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The Kadec—Pelczyrnski—Rosenthal subsequence splitting
lemma for JBW*-triple preduals

by
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Abstract. Any bounded sequence in an L'-space admits a subsequence which can
be written as the sum of a sequence of pairwise disjoint elements and a sequence which
forms a uniformly integrable or equiintegrable (equivalently, a relatively weakly compact)
set. This is known as the Kadec—Pelczyniski-Rosenthal subsequence splitting lemma and
has been generalized to preduals of von Neuman algebras and of JBW™-algebras. In this
note we generalize it to JBW™-triple preduals.

1. Introduction. Up to a subsequence any bounded sequence in an
L'-space splits into (i.e. can be written as) the sum of two sequences of
opposite nature: one which is pairwise disjointly supported, and another one
which converges weakly or, equivalently, is uniformly integrable. The paper
of Kadec—Pelczyriski [33] contains a forerunner of this subsequence splitting
lemma, its explicit formulation appears in [7, p. 68] (with a reference to
Rosenthal’s [47]), whereas the authors of [2, p. 250] call it folklore and refer
to [12]. Note in passing that the splitting lemma also holds for LP-spaces
with 0 < p < oo [43], [45], but in this note we concentrate on p = 1. For some
generalizations and applications see [51], 43| 25] [14], 44 [45] 32].

In this note we generalize the splitting lemma to preduals of JBW*-
triples as stated in our main result (Thm. . The main result gives a
positive answer to [41, Question 3| and a proof to |21, Conjecture 4.4]. On
the way from the classical result for L'-spaces to JBW*-triple preduals we
find the following stages: Randrianantoanina [43] has shown the splitting
lemma for von Neumann preduals. In [21], Fernandez-Polo, Ramirez and
the first author of this note adopted Randrianantoanina’s approach in order
to prove the splitting lemma for preduals of JBW*-algebras. In the present
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note we follow Raynaud and Xu [45] who, shortly after Randrianantoanina,
recovered his result by means of ultraproduct techniques.

Although this note is intended to be self-contained, it can be considered,
in some sense, a continuation of [39] in that it uses a main result of [39]
(see the proof of Thm. which allows us to obtain a disjointly supported
sequence from one being only almost isometric to £;.

As it is possible to define a topology on arbitrary L-embedded Banach
spaces X which on bounded sets equals the usual measure topology when X
is L1[0, 1] [41], it makes sense to conjecture a splitting lemma for L-embedded
spaces; see [41l §6] for a precise wording. However, examples show that in
general, L-embedded spaces fail such a splitting lemma [41, Ex. 6.2]. So
JBW*-triple preduals seem to be the biggest class of L-embedded Banach
spaces known to admit a splitting property for bounded sequences. It remains
an open problem to find (reasonable) conditions on L-embedded spaces to
ensure the possibility of splitting.

2. Notation. Basic notions and properties not explained here (or al-
luded to too succinctly) can be found for Banach spaces in [13], 20, B1] and
for JBW*-triples in [11], [10], but also in the introductory sections of [39].
Throughout this article we will use the following notation. The unit ball of
a Banach space X is written By, and the dual X*. Given an ultrafilter U
on an index set I, and a family (X;);c; of Banach spaces, we denote by
(X;)y the corresponding ultraproduct of the X;, and if X; = X for all i, we
write (X )y (or simply Xp/) for the ultrapower of X. We refer to [28] for basic
facts and definitions concerning ultraproducts. Elements of (X;)y are written
T = [x;)y, in which case (z;) is called a representing family or a represen-
tative of T. We have ||z|| = limy ||x;|| independently of the representative.
We recall that there is a canonical isometric embedding = : X — (X)y,
x — [z]y, and shall write X and 7 for the image of X and x, respectively,
under this embedding. A normalized sequence (z}) in a Banach space is said
to span {1 asymptotically if there exists a sequence (d,,) such that 0 < d,, — 0
and

Z\ak\ > HZakka 22(1—(510’6%’, Yoy € C.
k>1 k>1 E>1

Moreover, throughout this article, W will denote a JBW*-triple with predual
W, and triple product {-,.-,-}. The Peirce projections associated with a
tripotent e are denoted by Py (e) : W — W, k = 0,1, 2, the ranges of Py (e) by
Wi (e), whence we have the Peirce decomposition W = Wy (e)® Wi (e)®Wy(e)
[11 p. 32]. The Peirce rules are

{E2(u), Eo(u), E} = {Eo(u), Ex(u), E} = {0}
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and

{Ei(u), Ej(u), Ex(u)} C Ei_jyr(u),
where E;_j p(u) = {0} whenever i — j + k ¢ {0,1,2} (|22] or [1I, Thm.
1.2.44)).

When X = W, is the predual of the JBW*-triple W, the conventions
explained above hold accordingly, for example we write ¢ = [¢;]yy € (Wi )u
and W, C (W,)y.

The orthogonality of two elements a,b € W is written a L b, which by
definition means {a,b, W} = 0 (see [9, Lem. 1| for equivalent characteriza-
tions).

Two elements ¢,9 € W, are called orthogonal, in symbols ¢ 1 1, if
s(¢) L s(v) where s(yp) is the support tripotent of ¢, uniquely determined by
the fact that |y, (s(,)) is a faithful normal positive functional on the JBW*-
algebra Wa(s(¢)) such that ¢ = @Ps(s(¢)) [22 Prop. 2]. For any tripotent
e € W such that ¢(e) = ||¢]|, in particular for s(p), we have ¢ = @Ps(e)
[22, Prop. 1]. Recall that ¢ L ¢ if and only if they are L-orthogonal, that
is, [[ap + BY|| = |al|lell + |Bl||¥] for all scalars a, 8 (cf. [24, 19]; see [39] for
quantified versions).

According to the notation in [45], we shall say that a functional ¢ =
[pilu € Wiy is disjoint from W, = W, whenever & L ¢ for every ¢ € W,.
We recall the Jordan identity

21 {a,b,{z,y,2}} = {{a, 0,2}y, 2} = {z,{b,a,y}, 2} + {2, y,{a, b, 2}},

which by definition of triple systems is valid for all a,b,x,y,z in a JB*-
triple E. We also recall from [23], Cor. 3| that

(2.2) {23 < Ml =

It follows from the so-called Gelfand—Naimark axiom for JB*-triples
(|l{a,a,a}|| = ||a||?® for all a € E) that the quadratic operator Q(a) : E — E,
x + {a,,a}, has norm ||a|?. We finally recall that Py(e) = Q(e)? for every
tripotent e € £ [I1 p. 32].

3. Preliminary results

3.1. Banach spaces. The following way of constructing asymptotically
isometric ¢1-copies is reminiscent of a construction of Godefroy (|27, IV.2.5]
or [42] Thm. 2]).

LEMMA 3.1. Let X be a Banach space, and let U be an ultrafilter on an
index set I. We denote X = (X)y and write X for the image of X under
the canonical embedding ~ : X — (X )y, T = [z]y. Suppose that a bounded
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family (z;) in X is such that [x]y is non-zero and is L-orthogonal to X in
the sense that

(3.1) 1y + [zilll = 119l + [[[ziledll, Yy € X
Then there is a sequence (x;, )nen such that (x;, /|xi,||) spans €1 asymptoti-

cally.

Proof. By hypothesis we have
(3.2) lim[ly + azill = [l + |of |[ziul, VaeC, yeX.

Let (6,) be a sequence of strictly positive numbers converging to 0. Set

n = %61 and 7,41 = %min(nn, dn+1) for n € N. By induction on n € N we

will construct i,, € I such that
n

(3.3) S (1=l + 1 S ] <

k=1 k=1

> a2
2, |
for all n € N and o € C.

Suppose without loss of generality that all x; are of norm one. For the
first induction step we choose any i1 € I. For the induction step n — n+1 we
suppose that z;,, ..., z;, are constructed so that holds. Fix o = (o)1
in the unit sphere of E’f“ such that a,4+1 # 0. Then yields

n
= [ awa,
k=1

+ longa] |l

n
er{nHZ Qs + 175
k=

n n
> Y (1= %) k| + 1m0 Y ] + |
k=1 k=1
n+1 n+1
=Y (= d)lor] + 70 Y lor] = (90 = Snr1)|an sl
k=1 k=1
n+1 n+1
> ) (1= 8p)|ck| + min(nn, 6pg1) > > (1= )| + 2901,
k=1 k=1

because ||a|| =1 and |ay,41| < 1. Thus, there exists U € U such that

n+1
> (1= 0p)low] + 2mnp1,  VieU.

n
H § O Tj), + Oy 1T
k=1

Choose a finite 7,41/2-net (al)lL:"fl, with ol # 0 for I < L, in the

unit sphere of £?+1 in the sense that for each « in that unit sphere there
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is | < Lpy1 such that |lo — of|| = S04 o — al| < npt1/2. Then we
may repeat the reasoning above finitely many times for [ = 1,..., L1 to
get x;,, such that

n+1 n+1
HZ akai|| > S0 = dlak] + 200s1, VI < Lo
k=1 k=1

For each « in the unit sphere of K?H choose | < Ly, 41 with [|a—a!|| < np41.
Then

n+1
o,
k=1

n+1
- [ ko
k=1

n+1
- HZ(O‘k - 0‘2)33%
k=1

n+1
> (1 - 6ol + 21 — la— o]
k=1
= Mn+1 Mn+1
> 2(1 — O e | — n; + 2041 — n2+
k=1
n+1 n+1

= (1= 0k)lok] +mns1 > Joul.
k=1 k=1

This extends to all o € Z’f“, and thus ends the induction and the proof. =

An ultrafilter U on a set [ is called countably incomplete if it contains a
sequence (Uy,) such that (), U, = ). Ultrafilters on N are countably incom-
plete. The following lemma is essentially contained in [45, end of the proof
of Thm. 4.6]. For the sake of completeness we give a detailed proof.

LEMMA 3.2. Let U be a countably incomplete ultrafilter on a set I, and
let X be a Banach space. Consider a sequence (ff(”)) and an element T in
the ultrapower Xy such that | T —Z| — 0 and for each n € N, 7 admits
a representative T = [a:gn)]u with {xgn) 1 € I} relatively weakly compact
in X. Then T also admits a representative T = [x;)y with {z; : i € I}
relatively weakly compact in X.

Proof. We use the notation of the hypothesis and may further assume
that 7" — Z|| < 1/n. Let & = [2}]y. Let (U,) in U be such that (), U,, = 0.
We may further assume that U; D Uz D --- and H:cgn) —z}]| < 1/n for all
1€ Upy.

Set ; = 0 for i ¢ Uy and z; = l'l(»ni) for i € Uy, where n; is defined
by i € Uy, \ Un,+1. By construction, ||z; — 2}|| < 1/n for i € U,. Hence
[@ilu = [zilu = 7.
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Fix n > 1 and i € Uy. If n > n; then
=0

min |lz; — 27|| < ||a; — 2!
Jj<n

and if n < n; then
i = 2 = ") — ) < ™) — )+~ 2l < 42 < 2
1 1 (2 — 7 7 7 (2 an n — n
From both cases we see that min <y, ||z; — :cz(j)H < 2/n for all i € U; and
n > 1. This means that given n there is a family (y;) in the relatively weakly
compact union {0} UU?Zl{zEJ) : 1 € I} which is at most 2/n away from (x;).
Now let z** € X*™ be a weak*-limit of the z; along an ultrafilter V
on I. Denote by « the distance from z** to X and suppose a > 0. Take a
natural number n such that 2/n < «/2, |ly; — x;|| < 2/n for every ¢, and set
y = weak-limy y;. Let 2* € Bx~ be such that (™ —y)(z*)| > ||z**—y|—a/2.
The contradiction
. x a . «a 2 «
a < 2™ =y <h§n|$ (xi_yi)’+§ Sh]gﬂnxi—yiH'i‘g St <a
shows that « = 0. Hence z** € X, and {z; : i € I} is relatively weakly
compact in X. m

3.2. JBW*-triples. Using the first half of [28, Cor. 7.6], Becerra and
Martin [6l Prop. 5.5] have shown the stability of the class of JBW*-triple
preduals under ultraproducts. By using also the second half, the following
improvement can be obtained.

THEOREM 3.3. Let (W;);cr be a family of JBW™*-triples, U an ultrafilter
on I, and let W = X*, where X = (W;)s«)u. Then W is a JBW*-triple
and the canonical embedding J : (W;)y — W (defined by T ([x:u)([@ilu) =
limy pi(x;)) is an isometric triple homomorphism with weak™-dense image.

Proof. Let E = (W;)y. As a consequence of [28, Cor. 7.6], there are an
ultrafilter B on an index set I’, a contractive projection P on (E)g, and a
surjective linear isometry 7' : W — V where V = P((E)g).

Let E = (E)g and let jp : E — E be the canonical embedding of E
into its ultrapower. Still according to [28, Cor. 7.6], the restriction of T to
J(E) is E’s canonical embedding into (E)g, that is, T(J(z)) = je(x) for
all x € E. In particular, P acts as the identity on jg(FE). By the contractive
projection theorem (cf. [50], [35], [LI, Thm. 3.3.1]), V = P(E) is a JB*
triple via {P(a), P(b), P(c)}v = P({a,b,c}3). Since T is a surjective linear
isometry, the product {a,b,chyy = T-HT(a),T(b),T(c)}y defines a JB*-
triple structure on W. The mapping T : W, {-,-,-}w) — (V,{,-,}v) is a
triple isomorphism by construction.
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Let x,y,z € E. Then
{T (), T (), T(2)}w =

Il
N N H 94

Lol
e Blav!
= o
B o3
= 3
= 4
S
~ &
S 4
—
SN
\_/\{—\z/
—
R

= *1(jE({x,y, Z}E)) = j({x,y,z}E),

which shows that J preserves the triple product. By [28, Prop. 7.3] (or [49,
Sec. 11, Cor. p. 78]), the image of 7 is weak*-dense in W. u

We isolate here a technical result which will be needed later.

LEMMA 3.4. Let W be a JBW*-triple, let z € W, ¢ € W, and denote
by s(¢) the support tripotent of ¢. If z L s(¢), then ¢{x,y,z} = 0 for all
z,yeW.

Proof. We write s = s(¢) for short. Since z L s, and hence z € Wy(s), it
follows from the Peirce rules that {x,y, 2} = a + b, where

a={Pi(s)(x), Po(s)(y), 2} + {Pa(s)(x), P1(s)(y), 2} € Wi(s),
b= {Fo(s)(x), Pols)(y), 2} + {FP1(s) (), Pr(s)(y), 2} € Wo(s).
Therefore, ¢p{z,y, 2z} = ¢p(a +b) = ¢Pa(s(¢))(a+b) =0. =

4. Using the strong*-topology. In [4, Prop. 1.2|, Barton and Fried-
man showed that for a JBW*-triple W, the mapping =z — |[jz|, :=
(p{z,z,5(p)})"/?, where s(¢p) is the support tripotent of ¢ € W, defines a
pre-Hilbertian seminorm on W. Moreover, o{x, z, s(p)} = ¢{x, z, z} when-
ever o(2) = [lol| = ||2]) = 1.

It is known that the identity

(4.1) 1% = 1Pr(e) (@)% + [1P2(e) ()13

holds for all x € W, ¢ € W,, and tripotents e such that [|¢|| = 1 = ¢(e).
Indeed, although the proof of in [36, Lem. 4.2] does not cover the
general case, it is very close. For the general case, let £ = zg + 1 + 2 be
the Peirce decomposition associated with e (i.e. z = Py(e)(z), k =0,1,2).
By the Peirce rules,

HxHi = QO{.T,.%', e} = ‘P{xl,xh 6} + 90{x27 2, 6} + 90{[1:073317 e} + ()O{thQ’ 6}7

hence (4.1)) because |p{zo,x1,e}| < @{zo,x0,e}e{zr1,21,e} = 0 ([4, Prop.
1.2] and zg L e) and p{x1,z2,e} = p{x2,x1,e} = 0 (Peirce rules and [4
Prop. 1.2]).



84 A. M. Peralta and H. Pfitzner

In [5] the strong*-topology s*(W,W,) on a JBW*-triple W is defined
as the locally convex topology generated by the family {|| - ||, : ¢ € Wi,
]l = 1}. On a von Neumann algebra the strong* topology in the von Neu-
mann sense [48, 1.8.7] and the strong*-topology in the triple sense coincide
[5, pp. 258-259.

The following proposition resembles [21, Cor. 2.6]. It says that a bounded
net (ay) is strong*-null if and only if the net {ay, x, y} is weak*-null uniformly
in z,y € By.

PROPOSITION 4.1. Let (ay) be a bounded net in a JBW*-triple W.
(a) The net (ay) is strong*-null if and only if for each p € Wi,

A
(4.2) sup{[p{ax, =y} 1 2,y € Bw} = 0.
(b) If (ay) is strong*-null then, for each b € W and each ¢ € W,

A
(4.3) sup{|¢{b,ax,y}| : y € Bw} = 0.

Proof. Without loss of generality, we suppose that (ay) C By . First we
notice that the “if” part of (a) follows from

laxllz = ¢{ax,ax, s(0)} < sup{lp{ar,2,y}| : z,y € Bw}.
For the “only if” part of (a) and for (b) we first consider the case when
W is a von Neumann algebra considered as a JBW*-triple via {a,b,c} =
(ab*c + cb*a)/2. In this case it is enough to consider a positive ¢ € W,.
We may assume ||¢|| = 1. By the Cauchy—Schwarz inequality, |p(ayz*y)|* <
plaray)p(y*za*y) < p(ara}) and similarly |p(yz*ay)|? < ¢(alay). Thus

20p{an, z, y}| = le(arz™y) + p(ya*an)| < (plaiar)'’? + (plara}))'?,
and similarly, for b € W,

2/0{b, ax, y}| < (po(azan)"? + (@ (ara})) "/
where ¢ and @y« are positive normal functionals on W defined by ¢ —
o(beb*) and ¢ — (b*cb), respectively. This shows (4.2) and (4.3) for von
Neumann algebras W.
To pass to general JBW*-triples W we first make three observations.

Observation 1. The property expressed in the proposition is stable under
{+ sums. More precisely, let (W}); ey be a family of JBW*-triples such that
each W; satisfies the proposition accordingly. Set W = @ﬁ"g 7 Wj, which is
a JBW*-triple in a canonical way (|34, p. 523| or [11, Ex. 3.1.4]). Then W
satisfies the proposition, too. Indeed, let (ax)x = ((ax ;)jes)a be a strong*-
null net in Byy. Given ¢ = (¢;) € W, = EB?GJ W; .« we have p{ay,z,y} =
Y. seilaxrj,xj,y;}. For any € > 0 there is a finite subset F' C J such that
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(by (2:2))
> leifargziud < Y llesll <e/2
JEI\F JEI\F

uniformly in z = (z;),y = (y;) € Bw. Since (a ;)\ is strong*-null in W for
each j we have ZjeF vilax;, T, y;} A0 uniformly in z;,y; € Bw,. This
proves (4.2)). The argument for (4.3)) is similar.

Observation 2. By |3, Cor. 9] (see also [23] Cor. 1, 2]), every JBW*-triple
W can be identified with (i.e. is JBW*-triple isometrically isomorphic to)
a weak*-closed JB*-subtriple of a JBW*-algebra M. (Recall that a JBW*-
algebra with product a o b is a JBW™*-triple with the triple product
(4.4) {a,b,c} = (aob*)oc+ (cob*)oa— (aoc)ob”,

cf. [1I, Lem. 3.1.6]). In turn, every JBW*-algebra M can be (uniquely) de-
composed as a direct loo-sum M = My @ Mo where M7 is a weak*-closed
subtriple of a von Neumann algebra and Ms is a purely exceptional JBW™*-
algebra (cf. |26l Thm. 7.2.7]). Moreover, Ms embeds as a JBW*-subalgebra
into an fs-sum of finite-dimensional exceptional JBW*-algebras (|26, Lem.
7.2.2 and Thm. 7.2.7]).

Observation 3. For each JBW*-subtriple F' of a JBW™*-triple W, the
strong*-topology of F' coincides with the restriction to F' of the strong*-
topology of W, that is, s*(F, Fy) = s*(W,W,)|r (cf. |8, Cor.]). Hence the
property expressed in the proposition passes from JBW™-triples to weak*-
closed subtriples.

For an arbitrary JBW*-triple W, the proposition can now be reduced, via
the previous three observations, to the von Neumann case, which has been
proved above, and to the fact that finite-dimensional JBW™*-triples satisfy
the proposition trivially. m

Analogously to [43, [45] and to [2I], we define uniform integrability in
JBW*-triple preduals:

DEFINITION 4.2. Let W be a JBW*-triple. A bounded subset K of W,
is said to be uniformly integrable if

Tim sup{[Q(a)] : ¢ € K} =0
for each strong*-null sequence (z,) in W.

This definition turns out to be equivalent to relative weak compactness
and is therefore equivalent to the corresponding definitions of [43], Def. 2.2],
[45, Def. 4.1] (to be read only for the case p = 1) and |21, Def. 2.1]. As in
[21], this will be a consequence of some characterizations of relative weak
compactness in JBW*-triple preduals taken from [37].
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For the reader’s convenience we first recall some more results concerning
the strong*-topology. Let u,v be two tripotents in a JBW*-triple W. We
write w < v if v —u L u, which is equivalent to {v,u,v} = u |11} 1.2.43].
The Peirce space Wa(v) becomes a unital JB*-algebra with product a o b =
{a,v,b} and involution a* = {v, a,v}; further, from this product the original
triple product can be recovered by [11, p. 20]. Now it is not difficult
to see that w is a symmetric projection in Wa(v). On a JBW*-algebra M a
strong*-topology in the algebraic sense is defined by the family of seminorms
of the form = + |z|4s = ¢{z,2,1}Y/2 = (¢(x* o x))"/2, where ¢ € M, is
positive and of norm one [26] 4.1.3]. Rodriguez-Palacios [46, Prop. 3| has
shown that this topology coincides with s*(M, M, ) when M is considered as
a JBW™-triple.

Let now (g,) be a decreasing weak*-null sequence of tripotents in .
Then (g,) is a weak*-null sequence of projections in M = Ws(q;). For any
positive ¢ € (Wa(q1))« we have anHé = ¢(q}oqn) = ¢(gn) — 0, which shows
that (gy,) is strong*-null in the algebraic and in the triple sense in Wa(q1),
hence it is also strong*-null in W (cf. |8 Cor.]). To sum up, a decreasing
weak*-null sequence of tripotents in W is also strong*-null.

Similarly, we can show that a sequence (e;,) of pairwise orthogonal tripo-
tents in W is strong*-null in W. It is known that (e,) is summable with
respect to the weak*-topology of W. Moreover, the element e := o(W, W, ) —
> . €en is a tripotent in W and e, < e for every n € N, that is, the se-
quence (e,) lies in the JBW*-algebra Wa(e) (cf. [30, Cor. 3.13]) and we
have e, o e}, = e, for all n. Further, e, — 0 with respect to the weak*-
topology (of W and) of Wy(e). As in the preceding paragraph, we deduce
from HenHi = ¢(e) oen) = ¢p(en) — 0 that (e,) is strong*-null in Wa(e) and
finally in W.

We can now show the connections between uniform integrability and
relative weak compactness. The main aspect of the following proposition is
the equivalence of (i) and (ii); other equivalences are standard or, like (vii),
at least implicitly known but perhaps not stated in the literature.

PROPOSITION 4.3. Let K be a bounded subset in the predual of a JBW™*-
triple W. The following statements are equivalent:

(1) K is relatively weakly compact.
(i1) K s uniformly integrable.
(iii) For each strong*-null sequence (e,) of tripotents we have

(4.5) lim sup{ [P (en)] : ¢ € K} = 0.
n—oo

(iv) For each decreasing strong*-null sequence (e,) of tripotents we have

E3).
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(v) For each sequence (ey) of pairwise orthogonal tripotents we have

5]

(vi) For each decreasing weak*-null (equivalently decreasing strong*-null)
sequence (ey) of tripotents we have

(4.6) Jim sup{le(en)] : o € K} = 0.
(vii) For each sequence (ey) of pairwise orthogonal tripotents we have
[9).
Proof. We use the notation [|z[|%, ,, = [z[2, + [|z[|%,. From [37, Thm.

1.1, Cor. 1.4] we infer that (i) is equivalent to (vi) and also to the following
statement.

(1) There exist norm-one elements 1,1y € W, with the following pro-
perty: Given € > 0, there exists § > 0 such that for every x € W
with ||z| <1 and ||z, 4, < 0, we have |p(z)| < € for each p € K.

We have (vi)=(i)=-(1) and show (1)=-(ii): Let (z,,) be strong*-null in W, in
fact in By, and take ¢ € {11,192} where 11,19 are from (1). Given £ > 0
choose 6 > 0 according to (1). Let y € By, and set z = Q(xy)(y). From the

Jordan identity (2.1) we get

{Z7 2 S(¢)} = {{xn’ Y, xn}v 2 S(¢)}
= {.’En, Y, {:L'ny Z, 5(¢)}} + {fL’n, {ya Tn, Z}v S(d})} - {xn’ 2, {.’En, Y, 5(¢)}}
Hence
1Q(n) ()7 < 3sup{l¢{zn,a,b}| : a,b € B} =0

uniformly in y € By by Proposition (a). Thus, there is ng such that
1Q(xn)(Y)||g1 o < 6 for all n > ng and all y € Bw. Now [[@Q(z,)| =
Supyep,, l9(Q(wn)(y))| < € by (1), which shows (ii).

The implication (ii)=>(iii) follows from [[pP2(en)|| = [lpQ(en)?]| <
|lpQ(en)||. The implication (iii)=-(iv) is trivial, and so is (iii)=-(v) if we
take into account that, as seen above, a sequence of pairwise orthogonal
tripotents is strong*-null.

(iv)=(vi): We have commented that a decreasing weak*-null sequence of
tripotents is strong*-null. Thus the desired implication follows from |¢(e, )| =
(Bs(en)en))] < l6Pr(en)]

From the same inequality we also deduce (v)=-(vii).

(vii)=(i): In order to show that K is relatively weakly compact, it is
enough to show that the restriction K¢ is so for each maximal abelian sub-
triple C of W (cf. [37, Thm. 1.1]). But such C’s are isometric to von Neumann
algebras (see, for example, [29, Cor. 6.4]), thus the desired implication follows
from Akemann’s criterion (see, for example, [1], [45], 4.14(ii)]). =
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We will use the following definitions of functionals on W. For a,b,x € W
and ¢ € W, the maps {a,b, o}, {¢,b,a} and {a, ¢, b} defined by

(4.7) {a,b,o}(x) = {¢,b,a}(z) == ¢{b,a,x}
and

{a,p,b}(z) == ¢{a,x,b}
are well-defined elements of W, (by the separate weak*-continuity of the
triple product). Further, {a,b, ¢} and {p,b,a} are linear in b and ¢ and
conjugate linear in a, whereas {a, ¢, b} is conjugate linear in a, b, . Although
these properties are more than enough for what we need, it is worth pointing
out that (4.7)) defines natural actions of W on W, and allows one to consider
W, as a Banach triple module over W. The notion of Banach triple module
has been introduced in the recent paper [40] by Russo and the first author
of this note. A bit more concretely in our context, compare, for example,
{W, W, W.} in Proposition [5.3| with AL, (@) + L1(Q).A in the proof of [45]
Thm. 4.6b).

COROLLARY 4.4. Let ¢ be a normal functional in the predual of a JBW™*-
triple W. Let (a;)icr, (bi)icr be two bounded families of elements in W. Then
the set {{a;,b;, ¢} i € I} is relatively weakly compact in W,.

Proof. We may assume that a;,b; € By for every i € I. Let (e,) be
a decreasing strong*-null sequence of tripotents in W. Proposition a)
implies that
sup{|{as, b;, p}(en)| : i € I} < sup{|¢{b,a,e,}|: a,b € By} = 0.
The desired statement follows from [37, Thm. 1.1, Cor. 1.4] (cited here as
(vi)=(i) in Theorem [4.3)). =

PROPOSITION 4.5. Let E be a weak*-dense JB*-subtriple of a JBW™*-
triple W. Then for all ¢ € Wy and y,z € W, the functional {z,y, ¢} € W,
is in the norm-closure of the set {{a,b,¢} : a,b € pBg}, where p =

max{|ly], [|z]|}.

Proof. We can assume that max{||y||, ||z]|} = 1. By the Kaplansky den-
sity theorem [5, Cor. 3.3] it follows that

Let (yx) and (z,) be two nets in Bg converging in the strong*-topology of
W to y and z, respectively. By Proposition [£.1] we have

A
{2y — ux, o3I < supf{lo{y —wn, 2,2} 2,2 € Bw} =0

uniformly in u, and

{2 = 2y, 03| < sup{|¢{y, z — 24, 2}| : € By} 5 0.
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FinaHY7 the ldentlty {Z) Y, (rb} - {Z/M (O%) d)} = {Z —Z2u Y, ¢} + {Zlh Y—=Yx ¢}
gives the desired statement. =

5. Using structural projections. A linear subspace J of a JBW?*-
triple W is an inner ideal in W if {J, W, J} C J. Clearly, inner ideals are
subtriples. Edwards and Rittimann [I7, Lem. 2.3] established the following
characterization: A weak*-closed subtriple J of W is an inner ideal of W if
and only if

(5.1) J= |J Wale

e€Trip(J)

where Trip(J) is the set of tripotents contained in J. Note in passing that
in von Neumann algebras (viewed as JBW*-triples) left and right ideals and
sets of the form aWb (a, b, € W) are inner ideals, whereas weak*-closed inner
ideals are of the form pW¢q with projections p,q € W [16, Thm. 3.16].

Examples of inner ideals can be given as follows. Let M C W. Then M*,
the (orthogonal) annihilator of M, defined by

Li={yeW:y Lz Voe M},

is a weak*-closed (by the separate weak*-continuity of the triple product)
inner ideal of W (cf. [18, Lem. 3.2|).
A linear projection P on W is said to be structural when

{P(a),b,P(c)} = P{a, P(b),c}, Va,b,ceW.

Such a projection is contractive and weak*-continuous and its pre-adjoint
P, : W, — W, has range

Pu(Wy) = P(W) := {p € Wa: loll = llelpan I}

where, of course, [|¢[pw)ll = sup|pey<i l¢(P(x))] (see [I5, Thm. 5.3]).
Note in passing that structural projections on a von Neumann algebra M
are of the form = — pxq where p, q are centrally equivalent projections in M
[15, Thm. 6.1].

This circle of ideas culminates in the result of [15, Thm. 5.4|, where
Edwards, McCrimmon and Rittimann proved that every weak*-closed inner
ideal J in a JBW*-triple W is the range of a unique structural projection P
on W. It is also known (cf. [I5, Lem. 5.2]) that

PW)=Jo= | Waale.

ecTrip(J)

Given a subset Z C W, we henceforth write

Li={peW,.: 9o Lo VoeZ}.



90 A. M. Peralta and H. Pfitzner

LEMMA 5.1. Let Z be a subset in the predual of a JBW*-triple W. Let
S(Z) :={s(¢) : ¢ € Z} in W and write J = S(Z)* C W. Suppose P :
W — W is the unique structural projection on W whose image is the weak™-
closed inner ideal J. Then P.(W,) = Z+.

Proof. Let ¢ be a functional in P,(W,) = P(W);. Then there exists a
tripotent e € P(W) = J such that ¢(e) = ||¢||, and hence ¢ = @Ps(e). It
follows that s(¢) € Wa(e) (cf. |22 proof of Prop. 2|), and thus s(¢) € J =
S(Z)* by . We deduce that s(¢) L s(¢) for every ¢ € Z, or equivalently,
Y E Z1. This shows that J, C Z+.

Take now o € Z1. In this case, s(¢) L s(¢) for every ¢ € Z. Therefore,
s(p) € S(Z)* = J, and hence p € P(W)y = P,(W,) = J,. m

We now describe the situation in which the theory above will be used.
Let W be a JBW*-triple and let ¢ be an ultrafilter on a set I. Henceforth,
we write W = (Wy)u)*, S(Wy) = {s(¢) e W: ¢ € W, } and

T =(S(W)) ={y e W:y Ls(9), Vs(9) € S(W.)}.

Then J is a weak®-closed inner ideal in W. Further, we denote by Py :
W — W the unique structural projection on W whose image is 7.
The following corollary is immediate from Lemma [5.1]

COROLLARY 5.2. In the situation just described, a functional ¢ = [p;|u
n (Way = Wi is disjoint from W, = W, if and only if (Py)«(@) =¢. =

PROPOSITION 5.3. In the situation described before Corollary[5.2) we have
(5.2) ker((Py),) = spanl 1 {w, W, W, } = spanlll{wy,, Wy, W.}.

Proof. Take x,y € W, and ¢ € W* Since each element of 7 is orthogonal
to the support tripotent s(gf)) of qb, we have gi){x y,J} = 0 by Lemma
that is, {y,z, ¢}(J) = 0. Equivalently,

(,Pu)*{:%w?(g} = {yax; a}PL{ = O

This shows that ker((Py).) 2 spanll (W, W, W, }.

In order to show that equality holds suppose that z € W vanishes on
w.w, W.}. Then 0 = {y,z,¢}(2) = ¢{z,y,z} for all z,y € W and all
b e W.. Taklngx—s(gzb) €W and y = z we get

122 = 6{z2,5(6)} = 0.
By (1),
0= lz]2 = [Pa(s(9)) ()% + | Pa(s(6)) ()13
= O{Pa(s(9))(2), Pa(s(8))(2), 5(0)} + ${ Pr(5(0))(2), Pr(s(6))(2), 5(d)}.
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By [22, Lem. 1.5] (sce also [38]), the triples {Py(s($))(z), Pa(s($))(2), s(¢)}
and {P;(s(¢ ))( ), Pi(s (gb))(z) s(¢ )} are positive elements in the JBW*-al-
gebra Wh(s(¢)), and it follows from the faithfulness of ¢ on Wa(s(¢)) that
both are zero. Another application of [22 Lem. 1.5] (see also [38]) shows
that Py(s(¢))(z) = Pi(s (¢))(z) = 0. We have shown that z € Wy(s()),
equivalently, z L 8((;5) for every qg € 171/\*, that is, z € J = Py(W). Hence z
vanishes on the annihilator of Py(W) in W, that is, on ker((Py)«). By the
Hahn-Banach theorem we get the first equality of .

If we keep in mind that Wy is a weak*-dense JB*-subtriple of W (cf.
Theorem , then the second equality of is a consequence of Propo-
sition 4.0l =

The main result of this section shows how, in the case of a countably
incomplete ultrafilter U, the projection (Py). determines when an element

¢ € (Wy)y admits a representative which, as a set, is relatively weakly
compact in W,.

THEOREM 5.4. Consider the situation described before Corollary [5.2]
Suppose the ultrafilter U is countably incomplete. Then (Py)«(p) = 0 if
and only if we can write ¢ = [p;lu for some relatively weakly compact set

Proof. “Only if”: Every ¢ € {Wy;, Wy, ﬁ/\*} can be written in the form

¢ = {laiu, [bilu, o} = {ai, bi, ¢Hu

where [a;)y, [bily € Wy and ¢ € W,. Corollary proves that the set
{{a, Z,¢} : 4 € I} is relatively weakly compact in W Thus, every ¢ €
{Wy, Wiy, W. }, and in fact every ¢ € span{Wy, Wy, W, }, admits a repre-
sentative ¢ = [p;]yr where {@; : i € I} is relatively weakly compact in W,. By
Lemma the same statement still holds for all ¢ € span! 'l {Wy,, Wy, W\*},
and hence for all ¢ € ker((Py)«) by Proposition

“If”: Suppose that ¢ = [p;]yy where {p; : i € I} is relatively weakly
compact in W,. Write L

=g +¢

where 1; is in (Py)«’s range and §~€ ker((Py)«). By the “only if” implication,
we can find a representative E = [@-]M for some relatively weakly compact set
{& i€ I}in W,. If weset 1, = p;—&;, it follows from the above that the v;’s
form a relatively weakly compact reresentatlve of w Since ¢ is in the image
of (Py)«, we infer from Corollary 5.2 that ¢ is disjoint from (W)L, hence
[0+ = 4]+l for all ¢ € W, If we had ¢ = [1h;]y # 0 then by Lemma
- 3.1| the set {¢; : i € I'} would contain an ¢1-sequence, which, however, is not
possible for a relatively weakly compact set. Hence (Py )« (@) =1 = 0. =
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6. Main result. Finally, we are in a position to prove the main result,
a generalization of the Kadec—Pelczynski-Rosenthal subsequence splitting
lemma to preduals of JBW*-triples. As already mentioned in the introduc-
tion, JBW*-triple preduals seem to constitute the largest known class of
L-embedded Banach spaces fulfilling a splitting property for bounded se-
quences.

THEOREM 6.1. Let W be a JBW?*-triple, and let (p,) be a bounded
sequence in Wy. Then there is a subsequence (pp,) which can be written
©On, = U + & where the 1y ’s are pairwise orthogonal and (&) converges
weakly to some & € W,.

Proof. We apply Theorem 5.4 with I = N and U a free ultrafilter over N.
Consider ¢ = [pply and T = @ — (Py)«(¢) in (Wy)y. Then (Py)«(7) = 0. By
Theorem [5.4] we can write 7 = [7,,]yy where the set {7, : n € N} is relatively
weakly compact in Wi. .

Set wy, = ¢ — T, and W = [wy]y. Then w = (Py)«(p) and w L W, (cf.
Corollary [5.2). If @ = 0, then limy [|¢,, — 75]| = 0, and hence

lim H‘Pnk - TnkH =0
—00

for appropriate subsequences; we can further assume, by the theorem of
Eberleinfémulyan, that (7,,,) converges weakly to some . Setting ¢y, = 0
and & = (@n, — Tn,) + oy, We get the conclusion in the case w = 0.

If @ # 0, then by Lemma there is a seminormalized (= bounded
and uniformly away from 0) subsequence (wy,) such that (wy,/||lwy,||) spans
¢1 asymptotically, hence almost isometrically. It follows from [39, Thm. 4.1]
that there are a further subsequence of (wy,) (which we still denote by (wp,))
and a sequence (1)) of pairwise orthogonal norm-one functionals in W, such
that |lwn,/|lwn, || — ;]| = 0. Moreover, there is a subsequence (7n;, ) Which

converges weakly to some & (Eberleinfémulyan theorem). It remains to set
d}lk = H(”Jnl]C ||¢;”k and glk = Tnlk + (wnlk - 1/%)7
and to replace [ by k. =
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