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Co-semigroups generated by second order
differential operators

GABRIELA RaLuca Mocanu (Cluj-Napoca)

Abstract. Let W(u)(z) = 1z*(1 — 2)’u”(z) with a,b > 2. We consider the Co-
semigroups generated by this operator on the spaces of continuous functions, respectively
square integrable functions. The connection between these semigroups together with suit-
able approximation processes is studied. Also, some qualitative and quantitative properties

are derived.

1. Introduction. Viewing differential operators as generators of Cy-
semigroups is not only elegant, but has innumerable applications in exact
sciences. This paper is devoted to the operator

(1.1) W (u)(z) = $2%(1 — o) (x), xe€l0,1], a,b>2,

acting on €([0,1],R), €([0,1],C), L?([0,1],R) and L?([0,1],C).

The operator W (u)(z) = $2%(1—2)’u” () in the Banach space #([0, 1], R)
has been intensively investigated. It has been shown that the closure of W
generates a positive Cy-semigroup of contractions. This semigroup can be
approximated by iterates of a positive approximation process, and under
certain conditions both ¢ — 0 and ¢ — oo limits can be found.

We shall denote by ([0, 1], R) (resp. €"([0, 1], C)) the space of all real-
valued (resp. complex-valued) continuous functions, defined on [0, 1], that
are n-times continuously differentiable in [0, 1]. The spaces ([0, 1], C) and
€([0,1],R) will be endowed with the supremum norm, denoted by || - ||; we
shall also consider the Hilbert spaces L?([0,1],C) and L?([0, 1], R), with the
norm denoted by || - |2 and the inner product (,). In this article it is shown
that, under suitable assumptions, the operator W generates Cp-semigroups

2010 Mathematics Subject Classification: Primary 47D06; Secondary 47D07, 47F05,
47B65.

Key words and phrases: Co-semigroup, asymptotic behaviour, approximation process, rate
of convergence.

Received 29 May 2015; revised 3 September 2015.

Published online 3 December 2015.

DOI: 10.4064/ap3737-12-2015 [57] © Instytut Matematyczny PAN, 2016



58 G. R. Mocanu

on all the four spaces considered, and appropriate approximation processes
are proposed.

I will stand for the identity operator on the corresponding space.

LF denotes the iterate of order k > 1 of the operator L.

If L is a linear operator defined on a subspace E of €(]0,1],R) or of
L?([0,1],R), we shall denote by L the complexified operator defined on E +

iFE by L(f +1ig) = L(f) +iL(g) for f,g € E.

~ Lemwma 1.1, Let L: €([0,1],R) — €([0,1],R) be linear and positive. Let
L:%¢(]0,1],C) = €(]0,1],C) be the complexified operator. Then ||L|| = || L]

Proof. Obviously ||L|| > ||L||. To prove the reverse inequality, let u =
[ +ig e €(0,1],C), x € [0,1] and a+ ib == E(u)(x) = L(/)(z) +1L{g)(x).
Let 6 := arg(a + ib) and

a:= (sgna)(sgncosf)cosf, [ := (sgnb)(sgnsinf)sinb.
Then asin® = bcos 6 and |a +ib| = va? + b = |acos 0 + bsin | = aa + (b,
Therefore |L(u)(z)| = |a + ib| = ca + Bb = L(af + Bg)(x).
Since L is positive, we have
|L(u)(2)] < L(|af + Bg]) () < L(V f2 + ¢2) (x) = L(Jul)(x).
It follows that
1L < IL(uD | < 1Ll w e €([0,1],C).
This entails ||| < ||L||, and the proof is finished.

A Markov operator is a positive linear operator T' defined on €([0, 1], R)
which satisfies T'(1) = 1, where 1 is the constant function 1.

2. The associated semigroups. Define an operator A with domain

(2.1) Dy(A) = {u € F([0.11.B) N€2((0,1).B) = lim W (u)(x) = o},

as
W(u)(x) when z € (0,1),
(2.2 Afu)() =
0 when z € {0,1}.
Then the following theorem holds [CM].
THEOREM 2.1.

(i) The operator (A, Dy (A)) is the infinitesimal generator of a Cop-
semigroup (T'(t))i>0 of positive contractions on €([0,1],R).
(i) €2([0,1],R) is a core of A.
(iii) limyyoo T'(t)(f) = T(f) for f € €([0,1],R), where

T(f)(x):=1—=z)f(0)+xf(1), xel0,1].
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We shall consider the closures of W on %([0,1],C) and L?([0,1],C) as
possible generators of strongly continuous semigroups on these spaces.

As a consequence of Theorem [2.1] we obtain

PROPOSITION 2.2. The closure of W in¢'([0,1],R) is (A, Dy (A)). More-
over, the closure ofW in €(]0,1],C) is (A, Dy (A)), and it generates a con-
tractive semigroup (T(t))i>0 on €([0,1],C) such that

(2.3) Jim T(t)(f) =T(f), fe%(0,1],C).

PROPOSITION 2.3. Let M (a,b) := % max,cpo ) (z*(1 — z)*)". Then W —
M (a,b)I is dissipative in L*(]0,1],C).
Proof. Apply [MR], Proposition 2.1] with u(z) = 32%(1 — 2)* and v(x)
=0forze0,1]. m
In order to obtain estimates for M (a,b), write
(2.4) M(a,b) = § max -2,

)

where
Q=oala—1)(1—-2z)*—2abz(1 —z) +b(b— 1)z? < max{a(a —1),b(b —1)}.
e a=2orb=2implies 2% 2(1 — 2)*72 < 1 for x € [0, 1], so that
M(a,b) < Ymax{a(a —1),b(b—1)}.

(a—2)2~2(b—2)"—2

e a>2andb>2implies 22 2(1 — 2)"2 < (a+b—4§a+b*4 , so that

1 (a—2)""2(b—2)"2
4 (a+b—4)rtod

Numerical evaluation of M (a,b) shows that it has a maximum value of
0.5 reached for a = b = 2; M (a,b) tends to zero as a and b increase.

M(a,b) <

max{a(a —1),b(b—1)}.

THEOREM 2.4. W — M (a,b)I is closable, and its closure is the infinites-
imal generator of a contraction semigroup (S(t))i>o on L?([0,1],C). The
closure of W, (W — M(a,b)I) + M(a,b)I, thus generates a Co-semigroup
(U(t))e>0 connected with S(t) through U(t) = eM@YLS(t). The norm of
U(t) is |U(t)|| = eM (@b,

Proof. Let pu > 0; then the complexified operator ul — A is bijective (with
range ¢([0,1],C)). Pick f € €([0,1],C) and u € Dy (A) with pu — Au = f.
Since €2([0, 1], C) is a core for A , there exists a sequence u,, € ([0, 1], C),
n > 1, such that u, — u and A(u,) — A( ). Thus u, € D(W) and
Uy —W(un) = pu, — A(up,) — pu — A(u) = f. This means that

(uI — W) (upn) € R(uI — W) and (uI — W)(un) — f. We conclude that

o R(ul — W) is uniformly dense in %([0,1],C), and therefore
e R(ul — W) is dense in L?(]0,1],C).




60 G. R. Mocanu

Let A > max{0, —M (a,b)}. Then \XI — (W — M (a,b)I) = (A+ M (a, b)) —W
with A + M (a,b) > 0 has dense range in LQ([O7 1],@) and W — M (a,b)I
is densely defined and dissipative in L?([0,1],C). By the Lumer—Phillips
theorem the proof is complete. »

Since W(l) = 0, the semigroup generated by W is a Markov semigroup:
U(t)(1) =1 for all t > 0.

By “decomplexification”, the results in this subsection are also valid for
L?([0,1],R), i.e., the closure of W generates a strongly continuous semigroup
on L%([0,1],R).

3. Approximation processes for semigroups. A positive approxi-
mation process (Ly) on €(]0,1],R) is a sequence of positive linear operators
from €(]0,1],R) in €([0,1],R) such that lim, o L,(f) = f for each con-
tinuous function f.

Assume there exists a positive approximation process L,, on € ([0, 1], R)
such that a Voronovskaja-type relation exists between L, and A:

(3.1) lim n(Lo(f) ~ f) = A(f). € C(0.1].R).

Under suitable conditions [AR]ICM], the semigroup generated by (A, Dy (A))
can be approximated by iterates of L,:

(3:2) T(t)(f) = lim L™ (f), fe€(0,1,R),

where (k(n)) is a sequence of positive integers such that lim,_,~ k(n)/n = t.
Possible types of such L, sequences can be found in e.g. [ARL [CMP2l [CM|
AC| R].

We shall describe a related approach. A positive approximation process
for the differential operator A given by (2.1)-(2.2) can be built as in [R].
For 0 < s <1/2,let F(s) : €([0,1],R) — €(]0,1],R) be a positive linear
operator defined by

(3-3) F(S)(f)(f) =527 (1 - 2)"f((1 — V2s2))
2 (1—2)" ' f(V2s + (1 = V2s)a) + 5 (2 — 2 ' (1 — 2)" 1) f(a),
where f € ‘5([0, 1],R), = € [0,1]. For this process, F'(s)(eo) = eo, F(s)(e )

= e and F(s)(e2) = 2% + s2%(1 — x)°, with z € [0,1] and e;(z) := 2
i € {0,1,2}. Then [R], Theorem 4]

(3-4) lim F(t/n)"(f) =T()(f)

n—oo

for each t > 0 and f € €([0,1],R).
The kth iterate of the complexification of L coincides with the complex-
ification of the kth iterate of L. Together with (3.2) and (3.4) this leads
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to
(3.5) T()(f) = lim LEV(f),  fe(0,1,0),
(3.6) T()(f) = lim F(t/n)"(f),  f€%(0,1),0).

The aim of this section is to build a specific approximation process for L?

functions, i.e., we want an Lﬁ(n) such that a relation of the type holds
on L?([0,1],C) for (U(t))¢>0. We do this along the general lines presented
in [CMP1].

Consider the differential operator

37)  A)(e) =p) (), pla)=z2°(1-2)" ab>2,

with domain Dy (A) given by (2.1)).
Choose a parameter € ]1/2,1[, and consider an even positive function
¢ € L'(—1,1) satisfying
1 1
(3.8) \ot)dt =1 and | ¢(t)dt =1.
-1 —1

For n € N we define the sequence

2
(3.9) oo = | 222)
nn
PROPOSITION 3.1. For sufficiently large n,
(3.10) 0<z—top(x) <1, =xel0,1],te][-1,1].

Proof. 1t is clear from the definition of p(z) that o, is positive, and since
t is an arbitrary parameter in [—1, 1], it suffices to prove that

(3.11) 0<z—op(r) and z+o,(z) <1
Explicitly,
a/2(1 — £)b/2 a/2(1 — £)b/2
(3.12) 0<po T2 g WA
/I N

Since a,b > 2 and z € [0,1], we have 2%/? < z and (1 — 2)¥? < (1 — ).
Using these and taking n large enough such that \/nn > 1, we obtain the
desired inequalities. m
We are interested in the operators
1

(3.13) Lo(f)(x) = | fla —ton(2))d(t) dt

-1

in L2([0,1],C). Notice that for n large enough the sequence is well defined.
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To study these operators, we calculate L, (e;)(z), where e;(x) = 2* for
i€{0,1,2):
1

(3.14) Ln(eo)(z) = | ¢(t) dt = 1 = ep(x),
-1
1
(3.15) L,(e1)(z) = S (x —top(x))o(t)dt = x = e1(x),
-1
0 2p(z)
(3.16) Lu(e2)(x) = | (z — ton(2))?6(t) dt = 2” + ;
-1
o) + 2p(x)
It is clear that
(3.17) nl;n;o L, (e)(z) = ei(z)

in €([0,1],C).
Let w(f,d) be the first modulus of continuity of f € €([0,1],C) with
6 > 0, defined as

w(f,0) = sup{|f(x) = f(y)| - x,y € [0,1], [z —y[ < 5}.

PROPOSITION 3.2. L, is an approzimation process in €([0,1],C), i.e.,
there exists an absolute constant k > 0 such that for every f € €([0,1],C),

(3.18) HLn(f) — fllo < k:w(f,l/\/ﬁ),

hence ||Lyn(f) — flloo — 0. Moreover, the sequence ||Ly||2 is bounded in
L*([0,1],C).
Proof. To show the first property, we compute
1 1
(319)  La(f)(@) = f(@) = | flz —ton(2))(t)dt — f(x) | o(t)dt
-1 -1
1

- S [f(z —ton(x)) — f(x)]6(t) dt.

-1
Then
1

(3.20) La(f)(@) = f(@)] < | (2 = ton()) = f(2)|o(t) dt

-1

< w(f, 2”p”°°) < k(£ 1/v).

nn



Co-semigroups 63

To show the second property, consider a function ¢ = o,; we want to
show that the operator
1

(3.21) L(f)(@) = | @ —to@)e() dt
-1
is bounded. To this end, perform a change of variables t — s = x — to(z):
z+o(x)
r—s) 1
Then
1 z+o(z)
(3.23) [L(f)(2)] < ||¢||oo% S( )\f(S)IdS-
Using the maximal function
1 x+r
(3.24) M f(x) = ig}gwir £ ()] ds
yields
(3.25) [L(F)(@)] < 2[]loc M f (),
so that, by the properties of the maximal function (see e.g. [CH]),
(3.26) IL(H)l2 < 2c2llllooll fl2,

where ¢y is a constant. m

It follows that ||Ly||2 < 2c¢2||@|lec for n > 1.
We will also need the fact that 42([0,1],C) is contained in Dy (A) and
is a core for (A, Dy (A)), as shown previously.

THEOREM 3.3. There exists ¢ > 0 such that for every f € €2([0,1],C),
(3.27) I(La(f) = f) = pf"lloc < cw(f",1/3/n),
hence n(Lyn(f) — f) = pf” uniformly on [0,1].
Proof. By using a Taylor expansion, we get
[z —ton(z)) - f(z)
= (=tou (@) ' (x) + 3(—ton (@) f"(x) + §(—ton(@)* [ (Cer) — [ (@)
Multiplying by ¢(¢) and integrating over t € [—1, 1] we get
(3.28) Ln(f) = f = 5/ "m0y + Ra,

where
1

(329)  Ralw)= 1 | (tou(@)["(Ce) — "0 dh
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We will obtain an upper bound for R, ().
Since (,; is between z and x + toy,(z), it follows that [(,; — x| <

t|on(z) < on(z). But on(z) = v/2p(x)/(nn), where p(x) = 2(1 — 2)b/2.
With \/x%(1 — z)?/n < 6 (a positive constant), we get
‘C:Jc,t — x| < 9/\/ﬁ

Together with the definition and properties of the modulus of continuity, we
obtain

1" (Get) = (@) < (" G — 2l) = w(f",0/vn) = 1+ O)w(f”,1/v/n).

Consequently,
1

Ry(x) < 51+ 0)w(f",1/v/n)or(x) | £*6(t) dt.

-1

By using the definition of o,(z) and the integral properties of ¢(t), we get
1+0
——p(@)w(f",1/vn).

With (1 + 6)p(x) < ¢ (some positive constant) we obtain
(3.30) R(2) < ~w(f",1/Vn).
In the limit n — oo, we have nR,, — 0, and thus n(L,(f) — f) = pf". =

THEOREM 3.4. With ¢(t) as in [CMP1l, (57)], successive iterations of
L, are stable, i.e.,

(3.31) |LE ||y < eME/m,

Proof. The proof runs as the proof of [CMP1, Lemma 5.10] once the
term 7, = a’/n in that proof is set to zero. =

R, (x) <

With all the concepts gathered so far, an application of Trotter’s theo-
rem [T] yields

THEOREM 3.5. For every t > 0, if (k(n)) is a sequence of positive inte-
gers such that k(n)/n — t then

(3.32) lim LM = U(t)

n—o0
strongly on L?([0,1],C).
Similarly, the same conclusions are valid for L2([0, 1], R).
REMARK 3.6. A series of properties of the complexified operator T' (t)
may be obtained by using known results for T'(¢), e.g., from [R].

Let ¢ = % and ¢ := max{a,b}, 0 < p < 1. Moreover,

suppose |f(xz) — f(0)] < Crx and [f(1) — f(z)| < Kf(1 — ) for z € [0,1].
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In [R] it is shown that

(3.33) Tt (f)(x) = f(@)] < 31— ezl —2) || /]
for f € €2([0,1],R), t >0, = € [0,1], and

(334)  |T®)(f)(x) = T(f)(x)]
<(Cy + Kyp)(z(1 - 2)e ™ 4+ (¢ — 1)qq/(1fq)t(p71)/(q71))
for f € €([0,1],R), t >0, z € [0,1].

Consider these properties in a general framework of an operator L sat-
isfying |L(u)(z)| < @(z)||u”|| for u € €*([0,1],R) and = € [0,1]. We want
to find a similar relationship for its complexification L acting on functions
f € €%([0,1],C), f = u+iv, u,v € €*([0,1],R). We have

IL(f)(@)] = |L(u)(x) +iL(v)(2)| = V/(L(u)(x))? + (L(v)(2))2.

Since |L(u)(z)| < ¢(z)||uv”|| (and similarly for v(z)), we get

LA @) < V@) ("2 + [07112) = e(@) Vw2 + "]

But
| — // 2 " 2
Ju”| max | (z —Jél[%’i]\/ v () max ()]
< 7 — 1! .
< o 1) = 11|

|| and thus

L)) (@) < pl@) /w1 + [o"]2 < V2p() | ]
With , and with the above by complexification we get
2
(3.35) IT()()(x) = f(2)] < \2[(1 —e a1l —2)[lf]
for f € €2([0,1],C), t >0, z € [0,1].
Let f € €([0,1],C) with

[f(@) = fO)] < Cpz,  [f(1) = f(2)] < Kf(1—);

Similarly, ||v

then

(3.36)  [T(t)(f)(z) = T(f)()|
<V2(Cs + Kp) (a(1 —2)e ™ + (g — 1)g¥/ (- 0¢-1/(@-D),
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