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Summary. In Agbeko (2012) the Hyers–Ulam–Aoki stability problem was posed in Ba-
nach lattice environments with the addition in the Cauchy functional equation replaced
by supremum. In the present note we restate the problem so that it relates not only to
supremum but also to infimum and their various combinations. We then propose some
sufficient conditions which guarantee its solution.

1. Introduction. In what follows, (X ,∧X ,∨X ) will denote a vector lat-
tice and (Y,∧Y ,∨Y) a Banach lattice with X+ and Y+ their respective pos-
itive cones.

In the style of the Cauchy functional equation, consider the following
operator equation:

(1.1) T (|x| M∗X |y|) M∗Y T (|x| M∗∗X |y|) = T (|x|) M∗∗Y T (|y|)

for all x, y ∈ X , where M∗X ,M∗∗X ∈ {∧X ,∨X } and M∗Y ,M
∗∗
Y ∈ {∧Y ,∨Y} are fixed

lattice operations and T : X → Y is a map.
Note that if the above four lattice operations are all the supremum (join)

or the infimum (meet), then the functional equation (1.1) is just the definition
of a join-homomorphism or a meet-homomorphism. Moreover, if M∗X and M∗∗X
are the same, then the left hand side of (1.1) is the map of the meets or the
joins.

Problem. Given lattice operations M∗X ,M
∗∗
X ∈ {∧X ,∨X } and M∗Y ,M

∗∗
Y ∈

{∧Y ,∨Y}, a vector lattice G1, a vector lattice G2 endowed with a metric
d(·, ·) and a positive number ε, does there exist some δ > 0 such that, if a
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mapping F : G1 → G2 satisfies

d(F (|x| M∗X |y|) M∗Y F (|x| M∗∗X |y|), F (|x|) M∗∗Y F (|y|)) ≤ δ
for all x, y ∈ G1, then there exists an operation-preserving functional T :
G1 → G2 with

d(T (x), F (x)) ≤ ε
for all x ∈ G1?

This problem can be viewed as a lattice version of Ulam’s stability prob-
lem formulated in [12].

Our aim is to provide some conditions that ensure that there exists a
unique solution to the above problem, but from the Hyers–Ulam–Aoki sta-
bility point of view (cf. [5, 6, 8, 10,11]).

The motivation of dealing with functional equations and inequalities in
lattice environments lies in the fact that many addition-related results or
theorems can be extended and proved mutatis mutandis. For more references
about the earliest extensions of this kind we refer the reader to [1, 2, 4]. Let
us recall the following definition.

We say that a map T : X → Y is cone-related if

T (X+) = {T (|x|) : x ∈ X} ⊂ Y+

(for more about this notion see [3, 4]).
Our theorems will be deduced from the following result of Forti [7].

Theorem 1.1 (Forti). Let (X, d) be a complete metric space and S a
set. Assume that a function f : S → X satisfies

(1.2) d(H(f(G(x))), f(x)) ≤ δ(x)
for all x ∈ S, where G : X → X and δ : S → [0,∞) are some maps and
H : X → X is a continuous map satisfying

(1.3) d(H(u), H(v)) ≤ ϕ(d(u, v)), u, v ∈ X,
for a certain non-decreasing subadditive function ϕ : [0,∞) → [0,∞) such
that the series

(1.4)
∞∑
j=0

ϕj(δ(Gj(x)))

is convergent for every x ∈ S. Then there exists a unique solution F : S → X
of the functional equation

(1.5) H(F (G(x))) = F (x), x ∈ S,
satisfying

(1.6) d(F (x), f(x)) ≤
∞∑
j=0

ϕj(δ(Gj(x))).
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The map F is given by

(1.7) F (x) = lim
n→∞

Hn(f(Gn(x))).

2. The main results

Theorem 2.1. Consider a cone-related mapping F : X → Y for which
there are ϑ > 0 and α ∈ (−∞, 1) such that

(2.1)
∥∥∥∥F (|x| M∗X |y|) M∗Y F (|x| M∗∗X |y|)τ

− F
(
|x|
τ

)
M∗∗Y F

(
|y|
τ

)∥∥∥∥
≤ ϑ

4
(‖x‖α + ‖y‖α)

for all x, y ∈ X and τ ∈ (0,∞), where M∗X ,M
∗∗
X ∈ {∧X ,∨X } and M∗Y ,M

∗∗
Y ∈

{∧Y ,∨Y} are fixed lattice operations. Then (2−nF (2n|x|))n is a Cauchy se-
quence for every x ∈ X . Moreover, define T : X → Y by

(2.2) T (|x|) = lim
n→∞

2−nF (2n|x|).

Then

(a) T is semi-homogeneous, i.e. T (γ|x|) = γT (|x|) for all x ∈ X and all
γ ∈ [0,∞);

(b) T is the unique cone-related map satisfying both (1.1) and

(2.3) ‖T (|x|)− F (|x|)‖ ≤ 2αϑ

2− 2α
‖x‖α

for every x ∈ X .
Theorem 2.2. Consider a cone-related map F : X → Y for which there

are ϑ > 0 and p ∈ (1,∞) such that

(2.4) ‖τ(F (|x| M∗X |y|) M∗Y F (|x| M∗∗X |y|))− F (τ |x|) M∗∗Y F (τ |y|)‖
≤ ϑ(‖x‖p + ‖y‖p)

for all x, y ∈ X and τ ∈ (0,∞), where M∗X ,M
∗∗
X ∈ {∧X ,∨X } and M∗Y ,M

∗∗
Y ∈

{∧Y ,∨Y} are fixed lattice operations. Then (2nF (2−n|x|))n is a Cauchy se-
quence for every x ∈ X . Moreover, define T : X → Y by

(2.5) T (|x|) = lim
n→∞

2nF (2−n|x|).

Then

(a) T is semi-homogeneous, i.e. T (γ|x|) = γT (|x|) for all x ∈ X and all
γ ∈ [0,∞);

(b) T is the unique cone-related map satisfying both (1.1) and

(2.6) ‖T (|x|)− F (|x|)‖ ≤ 2pϑ

2p − 2
‖x‖p

for every x ∈ X .
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The following obvious remarks will be used repeatedly.

Remark 2.1. If the conditions of Theorem 2.1 or Theorem 2.2 hold true,
then F (0) = 0.

Remark 2.2. Let Z be a set closed under scalar multiplication, i.e.
bz ∈ Z whenever b ∈ R and z ∈ Z. Given c ∈ R define γ : Z → Z by
γ(z) = cz. Then the jth iteration of γ, γj : Z → Z, is given by γj(z) = cjz
for every j ≥ 2.

3. The proof of the main theorems. Proof of Theorem 2.1. First, if
we choose τ = 2, y = x and replace x by 2x in (2.1) then obviously

(3.1)
∥∥∥∥F (2|x|)2

− F (|x|)
∥∥∥∥ ≤ ϑ2α−1‖x‖α.

Next, let us define the following maps:

G : X → X , G(|x|) = 2|x|,
δ : X → [0,∞), δ(|x|) = ϑ2α−1‖x‖α,
ϕ : [0,∞)→ [0,∞), ϕ(t) = 2−1t,

H : Y → Y, H(|y|) = 2−1|y|,
d(·, ·) : Y × Y → [0,∞), d(y1, y2) = ‖y1 − y2‖.

We shall verify that all conditions of Forti’s theorem are satisfied.

(I) From (3.1) we obviously have

d(H(F (G(|x|))), F (|x|)) =
∥∥∥∥F (2|x|)2

− F (|x|)
∥∥∥∥ ≤ ϑ2α−1‖x‖α = δ(|x|).

(II) d(H(|y1|), H(|y2|)) = 2−1‖y1−y2‖ = ϕ(d(y1, y2)) for all y1, y2 ∈ Y.
(III) Clearly, ϕ is a non-decreasing subadditive function on [0,∞), and

by applying Remark 2.2 to both the iterations Gj and ϕj of G and
ϕ respectively, one can observe that
∞∑
j=0

ϕj(δ(Gj(|x|))) = ϑ2α−1‖x‖α
∞∑
j=0

2(α−1)j = ϑ‖x‖α 2α

2− 2α
<∞.

Then in view of Forti’s theorem, (Hn(F (Gn|x|)))n is a Cauchy sequence for
every x ∈ X and thus so is (2−nF (2n|x|))n; furthermore, (2.2) is the unique
mapping which satisfies (2.3).

Next, we prove (1.1). In fact, in (2.1) replace x with 2nx and y with 2ny,
and also let τ = 1. Then

‖F (2n(|x| M∗X |y|)) M∗∗Y F (2n(|x| M∗∗X |y|))− F (2n|x|) M∗∗Y F (2n|y|)‖

≤ ϑ

4
2nα(‖x‖α + ‖y‖α).
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Dividing both sides by 2n yields

(3.2)
∥∥∥∥F (2n(|x| M∗X |y|)) M∗∗Y F (2n(|x| M∗∗X |y|))

2n
−
F (2n|x|) M∗∗Y F (2n|y|)

2n

∥∥∥∥
≤ ϑ

4
(‖x‖α + ‖y‖α)2(α−1)n.

Taking the limit in (3.2) we see via (2.2) that

‖T (|x| M∗X |y|) M∗Y T (|x| M∗∗X |y|)− T (|x|) M∗∗Y T (|y|)‖ = 0,

which is equivalent to

T (|x| M∗X |y|) M∗Y T (|x| M∗∗X |y|) = T (|x|) M∗∗Y T (|y|).
By Remark 2.1 the identity γF (|x|) = F (γ|x|) is trivial for γ = 0 and all
x ∈ X , and for x = 0 and all γ ∈ [0,∞). Now fix γ 6= 0 and x ∈ X \ {0}. In
(2.1) choose y = x, τ = γ−1 and change x to 2nx. Then

‖γF (2n|x|)− F (γ2n|x|)‖ ≤ ϑ

2
‖x‖α2nα.

Divide both sides by 2n to get

(3.3) ‖γ2−nF (2n|x|)− 2−nF (γ2n|x|)‖ ≤ ϑ

2
‖x‖α2(α−1)n.

By taking the limit in (3.3) we find via (2.2) that

‖γT (|x|)− T (γ|x|)‖ = 0,

or equivalently
T (γ|x|) = γT (|x|)

for all x ∈ X . We have thus shown the semi-homogeneity of T . This completes
the argument.

Proof of Theorem 2.2. First, if we choose τ = 2, y = x and replace x by
2−1x in (2.4) then we obviously have

(3.4) ‖2F (2−1|x|)− F (|x|)‖ ≤ ϑ21−p‖x‖p.
Next, let us define the following functions:

G : X → X , G(|x|) = 2−1|x|,
δ : X → [0,∞), δ(|x|) = ϑ21−p‖x‖p,
ϕ : [0,∞)→ [0,∞), ϕ(t) = 2t,

H : Y → Y, H(|y|) = 2|y|,
d(·, ·) : Y × Y → [0,∞), d(y1, y2) = ‖y1 − y2‖.

We now verify that the conditons of Forti’s theorem are satisfied.

(I) From (3.4) we obviously have

d(H(F (G(|x|))), F (|x|)) = ‖2F (2−1|x|)− F (|x|)‖ ≤ ϑ21−p‖x‖p = δ(|x|).
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(II) d(H(|y1|), H(|y2|)) = 2‖y1 − y2‖ = φ(d(y1, y2)) for all y1, y2 ∈ Y.
(III) Clearly, ϕ is a non-decreasing subadditive function on [0,∞), and

by applying Remark 2.2 to both the iterations Gj and ϕj , one can
observe that
∞∑
j=0

ϕj(δ(Gj(|x|))) = ϑ21−p‖x‖p
∞∑
j=0

2(1−p)j = ϑ‖x‖p 2p

2p − 2
<∞.

Then by Forti’s theorem, (Hn(F (Gn|x|)))n is a Cauchy sequence for every
x ∈ X , and thus so is (2nF (2−n|x|))n; furthermore, (2.5) is the unique map-
ping which satisfies (2.6).

Next, we prove (1.1). In fact, in (2.4) replace x with 2−nx and y with
2−ny, and also let τ = 1. Then

‖F (2−n(|x| M∗X |y|)) M∗∗Y F (2−n(|x| M∗∗X |y|))− F (2−n|x|) M∗∗Y F (2−n|y|)‖
≤ ϑ2−np(‖x‖p + ‖y‖p).

Multiplying both sides by 2n yields

(3.5) ‖2n(F (2−n(|x| M∗X |y|)) M∗∗Y F (2−n(|x| M∗∗X |y|)))
− 2n(F (2−n|x|) M∗∗Y F (2−n|y|))‖ ≤ ϑ(‖x‖p + ‖y‖p)2(1−p)n.

Taking the limit in (3.5) we deduce via (2.5) that
‖T (|x| M∗X |y|) M∗Y T (|x| M∗∗X |y|)− T (|x|) M∗∗Y T (|y|)‖ = 0,

which is equivalent to
T (|x| M∗X |y|) M∗Y T (|x| M∗∗X |y|) = T (|x|) M∗∗Y T (|y|).

By Remark 2.1, the identity γF (|x|) = F (γ|x|) is trivial for γ = 0 and all
x ∈ X , and for x = 0 and all γ ∈ [0,∞). Fix γ 6= 0 and x ∈ X \ {0}. In (2.4)
choose y = x, τ = γ and change x to 2−nx. Then

‖γF (2−n|x|)− F (γ2−n|x|)‖ ≤ ϑ‖x‖p2−np.
Multiply both sides by 2n to get
(3.6) ‖γ2nF (2−n|x|)− 2nF (γ2−n|x|)‖ ≤ ϑ‖x‖p2(1−p)n.
By taking the limit in (3.6) we conclude via (2.5) that

‖γT (|x|)− T (γ|x|)‖ = 0,

or equivalently
T (γ|x|) = γT (|x|)

for all x ∈ X . We have thus shown the semi-homogeneity of T , finishing the
proof.

To end our note, we provide an example showing that if in (2.4) the pa-
rameter τ is omitted and p = 1, then stability cannot always be guaranteed.
We recall that in the addition environments Gajda [8] and Găvruţa [9] gave
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some interesting examples to show how stability fails when the power of the
norms is equal to 1.

Example 1. Consider the Lipschitz-continuous function

F : [0,∞)→ [0,∞), F (x) =
√
x2 + 1.

Fix x, y ∈ [0,∞). Since F is increasing, the first equality in the chain below
is valid, implying the subsequent relations:
|F (x ∨ y)− (F (x) ∧ F (y))| = |F (x ∨ y)− F (x ∧ y)|

= |
√

(x ∨ y)2 + 1−
√
(x ∧ y)2 + 1|

=
(x ∨ y)2 − (x ∧ y)2√

(x ∨ y)2 + 1 +
√

(x ∧ y)2 + 1

= |x− y| · (x ∨ y) + (x ∧ y)√
(x ∨ y)2 + 1 +

√
(x ∧ y)2 + 1

≤ |x− y| ≤ x+ y

for all x, y ∈ [0,∞). Now, let T : [0,∞) → [0,∞) be a function such that
T (x) = xT (1) for all x ∈ [0,∞). Then a simple argument shows

sup
x∈(0,∞)

|F (x)− T (x)|
x

= sup
x∈(0,∞)

|
√
1 + x−2 − T (1)| =∞.
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