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Summary. We consider a mathematical model which describes the equilibrium between
a viscoelastic body in frictionless contact with an obstacle. The contact is modelled with
normal compliance, associated with Signorini’s conditions and adhesion. The adhesion is
modelled with a surface variable, the bonding field, whose evolution is described by a
first-order differential equation. We establish a variational formulation of the mechanical
problem and prove the existence and uniqueness of the weak solution. The proof is based
on arguments of evolution equations with multivalued maximal monotone operators, dif-
ferential equations and the Banach fixed point theorem.

1. Introduction. Contact problems involving deformable bodies are
quite frequent in industry as well as in daily life and play an important
role in structural and mechanical systems. Contact processes involve com-
plicated surface phenomena, and are modelled with highly nonlinear initial
boundary value problems. Taking into account various contact conditions
associated with more and more complex behavior laws leads to the intro-
duction of new and nonstandard models, expressed with the aid of evolution
variational inequalities.

An early attempt to study contact problems within the framework of
variational inequalities was made in [13]. Recently, a book |23| appeared
that represents a broad insight into the theory of inclusions, hemivariational
inequalities, and their applications to contact mechanics. The mathemati-
cal, mechanical and numerical state of the art can be found in [28] where
we find detailed mathematical and numerical studies of adhesive contact
problems.
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Adhesion may take place between parts of contacting surfaces. It may
be intentional, when the surfaces are bonded with glue, or unintentional,
as a seizure between very clean surfaces. The adhesion contact is modelled
by a bonding field on the contact surface, denoted in this paper by j; it
describes the pointwise fractional density of active bonds on the contact
surface, and is sometimes referred to as the intensity of adhesion. Following
[16,/17], 5 satisfies 0 < 8 < 1; when S = 0 all the bonds are severed and
there are no active bonds, when § = 1 all the bonds are active; when
0 < B < 1 the adhesion is partial and only a fraction 8 of the bonds
is active. Basic modelling can be found in [16,/18]. Recall that unilateral
contact problems involving Signorini’s condition with or without adhesion
were studied by several authors (see for instance [1-3,8-12,|14}20%21} 25|26,
28,29,32,33]).

Contact problems for elastic and viscoelastic bodies with adhesion and
friction appear in many applications of solid mathematics such as the fiber-
matrix interface of composite materials. A consistent model coupling unilat-
eral contact, adhesion and friction was proposed in [25]|. Several models for
dynamic or quasistatic processes of adhesive contact between a deformable
body and an obstacle have been studied in [5-7,9,/10,/15,/18,/19,2223,25,27,
28,30-33] and the references therein.

The novelty in all the above papers is the introduction of a surface in-
ternal variable, the bonding field 8. In [19], an adhesive contact problem
for viscoelastic materials with long memory was studied. The authors ob-
tain existence and uniqueness results for abstract inclusions and variational-
hemivariational inequalities, which they apply to prove the existence of a
unique weak solution to the contact problem.

The aim of this paper is to continue the study of the contact problem
begun in [33]. The novelty of this paper is the study of a viscoelastic friction-
less contact problem with unilateral constraint and adhesion. Recall that this
type of contact was used for the first time in [20]. We establish a variational
formulation of the mechanical problem, for which we prove the existence and
uniqueness of solution. The proof is based on a general result on evolution
equations with multivalued maximal monotone operators and fixed point
arguments.

The paper is structured as follows. In Section 2 we list the assumptions on
the data, derive the variational formulation and present our main existence
and uniqueness result, Theorem 2.1. Its proof is provided in Section 3.

2. Problem statement and variational formulation. We consider
a viscoelastic body which occupies a domain 2 C R? (d = 2,3) and assume
that its boundary I' is regular and partitioned into three measurable and
disjoint parts I'1, I'5, I'; such that meas(I) > 0. The body is acted upon by
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a volume force of density f; in {2 and a surface traction of density fo on I5.
On I3 the body is in adhesive frictionless contact with an obstacle.
The classical formulation of this mechanical problem is as follows.

PROBLEM P;. Find a displacement field v : 2 x [0,7] — R? and a
bonding field 5 : I3 x [0,7] — [0, 1] such that

(2.1) divo(u,u) = —fi in 2 x (0,7),
(2.2) o(u,u) = Ae(d) + Be(u) in 2 x (0,7),
(2.3) u=20 on Il x (0,7),
(2.4) ov = fy on Iy x (0,7,
uy < g, Oy +p(uzz) - CV/32RV(UV) <0
<2.5) (uu - g) (UV +p(uu) - CV/BQRV(UZ/)) =0,0=0 on Iy (0’ T)’
(2.6) B =—[Bey(Ry(uy))? —ea]y  on Iy x (0,7),
(2.7) u(0) =wuy in £2,
(28) ,8(0) = BO on F3.

Equation (2.1) represents the equilibrium equation where o = o(u, ) de-
notes the stress tensor. Equation (2.2) is the viscoelastic constitutive law
of the material in which A and B are the viscosity and elasticity operators,
respectively, and e(u) is the small strain tensor. Here and below, a dot above
a variable represents the time derivative.

Relations (2.3) and (2.4) are the displacement and traction boundary
conditions, respectively, in which v denotes the unit outward normal vector
on I" and ov represents the Cauchy stress vector.

Condition (2.5) represents the unilateral and frictionless contact with
adhesion on the contact surface I'3 where u, is the normal displacement, o,
is the normal constraint, o, is the tangential constraint and p is a normal
compliance function. Here ¢ > 0 is a maximal value of the penetration of
the viscoelastic body in the obstacle (see [20]); R, is a truncation operator
defined by

L ifs<—L,
Ry(s)=¢ —s if —L <s<0,
0 if s >0,

where L > 0 is a characteristic length of the bonds; and the parameter ¢, is
an adhesion coeflicient.

Equation (2.6) represents the ordinary differential equation which de-
scribes the evolution of the bonding field where €, is an adhesion coefficient
and [s]4 = max(s,0) for s € R. This equation was already used in several
papers (see for example [28]). Since § < 0 on I3 x (0,T), once debonding
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occurs, bonding cannot be reestablished. Also we wish to make it clear that
from [24] it follows that the model does not allow for a complete debonding
field in finite time.

Finally, (2.7) and (2.8) represent respectively the initial displacement
field and the initial bonding field.

We recall that the inner products and the corresponding norms on R?
and Sy are given by

UV = U, lv] = (v0)? Vu,v e RY,
o.T = 045Tij, |T| = (r.1)Y2  Vo,1 € Sy,

where Sy is the space of second order symmetric tensors on R? (d = 2,3).
Here and below, the indices ¢ and j run between 1 and d and the summation
convention over repeated indices is adopted.

Now, to proceed with the variational formulation, we need the following
function spaces:

H=(L*2)¢, H, = (H'(2)?,
Q={o=(0i) :0ij=0j; € L*(2)},
Q1={ce€eQ:divece H}.

Note that H and @ are real Hilbert spaces endowed with the respective
canonical inner products

(u, ’U)H = S U;V; diL‘, (U,T)Q = S 045 Tij dr.

2 o}

The strain tensor is
1
e(u) = (ei5(w)),  where eij(u) = 5 (ui; +uji);

dive = (0y;;) is the divergence of o. For every v € Hi, we also write v
for the trace of v on I' and we denote by v, and v, the normal and the
tangential components of v on the boundary I" given by

Uy =0V, U =V — Uyl
Similarly, for a regular function o € @1, we define its normal and tangential

components by
oy = (ov).v, or=0v—o0,V
and we recall the Green formula
(0,e(v))g + (dive,v)g = S ovwda Vv € Hy,
r
where da is the surface measure element.

In the study of Problem P; we assume that the viscosity operator A and
the elasticity operator B satisfy the conditions:
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A2 x Sd — Sd;

A(z,7) = (aijr(x)1i;) for all 7 € Sg and a.e. x € (2;
Qijki = Qlij = Qjik € L°(92);

there exists m 4 > 0 such that

L QijriTijTet > ma|7|? for all T = (1) € Sq and a.e. in (2,

and
((a) B: 2 x Sq— Sy;
(b) there exists Lp > 0 such that
|B(z,e1) — B(x,e2)| < Lpler — &3]
(2.10) for all 1,69 in Sy and a.e. x € §2;
(c¢) the mapping x +— B(x,¢) is Lebesgue measurable on (2,
for any ¢ in Sg;
(d) z+ B(z,0) is in Q.
Let V be the closed subspace of H; defined by
V={veH :v=0o0nI1}.

Since meas(I1) > 0 and the viscosity tensor satisfies the assumption (2.9),
it follows that V is a real Hilbert space endowed with the inner product

(u, v)v = (Ae(u),e(v))q;

let ||- ||y be the associated norm. Moreover by Sobolev’s trace theorem, there
exists dp > 0 which depends only on the domain {2, Iy and I'; such that

(2.11) [vll(z2(rye < dellvlly Vv eV.
We suppose that the adhesion coefficients ¢, and ¢, satisfy
(2.12) c, € L®(I3), e4€ L*(I3) c,,eq >0 ace. on I3.

For the Signorini problem, we use the convex subset of admissible dis-
placement fields given by

K={veV:v, <ga.e. only}.
We assume that the initial data satisfy
(2.13) up € K,
(2.14) Bo € L*(I3), 0<pBy<1 ae. onls.
Next, we define the functional j : L?(I3) x V x V — R by

§(B,u,v) = | (e BRy(u) + p(u))vy da,  V(B,u,v) € L*(I's) x V x V,
Is
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where the normal compliance function p : I3 x R — R satisfies:

((a) there exists L, > 0 such that
Ip(z,r1) = p(@,72)| < Lp|ry — ra|
for all 1,72 € R and a.e. x € [5;
(2.15) § (b) (p(z,71) — p(z,72))(r1 —72) = 0
for all 1,72 € R and a.e. x € [5;
(¢) the mapping = — p(z,r) is measurable on I3, for any r € R;
(d) p(z,r)=0for all » <0 and a.e. z € I3.

We suppose that the body forces and surface tractions have the regularity
(2.16) fLe WHHO,T5 H),  fo € WHH(O,T5 (L2 (1)),
and we use Riesz’s representation to define a function F': [0,7] — V by

217)  (F@)v)y =\ Alt)vdz+ | fo(t)vda YoeV, te[0,T].
2 I

We see that (2.16) and (2.17) imply
Fewhio,T;V).
We also need to introduce the following set for the bonding field:
B={0:]0,T] — L*(I3): 0 < 6(t) <1Vt e€[0,T], ae. on I3}.

Finally, for p € [1, 0], we use the usual notation for the Lebesgue spaces
LP(0,T;V) and Sobolev spaces W*>(0,T;V), k=1,2,....

For every real Banach space (X, || - ||x) and T' > 0 we write C([0,T]; X)
for the space of continuous functions from [0, T'] to X; recall that C(]0,T]; X)
is a real Banach space with the norm

x) = 1) x.
lzleqorsx) = max l=(®)llx

Now assuming that the solution is sufficiently regular, by using Green’s
formula we find that Problem P; has the following variational formulation.

PROBLEM P;,. Find a displacement field w : [0,7] — V and a bonding
field 8 : [0,7] — L?(I) such that

u(t) € K,
(3.1) (Ae(u(t),e(v) —e(u(t)), + (Be(u(t)),e(v) — e(ul(t))),
+7(B@),u(t),v —u(t)) > (F(t),v —u(t))y, Yv € K, ae. t € (0,T),

(3'2) B(t) = _[ﬂ(t)cl/(Ru(Ul/(t))Q - 5a]+v a.e. t € (O’T)a
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(3.3) u(0) = uo,
(3.4) 8(0) = fo-

The main result of this section, to be proved in the next one, is the
following theorem.

THEOREM 2.1. Assume that (2.9), (2.10) and (2.12)—(2.16) hold. Then
there exists a unique solution to Problem P» which satisfies

we WhHe(0,T;V), Bewh™(0,T;L*(I3))NB.

3. Proof of Theorem 2.1. As in [3|, the proof of Theorem 2.1 will be
carried out in several steps and we need the following abstract results. Let
X be a Hilbert space with the inner product (-, -)x and the associated norm
| - ||x. The domain D(A) of a multivalued operator A : D(A) € X — 2% is
defined as

D(A) ={z € X : Az # 0},

where 2% represents the set of all subsets of X. We say that the operator A
is monotone if

(u1 — U2,V] — Ug)X >0 Vu € Aul, Vg € AUQ, Vul,uQ € D(A)
We say that A is maximal monotone if there exists no monotone multivalued
operator B : D(B) C X — 2% that is a proper extension of A.

For a function ¢ : X — |—00,00] we denote the subdifferential of ¢ at
u € X as

O¢(u) ={f € X : ¢(v) — d(u) = (f,v —u)x Vv € X}.

It can be shown that if ¢ : X — ]—o00, o0] is a proper, convex, and lower
semicontinuous function, then 0¢ is a maximal monotone operator. It can
also be shown that if A; : D(A;) € X — 2% is a maximal monotone operator
and As : X — X is a single-valued, monotone, and Lipschitz continuous
operator, then A; + As is a maximal monotone operator. The proofs of these
results and of the theorem below can be found in [4].

THEOREM 3.1. Let X be a Hilbert space and let A : D(A) € X — 2%
be a multivalued operator such that A+ wlx is a maximal operator for some
real w. Then, for every f € WhY(0,T;X) and ug € D(A), there exists a
unique function u € Wh*°(0,T; V) which satisfies

u(t) + Au(t) > f(t), ae te(0,T),
u(0) = uo.
Next, we use this result to prove Theorem 2.1.

Proof of Theorem 2.1. In the first step, for a given n € W°(0,T; V) we
consider the following variational problem.
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PROBLEM P,. Find u, : [0,T] — V such that
up(t) € K,
(Ae(ty (1), e(v) — e(uy(t)) o + (Be(uy(t)),e(v) — e(uy(t))),,
+ (n(t),v —uy(t))y > (F(t),v —uy(t))y Yve K, aete(0,T),
un(0) = uo.
We show the following result.

LEMMA 3.2. Problem P, has a unique solution which satisfies u, €
Whee(0,T;V).

Proof. We see that Problem P, is equivalent to Problem @, defined
below.

PROBLEM Q. Find u, :[0,7] — V such that
uy(t) € K,
(Ae(ity(1)),€(v) = e(un(t))) o + (Be(un(t)),(v) = e(un(t))
> (Fy(t),v —uyt)y VYveK, aete(0,T),

(3.5)

(3.6)  uy(0) = ug,
where F,, € WH1(0,T;V) is defined as F,, = F — 1.
Next, by the Riesz representation theorem we can define an operator
C:V >V by
(Cu,v)y = (Be(u),e(v))q Yu,veV.
It follows from the assumptions (2.9) and (2.10) that

L
(3.7) \WM—QMW§%%WrwﬂV Yuy, us €V,

i.e., C'is a Lipschitz continuous.
For Vi C V, we denote by Iy, : V — ]—00, 0] the indicator function of

the set V7, defined by
0 ifvelq,
Iy, (v) =
" () {oo if v ¢ V.
Since K is a nonempty convex closed subset of V, it follows that Ol is a

maximal monotone operator on V and D(0lx) = K.

Using (3.7), we see that the operator
L
C+=Er,:vov
ma

is monotone and Lipschitz continuous. Therefore,

L
O +C+ B, . Kcv 2oV
mA
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is a maximal monotone operator. Conditions (2.12) and (3.6) allow us to
apply Theorem 3.1 with X = V endowed with the inner product (-,-).4,
A=0Ix+C, D(A) = K CV, and w = Lg/m. We deduce that there
exists a unique element u,, € W1o°(0,T; V) such that

(3.8) Uy (t) + Ok (uy(t)) + Cuy(t) 3 Fy(t), ae. te(0,T),
(3.9) un(0) = uo.
We recall that for each u, z € V' we have the following equivalence:
z€0Ig(u) & ue K, (z,v—u)y <0V e K.
Thus, the differential inclusion (3.8) is equivalent to the following variational
inequality:
up(t) € K,
(tn(t), v — up(t))v + (Cuy(t), v — uy(t))v
> (Fy(t),v—uy(t))y WYwekK, ae te(0,T).

It follows from (3.10) that u,, satisfies the variational inequality

(3.10)

uy(t) € K,
(Ae(ty (1), £(v) = e(un(t)) o + (Beluy(t)),e(v) — e(uy(t))),
> (Fy(t),v—uy(t))y WYwelkK, ae te(0,T).

Therefore, we deduce from (3.11) and (3.9) the existence part of Theorem
2.1. The uniqueness of solution which satisfies (3.5) and (3.6) is guaranteed
by Theorem 3.1.

In the second step we consider the following initial value problem.

PROBLEM R,. Find a bonding field 3, : [0, 7] — L?(I3) such that

(312)  Bylt) = ~[B(Oco(Rulunn () — ey, ae. t € (0,T),
(3.13) Bn(0) = Bo.
We have the following result.

(3.11)

LEMMA 3.3. There exists a unique solution to Problem R,, and it satisfies
B, € WH(0,T; L*(I3)) N B.

Proof. Consider the mapping F(t,0) : [0,T] x L?(I’3) — L?(I3) defined

by
F(t,0) = _[Cve(Ru(unu(t)))Z — Eal+-

It follows from the properties of the truncation operator R that F' is Lipschitz
continuous with respect to the second argument, uniformly in time. Moreover,
for any 6 € L?(I3), the mapping t +— F(t,6) belongs to L>°(0,T; L*(I3)).
Then, from a version of the Cauchy—Lipschitz theorem (see [|28]), we deduce
the existence of a unique function 3, € W1°°(0,T; L?(I3)) which satisfies
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(3.12), (3.13). The regularity 3, € B follows from (3.12), (3.13) and (2.14),
(see also [28]). =

Next, in the third step for n € W1°°(0,T;V) we denote by uy, and (3,
the solutions of Problem P, and R, respectively. Using Riesz’s representation
theorem we define the function

An:0,T] -V
by
(3.14) (At o)y = §(Balt) un(t),v) Vo e Vit e [0,T].
We have the lemma below.

LEMMA 3.4. For each n € W1°(0,T;V) the function An belongs to
W1o°(0,T; V). Moreover, there erists a unique n* € W1°(0,T;V) such
that An* = n*.

Proof. Let n € Wh*°(0,T;V) and t1, t2 € [0,T]. Using (3.14), it follows
that there exists a constant ¢; > 0 such that

[An(t:) — An(ta)llv < ex([185 (1) Ru (ugu (t1)) — By (b2) Ry (o (£2)) | 221

+ [Ip(uy (t1)) = p(uw(t2)) | 2(1y) ) -
Now, keeping in mind (2.14), the inequalities 0 < 3,(t) < 1 for all t € [0, 7]
and the properties of the truncation operator R,, we find that

(3.15) [ An(tr) — An(t2)llv
< ca(lfug(tr) = un(t2)llv + 1185 (t1) — By(t2)llL2(ry))
with some co > 0. Since u, € WH°(0,T;V) and 8, € WH(0,T; L*(I3))
N B, we deduce from (3.15) that An € W°(0,T; V).
Let now n1,1m2 € Wh°(0,T;V). For t € [0,T] we integrate (3.12) with

the initial condition (3.13) to obtain

t

Bui(£) = Bo — § By (s)cw(Ru (o () — &4l 4 da.

0
Using the definition of R,, the inequality | R, (u,,)| < L, (2.11) and writing
By = B — By + Bis, We see that for some constant ¢z > 0,

1By (£) = B (D)l £2(1)
t t
< s § 1601 (5) = Bua(9)ll20r3) + 2§ 1ty (5) = gy (5) - ).
0 0
By a Gronwall-type inequality, it follows that
t

(3.16) 18, (t) = B )| 2y < €4 { Ny (5) = wna ()l ds
0
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with some ¢4 > 0. On the other hand, using arguments similar to those in
the proof of (3.15), we find that there exists a constant ¢5 > 0 such that

[An () = Ana(@®)lv < e5 ([, (8) = ny (O lv + (189 (8) = B (D)l 22(1))-
Then, by (3.16) we have

B.17) ([ Am(t) — Ana(D)[lv

< 5 (I, (1) = s ()l + 4§ [y () = s (3)]lv ).
0

Next, we use (3.11) to find that

(um (t) - um (t)> Unp;y (t) — Uny (t))v S (772 (t) - (t)a Uny (t) — Upy (t))v
+ (B“m (t) - Bum (t)v Un,y (t) - uﬂz)v'

Using the Cauchy—Schwarz inequality and (3.7) we obtain
(um (t) - ﬂm (t)a Uny (t) — Uny (t))v < (772 (t) —Mn (t)> Uny (t) — Uny (t))v

Lp
+ Hum(t) _unz(t)H%/'
ma

We integrate the inequality above with respect to time to find that

t

gy (8) = o (DI} < 2§ l1m2(5) = 01 (5) 1y ety (5) = gy (5) | ds
0

Lg ¢

+ 222 Ny, (8) — up, (8)||% ds.
mA[S)H m (8) = s ()%

Applying the inequality
2ab < a?+b*> Va,beR,

we obtain
t

ety (8) = g DI < 2§ m1(5) = ma()II5- ds
0

t
+(2—+1 Up, (8) — Uy, (8 ds.
(222 (9~ I

Using now a Gronwall-type inequality we get

t

(3.18) gy (8) = o (DI < 6§ 1m(s) = 12(s)3 ds
0
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for some constant c¢g > 0. Using (3.17) after some calculations we find that
there exists a constant ¢y > 0 such that

1An1(t) — An2(B)13

< 93 (I, (6) — s ) + (s (5) — s (5) - i) ).

0
Then, using the Cauchy—-Schwarz inequality we find

(319) [ Am(t) — Am(®)}
t
< 263 (It (1) = o ()1 + § i (5) = 10ga () [ dis)
0

for some positive constant cg. Therefore by (3.18) and (3.19), it follows that
there exists a constant cg > 0 such that

t

(3.20) 1Am () = A ()15 < eo {llm () = m2(5)IIF ds.
0

Let now a > 0, and denote

Inlla = sup e~ n#)llv  ¥n e C([0,T]; V).
te[0,7]
Clearly || - || defines a norm on the space C([0,T]; V') which is equivalent to
the standard norm || - || (0, 77;v)- Using (3.20), we get

C10
[Am — Anz[lo < TQHm —m2lla  Vnu,m2 € C([0,T); V),

for some c19 > 0. So for « sufficiently large, the operator A is a contraction on
the space C([0,T; V') endowed with the norm ||-||o. Then by the Banach fixed
point theorem it follows that A has a unique fixed point n* € C([0,T]; V)
such that An* = n*. The regularity n* € W1>(0,T;V) follows from the
regularity An* € W1°°(0,T; V'), which concludes the proof. m

Now, we have all the ingredients to prove Theorem 2.1.

Proof of Theorem 2.1. Eristence. Let n* € W1°°(0,T;V) be the fixed
point of A and let u,3 be the functions defined in Lemmas 3.3 and 3.4,
respectively, for n = n*, i.e. u = uy«, B = f*. Clearly equalities (3.2) and
(3.4) hold from Lemma 3.3. Moreover, since An* = n*, it follows from (3.5)
and (3.6) that (3.1) and (3.3) hold too. The regularity of solution to Problem
Py follows fom Lemmas 3.2 and 3.3.

Uniqueness. The uniqueness of the solution follows from the uniqueness
of the fixed point of A and the uniqueness parts of Lemmas 3.3 and 3.4. =
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