PART 1
1. Introduction

The present paper is devoted to certain Markov operators which occur in diverse branches
of pure and applied mathematics. Processes described by these operators arise in math-
ematical theory of learning [27, 29, 49|, population dynamics [45], theory of stochastic
differential equations [22, 26] and many others. Recently such processes have been ex-
tensively studied because of the close connection to fractals and their generalization,
semifractals [2, 4, 10, 13, 14, 16-18, 25, 36, 56]. They are also used in computer graphics.
If (Z,)n>1 is a homogeneous Markov chain taking values in some metric space X and m
is its transition kernel, i.e.,

prob{Z, 11 € A| Z, = xp,..., Z0 = 20} = 7(xp, A)
for n € N and all Borel sets A, the corresponding Markov operator P is given by

Pu(A) = | n(x, A) u(dz).
X
It is of interest to find criteria for the existence of an invariant measure for P (see [3, 8,
11, 24, 25, 28, 41, 42, 44, 51, 55, 57, 58]). Having these criteria we may study the mul-
tifractal properties of invariant measures (for details see [1, 5, 7, 9, 43, 46, 47, 50, 52,
53, 60]).

The paper is divided into two parts. The main objective of our study in Part I is
the theory of general Markov operators acting on measures. It should be noted that
all theorems are stated under quite general assumptions concerning the phase space X.
Namely, we assume that X is a Polish space. In this case the crucial difficulty is to as-
sure the existence of an invariant measure. The first results concerning the existence
of invariant measures were proved for compact spaces (see [29]). The proofs usually
go as follows. First we construct a positive invariant functional defined on the space
of all continuous functions. From the Riesz theorem we deduce that it may be repre-
sented by a measure. Finally, since this functional is invariant, we conclude that the
measure is also invariant. This scheme works smoothly only when the phase space X
is compact. However Lasota and Yorke managed to extend it to the case when X
is locally compact and o-compact (for details see [39]). Their approach was partially
based on the idea of the lower bound function technique developed for Markov oper-
ators acting on L'-space (see [34]). They introduced the class of so-called concentrat-
ing Markov operators and showed that every operator from this class admits an in-
variant measure. The above mentioned result is similar in spirit to Komorowski’s the-
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orem [31]. Komorowski however considered Markov operators acting on absolutely con-
tinuous measures. Further, if we assume that a concentrating Markov operator does not
increase some distance between two measures, this operator must be asymptotically stable
(see [39)).

The main aim of Part I is to prove similar results for Polish spaces. In Polish spaces
almost all methods developed for locally compact and o-compact spaces break down.
Therefore in our considerations we base on the concept of tightness and the well known
Prokhorov theorem (see [59]).

In Part IT we apply the results from Part I to some special Markov operators. We
consider Markov operators generated by iterated function systems, stochastically per-
turbed dynamical systems and Poisson driven stochastic differential equations. We start
with iterated function systems. This class of processes under the name “systems with a
complete connection” was already introduced by Mihoc and Onicescu in 1935 [45]. These
systems were also intensively studied as mathematical models of learning [27, 29, 49].
Today iterated function systems are considered because of their close connection with
the theory of fractals. The explosion of interest in fractal sets started after the observa-
tion that some of them can be constructed by using an iteration process. More precisely,
having N contractive transformations, say Si,..., Sy, we construct the fractal set A, as
the limit of the sequence (F™(A)),>1, where F(A) = J Si(A) and A is a compact set. It
is known that if all S;’s are contractive maps, then the set A, exists and does not depend
on the starting set A (see [25]). On the other hand, a fractal set may be obtained in the
following way. Assume that every transformation S; is associated with the probability p;
determining the frequency with which the map S; can be chosen. Then for such system,
known under the name of iterated function system, we obtain the Markov operator P,
given by (6.1.2), describing the evolution of measures due to the action of the above pro-
cess. It can be proved that the support of its invariant measure is equal to the fractal set
for S1,...,Sn (see [25]). Recently Lasota nad Myjak generalized the concept of fractal
sets. Namely, the class of sets which can be defined as supports of invariant measures
of asymptotically stable Markov operators contains not only fractals. This leads to the
notion of a semifractal (see [36]). All sets which are equal to the support of the invari-
ant measure corresponding to an asymptotically stable Markov operator generated by an
iterated function system are called semifractals.

Our next concern will be the behaviour of stochastically perturbed dynamical systems
which are a natural extension of iterated function systems. They are defined in the fol-
lowing way. Consider an uncountable family (S}):ep of transformations and assume that
every transformation is chosen according to some density on P. Then, analogously to the
case of iterated function systems, for this process we may find criteria for the existence of
an invariant measure. Such systems were considered by Lasota and Mackey and turned
out a very useful tool in the theory of mathematical models of cell cycles (for details
see [35]).

Finally, we will consider stochastic differential equations of the form

d&(t) = a(€(t)dt + | o(€(), )N, (dt, db),

e
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where N, is the Poisson random measure. It is well known that such equations define
a semigroup of Markov operators (see [22, 38, 63]). We present a criterion for the exis-
tence of an invariant measure for this semigroup. A similar result in R¢ was proved by
J. Traple [65].

Secondly, we will study dimensions of measures. The idea of dimension of a measure is
a basic tool in the study of fractals and measures generated by iterated function systems,
or more generally, measures generated by Markov chains (see [53]). Various definitions of
dimension have been proposed: Hausdorff dimension, box dimension, entropy dimension,
correlation dimension. Closely related to the Hausdorff dimension is capacity, introduced
by Kolmogorov (see [30]). This capacity however does not distinguish between a set and
its closure. Ledrappier [40] has made some modification to correct this insensitivity but
his version of capacity has not been completely analysed. In the present paper we give a
contribution to this subject. But the results are far from being conclusive.

The outline of the paper is as follows. Chapter 2 is divided into four parts. Sec-
tions 2.1-2.3 present some preliminaries. In Section 2.1 we set up notation and termi-
nology. Section 2.2 contains some basic facts from the theory of Markov operators. In
Section 2.3 we discuss different properties of Markov operators as globally concentrating,
locally concentrating, concentrating and semi-concentrating, and in Section 2.4 we look
at them more closely when proving technical lemmas.

The main concept taken from Lasota and Yorke is nonexpansiveness. Chapter 3 pro-
vides a detailed exposition of it. It is worth pointing out that this assumption is essential
to our proofs of the existence of an invariant measure. Nonexpansiveness may be omitted
if we assume that Markov processes satisfy some ergodic conditions on compact sets (see
for instance [57]).

Chapter 4 is devoted to the study of tightness. It is worth pointing out that every
tight sequence of measures contains a weakly convergent subsequence. This fact, in turn,
gives us a tool for proving the existence of an invariant measure.

In Chapter 5 criteria for the existence of an invariant measure are stated and proved.
The main result, Theorem 5.5, ensures the existence of an invariant measure for a non-
expansive operator satisfying the semi-concentrating condition.

The second part of the paper is devoted to applications of results in Part I to some
special Markov operators. The strategy for all chapters is the same. First we discuss non-
expansiveness. Next we study the existence of an invariant measure. Finally we estimate
the capacity.

In Chapter 6 we are concerned with iterated function systems. Chapter 7 is devoted
to stochastically perturbed dynamical systems and Chapter 8 deals with Poisson driven
differential equations.
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tific Research (Poland) Grant No. 2 P03A 010 16 and Foundation for Polish Science.
It was also supported by a Marie Curie Fellowship of the European Community program
“Improving the Human Research Potential and the Socio-Economic Knowledge Base”
under contract number HPMF-CT-20000-00824.
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2. Preliminaries

2.1. Basic definitions and notation. Let (X, 0) be a Polish space, i.e., a separable,
complete metric space. Throughout this paper B(z,r) stands for the closed ball in X
with centre at x and radius r. For every set C' C X and number r > 0 we denote by
N?(C,r) the open r-neighbourhood of the set C, i.e.,

NO(C,r)={z € X :0(C,x) <r}
and by N(C,r) the closed r-neighbourhood of C| i.e.,
N(Cr)={z e X :0(C,z)<r},

where o(C,z) = inf{o(z,y) : y € C}. For C,Cy C X we denote by dist(C,Cp) the
distance of the sets C, Cy, i.e.,

dist(C, Cy) = min{grelfc 0(Co, ), xienéo o(C,x)}.
For C' C X we denote by diam C the diameter of C| i.e.,
diam C' = sup{o(z,y) : z,y € C}.

By B(X) and By(X) we denote the families of all Borel sets and all bounded Borel
sets, respectively.

By C., € > 0, we denote the family of all closed sets C for which there exists a finite
set {21,...,2,} C X such that C C J;_, B(z;,¢). By C¥, e > 0,k € N, we denote the
family of all C' € C. such that C' C Ule B(z;,¢e) for some {x1,za,... 25} C X.

By Mg, and M; we denote the sets of Borel measures (nonnegative, o-additive) on X

such that p(X) < oo for pp € Mgy, and p(X) =1 for p € Mj. The elements of M, are
called distributions. By Mg, we denote the family of all signed measures:

Maig = {11 — pa = p, pi2 € Mg }-

We say that u € Mag, is concentrated on A € B(X) if u(X \ A) = 0. By M{! we
denote the set of all distributions concentrated on A € B(X).

By B(X) we denote the space of all bounded Borel measurable functions f : X — R.
Further, by C(X) we denote the subspace of all bounded continuous functions. These
spaces are equipped with the supremum norm.

For X unbounded, a continuous function V : X — [0, 00) is called a Lyapunov func-
tion if
(2.1.1) lim  V(z) =00

o(z,z0)—00
for some xy € X.
To simplify the notation we will write
(f.v) =\ f@)v(dz) for f € B(X), v € Mg
X
In the space Mgz we introduce the Fortet-Mourier norm (see [12, 15, 20])

(2.1.2) lvllem = sup{|{f,v) : f € F},
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where F C C(X) consists of all functions such that |f(x)| <1 and |f(z)— f(y)| < o(x,y)
for arbitrary z,y € X. It is known (see [12, 15]) that the convergence

im |[pen — pllpm =0 for pin, p € My
n—o0

is equivalent to the weak convergence of (p)n>1 to p .

Let ©9 C M;. We call ©q tight if for every € > 0 there exists a compact set K C X
such that p(K) >1—¢ for all u € O,.

It is well known (see [6, 12, 15]) that if the family {xy,},>1 of distributions is tight,
then there exists a subsequence (m,,),>1 of integers and a measure p, € My such that

Jim [, = pefEne = 0.

Let u € M. For given € > 0 and C' C X we denote by N¢(e) the minimal number
of balls with radius € needed to cover the set C'. Further, for e, > 0 we define
N(e,n) = inf{N¢g(e) : C C X and pu(C) > 1—n}.
Then the quantities
log N
Capr () = sup lim inf log N(e,n)
— n>0 €—0 —loge
and
T : log N (e, 1)
Ca = sup lim sup ————=
pr(p) = suplmsup ==, ¢
are called the lower and upper capacity of p, respectively.
If the lower capacity is equal to the upper capacity we call this common value the
capacity and denote it by Capy ().
The above definitions were introduced by Ledrappier (see [40, 66]) and are closely
related to the Kolmogorov dimension (see also [30]).

REMARK 2.1.1. In the definitions of the lower and upper capacity we can replace the
continuous variable € by a decreasing sequence (g,,),>1 with loge,4+1/loge, — 1 as
n — 00.

2.2. Markov operators and semigroups of Markov operators. An operator
P : Mg, — Mgy, is called a Markov operator if it satisfies the following two conditions:

(i) positive linearity:
P(Aipn + Agp2) = M Py + Mo Py
for A1, Ao > 0 and p1, pto € Mgy,
(ii) preservation of measures:
Pu(X) =p(X) for p € Mgn.

It is easy to prove that every Markov operator can be extended to the space of
all signed measures Mg, = {p1 — p2 : p1, 2 € Mgn}. Namely for every v € Mg,
V= p — W2, we set Pv = Ppu; — Ppus.

A linear operator U : B(X) — B(X) is called dual to P if

(2.2.1) (Uf u) = (f,Pu)  for f € BX), p € M.
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Setting p = d, in (2.2.1) we obtain
(2.2.2) Uf(x) = (f,Pd,) for feB(X), zelX,

where §, € M; is the point (Dirac) measure supported at .
From (2.2.2) it follows immediately that U is a linear operator satisfying

(2.2.3) Uf>0 for f>0, fe B(X),
(2.2.5) Ufy L0 for fu |0, fu € B(X).

Conditions (2.2.3)—(2.2.5) allow one to reverse the roles of P and U (for details see [33]).
Namely we may define a Markov operator P : Mg, — Mg, by setting

(2.2.6) Pu(A) = (Uly,p) for p € Mgy, A € B(X).

Assume now that P and U are given. If f: X — R, is a Borel measurable function,
not necessarily bounded, we may assume that

Uf(z) = nhlgo Ufn(x),

where (fy)n>1 is an increasing sequence of bounded Borel measurable functions converg-
ing pointwise to f. From the Lebesgue monotone convergence theorem it follows that U f
satisfies (2.2.1).

A Markov operator P is called a Feller operator if there exists a dual operator U :
B(X) — B(X) satistying (2.2.1) such that
(2.2.7) UfeC(X) forfeC(X).

A family {P*};>¢ of Markov operators is called a semigroup if P*** = P*P* for all
t,s € R and P is the identity operator on Mag,.

2.3. Properties of Markov operators. A Markov operator P is called nonezpansive if
(2.3.1) [Ppy = Ppzllem < [lpa — pellpv for pa, pe € M.

Let P be a Markov operator. A measure u € Mg, is called stationary or invariant if
Pu = p, and P is called asymptotically stable if there exists a stationary distribution p,
such that

(2.3.2) lim ||P"u— pie|lpm =0 for p € M.

Clearly the distribution pu, satisfying (2.3.2) is unique.

Let {P'};>0 be a Markov semigroup. The Markov semigroup {P*};>¢ is called non-
expansive if every Markov operator Pt, ¢t > 0, is nonexpansive. A measure p € Mg, is
called stationary or invariant for the Markov semigroup {P*};>¢ if P'u = p for all ¢ > 0.
The Markov semigroup {P'};>¢ is called asymptotically stable if there exists a stationary
distribution u, such that

(233) tlim HPt,u — N*HFM =0 for ne M;.
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An operator P is called globally concentrating if for every € > 0 and every A € By(X)
there exist B € By(X) and ng € N such that
(2.3.4) P"'u(B)>1—¢ forn>ng, u € Mi.
An operator P is called locally concentrating if for every € > 0 there is a > 0 such
that for every A € By(X) there exist C' € By (X) with diam C < € and ng € N satisfying
(2.3.5) P™u(C)>a for pe M.

REMARK 2.3.1. One can construct a Markov operator which is locally concentrating but
not globally concentrating.

An operator P is called concentrating if for every € > 0 there exist C' € B(X) with
diam C < ¢ and a > 0 such that

(2.3.6) liminf P"u(C) > o for p € M.

n—0oo

An operator P is called semi-concentrating if for every € > 0 there exist C € C. and
a > 0 such that

(2.3.7) liminf P"u(C) > a for p € Ms.

n—oo

We finish this section by introducing the following notation:

(2.3.8) Q(p) ={v e M1 :3m,),or>Mn — 00 and [P — v|lpy — 0}

n>1?

for p € M.

2.4. Technical lemmas. We start with an easy lemma.
LEMMA 2.4.1. If ||y — pel|lpm < €% for pi, pua € My and some € > 0, then
1 (N°(CLe)) > pua(C) —e  for C € B(X).

Proof. Fix C € B(X). Define f(z) = max(e — o(C,x),0). Since f € F and f(z) =0 for
x & N(C,¢), while f(z) = ¢ for # € C, we have

epi2(C) — epr(N°(C,e)) < |[(fopr) — (fop2)| < |1 — pallem < €2
and the assertion follows. m

LEMMA 2.4.2. Let P be a Markov operator and U its dual. Assume that there exists a
Lyapunov function V', bounded on bounded sets, such that

(2.4.1) UV(z) <aV(x)+b forxelX,
where a,b are nonnegative constants and a < 1. Then P is globally concentrating.

Proof. From (2.4.1) it follows that

(2.4.2) UV(x) <a"V(z)+ for n € N.

1—a



12 T. Szarek

Fixe > 0. Let A € By(X) and u € M#. Set B = {z : V(x) < ¢}, where ¢ > 2b(e(1—a)) L.
From (2.4.2) and the Chebyshev inequality we obtain

P"u(B)zl—ésv(x)P éSU”V dx)
X X
1/ . b
21—§<a )S(V(x) )
e a" e a”
>1—§—;§(V() plde) 2 1= 5 = supV(a).

Consequently, there exists an integer ng such that P"u(B) > 1 — ¢ for n > ng, u € M3,
and the assertion follows. =

The proof above gives more.

COROLLARY 2.4.1. Let P be a Markov operator and U its dual. Assume that there exists
a Lyapunov function V, bounded on bounded sets, such that condition (2.4.1) holds. Then
for every € > 0 there exists B € By(X) such that

liminf P"u(B) > 1—¢  for p e M.

n—oo

Proof. Fix ¢ > 0. In Lemma 2.4.1 we have proved that there exists B € B,(X) such that
liminf P"u(B) > 1—¢/2 for p € Mft, A€ By(X).

n—oo

Fix p € M. Let A € By(X) be such that u(A4) > 1 — ¢/2. Define the measure pu, € M;
by

i (C) = p(CNA)/u(A) for C € B(X).
Observe that p, € M{ and p > (1 — £/2)p.. By the linearity of P we obtain
liminf P"u(B) > (1 —¢/2)liminf P"u(B) > 1—¢c. m

Let P be a Markov operator. Now for every A € B,(X) and n € [0, 1] we set
MM = (e My : PPu(A) > 1 —n for n € N}.
Define the function ¢ : By(X) x [0,1] — [0,2] U {—o0} by
p(A, ) = Timsup sup{[|P" 1 = P"pialpn : 1, iz € M.
As usual, the supremum of an empty set is taken to be —oo.

LEMMA 2.4.3. Let P be a nonexpansive and locally concentrating Markov operator. Let
e >0 and «a > 0 be such that, for e, the locally concentrating property holds. If n < 1/2,
then

(2.4.3) (A, n(l —a/2)) < (1 —a/2)p(A n) + ac/2

for A e By(X).

Proof. Fixe >0,A € By(X)andn < 1/2.Let a > 0,n9 € Nand C € B,(X) be such that,

for €, the locally concentrating property holds. We see at once that if ./\/lA m-a/2) _ =0,
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then (2.4.3) is satisfied. Fix py, p2 € Mf’n(lfa/Z). Asn < 1/2 we have p; > pu#t/2, where
pt € M4 is of the form

pA(B) = (AN B)/ui(A)  for B e B(X),i=1,2.

By the linearity of P we obtain
Pop(C) >3- Prop(C) > /2 fori=1,2.
Hence for ¢ = 1,2 we have
(2.4.4) Progss = (1— /207, + (/2w
where v; € MY is defined by
v;(B) = P™u,(BNC)/P™u,(C) for B € B(X)

and fr; is defined by (2.4.4). Since vy, 15 € MY and diam C < e, we check at once that
1 — vo|lpm < e. From (2.4.4) we conclude that
1
P (A) >

i(4) =z 1—a/2

1
>——41 —n(l —a/2) —a/2
> i —a/2 —a/2)

=1—-n forneNandi=1,2.

{Pmo" i (A) — a/2}

This gives iy, iy € ./\/1‘14”7 and consequently, since P is nonexpansive, we have
[P0y — PO s < (1= /2) [Py — P oyt + (@/2)| P01 — Pvs e
< (1—a/2) sup{||P" iy = P" ol : i, 2 € M7} + e /2.
By the above we obtain (A, n(1 — «/2)) < (1 — a/2)p(A,n) + ac/2. m

We denote by 7., € > 0, the family of all C € C. such that there exists a positive
number « satisfying

linrriioréfP”u(C) >a for pe Mj.
REMARK 2.4.1. It is easy to see that if P is a semi-concentrating Markov operator, then
7. # 0 for every € > 0.
For e > 0 and k € N, set
TF=CiNT..
We are now in a position to formulate the following technical lemma.

LEMMA 2.4.4. Let P be a nonexpansive and semi-concentrating Markov operator. Then
for every € > 0 there exist an integer k, a sequence (A1, ..., Ag), A; € By(X), diam A; <e
fori=1,... k, and a measure puy € My such that Ule A; € TF and

liminf P"ug(A;) >0 fori=1,... k.
Proof. Fix e > 0. Set
k=min{m € N: 3o € (0,¢/2) T," # 0}.
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Choose 1 € (0,¢/2) such that 7;7’“ # (). Choose C = Ule A; where A; are closed balls
with radius n and o > 0 such that

(2.4.5) liminf P"u(C) > o for p € M.

n—oo

Let v > 0 be such that
(2.4.6) n+y<e/2 and k-y<a.

Set #=~2. Let @ >0, p € N and C = UL, D;, where D; are closed balls with radius
€ chosen according to the semi-concentrating property of P for £. For every u € M;
we define the set S(u) of all j € {1,...,p} such that there exists n € N satisfying
P"u(Dj) > a/p. Obviously S(u) # 0. Further, it follows easily that j € S(u) iff there
exists n € N and v € M1 such that

(2.4.7) Py > (a/p)v.
Namely, it is enough to define v € M by the formula
v(A)=P"u(AND;)/P"u(D;) for Ae B(X),jeS(u).

We proceed to show that for every i € {1,...,k} there exists u € M such that for
every j € S(u) and « € D; we have

(2.4.8) P"6,(A;) > a/k  for some n € N.

We can assume that ¢« = 1. Suppose, contrary to our claim, that for every p € M there
exist j € S(u) and = € D; such that

P"05(A1) < a/k  forneN.
From (2.4.5) we conclude that P"d,(A; ) > a/k for all sufficiently large n € N, where

in € {1,...,k} and i, # 1. Since ||, —v|pm < diam D; < 42 for v € MY, Lemma 2.4.1
now shows that

P'w(N(4i,,7) = a/k -
for v € Mle and all sufficiently large n € N. Since i,, # 1, we then obtain

k
P”I/( UN(AZ,')/)) >alk—~ forve /\/lle.
i=2

From (2.4.7) we conclude that P™y > (a/p)v for some v € Mf)j and ng € N. Conse-
quently, by the linearity of P we have Pty > (a/p)P"v for n € N and

k
P”0+”,u( U N (A, 7)) > (a/p)(a/k —~) for all sufficiently large n € N.
i=2

Thus

n—oo

k
lim inf P"p( U N(Zi,v)) > (@/p)(a/k —~) for pe M.

By the above we conclude that Uf:z N(A;,7) € Cf;;l/, hence 7;7’131 # (), contrary to the
definition of k.



Invariant measures for nonexpansive Markov operators 15

Let p1; € My, 1 <4 <k, be such that for every j € S(u;) and « € D; we have
P"6,(A;) > a/k  for some n € N.

Fix i € {1,...,k}. For every j € S(u;) choose a point z; € D; and an integer n; such

that P"i6,,(A;) > a/k. By Lemma 2.4.1 we obtain

PYu(N(Ay,y) > a/k—~ forve M?j.

Set N; = max;cs(u,)n; and A; = N (A, 7). From (2.4.6) it follows that diam A; < e.
Obviously Ule A; € TF. Define 1i; € M; by the formula

‘ N, +1
It is easy to check that
(2.4.9) liminf P"7;(A;) > (a/k — 7)a/ (p(N; + 1)) > 0
for i € {1,...,k}. Write
o = o+ k + Ty

From (2.4.9) and the linearity of P we have liminf,,_, . P"uo(A;) >0fori=1,..., k. =

LEMMA 2.4.5. Let P be a nonexpansive Markov operator and let A € B(X). Given any
e > 0 suppose that diam A < €2/16. Moreover, assume that there exists j € My such
that

(2.4.10) lim inf P"u(A) > 0.
Then there exists C € C. such that
P'w(C)>1-¢/2 forneN and ve M{.

Proof. Choose a > 0 such that liminf, . P"u(A) > a. If P"u(A) > «/2, then

(2.4.11) P'u> (a)2)vn,

where v, € M#! is of the form

(2.4.12) vn(B) = P"u(BNA)/P"u(A) for B € B(X).
Define

(2.4.13) § =sup{y >0:3C, )3 € C.p2 linrgigf P"u(Ce2) = v}

Choose v > 0 and C, /3 € C. /5 such that 0 <0 — v < aeg/8 and
lim inf P*u(Ce/2) = .
We are now in a position to show that
(2.4.14) P"w(NY(C.j2,e/2)) >1—¢/2 forn €N and v e M{.

Suppose that, on the contrary, for some ng € N and vy € M4,

(2.4.15) Py (N°(Cepa,e/2)) <1—¢/2.
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By the Ulam theorem (see [12, 15]), there exists a compact set K C X \ N%(C.2,2/2)
such that P™uy(K) > ¢/2. Since P is nonexpansive, we have

|1P™ vy — P™v|pm < |[vo — v||pm < diam A < 62/16
for every v € M4. Lemma 2.4.1 now shows that P™v(NC(K,c/4)) > £/4. Putting
B = N(K,e/4) we obtain B € C. 5 and consequently BUC. 5 € C. /2. Applying (2.4.11),
the linearity of P and the fact that v,, € M7 we have
P u(B) > (a/2)P™v,(B) > ag/8
for every sufficiently large n. Since BN C, /3 = (), we see that

lim inf P"pu(B U C,/3) > liminf P"pu(B) 4 liminf P"u(C, 2) > ag/8 +~ > 4,

which contradicts the definition of §. Thus (2.4.14) holds. Put C' = N(C,/2,£/2) and
note that C € C.. m

3. Nonexpansiveness

We start with the following definitions. We say that a metric o’ is equivalent to o if the
classes of bounded sets and convergent sequences in the spaces (X, g) and (X, ¢’) coincide.
Obviously, if (X, o) is a Polish space and g, ¢’ are equivalent, then the space (X, o) is
still a Polish space.

We say that a Markov operator P is essentially nonexpansive if there exists a metric
¢’ equivalent to g such that P is nonexpansive in (X, o).

THEOREM 3.1. Let P be a Markov operator. Assume that P is continuous in the weak

topology. Then P is a Feller operator. Moreover, if the operator U : B(X) — B(X) given
by (2.2.2) satisfies U(F) C F, then P is nonexpansive.

Proof. Obviously U is linear. Since P is continuous in the weak topology, we see that
U(B(X)) € B(X). Further, for an arbitrary sequence x, — xo, T, 2o € X, we have
0z, — 0z, in the weak topology, and hence Pd,, — Pd,,. Consequently, by the definition
of U we have Uf(z,) — Uf(xg) for f € C(X). Thus we have verified that U(C(X)) C
C(X). According to the definition of U we have

(Uf.p)=(f,Pp) for feC(X)and u=0,.

Since the linear combinations of point measures are dense in Mg, (in the weak topology)
and P is continuous, equality (2.2.1) holds for every p € Mg,. Since U(F) C F, we have
[Puy — Pusllem = sup{[(f, Puy — Ppug)| : f € F}y = sup{[(Uf, p1 — p2)| : f € F}

< sup{[(f, p1 — p2)| : [ € F} = [lp1 — pallpm
for all pq, puo € My, which finishes the proof. =

THEOREM 3.2. Let P be an essentially nonexpansive Markov operator. Then P is a Feller
operator.

Proof. 1t suffices to make the following observation. If P is essentially nonexpansive,
then there exists a metric ¢’ such that P is nonexpansive in (X, o). Consequently,
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P is continuous in the weak topology generated by ¢’. Since the metric ¢’ is equivalent
to o, the weak topologies generated by ¢ and o’ coincide. An application of Theorem 3.1
finishes the proof. m

4. Tightness criteria

The main aim of this chapter is to present tightness criteria for Markov operators. The
tightness property gives us a tool for proving the existence of an invariant measure.
We start with the following lemma.

LEMMA 4.1. If ©g C M; is such that for every € > 0 there is a set C' € C. satisfying
w(C) >1—¢ for u € Oy, then Oy is tight.

Proof. Fix ¢ > 0. Let Cj € C.jor, k € N, be such that u(Cy) > 1 —¢/2% for p € 6.
Define K = (N, Ck. Observe that K is compact and

W\ K) = (X0 (Y ) = (U cn)
k=1 k

=1
SZM(X\Ck) §Zs/2k:s for p € Gg. m
k=1 k=1

For the convenience of the reader we present the following lemma.

LEMMA 4.2. If (ttn)n>1, tn € M1, n € N, satisfies the Cauchy condition, then {pn tn>1
18 tight.

Proof. Fix € > 0. Since (i, )n>1 satisfies the Cauchy condition, there exists ny € N such
that

(4.1) l1tp = pqllem < €%/4 for p,q > no.
By the Ulam theorem (see [12, 15]) we may choose a compact set K C X such that
(4.2) n(K)>1—¢/2 forn=1,...,ne.
From Lemma 2.4.1 and conditions (4.1), (4.2) it follows that for n > ny we have
N (K, 2/2)) 2 jing (K) —£/2 21— .
Observe that N (K,e/2) € C. and
un(N(K,e/2)) >1—¢ forneN.
An application of Lemma 4.1 finishes the proof. m

We say that a Markov operator P : Mg, — Mgy, is tight if for every u € My the
family {P"u},>1 of distributions is tight.

THEOREM 4.1. Let P be a nonexpansive and locally concentrating Markov operator. If
for every p € My and every € > 0 there is A € By(X) such that

(4.3) liminf P"u(A) > 1 —¢,
then P is tight.
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Proof. By Lemma 4.2 it is enough to show that (P"u),>1, 4t € My, satisfies the Cauchy
condition. Fix ¢ > 0 and u € M. Let @ > 0 be such that, for £/2, the locally concen-
trating property holds. Let k € N be such that 4(1 — a/2)¥ < . Choose A € By(X)
satisfying
Pru(A)>1— (1 - a/2)F  forn € N.
Lemma 2.4.3 and an induction argument give
(44) @A 31— a/2)") < (1-a/2)"0(A,1/3) + ae/4
+as(l—a/2)/4+...+as(l —a/2)k1/4
<2(1—a/2)f +¢/2 <e.
It is clear that P™u, Py € Mf’(l/?’)'(l_aﬂ)k for m,n € N and from (4.4) it follows that
there exists ng € N such that
HP’ILOP’ILILL _ P7LOP7nM||FM < c.
Therefore ||PPu — Piu|lpm < € for p,g > ng. =

THEOREM 4.2. Let P be a Markov operator. If for every measure p € M1 and every
€ > 0 there is a set C € C. satisfying P"u(C) > 1—¢€ forn € N, then P is tight.

Proof. This is an immediate consequence of Lemma 4.1. m

THEOREM 4.3. Let P be a nonexpansive and concentrating Markov operator. Then P is
tight.

Proof. By Theorem 4.2 it is enough to show that for every ¢ > 0 and pu € M there
exists C' € C. such that P"u(C) > 1 —¢ for n € N. Fix € > 0. Set € = £2/16. Let a > 0
and A € By,(X) with diam A < £2/16 be chosen according to the concentrating property
for €. It is easy to see that the assumptions of Lemma 2.4.5 are satisfied. Thus there
exists C' € C. such that

(4.5) P'w(C)>1—¢/2

for n € N and v € M.

We define by induction a sequence (ny)g>o of integers and two sequences (ug)r>o0,
(V) k>0 of distributions. If & = 0 we set ng = 0 and o = vp = p. If £ > 1 and ng_q,
lk—1, Vg—1 are given we choose, according to the concentrating property, n; such that
P py_1(A) > /2 and we define

o Pnk/Lk_l(B N A)

B) =
ve(B) Prepy_1(A)
1
40 (B = oy (P (B) ~ (/2m(B)  fon B € B(X),
Observe that v, € M. Using (4.6) it is easy to verify by induction that
(4.7) Pty — (of2) Pty 4 (0f2)(1 — af2) Pret ey,

+oo 4 (/2)A = a/2) 4+ (1 — a/2)F .
Let k € N be such that
(1-(1—-a/2")1-¢/2)>1—¢.
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Since v; € M4, i =1,...,k, and (4.5) holds, we have
P"u(C) > (a/2)P" ™11 (C) + (o/2) (1 — a/2) PP 215 (CO)
+ .4 (a/2)(1 — a/2)k 7t P Ty, ()
>(1-(1-a/2)")(1—-¢/2)>1—¢
for n > ny + ... + ng. By the Ulam theorem (see [12, 15]), we can find a compact set

K C X such that P"u(K UC) > 1—¢ for n € N. Since K UC € C,, Theorem 4.2 shows
that P is tight. m

LEMMA 4.3. Let P be a nonexpansive and semi-concentrating Markov operator. Then for
every € > 0 there exists C € C. satisfying

liminf P"u(C) >1—¢  for p € My.

Proof. Fix € > 0. By Lemma 2.4.4 there exist an integer k, a sequence (Ai,...,Ag),

A; € B(X) and diam A; < £2/16 for i = 1,...,k, and a measure jg € M; such that
k

Ui, Ai € 7;’3/16 and

liminf P"pug(A;) >0 fori=1,... k.

n—00

Lemma 2.4.5 now shows that there exists a sequence (Cy,...,Cy), C; € Cc. fori=1,... k,
satisfying P"v(C;) > 1 —¢/2forn e N, v e M andi=1,...,k.
Set C = Ule C; and observe that C' € C.. Moreover, we have

(4.8) P"w(C)>1—¢/2 forneNandwvelJ_, M,

Since Ule A; e TE /16> it follows that there exists a > 0 such that

lim inf P"u( LkJ Ai) >«
i=1

n—oo
for every p € Mj. Set o = a/k and define
n =sup{y > 0: liminf P"u(C) > ~ for all p € M;}.

It is obvious that n > 0. It remains to prove that n > 1 — £/2. Suppose, contrary to our
claim, that n < 1 — /2. Hence

(4.9) n>1fa—1f‘a(1_g/z).

Choose v > 0 such that
e’

(1-¢/2).

n
>v> — —
= l—-a 1-«

Therefore
liminf P"u(C) >~ for p € Mj.

n—oo
Fix p € M;. Analysis similar to that in the proof of Theorem 4.3 shows that there exist
ng €N, g€ My and v € Ule Mfi such that

PYu=(1-a)p+ av.
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By (4.8), (4.9) and the linearity of P we obtain

lim inf P™*";(C) > (1 — @) lim inf P"[i(C) + alim inf P"v(O)

n—oo n—oo n—oo

>(1-—a)y+a(l—¢/2) >n.
Since p € M is arbitrary, we see that
liminf P"p(C) > (1 —a)y+a(l —¢) >n for p e My,
which contradicts the definition of n and finishes the proof. m
Consequently, Theorem 4.2 and Lemma 4.3 yield the following theorem.

THEOREM 4.4. Let P be a nonexpansive and semi-concentrating Markov operator. Then
P is tight.

We finish this chapter with an easy observation.

REMARK 4.1. Theorems 4.1, 4.3 and 4.4 still hold if it is only assumed that P is essentially
nonexpansive.

Proof. It is enough to observe that if ¢’ is equivalent to p, then every locally concen-
trating, concentrating and semi-concentrating Markov operator P in (X, ) is locally
concentrating, concentrating and semi-concentrating in (X, o’), respectively. m

5. Invariant measures for Markov operators

The crucial fact is that tightness may be used in proving the existence of an invariant
measure for Markov operators. Namely, we have the following theorem.

THEOREM 5.1. Let P be a Markov operator. Assume that P is continuous in the weak
topology. If P is tight, then P admits an invariant distribution.

Proof. Fix € My and set
u+Puf. Py

(5.1) L for n € N.

n
Since P is tight, the family {f,, },>1 is tight. From the Prokhorov theorem (see [6]) it
follows that there exists a subsequence (my,)n>1 of integers and a distribution & such
that 7z, — 7 in the weak topology. Since P is continuous, P, — Pp in the weak
topology. From (5.1) it follows that || Pf,, — 7, |lrkm — 0 as n — oo and consequently
Pu=7n. =

THEOREM 5.2. Let P be a nonexpansive and locally concentrating Markov operator. As-
sume that for every p € My and every € > 0 there is A € By(X) such that (4.3) holds.
Then P admits a unique invariant distribution.

Proof. From Theorems 4.1, 5.1 and a simple observation that every nonexpansive Markov
operator is continuous in the weak topology it follows that P admits an invariant distri-
bution.
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To prove uniqueness suppose, contrary to our claim, that i, i, € M are two different
invariant measures. Set

(5.2) € = [l — llen > 0.
As in the proof of Theorem 4.1 let « > 0 be such that, for €/2, the locally concentrating
property holds. Choose k € N such that 4(1—a/2)* < . Since P"li; = i;, i = 1,2,n € N,

we conclude that [y, 7, € Mf’(l/s)(l_am)k for some A € By(X). From (4.4) it follows
that

7y = ol = lim [Py — PPy lem < (A, 3(1 - a/2)") <e,
n—oo
contrary to (5.2). m

THEOREM 5.3. Let P be a nonezrpansive and concentrating Markov operator. Then P
admits a unique tnvariant distribution. Moreover, P is asymptotically stable.

Proof. Theorems 4.3 and 5.1 show that P admits an invariant distribution, say p.. To
finish the proof of asymptotic stability it remains to verify (2.3.2). When an invariant
distribution exists this condition is equivalent to a more symmetric relation

(53) nlLH;o ||P”,u1 — PnILLQHFM =0 for py,pue € Mj.

Fix p1,p2 € My and € > 0. According to the concentrating property of P we may
choose A € By(X) with diam A < ¢ and o > 0 such that (2.3.6) holds. As in the proof
of Theorem 4.3 we define by induction a sequence (ng)i>1 of integers and four sequences
of distributions (uf)r>0, (Vf)k>0, @ = 1,2. If k = 0 we set ng = 0 and v? = p? = p;.
If £ > 1 and nk,l,uffl,uffl are given we choose, according to (2.3.6), ny such that
P k=1 (A) > o for i = 1,2 and we define
_ Pt (BN A
o P4

vi(B)

(5.4) pE(B) = o (Pt (B) — awf(B))  for B € B(X).

Since v¥ € M7, we obtain

(5.5) v — v |lpm < diam A < e.

Using (5.4) it is easy to verify by induction that

pratetne s — ozP"ﬁ"“'*'"kl/i1 +a(l - a)P"3+‘“+"’°Vi2
+.ootal—a) W+ (1—-a)fuf  for keN.
Since P is nonexpansive this implies
[[Prtetn g — Pratete ey < aflvy = vy llem + (1 = @) ||vf = V3lem

+oootal =) wF — v lem
+(1—a)*|luf — psllewm-

From this, (5.5) and the obvious inequality ||u¥ — p&||Fm < 2 it follows that

||Pn1+...+nkul _ Pn1+...+nk'u2HFM <e+ 2(1 — a)k.
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Since € > 0, k € N, uq, o € M are arbitrary and P is nonexpansive, this implies (5.3)
and finishes the proof. m

Above we have proved in fact the following result.

THEOREM 5.4. Let P be a nonexpansive Markov operator. Assume that for every ¢ > 0
there is a number a > 0 having the following property: for every p1, o € Mi there exists
A € By(X) with diam A < e and ng € N such that

P™u;(A) >« fori=1,2.
Then P satisfies (5.3).

THEOREM 5.5. Let P : Mgy, — Mgy be a nonexpansive and semi-concentrating Markov
operator. Then

(i) P admits an invariant distribution,

(il) 2(p) # 0, p € My, where () is given by (2.3.8),

(i) 2= U e, 2(n) is tight.
Proof. (i) Theorems 4.4 and 5.1 show that P admits an invariant distribution.

(ii) Fix 4 € M. From Lemma 4.3 it follows that {P"u},>1 is tight. By the Prokhorov
theorem (see [6]) we see that 2(u) # 0.

(iii) To prove the tightness of Qfixe > 0. Again, by Lemma 4.3 there exists a sequence
(Ck)r>1 of subsets of X such that

Cr € C.jor  and liminf P u(Cy) >1—¢/2% fork eN.

Define K = (N, (Ck,5/2k) and observe that K is compact. We are going to show
that p(K) > 1 —¢ for iz € 0. Fix i € £ and choose u € M; such that i € (). Let
(nm)m>1 be a sequence of integers such that ||P"mu — fi||lpm — 0 as m — oco. Then by
the Aleksandrov theorem (see [6]) we have

AN (Cr,e/2%)) 2 N (Ck,2/2%)) 2 limsup P u(N°(Cy, £/2%))

m—0o0

> limsup P u(Cy) > 1 —¢/28  for k € N.

m—0o0

Hence
X\ K) SZ (X \ N (Cy,e/2%)) <ZE/2k
k=1 k=1

which finishes the proof of (iii). m

The same conclusion as in Remark 4.1 can be drawn for theorems proved in this
chapter.

REMARK 5.1. Theorems 5.2, 5.3, 5.4 and 5.5 still hold if it is only assumed that P is
essentially nonexpansive.



PART I1

In the second part of our paper we will consider some special Markov operators. We will
apply to them our main criteria for the existence of invariant measures. Further, it is of
interest to describe the properties of these invariant measures. We will only touch this
problem by estimating their capacity.

6. Iterated function systems

6.1. Introduction. We are given a sequence of continuous transformations S; : X — X
fori=1,..., N and a probabilistic vector (p1(z),...,pn(2)), z € X, i.e.,

N
pi(z) >0 and Zpl(x) =1 forzeX.
i=1
We assume that p;, i = 1,..., N, are continuous functions. The pair of sequences (S, p) N
=(S1,...,5N;p1,...,pN) is called an iterated function system.

Now we present an imprecise description of the process considered in this section.
Choose zg € X. If an initial point x¢ is chosen, we randomly select from the set {1,..., N}
an integer in such a way that the probability of choosing k is pg(xg), k = 1,..., N. When
a number kg is drawn we define z; = Si,(xo). Having 1 we select k; according to the
distribution p1(z1),...,pn(x1) and we define 29 = Sk, (1) and so on. Denoting by u,,
n=20,1,..., the distribution of z,, i.e., u,(A) = prob(z,, € A) for A € B(X), we define
P as the transition operator such that u,, = Pu,—1 for n € N.

The above procedure can be easily formalized. Fix € X and set ug = d,. According
to the definition of the dual operator U (see (2.2.1)) we have

Uf(x) =(Uf,6:) = (f, Pos) = (f, 1) for f € B(X).

This means that U f(x) is the mathematical expectation of f(x1) if x¢g = = is fixed. On
the other hand, according to our description, the expectation of f(x1) is equal to

N
> pi@)f(Si(a).

Since z is arbitrary, we have
N

(6.1.1) Uf(z)=> pi(x)f(Si(x)) forzeX.

i=1

(23]
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We take this formula as the precise formal definition of our process. We check at once
that U satisfies conditions (2.2.3)-(2.2.5). Hence we may define a Markov operator P :
Mgn — Mg, by setting

Pu(A)={(U1la,u) for Ae B(X).

Therefore
N

(6.1.2) Pu(A)=>" | pia)p(dz) for A€ B(X).
=hsia
Since Uf € C(X) for f € C(X), the operator P is a Feller operator.

In what follows we will study the asymptotic behaviour of P. To simplify the language
we will say that the iterated function system (S,p)y is nonexpansive, essentially non-
expansive, tight, has an invariant distribution or is asymptotically stable if the Markov
operator P given by (6.1.2) has the corresponding property.

6.2. Nonexpansiveness. We start with a simple lemma ensuring the nonexpansiveness
of (S, p) N under rather strong assumptions on the functions S;,p; for i =1,..., N.

LEMMA 6.2.1. Letp;: X - Ry,i=1,...,N, be constants. If S; : X — X, i=1,...,N,
satisfy

N
(6.2.1) > pio(Si), Si(y)) < olw,y)  for v,y € X,
=1

then the iterated function system (S,p)n is nonexpansive.

Proof. Let U be the corresponding dual operator given by (6.1.1). Fix f € F. We have

N N
UF@)] = | Yopf(Sie)| <Y p=1 foraex.
i=1 i=1

Further, from (6.2.1) it follows that

N N
Uf@) = USw)] = | 3 f(5:() = 3 pif (5:9))]
=1 =1

N N
< Zm\f(&(l")) — f(Si(y)| < ZpiQ(Si(x)asi(y))

<o(z,y) forwz,yeX.
Therefore U(F) C F and an application of Theorem 3.1 finishes the proof. m

The nonexpansiveness of iterated function systems is especially difficult to obtain. But
we already know that in proving the existence of an invariant measure and its stability
the nonexpansiveness can be replaced by essential nonexpansiveness (see Remarks 4.1
and 5.1). In this part of our paper we will discuss this property.

We introduce the class @ of functions ¢ : Ry — R satisfying the following conditions:

1° ¢ is continuous and ¢(0) = 0;
2° ¢ is nondecreasing and concave, i.e., $¢(t1) + 2o(t) < (BF2) for ty, 12 € Ry;
3° ¢(t) > 0 for t > 0 and lim;_, o p(t) = co.
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We denote by @ the family of functions satisfying 1°, 2°. It is easy to see that for
every ¢ € @ the function

0p(2,y) = p(o(z,y)) forzyeX
is again a metric on X. Moreover g, is equivalent to g.
In our considerations an important role is played by the inequality
(6.2.2) w(t) +o(r(t) < o(t),
where r,w € @, are given functions. This inequality may be studied by classical methods

of the theory of functional equations (see [32]). Here we will discuss only three special
cases for which inequality (6.2.2) has a solution belonging to @.

CASE I: Dini condition. Assume that w satisfies the Dini condition, i.e.,

€

t
(6.2.3) S %) dt < oo for some € > 0.
0
This condition is equivalent to
w(c"t) < o0
n=1

for every 0 <c < 1land t>0.If r(t) = ct, 0 < ¢ < 1, then the function

p(t) =t+ > w(c™)

n=0
is a solution of inequality (6.2.2) and belongs to .
CAsE II: Holder condition. Assume that
(6.2.4) w(t) < at”,
where a¢ > 0 and v > 0 are constants. Clearly (6.2.4) implies Dini’s condition (6.2.3). But

this stronger assumption allows us to replace r(t) = ct where ¢ < 1 by some functions
tangent to the diagonal at ¢ = 0. Assume namely that r € §g, r(¢) < t and

(6.2.5) 0<r(t)<t—t"b for0<t<e,

where € > 0, b > 0 and € > 0 are constants. From the result of W. J. Thron [64] these
assumptions imply that for every ¢ > 0 there is ng = no(c) such that the iterates r™ of
the function r satisfy

P (t) < (ebn/2)"Ye  for 0 <t < ¢, n > ny.

From this and (6.2.4) it follows immediately that

w(r™(t)) < for 0 <t <e¢, n>ng,

k
nv/e
where k is a constant. Thus for v > € the series

(6.2.6) p(t) =t+ Y w(r™(t))

is convergent and defines a solution of inequality (6.2.2). Since r and w belong to @ this
solution is a function from .
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CAsE III: Lipschitz condition. Assume that
(6.2.7) w(t) < at,

where a > 0 is a constant. This is, in fact, a special case of (6.2.4) with v = 1. However,
in this case the existence result for solutions of inequality (6.2.2) may be sharpened a
little. Namely, Schwartzman [54] has shown that any continuous function r : Ry — R

satisfying
¢ tdt
(6.2.8) 0<r(t)<t fort>0, | < 00
ot r(t)
also has the property that
Z r(t) < oo
n=0

Thus, for r,w € @ satisfying (6.2.7), (6.2.8) the series (6.2.6) is convergent and it gives
a solution ¢ € @ of (6.2.2). Clearly condition (6.2.8) is less restrictive than (6.2.5) with
O<e<v=1

We are now in a position to formulate the following lemma.

LEMMA 6.2.2. Let an iterated function system (S,p)n satisfy

(6.2.9) Zm —pi(y)| S w(o(z,y)) for z,y € X,

(6.2.10) Zpi(w)é(si(x), Si(y)) < rle(z,y))  for z,y € X.

If the pair (w,r) satisfies the conditions formulated in one of cases I-111, then the system
(S,p)n is essentially nonexpansive.

Proof. Since the conditions required in cases I-1II are satisfied, there exists a solution
@ € @ of (6.2.2). According to Theorem 3.1 it is enough to show that U(F,) C F,
where F,, denotes the family of all continuous functions f such that |f(z)] < 1 and
If(z) — f(y)] < plo(z,y)) for all z,y € X. Fix f € F,. We have

N N
U@ = | Yo pi@)f(Sia)| <Y opila) =1 forze X.

Further, from (6.2.9) it follows that

N N
U (@) = Uf ()l = | prx)f(si(x)) ~ S niw)f(s
3 i=1
N
Z|pz —pi(y)|+zpi($)|f(5i($)) = f(Si(y))]

N
<w(o(,y) + Y pi)p(e(Si(x), Siy)))  for z,y € X.

=1
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Since ¢ is concave and nondecreasing, (6.2.2) and (6.2.10) imply

N
Uf(@) = UT )] < wlole,9) +o( Y- pila)e(Si(). Si(v)))
<w(o(z,y) + e(r(e(z, y) < ple(z,y)) forz,ye X. =

6.3. Invariant measures. The following theorem was proved by A. Lasota (see [33]).
In his proof he used the double contraction principle. We show that this is a simple
application of our criterion for the existence of an invariant measure.

THEOREM 6.3.1. Let p; : X — Ry, i = 1,...,N, be constants. If S; : X — X are
Lipschitzean with Lipschitz constants L;, i =1,...,N, and

N
(6.3.1) > piLli <1,
i=1

then the corresponding Markov operator P given by (6.1.2) admits a unique invariant
distribution. Moreover, P is asymptotically stable.

Proof. Fix zy € X and define V() = o(x, zo) for € X. Obviously V is a Lyapunov
function, bounded on bounded sets. Then by (6.1.1) we have

N N
= me(si(f)axo) < ZPz‘(Q(Si(l’% Si(x0)) + 0(Si(0), 20))

N
< .
o(z, o z;sz + max, 0(Si(xg),zp) forxze X
From Corollary 2.4.1 and condition (6.3.1) it follows that there exists B € B,(X) such
that

(6.3.2) liminf P"pu(B) > 1/2  for p € M.

We are going to show that P is concentrating. Fix ¢ > 0. Since (6.3.1) holds, there

exists ¢ € {1,..., N} such that L; < 1. Let m € N be such that L} diam B < . Define

A = clS™(B) and observe that diam A < e. By induction we check at once that
P™u(A) = Z Pir - Pin (S5 o0 S (A)  for e M.

im

i =1
By the linearity of P we have
P (A) > p (ST (A))  for e My
and by (6.3.2) we obtain
1inniior<1>fP” w(A) >p*/2  for p € My.
Further, from Lemma 6.2.1 it follows that P is nonexpansive. An application of Theo-
rem 5.3 finishes the proof. m

LEMMA 6.3.1. If the assumptions of Lemma 6.2.2 are satisfied, then the operator P given
by (6.1.2) is semi-concentrating.
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Proof. Let P be the Markov operator corresponding to (S, p)n and given by (6.1.2) and
let U be its dual. Fix zy € X and define V' (z) = g(x, o) for € X. Then by (6.2.10) we

have v
(z) = Zpi(x)g( : ) <

< r(o(z,z0)) + max o(S

N
), Si(z0)) + 0(Si(%0), x0))
(

0),xg) forxzeX.

Since r is concave and r(0) = 0, we obtain

UV(z) <r(1)V(z)+r(l)+ 11511%)5\7 0(Si(xz0),z9) forxz e X.

Obviously r(1) < 1. Corollary 2.4.1 now shows that there exists B € B(X) such that
(6.3.3) liminf P"u(B) > 1/2  for p € Ms.

Fix ¢ > 0. Choose an integer m such that r™(diam B) < e. Further, let n > 0 be such
that

(6.3.4) (I4+n)™r™(diam B) < ¢

Fix x € B and define C € C. by
N
(6.3.5) c= |J B

tm

o... OSil(ﬂj),E).

i1yeeyim=1
By induction we may show that for every y € B and n € N there exists I,,(y) C
{1,..., N}" such that

(6.3.6) 0(Sk, © ... 08k, (x), Sk, 0... 08k (y) < (1+n)"r"(o(,y))
for (ki,...,kyn) € I,(y) and
637) S o ko8 0) 2 (11

(klwwkn)eln(y)
Fix y € B. We may assume that y # z. If n = 1 from (6.2.10) it follows that

(6.3.8) > pily) < < +n

where the sum is taken over all ¢ € {1, ..., N} such that o(S;(z), S;(y)) > (14+n)r(o(x,y)).
Hence (6.3.6) and (6.3.7) follow. Assuming (6.3.6) and (6.3.7) to hold for n, we will prove
them for n + 1. Let I,(y) C {1,...,N}"™ be such that (6.3.6) and (6.3.7) hold. Fix
(k1,...,kn) € L,(y). Then

N
Zpi(Skn o0...08(y))o(S;io S, o...08 (x),S;0Sk, o...08k (y))

7(0(Sky © -+ 0 9k, (2), Sk, 0+ 0 Sy (y))) < r((L+n)"r"(e(x,y)))

< (L+n)"r"* (o(, y)),
which is due to the fact that r is concave. Hence

> pi(Sk, 0.0 8k W) (L + )" (o, ) < (L+ )" (o(x,)),
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where the sum is taken over all ¢ € {1,..., N} such that
0(Si© Sk, 0...0 8k (x), 808k, 0...0 Sk, (y)) > L+ )" " (o, y))

and consequently

n
; > —
E Pi(Sk, 0...0 8 (y)) > T+

where the sum is taken over all ¢ € {1,..., N} such that
0(S;0 Sy, 0...08k (x),S;08k, 0...08 (¥) < (1 +n)"Tr" T (o(z,y)).

From this and the assumption

> Pr(Y) - Pr (Skp—10...0 Sk, (1) > (L)n

(K1, skn)EIn (y) s

our assertion follows.
Set « = (n/(14n))™/2. By induction, the definition of I,,,(y) and the definition of C'
we obtain

Prmu(C) = (1e, PM ) = (U 1e, P p)
N
= > {pa@) e pi (St 00 S0 ) 10(S,, 0. 0 iy () P" u(dy)
11 yeestm=1X

> S > Pk (Y) o Ph Sk 0+ 0 Sk (y) Pu(dy)  for p € M.

B (kl,...,km)GIm(y)

From (6.3.3) we conclude that liminf, . P"u(C) > « for p € M;. Since € > 0 and
€ My are arbitrary, P is semi-concentrating. m

THEOREM 6.3.2. Let an iterated function system (S,p)n satisfy conditions (6.2.9) and
(6.2.10). If the pair (w,r) satisfies the conditions formulated in one of cases I-111 and

(6.3.9) sz(x)pz(y) >0 forz,yeX,

where the summation is taken over all ¢ € {1,...,N} such that o(S;(x),S:(y)) <
r(o(z,y)), then the system (S,p)n is asymptotically stable.

Proof. Let P be the Markov operator corresponding to (.S, p) v and given by (6.1.2). Since
the assumptions of Lemmas 6.2.2 and 6.3.1 are satisfied, P is essentially nonexpansive
and semi-concentrating. From Theorem 5.5 and Remark 5.1 it follows that P admits an
invariant distribution. Therefore it remains to verify (2.3.2). When an invariant distribu-
tion exists this condition is equivalent to a more symmetric relation:

nlLII;O ||P”,u1—P"u2HFM:0 for pq, o € Mjy.

Theorem 5.4 and Remark 5.1 imply that to finish the proof it is enough to show that for
every € > ( there is a > 0 with the following property: for every u, o € Mj there exist
A € By(X) with diam A < e and ng € N such that

(6.3.10) P"u;(A)>a fori=1,2.
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Fix ¢ > 0. According to Theorem 5.5(iii) and Remark 5.1 there is a compact set
K C X such that

(6.3.11) A(K)>4/5 forfie = | 2.
HEM

Choose an integer m such that
(6.3.12) r™(diam K) < &/3
and define for every € K and (j1,...,75m) € {1,..., N} the value

H(jlau-vjm)(x) = Dj (:C) T 'pjm(Sjm—l ©...0 Sjl (l‘))
Observe that for every € K there exists at least one sequence (j1,...,Jm) € {1,...,N}™
such that I, . y(x) > 0. For (ji,...,jm) € {1,...,N}™ and = € K satisfying
I, ... j.»(x) > 0 we define the open neighbourhood Oy, . ; y(x) of x by the formula
O o) ()
={y € X : 0(Sjn i (®)s Sjnecein W) < €/3, 5y gy W) > T,y (2) /23,
where S; i (y) =S5, 0...08j (y) for y € X. Define

(6.3.13) Or =(\O....jm)(x) forze X,

where the intersection is taken over all (ji1,...,Jm) € {1,..., N}™ such that IT;,  ; ()
> 0. Since K is a compact set there is a finite covering

q
(6.3.14) Kc|JO.,.

i=1
Set G = J}_, O,, and define for i € {1,...,q},
51’ = min{U(jl,m,jm)(xi)/Z : U(jl)m,jm)(xi) > 0 for (jh RN ,jm) S {1, cee ,N}m}.

Set § = min;<;<46;. We are going to show that (6.3.10) holds with a = §/(2¢). In fact,
let py, 2 € My. Set po = (p1 + p2)/2. According to Theorem 5.5(i) and Remark 5.1
there exists t € M such that fr € £2(p0). Consequently, there exists a sequence (m,)n>1
such that

(6.3.15) T [[P™ g — il = 0.
Since (6.3.15) is equivalent to the weak convergence of (P™"pg),>1 to it and G is open,
the Aleksandrov theorem (see [6]) implies

liminf P™" uo(G) > [(G).

From this, (6.3.11) and (6.3.14) it follows that there exists an integer n such that
P uo(G) = (P"un(G) + P pua(G)) /2 > 3/4.
Hence
P"u;(G) >1/2 fori=1,2.
From this and (6.3.14) it follows that there exist s,¢ € {1,..., ¢} such that
P'1u1(0g,) > 1/(2¢) and  P"u3(0q,) > 1/(2q).
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Write for simplicity O; = Oy, and Oy = O,,. From (6.2.10) and (6.3.12) it may be
concluded that there is (i1,...,%m) € {1,..., N}™ such that

(6316) Q(Slm 0...0 Si1 (J?s), Sim o...0 S’il (th)) < Tm(Q(ms,th)) < 5/3

and

H(il,..‘,im)(xs) . H(“ ..... im)(xt) > O
Define

A:A1UA2 where Ai:CISimO---OSil(Oi)a Z=1,2
According to (6.3.13) and (6.3.16) we have diam A < e. Obviously I1(;, . ; y(y) > ¢ for
y € O1 U Os. On the other hand, by induction we check that
P4 (A) = (U™ 4, i) = (U™ 14, P™ ;)
N
> 3§ @)14(Ss, 00 S5, (1) P aaldy)

Iy dm=1X
which finishes the proof. m

We finish this section with the observation that our last theorem extends the well
known result due to Barnsley et al. (see [3]) to Polish spaces.

THEOREM 6.3.3. Let an iterated function system (S,p)n satisfy

(6:317) Z ()~ pi(0)] < wle(w.y)  for .y € X,
=
(6.3.18) H )P < r(o(x,y)) for z,y e X.

Assume that the pair (w,r) satisfies the Dini condition. Moreover, assume that S;, i =
1,..., N, are Lipschitzean and p;(x) > 6,z € X, i=1,...,N, for some § > 0. Then the
system (S,p) N is asymptotically stable.

Proof. We begin by recalling a standard fact. Namely, let v be a probability measure on
a Borel space I and let f : I — (0,00) be a bounded Borel measurable function bounded
away from 0. Then

(6.3.19) hm (qu dz/) & = exp (Slogfdz/).
I

Moreover, if 0 < a < b the above convergence is uniform over all functions f such that
a < f < b and all probability Borel measures v. The proof is left to the reader (see
also [3]).

Let (S,p)n be as in the statement of our theorem. We may assume that all S;’s are
Lipschitzean with Lipschitz constant L > 1. Further, since the pair (w,r) satisfies the
Dini condition, r(t) = ¢t with ¢ < 1. Let § > 0 be a lower bound of all p;’s and let
I={1,...,N}. For z,y € X and i € I define

Fay(i) = maX{M’ (0)1/6}'

o(z,y) L
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(Here we assume that 0/0 = 0.) Thus (¢/L)Y/® < f, (i) < L for z,y € X and i € I. We
show that

(6.3.20) Zpl )log fz, (i) <logc for z,y € X.

First observe that if fm,y( 1) = 0(Si(x), Si(y))/o(x,y) for all ¢ € I, then (6.3.20) follows
from (6.3.18). On the other hand, if f, ,(io) = (¢/L)'/? for any i € I, then

Pio () log fz 4 (i0) < loge —log L

and consequently

sz x)log fry (1) <logec—log L +log L = loge.
Choose ¢ € (¢, 1) and set n = ¢o/c. By (6.3.19) there exists gg € (0,1) such that

(6.3.21) (quo du)l/qo < mnexp (Slogfdu)
I I

for all functions f satisfying (¢/L)Y/® < f < L and all probability Borel measures v.
Fix z € X Let v({i}) = pi(z) for i € I. Then (6.3.21) may be rewritten as

q0
sz ) fr,y (8)]20 <nq”[eXp(sz x)1og foy (i ))] for y € X.
Hence
sz fa:7y qo < ,,7(10 ¢l = Cg for (VRS X

and since z € X is arbltrary we finally obtain

(6.3.22) Zpi(x)[g(si(ﬂf)v Si)* < cif[o(z,y)]*  for z,y € X.

Define the new metric @ by
o(z,y) = [e(z,y)]* for z,y € X.

Multiplying w by a constant if necessary, (6.2.9) may be verified only for z,y € X such
that o(z,y) < 1. Then

(6.3.23) Z Ipi(x Y| < wlo(z,y)) < w(e(@,y)).

Since (6.3.22) and (6.3.23) hold, the iterated function system (S, p)n defined on (X, 9)
satisfies the assumptions of Theorem 6.3.2. Hence it is asymptotically stable. Since g
is equivalent to p, the iterated function system (S,p)x on (X, p) is also asymptotically
stable. m

6.4. Capacity of invariant measures. Let 2 = {1,...,N}* = {(i1,is,...)

ir. € {1,...,N} forevery k € N} and 2, = ([ —; 2y, Where 2, = {1,...,N}".
Observe that £2, (vesp. £2) is the space of all finite (resp. infinite) sequences of ele-
ments iy € {1,...,N}. For k € N we set 2<, = Ufz:1 2, and 255 = U, £2,. For

= (i1,...,1n) € £2, let |i| = n denote the length of i. If i € {2 we assume that |i|] = co
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Forie QU N2, and m € N, m < |i|, we set i|m = (i1,...,%n). We say that i < j with
i€ 2,andje U, If|j| > nand jln =i, where n = [i|. Finally, for i = (i1,...,4,) € {2
we write it = (i, ..., 01).

A subset A C (2 is called a cylinder if there exists i = (i1,...,i,) € {2« such that

A=AG)={je 2:jn=1i}.
We denote by A the g-algebra in {2 generated by such cylinders.

Given an iterated function system (S,p)y and a point z € X we denote by P, the
probability measure on A defined on the cylinder A(i), i = (i1,...,4,) € 2, by

(6.4.1) Po(A() = pi, ()96 (S (2)) - i (St 0 S5 ().
It is clear that the above formula defines the unique probability measure for realization
of the Markov process starting from x for given (S,p)n

For convenience, in what follows we will write P, (i) for P,(A(i)) and P,(A) for
P, (A(A)), where A C £2, and A(A) = U;cq A(i). Moreover, for i = (iy,...,in) € §2,
we write

Sizsin O---OSi1~
LEMMA 6.4.1. For every i = (i1,...,i,) € 2, we have
(6.4.2) Py (1) = piy (2)Ps, (2)((i2, - - - 1 in)),
(6.4.3) P.(i) =pi, (Si, ,0...051(@)Pe((i1,. - in_1)),
N
(6.4.4) > Pa((3,1) = Pa(i),
(6.4.5) P.(i|k) > P.(ilm) if kK <m <n.

Proof. This follows immediately from the definition of P,. =
Using a standard martingale argument one can prove the following lemma.

LEMMA 6.4.2. Let an iterated function system (S,p)n satisfy the hypotheses of Theo-
rem 6.3.3 and let f; : X — Ry, i = 1,...,N, be bounded continuous functions such
that

zueq)f(fl(ac)>0 fori=1...,N.

Then for every x € X there exists a measurable set 2, C 2 with P,(£2;) =1 such that

(6.4.6)  limsup — log(f“( Vi (Siy (@)oo fi, (Si,_, 0...08;(x))) <log A,

n—oo

(647) llnﬂigf E log(fil (x)flz (Sil( )) fln( in—1 ©--:0 Si1 (m>)) > log I’

for all (i1,i2,...) € 2., where

6.4.8 = su 5 ()P (@)
(6.4.9) = inf H fil@)Pi@),

zeX
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Proof. We prove (6.4.6). Fix € X and for arbitrary n € N define the random variable
X, : 2 —Rby

Xn (1) =log(fi, (Si,_,0...08:;(x))).
For i = (i1,...,in) € f2. we denote by A(i) the o-algebra generated by the cylinders
{A(G) : j € 24, j > i}. Moreover, let E, denote the expectation with respect to the
probability measure P, on (2.
Fixi= (il,ig, .. ) € (2. We have

N
Eo(Xn [ A(ir, . in-1)) =Y _pi(Si,_, 0.0 S, () Xn (i1, - in1,8,4,...)).

By (6.4.8) we have

N
Zpi(s’inf1 ©...0 S’h (Jf)) IOg(fi(Sin71 ©...0 Si1 (1‘))) < IOgA
=1

Now let V,, = X,, —E.(X,, | A(é1,...,%n—1)). Then

sup |Y,,(1)] < 2sup [X,(1)] Ps-as.
ien? ien

Set

Y,
M = 2sup | X,,(i)] < oo, Zn:Z—k for n € N.
i =k

It is easy to see that (Z,),>1 is a martingale. Since Y}, and Y; for k # [ are mutually
orthogonal, we have

Z2<M22]€2

Hence (Z,,)n>1 is an L%-bounded martingale, and so (Z,),>1 is convergent a.s. (see [19]).
Then by Kronecker’s lemma (see [13])

1 n
lim — = -a.s.
nLnéonZYk 0 Pg-as
k=1
Thus

lim sup — ZXk—logA<O P,-a.s.,

whence (6.4.6) follows 1mmedlately.
Replacing f; with 1/f; and using the same argument one can prove (6.4.7). m

The following result may be proved in much the same way as Lemma 6.4.2.

LEMMA 6.4.3. Let an iterated function system (S,p)n satisfy the hypotheses of Theo-
rem 6.3.3 and let r(t), t > 0, given by (6.2.10) be equal to ct with ¢ < 1. Let zo € X.
Then for every x € X there exists a measurable set 2, C 2 with P,(£2;) =1 such that

(6.4.10) limsup — 1og 0(Sijn (), Sijn(20)) <loge  for all i € §2,.

n—oo
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Proof. Fix g € X. Let § > 0 be such that p;(x) > ¢ for i = 1,..., N. We may assume
that S;’s are Lipschitzean with Lipschitz constant L > 1. For every n € N define the
random variable X,, : {2 — R by

Siin (), S (x A\ V0 )
Xo(i) = max{log 9(§fnﬂlgx;,sz:nfl?l)o))’ (L) } if 0(Sijn—1(x), Sijn—1(20)) #0,
log ¢ if o(Sjjn—1(x), Sijjn—1(z0))=0.
As in the proof of Lemma 6.4.2 for i = (41,...,4,) € {2, we denote by A(i) the o-algebra
generated by the cylinders {A(j) : j € (2, j > i}. Moreover, let E, denote the expectation
with respect to the probability measure P, on 2.
Fix i = (i1,42,...) € 2. We have

N
Eo(Xn | Az, yin-1)) = 3 _pi(Si,_, 0.0 85, (@) Xn((i1, . in-1,3,i,...)).
i=1

Using a similar argument to (6.3.20) we can show that
Eu( X, | Alir, ... in—1)) <logec.

The remaining part of the proof runs as in Lemma 6.4.2. We leave the details to the
reader. Finally we obtain

=
hrrlnﬁsolip -~ ’; Xi—loge<0 Pg-as.,
whence (6.4.10) follows immediately. m
Now for ¢ > 0, g,z € X and ng,n € N, n > ng, we define
(6.4.11) no (e o, ) = {i € 2 1 0(Sjr (), Sk (20)) < *o(x, xo) for ng < k < n},
(6.4.12)  Quylc;mo,2) = {i € 2: 0(Sip(), Sijx(20)) < Fo(z, z0) for k > ng}.
LEMMA 6.4.4. For every ¢ > 0, xg € X and n € N the functions
(6.4.13) X 32 P (Qnc; o, x)),
(6.4.14) X 32 Py (Qnlc o, x))
are Borel measurable.

Proof. Fix ¢ > 0, zp € X and n € N. First observe that @, (c; zo,z) is measurable with
respect to the o-algebra A generated by all cylinders in §2. For all x € X we have

Py (Qn(c;wo, ) =1 =P, ({i € 2: 0(Sijm (), Sijm (x0)) > ™ o(x, 20) for some m > n})

=1-Y Y P(i)ix,(2),

m=nic§2,,
where Xj, i € £2,,, stands for the set of all y € X such that o(Si(y), Si(xo)) > ™ o(y, xo))
and o(S;x(y), Sijk(w0)) < *o(y,xo)) for k=1,...,m — 1. Since the sets Xj, i € 2., are
Borel measurable, the function (6.4.13) is Borel measurable.
In the same manner we can see that the function (6.4.14) is Borel measurable. m

We are in a position to formulate the following lemma.
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LEMMA 6.4.5. Let an iterated function system (S,p)n satisfy the hypotheses of Theo-
rem 6.3.3 and let a bounded set F' C X and a number ng € N be given. Let r(t), t > 0,
given by (6.2.10) be equal to ct with ¢ < 1. Then for every co € (c,1) there exists § > 0
such that for every x,xy € F' and n > ny we have

P.(i) > BP,, (i)  for i€ Qy, (co;xo,).
Proof. Fix a bounded set F C X and ¢y € (¢, 1). Since the pair (w,r) with r(t) = ¢t for

t > 0 satisfies the Dini condition, we have
o0
wo =Y w(ckdiam F) < oc.
k=1
Fix ng € N and let n > ng. For z,2¢ € F and i € Q};_(co; zo, ) we have

]PCEO (i) = Diy (xo)piQ (SH (xo)) tee o Dig (Sin—l ©...0 Si1 (1‘0))

Piy (w0) + -+ pi, (Si,,_, © -+ 08 (20))
= 0 0 P \X) o Dy, S@n 710...051'1%
P@) Py Bun s 008 (@) P Piag (Bing @)

I (i)

k=no+1

pi(Sip_,0...0 Sil(ﬂf))>

Let 6 > 0 be such that p;(z) > d for z € X,i=1,...,N. From (6.2.9) and (6.4.11) we
obtain

. (1= §)no
Poo (1) < 50—
ﬁ <1 + W(Q(Sik71 ©...0 Si1 (.’E(;), Sik71 ©...0 Sil (x))))]P)x(i)
k=no+1
1-0\" w(ck=t diam F) )
< (- —_— .
(%50 I (e e
k=no+1
Consequently,
1-0\" . 1-0\"
. w(cy” diam F)/§ 5 — wo/6 s
Pwo(1> < ( 5 ) H ev (o / ch(l) = ( ; ) e / Px(l).

k=no+1
Setting 8 = 60 (1 — §)~"0e~“0/% we finish the proof. m
THEOREM 6.4.1 (Upper estimate). Let an iterated function system (S,p)n satisfy the

hypotheses of Theorem 6.3.3 and let r(t), t > 0, given by (6.2.10) be equal to ct with
¢ < 1. Let py € My be the unique invariant measure for (S,p)n. Then

S logp
6.4.15 (@ ) < ,
( ) apr (k) < log ¢
where
N
— (\Pi(®)
(6.4.16) D llg)f{sz(x) .
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Proof. Fix n > 0. Let p, be the unique invariant distribution for (S,p)x and let K be
a compact subset of X such that u.(K) > 1 —n/4. Choose py € (0,p), ¢o € (¢,1) and
xg € K. For n € N define

D, = UB(Si(xo),gn),
where the union is taken over all i € {2, such that P, (i) > pfj and ¢, = ¢ diam K. We
check at once that Np_(e,) < p," for n € N.
We are going to show that

linrriigf e (Dp) >1—n.

Since Q,(co;zo, ) C Qni1(co;xo,x) for n € N and z € X, Lemma 6.4.3 shows that

nlLr%OPw(Qn(co;xo,m)) =1 forxelX.
From the above and Lemma 6.4.4 there exists ng € N such that
(6.4.17) we({z € K : Py(Qny(c; 0, 2)) > 1 —n/4}) > 1 —n/2.
Set

Ko={2x € K :P.(Qn,(c;x0,2)) > 1—n/4}.

Lemma 6.4.5 now shows that there exists 3 > 0 such that
(6.4.18) P, (i) > BP,(i) forie Qy (co;wo,2), n > ng.
By Lemma 6.4.2 (with p;(x) in place of f;(z) and po in place of I') there exists a mea-
surable set 2y C 2 with P, () =1 and

1
liminf — log P, (ijn) > logp for i€ 2.
n

Hence there exists nq > ng such that
Py, ({i € 2: Py, (iln) < pg§ for some n > nq}) < fn/4
and consequently, for n > nq,
Poy (i € Qu : Puy (i) < i) < B/4.
From (6.4.18) it follows that for x € Ky,
P, ({i € Qp,(coszo,x) : Py (i) <pp}) <n/4  forn >ng
and consequently by the definition of Ky we obtain
(6.4.19) Po({i € QT (co; 70, ) : Pay (i) > p}) > 1 — /2
for x € Ky and n > nq. Set
D = {i € Q1 (co3m0,) Py (i) > pli}-

By the invariance property of ., and the definitions of D,, and 2, ; for all n € N we
have

pa(Dp) = | D7 Pa(i)1p, (Si(2)) pa(de)

X i€en,

>\ > P(i)ip, (Si(@) pa(da).

Ko ieQn,:L’
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By (6.4.19) we obtain
pe(Dp) > (1—=n/2)(1—n/2) >1—n forn>n;.
Since Np, (en) < py " for n € N, it follows that N(e,,n) < py" for n > ny. Hence
log N(en,n)

log N logpy” 1
lim sup L(&‘,T]) = limsup ———" < Jim sup 08 Po _ ogPo .
e—0 —loge n— o0 —loge, nooo — log(cgd) log ¢

Letting pg — p and ¢y — ¢ we conclude that

log N 1
i sup 28 (,1) _ logp.
JN —loge log c

Since 1 > 0 is arbitrary, the statement of our theorem follows. =

To obtain a lower estimate we will assume that S; : X — X, ¢ = 1,...,N, are
bi-lipschitzean transformations, i.e., there exist constants l;, L; > 0 such that

(6.4.20) Lio(z,y) < o(Si(x),Si(y)) < Lio(z,y) forz,y € X.
Further

6.4.21 r=sup [[L2" <1,

( ) re)g H

(6.4.22) Z |ps (x y)| <wl(o(z,y)) forax,yeX,

where w: Ry — Ry satlsﬁes condition (6.2.3). Finally, we assume that there exists § > 0
such that

(6.4.23) pi(z)>d forzeXandi=1,...,N.

THEOREM 6.4.2. Let an iterated function system (S,p)n satisfy (6.4.20)—(6.4.23). Then
the system (S, p)n is asymptotically stable.

Proof. Tt is easy to check that the assumptions of Theorem 6.3.3 are satisfied. m

Let an iterated function system (S, p)n be given. A finite set £ C (2, is called funda-
mental for (S,p)y if

(6.4.24) > P.(i)=1 foreveryzeX
iel
and there are no i,j € £ such that i < j.
Set
|£] = max{Ji| : i € L}.

LEMMA 6.4.6. Let L C §2, be a fundamental set for given (S,p)n. If i= (i1,...,i,) € L
and n = |L|, then (i1,...,in—1,1) € L for every i € {1,...,N}.

Proof. First observe that A(i) N A(j) = @ for every i,j € £, i # j. Suppose, contrary
to our claim, that there is i = (i1,...,%,) € L such that (i1,...,4i,-1,1) € L for some
i€{l,...,N}. It is easy to verify that A(iy,...,in—1,7) NA() = (ZJ for every j € L. Since
P, is a probability measure and P, (i) > 0 for every i € (2, we have
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D PL() <1 =Pu((in,- -y in-1,4) < 1,

iel
which contradicts (6.4.24). m

REMARK 6.4.1. Note that for every n € N there exists a fundamental set £ for (S,p)n
such that £ C 2<,,.

LEMMA 6.4.7. Let an iterated function system (S, p)n satisfy conditions (6.4.20)—(6.4.23)
and let py be its unique invariant distribution. Then for every fundamental set L C (2,
we have

(6.4.25) pa(A) =D\ Poli7H)1a(Si1(2)) pe(d)  for A € B(X).

iel X
Proof. The proof is by induction on n, where n is the smallest integer such that £ C £2<,,.
Suppose first that £ C (2. Since p;(z) > 0 for x € X and i = 1,..., N, it follows
immediately that £ = {1,..., N} and (6.4.25) holds.

Now suppose that (6.4.25) holds for every £ C 2<,,. We will prove that (6.4.25) holds
for every £ C {2<p41. By the invariance property of u, we have

(6.4.26) S x) ps(dz) Z S pi(x ) e (dx) for f € B(X).
X i=1X

Set

(6.4.27) Loy ={icl:|il=n+1} and L) ,={ijn:i€ Ly}

We assume that £, 11 # 0 (otherwise there is nothing to prove). Fix A € B(X). By
Lemma 6.4.6, formulae (6.4.2) and (6.4.26) we have

6.428) > [ Pa()1A(Sim1 (@) prulde)
i€Lny1 X N
= > D R LaS a1 (@) pa ()
JeLn =1 X

N
S pi@) P, () La(S51 (Si(@))) pa(da)
X

E;Hl =1

= > P )14 (2) pa ().

JELT L X

Now setting £* = (£ \ Ly4+1) U L]}, and using (6.4.28) we obtain

(6.429) >\ PLH1A(Si-1 (@) pldr) = > [ Pa(T)1A(Si-1 (2)) pru(der)

icl X ielp41 X
+ >0 [Pl ) 1a(Si1 () pa(da)
i€EL\Lp+1 X

S Pl 1a(Si0 () pa(da).

iel* X
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Clearly £* is fundamental and £* C f2<,. Hence the last term in (6.4.29) is equal to
pn*(A). Thus (6.4.25) holds for every £ C f2<,41. Consequently, by induction, (6.4.25)
holds for every fundamental set L. =

For i = (iy,...,i) € {2, we write
(6.4.30) Li=Ly ... Ly and lLi=1l ... 1.
Let r be given by (6.4.21). For ro > r and ng,n € N, n > ng, we define
(6.4.31) w(ro) ={i € 2y 1 Lyjy < 1§ for ng < k < n}.

We can now rephrase Lemma 6.4.5 as follows.

LEMMA 6.4.8. Let an iterated function system (S,p)n satisfy the hypotheses of Theo-
rem 6.4.2 and let a bounded set F' C X and a number ng € N be given. Then for every
ro € (r,1) there exists 3 > 0 such that for every x,xq € F and n > ng we have

Py (i) > Py, (1)  for i€ @y (r0) N {2,.

Set
6.4.32 = su z)Pi@),
(6.432) ‘ xe;;Hp
_ P1
(6.4.33) d= Ilg)f(Hl

For dy € (0,d) and n € N define
In(do) = {(2) : li > dyy U{i € $2, : |i| > 1 and I; < df < lyjj5-1}-

LEMMA 6.4.9. Let an iterated function system (S,p)n satisfy condition (6.4.20). If 1; €
(0,1),i=1,...,N, then for every dy € (0,d) and n € N the set J,(do) is fundamental
fO?" (57 p)N

Proof. Fix dy € (0,d) and n € N. It is easy to verify that J,(dy) C f2<,,, where m is
the least integer such that (max;<;<n ;)™ < dj. Consequently, J,(dp) is a finite set.
Moreover, from the definition of J,(dp) it follows that if i € J,(dp), j € (2. and j > i,
then j & J,(do). This implies that

(6.4.34) AG)NAG) =0  fori,je Jy(do), 1#].
Finally, observe that for every i € {2 there is k € N such that ik € J,,(dy). Consequently,
(6.4.35) 2= {J 40

icJ,(d)

By (6.4.34) and (6.4.35) for all z € X we have

3 ]P’m(i):IP’z( U A(i)):Px(Q):l.-

ieJ, (d) i€, (d)
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In what follows we will assume that Sy, ..., Sy satisfy the strong Moran condition,
i.e., there exists a bounded closed subset F' C X and a constant ¢ > 0 such that

N
(6.4.36) UsitF)cF

(6.4.37) dist(S;(F), S;(F)) > o fori#j.

LEMMA 6.4.10. Let Si,...,Sn satisfy the strong Moran condition. Then for every dg €
(0,d), n e N and i,j € Jp(do), i # j, we have

(6.4.38) dist(S;-1 (F), Sj-1(F)) = dyo,

where the set F and the constant o are given by conditions (6.4.36), (6.4.37).

Proof. Fix dy € (0,d), n € N and i,j € J,(do), i # j. Let i = (i1,...,4p) and j =
(J1,---,Jq)- Since J,,(do) is fundamental, there exists an integer m < min{p, ¢} such that
im 7# Jm, but i = ji for & < m. From the strong Moran condition it follows immediately

that S;-1(F) C Sy, 0...08;,, (F), Sj-1(F) C Sj,0...08;, (F) and dist(S;,, (F), S;,, (F)) > 0.
Consequently,
dist(S;-1(F), Sj-1(F)) > dist(S;, 0...08;, (F),S;, 0...08; (F))

Zlil '...‘ll'm_l'CTngO'. ]
LEMMA 6.4.11. Let an iterated function system (S,p)n satisfy (6.4.20)—(6.4.23) and let
d be given by (6.4.33). Then for every dy € (0,d) there is v > 0 such that

Z P.(i) >~ for every x € X,
ieJx (do)

where
(6.4.39) Ji(do) = {i € Jn(do) : it € Jp(do)}.
Proof. We can assume that [;, i = 1,..., N, given by (6.4.20) satisfy I; < ... <lIy_1 <
In. Fix dy € (0,d) and observe that if i = (i1,...,ix) € Jn(dp) and i = N, then
it € J,(do). Moreover, for every i = (i1,...,ix) € J,(do) there exists a unique
(6.4.40) 7(1) = (41, -+, k-1, N,...,N)
which belongs to J,(do). In this way (6.4.40) defines a one-to-one map from J,,(dp) into
Jn(dp). Note also that

(6.4.41) (r(1))" € Ju(dg)  for every i € J,(do).
Fix i = (i1,...,9) € Ju(do) and choose my such that I};° < I3. Since [; < dfj and
l1 <ljfori=1,...,N, we have

[T(D)] < [i] =1 4 mo,
which means that in (6.4.40) the number N appears at most m times. Now it is easy to
see that for every i € J,(dp),

(6.4.42) card{j € Jp(do) : 7(§j) = 7(i)} < N™o.
(Here card stands for cardinality.) By (6.4.40), (6.4.3) and (6.4.5) for all x € X we have
(6.4.43) P,(r(1) =Pu((i1,.- . ik—1,Ny.. ., N)) = Pr((41,...,95-1))0"° > P, (i)6™°,
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where J is given by (6.4.23). By Lemma 6.4.9 and (6.4.24), (6.4.43) and (6.4.42) we have
L= Y PA) <™ Y Pu(r() < N™5 ™ > Pui).
i€Jn (do) i€Jn (do) ieJy (do)

From this, setting v = (§/N)™°, we finish the proof. m

THEOREM 6.4.3 (Lower estimate). Let an iterated function system (S,p)n satisfy con-
ditions (6.4.20)—(6.4.23) and let p. be its unique invariant distribution. If the functions
S1,..., SN satisfy the strong Moran condition, then

log q
6.4.44 C %) 2 T
( ) apr (1) 2 1 o d
where ¢ and d are given by (6.4.32) and (6.4.33), respectively.

Proof. Counsider first the case I; < 1,7 =1,..., N, where [; satisfy (6.4.20). Let F' be a
closed set satisfying (6.4.36) and (6.4.37). Since F' is invariant for Si,..., Sy, we have
s € MY Choose x¢ € F. By Lemma 6.4.2 (with p; and ¢ or L; and 7 in place of f; and
A and l; and d in place of f; and I, respectively) we have

1
(6.4.45) lim sup - log(P,, (in)) <loggq P.,-a.s.,
1
(6.4.46) limsup —log(Ls),) <logr Py, -a.s.,
nooo M
1
(6.4.47) lim inf - log(lyjn) > logd  Pyy-as.

Fix dy € (0,d), o € (r,1) and ¢o € (g,1). Let np € N and 3 > 0 be chosen according
to Lemma 6.4.8. By (6.4.45)—(6.4.47) there exists n; > ng such that

(6.4.48) Py, ({i € 2: Py, (in) < gy for n >mn1}) > 1 — /6,
(6.4.49) Py, ({i€ $2: Ly, <rg forn >n1}) >1—7/6,
(6.4.50) Py, ({i € 2: 13, > df for n >ny}) >1—7/6,

where 7 is chosen according to Lemma 6.4.11. Now choose n, € N such that
(6.4.51) min{|i| : i € J,(dp)} >ny for n > n.,.
Define for n > n,,
Jn(do) = {i € Ju(do) : Puy ('[k) < g5, Li-1s, <75
and li-1), > dg for k€ N, ny < k < [i|}.
By (6.4.48)—(6.4.50) and Lemma 6.4.11 we have

(6.4.52) Z P, (i™') > /2 forn >ny.
i€J9 (do)

Since i~! € QEL(?‘()) for i € J9(dp), by Lemma 6.4.8 we have

(6.4.53) BPL, (i) > P (i) > AP, (i7')  forie J2(do) and z € F.
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From (6.4.52) and (6.4.53) it follows that

(6.4.54) S PR %
i€J9 (do)

and

(6.4.55) Po(i™!) < A7'q)

for every n > n,, * € F and i € J2(dp). Since for i € J2(dg) we have l; < dJ and
li-1), > d§ for ny < k < i, it follows that |i| > n. Hence

(6.4.56) P.(i"') < B lqh  forie JO(dp).
For n > n, define
(6.4.57) Dn= |J Si-(F)

i€ J9(do)

Since by Lemma 6.4.9 the set J,(dp) is fundamental, Lemma 6.4.7 and inequality (6.4.54)
yield

(6.4.58) 4 (D) = VP10, (Si-1(2)) pra(de)
ieJ, (do) X

-

Y

PL () 1p, (S () pa(do)

al
2

F i€ J9(do)
S P.(i™") ps(da) >
F i€J9(do)

for n > n,. Since p, € MY, from Lemmas 6.4.7, 6.4.9 and 6.4.10, and inequality (6.4.56),
for every j € J%(dp) and n > n., we have

ps(S5-1 (F)) = Z SPm(ifl)lsj_l(F)(Sifl(f))N*(dfc)

iEJn(do) X

Z S P$(i_1)15j71(F)(Si_1($)) M*(dI)

iEJg(do) F

- émolm*(dm <%

because Si-1(F) N Sj-1(F) = 0 for i # j, i,j € J.(do). Define &, = djjo/2 for n > n,,
where o > 0 is given by (6.4.37). By (6.4.38) every ball B with radius €,, meets at most
one set S;-1(F) for i € JU(dp). Since i (Uie g, (d0) Si-1 (F)) = 1 it follows that to cover
a set of p,-measure greater than or equal to 1 — n (with n < (v/4) we need at least
B%yqy ™ /4 balls with radius €,. Thus N(e,,n) > 3?vqy " /4 for n > n.. Consequently,

i ing PENE S e a4 /4) _ logao
e—0 — IOg 3 naoo ]og En lOg dO
Thus
lo
CapL (1) > g 4o

~ logdy
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and letting g9 — q and dy — d we conclude that

log ¢
a > .
C pL(/t*) 1o

Suppose now that some of the I;’s are equal to 1. Choose I; < I;, i =1,..., N. Since
N N
sup [ | 17— sup 11 1P
reX =1 reX =1
as l; — I; for i € {1,..., N}, our assertion follows. m

In the case when S; : X — X are similarities and p; : X — Ry, i =1,..., N,
are constants, Theorems 6.4.1 and 6.4.3 may be summarized in the following way (see
also [21]).

THEOREM 6.4.4. Let p; : X - Ry, i=1,...,N, be constants. Assume that
Q(Sl(x)asz(y)) = ng(x,y) fOT‘ T,y € X and i = 13 .. '7N'

Moreover, assume that S1,...,SN satisfy the strong Moran condition. If

N
Iz <,
i=1
then the unique invariant distribution p. for (S,p)n satisfies

S, pilogps

S pilog Li

Proof. The upper estimate of capacity follows immediately from Theorem 6.4.1 and the
lower estimate follows from Theorem 6.4.3. =m

Capy (1) =

7. Stochastically perturbed dynamical systems

7.1. Introduction. In this section we study the stochastically perturbed dynamical
system
Tpe1 = S(xp,ty) forn=12 ...

Assume that the function S : X x [0,7'] — X is Borel measurable and the ¢,, are random
variables with values in [0, 7] such that

t

prob(t, < t|z, =z) = S p(z,u)du  for 0 <t <T,

0
where p: X x [0,7] — R, is a Borel measurable and normalized function. We are going
to derive a recurrence relation between p,1 and p,,, where p,, is the distribution of z,,.
Let h : X — R be an arbitrary bounded Borel measurable function. The mathematical
expectation of h(z,1) is given by

E(h(n 1)) = § () pny1(d).

X

On the other hand, we have
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T
E(h(@nt1)) = E((S(@ns ta)) = | { | A(S(2, 0))p(w, ) dt } o (da).
X 0

Thus if we set h =14, A € B(X), we obtain

T
poa(A) = §{ 1S @ )p(e, ) dt | oo (de),
X 0
which is the desired recurrence relation between p,4+1 and u,. If we define an operator

P by

T

(7.1.1) Ppu(4) = | { | La(S(, ), 1) dt} p(dz) for A€ B(X),
X 0

the above equation may be rewritten as

fin+1 = Ppin.
A straightforward calculation shows that P is a Feller operator and its adjoint is of the

form
T

(7.1.2) Uf(z) =\ f(S(@,t))p(x,t)dt  for f € B(X).
0
We make the following assumptions which we assume to hold throughout this section:

(i) The function S : X x [0,7'] — X is continuous.
(ii) The function p : X x [0,T] — Ry is a lower semi-continuous, normalized function,

ie.,
T

(7.1.3) Sp(x,t) dt=1 forzeX.
0

(iii) The continuity condition, i.e.,
T
(7.1.4) S lp(z,t) — p(y,t)| dt <w(o(z,y)) forz,ye X,
0
where w € @.

(iv) The average contractivity condition, i.e.,
T

(7.1.5) S o(S(z,t), S(y,t))p(x,t)dt <r(o(z,y)) forz,yeX,
0
where r € @.

7.2. Nonexpansiveness. We start with an easy lemma.

LEMMA 7.2.1. Let S : X x [0,T] — X and p : X x [0,T] — Ry satisfy conditions
(7.1.4) and (7.1.5) with w, r such that the conditions formulated in one of cases I-111 of
Section 6.2 hold. Then the operator P given by (7.1.1) is essentially nonexpansive.

Proof. By Theorem 3.1 it is enough to show that there exists a function ¢ € @ such
that U(F,) C F,, where F, denotes the family of all continuous functions f such that

|f(z)] < 1and |f(z) — f(y)] < ¢(o(z,y)) for all z,y € X.
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Since w and r satisfy the conditions in one of cases I-11I, there exists ¢ € @ such that

(7.2.1) w(t) 4+ o(r(t)) < e(t) fort>0.
Fix f € F,. Since |f(x)| <1 for x € X and p is a normalized function, we have
T T
Uf@)| < VIS 0)pla,t)dt <\ pla,t)dt =1 forz € X.
0 0
Further, for all x,y € X we have
T
Uf(x) = UFW)] < VIF(S (@, 0)p(a.t) — F(S(y, )p(y, )] dt
T ' T
< [ 1£(S .0 Ipe,t) — ply. D] dt + [ 1F(S(@,1) — F(S(y, ) Iply. 1) dt
0 0
and consequently by (7.1.4) we obtain
T
Uf(@) = Uf(y)| < wlol@,y) + | ¢(a(S(x,1), S(y,1)p(y t) dt.
0

By Jensen’s inequality and (7.1.5) we finally obtain

\Uf(z) = Uf(y)| <w(o(z,y)) + ¢(r(e(r,y))) forz,ye X.
Therefore Uf € F, by (7.2.1). m

7.3. Invariant measures. We start with the following lemma.

LEMMA 7.3.1. Let the assumptions of Lemma 7.2.1 hold. Then

(7.3.1) {e>0: ir}a liminf P"u(B) > 0 for some B € C.} # 0.
HEM; n—0o

Proof. Fix zg € X and define V(z) = o(x,z0) for z € X. Obviously V is a Lyapunov
function, bounded on bounded sets. Then by (7.1.5) we have
T T

0 0
T T
Vo(S(@,1), S(xo, t))p(w, ) dt + | o(S (0, 1), mo)p(w, 1) dt
0 0
r(o(z,xo)) + sup o0(S(xo,t),z9) forx e X.
t€[0,T']
Since r is a concave function and r(0) = 0, we obtain
UV(x) <r(o(x,z0) +r(1) + sup o(S(zo,t), o).
t€[0,T']
If the function r satisfies the conditions in one of cases I-III of Section 6.2, then r(1) < 1.
Finally from Lemma 2.4.2 and Corollary 2.4.1 it follows that there exists B € By(X) such
that

(7.3.2) liminf P"u(B) >1/2 for pe My. n

n—oo
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LEMMA 7.3.2. Let the assumptions of Lemma 7.2.1 hold. Then
(7.3.3) inf{e >0: inf liminf P"u(B) >0 for some B€C.} =0

HEM1 n—oo

and consequently P is semi-concentrating.
Proof. From Lemma 7.3.1 it follows that (7.3.1) holds. Set
d=inf{e > 0: inf liminf P"u(B) > 0 for some B € C.}.

HEM1 n—0o0
Suppose, contrary to our claim, that d > 0. Since the function r satisfies the conditions
in one of cases I-1II, we may choose € > d such that r(¢) < d. Choose 1 € (r(g),d). Since
€ > d, we may find {z1,...,2,} C X and a > 0 such that

m
(7.3.4) lim inf P"u( U B(a., s)) >a  forpe M.
=1
Set . .
B.=|JB(wie), Cy= |J |UB(S@it),n).
i=1 0<t<Ti=1

Fix p € M; and ng € N such that P"u(B.) > a for n > ng. Fix i € {1,...,m}. For every
z € B(zi,¢€), we estimate ST p(x,t)dt, where T, ; ={t € [0,T] : o(S(x,t), S(xs,t)) <n}.
We have )

Vo onepletydt < §o(S(a,t), S(ai t)p(a, t) dt < r(o(z,a:) < r(e).
0,7\, 0

Hence

| pana< r(e)

[0,T\Ts
and from (7.1.3) it follows that
S p(z,t)dt > n=ri)
Te,i
Therefore for n > ng we have
T
PrL(Cy) = §{ § 10, (S(, 0)p(a, 1) dt} P p(dz)

Since p € M is arbitrary, we finally obtain

inf liminf P"u(C,) > n=r() a.
HEM1 n—oo n
Observe that C, € C, for every v > 7, which, since n < d, contradicts the definition

ofd. m
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As a consequence of Lemmas 7.2.1, 7.3.1 and 7.3.2 we obtain the following theorem.

THEOREM 7.3.1. Let S : X x [0,T] — X and p : X x [0,T] — Ry satisfy conditions
(7.1.4) and (7.1.5) with w, r such that the conditions formulated in one of cases I-111
of Section 6.2 hold. Then the operator P given by (7.1.1) has an invariant distribution.
Moreover, the operator P and the set

(7.3.5) 2= 2w,
pneEM;y
where () is given by (2.3.8), are tight.
Proof. From Lemmas 7.2.1, 7.3.1 and 7.3.2 it follows that P is essentially nonexpan-

sive and semi-concentrating. A simple application of Theorem 5.5 (see also Remark 5.1)
finishes the proof. m

THEOREM 7.3.2. Let S : X x [0,T] — X and p : X x [0,T] — Ry satisfy conditions
(7.1.4) and (7.1.5) with w, r such that the conditions formulated in one of cases I-II1 of
Section 6.2 hold. Assume that for every x € X there exists T, € [0,T) such that

plx,t) =0 for 0<t<7,, plx,t)>0 forr, <t<T.
Then the operator P given by (7.1.1) is asymptotically stable.

Proof. By Theorem 7.3.1, P has an invariant distribution. Therefore it remains to verify
that

(736) nhjr;o ||P”,u1 — Pn/J,QHFM =0 for M1, U2 € M.

Since P is essentially nonexpansive, it is enough to show that for every € > 0 there is
a > 0 having the following property: for every i, us € My there exist A € By(X) with
diam A < € and ng € N such that

(7.3.7) P™u;(A)>a fori=1,2.
Fix € > 0. According to Theorem 7.3.1 there is a compact set K C X such that
(7.3.8) [(K)>4/5 forfie f.

Choose m € N such that r™(diam K) < ¢/3. For every pair (z,y), z,y € K, we define
open neighbourhoods U, , and V, , of x and y, respectively. Suppose first that 7, > 7,,.
From (7.1.5) it follows that there exists ¢; € (7, 7] such that

o(S(z,t1), S(y, 1)) < r(o(z,y)).
Moreover, since t1 € (75, 1] C (14, T] we have
p(xail) >0, p(yail) > 0.

If 7, > 7, we may obtain the same result by first choosing an appropriate number ¢; €
(74, T']. Thus by induction for every pair (z,y) we may construct a sequence (t1,. .., %),

t; =1t;(z,y), i =1,...,m, such that
Q(Sm(xafla e afm)a Sm(yafh sy E’I’n)) S rm(g(x,y))

and
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where the functions S;, i = 1,2,..., are defined by the recurrence relations
Si(z,t1) = S(x, t1),
Sit1(z,ty, ..y tipr) = S(Si(x, t1, .. ), tiv1),
pi(x,ty, ... t) =pla,ty) ... p(Si—1(z,te, ... tio1))

forz € X, t1,...,ti41 €10,T],4=1,2,... Fix x € X. By the continuity of S and the
lower semi-continuity of p for every y € K there exist neighbourhoods U, , of x, V, , of
y and positive numbers § = 6(z,y), o = o(x,y) such that

(7.3.9) 0(Sm(z, 81, tm), Sm(uy t1, ... b)) < €/3,
(7.3.10) Uy b1, tm) > o(x,y)
for u e Uy, [t — ;| < 6(z,y),i=1,...,m, and analogously
(7.3.11) 0(Sm (Y, 1y -y tm)s Sm(vy 1, .o ) < €/3,
(7.3.12) (v t1, . tm) > o(z,y)

for v € Vo, [ti — ;| < d(x,y), i =1,...,m. Since K is compact and K C |J
there exists {y1,...,Yq)} C K such that

q(z)
(7.3.13) K C | Vey,:

=1

yGK z,Y>

Set U, = ﬂ‘m) U,y and observe that U, is an open neighbourhood of z. Therefore there
exists a subset {x1,...,2,} C K such that

P
(7.3.14) K c|JUs,.
i=1
From (7.3.13) and (7.3.14) it follows that
G={Us; N Vay gy, NNV, 01 <0< p, 1< g < g(ag) for k=1,...,p}
covers K. Denote by M its cardinality and let G = |JG. Set

S o N . . o
22, )= i g, o ui)

We are going to show that P satisfies (7.3.7) with a = 06™/(2M). In fact, let pq, po €
M. Set pg = (1 + p2)/2. According to Theorem 7.3.1 there exists a measure it € £2(po)
and a sequence (my,),>1 such that

(7.3.15) lim [|P™" po — Fillem = 0.
n—oo

Since (7.3.15) is equivalent to the weak convergence of (P™"pg),>1 to 7 and G is open,
the Aleksandrov theorem (see [6]) implies

lim inf P™" uo(G) > 1(G).

n—00

From this and (7.3.8) it follows that there exists an integer ng such that
Ppo(G) = (P*ui(G) + P us(G))/2 > 3/4.
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Hence
P™u,(G) >1/2 fori=1,2.
Consequently, there exist Uy, Us € G such that
Prou(U;) > 1/(2M)  fori=1,2.
From the definition of G it follows that U; C Uy, and Uy C in,yji for some i € {1,...,q}

and j; € {1,...,q(z;)}. The definition of U, and V,, ,, implies that there exists a sequence
(t1,...,tm) such that

0(Sp (i t1y oy tim), Sm(u, by, .o tm)) < €/3,
Pm(tyty, ..o tm) >0
for u € U,, and |t; — t;] <9,
0(Sm(Yjsst1s -y tm)s Sm(v,t1, ... t)) < €/3,
PV, 1, tm) >0
for v € V,, ;. and [t; — ;] <6, and
o(Sm (i t1, .oy tm), Sm(yjs, t1, - tm)) < €/3.
Now define A = A; U Ay, where
Ay = cl{Sn(u,ty,..
As = S (v,t1,..

and observe that diam A < e. Set n = ng + m. By induction we have

,tm) ZUEUmi, |tl—f_Z,L| §5,i:17...7m},
,tm) :UGVzi,yjia |ti*£1'| gé,i:l,...,m}

T T
Prui(A) > | {S...SlAi(Sm(u,tl,...,tm))pm(u,tl,...,tm)dt1...dtm}P”f’ui(du)
X 0 0

for ¢ =1, 2. Therefore, by the definition of A; and Ay we obtain P™ yu,;(A) > 06™ /(2M)
=afori=1,2. =

Studying Wazewska’s equation (see [37]) we obtain a stochastically perturbed dynam-
ical system such that

(7.3.16) S:X x[0,1] - X is continuous,

(7.3.17) plx,t)=1 forze X,tel0,1].

Moreover, there exist constants I, L € (0,1) and a > 0 such that

(7.3.18) lo(z,y) < o(S(x,t),S(y,t)) < Lo(z,y) forz,ye X, tel0,1],
(7.3.19) alt —t'| < o(S(z,t),S(y,t')) for z,y € X and ¢,t' € [0,1].

THEOREM 7.3.3. Let S : X x [0,1] — X and p : X x [0,1] — Ry satisfy conditions
(7.3.16)—(7.3.19). Then the Markov operator P given by (7.1.1) is asymptotically stable.

Proof. We easily check that the assumptions of Theorem 7.3.2 are satisfied. m

7.4. Capacity of invariant measures. We end this chapter with the following result
concerning the capacity of an invariant measure.
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THEOREM 7.4.1. Let S : X x [0,1] — X and p : X x [0,1] — Ry satisfy conditions
(7.3.16)—(7.3.19) and let p. be the unique invariant distribution for the Markov operator
P given by (7.1.1). Then

Capp,(ps) = oo.
Proof. Fix x € X. We are going to estimate u.(B(z,al™/2)), m € N, where the constants
l,a are given by (7.3.18), (7.3.19), respectively. Fix m € N. By the invariance property
of p,. we obtain
(74.1)  ps(B(x,al™/2)) = P™u«(B(x,al™/2))
11

= S { S .. S 1B(z’al77l/2)(5m(u7 tl, ey tm)> dtl ces dtm},u*(du),

X 0 0
where S, is defined in the proof of Theorem 7.3.2. Let (¢1,...,tm), t1,---,tm € [0,1], be
such that there exists y € X such that

(7.4.2) S (Y, t1y .oy tm) N B(x,al™/2) # 0.
If
(7.4.3) Se(z,t1, .., te—1,tx) N B(x,al™/2) # 0

for some z € X and 1 < k < m, then \t_k — ] < Jm—k+l Suppose, contrary to our claim,
that [£, — tx| > ™ **! for some k, 1 < k < m. Then by (7.3.19) we obtain

Q(Sk(uvfh s afk—hfk‘)v Sk(zafla s afk—htk‘)) > alk_l ’ lm_k+1 =al™
for u € X. Therefore
Q(S’m(yafla e afm)a Sk(zvfh cee 7fk717t/€)) > a/l"La
which contradicts (7.4.2) and (7.4.3). From the above and (7.4.1) it follows that
i (B(z,al™/2)) < 2™ H [kt — (gL g (mA)/2ym,

k=1
Fix n > 0 and observe that
N(al™/2,m) = nf{Ne(al™/2) : C C X, 5 (C) 2 1 —n} = [(1 —p)(2-10"FD/2) 7],
(We use [a] to denote the integer part of a.) Hence
. log N(al™/2,n)
L) > liminf 2 /57
Copuliee) 2 B logaimya) —

and consequently Capy (p.) =00. m

8. Poisson driven stochastic differential equations

8.1. Introduction. In the last chapter we consider a stochastic differential equation of
the form

(8.1.1) d&(t) = a(€(t))dt + | o(€(2), )N, (dt, db)

[C]
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for t > 0 with the initial condition

(8.1.2) £(0) = &,

where (£(t))+>0 is a stochastic process with values in a separable Banach space (X, | -||).
We make the following five assumptions:

(i) The coeflicient a : X — X is Lipschitzian:
la(z) = a(y)l| < lallz —yll  for z,y € X.

(ii) (©,G,p) is a finite measure space with p(@) = 1.
(iii) The perturbation coefficient o : X x © — X is a B(X) x G/B(X)-measurable
function such that

lo(z,) = oy 2y < lollz —yll - for 2,y € X.

(iv) There are given a probability space (!~2, A, HNJ’), a sequence (t,),>0 of nonnegative
random variables and a sequence (6,),>1 of random elements with values in ©. The
variables At,, = t, —t,_1 (to = 0) are nonnegative, independent and equally distributed
with density Ae™*! for ¢ > 0. The elements 6#,, are independent, equally distributed
with distribution p. The sequences (¢, )n>0 and (6,),>1 are also independent. Under this
condition the mapping

238 p@) = (ta(©), 0n(@))nx1
defines a stationary Poisson point process.
(v) For every pu € M there is an X-valued random vector §,, defined on {2, indepen-
dent of p and having the distribution pu.
Condition (iv) implies that for every measurable set Z C (0,00) x @ the variable
Np(Z) = card{n : (t,,0,) € Z}

is Poisson distributed. It is called the Poisson random counting measure.
It is easy to show that

E(N,((0,] x K)) = Mp(K) forte (0,00), K €,

where E denotes the expectaction on the probability space ((NZ7 .Z, Iﬁ’)
By a solution of (8.1.1), (8.1.2) we mean a process (£(t));>o with values in X such
that with probability one the following two conditions hold:

(a) The sample path is a right-continuous function such that for ¢ > 0 the limit
E(t—) = limg_y, s<1 &(5) exists and

(b) &(t) = &0 + [ a&(s))ds + | | o(&(s-), )N, (ds, dB) for ¢ > 0.
0 0e

It is easy to write the explicit formula for the solution of (8.1.1), (8.1.2). Consider the
ordinary differential equation

(8.1.3) y'(t) =a(y(t)) fort>0
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and denote by y(t) = S(¢,z), t € Ry, the solution of (8.1.3) satisfying the initial condition
y(0) = z. Then for every fixed value of p = (¢, 6,)n>1 the solution is given by

£(0) = &o, £(tn) = &(tn—) + o(&(tn—), On),
E(t) =St —1tn,&(ty)) forte [ty tht1), n € NU{0}.

For z € X denote by &,(t) the solution of the initial value problem (8.1.1), (8.1.2)
with £y = x. Then for every t > 0 and f € C(X) define

(8.1.5) U'f(z) = E(f(&(1)))-

The classical theory of equation (8.1.1) (see [22, 26]) ensures that (£,(t)):>0 is a Markov
process homogeneous in time and (U');> is a continuous semigroup of bounded linear
operators acting on C'(X). Obviously, this semigroup may be extended to all bounded
Borel measurable functions. We check at once that the operator U! for ¢t > 0 satisfies
conditions (2.2.3)—(2.2.5). Thus for every ¢ > 0 there exists an operator P : Mg, — Mgy,
satisfying the duality condition

<f7Pt/L>:<Utf7/L> fOI‘fEB(X),,uEMﬁn.

Since (U');>0 is a semigroup on B(X), the duality condition shows that (P');>¢ is a
semigroup on Mgy, .

(8.1.4)

8.2. Nonexpansiveness. For every ¢ € (0, 1] we introduce in the Banach space (X, ||-||)
the new metric

Qq(mvy) = ||x_y||q for xayex-
Obviously, o4 is equivalent to g4 for every ¢’,q € (0, 1]. Further, for every ¢ € (0, 1] we
introduce the Fortet—Mourier norm
[vllqen = sup{[(f,v)| : f € Fq}  for v € Mg,

where F, consists of all functions f such that |f(z)| <1 and |f(z) — f(y)| < 04(z,y) for
all z,y € X. The following theorem provides conditions for essential nonexpansiveness of
the operator P? for ¢ > 0.

THEOREM 8.2.1. Let (X,||-]|) be a separable Banach space. Assume that

(8.2.1) |S(t,z) — S(t,y)| <e*|lz—y|| for z,yc X, t>0,

(5.22) I, ) = 7, Mo < ello—yll  for o,y € X,

where 7(x,0) = x + o(x,0). Moreover, assume that

(8.2.3) lr < exp(—a/A).

Then there exists q € (0,1] such that P', t > 0, is nonexpansive with respect to || - ||q,rm
and

(8.2.4) tlggo |Ptus — Plpusllgem =0 for py, ps € M.

Moreover, for every A € By(X) the above convergence is uniform over all i, s € M5
Proof. By inequality (8.2.3) there exists ¢ € (0,1] such that
(8.2.5) goo— X+ M1 <0.
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From Theorem 3.1 it follows that to finish the proof of nonexpansiveness it is enough
to show that U'f € F, for f € F, and t > 0. Further, when we show that for every
A € By(X),
(8.2.6) sup sup [U*f(x) — U f(y)| — 0

z,y€EA fEF,
as t — oo, the proof will be finished. Indeed, if (8.2.6) holds, then (8.2.4) is satisfied for
f1 = Oz, pa = 0. Since the linear combinations of point measures are dense in M; (in
the weak topology and also in the Fortet-Mourier distance | - ||, rv) and P? for ¢ > 0 is
nonexpansive with respect to || - ||g,rm, (8.2.4) will hold for all pq, e € M. Obviously,
this convergence will be uniform over all measures supported in the same bounded set.

Define 2,,(t) = {& € 2 : t,(@) < t and t,41(@) > t} for n € NU {0} and ¢ > 0.
Obviously IF’(UZO:O 2,(t) =1. Fix f Fy, t > 0 and A € B,(X). Since the sequences
(tn)n>0, (On)n>1 are independent, for z,y € A we obtain

U (@) = U f(y)] = [Ef (& (®) —EA&GON < D | 1&0@) - &6)@)]* Pdo)
n=0 ﬁn(t)

< Z exp(gat)l™?|z — yl|? ﬁb(fzn(t))

n=0
> A
_ _ q qan _
= exp(qat)||z — y| nizolf py exp(—At)

= exp((ga = A+ MD)t)[|lz — yl|,

From this and (8.2.5) we obtain (8.2.6). Moreover, for every f € F, and ¢t > 0 we have
U f(x) = U f(y)| < |lz —yl|? for z,y € X.

Since |U' f(z)| <1 for f € F, and z € X, we obtain U'f € F,. m

8.3. Invariant measures. This section is devoted to the proof of the existence of an
invariant measure.

LEMMA 8.3.1. Let the assumptions of Theorem 8.2.1 hold. Then there exists A € By(X)
such that

(8.3.1) inf liminf P'u(A) > 0.

pneEM, t—oo

Proof. Choose ¢ € (0,1] such that
ga — A+ A1 <0.

Set V(x) = ||z]|? for x € X. Following the proof of inequality (17) in [22, p. 239] it is
easy to conclude that E||¢,.(¢)|* < oo for all z € X and ¢t > 0. Thus

UV(0)=E|&(1)||? < oo for all £ > 0.
Using a similar argument to that in the proof of Theorem 8.2.1 can show that

(8.3.2) UV (z) — U'V(0)| < exp((qa — A+ N2)t)V(x) for x € X and ¢ > 0.
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Fix so > 0. From (8.3.2) it follows that
(8.3.3) U°V(z)<aV(z)+b forzxeX,
where
a=-exp((qe—A+A)sg) <1, b=UV(0).
Therefore, from Corollary 2.4.1 it follows that there exists Ag € By(X) such that
hnlgio%f (P%)"u(Ag) > 1/2  for p € M.
Set A = N(Ap,1). We will show that
1igi£fPtu(A) >1/2 for p e M.
Suppose, contrary to our claim, that
litrgglfPtu(A) <1/2 for some u € Mj.
Choose a measure p € M and a sequence (Sp)n>1, Sp — 00 as n — 00, such that
(8.3.4) lim inf P p(A) < 1/2.
Define m,, = [s,/s0] and r,, = s,, — mps¢ for n € N. Since r,, € [0, sg], we may assume
that lim,, o 7, = 7 for some r € [0, sg]. Further, by (8.2.4) we have

lim [P0t — Pyl g o = 0.

n—0oo
Since P*, ¢ > 0, is nonexpansive with respect to || - ||4,rm, We obtain
lim || Presotroyy — Pty ey < lim || P — Pl g v = 0.
n—o0 n—oo

Therefore we have
lim ||Pmn50+rnﬂ _ (pSO)mnlu

n—oo

and by Lemma 2.4.1 we obtain liminf,, o, P™"*0%" ,(A) > 1/2 contrary to (8.3.4). m

PRIV

LEMMA 8.3.2. If the assumptions of Theorem 8.2.1 hold, then the operator P*° is semi-
concentrating for sg > 0.

Proof. Fix € > 0 and choose € < e. From Lemma 8.3.1 it follows that there exists
A € By(X) such that (8.3.1) holds. Set

(8.3.5) Bo = inf liminf P'u(A)

HEM, t—oo

and choose 8 € (0,5). According to Theorem 8.2.1 there exists ¢ € (0,1] such that
(P")>0 is nonexpansive with respect to || - ||, #v and (8.2.4) holds. Fix so > 0. Since
convergence (8.2.4) is uniform over all pi1, iz € M4}, there exists m € N such that

(8.3.6) [ P50 1y — P gy o < 827 for py, o € MiL.

Choose z € A. By the Ulam theorem (see [6, 15]) there exists a compact set K C X such
that
Pomi(K)>1—E.
From (8.3.6) and Lemma 2.4.1 it follows that
PRomu(N (K, 8) > Pome, (K) — 21 for j e M,
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where N, (K,29) denotes the closed %-neighbourhood of K in the metric g . Therefore
PO (N(K,E)) > 1— 287 for p € M;.
Set C' = N(K, %) and observe that C' € C.. Further, from (8.3.5) it follows that for every
€ My there exists ng € N such that
P*"u(A) > 38 for n > nyg.
Fix pu € My. For n > nq define

_ Po"u(ANB)

tn(B) = Pon(A) for B € B(X)

and observe that
P*"u > Bu,  for n > nyg.
From the linearity of P we have
PSU("+m)u > BP"u, forn >mng
and since pi,, € M#' we obtain
pootm) (C) > BP%™p,, (C) > (1 — 28%)  for n > ny.
Therefore liminf, .o P*"u(C) > 5(1 —289) for p € M;y. m
Combining Theorem 8.2.1 and Lemma 8.3.2 we obtain the following theorem.

THEOREM 8.3.1. Let (X,|-]|) be a separable Banach space. Assume that the functions S
and T satisfy conditions (8.2.1), (8.2.2). If inequality (8.2.3) holds, then the semigroup
(P")>0 has a unique invariant distribution. Moreover, (P*);>¢ is asymptotically stable.

Proof. Fix sg > 0. By Lemma 8.3.2 the operator P®° is semi-concentrating. Further, from

Theorem 8.2.1 it follows that there exists ¢ € (0,1] such that P, ¢ > 0, is nonexpansive

with respect to || - || pm. Then by Theorem 5.5 and Remark 5.1, P*° has an invariant

distribution .. From (8.2.4) it follows that it is unique. Then for ¢ > 0 we have
P*(P',) = P (P* ) = P ps.

Since pu, is unique, it follows that P*u, = p,. On the other hand, by (8.2.4) we obtain

N ([P = gt = lim [P = Plpflgen =0 for pe Mo m
8.4. Capacity of invariant measures. Let y € M. Given a point x € X, we call the
quantity
1 B

d,(z) = liminf log p(B(x, 7))

H r—0 logr
the lower pointwise dimension of p at x. (Here we assume that log0 = —oco.) We start
with the following lemma, whose idea is due to A. Lasota and J. Myjak (see [37]).

LEMMA 8.4.1. Let u € My. If for every n € (0,1) and © € X there exists ro > 0 such
that

(8.4.1) W(Ba, (3+0)) > @ —)u(Blw,r)  for < 7o,
then d,,(v) > log2/log 3 for all z € X.
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Proof. Fix n € (0,1) and z € X. Let rg be such that (8.4.1) holds. Define

1 1 log
M=—— 1=, s=—2_ -
3+ = ST dgar O
We claim that
(8.4.2) w(B(z,r)) < Cr® forr € [M™rg,ro], n € N.

Indeed, for r = ro we have u(B(z,19)) < Cr§ = ry°r§ = 1. Suppose now that (8.4.2)
holds for some n € N. Let r € [M" g, M™rg). Then r/M € [M™rg, o] and consequently
by (8.4.1) we obtain

w(B(z,r)) <lp(B(z,r/M)) <I1Cr°/M?® = Cr®.
Thus, by induction (8.4.2) holds for every n € N. Since M < 1, this implies in turn that
(8.4.3) w(B(z,r)) < Cr®  for r € (0,ro].

Further, we obtain

1 B 1 s
d,(r) = liminf —og,u( (7)) > lim 7og(C’r ) _
#® r—0 logr r—0 logr

Letting n — 0 we finish the proof. =

LEMMA 8.4.2. Let the assumptions of Theorem 8.2.1 hold. If a(x) # 0 for x € X, then

the unique invariant distribution w. for the semigroup (P');>o satisfies
d, (z) >log2/log3 forz e X.
Proof. Fix x € X. From the definition of S(¢, ) it follows that t~1[S(t,z) — 2] — a(x) as

t — 0 and consequently
15(t, 2) = z|| = [la(z)]| - t + o(t),

where o(t)/t — 0 as t — 0. Since a(z) # 0, we may choose for small r a positive number
t, such that

(8.4.4) 1S (tr, x) — z|| = r + rexp(at,),
(8.4.5) |S(t,x) —z|| <7+ rexp(at) fort<t,.

As |la(z)]] > 0 we have lim,_ot¢, = 0. Consider the ball B(z,r(1 + 2exp(at,))) and
observe that from (8.2.1) and (8.4.5) it follows that for every y € B(z,r) we have

S(ty,y) € B(z,r(1+ 2exp(at,))).

Further, from the equality P?u, = p, for t > 0 and the definition of (Pt)tzo we obtain

e (B(S(tr, 2), rexplat,)) = (P ) (B(S (b, ), rexplaty)) > exp(—X, e (B(z, 7).
From (8.4.4) and (8.4.5) it follows that B(S(¢,,x),rexp(at,)) N B(x,r) = . Hence

a (B, v(1+ 2exp(at,))) > (1 + exp(-Mr))s (Bz, ).
Consequently, for every 1 € (0, 1) there exists 7o > 0 such that
(B, (3+mr) = (2 — s (Blz,r)  for 1 < ro.

From Lemma 8.4.1 it follows that d,,, () > log2/log3 for z € X. m
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THEOREM 8.4.1. Let the assumptions of Theorem 8.2.1 hold. If a(x) # 0 for x € X, then
the unique invariant distribution w. for the semigroup (P');>o satisfies

Capy (p«) > log2/log 3.
Proof. Fix d € (0,1og2/log3) and define
X, ={z € X : p(B(z,r)) <r?forr <1/n}.

From Lemma 8.4.2 it follows that UZO=1 X, = X. Moreover, X,, is Borel measurable
and X,, C X, 41 for n € N. Therefore lim,,_, o p+(X,) = p(X) = 1 and consequently
there exists ng € N such that p.(X,,) > 1/2. Let n < 1/4 and let C C X be such that
1. (C) > 1—mn. Then p.(CNX,,) > 1/4. Set Cy = CN X,,. Fix e < 1/(2np). Note that
every ball B, with radius ¢ such that B. N Cy # 0 satisfies B, C Bj_, where Bj_ is some
ball with radius 2e and centre in Cy. Since 2e < 1/ng and Cy C X,,,,, we have

M*(BE> < N*(B;a) < (25)d
and consequently
Ng, (€) - (26)% > 1/4.
Since C' C X with p.(C) > 1 —n and n < 1/4 are arbitrary, we obtain
N(e,n) = inf{Ng(e) : C € X and u(C) >1—n} > (2¢)%/4

and

1 2e)~%/4
Capy () > lim 2802
— e—0 —loge

Letting d — log 2/log 3 we finish the proof. m

9. Final remarks

We finish the paper with some information concerning references to the literature. All
definitions of Section 2.3 can be found in [58, 59, 62]. Lemmas 2.4.1-2.4.5 have also
been proved there. Nonexpansiveness has been examined in [59]. However, Theorems 3.1
and 3.2 are an extension of our former results. Further, Theorems 4.1-4.4 are a refor-
mulation of results proved in [59, 62]. Criteria for the existence of an invariant measure
(Theorems 4.1-4.4) have been formulated in [58, 59, 62]. Results presented in Section 6.2
have been proved in [58, 62]. Estimates of capacity of self-similar measures (Theorem 6.4.1
and 6.4.3) have been given in [48]. All results devoted to stochastically perturbed dynam-
ical systems are new. In particular Theorem 7.3.2 is an extension of the main theorem
of [23]. Finally, Poisson driven differential equations have been studied in [61]. In the
proof of the existence of an invariant measure we used the double contraction principle.
Here we show that the invariant measure can also be obtained by a simple application of
our criterion.
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