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Blow-up of solutions for the non-Newtonian polytropic
filtration equation with a generalized source

JUN ZHoU (Chongging)

Abstract. This paper deals with the blow-up properties of the non-Newtonian poly-
tropic filtration equation
uy — div(|Vu™[P72Vu™) = f(u)

with homogeneous Dirichlet boundary conditions. The blow-up conditions, upper and
lower bounds of the blow-up time, and the blow-up rate are established by using the
energy method and differential inequality techniques.

1. Introduction. Consider a compressible fluid flow in a homogeneous
isotropic rigid porous medium. Then the volumetric moisture content 6(x),
the macroscopic velocity V and the density of the fluid p are governed by
the following equation [WZYL]:

(L.1) 0@) %2 + (o)~ () =

where 7(p) is the source. For a non-Newtonian fluid, the linear Darcy law
is no longer valid, because the influence of many factors such as molecular
and ion effects has to be taken into account. Instead, one has the nonlinear
relation

(1.2) pV = —A|[VP|]"2VP,

where p‘? and P denote the momentum velocity and pressure respectively,
and A > 0 and o > 2 are some physical constants.

If the fluid considered is a polytropic gas, then the pressure and density
satisfy the following equation of state:

(1.3) P =cp,
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where ¢,y > 0 are some constants. Thus, it follows from ((1.1)—(1.3) that

(1.4) ()52 = XA (V7|7 2V7) + (o).

The parabolic equation also appears in population dynamics and
chemical reactions, and it is usually called the non-Newtonian polytropic
filtration equation (see [K| V1, [WZYL] and references therein).

In this paper we consider with 0(z) = 1. Furthermore, we incor-
porate the zero boundary condition into this problem. Then we get the

following initial-boundary problem after changing variables and notation:
u — div(|Vu™ P72 Vu™) = f(u), (2,t) € Qr,

(1.5) u(x,t) =0, (z,t) € St,
u(z,0) = ug(z), x € §2,

where 2 is a bounded domain in R, N > 1, with smooth boundary 012,

Qr =2x(0,T), Sp =002 %x(0,T), m > 1 and p > 2 are constants, ug is a

non-negative function on {2 such that ug* € L*(£2) N WOLP(Q), and f is a

continuous function on R that satisfies the following condition:

(H) limsupjs o0 1£(s)]/]s|™=D < 00 and s™f(s) > rF(s) > |s|™, where
r is a positive constant such that p < r < 0o if N < p, while p < r <
Np/(N —p) if N > p, and

S
F(s):= mSTm_lf(T) dr.
0

For example, we can choose f(s) = |s™|""25™ or f(s) = s¢ with ¢ > m(r—1)

> 1 to satisfy (H).

During the last decade, problem ((1.5) has enjoyed a growing attention.
Sattinger [Sa] constructed a stable set, which was used to construct global
solutions (see [I, [T, [T'Y]). Furthermore, a lot of work has been devoted to
singularity properties, such as blow-up, extinction and quenching (see [C]
GWDW], [Le, LM, V1], V2, WZYLl X XCM|, XWY, ZW, [ZM1l [ZM2], [ZM3]
and references therein).

In the above works, the authors discussed the blow-up properties by
constructing upper and lower solutions. To the best of our knowledge, only
a few papers deal with blow-up solutions when the initial energy is positive.

When m = 1, problem (1.5 degenerates to the p-Laplacian equation

uy — div(|VulP=2Vu) = f(u), (z,t) € Qr,
(1.6) u(z,t) =0, (z,t) € St,
u(z,0) = up(z), x € 1.

Zhao [Z] studied problem (1.6) and established global existence for f de-
pending on u as well as on Vu. He also proved a blow-up result for (1.6)
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under the condition
1

(1.7) “\ \VuglPdx — \ F(up) doe < ——=—— \ ud da,
P !SZ }2 pT(p - 2)? (Sz

where

More precisely, he showed that if there exists T > 0 for which holds,
then the solution blows up before time 7. This type of results have been
extensively generalized and improved by Levine et al. [LPS], who proved
some global, as well as blow-up, existence theorems. Their results, when

applied to (1.6, require that

(1.8) L IVuol? dz — | F(uo) dz < 0.

p 2 N
Messaoudi [M] generalized the above result and proved that blow-up can be
obtained even for vanishing initial energy. More precisely, he got blow-up
under the condition

(1.9) L [Vuol? d — | F(uo) da < 0.
p 2 02

Recently, the above results were improved by Liu and Wang [LW], who
showed that certain solutions with positive initial energy can also blow up
in finite time. Furthermore, the blow-up time T, was estimated by

2" 2—r
(1.10) T, < EHUOHQ -

When p = 2, problem degenerates to the porous medium equation
up — Au™ = f(u), (z,1) € Qr,
(1.11) u(z,t) =0, (x,t) € St,
u(z,0) = up(z), x € §2.
The above problem was recently studied by Wu and Gao [WG]. As in [LW],

they got blow-up criteria for positive initial energy. Furthermore, the blow-
up time 7T, was estimated by

(m+1)™" _
(1.12) L. < Gomr—m =1y 10! i1

For the general case of m > 1 in problem (L.5)), Yin, Li and Jin [YLI]]
studied the problem
ug — div(|Vu™[P=2Vu™) = M4, (x,t) € Qr,
(1.13) u(z,t) =0, (z,t) € St,
u(z,0) = up(z), x € {2,
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where ¢ > m(p —1) > 1 and A > 0 are constants. They showed that if
1

A m
p S |Vuit P de — qu S ud™™ dx <0,
(9}

n

then the solution of (1.13)) blows up at a finite time. Furthermore, the blow-
up time T, was estimated by

(m+1)(q+m)ymi+11< 1 Sm+1>(1q)(m+1)

0
m—i—lQ

(1.14)

(1.15) s Mg —1)(g +m — mp)

Motivated by the above works, in this paper, we study the blow-up so-
lutions of ([1.5). We point out the following four problems:

1. In estimates and , C is just some positive constant. Nei-
ther the exact value nor a lower bound of C' were given in the above
mentioned papers, so we cannot derive an exact upper bound of the
blow-up time 7.

2. In [YLJ], the authors give blow-up conditions when the initial energy
is non-positive, but no blow-up conditions for positive initial energy
are given.

3. When blow-up occurs, the blow-up time cannot usually be computed
exactly. It is therefore of great importance in practice to bound it
from above and below (see [BH, BS, Liull Liu2, CW], [Pl PPl [PS| So]
and references therein). However, no lower bound was given in the
above papers.

4. As mentioned in [GV], when studying blow-up problems, it is impor-
tant to calculate the blow-up rate. But none of the papers did it.

Based on the above questions, the main tasks of this paper are the fol-
lowing:

1. We will study the blow-up of solutions of with positive initial
energy.

2. We will give exact upper and lower bounds of the blow-up time 7.

3. We will consider the blow-up rate.

It is well known that problem (|1.5]) is degenerate if m > 1 or p > 2, and
therefore there is no classical solution in general. By a solution of (1.5, we
mean a function u(x,t) with ™ € L>®(Qr) N LP(0, T} Wol’p(Q)), (™) €
L?(Qr) satisfying
(1.16)  \\ (e — Va2 VU™ Ve + fp) dadt + | ugrp(x,0) da = 0

Qr n
for all ¢ € C'(Qr) such that ¢ (z,T) = 0 and 1) = 0 on 92 x (0, 7).
We first state a local existence theorem.
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THEOREM 1.1. Let f € C(R) satisfy (H) and
(1.17) ™ f(u)] < g(u™)

for some C function g. Then for any non-negative function ug with u' €
LOO(Q)QWOLP(Q), there exists Ty € (0,T] such that (L.5) has a non-negative
solution u(x,t) satisfying

u™ e Lo(Qr,) N LP(0, Ti; Wy P(2)), (™), € L*(Qr,).

The proof follows the methods of [WG], and will be given in the appendix
for the readers’ convenience.

Next, we give blow-up results for solutions of . By assumption (H)
we know that there exist positive constants a and b such that

(1.18) rF(s) < |s|™|f(s)| < |s|™(a + bls|™Y).
Then it follows from the assumptions on r in (H) and (1.18)) that
[, [
T 1/r
B umEWOl’p(Q),uio (SQ T’F(U) dfl?)
v m
. vl
@l vy + bl )
that is,
1/r 1
(1.19) (g rF(u) daz) < B|Vu™||,,  Yu™ e WiP().

]

Let u(x,t) be the solution obtained in Theorem The energy func-
tional E(t) related to (1.5]) is

1
(1.20) Et) ==\ |Vu™(z,t)]Pdz — | F(u(x,t)) da.

p 2 2
It is easy to verify that

4m
(1.21) E'(t)=—m S u™u? do = ——— S(u(m+1)/2)§ dx.
p (m+1) >
The next results are about the blow-up condition, the upper bound of

the blow-up time and the blow-up rate.

THEOREM 1.2. Let f € C(R) satisfy (H) and (1.17)). Assume the initial
value ug with 0 < uf* € L*(£2) N Wol’p(ﬁ) satisfies

(1.22) E(0) < Eq,
(1.23) IVl > ai,
where

1 1 _p
(1.24) ar=B"P g = < - )B =3
P T
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Then the non-negative solution u(x,t) of (1.5 blows up in finite time. More-
over, the blow-up time Ty and the blow-up rate can be estimated by

(m+ 1)mit

(1.25) L. < Gy mi1
and
m + 1) D mr—m=r) 3
26)  fult)gs < Y R
(Clmr —m— )7
where

(r = p)(m + 1)1 (1 = (r/p — E(0)ray")"77)
r|2]mri! ‘
REMARK 1.3. From r > p, (2.3) and (2.13)), we know that mr > m + 1
and ¢ > 0, so (1.25)) and (1.26]) are valid.

Next we consider lower bounds of the blow-up time and the blow-up
rate. Let ¢ = m(r — 1). By assumption (H), there exist positive constants a
and b such that

(1.27) f(s) <a+bs™r N =q4bs?, s> 0.

(=

To state the first result, we need the following constants:

O = k(k + 1)mP! (p)>p,

Ca(eo) = (k + 1)(2”2 + b>,

(k +1)aq|$2] —x/q
k+q o
o= WN-pE+D+1)
pk+mN(p—-1)+p— N’
_k+m(p-1) .

Cs(e0) =
(1.28)

qg—1+4+¢
Gl + ), e
Co(en) 7 ’

where ¢y is any positive constant, k is a constant satisfying

ei(k+m(p—1))
q—1+¢€

(1.29) k>

Np

and Cg is the best Sobolev constant of Wol’p(Q) — LN-»(2), given by
(see [Tal)
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o= W1/2N1/p< p—1 )W L+ N2CWN) 7
N-—p I'(N/p)I'(1+ N — N/p)
where I'(+) is the I'-function.
Let Y7 : Ry — Ry be defined by
(130 Yilo) = |
P 03(60) + 02(60)

dn

“1/e (k+1—e1)(1+eg) *
e 277 (kt1)eg

14 €

Obviously, Y7 is a decreasing function, which means its inverse function Yfl
exists and it is also decreasing.

THEOREM 1.4. Assume N > p, and f € C(R) satisfies (H) and (1.17)).
Let k be so large that it satisfies (1.29) and

(N—-p)g+1)—mN(p-1)—p+ N
(1.31) k> maX{O, p },
(1.32) k>MN)(q_1)—m(p—1)+N]\_qu,
(1.33) k>qg—1—m(p—1)e.

If the non-negative solution u(z,t) of (L1.5) blows up at a finite time t = T,
then T, > Y1(|luollf 1) and [[u(-,t)|e1 > (Y7 (Th — )Y/ (D).

REMARK 1.5. We give some remarks about the above theorem.

1. By (1.29)), we know that % > 1, so Y] is well-defined.

2. From
(N —p)(g+1)

)

1.34 li =
(1:34) i v
we know that ((1.32)) and (1.33)) hold if & is large enough. Since ¢ > 1 and
(1.34]), we know that (1.29) holds if k is large enough.

3. If t is close enough to T}, then

€9 . (k+1—€€1)(1+62)
02(60)m€ /GQHU("t)Hk-}-l ? > Cs(eo),

and it follows from [|u(-, t)||lpr1 > (Y7 H(Th — )Y D) that
T. —t = Yi(lu(- )5 1)

k+1
(1+e)e/? T  _Goare
= 205(e0)es no e dn
[ est
(k+1)(1+ ex)ey /e ki 0te)

- 202(60)62(k+1—61(1+e2))Hu("t)”k+1 ;
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which means that

s 8) i > ( (k+ D1+ e)e ><>
) +1 = 202(60)62(k' + 1-— 61(1 —+ 62))

x (T* — t) Fieimray

Theorem does not give a lower bound of the blow-up time if N < p.
But for N = 3, we can obtain the following result using the method of
[LMX].

Let Y5 : Ry — R, be defined by

(e}
(1.35) Ya(p) = |
o

dn
517](51 + 6277627

where ¢; and §;, i = 1, 2, are the positive constants given by

c=3p—m(p—1)+1,

—1
0 = 0—77
o
5y — 3p + 3m + 3q — 3pm
(1.36) T 3p+m+l1—pm
61 = O’&’Q’l/a,
’ 16b3a772(3p)2p)\:15/2_p|(2|2*52
2 = ;

27(0 — 1)24r33/2m2(-1) 7
here \; is the principal eigenvalue of the eigenvalue problem
{ —Aw(x) = w, z € 2,

(1.37) w(z) =0, x € 0f2.

Obviously, Y3 is a decreasing function, which means its inverse function Y2_1
exists and is also decreasing.

THEOREM 1.6. Let 3¢ > 2m(p — 1) + 1. Assume N =3 and
—1
mip=1) if 2m(p—1)+1 < 3q < 2m(p—1)+2,

(138) 8>3 0 1) o

p
and f € C(R) satisfies (H) and (1.17). If the non-negative solution u(x,t) of
(1.5) blows up at a finite time t = Ty, then Ty > Ya(||uol|2) and ||u(-, )]s >
(V5 (T, — t))\/°.

if 3¢ >2m(p—1)+2,

REMARK 1.7. We give some remarks about the above theorem.

1. Since 3¢ > 2m(p — 1) + 1, we know d2 > 1. Thus Y5(p) is well-defined.
2. By ({1.38)), we know that o > 1 and 2 < 2.
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3. If t is close enough to Tk, then fo|ju(-,1)|9% > £1|u(-,1)[|2°", and since
3 > 1> 61, it follows from [|u(-,t)||ls > (Y5 * (T — )/ that
o 1 T -
T.—t>Yo(u(-)|7) > 5~ | o %dp=
luC- D)5

1
T e o(1-02)

which means that
1 1
[u(, )]l > (262(02 —2)) “@==D (T, —t) 7C2=1.

The rest of this paper is organized as follows. In Section 2, we will give
the proofs of the main results. The proof of the local existence will be given
in Section 3.

2. Proofs of the main theorems. In this section, we prove the main
theorems of Section 1. Firstly, we consider Theorem To prove it, we
need the following two lemmas by using the idea in [Vi].

LEMMA 2.1. Let u be a solution of (1.5). Assume (1.22)) and (1.23|) hold.

Then there exists a positive constant cg > a1 such that

(2.1) V™ (- 0)lp = 2, t>0,
1/r
(2.2) (r | F(u(-,t))dm) > Bas, t>0.
“ 1/(r—p)
r—p
(%) T _
2.3 — > EOrap) > 1.
23) 2> (- Boyr;
Proof. Denote o = || Vu™||,. We deduce from (1.19)) and ((1.20)) that
1 m 1 m 1 T T
(2.4) E(t) = ]3||w b -\ F(u)dx > ]3||vu 15— ~BIVu™;
N
1 1
=-af — -B"a" =: h(a).
P r
If W/(a) = 0, then @ = 3. Set E; = g(ay). From r > p > 2, we get
limy—y00 h(a) = —00, h(0) = 0, h is increasing in [0, 1] and decreasing in

[a1,00). Since E(0) < Ej, there exists a positive constant ag > «; such that
E(0) = h(asz). Let ag = ||[Vuf'|p- By (L.21)), we have g(ap) < E(0) = g(as).
Since ag, ag > a1, we get ag > aso. So holds for t = 0.

To prove (2.1)), we suppose on the contrary that [|[Vu™ (-, %)/, < ag for
some ty > 0. Since o < ap, we may choose tg such that ||Vu™ (-, t0)|lp, > .
Then it follows from and monotonicity of h that

E(0) = h(az) < h([[Vu™(:,t0)llp) < E(to)-
This is impossible since E(t) < E(0) for all ¢ > 0. Hence is established.
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It follows from ([1.20]), (1.21), (2.1) and (2.4) that

1 1
| Fu)de = ~|Vu™|p — E(t) = ~||Vu™|[}; — E(0)
B p p

1 1 .

Thus ([2.2) follows.
To prove (2.3)), denote f = ag/aj. Then 8 > 1 since ag > ag. So it
follows from F(0) = g(az) and B" = o} that

E(0) = h(Bax) = (Bas )P (; _ iBr(ﬁal)r_p>
= (- L) zat(- L),

p T
That is,

1/(r—p)
P2 _8> (; - E(O)ra1p> .

Since r > p, to complete the proof we only need to prove r/p—E(0)ra;? > 1.
Since E(0) < By and B" = o}, it follows from (1.24)) that

_ _ 1 1 _r -
- — E()ra,” > f_Elrc“lpz - <_ )B T’pprozlp: 1w

p p p p T
Now we consider the case of E(0) < E; and ||Vug'||, > a1. We set
(2.5) H(t)=E, — E(t), t>0.

Then we have

LEMMA 2.2. For allt >0,

(2.6) 0<H(0) < H(t) < | Fu)da.
2
Proof. By (|1.21) we see that H is non-decreasing. Thus
(2.7) H(t)> H(0) = E; — E(0) > 0.
Combining ([1.20)), (1.24), (2.1)), (2.4) and as > a1, we obtain
1
(2.8) H(t) = Ey — ~||[Vu™|[5 + | F(u) dz
p 2
11\, 1,
<({--- al—fal—kSF(u)da:g SF(u)da:
p T p 0 0

Then (2.6) follows from (2.7) and (2.8). =
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Proof of Theorem[I.3. We define

2. M(t) = —— \ u"*(z,t) dz.
(2.9 0= g e s
Then by (H), (1.20) and (2.5)), we obtain
(2.10) M'(t) = { ™ f(u) dx — || Vu™|[f
Q
= S u" f(u)de —p S F(u)dx + pH(t) — pE;
Q Q
> (r—mp) S F(u)dx + pH(t) — pE.
Q
By using ([1.24)) and , we get
1 1 _p —
(2.11) pE; = p< - > BB =L (Bay)
p T r
T (6%
<e-»(2) [ru.
(6%) 0
It follows from ([2.10]) and that
(2.12) M'(t) > C | F(u)dz + pH(t),

n

where
C=(r—-—p(—(v/az)")>0.
Since r > p > 2 and m > 1, we know that

mr
2.1
(2.13) m+1
By Hélder’s inequality and (H), we have
(2.14) M(ty=1 < Cllu™|n < rC | F(u) da,
e
where

mr

J— 1 m+1 mr
C = <> | 2mi
m—+1

So by (Z6), (12) and ([ZT3), we obtain
(2.15) M'(t) > CM(t)m,
where C' = C/(rC). By (2.13) and [2.15),
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17 mnr
mr mr m—+1
M(t) > ( M(0)'~m+1 — —1)Ct
()
m+1 1- 7:Ln+rl mr —m — 1 17%
= H 0||m+1 - m+1 Ct .
Let
. (m+ 1) _
(216) T" = C’(mr—m )H 0||$ﬁ "

Then M (t) blows up at time 7. Therefore, u(z,t) ceases to exist at some
finite time T < T™. That is, u(z,t) blows up at a finite time 7.

To derive an upper bound of T, we need to find a lower bound of C. It
follows from ([2.3]) that

C _ (r=p)(m+ 1)"%1(1 — (o1 /a2)")

217 C: —_— = T

( ) rC T’Q’m+1_1
o (r=p)(m+ )7 (1= (r/p — EQ)ray ") 77)
- r|Qmir !

Then ) follows from and (| -

Smce l1mt_,T* M (t) = oo, we integrate (2.15) from ¢ to T} to get

m—+1

DI = ()S(W(T*_tvmml'

Then ((1.26) follows from (2.17) and (2.18)). =
Proof of Theorem [1.4. Define

(2.19) o(t) = S R e,

(2.18)

where k is a constant satlsfymg and - - Multlplymg the
first equation of (|1.5) . by u*, mtegratmg by parts and using , we get

1
S|Vu P=2vuk . Vumd:c—I—Sukf(u)dx

re1? b o
< ki gklﬂpnmnwmmm+dwu+wmﬁz
(9
1 p k k+
I <k+m)yy SR aljullf + bl

The above inequality and Young’s inequality imply

k+m(p—1) Hp

(2.20) ¢,(t) < —ClHVu P —i—CQ(E(])HUHkJrq—FOg(ﬁo)
where € is any positive constant and C1, Ca(€g), C3(eg) are given in ((1.28)).
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Let €1 be the constant defined in . By (L.31)) and (1.32)), we know
that 0 < e; < k+ 1 and
N(k+m(p—1))
(N =p)(g—1+e1)
Thus Hélder’s inequality gives

>1

_ (g—1+€7)
ket ftle ||, SmE=D
(221) g < 23 ™5 ) S,
-p
By applying Young’s inequality to (2.21]), we obtain
(2.22)
(k+1—e1)(1+eg) htm(p—1)  Pla—1te1)(+ey)
HUHIZIZ < 1/62Hu||k+1 €2 Hugpp H Npk“rm(P*l) ,
1 + 1+e N-p

where € and ez are the constants given in ; €9 is positive by ((1.33]).
Then a direct calculation shows that

(g—14€)(1+er)

=1.
E+m(p—1)

Note that

23) [ e
N-p
< Cp(q:it:(lg(lﬁreg) (H k+m(p 1 H )%&)(1352)

p(gt+1+ei)(1+eg)

_ (. FmeD ktm(p—1)
- s

[

It follows from ([2.20)), (2.22)) and (2.23)) that

plgtlter)(lter)

- I k+m(p 1)
(224)  H() §<C’2(60)CS Frmte Hez—cl)H I

Iz

02(60)62 /e Eil i) 212)(1+€2)
C .
+ 1+€ [l + C3(€p)

By the definition of ¢ in ,

p(g+1+eq)(1+en)

Ca(eg)Cg “M77Y ——— = C1 =0,
Then we deduce from (2.24)) that

C (k+1—e1)(1+e9)
) < P 0T Oy
Since limy_,7, ¢(t) = oo, integrating (2.25) from 0 to T, we finally get
T, > Yl(HuOHIEﬂ) Similarly, we can integrate (2.25) from ¢ to Ty to get
luCs )l = (YT — 1)V,
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Proof of Theorem[1.6. Define

(2.26) ¢(t) = | u da,

9]
where 0 = 3p — m(p — 1) + 1. Since u(~DP=D+0=2|yy|P = 37P|Vu3|P, by
a similar calculation to (2.20) and Holder’s inequality we obtain

oo — 1)mp~1
3p

oo — 1)mP~1 o1 -1

< —THVUB% +ao|QM7 ()T + bolullg ey

For simplicity, denote v = u® and v = ¢ — m(p — 1) > 0 (as r > p and

g =m(r —1)). Then (2.27) can be written as

— +q—1
IVa?|[p + aclullg=1 + bollullg25"

(221)  ¢(t) = -

o(o = Lm»~! g=1 +y/3
(228) (1) <~ 7T 0l + aol @7 6(1)5 + bl
Next we estimate the term Hv||§ I%g By using the Sobolev inequality

(see [Tal)
wllg < 4337127203V wly,  Vw € HL (1),

Holder’s inequality and Schwarz’s inequality, we get

(2.29) |lv|17)3 < <S 2P da:)l/3< [ o2 dx)2/3
02 02

<( j ar) " J o ar) " J o o)

< 4337125203\ 7uP/2 | (S vP dx) 1/6<S p(P+)/2 dx)
%) 2

2/3

2/3

By virtue of the Rayleigh principle, we have
Mlwl3 < [IVwl3,  vw € Hy(£2).
Then it follows from (2.29)) that

3 - ~1/6 4/3
(2.30) ||v||§r%3 < 4133712723 )\ / vap/2||2/ <S LP+)/2 dx)
0

Since |[VoP/2|2 = (p?/4)vP~2|Vv|?, it follows by Hélder’s inequality that

2/3

p 12=1/p _p 1/p-1/2 1-2
V02l < BIwoll(§orde) " < BP9 0o,
2

which implies
1/2—p/4
V62 la < (p/2)P 2007 Vo572,
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By the above inequality and ([2.30]), we have
(231) [l 205

p+v/3
_ 2/3
< 41/33—1/27T2/3(p/2)2p/3)\}/2 p/3||vv||§p/3<g @t )/2 dx) .
2
Now by Holder’s inequality, we obtain
(2.32) S U(p+7)/2 dr — S u3(p+7)/2 dr < \9\1_52/2¢(t)52/2,
0Q 0Q
where
5y = 3p + 3m + 3q — 3pm € (1,2).

3p+m+1—pm
Then it follows from ([2.31)) and (2.32)) that

p+/3
(2.33) ol

< 41/33—1/27r2/3(p/2)2p/3A}/2—p/3‘Q‘(2—52)/3¢(t)52/3HVUHZp/i%.
We now use Young’s inequality to get
1 2¢
52/3 2p/3 5
(2.34) O Vel < -0 + Vel
where € is any positive constant. Choosing
B (o0 — 1)mp_1)\]f/371/2
- 3p—3/245/67-‘-2/3(p/2)2p/3‘Q‘(2—52)/3b
vields o(o — 1)mP=1/3P = bodl/33=1/252/3(p /2)20/3\1/27P/3| ) (2=02)/39¢ /3.
From ([2.28]), (2.33]) and ([2.34)), we obtain
(2.35) ¢'(t) < L) + Lag (1),

where

oc—1

- 2p/3\1/2—p/3 _
5 = bod1/33 1/27r2/3(g) Z /\1/ p/ |Q|(2 62)/3

3e2 :
Since limy_,7, ¢(t) = oo, integrating (2.35)) from 0 to T}, we finally get T, >

Ya(||luol|Z). Similarly, we can integrate (2.35) from ¢ to Ty to get ||u(-,)|ls >
(05 (T = ).

0 =ao| V7, 0y =

3. Appendix. In this section we prove the local existence result by
using the methods of [WG].

Proof of Theorem[1.1 In the proof, we denote by ¢ a positive constant
independent of n, which may change from line to line. Consider the problem

up — div(([Vu™* + 1/n)P=22Vu™) = f(u), (2,t) € Qr,
(3.1) u(z,t) = 1/n, (z,t) € ST,
u(z,0) = upp(x) + 1/n, x € 2,
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where n =1,2,..., 0 < wup, € C®(§2), such that

[(uon +1/7)™ [loo < [[(u0 + 1) |0,
IV (uon)™ [lp < €[V (u0)™ (|,
(uon + 1/n)™ — (up)™  as n — oo, strongly in W1P(£2).

By [LSU, Theorem 4.1], (3.1)) has a classical solution u,. By the maxi-
mum principle for parabolic equations, we obtain

(3.2) up(z,t) > 1/n.
Now we claim that there exists 77 € (0,7 such that
(3.3) [(un)™lLoe(@r,) S ¢ foralln=1,2,....
To see this, let w(t) be the solution of the ODE
dw
w(0) = [I(uo + 1)™|oo-

By [ZFC| Chapter 2, Theorem 5.1], there exists a Ty € (0,7), which depends
on the initial value [|(ug + 1)™||, such that w exists on [0, Tp]. Let ¢ =

(up)™ —w. By (1.17)), we have
1

m ()™ fun) = g(w) < ((un)™ = w) § (O(un)™ + (1 = O)w) O
0

= Cp(z,t)e.
Then ¢ satisfies the inequalities

pr — m(p +w)m=V/m div((|Ve| + 1/n)P=2/PV )
_Cn(xat)SDé(L (:L‘at) EQToa
p(z,t) < (1/n)™ — |[(uo +1)"||ee <0, (z,t) € St,,

p(x,0) = (uon(x) +1/n)™ — [|(uo + 1) [oc <0, xc L.

By the comparison theorem, we have p(z,t) < 0 for (z,t) € Qr,, which
means that

)"z < st

Setting 71 = Tp/2 and ¢ = w(T1) we obtain (3.3)).
Multiplying the first equation of (3.1)) by (u,)™ and integrating over Qr,
yields
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TI’L:—I(X (Un)m—l—l(m, Tl) dr — S(u(]n + 1/n)m+1 d:E)
2 0
= VOV ()™ 4+ 1/m) D28 ()™ - ()™ ds dt
St

= Y (9 )™ P+ 1/m) D2 ()™ P e dt + (S ()™ d dt,
Qry Qry
where ¥ is the unit outward normal vector on df2. By the second equation
of , we get
35 NV IV P drdt < \§ (V)™ + 1/n) P22V (up) ™ da dt
Qry Qr,

(S(UOn + 1/n)™ dx — S(un)m+1(m,Tl)dm) +c SS |fldxdt < c.
2 ? Qry

Multiplying the first equation of (3.1)) by ((u,)™): and integrating, then
using Young’s inequality and (3.5]), we obtain

5 )™ )P

<
“m+1

Qry
= \V (V@)™ + 1/n)P=229 ()™ - V ((un)™)¢ daz dt
QT
+ V) mun)™ ()i f dadt
Qr,
[T, V@)@l
=3 | &G I e+ 1/n)(p_2)/2) dt + |\ mun)™  (un)of do dt
0 7] 0 Qr,
| Vo)™
=3 S S (s +1/n)P=2/2 ds da
(9} 0
L V) )
-3 | | (s+1/m) P22 dsdx + || m(un)™ " (un)1 f da dt
Q 0 Qmn
= L {9 (on)™ 2 + 1/n)"2 da
p_Q

-~ ; VIV (un)™(@, 1) 2+ 1/n)PPde + || m(un)™ " (un)e f do dt
0 Qr,

<ctl 3§ ) s+ ;gx )" (1) v .
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Then it follows from the above inequalities and ({3.3]) that

m |2 u
36 102 = §§ = ()

2
> <ec.
Qr, QT
Since p > 2, we deduce from that
I§ (1/n) =229 ()™ P/ < e [ (1/n) =229 ()™ < e
Qr, Qr,
The above inequality and imply

m |p/(p—1)
37 | (|V(un)m|2+1/n)<p—2>/28<gj dz dt

Qry

p(p—2)
T

< (] IV @) dwat + (1/n)26=0 § 19 ()™ /070 du dt
Qmy Qr,
p—2
< {] 1V (un)™ P dwdt + e(1/m) 7D ) < c.
Qry
Inequalities (3.2)), (3.3]) and (3.5)—(3.7]) imply that there is a subsequence

of {u,} (denoted by {uy} again) and a non-negative function u € L>=(Qr,)
such that:

o u, — uand f(u,) = f(u) a.e. on Qp, as n — oo,
o V(up)™ — Vu™ weakly in LP(Q,) as n — o0,

o % — 9 weakly in L*(Qr,) as n — oo,
o (|V(upn)™P* + 1/@(;;—2)/2% — w; weakly in LP/?P=D(Qp) as
n — oo.

By [Li, p. 12, Lemma 1.3], we know that w; = |Vu™|P~2(u™),,. Theorem
follows by a standard limiting process (see for example [Li, pp. 13-14]). »
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