112 121112 121112 121112
113133 113133 113133 113133 113133 113153
444444 444444 444444 444444 444444 444444
113135 113155 113455 115155 445455 113155
123456 123456 123456 123456 123456 123456
(1) (Idem) (Idem) (Idem) (Idem) (Idem)
111111 111111 111111 111111 111111 111111
121112 121112 121112 121112 121112 121112
113333 113333 113333 113333 113333 113333
113334 113334 113334 113344 113434 113434
113355 113455 115555 113455 113355 115555
123456 123456 123456 123456 123456 123456
(Com) (1) (i) (Com) (s.L.) (Idem)

(A.70)

(A.71)

(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

(A.77)

(A.78)



Minimal non-finitely based monoids

111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121112 121112 121112 121112 121112 121112 121112 121112 121112 121112
113333 113333 113333 113333 113333 113333 113353 113353 113353 113353
113444 113444 113444 113454 113454 114444 113354 113354 113454 113454
113445 113455 113555 113545 115555 115555 115535 555555 115535 555555
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456
(Com) (s.L.) (Idem) (Com) (Idem) (Idem) (Com) (1) (Com) (Idem)
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121112 121112 121112 121112 121112 121112 121112 121112 121112 121112
113353 113443 113443 113443 113453 113453 113453 113453 113453 113453
114454 114334 444444 444444 113454 114354 114534 444444 444444 444444
55556565 114335 444455 555555 555555 555555 115345 445135 445455 555555
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456
(Idem) (Com) (Idem) (Idem) (Idem) (1) (Com) (2) (Idem) (Idem)
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121112 121112 121112 121112 121112 121112 121112 121112 121122 121122
333333 333333 333333 333333 333333 333333 333333 333333 113133 113133
333434 333444 333444 333444 333454 333454 333454 444444 111444 111444
55556565 333445 333455 333555 333455 333545 555555 555555 123455 123456
123456 123456 123456 123456 123456 123456 123456 123456 123456 123465
(Idem) (1) (Idem) (Idem) (Idem) (1) (Idem) (Idem) (s.L.) (Com)
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121122 121122 121122 121122 121122 121122 121122 121122 121122 121122
113133 113133 113133 113313 113313 113313 113313 113313 113313 113333
444444 444444 444444 113314 113314 113314 113414 113414 114414 113334
123155 123455 123456 121125 121155 151155 121155 151155 151155 123355
123456 123456 123465 123456 123456 123456 123456 123456 123456 123456
(Idem) (Idem) (1) (Com) (Com) (1) (s.L.) (Idem) (Idem) (Com)
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121122 121122 121122 121122 121122 121122 121122 121122 121122 121122
113333 113333 113333 113333 113333 113333 113333 113333 113333 113333
113334 113344 113344 113434 113444 113444 114444 114444 114444 114444
123455 123455 123456 123355 123455 123456 123355 123455 123456 123456
123456 123456 123465 123456 123456 123465 123456 123456 123465 124365
(1) (Com) (Com) (s.L.) (s.L.) (Com) (Idem) (Idem) (1) (2]
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121122 121122 121122 121122 121122 121122 121122 121122 121122 121122
113413 113413 113413 113413 113413 113413 113413 113433 113433 113433
113414 114314 114314 114314 444444 444444 444444 114344 114344 444444
151155 121125 121155 151155 121125 121155 151155 123455 123456 123455
123456 123456 123456 123456 123456 123456 123456 123456 123465 123456
(Idem) (Com) (Com) (1) (1) (Idem) (Idem) (Com) (Com) (Idem)
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121122 121122 121122 121122 121122 121122 121122 121122 121122 121122
113433 113434 113434 333333 333333 333333 333333 333333 333333 333333
444444 114343 444444 333444 333444 444444 444444 444444 444444 444444
123456 123456 123456 123455 123456 121125 121155 121325 121455 123355
123465 124365 464466 123456 123465 123456 123456 123456 123456 123456
(1) (Com) (Idem) (Idem) (1) (1) (Idem) (8) (Idem) (Idem)
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121122 121122 121122 121122 121122 121126 121126 121126 121126 121126
333333 333333 333333 333333 333333 113431 113431 113431 113431 333333
444444 444444 444444 444444 444444 113441 114341 114341 444444 444444
123455 123456 123456 123456 123456 123456 123456 123456 123456 123456
123456 123465 124365 161166 363366 666666 161162 666666 666666 121166
(Idem) (i) (2) (Idem) (Idem) (Idem) (Com) (1) (Idem) (Idem)
111111 111111 111111 111111 111111 111111 111111 111111 111111 111111
121126 121126 121222 121222 121222 121222 121222 121222 121222 121222
333333 333333 113333 113333 113333 113333 113333 113333 333333 333333
444444 444444 123444 123444 123444 123444 123446 123456 121224 121224
123456 123456 123445 123455 123456 123456 123456 123564 121225 121245
161162 666666 123456 123456 123465 123666 123664 123645 123456 123456
(1) (Idem) (Com) (s.L.) (Com) (Idem) (Com) (Com) (1) (1)

57

(A.79)

(A.80)

(A.81)

(A.82)

(A.83)

(A.84)

(A.85)

(A.86)

(A.87)



58

111111
121222
333333
121224
121255
123456

()

111111
121222
333333
121244
123456
123465

()

111111
121222
333333
121446
123456
121466
(Idem)

111111
121222
333333
123446
123456
161666
(Idem)

111111
121226
333333
121246
123456
161662

()

111111
121226
333333
123456
123546
121666

2

111111
121256
333333
123456
121556
666666
(Idem)

111111
122222
122223
122224
122335
123456

()

111111
122222
122223
122244
123455
123456

()

111111
121222
333333
121224
121455
123456

(&)

111111
121222
333333
121424
121255
123456
(Idem)

111111
121222
333333
121446
123456
121664

()

111111
121222
333333
123446
123456
363666
(Idem)

111111
121226
333333
121246
123456
666666

()

111111
121226
333333
123456
123546
161662

()

111111
121256
333333
123456
126556
666666
(Idem)

111111
122222
122223
122224
122455
123456

()

111111
122222
122223
122324
122235
123456
(Com)

111111
121222
333333
121224
123255
123456

()

111111
121222
333333
121424
123255
123456
(Idem)

111111
121222
333333
121446
123456
161666
(Idem)

111111
121222
333333
123456
123546
161666

()

111111
121226
333333
121446
123456
121266
(Idem)

111111
121226
333333
123456
123546
666666

()

111111
121256
333333
123456
151526
666666

()

111111
122222
122223
122224
123355
123456

(i)

111111
122222
122223
122324
122255
123456
(Com)

111111
121222
333333
121224
123455
123456

(&)

111111
121222
333333
121424
151555
123456
(Idem)

111111
121222
333333
123424
151555
123456
(Idem)

111111
121222
333333
123456
123546
363666

()

111111
121226
333333
121446
123456
121666
(Idem)

111111
121226
333333
123456
151556
666666
(Idem)

111111
121256
333333
123456
151562
161625

(i)

111111
122222
122223
122224
123455
123456

(i)

111111
122222
122223
122324
122335
123456

()

E. W. H. Lee and J. R. Li

111111
121222
333333
121224
151555
123456

()

111111
121222
333333
121424
353555
123456
(Idem)

111111
121222
333333
123444
123445
123456

()

111111
121222
333333
123456
123564
123645

()

111111
121226
333333
121446
123456
161662

()

111111
121226
333333
123456
353556
666666
(Idem)

111111
121256
333333
123456
555555
565612

(2D

111111
122222
122223
122224
155555
123456

()

111111
122222
122223
122324
155555
123456

()

111111
121222
333333
121224
353555
123456

()

111111
121222
333333
121444
121445
123456

()

111111
121222
333333
123444
123455
123456
(Idem)

111111
121222
333333
123456
151555
153624

2

111111
121226
333333
121446
123456
666666
(Idem)

111111
121255
333333
123456
121552
123654

2

111111
121256
333333
123456
555555
666666
(Idem)

111111
122222
122223
122234
122325
123456
(Com)

111111
122222
122223
122334
122335
123456
(Com)

111111
121222
333333
121244
121255
123456

()

111111
121222
333333
121444
121455
123456
(Idem)

111111
121222
333333
123444
123456
123465

()

111111
121222
333333
123456
151555
161666
(Idem)

111111
121226
333333
123446
123456
121266
(Idem)

111111
121255
333333
123456
151522
151622

()

111111
122222
122223
122224
122225
123456
(Com)

111111
122222
122223
122234
122335
123456
(Com)

111111
122222
122223
122424
122255
123456
(Com)

111111
121222
333333
121244
121455
123456

()

111111
121222
333333
121444
121555
123456
(Idem)

111111
121222
333333
123444
123456
123666
(Idem)

111111
121222
333333
123456
151555
363666
(Idem)

111111
121226
333333
123446
123456
121666
(Idem)

111111
121255
333333
123456
151522
153624

()

111111
122222
122223
122224
122235
123456
(Com)

111111
122222
122223
122234
122345
123456
(Com)

111111
122222
122223
122424
123255
123456

()

111111
121222
333333
121244
123255
123456

()

111111
121222
333333
121444
123455
123456
(Idem)

111111
121222
333333
123446
123456
123466
(Idem)

111111
121222
333333
123456
353555
351624

()

111111
121226
333333
123446
123456
161662

()

111111
121255
333333
123456
555555
666666
(Idem)

111111
122222
122223
122224
122255
123456
(Com)

111111
122222
122223
122244
122455
123456
(Com)

111111
122222
122223
122424
155555
123456

()

111111
121222
333333
121244
123455
123456

()

111111
121222
333333
121444
123456
123465

()

111111
121222
333333
123446
123456
123664

()

111111
121226
333333
121246
123456
121266

@

111111
121226
333333
123446
123456
666666
(Idem)

111111
121256
333333
123456
121556
121656
(Idem)

111111
122222
122223
122224
122325
123456

()

111111
122222
122223
122244
123255
123456

“

111111
122222
122223
122444
122445
123456
(Com)

(A.88)

(A.89)

(A.90)

(A.91)

(A.92)

(A.93)

(A.94)

(A.95)

(A.96)



111111 111111 111111
122222 122222 122222
122223 122223 122223
122444 122444 122444
122455 122555 123455
123456 123456 123456
(Com) () (1)
111111 111111 111111
122222 122222 122222
122223 122223 122223
123454 123454 144444
123545 155555 144445
123456 123456 123456
() (5 ()
111111 111111 111111
122222 122222 122222
122233 122233 122233
122344 122344 122424
123455 123456 123255
123456 123465 123456
(Com) (Com) (Com)
111111 111111 111111
122222 122222 122222
122233 122233 122233
144444 144444 144444
122455 123255 123455
123456 123456 123456
() () ()
111111 111111 111111
122222 122222 122222
122333 122333 122333
123444 123446 123456
123456 123456 123564
123666 123664 123645
(1) (Com) (Com)
111111 111111 111111
122222 122222 122222
123223 123223 123233
144444 144444 122444
144455 155555 123455
123456 123456 123456
(Idem) (Idem) (s.L.)
111111 111111 111111
122222 122222 122222
123236 123236 123236
144444 144444 144444
123456 123456 123456
123266 126263 166666
(Idem) (1) (Idem)
111111 111111 111111
122222 122222 122222
123333 123333 123333
123434 123434 123444
123355 125555 123445
123456 123456 123456
(s.L.) (Idem) (Com)
111111 111111 111111
122222 122222 122222
123333 123333 123336
123456 123456 123346
125555 125555 123456
125634 126666 126663
(2] (Idem) (Com)

Minimal non-finitely based monoids

111111
122222
122223
122454
122545
123456
(Com)

111111
122222
122223
144444
144455
123456

()

111111
122222
122233
122444
123455
123456
(Com)

111111
122222
122233
144444
123456
123465

()

111111
122222
123223
122424
122255
123456
(s.L.)

111111
122222
123233
122444
123456
123465
(Com)

111111
122222
123333
123334
123335
123456
(Com)

111111
122222
123333
123444
123455
123456
(s.L.)

111111
122222
123336
123346
123456
166666

()

111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
122223 122223 122223 122223 122223 122223
122454 123424 123444 123444 123444 123454
155555 1555565 123445 123455 123555 123455
123456 123456 123456 123456 123456 123456
() (&) () () (&) ()
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
122223 122233 122233 122233 122233 122233
144444 122234 122234 122244 122244 122244
155555 123355 123455 123455 123456 123456
123456 123456 123456 123456 123465 124365
@ (Cm @ (com) (com (@)
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
122233 122233 122233 122233 122233 122233
122444 123424 123434 123444 123444 144444
123456 122255 122255 123455 123456 122255
123465 123456 123456 123456 123465 123456
(Com) @ (&) () (i) (i)
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
122233 122234 122234 122333 122333 122333
144444 122243 144444 123444 123444 123444
123456 123456 123456 123445 123455 123456
144466 124365 166666 123456 123456 123465
(1) (Com) (8) (Com) (Com) (Com)
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
123223 123223 123223 123223 123223 123223
122424 122444 122444 122444 122454 122454
155555 122445 122455 122555 122545 155555
123456 123456 123456 123456 123456 123456
(Idem) (Com) (s.L.) (Idem) (Com) (Idem)
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
123233 123233 123233 123233 123233 123233
144444 144444 144444 144444 144444 144444
123235 123255 123455 123456 123456 123456
123456 123456 123456 123465 126266 146466
(1) (Idem) (Idem) (1) (Idem) (Idem)
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
123333 123333 123333 123333 123333 123333
123334 123334 123334 123334 123344 123344
123345 123355 123455 125555 123455 123456
123456 123456 123456 123456 123456 123465
(Com) (Com) (1) (1) (Com) (Com)
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
123333 123333 123333 123333 123333 123333
123444 123444 123446 123446 123456 123456
123456 123456 123456 123456 123546 123564
123465 123666 123664 126666 126666 123645
(Com) (Idem) (Com) (Idem) (1) (Com)
111111 111111 111111 111111 111111 111111
122222 122222 122222 122222 122222 122222
123336 123336 123336 123336 123336 123355
123446 123446 123456 123456 123456 123456
123456 123456 123546 123546 125556 125533
126663 166666 126663 166666 166666 125633
(Com) (Idem) (Com) (i) (Idem) (Com)

59

(A.97)

(A.98)

(A.99)

(A.100)

(A.101)

(A.102)

(A.103)

(A.104)

(A.105)



60

111111
122222
123355
123456
125533
125634
(Com)

111111
122222
123456
124536
125346
166666

()

111111
122226
122236
144446
123456
666666

()

111111
122226
123336
123346
123456
666666

()

111111
122226
123356
123456
155556
666666
(Idem)

111111
122255
123356
123456
155522
156622
(Com)

111111
122256
123356
123456
122556
666666
(Idem)

111111
122256
123456
124356
555555
666666

()

111111
122456
123456
124456
555555
666666
(Idem)

111111
122222
123356
123456
123556
166666
(Idem)

111111
122222
123456
144444
155555
166666
(Idem)

111111
122226
122336
122446
123456
666666

()

111111
122226
123336
123446
123456
166662
(Com)

111111
122226
123456
124356
155556
666666

()

111111
122255
123356
123456
155522
156623
(Com)

111111
122256
123356
123456
125556
666666
(Idem)

111111
122256
123456
144456
555555
666666
(Idem)

111111
122456
123456
144256
555555
666666

()

111111
122222
123356
123456
125536
166666

()

111111
122226
122236
122246
123456
166662
(Com)

111111
122226
122336
123446
123456
166662
(Com)

111111
122226
123336
123446
123456
666666
(Idem)

111111
122226
123456
124536
125346
166662
(Com)

111111
122255
123456
124356
155522
156622
(Com)

111111
122256
123356
123456
155526
666666

(i)

111111
122444
123456
144222
145222
146222
(Com)

111111
122456
123456
144265
155624
166542
(Com)

111111
122222
123356
123456
125563
126635
(Com)

111111
122226
122236
122246
123456
666666

()

111111
122226
122336
123446
123456
666666

()

111111
122226
123336
123456
123546
166662
(Com)

111111
122226
123456
124536
125346
666666

()

111111
122255
123456
144466
125255
146466
(Idem)

111111
122256
123356
123456
155562
166625
(Com)

111111
122446
123456
124426
125436
666666

2

111111
122456
123456
144265
155642
166524
(Com)

E. W. H. Lee and J. R. Li

111111
122222
123356
123456
155555
156623

2D

111111
122226
122236
122346
123456
166662
(Com)

111111
122226
122336
123456
123546
166662
(Com)

111111
122226
123336
123456
123546
666666

()

111111
122226
123456
144446
145236
666666

2

111111
122255
123456
144466
155522
166644

()

111111
122256
123356
123456
555555
566612

(2D

111111
122446
123456
144226
145226
666666

()

111111
122456
123456
144265
555555
666666

()

111111
122222
123356
123456
155555
166666
(Idem)

111111
122226
122236
122346
123456
666666

()

111111
122226
122336
123456
123546
666666

()

111111
122226
123336
123456
125556
166662

()

111111
122226
123456
144446
155556
666666
(Idem)

111111
122256
122356
123456
122556
666666

111111
122256
123356
123456
555555
666666
(Idem)

111111
122446
123456
144226
145236
666666

()

111111
122456
123456
144526
155246
666666

()

111111 111111 111111 111111
122222 122222 122222 122222
123456 123456 123456 123456
124356 124365 124365 124365
155555 125634 125643 155555
166666 126543 126534 166666
@ (com (com @
111111 111111 111111 111111
122226 122226 122226 122226
122236 122236 122236 122236
122446 122446 123446 123446
123456 123456 123456 123456
166662 666666 166662 666666
(Com) () () (&)
111111 111111 111111 111111
122226 122226 122226 122226
123236 123236 123236 123336
122446 122446 144446 123346
123456 123456 123456 123456
166662 666666 666666 166662
(Com) (Idem) (Idem) (Com)
111111 111111 111111 111111
122226 122226 122226 122226
123336 123356 123356 123356
123456 123456 123456 123456
125556 123556 125536 125536
666666 666666 166662 666666
(Idem) (Idem) (Com) (1)
111111 111111 111111 111111
122255 122255 122255 122255
122355 122355 123355 123355
123456 123456 123456 123456
155522 155522 155522 155522
155622 155623 155622 156622
(Com) (Com) (Com) (1)
111111 111111 111111 111111
122256 122256 122256 122256
122356 122356 122356 122356
123456 123456 123456 123456
155526 155562 555555 555555
666666 166625 566612 666666
() (Com) © ()
111111 111111 111111 111111
122256 122256 122256 122256
123456 123456 123456 123456
124356 124356 124356 124356
125556 155526 155562 555555
666666 666666 166625 566612
@ () (Com) @
111111 111111 111111 111111
122446 122446 122446 122456
123456 123456 123456 123456
144662 644221 644221 124456
145662 645221 645231 125456
166224 666666 666666 666666
(Com) @ (2)) (Idem)
111111 111111 111111 111111
122456 123456 123456 123456
123456 132456 132465 132465
444444 444444 444444 444444
555555 5555565 156423 156432
666666 666666 165432 165423
(Idem) (1) (1) (1)

(A.106)

(A.107)

(A.108)

(A.109)

(A.110)

(A.111)

(A.112)

(A.113)

(A.114)



111111
123456
132465
444444
456123
465132

2

111116
111126
111136
111446
123456
666661
(Com)

111116
111126
111336
121446
123456
666661

111116
111126
113336
114446
123456
666661

()

111116
111226
111336
123446
123456
666661
(Com)

111116
111226
123336
123446
123456
666661

()

111116
121126
113336
113346
123456
666661
(Com)

111116
122226
122236
144446
123456
666661

()

111116
122226
123356
123456
155556
666661

()

111111
123456
132465
444444
456132
465123

(2

111116
111126
111136
112146
123456
666661

()

111116
111126
111336
123446
123456
666661

()

111116
111126
113336
123446
123456
666661

()

111116
111226
111336
123456
123546
666661
(Com)

111116
111226
123336
123456
123546
666661

()

111116
121126
113336
113446
123456
666661
(Com)

111116
122226
122336
123446
123456
666661
(Com)

111116
122226
123456
124356
155556
666661

()

111111
123456
132465
444444
555555
666666

()

111116
111126
111136
112246
123456
666661

()

111116
111126
112136
111246
123456
666661
(Com)

111116
111126
113436
114346
123456
666661
(Com)

111116
111226
111336
123456
132546
666661

(&)

111116
111236
111326
123456
132546
666661
(Com)

111116
121126
113336
114446
123456
666661

()

111116
122226
122336
123456
123546
666661
(Com)

111116
122226
123456
124536
125346
666661
(Com)

Minimal non-finitely based monoids

111111
123456
134256
142356
555555
666666

()

111116
111126
111136
113446
123456
666661

()

111116
111126
112136
111446
123456
666661
(Com)

111116
111126
123336
123346
123456
666661

()

111116
111226
112336
123446
123456
666661
(Com)

111116
112226
123336
123346
123456
666661
(Com)

111116
121126
113436
114346
123456
666661
(Com)

111116
122226
123236
122446
123456
666661
(Com)

111116
122226
123456
144446
145236
666661

()

111111
123456
134562
145623
156234
162345
(Com)

111116
111126
111136
122446
123456
666661

()

111116
111126
112136
112246
123456
666661

()

111116
111126
123336
123446
123456
666661

()

111116
111226
112336
123456
123546
666661
(Com)

111116
112226
123336
123446
123456
666661
(Com)

111116
121226
113336
123446
123456
666661
(Com)

111116
122226
123236
144446
123456
666661

()

111116
122226
123456
144446
155556
666661

()

111111
123456
333333
341265
555555
666666

2

111116
111126
111136
123446
123456
666661

()

111116
111126
112236
112246
123456
666661
(Com)

111116
111126
123336
124446
123456
666661

@

111116
111226
113136
121446
123456
666661
(Com)

111116
112226
123336
123456
123546
666661
(Com)

111116
121226
113336
123456
123546
666661
(Com)

111116
122226
123336
123346
123456
666661
(Com)

111116
122256
122356
123456
155526
666661
(Com)

111111
123456
333333
345612
555555
561234

()

111116
111126
111236
112146
123456
666661
(Com)

111116
111126
113136
111446
123456
666661
(Com)

111116
111126
123436
123446
123456
666661

()

111116
111226
113336
123446
123456
666661
(Com)

111116
112226
123336
123456
125556
666661

()

111116
122226
122236
122246
123456
666661
(Com)

111116
122226
123336
123446
123456
666661
(Com)

111116
122256
123356
123456
155526
666661
(Com)

111111
123456
333333
444444
555555
666666
(Idem)

111116
111126
111236
112246
123456
666661
(Com)

111116
111126
113136
121446
123456
666661

()

111116
111126
123436
124346
123456
666661

()

111116
111226
113336
123456
123546
666661
(Com)

111116
112226
123356
123456
125536
666661
(Com)

111116
122226
122236
122346
123456
666661
(Com)

111116
122226
123336
123456
123546
666661
(Com)

111116
122256
123456
124356
155526
666661
(Com)

111116
111126
111136
111146
123456
666661
(Com)

111116
111126
111236
112346
123456
666661
(Com)

111116
111126
113336
113346
123456
666661
(Com)

111116
111226
111236
122446
123456
666661
(Com)

111116
111226
123136
111446
123456
666661

@

111116
112226
123456
124536
125346
666661
(Com)

111116
122226
122236
122446
123456
666661
(Com)

111116
122226
123336
123456
125556
666661

()

111116
122446
123456
144226
145226
666661
(Com)

111116
111126
111136
111246
123456
666661
(Com)

111116
111126
111336
113446
123456
666661
(Com)

111116
111126
113336
113446
123456
666661
(Com)

111116
111226
111236
123446
123456
666661

()

111116
111226
123236
111446
123456
666661

@

111116
121126
113136
111446
123456
666661
(Com)

111116
122226
122236
123446
123456
666661

()

111116
122226
123356
123456
125536
666661
(Com)

111116
122446
123456
144226
145236
666661
(Com)

61

(A.115)

(A.116)

(A.117)

(A.118)

(A.119)

(A.120)

(A.121)

(A.122)

(A.123)



62

111116
122456
123456
144526
155246
666661
(Com)

111155
111255
113356
123456
555511
556611
(Com)

111155
112255
123356
123456
555511
556611
(Com)

111155
121255
333366
123456
151555
363666
(Idem)

111155
122255
123456
124356
555511
566611

()

111155
122256
123456
144456
555511
566611

()

111155
123456
333366
341265
555511
666633

2

111156
122256
123456
124356
555561
666615
(Com)

111444
112444
123456
444111
445112
446122
(Com)

111116
123456
132546
145236
154326
666661
(Com)

111155
111255
113356
123456
555511
556613
(Com)

111155
112255
123356
123456
555511
556612
(Com)

111155
121255
333366
123456
555511
666633

()

111155
122255
123456
144455
555511
556511

()

111155
122455
123456
144255
555511
556511
(Com)

111156
111256
111356
123456
555561
666615
(Com)

111156
122256
123456
144456
555561
666615

()

111444
112444
123456
444111
445121
446112
(Com)

111116
123456
132546
145326
154236
666661
(Com)

111155
111255
123355
123456
555511
555611

()

111155
112255
123456
124356
555511
556611
(Com)

111155
122255
122355
123456
555511
555611
(Com)

111155
122255
123456
144455
555511
566611

()

111155
122455
123456
144255
555511
566611

()

111156
111256
112356
123456
555561
666615
(Com)

111156
122456
123456
144256
555561
666615
(Com)

111444
112444
123456
444111
445121
446122

(i)

E. W. H. Lee and J. R. Li

111155
111255
111355
123456
555511
555611
(Com)

111155
111255
123355
123456
555511
556611

@

111155
112255
123456
124356
555511
556612
(Com)

111155
122255
122355
123456
555511
566611

()

111155
122256
122356
123456
555511
566611
(Com)

111155
122456
123456
144256
555511
566611
(Com)

111156
111256
113356
123456
555561
666615
(Com)

111156
123456
134256
142356
555561
666615
(Com)

111444
112444
123456
444111
445122
446122
(Com)

111155
111255
111355
123456
555511
555612
(Com)

111155
111255
123356
123456
555511
555611

()

111155
121255
113355
123456
555511
555611
(Com)

111155
122255
123355
123456
555511
555611
(Com)

111155
122256
122356
123456
555511
566612
(Com)

111155
122456
123456
444466
155155
466466
(Idem)

111156
111256
123356
123456
555561
666615

()

111444
112444
123456
444111
445111
446111
(Com)

111444
112445
123456
444111
445111
456111
(Com)

111155
111255
112355
123456
555511
555611
(Com)

111155
111255
123356
123456
555511
556611

()

111155
121255
113355
123456
555511
556611

()

111155
122255
123355
123456
555511
556611

()

111155
122256
123356
123456
555511
566611
(Com)

111155
122456
123456
444466
555511
666644

()

111156
112256
123356
123456
555561
666615
(Com)

111444
112444
123456
444111
445111
446112
(Com)

111444
112445
123456
444111
445111
456112
(Com)

111155
111255
112355
123456
555511
555612
(Com)

111155
111255
333366
123456
111555
333666

()

111155
121255
113356
123456
555511
556611
(Com)

111155
122255
123355
123456
555511
566611

()

111155
122256
123356
123456
555511
566612
(Com)

111155
123456
132456
444466
155155
466466

(2

111156
112256
123456
124356
555561
666615
(Com)

111444
112444
123456
444111
445111
446121

()

111444
112445
123456
444111
445112
456123
(Com)

111155
111255
113355
123456
555511
555611
(Com)

111155
111255
333366
123456
555511
666633

()

111155
121255
113356
123456
555511
556613
(Com)

111155
122255
123356
123456
555511
556611
(Com)

111155
122256
123456
124356
555511
566611
(Com)

111155
123456
132456
444466
555511
666644

()

111156
121256
113356
123456
555561
666615
(Com)

111444
112444
123456
444111
445111
446122

(i)

111444
122444
123456
444111
445111
446111
(Com)

111155
111255
113355
123456
555511
555612
(Com)

111155
112255
123355
123456
555511
555611
(Com)

111155
121255
113356
123456
555511
565611

111155
122255
123356
123456
555511
566611

()

111155
122256
123456
124356
555511
566612
(Com)

111155
123456
134256
142356
555511
566611
(Com)

111156
122256
122356
123456
555561
666615
(Com)

111444
112444
123456
444111
445111
456111

(i)

111444
122444
123456
444111
445111
466111

()

111155
111255
113355
123456
555511
556611

()

111155
112255
123355
123456
555511
556611

()

111155
121255
333366
123456
111555
333666
(Idem)

111155
122255
123456
124356
555511
556611
(Com)

111155
122256
123456
144456
555511
556511

@

111155
123456
333366
341265
151555
363666

2

111156
122256
123356
123456
555561
666615
(Com)

111444
112444
123456
444111
445112
446121
(Com)

111444
122444
123456
444111
455111
456111

()

(A.124)

(A.125)

(A.126)

(A.127)

(A.128)

(A.129)

(A.130)

(A.131)

(A.132)
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111444 111444 111444 111444 111444 111444 111444 111444 111444 111444
122444 122446 122446 122446 122446 122455 122455 122455 122455 122456
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

444111 444111 444111 444111 444111 444111 444111 444111 444111 444111 (A133)
455111 445111 445111 455111 455111 455111 455111 455122 455122 455111
466111 466111 466112 446111 466111 456111 466111 456122 456123 466111

(1) (Com) (Com) @ (1) (Com) (1) (Com) (Com) (Com)

111444 111444 111444 111444 111444 111444 111444 111444 111444 111446
123456 123456 123456 123456 123456 123456 123456 123456 123456 112446
132456 132456 132465 132465 132465 333555 333555 333555 333555 123456

444111 444111 444111 444111 444111 141441 444111 444111 444111 444661 (A134)
455111 456111 456111 456123 456132 353553 555333 555333 555333 445661
466111 465111 465111 465132 465123 361542 464111 465132 564312 666114

(Com) (3) (Com) (Com) (Com) (2] (1) (1) (2)) (Com)

111446 111446 111446 111446 111456 111456 111456 111456 111456 111456
122446 122446 122456 123456 112456 112456 122456 122456 123456 123456
123456 123456 123456 132456 123456 123456 123456 123456 132456 132456

444661 444661 444661 444661 444165 444165 444165 444165 444165 444165 (A 135)
445661 455661 455661 455661 555614 555641 555614 555641 555614 555641
666114 666114 666114 666114 666541 666514 666541 666514 666541 666514

(Com) (1) (Com) (Com) (Com) (Com) (Com) (Com) (Com) (Com)

113333 113336 113355 113355 113355 113356 113356 113356 113356 113356
123456 123456 123456 123456 123456 123456 123456 123456 123456 123456

331111 336661 335511 335511 335511 331165 331165 331165 331165 335561
341111 346661 345511 345511 345612 341165 341165 341265 341265 345561 (A136)

351111 356661 551133 551133 551133 556613 556631 556613 556631 556613
361111 661113 561133 561134 561234 665531 665513 665531 665513 661135
(Com) (Com) (Com) (Com) (Com) (Com) (Com) (Com) (Com) (Com)

113456 123456 123456
123456 214365 214365
334561 345612 351624
445613 436521 462513 (A.137)
556134 561234 536142
661345 652143 645231
(Com) Zg S3
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