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Summary. For an operator in a possibly infinite-dimensional Hilbert space of a certain
class, we set down axioms of an abstract intersection theory, from which the Riemann
hypothesis regarding the spectrum of that operator follows. In our previous paper (2011)
we constructed a GNS (Gelfand—Naimark—Segal) model of abstract intersection theory.
In this paper we propose another model, which we call a standard model of abstract
intersection theory. We show that there is a standard model of abstract intersection theory
for a given operator if and only if the Riemann hypothesis and semisimplicity hold for
that operator. (For the definition of semisimplicity of an operator in Hilbert space, see the
Introduction.) We show this result under a condition for a given operator which is much
weaker than the condition in the previous paper. An operator satisfying this condition
can be constructed by using the method of automorphic scattering of Uetake (2009).

Combining this with a result from Uetake (2009), we can show that a Dirichlet L-
function, including the Riemann zeta-function, satisfies the Riemann hypothesis and its
all nontrivial zeros are simple if and only if there is a corresponding standard model of
abstract intersection theory. Similar results can be proven for GNS models since the same
technique of proof for standard models can be applied.

1. Introduction. In the 1940s Weil [W1] developed an intersection the-
ory on surfaces over finite fields to apply it to the proof of the Riemann
hypothesis for curves over finite fields.

In this paper we introduce axioms ((AIT1)—(AIT3) in §3) of abstract
intersection theory for an operator in a Hilbert space. These axioms are
analogous to the properties of Weil’s intersection theory on surfaces. We
consider a collection AIT that consists of a vector space, distinguished vec-
tors and corresponding maps, satisfying the axioms (AIT1)-(AIT3). From
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this collection we can derive the Riemann hypothesis regarding the spectrum
of that operator. Therefore we call AIT an abstract intersection theory.
Let H be a C-Hilbert space. Let A: H D dom(A) — H be a C-linear op-
erator (possibly unbounded) where dom(A) is the domain of A. We assume
that the spectrum o(A) of A consists only of the point spectrum o, (A).

DEFINITION 1.1. We say that the operator A satisfies the Riemann hy-
pothesis (briefly, RH) if

1
Re(s;) = 5 for all s; € o(A) = op(A).
We say that the operator A is semisimple if
v(si) =1 forall s; € 0(A) =0p,(A).

Here v(s;) is the Riesz index of s;. For its definition see the paragraph
preceding the conditions (OP1)—-(OP5) in §2, which A is assumed to sat-
isfy. The conditions (OP1)—(OP5) are satisfied by the operator A obtained
from automorphic scattering theory [U], which gives a spectral interpreta-
tion of certain Dirichlet L-functions, including the Riemann zeta-function.
See Remark 2.1(4) in §2.

In our previous work [BU], we showed AIT = RH. We also constructed
a model AlTqns of abstract intersection theory based on an analogue of
the GNS (Gelfand—Naimark—Segal) representation. We call AlTqys a GNS
model of abstract intersection theory. We showed that AlT.ys < RH, as-
suming the semisimplicity of A [BU, Theorem 3.1].

We observe that there is some flexibility in constructing models of abstract
intersection theory to investigate the spectrum of operators in Hilbert space
and nontrivial zeros of corresponding Dirichlet L-functions. In this paper
we propose a new model AIT,,, which we call a standard model of abstract
intersection theory. This model is inspired by the Kiinneth formula for /-adic
cohomology. For this model we show AIT,,, < RH & semisimplicity (Theorem
5.2(2)). It is worth pointing out that the assumptions (OP1), (OP2), (OP3-a)
and (OP4) on the operator A imply the existence of a standard model of
abstract intersection theory which satisfies (AIT1-a)—(AIT1-f), (AIT2) and
(AIT3) (see Lemmas 4.1 and 4.2). To prove the RH and semisimplicity of
the operator A, we need to add (AIT1-g).

The techniques for proving our results concerning AIT,, can also be
applied to AITgns from our previous paper [BUJ. Namely, we can show
AlTgns < RH & semisimplicity (Theorem 5.3). Therefore we significantly
strengthen our previous results in [BU] for both GNS and standard models,
dropping the semisimplicity assumption (the condition (OP3-b) in [BU]J).
The condition (OP3-b) in this paper is much weaker and is satisfied by
operators coming from scattering theory for Dirichlet L-functions [U].
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As a corollary of Theorems 5.2 and 5.3 combined with the results of [U]
on automorphic scattering, we observe that a Dirichlet L-function, including
the Riemann zeta-function, satisfies the RH and its nontrivial zeros are all
simple if and only if there is a corresponding standard model AIT,,, (or GNS
model AlTgNg) of abstract intersection theory (Theorem 5.4).

The plan of this paper is as follows.

In §2 we define an analogue of the classical Frobenius morphism for the
operator A. The spectrum of this analogue is similar to that of the classi-
cal Frobenius morphism if the operator A satisfies the Riemann hypothesis.
The introduction of this analogue is also inspired by Weil’s explicit formu-
las [W2].

In §3 we introduce a general notion of abstract intersection theory AIT
and set down its axioms ((AIT1), (AIT2) and (AIT3)).

In §4 we construct a specific example of abstract intersection theory,
which we call a standard model AIT,,, using the analogy with the classical
Kiinneth formula for ¢-adic cohomology.

In §5 we state our main theorems (Theorems 5.2, 5.3 and 5.4).

In §6 we show that there is a strong analogy between Weil’s approach
to zeta-functions for curves over finite fields and our approach to Dirich-
let L-functions. For Weil’s intersection theory, see also Grothendieck [Gro],
Monsky [Mon] and Serre [S].

We should note that there is a program by Connes and Marcolli (and
Consani) [CM] to adapt Weil’s proof of RH for function fields to the case of
number fields. See also Connes [C]. There is also a conjectural cohomological
approach by Deninger [DIl [D2] toward the interpretation of Hasse—Weil
L-functions in analogy with the étale cohomology interpretation of L-func-
tions of varieties over finite fields.

2. An analogue of the Frobenius morphism for the operator A.
Let H be a possibly infinite-dimensional C-Hilbert space. If H is infinite-
dimensional we assume that H is separable. Let A: H D dom(A) — H be
a possibly unbounded operator on H.

If s; € 0(A) is an isolated spectrum point, one can take a small enough
bounded domain A of C such that {s;} € A (i.e.{s;} € A°) and AN
(0(A) — {si}) = 0. If A is a closed operator then one can define the Riesz
projection Pygy: H — H by

1 -1
P{Sz} = % § <SI — A) ds.
0A

Here I: H — H is the identity operator on H. Then P, is a bounded
operator on H.
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For s; € 0,(A), the Riesz index v(s;) of s; is defined as the smallest
positive number < oo such that

Ker((s;l — A)¥6)) = Image(Pys,1)-

Let mult(s;) := dimc Image(Py,,}), which we call the (algebraic) multi-
plicity of s; € op(A).
We assume the following properties of A:

(OP1) A is closed.

(OP2) The spectrum o (A) consists only of the point spectrum (i.e. eigen-
values) op,(A) (i.e. 0(A) = 0,(A)), which accumulates at most at
infinity.

(OP3) (a) Image(Py,}) is finite-dimensional (i.e. mult(s;) < oo) for any

si € op(A).
(b) v(s;) = mult(s;) for any s; € op(A).

(OP4) 0(A) C Qoo, where Qo :={s € C| 0 < Re(s) < 1}.

(OP5) Re(s;) < 1/2 for some s; € o(A) if and only if there is s; € o(A)
such that Re(s;) > 1/2.

REMARK 2.1. (1) (OP1) is needed when one applies Lemma 2.1 of [BU]
on spectral decomposition. The lemma is taken from Gohberg, Goldberg
and Kaashoek [GoGK| XV.2, Theorem 2.1, p. 326].

(2) In [BUI, the condition (OP3-b) was the semisimplicity v(s;) = 1
(s; € 0(A)). The above stated (OP3-b) is a much weaker condition: it says
that each eigenvalue of A has just one corresponding Jordan block. Actually
this is satisfied in the construction using automorphic scattering theory [U].
See Remark 2.1(4) below.

(3) The above (OP5) is (OP5-a) in [BUJ. (OP5-b) of [BU], which is
necessary for the construction of GNS models of abstract intersection theory,
is not necessary for the construction of standard models in this paper. It is used
there to keep the space V' an R-linear space in the GNS model. In the standard
model we apply the complexification Vi of V instead (see §3). (OP5-b) in [BUJ
is satisfied by an operator A constructed in [U] (see Remark 2.1(4) below).

(4) Let I'(N) be the principal congruence subgroup of level N such that
the modular curve I'(N)\H =~ I'(N)\SL2(R)/SO(2) is noncompact and has
one cusp at i0o0. Here H denotes the upper half-plane. Then the scattering
matrix in the functional equation of the Eisenstein series essentially contains
the Dirichlet L-function L(s, x) for a Dirichlet character x: (Z/NZ)* — C*.
See Huxley [Hux]. In [U] the second author constructed a scattering theory
for automorphic forms on I'(/N)\H. Furthermore he constructed an operator
A satisfying (OP1)—(OP5) whose (point) spectrum coincides with the non-
trivial zeros of the Dirichlet L-function L(s,x), counted with multiplicity.
That is, s; € 0(A) (= 0p(A4)) and v(s;) (= mult(s;)) = m; if and only if s;
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is a nontrivial zero of L(s, x) of order m;. We call s; € C a nontrivial zero
of the Dirichlet L-function L(s,x) if L(s;,x) = 0 and 0 < Re(s;) < 1. In
automorphic scattering of [U], assumptions (OP1)—(OP5) are consequences
of Theorem 4.1 of [U, p. 455]. More specifically, (OP1)—(OP5) are deduced
as follows: (OP1) follows from Theorem 4.1(i); (OP2) follows from Theo-
rem 4.1(iii-a); (OP3) follows from Theorem 4.1(iii-b) and (iii-c); (OP4) and
(OP5) follow from Theorem 4.1(iv). (OP5-b) in [BU] also follows from The-
orem 4.1(iv).

The theory of automorphic scattering was initiated by Pavlov—Faddeev
[PavE] and then Lax-Phillips [LP], inspired by Gelfand [Ge]. =

Now for Y > 0 let
oy(A) :={se€o(A)| Im(s)] < Y}.

Note that oy (A) is a finite set by (OP2) and (OP4). Let the parameter
space ) be defined by

Y= {Y >0 oy (4) £ 0} — {[m(s)| | s € 7(A)}.
Fix a function
q: Y —(0,1)U(1,00).

Let B(X) denote the set of bounded operators on a C-Hilbert space X.
By definition T: X D dom(7") — X is a bounded operator if dom(7T") = X
and the operator norm ||| is finite.

Let X' be the set of closed subspaces of H. We will construct maps

Fy:Y—B(H) and H:Y — Xy
such that Fu(Y): H — H satisfies the following conditions for each Y € ):
(Frob-a) FAY)YH(Y) C H(Y)
(i.e. the subspace H(Y) is invariant for F4(Y")), and
(A ) = op(Fa(Y ) = a(Y)* | 5 € oy (4)}
(Frob-b) (counted with algebraic multplicities),
o(Fa(Y)) = op(Fa(Y)) = o(Fa(Y)lp(y)) U{0}-

Note that o(Fa(Y)|#(y)) is a finite set counted with algebraic multiplicities
by (OP1), (OP2), (OP3-a) and (OP4).

The operator Fa(Y) (Y € Y) is considered to be an analogue of the
classical Frobenius morphism, since the spectrum of this analogue is simi-
lar to that of the classical Frobenius morphism if the operator A satisfies
the Riemann hypothesis. It is also motivated by the spectral side of Weil’s
explicit formulas [W2] (see §6).
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Models F4,, and H,, of F4y and H. Now we construct models F4 ,,:
Y — B(H) and H,,: Y — Xy which satisfy (Frob-a) and (Frob-b). These
models will constitute parts of a standard model AIT,, constructed in §4.
Let

Oy :={se€C|0<Re(s) <1, Im(s)| <Y}

for Y € Y. Note that 2y No(A) = oy (A) for Y € Y by (OP4). Note also
that by (OP2), (OP4) and the definition of ) we have, for each Y € Y,

Uy(A) C Iy (i.e. Uy(A) = Uy(A) C \930/ = Qy),
Dy (1 (0(A) — oy (4)) = 0.

Therefore, since we have (OP1), the Riesz projection P, (4): H — H can
be well-defined for Y € ) by

1
P, = — —A)lds.
oy (a) = 5 § (5] — A)Hds
0Ny
Py () is a bounded operator on H. Let H,,: J — X' be defined by

Hm(Y) := Image(F,, (1))

By (OP2) and (OP3-a), H,,(Y) is finite-dimensional for each Y € ).
Given Y € Y, let

Fam(Y): HD dom(Fa,(Y)) — H

be defined by
Fam(Y)z := L( § q(Y)*(sI — A)7! ds)x
’ 2mi
o2y
for
x € dom(Fam(Y)) :={z € H| Fam(Y)z exists in H}.

)

Note that oy (A) is a bounded set. Thus, by (OP1) we can apply [BU,
Lemma 2.1] to have H,,(Y) C dom(A) and AH,(Y) C Hm(Y). Let Aly,, (v):
Hin(Y) = Hpn(Y) C H be the restriction of A to H,,(Y). Since H,,(Y) is
finite-dimensional, Al (v is abounded operator, i.e. Aly, vy € B(Hm(Y)).

Similarly, let H(s;) := Image(P,,;). By (OP2) and (OP3-a), H(s;)
is finite-dimensional. Again by [BU, Lemma 2.1], H(s;) C dom(A) and
AH(s;) C H(si). Let Alps,y: H(s;) — H(s;) C H be the restriction of A
to H(s;). By the same argument for Aly, (v), we have Alg () € B(H(si)).

LEMMA 2.1. Suppose that A satisfies (OP1), (OP2), (OP3-a) and (OP4).
Then:

(i) For eachY €,
dom(Fam(Y)) = H.
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Furthermore, Fy,(Y) is a bounded operator on H, i.e. Fan(Y) €
B(H).
(ii) The subspace Hpm(Y') is Fam(Y)-invariant:

FAm(Y)Hn(Y) C Hm(Y).
That is, Fam satisfies (Frob-a).
(iii) For eachY € ), we have
o(Fam(Y) 0, (v) = 0p(Fam(Y)la,,v) = {a(Y)* [ s € oy (A)}
(counted with algebraic multplicities) and
o(Fam(Y)) = 0p(Fam(Y)) = 0(Fam(Y)ly,,v)) U {0}.

That is, Fam satisfies (Frob-b).
(iv) Lett: Y — R—{0} be defined by t(Y) :=logq(Y) (i.e. eY) = ¢(Y))
forY € Y. For each'’Y € Y, we have

Fam(Y) = MAmmo Py
S t(Y)n n Y)A )
=2 o Ao Py = D0 APy,
n=0 ' si€oy (A)

(v) Suppose further that A satisfies (OP3-b). Then, with respect to an
appropriate basis of H(s;), Al s written as

YAy — N(s;)

with N(s;) € My, (C) given by

t(y)Oet(Y)si t(Y)let(Y>S7l o o t(y)miflet(Y)si
0l i (mi—1)1
t(Y)Oet<Y)Si t(Y)let(Y)Si t(Y)mi_Qet(Y)si

0! 1! (m;—2)!

t(Y)Oet(Y)S'L t(Y)let(Y)si
0! 1!

O t(Y)Oet(Y)si
0!

Here m; = v(s;) (= mult(s;)).

Proof. Let K(Y) = Ker(P,, (4)). Then by [BU, Lemma 2.1], K(Y) is
A-invariant in the sense that A(K(Y) N dom(A)) € K(Y). Thus one can
define Alg(yy: K(Y) D dom(A|gy)) — K(Y). Then we have o(A|gy)) =
0(A) —oy(A) [BU, Lemma 2.1]. We also have

A
A:( Hmyy O )
0 Alg v
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on H =H,(Y)® K(Y). Note that the direct sum @ does not necessarily
mean an orthogonal sum.

By (OP2) and (OP3-a), (sI — A)~! is meromorphic in the whole C-plane.
However, since (sI — A| K(y))_l is holomorphic in {2y, by the functional
calculus for the bounded operator Ay, vy we have

_ i s . —1
Fam(Y) =5 aé q(Y)*(sI — A)~tds
Y

-1 t(Y)s( o7 — A)-L
=gm I - AT ds
09y
-1
=L s <SI_ (A!Hm(y) 0 >) .
2mi 09y 0 Al kv
_ 1 § (V) ((SI — Al) 0 ) B
2mi 90y 0 (sI — A\K(Y))—1
1 Y)s —1
— % § et( ) (SI—A’Hm(Y)) PUy(A) ds
o0y

tY) Ay
_ et(Y)A|Hm<y)Pay(A) _ <e >’

0 0

which shows (i) and (ii). By [BU, Lemma 2.1] and (OP4), we have o(Aly,,(v))
= oy (A). By applying the spectral mapping theorem to the bounded operator
Alp,,, vy (recall that dime Hp(Y) < o0), this also shows (ii).

Note that

Pay(A): @ P{sl} and Hm(Y): @ H(Sz)

s;€oy (A) si€oy (A)

Here @ denotes the (not necessarily orthogonal) direct sum. Therefore we
have

1 _
Fam(Y) = By Z § q(Y)*(sI — Alns,)) 1P{8i} ds
SiGO’y(A) 0Ny

t(Y)A| (s,
- Z ) ‘H(,)P{Si}‘
SiEUy(A)

From this (iv) follows.

Note that by [BU, Lemma 2.1] we have o(A|g(,)) = {si}. Thus, by
(OP3-b), A|gs,) is written with respect to an appropriate basis of H (s;) as
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s; 1 O

Here m; = v(s;).

Note that
1 1 1
s—si  (s—s;)2 (s—sq)™i
1 1 1
= ) ey
(sT — M(s:) ™! = z
1 1
5—8; (s—s:)?
0 1
5—8;
Now,
00
t(Y)net(Y)Si
q(Y)S = et(Y)s = ZO 7”" (S — Si)n.
n=

From this, (v) follows by using the residue theorem. m

3. Abstract intersection theory and its axioms. Let V be an
R-linear space endowed with a symmetric R-bilinear form g: V x V — R.
Denote by V¢ the complexification of V' given by Ve = V ®r C. To simplify
the notation, we identify v ® o with av for v € V and a € C. Therefore we
have V' C V. Then one can define the complexification S¢: Ve x Vg — C
of 8 by

Be(arvr, ague) = aqagf(vr,v2)  (v1,v2 €V, aj,as € C).

It is easy to check that Sc(awi,ws) = « - fe(wy, we) and Be(wa, w1) =
Be(wy, we) for wi,we € Ve and o € C.

Let Endc(Ve) denote the set of C-linear operators 7': Ve O dom(7) —
Ve such that dom(T') = V. Suppose that there are nonzero vectors vg1, v19
and h, in V and maps vs: Y — Ve and @4: Y — Endc (V) which satisfy
the conditions listed below ((AIT1)-(AIT3)). We call a collection

AlT = (V’ Vo1, V10, Vs, h’av Ba QSAa FAu %)

that satisfies these conditions an abstract intersection theory. The map @4
is associated with the operator A in §2. The map F4: Y — B(H) along with
H: Y — X is an analogue of the Frobenius morphism defined in §2, which
satisfies (Frob-a) and (Frob-b); Fjy is related to ¢4 via the axiom (AIT3).
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(AIT1) (a) B(y,z) = B(z,y) € R for v,y € V;; Be(y,z) = Be(x,y) € C
for z,ye V.

(b) B(vor,vo1) = 0.
(c) B(v10,v10) = 0.
(d) B(vor,v10) = 1.

For each ' Y € Y and all n > 0:
(e) Be(@a(Y)"v5(Y),v01) = 1.
(f) Be(@a(Y) vs(Y),v10) = O(q(Y)").
(8) Be(@a(Y)"vs(Y), @a(Y)"vs(Y)) = O(q(Y)").
(AIT2) For x € V, if B(x, hg) = 0 then S(z,z) < 0.
Note that (AIT1-e)—(AIT1-g) are assumed to hold for each Y € Y. The
Bachmann-Landau notation O(g(Y)™) in (AIT1) is with respect to n > 0

for ¢(Y) with Y € Y fixed. We call (AIT2) the Hodge property, and h, a
Hodge vector.

LEMMA 3.1. Under the assumptions (AIT1-a)-(AIT1-d) and (AIT2),
Bz, x) < 2B(x,vo1)B(w,v10) (x € V).

Proof. See [BU, proof of Lemma 3.1]. =

Let the R-bilinear form (-,-)y: V x V' — R be defined by
(*) <l‘7 y>V = ﬁ(x) UOl)ﬁ(”lOa y) + 6(1"’ UlO)ﬁ(vﬂly y) - /8(337 y)
for x,y € V. By Lemma 3.1, (-, -)y is positive semidefinite, i.e. (x,z)y > 0
for z € V. Indeed, as we will see soon below ((IP-b), (IP-c)), this bilinear
form must be positive semidefinite, not positive definite.

The complexification (-, )y, : Vex Ve — Cof (-, )y : VXV —Ris given by

(a1v1, aua)y, = anag(vi, v2)v

for v1,v9 € V and aq, a9 € C.

LEMMA 3.2. (-,-)y. is positive semidefinite, i.e. (x,z)y. > 0 for all
x € V.

Proof. Since for z,y € V and t € R,

{tw +y,te +y)v = (z,2)vt® + 2z, y)vi+ {y,y)v >0,

we have the Cauchy—Schwarz inequality for (-, )y,

[z, y)v] < Vizoviy,y)v  (zyeV),
provided that (x,z)y # 0. If (z,x)y = 0 then (z,y)y must also be zero.
Therefore we have the Cauchy—Schwarz inequality for (-, -)y for any z,y € V.
Let V be a basis of V. Split V into two disjoint sets V = {u; }ier U{v;}jcs
so that (u;,u;)y = 0 and (vj,v;)v # 0. Note that V is also a basis of V¢
with the same properties: (u;, u;)1. = 0 and (v;,v;)v, # 0. Therefore any
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x € V¢ can be written as
xr = Z Qg U + Z Qg Vj
i€l JjEJ:
for some finite subsets I, C I and J, C J with o, o, ; € C.

Apply the Gram-Schmidt process to {v;}es, in V to obtain an or-
thonormal set {e;j};cs, in V. Then we have

/
xr = E Qg iU + g Oy €5
1€l j€Jx

for some o, ; € C.

From the Cauchy—Schwarz inequality for (-,-)y, we have (u;,,u;,)v =
(Ui, uiy)ve = 0 for iy,dp € I and (uj, e5)v = (ui,ej)ve = 0 for i € I, and
J € Jy. Thus it is easy to see that (z,z)y. > 0. m

Note that (-, )y is compatible with fc, i.e.

(+x)  (z,y)ve = Bc(®,vo1)Bc(vio,y) + Be(x, vi0)Be(vor, y) — Be(z, y)-
It is easy to see that (AIT1), (%) and (**) imply the following conditions
for any Y € V:
(IP) (a) (y,z)v = (z,y)v €R for z,y € V; (y, 2)v. = (z,y)v, € C for
x,y € V.
(b) {vor,vo1)v = 0.
(¢) (v10,v10)v = 0.
(d) <U01,'I}10>V =0.
For each Y € Y and all n > 0:
(e) (Pa(Y)"vs(Y),vo01)v = 0.
(£) (@a(Y)"vs(Y), v10)ve = 0.
(8) (Pa(Y)"vs(Y), Pa(Y)"vs(Y))ve = Oq(Y)").
LEMMA 3.3. For (-,-)v., we have the Cauchy-Schwarz inequality

[z y)ve| < /(@ 2)ve (Y y)ve (2,9 € Vo).
Proof. Let A = (z,z)y.. By Lemma 3.2 we have A > 0. Note that (e.g.
MacCluer [Mac, Exercise 1.7, p. 24])
0< <)\y - <y,.’17>VC.T, Ay - <y7x>V¢j$>Vc = A{)‘<y7y>v(c - |<337?J>VC’2}-

Therefore if A > 0 we have the desired inequality. Suppose A = 0. For the
basis V in the proof of Lemma 3.2, we have

T = E Qg Ui + g Qg jVj
i€ly Jj€Jx

for some finite subsets I, C I and J, C J with a,;,a,; € C. Applying
the Gram-Schmidt process to {v;};c, in V, we obtain an orthonormal set
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/

{ej}jes, in V. Then as in the proof of Lemma 3.2 we have, for some o, ;,

T = Z Qg Ui + Z a;,jej.
1€l J€EJx
Since A = 0 we have o, ; = 0. Therefore
xTr = Z Qg jUsj.
1€l
Similarly, y can be expressed as
Y= Z Qi + Z Qy,jUj
i€l JET,
for some finite subsets I, C I and J, C J with oy;,ay,; € C. Since
(uj,u;)y = 0 for ¢ € I, we have, by the Cauchy—Schwarz inequality for
(-, vy (Wiy, win)yv = (Ui, Uin)ve = 0 for iy € I, and iy € I, and (u;,v))y =
(ui,vj)ve = 0 for i € I, and j € J,. Thus we have (z,y)y, =0. =

Now we introduce axiom (AIT3), which we call the Lefschetz type for-
mula:
(AIT3) For each Y € Y and all n > 0,
tr(Fa(Y)") = (@a(Y)"v5(Y), vs(Y))ve-
Here tr(F4(Y)™) denotes the trace of Fa(Y)™.

4. Standard models of abstract intersection theory. In this sec-
tion we construct a model

AHTm = (Vma Vo1,m> V10,m» V§,m ha,ma Bma ¢A,ma FA,ma Hm)

of an abstract intersection theory AIT. We call AIT,,, which satisfies (AIT1)—
(AIT3) a standard model of abstract intersection theory.

Recall that we have constructed the models Fy ,, and H,, of F4 and H
in §2, using conditions (OP1), (OP2), (OP3-a) and (OP4) on the operator A.
We will construct the remaining elements of the model below.

Let {e;}Y, (1 < N := dimc H < o) be an orthonormal basis of the
C-Hilbert space H. (Recall that we have assumed that H is separable if it
is infinite-dimensional.) Therefore

N N
H:{Zaiei o; € C, Z]ai|2<oo}.
=1 =1

Let H' be the R-Hilbert space defined by

N N
Hl = {Zaiei a; € R, Z|ai\2<oo}.
=1 =1
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Then we have H. (:= H! ®g C) = H by identifying e; ® o with ae; for
« € C. Define R-linear spaces H and H? by
H:={af|a €R} and H?:={ag|acR}
with
(f,[)go =0 and (g,9)p2:=0.
REMARK 4.1. The reason why f € H? and g € H? are defined so that
they satisfy the above conditions for degenerate inner product is that (IP-b)

and (IP-c) in §3 must be satisfied. See (IP-b) and (IP-c) in the proof of
Lemma 4.1 below. =

Then the complexifications H(g = HY ®r C and H(% := H? @ C are
regarded naturally as
HY={af|aeC} and HZ={ag|acC}
by identifying f ® « (resp. g ® ) with aif (resp. ag) for a € C. Let
H*:=H e H'® H*.
Here & means the orthogonal direct sum. That is, we assume that f and g
are linearly independent and that (f,x)ye = (x, f)ge = 0 for x € H' & H?
and (g, z)ge = (x,g) g = 0 for x € H* @ H'. The inner product (-,-)ge on
H* is inherited from (-,-) g (i = 0,1,2), that is, (2;,y;) me = (i, yi) g for
T,y € H.
Define an R-linear space V,,, by
Vin = (H @r H*) ® (H' ®g H') & (H* @p H")

with
(T1 @ 22,91 @ Y2)V;, = (T1, Y1) o (T2, Y2) He-
Since
N N
H! RR H' = {Z Qi€ X € ‘ Qij € R, Z \azj\Q < OO},
i,j=1 i,j=1
we have
N N
(Hl ®RH1)(C = {Z Q€4 ®€j ’ Q45 € C, Z ]0@'!2 < OO} = H(gj Q¢ H(Ilj
i,j=1 i,j=1

by identifying (e; ® e;) ® o with ce; ® e for o € C. Note that {e; ® ej}ﬁyj:l
is an orthonormal basis of the tensor products H' @r H' and Hé Qc Hé.
Similarly, by identifying (f ® g) ® « (resp. (¢ ® ) ® a) with af ® g (resp.

ag ® f) for a € C, we have
(H @r H*)c = {af ® g | a € C} = HE @c HE

and
(H>@r H)¢c = {ag® f | @ € C} = HE @¢ HY.
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Note that generally we have (X ®r Y)c = X¢ ®c Yr. Therefore
(Vim)e = Vi ®r C = (Hp ®c HE) & (Hg ®c He) & (HE ©c He)
with
(21 ® 22, Y1 @ Y2) (Vi)e = (T1,Y1) H2 (T2, Y2) B
where
He = HQ ® H & HE

as the orthogonal direct sum. Note that the complexification (-,-)pe of
the inner product (-,-)ge is given by <a1x1,agx2>H(E = aqgaq(xy, xe)ge for
x1,T9 € H® and a7, a9 € C.

Extend the operator A on Hclc (= H) to an operator A on H¢ by

Af :A\Hgf =0 and Ag :A\Hég =g.

Accordingly, we extend the map Fa,,:Y — B(H) to Fan,: )Y —

Endc(H) so that

Fam(Y)f:=e 4 ‘Hof [ and Fyn,(Y)g:= et<y)A‘H%g =q(Y)g

for Y € Y. Here Endc(H) denotes the set of C-linear operators T': H3 D
dom(T") — H¢ with dom(T") = HY.

Let

vor,m = f®g € H @r H*> C HE ®c HE,
Vion =g ® f € H* @ H® C HE ®c HP.

Recall that Hp,(Y) := Image(P,, (4)) C H¢, and also Fm(Y)Hm(Y) C
Hm(Y) (i.e. (Frob-a)) by Lemma 2.1(ii). Recall that, by (OP2) and (OP3-a),
Hn(Y) is finite-dimensional. Let g(Y) := % dime Hp(Y). Let {e}/}?i(ly) be
an orthonormal basis of H,,(Y).

Recall that by (OP4), (Frob-b) also holds.

For each Y € Y let

29(Y)
U&,m (Z e; e ) + vo1,m + V1io,m € (Vm)(c

Let @4 m(Y) :=1® Fam(Y), where I denotes the identity operator on
HY = H) @ Hi & HE.

LEMMA 4.1. Suppose that A: H O dom(A) — H is an operator that
satisfies (OP1), (OP2), (OP3-a) and (OP4). Then the above construction
satisfies:

(i) The conditions (IP-a)—(IP-f).

(ii) The Lefschetz type formula (AIT3).
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Proof. (i) (IP-a) is obvious from the definition.

(IP-b): (v01,m, vo1,m) vy, = (f @ 9, f ® g)v,, = (f> [)ue(g,9) s = 0.
(IP-¢): (v10,m, v10,m) Vi = (9 @ [, 9 ® f)vi, = (9, 9)u (S, [)

(IP-d): (vo1,m, V10,m) v, = (f ® 9,9 @ vy, = ([, Q) e (9, flue =

Since Faonm(Y)"f = f, Fam(Y)"g = q(Y)"g and H,,(Y) is FAm(Y)—

invariant, we have

H‘O

29(Y)
Pam(Y)" vsm(Y)=1® FA,m(Y)"{ Y el wel +fRg+ge f}
29(Y) =

= Z e @ Fam(Y)"e) 4+ f @ Fam(Y)"g+9®@ Fam(Y)"f

= Z & @Fam(Y)"e} +f@q(Y)'"g+g® f

29(Y)
=) & @Fam(Y)"e +q(Y)"f@g+g® [
i=1
(IP-e) and (IP-f) follow from this since H® 1 H' L H? and (f, f)yo =

<g, g>H2 =0.
(ii) To show (AIT3) note that

(Pam(Y) vsm(Y), Ué,m(Y»(Vm)(c
29(Y)
= (X e @)l +q¥)" fRg+g0 .

=t 2(Y)

E:l ey ®e) +f®g+g®f> Ve

29(Y) 29(Y)
= < ef @ Fam(Y)"e), e}/ ® e}/
i=1 j=1
29(Y) 29(Y)

= Z Z € > ] H1 (Fam(Y)"e; 763'/>H(1:

29(Y)
= 3 Fam V) el e ) = tr(Fam(Y)").
i=1
Note that by Lemma 2.1(iii), o(Fam(Y)ls,,(v)) = op(Fam(Y)|p,.(v)) is a
finite set counted with algebraic multiplicities. Thus tr(Fa,,(Y)") is well
defined. This completes the proof of (AIT3). =

>H¢‘§®cHé
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LEMMA 4.2. In the same situation as in Lemma 4.1 and in its proof,
there is a bilinear form By,: Vi, X Vi, = R and a Hodge vector hgm € V
which satisfy (AIT1-a)—-(AIT1-f), (AIT2), (%) and (xx).

Proof. First we prove (AIT1-a)-(AIT1-f), (x) and (*x). Recall that
Vin = (H° ®r H*) @ (H' ®g H") ® (H? @ H),
vorm =f®g€H'®@r H*, wvigm=g® f € H* @p H'.
Therefore we can set

B (Vo1,m> Vo1,m) =0, Bm(v10,m>v10,m) := 0,
Bm(Vo1,m, v10,m) = Bm (V10,ms Vo1,m) == 1,

which are (AIT1-b), (AIT1-c) and (AIT1-d), respectively. Furthermore we
can set

/Bm(x77)01,m) = 5m(1)01,m71') =y,
=p

0
,Bm(l“, UlO,m) m(U10,m7 x) =0
for all z € H' ®g H'. Then

(Bm)@(wv UOl,m) = (ﬁm)C(UOI,my 1’) =0,
(5771)@(1:7 UlO,m) = (Bm)(C<'U10,m, x) =0
for all z € (H' ®g H')c = H¢ ®c HE.
Now for each Y € Y let
29(Y)
viim(Y) = > el @ef € (H' @p H')c = H¢ @c HE.
i=1
Note that vs,(Y) = vs1,m(Y) + vo1,m + vio,m. Recall from the proof of
Lemma 4.1 that
2g(Y)
D4 (Y ) 050 (V) = Z ef ® Fam(Y)"e} +q(Y)"f@g+9@ f

= Z ezY ® Fa m(Y) 6 + q(Y)n'UOLm + v10,m

= (pA,m(Y)nvél,m(Y) + Q(Y)nUOLm + V10,m-
Thus, since @4, (Y) vs1.m(Y) € (H* @g H')c, we have
( ) (¢A m( ) Ué,m(Y)avOI,m) =1,
(Bm) (QSA,m(Y) UE,m(Y)a UlO,m) = C.I(Y)n = O(Q(Y)n))
which are (AIT1-e) and (AIT1-f), respectively. Now that we are given

Bm(xvv(]l,m)v /Bm(x>v10,m)7 Bm(UIO,Truy) and ﬁm(UOLmay)a and <x’y>Vma we
can define 8, (x,y) for x,y € V,, by
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B, y) = Bm(z,v01,m)Bm (V10,m, ¥) + Bm (T, v10,m) B (V01,m, ) — (T, Y)vs, -
Then we see that (AIT1-a), () and (%) are satisfied.
Finally, we prove (AIT2). Let hgm = vo1,m + viom- If Bm(x, ham) =0,
then S, (2, vio.m) = —Bm(x, vo1,m). Hence
Bm(@, ) = 2Bm(, vo1,m) B (2, v1i0,m) — (2, 2) v,
= —2Bm(x,v01.m)* — (x, )y, <O0.
Therefore hg g, is a Hodge vector. m

LEMMA 4.3. In the same situation as in Lemmas 4.1 and 4.2 and in their
proofs, suppose that (IP-g) further holds. Then (AIT1-g) is also satisfied.

Proof. We have

(Brm)c(@am(Y) 05 (Y), Pam(Y) " v5,m(Y))
= <5m)C(¢A,m(Y)nvé,m(Y)7UOl,m) : (ﬂm)C(UIO,mv¢A,m(Y)nv6,m(Y))
+ (6m)C(¢A,m(Y)n”6,m(Y)a UIO,m) : (/Bm)(C(”Ol,m? ¢A,m(Y)n”6,m(Y))
—(Pam(Y)" 05m(Y ), Pam(Y) " 05m(Y)) (v)c-
(AIT1-g) follows from this and (IP-g). m

REMARK 4.2. Note that, given an inner product (-, '>Hé for HL = H,
the choice of (3, is not unique in our construction of standard models. m

5. Main theorems. We use the following lemma (see e.g. [Mon| Lemma
2.2, p. 20]) in the proof of Theorem 5.2 below.

LEMMA 5.1. Let A\; (1 <i < N < o0) be complex numbers. Then there

exist infinitely many integers n > 1 such that [A|* < |38 A7,

THEOREM 5.2. Let A: H D dom(A) — H be an operator satisfying
(OP1), (OP2), (OP3-a), (OP4) and (OP5).

(1) If there exists an abstract intersection theory AIT (in the sense
of §3) for A, then the Riemann hypothesis holds for A.

(2) Suppose further that A satisfies (OP3-b). Then there ezists a stan-
dard model AIT,, for A if and only if the Riemann hypothesis holds
for A and A is semisimple.

Proof. (1) Suppose that the RH for A does not hold. Then by (OP5) one
can find Y € Y such that oy (A) contains s, sg € 0(A) with Re(sq) < 1/2,
Re(sg) > 1/2. Therefore oy (A) contains s1 such that ¢(Y)Re(s1) > ¢(v)1/2.
Indeed, if 0 < ¢(Y') < 1 set 81 = s, while if ¢(Y) > 1 set 51 = sg.

Recall that oy (A) is a finite set. Let s; (2 < i < 2¢(Y) := dimg¢ H(Y)) be
all the other eigenvalues of A in oy (A), counted with algebraic multiplicities.

Let A\; = q(Y)% (1 < i < 2g(Y)). Then by Lemma 5.1, v, := Z?i(ly) AP
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is not O(q(Y)™?), since we could choose s; so that |\|" = |¢(Y)51|* =
q(Y)™2(1 + €)™ for some € > 0.
By (Frob-b), we have
o(Fa(Y)") = op(Fa(Y)") = {q(Y)" | s € oy (A)} U{0}
= {A\7 |1 <i<29(Y)}u{0}
(counted with algebraic multplicities). By (AIT3) and Lemma 3.3 (the
Cauchy—Schwarz inequality), we have

val = |tr(Fa(Y)")] = [(@a(Y)"v5(Y), v5(Y ) vz |
= \/\<v5(Y),v5(Y)>vC| (@AY )05 (Y), @a(Y) 05 (Y))ve|-

Therefore, by (IP-g), we see that v, is O(q(Y)"™?). However, this is a con-
tradiction.

Now, we prove the “if” part of (2). By Lemma 4.1, we have (IP-a)—(IP-f)
and (AIT3) for V;, and @4, (Y'). By Lemma 4.2, we have (AIT1-a)-(AIT1-f)
and (AIT2). Therefore all we have to do is to verify (IP-g) in order to apply
Lemma 4.3 to obtain (AIT1-g). Since the RH for the operator A is assumed to
hold, each eigenvalue Ay (1 < ¢ < 2¢(Y")), counted with algebraic multiplicity,
of F4n(Y) can be written as \¢ = ¢(Y))'/2¢% (9, € R). By the semisimplicity
assumption on A, one can choose eigenvectors wy associated with Ay so that
Fam(Y)ws = Awy. Recall that {e}f}?i(ly) (9(Y) := 3 dimc Hp(Y)) is an
orthonormal basis of H,,,(Y) (see §4). Now one can write e} = Z?i (1Y ) Qipwy
for some oy € C. Then

(Pam(Y) " 5m(Y),Pam(Y)" 05.m(Y)) (Vin)e
29(Y)
<Z 6Y®FAm V)e! +q(V)"f@g+g® f,

Z e ® Fam(Y)" eY+q(Y)"f®g+g®f>

( m)C
29(Y) 29(Y)
:<Z€ ®FAm Z,Ze ®FAm )6>H1®H1
29(Y 29(Y)
= > (el el Vit (Fam(Y)"ed s Fam(Y) e} )
=1 j=1
29(Y)
= <FA,m(Y)n€zYvFA,m(Y)nezY>Hé
=1
29(Y) 29(Y 29(Y)

= Z < ieFam(Y) wy, Z OéimFAvm(Y)”wm>

i=1 (=1 m=1 C
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Since Fpom(Y)"we = Ajwg, we have (IP-g). Therefore by Lemma 4.3, we
have (AIT1-g).

We now prove the “only if” part of (2). By Lemma 2.1(i)—(iii), Fa,m, and
H,, satisfy (Frob-a) and (Frob-b). Therefore AIT,, = RH can be proved as
in the proof of (1).

Let us now show AIT,, = semisimplicity. Suppose that on the contrary
we have AIT,, but A is not semisimple. Then one can find Y € ) such that

oy(A) ={s1,...,sn}
with
Im(s1)| < -+ < [Im(sy)]
and
v(si)=---=v(sy-1)=1 and v(sy)>1.
We want to calculate
(@am(Y) 05m(Y), Pam(Y) V5m(Y)) (Vi)

and show that it is not of order O(q(Y)™), which contradicts (IP-g).

We use the notation in Lemma 2.1 and its proof. Then m; = dim¢ H(s;) =
v(s;) = mult(s;) (1 <i < N) by (OP3-b). We regard H(s;) as C™i. Then
we can take a basis w; p € C™ (1 < ¢ < m; = dimc H(s;)) of the form

0

Wi p = y4

5

0
so that ¢!¥)4l#G) can be written in the matrix form N(s;) as in Lemma

2.1(v). In other words, w;y (1 < £ < m;) are generalized eigenvectors of
M(SZ) = A’H(sb) Let

0 1 O

Ji = € My, (C).
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Since J"* = 0 for m > m;, N(s;) in Lemma 2.1(v) can be written as

t(y)°? M ty)mi—!
0! 1! T Y (m;—1)!
t()°  t(N)! t(y)mi—2

o] 1! T (m;—2)!

O t(Y)0
o
m;—1 fo'e)
(s = E)ID)Y s E)I)* s 1),
()Z o _6()2 o — ot (YV)si gt (Y)Ji
k=0 k=0
Note that
(nt(Y))“~*
(=1
(nt(¥))*~2
(=)
: ¢
on nt(Y))1
0 k=1
0

for1<i< Nand1l</?<m,.
Recall that {eY}QQ (") is an orthonormal basis of Hm(Y). Thus

N m;

=33 et

=1 (=1

for some !, € C. Then by Lemma 2.1(iv)—(v) we have

N m; N m;
Fam(Y)"e) = 3 Fam(¥)" 3 alwie =) N(s)" ) afiwis

=1 /=1 =1 /=1

N my

= Z Z aZgN(Si)nwi,l-

i=1 =1
Recall from the proof of the “if” part of (2) that
(@am(Y) 05m(Y), Lam(Y)" 05:m(Y)) (Vi)

29(Y)
Z FAm aFAm(Y)n€Z>H1'
pn=1

C
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Now using (5.1) and (5.2) we have

(Fam(Y)"e), Fam(Y) e} )

N my N m;

_ H N H Ny

= <§ aMN(sZ) W 0, E g aj’mN(sj) wj,m>H1
i=1 ¢=1 j=1m=1 c

N N m; my;

=22 D D ol (N (s) wig, N(s) " wjm)

i=1 j=1 ¢=1 m=1

Z Z Z Z al Za nt(Y)si ent(Y)Jing, ent(Y)s]- ent(Y)Jj wj,m>H<é
— Z EN: Z Z ai‘eaﬂ nt(Y)(si+?j) <€nt(Y)Ji’UJ7;,g, ent(Y)Jj wj,m>Hé

N N mi m
NI T

l nt(Y a—1 m nt(Y b-1
X <Z ((a(—)i)!wiaﬂ—aﬂ, > ((l)(—)l))!wj’m_b+1>Hé‘

b=1

Let M), := max{¢ | oy, # 0}. Then o'y ,a/y = 0if £ > M, or m > M,.
Note that Re(s;) = 1/2 (for all 7) since the RH holds by AIT,, = RH. Recall
that ¢(Y) = e!(Y). Therefore

(Fam(Y)"ey, Fam(Y) ey ) iy

N e(sy)n (nt(Y))Q(Muil)
= T, O g (oo

+ O(ent(Y) (nt(Y))QM“_s)

o 2(M, —1)
= o, P IO e 1 + Ol ()

wa(Y) M 4 O(q(Y) M),

where

> (log C.I( ))2(M vl
{(M, —1)!}2

Let M = max{M# |1 <u 2g( )}. Since e (1 < p <29(Y)) form a

basis of H,,(Y), aNmN # 0 for at least one pu. Hence M = myn > 1. Now

C = lolhy ap, a3 > 0.
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we have
29(Y)
> (Fam(Y)e), FA,m(Y)"eff)Hé

= (3 C)ay)nmY £ 0(g(y) ) £ Ofg(v)"),

Myu=mpn
which contradicts (IP-g). This completes the proof. m

In our previous paper [BU] we constructed a model of abstract inter-
section theory based on an analogue of the GNS (Gelfand-Naimark—Segal)
representation. Let us call this model which satisfies (INT1)—(INT3) in [BUJ
a GNS model and denote it as AITgns. The method of the proof of the above
theorem also applies to this model. Therefore we have the following theorem.

THEOREM 5.3. Let A: H O dom(A) — H be an operator satisfying
(OP1)—(OP5). Suppose further that A satisfies (OP5-b) of [BU|. Then there
exists a GNS model AlTgns for A if and only if the Riemann hypothesis
holds for A and A is semisimple.

We say that L(s,x) satisfies the Riemann hypothesis if any nontrivial
zero s; of L(s, x) satisfies Re(s;) = 1/2. We say that a nontrivial zero s; of
L(s,x) is simple if it is a zero of order one.

Combining Theorems 5.2 and 5.3 with [U, Theorem 4.1(iv)] (see Remark
2.1(4)) we obtain the following theorem.

THEOREM 5.4. Let A: H D dom(A) — H be an operator constructed
in [U] for the principal congruence subgroup I'(N). Let L(s, x) be the Dirich-
let L-function for a Dirichlet character x: (Z/NZ)* — C*. Then

(1) L(s,x) satisfies the Riemann hypothesis and its nontrivial zeros are
all simple if and only if there exists a standard model AIT,, for A.

(2) L(s,x) satisfies the Riemann hypothesis and its nontrivial zeros are
all simple if and only if there exists a GNS model AlTgng for A.

REMARK 5.1. In the above theorem, if N = 1 (i.e. I'(1) = SLy(Z))
then the Dirichlet L-function L(s, x) reduces to the Riemann zeta-function

qON

6. Analogy with the classical theory. Recall that Weil’s explicit
formula (according to Patterson [Pat]) reads

— Z¢(P) = Woo(f) + Z long{f + f —n)}p—n/z
P

p: prime

spectral term geometric term
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Here f is a fast decreasing function on Ry, ¢ is the Mellin transform of f,
W is an appropriate functional of f, and p runs over the nontrivial zeros
of the Riemann zeta-function (or the L-function), counted with multiplicity.
For the original work of Weil, see [1952b] and [1972] of [W2]. See also [C]
and |[CM, p. 344].

The idea of introducing the model F4 ,,(Y") of an analogue of the Frobe-
nius morphism in this paper is suggested by the spectral side of the above
formula. By [BU, p. 702, Lemma 2.2] there is a function ¢y (s) (Y € V)
which is analytic in an open set O {2 such that

(i) ¢Y( ) =

(i) oy (1) = (Y)

(i) éy(s5) = (V)" if 5; € oy (A),

(iv) limg_g, Py (s)/(s — i)™ = cy,; € C for some cy,; # 0if s; € 0(A) —
oy (A) with v(s;) = m;.

For this ¢y (s), let ¢y (A): H D dom(¢y (A)) — H be defined by
by (A)z = ;}m %( § oy (s)(sT — 4) " ds)a

for
x € dom(¢y (A)) := {z € H | the limit ¢y (A)x exists in H}.

Then it is easy to prove that dom(¢y (A)) = H and
¢y (A) = Fanm(Y).

For the proof use (sI — M(s;))~! from the proof of Lemma 2.1. It is also
easy to see that

tr(py (A)) = Z mult(s;)py (s;).

si€oy (A)

Let C' be a smooth projective curve (one-dimensional scheme) over a
finite field F,. Let Frob be the Frobenius morphism on C. Then F4(Y) in
62 is an analogue of Frob.

For the surface S = C' x C over Fy, let Pic(S) be its Picard group, which
we regard as a Z-module, so as to preserve the analogy with Weil divisors.
The R-linear space V' in §3 is modeled on Pic(S) ®z R. The R-bilinear
form (3(-,-) in §3 is modeled on the R-tensored intersection pairing i(-, ) on
Pic(S) @z R.

The operator @4(Y) in (AIT1) is an analogue of the linear map on
Pic(S) ®z R induced by the morphism id x Frob on S. Then one may regard
vo1, V10, V5(Y) and @ 4(Y)"vs(Y) in (AIT1) as analogues of the cycles pt x C,
C x pt, A and I'gope in Pic(S), respectively. Here A is the diagonal, and
IFropr is the graph of Frob”™. So here is the dictionary:
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Pic(S) ®z R \%
pt x C Vo1
C X pt V10

A vs(Y)

FFrob" QSA(Y)nvé (Y)

The cycles pt x C, C x pt, A and [gope have the following properties:

i)

ii) i(C x pt,C X pt) = O,

(111) i(pt x C,C x pt) =1,
) Z(FFrobnapt X C) =1,

Vg ZEFFrobnyc X pt) = qn’

(vi) i(LFrobm, LFrobn) = q™

The axioms of (AIT1) are analogues of these properties.

The Hodge property in (AIT2) comes from the classical Hodge index the-
orem. A Hodge vector h, corresponds to an ample hyperplane section of .S,
thereby (-, hy) gives an analogue of the degree function deg ®71: Pic(S)®z
R — R. Lemma 3.1 is an analogue of the inequality of Castelnuovo—Severi.

The construction of V,,, of a standard model in §4 is suggested by the
Kiinneth formula for the étale cohomology. The Tate conjecture for S = CxC
and codimension one is equivalent to the map Pic S ® Q; — HZ (S, Qy(1))
being bijective (Tate [T2, Proposition (4.3)]). Note that HZ (S, Qe(1)) =

HZ.(S, Qg(1))Gal Fa/Fa) where § = S xg, Fq (see [T2]). Tate [T1] himself has
proven his conjecture for abelian varieties over finite fields for the case of codi-
mension one. From this the Tate conjecture follows also for S = C' x C in the
codimension one case. By the Kiinneth formula for /-adic cohomology we have

HZ(S,Qp) ~ (H(C,Qp) @ HA(C,Qp)) © (HL(C, Q) @ HL(C,Qy))
©® (Hgt(éa Qf) ® Hgt(éa Qf))

Here C' = C xy . Fq. The definition of the R-linear space V,,, is modeled on this.
For the Kiinneth formula for ¢-adic cohomology see Milne [Mil, Chap. 6, §8].

For a morphism ¢: C' — C, the Lefschetz fixed-point formula for the
(-adic étale cohomology group HY, = H}, (C,Qy) is

tr(e™ o) — tr(@™ g1 ) + tr(@™"|z) = I, 4),
where I',» is the graph of ¢". If ¢ = Frob, then it turns out that
tr(9™ gy ) = 1 = i(Lipn, pt x O)i(A, C x pt),
(0™ gg2) = 4" = i(Ipn, C x pt)i(4A, pt x C).
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So the Lefschetz fixed-point formula for ¢™ = Frob™ reads
tr(p™ g1 ) = i(Lin, pt x C)i(A, C x pt)
+1(Lpn, C X pt)i(A,pt x C) — i(I'yn, A)
=t (Ipn, A)pic(s)@2R-

(AIT3) is modeled on this. Consider the operators A and Fy,,(Y) (Y € ))
which are extended to Hg = H(g @ Hé <) H(% as in §4. Then we have

oy (A)f = Fam(Y)f = f=ov(0)f,
¢y (A)g = Fam(Y)g = q(Y)g = ¢y(1)g,
for f € H2 and g € H(% The operator ¢y (A) acting on Hj is an analogue
of Frob® acting on HY, (i =0,1,2). Since
QSA,m(Y)nUé,m(Y)
29(Y)
=Y e @Fam(Y)"e) + f @ Fam(Y)"g+ 9@ Fam(Y)"f
i=1

= Z el @ Fam(Y) el + ¢y (1) vo1,m + ¢y (0) vio,m

(see the proof of Lemma 4.2), by the proof of Lemma 4.2 we have
tr(y (A)"|0) = o (0)"
= (Bm)c(@am(Y) " 05m(Y), v01,m) - (Bm)c(v10,m, v5,m(Y)),
(@ (4)"] 2) = By (1)"
= (Bm)c(@am(Y) " 05m(Y), v10,m) - (Bm)c(vor,m, vsm(Y)).
Therefore (xx) yields
By (A" g0) — tr(dy (A" | ) + (v (A" 2)
= (Bm)c(Pam(Y) v5m(Y), vo,m(Y)),
which is equivalent to (AIT3).
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