APPLICATIONES MATHEMATICAE
43,1 (2016), pp. 117-131

GEORGE A. ANASTASSIOU (Memphis, TN)

LEFT GENERAL FRACTIONAL MONOTONE
APPROXIMATION THEORY

Abstract. We introduce left general fractional Caputo style derivatives
with respect to an absolutely continuous strictly increasing function g. We
give various examples of such fractional derivatives for different g. Let f be
a p-times continuously differentiable function on [a, b], and let L be a linear
left general fractional differential operator such that L(f) is non-negative
over a closed subinterval I of [a,b]. We find a sequence of polynomials @,
of degree < n such that L(Q,) is non-negative over I, and furthermore f is
approximated uniformly by @Q,, over [a, b].

The degree of this constrained approximation is given by an inequality
using the first modulus of continuity of f®). We finish with applications of
the main fractional monotone approximation theorem for different g. On the
way to proving the main theorem we establish useful related general results.

1. Introduction and preparation. The topic of monotone approxi-
mation started in [I0] has become a major trend in approximation theory.
A typical problem in this subject is: given a positive integer k, approximate
a given function whose kth derivative is > 0 by polynomials having this
property.

In [2] the authors replaced the kth derivative with a linear differential
operator of order k.

Furthermore in [I], the author generalized the result of [2] to linear frac-
tional differential operators.

To describe the motivating result here we need
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DEFINITION 1 ([, p. 50]). Let a > 0 with [a] = m ([-] is the ceiling of
the number). Consider f € C™(]—1, 1]). We define the left Caputo fractional
derivative of f of order a as follows:

_
I'(m-—«)

§ (@ — )" M (1) dt
-1

(D1 f)(x) =

for any o € [—1,1], where I" is the gamma function, I'(v) = { " e~ "t~ 1 dt,
v > 0. We set

DYy f(x) = f(o),
D*m—lf(x> :f(m)(x)7 Vo € [_171]'
We proved

THEOREM 2 ([1]). Let 0 < h < k < p be integers, and let f be a real
function such that f®) continuous on [—1,1] with modulus of continuity
wi(f®),5), & > 0, there. Let aj(z), 5 = h,h+1,...,k, be real functions,
defined and bounded on [—1,1], and assume that for all x € [0,1] either
ap(x) > a>0o0ralx) < B <0. Let ap=0< a1 <1< ay <2<
- < oy < p be real numbers. Let Dfilf stand for the left Caputo fractional
derivative of f of order a; anchored at —1. Consider the linear left fractional
differential operator

and suppose that, throughout [0, 1],
(1) L(f) = 0.

Then, for any n € N, there exists a real polynomial Qn(z) of degree < n
such that

(2) L(Qn) >0  throughout [0,1],
and
3) i |f(@) ~ Qu(@)] < OnF P (£, 1/m).

where C' is independent of n and f.

Notice that the monotonicity property is only true on [0, 1]: see , .
However the approximation property (3) holds over the whole interval
[—1,1].

In this article we extend Theorem [2| to much more general linear left
fractional differential operators.

We use the following generalized fractional integral.



Left general fractional monotone approximation theory 119

DEFINITION 3 (see also [7, p. 99]). The left generalized fractional integral
of a function f with respect to a given function g is defined as follows:
Let a,b € R, a < b, and o > 0. Assume that g € AC([a,b]) (absolutely
continuous functions) is strictly increasing, and f € Lo ([a,b]). We set
1 _
(Ig D) (@) = ==\ (g(z) —g())* g (O f(t) dt, x> a;

I'()
a
clearly (13, f)(a)=0. When g is the identity function id, we get I7', ;4 =1g,,

the ordinary left Riemann—Liouville fractional integral, where
x

1
Ly f)(z) = (o) V-t 'r@d, z>a,
with (1%, f)(a) = 0. ’
When g(z) =Inz on [a,b], 0 < a < b < oo, we get

DEFINITION 4 ([7, p. 110]). Let 0 < a < b < oo and a > 0. The left
Hadamard fractional integral of order a of f € Loo([a,b]) is given by

T a—1
Uz = gt () ey vz

DEFINITION 5. The left fractional exponential integral of f € Loo([a,b])
is defined as follows: Let a,b € R, a < b, and a > 0. We set
1 xX
(2 le) = o V(@ =Pt w2

a

DEFINITION 6. Let a,b € R, a < b, a > 0, f € Loo([a,b]), and A > 1.
We introduce the fractional integral

(2hoae @) = g | (47 = A7 A0t >

a

DEFINITION 7. Let or,0 > 0,0 < a < b < 00, and f € Ly([a,b]). We set

(Ko Nw) = o | @7 = 007 Nt 2>

We introduce the following general fractional derivatives.

DEFINITION 8. Let a > 0 and [a| = m. Consider f € AC™([a,b]) (the
space of functions f with f™=1 € AC([a,b])). We define the left general
fractional derivative of f of order o with respect to g as follows:

(Diug f) () = F<m1_a) V(9(2) —g())" = 1g () ST (t) dt

for any x € [a, b], where I' is the gamma function.
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We set
Dl f(2) = F(),
0
DY, f(@) = f(x), Va € [a.b)].
If g =1id, then D, f = D¢ .. f is the left Caputo fractional derivative.

*a;id

So we have the specific general left fractional derivatives.

DEFINITION 9.

1 T e\ ()
e (T) = In — —=dy, x>a>0,
el )= s | () ;W
1 0 —a— m
D*aa;ez (.%') = m S (€z - €t)m 1€tf( )(t) dt, i Z a,
nA ¢ o m
& aef(@) = Tim —a) | (a7 — afymmet Al fm @y dt, x> a,
1 0 —a— o— m
(DYoo ) () = T —a) | (@7 —tymetotr  fM () dt, 2 >a>0.

a

We need a modification of

THEOREM 10 (Trigub, [11], [12]). Let g € CP([—1,1]), p € N. Then there
exists a real polynomial q,(x) of degree < n such that

D () — o) Jj-p ()
_max [g7(z) - ¢i” ()] < Bpn'Pwi (g™, 1/n),

j=0,1,...,p, where R, is independent of n and g.
REMARK 11. Let a < b. Let ¢ : [—1,1] — [a, b] be defined by

b—a b+a
— t) = t .
T = (t) 5ttt
Clearly ¢ is a 1-1 and onto map. We get
b—a
r_ _
and
20 —b—a T b+a
4 t= =2 — .
(4) b—a b—a b-—a
In fact,

o(=1)=a and ¢(1)=0.

THEOREM 12. Let f € CP([a,b]), p € N. Then there exist real polyno-
mials Q} (z) of degree < n € N such that

(5)  max [f9(z) - Q:)(w)| < R<b_)w (f‘p)> &= )

a<z<b 2n 2n

j=0,1,...,p, where R, is independent of n and g.
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Proof. We use Theorem [I0] and Remark [T1]
Since f € CP([a,b]), it is clear that the function

o= F("S U 10 rel

2 2
is in CP(]—1, 1]). We notice that
dg(t) _ (55 +5%) _ i yba
at dt A
and thus
b—a b—a b+a\b—a
/ o / _ !
e e
Moreover , ,
g”(t) _ df/(%at + %) b—a
dt 2
Since as before ) ,
df' (%5t + %) _ f”(a:)b —a
dt 2
we obtain ,
(b—a)
o) = ")
In general,
. . b—a)l
gD (t) = f(])(w)(m)

for 7 =0,1,...,p. Hence by Theorem for any t € [—1, 1], we have
(6) 199(8) = 4 (0)] < Ryn? Pwn (9™, 1/n)

for j =0,1,...,p, where R, is independent of n and g.
Notice that

. @ (n(2x—b—a .
qgj)(t) ! Q’SL]) <b_a>7 J= 071,---,]3-

So, for t € [-1,1], we have

i) =n (2o~ o) = Q) € o]

—a b—a

a polynomial of degree n.
Also

2 . bia
(7) Q:L/(x) _ dQn(b,a bfa) _ dqn(t) ﬁ — q;l(t) 2

That is,
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Similarly we get

_dQY(x) @ dan (%5 — 557) 2

*x//
@ (7) dx dx b—a
/ 2
A Iy
dt drb—a (b—a)?
Hence )
B b—a
(1) = Q@) P
In general,
. iy b—a)l )
&0 =@ L =0
Thus we have
LH.S.(6) = \f(” () — Qi) ()]
for j=0,1,...,pand z € [a,b].
Next we observe that
®) wi(g®,1/n)=sup |g®W(t1) — g?(to)]
[t1—t2|<1/n
tl,tzé[—l,l]
(b—a) ) (») _ (b=a)f p b—a
sup op I[P (21) — [P (22)| = op wi | f7, on )’

|1 —22| <552
z1,22€[a,b|
since for any t1, to € [—1,1] with |t; — t2] < 1/n the corresponding z1, z9 €
[a, b] satisfy
b—a
2n

|21 — 22| <

Finally, by @ we can find

b_a).] . w(7 . b—a)p b_a/
(2j|f<]>($) _ Q)(2)] < Rynir' L <f(p), - )
for j=0,1,...,p, and so
0)(z) — O*0) (b—a)™ () b=a
|f ($) Qn (II,')| < Rp (2n)p_] w1 f ) m )
for any x € [a,b] and j =0,1,...,p, proving the claim. =

REMARK 13. Let g € AC([a,b]) be increasing over [a,b], and let o > 0.
Suppose g(a) = ¢, g(b) = d. We want to calculate

I={(g(b) = g(t))*"g'(t) dt.
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Consider the function

fly)=(9) =)' =(d—y)*"Y, Vyeled.
We have f(y) >0, f(d) = oo when 0 < « < 1, but f is measurable on [c, d].
By [8, exercise 13d, p. 107],
(fog)(t)g'(t) = (9(b) — g(t))*"g'(2)
is measurable on [a, b], and

d
={(d—y Tty =

C

(d—o)*

(notice that (d —y)®~! is Riemann integrable). That is,

(o)~ gla)*
Similarly,

O [ - gt a = YOIy
THEOREM 14. Let o« > 0, N 3 m = [a], and f € C™([a,b]). Then

(Dg.gf) () is continuous in x € [a, b].

Proof. By [3, p. 78], we know that g~! exists and is strictly increasing
on [g(a), g(b)]. Since g is continuous on [a, b], so is g~ on [g(a), g(b)]. Hence
™ o g=1 is a continuous function on [g(a), g(b)].

If « = m € N, then the claim is trivial.

We treat the case of 0 < a < m. The function

G(z) = (g(z) = 2)" 1 (fT™ o g7")(2)

is integrable on [g(a),g(x)], and by assumption g : [a,b] — [g(a),g(b)] is
absolutely continuous.
Since g is strictly increasing, the function

(9(@) = g(&)™ g ) (F™ 0 g7 ") (g(1))

is integrable on [a, z] (see [6]). Furthermore (see also [6]),

1 g9(z)
I'(m — a) | (g@) =21 (1™ o g N)(2) d2
g(a) .
T T(m—a) [ (g(x) = g(&)™ g () (fT™ 0 g™ (g(t)) dt
= ( *a;g )(JJ)’ Vr € [CL b]
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And we can write

1 9(z)

(Dug ) = Frm—ay ) (0@) =2 (0 0 g7 (2) 2
g(a)
1 9(y)

(Deus W) = =gy} 0) =27 (10 0 g™)(z) d2

g

Here a <z <y <b, and g(a) <
9(y) —g(a).

Let A = g(z) — z; then z = g(z) — A\. Thus
1 g9(x)—g(a) o

« _ m—a—1 m —1 .

(D*a;gf)(x) - F(m _ a) (S) A (f ©g )(Q(SC) A) dA.
Clearly, if g(a) < z < g(x), then —g(a) > —z = —g(x), and g(z) — g(a) >
g(x) —2z>0,ie. 0 <\ <g(x)—g(a).

Similarly
1 9(y)—g(a)
(10 (D2 W) = Fm—ay [ amem (1™ o g7 (g(y) — A) dA.
0
Hence
D2y D) = (Dy (@) = s
9(z)—g(y)

| (" o gD (g(y) = A) = (P 0 g (g(a) — A)) dA
0

9(y)—g(a)
o f Ame o gy (g(y) — M)A
g9(z)—g(a)
Thus we obtain
1
«a _ « <
(Do )W) = (D2ig @) < From—

[ (g(z) — g(a))™™"

(m) o g1
LAY Hoo,[g<a>,g<b>}((g(y)_g(a))m—a_(g(x)_g(a))m—a) =: (€).

m—«

wi(f™ o g7 g(y) — g(2)])

As y — x, we have g(y) — g(x) (since g € AC([a,b])). So (§) — 0. As a
result

(Diasg ) (y) = (Dl (),

proving that (Dg;.,f)(x) is continuous in x € [a,b].



Left general fractional monotone approximation theory 125

2. Main result. We will prove

THEOREM 15. Assume that g € AC([a,b]) is strictly increasing with
g(b) —gla) > 1. Let 0 < h < k < p be integers, and let f € CP([a,b]),
a < b, with modulus of continuity wi(f®,8), 0 < § < b— a. Let aj(x),
Jj=h,h+1,... k, be real functions, defined and bounded on [a,b] and assume
that, for all z € [g7 (1+g(a)),b], either ap(x) > o* > 0, or ay(z) < f* < 0.
Let ap =0 < a1 <1 <ap <2<+ <ap < p be real numbers. Consider
the linear left general fractional dz’ﬁerentz’al operator

L= E :O‘J *a,g

and suppose that throughout [g_ (1+g(a)),b],
L(f) > 0.

Then, for any n € N, there exists a real polynomial Q,(x) of degree < n
such that

L(Qn) >0 throughout [g~ (14 g(a)),b],

and

() max | f(z) — Qu(x)] < O Py (f@% b— )

z€[a,b] 2n

where C' is independent of n and f.
Proof. Let Q(x) be as in Theorem

We have
(D) (@) = piary 00 — oY 5 g (01O Dy,
(D @)(x) = gy ) (00e) = )51 (03 )0
J a
forj=1,...,p
Also

(DiggN(@) = fD(@),  (DlQu)(x) = Qi (), j=1,....p
By [9], ¢’ exists a.e., and ¢’ is measurable and non-negative.
We notice that

|(Dgé;g )(z) — Dfé;gQ:;(a:)]
1 z 1 ' »
= F(]—ozj)‘ § (g9(z) — g(#))7 =1 (1) (FD (1) — Q20 (1)) dt
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x

: S(g(x) —g(&) g |V (8) - QP (¢)] at

i —a) (g§ )Yl () dt ) R, <b2:l“>p_jwl(f<p>’b;z“>
)

<y () ()

Hence for all z € [a, b],
(Didg f)(2) — D3 Q)|

< (Q;ZD(Z— ifjﬁjl—)aj R, (bZ_na)ijl <f(”), b2—na)

IN

I/\@

and

(12) mrgﬁ}g]’D*a g f (2) — D:ng:L(x)’
(9(b) —g(@)y ™ o (b=a\"7 () b—a
< p
- I'(j-aoj+1) Ry 2n wi| S 2n )’
for j=0,1,...,p.
Above we set Doagf( r) = f(z) and DY, G@n(7) = Q) (), for all x €

[a,b], and ap = 0, i.e. [ag] = 0.
Define

§j = Sup ’a;l(.ﬁ)aj(l‘)’, .] = h7 >k7
a<x<b

and

(13) Nn = Rpwi (f(p)7 b2_na> jzk%sj (g}?z;:ifj)lj;)aj <b2—na>pj.

I. Suppose ap,(z) > a* > 0 throughout [g~1(1 + g(a)),b]. Let Qn(z) be
the real polynomial of degree < n that corresponds to f(z) + n,(h!) " tzh
z € [a,b], so by Theorem [12]and ([12)) we get

(14) max]rD*ag(ﬂx) + nn<h!>‘1xh> — (D39 Qn) ()|

o _ (gb) = gl@)y™ Rp(b— a)”‘jwl < 1), b= )

I'j—aj+1) 2n 2n

)

for j=0,1,...,p.
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In particular (for j = 0)

(15) ] () + () %) = Qule)] < By (P ) (0,220,

z€[a,b]

and

max | f(x) = Qn(z)]

z€[a,b]

< ()~ (max(|al, [b))" + Ry

2n
[ (o) o (052)]
proving .
Notice that for j=h+1,... )k,
(16)  (Didga") = TG 1_ o) [ (9(x) — g(t)) g ()" dt = 0

Here

j:
and suppose Lf > 0 throughout [¢7 (1 + g(a)),b]. So over g71(1 + g(a)) <
x < b, we get

o, () L(Qu(z)) (29) o, (2)L(f(x)) + 7; (Den, (M)

+Zah $ Oé] |: fég n(x)_Dfé;g (x)_ ZT:D’?CJLQ‘T}L]

j=h

@ 5, = (g(b) — (@)~ (b—a\P b—a
7D05h (p)
i) - o () e (10,05
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CORTO TN

I'(h—ap+1)
I*F(h*ahle) >0
I'(h—ap+1) -

Clearly here g(z) — g(a) > 1.

Moreover, I'(1) = 1, I'(2) = 1, and I is convex and positive on (0, 00).
Here 0<h—ap<land 1< h—ap+1<2 Thus

(17) I(h—ap+1)<1 and 1-T'(h—a,+1)>0.

> Mn

E(g(w) —g(a)~r — I'(h — ap + 1))
(

Hence
L(Qu(@) =0 for z € [g7"(1+ g(a)). 8]

I1. Suppose ap(z) < 8* < 0 throughout [g~1(1 + g(a)), b].
Let Qn(z), x € [a,b], be a real polynomial of degree < n, according to

Theorem (12 and , so that
(18)  max [DZZ,(f(z) = na(h)"'a") — (DiigQn)(2)]

z€la,b]
(9(b) —g(@)y= , (b—a\"™ [ ) b-a
< p
- I'(j—aj+1) By 2n il S 2n

for j=0,1,...,p.
In particular (for j = 0)

max |(f(2) = (h) ") = Qu(w)] < Rp<62;la>pwl ( o), 62—na>7

z€[a,b]

and

e |1(2)~Qn(z)| < ()~ (max(fal, [6))+ By (2 ) n (50, 20
xe[%,b] v )] = T ’ P\ o 1 " on

_ b—a\? b—a
= . (h)) lmax(|a|h,|b\h)+3p< o > wi <f<p>’ - )
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etc. We find again that
b—a\? _
x| £(0) = Qu(o)] < By (50) 4 () max(fal )

z€a,b]
g(d) —g(a))y=% (b—a\"\] ,_ w b—a
(St () )5,
reproving.

Here again

L= Za] *ag

and suppose Lf >0 throughout [g71(1 4+ g(a)),b]. So over g1 (1 + g(a)) <
x < b, we get

o @ 0(Qu@) @ 07 (@) Lf @) — (D28, ")
Zah )05 (0) | DXy Qu(o) — DIty o) + T2 DS

18]
H _%(D%;g(xh))
k j—aj ~
(9(b) — gla)y = (b—a)"" nboc
+<§Sj I'(j—a;+1) (2n> )Rpw1(f()7 2n>
ap xh
‘Q—memﬂ»+%=%Q—D%#))
= (1= g V) — a0 O )
I T(h—ap)h! 19 ! ’

(9(z) — g4/ (t) dt)

h'F(h — ah)
® (9(z) — g(a))
I G e — )

F(h—ah+1)

1 — (g(x) — g(a))" o
T(h—an+ 1) ) =0.

(
<F(h —on+1) — (g(@) — g(a))"
nﬂg )

Hence again

L(Qn(2)) 20, Ve lg~H(1+g(a)).b].
The case of ap, = h is trivially deduced from the above. The proof of the
theorem is now complete. m
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REMARK 16. By Theorem |1 D*ag f are continuous functions, j =
0,1,...,p. Suppose that ap(z),...,ax(x) are continuous functions on [a, b,
and L(f) > 0on g7 (1+g(a)),b] is replaced by L(f) > 0on [g~(1+g(a)), b].
Disregard the assumption made in the main theorem on «y(x). For n € N,
let @, (z) be the QF(z) of Theorem and f as in Theorem (12| (same as
in Theorem . Then Q, () converges to f(z) at the Jackson rate 1/nP*!
([B, p. 18, Theorem VIII]) and at the same time, since L(Q),,) converges uni-
formly to L(f) on [a,b], L(Q,) > 0 on [g~ (1 + g(a)), ] for all n sufficiently
large.

3. Applications (of Theorem

1) When g(z) =Inz on [a,b], 0 < a < b < oo.
Here we assume that b > ae, ay(x) restriction true on [ae, b], and

Lf Zaj *alnx ]>0

throughout [ae, b]. Then L(Qn) > 0 on [ae, b].

2) When g(z) = €” on [a,b], a < b < 0.
Here we assume that b > In(14€®), aj(x) restriction true on [In(1+e%), ],
and

Lf Z a] *a er ] >0
throughout [In(1 + €%), b].

Then L(Q,) > 0 on [In(1 + €%), b].

3) When A > 1, g(x) = A% on [a,b], a < b < 0.
Here we assume that b > log 4 (1+A%), oy, (z) restriction true on [log 4 (1+
A%), b, and

Lf Za] *a,Az ]>O

throughout [log4 (1 + A%), b]. Then L(Qn) >0 on [log,(1+ A%),b).
4) When 0 > 0, g(z) = 27,0 < a < b < 0.
Here we assume that b > (1 4+ a%)'/?, au(x) restriction true on
[(1+a%)'/?,b], and
Lf Zaj *a z7 ] >0

throughout [(1 + a%)'/?,b]. Then L(Q,) > 0 on [(1 4 a%)Y/?,b].
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