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Abstract. An alternative classification of the Pearson family of prob-
ability densities is related to the orthogonality of the corresponding Ro-
drigues polynomials. This leads to a subset of the ordinary Pearson system,
the so-called Integrated Pearson Family. Basic properties of this family are
discussed and reviewed, and some new results are presented. A detailed
comparison between the Integrated Pearson Family and the ordinary Pear-
son system is presented, including an algorithm that enables one to decide
whether a given Pearson density belongs, or not, to the integrated system.
Recurrences between the derivatives of the corresponding orthonormal poly-
nomials are also given.

1. Introduction. Karl Pearson (1895) introduced his famous family of
frequency curves by means of the differential equation

f'(@) _ pix)

fl@)  paz)’
where f is the probability density and p; is a polynomial in z of degree
at most i, ¢ = 1,2. Since then, a vast bibliography has been developed
regarding the properties of the Pearson family distributions. The original
classification given by Pearson contains twelve types (I-XII), although this
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numbering system does not have a clear systematic basis (Johnson et al.,
1994, p. 16). Craig (1936) proposed a new exposition and chart for Pearson
curves. However, a more reasonable and convenient classification is included
in a review paper by Diaconis and Zabell (1991). Extensions to discrete
distributions have been introduced by Ord (1967) and an extensive review
can be found in Ord (1972, Chapter 1).

In this paper we present and review a number of properties satisfied
by the distributions of the Pearson family and the associated Rodrigues
polynomials, which are produced by a Rodrigues-type formula. Our main
focus is on a suitable subset of Pearson distributions, the Integrated Pear-
son Family, because this class subsumes all interesting properties related
to the associated orthogonal polynomial systems. For example, it will be
shown in Section [ that orthogonality of Rodrigues polynomials with re-
spect to an ordinary Pearson density f results in an equivalent definition
of the integrated Pearson system. This consideration entails an alternative
classification of (integrated) Pearson distributions, which is essentially the
one given in Diaconis and Zabell (1991).

In the context of deriving variance bounds for functions of random vari-
ables, Afendras et al. (2007, 2011) and Afendras and Papadatos (2011) have
made use of the following definition, which provides the main framework of
the present article.

DEFINITION 1.1 (Integrated Pearson Family). Let X be an absolutely
continuous random variable with density f and finite mean p = E X. We say
that X (or its density) belongs to the Integrated Pearson Family of distribu-
tions (or integrated Pearson system) if there exists a quadratic polynomial
q(x) = 62 + Bx + v (with 6, B,y € R, |6| + |B] + |y| > 0) such that

x
(1.1) S (w—1t)f(t)dt = q(z)f(x) for all x € R.

—0o0
This fact will be denoted by X ~ IP(u;q) or f ~ IP(u; q) or, more explicitly,
by X or f ~1IP(u;6,8,7).

Despite the fact that the Integrated Pearson Family is quite restricted,
compared to the usual Pearson system (see Proposition iii) below), we
believe that the reader will find here some interesting observations worth
highlighting. The integrated Pearson system has many interesting proper-
ties, like recurrences on moments and on Rodrigues polynomials, covariance
identities, closedness of each type under particularly useful transformations
etc. Such properties are by far more complicated (if at all true) for dis-
tributions outside the Integrated Pearson Family of distributions. These
features should be combined with the fact that the Rodrigues polynomials
form an orthogonal system for the corresponding Pearson density if and only
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if the density belongs to the Integrated Pearson Family. Consequently, the
Rodrigues polynomials are useful only if they are considered in the frame-
work of the integrated Pearson system. To our knowledge, these facts have
not been written explicitly elsewhere.

The paper is organized as follows: In Section [2] we provide a detailed
classification of the Integrated Pearson Family. It turns out that, up to an
affine transformation, there are six different types of densities, included in
Table We also provide conditions guaranteeing the existence of mo-
ments, and we give recurrences as long as these moments exist. In Section [3]
a detailed comparison between the Integrated Pearson Family and the ordi-
nary Pearson system is presented. Interestingly, there exists a simple algo-
rithm that enables one to decide whether a given ordinary Pearson density
belongs to the integrated system or not. In Section [d exploiting a result
of Diaconis and Zabell (1991), we show that (under natural moment con-
ditions) the first three Rodrigues polynomials (of degree 0, 1 and 2) are
orthogonal with respect to an ordinary Pearson density if and only if this
density belongs to the integrated Pearson system. Finally, in Section [5| we
provide recurrences between the orthonormal polynomials and their deriva-
tives; in fact, the derivatives themselves are orthogonal polynomials with
respect to other integrating Pearson densities, having the same quadratic
polynomial, up to a scalar multiple. Although we do not include any spe-
cific applications of these results here, we notice that such recurrences are
particularly useful in obtaining Fourier expansions of the derivatives of a
function of a Pearson variate. The main result of Section [ is Corollary
It provides an explicit relation (in terms of u and ¢) between the mth
derivative of an orthonormal polynomial of degree k& > m and the corre-
sponding orthonormal polynomial of degree kK — m. That is, it relates the
orthonormal polynomial system, associated with some f ~ IP(y;q), to the
corresponding orthonormal polynomial system associated with the ‘target’
density fm, o< ¢ f.

Throughout, X ~ IP(u;d,3,7) means that X has finite mean p, and
that X admits a density f (with respect to Lebesgue measure on R) such
that is fulfilled. Define the open (bounded or unbounded) interval

J = J(X) := (ess inf(X), ess sup(X)).

If F is the distribution function of X then J = (ap,wr) = (a,w), say, where
ap = inf{z : F(z) > 0}, wp = sup{z : F(x) < 1}. It is clear that
takes the form 0 = 0 whenever x = p is a zero of ¢ that lies outside the
interval (a,w); thus, f(p) may assume any value in this case. However, in
order to be specific, we redefine f(p) = 0 at such points without any loss of
generality. Therefore, we shall use this convention throughout without any
further reference.



234 G. Afendras and N. Papadatos

2. A complete classification of the Integrated Pearson Family.
We show in this section that the Integrated Pearson Family contains six
different types of distributions. These are classified in terms of the corre-
sponding quadratic polynomial q(x) = 6z + Bz + v and its discriminant
A = B2 — 457 as follows:

type 1 (Normal-type, § = 5 = 0);

type 2 (Gamma-type, § = 0, 8 # 0);

type 3 (Beta-type, 6 < 0);

type 4 (Student-type, § > 0, A < 0);

type 5 (Reciprocal Gamma-type, § > 0, A = 0);
type 6 (Snedecor-type, 6 > 0, A > 0).

The first three types (with 0 < 0) consist of the well-known Normal, Gamma
and Beta random variables and their linear transformations. The last three
types (with 0 > 0) consist of some less familiar distributions (see Table |2
below); they have finite moments of order a for any a € [0,1 4 1/4) Whlle
E|X \1“/ % = 0. The proposed classification is very similar to the one given
by Diaconis and Zabell (1991, Table 2 and pp. 294-296).

We start with an easily verified proposition.

PROPOSITION 2.1. Let X ~ 1IP(u;q) and set J = (a,w) =
(ess inf(X),ess sup(X)). Then:

(i) f(z) is strictly positive for x in J and zero otherwise, i.e., {x :
f(z) >0} =J;

(ii) f e C>®(J), that is, f has deriwatives of any order in J;

(ili) X is a (usual) Pearson random variable supported in J;

(iv) q(z) = 62® + Bx+~ >0 for all x € J;

(v) if a > —oo then q(a) = 0 and, similarly, if w < oo then q(w) = 0;
(vi) for any 0,c € R with  # 0, the random variable X := 0X + ¢ ~

IP(f1;§) with fi = Op + c and g(x) = 0%q((z — ¢)/0).

Proof. By (L.1)), z + g(z)f(z) is continuous. On the other hand, from
the definition of J = (ap,wr) = (a,w) it follows that ¢(x) f(z) must vanish
for all z < « (if any) and for all x > w (if any). Also, it must be strictly
positive for z € J. Indeed, if z € (i, w) then

o0

g(w)f(x) = | (t = ) f () dt > (x = p)(1 = F(x)) > 0;

if z € (a, 1) then
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finally, q(p) f(p) = 3E|X — p| > 0. Thus, g(z)f(z) > 0 for all z € (o, w).
Since ¢ is continuous and has no roots in J it follows that both ¢(z) and f(z)
are strictly positive (and continuous) in J. The vanishing of ¢f outside .J
shows that f(z) = 0 for all ¢ J, with the possible exception at the points
x ¢ J which are real roots of g. Clearly, if p € R \ (a,w) is a zero of ¢ we
can redefine f(p) = 0, if necessary, so that (i) and (iv) follow.

On the other hand, the function f : (o,w) — (0,00) has derivatives of
any order. Indeed, writing p1(z) = p — x — ¢/(z) (which is a polynomial of
degree at most one) we see from that f : J — (0,00) is continuous.
Thus,

) = F PR ently 4 F) _ ko —d (@)
(2.1)  fl(=) = f( )q(x) quivalently o) @ cJ

This proves (iii).
Moreover, (2.1)) shows that f’ is continuous in J and, inductively, that
ft+) . J 5 R is continuous, since for z € J,

FHD () = zn: (”) F9 () <p1($)>(n_j), n=0,1,2,....

=\ q(z)

Now (vi) is straightforward and it remains to show (v). To this end, assume
that w < oco. Since q(w) = lim, », ¢(x) and g(xz) > 0 for z in a lower
neighborhood of w, it follows that g(w) > 0. Assume now that ¢(w) > 0 and
define A1 := infycp, ) q(z) > 0 and g := sup,c ) 0 — = — ¢(2)] < oo
Then, for all z € [u,w),

T

(h—t—q(t) =t —q'(t)
Ve ‘”‘Sé "
lp—t—d'(t)] A2
_§ ) dt_(w—,u))\—l<oo
Setting A := (w — p)A2/A1 < oo and observing that
. [RAGA (Aot=d® g e
In f(x) = In f(u) +§ 7y 4t =1 (n) +§ O )

we have
Inf(z)| <|Inf(p)|+A:=c<o0, p<zr<w.

Therefore, there exist constants cj, ¢y such that 0 < ¢; < f(x) < ¢y < oo for
all z € [u,w). Thus,
w
=1 =1 I
q(w) i q(x) e |

T

(t— W f(tydt =0,
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which contradicts the assumption g(w) > 0. The case a@ > —o0 is reduced
to the case w < oo if we consider the random variable X —X with
J(X) = (&,@) = (—w,—a). According to (vi), its density, f(z) = f(—=z),
satisfies with f = —p, @ = —w, w = —a and g(x) = g(—=z). Thus, if
a > —oo then W < 0o and ¢(a) = ¢(—a) =q(w) =0. =

COROLLARY 2.1. Let X ~ IP(u;q) and assume that o = ess inf(X)
and w = ess sup(X) are the lower and upper endpoints of the distribution
function of X. Then the support of X (or of its density f) S(f) = S(X) :=
{z : f(z) > 0} equals the open interval J = J(X) = (a,w). This interval
support has the following two properties:

(i) J CS*(q):={z:q(x) >0} and
(i) J is a mazimal open interval contained in ST(q), i.e., for any open

interval J C ST (q), either J C J or JN.J = 0.

Thus, the support J of X is a connected component of the open set
{z : q(x) > 0}. Since ¢ is a polynomial of degree at most two, it is clear
that the set {x : g(x) > 0} has at most two such components. For example,
if ¢(z) = x? then either J = (—00,0) or J = (0,00); if q¢(x) = 2% — 1 then
either J = (—o00,—1) or J = (1,00); if g¢(x) = 1 — 2% then J = (—1,1); if
q(z) = x then J = (0,00); if g(z) = 1+ 22 or ¢(z) = 1 then J = R. Since
E X = p € J, any particular choice of p € {x : ¢(z) > 0} characterizes the
support J of X.

We say that q(z) = d2% + Bz + v is admissible if there exists u € R
such that p € {z : ¢(x) > 0}. We shall show that for any admissible choice
of ¢ and any p € {x : gq(z) > 0} there exists an absolutely continuous
random variable X with density f such that EX = p and is fulfilled.
Moreover, it will become clear that f is characterized by the pair (u;q).
Therefore, the notation X ~ IP(u;q), or equivalently f ~ IP(u;q), has a
well-defined meaning.

The proposed classification distinguishes between the cases 6 =0, § < 0
and § > 0, as follows:

2.1. The case § = 0. Here we consider the two subcases § = 0 and

B #0.

2.1.1. The subcase 6 = 0, 8 = 0. Since g(z) = ~ and ¢ is admissible,
we must have v > 0. Therefore, J(X) = R. Fixing ; € R and solving the
differential equation ({2.1) we obtain

1 (@=w)?

i.e., X ~ N(u,0?) with 0% = 7.
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2.1.2. The subcase § =0,  # 0. Assume that g(x) = S+~ with § # 0
and fix 1 € {x : g(x) > 0}. According to Proposition [2.1vi) we may further
assume that 3 > 0, ’y = 0 and u > 0. To se this, it sufﬁces to consider the
random variable X = il B(X 42 %) which has g(z) = |8|z and

s _~_ 0B < v) q(p)
EX=p=—|p+-=)=—=->0
8] g 6]
(since g(p) > 0). Now, since ¢(x) = Sz with § > 0 we have J(X) = (0, 00).
Fixing p > 0 and solving the differential equation ({2.1) we obtain

/B pp1, a8
T)=-—""—0 e , x>0,
T = urB)
ie, X ~ I'(a,\) with a = p/f > 0 and X = 1/8 > 0. Hence, a linear

nonconstant ¢ corresponds to a Gamma-type distribution, i.e., to a linear
transformation X = 0X + ¢, 0 # 0, of a Gamma random variable X.

2.2. The case § < 0. Since 6 < 0 and {x : ¢(z) > 0} must contain an
interval, it follows that the discriminant 82 — 46~ of ¢ is strictly positive. If
p1 < p2 are the real roots of ¢ we write ¢(x) = 6(x — p1)(z — p2) so that the
support of X is the finite interval J(X) = (p1, p2).

Now we show that for any choice of p € (p1,p2) there is a (unique)
random variable X with X ~ IP(u;q). To this end, it suffices to examine
the particular case ¢(z) = —dz(1 — ) and 0 < pu < 1. Indeed, the general
case reduces to the particular one if we consider the random variable X =
(X — p1)/(p2 — p1). Fixing p € (0,1), ¢(z) = —dz(1 — x) and solving the
differential equation on J(X) = (0,1) we obtain

1
PO = B = w9)
e., X ~ B(a,b) with a = p/|6| > 0, b = (1 — p)/|0] > 0. It follows
that the case § < 0 corresponds to a Beta-type distribution, i.e., a linear
transformation of a Beta random variable.

A (R el S DT | P R

2.3. The case § > 0. Here we consider the subcases where the dis-
criminant A = 32 — 46+ is positive, zero or negative.

2.3.1. The subcase § > 0, A < 0. Since ¢ has no real roots, J(X) = R.
Thus, 1 € R can take an arbitrary value. Also, ¢ has the form ¢(z) =
§(x —¢)?> 4+ 0 with § > 0, # > 0 and ¢ € R. Without loss of generality we
further assume that ¢ = 0. Indeed, the general case reduces to the particular
one if we consider the random variable X = X — ¢. Fixing p € R, ¢(z) =

522 + 0, (2.1) yields
C
flx) = exp< tan™ " (z > r €R.
() 75 v/

(5x2 + 9)1-1—1/(25)
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The normalizing constant C' = C,,(6,6) can be calculated explicitly:

_ T+ 1/(26) Vo017
G0 = —Fam 1/ vE

91/891/2+1/( 25)\f|F( + 25 + sz)‘Q
Cu(5,0) = 7 (1+1/6)

The calculation is easy for p = 0 but not for u # 0, due to the complex
argument of the Gamma function (cf. Nagahara, 1999; Nielsen, 2005).

Hence, provided p = ¢, the quadratic polynomial ¢(z) = §(x — ¢)? + 0
(with 6 > 0 and # > 0) corresponds to a Student-type distribution cen-
tered at c. When p # ¢, it corresponds to some asymmetric Student-type
distribution.

2.3.2. The subcase 6 > 0, A = 0. Since ¢ has a unique real root at
p = —[B/(26), it follows that g(x) = 6(z—p)?, and therefore the support J(X)
is either (—oo, p) or (p, 00), according to whether p < p or pu > p. Without
loss of generality we may assume that g(z) = 622 with 6 > 0 and p > 0. To
see this, it suffices to consider the random variable X = \u_pl (X —p). Now,

setting J(X) = (0,00), g(z) = d2* (6 > 0) and g > 0 in (2.1) we find

flx) = A g7 leMNE L p >0,

where A = p/d > 0 and a =1+ 1/§ > 1. Observing that 1/X ~ I'(a,\) it
follows that the case § > 0, A = 0 corresponds to a Reciprocal Gamma-type
distribution.

2.3.3. The subcase 6 > 0, A > 0. Assuming that p; < ps are the roots
of ¢ we can write ¢(z) = 6(z — p1)(z — p2) and the support J(X) has to
be either (—oo,p1) or (p2,00), according to whether p < p1 or pu > po.
By considering the random variable X = —(X — p1) when p < p; and
X = X — py when p > po it is easily seen that both cases reduce to g > 0,
J(X) = (0,00) and g(x) = dx(z + 6) with 9,6 = pa — p1 > 0. Thus, there is
no loss of generality in assuming > 0, J(X) = (0,00) and ¢(x) = dz(x+6)
with 4,0 > 0. Then yields

1
f(l’) - B(a, b)
with @ = 1+1/6 > 1 and b = p/(60) > 0. Equivalently, 6/(X +0) ~
B(a,b). It follows that the case § > 0, A > 0 corresponds to a Snedecor-type
distribution.

All the above possibilities are summarized in Table[2.I]opposite; compare
with Diaconis and Zabell (1991, Table 2, p. 296).

0zt Yz +0)7%b x>0,
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REMARK 2.1. Since

exp(ﬁ tan~!(z1/0/7)) d exp(ﬁ tan~!(z+/0/7))

(n =) (622 1 ~)1+1/(29) = ir (622 1 7)1/@9) ’
it follows that E X = u for the Student-type densities (type 4), while for all
other cases it is evident that the mean is as displayed in Table[2.1] Next, it is
easily verified that the densities of Table satisfy the assumptions (B) of
Proposition[3.3] below, with p1 = E X, ps(z) = ¢(z) and p1(z) = p—z—¢'(z),
where p and ¢ are as in the table. Hence, according to Proposition [3.3] all
these densities are, indeed, integrated Pearson.

COROLLARY 2.2. Assume that X ~ IP(u;0,[,7).
(a) If 6 <0 then E|X|* < 0o for any o € [0,00).
(b) If § > 0 then E|X|* < oo for any o € [0,1 4 1/6), while E|X |'*1/9
= 0.
Proof. 1If X ~1P(u;0, 3,) then we can find constants ¢; # 0 and 2 eR
such that the density of X = ¢; X + ¢ is_contained in Table 2.1, Then,

according to Pr0p081t10nV1) X ~ IP(1; 5. B v) with 5=24. The assertlon
follows from the fact that E | X|* < oo if and only if E [c; X + ¢2|* < c0. u

Next, we shall obtain a recurrence for the moments and the central mo-
ments of a random variable X ~ IP(u; q). To this end we first prove a simple
lemma.

LEMMA 2.1. If X ~1IP(u;d, 5,7) has support J(X) = (o, w) and E | X|"
< 0o for some n > 1 (that is, 6 < 1/(n — 1)) then

lim #Fq(x) f () = lim afq(z)f(x) =0, k=0,1,....,n—1,

and, in general, for any c € R,

lim (2 = 0)"q(@) () = lim (¢ = "q(@)f (@) =0, £=0.1,....n—1,

Proof. See arXiv:1205.2903v2, pp. 9-10. =

LEMMA 2.2. If X ~IP(u;0,8,7) and E|X|" < oo for some n > 2 (that
is, § < 1/(n—1)) then for any c € R, the central moments about ¢ satisfy
the recurrence

i (1 —c+kq'(0) E(X — )" + kg(c) E(X — )"
1—ko '
k=1,....,n—1,
with initial conditions E(X — ¢)® = 1, E(X — ¢)! = p — ¢, where q(c) =
52+ Be+ 1, ¢'(c) = 26c+ B. In particular,

E(X —¢
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(i) the usual moments (c = 0) satisfy the recurrence
(n+kB)EXF 4+ kyE XF1
1—kb ’
with initial conditions EX? =1 and E X' = u;
(ii) the central moments (¢ = p) satisfy the recurrence

! — )k k=1
E(Xfu)kﬂqu (1) E(X u)ltlzcé(u)E(X 1) |

E Xk = k=1,...,n—1,

with initial conditions BE(X — p)° =1 and E(X — pu)! = 0.
Proof. See arXiv:1205.2903v2, pp. 10-11. =

3. Comparison with the ordinary Pearson system. The ordinary
Pearson family consists of absolutely continuous random variables X sup-
ported in some (open) interval (o, w) such that their density f, which is as-
sumed to be strictly positive and differentiable in (o, w), satisfies the Pearson
differential equation

f'@) _ pi(=)
(3.1) = ,

f(x)  pa(x)
where p; is a polynomial of degree at most one and ps is a polynomial
of degree at most two. Since we can multiply the numerator and the de-
nominator of by the same nonzero constant, it is usually assumed,
for convenience, that p; is a monic linear polynomial of degree one, e.g.,
p1(z) = x + ap. Although this restriction specifies both p; and pa whenever
p1 is nonconstant, it is not satisfactory for our purposes because it elimi-
nates all rectangular (uniform over some interval) distributions and several
B(a,b) densities (those with a + b = 2)—see Table Therefore, when
we say that a function f satisfies the Pearson differential equation it
will be assumed that p; is any polynomial of degree at most one (the cases
p1 =0 and p; = ¢ # 0 are allowed) and ps Z 0 is any polynomial of degree
at most two. Note that common zeros of p; and po are allowed inside the
interval (o, w). Also, p; and py may have common zeros outside the interval
(a,w), which happens in the case of an exponential density.

Clearly, the ordinary Pearson family contains some random variables
whose expectation does not exist, e.g., Cauchy. Sometimes it is asserted
that, under finiteness of the first moment, and are equivalent—
see, e.g., Korwar (1991, pp. 292-293). However, this is true only in particular
cases, i.e., when we have made a ‘correct’ choice of py (that is, pa(x) = 0g(x)
for some 6 # 0) and provided that a solution f of is considered in a
maximal subinterval of the support of pa, { : pa(z) # 0}. The following
algorithmic procedure will always decide correctly if a given Pearson density

a<zr<w,
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belongs to the Integrated Pearson Family. The algorithm makes a correct
choice of po, if it exists, as follows:

THE INTEGRATED PEARSON ALGORITHM

STEP 0. Assume that a Pearson density f with finite (unknown) mean and
(known) support S(f) = {z : f(z) > 0} = (a,w) satisfies f'/f =
p1/p2 for given (real) polynomials p1, pa (with pa # 0), of degree
at most one and two, respectively.

STEP 1. Cancel the common factors of p; and ps, if any. Then the resulting

polynomials, say 13{11) and f){;), are irreducible—they do not have

(1)

any common zeros in C. In case p; = 0, it suffices to define p; ' = 0,
13{21) =1.

STEP 2. If @ > —o0 and ]3{21)(04) # 0 then multiply both 13{11) and ]3{21) by
x — « and name the resulting polynomials ]3{12) and ]3(22), otherwise
(i.e. if either & = —o0, or o > —o0 and 13(21)( )=0)setp A@) = ]3(11)

and 72 = 5.

STEP 3. If w < o0 and ]3§2) (w) # 0 then multiply both 13{12) and 13{22) by
w — x and name the resulting polynomials p; and po; otherwise
(i.e. if either w = oo, or w < co and 13§2) (w) =0) set p; = 13{12) and

Py = %2)_

STEP 4. If deg(pl) < 1 and deg(p2) < 2, then po is a correct choice and
f ~ IP(u;q) with ¢(z) = 6pa(x) for some 6 # 0; otherwise the
given density f does not belong to the Integrated Pearson Family.

It is clear that the above procedure starts with the equation f'/f = p1/pa
and, at Step 3, it produces two new (real) polynomials pi,ps, of degree
at most three and four, respectively, such that f'/f = p1/p2. Moreover,
p2(a) =01if o > —00, pa(w) = 0 if w < 0o and pa(z) # 0 for all z € (a,w).
Furthermore, because of Step 1, the polynomials p;(z) and p2(z) cannot
have any common zeros in C \ {a, w}.

The algorithm guarantees that a correct po is chosen when such a po
exists. For example, the standard exponential density,

flz)=¢€e"" x>0,

satisfies (3.1) when (p1,p2) = (—1,1), when (p1,p2) = (—z,x) and when
(p1,p2) = (—x — 1,2 + 1), but the correct choice is the second one. The
standard uniform density,

flz)=1, 0O0<z<1,
satisfies (3.1) for py = 0 and for any ps (with no roots in (0, 1)), and the
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correct choice is po = (1 — x). The power density,
flz)=2z, O0<z<l,
satisfies (3.1) with (p1,p2) = (2 —z,2(2 — x)). A correct choice arises when

we multiply both polynomials by (1 — z)/(2 — x), that is, (p1,p2) = (1 —
x,z(1 — x)). The Pareto density,
2

f(@:m,

satisfies (3.1) when (p1,p2) = (=3,2 + 1), when (p1,p2) = (=3z,z(x + 1))
and when (p1,p2) = (—=3(x+1), (x+1)?), but the correct choice is the second
one. The half-Normal density,

f($) = \/56_182/2’ x>0,
s

satisfies (3.1]) in its interval support (a,w) = (0,00), although it does not
satisfy (1.1). Here, there does not exist a correct choice for py. A more
natural example is as follows: Consider the density

f(z) = _c a<z<w

/71 T .ZU2 9 )
where C' = C(a,w) > 0 is the normalizing constant. This density satisfies
the Pearson differential equation (3.1) in any finite interval (o,w), with
p1 = —x, po = 1 + 22, while its integral over unbounded intervals diverges.
This density does not fulfill (1.1]) so that it does not belong to the Integrated

Pearson Family. Again there does not exist a correct choice for po.

x>0,

The algorithm is justified by the following propositions.

ProproSITION 3.1. Let X ~ f and assume that the density f satisfies
the assumptions of Step 0. If X ~ IP(u;q) then the polynomials p; and po
of Step 3 are of degree at most one and two, respectively, and q(z) = 0p2(x)
for some 0 # 0.

Proof. Since X is integrated Pearson, so is Y = AX +c¢ for all A # 0 and
¢ € R; see Proposition(vi). Also, its density fy(z) = ‘—}\'f(x;c) satisfies,
by assumption, the differential equation

fy(x) _ Py (x)
fr(z)  pY(x)

z € (a,W),
. 2 ~ xr —C e ~ xr—C
with B} (z) = Apy (A) Py (z) = >\2p2( 5 )

where (@, w) = (Aa + ¢, \w + ¢) or (Aw + ¢, \a + ¢), according to whether
A > 0or A < 0. It is easily shown that the new polynomials py,ps (those
that the algorithm produces at Step 3 for f) are related to the corresponding
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polynomials p¥, p}” (those that the algorithm produces at Step 3 for fy) by
. xr—cC : xr —C
pi (@) = N'p1 ( 3 ) py (z) = N“pz( 3 )

for some i € {1,2,3}. Therefore, it suffices to show that deg(p}) < i,
i = 1,2, and that the quadratic polynomial gy (z) = Aq(%:¢) is related

to py through gy (z) = 0pd (x) for some § # 0. Thus, without any loss of
generality we may assume that f is one of the densities given in Table

Now observe that (p1,p2) is always irreducible for types 1,4,5 (Normal-
type, Student-type, Reciprocal Gamma-type) with deg(p1) = 1 for all types
1,4, 5, while deg(p2) = 0 for type 1 and deg(p2) = 2 for types 4 and 5. Since
the corresponding supports are R, R and (0, 00), respectively, and since in
type 5, p2(z) = 022 for some 0 # 0, it follows that (p1, p2) = (P1,D2), ¢ = Op2
for some 6 # 0, and the assertion follows.

For types 2,3 and 6 (Gamma-type, Beta-type and Snedecor-type) the
irreducibility of p; and po depends on the parameters. Let us consider these
cases in detail.

If f~TI(a,\) witha#1(a>0,A>0) then py =0(a —1— Az) and
p2 = Oz for some 6 # 0, so that pi,po are irreducible with degree one. It
follows that p; = p;, deg(p;) =1 (i = 1,2) and

x  paz)
a@) =3 ="
If f ~TI'(1,\) (A > 0) then all possible choices for (pi,p2) are given by
p1 = —AN(x+c) and p2 = 6(x +¢) for  # 0, ¢ € R. Therefore, Step 3 yields
(p1,p2) = (—A0x,0z), and thus deg(p;) =1 (i = 1,2) with
x  paz)
If f is of type 6 and b # 1 then

(p1(x), p2(z)) = (c((b—1) = (a + 1)x),cx(z +6)) for some ¢ # 0.
Here the parameters are a > 1, b > 0 and 6 > 0. It follows that (p1,p2) =
(P1,p2), deg(pi) =i (i =1,2) and

x(x+0 x
ale) = (a—+1) - (52—( 1))c'
If f is of type 6 with b = 1 then all possible choices for (py, p2) are given by
pi(z) = —cla+ 1)(x + ), p2(z) = c(x + 0)(z + ) for some ¢ # 0, v € R.

Therefore, Step 3 yields (p1,p2) = (—c(a+ 1)z, cx(x+6)). Thus, deg(p;) =i
(i=1,2) and

_x(z+0)  pa(x)
alw) = a—1  (a—1)c
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Finally, let f be of type 3 (Beta-type), that is, f ~ B(a,b) with a,b > 0.

If a #1 and b # 1, it is easily shown that the polynomials
(P1(2),p2(2)) = (0@ —1 - (a +b—2)z),0z(1 —2)) (6 #0)
are irreducible, so that (p1,p2) = (p1,p2), deg(p;) =i (i = 1,2) and
_x(l—=z)  pa(x)
LA ey A P AT R

If a =1, b # 1, the most general form of (p1,p2) is given by
(p1(2),p2(z)) = (—(b—1)0(z +¢),0(1 —z)(x +¢)), where § #0, c€R.
Therefore, Step 3 yields (p1,p2) = (—(b—1)0z,0x(1—x)). Thus, deg(p;) =i
(i=1,2) and

z(l—-=z T
a(@) = (b+1 - (lf)i(l))é?'
If a # 1, b = 1, the most general form of (p1,p2) is given by
(p1(z),p2(x)) = ((a — 1)0(z + ¢),0z(x + ¢)), where § #0, c € R.
Therefore, Step 3 yields (p1,p2) = ((a —1)0(1 — z),0x(1 — z)), and thus
deg(pi) =i (i =1,2),

_x(l—x)  pa(x)
1@ == T TGt g
Finally, if a = b = 1 (standard uniform density, U(0,1) = B(1,1)) then
p1 = 0 so that (p1,p2) = (0,2(1 — x)), deg(p1) < 0, deg(p2) = 2 and
z(l—z)  pa(x)
(z) = 5 ==

This completes the proof. m

PROPOSITION 3.2. Assume that X ~ f where the density f is differen-
tiable with derivative f' in its (known) interval support (o, w) and has finite
(unknown) mean. Then the following statements are equivalent:

(A) f satisfies for some (real) polynomials p1 (of degree at most
one) and pa # 0 (of degree at most two) with pa(a) =0 if @ > —o0,
p2(w) =0 if w < 00 and pa(x) # 0 for all z € (a,w).
(B) X ~ IP(u;q) for some q(z) = d2% + Bx + v with {z : q(x) > 0} =
(o,w) and some p € (o, w).
Moreover, if (A) and (B) hold, then there exists a constant 6 # 0 such that
q(z) = Opa(x), x € R.
Proof. See arXiv:1205.2903v2, pp. 15-17. =
Eventually, Proposition says that for a particular choice of ps to be
correct it is necessary and sufficient that py remains nonzero in (o,w) and
vanishes at every finite endpoint of (a,w) (if any).
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If the mean p is known, then another simple criterion for an ordinary
Pearson variate to belong to the Integrated Pearson Family is provided by
the following proposition.

PROPOSITION 3.3. Let X be a random variable with density f and finite
mean . Assume that the set {z : f(x) > 0} is the (bounded or unbounded)
interval J(X) = (a,w) and that f is differentiable in (o, w), with derivative
f'(x), a« <z <w. Then the following are equivalent:

(A) X ~TIP(p;q).
(B) The density f satisfies (3.1) and the polynomials p1 (p1 = 0 is
allowed) and pa can be chosen in such a way that:

(i) there exists a constant 6 # 0 such that p1(z) +ph(z) = (n—2x)/6
for all x € R,
(ii) edther lim,\ o p2(z)f(x) = 0 or lim, », p2(x)f(z) = 0.
If (i) and (ii) are true then the polynomials pa and q are related through
q(z) = Opa2(z) where 8 # 0 is as in (i). Moreover, if is satisfied in an
unbounded interval (o, w) then (ii) is unnecessary since it is implied by (i).

Proof. If X ~ IP(u;q), then we see from that is satisfied for
the polynomials p1(z) = p— 2 — ¢'(z) and pa(x) = ¢(x). With this choice
of p1, pa2, Proposition shows that (i) (with § = 1) is valid. Also, (ii)
reduces to p2(x)f(z) = q(z)f(z) = 0as x w or x \, a; this follows by an
obvious application of dominated convergence since the mean exists and, by
assumption, pa(2) f(z) = q(z) f(z) = §.(n — ) f(t) dt—see (L.1).

Conversely, and (i) imply that [Op2 () f(t)] = (u—1) f(t), @ < t < w.
Integrating this equation over the interval [z,y] C (a,w), we obtain

y
(32)  V(n—1)f(t)dt = Opa(y)f(y) = Op2(2) (), a<z<y<w.

xT
Taking limits as = \, « in , using the dominated convergence theorem
for the Lh.s. and the first assumption in (ii) for the r.h.s. we obtain

y
(u—t)f(t)dt =pa(n) f(y), a<y<w.
«
That is, X ~ IP(u; q) with g(x) = Opa(z). We arrive at the same conclusion
if we make use of the second assumption in (ii) and evaluate the limits as
y /win (3.2)). Indeed, in this case we obtain

w

|t =W f (@) dt = Opa(2)f(z) = q(2) f(2), a<z<w,

x

which is equivalent to (L.1)), since §(n —t)f(t) dt = 0.



Integrated Pearson family and Rodrigues polynomials 247

It is clear that, in the presence of (i), both assumptions in (ii) are
equivalent. In fact, (3.2) shows that both limits lim, », p2(y)f(y) and
limg o p2(x) f(x) exist (in R) and are equal. Indeed,

y
Opa(y) f(y) = Opa(a) f(2) + | (u— ) () dt,  a<z<y<w,
and the existence of the first moment implies that, as y * w, the r.h.s. has
the well-defined finite limit C(z) = Opa(2) f(x) + § (1 — t) f(¢) dt. The Lh.s,
however, is independent of x and, certainly, the same is true for its limit, so
that C(z) = C. Hence,

Op2(z)f(x) =C+ | (t—pft)dt, a<z<w

Since limg\ o §2 (8 — p) f(¢) dt = §2(t — p) f(t) dt = 0, we conclude that

C

;{T‘lym(%)f(iﬁ) = yh/HUlJPQ(y)f(y) =7 € R.

It remains to verify that if holds in an unbounded interval (o, w)
and X has a finite first moment then (i) implies (ii). To this end assume
that w = oo, so that J(X) = (a,00) with a € [—00,00). It follows that
f'(x) = p1(x) f(x)/p2(x) does not change sign for large enough z, and thus
f(xz) <0 for x > xp. Therefore, for x > max{2z,0},

0<2?f(z) = gf(a:) | tat < g | tf(t)dt < g | tf(t)dt — 0
z/2 z/2 z/2

as ¥ — 00, i.e., f(x) = o(x™2) as x — oo. Thus, pa(x)f(x) — 0 as  — oo,
The case a = —o0 is similar and the proof is complete. »

4. Are the Rodrigues-type polynomials orthogonal in the or-
dinary Pearson system? Associated with any Pearson density f is a
(unique) sequence of polynomials, defined by a Rodrigues-type formula. As
we shall see, these polynomials are given in terms of the pair (p;,p2) that
appears in the differential equation . That is, they do not depend at all
either on f or on the interval (o, w).

These considerations will become clear if we slightly relax the form of
differential equation and permit more solutions, as follows:

DEFINITION 4.1. Let () # (o, w) C R, and consider a pair of real polyno-
mials (p1, p2) = (ag+a1x, bo+b1x+bex?) such that pe Z 0 (i-e., |bo|+|b1|+]|b2|
> 0). The pair (p1,p2) is called Pearson-compatible in (o, w), or simply com-
patible, if there exists a differentiable function f : (a,w) — R, f # 0 (f is not
assumed to be nonnegative or integrable), such that the following generalized
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Pearson differential equation is fulfilled:

(4.1) (@) f(2) = (@) f(), a<z<w.
In other words, (p1,p2) is compatible if (4.1)) has a nontrivial solution f.

It is easily seen that (p1,p2) is compatible whenever ps has no roots in
(ar,w). In this case, the general solution f is C*°(«,w) and can be chosen to
be strictly positive in (o, w). The presence of a zero of ps in (o, w), however,
may result in incompatibility. For example, in the interval (a,w) = (—2,2)
the pair (p1, p2) = (4, 2%2—1) is compatible, in contrast to the pair (p1, p2) =
(z,2% —1).

If (p1, p2) is compatible in (a,w) then we can find the general solution as
follows: First we solve separately in any open subinterval of (o, w)N{x :
p2(x) # 0}. Clearly, there are at most three subintervals and the general
solutions for the distinct intervals (J1, Jo2, J3) = ((a, p1), (p1, p2), (p2,w)) will
be of the form f; = C;e% for some g; € C*(J;), i = 1,2,3, with C; being
arbitrary constants. Next, we match the solutions and their first derivatives
at the common endpoints of any two J;; any such point is, necessarily, a
zero of po. The compatibility of (p1,p2) guarantees that this procedure will
success in producing some solution f # 0 (in which case, |f| > 0 will be
also a nontrivial solution), but it may happen that f; = 0 in some J;. The
following proposition describes all possible cases for the support of f.

PROPOSITION 4.1. Assume that the function f: (a,w) = R, f #0 (not
necessarily positive or integrable) is differentiable in (o, w) and satisfies the
differentiable equation for some real polynomials pi(x) = a9+ a1z and
p2(x) = by + bz + box? with |bo| + |b1| + |b2] > 0. Then the support of f,
S(f) :={z € (a,w) : f(z) # 0}, is either of the form (a,w) C (a,w) with
a < a<w < w, or of the form (a, p1) U (p2,w) C (ov,w) with a < a <
p1 < p2 < w < w, or finally of the form (a,p1) U (p1,p2) U (p2,w), with
a < p1 < p2 < w. Moreover, the boundary of S(f) is contained in the set
{a,w} U{z € (o,w) : pa(z) = 0}, that is, IS(f) C {a,w} U {z € (a,w) :
p2(x) = 0}. Finally, for any solution f, f(p) =0 (that is, p ¢ S(f)) for all
p that satisfy pa(p) = 0 and p1(p) # 0.

COROLLARY 4.1. The differential equation (4.1) has a nontrivial and
nonnegative solution if and only if the pair (p1,p2) is compatible in (o, w).
Moreover, assuming that (p1,p2) is compatible in («,w), it follows that:

(a) any nonnegative solution is of the form |f| for some solution f;

(b) the support S(f) = {z € (a,w) : f(x) # 0} of any nontrivial solu-
tion f of s a union of one, two or three disjoint open intervals
of positive length, and the same is true for any nonnegative and non-
trivial solution,
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(c) the boundary points of S(f) = S(|f]) of any nontrivial solution f
of (4.1)) are either roots of pa or boundary points of (a,w).

We now turn to the corresponding Rodrigues polynomials. It is well-
known that the (generalized) Pearson differential equation produces
a sequence of polynomials {hg, k = 0,1,2,...}, defined by a Rodrigues-type
formula.

THEOREM 4.1 (Hildebrandt, 1931, p. 401; Beale, 1941, pp. 99-100; Dia-
conis and Zabell, 1991, p. 295). Assume that a function f : (a,w) — R (not
necessarily positive or integrable) does not vanish identically in (o, w) and
satisfies the differential equation for some polynomials p1(x) = ap+ar1x
and pe(xz) = by + bz + bex?, with |bo| + |b1] + |b2] > 0. Then the set
{z € (a,w) : f(z) # 0} contains some interval of positive length, and the
function

k
(42)  h(e) = s @@, @ (o) o f@) = 0},

f(z) d
k=0,1,2,...,

is a polynomial (more precisely, hy, is the restriction to (a,w)~{x : f(x)=0}
of a polynomial he R — R) with
2k
(4.3) deg(hx) <k and lead(hy) = [] (a1 +jb2), k=0,1,2,...,
Jj=k+1

where lead(hy,) := limg_yo0 hi(z) /2% denotes the coefficient of o in hy(x).

Hildebrandt (1931) actually showed that the relation ps f = pif im-
plies that D¥[phf] = hkf, k =0,1,2,..., where the polynomials hi (with
deg(ﬁk) < k) are defined inductively. Each polynomial hi can be viewed as
the value of a functional Ry, that maps the (arbitrary) pair (p1,p2) to a real
polynomial of degree at most k. The form of this functional is

7b . .
(p1,p2) = Ri(p1,p2) =i = »_ Crat2(p1)" (ph) (p2)’
'I’l,]

where the sum ranges over all integers r,4,j > 0 with r +7 4+ 25 < k, and
the constant C, lr’lbf depends only on k, 7,4, ,p) = a1 and pfj = 2by. Clearly,
given an arbitrary pair (p1,p2) with po #Z 0, we can fix an interval (o,w)
containing no roots of ps. With the help of a positive solution f of the
differential equation (4.1)) one can determine hy(x), o < x < w, using the
Rodrigues-type formula (4.2)). Obviously, this hj extends uniquely to hy.

To give an idea about the nature of the polynomials in (4.2) we give the
first four:
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ho =1;
h1 = p1 + ph = (a1 + 2b2)z + (ag + b1 );
hy = P} + 3p1ph + pipa + 2paph + 2(ph)?
= (a1 + 3bg) (a1 + 4by)z? + 2(ag + 2b1) (a1 + 3be)x
+ (ap + b1)(ao + 2b1) + bo(a1 + 4b2);
hg = p} + 6piph + 3p1pip2 + 8p1paps + 11p: (ph)°
+ TP paph + 18paphply + 6(ph)?
= (a1 + 4bg) (a1 + 5bo) (a1 + 6bo)z> + 3(ag + 3b1) (a1 + 4bs) (a1 + 5be)x?
+ 3(a1 + 4bo)[(ag + 2b1)(ag + 3b1) + bo(ay + 6bo)]x
+ a3 + 6a3by + ag[11b3 + bo(3a1 4 16ba)] + by [6b7 + bo(Tay + 36b2)].

Provided that the solution f of is a probability density in (o, w),
the polynomials hj are candidates to form an orthogonal system for f.
Indeed, Hildebrandt (1931, pp. 404-405) showed that each hj satisfies a
specific second order differential equation in (o, w). Using this differential
equation, Diaconis and Zabell (1991) proved that the hj are eigenfunctions
of a particular self-adjoint, second order Sturm—Liouville differential equa-
tion; thus, their orthogonality with respect to the density f is a conse-
quence of Sturm—Liouville theory. Specifically, it is shown in Diaconis and
Zabell (1991, Theorem 1, p. 295) that each polynomial hj satisfies the
equation

(4.4)  [f(@)p2(2)hy(2)]" = k(a1 + (k + 1)ba) f (2) hi(2),
a<zr<w, k=0,1,2,....

An adaption of the Diaconis—Zabell approach to the present general case
reveals that the orthogonality is valid only when a number of regularity
conditions is satisfied. It will be proved here that these regularity conditions
give an equivalent definition of the integrated Pearson system. In fact, it
will be shown that the Rodrigues polynomials are orthogonal with re-
spect to the corresponding density f if and only if it belongs to Integrated
Pearson Family, provided that we have chosen a correct ps in the differen-
tial equation , i.e., provided that ps = ¢/ for some 6 # 0. Note that
even for integrated Pearson densities, an incorrect choice of ps results in
nonorthogonality of the Rodrigues polynomials; see, e.g., the polynomials
hy, = P? given in Diaconis and Zabell (1991, p. 297) for the Beta-type den-
sity f(z) = Cz™, 0 < 2 < x9. In light of Proposition (and Table ,
a correct choice is py = x(zg — x).

In order to discuss the orthogonality of h; we first show the following
lemma.
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LEMMA 4.1. Let f be a density satisfying and for fixed k,m €
{0,1,...}, k # m, consider the polynomials hy and h, given by . As-
sume that

(a) f has a suitable number of moments so that § |hy(t)hm(t)] f(t) dt

< 00;
(b) a1 + (k+m+1)by # 0;
(¢) limg ro{p2(2) f (@) My (€)han (2) — k() Py, (2)]}
= limg\ a{p2(2) f(2) 1y, (2)han (2) — hi(2) ey, ()]}
Then

w

| i (@) o (2) f () dv = 0.

[We shall show that, under (a) and (b), both limits in (c¢) exist (in R),
but it is not guaranteed that they are equal. In fact, their difference is
(k —m)(a1 + (k +m+ 1)ba) x § hi ()b (t) f(t) dt.]

Proof. Multiply (4.4) by hy,, interchange the roles of k and m and sub-
tract the resulting equations to get

(4.5)  Ahg(t)hm(t) f(2)
= hm(O[f O)p2(O)hi ()] = he(O)[f Op2 (DN, (D), @ <t <w,
where A = (k—m) (a1 + (k+m+1)be) # 0, by (b). Now, it is easy to verify
the Lagrange identity
(4.6)  A{Lf B)p2(t)hg ()] () — [f ()2 () Py, (1) (1)}
= hm () [f (O)p2() 2 (8)]" = P (£)[f (£)p2(t) i (2]

Integrating (4.5)) over [z,y] C (o, w), and in view of (4.6), we conclude that
y

p2() f W) [ () e (1) — hie () i ()]

>/\*—‘

V(8 () f (2) dt =

1
= (@) f @)y (@) o () = () ()
Taking limits as z \, @ and y / w and using (a) and (c) we obtain the de-
sired result. Working as in the proof of Proposition [3.3] it is easily seen that
both limits in (c) exist in R whenever (a) and (b) hold. In fact, under (a),

A7) (k—m)(as + (k+m+ 1)by) fhk (t)f(t) dt

= lim pa(y) f () [ (¥) hn(y) — P (y) Py (v)]

y/w

(
— lim po(w)f (= )1y () o () = P () Py ()] m

117 o
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The following result is an immediate consequence of Lemma

THEOREM 4.2. Let f be a density in (a,w) which satisfies ([.1)). For
some (fizred) n € {1,2,...} consider the set H,, := {ho,h1,...,hn}, formed
by the first n + 1 polynomials in . Then H, is an orthogonal system
(containing only nonzero elements) with respect to f if and only if the fol-
lowing conditions are satisfied:

(i) The density f has 2n — 1 finite moments;
(if) TI}5(a1 + jbz) # 0;
(iii) limg ~, 27po(2) f(z) = limg\ o 2/pa(a) f(z) for each j € {0,1,...,
2n — 2},

Proof. Let X ~ f and assume first that (i)—(iii) are satisfied. Condition
(ii) shows, in view of (4.3), that deg(hx) = k for all k € {0,1,...,n}. Fix
k,m € {0,1,...,n} with m # k. Since E |X|*"~! < oo by (i), it follows
that E |k (X)hp(X)| < oo, ie. the integral § hi(z)hm(z) f(2) dx is (well-
defined and) finite. Finally, since hjh,, — hih;, is a polynomial of degree
k+m—1 (observe that lead(h} hy —hih;,) = (k—m)lead(hy) lead(hy,) # 0),
(iii) ensures that assumption (c) of Lemma [4.1]is also fulfilled, and hence

| 2 () o () f () dx = 0.

Conversely, assume that the set H, = {hg, h1,...,h,} is orthogonal
with respect to f. That is, E |h(X)hm(X)| = § A (@) hin(2)| f(z) dz < 0o
for all k,m € {0,1,...,n} with m # k, and §” hy(@)hm(2) f(z) dz = 0.
It follows that deg(hy) = k for all k£ = 1,...,n. To see this, let k be the
smallest integer in {1,...,n} for which lead(h;) = 0. Then we can write
hi(z) = Z;Zé cjhj(z) for some constants ¢, and this implies that

k—1 k—
2) = | by (@)h(@)| () <3 Il @@ F0).
=0 =0

Subsequently, the inequality

w k—1 w
V(@) f(x) de <) lej| { [n(@)hy(2)|f(x) dx < o0
« 7=0 «
shows that hy € Lfc(a, w), and finally
w k-1 w
VR (@) f()de =" c; | hp(2)h;(2) f(x) dx =0,
a j=0 «

by the orthogonality assumption. Since hy, is continuous (a polynomial) and
f is positive in a subinterval of («,w) of positive length, it follows that
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hi = 0, which contradicts the assumption that H, contains only nonzero
elements. Therefore, [[;_lead(h;) # 0, and (4.3)) yields (ii). Obviously,
E|hy(X)hy-1(X)| < oo is equivalent to E|X|*"! < oo and (i) follows.
Since ggm = hjhm — hihy, is a polynomial of degree exactly k+m — 1 (for
k # m), one can form a linearly independent set
{gg,gl,...,ggn_g} g {gk,m : k,m = 0,1,...,71, k 7& m}

with deg(g;) = j for each j. Applying (4.7) inductively to go, g1, - - -, gan—2,
we get (iii). m

EXAMPLE 4.1. It may happen that hy = 0 for all £ > 1. For instance
consider the density f(z) = C/z, 1 < z < 2. This density satisfies (4.1]) with
(p1,p2) = (—1,x). Although S? highmf = 0 for m # k, the trivial system
H, = {1,0,...,0} is not considered as orthogonal in this case. Condition
(ii) of Theorem eliminates such trivial cases.

ExAMPLE 4.2. The density f(z) = 322, —1 < z < 1, satisfies
in (,w) = (=1,1). The choice (p1,p2) = (2,x) leads to constant poly-
nomials, hy = (k + 2)!/2. A set {hg, h,} can never be orthogonal; this
shows that the condition (b) of Lemma is necessary. On the other
hand, the choice (p1,p2) = (2z,2?) yields the polynomials hy = cxa* with
ck = (2k 4+ 2)!/(k + 2)!. The limits in Lemma (c) are Scpem(k — m)
and 3cgem(k — m)(—1)F™+1 They are equal if and only if k + m is odd,
in which case hy and h,, are, obviously, orthogonal. Any set H containing
{hi, hm,hs} (k # m # s # k) cannot be an orthogonal set, because at least
one of K4+ m, k+ s, m+ s is even.

REMARK 4.1. While the density f of Example satisfies the (gener-
alized) Pearson differential equation and has finite moments of any
order, the system {hg, hi, ho} fails to be orthogonal. The same is true for
the Pearson density

f(:n):L —o<a<zr<w< oo.

V1422
Now (p1,p2) = (—z,1 + 22) and {ho, h1,h2} = {1,2,3 + 622}, so that
hoha > 3 and the system {hg, hi, ha} cannot be orthogonal (with respect to
any measure). Does this happen because these f lie outside the Integrated
Pearson Family? Therefore, it is natural to pose the following question:

Suppose that a given density f has finite moments up to
order 2n — 1 (for some fixed n > 2) and satisfies ([4.1)). If
the system {hg,h1,...,hy} of the first n + 1 Rodrigues
polynomials is orthogonal with respect to f, does this
imply that f belongs to the Integrated Pearson Family?

The answer is ‘yes’. In particular, the following (stronger) result holds.
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THEOREM 4.3. Assume that a differentiable density f with S(f) = {x :
f(z) > 0} C (a,w) has finite third moment and satisfies (4.1)). Let ho =1,
hi, ha be the first three Rodrigues polynomials given by . Consider the
system Ha = {hg, h1, ha} and assume that Ha is nontrivial, i.e., hy Z 0 and
ho Z 0. If Ho is orthogonal with respect to f, then there exists a subinterval
(o, ") C (a,w), a quadratic polynomial

q(z) =622 + Bz +~ with {z:q(zx) >0} = (a/,u),

and p € (o/,W') such that f ~ IP(u;q) = IP(u; 6, 8,7). Moreover, there
exists a constant 0 # 0 such that q(z) = p2(x), v € R.

Proof. In view of Theorem and the fact that f has finite third mo-
ment, the orthogonality assumption is equivalent to

(4.8) (a1 + 2b2)(ay + 3b2) (a1 + 4b2) # 0
and

(4.9) Lj(a) =Lj(w), j=0,1,2,
where

L(0) = m @pa(@)f (@), L) = lim a/pa(a) (@)

To simplify, we can apply an affine transformation x — Az+c (A # 0, ¢ € R)

to f. By considering f(z) = I—}\l f(xgc) in place of f it is easily seen that
is satisfied in the translated interval (&, @) for p1(z) = Ap1(%:¢) and
p2(x) = )\ng(%); since a1 = a1 and 52 = by, remains unchanged.
Obviously f has finite third moment if and only if f does. Moreover, it is
easily seen from that the translated polynomials hj are related to hy
by hi(z) = AFhy(%5¢); thus, lead(hy) = lead(hy), and in particular the
system Hs is nontrivial if and only if the same is true for Ho = {iNzo, %hﬁg}.

The orthogonality of Hy with respect to fis equivalent to the orthogonality
of Ha with respect to f. Indeed,

w

{2 (@) B () f () de = N By (2) ho () f () .
It remains to verify that (4.9) are equivalent to Zj (o) = E](CJ) (1=0,1,2),
where L;(&) := lim,\ 5 2/p2(2) f(z) and Lj(@) := lim, ~52/pa(x) f(x). To
this end, it suffices to observe the relations

i, = )
Z <j>>\i+1cj—iLi(a) _ LJN(O‘)N ?f A >0,
i —L;j(w) if A <0,

=0
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i o, ~ .
Z (J) NHLI =L () = {LJ’SW)N ?f A>0,
—\i —Lj(a) ifA<O.
Thus, it is easily seen that L;(a) = L;j(w) (j = 0,1,2) if and only if Ej (o) =
Lj(w) (7 =0,1,2).

It is clear from the above considerations that, in view of Proposition
m(vi), we can apply any affine transformation, either to the polynomial psy
or to the density f and its support («,w). Under such transformations, the
conclusions, as well as the assumptions of our theorem, remain unchanged.

The rest of the proof is easy but tedious since we just have to ex-
amine all possible nonequivalent cases by solving the differential equation
in each case. The details are given in the arXiv version of the paper,
arXiv:1205.2903v2, pp. 26-31. =

5. Orthogonality of the Rodrigues-type polynomials and of
their derivatives within the Integrated Pearson Family. Assume
that f is the density of a random variable X ~ IP(u;q) = IP(u; 9, 8, ) with
support (o, w). From Theorem it follows that
(5.1)  Py(z):= (1" di[ Fa)f(x)], a<z<w k=0,1,2

. k : f(x) d.ﬁl:kq s y P

is a polynomial with

(5.2) -
deg(Py) <k and lead(Py) = [ (1-4d)=ck(6), k=0,1,2,....
j=k—1

Obviously ¢y(d) := 1, i.e. an empty product equals one.

The polynomials P, are special cases of the polynomials hj defined by
; in fact, P, = (—1)¥hy. They are particularly important because under
natural moment conditions they are, indeed, orthogonal with respect to the
density f; see, e.g., Diaconis and Zabell (1991, pp. 295-296); Johnson (1993);
Papathanasiou (1995); Afendras et al. (2011). Moreover, the polynomials
P, and their derivatives satisfy a number of useful properties that will be
reviewed here. The first three are

Po (.CE) = 1,

P1 (.CC) =Ty

Py(z) = (1= 0)(1 —28)2* —2(1 — 0)(u + B)x + pi® + B — (1 — 20).

An alternative simple proof of the orthogonality of the polynomials de-
fined by can be derived by means of the following covariance identity,
which extends Stein’s identity for the Normal distribution and has indepen-
dent interest in itself.
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THEOREM 5.1 (Afendras et al., 2011, pp. 515-516). Let X ~IP(u; 6, 5,7)
= IP(u; q) with density f and support (a,w). Assume that X has 2k finite
moments for some fized k € {1,2,...}. Let g : (a,w) — R be any function
such that g € C*1(a,w), and assume that the function
dk—l

g* D(z) = WQ@)

is absolutely continuous in (o, w) with a.s. derivative g*). If B ¢*(X)|g® (X)|
< o0 then E|Py(X)g(X)| < oo and the following covariance identity holds:

(5.3) E Py(X)g(X) = Eq"(X)g™(X).

Here, the claim that h : (a,w) — R is an absolutely continuous function
with a.s. derivative h’ means that there exists a Borel measurable function
h': (a,w) — R such that A’ is integrable in every finite subinterval [z, y] of
(o, w) and

y
Bty dt = h(y) — h(z) for all [z,y] C (o, w).
xX

COROLLARY 5.1 (Afendras et al., 2011, p. 516). Let X ~ IP(u;9,5,v) =
IP(11;q). Assume that for somen € {1,2,...}, E|X|*" < oo, or equivalently
0 <1/(2n—1). Then

2k—
(54)  E[Pe(X)Pn(X)] = Okmk! E¢P(X H (1 jo)
j=k—
:5k,mklck( ) ( k m & {0,1,..., },

where 0y, is Kronecker’s delta.

It should be noted that the orthogonality of Py and P,,, k # m, k,m €
{0,1,...,n}, remains valid even if § € [ﬁ, ﬁ), in this case, however,
P, ¢ L*(R, X) since lead(P,) > 0 and E |X|*® = co. On the other hand,
in view of Corollary the assumption E|X|?" < oo is equivalent to the
condition § < 1/(2n — 1). Therefore, for each k € {0,1,...,n} and for all
je{k—1,...,2k — 2}, we have 1 — j0 > 0, since {k — 1,...,2k — 2} C
{0,1,...,2n — 2}. Thus, ¢;(d) > 0. Since P[g(X) > 0] = 1, deg(q) < 2 and
E|X|* < oo, we conclude that 0 < E¢*(X) < oo for all k € {0,1,...,n}.
It follows that {¢o, #1, ..., ¢n} C L*(R, X), where

_ Py ()
(6:5) (@)= (Klex (0) E g5 (X)) 12

L@ @)
C(REGX) T2, - jo)y?

k=0,1,...,n,



Integrated Pearson family and Rodrigues polynomials 257

is an orthonormal basis of all polynomials with degree at most n. Moreover,
(5.2) shows that the leading coefficient is given by

(1= GO\ /2
(5.6) lead(¢r) := di(p; q) = <II§&E£;i()(; )>

ci(0) 12
(k!woc)) 70 =0 L

Let X be any random variable with E|X|?" < oo and assume that the
support of X is not concentrated on a finite subset of R. It is well known
that we can always construct an orthonormal set of real polynomials up
to order n. This construction is based on the first 2n moments of X, and
is a by-product of the Gram—Schmidt orthonormalization process, applied
to the linearly independent system {1,z,22, ..., 2"} C L*(R, X). The or-
thonormal polynomials are then uniquely defined, apart from the fact that
we can multiply each polynomial by 41. It follows that the standardized
Rodrigues polynomials ¢y, of are the unique orthonormal polynomials
that can be defined for a density f ~ IP(u;4d,3,7), provided lead(¢y) > 0.
Therefore, it is useful to express the L?-norm of each P, in terms of the
parameters 6, 8,7 and p and, in view of and , it remains to ob-
tain an expression for E ¢*(X). To this end, we first recall a definition from
Papadatos and Papathanasiou (2001); cf. Goldstein and Reinert (1997).

DEFINITION 5.1. Let X ~ f and assume that X has support J(X)
(o, w) and belongs to the Integrated Pearson Family, that is, f ~ IP(u; q)
IP (110, B,7). Furthermore, assume that E X2 < oo (i.e. § < 1). Then we
define X* to be the random variable with density f* given by

gy o A )
1) = o

Since Py = x—pu, setting k = 1 in the covariance identity ([5.3]), we get (see
Cacoullos and Papathanasiou, 1989; Papadatos and Papathanasiou, 2001)

(5.7) E[(X — p)g(X)] = Cov[X, g(X)] = E[q(X)g'(X)].

a<zr<w.

This identity is valid for all absolutely continuous functions g : (o, w) — R
with a.s. derivative ¢’ such that E ¢(X)|¢’(X)| < oo. Thus, applying (5.7 to
the identity function g(x) = =, it is easily seen that Eq(X) = Var X = o2,
so that (cf. Goldstein and Reinert, 1997)

X*Nf*(x):%q(x)f(a;), a<z<w.

The following lemma shows that X* is integrated Pearson whenever X is
integrated Pearson and has finite third moment.
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LEMMA 5.1. If X ~ IP(u;0, B,7) = IP(u; q) with support J(X) = (o, w)
and E|X|? < oo then X* ~ IP(u*;q*) with the same support J(X*) =
J(X) = (a,w),

W= 5 and q*(z) =
Proof. See arXiv:1205.2903v2, pp. 33-35. =

THEOREM 5.2. Let X be a random variable with density f ~ IP(u;q) =
IP(w; 6, 8,7), supported in J(X) = (a,w). Furthermore, assume that
E|X[*"" < oo (i.e. § < 1/(2n)) for some fized n € {0,1,...}. Define
the random variable X with density fi, given by

¢*(@)f(x)

68 fla)=F R

a<zr<w, k=0,1,...,n.

Then, fi ~ IP(uk; qr) with (the same) support J(Xy) = J(X) = (a,w),

p+ kB q(x)

— d frd ]{,‘:0 1 PN .
1— 2ks an Qk(m) 1— 2ks’ a<rT<w, ) y
Moreover, Xo = X, X1 = X§ = X*, Xo = X{ and, in general, X}, = X;_,

forke{l,...,n}.

11k

Proof. For k = 0 the assertion is obvious, while for £ = 1 (and thus,
n > 1) it follows from Lemma since E|X|?> < oo and, by definition,
fi=f% w1 = p* and ¢ = ¢*. Assume now that the assertion has been
proved for some k € {1,...,n — 1}. Then

Eq*(X)1X]*

3 _
E|Xk| = Eqk(X) < 00,

because E | X \2]”3 < oo since k < n — 1. Therefore, we can apply Lemma
to the random variable Xy ~ IP(ux; qx) = IP(ug; 0k, Bk, k), obtaining
Xip ~ IP (g q) = IP(uj; 0, By, vi) where

iy 3
pi+ Be  toais T u+ (k+1)B

MR T 0 T 1oa 0 T 1-2ktns M
and
ooy w5 a(x)
qr.(z) = )6 =aqr1(z), a<z<w.

T1-20, 1-2-9_ 1-2(k+1
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. k+1 . i}
On the other hand, since E q(X}) = ]Elqui()(())() and X} ~ fi we get
(z) ¢"(=)f(x) k+1 () f(x)
fi(z) = a(@)fu(®) _ T8 BN EPD
k N o Eq(X T Eakt1(X
£ U (Xk) 1(1—(2155) Isqki(‘g())
k+1
q z)f(x
:I}M:fk+l($)v a<zr<w,

that is, X; = Xp11 ~ frer1 ~ IP(tr41; @rv1), and the proof is complete. =

COROLLARY 5.2. If X ~ IP(u;q) and E|X|>*"*2? < oo (equivalently, if
d <1/(2n+1)), then for each k € {0,1,...,n},

q(szkkﬂa)

1—(2k+1)5’
where qi(x) = 6,2 + Brx +71 and Xy are as in Theorem . In particular,
if 6 <1, then

(5.9) 02 :=Var X}, = E qi(Xy) =

(5.10) o :=VarX =E¢(X) = 1q(,u)5

Proof. First observe that for any k € {0,1,...,n}, E|X;|> < co (and
thus, E¢F(X},) < oo) since dp = §/(1 — 2k6) < 1 because § < 1/(2n +1)
< 1/(2k +1). Note that it suffices to show only (5.10). Indeed, since X}, ~
IP(pg; qx) it follows from (applied to the random variable X and to
the function g(x) = x) that o7 = Var X = E g;(Xj). On the other hand,

if it is shown that Var X = q(u)/(1 —0) for any X ~ IP(u;q) with § < 1
then, by (5.10) applied to X, we get

aqr(pr)
Var X}, = T
Since
_ ptkB _ q(=) ¢
M= oper W@ =15 and G =gos <L,
(5.10)) yields the identity (5.9) as follows:
a(px)
(b 1-2ks q(px)
ar(Xp) = Var Xp = 3775 -2 1T-(2k+1)3
k
_ q(fj%ﬂa)
1—(2k+1)8

It remains to verify that Var X = 02 = q(u)/(1 — §) whenever X ~ IP(u;q)
and 0 < 1. To this end, write

9(X) = q(u) + ¢ (W)(X — p) + (X — p)?
and take expectations to get 02 = q(u)+do?, which is equivalent to (5.10]). m



260 G. Afendras and N. Papadatos

COROLLARY 5.3. If X ~IP(u;q) and E|X|*™ < oo for somen > 1 (i.e.
0 <1/(2n —1)), then for each k € {1,...,n},

N [20(1-258) "= /u+js
(5.11) Ay = A(p;q) = Eq*(X) = H55(1(2j+1)5)j1_[0q<1—2j5>'

Proof. Observe that

Aji
A

(1—2j5)qu(Xj):Eq(Xj): j:O,l,...,n—l,

where Ag = 1, qo = ¢, Xo = X. Multiplying these relations for j =

0,1,...,k — 1 and using (5.9) we get (5.11)). =

REMARK 5.1. (a) It is important to note that the identity en-
ables a convenient calculation of the Fourier coefficients of any smooth
enough function g with Varg(X) < oo (i.e.,, g € L*(R,X)). Indeed, if
X ~ TP (136, 8,7) = IP(u;q) and E | X|?" < 0o, then the Fourier coefficients
a = E ¢r(X)g(X) are given by ap = E g(X) and

B (X))
T (Rer(8) Aw(p ) /2

where ¢ (6) and Ag(p; ) are given by (5.2]) and ([5.11), respectively, provided
that g is smooth enough so that E ¢*(X)|g*)(X)| < oo for k € {1,2,...,n}.

=1,...,n,

(b) Obviously, if X ~ IP(u;6,5,v) and 6 < 0 (i.e. if X is of Normal,
Gamma or Beta-type) then E|X|" < oo for all n. Moreover, since there
exists an ¢ > 0 such that Ee!* < oo for [t| < e, it follows that the corre-
sponding polynomials {¢y.}72, given by (5.5)), form a complete orthonormal
system in L?(R; X); see, e.g., Riesz (1923); Berg and Christensen (1981);
Afendras et al. (2011). Therefore, for smooth enough g with Var g(X) < oo
and E ¢*(X)|g®™ (X)| < oo for all k > 1, the Fourier coefficients are given
by

E ¢"(X)g™ (X)
(Klex(8) Ax(u; 0))1/%

and the variance of g can be calculated by Parseval’s identity (see Afendras
et al., 2011, Theorem 5.1, pp. 522-523):

ar =E¢p(X)g(X) =

k=0,1,2,...,

SR FE)M()
(5.12) Var g(X) _kzl klep(0) Ak (p59)

Furthermore, the completeness of the Rodrigues polynomials (when
X ~ IP(u;9,8,7) and 6 < 0) enables one to write (Afendras et al., 2011,
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Theorem 5.2, p. 523)
o0 k) k (k)
Elg"(X)g1" (X)] Elg*(X)g3” (X))
5.13 Covl|gi1(X),g2(X)] = ,
provided that for i = 1,2, g; € L2(R, X) and E ¢*(X)|g" (X)| < oo for all
k > 1. The important thing in (5.12) and (5.13)) is that we do not need
explicit forms for the polynomials; in view of (5.2]) and (5.11)), everything is
calculated from the four numbers (u;d, 8,7) and the derivatives of g or g;
(1 = 1,2). In particular, for the first three types of Table (5.12)) yields
the formulae

e 2k
Varg(X) =S 2 E2 ¢W(x) if X ~ N(u,02);

|
k=1 k!

Varg(X) = km E2 X* g (X)) if X ~ I'(a,);
k=
Var g(X)
53 a+b+2k—1)a)O)(a+b+k—1

)
K\ (o + b) T (a+ k)T(b+ k) E2 X*(1 — X)kg® (X)

k=1
if X ~ B(a,b).

Turn now to the orthogonal polynomial system {Py : k = 0,1,...,n},
of , obtained for a random variable X ~ IP(u;0,/,v) with support
J(X) = (a,w) and E | X|?" < oo for some n > 2, i.e. with § < 1/(2n — 1). By
Lemma the random variable X* = Xy ~ IP(u1;¢1) = IP(p1; 61, B1,7m)
with 8 (@)

W+ q(x

=2 A al) =753

is supported by (o, w). Since § < 1/(2n — 1) is equivalent to 6; = /(1 — 20)
< 1/(2n — 3), we conclude that E|X1|>"2 < oo, in particular Var X; < oo.
Therefore, we can define the orthogonal polynomial system {P;; : k =
0,1,...,n — 1} by applying to the density f; and to the quadratic
polynomial ¢; of X1, that is (recall that fi(x) = q(x)f(z)/E¢(X)),

i =

_ k
519 P =" o)
S

= =@ i@ ot @)
a<z<w, k=0,1,...,n—1.

Clearly the system {Py; : kK = 0,1,...,n — 1} is orthogonal with respect
to X1, but the important observation is that we can also obtain it by differ-
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entiating the polynomials Py (which are orthogonal with respect to X). In
fact, the following lemma holds.

LEMMA 5.2. If X ~ IP(i;q) and E|X|?" < oo for some n > 1, then the
polynomials Py, of (5.1) and Py of (5.14)) are related through
(5.15) P (z) = Cr(8)Ppa(z), k=0,1,....,n—1,
where Ci(8) := (k4 1)(1 — kd)(1 — 25)".

Proof. First we show that the polynomials P} 41 are orthogonal with
respect to Xj. Indeed, deg(P;,,) = k (for k¥ = 0,1,...,n — 1) and for
k,m e {0,1,...,n— 1} with k < m, we have
1 w
—5 | Phoy1 (@) Pl (2)g(2) f () do

«

EPIQH(XI)P/nH(Xl) = o

= %{Pmﬂ(:v)P/éH(wq(w)f @2 = | P (@) [Py (2)q(2) f(x)]’d:n}.

«

Now observe that, in view of Lemma [2.1

Pyt (2) Ppy (2)a(x) f(2)[, = 0,
because Pm+1P,2+l is a polynomial of degree m + k + 1 < 2n — 2 and
E|X|?>" < co. Moreover,

[Pri1(2)q(2) f(2)] = Py (2)q(2) f(2)+ Py (2) (p—2) f () = Higa () f (2),
where Hyi1(x) = Py (2)q(z) + (4 — x)P[(z) is a polynomial in x of
degree at most k + 1 < m + 1. Therefore,

EP,:H_I(X;[)P/

m

1
+1(X1) = _ﬁEpm-H(X)Hk-&-l(X) =0,

since Pp,4+1 is orthogonal (with respect to X) to any polynomial of degree
lower than m 4 1. Note that the same orthogonality conditions are also valid
for {PM}Z’;&, that is,

E Py 1(X1)Ppi(X1) =0 for k,m e {0,1,...,n— 1} with k£ # m.
Since deg(P,;H) = deg(Py1) = k, k = 0,1,...,n — 1, the uniqueness of
the orthogonal polynomial system implies that there exist constants Cj # 0
such that P, (z) = CyPy1(z). Equating the leading coefficients, we obtain

_lead(Pyy ) (k+1)lead(Pit1)  (k+ 1)cp41(0)

T lead(Pry)  lead(Poi)  clor)
= (k+1)(1 —k6)(1 —26)". m
REMARK 5.2. We note that the recurrence (5.15)) is contained in Beale

(1937, eq. (2), p- 207). Actually, Beale’s recurrence (which is stated in a much
different notation) is valid for the polynomials hy of (4.2]) and for all £ > 0.

k
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Hence, orthogonality is not required. For more details see jarXiv:1205.2903v2,
pp- 39-40.

Applying Lemma [5.2] inductively it is easy to verify the following result.

THEOREM 5.3. If X ~ IP(u;d,5,v) with support J(X) = (a,w) and
E|X|* < oo for somen >1 (i.e. § < 32— ) then

(5.16) P (@) = C () Pym(z), m=1,...,n, k=0,1,...,n—m,

where

k+2m—2
M (§) = (k)(l—QnM) 1 -
’ j=k+m—1

Here, Py, are the polynomials given by (5.1) associated with f, and Py,
are the corresponding Rodrigues polynomials of (5.1), associated with the

density fm(z) = %}&(ﬂﬁ))’ a < x < w, of the random wvariable X,
IP(1; 3, 3, 7) (im; Gm) of Theorem 53, icc.,
Pan(@) i= = e ldb ) ()]
1)k dk
. @) @),

~ (1 2md)Fqm(x) f(x) daF

a<r<w, k=0,1,...,n—m.

REMARK 5.3. (a) An alternative calculation of the constant Cj, = Clgm) ©)

can be given as follows. Lemma [5.2 guarantees that P,gm) () = CrPrm(x)
for some Cj. Arguing as in the proof of Lemma we see that Cj, can be
derived from the corresponding leading coefﬁcients.

(b) We note that the recurrence is also contained in Beale (1937,
eq. (4), p. 207), although it is stated in a quite different notation there.
Specifically, it can be shown that holds for all £ € {0,1,...}; see
arXiv:1205.2903v2, pp. 4042, for a more detailed discussion.

(c) Krall (1936, 1941) characterizes the Pearson system by the fact that
the derivatives of orthogonal polynomials are orthogonal polynomials.

We can now adapt the preceding results to the corresponding orthonor-
mal polynomial systems. Notice that the following corollary is our main
result regarding Fourier expansions within the Pearson family and, to our
knowledge, it is not stated elsewhere in the present simple, unified, explicit
form.

COROLLARY 5.4. Let X ~ IP(u;0,8,v) = IP(u; q) with support (a,w),
and assume that E|X|?*" < oo for some fived n > 1 (equivalently, § <
1/(2n —1)). Let {¢r}}_, be the orthonormal polynomials associated with X


http://arxiv.org/abs/1205.2903v2
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(with lead(¢r) > 0 for all k; see (5.5)), (5.6)), fir m € {0,1,...,n},
and consider the corresponding orthonormal polynomials { ¢y m}_y", with
lead(¢g ) > 0, associated with

q"(z)f(x)
X~ fm(x) = =2, a<zr<w.
(@) Eqm™(X)
Then there exist constants V](Cm) = u,gm)(u; q) > 0 such that
¢](cri)m(3:) :u,(gm)qﬁk,m(x), a<zr<w, k=0,1,...,n—m.

Specifically, the constants l/]gm) have the explicit form

k+m)! k+2m— .
L I { ( Z! ) Hji’i’mzl(l —jo)Y /2
BTk R A (115.9)

where Ap(p;q) = Eq™(X) is given by (5.11)). In particular, setting o =
Var X we have

)

kE+1)(1—kd
s () = ViE ;( )¢k,1($)
_ \/(’f+1)(15)(1 k) @) k=01, n— L.
q(p) ’
Proof. Observe that
_ Penlo) _ Brm(7)
Prym (@) = E | Py (X)[? and fmle) = E [Py (Xin)[?
a<zr<uw,

where Py, and P ,,, are as in Theorem Since
P (@) = OV (6) Pem(a), o<z <w,

we conclude that there exists a constant V]gm) such that ¢§£zﬂ(x) =
V,(Cm)gbk,m(x). Hence,

(k+m)!  lead(Prim)

) _ lead(¢}7),) _ 2 Jead (G m) _ T EPym(OP
k lead (¢ m) lead(¢g m) %
k,m m

(k + m) lead(Py ) /B [Prm (Ko
K 1ead (Pp)v/E | Py (X2

(k 4+ m)!ch4m(8) VE | Ppn(Xm) [?
ke (0m) /B | Prgm (X2

)
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where, by (5.2)), cp1m () = H?Sﬁ%fj(l —jd) and

2k—2 2k—2 S
ck(0m) = H (1—jom) = H (1—j1_2W5>
j=k—1 j=k—1
TR - @m+)e) TR (- 50)
N (1 —2mé)* N (1 —2mé)*

From (5.4) we see that E|Py i, (X)? = (k+m)!crim(0) E¢"™(X) and
E | Py (Xon) > = Kler(0m) EgF, (Xm)
E g, (X)g™(X) _ Klep(dm) EgM™(X)
= k'ck(ém) = .
Eq'(X)  (1-2md)FEqn(X)
Combining the preceding relations we obtain
oy (e )10 (8) E TP () P

le 6m k+m
(k -+ m)leicom 0)y G by

Kl (6m)/ (k4 m) chim (0) E P (X)
_ (k +m)lep1m(6) v/ kler(0m) EgHHm(X)
 klek(0m) /(B + m)leg i (0) E ¢FF(X)(1 = 2md)F E g™(X)
_ \/(k +m)leg1m ()

VEer(8,) (1 — 2md)F E g™ (X)

(G [ )
N \/k!Eqm(X) \/ck(dm)(l —2md)k

_ (k +m)! H?ﬁﬁ%ﬁ(l — j6)
R E @ (X) 4| 120252, (1-40)
q™(X) F’ETEQm:;)k J (1 — 2mé)k
k+2m—2
(k+m)! .
=\ mmmon 1 -39,
\] E'E¢m™(X) —fdmet

and the proof is complete. u
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