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MATHEMATICAL ANALYSIS OF A WITHIN-HOST MODEL
OF MALARIA WITH IMMUNE EFFECTORS AND
HOLLING TYPE II FUNCTIONAL RESPONSE

Abstract. In this paper, we consider a within-host model of malaria with
Holling type II functional response. The model describes the dynamics of the
blood-stage of parasites and their interaction with host cells, in particular
red blood cells and immune effectors. First, we obtain equilibrium points of
the system. The global stability of the disease-free equilibrium point is es-
tablished when the basic reproduction ratio of infection is Ry < 1. Then the
disease is controllable and dies out. In the absence of immune effectors, when
Ry > 1, there exists a unique endemic equilibrium point. Global analysis of
this point is given, which uses on the one hand Lyapunov functions and on
the other hand results of the theory of competitive systems and stability of
periodic orbits. Therefore, if Ry > 1, the malaria infection persists in the
host. Finally, in the presence of immune effectors, we find that the endemic
equilibrium is unstable for some parameter values using the Routh-Hurwitz
criterion; numerical simulations of the model also show the same results.

1. Introduction. Malaria is a mosquito-borne disease caused by any
one of four different blood parasites, called Plasmodia. The disease is trans-
mitted to people by the Anopheles mosquito. This disease is a leading cause
of debilitating illness, with over 300-500 million cases and 1 million deaths
each year around the world [4].

A female Anopheles mosquito carrying malaria-causing parasites feeds
on a human and injects the parasites in the form of sporozoites into the
bloodstream. The sporozoites travel to the liver and invade liver cells. Over
5-16 days, the sporozoites grow, divide, and produce tens of thousands of
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haploid forms, called merozoites, per liver cell. The merozoites exit the liver
cells and re-enter the bloodstream, beginning a cycle of invasion of red blood
cells, where they again multiply and burst the cells, each releasing 8-32
merozoites that invade more red blood cells and continue the cycle. Blood
stage infection engages a network of interacting cells, cytokines, antibodies
and other components of the immune system [16, [18].

Despite widespread efforts for malaria disease control in the world, there
are still many problems due to malaria infection, particularly in Sub-Saharan
Africa. Therefore, if we understand how the immune effectors react in a hu-
man body after malaria infection, we can take steps to develop new drugs
or a vaccine. Our contribution is to propose new mathematical models of
malaria infection and to analyze them. We use the original model of Ander-
son [I] with Holling type II functional response.

2. The model formulation. In Anderson’s model, the interaction of
malaria parasites, red blood cells and immune effectors is presented. The
state variables are denoted by X, Y, M and I. The variable X (¢) denotes
the density of uninfected red blood cells at time ¢, Y (¢) denotes the density of
infected red blood cells at time ¢, M (t) denotes the density of free merozoites
in the blood at time ¢ and I(¢) denotes the density of immune effectors at
time ¢. The dynamic variable I(t) represents the reaction of the immune
system.

This model is given by the following system of differential equations:

X

— =A—p X — ks XM,

dt a

Y

C;—t:ksXMf,uyYf,ucYI,
(1) dM

W:TUyY_NmM_MhMI,

dl

Uninfected red blood cells are recruited from the red bone marrow at a con-
stant rate A. The parameters iz, iy, tm and p; are respectively the natural
death rates of uninfected red blood cells, infected red blood cells, free mero-
zoites and immune effectors. The death of infected red blood cells results
in the release of a number r of merozoites. The parameter ks denotes the
contact rate between uninfected red blood cells and free merozoites. The
parameters p. and pp are the immuno-sensitivities of infected red blood
cells and free merozoites, respectively. The immune effectors proliferate in
response to contact with infected red blood cells and free merozoites at rates
Ay and A, respectively. Usually the rate of infection in most malaria models
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is assumed to be bilinear in the free merozoites M and the uninfected red
blood cells X. However, the actual incidence rate is probably not linear over
the entire range of M and X. Thus, it is reasonable to model the infection
rate of malaria using Holling type II functional response, ’ffg J\)? , where a > 0
is constant. Note that all the parameters of the model are assumed to be
positive real numbers. With these definitions and assumptions, the interac-
tion involving density of parasites, density of red blood cells and immune

effectors with Holling type II functional response is given by

X _ o kXM

dt Hz 14+ aX’

dy ke XM

O BAN Y Y,
5 dt  1t+ax Mt TH

E:TﬂyY—ﬂmM—ﬂhML

dl

o= DY AR M = il

In this paper, we investigate stability of the equilibrium points of this system.
These results enable us to discuss the nature of the disease.

3. The equilibrium points of the model. In this section, we will
first find the equilibrium points of system . To compute them, we set the
derivatives with respect to time in system equal to zero. Hence, we get
the following system of equations:

ke XM
A—p X — = =
Ha 1+ aX s
ks XM
(3) T rax ~HwY —uYI=0,

TiyY — M — pp M1 = 0,
AY + X\ M|I — pil = 0.
From the fourth equation of , we obtain I = 0 or \,Y + A\, M — p1; = 0.
In the absence of immune effectors, I = 0, the model reduces to a model
with disease-free and endemic equilibrium points. For this model, we ob-

tain the disease-free equilibrium point Ey = (A/u4,0,0,0) and the endemic
equilibrium point E; = (X*, Y™, M*,0), where

X* — Nm ,
kst — Qb

1 Moz fom
YVi=—|A- ——7—
) Hy ( ksr — O‘Nm>’

A «
M :r( - “).
Pm kst — iy,
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For the third equilibrium point Eo = (f( Y, M, T ) with immune effectors
I # 0, we have

- kXM
A—p X — = =0,
1+ aX
ks XM - .
5 — — UyY — puYI =0,
(5) 14+ aX Hy e

iy — pm M — i MI =0,
)\yf/-i- )\mM — My = 0.
For existence of this equilibrium point, we have the following theorem.

THEOREM 1. For small positive values of «, there exists an endemic
equilibrium point By = (X,Y,M,I) € RY.

Proof. For a = 0, existence of at least one endemic equilibrium point
(X,Y,M,I) € RY is proved in [I8, Theorem 8]. By using this theorem and
the implicit function theorem, we deduce that for small positive values of «,
system has a solution Fs = (X,}},M,f) € Ri. "

Notice that the equilibrium point F» exists provided that the density of
immune effectors is not zero and the malaria infection persists within an
infected host.

Now for the stability analysis of the equilibrium points, we will define
the feasible region that is positively invariant. In order to do this, we use
the following lemma.

LEMMA 1. The region Q = {X(t) > 0,Y(t) > 0,M(t) > 0,1(t) > 0} is
positively invariant for solutions of system .
 Proof. For simplicity of writing, model can be written in the form
S(t) = G(S(t)), where S(t) = (s1,52,53,84)7 = (X,Y,M,I), S(0) =
(X(0),Y(0),M(0),1(0))" € Q and

G1(9) A= X — 30X
(5)= | G| _ X — 1Y —ncYT

Gs(9) TyY — p M — pp M1

G4(95) AY + Ay M]T — pid

For s1 = 0 in (2)), we have G1(S) = A > 0. Thus, no trajectory can pass
through X = 0.

For s3 = 0 in (2), we have G2(S) = Ifjﬁ% > 0 provided that X, M > 0.
That is, no trajectory can pass through Y = 0.

For s3 = 0 in , we have G3(S) = ru,Y > 0 provided that Y > 0.

Hence, no trajectory can pass through M = 0.
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For s4 = 0 in , we have G4(S) = 0. Thus, no trajectory can pass
through I = 0.

Due to the well known theorem by Nagumo [I5], any solution of (2]) with
initial point S(0) € Q, say S(t) = S(t,5(0)), is such that S(t) € Q for all
t>0. =

REMARK 1. Notice that for biological reasons, the initial condition for
system must be non-negative. Thus by the above lemma, X, Y, M and
I must be non-negative for ¢ > 0.

From the first equation of (2)), we obtain X'(t) < A — p1, X (t). Thus
A
limsup X (t) < —.
t—o00 M
Adding the first two equations of , we get
(X()+Y () = A~ p X — pyY —peY I < A—p X — pyY
< A—ma(X() + Y (1),
where m; = min{,, i, }. Thus,
A
limsup(X () + Y (t)) < M1, where M;=—.
t—o0 m1

From the third equation of , we obtain
M'(t) <rpyY — M < rpy My — pm M.

Thus,
. T.MyMl
limsup M (t) < My, where My=—"—.
t—oo Hm
Now, we set
Hh Ay Bh
V)= M)+ —I)+—= —Y(1).
(0) = MO + {10+ 2 $2v (0

Calculating the derivative of V' along the solutions of system , we have

N Hh 5 Ay Hhy
V(t) = M(t) + EI(t) o EY(t)
=1y Y (t) — pm M (t) — pp M (t)I(t)
+ %[AyY(t)I(t) + A M) (t) = il (¢)]

by
< rpyY(t)— umM(t)—iﬂmI(tHf ﬁf—hksX(t)M(t)—— Eh v ()
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Ay (A) ( 0 Ay 1 )
<r + ke[ — | My —mao | M(t) + —I(t) + =L Y (¢
py My e s\ | Mz = ma (t) )\m() ,Uc)\m()

A A
= ru, M + Iu—y ﬁf—hks ()Mz —maV (t),

where mg = min{ e, pi, py }. Thus

M

A A
T Ml + i&k’ — M2
limsup V(t) < M3, where M;3= Y fic Am s () ‘
t——+o00 mo
Therefore, the dynamics of system can be analyzed in the following
feasible region:

A
T:{(X,Y,M,I)eRi:Xg,X+Y§M1,M5M2,

€T

My N ’thSMg}.
A'VTZ ,"LC )\m

Notice that the region T is positively invariant. In the next sections, we will

investigate the stability of the above equilibrium points by considering the

region T'.

4. Local and global stability of the disease-free equilibrium
point FEjy. First of all, we discuss the local stability of the disease-free
equilibrium point by examining the linearized form of system at the
equilibrium point Ey. The Jacobian matrix of system is given by

(6)

— (1o + 257) 0 Ty 0
J_ e —(py + piel) e —peY
0 T fy —(km + pnd) —pnM
0 AT A AyY + A M —

The Jacobian matrix at the disease-free equilibrium point Ey=(A/p,,0,0,0)
is

- ; ol ; -
—Hx A
IZ_SOE
(7) Jpo=| 0 T oex 0
0 Ty — —Hm 0
0 0 0 — L

From the first and fourth columns, we can see that Jg, has negative eigen-
values —pu, and —p;. Removing the first and fourth rows and columns of
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matrix (7)), we obtain the matrix

_ ke A
Jg=| Y Ferad)
THy — —Hm

Since p, > 0 and p; > 0, the equilibrium point Ey is locally asymptotically
stable if
oy b, > rﬂylﬁ/iy/l’ that is, ;%(;fsfa/l) <1.
Let us define the basic reproduction ratio of infection as
rks/A
o (pa: + @A) '

Thus, we have the following lemma.

Ry =

LEMMA 2. The disease-free equilibrium Ey is locally asymptotically sta-
ble if Ry < 1, and it is unstable if Ry > 1.

The following theorem shows the global stability of the disease-free equi-
librium point Ej.

THEOREM 2. If Ry < 1, the disease-free equilibrium point Ey =
(A/112,0,0,0) of system s globally asymptotically stable in the invariant
set T. If Rg > 1, all solutions of system starting sufficiently close to Fy
in T move away from Ey except those solutions starting on the invariant set
of the X -axis which approach Ey along this axis.

Proof. For simplicity, we set Xo = A/p,. Consider the continuously
differentiable function

X
L:A1<X—X0—X01DX> —|—7"Y—|—M+A2[,
0

where

Al:u/:ilm and A2<min{r)zc,)'li’;}.

Its derivative along the solutions of system is

L:A1<X—0X> Y + M+ Al

X
ks XM  Xo ks XoM
= A (A= p X — T ¢
1( a 1+aX X MO+1+X>
ko X M
(1+QX—uyY—,ucYI>+ruyY—umM—,uhMI

+ Ao ([NY + Ay MT — pi1)
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— Auxa(o i & Arks XM A1k XM rks XM
= F1fz20 X, X 1+aX ' 1+aX ' 1+axX

— 1Y T — p M — pp MI + As((NY + N\n MT — 1)
CALX 2_&_& rks XM — ks XMAy — pppaX M
- LU“IE 0 XO X (1 + OCX)

—rpeY T — pup MT 4+ As((\yY + Ny MT — ;1)

X X, (RO_l)MVZ(Mx'f‘OCA)XM
=Aip Xol2— — — —
1A 0( Xo X > 1+ aX)

+ (Ag)\y — T/,LC)YI + (Ag)\m — Mh)MI — AQ/J,ZI

Since
X X,
9 2 20 o X £X,
X, x = 7 Xo,
X X,
X, X ’ o

we have L < 0 if Ry < 1. Moreover L = 0 when X = Xy and M = I = 0.
Let Xy be the maximum invariant set in the set

S ={(X,Y,M,I): L(X,Y,M,I) =0}
= {(X,Y,M,I): X =X0,Y >0, M =1=0}

From the third equation of we have >, = {FEp}, since otherwise for
any orbit starting from a point with Y > 0 in X', the M-component of this
orbit must remain positive for ¢ > 0. From LaSalle’s Theorem (see [0]), this
implies that all solutions in 7" approach Ey as t — oo. It follows that the
disease-free equilibrium point Ejy is globally asymptotically stable. =

5. Local and global stability of the endemic equilibrium point F;.
In this section, we investigate the stability of the endemic equilibrium point
Ey = (X*,Y*, M* 0). In terms of Ry, its coordinates are

. 1
- ‘uﬁRo—l—Oz(Ro — 1)7
.1 (o +ad)(Ro—1
@) v :7(;1 ad)(Ro )7
py BERo + a(Rp — 1)
A — (e ad)(Bo — 1)
Hm MTIRO + a(RO - 1) .

From the above formulae, the system has no positive endemic equilibrium
point if Ry < 1; such a point is obtained only when Ry > 1.
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THEOREM 3. Suppose that Ry > 1. If \y)Y™* + X\, M* < p;, then the
endemic equilibrium point By = (X*,Y*,M*,0) is locally asymptotically
stable. If \yY™ + Xy M* > p;, then Ey is unstable.

Proof. The Jacobian matrix at Fy = (X*,Y*, M*,0) is

~(he + Trax) 0 T 0
9)  Jg = (15_30671%)2 “Hy llj-saXX —peY”
0 THy — —Hm —pnM*
0 0 0 AY* A AM gy

It can be seen from the last row that Jg, has eigenvalue A\, Y™ + X\, M™* — p;
and the remaining eigenvalues can be derived from the 3 x 3 matrix

s M* — ks X*
—(pa + (1+ax*)2) 0 Fax

(10) JJ/EH = % —Hy 1%5();*
0 Ty —Hm
The characteristic polynomial for the matrix is
(11) N4 a1A? + agh +az =0,
where
ks M*
ai :Ux+m+ﬂy+ﬂmy
ks M*
ag = (py + tm) (Mm + (Zl—{—ozX*)2>’
ksM*

a3 = mﬂy#m-

It is clear that the constants a;, as and ag are positive. Now, we compute
M ey M*

ayaz — az = (Nz + I+ ax")? + Hy + Mm) (ty + pom) <,Ua: + (1—|—aX*)2>

ksM*

- (1 + OCX*)Q:uy:um
< * ksM*
= <ux s ork uy> (ky + pm) (uz A tax 2 aX*)2>
9 ksM*
+ bt (fy + pom) + /’me >

Therefore, the Routh—-Hurwitz conditions (a; > 0,as > 0,a3 > 0,a1a2 > as3)
for a polynomial of degree three are satisfied. Hence Fj is locally asymptot-
ically stable if A\)Y™ + X\, M™ < ;. m
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The global stability of the endemic equilibrium point can be proved by
applying the theory of competitive systems (see [I7] and [10]).

Note that in the absence of immune effectors, i.e. I(t) = 0, without loss
of generality, we can analyze system without the last equation. Then
system changes to

dxX
— =A— X — ks XM,
dt H
(12) % = ks XM — p,Y,
dM
d =1pyY — pi M.

We begin with the definition of a competitive system. Let D C R" be
an open set and x — f(x) € R” be a C! function defined in D. We consider
the autonomous system in R™ given by

(13) ' = f(z).
We recall the definition of competitive system from [17].

DEFINITION 1. System is competitive in D if, for some diagonal
matrix H = (e1,...,€,), where each ¢; is either 1 or —1, H - D f(z) - H has
non-positive off-diagonal elements for € D, where D f(x) is the Jacobian

of (13).
It is shown in [I7] that, if D is convex, the flow of such a system preserves
for t < 0 the partial order in R™ defined by orthant

K ={(z1,...,2n) € R" : iz; > 0}.

By looking at the Jacobian matrix and choosing the matrix H as

1 0 0
H=|0 -1 0],
0 0 1

it can be easily seen that our system is competitive in 7" with respect to the
partial order defined by the orthant

K={(X,Y,M)eR*: X >0,Y <0, M > 0}.

Hirsch [9] and Smith [I7] proved that three-dimensional competitive systems
that live in convex sets have the Poincaré-Bendixson property [19]. That is,
any non-empty compact w-limit set that contains no equilibrium point must
be a closed orbit.

For the definition of w-limit set, the reader is referred to [6].

Here we recall additional definitions from [6] and [3], respectively, that
we will use later.
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DEFINITION 2. Suppose system has a periodic solution z = p(t)
with minimal period w > 0 and orbit v = {p(¢) : 0 < t < w}. This orbit
is orbitally stable if, for each € > 0, there exists a § > 0 such that any
solution z(t) for which the distance of z(0) from ~ is less than §, remains
at a distance less than e from v for all ¢ > 0. It is asymptotically orbitally
stable if the distance of x(t) from = also tends to zero as t — co.

DEFINITION 3. System is persistent if each solution z(t) starting in
int(D) has the property that liminf, . x(t) is at a positive distance from
the boundary of D.

We also use the following definition in the next theorems.

DEFINITION 4. System has the property of stability of periodic or-
bits if the orbit of any periodic solution p(t), if it exists, is asymptotically
orbitally stable.

In the following theorem, we will use the concept of second additive
compound matrix. For the definition, the reader is referred to the Appendix
of this paper.

THEOREM 4. A sufficient condition for a periodic orbit v = {p(t) : 0 <
t <w} of to be asymptotically orbitally stable is that the linear system

y'(t) = (D (p(t)y(t)

is asymptotically stable, where D f12 is the second additive compound matriz
of the Jacobian Df of f.

For the proof of Theorem 4} the reader is referred to [14, Theorem 4.2].

The following theorem is the main tool to prove the global stability of
the endemic equilibrium Ej.

THEOREM 5. Assume that n = 3 and D is conver and bounded. More-
over suppose that 18 competitive, persistent and has the property of
stability of periodic orbits. If x¢ is the only equilibrium point in int(D), and
if it is locally asymptotically stable, then it is globally asymptotically stable
in int(D).

Proof. The proof is similar to the proofs of Theorems 2.1 and 4.2 in
[12]. m

The endemic equilibrium point F; is globally asymptotically stable in
the interior of Ty := T N {I = 0}. This is shown in Theorem [6] below.

THEOREM 6. If Rp > 1 and \y)Y™ + X\, M™ < p;, then the endemic equi-
librium point E1 of system is globally asymptotically stable in int(Tp).
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Proof. The relevant vector field is transversal to the boundary of Tp,
except in the invariant set of the X-axis. On the X-axis, we have

X' =A—p.X.

This equation implies that X (t) — A/u, ast — oo. Therefore, Ej is the only
w-limit point on the boundary of Tj. Notice that for Ry > 1, Ey cannot be
the w-limit point of any orbit in int(7y). Therefore, system is persistent
when Ry > 1 (see [13] Proposition 5.8]).

Now, it is sufficient to show that FE; is globally asymptotically stable
in int(7p). Since system is competitive, persistent for Ry > 1 and E;
is locally asymptotically stable, the result follows from Theorem [5| if we
can show that system has the property of stability of periodic orbits.
This is derived from Theorem [4] It is enough to prove that the linear non-
autonomous system

(14) w'(t) = (DfP(p(1)))w(t)
is asymptotically stable.
The Jacobian matrix of system is given by

ks M —ks X
—(na + (1+aX)2) 0 ox
0 Ty —Hm
The second additive compound matrix of is
(16)  DfPI(X,Y, M)
ks M ks X ks X
— (1t + Trax)z T y) T+ax T+ax
0 (1-]:15047]\)/[()2 —(ky + pm)
For the solution p(t) = (X(t),Y (t), M(t)), equation becomes
ks M ks X
1) =— B t > t
(0 = (1 + s+ Jun(0) + 1wt
ks X
1+ aX w3(t)7
(17) Y
wh(t) = rpywi(t) = | e + g + i | wa(t)
2 v (14 aX)? ’
; ks M

ws(t) = )ng(t) — (ky + pm)ws(t).

(1+aX
In order to demonstrate that is asymptotically stable, we consider the
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Lyapunov function V() and the norm || || defined as follows:
[(w1, wa, w3)|| = sup{Jwi], [wa| + [wsl},
V(t) = V(wi(t), wa(t), ws(t); X (1), Y (), M (1))
1 0 0 w1
=0 3G 0 | {wa | = sl gyoal + s -
0 0 @y | Lws

The function V' (t) is positive, but not differentiable everywhere. Fortunately,
this lack of differentiability can be remedied by using the right derivative
of V(t), denoted as D,V (t).

Suppose that the solution p(t) = (X (¢),Y (t), M(t)) is periodic of mini-
mal period w. Since system is persistent for Ry > 1, the orbit v of p(¢)
remains at a positive distance from the boundary of Ty. Thus

Y(t)>e and M(t) >e with0<e<]1.

Hence the function V' is well defined along p(t) and there exists a constant
¢ > 0 such that

(18) V(wr, we,ws; X, Y, M) > c||(wy, ws, ws)|

for all (w1, ws,ws) € R3 and (X,Y, M) € 7.
We have the following inequalities:

ksM ks X
< _ s
19)  Difunl < (1 + iy ) ln(0] + 2 (o)
ks X
t
X st

ks M
< st
< (uﬁ 7 %) +uy>\w1(t)|

kXM(1) (Y1)
s (i watol + lesto) ).

(20) Dy fuws] < rpylus (1)) (ux ol um) wa(®)],

1+ aX)?
el = (s + ) s 0.

From and we obtain

(22) D (jwa(t)[+ws(t)]) < rpylwr (0] = (a4 pom ) [wa (0)| = (pay =+ prm ) w3 (1)]
< rylwr(8)] = llwa (8)|+ws(t)]]

where ¢ = min{ . + fim, ty + fom }-

(21)  Difuy| <
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By using , we obtain

) Y(g”) (o) + fus(®)
(Y( t)  M(t) ) M (t) (fwz ()] + |ws(t)]) + TD+(|ZU2('5)| + ws(t)])
Y ()

Y'(t)  M'(t) Y(t
< S0+ (0 = m —#)
We assert that and lead to
(24) D,V (t) < sup{hi(t), ha(t)}V (D),

where

))u 2(8)] + [ws (b)),

h (t)_f +ﬂ+ +M
1 — Hx (1—|—OéX)2 Ny (1—|—O£X)Y7

R Y1) M)
halt) ‘M(t)r“y*(m) M) ¢>

Since p, > p, and the second and third equations of system are re-
spectively

kXM Y’ M oY
Y = T U and — = Y — Um
14+aX)Y Y 'Y M M ’
we have
! ks M
hi(t) = — — | pe +
0= = (et o)
Y/
h2(t):?_ﬂx
We obtain
Y’ ks M Y’
25 hi(t), ho(t)} = — (et ), = — e
@) supl(On0)} =sw{ T~ (net o ) e
Y/
S?fﬂx-
Thus
(26) {sup{hi(t), ha(t)} dt < InY ()]g — pratw = —ptat < 0.

0
This fact together with implies that V(t) — 0 as t — oco. By it
turns out that
(w1 (), wa(t), ws(t)) =0 ast— oo.
As a result, the linear system is asymptotically stable and the periodic
solution (X (t),Y (t), M(t)) is asymptotically orbitally stable. =
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6. Local stability of the endemic equilibrium point FEs. In this
section, we study the stability properties of the endemic equilibrium point
in the presence of immune effectors, i.e., F2. The Jacobian matrix of system
(2) at Es = (X,Y, M, I) for I # 0 is given by

(27) JE2 =
[ koM —k X 1
~ (e + i) ! LraX 0
ks M _ T ks X _ \
(1+aX)2 ('uy + /'LCI) 1+aX ~ NCY:
0 Ty —(pon + p 1) —pup M
0 AT Al AY + A M —

In order to determine its determinant, the following simplified form of system
(3) evaluated at Fs = (X,Y, M, I) is used:

o ks XM
My ,U’C (1—|—O{X>5},

(28) - Y

AY + MM — i =0 for I #0.
By using and , we have

ko M — ks X
(ot gioze) 0 Tax O
kSz\Z,_ _ksAf{M ksX~ _ }7
(29) JE = (1+O‘X)2 (1+O¢X)Y 1+aX ,LLC
2 % ~
0 THy _r]/é[yY —pnM
L O )‘yf Amf 0 ]
The characteristic polynomial of the linearized system is
(30)  p(A) =
i ko M kX -
ks M (ks XM ko X o
det (14+aX)? ((1+aX)17 + A) 1+aX peY —0.
Y
0 "Hy (- + N~ M
L 0 Ayl )\mI *)\ ]

This can be written as

M4+ e X 4 a2\ 4+ ag\ + aqg = 0,
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where
ke M ko X M Tuyf/
ay = | plz + = st
(1+aX)? (14+aX)Y M
kes M ks X M ksM 7Y
a2 - l’L.’L‘ + I ~ ~ + //[/;E ~ ~
(1+aX)?)(1+aX)Y (1+aX)?) M

+ )\mfphM + ucf/)\yf,
oo M > . ( ko M >~ ~
as = + — ALy, M + + — Y\ I
3 (Mx (1+C¥X)2 md Uh M (1+OéX)2 HeX Ay
ko X M L ks X _ - N
——— N L, M + —up M Ay I 4+ peY 1 iy A I
(1—{—0(X)Y md h 1—|—O£X'uh Y He HyAm
- rp,Y ko X koM
bV A TR e e
1+aX (1+aX)
koM ) ko X M - ko X -
ay = + = —— A L, M+ g, ————= i, M A, I
4 (Um (1—|—OéX)2 (1—{—aX)Y md h Mm1+aXMh Yy

QTMZW

ks M - .

+ <Nx + (1+aX,)2>HcY7"Ny/\mI

ks M -~ arp,Y

+ e + ————— Y Ny I ——.
(M (1+ aX)2>“ YoM

For convenience, we adopt the following notation:
ks M kXM i, Y -
A1:#x+87~7 A2287~~7 A3: Mg ) A4:HhM,
(1+aX)? (14 aX)Y M

ks X
1—|—o¢X

A5 = )\mfa A6 = ILLC?, A7 = ija A8 = ) A9 = Tly-.

Then

a; = Ay + Az + A3,

as = A1 (A + A3z) + (A445 + AgAr),

a3 = Ay (AsAs + A A7) + As(As Ay + AgAg) + AsAr Ag

+ AgA7As + (A1 — pa) AsAg,

ay = A1 As(AsAy + AgAg) + 1, AgA7Ag + A1 Ag A7 As.
Notice that as A1 — p, > 0, all a; for 1 < ¢ < 4 are positive. Therefore, we
get

Hy = A1 (A1 + Ay + A3)(Az + A3) + A7(A2As — AgAg)
+ As(A3Ay — AsAg) — (A1 — pz) As Ay,
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Hs = (A1 + Ay + A3)
x {ATAsAg A7 + AT As(A3As — AgAy)
+ (A2 + A3)[A1 Ay A7 Ag + A1 Ag Ag (A1 — pig)]
— (A1 + Ag + A3) gy Ay A7 Ag}
+ [A7(A2A — AyAg) + As5(A3Ay — AgAg) — (A1 — pa) Ag Ag]
X {A1 (A4As + AgA7) + A5 (A Ay + AgAg) + AyA7 As
+ AgA7As + (A1 — pia) AgAg }.

It is obvious that all coefficients a1, a2, as and a4 are positive. Moreover,
for our characteristic polynomial, the Hurwitz determinants are H; = a,
Hy = ajag — a3, H3 = (a1a2 — a3)as — a%a4 and Hy = a4 Hs. It can be easily
seen that the Hurwitz conditions depend on the parameter values. Thus, the
Hurwitz determinants Hy, Hs and Hy may be positive or negative. Hence,
the Routh-Hurwitz criterion [I1] for some parameters values gives local
asymptotic stability of E5. In fact, due to the positivity of a;, the only con-
dition of stability is Hs > 0. Therefore, the endemic equilibrium point Fs
can be locally asymptotically stable or unstable, depending on the parame-
ter values. In the following we give some examples related to this point.

EXAMPLES. Let p, = 0.0083, ks = 2.5 x 10719, 1, = 0.025, p,, = 48,
pi = 0.05, 7 =16, e = pp, = 1078, A, =2 x 1078 and A, = 3 x 1075, We
have the following numerical results:

1. For A =2.5x10% and a =5 x 10~", we have

H, = 48.033376, H, = 19.148383, Hj = 0.0000189, H, = 1.412x107!!,

Thus in this case the real parts of all of the eigenvalues are negative, and
therefore the endemic equilibrium point Ej5 is locally asymptotically stable.
2. For A =2.5x 10% and a = 1072, we have

Hy = 51.985224, H, = 22.426866,
Hy=—1421 x 107",  H,; = —6.057 x 10716,

Thus in this case at least one of the eigenvalues has a positive real part.
This means that the endemic equilibrium point Fs is unstable.

7. Numerical analysis. In this section, using the initial data for vari-
ables and parameter values given in Table 1, numerical simulations are
carried out to demonstrate the dynamics of system . First, we choose
a = 0.99 and take all other parameters as in Table 1. Then, we can verify
that Ry = 8.4175x 107! < 1. Fig. reveals that the disease-free equilibrium
point FEjy is globally asymptotically stable when Ry < 1. In Figs. 2] and
we choose o = 107! and take all other parameters as in Table 1. Then we
have Ry = 1.9290 > 1. Fig. [2 shows that if Ry > 1, the endemic equilibrium
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point Fj is globally asymptotically stable, whereas observing Fig. 3] we find
that F5 is unstable.

Table 1. Parameter estimates and initial data values for the model of malaria

Parameters and variables Value Ref.
A 2.5 x 10® cells/day/ml  [§]
e 0.0083/day 2]
ks 2.5 x 1071°/day 8
1y 0.025/day 7
Hm 48/day 18]
i 0.05/day 8]
r 16 [2) 5]
e 107" /day Bl
i 107%/day 8]
Ay 2 x 1078 /day 8]
Am 3 x 107%/day 8]
X (0) 3 x 10'° cells/ml/day  [§]
Y (0) 0 cells/ml/day 8]
M(0) 2 x 10° cells/ml/day 8]
1(0) 0.0001 cells/ml/day 8]
3_014x1o‘° 12x1o’7
3.012 10
3.01 8
3.008 6
3.006 -
3.004 2
3.002 0
% 500 1 0100 1500 2000 2 500 1 otoo 1500 2000
20><1o" 12x1o"‘
15 !
0.8
10
s - 06
5
0.4
0 0.2 \
o 500 1000 1500 2000 % 500 1000 1500 2000

t t

Fig. 1. The equilibrium point Ey is globally asymptotically stable when Ry < 1.
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x 10 x 10
3.5 8
3
6
25
> > 4
2
2
1.5
1 0
0 500 1000 1500 2000 0 500 1000 1500 2000
t t
x 107
7
6
5
4
=
3
2
1
0
0 500 1000 1500 2000

t

Fig. 2. The equilibrium point F; is globally asymptotically stable in the absence of im-
mune effectors when Ry > 1.

3012x10‘° 5><107
' N
3.01 4
3.008
3
X 3.006 -
2
3.004
3.002 1
3 0 J
0 500 1000 1500 2000 0 500 1000 1500 2000
t t
x10° x10
4 10
s 8
6
= -
4
.
2 \
0 J 0
0 500 1000 1500 2000 0 500 1000 1500 2000

t t

Fig. 3. The equilibrium point Es is not globally asymptotically stable in the presence of
immune effectors.
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8. Discussion. In this paper, we investigated a within-host model of
malaria with Holling type II functional response. Our model described the
dynamics of malaria infection within an infected host by a system of ordinary
differential equations.

We got three equilibrium points. The first and second equilibrium were
obtained in the absence of immune effectors, whereas the third one was
achieved in the presence of immune response. By constructing Jacobian ma-
trix at the first equilibrium point which corresponds to the disease-free or
uninfected state, we could define the basic reproduction ratio of infection,
Ry. Then by applying the conditions of local asymptotic stability to this
matrix, we deduced that the disease-free equilibrium point is locally asymp-
totically stable if Ry < 1 and unstable if Ry > 1. Global stability analysis
of this point was carried out based on an invariant set and LaSalle’s Theo-
rem. It was established that the infection disappears from an infected host
if Ry < 1. Numerical simulations reveal that the disease-free equilibrium is
always globally asymptotically stable as long as the condition Ry < 1 holds
(see Fig. [1)).

The second equilibrium point reflects the state in which the infection
exists but there are no immune effectors. The components of this point
are expressed in terms of Ry and they are positive only when Ry > 1.
By considering one more condition and using the Routh—Hurwitz criterion,
we proved the local asymptotic stability of the second equilibrium point.
It is also demonstrated using the theory of competitive systems that the
equilibrium point is globally asymptotically stable (see Fig. . This implies
that without the presence of immune effectors, the body will be unable to
get rid of the malaria infection.

For the third equilibrium point, we found that the Hurwitz conditions
depend on the parameter values and thus they may not be satisfied. Since
the necessary and sufficient conditions for local asymptotic stability of an
equilibrium point are provided by the Routh-Hurwitz criterion, the third
equilibrium can be unstable for some parameter values. Also from Fig. [3| we
see that the third equilibrium point does not always converge to a steady
state and so is unstable. The reason may be that with the presence of im-
mune effectors, the body is able to tolerate the malaria infection and finally
the immune system can clear the infection.

Appendix. Compound matrices. In this appendix, we shall give the
definition of an additive compound matrix. A survey of properties of additive
matrices together with their connections to differential equations may be
found in [12] [14].

We start by recalling the definition of a kth exterior power or multiplica-
tive compound of a matrix.
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DEFINITION 5. Let A be any n X m matrix of real of complex numbers,
and let aj; i, j...j, be the minor of A determined by the rows (i1, ..., 1)
and the columns (ji1,...,Jk), where 1 <i; < --- <ip <mnand1<j; <--- <
j& < m. The kth multiplicative compound matriz A®) of A is the BEIW
matrix whose entries written in the lexicographic order are a;, .. 4, ji,..j.- In
particular, when A is an n x k matrix with columns a1, ..., a;, A*) is the
exterior product a3 A --- A ay.

In the case m = n, the additive compound matrices are defined in the
following way.

DEFINITION 6. Let A be an n x n matrix. The kth additive compound
AR of A is the (%) x () matrix given by

AK = D1 +hA)P]|, _

where D is differentiation with respect to h.

If B = A then the following formula for b;; can be deduced from
the above equation. For any i = 1,..., (Z), let (i) = (i1,...,i;) be the ith
member in the lexicographic ordering of all k-tuples of integers such that
1§i1<---<ik§n.Then
ail,jl ++alk,]k if (7’) = (.])7
I (1) 5a,, if exactly one entry i in (i) does not occur

w in (j) and j, does not occur in (4),
0 if (¢) differs from (j) in two or more entries.

In the special case k = 1, k = n, we find Al = A, A" = Tr A. For
n = 3, the matrices A are as follows:

Al = 4,

ail + az2 a23 —a13
2
AP = as2 ail + ass a2 )

—asi1 as1 a2 + a33

AB = a1 + ag + ass.

References

[1] R. M. Anderson, Complex dynamic behaviours in the interaction between parasite
population and the host’s immune system, Int. J. Parasitol. 28 (1998), 551-566.

[2] R. M. Anderson, R. M. May and S. Gupta, Non-linear phenomena in host-parasite
interactions, Parasitology 99 (1989), S59-S79.

[3] G. Butler, H. Freedman and P. Waltman, Uniformly persistent systems, Proc. Amer.
Math. Soc. 96 (1986), 425—430.

[4] Department of Health, http://www.Health.ny.gov/diseases/.


http://dx.doi.org/10.1016/S0020-7519(97)00207-5
http://dx.doi.org/10.1017/S0031182000083426
http://dx.doi.org/10.1090/S0002-9939-1986-0822433-4
http://www.Health.ny.gov/diseases/

158

5]

F. Gazori and M. Hesaaraki

H. H. Diebner, M. Eichner, L. Molineaux, W. E. Collins, G. M. Jeffrey and K. Dietz,
Modeling the transition of asexual blood stages of Plasmodium falciparum to game-
tocytes, J. Theor. Biol. 202 (2000), 113-127.

J. K. Hale, Ordinary Differential Equations, Wiley, New York, 1969.

B. Hellriegel, Modeling the immune response to malaria with ecological concepts:
short-term behaviour against long-term equilibrium, Proc. Biol. Sci. 250 (1992), 249
256.

C. Hetzel and R. M. Anderson, The within-host cellular dynamics of blood stage
malaria. Theoretical and experimental studies, Parasitology 113 (1996), 25-38.

M. W. Hirsch, Systems of differential equations that are competitive or cooperative.
1V: Structural stabilities in three dimensional systems, STAM J. Math. Anal. 21
(1990), 1225-1234.

M. W. Hirsch, Systems of differential equations that are competitive or cooperative.
V: Convergence in 3-dimensional systems, J. Differential Equations 80 (1989), 94—
106.

P. Lancaster, Theory of Matrices, Academic Press, New York, 1969.

Y. Li and J. S. Muldowney, Global stability for the SEIR model in epidemiology,
Math. Biosci. 125 (1995), 155-164.

D. Moulay, M. A. Aziz-Alaoui and M. Cadivel, The chikungunya disease: modeling,
vector and transmission global dynamics, Math. Biosci. 229 (2011), 50-63.

J. S. Muldowney, Compound matrices and ordinary differential equations, Rocky
Mountain J. Math. 20 (1990), 857-872.

N. Nagumo, Uber die Lage der Integralkurven gewéhnlicher Differentialgleichungen,
Proc. Phys.-Math. Soc. Japan 24 (1942), 551-5509.

National Institute of Allergy and Infection Diseases, http://www.Niaid.nih.gov/
Topics/malaria/pages/lifecycle.aspxl.

H. L. Smith, Systems of differential equations which generate an order preserving
flow, STAM Rev. 30 (1988), 87-113.

J. J. Tewa, R. Fokouop, B. Mewoli and S. Bowong, Mathematical analysis of a
general class of ordinary differential equations coming from within-hosts models of
malaria with immune effectors, Appl. Math. Comput. 218 (2012), 7347-7361.

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems, Springer,
Berlin, 1990.

F. Gazori, M. Hesaaraki

Department of Mathematical Sciences
Sharif University of Technology
Tehran 14588-89694, Iran

E-mail: fereshte_6624@yahoo.com

hesaraki@sharif.edu

Received on 30.1.2014;
revised version on 24.8.2015 (2207)


http://dx.doi.org/10.1006/jtbi.1999.1041
http://dx.doi.org/10.1098/rspb.1992.0156
http://dx.doi.org/10.1017/S0031182000066245
http://dx.doi.org/10.1137/0521067
http://dx.doi.org/10.1016/0022-0396(89)90097-1
http://dx.doi.org/10.1016/0025-5564(95)92756-5
http://dx.doi.org/10.1016/j.mbs.2010.10.008
http://dx.doi.org/10.1216/rmjm/1181073047
http://www.Niaid.nih.gov/Topics/malaria/pages/lifecycle.aspx
http://www.Niaid.nih.gov/Topics/malaria/pages/lifecycle.aspx
http://dx.doi.org/10.1137/1030003
http://dx.doi.org/10.1016/j.amc.2011.10.085

	1 Introduction
	2 The model formulation
	3 The equilibrium points of the model
	4 Local and global stability of the disease-free equilibrium point E0
	5 Local and [1]global [1]stability [1]of the [1]endemic equilibrium point E1
	6 Local stability of the endemic equilibrium point E2
	7 Numerical analysis
	8 Discussion
	Appendix. Compound matrices
	References

