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Summary. Let f be an analytic function on the unit disk D. We define a generalized
Hilbert-type operator Hq,p by

Fa+1) fO0-1"
§ (1 —tz)ett

where a and b are non-negative real numbers. In particular, for a = b = 3, H, becomes
the generalized Hilbert operator Hg, and 8 = 0 gives the classical Hilbert operator .
In this article, we find conditions on a and b such that H, is bounded on Dirichlet-type
spaces S?, 0 < p < 2, and on Bergman spaces A”, 2 < p < 0o. Also we find an upper bound
for the norm of the operator Hq,. These generalize some results of E. Diamantopolous
(2004) and S. Li (2009).

1. Introduction. Let H(D) denote the class of all analytic functions in
the unit disc I of the complex plane. For 0 < p < oo, the Bergman space AP
consists of all f € H(D) such that

1% = VI ()P dm(z) < oo,
D

where dm(z) = 7~ !rdrdf is the normalized Lebesgue area measure on .
We refer to [DS1] and [Z2] for Bergman spaces.
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Let p € R and f € H(D) with the Taylor expansion f(z) = 7 a,2".
We say that f belongs to the space SP if
o0
118 = > (n+ 1)|ag | < oo.
n=1
SP is a Hilbert space with the inner product
[e.e]
(f,9) = (n+1)’anby,
n=1
where f(2) = Y00 a,2™ and g(z) = Yo% by2™ (see [S]). The spaces S°
and S~! are the Hardy space H? and the Bergman space A2, respectively,
and S* is the Dirichlet space D (see [L).
For0<r<land f=>3 77, a,2" € HD), we define

1 2T ' 1/2 00 1/2
V) = (g e ar) = (S fen)
If0<p<2and f € SP, then
(1.1) collF% < £+ V1 ()P0 = [21) P dm(2)

D
1

= [FO) +2\r(1 =)' PM(r, f') dr < Gy f%-
0
The optimal constants ¢, and C), are given in the Appendix.

In 2009, S. Li and S. Stevié¢ [LS| for 8 > 0 defined the operator

oo, 0

- I'n+B+1)I(n+k+1) n
Hp(f)(2) = 7;](;:0 I'(n+ 1)F(n+k+[3+2>ak>z ’

which they called a generalized Hilbert operator. For 8 = 0 this is the classical
Hilbert operator H. In [LS| the authors proved the boundedness of general-
ized Hilbert operators on Hardy spaces on the polydisc. In [L], S. Li proved
the boundedness of generalized Hilbert operators on Dirichlet-type spaces
SP for 0 < p < 1.

In this article, we extend the class of generalized Hilbert operators. Let
f(z) =307 ganz" € H(D) and a, b be non-negative real numbers. We define

I'ln+a+1)I'(n+k+1) n
Haslf Z( « T(n+1)T n+k+b+2)a>z’

and call it a generalized Hzlbert-type operator. Note that H,, = Hg for
a=b=pand H,p =H fora =b=0.
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A simple computation shows that H,; has a representation as an in-
tegral-type operator:

and 8 = 0 gives

In |L], S. Li proved the boundedness of Hg on S?, 0 < p < 1. The main
objective of this article is to prove the boundedness of H,; on Dirichlet
and Bergman spaces for some p,a,b. In Theorem 2.1 we extend the result
of S. Li by proving the boundedness of H,; on SP, 0 < p < 2, and we give
an estimate of the norm ||#,|/s». In Theorem 2.2 conditions on a,b,p are
given which ensure the boundedness of H,; on AP together with an estimate
of its norm.

2. Main results. Throughout this article, B(z,y) denotes the usual
Beta function defined for x,y > 0 by

1
B(z,y) = Ssxfl(l —s5)¥ "l ds.
0
THEOREM 2.1. Suppose a,b > 0 and 0 < p < 2. Then Heyp is bounded
on SP and

cplHanf %0
1 2 227(a 4+ 1)2C (b, p)
< Ci(a;b,p) Kb+ = 1)/2) T atpr)2atp+ 2)]Cp\\f\|§p,

where

Cl(avb7p) = b p>

I(a+1)204-p)/2 )
d b,p)=B"|b+—,——
rb+1) and  C1(b.p) T
THEOREM 2.2. Letp>2 and b>a >0 with |b—a —1/p| < 1/p. Then
Hap is bounded on AP and

I(a+ 1)2°-

HHa,b(f)”AP < C(a7 b)B F(b—i— 1)

HfHAP7
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where
2 2
_B:B<+a—ab—+1>
p b

Qa—b if 4 <p < oo,

C(a,b) = < 97—p - >1/P ‘
4 2%7P if 2<p<A.
90— 21 pb—a)) fe<p

In order to prove Theorem 2.1 we establish the following lemma.

LEMMA 2.3. Let 0 <p <2 and f € SP. Then for any z € D,

i 1/ 1 (3—p)/2
U@Mszw/q/( ) 1£llsv-

1—|z]

Proof. By (1.1) we have
1
Coll Fll3e = 2§ u(l —u®) P M5 (u, f') du + | f(0)|*.
0
Hence and by the increasing property of integral mean we obtain

1
(21) Gl fllér = 2V u(t —u®) PME(W?, 1) du + | f(0)]?
0

1
= (1= M3(u, £) du + | £(0)
0

(3+]z[)/4
> | - PME(u, f) du | FO)
(1+]z])/2
L iep (3+121)/4
> (S5 w(HEL) T wsor
(1+]z1)/2

1 1 ,
— s - 0P (S5 ) 4 o

Applying the Cauchy integral formula to f2 we get

(2.2) u—mwvﬁ<mﬁ@+w )

2 Y
The second equality in the definition of May(r, ) easily implies that MZ2(r, f)
< |£(0)]2 + MZ(r, f') for all 0 < r < 1. Hence we obtain

AﬁC”?qu@ﬁmﬁC+mf)

2 2
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By the previous inequality and (2.2), we have

(L) 2 Jirora - ) - o)

Hence inequality (2.1) gives
1
Coll flIEe = 51|/ (2)

which is the required result. m

21—z

Proof of Theorem 2.1. Differentiating the integral representation of H,
we get
f)t(1 —t)b

(1 _ 752 a+2

1
|(H abf)( S dt.
0

Now,
1
cpllHap 30 < [Hapf O) +2\r(1 = 1) P MF(Hapt)',7) dr
0
Minkowski’s inequality together with the triangular inequality gives

Pla+2) [ 17 fora-o® > 17
(( abf) ) F(b—l—l)s[ S m d9:| dt
Ila+2); —(a+2)
< 61D §)|f (L — )P (1 — tr) =@+ g,
Hence,
(2'3) CPHHa,be%P S ‘Ha,bf(o)‘Q + Iv
where

0 o Tla+2) (a ?
I= 2§T(1 — )t <F(b+1) §) |F)|EQ —£)°(1 — tr)~(a+2) dt) dr.

Using Lemma 2.3 we obtain

H, bf(O)\Q < ( I'(a+ 1)22710/2

2
2
rb+1)(b+ pgl)> Coll fll5e-

Moreover,
21
I< 2<F(ai 2)> Sr(l — )P - ) 2et)
0

1o 1/2 2
22-P2C," 7| flls
( (1— t)p<3|1|o)/||2 ~t(1~ t)bdt) dr
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_(T(a+2)\?
<2° p<w> Coll fll%r

1 1
r(1— )P (1 — )20t gy )P+ e=3)/2¢ gy
g (- o)
96—2p Ia+2)
= (2a+p+1)(2a+p+2) (F(b+1)>

1
2
x (J ==/ =nr2 ) e | 111,

0

3 26-2 (F(a +2) > 2

 2a+p+1)2a+p+2)\I'(b+1)
11

X Bz<b+2 2>C £ 110

Therefore inequality (2.3) gives

cpHHa,beQSp
I'(a+1)2*7/2 >2 96-2p <F(a+2)>2 }
- Kf(bﬂ)(b“’?) et D@atpr\ T+ 1)) COP)
X Cpl| fII%
_ 1 \?  227P(a+1)2Cy (b, p) )
_Cl(a’b’p)KbM;) (2a—|—p+1)(2a—f—p—|—2)]CprHSp’

where Cy(a,b,p) and C1(b,p) are as in the statement. =

REMARK. If a = b = 3, Theorem 2.1 gives the boundedness of Hz on SP
for 0 < p < 2, which extends [L, Theorem 1]. In particular, for § = 0, H is
bounded on S? for 0 < p < 2.

We recall the following result, to be used in the proof of Theorem 2.2.
LEMMA 2.4 (Dl p. 1069]). Let 2 < p < oo and f € AP. Then for any

zeD,
1 2/p
s (=) Wl

Proof of Theorem 2.2. For z € D, we choose the path
t
H=Clt=—— 0<t<1,
) =G0 = 1577

i.e a circular arc in D joining 0 to 1. A change of variable in the integral
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representation of H, j gives

r<a+1>1< t > (1=t —2)""
(t—1

éf et 1) (U (= 1)z)part

We define a weighted composition operator T; as follows:

Ti(f)(2) = f(@r(2)wr " (2)

Ha,b(f)(z) = F(b+ 1)

where

¢ 1
Pi(2) = m and  wi(z) = m
Then 1
Hap(f)(2) = mﬂTt(f)(zm — 1)1 — 2)b" dt.
0

We first estimate the norm of T;. Proceeding much as in the proof [D| Lem-
ma 2|, for 4 < p < oo we get

2/p+a—b—1
24) T ar < gy Il

and for 2 < p < 4 we get

(2:5) T (f)ll.ar

7—p+p(a—b) 1/p 12/p+a—b—1
< ( ’ - 24—p+p<a—b>> |l
9(p—2+pb—a)) (1—t)2/p

Now we estimate the norm

1

_I'(a+1) b b—a 7,|P Lp
[Has(F)lLar = F<b+1><§» \(5) LA - 01 -2 a dm(z) .
Applying Minkowski’s inequality gives
I(a+1)2t= ,
< — — .
o llar < =1 55— Il — 0
For 4 < p < oo, using (2.4) we get
I'(a+1)2b—@
» < ——B .
HosDllar < F B
For 2 < p < 4, using (2.5) we get
I(a+1) 27-p o\ P
< 2%7P B .
asDlar < et (s ar—ary * Il

REMARK. For a = b = 8, Theorem 2.2 gives a new result on the bound-
edness of Hg on AP for 2 < p < oco. In particular when 8 = 0, we obtain [D|
Theorem 1].
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3. Appendix. Here we give the calculations which give the optimal
values for ¢, and Cp. Let f = > ja,z". Then

1 1
FO 42§71 s M ) dr = laof? + 2§ (1 1) PN )
0 0
—p,.n— _ n( )F(Q _p)
= |ao|? —|—Z|nan\ S — )Pl dr = ag |2+Z| n|2m
— lanl? a2(n P n(n!)
~ +nzl| SR 2-p)B-=p)(n+1-p)(n+1)»
Let |
L, = (n—1)(n—1)! for n > 2.

(2-p)---(n—p)nP
It is clear that the optimal choice for ¢, is min(1,inf,>2 L), and for C), it
is max(1,sup,>9 Ly). We will show that L, is an increasing sequence, which

means that
Losi _ ( n \'Y 1 -

Indeed, the last inequality is the same as

1 \?*? 2 2
1— >q_Pbr=, 2P
n+1 n+1 (n+1)2

Therefore it is enough to prove that
(1—z)">1—rz+(2r—4)z? for2<r<4and0<z<1/2.
For some 0 < 6 <z < 1/2, by the Taylor formula we get

(I—2)"=1—rz+ rir = 1):z:2 — r(r =D - 2)x3(1 —0)" 3.

2 6
Thus the preceding inequality will be proved if we show that for 2 < r < 4,
r(r—1) r(r—1)(r —2)
—_>2r—44 —
g~ 12 ’

which is the same as
(4 —7)(r* = 5r +12) > 0.
This is true for all » < 4. Therefore
1

inf L, = ——.

n>2 (2 —p)2?
Using the Gauss formula

n!n®

I'(x) =1 f 0
() nggoar(x—i—l)(a:—i-n) ore =0
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we get

sup L, = lim L, =1'(2—p).

n>2 n—o0

Thus

. 1
cp = mln{l, (2_19)217} and Cp=max{1,I'(2—p)}.
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